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ABSTRACT

A robust univariate test of symmetry based on the correlation
between the sample mean and the sample variance is presented. This
test is sensitive to skewed transformations of symmetric random vari-
ables. Based on a certain characterization of the normal distribu-

tion, the procedure is extended to a test of normality.



INTRODUCTION

This work consists essentially of the dé&e]opment and subsequent

discussion of a robust univariate procedure for testing symmetry anc
normality “n random szmyles. The practical problem of testing
symetry has recently assumed a great cdeal of importaﬁce on account

of the extensive research done on the robust estimation of the

Tocation parameters of symmetric distributions [Andrews et al. 1972].

The test of symmetry must necessarily meet two basic requirements to
be acceptable, viz., it must exhibit a certain degree of robustness
of validity and robustness of efficiehcy (or performance); The test
must also be sensitive to skewed transformations of symmetric random
variables since it appears that -these aré the most important alter-
natives to the hypothesis of symmetry. The problem of testing
normality in random samples has been investigated extensively

e.g. [Shapiro, Wilk and Chen 1968]. 1In this thesis, based on a
fundamental characterization of the normal distribution, the proce-

dure for testing symmetry is extended to a test of normality.

The structure of the thesis is as follows:

In Chapter 1, we explain in detail the problem under consideration
and include a discussion of some of the fundamental notions of
robustness. In Chapter 2, the motivation for the test is presented
together with the theoretical derivations of some important results.

The performance of the test is considered over a wide range of



symmetric and asymmetric distributions and the methods of generation
of the random samples from eacg of these distributions are discussed
in detail in Chapter 3. Chapter 4 is essentfale a survey of the
results of the computer study on the question of the robustness of
the test. An in-depth analysis of the results is given in Chapter 5
and in particular, the results in the case of the normal distribution
and close approximations to the normal are given special considera-
tion. Chapter 6 concludes the thesis and gives a summary of the work
done, some conclusions and recommendations for future research. The
appendix contains the computer output of the results for the various
distributions considered together with a few tables for the purpose

of comparison.

The contribution in this thesis is, therefore, threefold, viz.,

(i) to establish a univariate test of symmetry,

(i1) to investigate the robustness of validity and robustness
éf efficiency of this test using a wide range of
symmetric and asymmetric distributions,

(ii1) to extend this procedure to a test of normality.



CHAPTER I

THE PROBLEM UNDER CONSIDERATION

The problem of testing univariate symmetry has assumed a very
important role in statistics because of the research currently being
done on the estimation of location parameters of symmetric distri-
butions. New estimators with very high efficiency have been suggested
over a broad range of symmetric distributions [Andrews et al. 1972].
Since these estimators assume samples from symmetric distributions,

a test of symmetry is necessary to investigate this assumption.
Consequently, if we can establish symmetry, we may proceed to

estimate the location parameters.

A test of symmetry is a decision rule which, on the basis of
sample observations, decides whether the distribution of the sample
is symmetric or not. A continuous univariate random variable X is

symmetric about u if ard only if, for all x,

F(x = 1) =1 - Flu - x)
where F is the cumulative distribution function and p 1is the
location parameter.

Various tests of symmetry have been proposed, some of which
are: the Neyman-Pearson test (also known as the g, test); the scaled
third moment test; Gupta's asymptotically ncnnarametric test

[Hollander and Wolfe 1973]; and the adjusted V test, based on the



gaps between order statistics [Finch 1977].

The test presented in this thesis depends primarily on the
relation between the sample mean X and the sample variance $2.
Thirty distributions are considered, fourteen of which are symmetric

and sixteen asymmetric. The fourteen symmetric distributions are:

| (i) the nommal (Gaussian);
é : (1) the double exponential (Laplace);
(i11) the Cauchy;
(iv) the slash, which is the ratio of a normal to an independent
uniform (0, 1); and
(v) Tukey's x: for A =1.9, 0.75, 0.5, 0.25, 0.0, -0.25,
-0.5, -1.0, -1.5, -2.0.

When A = 1.0 we have the uniform (-1, 1) and when

X = 0.0 we have the loéistic.

The sixteen asymmetric distributions are mainly skewed transforma-

tions of the normal distribution. These include:

(i) (1 - a)Z +aZ? where Z is a normal (0, 1) random
variable and « = 1.0, 0.5, 0.25, 0.1.
Since 22 is a chi-squared random variable with one degree
of freedom, we are therefore considering, in this case, a

mixture of a normal and a chi-squared random variable.

(i1) Exp (BZ) where Z 1is a normal (0, 1) random variable

and g8 = 1.0, 0.5, 0.25, 0.1,

This is the lognormal distribution.



(ii1) Z exp (¥Z) where Z 1is a normal (0, 1) random variable
and v =1.0, 0.5, 0.25, 0.1. '

This random variable, 1ike the normaﬁ, has infinite support.

(iv) The Weibull distribution, for different values of the shape
parameter ¢ (3.0, 1.0, 0.5). c = 1.0 yields the

exponential distribution.

(v) The Pareto distribution.

A sample of fifty random observations is generated from each
distribution. Every two distinct variates Xi and Xj are selected
and the sum, Xi + Xj = 2%, and the équare of the difference,

(Xi - XJ.)2 = 252, are computed, thus exhausting all (i?) possible
combinations. The resulting numbers are then sorted, first with
respect to the sum and then with'respect to the square of the
difference. The sorted numbers are then divided equally into thirty
five groups each containing thirty five pairs of numbers (2%, 252).
Thus we are actually considering a 35x 35 contingency table, where
each row sum and each column sum is thirty five. A chi-square test
of independence based on fixed marginals is then performed [Conover

19711. The square of the sample correlation coefficient, r2, is

also computed.

