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Chapter 1

Chapter 2

Chapter 3

Chapter 4

Summary

contains the concepts of the blow-up and the local existence of
the solution of the nonlinear reaction—diffusion equation. We shall
briefly discuss the two methods, the maximum principle and the
semigroup approach.

is a summary of the Chipot and Weissler work

u=Au—|guff+ufls zeQCR", t>0, n>1

deals with the one—dirnensiona’l, nonlinear reaction—diffusion equa-
Gon of the form g = tae + 2 s’(u) _Ag(z,s(u ,5(u)z)
s'(u) s'(u)
is a certain positive function of regular variation. If we set v = s(u),
then the solution of the v—equation v = Av+f (z,v, Vv). will con-
verge to a steady state equation under certain conditions. Thus,
the solution of the u—equation will blow-up, if the solution of the
v-equation or the steady state equation changes sign.

where s(u)

deals with the general form of the n-dimensional case

u = Au+ f(z,yu, vu).

In this case, the v-equation will contain a singular term, namely

2

v . . .
LV__l__ By a regularization method we shall study the v—equation
a.né) see when its solution has a zero.

v
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CHAPTER 1

INTRODUCTION

In applied sciences and in particular mathematics, differential equations play
an increasingly important role. In this study, we shall be concerned with a class of
reaction-diffusion equations of the form u, = Au+ f(z,u, Vu). This will find useful
applications in various disciplines such as the nerve impulse and the evolution of
a chemical reactor in which reaction and diffusion take place. This can also be
generalized to systems of such equations (see [4]). We would like the solution to be
bounded in order to control the process and to avoid blow-up from taking place
(see [2]). Thus, we need to study the blow-up of the reaction—diffusion equation

of the above form.

§1. Blow—Up
Let Q be an open bounded set in R".
Definition (1.1) !
i
{

A point (z,T) € © x Ry is called a finite time blow-up point if there exists a

sequence (Zy,t,) such that (z.,t:) — (2,T) and w(Zn,tn) — 0O as 7 — 0O (see

[6])-
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Examples

(1.). Consider the nonlinear ODE

u(0) = % where a >0 (1.1)

. So, u — oo as ¢ — a, which means u will blow

where the solution is u =

up as z — a. Hence, we can obtain a local solution on (0, a).

(2). Consider the Chipot-Weissler equation
u=Au—|guff+uf e t>0, z€Q
u(t,z) = 0, t>0, zel
u(0,z) = ¢(z), z€N
where they prove, for certain p and g, the blow-up occurs (see [4])).

Unfortunately, there are no methods that can be used for the more general
parabolic equations of the form u; = Au + f(z,u, Vu). (see (4]). So, we will try

to study the equation in its general form by a new and simple method.
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§2. Existence

To prove the existence of the solution, we have, in general, two methods: one
is the maximum principle by using upper and lower solutions; and the second is

based on the semigroup for linear operators.
2.1 The First Method “Maximum Principle”

We shall begin by defining the upper and lower solution of the equation

us—Au = f(z,u) in Dr
ou
Bu = aO% + Bou = h(z) on St

u(0,z) = up(z) in Q (1.2)
where Dy = (0,T} xQ, Sr=(0,T] x of.
Definition (1.2)

A function @ € C(Dr) N C**(Dr) is called an upper solution of (1.2) if it
satisfies the inequalities

|

% — AT f(z,8) . inDr
Bu > h(z) on S'_r-i

(0,z) 2 uo(z) in Q (1.3)



Similarly, x € C(Dr) N C**(Dr) is called a lower solution if it satisfies all the

reversed inequalities in (1.3).

Result

Let %, u be ordered upper and lower solutions of (1.2) and let

—c(ur — u2) < f(z,wm) — f(z,u2) < Au1 — u2)

foru <us <y <u ((¢,z) € Dr) (1.4)

Then the sequences {@(¥}, {ul*)} converge monotonically to a unique solution u

of (1.2) and u < u® < u*+) < u < Tk < M) <7 in Dr.

Proof: See [11]. In our case u; = Au — f(z,u, Vu), we will have the existence

by the maximum principle if |f(z,u, Vu)| < ¢(1 + | ¥ u/*) where c is a bounded

function (see [1)).
2.2 The Second Method “Semigroups”

There is a second method for obtaining existence of local solution. We shall

first define the sectorial operator.

Definition (1.3)

A sectorial operator A, is a linear operator acting in a Banach Space X and



satisfying the following conditions:

1. Ais a closed and densely defined operator in X.
2. For some ¢ in (0,7/2) and some M 2> 1 and real a, the sector
Ses = {M¢ < larg(A —a)| S m, A # a}
is in the resolvent set of A, i.e. (\] — A)™! is bounded.

3. |(A = Ayl € M/|A — a] for all X € Sep.

Examples

1. A bounded linear operator on a Banach space is sectorial.
9. A is sectorial if it satisfies the following conditions:
(a) A is a self-adjoint densely defined operator in a Hilbert space.

(b) A is bounded below.

Theorem (1.1)
If A is a sectorial operator satisfying [|A(A - A Y| £ ¢ for | arg A = do,

|A] > Ro for some positive constants Ro,c, and ¢o < 7/2 and if B is a linear

operator with D(A) C D(B) with ||Bz|| < ¢]| Az|| + k|lz|| for all z € D(A) and ¢, k

are positive constants with ec <1, then A + B is sectorial.
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tant '
Proof: We want to prove [[{A — (A+ B)}7'|| < conls/\la 2. We note that

1BO = A)1] < el(AQ— A7+ HI = A7 < ect KEED

for | arg A| = o, |A| = Ro. So, this implies

{A=(A+B)}' = |(A\—A)"{I-B(A- A)"}“||<1I';|°{1 e (KC)}'I
constant
=

for | arg A| = ¢o and || sufficiently large. So A + B is sectorial.

Definition (1.4)

A family of continuous linear operators {T'(t)}:50 on a Banach space X is called
an analytic semigroup if:
(a) T(0) = I,T(t)T(s) =T(t+s) fort 20,520
(b) T(t)z — z as t — 0%, and for each z € X.

(c) t = T(t)z is real analyticint on 0 <t < 00 and for each z € X.

Definition (1.5)

The infinitesimal generator of the analytical semigroup {T(t)} is defined by
Lz = ‘lir&_ %(T(t):c — z) and its domain D(L) consisting of all z € X for which

this limit (in X) exists. We usually write T'(t) = elt.
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Theorem (1.2)

If A is a sectorial operator, then —A is the infinitesimal generator of an analytic

semigroup {e~4}:>0, where

1
—At 1 MC”

271

where T is a contour in p(—A) with arg(}) — 6 as |A\| — oo for some 6 in

(x/2,7).

