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ABSTRACT

This work aims to carry out a theoretical investigation
to the problem of heat transfer from an isothermally heated
horizontal cylinder rotating in quiescent fluid of infinite
extent. The study is based on the solution of the
conservation equations of mass, momentum and energy for the
two dimensional flow of a Boussinesq fluid. The effect of
the various parameters which influence the heat transfer
process namely the Reynolds number and Grashof number are
considered while the Prandtl number is held constant. The
investigation is carried out for different values of
Reynolds number while the Grashof number is varied in the
range 0<Gr/Re?<1.5, the Prandtl number Pr = 0.7 is held at a
constant value. The highest value of the Reynolds number
considered in the present study is 840. Streamline and
isotherm patterns are obtained from the mathematical model
and the results are compared with previous experimental

data. A satisfactory agreement was found.

-Xiv-



P I

e il el Juisol adSEad Loks Ly f1oal Gl Bladl sas o

C e Ay b Sl alla P S Rabiie Bl o o1 eeidl Wl phaf

UL_')-J Lil..th_, 35_)».«" 't..‘.as_, aloSUl bas wdolas Jo ls L|JJJ| Qe y
dziadl ol ppizadl esls el ol sde Jazzy o Sl gtlad Jlee b gt
RFUBBENNES PODPRYS JRNOICLT YT SRR P JUicol aplas b 23 o=l

sL_i, s~ ( Grashef number ) 9521 5 pi,5 ( Reynolds number )
ta—ad coedl 138 g2l a8y o Lyl ( Prandtl number ) JEair
JUVDITTURET I SEPRIIRTCOROuCORt PUIF IV FIFS o U i e

V(adywy o))
03 b S gy g bad el ol LS ooy e calSs Joasl e o) Lt
o (gl b ghs elJoS,y Gl bhs s J e -~ by« Afe A el yadl
y S P | | C&L."u-ll & c.‘-l.:-.‘-J| o ,lis ~ LS q‘-\.—».." c;\_,.a.‘—" o '3J|J>.J|
o Lpd pe Lapanr (301 92 OLS (S}



CHAPTER 1
1.1 INTRODUCTION

The thermal behavior of different machine elements
involves the analysis of various modes of heat transfer such
as conduction heat transfer between solid parts, convection
between solid parts and the adjacent fluids and the
radiative heat transfer between different machine elements.
The convective heat transfer comprises mainly of the fluid
flow over the stationary or moving machine elements.
Convection heat transfer between a rotating machine element
and the surrounding fluid presents a type of convection
problem which is quite different and much more complicated
than the typical problems of flow through ducts or over
stationary external surfaces. Such a problem arises
frequently in connection with the thermal behavior of
shafting, flywheels, turbine rotors and many other similar

machine parts.

Heat transfer from stationary horizontal cylinders to the
surrounding fluid has been studied both theoretically and
experimentally by many researchers. Vander Hegge Zijnen (1],
Kyte [2] and others experimentally studied this problem and
developed empirical correlations for the heat transfer
coefficient for different ranges of Rayleigh number, Ra.
Lately, Tsubouchi and Masuda (3] and Churchill and Chu [4]

studied the same problem and obtained empirical correlations



for the heat transfer coefficient with further improvements.

The heat transfer from rotating machine elements consists
of two major classes of problems, the first one associated
with the rotating cylinders and the second associated with
the rotating disks. The amount of research work available
for the theoretical analysis of flow is small for the case
of isothermally heated rotating horizontal cylinders.
Several experimental investigations were conducted during
1950's to ascertain the thermal behaviour of isothermally
heated rotating horizontal cylinders in different fluids of
infinite extent. The results showed that the heat transfer
coefficient was influenced mainly by the speed of rotation
and the natural convection. All the researchers found that
free convection has strong effect at low rotational speeds
and then as rotational speed increases, the heat transfer
coefficient was found to be entirely dependent on the
rotational speed and not upon free convection effects.
Empirical correlations were deduced for the heat transfer
coefficient where it was found to be influenced only by the

high speed of rotation.

The primary objective of the present work is to obtain a
complete theoretical analysis of this problem of heat
transfer from an isothermaliy'.ﬁeated horizontal cylinder
rotating in a quiescent fluid of infinite extent. Importance

is given to the low speed range in which the free convection



mechanism dominates and the flow is laminar.

1.2 LITERATURE REVIEW

Free convection heat transfer from horizontal cylinders
has been a subject of both theoretical and experimental
research due to its numerous engineering applications. Most
of the ©previous research involved the experimental
investigation for the heat transfer by natural convection
from stationary cylindrical bodies immersed in different
fluids which are infinite in extent. The empirical
correlations developed for the heat transfer coefficient
[(1-8] for different ranges of Rayleigh number, Ra are

summarised in Table 1.

’

Recently, Farouk and S.I. Guceri [9] studied the problem

of laminar natural convection heat transfer from a

stationary isothermal horizontal cylinder. A finite
difference scheme involving successive substitution
technique was employed. Finite difference equation were

obtained by integration over finite cells, instead of using
standard Taylor's series expansion. The results obtained
were compared with the results obtained by Kuehn and
Goldstein {10] and were found to be in good agreement. The
results in [10] also showed that the boundary iayer
solutions do not adequately describe the flow and heat
transfer at low and moderate values of Rayleigh number, Ra,

due to neglecting curvature effects and the breakdown of



TABLE 1. Correlations for Heat Transfer by Natural
Convection from Horizontal Isothermal Cylinder

. Vander Hegge Zingen [1]

Nu = 0.35+0.25 Ra® 12 + 0.45 Ra"2?, 1q‘7<Ra<1o9 (1)
. kyte [2]
Nu = 2/In[1 + 7.09/Ra® 371, 10”7 <Ra<101°?
(2)
Nu = 2/2n[1 +5.01/RaC 207, 101 *° <Ra<10°
. Tsubouchi and Masuda [3]
Nu = 0.36+0.52 Ral2?, 100 <Ra<10
(3)
Nu = 0.36+0.048 Ra® 127 +0.52 Ra 27, 1078 <Ra < 10°

. Churchill and Chu [4]

-L/9
Wu = 0.36+0.518 Ra®"2 [1+ (0.550/pr)%/26) ", 10%<Racro®  (u)
. Rice [5]
Nu = 2/In[1 + 2/(0.47 Rao'zs)] > (5)

. Senftleben [6]
N = 2{1-f(1+xy)®? 11/ (xy) Hx (6)

vhere x = Zn[1+h.5/Rao'25], y= Rao'25/0.033

. Morgan [7]
Nu = 0.675 Ra® 08, 10739 ¢Ra <1072
= 1.020 Ra?-148, 1072 < Ra<10%?
= 0.850 Ra+188, 102 < Ra<10® } ()
= 0.480 Ra0.250, 101‘ < Rag<107
= 0.125 Ra©*333, 107 < Ra<10%? |




contd .. Teble 1

8. Reithley and Hollands [8]

5 3- . .
w337 = [2/2n{2 + 2.59/C(1)Ra’ 27}] 3T, [0.72 C(t)Ral/B]B 331

1072 <Ra < 1072 (8)

o(1) = (2/3)/[1 + (0.49/pr)9/1614/9

c(t) =min(0.15, 0.1k pr0-0%).



boundary layer assumptions in the region of the plume.

A detailed theoretical investigation of the problem of
laminar mixed convection from an isothermally heated
horizontal cylinder is presented by Badr {11,12]. Different
flow directions were considered. The investigations were
pased on the solution of full vorticity transport equation
together with the streamfunction and energy equations. The
results obtained for different Reynolds number and Grashoff
number were compared with available experimental
correlations and the agreement was found to be satisfactory.
Information on the effect of the flow direction on mixed
convection from a horizontal cylinder [13] is also presented
by the same author for Reynolds number, Re upto 40 and
Grashoff numbers of Gr = Re?. The results obtained agreed
well with the experimental data obtained by other

investigators.

The amount of research work conducted on the theoretical
analysis of flow in the laminar free convection dominated
regime is considerably small especially for the case of
isothermally Theated horizontal cylinders rotating in
different fluids. Following 1950, several experimental
investigations were pefformed to study the development of
velocity and thermal fields around the isothermally heated
rotating horizontal cylinder in a fluid of infinite extent.

These studies have been restricted to the consideration of



the mean heat transfer coefficient without paying much
attention to the details of the flow and thermal fields.
These experimental studies further revealed that the heat
transfer coefficient may be located in any one of the three
distinct regions.
(1) in a region where its value does not depend on
speed of rotation.
(2) in a region where its value is dependent on both
free convection and speed of rotation and
(3) in a region where its value depends only on the

speed of rotation.

Correlations were developed for the heat transfer
coefficient where it was found to be influenced only by the

high speed of rotation.

Anderson and Saunders [14] found that upto a critical
value of Reynolds number, Re, the Nusselt number, Nu was
almost independent of the surface velocity of the rotating
cylinder. The Reynolds number which is based upon the
surface velocity of cylinder was expected to reach a
critical value when the tangential velocity of the surface
of the cylinder becomes approximately equal to the upward

free convection velocity. The critical Reynolds number Recr

was found to be

Regy = 1.09 Gr . (9)



The heat transfer below this critical value was mainly due
to free convection. Above this value, the Nusselt number Nu
increases with the increase of Reynolds number and the heat

transfer by free convection becomes negligibly small.