The scatter plot of tne points for each distribution is then
carefully investigated. If the points are concentrated along a line,

the distribution of the sample is definitely asymmetric. If the



concentration has a certain pattern but not along one line, the
distribution is symmetric and more information about the tails of

the distribution can be inferred, depending on the way the concentra-
tion appears. If there is a complete spread of points, in other
words no concentration, the distribution is either symmetric or
almost symmetric. We may note at this point that many special forms
of asymmetric distributions resemble symmetric distributions, qnd in
particular give extremely good approximations to the normal distri-'

bution [Johnson and Kotz 1970].

For any stat1st1ca] test to be acceptab]e, the procedures used
must he reasonab]y powerful, i.e,, sensitive tp spec1f1c factors under
test; and robust mean1ng that 1t 1s fa1r]y 1nsens1t1ve to changes
in extraneous factors not under test. We thus requ1re robustness of
validity, and robustness of performance or efficiency, i.e., stability
of the power of the test. This test proves to be sensitive to skewed
transformations of symmetric random variables, in other words, power-
ful. It also satisfies the criterion of validity since it can

identify the symmetric distributions in a wide variety of cases.

. The normal distribution is the most important single distribu-
tion in statistics. In the applications of probability theory we are
often concerned with random variables that may be regarded as sums
of a large number of independent components, each of which contri-
butes only an insignificant amount of the total. Thus according to

the "hypothesis of elementary errors" the total error committed at



a physical measurement is regarded as being produced by a large
number of elementary errors, which add their effects. It often seems
reasonable to apply a similar hypothesis to the variables which
express the results of various kinds of industrial, biological and
medical experiments. In all cases of this type we might expect the
random variables considered to be at least approximately normally
distributed. In fact, this expectation is largely corroborated by

statistical experience.

Due to its importance in both physical and theoretical work, the
normal distribution has been extensively studied and many character-
izations have been established. The most fundamental of these char-

acterizations is the following:

Let X1, X2, ..., X be a random sample from some parent distribu-

n
n

1 ¥ X; and the sample variance
i=1

tion. Then the sample mean X = -

n
§2 = E%T'.z] (Xi - X)Z are independent if and only if the parent
'l:

population is normal. Based on the computed x2 statistic and the

r2 value, normality can be established.



CHAPTER II

THEORETICAL DERIVATIONS

In Chapter 1, a comprehensive idea about the test was given, but
nothing was mentioned about the motivation for such a test. It is
well-known that if the distribution function of a random variable X
is symmetric about the mean, u, then the odd central moments, if they
exist, are all zero, where the r-th central moment of a random vari-
able X 1is defined to be E(X-u)" and is denoted by ..o Itwill
be shown, later on in this chapter, that the correlation coefficient
between the sample mean X and the sample variance S? is propor-
tional to the third moment, u;, and thus it is zero if the distribu-
tion function of the sample is symmetric. The converse is not true
[Churchill 1946] but if the third moment is non-vanishing, as is the
case with commonly encountered asymmetric distributions, X and S$2
are necessarily correlated. On a scatter diagram, a high concentra-
tion of points along a line suggests that the two variables in ques-
tion are highly linearly correlated. Since an asymmetric distribu-
tion function implies that X and S? are correlated, the scatter

plot of the two should show a high concentration along a line.

Now, we are ready to give an explicit expression for the corre-

lation between X and S2. Let X;, X5, ..., X, be a random sample

of size n from a distribution function Fx(x).
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Let E(X) =u' =u (mean);
E(®) =uy =02 +u2;
E(C) =y 5 ‘
E(X*) =, be the first four moments.
Let E(X -u) =y, =0;
E(X -u)? =u, =o2;
E(X - u)® =y

E(X - u)* =u, be the first four central moments about u.

N » 212
Define X—EIZ] X1 and S --n—-_—T1§] (X1 ’X)
Then:

_ 1 0
(1) E(R) = EG T X.)
i=1

Lecf x)
n gy
1§ e,

= — E
n .oy i
1§

= — u
=1

_ 1

= ﬁ'(n“)

= u

n
(i) var(R) = Var(} 1 %)
A=



(iii) To find E(S?);

we first prove the following identity:

T (X )2 = f (X, - %) + n(X - u)?
Ly o =11 mh o
Proof:

n 2 n - -

R N
n r— _ _ 2
gl_(xi-xn(x-u):[
n
I [0 - 0% v 200 - %) (=) + (7 - 0]
L (K - R + 2 <) | oK)+ ] (R - )
i Wk i1 ‘
2
z] (X; = K)% + n(X - u)?

4

11



n
Hence, E(S?) = EG 1 7 .21 (x; - %)?
1:

n
= E%T E [izl (X5 - w)? < n(X - u)z:[

n

Tl e -u)z-nE(Y-u)Z]

(iv) Var(s?) = var l:n——]_—] E] (x, - )'()2:[
i=

(n-1* " L=
n
= ﬁ? r.Var' [12 (X]. -u)? | + var [n()'( - u)z:l

12
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n
Var| § (Xi - “)2] =n Var(X: - u)2
i=1

n[E(Xl - ) - [:E(x1 - u)zjéi[

n(uq - 0’4) .

Var I:n()’( - u)zj = n—l— Var l:nz().( - u)z:[

-1 var(nX - nu)?
n2

= n—l l:n Var(X, - u)? + (S)Var‘ [Z(Xi -u)(xj -u):l:l Ty

1 nw, - o)+ 2n(n - 1) [EGK; - 02 (X - w)?

