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CHAPTER ONE

INTRODUCTION

In many practical engineering applications , transient convection heat
transfer is of great importance in the design of control systems for modern
convection heat exchange devices. Despite the practical importance of the
unsteady natural wnvxﬁon heat transfer encountered in many engineering
systems, which can be modeled as vertical channel or vertical open-ended

annulus , it has not received as much attention as it’s steady state counterpart.

Considerable interest has been shown recently in the problem of natural
convection heat transfer to fluids in heated, vertical, open-ended annuli. Such
systems are of practical importance in the field of double pipe heat exchangers.
A typical application is that of gas cooled nuclear reactors, in which cylindrical
fissionable fuel elements are placed axially in vertical coolant channels within
the graphite moderator; the cooling gas is flowing along the channels parallel to
the fuel elements. In such a system laminar free convection may provide the sole

means of the necessary cooling during the shut-down or accident periods.

Practical importance of this problem and the lack of either experimental or

theoretical data concerning transient laminar natural convection in open-ended
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vertical concentric annuli motivated the present work. In the present work an
implicit finite-difference scheme has been developed to study the transient
natural convection flow inside a vertical concentric annulus. The following two

initial conditions are investigated .

Case () : In which a step-temperature change occurs at the inner wall
while the outer wall is kept adiabatic.

Case (O) : In which a step-temperature change occurs at the outer wall
while the inner wall is kept adiabatic.

The literature review is presented in Chapter Two while the problem
formulation and the initial and boundary conditions are presented in Chapter
Three. In Chapter Four, the numerical methodology of solution is given in
detail. The results are given and discussed in Chapter Five. Finally, conclusions

are reported in Chapter Six.



CHAPTER TWO

LITERATURE REVIEW

The unsteady laminar free convection in the vicinity of a vertical flat plate,
which is subjected to a step change in wall temperature or wall heat flux, has
been investigated by many research workers [I-11]. Siegel [1] studied the
problem of unsteady laminar free convection for a semi-infinite plate. Sparrow
and Gregg {2] investigated the nearly quasi-steady free convection heat transfer
in gases from a flat plate with time dependent surface temperature. They
assumed quasi-steady conditions which mean that at each and every instant, an
instantaneous steady state exists and, as a consequence, the steady heat-transfer

relationships may be applied instantaneously.

In addition to the vertical plate geometry,Chung and Anderson [3] analyzed
the unsteady laminar free convection boundary layer from a horizontal circular
geometry. Using an integral method of analysis ,Gebhart [4] analyzed the
transient natural convection from a vertical plate. Hellums and Churchill [S]
demonstrated that the partial differential equations describing natural
convection can be solved by finite difference methods. Using such methods ,

they [6] studied transient natural convection from an isothermal vertical plate
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and inside a horizontal cylinder. They found that the computed values for
temperatures and local heat transfer coefficients for short times agree very well
with the analytical solution for conduction heat transfer which is the dominant
mode at this stage. Moreover, the limiting values for long time agree well with
those of steady state.

Schetz and Eichhorn [7], using Laplace transforms, studied the case of
unsteady natural convection in the vicinity of a doubly infinite vertical plate
whose temperature or heat flux is an arbitrary function of time. Exact
asymptotic solutions for unsteady laminar free convection from a vertical plate
whose surface temperature or heat flux varies arbitrarily with time were
presented by Menold and Yang [8], for various values of Prantdl number.
Gebhart and Adams [9] compared their experimental measurcments of transient
natural convection in air and water with the results of the intcgral analysis
presented by Gebhart [4]. Analytical and experimental investigations related to
transient frec convection heat transfer on vertical surfaces and in vertical
cylinders have been reviewed by Ede [10]. Nanbu [11} gave the limit of pure
conduction for unsteady free convection from a vertical plate. He found the
critical time afterwhich leading-effect begins and convection heat transfer mode

dominates .

Nanda and Sharma [12] and Yang et al. [13] investigated the same case but
with oscillatory surface temperature. Yang ct al. [13] used an explicit finite

difference method to study the effect of the amplitude and the frequency of
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oscillation on the instantaneous and the time average Nusselt number,
temperature and velocity profiles. They found that the timewise variation of the
fluid temperature in the inner region adjacent to the surface produces back heat
flow at high amplitude, high frequency, and at high local Grashof number.

Kawase and Ulbrecht [14] proposed a model for laminar natural convection
from an isothermal vertical plate to a power-law fluid. They avoid the difficuity
caused by the fact that the momentum and energy equations are coupled by
introducing an approximation based on the partial similarity between the
velocity fields for forced and natural convection. Recently,Haq et al. [[S]
investigated the case of transient free convection of a non-Newtonian fluid along

a vertical flat platc.

Natural convection in vertical channels formed by two parallel plates has
been investigated by many authors [16-23]. Steady-state devcloping and fully
developed flow solutions for natural convection in a channel formed by two
isothermal vertical parallel plates were presented by Bodoia and Osterle [16].
Kcttleborough [17] considered the transient laminar frec convection between
heated vertical plates with constant wall temperature including entrance cffects.
Hec used both alternating direction implicit and the simple explicit finite
diffcrence methods. He assumed that Boussinesq approximation is valid and
that all thermodynamic properties,except the densily , are independent of

temperature . Furthermore, the compressibility as well as dissipation effects
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were neglected. He found that as Grashof number increases the time taken to
reach steady state conditions decreases and the valuc of Nusselt number

increases.

Lee et al. [I8] studied the natural convection in a vertical channel with
opposing buoyancy forces experimentally and theoretically via finite difference
solution of the time dependent boundary layer equations. The measured profiles
of temperature and concentrations showed close agreement with the theoretical
predictions. Sparrow et al. [19] studied the steady case with one wall
maintained at a uniform temperature and the other unheated. They studied the
case experimentally and numerically via a parabolic finite differcnce scheme.
The Nusselt numbers computed were in good agreement with those of the
cxpcriment. Burch et al. [20] studied the laminar natural convection between
finitely conducting vertical plates.They found that conduction has significant
influence on the natural convection heat transfer , particularly at high Grashof

numbers.

Azevedo and Sparrow [21] carried out heat transfer and flow visualization
cxperiments in water to investigate the effect of inclination on natural
convection in a parallel walled channel. Nusselt number correlations were found
{or the following three heating modes: both walls heated and maintained at the
same uniform temperature, heating only from above, and heating only from

below.
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Johsi [22] studied the same case but with different boundary conditions,
namely: uniform but different wall temperatures (UWT) and uniform but
different wall heat fluxes (UHF) . He used a finite difference method to develop
simple correlations to predict the minimum heat transfer for UWT aad the
maximum plate temperature for UHF, during the transient period. It is found
that for the UWT case the ratio of the minimum heat transfer to the steady
state heat transfer decreases with length of the channel.For the UHF case, the
maximum transient temperature has a maximum of about 9% over the steady
state temperature. Chang and Lir [23] studied the transient beeyancy induced
flow through a heated, vertical channel of finite height numerically. Both the
inlet and exit effects are included in the analysis. They found ,at early time
stages, a temperature overshoot which is caused by the fact that conduction
dominates at such early stages,and hence the local Nusselt number decreascs.
Correlation equations are proposed for the average Nusselt number and the

amount of air drawn into the channel at steady state.

Of particular interest to the present investigation is the case of natural
convection flow inside vertical concentric annuli. A survey of the literature
shows that transient natural convection in an open-ended vertical annulus has
not been investigated analytically or experimentally.Only steady state natural

convection has been considered in the literature [24-30]

El-Shaarawi and Sarhan [24-25] and Sarhan [26] studied numerically the

developing laminar free convection in a heated vertical open ended concentric
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annulus. They considered the case of one wall being isothermal while the other
is adiabatic. Keyhani et al. [27] studied experimentally free convection in a
vertical annulus with constant heat flux on the inner wall while the outer
cylinder is at constant temperature. Overall data are corrected for thermal
radiation in the annulus. The results of the study provide data relevant to the
dcsign and performance assessment of spent fuel packages as part of a waste
terminal storage program for nuclear waste isolation. This model can serve to
form a limiting case correlation for heat transfer from a nuclear fuel rod bundle
to the interior of its container in either storage or disposal. Littlefield and Desai
[28] examined the natural steady convection motion in a vertical cylindrical
annulus of large aspect ratio analytically. Constant heat flux at the inner wall
was considered, while the outer wall was cither isothermal or at constant heat

flux .

Al-Arabi et al. [29] used an implicit finite difference method to study the
natural convection flow through vertical annuli with one wall uniformly heated
and the other wall being adiabatic. They also, studied the case experimentally
and found good agreement beiween the theoretical and experimental values.
Three radius ratios (0.26,0.5 and 0.9) were investigated. El-Shaarawi and Al-
Nimr [30] presented analytical solutions for the fully developed natural
convection in open-cnded vertical concentric annuli . Four fundamental
boundary conditions have been investigated. These boundary conditions are

obtained by combining each of the two conditions of having one boundary
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maintained at uniform heat flux or at uniform wall temperature with each of the
conditions that the opposite boundary is kept isothermal at the inlet fluid
temperature or adiabatic. Expressions for flow and heat transfer parameters are

given for each case.

To the best of the writer's knowledge, transient natural convection heat

transfer in open ended vertical concentric annuli has not been investigated yet.
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CHAPTER THREE

PROBLEM FORMULATION

In this chapter, the governing equations which describe the case under
consideration are given and the boundary conditions are stated. Since the
governing equations are elliptic, nonlinear and strongly coupled partial
differential equations, the following assumptions are imposed to facilitate the
solution of the problem under consideration. Firstly, some assumptions related
to the fluid and the flow are imposed on Navier-Stokes and the energy
equations . Secondly, the boundary laver approximations will be used to neglect
the second derivative of the axial velocity component in the streamwise
direction, the streamwise diffusion of heat , and the entire momentum equation
in the transverse direction. This is done by an order of magnitude analysis .
Finally, the boundary layer equations are normalized, using nondimensional
parameters, to have the least possible number of computer runs and the most

general numerical results.

3.1 GOVERNING EQUATIONS

Figure 1 depicts the geometry and coordinate system. The geometry

considered in this study is a vertical annulus of finite length,open at both ends
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and immersed in a fluid of infinite extent maintained at a constant temperature
T,. After the step rise in the temperature of either wall, fluid rises in the
annular gab between the cylindrical walls by natural convection .It is assumed
that the time dependent entrance velocity has a uniform profile. The following
assumptions, related to the geometry, physical properties of the fluid, and flow

conditions, are imposed.
I. Fluid is Newtonian.
.. .., 0 _
2. The flow is axisymetric (% =0).
3. The tangential (azimuthal,in @ -direction) velocity component is zero
everywhere (w = 0) .
4. There are no internal heat gencration and no radiation heat flux .

5. Viscous dissipation and radial and tangential body forces are

neglected.

6. The fluid physical propertics ( Cp » P, It and x ) are constants
but Boussinesq approximation is valid according to which the
density varies in only the buoyancy term in the momentum

equation.
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Applying the above assumptions give the following governing equations.

Continuity
12 au _
T 5 =0 O)
Momentwn (radial)

TP A T, SO ) N L A A @
P\ s " Vor T & ar Ml \Tar 2
Momentum (axial)

(2, 9y O, L0 %, P, 3)
Poloe "Vor  Vaz’ 't oz o or a2
Energy
T , a7 , a7 __ 1 d8,dT,, T
ar+"ar+°az_°[rar"ar)+azzl 4)

As the flow is natural and confined, the pressure p within the annulus, will
be less than the hydrostatic ambient pressure, at the same elevation. The
difference between the two pressures is known as the pressure defect (p').

