REDUCTIVE LIE GROUPS AND
MOSTOW FIBRATION

BY

SALEH ALI AL-BASHRAWI

A Thesis Presented to the
DEANSHIP OF GRADUATE STUDIES

KING FAHD UNIVERSITY

OF PETROLEUM AND MINERALS
DHAHRAN, SAUDI ARABIA

In Partial Fulfillment of the

Requirements for the Degree of

MASTER OF SCIENCES
In

MATHEMATICAL SCIENCES

December 2004



KING FAHD UNIVERSITY OF PETROLEUM & MINERALS
DHAHRAN 31261,SAUDI ARABIA

DEANSHIP OF GRADUATE STUDIES

This thesis, written by Al-Bashrawi, Saleh under the direction of his thesis advisor and
approved by his thesis committee, has been presented to and accepted by the Dean of
Graduate Studies, in partial fulfillment of the requirements for the degree of MASTER OF
SCIENCE IN MATHEMATICAL SCIENCES.

Thesis Committee

515 VIS0T,

n

..................

(Member)

/g\_:;ﬂ

Dr. Al-Bar, Mohammed
(Member)

Dr. Umar, Abdullahi
kb‘;?é:" AT, (Member)
i s
Y o

Dr. Khaled M. Furati

Dmt Chairman

Dr, Mohammad A. Al-Ohali
Dean of Graduate Studies

NN <hsy
Date 4-4%- 2005




Acknowledgement

All praise be to God, Allah the Almighty Lord, without whose mercy and clemency
nothing would have been possible. I am deeply obliged to Doctor Hassan Azad, my thesis
supervisor. Without him this work would not have been accomplished.

I wish to express my thanks and gratitude to my thesis committee members: Dr. Adnan
Al-Shaks, Dr. Abdullah Laradji, Dr. Mohamed Al-Bar, Dr. Abdullah Umar.

I extend my thanks to my family, my parents, my brothers and sisters and my friends

specially Ali Hayyan and Fadhel Abbas, and my wife.



THESIS ABSTRACT

Full Name of Student: Saleh Ali Jawad Al-Bashrawi

TITLE OF STUDY: Reductive Lie Groups and Mostow fibration
MAJOR FIELD: Mathematics
DATE OF DEGREE: December 2004

This thesis discuses reductive Lie groups and Mostow fibration structure.

A Lie group is first of all a group, and in addition it has the structure of a smooth
manifold: these two structures are related in that multiplication and inversion are required
to be smooth mappings. Each Lie group has a Lie algebra which can be defined as a
collection of Left invariant vector fields and this Lie algebra defines the kind of the Lie
group and its properties. The most famous examples of Lie groups are the linear Lie
groups which are groups of nonsingular matrices.

A connected Lie subgroup of GL(n, R) is called reductive if its Lie algebra can be
decomposed into two spaces satisfying certain conditions and its complexification is a Li
algebra of a compact Lie subgroup of GL(n, C). Examples include semisimple Lie groups
with finite center, any connected closed linear group closed under conjugate transpose,
and the centralizer in a reductive Lie group of a 0 stable abelian subalgebra of the Lie
algebra. The involution 6, which is called the “Cartan involution” of the Lie algebra, is the
differential of a global Cartan involution ® of G.

The Mostow fibration is a continuous mapping between two homogeneous spaces
showing that any non-compact space can be deformed to a compact space.
MASTER OF SCIENCE DEGREE
KING FAHD UNIVERSITY OF PETROLEUM AND MINERALS

Dhahran, Saudi Arabia
December, 2004



Al dada

9l M s Ao plla il ad
Sl g LTI JW\‘EAJAJ; A Al o gl
claly) : pawidl

1425 32281 53— 2004w ; Bagad) oy )

Uy slas) Bk (8 Wuailiad dul o g daliiall J e Ao cipill Sals U glaa oo 3 ke Alul) oda
oSl 50 AaJa oL AT 7 s Ll LS A iy el g Alatial) giliad)
Ot pa ConS A Cpda Alaia 4y ghaa (ha (1983 L g8 () ABLGYL J oY) pliall (A5 40 (8 B (A8 )
sl (A ) (e s JS Alalia ¢Sl A gllae B a3l Aualdl) palatl) g il JIga oS ok o
Bdiall e cigadall Jgia (1 Ao gana 4l o gl 13 Ciyad (S 9 (i ) = ciry oald plad
D g LlAY (A e A A s B gl ALY A g geailad g A8 e £ s8 20y sl 138 g Dby
Saagl pf cldghaall ja) e 8 ke
LS i g Auald Jagpd ClBay Cum Gl () W e L0 (S B 4a) 08 B ke Adjadal) (A8 4

JAalaie 48 a5 e duald

Odlaall g Jg il agd Sllal) dzala
A gaaad) dg ) ASLaall il

2004 / 12 /26 : g



Contents

CHAPTER I : LIE GROUPS
Lo INtrodUCHION ..ee e e 7
2. Topological GIOUPS ......viutieet ittt ettt et e e aae e eaaa 8
3. Homogeneous Spaces of Topological Groups, Locally Compact Groups .......... 9
4. Lie Group and Lie algebra ...........ccooiiiiiiiiiiiii 10
5. One-parameter Subgroups and Exponential map ...................oooiiiiiiini. 16
6. Complex Lie Groups and Complex Lie algebra ..................ccooeiiiiiiiin.. 25
7. Lie Subgroup of @ Lie Group .......coviiiiiiiiii i 27
8. IdealS oot 31
9. Killing FOIm ..o e, 35
10. Automorphisms and Derivations .............ccovviiiiiiiiiiiiiiiiiiieiaaeanenns. 37
11, Linear Lie GIOUPS ...uvenniiititt ettt e ettt et et eeaes 41
12. Compact Lie Algebra ........c.ooiiiiiiiiii e 49
13. Cartan Decomposition on the Lie algebralevel ..................cc. 50

CHAPTER II : RDUCTIVE LIE GROUPS ..., 58

CHAPTER III : MOSTOW FIBRATION. ..ottt 64

R OTeNCES oo 80



CHAPTER1

LIE GROUPS

A Lie group is a differentiable manifold obeying the group properties and that satisfies the

additional condition that the group operations are continuous.

The simplest examples of Lie groups are one-dimensional. Under addition, the real line

is a Lie group. After picking a specific point to be the identity element, the circle is also a

Lie group. Another point on the circle at angle 8 from the identity then acts by rotating the
circle by the angle 6. In general, a Lie group may have a more complicated group

structure, such as the orthogonal group O(n) (i.e., the nx n orthogonal matrices), or the

general linear group GL(n) (i.c., the nx n invertible matrices).

The tangent space at the identity of a Lie group always has the structure of a Lie

algebra, and this Lie algebra determines the local structure of the Lie group via the

exponential map. For example, the function e” gives the exponential map from the circle's

tangent space (i.e., the reals), to the circle, thought of as the unit circle in C. A more

difficult example is the exponential map e” from skew symmetric nx n matrices to the

special orthogonal group SO(n), the subset of O(n) with determinant 1.
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The topology of a Lie group is fairly restricted. For example, there always exists a
nonvanishing vector field. This structure has allowed complete classification of the finite

dimensional semisimple Lie groups and their representations.

1. Introduction:

Definition (Homeomorphism)1.1: A homeomorphism fbetween two topological spaces
M and N is a bijective, continuous map f : M — N with a continuous inverse f~' : N—
M.[3]

Definition (Manifold)1.2: An n-manifold is a topological space M with the property that,
if x € M, then there is some neighborhood U of x such that U is homeomorphic to R".[5]
Definition (Chart, Atlas, Maximal Atlas) 1.3: A chart (¢ ,U) on an n-manifold M is an
open set U of M and a homeomorphism ¢ : U— R". Two charts, (¢ ,U) and (¢, V), are
said to have smooth overlap if the maps ¢ 'o@: R"—> R"and ¢ 'o¢: R" — R” are
smooth. A family of charts which covers M and whose members have smooth overlap is
called an atlas. A maximal atlas for M is an atlas which contains the maximum number of
charts.[3]

Definition (Differentiable Manifold) 1.4: A differentiable manifold is a manifold with an
associated maximal atlas.[3]

Definition (Exponential) 1.5: The matrix exponential function, exp : My(K) — M(K), is

defined in terms of the Taylor series expansion of the exponential:

e" =I+A+—+—+--- .[16]
21 3!
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2. Topological Groups:

Definition 1.6: If a set G has the following properties, G is called a topological group:
1- The set G is a group and a topological space simultaneously.
2- The map (x, y)— xy from the direct product space GxG to G is continuous. Here xy
denotes the product of two elements x and y of the group G.
3- The map x— x' from G to G is continuous. Here x' is the inverse element of x in
G.[13]
Let G be a topological group, and g € G. Define the maps L, and R, from G to G by :
L) =gr. Rf)=xg (x<G)
Then L, and R, are homeomorphisms of G. In fact, by the definition of a topological
group, L, and R, are both 1:1 continuous maps from G onto G, and their inverse maps

are L . and R, respectively. The inverse maps are also continuous, so L, and R, are

homeomorphisms of G. The maps L, and R, are called the left translation and the right
translation of G, respectively, by the element g of G.
Examples:
1) R"is a topological group with respect to addition.
2) Let GL(n, R) be the set of nonsingular » x n matrices with real entries. GL(n,R) is a
group with respect to multiplication of matrices. The n x » unit matrix is the identity

element, and the inverse of a is the inverse matrix of a. On the other hand, we can
identify the set of all » x n real matrices withR” . The determinant (det a) of a

. . . . 2
matrix a is a continuous function of a € R" . We have



10

GL(n, R)={ ac R" | det a= 0}. Hence GL(n, R) is an open set of R" , and hence can
be considered to be a topological space. The group GL(n, R) is a topological group with
respect to this topology. We call GL(n, R) the real general linear group of degree n.

3) Let G be an arbitrary group. If we define any subset of G to be an open set, then G
becomes a topological space ( This topology is called the discrete topology of G.) G is

a topological group with respect to the discrete topology.[8]

3. Homogeneous Spaces of Topological Groups, Locally Compact Groups:

Definition 1.7: Let G be a topological group and X a topological space. If G and X
satisfy the following condition, then G is called a topological transformation group on X.

A continuous map ¢ from G x X to X is defined, for which, writing ¢(g, x) = g-x, the

following holds:

1) (g-h)-x=g-(h-x)forg,h €eG,x €X,

2) For the identity element e of Gand all x € X, e x = x.[10]

If this is the case, x — g - x is a continuous map from X to X, and by (1), (2) we have :

g (g x)=(g-g)x)=ex=x

From this, we see that x — g - x is a homeomorphism of X.
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If the only element g of G satisfying g -x = x for all x € X is the identity element e, then
G i1s said to act effectively on X.
If for any two points x, y of X, there is an element g of G satisfying g-x =y, then G is

said to act transitively on X. If G acts transitively on X, then X is called a homogeneous

space of the topological group G.

Definition 1.8: Let G be a Hausdorff topological group.

1) 1If G is locally compact as a topological space, then G is called a locally compact

group.