=

—

-

2
- TE(X - w) (xj-u)]] SR
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= % [n(ul, - g*) + 2n(n - ])o'*]
n

n ) n ‘

n n
Cov 1'21 (Xi -u)?, n(X —u)?‘] = E [ i};](xi -u)z:[E‘()-( _u)z:[:[
n
) E[Z (x, -u)2] E[n(x -u)2]
i=1
E L 2 $-)21 =1¢
L-Zﬁ’%‘“] E‘(X‘"’] “af Z (X, -u)] [Z ()]
n
e[ ] (=) (] T ()2 +Z z<x ) (X5n)
_1=] i=1 1 i=1 J_

S)—

=,],—EFZ (x, 'u)'*“Z Z](x ()2
#1
noon 3 70 non ,
121 -Z] (X - u) (X -H) + fél JZ] kZ]( .i‘ll) (Xj-p)(Xk-u)
T 3
K#i

= ,],‘[nu,, + n(n -])o‘*]

=Uq_ + (n-])o"



Hence,

Therefore,

(v)

15

[z (x; -u)? -3 E(X; -u)? =

i=1
E[n()'( - p)Z:I = nE(X - )2 = ¢2

n 2 < 2
cov [ 106y - w)?, n(X-u)]=ul, +(n - 1)a* - mo¥
'I:

- L
-I-ll,-o.

Var(s?) = [nul, - not 4 o Znn-3 M T 2"!*]

(n-1)2

[— (n2-2n+1) - (n2-4n+3)J
(n 1)

Cov(K, S2) = E(XS?) - E(X)E(S?)

E(Xs ) = E [B— i] ] e izl (% - X)QH
s[4 {8 -]
SRR ER R

llM:

I|M=



Hence, Cov(X,

Lk xl(z x2:[ —(;—]TE[XI(Z X):[

2
LoE [xl(xl Fx2 4+ xf])]

-mn]—’T)"EEXI(Xl + X2 + ...+ Xn) (Xl +XZ +

16

I R LR,

n-1
D) E[XIXZ(XI + X, + ...+ Xn)]

“3

o7 tuo? + 43 ’n_('r'll—_f)' uy + (n-Th(o? +u2)]
- %[&1(02 +tud + (n-2)u3:[

= (0 -%)*‘ uo?(1 -,],— - %) +u3(1 -l— -% -nT’z-)

P ,n3 o w3
n

TGyt (-3 - u3)
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Therefore

Cov(X, S2)

Corr(X, S2) =

War(X) "Var(s2)

In the estimation problem, it is desirable to obtain an indicator
of the strength of the linear relationship between two variables X
and Y which will be independent of their respective scales of measure-
ment and an estimator of the population correlation coefficient. The
measure of linear correlation commonly used in statistics is called
the Pearson product moment coefficient of correlation. This statistic,

denoted by the symbol r, is defined as follows:

But it sometimes seems more meaningful to use r2, the coefficient
of determination, since this gives a better indication of the strength

of the relation between X and Y.

To investigate the independence of X and S2, the test

performed is the chi-square test with fixed marginal totals [Conover
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1971]. The data are summarized in a 35x35 contingency table where
each row sum and calumn sum is 35. The éssumptions are that the
observations are random and that each is placed into exactly one cell,
each having the same probability of being placed into cell (i, j) as
any other observation. The hypothesis tested is that X and S2,
which are in this case the components of each observation, are inde-

pendent of each other. The test statistic T s given by

35 35 (0.. - E..)?
= 5 ij ~ "ij
T= ) 1

i=1 j=1 iJ

where Oij is the actual number of observations in cell (i, j) and
Eij is the expected number of observations in cell (i, j). In our
case, the test statistic reduces to

35 35

T=1 1 (o,,

2 - ..
&4 ij - 1)° since Eij 1 for all i, j.

The decision rule is to reject the hypothesis if T exceeds the
1- a quantile of a chi-squared random variable with 34 x 34 = 1156

degrees of freedom.

Invarious statistical applications, it is often necessary to
generate values of a given random variable X. To generate a value
of a random variable X having a cumulative distribution function
FX(-), it suffices to generate a value of a random variable U that
is uniform]y‘distributed over the unit interval (0, 1). Then by

the "Probability Integral Transform," X = F;](U) is a random
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—

variable having FX(') as its distribution function.

Theorem: Probability Integral Transform ¢

If X is a random variable with continuous cumulative distri-
bution function FX(')’ then U = FX(X) is uniformly distributed
over the interval (0, 1). Conversely, if U is uniformly distri-
buted over the interval (0, 1), then X = F;](U) has cumulative

distribution function FX(-).

Proof:

(The proof can be found in any standard text on mathematical

statistics); e.g. [Mood, Graybill and Boes 1974].

Since Fx(.) is a non-decreasing fupction, the inverse function
F;](.) may be defined for any value of u between 0 and 1 as

F;](u) is the smallest x satisfying Fx(x) > u.

P(U < u) P[FX(X) < u]

PIX < Fy'(u)]

Fx [F)-(] (u ):[

u for 0 <u-<l,.

Conversely, P(X < x) P[F;](U) < x]

= PLU < Fy(x)] = Fy(x).
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He close this chapter by proving a fundamental characterization

of the nomal distribution.

Theorem: [Kagan, Linnik and Rao 1973].

Let X(") = (X X5, o1ns Xn) be a random sample vector with

n 1 n -
1% and $2=g .Z](xi-x)z,
= i=

=

n > 2. For the independence of X =

the first two sample moments, it is necessary and sufficient that the

sample be nomal.