Noting that F,=—pg , p=p, [ 1 -B(T—Ty } ,and p=p°+pgz , the axial
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momentum equation can be rewritten in terms of the coefficient of thermal

expansion (B) and the pressure defect (p”) as follows.

Qu , ,ou Gu__ 13 : 10 u
6t+var+u62 b, 3z —i—gB('l"I'o)+v[r ar( ) az’ ] (5
Boundary conditions:

The problem in hand is solved under the following conditions.

For t=0

u=90 , v=20 ,and T = T, everywhere
For t1>0

Atz=0and r,<r<r,

u=ut), v=0 Land T=T,
Atz>0andr=r,
u=0 |, v=0 ,and T=Tg for case(l)
o ZL=0 for case(O)
Atz>0andr=r,
u=0 , v=20 ,and aa;:-=0 for case(l)
or T=T, for case(O)
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3.2 BOUNDARY LAYER EQUATIONS

To obtain the boundary layer equations, equations (1),(2),(4),(5) are
transformed to nondimensional forms, then an order of magnitude analysis is
made .The procedure is presented in Appendix (I). The resulting boundary-
layer equations are as follows .

Contimait
140 du, _
';_""é}'(ﬂ’) + (ja;) =0 (6)

Momentom (axial)

du du du 1 dp vad,6du
} + = — + ( I'_ l + .

]

Energy

aT aT aT _
a1:+var+uaz—

a @, 0T
'r—sr-(f'gr-) (3)

3.3 DIMENSIONLESS BOUNDARY LAYER EQUATIONS

To reduce the computational effort and time required for the numerical
solution of the above boundary layer equations, thesc equations (with their
boundary conditions) should be put in nondimensional forms in a way that the

least number of nondimensional numbers appear in the final forms. This makes
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the solution as general as possible and prevent the need for computer runs
corresponding to specific values of these numbers. The nondimensional forms of
equations (6-8) which are presented in Appendix | are not good enough
because they contain the Reynolds, Grashof and Prandtl numbers ; this will
make a restriction on the solution (from each computer run) to be for only one
value of each of these numbers . Therefore ,the following group of

dimensionless parameters are used.

R = __f_ s Z = —Z-T
LB IGr
v = EI_ U — ufi
v vGr
= p'r; F= f and
p IV(Gr) nivGr
T—-T
0= 2
T' —TO

Inscrting thesc parameters in equations (6-8) and rcarranging the terms give

the following dimensionless forms of the boundary-layer equations .
Continuity

V.,V , au_

—_— —— =
R OdR dZ 0 ©)
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Momentom (axial)

U ,ydU yoU__P. . 0 .10 U

ot R iz dZ 16(1-N)* R aR{R aR) (19

Dy B B R (11)

Since the momentum equation in r-direction has been eliminated due to the
boundary layer simplifications another equation is needed to obtain the four
unknowns V,U,P and 0.

The volumetric flow rate can be written in terms of u, ( which is a function
of time in the present case ) as:

f= f 2rr.dra==x(r;—n)u, .
Li]

When the dimensionless variables are substituted into this equation , the

dimensionless volumetric flow rate becomes:

F=—{ =2 RUJIR=(-NYU, (12)

nGry  w
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This equation together with equations (9-11) will be used to obtain numerical

solutions for the natural convection fluid flow in a concentric vertical annulus.

Nondimensional Initial and Boundary Conditions

The conditions given in Section 3.1 are rewritten hereunder in

dimensionless forms.

Fort =0
U=0¢6 , V=0 ,and

Fort > 0

AtZ=0and N<R <1

U=y, Vv=20 , and
AtZ>0and R=N

u=90 , V=20 ,and

or

AtZ>0and R=1

Uu=0 ,V=0 ,and

or

(557)=0

R

for case(l)
for case(O)

for case(O)
for case(l)
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CHAPTER FOUR

NUMERICAL METHODOLOGY

Recent advances in computer technology made it possible to numerically
solve the conservation equations describing flow and heat transfer for many
problems of engineering interest. Several numerical methods such as finite
element and finite difference techniques are used to solve the conservation
equations. The restrictions and simplifying assumptions are minimized when

using finite difference techniques.

To solve the problem under consideration by a finite difference technique,
the governing partial differential equations are converted into their
corresponding finite difference equations, which form a set of algebraic
equations applied to the nodes of the grid. The grid size affects the accuracy of
the numerical solution. However, there is a practical limitation on the grid size,
since the computational time and hence the cost required to obtain a numerical

solution, is directly proportional to the number of grid points.

The present numerical technique may be considered as an indirect
extension of the original work of Bodoia and Osterele {16] and that of El-

Shaarawi and Sarhan [24] to include the unsteady terms. In this research, an
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implicit method is used to convert the differential equations into finite
difference equations. Thus , the unknown values at a grid point are not only a
function of previous values, but also a function of unknown values at the same
step. This requires solution of a set of simultaneous algebraic equations that

result when the difference equations are written for all interior grid points.

In most cases, implicit finite difference techniques tend to be numerically
stable .For this reason,it was decided to use an implicit mcthod in this
investigation . Even though implicit techniques permit large steps, the cost per
step is high and storage requirements tend to increase rapidly with decreasing

the size of the mesh.
4.1 The Finite Difference Domain

In the present work, there are three independent variables; R,Z and t. A
three dimensional parallciepiped grid in R,Z and t is imposed on half of the
annular flow ficld; only half of the channel is needed duc to the symmetry about
the Z-axis. Thus, a rectangular grid ,as shown in Fig. 2 ,is superimposed on
half of the annulus flow field in the R-Z plane; this grid represents the solution
domain for a given t. For other values of t, there are other identical parallel
planc-grids, ie. the nondimensional time is simulated as a third coordinate
normal to R-Z plane . Mesh points are numbered consecutively from the
arbitrary origin (on the inner wall at entrance) with the i progressing in the

radial direction, with i=1 ( at the inner wall), 2,3,..., and n+1 ( at the outer
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wall), the j progressing in the axial flow direction, with j=1 ( at inlet cross

section), 2,3,......, and m+1 ( at the final cross section), and the k progressing in

the imaginary time direction, with k=1 ( the initial state), 2,3...., and K+1 ( at

the final steady state).

4.2 Finite Difference Formulation of the Continuity Equation

Considering the mesh network shown in Fig. 3.a , the continuity equation

can be written in the following finite-difference form .

vi+l._;:+l.k+l—vi._i+l.k+l + vi+1§+|,t+|+!u_'+uﬂ
AR 2IN+(i—1/2)AR]
Uiol._iu.ul'*'uiiﬂ.ul-uin.i.kﬂ_Ui.i.tn =0

2AZ

Rearranging the terms, the equation will take the following form:

V. N+(@{—1)AR 2N+(2i—-1)AR

.4|.in.l+l=vi.j+l.t+l[ N+iAR -1 N +iAR ]

AR
[TA—Z—IU“ Lithk+1 + Ui.in.ku -U;, Lik4l Ui.i.l nl

(13

(19
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4.3 Finite Difference Formulation of the Axial Momentum Equation

Considering the mesh network shown in Fig. 3.b , the axial momentum

equation can be written in the following finite difference form.

U

u.. -U., u.,,,. -U._,. u.. -U
+1k+1 +1X i+Lj+1k+1 i-ljelkel +1k+1
i Hil 4y,  —t J +U,,,—=

Lkt
At 2AR AZ
=_l_)§g+1_Pj+|,u| +&+u+| Ui+|§+u+|_Ui-|§+u+l
AZ 16(i-N)* 2[N+(DARJAR
+ Ui+|jL],k+l —Z% 1x+) +Ui-|§+|x+1 (15)

(ARY’
Rearranging the equation we get

Eﬁ-y_z_.]-{»

i I
U.. —+
uol.lvl[ At AZ (AR’)

u (G -
L EIAR 2N +(-1)ARJAR

—;]-—U. i [&-P__ 1 + 1 ]
(ARy" TU'™T2AR . 2IN+(FDARJAR - (AR)
+ P!‘+l.k+l - 9i=!'+l.kﬂ + U!'=!'+l.k + (Uig+l*ui:ﬁ+ Pj.l+l (16)

AZ 16(1-N)* At AZ AZ



25

AEESR &4 i,j-:_l{l(+! i+Lj+H 1K+
- '

i-1j+ 1K

1K ij.K i+1jK

FIG. 3.b  Three dimensional mesh network showing points invioved
in_ the finite-difference representation of the
axial momentum and energy equations
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4.4 Finite Difference Formulation of the Energy Equation

Considering the mesh network shown in Fig. 3.b , the energy equation can
be written in the following finite difference form:

0.. -0.. 0.,,. -0.,. 0.. -0..
(TRa ) 33 Wik gy _itljtikid i-ljtik+] +U.. vkl ikl
ik 2AR iik

At AZ

| 1 oi-l-l!!'-fl,tfl—ei-l!'-rl,!-bl + ei+li+l.l+l.29i!'+l,t+l+0iﬂ+l.k+l] (17

TP NTEDAR (2AR) (ARY

Rearranging the equation we get

1 U.. 2 Vi — I
S | At +_l._u'AZ +——r AR 7140, el 2AR  (2AR)Pr)YN+(i-DAR]
(Pr}(AR)

Ly e R ‘ -— L
(PH(AR)?™ W' 2AR  RARYPD[N+(i-DAR]  (Pr)(AR)’

U.. 0.
=0..  (—ik)4 Lithk
Buianl AZ )+ At (18)

It should be noted that the finite difference equations are linearized , i.e, if
two unknowns are multiplied by each other, one of them is replaced by its value
at the previous step. Also it is observed that some of the finite differcnce
approximations are made in central difference forms and others in backward

difference forms. This is done to enable the solutions of thc equations in the
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manner described later, and to ensure numerical stability of the numerical

solution.

4.5 Numerical Representation of the Integral Form of the Continuity
Equation

For a given instant of time, the integral form of the continuity equation is
written as
1
2§ UR dR=(1-N)U,
N

Using the trapezoidal rule for numerical integration, the above equation can be
reduced to the following form:
AR

—Z_(NUl.h 1X+3 +Uu+l.j+ 1+ l) +ARZ;UH, uu[N +(@i-1)AR]=

(1-NHU_

3 (19)

However the no slip boundary conditions are

U U 0

Lithk+l  Sn+ljebkel
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Substituting these conditions in (19) leads to the following numerical

representation of the integral continuity equation.

AREUi.H i+ iN+(EDAR]= (_I-I:_lj_".
=2

(20)
Initial and Boundary Conditions :

Initiallyje,att = 0

U,,=V,,=0,,=0

Fort>0

AtR=NandR =1

0,,,=1 for case(l) and 9 ,=0,, for case(O)
AtR =1

0,,,=9,,,;, for case(l) and O , .. =1 for case(O)
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4.6 Method of Solution

In this work all the equations are coupled together but, at a given time, the
developed numerical technique allows us to , first ;solve the energy equation (17)
and get the dimensionless temperatures at a specified cross-section. This is
because the linearization process has made the velocities involved in the
| equation as known values from the previous step ( with respect to time and
axial coordinate). Then, the axial momentum equation (15) together with the
integral continuity equation (20) will be used to get the dimensionless axial
velocities and dimensionless pressure defect. Next, the dimensionless radial
velocities will be found through the solution of the continuity equation (13).
Finally, the heat transfer parameters will be computed for the specified cross
section and the given time.

