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ABSTRACT

In many Geophysical problems of diffraction of Love waves at a

laterally discontinuous change in elevation or in material properties

of layered structures, we need to express the displacements on either
side of the discontinuity, in terms of a complete set of functions,
proper or improper, associated with the Love wave operator in order to
be able to apply such powerful tools as integral equations and vari-
ational principles. Kazi (1976) presented a method for obtaining the
spectral representation of the two-dimensional Love wave operator,
associated with the propagation of monochromatic SH waves in a laterally
uniform layered strip or half-space. Kazi (1976) found such a repre-
sentation for a two-layer model of an infinite strip, overlying another
infinite strip or a half-space, with constant rigidity and density

within each layer.

In this thesis we determine the spectral representation of the
two dimensional Love wave operator associated with the propagation of
monochromatic SH waves in three-layer. models of two infinite strips,
overlying another infinite strip or a half-space, with constant rigi-
dity and density within each layer. This representation will be of
considerable use in tackling Love wave diffraction problems in horizon-

tally discontinuous structures involving three layers.



CHAPTER 1

GENERAL INTRODUCTION.

STURM-LIOQUVILLE SYSTEMS WITH DISCONTINUOUS COEFFICIENTS

1.1 General Introduction

One of the principal problems in mathematical geophysics is to
investigate the effects of velocity changes, and especially of dis-
continuities or boundaries (such as continental margins) on the pro-
pagation of seismic surface waves (Love and Rayleigh waves) which are
characterized by the property that they are restricted to the neighbor-
hood of the surface of the earth, a region which is not easily investi-
gated by body-wave studies. Surface wave studies are, therefore,

important in determining the velocity structure in the crust.

In order to construct a theoretical analysis of surface wave
reflection, transmission and diffraction at continent/ocean margins
with large impedence contrasts or other lateral discontinuities, it is
necessary to formulate the problem mathematically and to obtain exact
or approximate solutions. However, the mathematical structure of the
problems is complicated by the number of parameters involved in the
description of the discontinuities and only idealized models have been
used so far. Even then the mathematical treatment of these problems

is formidable.




In recent years, various problems associated with transmission,
reflection and diffraction of these waves through horizontally dis-
continuous structures have been investigated by a number of authors
who have used a variety of analytical and numerical techniques (Sato
(1961), Mal and Knopoff (1965), Alsop (1966), Babich and Molotkov (1966),
Wolf (1967), Knopoff and Hudson (1954), Boore (1970), Wolf (1970),

Lysmer and Drake (1971), Gregersen and Alsop (1974, 1976), Drake and
Bolt (1980), Suteau and Martel (1980). However, none of these techni-
aues take into account body-wave conversion which is considerable at

certain frequencies.

In a series of papers (Kazi (1978a,b), Kazi (1979), Niazy and
Kazi (1980)) the authors use a method, based upon an integral equation
formulation together with the application of Schwinger-Levine variational
principle to investigate the two-dimensional problems of the propagation
of plane, harmonic, monochromatic Love waves, incident normally (from
either side) upon the plane of discontinuity in laterally discontinuous
structures involving step-wise change in surface topography or change
in material properties. Diffraction of Love waves is described by means
of a scattering matrix and approximate expressions for its elements are
sought through the variational principle. Reflection and transmission
coefficients are then obtained through a transmission matrix related to
the scattering matrix. The method has the advantage over all other
methods used so far, in as much as it takes into account the body-wave
contributions. However, the method pre-supposes the existence of a

complete set of proper or improper eigenfunctions, in terms of which the



displacements on either side of the discontinuity may be expressed. In
order to accomplish this Kazi,(1976) gave a method of finding the spec-
tral representation of the two-dimensional Love wave operator, associated
with the propagation of monochromatic SH waves (horizontal component of
transverse waves) in a laterally-uniform layered strip or half-space.
However, specific spectral representations were found only for two-layer
models of an infinite strip overlying another infinite strip or a half-

space with constant rigidity and density within each layer.

In this thesis we follow the same procedure as in Kazi (1976) to
determine the spectral representation of the Love wave operator associ-
ated with monochromatic SH-waves in three-layer models comprising two
infinite strips overlying another strip or a half-space, with constant
rigidity and density within each layer. This representation will find
its usage in tackling Love wave diffraction problems associated with
three layers over a half-space by the method described in the preceding

paragraph.

Chapter 2 deals with the construction of Green's function from
which eigenfunctions (proper as well as improper) can be generated and
Chapter 3 is devoted to the determination of the spectral representation

of the Love wave operatorsfor the problems mentioned above.

The work done in Chapters 2 and 3 is original to the best of the

author's knowledge.




1.2 Regular Sturm-Liouville Systems with Discontinuous Coefficients

Consider the differential equations
L(y) - apy = -(r(2)y'(2))' + q(z)y - ap(z)y = O (1.2.1)
defined over an interval (a,b), where
L=- g () £ +a2)

and (') denotes differentiation with respect to z;n» 1is a parameter,

real or complex.
Let

a4 =29 <2y <2y <.y =b

[o3]
3
Q.
e}
—
N
~
n

= PJ(Z), a(z) qj(z), r(z) = rj(z) and y = yj(z), when

Z € I.={Z: Zj<Z<ZJ.+1}’ j=0,1,2,...,N-

We assume that in each subinterval Ij, the functions pj(z),
qj(z) and rj(z) are continuous and single-valued and that their

lTimits when z tends to zj or zJ.+1 exist and are finite. Moreover,

r(z) does not vanish at any point of a subinterval and preserves the

same sign in all the subintervals.

We suppose that at each interface or point of discontinuity

2y s k =1,2,...N, the yj satisfy the conditions




Y lzp) = dkyk-l(zk) +eie1(zy) (1.2.2a)

Y (z) = by 1(z) + vy 1(2,), (1.2.2b)

where dkck - bkek # 0 and at the end-points v(z) satisfies the

Sturmian conditions:

B, (y)

n
o

ayy(a) + ayy'(a) (1.2.3a)

(]
(=]

By(y) = 8,y(b) + 8y'(b) (1.2.3b)

where

lor| + Jaz| #0 and |gy| + |g,| # 0

The system (1.2.1) — (1.2.3) is the regular, self-adjoint

Sturm-Liouville (SL - system in brief) with N' points of discontinuity.

The usual results of ordinary Sturm-Liouville theory for regular

systems hold for regular, S-L systems with discontinuous coefficients

and interface conditions after necessary modifications.

We state here the most important results regarding these systems;

the proofs of most of these results can be found in Sangren (1953).

I. The eigenvalues L of the system are real, if the following

conditions are satisfied:

1)  r(z) preserves the same sign and does not vanish through-
out its domain of definition.



2) pi(z) is positive or identically zero in the subinterval
Ii s 1 =0,1,...N and for at least one subinterval

D1(Z) >0, |

3) dej - bjej > 0 [ J = 1,2,...N.

IT. The eigenfunctions form a complete orthonormal set. The modified

orthonormality condition is given by:
b

<@, o"(2) > = [ APz = 6, (120
a

1 if m=n m n
where Son = 3 ¢ (z) and ¢ (2) are the
0 if m#n

normalized eigenfunctions belonging to the disinct eigenvalues \n

and An » respectively. ¢n(z) denotes the complex conjugate of

¢"(z) > and A(z) 1is a piecewise constant function defined by

A(z) = Ai s ZE€ Ii » 1=0,1,2,...,N (1.2.5)

where

ri-1(z;)

- - -1 R =
Ai B rilzij (cidi biei) Ai-l’ i=1,2,...N (1.2.6)

and A, 1is a non-zero constant which may be chosen arbitrarily.

Conditions (1.2.6) ensure the self-adjointness of the system.

IIT. The spectrum of eigenvalues is discrete.



IV. The system (1.2.1) — (1.2.3) has an infinite number of eigen-

values 2Ag, Ars Aoy ... forming a monotone increasing sequence
Ap < Ay < XAy <... with Ap ¥ @ n > . Moreover, the eigenfunction

¢"(2) corresponding to A, has exactly n zeros on (a,b).

V. (Expansion Theorem)
Given an arbitrary continuous and piecewise differentiable function

f(z) which vanishes at the end points of the interval when 4"(z)
- b
vanishes, then the series § Cn¢n(z) where C_ = I f(2)p(z)s"(2)dz
n=0
a

converges uniformly and absolutely and has the sum f(z).

Properties of Green's Function for Regular S-L Systems
with Discontinuous Coefficients

If A =0 is not eigenvalue of the S-L system (1.2.1) — (1.2.3)

then there exists a unique function G((z,£;)) satisfying the following

conditions:

(G;) Gj(z,s;x), the restriction of the function G(z.z3))
to the interval zj £Zg zj+1, J=0,1,.... N, is
continuous at each point of the interval.

(Gy) Each Gj(z,g;x) possesses a continuous first order

derivative for j # k , where k 1is such that ¢ eIk :

Gk possesses a continuous first-order derivative at each
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Fig. 1.

The character of the Green's function




point of the interval Ik except at the point z = ¢,
where it has a jump discontinuity, given ty:

[] + . ] - . = . 1
Gk(g 3531) = Gk(£ 3591) = ‘YT(E)'

(G3) L(Gj) =0, ze¢ Ij’ J# ks L(Gk) =0,z #¢.
(Gy) G(z,£31) satisfies the interface conditions (1.2.2)

and the end point condition, (1.2.3), (see Fig. 1).

The Green's function is unique and symmetric. We shall construct
the Green's function for the Love wave operator associated with the
three layered finite depth problem in Chapter 2 and the spectral repre-
sentation will then be determined by integrating Green's function in

Chapter 3.

1.3 Singular Sturm-Liouville Systems with Discontinuous Coefficients.
Weyl's Theorem

If in the system (1.2.1) — (1.2.3), a or b 1is infinite or

if on the finite interval r(z) vanishes or q(z) or p(z) become
infinite at the end-points, then the Sturm-Liouville system is called
a self-adjoint singular S-L system with discontinuous coefficients and

interface conditions.




Let us consider the Green's function G(z,£32) which is the

solution of the system:

L(G) - Ap(2)G = &(z-£)
B,(G) =0 (1.3.1)

interface conditions (1.2.2)

together with a condition at infinity.

It is the condition at infinity which presents certain difficulties

for the construction of a unique Green's function to the singular problem.

In order to investigate this difficulty we look at the following

theorem due to Weyl.

Weyl's Theorem

Statement : Let a be a regular point and b a singular point and

consider the equation
(-pu')' +qu- xsu=0 a<z<b (1.3.2)
where p, q, s are continuous in the interval a <z < b.