Proof:

To prove the sufficiency of the condition, we prove that the
degenerate nomal vector (X; - X, X, - X, ..., X, - X) is indepen-
dent of R by showing that the joint moment generating function of
X and (X, - R, X, - X, ..., X, - X) 1is the product of their

respective moment generating functions.

Mit, £, o, b)) = E[exp [tx (g -K)+ ..+ t (X - X):ﬂ

B n

|-— n
= E | exp Lizl t.Xs - (izl t. - t))’(]

n t1+...+tn-t
= E|exp l:_Z] (t; - = )xi:[

1:

e
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n _ _ - -1 -
=El]lexp ~ i where t=ﬁ-2t1.
i= L | i=1
n _ _ =T
= I I E| exp
.=-l B n 3
4l 2
-] Iexpl: l:t+n(t -t):[+ L £+ n(t, -E):[
i=1

| 2
exp[ E’nt+n Z (t, -t):[+—121 t +n(t, -t):[}
t +2 2 _
exp(ut)exp [Zn [:n +n 2 (t t) :[_J

2 2 N
exp(ut + 0—2 t2)exp l:%_— .Z] (t; - E)z:[
'|=

2n

M(E)M(ty, ooy b))

To prove the necessary condition, define the function f by:

f(t) = E|exp(itX; - x%):[

Clearly f 1is an entire function of t. In view of the independence

of the Xj , Wwe have

n ) » _ n
E expl:Z] (itx, : xj)] -[f(t)]
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Consider the expression

n
E nSzexp[f (itx, - Xz.):[
j=1 J J

In view of the independence of X and S$2, and of the identity:

T 2 2
¥ Xy = nk® + nS2
1

J

— n 2 n
E|nS2exp | § (itx, - x2) = E(ns2e™™ )E|exp{it ¥ X, - nk2
j=1 J J j=1 J

expl:Z] (1tX - X?)J
n
a [%(t)]

-ns?2
where a:-E_(n_Sz_e__-_) > 0

E(e'"sz)

n
E [nszexp [:,121 (itX; - xJ%)jH E ( Z Xz)exp I;Z (1tX - X4 )]
-E nxzexpl;_ ] (itx; - xJZ:l

=E(§I X2)ex E(itX-XZ)
e R E T j]

il
o

-
m

| S——

e~
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- .1_ E I:( )) X2) exp ';z (ItX - XZ)J:[
- T2 U 2‘
< E| LT Hews EZ] (it - xj)]

p [, n
-+ E (JE] x2) exp 2 (1tX - Xz):”

n n no )
(jZ] kz'l XJ. Xk) exp l;z] (1tXJ. - XJ.):[
ktJ

(]
S|—
m

_n-1 no2 n .
= = E[(jzl XJ.) exp 321 (1th - X?):”

1 L 2
- - E (jzl kZ! X; X, ) exp Z (1tX - X2 )}]

ktJ

-1
(n - 1) [f(t)]n E l:xzexp Z (1tX - XZ):H

+ (n-l)EEXlexp(itXI-Xf):[E inexp(itXZ-Xg):[ .

E explix (1tX - Xz)j”
i=3 J

~(n=DLE(E) I () + (n-1)0F(E)IM2 [Fe(2)]2



24

Hence,
-(n-NLF(EI™T £ (E) + (n-1)LF(E)I™2LE (£)1% apf(t)]"
or
LRI (e) - DR ZLe (6)12= -ape(e))"
Here a, = E%T >0; f s an entire function with

£(0) =j e'uzdF(u) > 0

Hence in some neighborhood of the origin, we have
2
fr(t) | £'(¢t) = -a
f(t f(t) 1
or Lenf(t)]" = - a

The solution of this differential equation is
f(t) = kexp (ivt - %-altz)

where k = f(0) and v = - if'(0).

(1)

Since f 1is an entire function, it coincides with the right

hand side of (1) on (- < t< =) if it does so on a neighborhood

of the origin.

We claim that F 1is a nommal distribution function.
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—

X
-n2
Set G(x) = f e W dF(u). Since f = k.f

o Where f; s the char-

acteristic function of a normal distribution, G(x) can be repre-
L4

sented in the form

X
G(x) = k Iexp [- (—x'—Yﬁ:{ dx
V?ﬂal —

2a,

so that, for any x,
T

We shall show that F 1is everywhere differentiable and calculate

X
J exp [: (x-y)% dx (2)

231

its derivative.

Let xo >0 and h> 0, then from (2)

R x0+“ _ Flxo+h) - Fxo)
k eo exPl: ngZ:'
o 2a, h

h

(x +h)2 Xot 2
<Kk o0 J exp S lxe)T T gy
'2“31 231

Xp
and similarly for h < Q.

Hence it follows that

_ w2
F'(xg) = exp | x3 - M—:[

k
V2na1 231

so that F s a normal distribution function.
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CHAPTER III

GENERATION OF RANDOM SAMPLES

Many techniques for the generation of pseudo-random numbers have
been suggested in recent years. The most commonly used a]gorithm and
the most suitable generator of unifonn variates for most applications
seems to be the multiplicative congruential generator. This method,
which is based on calculating residues modulo some integer N, gener-
ates sequences whose statistical characteristics are good enough for

most purposes.

After generating the uniform (0, 1) random numbers using the
congruential method, we proceed to gene}ate the random variates from
each of the thirty distributions. Random variables with a standard
normal distribution, i.e., mean u = 0 and variance o2 = 1, have

the following density function

-1 x2
fx(x)=—]—e% -® < X < @
m

and thus a cumulative distribution function

1t2

X
_a ([
Ft) = L -Je dt.