4.6.1 Iteration process:

To obtain a numerical solution for the governing equations values of

N,Pr,AR,AZ ,Atand Gr ,which are constants for each computer run ,
have to be selected . The axial and time steps are chosen in the following

ranges.
2 X 107<AZ<S X 102

10°<At<2 X 102
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For example , AZ=2x10" and At=10> , were used in both cases (I) and
(O) for Gr =100000 . For Gr =1000, AZ=2x10° and At=5x103
were used in both cases (I) and (O) . The number of radial increments n was
selected to be 40 in all the computer runs. The radial increment ( AR ) is given
by

ar={1
n

Thus the value of AR for the present annulus,where N = 0.5 ,is 0.0125 .

In the present work ,the numerical solutions are thus found for pre-chosen
values of Gr, i.e. specific values of the dimensioniess annulus height L . The
value of the dimensionless pressurc defect at the exit section should be zero or

practically satisfies the following arbitrarily chosen criterion.

-10%<P,_ .. .<10" @n

imtik

To satisfy this condition ,itcration process is used for every time step as
follows. First, the inlet axial velocity (U, ) is assumed and computations

continue ,for this time step, till the exit-cross section dimcnsionless pressure

defect P.

ot 1y IS obtained.If it does not satisfy the above criterion , another value

of the inlet axial velocity has to be assumed for the same time step,and it's
corresponding exit dimensionless pressure defect has to be computed.Then, a

linear interpolation is done between these two assumed values of U to get the
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next trial value of the inlet axial velocity U, corresponding to zero
dimensionless pressure defect at the annulus exit.Such an interpolation process
continues, for the same time step, till the dimensionless exit pressure defect
satisfies the iteration criterion (21). The same process can then be repeated for
each next time step till steady-state conditions are reached. The change in the
total heat absorbed is used as a criterion for the achievement of steady-state
conditions.Steady-state conditions are considered achieved if the following
criterion is satisfied.

_1o¢c BEADHEK) oo 22)
Hk+1)

4.6.2 Solution of the Temperature Field:

The numerical solution of the tempcrature field is obtained by starting with
k=1 (ie. t=At). At j=1 ( entrance cross section), equation (17) is applied
with i=23,.n+1 in case (I). This gives n equations in n unknowns, for the
next cross section (} = 2 ).On the other hand,for case(O), equation (17) is
applied with i=1,2,3...n and similarly n equations in n unknowns are obtained.

In a matrix form, these equations are written as follows.

For case (1), at a given j, we have



and for case (O), at a given j, we have

(A,B,0 0 — O
C,ABO — 0
0 C, A B O 0
60 -—--- -
- - - c. B.
L~ = — — G, A,

3

b1

‘A, B,6 0 — O©
G A BO ~ 0
0 CA/B 0 0
- - = C-I A-—l Brl
— — - = C, A
where
Ai=9ﬂ£+—2—
AZ  pr(AR)

At

6,

\Vatij+ike )

(6

B
F+ik+l

ozj&ui'l

el.l*l.t* ’

L

\njd xS

.

BECER

)

ndy)
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B= l’:& - I - I N
" 2AR  2PAN+G-DARAR  Pr(ARY
S /T 1 — , and
! 2AR  2PiN+(G-DARIAR  Pr(AR)?
D= 9 HUi.i.k + 95' j+ik
! AZ At

It should be noted that the terms with simultaneous subscripts j+1 and
k+1 are unknowns while those with one subscript k or j are known from either
the previous time step or the previous axial step ,respectively. The coefTicient
matrix is tridiagonal .Therefore, Thomas method [33] ,which has the benefit of
low required storage ,is used to solve this system of lincar equations .

For the given time ( t=At ) ,having obtained the unknown temperatures
at the second axial cross-section, the axial and radial velocities and the pressure
are computed at this axial station as explained in the next section. Then ,the
same procedure is repeated for the next value of j. Calculation will continue to
obtain the temperature distribution all over the annulus at the specified time
(t=At). After satisfying the iteration criterion (21), the next time step
temperatures can be computed by repeating the whole procedure again. That
wise the computation will continue till stcady-state conditions are practically

achieved.



4.6.3 Solution of the velocity field

Equations (13),(15) and (20) govern the velocity field. It should be known
that the terms with a subscript j or k are knowns while those with simuitaneous
subscripts j+1 and k+1 are unknowns.

Starting with j=1 ( annulus entrance cross-section) and at the first time step
at k=1, applying equation (15) with i=23,..n and equation (20) with
i=2,3,..n, we get n simultaneous linear algebraic equations in n unknowns
U,555 Uiz Uggpes U5y, Py, These equations are solved by means of a
special form of the Guass Jordan elimination scheme [34]. Now the radial
velocity at the grid points of the second cross section can be obtained by
applying equation (13) in a stepwisc manncr. This process will be repeated for
each next j (cross section) after getting it's temperatures (as explained in the
previous section). Thus the dimensionless axial velocity , dimensionless pressure
defect and the radial velocity are obtained all over the domain of solution at a

time step .

The above process is repeated till steady state conditions arc reached.
Equations (15) and (20) can be written, for a given cross section (j), in the

following matrix form:

The matrix is given as



(e, ¢, 6,0 — ¢, 0 rUu_,u"’
A,B,0 0 - - 1 L1 A
CGABOO - 1 Uu‘_u”
9 C,A,B,o 0 1] x |-
0 0 -0 0 1 -

0 Cﬂ Al-‘ l U-j-iu}l
L & LU (Pysaxsr |

where

e,=N+({EDAR ,

E=(1—N’)U°

2AR  °

AZ 2AZ
=224 U+ ==
ATa T Vet ym

\'2

B'=-A—Z[—.-‘&— l — 'l ]’
i AR' 2 AR 2[N+(G-DAR]
4z, i -J&v" -1 d
CTmRIENTenaR 2z AR
D=U., A%

i i.i+l.kX-F+Ui.j.k+l *U

rppow

D

35

!.U

L

iJ.l+Pj.k+ 1 + moi,j+l,l+l



CHAPTER FIVE

RESULTS AND DISCUSSION

5.1 INTRODUCTION

In this chapter, we focus the fight upon the main results of this research.
The numerical solutions are carried out for one radius ratio (N = 0.5), one

value of Prandtl number (Pr= 0.7) and a range of Grashof number
( 4<Gr <100,000 ).

Developing axial and radial velocities and temperature profiles along the
annulus are presented for various selected values of time. The variation with
time of the mid-height and top-exit axial and radial velocities and temperature
profiles are also presented. Furthermore, the axial variation of pressure, mixing
cup temperature, and adiabatic wall temperature are shown. Finally, the
variation with time of the amount of flow and the total heat absorbed by fluid

are presented as a function of Grashof number .

To check the adequacy of the present numericai technique and the obtained

results, the following comparisons have been made.

I. The present results ,which are obtained after a long period of time
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is elapsed, are compared with the steady-state results of El-
Shaarawi and Sarhan {25] for the developing laminar free

convection flow in vertical concentric annuli.

I The present steady-state resuits at the top-exit cross section of a

fong annulus ( large value of L , i.e. small value of Gr ) are
compared with the available fully developed laminar natural
convection solution of the third kind [30].

L A special computer run was made for an annulus of N = 0.99
with both walls subjected to equal step temperature changes. The
obtained transient free convection results are compared with the
corresponding results of Joshi [22] in a vertical parallel plates

channel.

5.2 DEFINITIONS
Some of the parameters computed in this work are defined below:-
I. Mixing Cup Temperature (0_)

At a given instant, the mixing cup temperature at any given cross section

is defined as
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2rp C, f ruTdr
T.= = ,
proc,frudr

which can be written in the following dimensionless form

fRUBAR
e =N

1 (23)
fRUAR
N

Using the trapezoidal rule to evaluate the integrals , the numerical
representation of Equation (19) (at cross section Z=jAZ and time
t=KkAt )is:

II. Heat Absorbed ( H )
At a given instant, the amount of heat absorbed by the fluid as it passes

through the annulus , from the entrance to the exit , is given by
F=21tp°cpfm('? -T)dr
N

Substituting the nondimensional parameters in this equation leads to the
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following dimensionless form

A=2fRUBIR=28_f U R dR =( I-N*)U, 0= F3
N N

Using the trapezoidal rule to evaluate the above integral leads to the
following numerical representation .

A=24rRY'RU, G,

i=2



53 RESULTS

5.3.1 Axial Velocity

Figures 4 through 11 present the variation of the axial velocity profiles, at
specific values of time, with Z for both cases (I) and (O). In all cases, the axial
velocity profile is flat at the annulus entrance.As the fluid moves upward, two
boundary-layers are formed on both annulus walls creating an asymmetrical
axial velocity profile with it’s peak shifted toward the heated wall, the outer wall
in case (O) and the inner wall in case (I). Since for a given time the flow rate is
constant ,then in view of the continuity concept , the value of the axial velocity
on the unheated side of the curve must correspondingly decrease with axial

distance as shown in these figures.

Backflow (reversed flow ) occurs at very large Grashof numbers near the

adiabatic wall as shown in Figs. 10 and 11 . Note that large values of Gr
represent a short annulus with a large hydraulic diameter and a large
temperature difference ( T, —T,). The occurrence of the reversed flow can be
attributed to the continuity principle as follows.For a given time;since the same
amount of fluid is flowing across each cross section, the need for more fluid to
flow near the heated wall is compensated by withdrawing it from regions close

to the adiabatic wall.
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For various values of Gr ,Figs. 12 through 21 present the mid-height axial

velocity profiles at different values of time for both cases (I) and (O) .

Generally, at any radial location, the axial velocity increases with time. Figures

20 and 21 show that there is 2 growth and decay of backflow near the

adiabatic wall for case(l) and case(O)at modified Grashof numbers of 100,000
and 50,000, respectively.

Even though the stability analysis of the present numerical schemegiven in
Appendix (2), requires a positive axial velocity value all over the domain of
solution(i.e. no flow reversals), the program succeeded in obtaining numerical
solutions for some cases where backflow effect is small. In other cases,especially
with very large values of Gr ,the program failed in obtaining the solutions due
to the occurrence of numerical instability.For example numerical instability
occurred and numerical solution could not be obtained for case(O) with
Gr = 100,000 . However,in some other cases with very large values of Gr [ as
case(l) with Gr =10° ], numerical disturbances in computing some of the
parameters were observed near the separation point (in reversed flow region) but

the solution could recover and such disturbances decay.

Figures 22 through 25 present examples of the exit axial velocity profiles
for both cases (I) and (0). They show that for the given values of Gr , the
axial velocity increases to a maximum and then decrcases to a steady state

profile. This overshoot in the velocity profiles is a direct result of the
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temperature overshoot which will be discussed later.

Finally,it can be seen from all the previously mentioned axial-velocity profile
figures that the maximum axial velocity decreases as Gr increases.This is

because as Gr decreases the annulus height increases causing more buoyancy or

chimney effect with more fluid being sucked.
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5.3.2 Radial Velocity Profiles

Figures 26 through 33 show the dimensionless radial velocity profiles
against the dimensionless radial coordinate for different dimensionless axial
positions.These figures are for both cases (I) and (O) and each figure is for a
specific instant of time. Thus each figure shows how the profiles would develop
with axial distance if there were a time-freeze .