I. If for some particular value of A, every solution is of finite
s-norm over (a,b), then for any other value of A, every solution

is again of finite s-norm over (a,b) [The s-norm of a function

b
£ Cos
is here defined by ||ul| s = [J s|u|2dz]2. The above condition
a



10

b
2
is thus expressed as J slul dz < =.7.
a

2. For every A with I(a) # 0, there exists at least one

solution of finite s-norm over (a,b).

According to the theorem we can classify the behavior at the
singular point b as follows: Either all solutions are of finite

s-norm over (a,b) for all a (the so-called limit-circle case at b),

or for I(1a) # 0 there is exactly one solution (up to a multiplicative
constant) of finite s-norm over (a,b) (we then say that we have the
limit-point case at b). The terms limit-circle and limit-point will

be discussed in more detail shortly.

We shall now extend leyl's theorem to singular S-L systems with
discontinuous coefficients and interface conditions. Firstly, we give

the following definition:

A function u is said to be of finite p-norm over (a,b)
if u satisfies the following condition
b
2 1 2
il = <us o = [ A2)p(2)|u(2)) a2 < o
a

where A(z) is the weight function given by (1.2.5).

Let ¢(z,2) and y(z,1) be two Tinearly independent solutions of

Lu - ap(z) u=0 (» is a complex number) (1.3.3)
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satisfying the interface conditions (1.2.2) and the following initial

conditions at the point a :

o)
p(an) = -ap 5 ¢'(a)) = gy
oy (1.3.4)
v(a,r) = a) » v'(a,) = r(ay
where a; and a, are real and |o;| + |ay| # O
[We observe that ¢ and ¢ are indeed independent, since
r(a)W(¢, ¢s a) = - ai - a% £0 where W(¢, v; a) is the Wronskian

of ¢ and ¢ (Sangern 1953)].

Each solution of (1.3.2) (except the multiples of ¢) can be

expressed as a multiple of u=¢ +my , where m is a complex number.

Further, we impose the following boundary condition at a point

b0<°°:
Biu(bgsr) + Byr(bglu'(bg,r) = 0 (1.3.5)

where g, and B, are arbitrary real numbers and |g,| + |8,|# O.

We are interested in investigating the 1imit as by + «=(the boundary
condition (1.3.5) cannot be imposed directly at «, because there is

no guarantee that u or u' is finite at «). A function u satisfies

the condition (1.3.5) for some real B8;, 8, if and only if

r(bO)N(u,U;bo) =0 (1.3.6)
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If and only if u=¢ + my  then

"7 T R ¥lbg,x) ¥ FBgJuT(ByA) ¢+ Mhere h = o (1.3.7)

and
r(bg) W(¢,¢3bg) +mm W(y,75by) +m W(v,43bg) +m.N(p,p3by) = 0
(1.3.8)

where bar denotes the complex conjugate.

Now let h run throuch all real numbers. Then, m describes a circle

in the complex plane with

w(¢ J?bo)
W(y,93bg)

centre S (1.3.9)

2 i
(a2+ o2)®

and radius R (1.3.10)

bo 2
2|1 L7 Alz)p(z) |y dz]
a

as being as I(a) # 0.

As by increases with a fixed, the radius R decreases and each

circle is contained in those for smaller value of by. Hence in the
limit as by » =, the circles approach a limit-circle C () ora
limit-point m (A). It can be shown that if m = m () or m 1lies on

Cm(x), m 1is the interior to all circles and therefore the solution

u=my +¢ is square-integrable over the interval (a,»), relative to
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the weight function A(z)p(z). It follows from (1.3.10) that in the
limit-point case there is just one solution u = o(z,0) + m_(A)w(z,x)

which satisfies the conditions:

]l = JA(Z)p(Z)Iu(z)lzdz < w (1.3.11)
a

and in the limit-circle case the independent solutions ¢ and ¢ + mp
and therefore every solution of (1.3.3) satisfies the condition
(1.3.11). Although this has been proved only for I(A) # 0, it can

be shown (Stakgold(1967) section 4.4), that if for some value of
every solution of (1.3.3) satisfies the condition (1.3.11), then so
does every solution for any other value of A. We conclude therefore,
that in the limit-circle case all solution are square-integrable, rela-

tive to the weight function A(z)p(z), over the interval (aw).

The Green's function G(z,z;12) 1is characterized as the only

solution of the system (1.3.1) which satisfies:

[A(z)p(znaﬁdz <o
a

when I(x) # 0 and the singularity at infinity is of the limit-point
type. For real values of » , we apply the principle of analytic conti-
nuation and define the Green's function as the limit of G, regarded as
a function of complex i, as 2 approaches the real axis. As \ may

approach the real axis from either side, we may ensure uniqueness by
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supposing, for example, that I(v2) > 0 (See Friedman (1956, pp.230-231)).

We shall use these ideas to construct the Green's function for the
Love wave operator associated with two layers over a half-space in
Chapter 2 and the spectral representation will then be determined by

integrating this Green's function in Chapter 3.




o //////////////////DOUOBO

AN R
A A A Y A A

Z

P2’uz By

"N-1° N 1

\\\\\'\

Fig. 2.  Geometry of the problem for N layers




CHAPTER 2

GREEN'S FUNCTION FOR THE LOVE WAVE OPERATOR

In this chapter we construct Green's functions for Love wave
operators associated with structures consisting of two uniform layers,
overlying another uniform layer of finite depth or a uniform half space.
We shall use these Green's functions to obtain the spectral representa-

tion of the Love wave operators in Chapter 3.

2.1 Equations of Motion

We consider the two-dimensional motion of a laterally homogeneous
layered structure in a general way. The motion will consist of waves
propagating along the x-axis shown in fig. 2. The medium to be consid-
ered is made up to N+1 paraliel, isotropic and solid layers. It may
be finite in depth, with N+1 1layers contained between two parallel
plane surfaces, or may be semi-infinite in depth with N layers over-
lying a half-space. For the finite depth problem we suppose the upper

and lower plane surfaces to be stress-free.

In the case of a layered half-space, we assume that the upper plane
surface is stress free and the displacements as functions of depth are
square integrable, relative to the rigidity function over the semi-

infinite interval.

15
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The density o, and the rigidity u of the material in each layer

may vary continuously with depth but are uniform in any direction parallel

to the boundaries. The density , and the rigidity u may, however, be

discontinuous across the N plane interfaces. |

We choose the axes in such a way that the xy-plane coincides with
the upper free surface, the positive z-axis is directed into the medium
and all displacements are uniform in the y-direction. The various layers

and the interfaces are numbered from the free surface as shown in Fig. 2.

The upper free plane surface has the equation z = z, = 0. The
lTower bounding plane surface, in the case of finite depth, has the

equation 2z = Znel = H , and the N interfaces have the equations

We shall consider horizontally polarized shear waves only, which
means that there are no displacements in the x and z directions, and
the motion is in the y-direction only. Let v(x,z,t) be the y-component

of displacement. It must satisfy the Love wave differential equation

o(2) B s 2 ) B g () BY) (2.1.1)
where u(z) = uy(z) , ] (2.1.2)
and O(Z) =D.i(z) s J> o

and z ¢ Ii = {z: Z; <2< Zip1} s i=0,1, ..., N.
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(In the case of a layered half-space, we take IN = {z: zy < 2} )

We assume that the functions "i(z) R aui/az and pi(Z) are
continuous, and by and p; are positive in the subintervals

I. ,1=0,1, ... , N, and that these limits, when z —. z; or

zi+1 s are finite.

In order to obtain a general representation, we first of all
examine harmonic waves travelling in the positive x-direction with

positive real frequency w and wave number k.
v(x,z,t) = V(z) exp[ i(wt - kx)] (2.1.3)

(We shall assume w to be fixed and choose k to satisfy the propa-
gation conditions.)

Since v(x,z), the y-component of displacement satisfies equation
(2.1.1), we have

L(v) = é%-(u(z) g%)*'(wzp(z) - Ku(z))v =0 (2.1.4)

L being the Love wave operator and

V(z) = Vi(z) | y 2€I, 4, 1i=0,1, ... ,N
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The interface conditions of welded contact between the layers are given

by the equations:

Vilz) =V, 4(z) » k=1,2, ..., N (2.1.5)

and mZ dVi(z) = w1 (2 4(2)) (2.1.6)

where (') denotes differentiation with respect to z.

The end-conditions for the finite depth problem will be chosen as

(2.1.7a)

n
o

v3(0)

(2.1.7b)

|
o

and Vﬁ(H) =

For the layered half-space problem we shall aséume, in addition to the

end-condition Vg(0) = 0 , the following condition:
[ w2 vz 2z < (2.1.8)
0

The system (2.1.4) —— (2.1.7) 1is a regular Sturm - Liouville
system (s 1.2) and the system (2.1.4) — (2.1.6), (2.1.7a)(2.1.8)
is a singular S-L system (8§ 1.3) with N points of discontinuity

and corresponding interface conditions, with



and Cx = w1 (Z M (z ) o ko=1,2,00 0N,
Hence
i-1 (7)) -1
LN |
= A, i=1,2,...,N.

We choose A, =1 , thus giving Ai =1, i=1,2,...,N.
The conditions 1),2) and 3) given in I(s 1.2) are all satisfied.
Hence the results I, II and III are valid and the orthonormality

condition of eigenfunctions becomes :

H3
£ u(2)6™(2)s"(2) dz
b |

<o™(z) , "(2) >

mn

19
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2.2 Green's Function for the Love wave operator
for three layered finite depth problem

In this section we shall construct the Green's function for the
Love wave operator for the three-layered finite depth problem. We
consider an infinite strip consisting of a layer of depth H, - H, ,
rigidity u; , shear velocity B8; and density p3 , overlaid by two
infinite strips, consisting of a layer of depth H,(<H;), density Py »
rigidity u, (<u3) and shear velocity B,(<B3) , and another layer of
depth H, (<H,) , density Py » rigidity u; (<u,) and shear velocity
By (<B2) (see fig. 3). We suppose the density and the rigidity of each
layer to be constant and the top and the bottom plane surfaces to be

stress-free.