Also, ™4t can be continued analytically into a sector {t #0: larg t| < €}
containing the positive real axis, and if Re o(A) > a, i.e. if Re A > a whenever

)\ € o(A), then for t > 0
e~ < Ce, e < T~
for some constant C.
Finally, -4t = —Ae~4* for t > 0.

Proof: Without loss of generality, assume a = 0 and ||(A + A £ IA:T + 6 for
|r — argh| > ¢ for some constants § > 0, M > 0 and ¢ € (0,7/2); otherwise

replace A by A—al.

Choose 8 in 7/2 < 8 < 7w — ¢. Define e~4t by the above integral, and note

that the integral converges absolutely if ¢ > 0. By Cauchy’s theorem, the integral



is unchanged when the contour T is shifted to the right a small distance: call the

shifted contour IV. Thenfort > 0,s >0
—At_—As _ (o _:\~2 At -1 _us -1
e~ Ate=4* — (91i) _/r/re (M + A)te# (u + A~ dpd)

= )2 Migpsr  _ y)-1 -1 _ -1
(2ri) /P /r (= )M + A)™ = (4] + A)7 }dpd
By using the resolvent identity. But for A € T, p € IV,
At —1\1 = us - -1 — t o AS
/re (p—XN)"dA =0, /1" e*(u— )" dp = 2rie

SO

e—Ate—An = (27l’i)-1 AeA(t+s)(AI + A)_ldA = e-A(t+a)

and {e~4'},5¢ is a semigroup.

In fact, for 0 < € < § — Z, the integral converges uniformly in any compact set

for {|arg t| < €}, and this proves the semigroup is analytic.

Also, putting g = )t in the integral (with ¢ > 0)

1 ‘1 d
-Ay _ #_~ y ”
e[ oG]
uildul
> M [ oyl
4 i
and
1Ae=4 < / ey 19# ldg| 1 _ _constant
- lul 1 t



So, we prove e~Alz — z as t — 0% for each z € X. It is sufficient to prove this for
z € D(A), a dense set, since |le 4| < C forallt 2 0. fz € D(A) and t > 0,

1
—At, . _ At -1 _y-1
ez -z =7 /r‘ e [(A+ A) A7 zd)

I N BT -1
= /FA (A + A)'zd)

271
so |le=4tz — z|| < constant [|Az||t. Thus {€~#*}:30 is a strongly continuous semi-
group which extends to an analytic semigroup in | arg ¢| <e. f z € D(A),t >0,

then

d _a a1 At -1 —
Ze Mo+ de x—zm./re A+ A)(A+ A)'zdA =0

So, if z € D(A), ast — 0%

1 t

“(e Mz —z) = — / e~ Azds — —Az

t t Jo
so —A is contained in the generator G of the semigroup.

To see that —A actually is the generator, define for A > 0
R(N)z = / * e MemAtydy,
0
For any z, e~4'z € D(A) for t > 0, and for 6 > 0
A /; e MgAtpdt — e~ e Aby — ) /; % e~ MemAtydy

By closedness of A, it follows that

R(\)z € D(A) C D(G) for every A 20, z € X.
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But, if z € D(G), then ez € D(G) for allt 2 0 and Ge 4z = $e

T =

e~4tGz, and a similar argument shows
R(\)(A — G)z = z for z € D(G).
Thus F(G) C range of R(\) C D(A), hence —A =G as claimed.
Remark

The converse is also true: if —A generates an analytic semigroup, then A is

sectorial.
Definition (1.6)
Suppose A is a sectorial operator and Re o(A) > 0; then for any a > 0
A== -1;(1:5 [Tt e
where T is the usual Gamma function defined as

T(z) = /:o t*~le~'dt for z> 0.
Examples

(1) If A is a positive scalar (X = R'), then A™ as defined is the usual (—a)

power of A.
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(2) If A is a positive definite self-adjoint operator in a Hilbert space with a

spectral representation A = / w AdE()), then
o
A= [ A dE().
[ aedE®)
(3) If A = I + B where ||B|| < 1, then A™ as defined above agrees with

n=0 n

o [—a
the usual power series representation: (I + B)™® = 3 ( ) B", where
(—a) = (—1)"?.("_"'"). = (_l)n ala+1)-(a+n—1)
n nl(a) -

(4) A™! (the case a = 1) is the inverse of A. -

Theorem 1.3

If Ais a sectorial in X with Re o(A) > 0, then for any & > 0, A~ is a bounded
linear operator on X which is one-one and satisfies A-*A—8 = A—(@+8) whenever

a>0,8>0. Also,for0 < a<1

e sin

T [, _ -1
« i
- /ox (A + A)

Proof. For some § > 0, Re o(A) > §, so by Theorem 1.2,

lle=4Y| < Ce™® for t > 0.
So

1 oo
- < a-1_-6t dt
14l < grgy f, et e™ dtlel
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and A~ is bounded when a > 0. Also, fora > 0,8 >0

A-aA— / ta-l -1 -A(t+s)dsdt

1
= T(a)T(B) /

- rra b du [ (= e

I(a)l
= A~+A) | using ./o 221 -2)P Yz = ——I‘((Z)+(Z))

Also, if A=z = 0 for some > 0, then for integer n > a, A™"z = A-(n-a) g-og =
0; but A~! is one—one, so A" = n~th power of A~! is also one-one, so z = 0.
Finally,

A+ A)1= /:o e~Ate=Mdt for A >0,

So,

/ “xeoraa= [ et ( A > A‘“e'”d/\) dt

= / ” eIl — a)dt =
0

A~
sin ra

Using the fact T(a)I'(1 — @) = for 0<a< 1 (see 9).

Theorem 1.4

Suppose A is a sectorial and Re 0(A) > 6§ > 0. Fora >0 there exists C, < 00

such that ||A%e 4| < Cot~2e fort > 0,and if 0 < <1, z € D(A%),

- 1 o
I(e™* = 1)zf| < —Cr-at*|A%]
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Also, C, is bounded for a in any compact interval of (0,00).
Proof. See [9, p. 26].
Theorem 1.5.
0<a<1, ze€ D(A),then ||A°z|| < CllAz||* ||z[|*~®, i.e.
|A%z|| < e||Az| + C' e=e/(-2)|iz|| for all €> 0.
Proof. See [9, p.. 26-27).
Definition (1.7)

A function f in a domain D is called uniformly Holder continuous in D with

exponent a,0 < a < 1, if for all z,y € D
|f(z) — f(y)| < klz — y|* for some k >0
If & = 1 we also say that f is Lipschitz continuous (see 5).