From these figures it can be seen that the radial velocity is decreasing with
distance from the entrance. Figures 26 and 27 show that, for small values of
Gr , the fluid is moving all over the annulus height from regions close to the
heated surface towards the adiabatic wall ,at the specified time. In Figs. 28 and
29,which may represent a moderate value of Gr ( Gr =1000) the fluid mainly
moves towards the center of the annular gab. On the other hand ,the fluid
mainly moves towards the heated wall for large values of Grashof number
( Gr210,000) as can be seen from Figs. (30 - 33) . The irregularity in some of
the radial velocity profiles at some values of Z, as shown in Figs. 32 and 33, is

indeed due to the presence of flow reversals in such cases.

Figures 34 through 41 present the variation of the dimensionless mid-

height radial velocity profiles with time. For Gr =1000, Fig. 36 shows that the

radial velocity is increasing with time and fluid is mainly transported from
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regions close to the heated wall toward the adiabatic wall.For Gr =10,000, Fig.
38 shows that the value of the radial velocity is increasing to a maximum and
then it decreases to a steady state value.This phenomenon is related to the

phenomenon of temperature overshoot which will be discussed later.

Figures 42 through 45 present the variation with time of the exit radial
velocity profiles . For Gr = 1000, Figs. 42 and 43 shows clearly the overshoot
phenomenon. In Fig. 42 the profile corresponding to t =200x107 overshoot the
steady-state profile corresponding to t=455x10". Similarly in Fig. 43 the profilc
corresponding to t=150x10> overshoots that corresponding to t=300x10>. On
the other hand,Fig. 44 clarifies how the radial movement of fluid varies with
time for case(l) with Gr =10,000. It shows that,in this case,the fluid starts at
early times to move toward the heated wall and after a while to the core region
and then finally towards the adiabatic wall. However, Fig.45 shows that for
case(O) the variation with time of the radial movement of fluid is opposite to
that presented in Fig. 44.
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5.3.3 Temperatwre Profiles

For the five investigated values of Gr (4 , 100 , 1000 , 10,000 , 50,000 or
100,000), Figs. 46 through 53 present the dimensionless temperature profiles
across the annular gab. Each figure is for a given time and the profiles are
drawn for different values of the dimensionless axial distance. All these figures
show that the value of the temperature (0) , generally ,increases with height
and decreases radially from a valae of 1 at the heated wall to a minimum at the
adiabatic wall. Steady state temperature profiles have larger values for smaller
modified Grashof numbers ( Gr ). This is because for lower values of Gr the
flow has enough length, from the entrance till the exit, to gain more heat than
in the case of higher Gr . The dimensionless temperature (0) could reach the
value of 1 over the entire gab width for Gr =4 in both cases (I) and (O). This

is the case where hydrodynamic and thermal full development is achieved .

Figures 54 through 63 present the variation of the mid-height temperature
profiles with time and Figs. 64 through 67 present such variation at the exit
cross section for different values of Gr . Figures 62 and 63 show that mid-height
temperature values increase to a maximum and then decrcase to steady state
values. This phenomenon is called the temperature overshoot and it is due to the

domination of conduction at early times. Such a phenomenon is well known in

the field of transient free convection [e.g.6,22and23]. In this case (at carly times
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) the diffusion terms on the RHS of the energy equation (11) are dominant and
the convection terms on the LHS of this equation are negligible.The heat
transfer process follows the conduction pattern and the heat transfer coefficient
decreases accordingly with time to values lower than the steady state convection
value.Thus .the temperature becomes higher than the corresponding steady-state
convection temperature .However,when the convection starts the heat transfer
coefficient increases and the temperature therefore decreases until it reaches

steady-state value.

The overlapping and intersections of the temperature profiles presented in
Figs. 60 and 61 are due to the presence of backflow at the corresponding
modified Grashof numbers.
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5.3.4 Pressure Distribution Along the Annulus

Figures 68 through 77 present the time variation of the dimensionless
pressure defect (P) with the dimensionless axial distance (Z) for the investigated
values of Grashof number ( Gr ) in both cases (I) and (O) . In accordance
with the definition of the dimensionless annulus height L.any P-Z curve
intersects the Z-axis at Z = L . For a given time ,the pressure decreases with
axial distance from the entrance value of (-U22), to a minimum and then it
increases to reach zero at the exit cross-section . This phenomenon may be
explained by the fact that P is affected by two variables ,the buoyancy force and
the wall and fluid friction (viscous force). In the entrance region ,buoyancy is
small compared to friction and as a result P decreases with Z. As the fluid
moves upwards and absorbs heat from the heated boundary, buoyancy develops
until it becomes equal to the friction force at the axial distance where the
pressure is minimum . Then the buoyancy force becomes larger than the

friction force and hence the pressure increases.

On the other hand,it can be seen from these figures that, as Grashof
number decreases, the axial locations at which the minimum pressures occur

shift towards the entrance, i.e. at smaller values of Z/L., This is because for low

values of Gr there is larger temperature differences and hence buoyancy

develops faster. Moreover, the figures show that the pressure is decreasing with
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time for any specific value of Z . This is because as time elapses the axial
velocity increases causing the friction force to increase and this reduces the

pressure for the same axial position.

For Gr =100,000 in case(I) and Gr =50,000 in case(O), respectively, Figs.
76 and 77 show that the axial pressure distribution for such high Grashof
numbers become almost flat over part of the channel height. This is attributed to

the backflows occurring in these cases.

Comparing the figures corresponding to cases (I) and (O), it can be seen
seen that the steady state profiles are reached faster in case (O) than in case (I).
So, at the same time and for the same value of Grashof number, the value of

the minimum pressure for case (O) is always less than that in case (I) .
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5.3.5 Mixing Cup Temperature

One of the important engineering parameters is the mixing cup
temperature at a cross section.Such a temperature can be used to calculate the
amount of heat absorbed by the fluid from the entrance to the cross-section
under consideration . The mixing cup temperature substitutes the local heat
transfer coefficient (a) and the local Nusselt number (Nu), which require the
calculation of the temperature-gradient at the wall and therefore are not so

accurate in numerical solutions (particularly at early times after the step change

in wall temperature). Similarly, knowing 6;:: the total heat absorbed (H) can

be computed without need of computing the average heat transfer coefficient a

or the average Nusselt number Nu.

Figures 78 through 87 present the variation of the dimensionless mixing cup
temperature with the dimensionless axial distance for different Grashof numbers
in both cases (I) and (O). For each given time shown in Fig. 78, which
represents a case of low Grashof number ( Gr =4) ,the mixing cup temperature

reaches a constant value at small values of Z/l . On the other hand,in Figs. 82

through 87, which are for larger values of Gr ,the mixing cup temperature
becomes constant for smail values of Z/L at early times but it has a
continuously increasing profile at later times . This due to the fact that at early

times the induced flow velocity is considerably low and hence the heat transfer
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by conduction is the dominant factor. It is important to mention that the
overlaps and intersections of the longitudinal distribution of _ at various times
as shown in Figs. 78-87 are in fact due to the phenomenon of temperaturc
overshoot, which has been discussed before.For example,in Fig. 82 at Z =
0.0004 the overshoot phenomenon in 0 is clear. At this particular value of
Z the figure shows that the mixing cup temperature increases to a maximum
value and then it decreases to the steady-state value.The other figures show the

same trend .
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5.3.6 Adiabatic Wall Temperatare

Figures 88 through 97 present the time variation of the dimensionless
adiabatic wall temperature against the dimensionless axial distance. The
behavior of the adiabatic wall temperature is similar to that of the mixing cup
temperature.



6 94

1.00 ( ,”,
771 =
0.80 S 77 7 %

0.40 y EJ/ 7 7
2/
0.20 X7
0.00
20040 0080 .012¢ .0160 .02¢9 0248
. yA
6. 88 Oad  versus 2 for ditferent Lease{GI=4 =05
gud
1.00
1%
0.80 I v
i1
8
0.60
0.40 5
0.20
0.00 ; — ]
-.,0040 .0060 .0080 .0100 .0120 .0140 .0160 .018D
VA

FIG. 89 €, versus Z for ditferent LeaselO).Cr=4.N=05



1.00
050 2 v
ﬁ *
A
0.50 8
// s
0-40- y/4 G
teli2=2
0.20-
4]
0010 0020 .003n .0040 0050
. yA
FG. 90 Osd versus Z foc difterent teasell.Gr=100=0.5
ecd
1.00 r
teEi2=5% /
= %
0.80 :!ﬁ
9
0.60 y a4
0.40 ?
0.20-
0.00

. .0010 .0020 .0030 0040

FIG. 9f Qg vormen Z for different tease(O)Gr=100X=05

.0050

95



0.70

fx 03=n\
0.60- o~

00020 .00040 .00060 .0008C 00100

FIG. 92 acgmnzmaum 1 caset) Gr=1000.H=0.5 z
04
0.80 N
0.70 . é\ '_,/
=z 5

0.60 L §

0.50 3

0.40 £

0.30 L

0.20 -

0.10

0.00 T

00010 .00020 .00030 .00040 .CC25C .00060 .00070 .000BO .00090 00100

FiG. 93 en Jenes Z for differcnt t ,case(O}

Gr=1000,N=0.6

Z

96



Bag 97

0.1

. Y
Y
- ééé/ T

000020 000040 000060 000080 .000100

A L .\.,\‘\.\n

Z
PG 94 gn;uwzmmmtmdn G=10.000N=05
ecd
0350 :
i 5
txw= A .
| 5
o pAk
/" »

0
/
0.150 /L i

77/ /4

0.000- !
000020 000040 000060 .000080 .000100 .000120
: R

AG 95  ( rorsus Z for different Lease(O) 61=10,000%=0.6



98

0ud
0.
tefs}=18
N
o \/
®
0 . .
(1)
5
/
° /8
w]
o 7
e ‘s
o /
0.01 A 0
0.000- e : 5
0000020 0000040 0000060 0000080 0000100
] Y4
G 96 Oumzmmw.éawmom
end
0.140-
tx13<
0.1 \
P \
\\/
Y- »
0.060 5
0.020 /'/5 ,4// —0—
0.000-
0000050 .0000100 .0000150 .0000200
YA
FIG. 97 ourmzma«mn.mdo) _ Gr=50,000=0.5



5.3.7 Total Heat Absorbed

Figures 98 through 101 show the total heat absorbed (H) versus time
for the investigated values of the dimensionless annulus height ( modified
Grashof number) .As can be seen from these figures, the total heat, at a specific
instant, is dirccily proportional to the annulus height (L). Thus it is inversely
proportional to Gr . This is because as Gr (GrD/L) decreases ,the annulus
height increases,more flow is sucked by the annulus by the chimney effect and
hence more heat is absorbed by the fluid. The overshoot phenomenon is also
clear in these figures of the total heat absorbed.This is a consequence of the
presence of such a phenomenon in the corresponding curves which represent the
mixing cup temperature 8_. Such a phenomenon was attributed in 2 previous
section to the domination of the conduction heat transfer mode at early time
stages.It is worth mentioning that Joshi [22] and Chang and Lin [23] noticed

the same phenomenon.
Comparing the results for cases (I) and (O), it can be scen from the above
mentioned figures that, for a given dimensionless height (L = E!—,) and a given
r

time (t), the heat absorbed in case (O) is larger than that in case (I) . This is

because the heat transfer area in the former case is larger than that in the latter.
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Figures 102 through 105 present the variation of the total heat absorbed

versus dimensionless height L for different time steps. It can be noticed from
these figures that, as might be expected, the total heat absorbed increases with

time for a given Grashof number.
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5.3.8 Volumetric Flow Rate