2) If G is compact as a topological space, then G is called a compact group.[9]

4. Lie Groups and Lie Algebras:

Definition 1.9: Let G be a group which is at the same time a differentiable manifold.
For x, y €G let xy denote their product and x' the inverse of x. Now, G is a Lie group
provided that the mapping of
G x G— G defined by (x, y) — xy and the mapping of G— G defined by x —»x"' are both
C” mappings.[16]

Let Ly and Ry denote the left and right translation, respectively, by an element g of a Lie
group G. Then Lgy and Ry are diffeomorphisms of G. From the definition of Ly and Ry, we

have :
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R =R, L,-R,=R,-L,. (1.10)

For g € G, set

Ag=L,-R .. (1.11)

The transformation Ag is a diffeomorphism of G and, by definition, we have
Ay(x) = gxg'l. Hence for two elements X, y of G we have Ag(xy) = Ag(x)A(y). We call A,

the inner automorphism of G by the element g of G.

Examples of Lie groups:

1) Fortwo elements x = (x', ..., x"), y=(y", ..., y") of R", define the sum
x+y=&+y,.. .,x"+y". Then R" is a commutative group. With this group
structure, and with its differentiable structure as an affine space, R" becomes a Lie group.

Since R" is commutative, Ly = Ry, and Lg is nothing but the parallel translation x —x + g.

2) Let G, G'be two groups. If we define the product of two elements (a, b), (a’, b") of
the direct product set Gx G’ by (a, b) (a', b') =(a a', b b'), then G x G'becomes a
group. If G, G'are Lie groups, then G x G'is a manifold as a direct product manifold of
Gand G', and G x G'is a Lie group with respect to the group structure mentioned above
and this differentiable structure. This Lie group is called the direct product of the Lie
group G and the Lie group G'. Similarly, we can define the direct product G; x ... xG,

of r Lie groups G, . . ., G.[11]
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3) The direct product 7" = T'x. .. x T' of r copies of the Lie group 7" is called the r-
dimensional torus.[16]

4) The general linear group GL(n, R) can be considered to be an open set of R", so

GL(n, R) has a structure of a manifold. If a = (a';) ,1s amatrix in GL(n, R), set

il
x'j(@)=a'; (,j=1,..,n).

Then (xj") is a coordinate system on GL(n, R). The map ¢:(a,b) > a-bfrom

GL(n, R) x GL(n, R) to GL(n, R) and the map v :a — a' from GL(n, R) to GL(n, R) are

both differentiable. In fact, if we set x ji o=@ ji, then go; (a,b) is the (i, j)-th entry of

matrix a b. Hence we have
ol(a,b)= D x,'(a)-x," (b),
k=1

which shows that go; (a,b)is a polynomial in the coordinates of a and b. Hence go; is of
class C”, and the map ¢ is of class C”. Similarly, if we set xji oy = l//ji, then l//ji (a)is

the (i, j)th entry of the inverse matrix a' of a. By Cramer’s rule, we find that (i, j)th entry

of a’! to be of the form :
v, (a) =/f(a)det a,

where the denominator and the numerator are both polynomials in the coordinates x ji (a)

of a, and the denominator is not zero at any point of GL(n, R). Hence y j[ is of class C”,
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and hence  is also of class C*. Thus we have shown that GL(n, R) is an n’-dimensional

Lie group.[2]

Now let us consider the complex general linear group GL(n, C). As in the case of
GL(n, R), we can consider GL(n, C) as an open set of C " . Hence, as an open submanifold

of C" , GL(n, C) is a complex n’-dimensional complex manifold. We can show, as in the
case of GL(n, R), that the maps (a, b)) — a-b and a— a” are holomorphic maps. Hence,
GL(n, C) is a 2n’-dimensional Lie group.
If X is a vector field on a Lie group G satisfying
(Lo*X =X
for all g € G, then X is called a left invariant vector field. If, instead, X satisfies
(R)*X = X

for all g € G, then X is called a right invariant vector field.

Definition 1.12: Let g be an algebra over G. For any two elements X, Y of g, we
denote the product of X and Y by [X, Y]. If, for any X, Y, Z € g, the following
conditions (1) and (2) are satisfied, then we call g a Lie algebra over G :

(M [X, Y]=-[Y, X],

Q) X [Y, 2T+ 1Y, [Z2, X+ [Z, [X, Y]] = 0.[4]

If a nonsingular linear transformation 6 of g satisfies 8[X, Y] = [0 (X), 6 (Y)] for
arbitrary X, Y € g, then @ is called an automorphism of the Lie algebra g.

Definition 1.13: The Lie algebra g formed by the set of all invariant vector fields on G is

called the Lie algebra of the Lie group G.[4]
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Theorem 1.14: If a Lie group G has dimension n, then the Lie algebra g of G also has
dimension n.

Proof:

To X € g, we assign X,, the value of X at the identity element e, and obtain a linear map
from g to the tangent space 7,(G) of G at e. Denote this linear map by « . If we can show
that o is 1:1 map from g onto 7.(G), then, since the tangent space 7,(G) has dimension ,

g will also have dimension n. First, let us show that « is 1:1. Let X, Y € g, and

Xo = ((Lg)*X)g = (Ly)* X, and similarly

Y, = (Lo)*Ye.

Since, X, = Y. by assumption, we get X, = ¥, for all g € G. That is, we get X = Y. Hence
o is 1:1. Next we shall see that « is a map from g onto 7.(G). For this it suffices to show
that for any given v e T.(QG), there is an X € g such that X, = v. If we define a vector
field X: g— X, by
Xe=(Ly* v,

then clearly X, = v. We must show that this vector field X is of class C” and left invariant.
Let W be an open set of G, (v, . . ., y") a local coordinate system of G on W, and g,eW.
The map (g, h) > ¢(g, h)= g-h from G x G to G is differentiable and, since we can
write g, = g, - e, there is a sufficiently small neighborhood W, of g, (Wo < W) and a

sufficiently small neighborhood U of e such that W, -U — W. Take a local coordinate

system (x', . . ., x") on U, where xi(e) =0(@(=1,...,n).Wehave
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Y(@(gs)= '@, ...,y(€;x'(5),...x(s) (geW,se ).

Here (pi(ui ,...,u v, ..., v")isa C” function of 2n variables. Now let

v=>"a'(8/ox"), and X =) & /6y’ on W. Since ¢ (g, s) = Ly(s), we have
i=1

i=1

é"(g)=Z%(y"(g),...,y“(g),o,...,maj.

Hence &'is of class C*, and thus X is of class C”. On the other hand, for arbitrary

s, g € G, we have

(Lo)*X)g = (Ls)* Xs—lg = (Lo)*( Ls—lg )*v.
But LsLs,lg= Lg, so that (Lg)*( Ls,lg )* v =(Lg)* v. Hence, from the equation above and

the definition of X,, we have ((Ls)*X); = X,. Hence (Ls)*X = X holds for all s € G, and
X is left invariant. This proves the theorem.[§]

Definition 1.15: Let g,, g, be Lie algebras over a field K. If a linear map « from g, into
g> satisfies

a (X, Y]) =[aX), a(Y)],
for arbitrary X, Y € g, then « is called a homomorphism from g; to @>. If a(g,)=49,,

then « is called a homomorphism from g, onfo g, . If the homomorphism « is 1:1 map,

then « is called an isomorphism from g, into g, ; if furthermore «(91) =g, , then « is
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called an isomorphism from g, onto g, . If there is an isomorphism from g, onto g,,
then g, and @ are said to be isomorphic, and we write g, = g,. An isomorphism from a

Lie algebra g onto itself is called an automorphism of g.[4]

5. One—Parameter Subgroups and Exponential Map:

Let G be a Lie group, and a : t— a(t) a differentiable curve of G defined on (—oo, + ).

If, for any s, t € R, we have
a(s)-a(t)=a(s+1), (1.16)
then { a(t)| t e R} is called a one-parameter subgroup of G. By (1.16), we have
a(0)a(t) = a(v),
so that multiplying by the inverse element of a(t) on the right, we have
a(0)=e.
Also, since

a(t)a(-t) = a(-t)a(t) = a(0) = e, we have a(t)"' = a(-t).

Furthermore, since a(s)a(t) = a(s + t) = a(t)a(s), a(s) and a(t) commute. Hence a one-
parameter subgroup of G is a commutative subgroup of G.

Now, for a one-parameter group of transformations {a(t) | t €R}, we can define a
vector field X on G by

X.f e [dﬂat (g))} |

dt
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This vector field X is called the infinitesimal transformation of the given one-parameter
group of transformations

{Luw; te R}, { Ry; t € R} are both one-parameter groups of transformations of G, and
the orbits of the identity element e by these transformation groups coincide with a(t). For
the infinitesimal transformations of these one-parameter groups of transformations, the

following lemma holds.

Lemma 1.17: Let X be the infinitesimal transformation of Ry, and let Y be the
infinitesimal transformation of L. Then X is left invariant and Y is right invariant, and

X, =Y, =a'(0) holds. Here a'(¢) denotes the tangent vector to the curve a at a(t).

Proof: If fis a C” function on a neighborhood of a point 4 of G, then

(LX), f =X ., (foLy).

On the other hand, by the definition of X and by the commutativity of Ly and Ry, we

have

X, (f o L) =l (o L) (R W) = (f oL, )g D)

- [F (R, )~ (D] = X, .

Hence (Lg+X), = X, holds at each point 4 of G, and X is left invariant. Similarly, we can
show that Y is right invariant. Since R, (e) = a(t), we have that a(t) is an integral curve of

X, and hence X, = a'(¢#)holds. In particular, we have X. = a'(0). Similarly, we have

Y. = a'(0).[8]
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Lemma 1.18: Let {¢, ; € R} be a one-parameter group of transformations of G, and set

ode) = a(®). If ¢, -L, =L, -¢,holds for all g €G and for all 7 € R, then a(?) is a one-
parameter subgroup of G, and ¢ = R, holds for allt € R. If ¢, - R, = R, - ¢, holds for all

g €G and ¢ €R, then a(?) is a one-parameter subgroup of G, and ¢; = L, holds for all
t eR.

Proof: The map t — a(t) is differentiable and, moreover,

a(s + 1) = @r+s(€) = 0 9s(€)) = P Lags)( @ile)) = a(s)a(t).

Hence a(t) is a one-parameter subgroup of G. On the other hand, for any g € G, we have
0dg) = dLg(e)) = Lg(oe)) = g-a(t) = Ryy(g). Hence ¢ = R,5. We can argue similarly
for the case ¢, - R, =R, - ¢, .

If a(t) is one-parameter subgroup of G, then there is an X € g such that
a(t) = (Exp tX)(e); for an arbitrary X € g, (Exp tX)(e) = a(t) is a one-parameter subgroup
of G, and Exp tX = Ry).[8]

Proposition 1.19: Let a:(-¢, €) — G be a one-parameter subgroup in G. Then for every
t €(-¢, €), a is differentiable at # and
a'(t)=a'(0)a(t) = a(t)a'(0).

Proof: For small 2R,

a(ha(t) = a(h + 1) = a(t + h) = a(ta(h).

Hence
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(1) =i (alt-+ 1) - a(0)
~ lim-(a(h) - Da(?)
=a'(0)a(),
and similarly a'(¢) = a(¢)a’(0).[2]
Theorem 1.20: Let a: R— G be a one-parameter group in G. Then it has the form

a(t) = exp(tX)
for some X € M,(K), where K = R or C.
Proof:

Let X = a'(0). By the above proposition, a satisfies the differential equation
a'(t) = Xa(t), a(0)=1.

This equation has the unique solution a(?) = exp(tX).[2]
Definition 1.21: For X € g, set exp tX = (Exp tX)(e). The map X —>exp X is a map
from g to G, and is called the exponential map.[14]

By definition, exp tX is a one-parameter subgroup of G, and we have

Exp(t + s)X = exp(tX)exp(sX)

Rexp tX = EXp tX.