Since it is pot possible to evaluate this integral analytically and
then find the inverse distribution F'l(x), many methods and approxi-

tions have been suggested. The method we use to generate nonnq1 (0, 1)
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variates is the following [Abramowitz and Stegun 1970].

Xp-%-t?’ ¢
Let Q(x)=p=—Je dt
P /o

for values of 0 < p < 0.5

Co + Gt + c,t2
X, = " ; -~ t+elp)
dit +dyt? + dyt

whe re t = (-gnp2)*®

| e (p)|<4.5x 1072

Co = 2.515517 d; = 1.432788
c, = 0.802853 d, = 0.189269
c, = 0.010328 d, = 0.001308;

for values of 0.5 <p<1

Cy t ¢t + c2t2
X, =t - > * «(p)
P dit+d,t? +d,t

Xy is the required normal (0, 1) variate.

Variables with a double exponential (Laplace) distribution have

the following density function

w——d

fx(x) = 5o exp(-a[x-B8[); -=<x<w

-oo<B<co,a>0

with E(X) =8 and Var(X) = —2;
o




28

The cumulative distribution function of these variables is

;_—exp[a(x-B)] s X < B
Fx(x) =
1-;—exp[-a(x-8)] » X> 8

Hence given 0 < Fx(x) <1

1

8 + — Tog[2F, ()] if Fy(x) <0.5

l B - c1—109[2-2Fx(x)] if Fx(x) > 0.5

The parameters g and o are chosen to ensure that the mean p and
the variance o2 of this distribution are zero and one respectively,

in agreement with those of the standard normal. Then 8 = 0 and

a = /2.

Variables that are Cauchy distributed have the following density

function [Hastings and Peacock 1975]

: 1
fxlx) = %l:az + (x - g)Z [ X<=rm<Bem,a>0.

None of the moments of this distribution exists, and thus the mean
and the variance do not exist, while the median is B. The Cauchy

cumulative distribution function is

=1 X=-By ., 1
Fx(x) = Arctan ( - ) + 5

Hence given 0 < Fx(x) <1

X =8 -q cot(n Fx(x))
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The parameters g and o are chosen in the following way. The
median g 1is matched with the mean , of a standard normal and the

tails are matched at the 95% points, and thuse

. -1.9%
® = Tan (-0.475x)

The slash distribution is the ratio of a normal to an indepen-
dent uniform (0, 1). Random variates having a slash distribution
are obtained by first generating normal variates and then using
another seed, and generating an independent sequence of uniform
(0, 1) variates. Then by forming the ratios of the former to the

latter we get the required slash distributed random variates.

The inverse cumulative distribution function of Tukey's

family is given by

-1 A_ (1 _v)A
Fx(x)=x (l x)s0<X<]

For different values of the shape parameter ) we get a variety of
symetric distributions. When ) =1,

-1
Fy(x)

2x =1, 0 <x <]

Hence Fx(x) X ; ! s =1 <X <1

which is the cumulative distribution function of a uniform (-1, 1)

o,

. d A A
lim = [x" - (1-x)"]
=0 da

random variable. When

-1
Tim Fx(x)
A+0

T1im d
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Tim [x* logx - (1 -x)* 1og(1 -x)]
)\—»0

log x - log(1 -x)

log lfx

which is the inverse cumulative distribution function of a logistic
random variable. The equation above is the formula used to generate

random variates from a logistic distribution.

Pareto distributed random variables have the following density

function
‘Qh)=a§)(h+]t X>B8,a>0,85>0

with E(X) = 28—, 0 51

and Var(X) = ag? s a > 2

(@ =1)%(a - 2)
The cumulative distribution function of these variables is

Fy(x) =1 - (8)°

Hence for 0 < Fx(x) <1
21
x = g[1 - Fx(x)] @
By setting the mean equal to , and the variance equal to g2 one

finds that

a = 1 +‘/] + ('_;_)2
T+ (Hy2
=|1/] + (3‘2

1 +/T+ @2
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This distribution cannot have a zero mean for then we will have a
degenerate random variable X = 0 with probability one. For this

reason we set u = 0.01. ¢

A random variable X 1is said to have a Weibull distribution if

its density function is given by [Hastings and Peacock 1975]

c-1
fx(x)= CXC exp(-%JC , x>0,
b

b>0 is the scale parameter and

¢ >0 is the shape parameter.

The values of the parameters we considered are b =1 and c = Q.5,
1.0, 3.0 for which the shape of the density changes drastically.
[Hastings and Peacock 1975]. The cumulative distribution function

of this variable is
Fx(x) =1 - exp(-x°)
Hence given =~ 0 < F(x) < 1

x = - logl1 - Fx(x)]

Random variables that are transformations of symmetric ones are
generated using their respective transformations. For example, to
generate random variates X = (1 - «)Z + aZ?> where Z 1is a standard
normal random variable, we first generate the standard normal variates
and then by using the above transformation we get the required random

variates. Similarly for the other two transformed random variables
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X = exp(BZ) and X = Zexp(yZ). For different values of «, g8 and y

we get the other twelve asymmetric distributions.
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CHAPTER IV

MONTE CARLO RESULTS

The purpose of this chapter is to give a general description of
the results. It is a survey of the computer study of the problem of
testing symmetry. The number of random variates generated from each
distribution is fifty; this gives rise to a sufficiently large number
of points to consider. Note that all (i?) possible samples of size
two are used. Moreover, this number of observations, (i?) = 1225,
can be classified into a 35x35 contingency table, which is easier to
handle, and from which we compute the chi-square statistic. A pumber
of computer runsare performed utilizing different input seeds for the
random number generator. Thus we have, for each distribution, a number
of computer output runs corresponding to different sets of data points.
Furthermore, different values for the mean and variance are used to
study the effects of these extraneous factors on the test. The
results obtained for each distfibution are all consistent in the sense
that there is no noticeable change in the general shape of the scatter
diagrams, and in the computed x?> and r2 values. This asserts the
robustness and the validity of this test. A complete set of contin-
gency tables appears in the appendix together with the x® and r2

values for each individual distribution.