Moreover, f is locally Holder continuous in ¢ and locally Lipschitz in z on U,

if f satisfies the following condition:

If (t1,2:) € U, there exists a neighborhood V C U of (t1,z1) such that for

(t,z)eV,(s,y) €V,

£t z) = f(s,9)1 < L(lt = sf + Iz = ylla),
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for some constants L > 0, 6 > 0.
Lemma 1.6

P
Let f: (0,T) — X be locally Holder continuous with ./o I f(s)llds < oo for

some p > 0. For 0 < t < T, define

)= [ ‘= A(t=1) £(5)ds.

Then F(-) is continuous on [0, T), continuously differentiable on (0, T), with F(t) €
D(A)for0 <t < T, and iI;‘—SQ+AF(t)=f(1,‘)on0<t<T, F(t) —0in X as

t— 0t.
Proof. For small p > 0, define
Fy(t) = /0 G f(s)ds, p<t<T,
with F,(t) =0for 0 <t < p.
Then (setting f(s) = 0 for s < 0)

IR0 - B < [l 15()lds

which tends to 0 as p — 0%, uniformly in 0 < ¢ < 1o for any to < T. Also, F, is

continuous, since

F,(t+ h) — F,,(t) - (e"“”‘ ) /ot—P e'A("’)f(S)ds + /ti-:h—p e-A(""h")f(s)ds
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(0 £t < t+ h < 1), which tends to zero as h—0.

Therefore, F is continuous on [0,T) into X, and
t
IFONS [l 1 (lids =0 as 1~ 0*

Also, if 0 < s < t, then e~4(=? f(s) is in D(A), so the Riemann sums for F,(t),

Y e~At=2) f(s;)As;, are in D(A) and

t—s;2p

t—p
Jim A Y e At f(s)As = -/0 e~At-2) f(s)ds.

s<t—=p

So, by closedness of A, F,(t) € D(A) and

AF(t) = [ A A0 5(s)ds = [ A M0 fls)-f(B)}ds+{e -1 £

Now [|Ae~4¢-2|| = O((t — s)~"), I f(s) — F(BI = O(lt — s|%) for some 8 > 0 as

s — t~, hence as p — 0%,
AR~ [ A A{1(s) - F(O)}ds + T = A1)
Thus, again by closedness of A, F(t) € D(A) for 0 <t < T.
Consider any strictly interior intérva,l [tosta), 0 < to < t1 < T; then AF(2) —

AF(t) uniform’y on o < t < 3, since ||f(t) — S| € Kt = sf® for ¢, s in {to, 2]

and some 8 > 0, so
JAB() — AF@)] = = + e} + [ 4e-0{5(9) = O)es]

< {e = OI+C [ (=)™ *ds 0
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as p — 0%, uniformly in ¢, < t < ¢,.

Finally, F,(t) is differentiable when ¢ < p, with _‘_i_%(_t_) = —AF,(t)+e *f(t—
p)’, p <t < T. The rightside converges uniformly to —AF A+ f(t)onte <
t<t, (0<ty<t <T)asp— 0% soF is continuously differentiable on the

open interval (0,T), with % + AF = f(t).

Theorem 1.7

Suppose A is a sectorial operator in X, 7o € X, f : (0,T) — X is locally
Holder continuous and / ’ £ ()ldt < oo for some p > 0; then there exists a
0

unique (strong) solution z(-) of

%+Az = f(t), 0<t<T;z(0)= zo,

namely
t
z(t) = ez + /o e~A0-2) f(s5)ds.
Now consider the nonlinear equation

d
?::- + Az = f(t,z), t>tp z(ty) = To. (1.5)

where we assume A is a sectorial operator so that the fractional powers of 4; =
A+ al are well defined, and the spaces X® = D(A{) with the graph norm [|z||, =

||Az|| are defined for & > 0. We assume f maps some open set U in R x X® into
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X, for some a in 0 < a < 1, and f is locally Holder continuous in ¢ and locally

Lipschitz in X on U.
Definition (1.8).

A solution of the above problem on (o, ;) is a continuous function z : [to,t1) —
d
X such that z(to) = zo and on (to,1,) we have (t,z(t)) € U,z(t) € D(4), -%(t)
to+
exists, t — f(t,z(t)) is locally Holder continuous, and /to o 1@, z(t))l|dt < oo

for some p > 0, and the differential equation (1.5) is satisfied on (to, ).

Lemma 1.8

If z is a solution of (1.5) on
t
(to,t1), then z(t) = e~ At~z 4 /t e~ 402 f(s, z(s))ds. (1.6)
0

to+p
Conversely, if z is a continuous function from (%o, ;) into X*, and -/to (s, z(s))llds <
oo for some p > 0, and if the integral equation (1.6) holds for tp < t < ¢, then

.
z(-) is a solution of the differential equation (1.5) on (to,%).

Proof. The first claim is immediate from the definition of the solution and
Theorem 1.7. Suppose z is a solution of the integral equation (1.6) and = €

C((to, t1); X*). We first prove z is locally Holder continuous from (to,?1) to X°.
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iy <t<t+h<t,then
z(t + h) — z(t) = (e74h — [)e~ A0y + /: :(e""‘ — I)e~4t-2) f(s, z(s))ds
+ /t i e~ Al+h=2) £ (5, 2(s))ds.
Now if 0 < § < 1 — a, then for any z € X,
(=4 — I)e A=, < Ot — o) +Ohset=] 2],
(Theorem 1.4) hence for t € [t3,%;] C (to,t1),
llz(t + &) — z(t)||l« £ constant A*.

It follows that t — f(t,z(t)) is locally Holder continuous on (%o, %), so by Th. 1.7
z solves the linear equation

d
E;_’ + Ay = f(t,z(t)) on to < t < 1,y (to) = To

hence z is also a solution of (1.5) on (to,11).
Theorem 1.9

Assume A is a sectorial operator, 0 < @ < 1,and f : U — X, U an open subset
of Rx X, f(t,z) is locally Holder continuous in t, locally Lipschitzian in z; then
for any (to,zo) € U there exists T = T(to,zo) > 0 such that (1.5) has a unique

solution z on (o,%o + T') with initial value z(to) = zo.

Proof. See [9, p. 54]. Also, for more information, see [9].
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CHAPTER 2

THE CHIPOT AND WEISSLER PROBLEM

§1. Introduction

Several treatments of the semilinear parabolic equation were concerned with
obtaining conditions for the blow-up of positive solution. The main method used to
study the blow—up is the classical energy method, which basically means estimating
the norm of the solution as time evolves. In this chapter, we shall recall a well-
known treatment by Chipot and Weissler concerning the semi-linear heat equation

of the form

g =Au—|guff+ufly, t>0,z€Q
u(t,z) =0, t>0,z€Tl

u(0,2) = ¢(z) € (2.1)

where Q C R" is a bounded domain with smooth boundary T, u = u(t,z). It is
proven that if 1 < ¢ < ;%pl-’ then there exists a suitable initial value ¢ so that
the corresponding solution of (2.1) blows up in finite time. Although the method
we develop is more general, we shall work with the Chipot-Weissler example (in

chapter 4) to test and verify our method.
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§2. The Energy Method

We want to deal with the equation of Chipot and Weissler u, = Au—|V ul? +
[uP~'u. Let Jy(u) = —| ¥ ulf, Ja(u) = |u[*~*u and if we let J(u) = Ji(u) + Jo(u),
then (2.1) will become

u, — Au = J(u).
Then by the variation of parameters,
t
u(t) = e®¢ + /0 et J(u(s))ds
where the domain of the generators of €*® in L* is
D,(A) = W (@) N W3(%).