Figures 106 through 109, present the dimensionless volumetric flow rate

versus time for the investigated dimensionless annulus heights (L= —c-}l—, ). For
T

a given time, the volumetric flow rate increases with the dimensionless height
(L=-(-3‘—_- ). Moreover, for a given annulus height (ie. modified Grashof
r

number) it increases with time and have an overshoot which is clearer for
shorter annuli (small values of L or high values of Gr ). Figs. 110 through 113
present the time variation of the flow versus the dimensionless height. It can be
scen from the figures that for a given dimensionless height L and a given time,
the flow rate (F) for case (O) is larger than that for case (I).Again, this is
because the amount of heat absorbed in case{O) is larger than that in case(l)

due to the larger heat transfer surface area in the former case than in the latter.
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5.3.9 Steady-State Time

The time needed to achieve the steady state conditions is computed based
on the criterion given in section 4.6 .It is plotted against the dimensionless
annulus height for both the investigated boandary conditions.For both cases, the
steady state time ( t_) increases with the annulus height. For a given height, t_
is larger in case(l) than in case(O).This is attributed to the larger heat transfer
occurring in case(O) due to the larger heat transfer area.
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5.4 COMPARISONS WITH OTHER WORKS

To check the adequacy of the present results, a computer run with a value
of N very close to 1 ( N = 0.99 ) was made to obtain an asymptotic solution
representing the case of free convection in the developing region of a vertical flat
plate duct, with symmetric step change in temperature at both walls. Also, the
program was modified to take into consideration a zero inlet dimensionless

pressure defect as Joshi [22]. Moreover,it was taken into consideration that U, is

b’u

defined U=
efined as U =-——

hence U_=16(1 —N)’U_ which for N = 099 gives

U, =16x10*U, .

Also it should be mentioned that Joshi defined his modified Grashof number as
_ g -Tb*

v

Gr - Hence, Gr'/Gr, =16 . From which the corresponding ratio

for the dimensionless annulus height L /L=16, where L, is the dimensionless

height as defined by Joshi.

The obtained entrance-velocity ( U,) values for different values of L are

presented and compared in Fig. 115 with some selected points read from Joshi's
corresponding figure. As can be seen from this figure,the comparison shows

good agreement.

Moreover, the steady-state results of this work at the exit cross section of a



{
oo¥'

‘'8 IHSOF 10 77 JUSIOL)IP J0j ) snsi0A 1) "DId

ose”

00¢’

0S¢

00¢”

0Sl’

ool’

060"

000’

Indino §,|HSOr Woly syu}

od pejogjes x

!ll.b o® v »n

$000

o

...........

ke

:ﬂ-lbl . ¢ =» L

1000

20004284

45098030202,

| ST

:ulunq - o L) -

L
>



114
sufficiently high annulus ( large value of L or small value of Gr ) are compared
in Tables 1 and 2 with the fully developed analytical solution of the third kind
given by El-Shaarawi and AFNimr [30]. The program results were taken after
long period of time (large values of t } at the exit section in the case with
Gr =4. The following equations represent the fully developed analytical solution
of the third kind ,which corresponds to the present thermal boundary
conditions,as given by El-Shaarawi and Al-Nimr [30].

Fo=H,~—N e N
128(1-N)* In(N)

u. = [1-R>—(1 —“N)(InR/InN)|
“ 64(1-N)*

The comparison presented in Tables 1-2 shows an excellent agreement.

Finally , the steady state values of the flow rate and the total heat absorbed

by the fluid are compared, for three values of Grashof number ( Gr = 100,
1000 ,and 100,00 ), with El-Shaarawi and Sarhan results [24] in Table 3. Again,

the comparison shows a very good agreement.
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Table I Comparison of the present steady state F & H results for a

sufficiently high annulus ( Gr = 4 ,L = 025 ) with the
corresponding fully developed analytical values of [30]

Qnt. Case  |Present Results Ref. [30] %differance
I 0.0156066 0.015748 0.898
F
o 0.0156508 0.015748 0.618
I 0.0156066 0.015748 0.899
H
o 0.0156494 0.015748 0.626
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Table 2 Comparison of the present steady state values of U at the exit

of a sufficiently high

R Present Results Ref. [30]
0.50 0.000000 0.000000
0.55 0.012621 0.012657
0.60 0.021757 0.021819
0.65 0.027767 0.027846
0.70 0.030932 0.031018
0.75 0031472 0.031555
0.30 0.029565 0.029639
085 0.025354 0.025413
0.90 0.018959 0.018999
0.95 0.010480 0.010499
1.00 0.000000 0.000000

annulus ( Gr = 4 L = 0.25) with the
corresponding fully developed analytical solation of [30]
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CHAPTER SIX

CONCLUSIONS

In this work an iterative implicit finite-difference scheme has been developed
to solve the transient free convection problem in the developing region of a
vertical concentric annulus. The problem was solved under the following two
thermal boundary conditions.

Under the first condition, CASE(I), the inner wall is subjected to a step
change in temperature, while the outer wall is maintained adiabatic. Under the
second condition, CASE(O), the outer wall is isothermal while the inner wall is

adiabatic.
From the results, the following important conclusions are drawn.

1. For a given time, the amount of induced flow and the total heat

absorbed in a given annulus are larger for case (O) than for case(l).

2. For a given Gr ,if fully developed conditions are achieved in a given

annulus, they are reached earlier in case(O) than in case(l).

3. Steady state conditions are reached faster for case (O) than case ().
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4. Flow rate variation with time is scnsitive for the variation of the total
heat absorbed with timc.Consequently ,an overshoot is found in the
flow rate variation with timc which is a result of that overshoot
occurring in the total heat value.This latter overshoot is due to the
temperature overshoot occurring because of the domination of

conduction heat transfer mode at early times.

5. Reversed flow is observed for large values of Gr .
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APPENDIX (1)

BOUNDARY LAYER FORMULATION

To obtain the boundary layer equations, equations (1), (2), (4), (5) are
transformed into dimensionless forms wusing a group of dimensionless
parameters. Then, an order of magnitude analysis is done on each equation;

terms of small order of magnitude will be neglected.

The following traditional dimensionless parameters are used in this

appendix.
=2 , v=X
u. u,
z r
Z=— , R=— ,
I I
_l!.t _p
=T g
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T-T, u.l
=y, M  Re=—

In above parameters, the reference length | and the reference velocity u. are
selected so that R, Z, t ,U and 0 are of order 1, also du/oz and oT/oz
are of order 1 . For simplicity, velocity and thermal boundary layers are
assumed to be of the same order of magnitude § , i.e. the value of Prandtl

number is near unity.

As discussed by El-Shaarawi [32] the governing complete equations should
not be expanded to their elementary terms. This is to prevent neglecting some
important elementary terms when compared with some other terms in an

equation.

Substituting the above dimensionless parameters in the continuity equation

(1) gives the following dimensionless continuity equation :

d U
— F —_— =
dR RV) o0Z

18 1

(<) (<)
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The order of magnitude of each term is written under it , and they are

estimated as follows.Since dU/0Z is of order (1), the second term in the above

equation should also be of order (1), so that both terms add to zero.

Furthermore, since R is of order (1), dR is of order §, and (d(RV)/3R) is of
order (1), then YV is of order (3)

Secondly, substituting the nondimensional parameters in the axial

momentum equation (9) gives

2 2
au au au
NG +V 5 HUSF =P -

P GO, 1 ,3U
R~ IZ 1

+
3Z Re! Re 572 R IR

l.( )]]

Dividing both sides over the common term p(u'zil) gives the following

dimensionless axial momentum equation.

oU , ,0U ., . 0U _ _aP , Grl 1 ,3°U d ;p,0U

ot VR VeZz iZ Re  Reloz 'R R R GR

(PHEP == 7+ o+ 2D +HPPAOE]
P Gr

2 |
0z Re? v 8? ]
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From the above orders of magnitude .it can be deduced that Re must be of
order 1/3” in order that the viscous terms on the RHS of the equation can
balance, with the buoyancy term, the inertia terms on it’s LHS.Moreover, the
buoyancy term can not be neglected in the present case because it is establishing

the flow field. This implies that the coefficient of (8) , which is Gr/Re? , should
be of order (1) and consequently Gr is of order 1/3*. Furthermore, dP/0Z can
not be dropped because it balances the inertia forces, which means that it is of
order (I). Thus after dropping all the terms of order 3 and higher powers of
delta, the axial momentum equation reduces to

U U U o . GH, 1t .1 9 18]
+ + =— + + ]
at v oR u F72 dZ Re* Re R IR {R( R a

Thirdly, substituting the dimensionless parameters in equation (2) gives the

following dimensionless radial momentum equation

2 2

u v oV av u P ., 1,3V, 3,1 &RV
— + + = —¥ — + I + (
PG VR V! POl sk P reliz TR (R R

After dropping the common term pu’zll the dimensionless radial momentum

equation will be
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VgV Ly __® 1PV, 2 1 HRY)

dt @R 9Z IR Re'gzz R'R 4R )

3 3 5,__ P 3 13

P P OP=-z¢ AP =3
- -

® @ & =-5 @ o

Dropping the terms of order & or higher powers of § , the radial momentum

equation will reduce to
9P _
dR ’

which means that the variation of pressure in the transverse direction is
negligible. Thus the pressure in the annulus is a function of time and the

streamwise direction only.

Finally, substituting the dimensionless parameters in the energy equation (4)
gives

vy, v

@ R 9Z (T,—TI

u a0

X 1,13 20, &%
T, —TJI

PrRe R R V3R 372 I

(

X

dividing both sides of the equation over the common term u’/(T_—T)I gives the
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following

20 0 0 1 1 8 ,,00.. 39
—_ + = { +
at+v3R Uaz PrRe R aR(RaR) 62,]

I i 1, _ 1,1 1 i
(P ) P = EUPGHAXF) ()

I 1 1 = 1 8
Thus the equation reduces to the following

a9 a0 a0 1 ,1 0 a9
=+ + = 1
at vaR Uaz PrRe‘' R BR(RGR

)]

The dropped term ,1/PrRe{d%0/3Z?], represcnts the axial diffusion of heat which

is very small as compared with the radial heat diffusion.
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APPENDIX 2

NUMERICAL STABILITY AND CONVERGENCE

In this Appendix, the finite difference equations corresponding to the
governing partial differential equations will be analyzed to find the conditions
under which the numerical solution of the former equations converges to the
exact solution of the latter equations as the grid spacings approach zero. To find
such conditions , a convergence analysis, which consists of two tests, consistency
and stability, is done.

L. Consistency

A finite difference equation is a consistent represcntation of the
corresponding partial differential equation if the truncation error resulting from
this representation tend to zero as the numerical grid spacings tend to zero. The
consistency analysis of the present continuity and energy cquations is discussed
in detail by Alkam [31]. But the consistency analysis of the axial momentum

equation is discussed hereunder.

