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Warne in [21] replaced “group” by “monoid” and termed the resulting construction a
bicyclic extension. We give explicit proof of an important property of this bicyclic extension
semigroup in Theorem 31.

Abundant semigroup theory was initiated by Fountain [6]. Asibong-Ibe [1] extended Reiily’s
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on Bicyclic extensions and show as main result that in case of a cancellative monoid, the bicyclic
extension is an E*-bisimple semigroup, by analogy with Warne [13] and Asibong-Ibe [1].

This work forms an important first step towards obtaining a unified structure theory (of
some class of E*-bisimple semigroups) that will yield the results of Asibong-Ibe [1] and Warne

[13] as special cases.
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0.1 Introduction:

Let T be a monoid with group of units U/. Let § be a homomorphism of T into U
(6° denoting the identity automorphism of 7). Let P and K be disjoint sets and
v be a homomorphism of 7T into Gx . the full transformation group on K. Let
S = ((N°x {0}) x (T x P))U((N®x N) x (T x K)) where N [N?] is the set of natural
numbers [non-negative integers| under the multiplication

((n. k), (g.p)(r.5) .(h.q)) = ((n+r—t. k+s—t). (g0r—‘h0’°'t. z)) where t = min(k.r)
and r = q or p(hﬁk_"_l'y) according to whether £ < r or k¥ > r. Warne introduced
bicyclic extensions S in [21] and also characterized bicyclic extensions of finite chains
of groups in [21]. This result generalized results of Warne (15. 16|, Reilly (10}, Kogin
(8], Munn [9], Warne {20]. The translational hull of a bicyclic extension of a group
has been studied by Warne [20].

The bicyclic semigroup B (B = N°®x N°) under the multiplication ((m. r)(p.q)) =
(m+p—t,n+q—t) where t = min(n, p) has played a central role in the theory of
simple semigroups (Any simple semigroup which is not completely simple is locally
bicyclic [3,7]. (See. for example, (3], [14]. [17]. [18], [19])-

In chapter 1 of this thesis, we introduce basic elementary concepts and proposi-
tions on semigroups used throughout this thesis. We introduce the basic terminology
and notation; this is short preparation of general nature which is needed for spe-
cialized subject treated in this thesis. These definitions are written from Clifford &
Preston [4] and Howie [7].

To construct more general structure theory of simple semigroup, Warne in [21]

1



replaced “group” by “monoid” and termed the resulting construction a bicyclic ex-
tension. In chapter 2 of this thesis, we give explicit proof of an important property
of this bicyclic extension semigroup in Theorem 31.

Green'’s equivalence relations are fundamental equivalence relations. definable in
any semigroup, were first introduced and studied by J. A. Green (1951). In chapter
3, we give examples, lemma and theorems of Green’s equivalence property related
to Bicyclic Extensions. In [21] a lemma is stated without proof and we give a proof
(Theorem 43).

Abundant semigroup theory was initiated by Fountain [6]. Asibong-Ibe [1] ex-
tended Reilly’s [10] structure theorem to the class of abundant semigroups. In.
chapter 4, we characterize the Green’s relations on Bicyclic extensions and show
that as main result that in case of a cancellative monoid. the bicyclic extension is an

E* — bisimple semigroup.



0.2 List of symbols:

| A means the cardinal number of the set A.
AxB means the set of all ordered pairs (a,b) with a in A and b in B.
aVvb the join of a and b : least upper bound of {a.b}.
aAb the meet of a and b : greatest lower bound of {a.b}.
BR(T,6) | the Bruck-Reilly extension.
BR*(T.6) | the generalized Bruck-Reilly extension.
D the Green's relation: D=LoR (=RoL):LVR:
the smallest equivalence relation that containing both £ and R.
D* the join of £* and R* equivalences.
O denotes the empty set.
H the Green's relation: H = LN'R.
H* the generalized Green’s relation: H* = L*NR".
is the diagonal relation of S: is = {(a.a):a € S}.
J aJb (a.b in S) to mean S'aS! = S'bS' where
SlaS! = SaSUaSU SauU {a} and S'bS' =SbSUbBS U SbU {b}.
J* the starred Green’s relation defined by equality of principal *-Ideals.
Aa denotes the inner left translation z — az of a semigroup S, where
a is fixed element of S.
L, the £—class containing a.

(= The set of all elements of S which are L—equivalent to a).




L; the £*—class containing a € S.
C the green’s relation: £ = {(a.b) € S x S : S'a = S'b}.
cr (a,b) € L3 <= (a.b) € Lt for some over-semigroup T of S (ie. S CT).
Pa denotes the inner right translation £ — za of a semigroup S. where
a is fixed of S.
poo | the compuosition of p and o.
= the R —class containing a.
R the Green’s relation: R = {(a,b) € S x S : aS' =bS'}.
R* (a,b) € Rs <= (a.b) € Rr for some over-semigroup T of S.
R; the R*—class containing a € S.
S | the semigroups S with adjoined zero 0.
St the semigroups S with adjoined identity 1.




Chapter 1

Elementary Concepts

In this introductory chapter, we introduce basic elementary concepts and propositions
on semigroups used throughout this thesis. We introduce the basic terminology and
notation; this is short preparation of general nature which is needed for specialized
subject treated in this thesis. These definitions are written from Clifford & Preston

(4] and Howie [7].

1.1 Basic Definitions

Definition 1 : If X is a non-empty set, then a subset p of X x X is called a binary
relation on X. The empty subset O of X x X will be included among the binary
relations. Other special binary relations worthy of mention are the universal relation
X x X and the equality relation (or “diagonal” of X x X ), defined by (a,b) € ¢ if
and only ifa =b. 1x = {(z,z) : z € X}.

If (a,b) € p , where a and b are elements of X, we may also write apb. If p and

5



o are relations on X, their composition p o o is defined as follows: (a.b) € poo if
there exists T in X such that (a,.z) € p and (z.b) € 0. i.e. poo ={(a,b) € X x X :
(3z € X) such that (a,z) € p and (z,b) € o}

The converse p=! of a relation p is defined by (a.b) € p~' if and only if (b.q) € p.

Definition 2 : A function (or a mapping) f from a set X to a setY ( written
f: X — Y ) assigns to each a € X ezactly one element b € Y; b is called the value
of the function at a or the image of a. X is the domain of the function and 'Y is the
codomain or range. Two functions are equal if they have the same domain and range
and have the same value for each element of their common domain. A mapping f :
X — Y is said to be onto (or upon or surjective ) if every element of Y is the
image under f of at least one element of X. A function is said one — to — one ( or
1 — 1 or injective ) if distinct element of X are mapped by f into distinct element of
Y. A function f is said to be bijective (or bijection or one-to-one correspondence) if

it is both one — to — one and onto.

Definition 3 : A binary operation (x) on a set S is a mapping of S X S (the set
of all ordered pairs of elements of S) into S (written « : S x S — S ) which to each
ordered pair (a,b) € S x S associates a unique element of S. The image in S of the
element (a,b) of S x S will be denoted by a x b. Other symbols which we may use to
denote binary operations are - ,+ and o . Frequently we shall omat the =, writing ab

for axb.

Definition 4 : A groupoid is a system (S, -) consisting of a non-empty set S with

a binary operation “-” on S. We shall usually write S instead of (S, -) when there is



no danger of ambiguity.
A partial binary operation on a set S is a mapping of a non-empty subset of
S x S into S. By a partial groupoid we shall mean a system (S, -) consisting of a

non-empty set S together with a partial binary operation (-) on S.

Definition 5 : A binary operation (-) on a set S is called associative ifa-(b-c) =
(a-b)-c foralla, b, cinS.

Definition 6 @ A semigroup is a groupoid (S.-) such that the operation (-) is as-

sociative. We frequently use the expression “S is a semigroup with respect to (-) . to

mean that (-) is an associative binary operation on S.

Definition 7 : An element e of a groupoid S is called a left [right] identity element
of S ifea = a [ae = a] foralla in S. An element e of S is called a two-sided identity
(or simply identity) element of S if it is both a left and a right identity element of
S. We note that if S contains a left identity e and a right identity f, then e = f;
for ef = f since e is a left identity, and ef = e since f is a right identity. As a
consequence of this, we see that ezactly one of the following statements must hold for

a groupoid S.
(1): S has no left and no right identity;
(2): S has one or more left identity elements, but no right identity elements;
(3): S has one or more right identity elements, but no left identity element;

(4): S has a unique two-sided identity element, and no other right or left identity

element.
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Definition 8 : An element z of a groupoid S is called a left [right] zero elemer;t if
za =z [az = z| for every a in S. An element z of S is called a zero element of S if
it is both a left and a right zero element of S. There can be at most one such element.
since if

(Vz € S) z0 =0z =0,

then

0 = 00 (since 0 is a zero)

= 0 (stnce0 is a zero)

So, the foregoing tetrachotomy holds if we replace the word “identity” by “zero .

Let S be a semigroup, and 1 be a symbol not representing any element of S. We may
adjoin an identity element 1 to S, eztending the given binary operation in S to one
in SU 1 by defining 11 = 1 and la = al = a for every a in S. It is quickly verified
that S U 1 is a semigroup with identity element 1. Similarly one may adjoin a zero
element 0 to S by defining 00 = 0a = a0 = 0 for all a in S. A semigroup with identity
is called a monoid.

We shall use the notation S* and S° with the following meaning:
4

- S if S has an identiy element
St =

SuU {1} ifS has no identity element

S if S has a zero element and | S |> 1

S0 =4

SuU {0} ifS has no zero element
\
An element e of a groupoid S is called idempotent if ee = e ( e=e)

If every element of a semigroup S is idempotent, we shall say that S itself is idempo-
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tent, or S is a band. Note that if S is a semigroup with a single element e (S = {e})

then e is the zero and the identity element of S.