We will construct a local theory for (2.1) in the Banach space Wo*(R) by using a

fixed point argument.

Note: We want J; : Wg* — L7, so we choose r; to be equal to 3. Also, we
want J; : Wa”* — L™, so we choose r; such that Wy is embedded in L so the
spaces will be sufficient because u € Wl*. Then J(u) will bring it to L™ where
1 < r < s < 0o and either r; or rz, then e*® will bring us back to L™ — . In

this case u : Wy" Ny 7 N W{-. Now let us return to the equation (2.1)

u = Au— | ulf + Jufflu
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and multiply both sides by u and integrate over {2 to obtain
/nugudz = /n(uAu — | 7 ul%% + Juffu?)dz

or

1d

el 2 —_ _ q r-1,,2
53 u’dz /n(uAu | ¥ u|%u + [ulP~ u*)dz.

Now we will try to simplify the right hand side by taking the first part of it,

which is the integral

/n uAudz

Note:

/n vAudz = ) fn Uz, vdT1dT, - - - dzi - - - dz,

=1

n
= 3 [ vduededay - doirdzi - don

=1

=y /ﬂ d(us,v)dzdey -+ doi1dTipn - dTy

=1

- / Uy dvdzydzy - - - dxiydTiyy - - - dz,

Then by Stoke’s theorem

/QvAudz = Z (/30 Uz vdzy - - dTi1dTiyr -+ dTy — /ﬂ Uz dvdzy -+ - dziydzigq - -

i=1

= janvvuds—Z/ﬂu,‘v,‘.dxl...dxi...dzn

=1

where dv = ¥ v, dz;.

dmn)
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Then

LvAud:z::/aanuds— /QVuvvds.
So,

./nuAud:c =/muvuds —/0|Vu|2d:z:.
From

ulan =0, /an'UVuds =0.
So equation (2.1) yields

1d

eyt dz = | (- 2 _ q P12z
53 Ja¥ & /n( | v uf — | 7 uf'u + [uf " u7)dz

Or we can write it

d
2 1l = ~20 v wll 2w, | 7wl + 20l (22)

Now, let us define the energy of the solution u(t) as

Bu(9) = 31l v w0l - S InOIE

Lemma 2.1

The energy of the solution is a non-increasing function t of [0,T,) where Ty is

the existence time of the solution starting at ¢.

Proof: Since u € C}([0,T;), W) and because Wy C H§ and Wy c L*®, then
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it is easily shown that E(u(t)) is a C* function of ¢ € [0,T], and also
d ’ 1
ZE() = (-Au(t), (1)) = (u(t),u ()

= —(u'(t) + | v u(®),¥'([?) <0

Lemma 2.2.
Suppose E(¢) = E(u(0)) <0 and ¢ < p—2_§—1- Then for all t € [0, Teo)
. 2 g/2 pt1 —a
{u(t),| v u(@®)|) < P+1 C(p, Dllu(®)liz+2
wherea=p—q—(e—;—1220and0(p,q)=1ifq=p—2f{.

Proof. See ([4]).

Theorem 2.1.

Letl<q< p? I and let ¢ € W3(Q) for s sufficiently large, ¢ not identically

zero. Also, suppose the following

(i) ¢=0onT.
(i) Ap— |V ¢l"+|¢fF'¢=00nT.
(iii) ¢>0in 9.

(iv) Adg—|v @l*+¢”20in
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(v) E(¢) <0.
. 2p . .
(vi) Ifg< 1’ then ||@||p4+1 is sufficiently large.
(vii) I ¢ = —P~, then p is sufficiently large
q= p+1 P y large.
Then the corresponding solution of (2.1) blows up in finite time, in the L* norm.

Proof. From equation (2.2), we can do the following

2p +2

d
Flulz = -2l v ull — 2(u, | v ul?) + ——llv ullpiy

-1
= 2 gl + it ( +1) Jullzt — 200, 7 w9
= ~4E() +2( Bt Il - 2 9 )

Then by Lemmas 2.1 and 2.2

d 2 p+1 2 qlz p+l-a
—llullz = 2 i -2\ 5] IOliz
dt p + 1 r+1

r+1 p_l 2 o2 —-a
22t |(B57) - (53q) colin|- @)

Let F(t) = ||ull?. Then (2.3) will become

P) 2 CF(®)F [(” e-1)_(2)" C(P,Q)"“(t)";fl}-

2p
+1

Ifg< > and ||¢||p41 is sufficiently large, then

-1 9 q/2
(5+ 1) B (p+ 1) Clp,g)ldller =k > 0.
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Then because u'(t) > 0
¢z 2 llu)ll

and this implies
' el p— 1 2 o0 e
F'(ty> CF(t) 2 [(m) - (p +1) C(p, )l 4l
ptl

So F'(t) > CkF(t) 2 .

If we let B = £, ten

F'(t) .. ]
> B where B = ck and by taking integration of
F(s = Y ne TR

both sides
L pape- 1 1-f > Bt
1= ﬂF(t) 1—ﬂ(F(0)) > Bt.

If we let a = $15(F(0))'~#, then
(8~1)(a— Bt) > FO-9.

So,

Fz ((ﬂ— 1)&—30)73{—1

which means 3¢ = £ such that F — oo, and this implies that 3 ¢ such that the

solution will blow up in finite time.



CHAPTER 3

THE ONE-DIMENSIONAL CASE

In chapters 3 and 4, we shall discuss a new method that helps to show the
existence of the blow-up of the solution. In this chapter, we will be concerned

with the equation of the form

Ag(e,s(w) s(w)s) | Las"(8)

T ()

(3.1)

where s(u) is a certain positive function to be defined later. However, sometimes
it is not possible to choose a suitable function s(u) to write the equation in the
form (3.1). So, we will deal with the equation u; = tzz + Af (z,u,u;) and we will

discuss this case in chapter 4 with the n~dimensional equation of the form
uy = Au+ f(z’uv VU)

In both forms, we will study necessary and sufficient conditions for the blow-up

to exist.