So for X, Y € g, we have

X, Y= i {1, = (Regue). )y} (1.22)
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Since, for an arbitrary element g of G, we have A, = Rg,l L, it follows that for Ye g, we
have A*Y =R , *Y.
g

However, since L;, and Rg,l commute, we have

Li*( R, * Y)= R H(Ly*Y)= R *Y,

so that Rg,, *Y eg. Hence, for geg, we have A;*Y € g. The map Y - A,*Y is a linear

transformation of the vector space g, and we denote this linear transformation by Ad(g).

That is,

Ad@Y=AH*Y=R_*Y (z€G,Yeg).

Furthermore, since Agp = A Ap, we have

Ad(gh) = Ad(g)Ad(h)
for any two elements g, h of G. In particular, it is clear from the definition that Ad(e) is the
identity transformation 1 of the vector space g. Hence we have Ad(g™')-Ad(g)=1.
Hence Ad(g) is a nonsingular linear transformation of g, and

Ad(g)" = Ad(g")
holds. The map g — Ad(g) is called the adjoint representation of the Lie group G on g.
When we want to emphasize the space on which Ad(x) operates, we write Adg(x) for the

linear transformation.

Since Ag[X, Y] = [AgX, AgY], we have
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Ad(g)[X, Y] =[Ad(g)X, Ad(g)Y] (X,Y € g).

That is, Ad(g) is an automorphism of the Lie algebra g. If we let
Ax(t)=Ad(exptX) (X € Q9),
then we have Ax(t + s) = Ax(t)Ax(s). That is, Ax(t) is a one-parameter group of linear

transformations of the vector space g. If we set

[4
C-| G|

then we have
Ax(t) = exp tCy.
In fact from Ax(t + s) = Ax(t)Ax(s), we obtain

d
EAX (t) = CXAX (t) 5

AY0) =1,
which shows that A(t) is a solution to a system of differential equations and satisfies a
given initial condition. However, clearly exp ¢C, satisfies the same system of differential
equations and the same initial condition, hence by uniqueness of solutions, we conclude
that Ax(t) = exp tCy.

On the other hand, from (1.22), in g we have

[X,Y]= 1[11101% (Y — Ad (exp(—tX)) - Y}

d
—{zé“ﬂwy

=C -Y.

X
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Hence Cy is equal to the linear transformation ad(X) of g defined by Y —[X, Y]. That is,
if we set

AIX)Y=[X,Y] (X Yeq),
then Ax(7) = exp t ad(X). Hence

Ad(exp tX) = exp t ad(X) (1.23)
holds.
The map X — ad(X) is called the adjoint representation of the Lie algebra g. From the

Jacobi identity for Lie algebra, we have
AdX)[Y, Z] =[ adX)Y, Z] + [Y, ad(X)Z].

That is, ad(X) is a derivation of the Lie algebra g.
Let us now investigate the Lie algebra of GL(n, R) and GL(n, C).
Let A(t) be a one-parameter subgroup of GL(n, R). We can write A(t) = exp tC, where C

is determined uniquely by

c{@} .
dt

Conversely, if C is an arbitrary n x n real matrix, then the exponential function exp ¢C is a
one-parameter subgroup of GL(n, R).
Now let g be the Lie algebra of GL(n, R). For X g, consider the one-parameter

subgroup exp tX of GL(n, R). Then there is an n x n matrix C(X) such that
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Exp tX = exp tC(X).

Applying
X, =lim £ (Exp X (@)~ f (@)

to f= x', and using Exp tX = Rexp ix = Rexp tc(x), We get for the matrix (X, x") :
f g EXp p p tC(X) g J

(X, x))= lin(}%[a exptC(X)—a]

=a-C(X).

That is, if we set C(X) = (¢} (X)), a=(a)),

then we have

X,x\ =Y apch(X).
=l

Hence the vector field X is expressed as

n

X

( 3 (xpch (X))]i. (1.24)
k=l ' ox’

J

i,j=1

with respect to the coordinate system (xj ). Again, if we compute [X, Y] x; , we see that it

is equal to

Zx(z (e (X)) (N = (N (X))].
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Hence we have

. v]=3 [ ! (Z (c*(X)e! (V) =t (V)c! (X)Da%,

i,j=1\_k= J

and we obtain

LN,V = Y (€ (X)e) (1)~ (Ve (X)) (1.25)

Now, if we define the commutator product [A, B] in the associative algebra of all n x n
real matrices to be

[A, B]=AB - BA,
then we obtain a Lie algebra, which will be denoted by gl(n, R). The formula (1.25) then
becomes: C([X, Y]) = [C(X), C(Y)].
From (1.24), it is clear that the correspondence X — C(X) is 1:1 and onto, and that
C(AX)= A1C(X) for 1 €R, and C(X +Y) = C(X) + C(Y). Hence, the map X — C(X) is
an isomorphism from the Lie algebra g of GL(n, R) onto the Lie algebra gl(n, R). We shall
identify g and gl(n, R) by this isomorphism from now on. Then, the exponential map

Exp : gl(n, R) - GL(n, R)
is nothing but the exponential function, which assigns to each matrix X, belonging to
gl(n,R), the value exp X.[8]
Lemmal.26 : If X is an infinitesimal transformation of G, then so is 8*X where 0 is a
transformation on G, and we have

Exp t 0*X = 0(Exp tX) 07 .[8]
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If we let 6 = A,, then Exp t(Ad(@)X) = 4, - (ExptX)- 4 .

So, we have

exp t(Ad(a)X) = a(exp tX)a' (X € gl(n, R), ae GL(n, R).

Differentiating both sides with respect to t and setting t = 0, we obtain

Ad@X=a-X-a'. (1.27)

That is, if we consider gl(n, R) to be the Lie algebra of GL(n, R), then the adjoint

representation of GL(n, R) is given by (1.27).

Similarly, the set gl(n, C) of all » x n complex matrices is a Lie algebra with respect to

the commutator product [ A, B] = AB — BA.

6. Complex Lie Groups and Complex Lie Algebra:

In the theory of Lie groups, as in the theory of differentiable manifolds, we can also
consider complex Lie groups in a natural way.

Definition 1.28: If a group G has the structure of a complex manifold with a countable
base, and if the map (x,y) = x-y from G x G to G and the map x — x' from G to G are
both holomorphic (analytic), then we call G a complex Lie group. The complex dimension

of the complex manifold G is called the complex dimension of the complex Lie group G.
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Complex manifolds of complex dimension n are differentiable manifolds of (real)
dimension 27, and holomorphic maps are differentiable. Hence complex Lie groups are
certainly Lie groups in sense of definition in sec/. Sometimes we shall call a Lie group, in
the sense of the definition in sec/, a real Lie group, as opposed to a complex Lie group. A
complex Lie group of complex dimension # is a real Lie group of dimension 2x.

Definition 1.29: A Lie algebra over the complex number field C is called a complex Lie
algebra.

We sometimes call a Lie algebra over the real number field R a real Lie algebra.

If g is an n-dimensional complex Lie algebra, then g is also a Lie algebra over the real
numbers, and the dimension of g over R is 2n. That is, an n-dimensional complex Lie
algebra can be considered as a 2n-dimensional real Lie algebra. Considering g as a 2n-
dimensional real vector space, denote the linear transformation of g, given by X— iX
(7 is the imaginary unit ), by /. Since g is a Lie algebra over C, we have

[X IY] =1[X, Y] (1.30)
for arbitrary X, Y €g. That s,
ad(X)-1=1-ad(X) (1.30")

holds for all X € g.

Conversely, let g be a 2n-dimesional Lie algebra over R. Let / be a complex structure of
the real vector space g. For any Xeg, let /- X =iX,and consider g as an n-dimensional
vector space over C. Suppose [ satisfies (1.30") for all elements X of g. Then, for an

arbitrary complex number 4 =a + ib (a, be R), we have
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[X, AY]=[X aY+ bl-Y]
=a[X,Y]+b[X, I-Y]

=a[X, Y]+ bI[X,Y]= A[X, Y]

We also have [A X, Y] =-[Y, 4 X]= A[Y, X]. Hence g is a Lie algebra over C, i.e., g is
a complex Lie algebra. Thus we have shown that a Lie algebra over R is a complex Lie
algebra if and only if it admits a complex structure satisfying (1.30").
Examples:

1) GL(n, C) is a complex Lie group.

2) C"is a complex Lie group with respect to addition .

3) Direct products of complex Lie groups are complex Lie groups.

7. Lie Subgroup of a Lie Group:

Definition 1.31: Let G be a Lie group. A Lie group H is called a Lie subgroup of G if it
has the following two properties:

(1) H is a submanifold of the manifold G.

(2) H is a subgroup of the group G.[8]
In particular, if H is connected as a manifold, then H is called a connected Lie subgroup. If

H is a closed submanifold of G, then H is called a closed Lie subgroup of G.

Definition 1.32: Let g be a Lie algebra over a field K. A subset % of g is called a Lie
subalgebra of g if it has the following two properties:

(1) The set A is a subspace of g, 1.e.,if X,Y efi,and A, pu e K, then A X+uY e€h.



29

(2) IfX,Y e, then [X, Y] € 7 .[16]

It is clear that a Lie subalgebra of a Lie algebra is itself a Lie algebra. We shall show
that the Lie algebra 7 of a Lie subgroup H of a Lie group G can be considered as a Lie
subalgebra of the Lie algebra g of G, and conversely, that to each Lie subalgebra 7 of g,
there corresponds a unique connected Lie subgroup of G.

Let G be a Lie group, H a Lie subgroup of G, and i the injection map from H to G. By
condition (1) for a Lie subgroup, i is differentiable, and, at each point 2 of H, the
differential i* of i is an isomorphism from Ty(H) into T;n)(G). From condition (2), we
have i(xy) = i(x)i(y) (X, y € H). Hence, for h € H, we have

i-L, =L, L (1.33)
For an element X of the Lie algebra 7 of H, there is a unique element X' of g such that
(i*)X, = X'.. Moreover, X and X' are i-related, and we have i*X = X'. In fact, by
(1.33), we have

Xy = *(Lp)*Xe = (Lin)™* X, = X,

Conversely, if X' € g, and X € i*T. (H), then there is a unique X € 7 such that i*X =

X'.Now for X, Y €7, we have

*[X, Y] = [i*X, i*Y].