Example 9 : Let S = [0,1/2) (= set of all real numbers x such that0 <z <1/2 ).
Let the binary relation = be defined as follows: for any z.y € S, Tx y = min{z. y}-

Now, we check the associativity: Let z,y,z € S. Then
z * (y* z) = z * (min{y, z}) = min{z.y, 2} = min{min{z.y}.z} = (T ~y) *x =

Hence S is a semigroup. Since, z+x0 =0 = 0z. so, 0 is the zero element of S = S0,
We may adjoin an identity element 1 to S, such that 1xz =z =xz+x1VYz € S. s0, 1

is the identity of S' = SU {1}.

Definition 10 : An element a of a groupoid S is said to be left [right] cancellable
if, for anyz andy in S, ax = ay [za = ya | implies x = y. A groupoid S is called left
[right] cancellative if every element of S is left [right] cancellable. We say that S

is cancellative (or is a cancellation groupoid) if it is both left and right cancellative.

Remark 1 .
(I): Ife is an idempotent element of a left cancellative semigroup S, then e is
a left identity element of S. (For, e(ex) = ex = ex = I).
(II): A cancellative semigroup can contain at most one idempotent element.
namely an identity element. (Suppose that e, and e; are idempotent of S. Then,
ejes = e(erez) = ez = ejex (by left cancellation). However e e; = (ere2)es =
e, = ejes(by right cancellation). So e, = e3.).

(III): If S is a cancellative semigroup, so is S*.
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(IV): If S is left zero semigroup with | S |> 1, then S is right car.zcellative.
but S! is not. For, let a # 1. la = 1 (since S is left zero), then it implies that
la = al = 1.1 and therefore S can not be right cancellative, otherwise a = 1.

but we have a # 1.

Example 11 : We show that, with respect to matriz multiplication. the set

a 0
S = :a,beR, a,b>0
b 1

is a cancellative semigroup without identity.

Solution: For any a,b,c,d > 0, we have

a 0 c 0 ac 0
= € S (since ac > 0 and bc +d > 0)

b 1 d 1 bc+d 1

therefore S is a semigroup. To show that S is cancellative. let A;4 = A,A where

a O ay 0 as 0
A= y Al = 1 ‘42= ) asb7a1:b17a2sb2 > 0.
b 1 by 1 by 1
So,
a; 0 a 0 a, O a O
bhp 1 b 1 by 1 b 1

then it follows that

a,a 0 aa O
= a;a = asa and bja +b=ba + b

bja+b 1 boa+b 1
— a; = ap and b; = by = A, = A,. Similarly, we can show that AA; = AA, implies

10
A, = A,. Therefore S is cancellative. Obviously the identity 15 = ¢S.

01
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Definition 12 : A4 relation p is said to be (1) : reflexive if « C p. (2) : vsymmetm’c
if p C p~! (and hence p = p~'), and (3) : transitive if po p C p. A relation p on
a set X is called an equivalence relation on X if it is reflezive, symmetric. and

transitive.

Definition 13 : By o transformation of a set X we shall mean a single valued
mapping of X into itself. We denote the image of an element z € X under a trans-
formation or mapping a by za (rather than a(z) or az). By product (or iterate or
composition) of two transformations a and 3 of X we mean the transformation a3

defined by z(afB) = (za)8 for all z in X (that is , a followed by 3).

Example 14 : The set Fx of all transformation of X is a semigroup with respect to

iteration. The associative law (aB)y = a(8v) holds since, ¥V z € X,
z((aB)y) = (z(aB))y = ((za)3)y = (za)(87) = z(a(B7))-
We call Fx the full transformation semigroup on X.

Definition 15 : Let S and S' be groupoids. A mapping ¢ of S into S’ is called
a homomorphism if (ab)¢ = (ag)(bg) for all a, b in S. The range 5S¢ of ¢, i.e.,
the set of all element ag of S with a in S, is a subgroupoid of S'. We say that S
is homomorphic with S¢, and that S¢ is a homomorphic image of S; we write
S ~ S¢. If S is a semigroup, so is S¢. A one-to-one homomorphism ¢ of S into S’
is called an tsomorphism of S into S'. The groupoids S and S¢ are then said to
be isomorphic, and we write S = S¢. A homomorphism of S into itself is called an

endomorphism, and an isomorphism of S upon itself is called an automorphism.
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Definition 16 : If A and B are subsets of a groupoid S. then by the set product
AB of A and B we shall mean the set of all elements ab of S witha € A and b € B.
When dealing with singleton sets we shall use the notational simplications that are

customary in algebra, writing (for ezample) Ab rather than A{b}.

If a is an element of a semigroup S without identity then Sa need not contain a.

We will use the following standard notations:

Sla =SaU({a}
aS' =aSu{a}

S$'aS?! =SaSuUSauaSU {a}

Notice that S'a, aS* and S'aS? are all subsets of S—they do not contain the identity

element 1.

Definition 17 : A non-empty subset A (A # O) of semigroup S is a left ideal of
SifseS,ac Aimplysac A (A#0, ACS = SAC A). A nonempty subset
A of S is a right ideal of a groupoid S if s € S, a € A implyas € A (A # 0],
ACS = ASC A ). Aisanideal (two sided ideal) of S if it is both a left and
a right ideal of S. The left ideal of S generated by A is AUSA = S'A , the
right ideal of S generated by A is AUAS = AS! and the (two sided) ideal of
S generated by A is AUSAUASUSAS = S'AS'. If, in particular, A consists
of a single element a, then we call L(a) = S'a, R(a) = aS*, and J(a) = S'aS*
the principal left, principal right, principal two-sided ideal of S, respectively,

generated by a.
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Definition 18 : A binary relation w on a set X (that is, a sz;bset wof X x X)is
called a (partial) order if

(1): (z,z) € w for all z in X —that is, w is reflexive;

(2): (z,y) € w and (y,z) € w imply T = y—that is, w s antisymmetric;

(3): (z,y) € w and (y.z) € w imply (z.2) € w ( z,y,z in X )—that is. w
is transitive. In other words, a partial ordering is a reflerive, antisymmetric. and
transitive relation.

Traditionally one writes T < y rather thar (z.y) € w. We shall follow this con-
vention, and also writez > y, T < y and T > y to mean (respectively) (y.z) € w.
(z,y) Ewandz #y, and (y,z) Ew and T F y.

A partial order having the eztra property
(4): (z,y) €w or (y,z) €Ew for everyz,y € X
will be called a total order.

An idempotent element f of S is called primitive if f # 0 and if e < f implies

e=0ore=f

Proposition 19 : Let E be the set of idempotents of a semigroup S. Ife.f € E,

we define e < f to mean ef = fe = e. Then < is a partial ordering of E.

Proof. Lete, f,g€ E.
(1): e?=e,and hencee <e.
(2): Ife< fand f<ethenef=fe=eand fe=ef = f, whencee = f.
(3): Ife< fand f<gthenef=fe=eand fg=gf=f, whence eg = (ef)g =

e(fg) = ef = e and ge = g(fe) = (9f)e = fe =e. Hence e < g.) If S contains a zero
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element 0, then 0 < e for every e € E. We shall call < the natural partial ordering

of E. m

Definition 20 = An element a of a semigroup S is called regular if a € aSa, that
is, if aza = a for some T in S. A semigroup S is called regular if every element of S

is regular.

Remark 2 : We note that if aza = a then e = ar and f = za are idempotent
elements of S. We also note that if a is a regular element of S. then the principal
right ideal aS' = {a} U aS generated by a is just aS, for a = aza = a(za) = af

implies a € aS. Similarly S'a = Sa.

Definition 21 : Two elements a and b of a semigroup S are said to be inverses of
each other if

aba =a and bab=b
If an element a of a semigroup S has an inverse in S, then a is evidently reqular.

Lemma 22 : Ifa is a regular element of a semigroup S, say aza = a with T in S,

then a has at least one inverse in S, in particular zaz.
Proof. See [2, Lemma 1.14]. =

Definition 23 : An element b of a partially ordered set X is called an upper bound
(UB) of a subset Y of X ify < b for every y in Y. An upper bound b of Y is called
a least upper bound (LUB) or join of Y if b < c for every upper bound c of Y.

Lower bound (LB) and greatest lower bound (GLB) or meet are defined dually.
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A partially ordered set X is called an upper smﬁa&ice [lower semilattice] if
every two-element subset {a,b} of X has a join [meet] in X; it follows that every finite
subset of X has a join [meet]. The join [meet] of {a,b} will be denoted by aV b [anb].
A lattice is a partially ordered set which is both an upper and a lower semilattice. A

lattice X is said to be complete if every subset of X has a join and a meet.

Definition 24 : A groupoid S is called left simple [fright simple/ if S is the only
left ideal [right ideal] of S.

A semigroup S without zero is called simple semigroup if it has no proper ideals.
A semigroup S with zero is called 0-simple semigroup if (i): {0} and S are the
only ideals and (it): S? # {0}.

By a completely 0-simple semigroup we mean a 0-simple semigroup containing a
primitive idempotent.

For ezample any finite 0-simple semigroup is completely 0-simple. For S must
contain an idempotent, so that E # 0. Further more E # 0, since E = 0 would imply
that every element of S, and hence S itself, is nilpotent, contrary to 5% = S. It is then
clear that the finite partially ordered set E \ 0 must contain a minimal element, that

is, a primitive idempotent.

Definition 25  Let S be a semigroup whose set E of idempotents is non-empty. We
define a partial ordering > on E by the rule that e > f if and only if ef = f = fe.
If E = {e; : i € N°}, where N%denotes the set of all non-negative integers, and if
the elements of E form the chain (or totally ordered) ¢y > ¢, > ey > ---, thenSis

called an w — semigroup.



Chapter 2

Bicyclic Extension of a Monoid

2.1 Translational Hull

To construct more general structure theory of simple semigroup. Warne in (21] re-
placed “group” by “monoid” and termed the resulting construction a bicyclic exten-
sion. In this chapter, we give explicit proof of an important property of this bicyclic

extension semigroup in Theorem 31.