As we shall see, the method comes because of the difficulty, sometimes, in
estimating the norm of the solution as time evolves. So, we use a suitable change
of variables that will exchange infinity with zero. Thus, we will have a blow-up if

the solution changes sign which can be easily determined.
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§1. The Method

For the sake of simplicity, we shall explain the method by discussing the one-

dimensional case. In this case, the equation reads

Ag(z, s(u), s(u)z) +u? s"(u)

Up = Ugg — ) ) —1<z<l, t>0
u(z,0) = uo(z)
u(-1,2) = u(1,t) =0 (3.2)

which we call the u-equation. The method needs several steps. In the first step
we transform the u-equation by a suitable substitution u = s(v). After that, we
study the existence of a steady state solution. If the solution of the steady state
equation exists and changes sign, then we will have a blow-up in the solution of
the u—equation. The above discussion is concerned with the method briefly. Now,

we deal with the method in more details.

1. Substitution

Assume that u(z,?) is a positive solution of the u-equation and let v(z,t) =
s(u(z,t)) where s(u) is a certain decreasing differentiable positive function from
R, to R, such that s(co) = 0 and s(0) = 1. Then v(z,t) is a solution of the

equation

Vi = VUzz — A.q(:c) v, vz)



28
v(-1,t) = v(1,t) =1

v(z,0) = h(z) = s(u(z,0)) > 0. (3.3)

We shall refer to (3.3) as the v-equation
2. Existence

We shall use Theorem 3.1 to prove the existence of the solution of u- and

v-equations.
Theorem 3.1

If h(z) is an L*-function on [a,b] and g is a2 abounded function on (a,b) x S

where S is compact in R whose sup-norm satisfies:

sup{lg(z,u,p)| o € la,8}, [ul S N, p€ R} < Msn(1+ |p)*)

for some Mgy > 0 depending on S and N for some 8 < 1. Moreover, F is
continuous with respect to u and p, uniformly in the following sense: for every
€ > 0 and every compact set S in R, there is a § > 0 such that for all (u,p) € S

and (v,q) € S with ju—v|+|p—q| < 6.

sup] Ig(zs U,P) - g(z’u’q)l S t-ﬁe

z€la,

Then the problems

u(z,1) = uzz(z,t) + 9(z, u(z,t),u:(z,t)) a<z< b
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u(0) = h(z)
u(a,t) = u(b,t) =0
has a generalized solution on [a, ] x [0, s] for some s < T.

Proof. See Theorem 3.4 in [5].

3. Steady State

We would like now to find sufficient conditions so that a solution to the v-

equation converges to a steady state solution.

Theorem 3.2

1. g(z,v,w) is locally Lipshitz in v and w.
2. h"(z) — g(z,h, k') L 0.
3. inf v(z,t) > —oo.

4. sup |vz(z,t)| < oo or
9(z,y,w) > ~r(y)e(w?)

o d
where r(u) and g(u2) are continuous and / :1-(:;) = 00.
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Then the solution converges uniformly to the steady state y(z), i.e.
y"(z) = M(z,y(2),¥'(2))
y(-1) =y(1) =1
Proof. See the Chan-Kwong paper [3].

To prove the existence of the solution y(z) of the steady state equation, we will

use the following theorem.
Theorem 3.3

If
a) g(z,R,0) > 0 and g(z,~R,0) < 0 for some R > 0.

b) There exists a positive function 3 € C*[0, 00) such that /o ;ﬁ%dp = 00

and |g(z,¥,¥')| < ¥(ly’]) for |y] < R. Then

y" = g(z,9,¥)
y(a) = 0 =y(3)

has at least one solution y(z) satisfying |y(z)| < R.

Proof. See Theorem V.10 in [7].
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To complete our work, we want to discuss when the solution y(z) will change

sign.
4. Change of Sign

Let ¢(z) = 1 — ew(z) where

—e?

e€?—z? |z] < e

w(z) = where 0 <e<1

0 lz] > €

and note

—z?
§ia) =5 |

—2¢*[ze? — z? + €? — 527
(@ — 27)3

if |zl <,

(1) = ¢(-1)=1 and ¢(0) =0,

and the graph of ¢(z) as follows:
1.60~
0.0
0.60-
0.40-

0.20

0.CC~

T T T 7 rgfadint Ead Mt e S
~3.00 -.80 -.50 -.40 =20 .00 .20 .40 50 .80 i.00

For w(z) see [13].



32

Theorem 3.4

If y(z) is a steady state solution and ¢"(z) < g(z, #(z), ¢'(z)), then y(z) will

change sign.

Proof. ¢(z) is an upper solution since

¢"(z) — g(z, $(z), ¢'(z)) £ 0 =3y"(z) - 9(z,3,Y)
Also,
#(-1)=¢(1)=121=y(-1)=y(1)
and this implies
y(z) < ¢(z) Vz

But since ¢(0) = 0, then y(0) < 0 and this implies that y(z) will change sign.

5. Blow-up

When v(z,t) > 0 in the v—equation, then u(z, t) = s7*(v) is 2 bounded solution
of the u-equation. Also, the blow-up is possible in the u-equation when the steady

state solution changes sign.

Because the solution of the v-equation converges to the steady state, there
exists T > 0 such that v(z,t) = 0 before it becomes negative. Furthermore, the

solution of the u-equation will become u(z,t) = s~1(0) = oo which means that
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T is the blow-up time for the u-equation and this will complete our work for the

one-dimensional case.
§2. Examples

In this section, we will try to discuss some examples to test the method.
First Example

Let the u-equation be given by
up = u,,+A(1+e"‘)"e“—u§ -1<z<l1
u(-1,t) = u(1,) =0

u(z,0) = —log(h(<))

where a > 0
Note:
9(= sij‘(t;(“)=) = M1+ ey, (34)
Also
_g_)) = -1 (3.5)

From (3.5), s(u) = ¢ + c;e™®, but we know that s(0) = 1 and s(e0) = 0. So
s(u) = e™™. Let

s(u) = v(z, t) = e (3.6)

PR
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Then from (3.4) g(z,v,v:) = A(1 + v)* and from (3.6) u(z,t) = —Inv(z,t). So,
by the change of variables u(z,t) = —Inu(z,t) we will transform the u-equation

into the v—equation
vy = Vg — A(1 +v)*
v(-=1,t) = v(l,t) =1
v(z,0) = h(z) >0

Now, we will try to satisfy the conditions for the convergence to the steady state

equation by using Theorem 2.

(1) g(z,v,w) is locally Lipshitz in v and w.
lg(z, v1,w) = gz, v2,w)] = Al(L+v2)* — (1 +22)°
< M|(1+v - (1 +w))
< Mv; — v,

where M > 0.

Also, |g(z, 2, w;) — g(z,v,w2)] = 0 < |wy — wal.
(2) We assume h"(z) — g(z, h, h') < 0 so that v,(z,0) < 0.