The (i?) computed pairs of statistics (2X, 25%) are plotted

against one another and the scatter plot is thoroughly investigated.
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Data from most of the asymmetric distributions are concentrated along
a single line. Though the degree of concentration may differ from
one distribution to the other, it is quite ob¥ious that the data
points are clustered around a single line. The values of the x?
statistic and r2 for each of these distributions are considerdbly
higher than those of the normal. Some other asymmetric distributions
do not show this property of concentration. In fact they behave very
much 1ike the nomal and many other symmetric distributions where the
points are uniformly dispersed over the whole diagram. On the other
hand, a number of symmetric distributions do not show concentration
along a single line but along two distinct lines, the orientation of
which gives an indication as to how the tails of these distributions
fall off. A more detailed discussion of this phenomenan is given in
the next chapter. The computed x2 and r2 values for these

distributions are higher than those of the normal.

The appendix contains the computer output of thirfy 35x 35
contingency tables. The exact number of points in each cell is shown,
giving a general overview of how the points are spread. The x2
and r2 values are given at the bottom of each table. In order to
give a clearer picture of the concentration pattern, the following
display technique is adopted. If the number of points in a cell is
less than five, a blank replaces that number. If the number of points
is between five and fifteen, a star is printed in that cell, while

two stars are printed if the number of points exceeds fifteen. Each
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contingency table, in the appendix, is followed by its corresponding

concentration display picture.
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CHAPTER V

ANALYSIS OF RESULTS .

The test under considertion is performed on thirty sets of data,
each generated from a different parent distribution. Since this test
is basically a test of symmetry, it is therefore of interest to know
how well it performs when dif ferent symmetric and asymmetric distri-
butions are considered. The results obtained and discussed in the
previous chapter indicate the quality of performance of the test when

the underlying assumptions are slightly modified.

Data generated from most of the asymmetric distributions behave
similarly since all show the one line concentration property. This
and the fact that data from symmetric distributions do not have a
single Tine concentration, assert the validity of this test to
distinguish symmetric from asymmetric distributions. Thus this test
is effective in the sense that even if the assumption of symmetry is
modified slightly, or more explicity, even in the case of slightly
skewed symmetric distributions the test is capable of discriminating

between symmetric and asymmetric distributions.

On the other hand, as long as the distribution is symmetric the

results obtained are all consistent, independent of its shape.

Hence the effect of extraneous factors not under test, e.g., shape,

is negligible. This asserts the robustness of validity of the test.
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Furthermore, this test is not only effective in distinguishing
symmetric from asymmetric distributions, but it also gives an indi-
cation of how symmetric distributions behave away from the center,

precisely, whether the distribution has long or short tails.

Distributions like the Laplace, the Cauchy, the slash, Tukey's A
for 1 = -0.5, -1.0, -1.5, -2.0, that have fat (long) tails compared
to those of the nomal, show a two-line concentration starting to the
left of the scatter diagram and opening to the right with an acute
angle between the two. (See figures 2-B, 3-B, 4-8, 11-B, 12-B, 13-B,
14-B). Distributions with shorter tails than the normal, e.g., the
uniform, Tukey's X where A = 0.75, 0.5, 0.25, show concentration along
two lines that intersect ta the right and then branch out to the

left subtending an acute angle. (See figures 5-B, 6-B, 7-B, 8-B)

Some distributions, in particular the logistic, the Weibull with
shape parameter = 3,.two forms of the lognormal with coefficients of
variation 0.25 and 0.1 respectively, (0.9)Z + (0.1)Z2 and Ze(o'])Z
do not show any concentration. Moreover, the scatter plots of these
distributions very much resemble that of the normal (See figures 9-B,
16-8, 22-B, 25-B, 26-B, 30-B). To justify the behavior of these

distributions we note that:

(a) A particular form of the Togistic distribution with cumulative
1

distribution fynction Fx(x) = is very close to

I x
1 +e 3



(b)

(c)

(d)

(e)

— -

a nomal (0, 1) and the exact form used in this study is

1

X °

Fy(x) =
X 1 +e ¢

A lognormal distribution which has a small absolute value
(say less than 0.5) of the coef ficient of variation can give a

good representation of a normal distribution.

A form of the Weibull distribution with shape parameter z 3.25
is almost identical with the unit nomal. Hence the Weibull

(1, 3) 1is close to a normal (0, 1). [Johnson and Kotz 1970]

(0.9)7 + (0.1)2% s expected to behave very much 1ike a normal
since it is a mixture of a standard normal and chi-squared

random variable in the ratio of nine to one,
YZ .
Ze ~ = Z(1 + v2) for small Y

7 + 72

Thus for Y = 0.1, we have Z + (0.1)Z¢ which is even closer

to a normal than (0.9)Z + (0.1)72.

The normal distribution is characterized by the independence

of X and S%. Hence it is expected that the chi-squared test of

independence would give better results for the normal and thus help

identify the normal among all other distributions. However, due to

the fact that many of the distributions considered give good

approximations to the normal, the values of the x2 statistics

computed for these are almost equal to that of the normal. On the
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other hand, the r2 value computed, which is a measure of associa-
tion of the two variables X and S2 is very much smaller for the
normal than for the other thirty distribution considered. Hence

based on the r2 value, normality is established.