Let v(x,z,t) = V(z) exp[ i(wt - kx)] be the y-compoent of

displacement, where

V(Z) = vl(Z) - H1< z2<0
z Vo(2) 0<z<H,

Then Vy(z) , Vy(z) and V3(z) satisfy the following equations
(see equation (2.1.4))
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d2v 2 M1
~—1+ch1-0 o%=(2—->\),)\-k2,8f= -H <z<0
dz? B2 Pl
(2.2.1)
d2v, 2 U2
Tz tofly =0 o2 = (% -2), 83 ==, 0<z<H, (2.2.2)
z B3 P2
—— -~o3V3=0 o2=(r-%), g2 =_"2, y 2 <H (2.2.3)
2 33 %= s§) B3 7o e sz <ty
with the interface conditions
V,(0) = v,(0) (2.2.4a)
Vi (0) = u,vi(0) (2.2.4b)
and V2(H2) = V3(H2) (2.2.53)
qupf(Hz) = IJ3V3'(H2) (2.2.5b)
and the boundary conditions
Vi(-H;) =0 (2.2.6a)
Vi(H3) = 0 (2.2.6b)

Now we find the Green's function G(z, £,1) (see Chapter 1 Section (1.2)

for properties) belonging to the system (2.2.1) — (2.2.6).




('H19H3)
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G2 2 G32

(0,0)
G, Gaq G3y
(0,-H;) (Hz,-Hy) (H3,-H;)
Fig. 4. The character of Green's Function

for the three layered problem.
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where 1i,j =1, 2, 3. The subscript i refers to the z-interval,
the subscript j refers to the E-interval and 1, 2 & 3 refer to the
intervals (- H;, 0) , (0, Hy) and (Hy, H3), respectively (see fig. 4).

Then Gij determines the Green's function G(z, £3; A) completely.

If -H sg<0, then Gy;, Gy, and G3, satisfy the differential

equations
326y,
n + O%Gll = 6(2 - E) (2.2.7)
9z
326Gy
+ 02G,, = 0 (2.2.8)
3z2 2721
392Gy,
and - 02G,; = 0 (2.2.9)
222 373

together with the following conditions
Gi; =0 at z =-H, (2.2.10a)
(' refers to differentiation with reference to z)
G,; = Gy, at z=0 (2.2.10b)

UlGl'l = u262'1 at Z = 0 (2.2.10(:)
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Gy = G at z =H, (2.2.10d)
w265, = u36i; at z =H, (2.2.10e)

Gy, =0 at z = H, (2.2.10f)
Gy1(z, €+0; 2) = G;,(z, £-0; A) (2.2.10h) ‘
Tim G}, = Tim @), + L (2.2.10k)
z2->£40 z+g-0 M1

From (2.2.7) — (2.2.9), (2.2.10a), (2.2.10f) we have

Gyy = Acosay (z + H,) -H, <z <
= Bycosoy (z + Hy) + Cysingy(z +Hy) g<z<0
Gyy = Bycoso, (z - Hy) + Czsinoz(z -=H) 0<z<H,
and G3; = D coshoz(z - H,) Hy < z < H,

Conditions (2.2.10h) and (2.2.10k) imply

A = Bl + Cl tan g3 (E + Hl) (2.2-11)
and -B; sinoy(g + Hy) + Cycosoye + H,)
=~ Asing (g +H) + —1_ (2.2.12)

o1
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Substitute the value of A from (2.2.11) in (2.2.12)

we have
cos oy (£ + Hy) |
C, = !
M1o) |
whence :
(sino, (g+H,)coso, (z+H ))
G = BICOSUI(Z+H1)+ ! ! ! ! . - Hl <Z<g
H10,
(sing, (z+H,;)coso, (£+H, ))
= Bjcosoy(z+H|)+ ! ! . ! E<z2<0
H10]
Gz1 = Bycoso,(z - Hy) + Cysino,(z - H,) 0<z<H,
G31 =D COShOg(Z - H3) HZ < Zc< H3

Since GZI = G31 and 1.|2G2'1 = U3G§1 at z = Hz

we have
Bz =P C05h03 (Hz - H3)
U3d3z
and C2 = D —— sinhoy (H, - Hy) (2.2.13)
U303
Therefore Gy = BZ[FOSUZ(Z-H2)+ ;;;;—s1n02(z-Hz)tanhoa(Hz-H3)]
Since Gll = GZ] and ulGlll = uszll at z=10
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we have
(sino H,cosc, (E+H,))
B; = SQCU]H] BzCOSOsz‘CzSiﬂOZHz- 1107 (2.2.14) |
and - Byjujyoysino i, + cosojH,cosg, (& + H,)
= BzﬂzOzSinosz + CZu202C0502H2 (2.2.15)

Substituting B, from (2.2.14) in (2.2.15) we have

Cz(uloltanolHlsinosz - uZUZCOSosz)
= BZ(UZ02Sin02H2 + uloltanolHICOSosz)

- €oso;H;c0s0,(E+H,) - tano H;sing H,cosq, (£+H,)

uZ02Sin02H2 + uloltanolHICOSosz

=> C, =B
2 2 .
uloltan01H151n02H2 - u202C0502H2

coso; (E+H,)(coso,H, + tang,H;sing;H,)

upoytano,Hysino,H, - py0,€080,H,

c 3 coso;(E + H,) (2.2.16)
=> 2 = BoYy - oC.
cosoyHy (w0, tano HysingyH, = ny0,C080,H,)

MIOISinosz + uloltanolHICOSosz
where Y, = (2.2.17)
uloltanolHlsinosz - u202C0502H2
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From equation (2.2.13) we substitute the value of C, in (2.2.16)

to get
303
Bz U207 tanllos(Hz - H3) - BzYl
cosoy (£ + Hy)
COSO]H](ulcltanclHISinOZHz - uZOZCOSOZHZ)

: coso;(g + H,)

=> 2:
[(Yl- %%%% tanh03(H2-H3))COSOIHICOSGZHz(uloltanleltanOZHz'chz)]

u202€080,(g + H;)

=> Bz=

[(uzozn-u3o3tanho3(Hz-H3))COSOIHICOSUZHZ(ulcltanolHltanosz-pzoz)]

H202c0501(E + Hy)

= (2.2.18)
AycosoiHicososHo '
where

A = u%cgtanosz + uyojuzoytano Hy + u202u303tanh03(H2 - H3)

- u101u303tanho3(H2 - H3)tan01H1tan02H2 (2.2.19)
Equation (2.2.13) gives

M403c0501 (€ + Hy)tanhog(H, - H3)J
C, = (Vs (2.2.20)

A1C0501H1C0502H2
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substituting the value of C, and B, in (2.2.14) , we have

N205C080,H ,c050; (£+H; ) u303€c080) (£+H; )sino,H, tanho, (Hy-Hy)

B, = secojH,
L AycosoyHjcosoyH, AjcosoHcosoyH,

(sinoyHycosoy (g+H, )

- 1107 (2.2.21)
from (2.2.18) and (2.2.20) — (2.2.21) we conclude that
Gy = —A— [:cosol(z + Hy)cosoq (g + Hl)Mi]
A1C0$201H1
coso;(z + H;)sino; &
+ "'H1<Z<§
u101€0so Hy
-—1 [;osol(z + Hy)cosoy(g + Hl)Mi]
A1C05201H1
cosoy (& + H,)sino,z
+ £ <z2<0
HIOICOSUIHI
Micosoy(z + Hy)coso, (g + Hy) 1
= + B(Z,E),

AICOSZOIHI uloICOSolHl




where Ml = Up0p = u3o3tanh03(H2 - H3)tan0’2H2.

and B(z,g)

cosoy(zH1;)sinc,£6( £~2)+coso,! £+H,)sing zo(z-¢)
1 1 1

cosoy(€ + H,) A(z)

Gy =

81C0soH cosaoH,

where

Alz) = 1202€050;(2-Hp) + ugoztanhos(Hy-H)sing,(z-H,)

Hp02€0sho3(2z - Hj)coso, (g + H,)
and G3; =

81€0s01H;cosa H,coshaz(Hy - Hy)

where o(g - z) =1 E>2Z

is the Heaviside unit function.

If 0<¢<H,, then Gy, , G, and Gy, satisfy the

differential equations

28

(2.2.22)

(2.2.23)

(2.2.24)
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32622
+ 0%622 = §(z - g) (2.2.25)
az2
32G3,
and - 0%632 =0 (2.2.26)
9z2

together with the modified form of conditions (2.2.10a) — (2.2.10k).

From (2.2.24) — (2.2.26), (2.2.10a) and (2.2.10f)

we have
Gi2 = A cosoy (z + Hy) -H <z2<0
G2 = Bjcoso, (z - Hy) + Clsinéz(z -H,)) 0<z<¢
= Bpcos 0z (z - Hy) + Cpsino, (z - Hy) £ <z < H,
and G32 = D coshoz (z - Hy) Hy <z < Hyq

From the modified conditions (2.2.10h) — (2.2.10k) and
(2.2.10b) — (2.2.10e) we have from the above forms of Gy2 » Gyp
and Gip , the following equations:

A cos o1 H; = B, (2.2.27)

- AulolsinolHl = uzozcl (2.2.28)
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D coshoz(Hy - Hy) = B, (2.2.29)

Duzozsinhos(Hy - Hy) = uy0,C, (2.2.30) E
B;cosoyE + Cysingyt = Bycosoy(g-Hy) +Chsing,(g-H,y) (2.2.31) 5
- Blsinozg4-clc05025-+;£;; = - Bysing,(g-H,) +Cycos0,(g-H,)  (2.2.32)

Multiplying (2.2.31) by cosc,(¢ - H,) and subtracting (2.2.32)

multiplied by sino,(g - Hy) gives

SinOZ(E - Hz)

B
2 20,

BICOSOZHZ + clSiHOZHz -

Likewise

cosg,(g - Hy)
U202

o
N
|

S - BISinﬂsz + CICOSOZHZ +

Using (2.2.27) — (2.2.30) we therefore have

Co  msoy

By wp0p

tanh O’3(H2 - H3)

-(uy0,8in0 Hy€0S0,H, + 10,€080,H, SN0 H, )A + coso,(g-H,y)

(-uyo1Sino H;sino,H, + np0,€080,H,C0S0,H,)A - sing,(g-H,)



or  A(- ujoyugostanhog(Hy-H)sinoHysino,Hy + wyopuzastanhes (Hy-Hy )

cosolH1c0s02H24-uloluzozsinolHICOSosz-Fu%o%COSolHlsinosz)

= (u202€0502(&-Hy) + ugogtanhoz(Hy-Hs)sino,(e- H,))

A cosojH coso,Hab = A)

) A(E)
1.e. A = ElCoso,H, cososil

where R(e) and A, are given respectively by (2.2.23) and (2.2.19).