Hence, if 7’ is the set of all X'of g such that X € i*T,(H), then %'is a Lie subalgebra

of g, and Zand %' are isomorphic by the map X — i*X. We identify the Lie algebra 7 of
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H with a Lie subalgebra of the Lie algebra g of G by this isomorphism. We also identify
the tangent vector space 7,(H) of H with the subspace i*7,(H) of the tangent vector space
T4(G). Then the Lie algebra of H is the set of elements X of g satistfying X. € T(H).
Conversely, let 7 be an arbitrary Lie subalgebra of g. For an arbitrary element g of G,
set g = {Xg| Xe i }. Then D: g — 74 is a completely integrable differential system on
G. In fact, if {Yy, ..., Y;}is a basis of 7%, then {Yi, ..., Y;}is a local basis for this

differential system on G. Moreover, since 7 is a Lie algebra, we have
[Y: Yil= D clY,, cy €R (i,j=1,...,1
k=1

Hence, the differential system D is completely integrable. Let H be the maximal connected

integral manifold of D passing through e. If a €G, since (L,), X, = X ,(X€ 1), we have

(Lo), hg = ha.g. That is, L, leaves the differential system D invariant. Hence L,
transforms a maximal connected integral manifold to a maximal connected integral

manifold. Hence, if he H, then L. H is also a maximal connected integral manifold
passing through e. That is , we have L ,H=H (‘he H). From this, we see that H is a

subgroup of G. Now let us show that the map from HxH to H, given by (a, ) — a-b, and
the map from H to H, given by a— a’', are both differentiable. Since H is a submanifold
of G, and G is a Lie group, it is clear that ¢: (a, b) — a-bis differentiable as a map from
HxH to G. But ¢ (HxH)c H, H is a maximal connected integral manifold of D, and G has
a countable base, so ¢ is differentiable also as a map from HxH to H. Similarly, the map

a—a” from H to H is also differentiable. Thus we have proved that H is a connected Lie
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subgroup of G, and, from the construction of H, it is clear that the Lie algebra of H

coincides with the given Lie subalgebra 7 of g.[8]

Theorem 1.34: Let G be a Lie group, g the Lie algebra of G. If H is a Lie subgroup of
G, then the Lie algebra hof H can be regarded as a Lie subalgebra of 9. Conversely, if
his a Lie subalgebra of g, then there is a unique connected Lie subgroup of G whose Lie

algebra is h .[8]

Now let us consider the case when G is a complex Lie group.
Definition 1.35: Let G be a complex Lie group. A complex Lie group H is called a
complex Lie subgroup of G if the following two conditions are satisfied:

(1) The complex manifold H is a complex submanifold of G.

(2) The group H is a subgroup of G.[8]

A complex Lie subgroup of G is of course a Lie subgroup of G. We also have the
following theorem.

Theorem 1.36: Let g be the Lie algebra of a complex Lie group G. If H is a Lie subgroup
of G, then H is a complex Lie subgroup of G if and only if the Lie algebra h of H is a

complex Lie subalgebra of g.
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8. Ideals:

Definition 1.37: Let 7 be a Lie subalgebra of the Lie algebra g. If, forall X €9, Y € 7,
we have [X, Y] € 7, then 7 is called an ideal of g.

Proposition 1.38: I a and b are ideals in a Lie algebra, then so are a + b, a N b, and
[a,B].

Proof : The conclusions for @ + 5 and a b are obvious. In the case of [4,b], we have

[9, [a,b]] < [[9, d], B] +[a, [9, B]]
c [a, b]+[a, b]

c [a B].[6]

We say that the Lie algebra g is reductive if to each ideal a in g corresponds an ideal b

ingwithg=a @5

Examples:
1) Zg (centerof g) = { X |[X, Y]=0forall Y € g}. This is the centralizer of g in g.
2) [g, 9] = commutator ideal. This is an ideal by the above proposition.

3) ker m whenever i1 : g— h is a homomorphism of Lie algebras.

Let g be a Lie algebra. Each ad X for X € g is a member of Endy g, and these members
satisfy

ad[X,Y]=ad XadY-adYad X (1.39)



33

As a consequence of the Jacobi identity.

Let a be an ideal in the Lie algebra g. Then g/ a as a vector space becomes a Lie algebra
under the definition [X + 4, Y + a] = [X, Y] + 4 and is called the quotient algebra of g
and a. Checking that this bracket operation is independent of the choices uses that a is an
ideal, and then the defining properties of the bracket operation of a Lie algebra follow
from the corresponding properties in g. The quotient map g — g/ @ is a homomorphism
of Lie algebras, by definition, and hence every ideal is the kernel of a homomorphism.

Let g denote a finite-dimensional Lie algebra. We define recursively

0

¢'=g9, g'=lg.gl, ¢"=[d.dl
Then the decreasing sequence: g = °>g'og° > ...
is called the commutator series for g. Each gj is an ideal in g, by the above proposition
and induction. We say that g is solvable if gj = ( for some j. A nonzero solvable g has a

nonzero abelian ideal, namely the last nonzero g'.

Next we define recursively

do=9, 9i=[9, 9] gi+1=1[9, gjl-

Then the decreasing sequence: g=go 291 29%:D...

is called the lower central series for g. Each g;is an ideal in g, by the above proposition
and induction. We say that g is nilpotent if g; = 0 for some j. A nonzero nilpotent g has
nonzero center, the last nonzero g; being in the center. Inductively we see that g c 9i»

and it follows that nilpotent implies solvable.
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Below are the standard examples of solvable and nilpotent Lie algebras.

Examples:
a, *

1) The Lie algebra g = . is solvable.
0 a,
0 %

2) The Lie algebrag = . is nilpotent.
0 0

Proposition 1.40: Any subalgebra or quotient algebra of a solvable Lie algebra is
solvable. Similarly any subalgebra or quotient algebra of a nilpotent Lie algebra is
nilpotent.

Proof: If %is a subalgebra of g, then induction gives k< gk. Hence g solvable
implies 7 solvable. If m: g — 7% is a homomorphism of the Lie algebra g onto the Lie
algebra 7, then 1(g") = ¥ Hence g solvable implies 7 solvable. The arguments in the

nilpotent case are similar.[6]
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Proposition 1.41: If 3 is a solvable ideal in g and if g / 4 is solvable, then g is solvable.
Proof: Let 1: g —g / 4 be the quotient homomorphism, and suppose that (g / a)k = 0.
Since 1(g) =g/ &, 1(¢’) = (g / &) for all j. Thus 1(g*) = 0, and we conclude that g* < 4.

By assumption 4'=0, and g is solvable.[6]

Proposition 1.42: If g is finite-dimensional Lie algebra, then there exists a unique
solvable ideal T of g containing all solvable ideals in g.

Proof: By finite-dimensionality it suffices to show that the sum of two solvable ideals,
which is an ideal by Proposition 1.33, is solvable. Thus let & and b be solvable ideals and

let =4+ 'b. Then 4 is a solvable ideal in 7, and second Isomorphism Theorem gives

h/a=@+D)/a=D/@EN D)

This is solvable by Proposition 1.40 since b is solvable. Hence 7 1is solvable by
Proposition 1.41.[6]

The ideal 7 is called the radical of g and is denoted rad g.

A finite-dimensional Lie algebra g is simple if g is nonabelian and g has no proper
nonzero ideal. A finite-dimensional Lie algebra g is semisimple if g has no nonzero

solvable ideals, i.e., if rad g = 0.

Proposition 1.43: In a simple Lie algebra [g, g] = g. Every simple Lie algebra is

semisimple. Every semisimple Lie algebra has 0 center.
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Proof: Let g be simple. The commutator [g, g] is an ideal and hence is 0 or g. It cannot
be 0 since g is nonabelian. So it is g. This proves the first statement. For the second
statement, rad g is an ideal and so is 0 or g. If rad g = g, then g is solvable and
[0, 9] < g, contradiction. So rad g = 0, and g is semisimple. For the third statement, Zg is
an abelian ideal and must be 0, by definition of semisimplicity.[6]

Proposition 1.44: If g is a finite-dimensional Lie algebra, then g / rad g is semisimple.
Proof: Let JI : g — g/ rad g be the quotient homomorphism, and let ) be a solvable ideal
in g/ rad g. Form the ideal 2 = JI'( ) < g. Then JI(a ) =} is solvable, and ker JI | ; is
solvable, being in rad g. So 4 is solvable by Proposition 2.38. Hence & < rad g and 1) = 0.

Therefore g / rad g is semisimple.[6]

Example: Any 3-dimensional Lie algebra g is either solvable or simple. If g is not
simple, then it has a nontrivial ideal 1). This §j is solvable, and so is g / I). Hence g is
solvable by Proposition 1.41.

To decide whether such a g is solvable or simple, we have only to compute [g, g], if
[9, 9] = g, then g is simple (because the commutator series cannot end in 0), while if
[9, g] < g, then g is solvable (because [g, g] has dimension at most 2 and is therefore

solvable).

9. Killing Form:

Let K be a field, and let K be an extension field. [f K =R and K = C and V is a real
vector space, the complex vector space V€ is called the complexification of V. If W is

complex vector space, then WX is W regarded as a real vector space. The operation ( . )C
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and (-)® are not inverse to each other : (V)® has twice the real dimension of V, and

(W™ has twice the complex dimension of W. More precisely :

VOR=V @ iV (1.45a)

as real vector spaces, where V means V ® 1 in V® rC and the i refers to the real linear

transformation multiplication-by-i. Often we abbreviate (1.45a) simply as

Ve=v @ iv (1.45b).

Formula (1.45a) says that any real vector space is a real form of its complexification. In
(1.45b) the R linear map that is 1 on V and -1 on iV is called the conjugation of the

complex vector space V with respect to the real form V.

In the special case that K =R and K = C and g is a real Lie algebra, the complex
Lie algebra (go)€ is called the complexification of go. Similarly when a complex Lie

algebra g and a real Lie algebra g are related as vector spaces over R by

g =90 @ igo, (1.46)

we say that g is a real form of the complex Lie algebra g. Any real Lie algebra is a real
form of its complexification. The conjugation of a complex Lie algebra g with respect to

a real form is a Lie algebra isomorphism of g® with itself.
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Now let g be a finite-dimensional Lie algebra over K. If X and Y are in g, then ad X
ad Y is a linear transformation from g to itself, and it is meaningful to define
B(X,Y)=Tr(ad X ad Y). (1.47)
Then B is a symmetric bilinear form on g known as the Killing form of g after the person

who introduced it. The Killing form is invariant in the sense that

B((ad X)Y, Z) = - B(Y, (adX)Z) (1.48)

forall X, Y,and Zin g.

10. Automorphisms and Derivations:

Definition 1.49: An automorphism of a Lie algebra is an invertible linear map L that
preserves brackets: [L(X), L(Y)] = L[X, Y]. For example if g is the (real) Lie algebra of a
Lie group G and if g is in G, then Ad(Q) is an automorphism of g.[6]

If g is real, let Autg g < GLR(Q) be the subgroup of R linear automorphisms of g. This
is a closed subgroup of a general linear group, hence a Lie group. If g is complex, we can

regard

Autc g € GLc(9) < GLr(G®),

the subscript C referring to complex-linearity and g® denoting the underlying real Lie
algebra of g. But also we have the option of regarding g as the real Lie algebra g®

directly. Then we have
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Autc g < Autg gR c GLR(gR).

Proposition 1.50: If G is a Lie group and g is its Lie algebra, then Ad is a smooth
homomorphism from G into GL(Q).
Lemma 1.51: If ¢ is an automorphism of g and if X is in g, then ad(aX) = a(ad X) a”".

Proof: We have ad(aX)Y = [aX, Y] =a[X, ¢ Y] = (a(ad X)a)Y.[6]

Proposition 1.52: If B is the Killing form of g and if a is an automorphism of g, then

B@@X, aY)= B(X,Y) forall Xand Y in g.

Proof: By the above lemma we have

B(aX, a¥) = Tr(ad(aX)ad(aY))
= Tr(a(ad X)a'a(ad Y)a™)
=Tr((ad X)(ad Y))
=B(X.,Y),
as required.[6]
Now we define a derivation to be any D in Endg g for which
D[X, Y]=[X, DY] + [DX, Y].
Let Dergr g be the vector space of all derivations of g.
Proposition 1.53: If g is real, the Lie algebra of Autg g is Derg g. If g is complex, the

Lie algebra of Autc g is Derc g. In either case the Lie algebra contains ad g.
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Proof: First let g be real. If c(t) is a curve of automorphism from 1 with ¢'(0) = /, then
c()[X, Y] =[c(t)X, c(t)Y] implies /[X, Y] =[{(X), Y] + [X, /(Y)]. Hence the Lie algebra in
question is a Lie subalgebra of Dergr g. For the reverse direction, we show that / € Dergg

implies that e”is in Autg g, so that Derg g is a Lie subalgebra of the Lie algebra in

question. Thus consider

yi)=e"[X,Y]  and vt =[e"X, e"Y]

as two curves in the real vector space g with value [X, Y] at t = 0. For any t we have

i) =1e"[X, Y] =1Iy:(t)
and
i) =[le"X, e"Y]+[e"X, le" Y]

=l[e"X, e"Y] by the derivation property

= lyx(1).