(3) Note w = —1 is a lower solution and this implies v(z,t) is bounded from

below; so inf v(z,t) > —o0.
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(4) g(z,y,W) = (1 +y)a
(y) = —(1+y)*
gv?) =1

s0, g(z,y,w) > —r(y)g(w?). Then the solution will converge uniformly to

the steady state solution y(z) (i.e. as ¢ — oo, sup [v(z,t) — y(z)| — 0). So

y'(z) = A1 +y)°

y(-1) =y(1)=1 (3.7)

Note: (3.7) has at least one solution.

For A > 0 large enough the solution y(z) will change sign. For example if we
take a = 1, then y(z) = 2z* — 1 where A = ;2742-, and clearly the steady state

changes its sign.

Also, for the boundary condition, we can take h(z) = 1 — 1 cos(nz) so that
h"(z) — Ag(z, k, k') < 0. Finally, the u~equation exhibits a blow-up point in finite

time.
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Second Example

Consider the u-equation

1
u,=u,,—u§+§e"—1 t>0, 0<z<r7

u(0,t) = u(x,t) =log2

u(z,0) = —log(h(z))

Note:
9(z, s(u), s(u)s) _ l v _
(u) = 3¢ 1 (3.8)
Also,
su(u) _
) - -1 (3.9)
and this implies s(u) = e™™.
Let
s(u) = v(z,t) = e~ (3.10)

Then from (3.8), g(z,v,v;) = —1 + v and from (3.10) u(z,t) = —Inv(z,?). So,
by the change of variables u(z,t) = —In v(z,t), we will transform the u-equation

into the v-equation

V= Uz +0— t>0, 0<z<m

v(0,t) = v(m,t) =

D Ll YN
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v(z,0) = h(z) >0

Now, we will try to satisfy the conditions for the convergence to the steady state

equation by using Theorem 2.
1. g(z,v,w) is locally Lipshitz in v and w.

(a.) Ig(z’vlaw) —g(z,vg,w)l = _% +u+ -lf - ‘Uzl
= v — v

(b) Also lg(z, v, 1) = 9(z v, ws)| = 0 < fuwy — wal.
2. We assume h”(z) — g(z,h, k') < 0.

3. Note v = 1 is a lower solution and this implies v(z, t) is bounded from below.

So, inf v(z,t) > —oo.

1
4. 9(z,y,w) = —3tv

-3
r(y) = - (—2— + y)
qw?) =1
So, g(z,y,w) > —r(y)g(w?). Then the solution will converge uniformly to

the steady state solution y(z). So,

1
n —
y'(z) =5-v

(3.11)

N -

y(0) = y(r) =

Note (3.11) has at least one solution. Also, note y(z) = esinz + 2 where ¢

is an arbitrary constant.
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In order for the steady state to change its sign, we only need to require that

1
c< -1

Finally, the u-equation exhibits a blow-up point in finite time.
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CHAPTER 4

THE N-DIMENSIONAL CASE

In general, the equation u; = Au + f(z,u, V) caunot be reduced to the form

Ag(z, s(u), s(u)z) s"(u)
P R )

Chapter 3. So, we will try to discuss the heat equation in its general form with an

U = Uz —

where s(u) is a suitable function as in

emphasis on the n-dimensional case u; = Au + Af(z,u, Vu).

Let u(z,t) be a positive solution of the equation

u = Au+ /\f(a:,u, VU)
u(z,0) = h(z) 20

u(99,1) = 0 (4.1)
which we will call the u-equation.

To prove the existence of the blow-up, many steps should be performed. The
first step, as in chapter 3, will change equation (4.1) by the change of variables
u(z,t) = s(v(z,t)) to another equation, namely the v-equation. So, the u-equation

has a blow-up if the v—-equation changes sign.
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1. Substitution

If u(z,t) = s(v(z,1)), then equation (4.1) can be transformed into the equation

v = Av— 'V—;’EA(U) + Mgz, u, o) (4.2)
where
4(0) = =5 and g(a,0,570) = L2272
Notes:

1. We should set a condition on §'(v) # 0 to make s(v) a one-to-one function.

2. If s”(v) is of a regular variation i.e., s"(v) € RV, then the function A(v) is

bounded since the lim A(v) exists (see [8]).

2. Regularization

To solve equation (4.2), we need to regularize the singular term LVT:'-E, so equa-

tion (4.2) will become

v A(v®)
W) + &
v(z,0) = k(z), v(09t)=1 (4.3)

v = Av' — |7 o[ + g(z, v, V)

where k(z) = s~!(k(z)) < 1.

€ (4
Note: Since the term —| v‘lzz:ﬂA—_*(_vez)- comes from the Laplacian, it should not
€

affect the blow-up. So, we can consider a simpler equation comparable to (4.3) by
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letting € — 0o, and we shall call it the w-equation

w = Aw + Ag(z,wa ,Vw)

w(z,0) = k(z),w(09,t) =1 (4.4)

Now, we will consider two cases for the nonlinear term g(z,v,p). The first case
is concerned with finding s(v). So §(z,v,p) has a C? extension §(z,v,p) < 0 for
v < 0,v > 1 and Vz,p, where this simple condition will help to obtain global
existence of the solution for the regularized equation and the second case when §

cannot be defined or extended for changing sign functions.
In both cases, we shall put the following conditions on s(v).

C1
1. s:(0,1] = R4 and s is a decreasing function.
2. lim s(v) = oo, s(v) € C2

"
vs"(v) < M < oo or §'(v) is of regular variation, i.e. s'(v) € RV2.

3.0< 5 S
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§1. The First Case
1. Method
Theorem 1

If condition C1 holds and
1. Qis a bounded domain in R*, with a smooth boundary, 89 € C?*4, say.

2. There exists A € R* and b € R such that Vz € Q, ¢ > 0.
|APM > (A -z + b)Ag(z, A -z + b, A)
A-z4+b<0

§(z,v,p) <0 (4.5)
where M = sup A(v).

3. There exists ¢(m) such that |§(z,v,p)| < c(m)(1+|p[?) forv € [-m,m],Vp €

R™ where ¢(m) is locally bounded.

4. §(z,v,p) and A(v) are Holder continuous with respect to z,v,p with expo-

nent B.

0§ 0§ 0A . '
5. 50’ Op;’ Bv are bounded if v, p are bounded.

6. Ak(z)+ Ag(z,1,0) = 0 and yk(z) = 0 for z € 0%, then Ve > 0, there exists
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g
a unique solution of the equation v*(z,t) € Hz:ﬁ'u' 2 for all T > 0 and such

that A-z + b < v* <1 where Qr =2 x [0,T).

Proof. First we want to find an upper and lower solution for the v-equation.

It is easily seen that
(a) @ =1 is an upper solution because

L vf|p <1
| 7 ve[PvA(v°)
(v¢)2 + 62

solution by the maximum principle.