The axial momentum equation and it's corresponding finite difference

equation are written below, respectively.

oU U U __® . 0 13 pdU

& OR 9z az 16(1-N* R ER" R (10)
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U.. -U.. U.,. -U,. U.. —-U..
WYLEYE” Cigvik gy CEtLitLktl ClgelEt] o py _ijrlkel kel
At e 2AR Ui AZ
- Pyt Pivasn +&+u+| + Uiﬂ._iﬂ.ul—ui- jHEkT]
AZ 16(1-N)*  2AR{N+(-1)AR]
+ Uﬂ_.!wuu-zumu*l"'uuguﬂ (15)
(ARY)

By means of Taylor series expansion, U, V , 6 can be expanded about the
point [iAR,{§+ 1)AZ (k + 1)At] as follows

U ardY (AY® U _ (A’ 9'U +

Uiisn=Uigaian™ ot 21 a2 31 5

au , (AR): U + (AR)’ &°U +

Yiniran TV ARG+ S T
Upygoranr=Ugoraei ~ARIT+ (A;)’ ‘;:3 - (A;!‘f ‘;:{ + o
Unrr=Uigurs ~AZ 2+ 23 3’2‘1 - (Aszf 3’2‘1 +

P,., =P 9p ,(AZy Op (AZ) Fp .

ot " Pron ~OB G Y 2 T
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= .U aU (AU , (AZ)* U | 2 U
Ui.i-k_Ui.iﬂ.kﬂ At F AZaZ + 2 o + 2 3 +-i!—AtAZ—-+
- a0V OV (AP PV  (AZ) PV , 2 PV
Vis=Vigripn — At —AZ 425 = +35 - 7 HSTMAZ ¢

All the variables with subscript i,j+ 1,k +1 are at the point under consideration,
around which all other terms are expanded.

The truncation error is that due to the replacement of the partial differential
equation by it’s finite difference equation. Therefore, the truncation error in
representing the axial momentum cquation (10) by the finite difference equation

(15), T, ,is
T,= Equation (15) - Equation (10)

Hence

T =&.j+l.k+l—ui'+l,k _au,
a At ot USTS A Y

V. Uil igeiant ~Uijsian Y U

Wik 2AR BR 'ivi" LE+1
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+u,, Durwe " Yaer 00,

ik AZ Z i+ Lk+1

_ Pi,k+l_Pj+l,k+l + dP , i

A7Z aZ 'i.ju.kﬂ—mei,;ﬂ,ul

0 U

- i+l_q':l.k+l—Ui-l!'+l.k+l]

¥ I«I-N)"“”*” 2AR[N +(i-1)AR]

- Ui+l._i+l,k+l—2Ui§+l,t+l+Ui—l§+l,k+!]+ | du

(AR)? R R (R( dR

)

Substituting the values of all the terms in the last equation and rearranging

gives :

T (- U , Ay’ U _
: 21 a2 3t a8

. 3+

(AR)! _AadVAU _,aVU APV AU N
S @UIRW iy Ao Ak T e R b )
_a2) du A QUAU . 8U. (AY &U 8U

-5 az’U”’”“' A= —AZ() + +

v 3+
0Z 2t g2 oZ }

—-AZ P _.(AR)! 3'U
+{ TR o }H{—-2 2 aR’+

)+
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2
+{— .(_AL)-@. + ..}
3R, 4R3
Since, R is not zero in the domain of the solution, then
T,=OfAt+AZ +(AR)}

Thus T, — 0as At,AZ and AR—-0

and therefore the finite difference equation (15) is a consistent representation of

the axial momentum equation (10)
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IL. Stability Analysis

The numerical stability of the finite difference equations is examined by
von Neumann’s procedure.This type of analysis is done by introducing small
perturbations into the finite difference equations and checking wether or not
such small disturbance components amplify as computation proceeds in the

marching direction .

The axial momentum equation and energy equation are rewritten below in
finite difference forms where variables with prime represent their values at a

new time step.
The axial momentum equation :

U, —U U’ -U’, uL.,,— U

Lt Lj+l +v itlhj+l i-Lj+l +U' Lj+t L
At 2AR
= P'i—P'i*l + O'L + U’H'lj*il —U" iLjtl

AZ 16(1-N)*  2N+(@i-)ARJAR

+ U'iﬂ.iﬂ—zu +Ui=puﬂ (l)

(AR)’

The energy equation :
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9’!'=!'+| —ei,hx +V.. e’iqd'ﬂ _e'i-l,i+l +U.. 9’5' j+ 1 _e'i.j =
At - 2AR N AZ
i 1 B'iélﬁl —o’i-!ﬂ + 0% l!+l'29’ii+l +9'i—l§+_l
Y HINTGDAR (AR (ARY? ] @

The continuity equation is not considered in the stability analysis because
it is independent of time [34]. Similarly the pressure terms in the axial
momentum equation do not affect the stability analysis, since they appear at
one level of time. During any time step ,the coefficients U;; and V,; appearing
in (1) and (2) are treated as constants.At the end of any time step At, the new
temperatures 0’ and the new velocity components U’ and V' at all interior
grid points may be obtained by solving equations (1) and (2) .This process is
repeated in time , successive steps in time may be regarded as successive
approximations towards the final steady state solution ,and provided the time
step is sufficiently small U,V and 0 should eventually converge to values which

approximate the exact solutions .

The general terms of the Fourier expansion for the errors in U and
8 (U and @) at the point i,j and at a time arbitrarily called t = 0 are both

e™Re'™. At a time t later ,these terms become

U = f(e™e? , 00 = f)e™"e™ , andP" = fe*.

where i=,/-1 and f, is assumed constant across one time step since the
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pressure appears in the finite-difference equations at one level of time.

Substituting in (1) and(2) for one time step and denoting values after the
time step by f,” and f,” gives upon simplification ,

(f, —1)e*? +v £/ (=" —e™")e™?

f’€™*—1) _ f(1-*% + f,e™?

+U -
At 2AR AZ AZ® 16(1 —N)*
, (™R —e™RM)e*t € —2 4 )™z
f, AN G- DARIAR +£'( BRY and (3)
(fz' -f 2)e!MZ +v rzy(eidlk - e-iuakkiml +U f;(ew - l) e (eidk - e—iﬂAR)eiMZ +
At 2AR AZ 2 2PN +(i— 1)ARJAR
£’ ( k-2 4+ )emz 4)

2 Pr.(AR)’

Multiplying (3) by At/e™Z, the axial momentum equation can be put in the

following form

Af’=f+Cf;+D , (5)
where
VAt UA iz At(e™® —e™")
Fo—
A=(t TARC e V7 (1)~ AN+ - DARJAR
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It is worth mentioning that for a given time the term D is constant at the

point under consideration .
The energy equation can be written in the following form
N 6

where

14 VA ar_ ery g UAL o ez AT —e™h)
A R e (e ) - TG DARER
At (eidll__2+e-inﬂl)

Pr(AR)’
and hence A" = A,ifPr=1.

In other form,
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VAt UAt A{ i 2sin(@AR)]

=1+ SR liZsin(eAR)} + Z{I-cos(BAZ) + isin(BAD)] ~ 5ol = R e

AR OAR) 2]

2us{aAR) , 2
Pr(AR)"  Pr(AR)’

1
AR " Frar!t 2Sin(BAZ)}

=1 +At{-Apz{l —cos(BAZ)] -

+ i At{sin(eAR)}—~

Equations (5) and (6} can be written in the following matrix form

(-7 2] (4

where G is the amplification matrix. For stability each of the eigenvalues of

the amplification matrix ( A, and A, ) must not exceed unity in modulus.
However, A, =I/A and A,= 1/A". Hence for stability the following conditions

should be satisfied.

[1I/Alst  or JARI and
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A<t or  [AT]21

First,the term A" , which consists of real and imaginary componeats, is
investigated as follows

A" =RR +ill )

$ AU 24t
AZ  Pr(AR)?

where RR=1 +AYX + XX)cos{(aAR) + A(XX X)cos(BAZ),

11=AY(X-XX) sin(@AR)—AYXXX) sin(PAZ),

xo Y __ 1 ___1
2AR  P(AR)® 2RARPr’

-V 1 + 1

= - , and
XX=3AR " PraRy | ZRARPT "

XXX = - Y
AZ

R,=N+(i-)AR

Thus ,

X+XX= -2
Pr(AR)?

\4 I

X-XX=3AR ~RARPr
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To satisfy the stability condition ,the amplitude of (RR+ill) [Eq(7)]

should be greater than or equal to one .Thus, v/ RR>+ 11’21 or RR2+11%21 .

However ,

Taz e (AR)* "Taz T Pr(AR)’ ¥ Pr(AR)* cos'(aAR)

4(At) 4(At)Y’U 8(At)? 4(A’U
aAR) — - -
Foos(@ARY Pr(AR)? PrAZ(AR)’ Pr’(AR)‘]+ PrAZ(AR)

(Ap’U? cos? _2AHU  AADUE | 4ADU
+——( AT) (BAZ) +cos(BAZY — == AZY  PrAR) AZ]
4(AH’U R
’ Pr(AR)’AZ cos(atRieos(pAZ)
and,

[(At)V _ (AY

=
AR Pr(AR)R,

Psin’(aAR) + %%z-sin’(mz) +

2AAN'UV  2ADU

[54ZAR ~ PraZARK,

Jsin(aAR)sin(BAZ).

Substituting the values of RR? and I’ in equation (7) gives

[+ Ay’ U . 44ay’ | 2An U L4y Ay

cos’(@AR
AZ? Pri(AR)sup4 AZ Pr(AR)’ Pr(AR)* (2AR)
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4(At) 4(A)’U 8(At) 4At°U
+cos(aAR) — - -
Cos{aARY Pr(AR)’ PrAZ(AR)® Pr(AR)" * PrAZ(AR)’

(AYU? _2AU AU 4AHU
+ ————cos(AZ)z (BAZ) +cos(BAZ) AZ BZF  PHARVAZ ]

4(AD)’U [@AR)cos(
* Pr(AR)’AZ 47)

(AYV _ (AD . (A1) U? .
[ AR PrARIK, fsm’(aAR)+—(AZ)2 sin’(BAZ) +

[2(At)zUV _ XAY’U
2AZAR  PrAZARR,

Fin(aAR)sin(BAZ)20 ®)

The condition under which thc inequality (8) is satisfied can be
investigated by inspection as follows.Taking into consideration that the present
boundary layer model is applicable to cases without flow
reversals_ Then,assumed that U is always positive ,each term in the inequality (8)

is positive except the following terms

cos(aAR)Y —

4A) _ 4AHY'U gAY ]
Pr(AR)® PrAZ(AR)® Pr(AR)*

2A0U _ 2AH’U? _ 4(AH°U

Az —
cos(PAZY (AZ (AZ)? Pr(AR)’AZ

]
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4AH’U
WGAR) cos(BAZ)

200U V. 2AHU . .
= ARAZ — ~ azPrarg, P(AR) sin(BAZ)

By inspection ,the worst case occurs when both cos(@AR) and cos(BAZ)
are equal to unity ,because these two terms have ,in such a case their largest
possible negative values.In this case , sin(@AR) and sin(BAZ) will be
zero.Substituting these values in the left side of inequality (8) shows that it
vanishes. Thus ,under the worst conditions the inequality (8) is satisfied for all
other values of cos(@AR) , cos(BAZ) , sin(@aAR) ,and sin(BAZ)

Using exactly the same procedure, it can be secn that the other inequality
(|A]21) is also satisficd under the same condition that U is non-negative. This
is because the only differcnce between the two cigenvalues is the Prandtl number
(Pr) fnhich does not have any effect on the above mentioned stability analysis. At
the worst condition all the terms will be cancelled except the term (I),thus the

stability condition is again satisfied.