Then e’ [X, Y] = [e"X, e"Y] by the uniqueness theorem for linear systems of ordinary
differential equations.[6]

If g is complex, then the Lie algebra of Autc g is contained in Derg g® by the above,
and it is contained in End¢ g, which is the Lie algebra of GLc(g). Hence the Lie algebra in
question is contained in their intersection, which is Derc g. In the reverse direction, if / is
in Derc g, then e”is contained in Autg g® by the above, and it is contained in GLc (Q)

also. Hence it is contained in the intersection, which is Autc g.
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Finally ad g is a Lie subalgebra of the Lie algebra of derivation as a sequence of the

Jacobi identity.

Define Int g to be the analytic subgroup of Autg g with Lie algebra ad g. If g is
complex, the definition is unaffected by using Autc g instead of Autg g® as the ambient
group, since ad g is the same set of transformations as ad g®.

The analytic group Int g is a universal version of the group of inner automorphisms. To
be more precise, let us think of g as real. Suppose g is the Lie algebra of a Lie group G.
As usual, we define Ad(g) to be the differential at the identity of the inner automorphism
x> gxg™'. Then Proposition 1.50 shows that g > Ad(g) is a smooth homomorphism of G
into Autg g, and we may regard Ad(G) as a Lie subgroup of Autg g. As such, its Lie
algebra is ad g. By definition the analytic subgroup of Autg g with Lie algebra ad g is Int
g. Thus Int g is the identity component of Ad(G) and equals Ad(G) if G is connected. In
this sense Int g is a universal version of Ad(G) that can be defined without reference to a

particular group G.

Example: If g = R?, then Autg g = GLg(g) and Derg g = Endg g. Also ad g = 0, and so
Int g = {1}. In particular Int g is strictly smaller than the identity component of Autg g for

this example.

Proposition 1.54: If g is semisimple (real or complex), then Der g =ad g.
Proof: Let D be a derivation of g. The Killing form is nondegenerate. Thus we can find

X in g with Tr(D ad Y) = B(X, Y) for all Y € g. The derivation property
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[DY, Z]=DI[Y, Z]-[Y, DZ]
can be written as
ad(DY)=[D, ad Y].
Therefore
B(DY, Z) = Tr(ad(DY)ad Z)
=Tr([D, ad Y]ad Z)
=Tr(D ad[Y, Z]) by expanding both sides
=B(X, [Y, Z)) by definition of X

=B([X, Y], Z2) by invariance of B as in (1.48)

By a second application of nondegeneracy of B, DY =[X, Y]. Thus D = ad X.[6]

11. Linear Lie Groups:

A closed subgroup G of nonsingular real or complex matrices will be called a closed
linear group. Such a group has canonically the structure of a Lie group. Let us carry out
the details of this identification, referring to the Lie algebra of matrices eventually as the

“linear Lie algebra” of G. For a closed linear group G, we define

(1.55)

_|c'(0)|c: R — Gisacurve with ¢(0) =1 that is
smooth as a function into matrices '



43

Use of t > c(kt) shows that g is closed under multiplication by the real number k, and use
of t > c(t)b(t) shows that g is closed under addition. Use of the curve t > ge(t)g”, for g
€ G, then shows that g is closed under the operation Ad(g) : g — g given by
Ad(g)X =gXg" . (1.56)
To see that g is closed under the bracket operation on matrices, we combine three facts:
(1) g contains Ad(c(t))X if c(t) is a curve as in (1.55) and X isin g

(i1) g is topologically closed (being a vector subspace)
ees d ' -1 -1 1 -1
(111) 7 Ad(c(t))X = c'(t) Xc(t)” —c(t)Xe(t) c'(t)c(t) .

The first two facts are clear, and the third follows from (1.56) and the formula
d -1 _ -1 1 -1
—c(t)” =—c@t) c'()c(t),
dt

which in turn follows by applying the product rule for differentiation to the identity
c(t)e(t)! = 1. Now let us combine (i), (ii), and (iii). By (i) and (i), %Ad(c(t))X is in g for

all t. Putting t = 0 in (iii), we see that ¢'(0)X — Xc'(0)is in g. Consequently g is closed
under the bracket operation [X, Y] = XY — YX and is a Lie algebra of matrices. We call g
the linear Lie algebra of G.

Still with G as a closed linear group, we work toward seeing that G is a Lie group and
exhibiting an isomorphism of the linear Lie algebra of G and the Lie algebra of G. We

recall the exponential mapping for matrices, defined by

e’ = lX". (1.57)
n!
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Part of the relevance of the matrix exponential mapping for matrices is that it provides
specific curves in G of the kind (1.55). According to the following proposition , e is such

a curve if X is in the linear Lie algebra.

Proposition 1.58: If G is a closed linear group and g is its linear Lie algebra, then the

matrix exponential function e’ carries g into G. Consequently

g={X e gl(n, C) | ™ is in G for all real t}.[6]

Proposition 1.59: If G is a closed linear group, then G ( with its relative topology)
becomes a Lie group in a unique way such that
a) the restrictions from GL(n, C) to G of the real and imaginary parts of each entry
function are smooth and
b) whenever ® : M — GL(n, C) is a smooth function on a smooth manifold M such that

O(M) < G, then ® : M — G is smooth.[6]

Moreover, the dimension of the linear Lie algebra g equals the dimension of the manifold
G. And, in addition, there exist open neighborhoods U of 0 in g and V of 1 in G such that
e'’: U — V is a homeomorphism onto and such that (V, (e isa compatible chart.

A Lie subgroup of GL(n, R) or GL(n, C) is called a linear Lie group. We shall study

various examples of linear Lie groups in the following.
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(1) The special linear groups SL(n, R), SL(n, C): We denote the set of all n x n real
(complex) matrices of determinant 1 by SL(n, R) (SL(n, C)), and call it the real (complex)
special linear group. The group SL(n, R) is a subgroup of GL (n, R). For x € GL(n, R)

satisfying f(x) — 1 = 0, we have

Hence (df)x is not 0 at any x € SL(n, R). Hence, SL(n, R) is an (n- 1)-dimensional closed
submanifold of GL(n, R). Hence, the maps (a, b) — @ -band b— b ™" are differentiable. So,
SL(n, R) is a closed Lie subgroup of GL(n, R). Now let exp X (X €gl(n, R)) be a one-
parameter subgroup of GL(n, R). Then we have

Lemma 1.60:

det(exp tX) = exp t(tr X). for X € My(R).

Proof:
Consider the curve
a: R— GL(n, R); a(t) = det exp(tX).

Then for small h € R we have
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a'(t) = %115}% (detexp((z + h).X) —det exp(£X))

=det exp(tX) %mg% (detexp(hX)—1)

=detexp(tX) tr X
=a(t)tr X

So a satisfies the same differential equation and initial condition as the curve > e'"*.

Hence

a(t) = det exp(tX) = e'"*

by the uniqueness theorem.[2]

Hence exp X is a one-parameter subgroup of SL(n, R) if and only if tr X = 0. Set
sl(n, R) ={X € gl(n, R)| tr X = 0}.

Then sl(n, R) is an (n° — 1)-dimensional subalgebra of gl(n, R), and sl(n, R) is the Lie
algebra of SL(n, R).
Let R™ be the Lie group formed by the set of all positive real numbers with respect to
multiplication. Define a map ¢ from R” x SL(n, R) to GL"(n, R) by
p(A,a)=A-a(A € R", a € SL(n, R)). Then ¢ is 1:1 homomorphism from R" x SL(n,
R) onto GL'(n, R). Hence, ¢ is an isomorphism from R" x SL(n, R) onto GL"(n, R).
Similarly, we can prove that SL(n, C) is a closed complex Lie subgroup of GL(n, C) of

. . 2
complex dimension n” — 1.
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(2) The orthogonal group O(n) and the special orthogonal group SO(n): Let O(n) be the
set of all n x n orthogonal matrices, and set SO(n) = O(n) N SL(n, R). The set O(n) and
SO(n) are both subgroups of GL(#, R). We call O(n) the orthogonal group, and SO(n) the

special orthogonal group.[7]
If x = (xj.) is an element of GL(n, R), define the %n(n+1) functions fi

(1<i<k<n)by

fi(x) = le:fx,{ (1<i<k<n).
=1

Then we have
O(n) = {ae GL(n,R)| f,(a)—06, =0, 1<i<k <nj}.

We can easily check by computation that the dfj;’s are linearly independent at each point
of O(n). Then, O(n) is a %n(n —1)-dimensional closed submanifold of GL(#, R). Hence

O(n) is a closed Lie subgroup of GL(n, R).
If exp tX ( X € gl(n,R)) is a one-parameter subgroup of GL(n, R), then, since

(exp tX)' =exp tX' and (exp tX)' =exp (- tX), exp tX belong to O(n) if and only if

X'+X=0.
An n x n matrix satisfying this condition is called a skew-symmetric matrix. The set of all
n x n skew-symmetric matrices is denoted by o(n). It is a subalgebra of gl(n, R) and the
Lie algebra of O(n) is o(n).
(3) The complex orthogonal group O(n,C): The set of all » x n complex matrices

satisfying a’ a = 1, (1, is the n x n unit matrix) is denoted by O(#n, C). The set O(n, C) is a
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complex Lie subgroup of GL(n, C), and has complex dimension %n(n—l). The Lie

algebra of O(n, C) is the subalgebra o(n, C) of gl(n, C) formed by all n x n skew
symmetric complex matrices.

These facts can be all verified using arguments similar to those used for O(#). The
group O(n, C) is called the complex orthogonal group.

(4) The unitary group U(n) and the special unitary group SU(n): Let U(n) denote the set
of all n x n unitary matrices, and let SU(n) denote the set of all n x n unitary matrices with
determinant 1. The sets U(n) and SU(n) are subgroups of GL(#n, C). Since, for
a € GL(n, C),

acUm)e'aa=1,,
the entries of the matrices belonging to U(n) are bounded, and U(n) is a closed set of
GL(n, C). Hence U(n) is compact. Similarly, SU(n) is also compact. Hence these are
closed subgroups of GL(n, C). The groups U(n) and SU(n) are called the unitary group
and the special group, respectively.

Now let exp tX (X € gl(n, C)) be a one-parameter subgroup of GL(n, C). Since

(exp tX )t =expt X' and (exp tX)"' = exp(-tX), we have exp tX eU(n) if and only if

X' +X=0.
An n x n complex matrix X satisfying this condition is called an n x n skew-Hermitian
matrix. The set of all n x n skew-Hermitian matrices is denoted by u(n). The set u(n) is a
Lie subalgebra of gl(n, C), and the Lie algebra of U(n) is u(n). Similarly, the set su(n) of
all n x n skew-Hermitian matrices whose traces are 0 is also a Lie subalgebra of gl(n, C),

and the Lie algebra of SU(n) is su(n).[13]
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Theorem 1.61: Every closed subgroup of a Lie group is a closed Lie subgroup.
Theorem 1.62: Let H be a Lie subgroup of a Lie group G. If the topology of H is the
induced topology, then H is closed.[8]

To prove this theorem, we need the following elementary lemma.
Lemma 1.63: Let M be a C”manifold, and N a regular submanifold of N such that

dim N < dim M. Then the closure N of N is different from M.