Definition 26 : Let S = ((N® x {0}) x (T x P))U ((N® x N) x (T x K)). Let T
be a monoid with group of units U (U ={y €T |zy=yz = 1 for somez €T }).
Let @ be a homomorphism of T into U. Let §° denote the identity automorphism of
T. Let P and K be disjoint sets, N [N°] be the set of natural numbers [non-negative
integers] and v be a homomorphism of T into Gk, the full transformation group on
K. Define the following multiplication on S :

((n, k), (g, 2))((r,5) , (h,q)) = ((n+T—t, k+s—1), (g™ th6* ", z)) wheret = min(k,T)

16
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and t = q or p(h8* ""'v) according to whether k < r or k > r. We term S =
(T, P, K,0,~) under this multiplication a bicyclic extension of T.

Example 27 : Let S = ((N°® x {0}) x (T x P))U((N° x N) x (T x K)) where T
= {o,e, 17} is the monoid under multiplication given in table

o e lr

o |0 o o

e (o o e

Ir|o e 1r
with group of units U = {1r}; P = {a,b.c}; K = {g,h}; Let § : T — U be defined
such that forz € T, z0 = 17 and 6° : T — T such that z0° =z for anyz € T. Let

v : T — Gk be defined such that

oy: {g.h} — {g.h} ev: {g.h} — {g,h} 1rv : {g.h} — {g.h}
gloy)=h gler) =g g(lry) =g
h(ov) =g h(ev) =h h(lry) =h

Then let s; = ((0,0), (17, a)), s2 = ((2,3),(0,9)), s3 = ((0,1), (e, h)) € S and we

consider

sis2 = ((0,0),(17,a))((2,3),(0.9)
= ((0+2-0,0+3-0), (176%27%:6°70, ¢))
= ((2,3), (17(6%)08". 9))
= ((2,3).(1r0,9)) since 176* = (176)8 = 176 = 1r

= ((27 3)7 (07 g));



S283 = ((2,3),(0,9))((0;1),(e,h))

= ((2+0-0,3+1—0),(00° %80, g(e8* %))
= ((2,3).(olr.g(ef%))) since 176° = (176)8* = 176° = 11
= ((273),(0,9(69(92)7)))
= ((2,3),(0.9(17(6°)7)))
= ((2,3),(0.9(117)))
= ((2.3).(0.9));

sis3s1 = ((0,0), (1r,2))((0,1), (e. £))((0.0), (ir.a))
= ((0.1),(176°°e6°~°. h))((0,0), (11, a))
= ((0,1).(1re, h))((0,0),(1r.a))

= ((0,1),(e.1))((0,0). (r- )

= 8381

Definition 28 : A transformation p of a semigroup S 1is called a Tight translation
of S if z(yp) = (zy)p for all z,y in S. A transformation A : S — S is called a left

translation if (z\)y = (zy)A Vz,y € S.

Definition 29 : Let S be a semigroup. With each element a of S we associate a
transformation p, : S — S [Aa : S — S| of S defined by zp, = za [tA, = az] V

T € S. We call p,[\;] the inner right [left] translation of S.

Remark 3 . zp.p, = (2p,)ps = (za)p, = (za)b = z(ab) = zp,, for allz € S, so

for any a,b € S, we have p,py, = Pap-



19

Similarly, TAx = (TAa)Xs = (az)ds = blaz) = (ba)r = TXee for allz € S. s0 for

any a,b € S, we have Ay = Apa.

Definition 30 : A left translation A and a right translation p are said to be linked
if Z(yA) = (zp)y for all z,y in S. For ezample, let a € S, then the inner translations
Ao and p, are linked, since z(yX.) = z(ay) = (za)y = (zp,)y for all z,y in S. We
define the translational hull S of a semigroup S to be the set of all pairs (A.p) of
linked left and right translations A and p of S. If (A1, p;) and (A2, p;) are in S. then

50 is (AaAy, p1pa) € S, since, for any z and y in S, we have
z(z(MA1) = z((zA2)\) forallz,z € S
= z(y\) wherez2\p =y €S
= (zp,)y since p,and A, are linked
= (zp,)(zA2)where z2la =y €S
= ((zp,)p,)z since p, and X, are linked

= (z(p1p2))z
We may therefore define a binary operation in S by
(A1: 1) (A2: p2) = (A2A1, p15) (2.0)

Now, we show that S with the above binary operation is associative.

Let (’\lr P1)7 (/\27 p2)1 (A37p3) € S_'

(A1, 00) (A2, 02), (M3, 03)) = (A1, p1)(Ash2. pops)

= (AzheA1, p1P203)



= (A3(A2A1), (p1P2)P3)

(A2A1, p1p2) (A3, Ps)

= ((A1. p1)(A2, P2))( A3, p3)

Theorem 31 : Let S = (T, P, K,8,v) be a bicyclic extension and let W = {(g.6) :
g€ T and § : P — P is a non-constant mapping }. Let S be the translational hull

of S. Then, S = SUW under the multiplication

(9192.6,82) 1if 6, 0 b2 is not constant
(91761) . (92, 62) =
((0,0), (g192,k)) if (p)b,0b2=k forallpe P
((a.b), (R(g6"), q(g6°~'7))) if b >0
((a.0),(hg,q6)) ifb=0

(9.6) - ((a,0). (h. q)) = ((a.b). ((96%) k. q))

((a,b). (h.q)) - (9,6) =

where juztaposition denotes the multiplication in T and o denotes iteration of map-
pings, and v, -v2 = v1v2 where vy, v2 € S, and also jurtaposition denotes multiplication

in S.

Proof. To prove the above theorem, we need to go the following steps and prove
each of the following:
Step(i)I First, we show that ey = ((0,0), (11, p)) is a left identity of S.

Now

eo((m,n),(2,8)) = ((0,0),(1r,p))((m,n),(z,5))

= ((m,n), (176™26°s)), (¢t = min(0,m) = 0)
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[

((m,n), (1rz,s)), since 176™ = 11 and 26° ==

= ((m,n),(z,s)), since 17z = z

Therefore, ((0,0), (17, p)) is a left identity of S for any p € P.
Note ~:(T,.) homo (G, o) where G the set of all one to one and onto mappings
from K to K ( Gk is the full transformation group on K). Since 1r € T, so 177 € Gk.
Since v is a homomorphism, then (lra)y = lryoay,V a € T. So, ay = lryoay.
Also, (alr)y = ayo lrv and, hence ay = avy o 177 . Therefore 1ty = 1lg, is the
identity of Gg.

Step(ii)l Let p be any transformation of S. Define ¢ : P — S such that

#(p) = ((0,0),(17,p))p for p € P. Then p is a right translation if and only if
((n.k),(g9.9))é(z) forany z€ P if k>0

((TL, k)7(97Q))p= (21)
((T"? k)a (gv Q))Q(Q) ifk=0

Proof. (=) Suppose that p is a right translation. We consider cases:

Case 1: k = 0. Consider ¢(q) = ((0,0),(17.q))p for ¢ € P. Then
((n,0), (g, p))((0,0), (17.9))
= ((n+0-0,0+0-0),((g6°°16°°),q)) if k=0(k<r=0)
= ((n,0),(glr,q)) , since g6° = g and 176° = 17
= ((n,0),(g,q)), since g, 17 € T and gl = g.
Therefore,

((n,0),(g,9))p = [((n,0),(9,9))((0,0),(17,q))lp,if k=0 (thenge P)

= ((n,0),(g,9))[((0,0), (17, q))p], since p is a right translation



= ((n,.O), (9,9))9(q), since &(q) = ((0.0).(1r.q))p. ¢ € P.
Case 2: k > 0. Then, for any p € P,
((n, k), (9.9))((0,0), (1r,p))
= ((n+0—0,k+0—0),((g6°°1r6*%),q(176*°'y))). if £ >0
= ((n, k), (g8°1r6%,q(176* 1)) , if k>0
= ((n.k),(glr,q(177 ))),since g6° = g,176* = 17 & 176"7" = 1r

= ((n,k),(g.q)). since 17 is identity of G-
Thus,

((n,k),(9.9))p = [((n,k),(g,9))((0,0),(1r,q))lp

((n. k), (g.9))[((0,0), (17.p))p], since p is a right translation

((n, k), (9. 9))o(q)-

(<=) : Let p = p, be defined as in (2.1). We show that p, is a right translation
of S.

Case I: If k£ < r, by multiplication on left side, we have

((n, k), (g, D))((7, 8), (R, q)) = (n+T7 — k. 5), (967 *RE**, q))

= [((n, k), (9,0))((r,8), (h,@))]pe = ((n + T — k,5), (967 *h, q))ps

Now, we consider two subcases s > 0 and s = 0.

(a): fs>0and k Sr. Then

[((n, k), (g, P))((r, ), (R, Dlpg

= ((n+r—k,s),(96"h,q))ps since k S r



= ((n+r—ks), (967 h,q))é(z),V z € P, by (2.1)

= [((n.k), (9:p))((r,5), (h.q)]é(2), for all z € P. o(2) € S

[((n. k), (g, P)][((r, 5), (R, q))9(2)], for all z € P. by associativity in S

[((n. k), (g, P)][((r, 5) (R, q))py] . bY (2.1)

(b): Ifs=0and k=

[((n, &), (9.P))((r,0), (. @)lps = ((n+T = k,0),(96 h.q))ps
= ((n+r—k.0),(96""h.q))o(q). by (2.1)
= [((n, k), (g.P))((r.0), (h.q)]6(q)
= [((n, k), (g.p)][((r.0), (h. q))0(q)], by associativity in S

= [((n, k). (g.p)][((r.0), (k. @)]p,] - bY (2.1)

Case II: If k > r, then

((n, k), (@, P)((r,5), (R, q)) = ((n,k+s—7),(g0"h8* ", p(h€* ')
= ((n,k+s—r),(g6°h8* . p(RE*"17)))
= ((n,k+s—r1),(g(h6° "), p(h8*""'v))) since g6° = g

Now, we consider two subcases:

(a): k>rands=0

[((n” k)v (ga p))((’f‘, 0)’ (h, Q))]qu
= [((n,k+0-r),(g(r6* ), p(RE* """ y)]py . k=T >0
= ((n,k—r),(g6°h6* ", p(RE*"""1)))py, k— T >0

= ((n,k —1),(g8°h8* ", p(R6*"717)))4(2) V z € P, by (2.1)



= [((n,k),(g:p))((r,0), (h,q))]¢(2) for all z € P
= ((n,k), (g, P)){((r,0), (h,q))e(2)] for all z € P,

= ((Tl, k)? (gv p))[((‘f‘, 0)? (h% Q))pél

(b): k>rands>0

[((n, k). (g,P))((r, 5), (R, 9))]Ps
= [((nk+s—r), (g8 "h8* . p(RO“ " I)))py , k=7 >0
= ((n.k+s—r),(g8°h6* ", p(h6*""17)))o(2),V = € P, by (2.1)
= [((n, k), (g:p))((r:5); (h.q))|@(z) forall z€ Pk >r
= ((n. k). (9. D))[((r, 5), (R, q))(2)] for all z € P, by associativity in S
= ((n,k),(g,p))[((r,s), (h.q))p,] since s > 0.
Therefore p = p, is a right translation of S.