Dropkin and Carmi [15] conducted experiments for the same
problem and concluded that for Reynolds number above 15000,

Nusselt number may be computed from the equation

Nu = 0.073 Re""’ (10)
The entire region in which the heat transfer coefficient is
influenced by rotation was expressed as

35

Nu = 0.095 (0.5 Re? + Gr)°" (11)

Etemad [16] studied experimentally the heat transfer and
flow over horizontal cylinders rotating in air. The
Interferometric studies revealed that the laminar couette
flow broke down at a critical Reynolds number, Re of 900.
At Reynolds number above the critical wvalue, a three
dimensional secondary flow begins to develop which showed
some resemblance to the secondary flow Dbetween two
concentric cylinders when the inner cylinder is rotated.
Suqh a flow was observed by Taylor {17]. Using theoretical
considerations, he obtained for Reynolds number above 8000,

a correlation for Nusselt number



Nu = 0.076 Re’ (12)

In the intermediate range between 1000 and 8000, both
Grashoff number and Reynolds number influenced the heat

transfer rate

Nu=0.11[(0.5 Re2 + Gr)Pr]0'35 (13)

Kays and Bjorklund {18] studied the heat transfer from a
horizontal cylinder rotating in air with and without cross
flow. In case of no cross flow, it was found that the

Nusselt number could be predicted by the equation

Re°*Pre /%l_)_
1 (14)
SPr +5 4n(3 Pr + 1) + [—-——] - 12

,CD
2

The Friction factor CD was obtained from the data of

Nu =

Theoderson and Regier [19].

Information about the heat transfer from a horizontal
cylinder rotating in fluids other than air was reported by
Becker [20] and Seban and Johnson {21]. Becker [20]) studied
the rate of heat transfer from a horizontal cylinder

rotating in water. The experimental results obtained were
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correlated with the equation
2 1
Nu = 0.133 Re3 -Pr3 (15)

The range of Prandtl number was 2.2 to 6.4 -and the Reynolds
number was between 1000 and 46000. Seban and Johnson [21]
studied experimentally the heat transfer from a horizontal
cylinder rotating in a tank of oil. The results covered the
Prandtl number 130 to 670 and Reynolds number upto 15000.
The results showed an increasing dependence of free
convection heat transfer on rotation as the Prandtl number

was increased by reducing the oil temperature.

A comprehensive experimental work regarding combined ,
forced and natural convection with low-speed air flow over
isothermally heated horizontal cylinders was carried out by
A.P. Hatton et.al [22]. The region in which both the
natural convection and the forcing velocity have
considerable influence on the mean heat transfer coefficient
is extremely complex since the natural convection causes the
fluid to move vertically upwards whereas the forcing
velocity may be in any direction. In their work, a special
emphasis was given to the hot wire anemometry application
and accordingly, the heat transfer measurements were
performed for Reynolds number, Re upto 45 and Rayleigh
number, Ra in the range 10 ~’<Ra<l0 for different flow

directions. An experimental correlation based on the
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vectorial summation of forced and natural convection was

deduced. An equation of the following form was proposed for

the natural convection regime

s ~-0.154 0 :
Nu [E—] = 0.384 + 0.59 Ra -184 (16)

o,

where [T./T ]|~° %% is a temperature correction factor.
f e

Shimomura [23] conducted experaimental investigation on
the region where the heat transfer coefficent is influenced
by both the speed of rotation and the free convection
mechanism. The study was focussed on the low speed range in
which free convection mechanism dominates and the flow
regime is laminar. Later L. Goettler and J.A. Filo |[24]
examined heat transfer from a slowly rotating horizontal
cylinder to ambient air both analytically and
experimentally. The approach was based on boundary layer
assumptions where the boundary layer equations were deduced
on the basis of order of magnitude analysis. However,
because of the thick boundary layer prevailing around the
cylinder surface specially at low rotational speeds, the
above assumptions become questionable. Moreover the boundary
layer assumptions are valid only upte the point of
seperation after which the boundary 1layer thickness
increases in all cases. The use of boundary layer

assumptions in the region of plume was also shown to be
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invalid by Kuehn and Goldstein [10] at low and moderate
values of Rayleigh number, Ra. Hence the full conservation
equations must be solved in the region after seperation.
The results obtained in [24] show a considerable difference
when compared with the experimental resuits of Shimomura

[23].

when a horizontal cylinder, initially at the same
temperature as that of the surrounding fluid, is subjected
to a sudden uniform increase in tempertaure, it has been
observed that the heat transfer to the surrounding medium
was initially by pure conduction and then by natural
convection [25-29]. Ostroumov [25] wutilized an optical
technique to observe the transient pattern of the
temperature field around a 0.1 mm diameter platinum wire.
The experimental setup had a resistance bridge to actually
measure the temperature response of the wire. From the data
obtained, he concluded that the transition time from pure
conduction to natural convection was proportional to Q°'°f,
where Q is the power delivered to the wire per unit length.
1t was also observed optically that the isotherms around the
wire appeared to remain approximately concentric for a
certain time called the 'delay time' before they were
distorted by the buoyancy driven convective motion. The
delay time was considered as the time for which a volume of
liguid must be heated, characterised by vthe penetration

depth of the temperature field, until its buoyancy exceeds
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the viscosity of the surrounding liquid. At that point the
hot fluid breaks away from the wire. Overshoot was also
found to occur in some of the wire response data. Vest and
Lawson [26] studied this transient temperature field in the
.fluid surrounding a suddenly heated thiﬂ horizontal wire
using a precision Mach-Zehnder interferometer with a He-Ne
light source. They found that transition time was
proportional to Q-? /3, The transition phenomenon was
explained as hydrodynamic instability. In other words, the
transition takes place when the Rayleigh number, Ra based on
the penetration depth of the fluid reaches a critical value.
The data indicated that the overshoot in heat transfer
occurs for the case of horizontal cylinders and is related
to thermal instability. Parsons and Mulligan [27)
investigated experimentally the transient heat transfer due
to step increase in temperature for 0.03mm and 0.127mm
platinum wires in air. They confirmed the theory of Vest and
Lawson with a suggestion to include the wire heat capacity
and thermal conductivity effects. Parsons and Mulligan 28]
also studied the onset of transient natural convection from
a suddenly heated horizontal cylinder (6.32mm diameter
steel) in air. The thermal stability analysis was confirmed
which indicated localised natural convection before the
global motion. The transition from conduction_to convection
was investigated again for horizontal cylinders, platinum

wires in various 1liquids, subjected to internal heat
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generation increasing linearly with time by Faw et.al [29].
Shadowgraph and interferometric images were obtained and the
transition times were determined . The results showed that
the time of transition was inversely proportional to the
cubic root of the rate of increase in hea£ generation, and

independent of wire diameter.

The transient experiments of Vest and Lawson, and
Ostroumov, were optical in nature. The experimental studies
[27-29] confirmed the transition from conduction to
convection for the case of stationary horizontal cylinders
only. No theoretical or experimental studies have been
presented as yet for the case of isothermally heated
rotating horizontal cylinder to confirm this transition from

jnitial conduction to convective motion.
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1.3 OBJECTIVE

The present work is aimed to conduct a complete
theoretical analysis of the problem of heat transfer from an
isothermally heated horizontal cylinder. rotating in a
quiescent fluid. The study is based on the solution of the
three conservation principles namely the conservation of
mass, conservation of momentum and the conservation of
energy. The effect of various parameters on the heat
transfer coefficient including the Reynolds number, Re and
Grashoff number, Or are considered. The time development of
the velocity and thermal boundary layers until reaching the
steady conditions are to be investigated. Variation of the
local Nusselt number and vorticity over the whole cylinder
surface as well as the streamline and isotherm patterns are
to be plotted in order to study the different aspects of the
phenomenon. Special emphasis is given to ascertain whether
the initial heat transfer is due to pure conduction only as
was reported for the case of isothermally heated stationary

horizontal cylinders.
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CHAPTER 2

2.1 PROBLEM STATEMENT

In this work, the problem of heat convection from a
horizontal cylinder rotating in a quieécent fluid is
considered. The solution is based on the solution of the
three conservation principles namely the conservation of
mass,the conversation of momentum and the conservation of
energy. The most important assumptions utilized for the
analysis of the present problem are as follows

(1) The flow is laminar.

(2) The cylinder is of infinite length assumed to be
immersed in a fluid of infinite extent.

(3) The end effects of the cylinder on the velocity and
temperature fields are neglected and hence the flow
is assumed two dimensional.

(4) The effect of temperature variation on fluid
properties are considered negligible except fqr the
body force term in the momentum equation. This is
commonly referred to as the 'Boussinesq
approximation'.

(5) Effect of viscous dissipation is neglected.

(6) Radiation heat transfer effects are neglected.
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2.2 GOVERNING EQUATIONS AND BOUNDARY CONDITIONS

The model considered here is a smooth horizontal circular
cylinder of infinite length and radius, a, heated
isothermally to a wuniform surface temperature Ts' The
cylinder is rotating counterclockwise at a constant angular
velocity w about its own axis and is assumed to be
completely immersed in a quiescent fluid of constant
temperature T_. Fluid motion is mainly due to

(1) Rotation of the cylinder and
(2) Buoyancy effects.
Assuming time dependent flow, the governing equations [30]

in cartesian coordinates are

(1) EQUATION OF CONTINUITY:

Veu=0 (17)

(2) EQUATION OF MOMENTUM:

[3u 2
pL3?+(p_'V)g =F-Vp+uv'yu (18)
(3) EQUATION OF ENERGY:
DT
PKE = = v2rp (19)
32 32 32

2—
where V° = %z 397 t 32



Fbspr(T-Tw)

Fig. 1. The coordinate system used showing the radial and
transverse body force components Fr and Fg.
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Now, introducing the vorticity vector 5’ which is defined

as

' =VxU (20)

by

oo |3vL _ Bul
L' = [ax- By'] (21)

u' = — and V! = - (22)

to satisfy the continuity equation (17).