Proof: For each point p of N, there exists a neighborhood U of p in M, and r functions f;,
..., fron U (r=dim M — dim N), such that df}, . . . , df, are linearly independent at each
point of N m U, and such that

NAU=1{q € Ufi(q) =...=/(q) = 0}.
If N =M, then we have fi(q) = ...=fi(q) = 0 for all ¢ €U, and this impossible because

dfy, . .., df, are linearly independent at q. Therefore N # M.[8]

Proof of Theorem 1.62: Let H be the closure of H. Then H is closed Lie subgroup of G,
by Theorem 1.56. The identity map i: H — G is differentiable, and i(H) — H . Since H
is a regular submanifold of G, then i is a differentiable map from H into H . Since H also
has the topology induced from G by the hypothesis, this shows that H is a regular
submanifold of H . But then, by the above lemma, we get that dim H = dim H , and we

conclude that H= H .[8]
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12. Compact Lie Algebras:

Let g be a real Lie algebra. We say that g is a compact Lie algebra if the group Int g is
compact. More generally let y be a Lie subalgebra of g, and let Intg( v) be the analytic
subgroup of GL(g) with Lie algebra adg(y). We say that v is compactly embedded in g if
Inty(y) is compact.

Proposition 1.64: If G is a Lie group with Lie algebra g and if K is a compact subgroup
with corresponding Lie subalgebra v, then v is a compactly embedded subalgebra of g. In
particular, the Lie algebra of a compact Lie group is always a compact Lie algebra.

Proof: Since K is compact, so is the identity component Ky. Then Adg( K, ) must be
compact, being the continuous image of a compact group. The groups Adg(K,) and

Inty(y) are both analytic subgroups of GL(g) with Lie algebra Inty(y) and hence are
isomorphic as Lie groups. Therefore intg(y) is compact.[6]

The next proposition and its two corollaries give properties of compact Lie algebras.

Proposition 1.65: Let G be a compact Lie group, and let g be its Lie algebra. Then the
real vector space g admits an inner product ( ., . ) that is invariant under Ad(G): (Ad(g)u,
Ad(g)v) = (u, v). Relative to this inner product the members of Ad(G) act by orthogonal
transformations, and the members of ad g act by skew-symmetric transformations.[6]

Corollary 1.66: Let G be a compact Lie group, let g be its Lie algebra. Then g is
reductive, and hence g = Z; @ [g, g], where Zy is the center and where [g, Q] is
semisimple.

Corollary 1.67: If G is a compact Lie group with Lie algebra g, then the Killing form

of g is negative semidefinite.
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Proof: Define ( ., .) as in Proposition 1.65. By the proposition, ad X is skew symmetric

for X eg. The eigenvalues of ad X are therefore purely imaginary, and the eigenvalues of

(ad X)* must be < 0. If B is the Killing form, then it follows that B(X, X) = Tr((ad X)?) is
<0.[6]

13. Cartan Decomposition on the Lie Algebra Level:

The map 6 (X) =- X* (* means conjugate) is an involution i.e., an automorphism of

the Lie algebra with square equal to the identity. To see thaté respects brackets, we just

write

OIX, Y]I=-[X, Y]*=-[Y*, X*¥]|=[-X*-Y*]=[0(X), 8(Y)].

Let B be the Killing form. The involution @ has the property that

B,(X,Y) =-B(X, 6Y)

is symmetric and positive definite because Proposition 1.54 gives :

B,(X,Y)=-B(X, 0Y)=-B(0X, 6°Y)

=-B(0 X, Y)=-B(Y, 0 X) = B,(Y,X)

and by (ad y)* = ad (y*) we have
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B,(X,Y)=-B(X, 0 Y)=- Tr((ad X)(ad6 Y))

= Tr((ad X)(ad X*)) = Tr(ad X)(ad X)*) > 0.

An involution @ of a real semisimple Lie algebra gy such that the symmetric bilinear

form
B,(X,Y)=-B(X,0Y) (1.68)

is positive definite is called a Cartan involution. We shall see that any real semisimple Lie
algebra has a Cartan involution and that the Cartan involution is unique up to inner
automorphism.
Lemma 1.69: Let go be a real finite-dimensional Lie algebra, and let p be an
automorphism of go that is diagonable with positive eigenvalues d;, . . . ,d, and

corresponding eigenspaces (go)dj. For —oo<r<ow, define p° to be the linear

transformation on g that is d; on (go) g Then { p" } is a one-parameter group in Aut go.

If gy is semisimple, then p" lies in Int g.
Proof:
IfXisin(go), and Y is in (go)d/_ , then
pIX, Y1=[pX, pY] = dd[X, Y]

since p is an automorphism. Hence [X, Y] isin (go),, , and we obtain

PIX, Y1 = (dd)'[X, Y] = [d] X,d Y] = ['X, p'Y].



53

Consequently p' is an automorphism. Therefore { p"} is a one-parameter group in Aut g,
hence in the identity component (Aut go)o. If o is semisimple, then Propositions 1.48 and
1.49 show that (Aut go)o = Int gy, and the lemma follows.[6]

Theorem 1.70: Let gy be a real semisimple Lie algebra, let 6 be a Cartan involution, and
let o be any involution. Then there exists ¢ € Int gy such that ¢ 0 ¢~ commutes with o.

Proof: Since @ is given as a Cartan involution, B, is an inner product for go. Put ® = 6.

This is an automorphism of gy, and Proposition 1.52 shows that it leaves B invariant.

2_ o2
From 6" = 0" =1, we have

B(0X, 0Y) =B(X, 0 '0Y) = B(X, 60Y)
and hence

B,(0X,Y)= B, (X, oY).

Thus o is symmetric, and its square p = o’ is positive definite. Write p” for the positive-
definite " power of p, -00< p < 0. Lemma 1.69 shows that p” is a one-parameter group in
Int go.

Now

p0 = %0 = 60500 = 606 = 00605 = 0w = Op.

In terms of a basis of g that diagonalizes p, the matrix form of this equation is
piifii = i o / for all i and .
Considering separately the cases 6;; = 0 and 6; # 0, we see that

pt:‘gij:‘gij p;,-r
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and therefore that

p'o=06p". (1.71)

1
Put @ = o * . Then two applications of (1.71) give

1 -1 1

(@09 o=p40p ‘c=p20c

1 -1

=p20t'=p2pn"

-1 -1
=p2o=0p 2

-1 1 -1

=ofp 2=cp*0p * =o(pd ™),

as required.[6]

Proposition 1.72: Let g be a complex semisimple Lie algebra, let uy be a compact real
form of g, and let T be the conjugation of g with respect to uy. If g is regarded as a real Lie
algebra g®, then 7 is a Cartan involution.[6]

Corollary 1.73: If gy is a real semisimple Lie algebra, then g, has a Cartan involution.

Proof: Let g be the complexification of gy, and choose a compact real form uy of g. Let
o and 1 be the conjugations of g with respect to go and uo. If we regard g as a real Lie
algebra g~, then ¢ and t are involutions of g, and Proposition 1.72 shows that T is a
Cartan involution. By Theorem 1.70 we can find @& Int(g") = Int g such that @te™
commutes with .

Here 1o is the conjugation of g with respect to ¢(ug), which is another compact real

form of g. Thus



55

(B dowo-1(Z1, Z2) = - 2ReBy(Z1, 91¢” Z2)

is positive definite on g~.

The Lie algebra gy is characterized as the fixed set of 6. If 6X = X, then
6 (919" X) = p19'6X = @19 X.

Hence @to™ restricts to an involution # of go. We have
) 1
B,(X,Y)=-B (X, 0Y)=-By(X, g1¢"'Y) = E(BQR ) or0-1(X, Y).

Thus B, is positive definite on gy, and 6 is a Cartan involution.[6]

A Cartan involution @ of gy yields an eigenspace decomposition

Jo=71o D bo (1.74)

of go into +1 and -1 eigenspaces, and these must bracket according to the rules

[Yo, Yol SVo, [vo,bo] < bo,  [bo,bo]l =vo (L.75)

since 4 is an involution. From (1.74) and (1.75) it follows that
Yo and by are orthogonal under Bgo and under B, . (1.76)
In fact, if X is in yp and Y is in pg, then ad X ad Y carries vy to po and po to vo. Thus it has

trace 0, and Bgo(X, Y) =0; since 8 Y =-Y, B, (X, Y) =0 also.
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Since B, is positive definite, the eigenspaces vy and py in (1.74) have the property that

negative definite on v,
By is (1.77)

ositive definite on p .

A decomposition (1.74) of go that satisfies (1.75) and (1.77) is called a Cartan

decomposition of Q.

Conversely a Cartan decomposition determines a Cartan involution € by the formula

+1 onvyy

-1 on bo.

If go =710 @ Do is a Cartan decomposition of gy, then vy @ ipo is a compact real form of

g= (90)C .

Definition 1.78: A Lie group automorphism ©® of a semisimple Lie group G with

differential 6, ®* = 1 is called the global Cartan involution, and the onto diffeomorphism

mapping
K xpp — G given by (k, X) — k exp X, where K is the subgroup of G fixed by O, is

called the global Cartan decomposition.[6]
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Theorem 1.79: Let G be a semisimple Lie group, let 0 be a Cartan involution of its Lie
algebra gy, let gy = vo ® by be the corresponding Cartan decomposition, and let K be the
analytic subgroup of G with Lie algebra vy, Then

(a) there exists a Lie group automorphism O of G with differential 6, and © has ©° = I

(b) the subgroup of G fixed by © is K

(c) the mapping Kx py— G given by (k, X) — k exp X is a diffeomorphism onto

(d) K is closed

(e) K contains the center Z of G

(f) K is compact if and only if Z is finite

(g) when Z is finite, K is a maximal compact subgroup of G.

Proof: see [Knapp].[6]
Proposition 1.80: Let g be a real Lie algebra of matrices over R or C. If g is closed
under the operation conjugate transpose, then g is reductive.

Proof:

For matrices X and Y, define <X Y > = Re Tr(XY*). This is a real inner product on g,
the symmetry following from the form ( Re xy = Re yx ). Let a be an ideal in g, and let
a"* be the orthogonal complement of ¢ in g. Theng = a @ a" as vector spaces. To see

that o™ is anideal in g, let X be in @™, let Y be in g, and let Z be in a. Then

([X,Y],Z)=Re Te(XYZ*-YXZ*)
=-Re Tr(XZ *Y — XYZ*)
= -Re Tr(X (Y * Z) * - X (ZY*)*)
=—(X,[Y*,Z]).

Since Y* is in g, [Y*, Z] is in a. Thus the right side is 0 for all Z, and [X, Y]isin a".

Hence a* is an ideal , and g is reductive.[6]
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Corollary 1.81: If gy is a real semisimple Lie algebra and 0 is a Cartan involution, then
any 0 stable subalgebra §) of gy is reductive.