Step (111) We show that every left translation of a bicyclic extension S is an
inner left translation.

Proof. Let ) be a left translation of S (i.e. A : S — S such that (rs)A = (rA)s
forallr,s €S ).

Since by step (i), ((n, k), (g.49)) = ((0,0), (17,p))((n, k), (g,q)) for all p € P and

((n,k),(g.q)) € S- Then
((n,k),(g,0))x = [((0,0), Az, p))((n: k), (9, A
= [((0,0), (1, p))Al((n, k), (g, g)) since X is a left translation
= t((n, k), (9,9)), where ¢t = ((0,0), (17, p))A

= ((n k)7 (g’ Q)))‘t V((nv k)v (gv Q)) € S
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Therefore ) is the inner left translation A,.

Step (iV)I Let p, be a right translation of a bicyclic extension S which is
linked to some left translation of S. Then either p, is an inner right translation of S
or ¢ is a non-constant mapping such that ¢(p) = ((0.0), (g¢.Pbs)) where 6, : P — P
is a non-constant mapping and g, € T (i.e. gs depends just on ¢ not on p).

Proof. Let Ey = {((0,0),(1r,p)) : p € P} and fo € Ep. Suppose p, is linked

with A (¢t € S and t—fixed). Let ey = ((0,0), (17, q)) for some g € P. Then

(e0ps)fo = eo(foX:) since p, and A, are linked
= eg(tfo) since by step(iii) A, is an inner left translation

= tfp by step (7).

Thus

(((07 0)7 (]-T"I))p@)fo = tfo for all g€ P and all fO € EO

Also since

((0,0),(11,9))ps = ((0,0),(17.q))@(q) by Step (i)

= ¢(Q)1 by Step (1')~

we deduce that

#(q)fo =tfo Vg € P and Vfg € Ey,

Hence ¢(q) fo = tfo (t—fixed) and ¢(u) fo = tfo (t—fixed) for ¢,u € P. So

#(q) fo = d(u) fo for all fo € Ep. (2:2)
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Let ¢(g) = ((a1,b1), (z1.%1)) and &(u) = ((az2, b2), (z2,32))- Thus. for all p € P we

have

((ala bl)v (Ile y1))((0, 0)» (1T7p)) = ((a27 b?.) (1727 y?))((ox 0)- (1'1', p))

< ((ap =1, — 1), (2,807 1706571, 1)) = ((a2 — b2, b2 — 2), (£20°72176%72  s5))

where [; = min(b;,0) =0 , I = min(b2,0) =0,

p if by <0 (b =0) p if b <0 (b2 =0)
s1 = and So =
y1(176"7° 1) if by >0 y2(176%7071y) if by > 0
Hence
((a1, byy, (2:8°176%, 51)) = ((a2, b2), (226°176%, 52)) (2.3)

So a; = a, and b; = by. Now if , b; > 0(<=> b2 > 0) then

((ay, bry, (2,0°176% . 41 (1767 7°71y))) = ((@2. b2), (226°176% . y2(17627°717) ))
= ((a1,b), (z117,11(177))) = (@2, b2), (z217. ¥2(177)))
since 1?190 =, 1T961 = 1r, 1T9"1‘1 =1r and 1:290 = Io, 1T9b2 = 1r, 1962_1 = 17.

Thus,

((ah bl)s (xl]-Tv yl(lcx))) = ((a2? bQ)? (I'-’lTs y2(lcx)))

— ((ala bl): (211 yl)) = ((a'27 b?-)a (z2, Y2)):

since ;11 = z1, y1 € K, 17y = lg,, the identity mapping of K onto K (i.e. the
identity of Gx), y1(177) = yilg, = ¥ and similarly Zolr = 22, y2 € K, 12(177) =
YalGx = Y2-

Therefore, if b, > 0 then a; = ap, by = be, 1 = T2 and y; = y2. So o(q) = o(u)

for any q,u € P, i.e., ¢ is a constant mapping. ie. #(l) = w fixed element of S for
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all [ € P. Thus by Step (i)

((n.k), (9. 0))ps = ((.K).(9:0)w, (w=2(l), foralll € P)

= ((n,k),(9.9))py, for all ((n.k).(g.9)) € S

So p, is an inner right translation, p,.

On the other hand if b, = 0 = b, then, from (2.3), we have
((alx 0)7 (1’.19017‘00? p)) = ((021 0)~ (x'.’oolTaof p))
— ((alro)v ($1~p)) = ((a'_),O), (223P))

Thus a, = az, I = T2, SO, we may write (note: ¢ : P — S)

#(q) = ((a1,0). (z1, 1))
(2.4)

o(u) = ((a1.0), (z1.92))

for any u, g € P. By definition of p, , we then have

((Ov 1)’ (1T7 p))p¢ ((O 1)7 (]-Tr p)@(Q)

So, ((0,1), (17, p))é(a) = ((0,1), (1, p))$(w). Since ¢(q) = ((a1,0), (z1. 1)), ¢ € P

and ¢(u) = ((a1,0),(z1,y2)), u € P, then
((0,1), (17, p))((a1, 0), (z1, 1)) = ((0, 1), (1. p))((1, 0), (z1,2)) (2.5)

Now, if a; > 0 ( so, a; > 1), then ((a; — 1,0), (z1.31)) = ((a1 — 1,0), (z1,¥2))-
Thus, y1 = Y- So, ¢(u) = ((a1,0), (z1,%1)) = &(q) for any u,q € P. Thus, ¢ is a

constant mapping and, hence p, is an inner right translation.



Suppose a; = 0. Thus, by (2.5), we have

((07 1)? (]-Tp))((ov 0)7 (le yl) = ((0 1)? (1T7 p))((o 0) (1‘1, y?))
e ((0,1),(176° 216", p(z:6' 7)) = ((0. 1), (1r8°~°:160' . p(z:6' 7' )))
= ((0,1), (:0,p(:7) = ((0.1), (216, (7))

and, no new information is yielded. However,

o(g) = ((0,0). (z1.91))

o(u) = ((0,0), (z1. 32))
If y1 = y2, ¢(q) = ¢(u) and so ¢ is a constant mapping and hence p, is an inner right
translation. If not ( y; # y2) we may write ¢(p) = ((0. 0),(ge.pbs)) where g, € T
(i.e. go depends just on ¢ not on p) and 64 : P — P is a non-constant mapping (the
fourth co-ordinate depends on p and ¢ and the third co-ordinate just on o).

In the case p, is not an inner right translation, we may write
#(p) = ((0,0), (g,p8)) = (g,6)p (since @ is here fixed).

So, a right translation p of S that is linked with some left translation of S is
either an inner right translation or p = p(,4 Where (g, 8)(p) = ({(0.0),(g.pb)) for
p € P where § : P — P is a non-constant mapping. (Note of course that any right
translation is uniquely determined by ¢).

Step (V)Z We consider multiplication of any two right translations such that
each one is linked to some left translation. In Step (iv), we showed that any right
translation of S which is linked to some left translation is either an inner right trans-
lation p, where v € S or of the form p = p(, 5 Where (g,8)(p) = ((0,0),(g,pd)) for

p € P, such that § : P — P is a non-constant mapping.
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Case 1: Since p,, 5,) and p(,, 5,) are not inner right translations. then. by Step

(1V) P(gy.61): Ploaisz) € W' where W' = {pg5): 9 € T and § : P — P is a non-constant
mapping}. Let eo = ((0,0), (11,p)) € Eo-

For all p € P, we show that

((0! O)~ (1T3 p))p(g1.51) = ((Ov 0)? (gl~p61)) (2'6)

By Step (1), we have

((0.0), (11, P))P(g.61)
= ((0,0), (1. p))(g1,61)(p), by Step (i)
= ((0,0), (1, p))((0,0). (91.pb1)). since (g1.61)(p) = ((0.0). (g1, pé1))
= ((0,0), (91.pb1)), by Step (7)

So, €0P(g:,6:)P(g2.62) = ((0,0), (91’P51))P(92,62)

Since p = p(, 5 Where (g,6)(p) = ((0,0), (g,pd)) for p€ P, such that 6 : P — P is

a non-constant mapping. Then,

(91.61)(p) = ((0,0).(g1,pb1))

= €0P(g,6,) by (2.6)

€0P(g:,61)P(g2,62)

((0,0), (91, 61))P(ga,62): DY (2.6)
= ((0,0),(g1,p61))(g2, 62)(pb1), by Step (i7)
= ((0’ 0)1 (glapél))((()’ O)a (92a @61)62))

= ((01 0)7 (9190_09260—01 @61)62))v by multiplication inS
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= ((Or O) (glg'.” p(‘Sl ° 62)))

’

((0,0), (9192, p(61002))) if (61002) is not a constant mapping.

L ((0~ 0)7 (glg2a kO)) if P((51052) = ko for Y4 € P

,

((0,0), (9192, p(6i062))) if (81002) is not a constant mapping.