Multiplying (2.2.31) by coso,£ and subtracting (2.2.32) multiplied

by sinoyE gives

Sino,¢ -
B; = Bycosa,H, - Cysino,H, +
1 2 2M2 2 2M2 1205
CO0Soy¢
Likewise C; = BysinoyH, + C,coso,H, - s
202

Using (2.2.27) — (2.2.30) we,therefore, have

Ci -wmo
‘B-l" = U202 tanO'lHl
- U303 COSas &
coshoz(H,-H3)sino,Hs + sinhoy(Hy,-Hy)cOSo,H, )0 -
( 3(Hz-H3) sino,Hy 7257 3(Hy-H3)cosozHy ) v

Sinozﬂ

u3o3 ]
(cosho3(H,-H3)coso,Hy -EZEZ-s1nho3(H2-H3)s1nozH2)D-+ e

31
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or D [} 202110 tano Hycoshoz(Hy-Hz)cosa,Hy+
u1011303tanc Hy sinhos(Hy-Hg) sinoyHy-udo2coshoy(Hy-Hs)
Sinosz -uZ02u303Sinh03(HZ-H3)COSOZH2:]

= -u202C0502€'+u101tan01HISin025

e - D coshoy(Hy-H3)coso,Hyb, = - M20,C0S0, & + yy0ytang; Hysino,y¢

U202C0S05E = uloltanolHlsinozg

i.e. D=
Aycosho(Hy-Hs) cosoyH,

whence
A(g)cosay(z + Hy)
612 = 4 cosoH, cosa,H, ~Hh<z<0
Gyp = A(g) 05C0S0,Z - yjy0;tang,H,sing,2 0<z<¢
22~ A up0,C080,H, |V292 2 K10} 1M 2
= ﬂ(z) 02C0S0,¢ - ujoptanc,Hysinoyg <z<H
B1uz0,C0S05H, |V292 2 uioy 1M 2 £ 2
By using
2 2
Aq -uzoztanosz-u202u303tanh03(H2-H3)
ulcltanolHl = (2.2.33)

1Y) -u303tanho3(H2-H3)tan02H2

we can put Gy, into the form
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ﬂ(z)ﬂ(g) A(g)sinozze(g-z)-Pﬂ(z)sinozge(z-g)
= - 0<Z<H2

M1A1C05202H2 M1u202C05202H2

22

Finally

coshos(z~Hj)
G3p = (np0,5C080,E - moytano Hising,e) H, <z <H,
8,c0sayH,coshay(Hy-Hjy )

where R(z), My and 4, are given by (2.2.23), (2.2.22) and

(2.2.19) respectively.

If Hysg <H;, then Gy5; , G,; and Gy; satisfy the

differential equations

326, 4

—— + g2G,, = 0 (2.2.34)
922 1713

32G,,
" + 026,5 = 0 (2.2.35)
2

32633

and — - 03633 = 6(z - g) (2.2.36)

92

together with conditions (2.2.16a} — (2.2.10k) (suitably modified).




34

Gisz » Gp3 and Gz3 can be obtained in the same manner as G11 »
G21 and G3j , so we list down their expressions without giving detailed

calculations.

u20'2C0501(Z+H1)COSOI(Z"“HI)
Gl3 = - Hl <2 < 0
A1c0so1H;coso,Hycoshaz(Hy-Hg)

u202COSh03(E-H3)A(Z) coshos(-Hj)
23 7AiM cosa H coshoz(H,- H3) M;coso,H,coshos(H,y-H;)

0<Z<H2

and
w3o3coshos(g-Hz)coshay(z-Hy)

G33 =
M1A1C05202H2C05h203(H2-H3)

coshoy(£-H3)coshos(z-H3) (uy0,tanhos(Hy=H;) - ugostano,H,)

Miuzo,

1

5307 {cosho3(£-H3)sinho;(z-H3)e(E-2)

+ coshos(z-H3)sinho3(g-H3)e(z-¢) } Hy <z < Hq

Various component of the Green's functions for the problem under

consideration are given by:




G

G3)

G2
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1 [:Mlcosol(z+H1)cosoz(g+Hli}
A1C05201H1
1 [:cosol(z+H1)sinclge(g-z)4~c0501(5+H1)sinclze(z-§{]
UIOICOSOIH]
-Hy< z< 0 (2.2.37)
A(z)cosol(E+H1)
0<z<H, (2.2.38)
Aj1c0sojHicosaosH,
u202c0shaz(z-H3)cosoy (E+H;)
Hy <z < Hyq (2.2.39)
A1cosoyHicosasHycosho 3(Hy=Hy)
A(£)cosay (2+H,)
-H<z<0 (2.2.40)
A1cosoHycosoyH,
A(z)A(g) (A(g)sino,ze(g-2) + A(z)sino,ce(z-£))
M1A1C05202H2 M1u202c05202H2
0<z<H, (2.2.41)
uzozcoshoa(z-H3)A(g) coshoz(z-Hj)
Mia;1c0s20,H,c08ha(Hy-Hy)  M)coso,Hycoshog(H,y-Hy)
H2< Z < H3 (2.2.42)
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H20,C08ho3(&-H3)coso,(z+H,)
Gi3 = - Hl <2 <0 (2.2.43)

8;€0s01H€0S 05H ,cosho3(H,-H 5)

. A(z) upopcoshas( g-Hy) coshag( g-H,)
23 = -
M181c0520,H,c0sho3(Hy-H) M coso H coshgy(H,-H )
0<z<H, (2.2.44)
. uzoZcosho3(g-Hz)coshos(z-H3)
33 =

M1A1C05202H2C05h203(H2-H3)

coshos(£-H3)coshas (2-H3)luso, tanhas(Hy-Hg) = p303tans,Hy)

Miugzo;

1 .
03 {cosho3(g-H;)sinho(z-Hs)e(g-2)

cosho3(z-H3)sinho3(g-H3)e(z-£)} Hy <z <Hy (2.2.45)

+

where 4;, Mp and A(z) are given by (2.2.19), (2.2.22) and
(2.2.23) respectively.
We note the symmetry of the Green's function from the fact that

Gij(z’ Es A) = Gji (Ea 25 A) i,j=1,2, 3.
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2.3 Green's Function for Love wave operator
for two layers over a half-space

In this section we shall construct the Green's function for the
Love wave operator for two uniform layers over a uniform half-space.
We consider a layer of infinite depth, rigidity u3 » shear velocity B3
and density p; , overlaid by two infinite strips, consisting of a
layer of finite depth Hy , density o, , rigidity pa(<u3) and shear
velocity B8,(<B3), and another layer of depth H;(<H,), density o1 >
rigidity u;(<p,) and shear velocity B8;(<8,)(see fig. 5). We suppose
the density and the rigidity of each layer to be constant, and the top
piane surface to be stress-free. The system of equations is given by
(2.2.1) — (2.2.6a) with (2.2.6b) replaced by the following condition:

(-4

Ju(z)IV(z)lzdz <

0

Let G(z, &3 2) = Gij
where Gij have the same meaning as in section 2.2, with the interval

(Hz , H3) replaced by (H, , =).

If -H €50, then G, , G, and G3, satisfy the

differential equation

326Gy,
; + O%GII = §(z-¢) (2.3.1)




32G,,
+ 036y = 0
222
392G,
and - 046Gz, = 0
2
3z

together with the following conditions

Gi; =0 at z=-H

Gy = Gél at z=0
uGl1 = w263, at z=0

Gy = G3y at zZ =H,
w262y = w363, at  z =H,

Gy1(z, £+052) = Gy;(z, £-031)

lim 6 = lim G + ——
z2+£+0 z+g-0 H1

and Iu(z)lG(z)Izdz < w
H

1

From (2.3.1) — (2.3.3) (2.3.4a), (2.3.4L) we have

611 A cosoy(z + Hy)

-H1<z<g

Bycosoy(z + Hy) + C;sinoy(z + H)) £<z<0

(2.

(2.

(2.

(2.

(2.

(2.

(2.

(2.

(2.

38

.2)

.3)

4a)
.4b)
4c)
4d)
)

.4f)

.4k)

.4L)




Gy = Bycosoy(z - Hy) + C,sing,(z - H,) 0<z<H,

Using the conditions (2.3.4f) , (2.3.4k) we find that

' sing) (&+H; )coso; (z+H;)
Gy, = Bycos oy(z+H,) + -H<z<g
10,

sinoy(z+H;)coso (E+H,)

= Bjcoso;(z+H;) + £E<2z2<0
o
G21 = B2cosoz(z-Hz) + Casinoa(z-Hy) 0<z<H,
and G31 =D e” o3(z - Hy) | Hy < 2z

From Gz; = G31 and uG3; = w36l at z = H,

39

we have
D=8, (2.3.5)
and Cauz02 = - p303D
- U303
= = =B 2.3.6
> CZ U0, 2 ( )

From G, =Gy, and u,Gf, = uG3; at z=0
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we have

BycosojH; + (sinojHjcoso;(e+H;))my 0,

u30

= D(C0502H2 + SiﬂOsz)

H202

u303 sinoH,coso;(g+H,)
Sin02H2) - (

=> B, = seCo,Hl[é(COS°zH2'*

u202 H10)

(2.3.7)

and - uy01B;sino H; + coso,H,coso,(g+H;)

= D(uzozsiHOZHz"u303C0502H2)

sinojHjcosoy (E+H;)
= u3°3 .
= - moitanoiH; |D (c0502H2+———u202 sinozHz) -

H10,

+ cos01H1cos01(&+H1) = D(u2025in02H, - #303¢0S02H2)

H101KH303
=> D[Lloltan01H1cososz-+-———-——-—— tanoiH;sino2Hs

U202

+ U2025i1n02H2 -u3°3cos°zH%]

= tanojHisinojHjcoso) (E+H;) + cosoHicoso; (E+H;)
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=> DEJ[U]LIzOZ tanUIHl + UIUIU303tan01H1tan02H2 + u%o%tanosz - u202u3°;l

U202C0501 ( £+H2)

coso,H,c0s0,H,

120,C0S0, (£+H,)
=> D= (2.3.8)
£2€0So,H,c0s80,H,

where Ay = u101u20’2tan01H1 + u101u3o3tanozH2tan01H1

“H303U20o + u%g%tanosz (2.3.9)

Also equation (2.3.7) becomes

UszCOSO’l(g*Hl) U303 tanolHICOSol(g+Hl))

(cos°2H2+u2°2 sinoyH,)- o

8,€0Sg,H,c052g,H,

(2.3.10)

From (2.3.5) — (2.3.9) we have

H20,C0S0; (£+H, )coso, (z+H,) U303
Gll = (1 +
A,€05%g 1 H,

tano,H
H202 2Mt)

[?anolHICOSol(Z+H1)C0501(£+H1)- sinol(;+H1)c0501(z+H1;]
i o J

-H1<Z<g
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uZUZCOSol(5+H1)COSOI(Z+H1) ( U303
= 1 +
8,€0520,H, H202

-
lfanolHICOSol(Z+H1)COSol(§+H1) - sing;(z+H;)cosq;(gHH,;)

H10y
E<2<0
Hence
UZOZCOSOI(€+H1)COSCI(Z+H1) u3o
11 = (1+ tang,H,)+
AzCOSZOIHl H202 UIUICOSOIHI
[;0501(z+H1)sinolge(g-z)+ coso;(e+H;)sino,ze(z-¢)
cosoy(&+H,) : )
Gz; = (4202€0802(z-H,) - u3o3sino,(z-H,)) 0<z <H,
A2C0502H2C0501H1
and
u202€080( £+H
L 1(&+;) o-03(2-Hy) 0 <2
ApcosagHacosoHy

If 0<&x<Hy, then Gy , Gyy and G3z satisfy the
differential equations

32G12

—— +of6y; = 0 (2.3.11)
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32G,,
+ 0%622 = 5(2 - E) (2.3.12)
322
32G;,
and - o§G32 =0 (2.3.13)
922

together with the conditions (2.3.4a) — (2.3.4L) , after suitable

modifications for the present case.