In other words , the numecrical stability condition is satisfied for all values

of AR, AZ and At on condition that U is nonnegative.
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COMPUTER PROGRAM

4.1 Infroduction
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The computer program is written in Fortran 77 and exccuted at King Fahd

University of Petroleum and Minerals. The program was built to solve the

problem of transient free convection in the developing region of a vertical

concentric annulus under the investigated thermal boundary conditions (I} and

(0).

The following are some important symbols used in the program.

A,B,C
DR

DT
DZ
DZZ
EPS
FF(NC)
G(L.))
iC

Coeflicients used for the energy equation matrix.
The radial step, AR.

The time step, At.

The axial step, AZ.

The initial axial step .

Pressure tolerance (iteration criterion ) at top cxit.
Dimensionless flow at any time .

CoefTicient of the Axial Momentum equation .

Iteration Counter.
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INTI a numerical value of jURGdR

INT2 a numerical value of j URdR.

ISC ltftheprogramsusedforCase(l).

ISC 0 if the program is used for Case (O).

JC Actual total number of axial increments.

M Maximum possible number of axial increments allowed by the
program.

N Number of radial increments.

NC Time Counter.

NK Maximum number of time steps allowed by the program.

LZ The dimensionless height, L .

PP(IC) Exit dimensionless pressurc at used in th iteration process at a
specific time .

PR Prandtl Number, Pr.

QF(NC) Total Heat absorbed .

RAT Radius ratio, N .

SS Steady state criterion, [ﬁ(k + I)—ﬁ(k)]/ﬁ(k +1).

TIME Time.

™ Mixing Cup Temperature .

UE UR.

UET UR 0.
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C= PROOOG10
c THIS PROGRAM 1S DEVELOPED TO SOLVE THE FREE NATURAL CONVECT(O® PROGOC20
c PROBLEM IN AN OPEN-ENDED VERTICAL ANNULUS FOR TWO DIFFERENT PROGOO30
C BOUNDARY CONDITIONS. PROOCOOEC
C= PROOOCOS50
c PROCOOG0
c PROOOO70
C PROO00SO
PROGOOSO

IMPLICIT REAL®B{A-H, 0-Z) PROOO 100
INTEGER H,QH,Q,QQ,JN,JL,J0,JC,JH PROCO110

REAL INT1, INT2,NULOCL,NU,LZ PRO0O120
DIMENSION U(31,1002,2},V(81,1002,2),7{a1,1002,2),P{10062,2), PRO0GO130

* A(41),B{81),C(51),D(581),E(81),F{51),G{81,82), QF(1002,2}, PROOC120

* TM(1002,2), FF(200), PE(200}, PP(100), FP( 100),Z5S(200), PROOO 150

* UE(&1),UET(A&1) PROOO 160
OPEN(UNIT=1,FILE="0UT1") PROOCG170
OPEN(URIT=2, FILE="0UT2") PROCO 180
OPEN(UNIT=3,FILE="OUT3") PROOG190
OPER(UNIT=§,FILE="OUTK') PROOCO200
OPEN(UNIT=S,FILE="0OUT5") PROOO210
OPEN(UNIT=7 FILE="OUTT7") PROCO220
OPEN(UNIT=8,FILE="0UT8"') PROO0230
OPEN(UNIT=9, FILE="0UT9") PROQO2R0
OPEN(UNIT=10, FILE="OUT10") PRO0O0250
OPEN(UNIT=11,FILE="OUT11"} PROCO260
OPEN(UNIT=12, FILE="OUT12") PROOOZ70
OPEN(UNIT=13,FILE="0UT13") PRO00280
OPER(UNIT=14, FILE="OUTIA") PROOOZ290
OPER(URIT=15, FILE="OUT15") PRO00O300
OPEN(UNIT=16, FILE="OUT16") PRO0O310
OPEN({UNIT=17,FILE="OUTTI7") PRO00320

c- PRO00330
c PROOC3RO
c PROCO 350
DATA FF(1)/.005/ PRO00360

DATA DT/0.001/ PRO0O370

DATA DZZ/0.000002/ PRO0O380

DATA RAT/0.S5/ PRO0CO390

DATA PR/0.7/ PROOCE00

DATA M/999/ PROGOA 10

DATA N/40/ PROO0&20

DATA NK/100/ PROOO430

DR=( 1-RAT)/N PROOCLL0

ISC = 1 PROO0O450

NC= 1 PROOOLE0

Z=0.0 PROOO470

TIME = 0.0 PROQOLBO

NC = 1 PROOO490

1IC=1 PROCO500
EPS=1.0E~15 PROOOS510

0Z=02Z PRO00520

Lz = 0.000t PROOO530
Jc=(Lz/022) PROOOS40

Gmm=-=emmmmmmemecemeeesaseeeecesmeemeemeecemeeecmocmceomeamoos PRO00550
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c PROO0S560
c PRO00O570
X=1 PRO0COS530

DO 1 J=1,M+1 PROCO590

DO 2 i=1,N+1 PROOOE00

u(1,J,K) =0.0 PRO0O06 10

v(1,J,K) =0.0 PRO00620

T(1,J,K) =0.0 PRO0COG 30

P(J,K) =0.0 PROQOGHO

2 CONTINUE PROO0D650
1 CONT INUE PROOOG60
c PROOO670
c PROOOGB0
c PROCO690
22 DO 5 1=2,% PROOO700
V(1,1,2)=0.0 PRO00O710
T¢1,1,2)=0.0 PRO0OT720
u(t,1,2)=FF(NC}/( 1-RAT®**2} PROCO730

5 CORTINUE PROOO7HO
P(1,2)=-0.5%( FF(NC)/(1-RAT*#2))==2 PRO0COTS0
¥(1,1,2) =0.0 PROOO760
T(N+3,1,2) =0.0 PROOO770

J=1 PROQO780

c PRO0DO790
C PROOOB00
c PRO0O8 10
PRO00820

33 1F (J .EQ. 1500) THEN PROCO830
DZ=2%DZ PROCOSAHO

ELSEIF (J .EQ. 2000} THEN PROGO850
DZ=2%DZ PRO00OB60

ELSE IF (J .EQ. 3000) THEN PROOO870
DZ=5%DZ PRO0O0SSO

ELSE IF (J .EQ. 5000) THEN PROOOS90
DZ=5%DZ PRO0O0S0Q0

ELSE IF (J .EQ. 10000) THEN PROO09 10
DZ=5%*0Z PROC0920

ELSE 1F {J .EQ. 15000) THEN PRO00930
DZ=5%DZ PROOOS40

ENDIF PRO00950
Z=2+DZ PROCO960

c PRINT *,Z. 12 PROQQ970
c IF {Z .EQ. LZ) THEN PRO0O0980
c Je=J PRO00990
c PRINT *, 'JCJCJCICICICIC',JC PRO0 1000
c ENDIF PROO1010
C-==== PRO01020
c PROO 1030
Ce=we=- ———- PROO 1040
00 7 L=J,J+1 PROO1050

v(1,L.,2) = 0.0 PRO0O1060

V(N+1,L,2) = 0.0 PROC1070

u{t,L,2) 0.0 PROO 1080

U(N+1,L,2) = 0.0 PROO 1090

IF (1SC .EQ. 1) THEN PROO1100
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T(1,L,2) = 1.0
ELSE
T(N+1,L,2) = 1.0
ENDIF
7 CONTINUE
IF (ISC .EQ. 0) GOTO 2020
c
c
c
1010 DO 108 1=2,N+1
108 A1) = U(1,J,K)/DZ+2/( PR*DR*52)+1/0T
DO 109 1=2,M
109 B(1) = V(1,J,K)/(2%DR)~-1/{ PR*DR®#2)-1/{2%PR*
- DRE(RAT+( 1-1)%DR) )
DO 110 1=3,N+1
110 C(1) = 1/(2*PR*DR®(RAT+( I -1)%DR))-V(1,J,K)
- /(2"DR)-1/( PR*DR*#2)
C(N+1) = -2/( PREDR¥#2)
00 113 1=2,N+1
113 BC1) = (TC1,J, K150, J, K} }/DZHT(1,J+1,K} /DT
B(2} = B(2}+(1/(PREDR®E2]}4V(2,J,K}/{2%0R}
- -1/(2*PR*DR*(RAT+DR) ) )
c
c
c
E(2)=A(2)
F(2)=D(2)/E(2)
DO 300 1=3,N+1
E(1)=A(1)~-C(1)*B(1-1)/E(1-1)
FOU)=(O(1)-C{1)*F(1-1))/E(})
300 CONT INUE
TIN$1,J+1, K+1)=F(N+1)
DO 310 JJ=1,N-1
1=N+1-JJ
310 TO3,J+1, K1 )=F( 1) =B 1 )*T( 141,341, K+1)/E( 1)
GOTO 3030
c---
c
c
2020 DO 311 1=1,N
3n A(1) = U(1,J,K)/DZ+2/( PR*DR**2)+1/DT
DO 312 1=1,N-1
312 B(1) = V(1,J,K)/(2*DR)~1/( PR*DR**2)=1/(2#PR*
» OR*{RAT+( 1 ~1)%DR))
PO 313 1=2,N
313 C(1) = 1/(2*PR*DR*(RAT+( I -1)*DR)}-V(1,J,K)
. /(2%DR)=1/( PRYDR®#2)
B(1) = -2/( PRPDR##2)
Do 318 §=1,N
314 D) = (T(1,J,K+1)%U(1,J,K))/DZ+T{1,J+1,K})/DT
D(N) = D(N)+(1/{PR®*DR**2)-V(N,J,K)/(2*DR)
» +1/(2*PR*DR*( RAT+N*DR) ) )
c —————— -
c

PROOT110
PROG1120
PRO0O1130
PROO1140
PROO1150
PROO1160
PROO1170
PROC1180
PROO1190
PROO1200
PROO1210
PRO0O1220
PROO1230
PROO 1250
PROOC1250
PROO 1260
PROO1270
PR0OO1280
PROO1290
PROO1300
PROO1310
PRGG1320
PROO1330
PROC1340
PROO1350
PROG 1360
PROO1370
PROO 1380
PRO01390
PROO1400
PROO1410

PROOTH20

PROO1430
PROO 1440
PROO 1450
PROO 1460
PROO1570
PROO 1480
PROO 1490
PROC1500
PROQ1510
PRO0O 1520
PROO1530
PROG1540
PROO1550
PROO 1560
PROO1570
PROO1580
PROO1590
PROG 1600
PRO01610
PRO01620
PROO1630
PROO1640
PRO0O1650

PAGE O:
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c
E{1)=A(1)
F(1)=D(1)/E(1)}
Do 315 1=2,M
E(1)=A(1)—C(1)*B(I-1)/E(1-1)
F(1)=(D(1)-C(1)*F(1-T))/E(I1)
315 CONT | NUE
TN, J+1,K+1)=F(N)
00 316 JJ=1,K-1
1=N-JJ
316 T, 3+1,KH1)=F(1)-B( 1 )T{ 1+1,3+1,K+1) /E( 1)
c
c
c
3030 DO 116 Q=2,M42
00 116 H=2,M+1
G(H,Q)=0.0
116 CONT INVE
G(2,0+2)=FF(NC}/(2"DR)
00 117 1=2,N
G(2,1) = RAT+([-1)%DR
"7 6 141, B+1}=1.0
D0 119 Q=2,N
119 GLQ+1, Re2}=0(Q, J+1, K} #(OZ/BT}4U(Q, I, K+1 }=05(Q, S, K)
hd ¥P{J, K¥+1)H(DZ/(16*{ 1-RAT)**1 ) )*T(Q, J+7,K¥1)
Do 120 1=2,N-1
G(1+1, 14+1)=(0Z/OR)*(V(1,J,K)/2-1/0R-1/(2%( RAT+({ 1 -1)*DR) ) )
G141, 1)=DZ/DT+U( 1,J,K)+(2%DZ)/(DR**2)
120 G(142,1) =(DZ/DR)®({ 1/(2%(RAT+{ | }%DR))-V( 1+1,J,K}/2-1/DR)
G(N+1,N)=DZ/DT+U(N, J, K)+(2*DZ)/(DR**2)
c
c
c
DO 121 H=2,N+1
DO 122 QH=H,N+2
Q=N+2-QH+H
122 G(H,Q)=G(H,Q)/G(H, H)
1=1
DO 150 1=1+1,He2
VF(1.EQ.H) GOTO 150
1F(1.GE.N+2)GOTO 121
DO 160 QQ=H, N+2
Q=N+2-QQ+H
160 G(1,Q)=6(1,Q)-G(1,H)*G(H,Q)
150 CONT INUE
121 CONT INUE
P(J+1, K+1)=G(R+1,N+2)
00 123 i=2,N
123 U1, J+1, K¥1)=G( I, N+2)
c
c
c .....