Utilizing this definition of vorticity in the momentum
equation (18), an expression for the rate of change of
vorticity can be obtained. This is achieved by taking the
curl of the two sides of equation (18) which results in the

famous Helmholtz vorticity transport equation

ag’ ‘
p[s'i‘-w @-mp|=TxE-TxTeuTo cpE N @)

Knowing that v x ¥ p = 0, equation (23) for the case of two

dimensional flow yields
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where the vorticity ¢’ is related to the stream function ¢

by

C.=-V2‘-’)'

] +vVige
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(24)

’

(25)

In cylindrical coordinates, the above two equations along

with the energy equation can be expressed as

L' . v ' L v AL _ o2, [1)[3F8 1 dFyr
etV T trr e TV S T gl T e Y
gr = V2,
AT « 31  v§or _ [k 2
at'+ rl-f-r-r"'-r—.'gg [B—E] Vér .
2 2
where V2 2 R 1 2

“arr t 3 YT 5T

Fr' and Fe represent the radial and transverse

components. These are defined as

)
It

pPgB(T~T,)sinb ,

Fg = pgB(T-T, )cosO .

Fg

-r—.-} ' (26)
(27)
(28)

body force
(29)
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where B is the coefficient of volumetric thermal expansion

defined as
1[3p]
= - === (30)
]p plor)p '

The stream function ¢’ and vorticity ¢’ in cylindrical

coordinates are defined as

LA PR
Vee=rroe 0 YT T ar (31)
and
S ' 1", L)
T l:r' ar' T Vo T T30 (32)

2.3 NORMALISING THE GOVERNING EQUATIONS

Since it is convenient to work with dimensionless
quantities, the governing equations along with the boundry
conditions are made dimensionless by redefining the depend-
ent and the independent variables. This is achieved by
dividing these dependent and independent variables by
constant reference properties appropriate to the flow. The

variables used are
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r = X- ; P = b
a a ug
T - T,
and = —

where u aw is the

S

cylinder.
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surface velocity of the rotating

Introduction of the dimensionless variables in equations

(26)-(28) yields the following equations for the vorticity

¢, the stream function ¢ and temperature ¢

14 3C-.V_G__3_C_iz_Gr|_
*rFVrn T 9 '[Re]” ZRe? | °°%
=9V ,

The radial and tangential velocity components Vr

can now be expressed in terms of ¢ as
and Vg =

and the vorticity ¢ is

sinf 3¢] . (33)
r BBJ

(34)

(35)

and Ve

(36)
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I 1 -1 - -V
g = r[r 22+ Vg - | - (37)

The above equations were deduced using the following
definitions for the dimensionless numbers
Reynolds number, Re = 2aluw/v based on the peripheral

velocity of the rotating cylinder.

I

Prandtl number, Pr u c/k and

GCrashoff number, Gr gf (TS-T‘”)(Za’)/v2
2.4 BOUNDARY CONDITIONS

The different boundary conditions for the present problem

are

i) atr'=a
V;,=O ; Vé =aw and T = Tg.
ii) as r' + ®
v;:,-»o ] Vé+0 i T AT ar;d g' + 0.

Utilizing the non-dimensional variables, the above

boundary conditions reduce to
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L (38)

ii) as r + ®

Vy*0 ; Vg>0 ; ¢+0 and >0 )

These conditions are based on impermeability, no-slip and

the isothermal conditions on the cylinder surface. V_ and V0

r
both approach zero as r approaches infinity because of
quiescent ambient fluid surrounding the rotating circular

cylinder.
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CHAPTER 3
THE METHOD OF SOLUTION

The method used for the solution of present problem is
based on integrating the time dependent go§erning equations
of motion and energy till the steady velocity and
temperature fields are obtained. The procedure adopted for
the solution involves the use of certain initial conditions
and then integrating for a sufficient time till a steady
state solution is reached. The approach is similar to the
one adopted successfully for studying the laminar mixed
convection from a horizontal isothermal circular cylinder in
a cross stream [l1] and laminar combined convection from an
isothermal horizontal circular cylinder for the cases when
the forced flow was directed either vertically upwards
(pérallel flow) or vertically downwards (contraflow) [(12].
The same approach was used furthur to study the problem of
laminar forced convection from an isothermally heated
horizontal circular cylinder rotating about its own axis and

placed in a uniform stream [31].

The method of solution is a generalization of the method
developed by Badr and Dennis [32] to include the buoyancy
term in the vorticity equation and to solve the energy
equation simultaneously to obtain the time dependent
temperature fieldl In the present problem, the cylinder is

assumed to be initially rotating with no temperature
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difference between its surface and the surrounding gquiescent
fluid. The cylinder is then suddenly heated (t>0) to a
constant temperature Ts' In the initial stage immediately
following the temperature increase, the temperature change
is confined to the immediate neighborhood.of the cylinder
surface. Accordingly, the body force term will not have any
effect on the solution since the temperature is same
everywhere. In the later stage, due to temperature
difference which exists between surface of cylinder and the
surrounding £fluid, both velocity and temperature fields

develop with time until reaching the steady conditions.
3.1 THE SERIES TRUNCATION METHOD

To account for the boundary conditions that exist far
away from the cylinder surface, the modified polar

coordinates ({,06) are utilized such that

£ = 1ln(r'/a) = 1lnr

The equations (33)-(35) are now transformed accordingly

to

269 _ 2 (3% , d%) _ 8y 8z, BY 2L
e at-ne[izr*‘w -3 Tt %
e .
- eg'iﬁgf [cose %% - sina-%% ' (39)
26, _ % 2%

&7 L =Tt et (40)
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where
Ve = e’ %—‘g-
and (42)
vg = et -g—qé- .

The transformed boundary conditions now are

aj = .§E - - -
= o , 3E 1 and ¢=1 at £=0
il -g-‘g >0 ; -eb —g-‘g- >0, (43)

Although the buoyancy driven flow is symmetric about the
line 6 = 7/2 and the flow resulting from the rotational
motion of the cylinder is axisymmetric, the superposition of
the two motion results in an asymmetric flow field.
Following the series truncation method developed by Badr and
Dennis [32], the dimensionless vorticity ¢, stream function
¢, and temperature ¢ are expressed in terms of Fourier

series as
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N
|p=—;-Fo+ 2 [fnsinn6+Fnc05n6].
n=1

C=%Go+ 2 [9n sin n6 + Gp cos né] , o (44)
n=1

N
¢,=%Ho+ z [hnsinn6+anosn6] .

n=1

E G.. g

F
where o £ n’ o

G, H h and H are all
n n

n’ n’ n o’

functions of { and t.

Substituting equation (44b) in equation (39) and then
integrating both sides of the resulting equation from O to

27 yields the following equation for the function Go(E,t)

2 3G _ (2 )36
e 3t _[R ] SE2 + So (45a)

To obtain the governing equation of gn(a,t), equation
(44b) is substituted in equation (39) and both sides of the
resulting equation are multiplied by sin n8, It is then

integrated between 0 and 27 which yields after rearranging

2 2
b G DI SIS
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Again after substituting (44b) in (39) and multiplying
the resulting equation by cos n8 on both sides, the
integration carried out as before between O and 2w yields an

equation in terms of Gn(i,t)

2
Zezﬁic_n=[_4_][§__‘3!n_nzcn]_nfn%%g+ngn§3%c+snz (45¢)

where So, Sn1 and Sn2 are all functions of { and t and are

defined in Appendix (A).

To obtain relationships between Fo(E,t), fn(E,t) and
Fn(g,t) on one hand and Go(g,t), gn(z,t) and Gn(i,t) on the
other, equation (44a) is used together with equation (40).
Both sides of the resulting equation are integrated directly
between O and 27 to obtain the following relationship

between Fo and Go

2
9 Fo o 26 Go (46a)

To obtain a relationship between En and an equation
(44a) is substituted in equation (40) and then both sides of
the resulting equation are multiplied by cos n8. The
integration is performed on both sides between O and 2u

which yields

2p 2 '
%Ezn - n?r, = e28 g (46b)
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The relationship between fn and 95 is obtained when both
sides of equation (after substituting equation (44a) in
equation (40)) are multiplied by sin né and integrated

between 0 and 27

2
3%fn _ n2f, = o286 an (46c)

oET

Finally, using (44c) together with equation (41) and
following the same mathematical procedure as was described
for obtaining expressions (45) and (46), one can get the

following expressions

28 9Ho _ [2) 9%Ho

e® S - [._Pe] SER * 2o (47a)
2 9h 4)(3%n ) dH 3F

2675 30 _ [Fé { In nzth +nrn 3R - nuy e 4 2y, (47b)
28 OH 4) (3% oH F

2% 2 . [P_e.‘ [‘afi“ - nzﬂn? ~n a2 4 nna 32 4 2, (47¢)

where the functions 2 _, 2 ., 2 are all functions of § and
o nl n2

t and are defined in Appendix (B). It must be mentioned here

that the equations (45)-(47) obtained are similar to the

equations obtained earlier by Badr [11].
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The different boundary conditions for all the functions
present in equations (45)-(47) are deduced by substituting

the boundary conditions (43) in equation (44). This leads to

iyatE=0; t>0 S

=0 and _a_Fll=

k3 E13

(48)

9Fo ofn éFn
—§€—+0 : —5E-+0 and —52—-*0 J
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3.2 INTEGRAL CONDITIONS

In order to ensure the continuity of pressure around the
cylinder surface, Badr [11,12] and Collins and Dennis [33]
found that the use of integral conditions were more
efficient and easier to implement than the differential
conditions in equation (48). Integrating equation (46a)
with respect to §{ from £ = 0 to § = « and then applying the
boundary conditions (48), one can obtain the integral

condition (4%a)

® 2
J et Godg = 2 (49a)
0

By multiplying both sides of (46b) and (46c) with e™™ and
then integrating from § = 0 to § = « subject to boundary

conditions (48), one obtains equations (49b) and (49c)

I e (2 ME gndf =0 (49b)
0

o0

J M ¢ aE =0 (49¢)
o]

A similar approach has also been used by Ingham [34] to
study the problem of free convective hear transfer from a
stationary isothermal horizontal cylinder. ‘The solution
procedure in the present study is divided into two stages,

the first one being the initial phase wherein the motion of
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the fluid is only due to the rotation of cylinder with no
temperature difference between the cylinder surface and the
surrounding fluid and the second phase in which the surface

of the rotating cylinder is heated instantaneously to a

constant temperature Ts'

3.3 INITIAL PHASE

In the initial phase since the cylinder is assumed to be
only rotating with no temperature difference between its
surface and the surrounding fluid (Ts =T, the body force
terms 1in equation (26) have no significance. Due to
rotational symmetry and assuming the flow to be steady, the
transverse component of the Navier-Stokes equation in polar

coordinates can be reduced to

L} ] 1
3%v 1 9V v \
[5;79' = r? - Fe?-‘ =0 (50)

with the boundary conditions,

Vr':,-*O i Vg >0 as r' + o

The solution of the above equation that satisfies the

boundary conditions is
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Vg =—+ and Vr':, =0

where a is the radius of the rotating cylinder and w is the

angular speed.
Using equation (32), one can now write

W' _  atw

' _
w0 M T I

and using dimensionless variables one obtains

1
Ve = T and Vy =0 (51a)

everywhere in the flow field. Using the modified polar
coordinates, the above stream function derivatives can be

written as

Y _ Y _
ae—O and -5%"— 1 (51b)

Differentiating equation (44a) partially with respect to 9

and comparing with the above, one obtains
Fp=£f,=0

Again, differentiating equation (44a) partially with respect

to ¢ and comparing with equation (51b) yields

3o _ _,, 9y _ 3 _
3 2 ; 3E - 0 and 5E =0
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Integration of aFo/ag -2 yields .