From (2.3.11) — (2.2.13) , (2.3.4a) and (2.3.4L)

we have
G12 = A coso;(z + H,;) -Hy <z<0
Gy, = Bycoso,(z - H2)+-Clsinoz(i - Hy) 0<z<g
= Byc0S05(z - Hy) +Cysino,(z - Hy) £ <Z<H
and G5, = D e™93(z - H2) Hy < 2z

From the modified conditions (2.3.4b) — (2.3.4k)

we have

A COSOIHI = Bl (2.3.14)

- A uIUISinolHl = UZOZCI (2.3.15)
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D = B, (2.3.16)

u202C2 - ]J303D (2.3.17)

BICOSOZE + Clsinﬂzg BZCOSOZ(Q-HZ) + CZSindz(E‘Hz) (2-3-18)

"Blsinozi"’ClCOSozg -stincz(E-Hz) +CZC0502(§-H2) (2.3.19)
Using the method described in 5 (2.2) in dealing with the

equations (2.2.27) — (2.2.32) we find from (2.3.14) — (2.3.19)

that

Co - uzos3

B, U202

-(vy015ino HycosoyH;, + up0,c0s01H STnoyH, )A + cosay(E-Hy )

(- wyo1sinoHisino,H, + uy0,c050,H,c0S0,H,)A = sing,(e-Hy)
19151n01H;sinoyH; + ny0,c0s0,H) cosazH;

or A(U303u1015in01H15in02H2 - u202u303C0501H1C0502H2
+110710,81in0,HycosogH, + u%o%COSolHlsinosz)

= uZOZCOSOZ(E-Hz) - u303s1'n02(g-H2)

A cosoH;cosoyH8, = u202C0502(€,-H2) -u303Sin02(£-H2)
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ie. A=—208
4,C0Sg,H,cosg,H,
where B(£) = up0,C0805(£-H,) - nzo3sing,(g-H,) (2.3.20)

and A, 1is given by (2.3.9)

= H)0)

1
Also P—— tangH,

(112625'“102”2 - u303C0502H2)D - COSay¢

(uz202c080,H, + u3035inoyH,)D + sing,t
or D(- u101u202c0502H2tan01H1 - HIOIU3U3Sin02H2tan0‘1H1 - u%O%Sinosz

+ u20‘2U303C0502H2) = ulolsinolgtanolHl - u202c0502£

W202C0S0E = pyoySinoygtangH,

A2C0502H2
where
coso;(z+H;)B(¢)
G]2= - Hl <z<0
bpc0s01H cosoyH,
B(z)(up0,€0S0,€ - ujo;tancH;sinc,t)
G22 = £E < Z
H202082C0S02H)
B(E)(UZ02COSOZZ - uloltanolHlsinozz)
= Z < E

U202 A2C0502H2
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By using

2 2
B2 = uzoztano,t, + uyo3u,0,
uloltanolHl = (2.3.21)
U202 + u303tan02H2

we can put G,, into the form

B(z)B(z)

MzAzCOSZOZHz

Gyy =

(B(g)sinozzo(g-z)4-B(z)sinozge(z-g))
- 0<z<H
 Maupo,coso i,

Finally

1
G3z = -——-—————{uzozcosoza-u101tanolHlsinozg)e'°3(z'H2) Hy < z
AzcosooHy -

where M2 = uz0; + uzoztanozH, (2.3.22)

and 42 , B(z) are defined by (2.3.9) and (2.3.20) respectively.

If Ho s £ <=, then Gy3, G3 and G33 satisfy the

differential equations

832G 3 )
+ 0163 =0 (2.3.23)

522
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32623
+ 026,53 = 0 (2.3.24)
922 |
|
32633 |
and - U%Ggg = 5(2 - £) (203-25) é
az2 |
together with conditions (2.3.4a) — (2.3.4L) (suitably modified).
From (2.3.23) -— (2.3.25), (2.3.4a), (2.3.4L)
we have
Gys = A cosoy(z + H,) -H <z<0
G23 = Bycosay(z - Hy) +Cysingy(z - Hy) 0<z<H,
and G33 = D]eU3(Z‘H2) + 028-03(Z-H2) Hz < Z < §
= E 6-03(Z-H2) H, <€ < 2z
Since Gl3 = Gza and UIG;3 = UZG£3 at z=0
we have A COSUIHI = BIC0502H2 - CISiNOZHZ
=> A = seco;H;(Bjcoso,H, - C,sing,H,)

and -AMIUISinOIHl = Bluzczsin02H2 + C1u202C0502H2



where

SO we

G23 = G33

have

and

- wpoytano Hy(BcosayH, - Cysing,H,)

= BluZOZSindsz + CIUZOZCOSOZHZ

Cl(uloltanolHlsinosz - uzOZCOSOZHZ)

= Bl(uzozsinosz + ulcltanolHICOSosz)

u0,SingyH, + uyo;tanoH,cosoyH,

Cl = Bl( -
uioytano HsingH, « wyo,c0s0,H,

Bivy

uzoztanosz + ulcltanolHl

uloltanolHltanosz - U2°2l

and  1;G33 = p3G4; at z=H,

B,

D; + D,

Cingoy = u3o3D; = p3o3D,

H202Y1 D1 + uz0,7Y1D; = p303D; - uzo3D,

D2(u303 + up0,71) = (u303 = wp0,7,)D;

48

(2.3.26)



H3o3 + 0,7,
= D, = )D,
H303 = up0,Y)

uzoz + pyooY,

= Bl = Dz(l +
U303 = Up02Y)
21303
= DZ(
U303 = up0yY,
ZU303Y1
C1 = Dy
H303 = Uy00Y)
Dz 2“303 .
and A = ( )(cosazH, - YysinoyH,)

Coso1H) w303 - uy0,Y,

- D2ug0; 2u303

)

cosoiHy w303 - pyo,Y,

. , . ) 1
G33 is continuous at z = ¢ and Tim G33 = lim G33 + e
Z + &40 zZ > E-Q

and so

E e03(6-H2) _ p cos(E-H) | n,e-03(&-Hz)

=> =D, + pe?93(&H2)

4y




- E e‘O3(£‘H2) - Dle03(E‘H2) - Dze'°3(£-H2) + _l__

H303

=> - Dze'OS(E'Hz) - Dle03(€'H2) = Dle03(£'H2) - Dze‘03(§'H2)+

and
- o -03(&-H;)
=> D1 = __g_________
21303
eoa(E'Hz)
and E=Dp - —nouo

2u303

Moreover, we have

U303 = Ma03Yy

- e-oa(E-HZ)

D,
H303 + py0pY,

U303 = py0,Y,

2“303

@
—
n
—

H303 + ny0,7,

- e-o3(€-H2)

u303 + uyo,Y;

U303 = padaYy

-03(£-H,)
(e 2% )

U303 = U057,

2”303

H303 t+ py05Y,

(cosoyHy - vysinoyH,)

)

B303 = Hp0,Y,

- e-°3(£-H2)

203u3€0S0 1 H;

50

1

H3o3




and

Therefore, we
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- e'°3(5'H2)(c0502H2 = Y;Sing,H,)

€oSo1H(ugo3 + uyo,v,)

uzoz(uloltanolHltanosz- uzoz)e'Os(E'Hz)

A?_COSolHl(ploltanolHlsinosz - u202C0502H2)

u2°2e-03( E-HZ)

82€08g1H,cosq,H,

U303 = up0,Y, e'03(£"'H2) e03(E'H2)

E=-( ) -
W303 + upoyY; 21304 21304
have
120,€0Sg, (Z2+H,)
_ H2o2 1 1 e'°3(5'H2)
A2€0SgH,cosg,H,

By (cosoa(z-Hy) + vysinoy(z-H,))

-(cosoa(z-Hy) + Yy sino,(z-Hy)

o-93(E-H;)

H303 + U205Y)

e-03(E-Hz)
A;cos02Hs

(M202c08022 - uyo;tano)Hysino,z)
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and
Gys = -e93( E-Ha) yos(z-H,) ) e~093(£-H3) - o5(2-H)) (2393 uz02Y] |
2u303 21303 u303 * pyo,Y, |
Z<§ "

-e93(z-H;) o3(g-Hy) N e~03(2-H,) o=a3(g-H,) (u3°3 BLELAS

<+

2u404 21304 H303 T oY)

u%o%e“03( E"Hz)e"‘03(z-H2) e-03( E-Hz)e-o‘a(z-Hz) ( u3o3tan02H2'u202)

M2A2C0$202H2 2u303M2

ol Em o (e
-l:e_f_g_zi o(£-z) + 9_31(2_5)_ e(z-g)]

2”303 ZU303

where M, is given by (2.3.20).