2. Av' -5 =

- Ag(z, v, yv°) 2 0. So, @ =1 is an upper

(b) w= A-z + b is a lower solution because

1.LA-z+bL0.

2. Aw—

S

- 28B4 4 5500 0 Gu) >0 by condition (4.5).

Also, since the set  is bounded, we have the solution v* bounded for € > 0.
By the remaining assumptions we have the existence of the solution v¢ for each

€ > 0 by Theorem 6.1 in (10). Observe that T is arbitrary and so we have a global

existence.
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Remarks

1. From Theorem 6.1 in (10), we can use the condition: §(z,v,0) > —b3v? — b3

to show the solution is a priori bound.

2. To obtain a priori bound for the gradient, we need Condition 3, and so we
deduce global existence of the solutions and also the existence of a steady

state, see section 2 and Lemma 3.1 in (1).

Theorem 2

If the condition of Theorem 1 is satisfied and ¢; > €z, then v > v for

z€eNt>0.

Proof. If €; > €3, then Av® — v§! < Av®? — v2, So by the maximum principle

v > v2,

Theorem 3

If for a certain € > 0, 3zo, T such that v*(zo,T) = 0, then u(zo,T) = o0, i.e.

the solution u(z,t) blows up.

Proof. Note that if u(z,t) is bounded for t < T, v¢ = s™(u(z,t)) exits and is

well defined, and this means v° > 0. By Theorem 2, v¢ > 1% > 0 for all ¢ > 0.
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Theorem 4

If the conditions of Theorem 1 hold and Ve > 0 v%(z,t) 2 a > 0 ¥(z,1) @,

then the solution u(z,t) has no blow-up in Qr.

Proof. We need only to prove that v° exists and v® > a > 0. First, let us set
veA(v°)
(ve)z + e

the nonlinear term in (4.3). If we assume that 1 > v¢ > a > 0 then F,(v°) satisfies

F(v*) = | v v — Aj(z,v%, 7v). Note it is easily seen that F(v°) is

Theorem 6.1 in [10]. Also, by condition C1

vl ogrre S gVl
B s
So, all the solutions v¢ are uniformly bounded in Hé:.“” et C’é:."' and this

implies the set v° is compact in Cgt’ where v < /2. So the limit v? exists and

1° > @ > 0 and the solution u(z,t) = s(v°) does not blow up.

Theorem 5

If the conditions of Theorem 1 hold and the solution w(z,t) has a zero in Qr,

then the solution u(z,t) blows up in Qr.

By Theorem 1, the solution w(z,t) exists. Also because
1. Aw — w, < Av® —of.

2. wlaQ > v /0N
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So w > v, for t > 0 and z € Q. So, if w(z,t) has a zero, then v, has a zero and by

Theorem 4, u(z,t) blows up.

Now, we want to find sufficient conditions concerning the steady state of the

w-equation.
Theorem 6

If the conditions of Theorem 1 are satisfied, and

L 9§(z,w,n)

o < 0 and w(z,t) € C3,VT > 0.

Az(z) + Mgz, 2,vz) <0

2. 3z(z) such that
2(692) 21

3. 3p € Q such that z(p) = 0.

Then the blow-up is possible for the solution u(z,t).

Proof. By Theorem 1, we know that there exists a solution w(z,t) and a steady
state S(z) say. Also, by Condition 1 and the maximum principle, we deduce the
uniqueness of the steady state. Moreover, from Condition 2 S(z) < Z(z) where

Z(z) is a steady state and the steady state must change its sign by Condition 3.

Finally, we need to show that there exists a positive initial condition such that
the corresponding solution will c<;nverge to the steady state. So, w(z,t) has a zero

and u(z,t) blows up from Theorem 5.
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For the proof of the final result, we will prove it in the following manner. First,
we choose k(z) = z(z) + cg(z) where ¢(z) is the first positive eigenfunction of the
Laplacian

—A¢(z) = M¢(z) and ¢(9Q) = 0.

Clearly from

w;(z, O) = Az - A1‘;5(-7:) + ’\g(z, z+ c¢1 V(Z + C¢))

and the smoothness we can see 3¢ such that wy(z,0) < 0. Also, because w| a0 = 0,
we can say that w, < 0 for (z,t) € @7 by the maximum principle applied to the
equation satisfied by w;. Because w, < 0, we can say the sequence w(z,n) is
decreasing and bounded from below. So, the sequence will converge pointwise to
a function £(z). By using Dini’s theorem, we obtain that w(z,n) will converge
uniformly to £(z) in . By Theorem 2.2 in [1], we can say |jw(z, t||c1+u+mrzg, <
Y(llwlle@q)s |R(z)llc2). So the sequence w(z,n) is bounded in CA**/? and so com-
pact in C§t* where v < u/2. Therefore, we have w(z,n) — £(z) and yw(z,n) —
Af(z) uniformly in Q. This will show that £(z) is a weak solution of the steady
state equation. Moreover, {(z) is a strong solution because fj(w,l(:v),V(Z(m))) is
smooth and by looking at the steady state equation as a linear equation. Finally,
S(z) = £(z) because of the uniqueness and so there exists N such that w(z, N)

change sign, i.e. u(z,t) blows up.
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Now, we will try to find another way and before that we shall define some
functions. Let u be the first eigenvalue of —A®(z) = u®(z), &(dQ) = 0 where
Q C 2 and B(z) # 0 if z € Q. Also, let R(c,z) represent the real valued function

defined by R(c,z) = 3(’?),\5(3,; +¢d,v(z+c®))andv= sup OR(6,z)

T€0,0<0<1 Oc

Theorem 7

If the conditions of Theorem 1 are satisfied and there exists a steady state 5(z)

that changes sign, and if u > v, then blow-up is possible.

Proof. Let k(z) = S(z) + ¢(0)®(z) and we want to find an upper solution of the

form D(z,t) = S(z) + c(t)®(z) where ¢(t) > 0. So we need
A(S + ¢(t)®(z)) + §(z, S + c®, V(S + c®)) — ¢(t)@(z) < 0
or we can say
—c —cu+ R(c,z) — R(0,z) <0

So

~—cu+cw<0,

and this implies

—c+e(v-u) <0 (4.6)

If we take c(t) = ¢(0) exp((v — u(t), then we will satisfy (4.6). Also, because S(z)
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changes sign, there exists zo such that S(z¢) < 0. So, there exists T' such that

w(z,t) < S(zo0) + ¢(0) exp(v — u)T < 0.

Finally, by Theorem 6, we have a blow-up of the solution u(z,1).