At E=0 ; Fog=0 (. ¢=0). . Cc=0

Hence Fg

il
|
N
o

Substitution of equation (5la) in the vorticity equation

(37) gives ¢ = O everywhere in the flow field which results

in Go = g, = Gn = 0 at time t = 0. Since there 1s no
temperature difference between the cylinder surface and the
surrounding fluid, then ¢ = O everywhere in the flow field

which leads to

3.4 THE SECOND PHASE

in the second phase of motion, the cylinder surface is
assumed to be heated instantaneously to a temperature Ts.
The thermal boundary layer develops along with the velocity
boundary layer in time until reaching the steady state
conditions. The instantaneous temperature rise at t = 0
‘results in ¢ = 1 on the cylinder surface and ¢ = 0
everywhere in the flow field. From eguation (44c), the

following conditions are obtained
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Ho=2, Hy=h, =0 at £=0

(52)
Ho=hn=Hp =0 as § + &
For the above mentioned conditions, the equations

(45)-(47) are integrated numerically using the Crank-
Nicholson finite difference implicit scheme. The time
development of velocity and temperature fields is obtained
by advancing the solutions of ¢, ¢ and ¢ in time subjected

to the boundary conditions (48).
3.5 FINITE DIFFERENCE FORMULATION

The finite difference methods are more practical and
universally applicable amongst all the numerical techniques
available. The set of differential equations in the present
problem are solved using a Crank-Nicholson finite difference
scheme. When using a finite difference scheme to solve a
partial differential equation (subjected to associated
initial and boundary conditions), a network of grid points
is first established throughout the solution domain
sﬁecified by tbe range of the independent variables. These
finite difference methods are approximate in the sense that
derivatives at a point are approximated by difference
guotients over a small interval i.e an/ag is replaced by

GFO/BL where 6x is small. The solution is propagated
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forwards from one time level to another in a step by step
fashion. The technique employed in this work is stable,

flexible and highly accurate.

The finite difference approximation is accomplished by
expanding the Taylor's series about a typical grid point and
then the resulting series is truncated to obtain the
difference formula of the derivatives. The partial
differential equations are transformed to a set of algebraic
equations, which are then solved to give the numerical

values of the unknown function at various grid points.

Both explicit and implicit methods are used for the
solution of partial differential equations. The explicit

solution of the simple one dimensional, time dependent heat

conduction equation

92T

9x2

&3
L]
Q

has the restriction 0 < aAt/(Ax)? < 1/2 in order to have a
stable solution. In other words, for given values o« and Ax,
if the time step At exceeds the above range, the numerical
calculations become unstable due to the amplification of
errors [35]. Hence implicit methods are more commonly used
since they overcome this difficulty at the .expense of a

somewhat more complicated calculational procedure.
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3.6 CRANK-NICHOLSON IMPLICIT METHOD

Crank-Nicholson implicit method is one of the most
important of all the implicit methods since it reduces the
dependency on time increment. For the: case of pure
conduction mentioned above, this method is convergent and
stable for all the values of the ratio aAt/(4x)? [35]. The
ordinary finite difference approximation for 3T/3t has a
discretization or the truncation error of O(At). The
discretization error is defined as the difference between
the exact solution of PDE at any grid point and the finite
difference approximation at that gridpoint [35]. The Crank-
Nicholson method reduces this discretization error to

o[ (At)?].

A geometric interpretation can be obtained by referring

to Figure. 2

Y{L
j+1
(3,3 +3)
(i=-1)— j—>  x
i i+l

Figure 2. Geometrical representation of mesh points.
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The reduced dependency on time increment can be
accomplished by writing the finite difference equations for
the derivatives aT/at and 32T/3x? at the half-way point
(i,3+1/2). In other words, the finite difference

approximation of the derivatives are obtained by taking the

mean of the finite differences on (j+1)th and jth time
steps. This can be represented mathematically as
T . Ti,j+1 = Ti,q
[5?] =g ¢ olen?] (53)
i,]

and

3%r) L, 1|Ti+1,3-2Ti, *Ti-1,3 + Ti+1,5+1 — 2Ti,§+1 + Ti-1,5+1
ax? J.,j- 2 (Ax) ¢ (Ax)*

(54)

I1f there are (N-1) internal mesh points along each time

row, the Crank-Nicholson method can be written generally as

blul - cluz e 6 o 8 o & * ® e e e & & e e o & o o o = dl
-asuy +bou, - cou,

e ®© e e 8 e o s e s o & s o o dz

» (55)

H
i

u

L]
=7
(8

jUi-1 +bjui —Cjui4y . 0 . . e

aN-19N-2 * Py-1YN-1 = -1
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where a's, b's, c's and d's are necessarily the known
functions. The set of algebraic equations thus obtained
form a tridiagonal matrix which is to be solved for every

value of n between 1 and N.
3.7 CONVERGENCE, CONSISTENCY AND STABILITY

The problem of convergence and the stability of the
adopted numerical technique is one of major factors to be
considered in the solution of partial differential
equations. The different conditions which are to be met in
order to obtain a fairly good approximation to the solution
of the corresponding partial differential equation using

finite difference scheme are controlled by these factors.

Errors are introduced due to the truncation of the
Taylor's series which is used to approximate the derivatives
in the differential equations. The smaller the truncation
error, the faster is the convergence of numerical solution
to the exact solution of the differential equation. The
finite difference solution is said to be convergent when the
exact solution of the finite difference equations used to
approximate the partial differential equations tend to the
exact solution.of partial differential equation as the grid
spacing in time and distance approach the limit zero. The
magnitude of these errors at any mesh point depends upon the
épatial'grid size Ax and time step size At. Since the Crank-

Nicholson method has a discretization error of
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O[(Ax)‘+(At)’], the convergence is obtained faster due to
small truncation errors. Moreover, a larger value of At can
be used in conjunction with this method, as it is second
order correct and therefore a given elapsed time can be

traversed in a fewer number of time steps.

The discretization errors can be furthur reduced by
decreasing the mesh size Ax and time step size At, but this
leads to an increase in the number of equations to be solved
as well as the number of time steps. The method of
improvement is therefore restricted by such factors as time,

cost, degree of accuracy, computer storage capacity, etc.

Consistency is one of the fundamental requirements since
it is of utmost importance that the finite difference scheme
chosen indeed represents the actual differential equations.
It is measured in terms of the difference between the
differential equation and the difference eguation. A finite
difference scheme is said to be consistent with a system of
differential equations when the former becomes identical
with the latter in the limit as the mesh size approaches

zero [36].

Stability is the most important aspect which has to be
considered prior to the selection of a finite difference
scheme for the solution of a set of partial ‘differential
equations. This problem 1is concerned mainly with the

unstable growth or stable decay of errors in the



the arithmetical operations needed to solve the finite
difference equations. Since each calculation is carried out
to a finite number of decimal places or significant figures,
therefore a 'round-off' error is introduced everytime and
the solution actually computed is not the exact solution of
the partial differential equations. A set of finite
difference equations are stable when the cumulative effect

of the rounding errors is negligibly small.

The magnitude of the round-off errors at a particular
stép is not as important as the propagation of this error as
the solution continues. There is an upper limit (as At » 0)
to the extent to which this error, whether present in the
initial conditions, or brought in via the boundary condi-
tions, or arising due to errors in calculations, can be
amplified in computations. Carnahan |[35] has pointed out
that according to Ritchmyer {37) stability is both a
necessary and sufficient condition for convergence provided
that a consistency criterion is satisfied for a linear
partial differential equation. According to Kaplan [38],
stability does not necessarily mean that the deviation
between the true solution to a certain partial differential
equation and its finite difference approximation will be in
any éense small. Rather, it implies the'boundedness of the
finite difference solution, at a given time f as At -» O.
The rounding errors are not Similaf to discretization errors

since they increase with decrease in mesh size due to more
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numerical computations and therefore the chances of

propagation of these errors also increases.
3.8 FINITE DIFFERENCE EQUATIONS

The solution of ¢, ¢ and ¢ are advar.xced in time by
solving the three sets of differential equations (45)-(47)
using Crank-Nicholson finite difference implicit scheme and
a step-by-step integration scheme. At any time t, it is
reqgired to obtain Go(g,t) , Gn(z,t) and gn(};,t) to determine
the distribution of vorticity, the functions Ho(E,t),
Hn(i,t) and hn(i,t) to determine the dimensionless
temperature distribution and the functions E‘o(g,t), E‘n(};,t)
and fn(E,t) to determine the stream function provided that
all these functions are known at a time level (t-At) ,where
At is the time increment. The finite difference equations
are first obtained and then an iterative method of solution

is utilized since the resulting equations are non-linear.