\ e0((0,0), (9192, ko)) if p(61062) = ko for p € P (by Step (1))

’

€0P(g1g2.61062) I (61062) is not a constant mapping (by (2.6))

- ﬁ eOP((0.0).(glgz,ko)) if k{) is a constant (by Step (i'v) since p((ovo)'(glgz’ko)) is

an inner right translation)

\

Thus,

€0P(g1g2.61062) If (1002) is non-constant mapping

€0P(g,,61)P(g2.62) = (2.7)

eop((0,0).(mg:.ko)) if p(61°62) = ko for Y2 € P

Fact: We show that
VzeS, e € Ey={((0,0),(1r,p) : p € P} such that zeg =z (2.8)

Proof. let z = ((n,k),(g,9)).

Case 1,: If k = 0. Consider ¢y = ((0,0),(1,q)) forge P

((nv O)’ (97 Q))((Ov 0)1 (1T’ Q))
= ((n+0-0,0+0-0),(g6°°176°%).q)) if k=0 (k<r=0)
= ((n.0),(g17).q)) , since g6° = g and 176° = 1r

= ((n,0),(9,q)), since g,1r € T and glr =g

Therefore, zeg = .
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Case 1,: If k > 0. Consider ey = ((0.0), (17, p)) for p € P. Then.

((n, k), (9.9))((0,0), (17.p))
= ((n+0—0,k+0—0),(g8°°1765°),q(176“ % 1v))) if k >0
= ((n,k), (ge°1;ek,q(1Te'°-17))) if k>0
= ((n,k), (17, q(17 ))),since g8° = g, 176" = 17 & 176! =11

= ((n,k),(g,q)), since 17 is identity of Ggk.

Therefore, zeg = z. Thus, for any z € S, 3 e € Ep = {((0,0),(1.p): p€ P} such
that zeq = .

V z €S, by (2.7), we have

Z(€0P(g,92.61062)) 1 (01002) is non-constant mapping
T(€0P(g1,61)Pga.b2)) =
z(€0P((0,0) (q12.k0})) If P(61062) = ko for p € P

By definition of right translation, we have

(T€0)P(g1g2.60062) If (81062) is non-constant mapping
(z€0)P(g1,61)Plgai52) =
(2€0)P((0.0) (gr2.k0)) If P(61062) = ko forp € P

Using (2.8),Vz € S,

TP(g1g2.61062) I (81062) is non-constant mapping

ZP(g,,6:1)P(92,62) =
ZLP((0,0),(9192.k0)) if P(51o52) = koforpe P
Thus
) Pargrbios) if 61,02 is not a constant mapping
P(g1,61)P(g2.62) = (2.9)

p((oa 0)1 (glg2v k)) if p(61062) =k for all pE P

Case 2: Suppose that py, —((a;.b1),(h1,q1)) IS 20 IDNET right translation and pg, s,) is not

an inner right translation. Then p = p(,, 5,) Where (g2, 62)(p) = ((0,0), (g2, pé2)) for
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p € P, such that § : P — P is a non-constant mapping, by step (iv). Therefore. for

any p € P, we have

[((0,0), (17, P) P, (g2 62)

= [((0,0), (1. P)v1]p(g.5,) SinCE p,, is an inner right translation
= [((0,0), (17, p)((a1,b1), (h1.1))1P(gs.62) SIDCE P(g, 5,) 2 Tight translation

= ((a1,b1), (h1,q1))P(gs,6,): DY Step (2)

’

(a1, 1), (h1,1))(g2, 62)(q1), (Where z = g, in Step (22)) if b, >0 §
= by Step (z7)

((a1,0). (h1,q1))(g2,62)(q1) if by =0

r

((a1,b1), (h1,q1))((0,0), (g2, q162) if by >0

\ ((a1.0). (h1, q1))((0,0), (g2. ¢162) if by =0

((a1,b1), (h1(g26"). g1 (920" ")) if b, >0 -
= 9 by multiplication in S

((0.1,0), (hlgz, Q152)) if by =0

r

.by), (hy 951 Q1 0b1—1 if b 0
_ eo((a1,b1), (h1(g26™), q1(g26™7"7))) if by > e = ((0,0), (1, ). by step ()

\ eo((a1,0), (hi1g2,q:102)) if b1 =0
>

€0P (a1 51),(h1 (926 a1 (g2621~ 1)) 1f 01> 0 .
- where p((;, b1),(h1(926° ).q1(g26% 1)) 3D

| €0P((01,0),(h192,0162)) ifo,=0

P((a1,0),(h1ga.q:62)) &T€ iNDET right translation.

ThusVzeSandVpe P

Z[€0P (a1 b1).(1 (026" (g0 )] If B1 > O
I[((Oa O)s (11 p))p((al'bl)v(hlﬂl))]p(gg,&g) =

Z[€0P((ay,0),(hrgz.mba)) if b1 =10
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By right translation property, we have

[zeolP((ar bu) (s (9267 a1 (2001 -1y B 01 > 0
[Z€0P (a1 1), (h1.01)) ) Plgn.b2) =
[ze0lP((a1,0).(h1g2.0162)) If b1 =0

Using (2.8) 3 ey € Eg = {((0,0),(1,p)) : p € P} such that zeg = z. So

TP((ay by ).(h (926 ).1 (926"~ 1)) I b1 >0
[Z0((a1.b1), 1.y} Plozs2) =

TP((a1,0)(hrge.q162)) L 01 =0

P(arbu).(h1 (926 u (g0®1~ 1) 1 b1 >0

= 9
Pl(ar,b1)(h1q1))Plo2.b2) = (2.10)

p((alyo).(hlgg'qléz)) if b1 = O

Case 3: Since that p(,, s, is not an inner right translation and py,—((a;,52),(h2.02))
is an inner right translation, then, by Step (iv) p = p(,.s,) Where (g1.61)(p) =
((0,0), (1. pb,)) for p € P, such that § : P — P is a non-constant mapping.

Let g € Eg = {((0,0), (1r,p)) : p € P}, then,

€0P(g1,61)P((az.b2),(h2,a2))
= ((0.0), (91:61))P((az,b2).(h2.an) BY (2:6)

= ((0,0), (1. p61))((a2, b2), (B2, G2)) SINCE P((ayb5).(h2.qz)) 1S 31 inmer right translation
= ((a2,b2). ((9:10°°)h2, ¢2))
= eo((az, b2), ((916°*)h2, g2)) by Step ()

= €0P((as ) (610 )h2.a2))> WHETE P((ar o) (4162 hz.ca)) 1S 2 Tight translation

Thus

Z{€0P(g1,61)P((az,ba),(h2ug2))) = EL€OP((az,b2),((616°2 Yz )]



By definition of right translation

[zealP(g1.61)Pl(az ba) (haua2)) = [Z€0]P((a2,62).((910°2 )h2.02))
Using (2.8), Vz € S, 3 &g € Ep = {((0,0), (17.p)) : p € P} such that zeg = z. So. ¥
T €S,

ZP(g;,61)P((az2,b2),(h2.q2)) — TP((az.b2).((918°2)h2.q2))

= P(g1,61)P(a2.b2).(h2:g2) = Pl(azb2).(916°2)h2,a2)) (2.11)
Case 4: If both p, and p,, are inner right translations, we show that
Py Puy = Puywp fOT V1,02 € S. (2.12)

Proof. Let z,v;,u € S,
(P Pon) = (Z0y,)Pw,
= (zv1)p,, since p,,is an inner right translation
= (zv)v. since p,, is an inner right translation
= z(v,v;) by associativity in S, for any z,v;,v2 € S
= ZPyiv,

Step (Vl) . Let S be a bicyclic extension and let A,, A; be two inner left translation
of S, v,s € S. Then A\, = A; & v((0,0), (17, p) = 5((0,0), (1r.p)) forall p € P.

Proof. (=) Suppose that A\, = A,. Then
((n, k), (9. P)) M = ((n, k). (g, P))Xs for all ((n, k), (g.P)) € S.
Since ((0,0), (17,p)) € S, so,

((07 0)’ (]'Tv p))’\v = ((0’ O)v (1T’ p))’\s forallpe P



Therefore

’U((0,0), (lr,p)) = S((O, 0)7 (lTv p)) for all pPE P

(«<=) : Suppose v((0, 0), (17, p)) = s((0,0), (1r,p)) . forany v,s € Sandallp € P.

Then, for any ((n,k),(g,p)) € S,
’U((O, 0)7 (]-Tr p))((nv k)’ (gvp)) = S((O, 0) (lTr p))((n" k) (ge p)) for any ((Tl k) (g?p)) €S

then, by Step (7)

v((n, k), (9.p)) = s((n. k). (g.p)) for any ((n.k).(9,p)) € S

&= ((n,k).(g:P))h = ((n.k).(g.p))As for any ((n.k).(g.p)) € S

Hence, A\, = A,.

Step (Vll) We will show that ¢ : § — SUW (W = {(g,6) : g € T and
6 : P — P, a non-constant map}) defined by ©(Xy.p,) = v and ©(As. pgs)) = (g.6)
defines an isomorphism from 5 onto S U W under the multiplication given in the

statement of the theorem.
First we need to show that ¢ is well defined. So, we need to show following:
(1D): (AnsPy) = Ca: Pr) = 0(A0r, ;) = P (Aens 1)
({): (Neys Prgr.51) = (Aszr Pgz 52)) = P(As11 Prg1.51) = ©(AXs21 P(ga.62))-

(iii): (Mosps) € S = @(Au,ps) € SUW.
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Let (Avltpvl) = (’\027 pvg) then

Ay = Ay, and p,, = p,,
= ((0,0).(1r.p))p,, = ((0,0).(1r,p))p,, forpe P
— ((0,0), iz, p)vs = ((0,0), (i p))va for p € P
=> v, = v2 by Step (7).
Thus ©(Av,; ;) = P(Aug: Pon)-

Let (’\sup(gx,tﬁ)) = (Agp- p(g‘l.éz))' then A, = A, and P(g1.61) = Plga.62) » SO

((O' 0)7 (1T'. p))p(gl.él) = ((0' 0)’ (lTvp))p(gg,&_v)
((0.0), (91.p61)) = ((0,0), (g2, pb2)) for any p € P

g1 = g2 and pé; = pé, for any p € P

AN

g1 =gz and 6; =6,
= (91161) = (92,62)

Therefore ¢(As,, g, 61)) = P(Aszs Pga.62))-

Suppose (A, p,) € S- Then A, and p, are linked. So, for all z,y € S, we have

z(yM) = (2p5)y
= z(vy) = (zs)y
= z(vy) = z(sy)
= z(yh) = 2(yAs)-
Thus A, = A; and

O Ao, p5) = P(As, ps) = s ESUW

Therefore  is well defined.