2. Examples

1L uy=AQAu+de* z€|0 <o

Let u = 5('0) = —log(v), so the regularized v-equa.tion will become
I V vlzv
- — — A
Ve Av P ‘02

For the sake of simplicity, let Q be a simple domain, such as ball, @ = B, =
{z] |z] £ a}. Also choose the upper solution to be z(z) = sr* where a > 2
and r = |z|. So, the condition for the upper solution in the w-equation (we

will consider it for simplicity) will become
Az—-A<0
z(60) =1
or equivalently,

s(a+(n—2)ar*"2<) 0<r<a

So finally,
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So the condition will satisfy if A" = &:- < A by choosing a = 2. So, there is
a

a A*(a) such that the blow-up occurs in finite time.

2. u; = Au + Mu|/"'u where u is a positive function.

Let u = s(v) = ™%, so the regularized v—equation will become

— p IVvlzv — )\
vg--Av+1___p———62_*_02 + (1 =-p)A

As above, let © be balls, and choose the upper solution z(z) = sr?. So, we

will need 2sn + (1 — p)A < 0 and sa? = 1. Thus the blow-up occurs in finite

time if there is a A*(a) such that A > A*(a) = " 2n

(p—1)
§2. The Second Case

In this case we will consider § which cannot be defined or extended for changing
sign functions. We note there is no global existence and because of that we can
assume the local existence of the solution of the v-equation. By using the same

notations, we will proceed, in general, as the first case for the proof.
1. Method
Theorem 8

If the conditions 1, 4, 5, 6 of Theorem 1 and
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1. 32(z) € C*(N)Az(z) + A§(z, 2(z), vz(z)) < 0 and z(dQ) > 1.
2. 3 p such that z(p) = 0.
3. u>v.

4. 3n(t) > 0 for 0 < t < 6(a) such that Ag(z,n(t),0) > n'(t) and n(0) = a for

any a > 0 and Vz € Q. Then the blow-up for the solution u(z,) is possible.

Proof. As in the first case, we need to find k(z) such that the corresponding
solution reaches z(z) in finite time. We want the form s(z,t) = z(z) + ¢(1)®(z),
where ®(z) is the first positive eigenfunction of the Laplacian in a larger domain,

to be an upper solution.

Let

T(c) = A(z(z) + <(t)®(z)) + Ag(z, 2(z) + c(t)®(z), V(2(2) + e(t)4(2))

where T(c) is defined for any ¢ > 0. Also, 3 co > 0 such that T(co) < 6- < 0
because of the smoothness conditions on §(z,v,n). Let k(z) = 2(z) + ¢(0)@(z)

and to make s(z,t) to be an upper solution we will need the following conditions

A(z(z) + c(t) () + Ag(z, 2(z) + c(t)2(z), V(2(=) + (t)2(2))) < €(1)(2)

So

Az(z) — pc®(z) + \j(z, 2(z) + c(t)®(z), V(z(z) + c(t)®(z))) < ¢(t)®(z)
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and this implies

d(2)®(2)+pe(t)(z) 2 Aj(z, 2(2)+<(t)®(z), V(2(z)+c(t)(2)))-A§(2, 2(2), V(=)

Finally, we will have
)+ (u—v)e>6-

where one solution of this inequality (consider the equal sign) is ¢(t) = (¢(0) —

5o

u—-v

5~

Jelv=u)t 4 ‘f__-;, where as t — oo, then ¢(t) — = and so the upper solution

becomes negative.

To prove the existence of the solution, we need a lower solution which can
be found by Condition 4. By Condition 4, a local lower solution can be found
in the interval (0,6.). If the solution has a zero for ¢ = 6_, then we are done,
otherwise the solution is bounded away from zero, that is 3z € Q w(z,é-) =
a; > 0. So, there is a need to obtain a new lower solution defined by ¢ > é_,

n'(t) < Ag(z,u(t),0), n(6-)= a, and repeat the same argument.

Because the upper solution becomes negative, the solution must also have a

zero. So by Theorem 5, the solution u(z,t) blows up.

Another Way

We can look for an upper solution for the w-equation of the form D(z,t) =
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z(z) + c(t). For D(z,t) to be an upper solution, we need
Az 4+ Aj(z, z + c(t), v(z(z))) < (t) ¢(t) = 0.

or

Az +2i(z,2,52) + Xi(z, 2 + c{t), V2(2) = N(z,2,72) < €(t)

and we assume that Az + A\§(z, z,vz) < o < 0 and sup 93(z,z + ¢, 2)

<
sup % d<0,

so we obtain & + dc(t) < ¢/() where a positive solution of this inequality is
c(t) = ¢(0) + bot.

So D(z,t) is an upper solution of the w-equation that changes sign and by the
same condition as above, we will have the lower condition. Finally, we will have a

blow-up for the solution u(z,t). Thus we have shown the following theorem.

Theorem 9

If the Conditions 1, 4, 5, 6 of Theorem 1 hold and

1. 32(2)C3Az + Ag(z,2,vz) <6 <0, 2(6) >1.

ag(zvz + c,VZ) —_
P =
z€EN dc

d < 0 for ¢ € (0,) where a > 0.

3. 3n(t) > 0 for 0 < t < 8(a) such that AG(z,n(t),0) > n'(t), n(0) = a for any

a>0and z €.

then blow-up is possible for the solution u(z, ).
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2. Examples
Example. We need finally to show the blow—up of Chipot and Weissler equation
u =Au—|gul?+ |ulf

.
By using the substitution s(v) = v1-?, p > 1, the u-equation reduces to:

1 | v vl _|al" (g-1)(=-1) g
— o
vy =Av+ (1 ) 210 v v —(p—1)A

where a = % So §(z,v,7v) = ||| v v — (p — 1)A where 8 = (g -
1)(e — 1) < 0, and this implies that § is of the second case and we shall try
to use Theorem 9. Let z(z) = i:- where r = |z] and 1 > 1, where we assume
Q = B, = {z/]z] < v}. So, z(z) is an upper solution if

2n

-+ 2|a|t~ 2P +g=2E+) _ (p ~1)A <0 (4.7)

If 28+ ¢ > 0, then it is possible to find a A such that (4.7) is satisfied.

However, if A and p are fixed values, then we can choose a very large such that

(4.7) holds; that is

2n

=+ 2ol < (p—1)A (4.8)
Also,

dyfe,2 +,2) _ 20

ot = el (e P et <0 \

a
(p—1)A
So, the conditions of Theorem 9 hold if 28 + ¢ > 0 and so blow-up occurs if

and for the lower solution we can take n(t) = a—(p—1)At andso é_ = > 0.
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2p
1<g<
1 p+1

and a is large enough; so we get the same result as in the Chipot

and Weissler paper.

Finally, I would say that this simple method will open a new survey for the

blow-up of the reaction—diffusion equation in its general form

u = Au + f(z,u, Vu)

Also, I think we can generalize it to systems of such equations.
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