The following section deals with the formulation of
finite difference equations using Crank-Nicholson implicit
method. The formulation procedure for the equation (45c) is
described in detail and a similar procedure can be used for
the solution of other equations. The governing equation

(45¢) is

2E 3G A_ 4) (3% 36Go . . OF¢
2e -BTn = [E;]{W“ - n2Gn] -n fn-gE°-+ n gn'ﬁf’"’ Sn,



44

Let us write the above equation as,

% = qn(g, t) where

-2f 2
e 4 {9°G 3G oF
qnlE,t) = -—Z—Eé;[-a—gfl- - nan] -n fq Téz +ngp Tf- + Sn2j|

Then according to Crank-Nicholson method, one can use

equations (53) and (54) to write the above equation as,

Gp(Est) ~Gn(E,t=At) _ 1
(Bt) = > [an(€,t) +an (€, -00)]

where

=2 __||[=
W&t = =3 ()2

-2F - -
l:[l:e]{en(g+ﬁg't) 26ptL,t) +G(E-88.8) _ nan(g't)}

- nfq (E,t) { Sal§+05,8) ~ o6 = E, 8 }

+ ngp (E,t) {Fo(€+A€.t%(£€F)o(€-A€vt) }+ Snz(ﬁ,t):l
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After simplifications and rearranging, one obtains

2
-e72% [%]Gn(&AEnt) + [ﬂ%?_ v 207 ['ﬁ%]] Gn(Est) - & 256, (E-0E, 1)

_ 405’ _ay - A% apy? o2 g
= =%t Gn(E,t-At) - oo (AE)* e 7 Gu(E,t)

. e-ZE(AE)z[_n £ (Eot) {Go(g"'Aﬁ:tz)(Z;o(ﬁ-AEpt) }

CFo(E - 1
+ ngn (E28) {po(sms,tz)mgr)o(& AE,t) }+ Sn, (E,t)-'

+ 2(88) %q, (E,t - At) (56)

In general, the above equation can be simply written as

A(E)Gn(g +Ag,t) "‘B(E)Gn(gtt) +C (g)Gn(g - AE,t)

= Dn(glt"At) + En(got) (57)

where a(E) = Cc(g) = —e-2€ [%] ’

_[4(A£)2 ge~26
B(E)-I_ At + Re} ’

Known function at time (t-At),

D, (£, t=t)

E_(£.t)

Function which depends upon the
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solution at time t.

A} = Increment along {-direction.

At

Increment along t-direction.

It is clear from equation (57) that the left hand side
contains three unknown function values which are to be
evaluated at time t and the right hand side contains the
known functions at time (t-At) represented by the term Dn in
the equation. However, the term En(E,t) on the right hand
side of the equation is an unknown quantity since it depends
upon the solution at time t. A method similar to the one
used by Badr [11,12] is utilised to overcome this
difficulty. An iterative process was used in which the
functions En(a,t) are assumed initially to be same as
En(z,t-At). It is then corrected according to the most
recently available values. The iteration process is stopped
when the difference in the solution of Gn(g,t) between two

successive iterations is within a certain allowable 1limit
i.e
m+l
Gp

(E,t) - 6" (E,8)| < 107" (58)

where the superscript m denotes the iteration number.
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3.9 INTEGRATION PROCEDURE

The procedure used here involves the integration of
equations (45) and (47) numerically using Crank~Nicholson
finite difference implicit scheme discussed earlier subject
to the boundary conditions (48) and the integral conditions
(49). In theory, the equations (45)-(47) should be
integrated in the region { = O to { = ~. However, since the
problem is solved numerically, the conditions at = are
applied at { = Em where gm defines the distance away from
the cylinder surface at which ¢ and ¢ have negligibly small
values (%10-!°). For example, if § is chosen to be 10, then
the actual radial distance is e'" times the radius of the

cylinder.

The solution is started at time t = 0, when there is
only rotation but no temperature difference between the
cylinder surface and the surrounding quiescent fluid. The
initial velocity distribution is obtained analytically
(equation (51)) and is utilized for the calculation of
different functions in equation (44). The next phase starts
with the instantaneous heating of the cyligder surface to a
temperature Ts. The solution is marched in time since the
thermal and velocity boundary layers start developing until
reaching the steady conditions (indicated by constant value

of average Nusselt number).
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Even though the Crank-Nicholson method is stable for all
values of ratio At/(Af)?, a small time step (At) is chosen
for the accuracy reguirements. Moreover, at the start of
the second phase of motion, the thermal boundary layer is
very small in thickness which means that the gradient aHo/aE
is very large near the solid boundary. This also requires
the use of even smaller time steps at the start of the
second phase of motion to obtain higher accuracy. The mesh
size is kept constant in i-direction (Af = 0.1) during the

second phase of motion.

At the start of the second phase of motion, the number of
terms N in the Fourier series was 2. This number was allowed
to increase with time whenever any of the last non-zero
terms in the series reaches a certain small value. However,
the maximum number of terms used was 20 in all the cases
considered. The problem was dealt with in four stages. In
the first stage, the integration was started with a time
step of At = 0.00005 to reach t = 0.000l. In the second
stage, the integration was performed in 10 steps of At =
0.001 followed by the third stage in which At = 0.01 was
used to reach t = 0.1 and finally the fourth stage was
carried out for time step At = 0.05 till the steady

conditions are reached.

The numerical solution is started at t = 0 where the

initial conditions of all the functions are known. A
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generalised finite difference equation similar to equation
(57) is written for all the equations and then applied at
every individual mesh point in the range §{ = Af to § = £m.
The mesh point § = 0 was excluded because of the
difficulties in calculating the derivativee on the surface
of the cylinder. The integral conditions (49a), (49b) and
(49¢c) are utilized for calculating GO(O,t), gn(O,t) and
Gn(O,t) respectively on the cyiinder surface. Simpson's
integration rule is used to evaluate the integral condition
(49a). To ensure the continuity of pressure around the
cylinder surface, integral <condition (49a) must be

satisfied.

To prove that the above condition is sufficient, consider
the transverse component of the Navier-Stokes eguation
subjected to the boundary conditions (48) on the cylinder

surface which results in

1 dp' {azgt _
Fe-r -U[-s-;]r'=a—0 (59)

:
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To examine the pressure distribution, let us introduce

the dimensionless pressure p defined as

p=—E— (60)

Introduce also the dimensionless variables in equation
(59) and then transform the resulting equation into modified
polar coordinates (%,8) which yields the following relation

between the pressure and the vorticity field

) Gr 4 [93C
5% = zo7 cos8 - = (-gg] (61)
£=0
The equation (61) when integrated between O and 2w gives
_ =4m [ 9G :
o 20 32 (]

The problem is now reduced to prove that to satisfy the

integral condition (49a), it is sufficient to ensure

9G
[—3—°] =0 | (63)
£=0

The governing equation (45a) when infegrated on both
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sides from £ = 0 to § = « yields

2 {96 _ 0 2§
-i-e-[-x‘l] " = J So(E,t)AE - »er j e“” G, 4t (64)
0 o} :

The function So(z,t) and the value of the integral
conditions (49a) are substituted in the above equation which

results in the condition (63) on the cylinder surface.

The value of the function Gn(O,t) is assumed to be
exactly same as Gn(O,t-At). Application of equation (57) at
every mesh point in the range A < &g £m results in a set of
algebraic equations. These algebraic equations form a
tridiagonal matrix problem which is to be solved each time
to obtain the wvalues of the function Gn(g,t). The solution
is required subjected to the boundary conditions (48) and
must also satisfy the integral condition (49c). Crout's
reduction technique [39] is employed for the solution of
this tridiagonal system since it is more advantageous over
Gauss reduction technique. The main advantage being the
minimization of recording or storing the auxiliary data such
as repeated rewriting of modified equations or arrays.
After an approximation to the solution of equation (57) is
obtained by this process, the value of function Gn(O,t) is
calculated to a better approximation by using the integral

condition (49c). A two step formula approximating the
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integrand as a polynomial over three successive points X
X+l and Xo42 similar to the one used by the Filon [40] is
utilized. The conventional numerical quadrature requires a
very fine grid to produce sufficiently accurate results.
Moreover, the numerical quadrature producéd results which
were inaccurate when n was large and the periodic function
had many zeroces in the range [11,33]. For stability, a

relaxation technique similar to that used by Collins and

Dennis [33] is employed. According to this technique

6™ 1(0,8) = rg Gn(0,£) + (L-rg)Gy (0,t) (65)

where rf' is the relaxation factor chosen empirically such

that 0 < rf< 1. Gn(O,t) is the value of iterate assumed at

time level (t=-At), Gnm(O,t) is the present value of the

function obtained from the condition (49¢c) and Gnm+1(0,t) is

the average of the next iterate. The convergence condition
(58) is now checked using the most recent available value of
the function Gn(O,t). If the convergence condition is not
satisfied, the process is repeated using this new value of
Gn(O,t) until the convergence is achieved. In the present

_ case, rg = 0.9 was chosen.