Next we show that ¢ is a homomorphism.



(a):

P((As p(gl.61))()‘$2v p(gz,ég))) = P(Asz Ay p(g;.&)p(gz.&z)) by (2.0}
;

©(As2As1s Plgrg7.61062)) If 81 0 62 is non-constant

= by (2.9)
\ @(Asy525 P((0.0)(g192k))) If (P)O1062 =k VpE P
r (g192. 61 o 82) if 6, o 62 is non-constant

= < by the definition of ¢
\ ((0,0), (9192, k) if (p)b10éa=kVpEP

= (g1, 61)(g2, 62)

= ©(Xsy gy .5,) )9 (As2: Pgasa)) DY the definition of ¢

(b): 51 = ((a1,b1). (h1,41)), s2 = ((a2,b2), (h2,q2))

O((As1r Pliar b)(hrnan)) (Mazbadihaig2)) s Plgabz)))

= @(A(az.b2)(h2.q2)) Mo1+ Pl(ar.br) (he.a1))Plgasa)) BY (2-0)

’

~ O(Asy((@z.b).(h2.a2)) P(ar.b1),(h1 (926% )1 (9202~ i B >0 by (2.10)

o

| PAsi((az o) (h22)) P(a1,0).(agz.a182)) if by =0

’

((a1,b1), (h1(g26™). 01(g26"717))) if by > 0
= b nee n ' by the definition of ¢

L ((0170)1 (h1922 4152)) if b1 =0
= ((a1,b), (h1,q1))(g2, b2) by the definition of product in SUW

(c): s1 = ((a1,b1), (h1.@1)), 52 = ((@2,b2), (h2, g2))

O((Ns1s Pgr.60)) A(@rbr) h.an))s Pl(aziba).(heuaz))))
= (P'Q(A((al.bl)y(thI))ASl’p(gx.61)p((a2.b2).(h2,qz))) by (2.0)

= 9’()‘81((a1.bl).(h1,41))’ p((az.bz).((gw“?)hg,qg))) by (2'11)

i

((az,b2), ((9160°*)h2, ¢2)) by definition of ¢

= (g1,61)((az,b2), (h2,q2)) by definition in SUW
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= ©(Asyr P(gr61))P(Mi(arb1).(h1.01)): P((az.bo) (haigzy)) DY definition of .

= 99(/\suP((al,bl).(hx,ql)))‘P()\((az.bz).(hz.qz))=P(gg.az)) by the definition of ¢

(d):

P((Av: Py) (Ao p,)) = P(AnAvy: Py, Py) bY (2.0)
= O(Avyv1+ Puyre) bY (2.12)
= v,V by definition of ¢

= ©(Avy: Py, )P (Awn: py,) by the definition of .

We show ¢ maps S onto SUW. If v € S, ¢(As.p,) = v. Suppose, (g,6) € W. Let

s = {(0,0), (g, k)). Then.

(9.6)(@)((0,0), (17.p)) = ((0,0),(9,46))((0.0),(1r,p))

= ((0,0), (g,p)) by multiplication in S

((0,0), (g, k))((0,0), (17, p)) by multiplication in S

= 5((0,0),(1r,p)) for all p € P, since s = ((0,0), (9. %)) -
Ify € S, then

(g,6)(g)((0,0), (17,p))y = s((0,0), (17, p))y for all p € P, by above equalilty.

(9, 6)(q)y = sy by Step (2)

So, V z € S, z((g,6)(q)y) = z(sy), then (z(g,6)(q))y = z(sy),by associativity in S.

Hence, (zps))y = z(yAs) for z € S. Thus, (Xs2 P(g5)) € S and (s, pg5) = (9:6)-
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Next, we show that ¢ is one-to-one. Suppose ¥(As, . 0(g, 6,)) = P(Asz: P(ga.62))- Then

(g1,61) = (g2.62) by the definition of

= Pg1.61) = P(g2.62)
Thus

Vq € P, ((07 0)1 (1T1 Q))p(91.61) = ((O 0) (]-Tz Q))p(gg,ég)

However, by (2.6), we have
Yg € P. ((0,0), (g1,¢61)) = ((0,0). (g2. 962))
So, g1 = g2 and 6; = 6,. Then,
Vq € P, (g1.61)(q) fo = (g0, 82)(q) fo. where fo € Eq = {((0.0).(1r.p)) : p € P}
From the left hand side, we have

(91.61)(@)fo = ((0,0),(g1.961)((0,0).(1r.p))
= ((0,0),(g:1.p))
= ((0,0), (g1, %))((0,0).(11,p))

= slfO1Where S = ((0~ O)s (gl? k))
From the right hand side, we have

(92,82)(0)fo = ((0,0), (g2, 962))((0,0). (ir.p))
= ((00),(92,13))
= ((0,0), (g2, £))((0,0). (1r.p))

= Safy, where so = ((0,0), (g2, k))-
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So, s1fo = safo for all p € P and fo € Ep. Then we have
(s1fo)z = (s2fo)z forany z € S
s1(for) = s2(foz) foranyz € S
(fo2)Ae = (foz)As, for any z € §

IA,, = TA,, for any z € S (since for = 1)

bl

As; = As,
Thus, ('\suP(gl,al)) = (A32’p(gg,52))' Clearly, ¢(Mv,p,) = ©(Ae.p,) implies v = ¢, so
(/\vv pv) = (At? pt)‘

Moreover (A;. p(g5)) # (Av, p,)- Suppose that (As, pgs)) = (Ac.p,), then pig5) = p,

a contradiction, since p, is an inner right translation but p(, 5 is not because ¢ is not
a constant mapping.

Therefore ¢ is an isomorphism . Thus S SUW. m



Chapter 3

Green’s Relations on Bicyclic

Extensions

Green’s equivalence relations are fundamental equivalence relations. definable in any
semigroup, were first introduced and studied by J. A. Green (1951). In this chapter
we give examples, lemma and theorems on characterizations of Green’s equivalences

related to Bicyclic Extensions.

Definition 32 : Ifa is an element of a semigroup S, the smallest left ideal containing
a is SaU {a}, (A = SaU {a} = SA C A) which we may conveniently write as S'a,
and which we shall call the principal left ideal generated by a. An equivalence
relation £ on S is then defined by the rule that aLb if and only if a and b generate
the same principal left ideal, i.e. if and only if S'a = S'b. In other words, L is the
subset of S x S consisting of all pairs (a,b) such that aU Sa = bU Sb. We say that
a and b are L—equivalent. By L, we mean the set of all elements of S which are

41
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L—equivalent to a (a in S ), that is, L, is the equivalence class mod L containing
a; we call L, = {r | zLa } the L-class containing a. Clearly L is an equivalence
relation such that if aLb then acLbc for all c € S, that is L is a Tight congruence.
Dually we define aRb to mean aS* = bS'(a.b € S), and note that R is a left
congruence on S. By R, we mean the equivalence class of S mod R or the R-class.
containing a. We say that a and b are R—equivalent. aRb if and only if a and b
generate the same principal Tight ideal, i.e. if and only if aS' = bS*, (a,b € S).
An alternative characterization, making the “mutual divisibility” aspect of these

equivalences more ezplicit, is given in the following lemma.

Lemma 33 : Let a, b be element of a semigroup S. Then aLlb if and only if there
erist £ and y in S! such that za = b , yb = a. Also, aRb if and only if there exist u

and v in S! such thatau =b , bv = a.

Proof. Let a, b€ S.

(a) : («<=) Let a = bz, b = ay for some z,y € S'. We show that aS' = bS*. Let
u € aS'. Then u = av for some v € S'. So, u = av = (bz)v = b(xv) € bS (since
a = bz) . Therefore aS! C bS'. Now, let p € bS'. Then, p = bq for some ¢ € S*.
Then, p = (ay)q (since b = ay) . So p = a(yq) € aS. Therefore aS* 2 bS'. Thus
aS! = bS?, so, albh.

(b) : (=) Let aLb. then, aS* = bS™. So, a = bz, b = ay for some z,y € S*. A

similar argument establishes that aRb <= Ju ,v € S' such that au =b, bv =a. ®

Definition 34 : The intersection of L and R is denoted by H, i.e. RNL="H. We

denote the H-class by H,. Clearly H, = Ry N L.
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The join LV R (the smallest equivalence relation that containing both £ and R) is
also of great importance, and is denoted by D, i.e. D = LVR. The D-class containing

a of S will be denoted by D,.

Lemma 35 : Ifa is a mﬁlar element of a semigroup S, then every element of D,
is regular.

Proof. Since a is regular, then a = aza for some r € S. We show that every
element in L, and R, is reqular. Let b € L,, then there exist u,v € Slsuch that
ua = b,vb = a, so

= ua = uara = bra = b(zv)b

then b is reqular. Similarly, we cam show that every element of R, 1s regular. Thus

D, is reqular. See [7, Proposition 3.1 |. ®

Remark 4 : So, by the above lemma, if, D is a D—class then either every element
of D is regular or no element of D is regular. Since idempotents are regular (ece = e)
it follows that a D—class containing an idempotent is regular. Conversely. we can

show that a regular D—class must contain at least one idempotent.