Proof : see [Knapp].[6]
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CHAPTER 11

REDUCTIVE LIE GROUPS

Definition 2.1: A connected subgroup G of GL(n, R) is reductive if its Lie algebra g has a
decomposition
g=k®p
where
(i) [k,k]ck, [k,plcp, [p.plck
(ii) the Lie group K of GL(n, C) whose Lie algebra is k=k® ip 1s compact.[1]
Examples:
1) The group SO(n, R) =k is reductive with p = 0.
2) The group SL(n, R) is reductive : g= k @ p, where k is the Lie algebra of skew
symmetric, p the space of symmetric
matrices: here k @ ip is the Lie algebra of skew hermitian matrices of trace 0, so
it is the Lie algebra of the compact group SU(n).
(3) The group GL(n,C) is reductive:
We have Lie algebra of (GL(n,C)) =k @ ik, where k is the Lie algebra of unitary

matrices.
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Proposition 2.2: Let G be an analytic subgroup of real or complex matrices whose Lie
algebra gy is semisimple. Then G has finite center and is a closed linear group.[6]

Corollary 2.3: Let G be an analytic subgroup of real or complex matrices whose Lie
algebra g is reductive, and suppose that the identity component of the center of G is

compact. Then G is a closed linear group.

Remark: If G is an analytic group whose Lie algebra gy is a direct sum go =4 @ b of

ideals and if A and B are the analytic subgroups corresponding to & and b, then G is a

commuting product G = AB.

Proof: Write go = Z, ®[g,,9,]. The analytic subgroup of G corresponding to Z, is

(Zg)o, and we let Gy ( semisimple subgroup) be the analytic subgroup corresponding to
[0, 9o]. By the remark before the proof, G is the commuting product (Zg)oGss. The group
G 1s closed as a group of matrices, and (Zg)o is compact by assumption. Hence the set of
products, which is G, is closed.[6]

Corollary 2.4: Let G be a connected closed linear group whose Lie algebra gy is
reductive. Then the analytic subgroup G of G with Lie algebra [, Qo] is closed, and G is
the commuting product G = (Z¢)oGss.

Lemma 2.5: On matrices let ® be conjugate transpose inverse, and let € be negative
conjugate transpose. Let G be a connected abelian closed linear group that is stable under
®, and let gy be its linear Lie algebra, stable under 6. Let go = &k @ p be the
decomposition of gy into +1 and —1 eigenspaces under &, and let K= {xe G | Ox = x}.

Then the map Kx pp — G given by (k, X) —k exp X is a Lie group isomorphism.
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Proof: The group K is a closed subgroup of the unitary group and is compact with Lie
algebra k. Since p is abelian, (exp p) is the analytic subgroup of G with Lie algebra p. By
the remark after Corollary 2.3, G = K exp p. The smooth map Kx p — G is compatible
with the polar decomposition of matrices and is therefore one-one. It is a Lie group
homomorphism since G and p are abelian. Its inverse is smooth since the inverse of the
polar decomposition of matrices is smooth.[6]

Proposition 2.6: On matrices let ® be conjugate transpose inverse, and let € be
negative conjugate transpose. Let G be a connected closed linear group that is stable under
®, and let gy be its linear Lie algebra, stable under 6. Let go = k © p be the
decomposition of gy into +1 and —1 eigenspaces under &, and let K= {xe G | Ox = x}.

Then the map Kxpp— G given by (k, X) — k exp X is a diffeomorphism onto.[6]

Proposition 2.7: If G is a reductive Lie group, then
a) K is a maximal compact subgroup of G
b) K meets every component of G, i.e., G = KGy
¢) each member of Ad(K) leaves k and p stable and therefore commutes with &

d) (ad X)* =-adf X relative to B,if X is in g
e) 60 leaves Z, and [go, Qo] stable, and the restriction of 6 to [go, Jo] is a Cartan

decomposition
f) the identity component Gy is a reductive Lie group (with maximal compact subgroup
obtained by intersection and with Cartan involution and invariant form unchanged).
Proof: For (a) assumes the contrary, and let K; be a compact subgroup of G properly

containing K. If k; is in K; but not in K, write k; = k exp X . Then exp X is in K;. By
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compactness of K;, (exp X)" = exp nX has a convergent subsequence in G, but this
contradicts the homeomorphism in proposition 2.6.

Conclusion (b) is clear. In (c), Ad (K)( k) < k since K has Lie algebra k. Since B is
Ad(K) invariant, Ad (K) leaves stable the subspace of gy orthogonal to k, and this is just
p.

For (d) we have
B,((ad X)Y, Z) =- B((ad X)Y, 0 Z)
=B(Y,[X, 0 Z))=B(Y, 0 [0 X,Z])= B, (Y, - (ad@ X)Z2),
and (d) is proved. Conclusion (e) follows from the facts that @ is an involution and B, is

positive definite, and conclusion (f) is trivial.[6]
Proposition 2.8: If G is a reductive Lie group, then the function ® : G — G defined by
Ok exp X) =kexp(-X) forke KandX € p
is an automorphism of G and its differential is 8.
Remark: As in the semisimple case, ® is called the global Cartan involution.
Proof: The function ® is a well defined diffeomorphism. First, consider its restriction to
the analytic subgroup G with Lie algebra [go, go]. By Proposition 2.7¢ the Lie algebra
[Qo, Qo] has a Cartan decomposition
[90, Qo] = ([9o, Qo] NK) © ([Qo, Go] M p).
If K¢ denotes the analytic subgroup of G whose Lie algebra is the first summand on the
right side, then Theorem 1.79 shows that Gy consists exactly of the elements in
Kss exp([Qo, 9o] M p) and that ® is an automorphism on Ggs with differential 6.

Next consider the restriction of © to the analytic subgroup (Z; ),. By Proposition 2.7¢

the Lie algebra of this abelian group decomposes as
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Zy =(Zy Nk) ®(Zy Np)
contained in K exp(p). Thus © on (Z; ), is the lift to the group of 6 on the Lie algebra
and hence is an automorphism of the subgroup (Z; ), .
The subgroup Gy and (Z; ), commute, and hence © is an automorphism of their

commuting product, which is Gy by the remark after corollary 2.3.

Now consider © on all of G, where it is given consistently by O(kg,) = k O(g,) for k
€K and g, € G. By Proposition 2.7c we have 8 Ad(k) = Ad(k)@ on gy, from which we

obtain ©(k exp Xk™) =k O(exp X)k' fork eK and X e gq. Therefore
O(kgok™) =k O(go)k™ fork eK and gy € G.
On the product of two general elements kgo and k' g, of G, we therefore have
Okgok’ g, )= Ok k'™ gok' g,) =kk' O(k''gok’ g,)
=kk' O(k'"'gok") ©(g,) =k O(g0) k' O(g,)=0O(kgo) Ok’ g,),
as required.[6]
Proposition 2.9: If G is a reductive Lie group and I)p is a 8 stable abelian subalgebra of
its Lie algebra, then Zg(1)o) is a reductive Lie group.[6]
Here the maximal compact subgroup of Zg(l)) is given by intersection, and the Cartan
involution and invariant form are given by restriction.
Reductive Lie groups are supposed to have all essential structure-theoretic properties of

semisimple groups and to be closed under various operations that allow us to prove

theorems by induction on the dimension of the group.
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The first remark concerns the Cartan decomposition. The decomposition on the Lie
algebra level is built into the definition of reductive Lie group, and the property of the

global Cartan decomposition are given partly in Proposition 2.9.
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CHAPTER 111

Mostow Fibration

A general problem is to understand the relationship between the real locus of a system
of equations and its complex locus . To guess the answer, let us look at some simple
equations:

For example, take the equations :
x>+ y2 =1 zZ+tw =1

X,y €R z,we C

the real locus is a circle .

What is the complex locus?
22 +wi=1
(z+iw)(z—iw)=1

set z+iw =z and z—iw=2,

SO Z]Zz=1
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therefore the complex locusis C*={z e C: z #0}

C* = all tangent lines to the circle:
Similarly we can see that the complex locus of the sphere of dimension # is the tangent
bundle ( Q" = T(S") ) that can be deformed into a sphere. [12]

Mostow Fibration explains this situation for homogeneous spaces.

Definition 3.1: If Kc K and K operates on a manifold F, then K operates on KxF by
k-(x,f)= (k" k- f).

The set of orbits of K in K x F is the space K X, F.[14]

Theorem ( Mostow Fibration) 3.2: Let G be a connected complex reductive Lie group, K
a maximal compact subgroup, L closed subgroup of K and H = L. Let B be an Ad(k)-

invariant, positive-definite, symmetric bilinear form then, via the mapping Kx p, — G,
the homogeneous space % can be considered as the K-vector bundle Kx,. p, — K/L

over the K-orbit K, = K/L of the neutral point.[15]

Let S be the space of symmetric matrices . Define

-x X o) =
T (y)=e? [lim—}e 2
t—0 t

—-X

= e% (d(exp), J¥)e *



Now if P = space of positive definite matrices and P(t) is any path in P, then

P(t) = exp log(P(t)), so

P()=(d eXp)logP([) [log P()]°
so that

-1 1

THP" PP =T¥[P? PP? T’
;llogP . ilogP 5
=Trle? (d exp)logP(t) [log P(1)]"e? ]
= Tr[TlogP(t) (log P(1))* I*= Tr[Tlog (log).]z

This is the reason for the definition of 7.

Lemma 3.3: For any X € S = symmetric matrices,

D
Sinh(—
_ Sinh(=*)

on S is self-adjoint, where Dy = Ry - Ly.

T

Proof: By definition

- -X

7. (Y)=e2d(exp),,(Y)e
dt

Now (X+tY) exp (X +tY) = (exp (X + tY)(X + tY).

—X

exp(X + tY)}ez.

t=0

So differentiating this we obtain:

Yexp(X +1tY)+ (X +tY)[exp(X +tY)]" =[exp(X +tY)]" (X +¢tY) +[exp(X +tY)]Y
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So

Y exp(X) + X[d exp,(Y)] =[d exp, (Y)]X +[exp(X)]Y
. Yexp(X)—exp(X)Y =[d (exp),(Y)]X — X[d exp, (Y)]

Hence
X X X X X X
e?Yexp(X)e? —e? exp(X)Ye? =e?d(exp),(Y)e? X —Xe ? d(exp),(Y)e ?
or

X X X X
_p2

e2Ye? —e2Ye? =1,(Y)X - Xz, (Y)

X x —x
2

So elYe?-e2Ye? = Dy (z4(»)
SinceD, =R, —L, wehave
[exp (D )I(Y) =Y ¥

So, last equation becomes (considering D., =L, -R )

-D,
2

[exp(DTX) —exp(—2N(Y) = Dy (1, (V)
So

Sinhg
Dlc(¥)-——2 |1)=0

2

So formally:

D D
eXp(E) - eXp(z)
D
D D
Sinh(=) . (5)™
in (2) _ (2) |
D “ (2n+1)!

2

=T

or



Observation 1: D? is self-adjoint:

Proof :
D, =(Ry-Ly)
Tr[(D y A)(B)] = Tr[(AX — XA)B]
= Tr(AXB — XAB)
= Tr(XBA — XAB) = Tr(X[B, A])
Tr[(AD , B)] = Tr(A(BX — XB))
= Tr(ABX — AXB) = Tr((ABX — XBA) = Tr[X[A, B]).
So <D,A,B>=-<A,D,B>.
Hence

<DyA,B>>-<D,A,D,B>
=< A,D.B>.

So, D3 is self-adjoint.
D
Sinh(—X)

Therefore —— 2 is self-adjoint.