Various components of the Green's function for the half-space

problem are given by

My coso) (g+H, ) cosa, (z+H,)
Gy =

Ap€0s20 H,

1 _

iorc0se Ay (coso1(z+H)sino,ge(z-2)

+ cosoy (£+H;)sino,z6(z-¢€)) -H; <z <0 (2.3.27)



G3)
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B(z)coso,(&+H,)
il 0<z<H, (2.3.28)
ApC0s0,H,c0S0H,
u202C0501(£+H1)e-os(Z-Hz)
Hz < Z (2.3.29)
ApcosasHycosoHy
cosa(z+H,)B(¢)
ikt -H <z<0  (2.3.30)
A,c0s0,H,cosa,oH,
B(z)B(&) (B(g)sino,ze(e-2z) +B(2z)sino,£6(2-£))
M2A2C05202H2 LI20‘2M2COSOZH2
0 <z<H, (2.3.31)
- -H,)
B(£)u,0,e o3(z-H, -03{(z-H,)
202 IR Hy < 2 (2.3.32)
M2A2C05202H2 M2C0502H2
H202€0S0 (z+H,)
22 TV emoalehy) “H <z<0  (2.3.33)
Apc0so1HjcososH,
B(2)ugope 26 H2)  _oy(eny)
- & 0<z<H, (2.3.34)

MaA,c0820,H, M,cosozHy
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u%o%e-03(E-H2)e"03(Z'H2)

G33 =

M2A2C05202H2

e-03(E-Hz)e-03(Z-H2)(p303tan02H2‘U202)

ZU3O3M2

-a3(g-2) -a3(z-
-[e_iiz__ B(E-Z) + 2__3(2—5)_. e(z_g)J

2”303 2“303

Hy < 2 (2.3.35)

where A, , B(z) and M, are given by (2.3.9), (2.3.20) and
(2.3.22) respectively. We note that Gij(z’ £ A) = Gij(g’ z ;)

i,j=1,2,3 i.e. the Green's function is symmetric.

We remark that the Green's function for the finite depth problem
as H; » » assumes the same expression as the Green's function for
the half-space problem. However, the Green's function for the half-

space problem has been derived under more general conditions.
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CHAPTER 3

SPECTRAL REPRESENTATION OF THE LOVE WAVE OPERATOR

In this chapter, we shall find the spectral representation of the
operators associated with the propagation of Love waves in linearly elastic
structures consisting of two infinite homogeneous strips overlying another
infinite homogeneous layer of finite depth or a uniform half-space, by

using the corresponding Green's functions obtained in Chapter 2.

3.1 The Formula for the Spectral Representation for the Regular Case

Consider the inhomogeneous problem,

Ly - ap(2)y = f(z2) , (3.1.1)

together with equations (1.2.2) and (1.2.3)

b

Then y(z) = [e (2, &5 A)F()de (3.1.2)
a

is the unique solution of (3.1.1), where G(z, £; A) is the Green's

function for the system (1.2.1) — (1.2.3).

Moreover, by the Expansion Theorem (& 1.2) we can set up the series
expansion of y(z) 1in terms of the complete set of normalized eigen-

functions {¢n(z)} of the associated homogeneous system.
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Let y(2) = ] o ¢"(2) (3.1.3)
n

- Since the eigenfunctions form a complete orthonormal set and the modified

orthonormality condition is given by !

b —_
<o, "> = I A(z)p(2)¢"(2)¢"(2)dz = &

a

mn

where Gmn =0 if m#n

1 if m=n

and A(z) defined by (1.2.5) 1is a piecewise constant function, then

<y(2), oK2)> = < T a™(2) , oK2) >
n

n K
a<¢,¢>
L an

%k

whence y(z) = Y<y, ¢n > ¢n(z) (3.1.4)
n

If y=26(z-g) , then we get
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b
< 8(z-€), ¢" > fA(z)p(z)4>"(2)s(z-s)dz
a

ACe)ple) ™ (e) (3.1.5)

~ Equations (3.1.4) and (3.1.5) yield the following representation of

- the delta function:

s(z-g) = J<slz-g), ¢">¢"(2)
n

T AE)P(e)e™(£)s™(2)
n

ACE)D(e) T +™(e)e"(2) (3.1.6)
n

In order to find the bilinear series for the Green's function, we
multiply equation (3.1.1) by A(z)¢™(z) and integrate with respect to

-z between the 1imits a to b. We get

b _ b L
j A(z)e™2) L(y)dz - x[ p(2)A(2)e™(2)y(z)dz
a a
b —
= J A(z)¢n(z)f(z)dz o {3.1.7)
a

<y,¢n>

b
" Now j p(2)A(2)¢"(2)y(2)dz
d




fand since L 1is a self adjoint operator,

b
j L(y) A(z) ¢"(z)dz
a

n

b

[y(z) A(z) L($"(2)) dz

a
b co—

A j ¥(z) Az) p(z) ¢(2) dz
a

A < ¥(2), ¢"(2) >
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(3.1.8)

where An is the eigenvalue corresponding to the eigenfunction ¢"(z).

Thus equation (3.1.7) becomes

(Ag=2) < ¥(2), §"(2) > = o (3 -)

b
- IA(z) £(z) ¢"(2)dz
a

If x#2 , then (3.1.9) implies

n

b
o = —1—-) [A(z) f(2) ¢(2)dz
a

From (3.1.3) and (3.1.10) we obtain

A

b
n —
y(z) = g _i_éé%_ J A(z) f(z) ¢"(z)dz
n
a

which is the unique solution of (3.1.1).

(3.1.9)

(3.1.10)

(3.1.11)
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In the case f(z) = §(z-¢) y = G(z, £; 2) and so

G(Z, €;A) = z A(g)d’n(z)d’n(g) (3.1.12)
n )\n = A

which is the bilinear series for G(z, £:2). It can be shown

s

(Stakgold 1967) that Green's function G(z, £3; 1) is a meromorphic

function of A with simple poles located at the points A;, Ap, ...y A
on the real axis as its only singularities. The spectrum of eigen-

values is, therefore, discrete in this case.

Integrating (3.1.12) around a large circle |x| = R in the complex

A - plane we get

Tim f G(z, £; A)dr = - 2ni§:A(g)¢"(z);ﬁ(£)
e al=R

where R does not take the values PR

So we have by using (3.1.6)

) 1 Ly o 8z - &)
Tin ok j 8z, £52) = - A2 (3.1.13)
R+oo IA'=R

For the system (2.1.4) — (2.1.8) the formula (3.1.13) becomes

-7 o™2)e"(¢)

- :éizrzyél__ (3.1.14)
g

1122? j G(z, £3;2)dx




The equation (3.1.14) enables us to find the spectrum and the
corresponding eigenfunctions from the knowledae of Green's function.
The set of poles of the integrand, all Tying on the real axis in the
complex X - plane, constitutes the spectrum of eigenvalues. The
corresponding normalized eigenfunction may then be identified from the
sum of the residues. We shall illustrate the method by means of a
three-layer model, with piecewise constant distribution of the rigidity

and the density functions in the next section.

3.2 Spectral Representation of the Love Wave Operator
for the regular case

In this section we find the spectral representation of the Love
wave operator for an infinite strip consisting of a layer of depth

H3-H,, rigidity u; , shear velocity B3 and density p3 » overlaid
by two infinite strips, consisting of a layer of denth H2(<H3),
density o, , rigidity u,(<u;) and shear velocity B,(<B3) and
another layer of depth H,(<H,) , density p1» rigidity u;(<y,) and

shear velocity 8,(<g,) (see Figure 2).

We shall use the formula (3.1.14)
Him %f é G(z,e30)dn = -7 o"(2)¢"(¢) = -“S(—zéyﬂ
R—*oo IAl:R ;

to find the spectrum and the corresponding set of eigenfunctions

(6"(2)}.
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Consider

Iy = Tim '2-“—11 § G“(ZaE;A)dA

R+o [A]=R

. -1
lim >~ ? S — tﬁ coso;(2z+H;)coso, (£+H, i]
Row " I ' R A1C05201H1 ! 2

+ 01080 M COSol(z+H1)sinOIge(g~z)+cosgﬁg+H1)sinolze(z-£) da

(3.2.1)
where My is given by (2.2.22).

We note that the integrand is an even function of 01, 0 and o3

2
and therefore the points A ='f{ » = and 95- are not branch points
8% 83 B3

of the integrand. The only singularities of G;; are simple and real

poles, which are the roots of a; = 0 (See (2.2.19)). This obser-
vation is valid for all the integrands we shall encounter in this section

and will not be repeated subsequently.

On evaluating (3.2.1) as the sum of the residues at the poles,

we get:

1 Micosoy(z+H; ) cosoy (E+H, )

da

[}
—
-o
3

In .
R+w |)\|=R d;cos%o1H;

o COSU$n)(Z+H1)Cososn)(£+H1)(M1)A=A

coszogn)H1§} (13, .,

b= ]
(]
b

0201 WS (3.2.2)
n=
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" where
COSOI(Z+H1) Ml 15
$1(2) = 5 ) (3.2.3)
1
(n) - ( w? 2 (n) %
-2 ) , - 2
% E?' n 9 = %g-- An)
3
and og") =(a - 9; ) (3.2.4)
n Y.

The superscript n on ¢; (and on all subsequent ¢'s) refers to

evaluation at the pole 1 = A, of a;.

Consider

Iy, = Hnl %? G,y (Z,£52)da

R~ |A]=R
A(z)coso (g+H,)
= im Z"}— AL (3.2.5)

R+ e I3|=R A1€0Sg H, cosg,H,

where A(z) and a; are given by (2.2.23) and (2.2.19) respectively.

By evaluating the integrand (3.2.5) as the sum of the residues

at the poles, we get
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cosa{™ (g#;) (R(2)),_

Iy = - L
n=1 COSogn)HICOSogn)Hzg%{Al]A =
" |
= 1 e5(2)67(e) (3.2.6)
n=1 :
A(z) 1 G
where 6,(z) = 2l ( ) (3.2.7)

H

Since Gyy(z,£30) = Gy,(£,2351) we have

c050§n)(z+H1)(ﬁ(g))l=An

Lo == ] (n) (n)
n=1 coso, 'H,cosoy" H,20a, 7.,
1 1 2 23X 1 A An
= 7 or1(2)e5(e) (3.2.8)
n=1
Consider

., = lim -1 Gyy(z,e32)da

31 R'*”—?FT_|| 310Z5E3
A{=R

dx (3.2.9)

-1 § u202C05h03(Z-H3)C0501(E+H1)

n I3]=R A1€0S0, H, cosa,H,coshg 5 (H,-Hy)
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Evaluating (3.2.9) as the sum of the residues at the poles,

we get
w uzog")coshog")(z-H3)c050g")(g+H1)
a1 =- L — TR ) ;
n=1 C0Sso) H1C050'2 H2C05h03 (HZ-H3)8_}\{A1])\=A
n
- nzl 5(2)87(£) (3.2.10)
: E uzcgn)coshogn)(g-H3)c050$")(z+H1)
13 = -
: n=1 c050§")H1c050£")H2coshog")(H2-H3)§%{A1]A=A
n
= ] +1(2)e3(e) (3.2.11)
n=1
Hp0,€0sho4(z-H,;) L
where  ¢4(2) = —— (—F ) (3.2.12)
C0502H2C°Sh03(H2'H3) Ml EX'E'AIJ
Consider
Ty = im 5e 0 Gyp(z.g30)dr
Raw €™
|A]=R

= 1im 2;1-§ [____E_Z‘(Z)A( )

|=R MIAI C0520'2H2

Row

| A

(A(g) sino,ze(e-z) + A(z) sinozge(z-g)f]

- da
UZOZMICOSZUZHZ _J

(3.2.13)




Evaluating (3.2.13) as the sum of the residues at the poles,

we get

oo

(A(z) Ale)), _
n

-1
n=1 coszogn)Hz(Ml)A=A g%[AIJA=A
n n

<o

Y 62(z)65(¢)
n=1

where ¢3(z) is given by (3.2.7).