IF (1CS .EQ. 0) GOTO 851
LC=N-3
LD=N-1

PRO01660
PROO1670
PROO1680
PROO1690
PROO1700
PROOT710
PROO1720
PROO1730
PROOV750
PROO1750
PRO0O1760
PROO1770
PROO1780
PROOT1790
PROO 1800
PROO1810
PRO01820
PROO1830
PROO18A0
PROOT850
PROOT860
PROUTE70
PRO0O1880
PROGT830
PROO190D
PROO1910
PROO1920
PRO0O1930
PROO1920
PRO01950
PROO1960
PROO1970
PRO01980
PROO1990
PROC2000
PRO02010
PR002020
PR0O02030
PRO02010
PROOG2050
PROG2060
PRO0O2070
PR0O02080
PRO02090
PROC2100
PROO2110
PRO02120
PRO0O2130
PRO02140
PRO02150
PR0O02160
PRO02170
PRO0C2180
PRO02190
PR002200

PAGE O
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GOTO 852 PROO2210

851 =2 PRO02220
LD=5 PRO02230

852 D0 853 I=LC,LD PRO02250
IF (U(1+1,J+1,K+1).GT.0.0) GOTO 853 PRO02250

c PRINT #,Z U(1+1,J+1,K+1) PRO02260
853 CONTINVE PRO02270
PRO02280

c PRO02290
c PRO02300
c PRO02310
DO 550 1=1,8-1 PR0O02320

850 V{141,341, K#1 )=V 1,J+1,K+1 ) 5(RAT+( | -1) *DR ) /(RAT+1%DR } - PRO02330
% ((2RATH+(2%1 -1)*DR)*{OR/(4*DZ) )/ (RAT+IZDR) ) * PROO2340

& (U1, ¥, KFT )01, J4 1, K1 ) -U( 141, 0, K+T ) -U( 1,3, K+1) ) PROO2350

C PRO02360
C PRO02370
c PRO02380
1F (IC .RE. 1) GOTO 560 PRO02390

iF (WC .NE. 1) GOTO 560 PROO2&00

IF (P{(J+1,K+1).GT.0.0) THEN PROO2410
FF(NC)=1.3*FF(NC} PROO2G20

GOTo 910 PR0O02&30

ELSE PROO25AO

IF {Z.GT.1Z) THEN PROG2350

PRINT ®_NC, IC,P(JC,2),FF(NC) PROO2460

IC=IC+1 PROO2870
PP(1)=P(JC, K+1) PROO2480

FP({ 1)=FF(NC) PROO2K90
FF(NC)=1.05"FF(NC) PR0O02500
QF({JC,K)=0.0 PRO02510

GOTO 910 PR0O02520

ENDIF PR0O02530

=J+1 PRO0O2540

PRINT #,' —————-—-- ",d, PLJ, K3 T) PR002550

GOTO 33 PRO02560

ENDIF PR0O02570

C-=-- PR002580
C PR002590
C====- PROO2600
560 IF (Z .GT. LZ) GOTO 570 PR0O02610
IF {(P{J+1,K+1).GE.0.0) THEN PR0O02620

IF (1C.EQ.1) THEN PRO02630
FF(NC)=10.3 * FF(NC-1) PROO2610

PRINT *,'PRESSURE 1S POSITIVE EARLY 1’ PRO02650

ELSE PR0O02660

GOTO 569 PROO2670

ENDI(F PRO02680

GOTQ 910 PRO02690

ELSE PRO02700

569 J=J+1 PR0O02710
GOT0 33 PRO0O2720

ENDIF PR0O02730

Cmmr e e e e e e e e e e e e e e e e S CsSSSssssssee === PRO02740

570 PP(1C)=P(JC,K+1) PRO02750
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FP{I1C)=FF(NC)

PRINT ®,KC, IC, PP(IC},FP(1C)
1c=1c+1

IF (IC .NE. 2) GOTO 610
FF(NC)=1.1 * FF(NC-T)

GOTO 910

610 FPIC)=FP(IC-2)-PP{IC-2)%(FP(IC2)-FP(IC-1))/(PP{I1C-2)-PP(IC-1)})

FF(NC)=FP(IC)

IF({PLIC, X+1).GT. -EPS) . AND. (P(IC, K+1). LT EPS) ) THEN

ic =1
GOTO 705 )
ELSE
©0TO 910
ENDIF
c
C
c
705 Z=0.0
0Z=02Z
00 1700 J=1,JC
c PRINT *,4,4,J
c
c
c
1555 IF (J .EQ. 1500) THEN
DZ=2%DZ
ELSEIF (J .EQ. 2000) THEN
DZ=2%DZ
ELSE IF (J .EQ. 3000) THEN
0Z=5%0Z
ELSE IF (J .EQ. 5000) THEN
DZ=5%DZ
ELSE IF (J .EQ. 10000) THEN
DZ=5%DZ
ELSE IF (J .EQ. 15000) THEN
DZ=5"DZ
ENDIF
Z=74DZ
c
1556 IF (NC.NE. 5) GOTO 711
¢ IF ((J.GT.30).0R.(J.NE.JC)})} GOTO 711
DO 710 1=1,41,2
DRI=RAT+( | ~1)*DR
WRITE (1,*) DR%,U(1,J,2),J,NC
WRITE (2,%) DR1,V(1,J,2),J,NC
WRITE (3,%) DR1,V(1,J,2),J,NC
710 CONT INUE
c
c
c
c- - -
711 DO 970 1=1,N+1

VE( 1 )=(RAT+{ 1 =1)*DR)*U( 1,J,K+1)
970 UET( 1)=UE( 1)*T(1,J,K*1)

PROO2760
PROG277C
PR0O0O2780
PROO2790
PRO02800
PRO0O28 10
PRO02820
PRO02830
PROO28&0
PRO0O2850
PRO02860
PRO0O2870
PROO2880
PROO2890
PROO2900
PRO02910
PRO0O2920
PROO2930
PRO029%0
PRO02950
PRO02960
PROOZ970
PRO02980
PROG2990
PROD3000
PROO3010
PRO03020
PROO3030
PROO3040
PRO03050
PROO3060
PRO03070
PROO3080
PROO3090
PRO03100
PROO3110
PRO03120
PROO3130
PRO0O3180
PROO3 150
PROO3160
PROO3170
PROO3180
PRO03190
PRO03200
PROO3210
PR0O03220
PRO03230
PROO3240
PRO03250
PRO03260
PROO3270
PRO03280
PRO03290
PRO03300
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973
972

e
1700

888
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INT1 = 0.0
iNTZ = 0.0
DO 971 1=2,M
INTI=INTI425UET(} }
INT2=INT2+2%UE( I )
TM(J, K+1)=INT1/1NT2
QF(J, K+1)=INT1%DR
WRITE(S,*)Z, P(J,K+1),J,NC
WRITE(S,*)Z, TR{J, K+1),J,MC
WRITE(S,*)Z, T(N+1,d,K+1),J,8C
WRITE(9, *)Z,T(20,J,K+1),J,NC
IF (J.NE.(JC/2))GOTO 972
Do 973 1=1,81,2
DRI=RAT+( § -1)*DR
WRITE (10,%) DR1,U(1,J,2),J,8C
WRITE (11,%) DR1,V(1,J,2),J,NC
WRITE (12,%) DR1,7(1,4,2),J,NC
CONT INUE
IF (J.NE. JC) GOTO 712

2Y'y

iF (J.EGQ.JC} GOTO 888
CONT INUE
IF (J .NE. JC} THEN

PRINT *, "HERE J=JC (EEERNEEENRRENER NN

J=Jc
GOTO 1555
ENDIF
$S=(QF(JC,2)~QF(JC, 1) )/QF(JC,2)
PRINT ®,NC,SS,QF(JC,1),QF(JC,2)
WRITE( 14, %) TIME, FF(NC),J,NC
WRITE(15, *) TIME, QF(JC,2),J,NC
IF (ABS(SS) .LT. 1E-6) GOTO 6000
DO 889 J=1,JC
Qr(J, 1)
™(J, 1)
CONT INUE

QF(J,2)
™(J,2)

900

903

910

00 903 J=1,JC
DO 900 I=1,N+1
ugr,J, 1)=u(1,4,2)
V(1,3,1)=V(1,4,2)
T(1,9,1)=T(1,d,2)
CONT INUE
P(J,1} = P(J,2)
CONTINUE
NC=NC+1
TIME = TIME + DT
IF (NC .EQ. 3) GOTO 6000
Ic=1
RN = 1.05
FF(NC)= RN * FF(NC-1)
Z=0.0

PRO03310
PROG3320
PRO03330
PROG3340
PRO03350
PROO3360
PRO03370
PRO03380
PRO0O3350
PROO3400
PROO3510
PROO3520
PROO3230
PROG3340
PRO0G3850
PROO3%60
PROO3&70
PROO3480
PROO3%90
PRO03500
PRO03510
PROG3520
PRO03530
PROO35%0
PROG3550
PRO03560
PROO3570
PR0O03580
PRO0O3590
PROO3600
PRO03610
PR0O03620
PRO03630
PROG3640
PRO03650
PRO03660
PRO0O3670
PRO03680
PRO0O3690
PROO3700
PROO3710
PRO03720
PRO03730
PROO3 740
PROO3750
PROG3760
PROO3770
PRCO3780
PROO3790
PROG3800
PRO0O3810
PRO0O3820
PRO0O3830
PROO3840O
PRO03850

PAGE 0O
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J=1 PRO03860
0Z=02Z PROCG3870

GoTO 22 PRO03880

6000 CLOSE(1) PROO3890
CLOSE(2) PRO03900
CLOSE(3) PROG3910
CLOSE(B) PRO03920
CLOSE(5) PRO03930
CLOSE(7) PROC39%0
CLOSE(8) PRO03950
CLOSE(9) PRO03960

CLOSE( 10) PRO03970

CLOSE( 11) PRO03980

CLOSE( 12) PRO03990
CLOSE(13) PROCHO00

CLOSE( 15) PROOKO10

CLOSE( 15) PROOJ020

CLOSE( 16) PROOZ030
CLOSE(17) PROOJOR0

sToP PROOEOS50

END PROOHO60
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