CHAPTER VI

SUMMARY AND CONCLUSIONS

In the preceding five chapters we constructed and discussed
the behavior of a new test of symmetry based on the relation between

the sample mean X and the sample variance S2.

We began chapter 1 with a discussion of the notion of symmetry
and symmetric distributions, and noted exactly what tests of symmetry
had been pérformed. We also gave a 1ist of the distributions consid-
ered for the test. Finally we discussed the notion of robustness and
gave an idea of the importance of the normal distribution and the
test of normality. Theoretical derivations and basic formulae in
support of the methods used were given in chapter 2 and the motiva-
tion for the test was considered. In chapter 3 we presented the
techniques used in generating the random variates from each of the
thirty distributions considered. Density functions, cumulative
distribution functions and inverse distribution functions were given,
together with the methods of generating random variates that are
skewed transformations of the normal. A survey of the results was
given in chapter 4. Following this was a discussion of the perform-
ance of the test and its robustness of validity and efficiency. The
display techniques were also discussed. Chapter 5 concluded the

work and gave more detailed information about the results, justifi-
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cation for some of the less intuitive results and the method used to

test for normality,

Essentially, all the results of this thesis are derived from
empirical sampling studies. They are accordingly subject to errors
and uncertainties. The experience of this study has been that empi-
rical sampling can provide a very useful general guide on sensitivity
properties even with a few Monte Carlo runs. One way to elaborate
on this work and perhaps improve on it is to consider a larger number
of distributions and exhaust all possible size samples of the chosen
population. The immediate problem that will arise is the increase

in the amount of computer time needed to do the computations.
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CONCENTRATION PATTERNS OF DISTRIBUTIONS UNDER TEST

43

No One-Line Left-Right* Right-Left**
Concentration Concentration Concentration Concentration
Normal Pareto Laplace Uniform
Weibul1(1,3) Weibull(1,1) Cauchy Tukey's(0.75)
Logistic Weibul1(1,0.5) Slash Tukey's(0.5)

Tukey's(-0.25)
(0.9)z+(0.1)z2
0(0.25)2
e(0.1)Z
70(0.1)2

ZZ

(0.5)2+(0.5)Z2

(0.75)Z+(0.25)22
4

e
e(O.S)Z
ZeZ
Ze(O.S)Z

Ze(O.ZS)Z

Tukey's(-0.5)
Tukey's(-1.0)
Tukey's(-1.5)
Tukey's(-2.0)

Tukey's(0.25)

* Left-Right concentration means that concentration looks like <

** Right-Left concentration means that concentration looks like »
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PARETN NISTRTAUTED RANDOM VARIABLE

[ ] * &
& » L] ¥
* AN
te 2 4
L ] [ L] ]
@ “ k4 L {
x4 &
> &4
& & * - ] o«
a
X “
»
R
Z41SQUARE = 34489

30 189" UF CARRILATION CNESFICIENT = 1.5375683402

FIGURE 15

L] >
¥ ]
at 2
L >
a -4 a
3 b ]
&



avfos

AN31ID144300 NOLLAVIIZRMLD H0 5

02662966000

= 3uVYNOS1+D

véGe

9

=]

(=]

VN IO

VNOD2DD
NINDID
ONDI=D
DD
- R-1]
COOeNO
~O00W WO

QO N™ O

0= 00uW
N"OOOWN
PLOUINOO
QO™ mQ
NI=NND
WWOP® O
Q2N

NIIOI2O

Q=™ NOCS PO

O~ NWO OO

(=N =]

oo

(=N =]

(=N~

[= X<}

o0

[N

(=N =]

(=N =]

COUNOOD®

NUOOOO
NPN=- DD
WOoPIDIO
QO0OWO =2
O9NO -~ A0
COO O m
NOoONvNG™N
NONOSNN
QOONS®
O~=00

6“"‘0!\!-
[N -R N -No]
OO0OO0O=00

[~N-N-N-N-N"]

CO00000

[~R=

ow

(=7

NOo

IO

O

= =]

f W g

(<=

Q-

on

=

J -

o=

on

Q20N

Q0O

wo

» O

-0

on

oW

(=N =~]

W

N W
W N

- 9

f= B8 J
[= N
oo
-0
-0
oo
[=Xe)
QO
QO

Q e

N a
wn
NO
-
Q-
(=0
S0
w o
N W
» o
o0
O™
(=X~
(=N~
oo
Qb

o

D -

29

os

O o

w2

QO

QO

oo

QO

Qo

QO

(o=}

No

> ™

9O

29

(S =]

v 0 ¢
[

e ¢
0 0 v v

[= =]

[= N =]

O =

-Q

[

(10,

(7]

wnN

090300

Q3

92

99

DD

(> R=]

o~

2

2

[= 2= R

D293

209

N0

00

QONO

200

[=N=1¥ 4

W onNn

e NO

Qow
Qo WWMOO
QO W WmNnO
GONNWS
SO~ r=Q
VOO NON
NOIIOO-

QOQ

0 ©

QOO0
(=X~ N=]
QOO0
IN=009
D=0

SO0 WWO

QO =W
ONO ™
W QO
N™NOOO
oON & LWWO
CO=m NN
$NOOO™
-

oOPW™"OO

=N a

¥

G ¢ 0 o

0O 0 ¥ 0 O

4]

=Bl R~

g ¢ 0 O

4]

0 0 0o 0 s
e
[ 3

SQOoOWOo

n

[=]

QOQ

COow

O Qe

[~ ~X-~]