Once a better approximation is obtained for each of the
functions Go(i,t), Gn(E,t) and gn(g,t), the next step is to
solve equations (46). This is done in order to obtain

F (E.t), F(3,t) and f (§,t) ‘and hence the value of stream
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function ¢ at any time t. A direct solution for the
equation (46a) can be easily obtained using the closed type
quadrature formulae in terms of ordinates as described by
Hildebrand [39] to obtain higher accuracy. Step by step
integration scheme similar to the one usea by Dennis and
Chang [41] is utilized to solve equations (46b) and (46c)
numerically. This scheme involves the assumption of two

first order equations for the functions Pn(F,,t) and Qn(i,t)

such that
Pn(E,t) = £n(E,t) + nfn (E,t)
and (66)
]
Qn(glt) = fn(grt) - nf, (E,t)

where the prime denotes differentiation with respect to &.
These functions now should satisfy the equation (46c). Upon

substitution one can get

r(g,t) (67a)

P, (E,t) - nPp (E,t)

r(g,t) (67b)

'
Qn(glt) + nQu (E,t)

where r(f(,t) is the right side of the equation (46c¢c). The
jnitial conditions are P(0) = Q(0) = 0. The other boundary

conditions for the present problem are

P(E,t) = Q(§,t) =0 rat £ =0
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P(f,t) + 0; Q(£,t) » O as f + =

The right hand side r(f,t) is known at all the grid points
in the interval { = 0 to § = Em' Expressing equations (67a)
and (67b) by simple forward differences resulted in an error
growth which was unacceptable [41). This was due to the
unwanted increasing exponential part of the complementary
function. Equation (67a) is now integrated in the increasing
[ direction subject to the initial conditions at £ = O and
equation (67b) is integrated backwards with the conditions
existing at § = &m where Em is used to approximate the
boundary at infinity. The solution fn(z,t) can be obtained

simply as

. - l e
£h(E,t) = EnlEa®) + 0060 o)

A check of the results obtained from equation (68) can now

be made by observing whether
£'=0 at £ =0 and
f'-*O as E-’u

within an acceptable numerical tolerance. The function
fn(z,t) can be obtained by ut;lizing the closed type
numerical quadrature formula [39]. The formulae used for the
calculation of fn(i,t) are the one step formula to effect
the first step of integration from the initial point £°(=

0) to the next adjacent point ;1(= Af), but using a
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parabolic approximation to r(f,t) over the points Eo’ };1,
52(= 2 Af) and the two step formula over the successive
points En, gm-l’ En+2’ A parabolic approximation for r(f,t)
is utilised. A direct finite difference scheme was not used
due to stability requirements. Since the va.lue of step size
in !-direction remains constant regardless of n, the error
at fixed { increases rapidly with n which makes the use of
central finite difference scheme unsuitable [41]. Moreover,
the exponential term in the complementary function of the
equation (46b) and (46c) increases with increasing n. Hence
the error growth associated with this also increases [41].

The same procedure is adopted for finding E‘n(i,t).

The solution procedure for the calculation of each of
Ho(i,t), Hn(z,t) and hn(F,,t) is similar to the solution of
equations (45). The equation (47) is more easy to solve
since there are no integral conditions to be satisfied. The
conditions existing at the end points are known completely.
The Crank-Nicholson difference scheme is used to obtain a
set of algebraic equations at different grid points from
which a tridiagonal matrix is readily obtained. This is
solved for every vailue of n between 1 and N. The convergence

criteria is similar to the one used in equation (58).

Once the values of different functions are obtained at
each mesh point at time t, the values of the stream function

¢, vorticity ¢ and dimensionless temperature ¢ can be
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obtained.
3.10 LOCAL AND AVERAGE NUSSELT NUMBERS

The convective transport coefficients can be expressed in
terms of dimensionless groups. One of the most important

being the Nusselt number which is defined as
Nu = hL_/k (69)

where Lx is the characteristic length which is the diameter
of the cylinder in the present case. The coefficient of

heat transfer h can be obtained from Newton's law of cooling
g =h(T, - T) (70a)

The Fourier's law of conduction is

g = -k (31/3x") (70b)

r'=a

where d is the rate of heat transfer per unit area. From
the above definition, one can obtain the local Nusselt

number Nu as

o [%g)ggo

13m0
2[2 o *

| 2

1 L 9% 3 J

[Eﬁn sin nb + %?ﬂ cos nG] . (71)
n E=0
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The average Nusselt number Nu is defined as

Nu = 2ah/k (72a)

where h is the average heat transfer coefficient obtained by
integrating the 1local heat transfer coefficient over the

whole cylinder surface such as

2m

=_

h= I hd8 (72b)
o

The average Nusselt number can be obtained similarly as

— aﬂo]
Nu = - [—r (72¢c)
E.: E__.o
The various first order derivatives on the surface
(¢ = 0) for calculating the distribution of the 1local

Nusselt number Nu and the average Nusselt number Nu are
calculated using ;nore accurate finite difference formulae
since the ordinary forward difference formulae have a
leading error of O(Af). The first order derivatives are
represented in forward difference to O[(A%)?] through the

following formula

(73)

[‘au] _730i, 3+ 4Ui+l,J - Ui+2,3°
- 2(A
1,3 (@E)
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CHAPTER 4
ACCURACY OF THE RESULTS

The accuracy of the solution obtained depends mainly upon
the accuracy of the mathematical model As well as the
numerical technique utilized to solve the problem. The
accuracy of the humerical technique used in this work can be
tested by comparing the results obtained with the
theoretical and experimental data available in the

literature.

Two tests were performed to ascertain the validity of the
results obtained. They are
1) Conduction-Convection transition.

2) Experimental verification.
4.1 CONDUCTION-CONVECTION TRANSITION

The phenomenon of transition from conduction to
convection was first observed experimentally for the case of
heat transfer from a suddenly heated horizontal cylinder.
In that case it was observed that initially the heat
transfer was purely due to conduction and at a later time,
the natural convection dominates [25-29]. In the present
case of a isotherﬁally heated horizontél cylinder rotating
in a quiescent fluid, the conductive heat transfer is
observed iniﬁially, followed by a convective mode of heat

transfer which prevailed until reaching steady state. In
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order to compare between the solution of the present problem
at small times and the solution of the conduction problem,
consider the transient conduction equation in cylindrical

coordinates

3r _ k | 8% . 1 AT 1 T
%‘F‘B?I_W*'FF*FTW (74)

Due to axisymmetry, the equation is reduced to

ar _ k [d%r . 1 3r
T pe [—rar- t T)'r_:l (75)

The initial and boundary conditions are

T = T~ at t =0, and
T = Ts at r'=a
T+ T as r'+ for t >0

The above equation is written in a dimensionless form
using the same dimensionless variables used earlier. The
resulting equation along with ¢the initial and boundary

conditions is

3
ot

o=

2[3% , 13¢
Pe [Brz + Br] : (76)

where
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¢ =0 at t = 0, and
¢ =1 at r =1

¢ » O as r » e for t >0

The modified polar co-ordinates ({,0) are used here again
to account for the boundary conditions prevailing at an
infinite distance from the surface of the cylinder.

Accordingly we use
! =1lnr

The equation (76) along with the initial and boundary

conditions now takes the form

2 3¢ _ 2 3%¢
e 2-2 (77)
where Peclet number, Pe = Re.Pr
2
Reynolds number, Re = 2a w/v

and Prandtl number, Pr

uc/k

The initial and boundary conditions now become

¢ =0 at t =0, and

¢ =0 .as £ + w» for t >0
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Crank-Nicholson implicit method is used to write the
finite difference equations for the differential eguation
(77). The solution is advanced in time subjected to the
above initial and the boundary conditions. Figure 3 shows a
comparison between the results obtained 'from the present
work and the numerical solution of pure transient conduction
problem. The results are computed for the case of Pr = 0.7,
Re = 50 and Gr = 1250 in the present work whereas for pure
transient conduction, the solution is obtained for Pr = 0.7
and Re = 50. It can be clearly seen that initially pure
conduction theory and the present study agree very well.
However, at a certain time, the pure conduction results
deviate considerably from the present study. This clearly
shows that there is a limit to pure conduction heat transfer
after which the heat transfer by natural convection becomes
more dominant. The convective process is delayed for a
certain period of time following the sudden temperature rise
allowing the pure conduction to influence the heat transfer
process. This delay in convection is termed as 'delay
time'. The'results obtained in the present work for the
case of rotating isothermally heated horizontal cylinder and
the experimental results obtained for the case of stationary
isothermally heated horizontal cylinder [25+29] show that
whether the cylinder is stationary or rotating, the initial
heat_transfer is due to pure.conduction only followed by a

transition region after which the convection process
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dominates.

The transition from pure conduction to natural convection
which begins at the limit of pure conduction is either a
monotonically decreasing transient or may occur in form of
an overshoot, a phenomenon wherein the Nusselt number
decreased even below its steady state value which can be
clearly observed from Figure 4. It can also be observed from
the Figures 3 and 4, the delay time of pure conduction can
be identified with minimum of the average Nusselt number.
The same conclusions were obtained for the case of heat
transfer from an isothermally heated stationary horizontal
cylinder [27]. Moreover, the isotherms which are presented
in the next chapter further confirm this phenomenon since
they are concentric circles around the cylinder axis, a

result which has been experimentally observed [25-29].
4.2 EXPERIMENTAL VERIFICATION

To check the accuracy of the results obtained by the
present method, the numerical computations were made for Re
= 840, Pr = 0.7 and Gr = 9.8x10°, the values used are the
same as the experimental work [16]. It -was shown in [16]
that at Reynolds number greater than 840, the interference
lines begin to oscillate and the freé coﬁvection chimney
starts disappearing due to the development of unsteadiness
“in 'the léminar flow. Figure 5 shows the steady state

isotherms obtained from the present method around the
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surface of the rotating cylinder. A marked similarity can be
observed if Figure 5 is compared with the experimentally
obtained steady state interference photograph ([16]. The
interference lines or the isotherms around the rotating
cylinder are similar to the isotherms around an isothermally
heated horizontal cylinder in free convection flow, the
difference being the shifting of plume or the chimney in the
direction of rotation. The flow caused by rotation of the
cylinder was a laminar flow. As predicted Dby the
experimental results [16] at Re=840, the position of the
breakaway region of the flow is horizontal. It was also
noted from numerical computations that the limit of initial
pure conduction was the point where the minimum average
Nusselt number occurred. The delay time was appreciably
shorter and the transition from the pure conduction region

to natural convection was in the form of an overshoot.

The results obtained from the present study were also
compared with the experimental correlation deduced by Hatton
et.al [22]. The average Nusselt numbers, Nu obtained from
the present theory were compared with the following

empirical correlation

-0.154 0.184
Nu [.’L‘ﬁ] = 0.384 + 0.59 Ra
T&

where [Tf/T.]'°"’“ is a temperature correction factor and
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Ra is the Rayleigh number.