Consider

I32 = 1im ZLT!I'I—é G32(z,E31)dA
Ixf=R

u202c05h03(z-H3)A(€)
M

181 €05 202Hac0sho3 (Ha-H3)

coshos(z-Hs)
dx
MlcosogHzcosho3(H2-H3)__

Evaluating (3.2.15) as the sum of the resides at the poles,

we get

w©

208N cosho{™ (z-3) (AGe ) ,_,
n

132_-

n=1 coszcgn)Hzcoshogn)(Hz-Ha)(M1)}‘=A %[Alj)\:)‘
n n

65

(3.2.14)

(3.2.15)
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n§1 05(2)e5(e) (3.2.16)

vaoteosho{™ (c-H,) (R(2))

o

-3 (
n=1 cos2g n)H cosho(")(H <Ha) (M) _ iL[A 1,
2 2 3 27''3 IA-Xnal IA_An

I 2" (2)e5(¢) (3.2.17)
n=1

where ¢,(z) and ¢3(€) are given by (3.2.7) and (3.2.12)

respectively.
Consider
I33 = Vim 5 0 Gyu(z,50)da
33 R_Mozﬂ' 3314585,
[x]=R
u303¢€0sho;(£-Hz)coshoy(z-H,)
= Tim éﬂ?
Raw T

In|=R M1A1c052o2H2cosh203(H2-H3)

C05h03(£'H3 )COShO3(Z‘H3 )(1]20'2tanh03 (H2 -Ha)‘u303tan02H2)

M1U3°3

1
H303

{coshos(£-Hs )sinho3(z-H3)e(z-z)

+ coshqdz-Hg)sinhos(E-Hg)e(z-E)ildA (3.2.18)

-
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Evaluating (3.2.18) as the sum of the residues at the poles,

we get

u%(og"))zcoshog")(g-Ha)coshog")(z-H3)

cosZogn)H coshZO(")(H SH) (M) . 21T
2 A T

133=..

E; $3(2)¢3(¢) (3.2.19)
n=

The final results are

- v n n - 2
Lij nzl $i(2)e;(¢) i,j = 1,2,3. (3.2.20)

where ¢,(z), ¢,(z) and ¢5(z) are given by (3.2.3), (3.2.7) and

(3.2.12) respectively.

From (3.1.14) and (3.2.20) we obtain the following represen-

tation of the delta function

s(z-¢) = Elu(a)qs"(z)?(g) (3.2.21)
n=
where ¢"(z) = ¢?(z) -Hs2z50 }
= ¢5(z) 0<zg¢H, (3.2.22)

¢g(2) Hy ¢ z < Hg
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‘and w(z) = 1y -Hc2¢0
= up 0 £ 2 g Hz (3.2.23)
= u3 Hy < 2 < H3

The representation of the delta function as a sum of eigenfunctions
as in (3.2.21) can be used to obtain a similar representation for any

function f(z) as follows.

If f(z) is any function of finite u-norm, then multiplying
(3.2.21) by f(g) , and integrating with respect to £ over the

interval (-H;, H3), we have

H3 Hy
i F(e)6(z-5)de ! w(€)F(5)e™(2)6"(£) de
=M =M

"
it~V 8
faecy

n

o Hj
) ") £ W(£)F(e)e"(e)de
n=

~-M

Thus f(z) E fn¢n(2)
n=1
Hj
<f, "> = lu(&:)f(i)dﬁn(ﬁ)di-

-

—h
]

where

In particular, when f(z) ¢m(z) we get the following orthonormality

relations:
& 1 if m=n
<oy ¢">= Ju(2)¢m(2)¢"(2)dz = 8oy =

-H 10 if m#n




69

3.3 The Formula for Spectral Representation for the Singular Case

We remarked in section (3.2) that the spectrum of the Love wave
operator when the layered structure is of finite depth is discrete.
However, the spectrum of the Love wave operator for the layered half-
space problem is the disjoint union of the point-spectrum (giving rise
to proper eigenfunctions), and a continuous spectrum (which yields
improper eigenfunctions), because the Green's function in this case has
a branch point singularity (see Friedman 1956 p.p. 214 and Stakgold
1967 (5 4.4)). We shall see that in addition to poles the contour
integral of the Green's functions over the complex 1 domain reduces

to a sum of residues at the poles plus the integral along the branch cut.

We follow Stakgold 1967 (s 4.4) in assuming the validity of the

.1 i - _ 8(z-¢)
]1m21'|’—.iJ G(Z,E,A)dA = - ~p(—g-§_ (3-3.1)
2= =R

formula

in the singular as well as the reqular case.

The continuous spectrum will be the set of point on the branch-
cut along a portion of the real axis and the discrete spectrum will be
the set of poles located on the real axis. We can obtain the represen-

tation of the delta function in the following form:

s(z-£) = IMe)p(e)s"(2)4"(5) + jA(g)p(m(z,x)w(g,m (3.3.2)
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where ¢"(z) are the normalized eigenfunctions belonging to the dis-

crete spectrum and y(z,1) are the normalized improper eigenfunctions

belonging to the continuous spectrum.

The normalization of the eigenfunctions {¢"(z)} may be achieved

by the condition

<2 ) > = [ A @M@ e - s L (3.3.3)
da

In order to obtain the normalized conditions for the improper
eigenfunctions {y(z,1)}, we multiply (3.3.2) by w(e,r') and

integrate from a to « to get
¥(z,2") = To™(2) < wleant), ¢(e) »

+]w(z,x) <w(E")s wlEn) > da (3.3.4)

For (3.3.4) to be valid, we must have

©

<wlzn'), o"z) > = IA(z)w(z,x'f;ﬁ(z)dz -0 (3.3.5)
a

[ ]

and <w(z,2'), w(z,3) > = jA(z)p(z)¢(z,A')w(z,A)dz = 5(a-2") (3.3.6)
a

Hence the improper eigenfunctions must be normalized according to

(3.3.5) and (3.3.6).
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For the system (2.1.4) — (2.1.6), (2.1.8) , the formulae
(3.3.2) — (3.3.3) and (3.3.5) — (3.3.6) become:

s(z-€) = Tu(e)e™(2) $7(c) + Ju(g)w(z,x)w(g,x)dx (3.3.7)
<" ¢" > = i'u(2)¢"'(2)¢T(;)dz =6 (3.3.8)
<wlzn'), ™a2) » fu(z)w(z,x')q,“'_(z—)dz =0 (3.3.9)

0
and <y(z,2'), wlz,n) > = Ju(Z)w(z,A')¢(z,A)dz = s(x-2") (3.3.10)
0 .

From (3.3.1) and (3.3.7) we have the formula

JIT°%%TI§I Re(z,g;x)dx=z¢"(z);“?23-+j¢(z,x)w(g,x)dx (3.3.11)
A:

Any function V(z) which is square - integrable relative to the weight

function u(z), can be expressed as

V(z) =5 <V, ¢" > o"(2) + j< V, o su(zsn)ds
n

We shall find the spectral representation of the Love wave operator

for two layers over a half space in the next section.
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3.4 Spectral Representation of the Love Wave Operator for two
Infinite Layers of Finite Thickness over a Uniform hal f-space

In this section we find the spectral representation of the Love
wave operator for a uniform half-space of rigidity us » shear velocity
B3 and density p3 , overlaid by two infinite strips consisting of a
layer of finite depth H, , density p, , rigidity up(<u3) and shear
“velocity B,(<g3) in and another layer of depth H,(<H,), density o, ,

rigidity u;(<u;) and shear velocity 8,(<B,) (see fig. 4).

In order to find the discrete and continuous spectrum along with
the corresponding eigenfunctions {¢n(z)} and improper eigenfunctions

{p(z,2)} we use formulae (3.3.1) and (3.3.2).

First we consider

I]I.l = 1im 'z-?l,i—é Gll(Z,E;A)dA
1 COSUI(E;'*'HI)COSUI(Z"'HI)MZ 1
= Tim 5= +
2ni 2
R>w [3]=R Ayc0S“o1H, u101€0S0 H;

{COSol(Z+H1)Sin01£6(5-2)+c0501(€+H1)Sin0129(2‘€)i]dx
(3.4.1)

where M, is given by (2.3.22) and a, by (2.3.9).



* Love Poles
- A
J
- wz/Bg
Fig. 6. The Contour of Integration
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We note that A = m2/6§ is the only branch-point singularity of
the integrand of (3.4.1) and the poles are the roots of A, = 0,
which is the dispersion equation for Love wave propogation in two layers
over a half space (see Ewing et al. 1957 p.p.229).

The poles are all simple, finite in number and are located in the

interval (w?/82 , w2/82] . The set of these poles constitutes the
3 1

discrete spectrum. The continuous spectrum is related to the integral
over the branch-lines &* s &~ in the complex A - plane, and the

path of integration is shown in figure 6.

We assume that Re(o3) > 0 for I(a) # 0. This means that on the
branch-line o' 503 =153 and on ¢ ,05 = -i s4,
5
where S3 = (w2/83 - 1) is real and positive for 1 < w?/82 .

Mz WOy, + u303tan02H2
Let Y, T =

4 8;
+ - . +
Then Yi =Yy o= 2i I(yy")
Ziu§o§u3$3SeC202H2
p? + @2
where P = wyojupotangH; + u%o%tanosz (3.4.2)

& q-= ul01u353tan02H2tan01H1 - U202U3S3 (3.4.3)
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The contribution to 1), from % and 4~

is
2/g2

-1 ) -1 w /Ba + _
75 ( . Gy da - f Gpdi ) = = I (61,7 = G;;7)da

2 I -

2/g2 -
-1 T /83(71+ - ¥, )coso,(e+ Hy)coso, (z+H,)
= o dx
2n a cos2g,H,

where the superscripts + and - refer to the values at the branches

z+ and g~ respectively, and so the branch-line contribution to the

integral (3.4.1) is given by

2702
= uzu3 T /83 $305C0s0; (£+H; ) coso, (z+H, ) .
A
o (p2+92) cos2q,H,c0520, H,
w?/83
= - v1(z,0)yy (£,10)da
H2021383€0S0) (Z+H, ) cose
where ¥1(2Z,2) = (3.4.4)
P vVr 1383 CosgH,cosa,H,
and o = tan”! g- (3.4.5)

P and q are given by (3.4.2) and (3.4.3) respectively.
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The sum of the residues at the finite number of the poles which 1ie in

the interval ( w?/83 , w?/82 ] s given by

c05cg")(g+H1)c050§")(z+H1)(M2)

N A=)
- z n
n=1 coszogn)Hl g% [A2]A=A
n
N
= § eM(e)eNz)
n=1
COSO’I(Z"'HI) .M2 %
where $1(2) = ( 5 ) (3.4.6)
COSO‘]_H] '57‘ [-AZJ v
Consider
12'1 = Tim -2-—1.— é Gz](z,g;)\)d)\
R+oo LA
[21=R |
B(z)coso; (£+H,)
I | 1 1
_R]lll_z-"_‘— I§I 8,€0S0,H,cos04H, dA (3.4.7)
A =

where B(z) 1is given by (2.3.20).