DX
(")

Observation 2:

lim exp(X +t4) —exp(A) _ limzl{(){ +t4)" - X } .
t

0 t ~0 &
Now if ¢(1) = (X +14)" — X", then

#(1) = $(0) + 14'(0) + ... = 1¢'(0) + ...
So [(X +14)"] = ACX +1A)"" + (X + tA) AKX +14)" + ..

Soat t=0
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d

(X +tA) = AX"" + XAX" X2 AX"7 + ...+ AX "

t=0

t—0 t =0 n'

So lim[eXp(X i)~ eXp(A)} - i—{ ZX"AX‘I} —dexp, (A).

p+q=n—1

= Tr[(z, A)B)] = il' ZTr(e_TX”AX")e_TB

n=0 1 p+g=n—1

© 1 X =X
=Y = D Tr(4X% > Be > X")
n=0 n' p+g=n—1
-X -X

= i(lj(Tr ZAer"BX”ezJ =Tr(AtyB)

n=0 n' p+q=n-1

So

7 =7, is self-adjoint on S. Moreover, if X, Y € S, then

Dy (Y)=D,(YX - XY)=(YX - XY)X — X(YX - XY)
=YX? - XYX - XYX +X°Y

So D} maps S into itself and, as already seen, it is self-adjoint. Thus

(Sinh(2))

—————=— is self-adjoint on S.
T D is self-adjoint on

2

Sinhg
2 (Y)|=0, we see that

LetN={A:AeSand DA =0}.So,as D||7— D
2
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(Sinh(2))
T-—p = maps Sinto N. Let N* denote the orthogonal complement of N in S. Then
2
(Sinh(B)) (Sinh(B))
as T is self-adjoint, (7 — o) ) "N"c N" "N ={0}. On the other
2 2

hand, if Y e N, then XY=YX, exp(X+tY)=expX exp tY. So

(sinn(2))
X=X= (Tz)(X) .
2
(sinn(2))
Hence, r = ——=— throughout.
2

Observation 3: If X is real symmetric with eigenvalues 4, ,...,4,, then eigenvalues of

n?o

. ..D
, (Sinh() sinh(2, - 2,)
D, =—-Ad(X)are A, — A1 ,s0 eigenvalues of 7, = are :
’ D (/11 - ﬂ*])

2

sinh @ 6*
=l4+—+
3!

hence as

we see that the eigenvalues of 7, are all positive and > 1. So if Z is any symmetric matrix,

then, writing Z = ZCl.el. , e;-eigenvectors (orthonormal), we have 7Z = ZC.ﬂ.e, or

[ )
[z =Ytz = el =2

Combining all these facts we obtain the basic result:
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Proposition 3.4: Along any differentiable path p(t) in P = positive definite matrices,
2 -\’
Tr([logp]') < Tr(p"l pj .

Proof :

P(t) = exp(log p(t)). so p(1) =d (€XP) g [10g P(1)]" or briefly p=d (€Xp),, , [102]

-1, -l -1

— — —lo _—110
2

g p . g p .
So p>pp’ =e’ d(exp),,,llogple = Ty0e (108 p]

D
(Sinh(~))
Now, writing 7=1,,,, D=D,,, we know that 7= T on S, so if the
2
A=A,
(Sinh( )
eigenvalues of log p are A,,...,4,, then those of 7 are ) hence are all > 1.
P
2

Since 7 is self-adjoint, by choosing an orthonormal basis of eigenvectors of 7 we see that

2

SR
[pogl || <[ ogr’| = |p> pp?

SEENk P
ie. Tr([logp]’)’ STr{pz ppz} =Tr[p'l p} :

So the length (Euclidean) of the path log p(t)|zz < length of the path p(t)EZ'
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Some elementary geometry:

Qb cosé, b sin@)

in the shown triangle :
¢ = | QP|2 =[bcosf -a]*+[bsindT
=b”+a’—2ab cos0 .
Since cos(8) = cos (-0) = cos ( 27 — ), it does not matter whether we take 6 clockwise
or counterclockwise. Take @ in the interval 0< 8 <.
Since ¢ < |b|* + | a|* + 2ab, we have |c|<|a|+]|b].
Conversely, if we are given positive numbers a, b, ¢ such that
a<b+ec, b<a+c, c <a+b, thenassuming a > b we have

a—b<c<a+b so a’+b’>-2ab<c?<a’+b’+2ab

2 2 2
Then -1< % <1.Hence 3 aunique & in [0, 7 ], such that
a
2 2 2
% =cosf.
a

Now we take segments OP, OQ of lengths a and » with angle € between them and
0< 68 < 7. Our triangle is

b

|

0 a

, then

Special Cases: If |c| = |a| + |b

e =[af* b+ 2alt = |a" +| b ~2elsos0



So cos@ =-1,hence & = x and our triangle is

Qe b 0 a of

If|c |2:|a|2+|b2,then|c |2:|a|2+|b|2—2|a||b|cos9 = cosfd=0

So the triangle is

Vs
If two angles are — thenc®=a’+b%, b’=a’+c¢® or a>=c’*+b% Soa=0o0rb=0,

hence two of the vertices are coincident.
Proposition 3.5: ¢'**” (0 <t <1) is the unique geodesic in P joining I to pe P. More
generally, the geodesic between any two points is unique.

Proof : Let H = log p. Now if f{t) = ¢’ , then

2
=Tr(e™ He™ )’ =Tr(H?)

1(6) = He™ 50| £ (1)

So |f(t)=(TrH*) =|H

, then

1

J

o

1)

}dt = ||H|| = dist(H ,0) = dist(log p,logI).
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1
[T r(H’ )]5 < length of any path joining log p with 0 < length of any path in P joining p

with I. So the path f(¢) =e”, 0<t<1 is the unique geodesic joining I with p.
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Theorem 3.6: The riemannian angle between two paths f and g intersecting at I is equal
to the Euclidean angle between two paths log f and log g intersecting at 0. Moreover, in

any geodesic triangle

AN

c*>a’+b*—2ab cos C
Proof:
Notice that if f(¢) = e’", then j.’(t) =d exp, (4'(1)) . So if {0) =1, then #(0) =0 and

j.’(O) = d exp,(¢'(0)) .Therefore, if w(0)=0and '(0)=g'(0)and f(¢)=e"",then

£(0)=7(0).
So to compute the angle between curves f; g passing through I, we may replace by e’ /'

1g'(0)

and g by e

Now

(1'(0).g10)) =Tr(e™ £(0)-e™'g'(0))=TrL£'(0) - g'(0)] = T¥{¢'(0).y/'(0)]..

So , the angle of intersection between f, g at I = angle between log f, log g at 0.



Now suppose ABC is a geodesic triangle, we may suppose that C =1.

!

from here, we get a triangle

C=logC=10

A=log A ¢ log B =B

Andonehas  ¢? > (2)? =(@)* +(b)* —2db Cos(C)
Butd=a, b=b and C= 6‘ by the first part. Hence

c’>a’+b*-2ab Cos(CA)

Now construct an euclidean triangle with sides a, b, ¢

So b a
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> =a® +b* —2ab Cos(C")
—a? +b* —2ab Cos(C)

— Cos(C") < Cos(C)

So é' > 6

AN

Similarly A"< 4, B’ < B. Hence, sum of angles in a geodesic triangle < 7.

Application to decomposition:

1

g=kp, g=pk’,s0  ge=pp=p’'=(g'9)*

Now,k=gp ', thenk'=pg’ k'=(p)g sok'=k' <pg'=p'g ©p’=g4

So g = kp holds. Let G = G” be a subgroup of GL(N, R) such that

G=K®P, [K,PlcP,|[K,K|cK,[P,PlcK andK® P is aLie algebra ofa
compact group. So G’ =G = <eK el > and K is represented by skew-symmetric and P by
symmetric matrices. Therefore G is stable under o = transpose inverse. If g=kp €G,
then o (g)=kp'eG. So o (g)'g=p" €G.

For notational convenience, from now on G = Gl(n,R), K= O(n,R). So G =KP.

G is a reductive subgroup of G.

Theorem 3.7: Let eXp(lN’) = all positive definite matrices, where p is the space of all

symmetric matrices and let F = P . Then

exp(P) = {efe: e € exp(P), f € exp(P)}.
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Proof: Consider ¢: ExF — exp(ﬁ) such that ¢(e, f) = efe, then :
1) ¢ is 1:1

Suppose e;fie; = eyf2e,. Consider the geodesic triangle

A=efre, =esfaes

By the isometry x> e; 'xe;" this is mapped to

fi

1,3 1
£y e

So f,I cexp(P*) and Ie['ele;" is contained in exp P, because x > ;' xe;! maps exp P
to exp P. So angle at [ =90 .
-.angle at B = 90. Similarly angle at C = 90.

So

b*>a’+c?

c’=2b’+a’
. 2_ 2 _ 2 2 —
this means that b° = ¢°, a =0. Hence e; =e,,s0 e; = ex.

S fi=f, and ¢ is 1:1.

To show closedness, we must estimate | ¢ (e, f)| = d(efe, 1) in term of d(e, 1), d(f, 1).
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Consider the geodesic triangle

which is isomorphic to

efe B
j P f I
So the angle at I = 90 = the angle at &’ = 90.

[d(efe, DI’ [d(efe, &) + [d( &, DT’
= [d(f, DT + [ 2d(e, DT
So d(efe, 1) = sup {d(f 1), d(e, 1)}.
Observation 1: ¢(E x F) is closed in exp P:If enfnen — x € exp P, then
d(eyfrend) > d(x, I). So as d(e,, 1), d(f,, I) < d(eyfnen 1), we see that {e,}, {f,}are bounded,

so we can extract convergent subsequences. Hence e,f,e, converges to an element in

exp P.So image is closed.

Observation 2: ¢ 1s an open map:

Since ¢ is continuous and 1:1, and ExF and P are Euclidean spaces of same dimension ,
¢ maps open sets to open sets. So ¢ is open. Also, im ¢ =P as im ¢ is closed. Hence
¢ :E xF — P is a homeomorphism.

Theorem 3.8: Any non-singular n X n matrix can be expressed uniquely and continuously
as k- f-e where kis orthogonal, e €E , f € F.

Proof: Given x, find f such that x' x = e e, which is possible as x' x is symmetric and

belongs to exp(P).

Now x(fe)” is orthogonal for
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(xe'f) x(e'f!) =fle'x xe'lf!
Zer'I efe e'lfl =id.
So if we set k = x(fe)', then x = kfe, with e €E , f €F, k eK ( notice that if G is reductive

and G = exp (K) exp (P) and k € O(n) N G, then k €exp (K)).

Suppose x = k;fie; = kyfse; then x' = e, fik' =e, fok;".

. xx' = e; fe =e,f,e,, then as already seen, e; = e5, f;° = f, so f; =f». Hence,
uniqueness of decomposition holds. So (k, f,e)——kfe is 1:1 onto. In the representation
x = kfe, e, f depend continuously on x'x, so on x and therefore k also depends continuously

on x. Hence ¢~'is also continuous.
Therefore G = KFE. Hence we have a well-defined a map
Kx, F— (N}/ G
where G = KP is a real subgroup of G, by k x - l:fG which is surjective as E — G.
Suppose l:fG = l:lflG, SO l:f = l:lflke, k €K, e eexp (P)
l;f = l?lk(k‘1 f,k)e. Hence, by the uniqueness of decomposition
k =kk, f=k'fik e=I.
So k, =kk™, f, = kfk . Hence the map K x, F — G/G defined as [k x /1> kfG is an

isomorphism. So 5/ G = K x, F even differentiable.
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