The comparison between the present method and Hatton's
correlation is presented in Table 2. The results show about
10% difference at low Rayleigh numbers. The difference
decreases with an increase in Rayleigh number. The
differences between the present results and the empirical
correlation are believed to be due to the following reasons

(a) In theory, the flow is considered two dimensional
since the cylinder end effects are neglected.

(b) The temperature effects on the f£fluid properties
were neglected and hence no temperature correction
factor was applied.

(c¢) The above empirical correlation is for the case of
low-speed air flow over a stationary horizontal
cylinder whereas the results obtained from the
present work are for an isothermally heated
horizontal cylinder rotating slowly in a quiescent
fluid.

(d) The uncertainty in the experimental measurements

especially at low Rayleigh numbers.
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CHAPTER 5
RESULTS AND DISCUSSIONS

Based on the governing equations of motion and energy it
is clear that the thermal field and accordingly the rate of
heat transfer are dependent on Reynolds number, Re, Grashoff
number, Gr and the Prandtl number, Pr. Since the Prandtl
number is fixed at 0.7, the Reynolds number, Re and Grashoff
number, Gr mainly influence the velocity and temperature
fields. Hence the parameter Gr/Re? which represents the
ratio between buoyant and inertial forces has significant
effect on the numerical computations. The full mass, momen-
tum and energy equations are solved simultaneously for
various values of Reynolds number, Re while the Grashoff
number, Gr is varied in the range O < Gr/Re? < 1.5 for every
value of Re. The integration was not performed for higher
values of the ratio Gr/Re? because of the excessive amount
of computer time required to satisfy the convergence
condition (58) and also because of the large storage

capacity required.

The mathematical model introduced in Chapter 3 was used
to predict the time development of velocity and thermal
boundary layers around the rot&ting cylinder. The values of
stream function ¢, vorticity ¢ and the temperature ¢ in the
flow field were obtained at different ﬁime levels from the

start of motion until the steady state. The time required to
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reach steady state varied from one case to another dependin-

ng on Re and Gr.

Figure 4 shows the time variation of the average Nusselt
number Nu following a sudden rise in cylinder surface
temperature for a few of the cases considered. The figure
shows that Nu has its maximum value at t = 0, however, the
value decreases with an increase in time until reaching its
final steady value. This is due to the fact that immediately
following the step temperature rise of the cylinder surface,
the thermal boundary layer thickness is very small and is
confined to the immediate neighborhood of the cylinder
surface. The temperature gradient near the cylinder surface
is very high which leads to conduction dominated heat
transfer regime. With the increase of time, the thermal
boundary layer thickness increases and Nu decreases
accordingly. From the figure it 1is also clear for the cases
considered that the transition from conduction to convection
occurs in the form of an overshoot. As the value of
parameter Gr/Re? is increased for a particular value of Re,
the present calculation show a decrease in convection delay
and a decrease in time required to reach the steady state.
For small values of the parameter Gr/Re?(<0.3), the
transition from conducﬁion to convection was a monotonically
decreasing transient and hence no overshoot was obtained for

these cases. ‘
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The numerical values of the average Nusselt number Nu at
different values of Re and Gr are shown in Table 3. It is
clear from the numerical results obtained that the value of
Nu increases as Gr increases for a particular value of Re.
This behavior can be explained on the basié that the buoyant
forces increase as the value of Gr increases and therefore
the Nu also increases. At low values of Gr, the rotation
effects are more dominant over the natural convection and
hence the heat transfer from the isothermally heated
rotating cylinder to the surrounding guiescent ambient is
mainly by conduction (characterized by the concentric
jsotherms around the rotating cylinder). The thermal
boundary layer thickness 1is large and accordingly the
average Nusselt number Nu is small. Increase in the value of
Gr causes the natural convection effects to increase thereby

increasing the average ‘Nusselt number Nu.

The ratio Gr/Re? also has significant effect on the
development of velocity and thermal boundary layers. Figures
6a, 6b and 6¢c show the variation of vorticity ¢ on the
cylinder surface for the cases when Re = 10, 50 and 100 and
for different values of Grashoff number, OGr. The figures
show that the surface vorticity and accordingly the velocity
gradient increases significantly with the increase of Gr.
At very small Gr, the vorticity { is very small around the
cylinder surface. The figures also clearly show that the

vorticity has its maximum value near 0 = 180 on the surface
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of the cylinder. This is mainly because the buoyant forces
are opposing the flow due to the counterclockwise rotation
of the cylinder thereby causing the velocity gradient to
reach a maximum value. The surface vorticity has a maximum
negative value near 0 = 0 since the buoyant forces there are
aiding the flow due to the rotation of cylinder. The region
of lower velocities to the left of vertical diameter (962 8
<2703 have a positive velocity gradient whereas the region
of higher velocities to the right of vertical diameter have

a negative velocity gradient on the cylinder surface.

Figures 7a, 7b and 7c show the variation of local Nusselt
number Nu around the cylinder surface for the cases when Re
= 10, 50 and 100 respectively. Different values of the ratio
Gr/Re? were taken in each case to show the effect of
Grashoff number,Gr on the local Nusselt number distribution
over the cylinder surface. The figures clearly show that
the value of local Nusselt number Nu increases with the
increase of Gr around the cylinder surface. The maximum and
minimum values of the local Nusselt number Nu approach 8 =
180 at low values of Gr. This is expected since the rotation
effects are dominant over the natural convection. As the
value of Gr is increased, the maximum and minimum values of
the local Nusselt number Nu shift contineously towards 8 =
270.and 6 = 90.respectively. It may be expected that at a

sufficiently high value of Gr and a low value of the Re, the

maximum and minimum values of the local Nusselt number Nu
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will be at 8 = 270 and 0 = 90 respectively in which case the
heat transfer becomes independent of Re and the flow field
approaches that of the natural convection heat transfer from
a horizontal isothermally heated stationary cylinder. This
is due to the fact that an increase in Gr causes the natural
convection effects to increase whereas the rotation effects
are comparatively small. The values of Re and Gr considered
by Shimomura [23] and and J.A.Filo [24] do not lie in the
range considered in the present study. However, the general
shape of the experimental and analytical Nusselt number Nu
distribution correspond well with the Nusselt number

distribution obtained from the present study.

The time development of vorticity around the cylinder
surface is shown in Figures 8a, 8b and 8c for Re = 10 and Gr
= 140, Re = 50 and Gr = 1250 and Re = 100 and Gr = 10000
respectively. The surface vorticity increases with increase
in time since the velocity gradient increases. The maximum
absolute values of the surface vorticity occur near 0 = o

[ ]
and 8 = 180 since the maximum positive and maximum negative

velocity gradients occur near these points.

The time variation of local Nusselt number Nu around the
cylinder surface are shown in Figures 9a, 9b and 9¢c. It is
clear from these figures that the local Nusselt number Nu
around the cylinder surface decreases continously with

increase of time until the heat transfer due to natural
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convection becomes more dominant over the heat transfer due
to initial pure conduction. In the initial phase of pure
conduction, the value of the local Nusselt number Nu around
the cylinder surface decreases since the thermal boundary
layer thickness increases. After the emefgence of natural
convection, the local Nusselt number Nu increases a little
around the cylinder surface. The final steady conditions
show that the maximum and minimum values of the local
Nusselt number Nu continue to occur near 8 = 276 and 8 = 90
respectively since the thermal boundary layer thickness is

e L]
minimum near 8 = 270 and maximum near 6 = 90.

The distribution of local Nusselt number Nu around the
cylinder surface (Figures 9a, 9b and 9¢c) also clearly shows
the initial pure conduction mode which is evident from the
straight 1line plot (due to uniform heat transfer
coefficient) at t = 1 in all the cases considered. As the
time increases, the deviation from the uniformity of heat
transfer coefficient starts appearing and the value of the
local Nusselt number Nu around the cylinder surface starts
decreasing due to increase of thermal boundary layer

thickness with time.

The time development of the streamline pattern for the
different cases considered are shown in Figures 10,11 and
12. Initially since the rotation effects are dominant over

the natural convection, the streamlines are concentric
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circles around the rotating cylinder axis. As the time
increases, the velocity field is subjected to both natural
convection and rotation. Velocities to the 1left of the
vertical diameter (962 0 <27d) are lesser when compared to
the velocities on the right of the verticél diameter. This
is due to the fact that the buoyant forces are opposing the
rotation in the region to the left of vertical diameter
whereas they are aiding the rotation in the region towards
the right. The vortex formation which was non-existent at
the beginning, begins to develop as the time increases. The
size of the vortex formed increases with increase in time
due to combined effect of the natural convection and the
rotation of the cylinder. The vortex formation is enhanced
further if Re and Gr increase. The heat transfer across the
vortex boundries to the main fluid outside the vortex is by

pure conduction.

Due to the rotation of the cylinder, it can be clearly
seen that there always exists a thin layer of fluid which
adheres to the cylinder surface and rotates with it. This
layer of fluid isolates the cyliner from the rest of the
flow field. The stagnation points do not lie on the surface
of the cylinder but occur within the flow at certain other
locations called the 'saddle points'. The exact location of
the saddle points is determined by first drawing the locus
of points which have zero radial velocity Vr and the locus

of points which have zero transverse velocity Va around the
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cylinder surface. The points where the two locii intersect
around the cylinder surface are the saddle points. From

equation (42), we have

Vy = e—g %g
and
Vg = -e-g -g—qé-

The stream function ¢ (equation (44a)) is substituted which

leads to

N
e'-E 2 (n £ cos N6 - nFp sin nb)
n=1

<
~
L]

and r (78)

N
-£E{1 oF ofn _. oF
Ve=.eg E_BEQ“" z [Té-‘-smn6+TEncosn6]j|

where Fo, Fn and fn are all functions of ¥ and t.