Again 1 = w2/8§ is the only branch-point singularity of the

integrand of (3.4.7) and the poles are the roots of A, = 0.
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- B(z)
Let Y, = T
Then  v,* - v,™ = 2i 1(v,)
21'1120211353(:(2)

(p? + q2)coso,H,

where C(2) = (up02€08052 - ujo,Sino,ztano;H;) (3.4.8)

and the branch-Tine contribution to the integral is given by

2 /a2
- Hau3 T /83 0253€0s0; (£+H;)C(z)

™

da
(p2 +q?)cos2a0,H,c080,H;

-00

w?/p3
= - [ Ya(z, )y (E,0)dr

-00

where ¢;(£,X) is given by (3.4.4)

n3s3C(z)cose
(3.4.9)

and va(z,A) = .
p(cosozHz) ¥ musss

where o and C(z) are given by (3.4.5) and (3.4.8) respectively.

Contribution from the poles is given by

v cosat™ (e ) (B(2))
n

n=1 c050£n)HZCOSogn)H1 f%fﬁz]x=x
n
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N
= 7 ep(z)e7(E)
n=1

where ¢,(g) 1s given by (3.4.6) and

]
4o(2) = —B(2) ( — L ) (3.4.10)
cosaosH, M2 =y [-82]
Consider
I, = 1im-—:l— Gy (Z,E32)da
31 R Zri 310Z5E3
] =R

dx (3.4.11)

-1 u202c0501(5+H1)e'°3(z'H2)
§ 8,€0So,H,COS0¢ H,y

A = w2/g% is the only branch-point singularity of the integrand

of (3.4.11) and the poles are the roots of p, = 0.

'O3(Z-H2)
Let y; = =
3 Ay
Then Ya' - vs" = 28 I(vgh)
_ - 2i D(2)

P> + ¢?
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where D(z) = p sins3(z-H,) + q cossz(z-H,) (3.4.12)

- ~2iuy0,c056C080,(£+H,)sin(o+s,(z-H ))
Therefore G31+ - G3; = 2 - - : 2

P CosgyH,c0s04H,
(3.4.13)

and so the branch-line contribution to the integral (3.4.11) is

given by

2/ap2
+ o, T /B3ozc0501(g+H1)cosesin(e+sa(z-H2))

- da
- p cosgyH,cos04H,

w?/83

= - [ v1(Es0)ws(z,2)dA

-00

‘Sin( 6+S3(Z'H2)

where valz,2) = (3.4.14)
/ Tu3S3 _

Contribution from the poles is given by

N uzog")cosoﬁn)(g+nl) e'°gn)(z'Hz)

n=1 COSogn)H2COSo$n)H1 .z [a,],
A A=A,

N
= ¥ e2(2)eMNe)
n=1

u2029-03(Z-H2) 1 ;5

where #3(2) = (3.4.15)

cosooH, M, é%‘[-AZJ
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Consider

Izlz = Tim 2-_"__1? GZZ(Z,E;)\)dA
[A]=R

= 1im é%T § B(Z)B(E)
R+ |X|=R M2A2C05202H2

B(g)sinczze(g-z)-+B(z)sinozge(z-5)j}
da (3.4.16)

U202M2C0502H2

A= m2/B§ is the only branch-point singularity of the integrand

of (3.4.16) and the poles are the roots of 4, = 0.

Let Yq ='—(—L£'§)—BZB '

AxM,

Then Y- veT = 21 (v,

21u353C(2)C(¢)

p? + g2

where C(z) 1is given by (3.4.8)

and so the branch-line contribution to the integral (3.4.16) is



80

‘given by .
-1 T /83 u3s3C(z)C(E) X
") (p?+g2)cos2o,H,
mz/B%

=-j Pa(E52)0n(Z,2)dA

-0

where wo(z,2) is given by (3.4.9).

Contribution from the poles is given by

N [B(Z)B(E) ]}‘=>‘n

-1
n=1 Coszogn)Hz(Mz)x=A g%{A2]A=A
n n

5(£)65(2)

i
N~
—

i

Consider

I3, = 1im 2:,"1_&'-§ G32(z,§;x)dl

-1 [?2023(5)9-03(Z-H2) e-°3(z-H2)_]d
= lim 5= - A
|A]=R

A2M2C05202H2 MzCOSUsz _

(3.4.17)

A= m2/6§ is the only branch-point singularity of the integrand

of (3.4.17) and the poles are the roots of a4, = 0.



_ B(g)e~o3(z-Hy)

Let Ys
M24,
Then Y5 - YT = 2i I(vg')
. =2iD(z)
p2 + @2

where D(z) is given by (3.4.12).

+ . =2iC(g)cosesin(e+s;(z-H,))
and so Gaz - G32 =

P COSo,H,

Therefore, the branch-line contribution to the integral (3.4.17) s

given by

2/ga2 '
w /BgC(g)COSBSin(6+S3(Z'H2))

E R

P c0So,H,

-00

wz/Bg

= I w3(Z’A)W2(€gX)dA

Contribution from poles is given by

(n)
v oot €3 () gy

n=1 COSogn)Hz(MZ))F)\ QQX[AZJA.-.A
n n

Y
= ) ¢3(2)e5(g)
n=1

81
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Finally we consider

153 = Tim é G33(29£;A)dl
R>= 13]=R

= 1im

§ [?3059'03(E'HZ)e'°3(Z'H2)
|A]=R

e'°3(£'H2)e-°3(Z-H2)(u3°3t3"02H2 - uz03)

ZU303M2
'03(5-2) "03(2-5)
- (g-ﬁaggg——e(ﬁ-z)'*g—gaggg——e(z'ﬁ)) dxa (3.4.18)

A = w?/g2 is the only branch point singularity and the poles are

the roots of 4, = 0.

e (E‘Hz)e'03(Z'H2)

Let Yg =
axM,
Then vt - ve™ = 21 Iy )
Also G33' - Ggz~ = 21 I(G33")

2i
;;E;’[§°553(z‘5)' cos[s3(z+g-2H, )+ 29@]

21 . .
;;g;-s1n(e+s3(g-H2))s1n(e-+s3(z-H2))




iTherefore, the branch-line contribution to the integral (3.4.18)

~given by
w2/82
=1

3
- f v3(g,2)u3(z,2)da

- 00

Contribution from the poles is given by

g u%(o?)zexn[-ogn)(E-HQJexp[-ogn)(Z-HZ)J

n=1 coszoén)Hz(Mz)FA g% (827, -,
n n

$3(£)65(2)

n
nes-12
—

n

The final results are

2
N 8

Lij = nzl 4’?(5)4’3(2) - f vi(Za ) (esn)dy

- 00

i, = 1,2,3

where ¢1(z), ¢2(z) and ¢3(z) are given by (3.4.6), (3.4.10)
(3.4.15) respectively, and v1(z,x) , v2(z,A) and w3(z,r) are
by (3.4.4), (3.4.9) and (3.4.14) respectively.

83

is

(3.4.19)

and

aiven
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From (3.3.1), (3.3.2) and (3.4.19) we obtain the following

representation of the delta function

mz/B§ !

N n n
8(z-¢) = Zl w(e)e (2)¢ (g)- f w(e)w(z,n)u(e,n)dr  (3.4.20)
n:
where o"(z) = ¢?(z) -H s2¢0 ‘
= ¢5(2) OczgH, (3.4.21)
= 45(2) < 2 < Hy |

and u(z) is given by (3.2.27) are the normalized eigenfunctions,

and w(z,1) =y (z,2) -Hpcz50 )
= yp(z,1) 0<zc¢<H, f (3.4.22)
= y3(z,1) Hy ¢ z < Hj J

where v;(z,1), v,(z,2) and w;3(z,)) are given by (3.4.4), (3.4.9)

and (3.4.14) respectively are the normalized improper eigenfunctions.

If f(z) is of finite u-norm over the interval (-H;, ), then

the representation of f(z) in terms of eigenfunctions {¢n(z)} and

improper eigenfunctions {w(z,A)} can be obtained on multiplying



(3.4.20)

to o
i.e.
where

by f(&) and integrating with respect to ¢ from

we get

- -]

T N n n
j fle)s(z-g)de = § ¢"(2) [ w(€) F(£) o €)de
i n=1 -,

wz/B% ®
- f v(A,z)dz fu(a)w(a,x)f(s)de
- -H,
N w?/ 83
f(z) = 3 £ o'(z) - j £ 0(x,2)dz
n=1 n A
fo=<fo > and f, =< fu(£,1)>
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(3.4.23)

(3.4.24)

In particular, if f(z) = ¢™(z) or p(z,2') , then (3.4.23), (3.4.24)

yield the following orthonormality relations

and

[u26" 28 20z = g,
H

1

1

=<¢m,¢n> 1 ¢ myn

< N

f u(z)u(z,0)e(z,0")dz = 6(a-2') = < y(z,1) » wlz,n') >
H

o £ A A < w?/p}

]
o
1
A
©-
~»
<
v
—
A

j u(2)e™(2)9(2,2)dz
Hy
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3.5 CONCLUSION

We have obtained the spectral representation of the two-dimensional

:Love wave operator associated with monochromatic SH-waves in three-
‘1ayered models comprising two infinite strips overlying another strip
~or a half-space. The spectral representation enables us to tackle a
class of problems associated with the transmission and reflection of

Love waves at a horizontally discontinuous change in elevation or in

material properties of three layered structures, using the method based
on an integral equation formulation together with the application of
Schwinger-Levine variational principle as in Kazi (1978a,b). Kazi (1979)

and Niazy and Kazi (1980).

L]

Our future line of research will be to investigate the above-

mentioned problems.
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