Lemma 36 : In a reqular D — class each L-class and each R — class contains at

least one idempotent
Proof. See [7, Proposition 3.2]. =

Lemma 37 : The relations £ and R commute (Lo R = R o L) and so the relation
D =LoR = RoL is the smallest equivalence relation L V R containing both L and

R.
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Proof. See {4, Lemma 2.1]. =

Remark 5 : Note that if R is an R-class of a semigroup S, and L is and L-class of
S, then aDb if and only if RN L # O (empty set). For, leta € R and b € L. Then
aDb < 3 ¢ € S such that aRc and cLb. But this condition on ¢ is equivalent toc € R

and c € L, that isc € RN L # O (empty set).

Definition 38 : We define aJb (a,b in S) to mean S'aS! = S'bS! (SaSUaSUSaU
{a} = SbS UbS U SbU {b}), that is, a and b are J—equivalent if and only if they
generate the same two-sided principal ideal. aJb if and only if there erist z.y.u.v
in S for which zay =b ,ubv =a. Since LC D, LC T . RCD and RC J. so,

DC J ;i general, D # J.
We will explain these definitions with the following examples.
Example 39 : Let C be a cancellative semigroup and suppose that C has no identity.

We show that there cannot be any pair of elements e.a in C for which ea = a or
for which ae = e, and deduce that L=R =D = ic.
Solution:

Suppose by way of contradiction that ea = a for some e, @ in C. Then we have
ea = la (1 ¢ C is an identity adjoined to C.)
= e=1.
Now, we show that £ = R. Let a,b € L. Suppose that (a.b) € L then there exist ¢,d

in C! such that

ca=banddb=a



from which it follows that

b= ca = (cd)b

which is a contradiction by above (i), unlessa =band c=d = 1.
Similarly we can show that (a,b) € R implies @ = b. Therefore L=R =D = ic.

In Example 11, we have L=R =D =15, J =S x 5.

Proposition 40 : In a commutative semigroup S ( for any a.b € S, ab = ba). we

have

L=R=D=J=is

Proof. First we show that £ = R. So suppose that (a.b) € L

(a,b) € L
<= 3Jc¢,de S'such that ca =band db=a
<= 3Je¢,d € S'such that ac = b and bd = a (by commutativity)
<~ (a,b)eR
Thus £ C R.
Similarly, we may show that R C £ and hence £ = R.
Therefor L=R =H =D.

Next, suppose that (a,b) € J. Then there exist ¢, d;, c2.d2 € S such that
ciad; = b and cybds = a.
However, by commutativity, this is equivalent to

(c1dy)a = b and (cad2)b = a.
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Then (a,b) € L =R.

Thus 7 =D. =

Example 41 : We consider the set S; = {0.a. ey, ez, e3,1} where

1 23 1 23 1 23
0 = ' a = R 61 =
111 1 1 2 113
1 23 1 2 3 1 23
€2 = , €3 = 11=
1 21 1 2 2 1 23

and we define our binary operation to be the usual composite.

The multiplication of all elements of S5 s as shown in the table below:

e |0 a e e e 1

0fo 0 0 0 0 O
al0 0 0 a a a
e1{0 a e1 0 a &g
e2l0 0 0 e e e

6300 063 €3 €3

110 a e e e3 1
So, we have

R-classes: {0}, {a}, {e1},{e2}.{es}. {1}
L-classes: {0}, {a}, {e1}, {e2, €3}, {1}

H=LNR ={(0’ 0)7 (a’ a): (ela el)e (627 62)7 (63: 63)1 (1, 1)} =R.
Thus, i=H =R C L = D = J = w-universal relation.

Remark 6 : It is convenient to visualize a D-class D of a semigroup S as what

Clifford and Preston (1961) have called an eggboz picture in which each row represents
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an R-class in D, each column an L-class in D and each cell an H-class. Ifa.b € D

are such that aRb (so that a and b lie in the same row of the eggboz), then the egg-boz

for the above example is as follows:

D Lo Lo Le, Li=L., L

0

&

X
[~
[»]

=31

&

"
®
(M)

Ry 1
So, Dy = {0}, D, = {a}e De1 = {61}1 Dez = De3 = {627 63}, D, = {1}

Example 42 : We obtain the Green's equivalences on the following semigroup
L, — a left-zero semigroup with n-elements

Solution: Let L, = {l},13,13, ..., I, }. We adjoin the identity element L} = L,U{l} =

{lly lg,l3, ...,ln, 1}. a.nd, li * lj = l.,' for all ¢ ’ ] € {1._2, ,TL}

R-classes: {1}, {l2}, {la}, -, {I=}, {1}

L-ciasses: {l1,l2,13,....0n}, {1}

J-classes: {l1,l2,13,.... 0}, {1}

D-classes: {l1,l2,13,.... 1}, {1}

Thus, i =H =R, L =D = J = w—universal relation (i.e. w =25 x §)

Despite the ease with which we characterized the Green’s relations on these special

semigroups, the problem of characterizing the Green’s relations is far from trivial in
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general.

In [21] the following theorem is stated without proof and we now give a proof:
Theorem 43 : [21, Lemmg 2.2]. Let S=(T,K,P,0,7).Then,
(a) ((n,k),(g,p))R((r,s),(h.q)) if and only if n = r and gRh (in T).
(b) ((n,k),(g.p))L((r,s),(h,q)) if and only if k =5, p =g, and gLh (in T).
(¢) ((n,k),(g9.p))D((r,s). (h.q)) if and only if gDk (in T).

) E(S)={((0.0).(f.p)) :p€ P, f € BT} U{((nn).(9.0)) : n € N. g € K,
g € E(T}, (where E(S) is the set of idempotent of S and E(T') is the set of

idempotent of T ).

(e) Lete, f € E(T). Then ((k.k),(e.p)) < ((r.7),(f.q)) if and only if £ > 7 or

k=r,p=gq,and e < f.

Proof. (a): (=) Suppose that ((n, k). (g,p))R((r,s). (h, q))-

Then 3 ((r1, 51), (b1, 1)) (T2, 52), (h2. ¢2)) € S* such that

((Tl,k), (gv p)) = ((7‘, S), (h7 Q))((rlv 51)7 (hlx QI)) (31)

and

((r.5), (h, @) = ((n, k). (9, P)) (72, 52): (P2, G2)) (3:2)

Case (i): s<randk<m

((TL, k)7 (g~ p)) = ((T‘, 3)1 (h" Q))((rly 31)1 (h'lv ql))

=((r+r—s,s+s1—5), (A6 h18°7°, q1))
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= ((r +71 = s,5). (W87 hi6°, q1))

=S n=r+r1; —S, k= 81, g = herl_shloo and PpP=q where s <n (3.3)

And, also by (3.2), we have

((T‘, S), (h Q)) = ((n’ k)v (g,p))((rg, 32)7 (h27 Q2))

((r,5), (R, q)) = (n+ 12 — k. k + 52 — k), (967> *ha6" 7% g2)) where k < 1
((r,s),(h,q)) = ((n+ 12—k, 52). (g6™*hy8°, g2)) where k < 15

r=n-+ro—k,s=5:h= gG”"‘hQOO and ¢ = g, where k < r,

[

n=r+k—rss=syh=9g0"%hy8° and q = g, where k <y
(3-4)

Considering (3.3) and (3.4) we have,
n=r+r —5, k=s;, g=h8""h8°° and p = q; wheres <ry;

n=r+k—rs s=359 h=g0? *hy6° and q = g where k < ra.

So,r+r —s=r+k—rp=>r;—85=k—r12.Sincer; —s >0and k—r; <0, then
rp—s=0and k—ry =0, so, r; = s and k = r2. Then, we have

§—S

n=r+s—sk=s,9=h0""h8° and p=q;
n=r+k—k, s=s,h=g0"%hy0° and ¢ = ¢»

<= n=rand g = hh; and h = ghy <= n =r and gRA
Case (ii): s>Tn a.ndkﬁrz

((nvk)z(g7p)) = ((T’S)’(th))((Thsl),(hlafh))

((r+r —r1,s+58 —11), (h0"‘"‘h19’""‘,q(hlﬁ"""'l'y)))

((rys + 81— 1), (R°h18°7 ™ q(h168°"T 1))
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esn=r, k=s+s—ry, g=nh6"h6 " andp= q(h16°"1y) where s > 1y

(3.5)

By (3.2), we have

((T, 3): (h'v Q)) = ((n' k)v (gv p))((r‘lv 32)7 (h'2: Q‘l))
(3.6)

e n=r+k—ry §=352 h=g0* *h0° and q = go where k <12

Considering (3.5) and (3.6), we have
n=r,n=r+k—ry, k=s+s8 —T1, S=S92

and

g= h6°h,0° ™, h = g9”""h290, where s > r; and k£ <

Then,n=r,k—-r=0(k=r2) , 9= h(hi8°" ™) and h = g0°h2. So, we have,
n=r, g=h(h 8 ™) and h = gho, since 6° is the identity automorphism of T.
Thus, n = r and gRA.

Case (111) k>rands>n

((T,S),(h,q)) = ((n,k),(g,p))((T2,52),(hg,Qg))

= ((n+r2—rak+ 52— 72), (987 hat* T, p(h20° 7))

= ((n.k+ s2—12), (g6°ha6°7, p(ha6*" 1))

< r=n, s=k+s2—T2, h = g9°h20'°"'2, q= p(hgek"’"lv) (3.7)



By (3.2), we have,

((nv k)v (gvp)) = ((7‘, 3)1 (hv Q))((rlr 31)7 (h'lv QI))

e n=rk=s+s—r1,9=Hh0’h8 "and p=q(h"" ") where s > 1.

Considering the last two conditions, where k > ro, s > 1, we have,

r=n,s=k+s3—Ty, k=s+s1 -1
and
h = g8°ho6* "2, g = h6°R (6"
Therefore + = n, h = g(hy8*™™) and g = h(h6°"™), that is, n =T and gRA, since
ho0*™ b 8° " € T.
Case (IV) s <r;and k > rs.