The locii of =zero radial velocity Vr and the =zero
transverse velocity Ve around the cylinder surface are shown
in Figure 13 for the case when Re = 50 and Gr = 750. The
saddle point S and the points of zero vorticity A and B are
shown at steady state conditions. The exact angular
location of the saddle points around the cylinder for Re =

50 and at different valueé of Gr ére listed in table 4. It

is clear ‘from _the values obtained that at low Gr, the
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rotation are effects are stronger and therefore the saddle
point which is situated in the region of lower velocities to
the left of vertical diameter is deflected to a maximum
value towards 8 = 270. As the value of Gr increases for the
same Reynolds number, Re, the saddle point.starts returning
back towards 6 = 180. This behaviour of the saddle point
clearly shows the role played by natural convection when Re

is held constant and Gr is increased.

The time development of the thermal field around the
rotating cylinder for the same above cases are shown in
Figures 14, 15 and 16. At small times, the heat transfer
regime is influenced by only conduction and hence the
isotherms are concentric circles which can be clearly seen
at t =1 and £t = 5 for all the cases considered. Following
that, the isotherms develop with time until reaching the
steady conditions. After the initial conduction mode, the
isotherms become asymmetrical. The isotherms are convected
upwards in the upper region whereas they remain adhered to
the surface of the cylinder in the lower region. As the time
is increased further, the convective effects are more
significant until finally a mushroom-shaped steady state
plume is formed. The isotherms obtained in the present study
are simila; to the experimentally obtained isotherms for the
case of isothermally heated stationary horizontal cylinder
except for the plume which shifts in the direction of

rotation. The shifting of the plume increases with an
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increase in Reynolds number, Re. If ¢ = 0.01 is considered
as the edge of the thermal zone bounding the cylinder, the
effect of increasing the GCr while keeping the rotation
effects constant are shown in Figure 17. It is clear from
the figure that at low values of Cr, the.thermal field is
dominated by conduction (the isotherm ¢ = 0.01 plotted is
approximately concentric) and therefore the thermal boundary
layer thickness is large. As the value of Gr is increased,
natural convection becomes stronger and accordingly the
thermal boundary layer thickness starts decreasing below the

cylinder while increasing above it.
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CONCLUSIONS

The problem of heat convection from an isothermally
heated horizontal cylinder rotating in a quiescent medium is
investigated for different values of Reyndlds number while
the Grashof number is varied in the range 0 < Gr/Re? < 1.5,
the Prandtl number Pr = 0.7 is held constant. The highest
value of the Reynolds number, Re considered in the present
study is 840. The study is based on the solution of full
mass, momentum and enerqgy equations simultaneously for
different values of Reynolds number and the Grashof number.
A mathematical .model was constructed to find the time

development of the velocity and thermal fields.

Transient heat transfer from a horizontal rotating
cylinder subjected to a sudden rise in temperature clearly
occurs in three well defined stages. An initial pure
conduction stage, followed by a convective transition and,
finally, to the state of steady free convection. The
convective transition from pure conduction to steady free
convection occurs either as a monotonically decreasing
transient with no overshoot or in the form of an overshoot

depending upon the value of the parameter Gr/Re’.

The results obtained were compared with the previous
empirical correlations where a good agreement was found. In

the considered range, for a partiéular value of Reynolds
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number, it is found the velocity and thermal fields are
strongly influenced by the Grashof number. The average
Nusselt number increases with increase in Grashof number due
to increase in the buoyant forces for a particular value of
the Reynolds number. The details of the stéady velocity and
thermal boundary layers were obtained and accordingly the
variation of vorticity and the local Nusselt number around
the rotating cylinder surface were plotted for different
cases. The resulting values of the average Nusselt number
were tabulated and compared with the Hatton's correlation.

The agreement between the two was satisfactory.

The streamline and isotherm patterns were plotted to show
some of the details of the velocity and thermal fields. It
was clear that due to rotation of the cylinder, there always
exists a layer of fluid which rotates with the cylinder and
hence the stagnation points are no longer situated on the
cylinder surface but at some other locations called the
saddle points. The ratio Gr/Re? again has considerable
influence on the location of the saddle points around the
cylinder surface. The isotherms obtained clearly show the
initial pure conduction mode and are similar to the
experimentally obtained isotherms for the case of
isothermally heated stationary horizontal cylinder except

for the plume which shifts in the direction of rotation.
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Nu Nu
Re Gr Ra Hatton's Present
correlation study
3.0 3.0 2.10 1.060 0.947
3.0 4.5 3.15 1.112 0.991
3.0 6.3 4.41 1.159 1.047
5.0 8.0 5.60 1.194 1.092
10.0 110.0 7.00 1.228 l1.162

Table 2. Comparison between Nu obtained from the present
work and Hacton's experimental correlation.



Table 3.

Re Gr Nu
10 10 1.170
10 50 1.634
10 100 1.896
10 140 2.015
50 250 1.770
50 1250 2.907
50 2500 3.411
50 3500 3.682
100 1000 2.225
100 5000 3.757
100 10000 4.525
100 14000 4.823
200 4000 2.580
200 20000 4.932

Values of Nu for the case of Pr = 0.7.
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Table 4.

50

i
S

Re Gr in degq.
50 250 216
50 750 207
50 1250 201
50 2500 194
3500 189

Exact location of the saddle point in

the flow field around the cylinder

surface.
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Fig. 3. Comparison of temperature distribution obtained from the
present work and the transient pure conduction for Re=50,
pr=0.7 and Gr = 1250.
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Fig. 5. 1sotherm pattern for the case of Re-840 Pr=0.7
and Gr = 9.8 x 10°,
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(c) Re = 100.
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Fig. 7. Variation of local Nusselt number around the
cylinder surface for the case of

(a).Re = 10
(b) Re = 50
(c) Re = 100.
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(a) Re = 10, Gr = 140
(b) Re = 50, Gr = 1250
(c) Re = 100, Gr = 10000.
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Fig. 10. The time development of the streamline pattern for the case of
’ Re=10, Pr.=0.7 and Gr = 140. (The streamlines plotted are
-1.5, -1.0, -0.5, -0.25, -0.1, -0.05, 0.0, 0.05, 0.1, 0.25,
0.5, 1.0 and 1.5)
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Fig. 11. The time development of the streamline pattern for the case of

Re. = 50, Pr = 0.7 and Gr = 1250. (The streamlines plotted are

-105. -1.’0’ -005. -0-25’,-0o.1,' -0‘005’ 0.0’ 0005’ 0.1, 0.25’ 005.
1.0 and 1.5) : .
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t =15

(d)

Fig. 12. The time development of the streamline pattern for the case of
Re = 100, Pr = 0.7 and Gr = 10000. (The streamlines plotted
are -1.5, -1.0, -0.5, -0.25, -0.1, -0.05, 0.0, 0.05, 0.1, 0.25,
0.5, 1.0 and 1.5)
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Fig. 13.

Location of saddle point in the flow field around the rotating

cylinder for the case of Re =.50 and Gr = 750.



Ad=0,1

(a)

Ad=0.1

$=0.1

(b)

112



113

A¢=0.1

(c)



114

Ap=0.1

(d)



AAAAAA




116

A¢p=0.1

(£)



117

A$=0.1

(8)

Fig. l4. The time development of the isotherm pattern for the case
of Re = 10, Pr = 0.7 and Gr = 140.
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Fig. 15. The time development of the isotherm pattern for the case
of Re = 50, Pr = 0.7 and Gr = 1250,

(8) t'=1.0 (b) £=50 (e) £t=10.0 (d) t=15.0
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The time development of the isotherm pattern for the
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case of Re = 100, Pr = 0.7 and Gr = 10000.

(a) t = 1.0 (b) t = 5.0 (c) t = 10.0
(d) t = 12,0 (e) t = 15.0, C

125



126

/ \}
Gr=3500 ’

Gr=750

Gr=250

- Pig. 17. The effect of Gr on the thermal boundary layér around the
rotating cylinder for the case of Re = 50.
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ApPenDIXx (A)

The functions So, Sp, and Sp, used in equations (45a), (45b) end

45(c) are as follows

SO(E’t) = ...eE.v 2(;:2 [a;{g + H]

N
+n21n[Fn§aﬁgl-fn%%+gna—§él-cn§§g], (A1)

S (6,8 = 5[5 (B8l 4 B3 (2203 + (04 2]

N
+ mgl{%%n (k £~ £5) + §B [K Fc- (m-n)Fg]

+mgm[%?gi-5gn(m-n) aafg] cm[—FK 7&]} (a2)

Sp,(&,t) = [2Gr ][ a—H°+ M B_H&il., (n+1)Hn+1-(n-1)Hn_l]
N
+ 1 { [K P+ (m-n)Fyl - 5B (K 5%+ 2]
=1

i

where

1l when n=1
K=m+n, J=|m-n| and §, = {0 vhen n#1 °

and Sgn(m-n) means the sign of the term (r-n) and Sgy(m-n)=0
wvhen m=n. All the functions with subscripts less than 1 and greater

than N must be equated to zero.
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ApPenDIX (B)

The definition of the functions 2o, Zn, and Zn, used in equations

47(a), ¥7(b) and l.&'{(c) are as follows:

N .
Zo(Est) = 3 n[Fn-a—ahél-fnP—;gh hnf’afg--nn %fél] , (B1)

n=1
N

n&st) = 3 {2 G xx-7 £2) + BB K A= (-]
mw=1

+ mhm[%—tg& - Sgp(m-n) %%1] +mHm[%FEK- - %’L]} » (B2)

N
Zn,(E,t) = mzl{?-;-? [k Fc+ (m-n)Fg] - -a;%;'l (kK fx+J £3)

vhere

K=m+n, J=|m-n| and &, = {:(L) :ﬁ:ﬁ 2 ; i >

and Sgp(m-n) means the sign of term (m-n) and Sgn(m-n) = 0 vhen
m=n. All the functions with subscripts less than 1 and more than N

must be equated to zero.