QOO

Q0

@00

Q00

9

[~ X 4

onN

c 0 ¢ o

L~

€

W

- N

29

29

oW

(= o =

[~ <X

(=R ol )

ON r

I
»2
9N
Suw
- o
-0
(=N ~]
[=X=]
o9
(=X~
(=X~
ON
ouwu
os
o9
29
o
[~
nNO
[ g

Qre

N2
- &
“s
w e
(=X}
oo
o0
-0
(=N =]

[=N=]

o

(=N~

Qo

]

=}

0 0 0 0 C O

QA I WD~

[= 3= =X 2

QIJIIN

2000UN

(S N IS B NS J

DO=OW S

$0O0~QO~N

2 Q0= QP>

OO ™

4

& u
»a
wa
[ 4
[ N~
N e
SO
Nno

o> NG
-n8
Qe

- N

Q-
[-X-R}
o
(=]
NOO

nwnNo

[=N<N-]
-NOo
NOO
QOO0
QO
O
-NO
*#00
SO0

[~ X~-N-]

[~ X N-N-N-N J
*POm O WN
= ONQON
= NNOO™
ANCQOIO W
WeEm QON
= OO
[ X S-N~E-N']
NNWOO e
~ONQOOQ
-ONOOO
QOUOONO
ONIOmweQ
NOIOWWS
QIR OD
0O290=00
OCe0O00
OCONOOO
ONOOOO
ONOOOO
CN-N-N-N-N-]
PR -N-N-N-N-]
[~N-N-N-N-X-]
CO000O0
[~ N -N-N-N-N-]

[~N-N-N-N-N-]

0°E = D ¥ILIANVUYY IoVES HIIA ITEVINVA WOONVY Q3LNEIBLSIC VWNE1AM

¢t 3uncid

v -



75

SIGURE 16 3

WEIIULL YISTIIIJTED RANDOM VARIABLE #ITH SHADE PARAMETER C
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FIGURE 17 ]

WEIIULL DISTRISIUTED RANDOM VARIABLE WITH SHAPE PARAMETER C = 140
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FIGURE 19 _ B

WEIBULL OISTRIBUTED RANDOM VARIABLE #ITH SHAPE PARAMETER C = (5
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FIGURE 197

QANINIM VAQTAHRLE X = Z¥42 WHERE Z IS A NUOIMAL (D.1) RANDIM VARIA3LE
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FISURE 29 E]

RANDIIM VAQITAB.T X = ZAEXP{ Qe252Z ) WHERE Z IS A N ORMAL (O.1) RANDOM VARIABLE

L4 L
* & &
LI B .
o
a  a e ]
& 4
* ¥y &
£ 2w
& a x »
L >
£
b ]
@ A
a 4 e« ®
&
L
o
&
x
- 4
a X -
t o
& x

“HISAIUAS T = 3724

5321V3Z 2T CHOBRFLATION COESFICTIINT = 1422999239)



n

)
s

2
]

12124300 NOTLYI30ELD

ANZ

2v166Svest v

= aav(i0Sito

clee

]

0 0 0 O

0

14

QO

[ NS

QO

¢

QUN

QOoOV

0OoOOoON

QOoOoONnN

<

o

[

0

SO0

DO D

D292

202

209

0O 0 0 1 ua ¢ v 0 O

£

QWOoOo

--00

[}~ N ]

(=N« R

c ¢ o
0 0 0 O
c 0 O

O 0 0

0 0 0 ¢ ¢

2

u

0 0 0 0 v 0
0o 0 L
o 0 O

1

v

0
0

0 ¢ ¢ ¢

C

(=3 &

(o)

Q9

[=N=]

[ J= 2]

(SN =~

@ W

"o

29

===}

0

-0

oo

(=N =]

0 0 0 o

£

v

0

c ¢ 0O

0 0 0 O

U ¢ 0 0 0 O
O vV 0 O

0o 0 0 0 O

2

o 0

e

¢ U U 0
1

e
L

1
0

¢ 0 0
£
1

v
0
0

Lt a C
<

u
0

Y]
e

(=Nl

wWoo

oNO

-0 0O

OO w

wo o

(=]

[}

o

1

DWW ND

POIND O

NOOODOQOW
Q> -0
ONOG
QT OoOON &
QOOQON
QOOoOONN
QOO RN™
o000~ wWao
QOO DOWN
QWowe™

Q=000

1
€
0 0 ©
€
0

3

e

9
T v 0

e

1

&

232

U
]
v
v

v
Q
2
V]

QN O

0 O°

0
1

[N ~Ne

£

000

0 0 o

[N e

000

= 0000

QD000 0

WO o9

o0

QOO0 O0

[« R~ N=Ne)

£

0O 0 0 O

1
0O 0 o0

0 0 0 0 0 ¢
£
€

1
¢ 0 vV 0 0 0 O
€

(SR~ =)

S W

QO

[N =]

[~ NN

[~ =R~

[~ -]

[«R-N=]

cooo

PP R L P 8

102

(4]
0

1
0 C 0 0

1
V]
U 0 LV U

0 0 0 v
0
0

oQ

o0

o0

oo

0 0 0 o

(= =)

00O

000

378VIbVA RDONYY (T1°C) “WWHWHON v S1I Z 3YIHA { Z&1°0 )dX34Z = X 3I6VIEVA RCCAVE

I8N0 14

v T 0€



e b s

-s

103

QANDOM VARIARLE X = ZeEXP(

FIGURE 30

Oel%Z ) WHERE Z (S A NIIMAL

CHISQUARE = 2912

(0s1) RANDOM VARIABLE

SNJARE NF CORRELATION CIEFFICIINT = N.0524599142
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