By (3.1), we have

((nv k)v (g?p)) = ((T‘, S), (hv Q))((rlv 31), (hly QI))

& n=r+r -8 k=5, 9= ho"~5h,6° where s <7,
By (3.2), we have

((Tv 5)1 (hv Q)) = ((Tl, k)1 (gv p))((r?.’ 3‘2): (h2= Q2))

& r=n, s=k+52—T2 h=g9°h26k"2 where k > 1o

Considering the last two conditions, where s < ry, k > ro, we have,
r=n, r—s=0, g=h6""h; and h = g(he8""")

Then r = n, g = k6%, and h = g(he6*™™). Son =, g = hhy and h = g(ha8""").

Therefore, n = r and gRA.
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(<=) Conversely, let ((n, k), (g.p)), (7, s), (h,q)) € S , and suppose that n =r
and gRh. We need to show that ((n, k), (g.p))R((r.5), (h, q))- That is, we need to
find two elements ((r1, 51), (A1, @1)): ((r2, 52), (R2,q2)) € S!. such that (3.1) and (3.2)
are satisfied. Let sy =me =k, 1 =52=8 Q1 =P R =4 Since gRh, then exist

hy, hy € T such that g = hhy and h = ghs . Thereforeg = h6™°h.8°, h = gf™ " *Fha6°.

Thus,
((r, s), (R, @))((r1,51), (ha, Q1))
= ((r+r —s,s+s—5) (R0 °h,6°"%,q1)) since 1y = $
= ((n,k),(g,p)) since s1 =k, 4 =p, § = RO *h,8°, h = g6 *ha8"
and

((n, k), (9. P))((r2. 52), (2, @2))
= (n+r2—k,k+s2— k), (gGr"khgek‘k, go)) since k =12

= ((n,s),(h,q)) since s =§, T2 = k, h= g&’z'khze""‘, q= g

(b): (=>) Suppose that ((n, k). (g, D))L((r:5), (h.q))-

Then 3 ((r1,51), (b1, 1)), ((ra,52), (h2,q2)) € S! such that

((nv k)v (91 p)) = ((rlv 31)7 (h‘lv QI))((Tr S)r (hv Q)) (38)

and

((r, 5), (B ) = ((r2,52), (B2, @2))((n. k). (9. P)) (3.9)

we consider the case s1 < T and s» < n. Thus



((n, k)s (gxp)) = ((rla sl)v (hls QI))((T’ 3)7 (h" Q))
= ((ry +7 — 51,51 + 5 — 51), (0" RE° 7, q))

= ((r, + 1 — s1,8), (M0 " h8°, q))
=>n=r+7r—5;, k=s, g=h10""h9° and p = g where s; <r

e n=r+r—s, k=5 g=h6 hand p=q wheres, <r (3.10)

And, also by (3.9), we have

((r,s). (h,q))
= ((1‘2,32), (h27 Q2))((n'k)~ (gp))
= ((TQ + TN — 89,80+ k — S2), (hgen—szgesg—sg.p))

> T=ro+n—5s s=k, h=ho§""g and ¢ = p where s; <n (3.11)
Considering (3.10) and (3.11) we have,
n=r,+r—s, k=s, g=h1¢9"’"h6° and p=q wheres; <r

r=ry+n—s,5s=k h=ho8"*2gf° and ¢ =p where s, < n
Then, we have
k=s, g=(h6*)h, h=(h0""**)g and p = q where s; <7, 52 <n. Therefore

k = s,p = q and gLh.
The other cases are similar.

(«=) Conversely, let ((n,k),(g,p)),((r.s),(h,q)) € S, and suppose that k = s,

p=gq and gLh (in T). We need to show that ((n, s), (g,p))L((r, k), (h,p)) by finding
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((rlr sl)v (h'].’ QI)), ((Tg, S?_), (h‘27 q2)) € Sl’
such that (3.8) and (3.9) are satisfied. Let s; =n =73 and 1y — r = s2. Since gLh.
then there exist hy, hs € T such that g = hoh and h = h;g. Therefore,
((rlv 31), (hlv Q1))((n, k)v (g’p))
= ((7‘1 +NnNn—n,$ ~+ k' - S]_), (hlgogesx—r’p))

= ((r.s),(h.q)) sincer; =n, k=s. h=hgandp=gq.

and
((T2a 32)’ (h2, Q'.Z))((rv 3)2 (h’ Q))
= ((ro+r—r,52+5—35), (h290h9"2"",q))

= ((n,k),(g.p)) sincero =n, k=5, g =hoah and ¢ =1p.
(c): (=) Let (. k), (.9)), (), (h,@)) € S. Then

((n, k), (g,2))D((r, 5), (R, q))
== ((n k)’ (g’ p))‘c((nl, k1)7 (glapl))R((rv 5)’ (hv Q))
for some ((n1, k1), (g1, 7)) € S*. By parts (a) and (b) above it follows that
k=k p=p,gLg (inT)and n; =1, 1 RA (in T)

=> gDh (in T).
(<=) : Let ((n, k), (g,p)), ((r,s), (h,q)) € S and suppose that gDh (in T). Then

there exist g, in T! such that gLg; Rh. However, by parts (a) and (b) we have
((Tl, k)’ (gvp))[’((ra k)': (gl,p))R((T, 3)1 (h’ Q))

= ((n,k),(g.P)D((r,5), (R, 9))-
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(d): Weshow that E(S) = {((0.0),(f.p)) : p € P. f € E(T)}U{((r.n).(g.9)) :
neN,qe K, ge E(T)}.
(=) : Weshow that E(S) € {((0,0),(f.p)) : p € P. f € E(T)}S{((n.n).(9.9)) :
neN,qge K,ge E(T)}.

Let ((n, k), (g,p)) € E(S). Then

(n, k). (g.p)) = ((n.k),(g.p))((n,k).(g.P))

(n+n—k,k+k-—k), (96" *g0**.p)) where k < n
= 9
(n+n—n,k+k—mn), (96" "g6* ™, p(g6*""'7))) where k > n

\
’

((2n — k, k), (g8" *g.p)) where k < n

| ((n.2k —n), (9(g6*™™). p(g6*""'7))) where k >n

which implies that

r

n=2n—kand g =g6"*g when k <n; or

| k=2%-n g= g(g6*™) and p =p(g6*™"'v))) whenk>n

(

n=kand g=gg whenk <n; or
=

k=nbutk>n, g=ggand p=p(g6®'v))) (impossible).
(

=> n=kand g=gg =g2

((0,0),(g,p)), wherepe P, g=gg if n=0
SO, we ha've ((Tl, k): (g1 p)) =

((nyn),(g,p)), wherepe K, g=gg,n=k=pifn#0
Thus, ((n’ k),(g,p))2 = ((nv k)’ (gap)) € EgU E,, where Ey = {((Ov 0)7 (fp)) :pE€ P,

f € E(T)}, E. ={((n.n),(g,q)) : n € N,g € K,g € E(T)}.
(«=) : We show that E(S) 2 {((0,0).(f.p)) :p € P, f € E(T)}U{((n,n).(g,9) :

n€ N,qge K,ge E(T)}.



Notice that

((0,0),(¢,2))((0,0).(g,p)) = ((0.0),(g6°°96°°, p)) = ((0.0),(gg-p))

= ((0,0),(g.p)) since g € E(T)

Therefore ((0,0), (g,p)) € E(S)

Similarly,

n—n

((nvn)3(g’Q))((n’n)v(97Q)) = ((n+n—n,n+n—n),(g€"_"g Q)
= ((n,n),(99.9))

= ((n.,n).(g,q)) since g € E(T).

So, ((n, k), (g,p)) € E(S). Hence the proof is complete.

(€): Lete, f e E(T). We need to show that
((k.k), (e,p)) < ((r,7),(f,q)) <= k>rork=r.p=g.ande< [

Let ((k, k), (e,p)) < ((r,7),(f.q))- Then

((k, k), (e.p))((r: 7). (f, @) = (s 7). (f, ) ((K, k), (e. P)) = ((. k). (e, P))
((k, k), (e,p)) = ((r, 7), (£, 9))((k, k), (e, p)) and
—
((k,k), (e, p)) = (k. k), (e, p))((r, 7). (f. )

However,

((k k), (e,p)) = ((r.,7),(f,0))((k, k), (e, D))
~ { (r+k—rr+k—r),(f0FTed",p)ifr <k

(r+k—Fkr+k—k),(f05F e, qed 1)), ifr >k
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(k. k), (f65 e p) if r S k

((r,7), (F6%8°, q(e6™ %1 y))),if r > k

Ifr <k, thene= f8*"ef® and p=1p

If r >k, then e = fe and p = g(ef™ 1)

Also,

((k,k),(e,p)) = ((k,k).(e.p))((r,7),(f.q))
(k+r—kk+r—k), (e *foF "  q)if k<r

(k+r—rk+1—r), (0 fO5.p(f65 1)), if k>

((r,r), (87~ Ff6°.q)) if kST

(k. k), (e6°f65 . p(f6°""1))), if k>

Ifk<r thenk=rande=ef"""f8°. andp=gq
=
Ifk>r, thene = e(f6") and p = p(f8 " 1v)

\

Thus, we deduce that
k>rork=r,e=fe=ef (e<f),andp=gq.®
It follow that we may represent the £L—and R—classes of a bicyclic extension

S=(T,K,P,0,~) as follows:

L(kl,g,ql) = {((ns k1)7 (gs Q1)) n e N0}1
Rinag) = {((n2, k), (g,q)) : either k=0,q € P or k € N,q € K};

Dy = {((n,k1),(g,q1)) : n € N°® and (either k =0,g € Por k€ N,q € K)},

where g € T.

An immediate consequence of this is
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Corollary 44 : The bicyclic extension S = (T, K, P,8.v) is regular if and only if T

is regular.

Proof. This follows from the observed fact that every L-class [R-class| of S con-

tains an idempotent if and only if every L -class [R-class] of T contains an idempotent.

Definition 45 : A semigroup S is called D-simple or bisimple if it consists of a

single D-class.

Definition 46 : A regular semigroup S in which the idempotents form a subsemi-
group is called an orthodox semigroup. In other words the reqular semigroup S is

orthodoz if and only if the set E of idempotents of S is closed under multiplication.

3.1 Bruck-Reilly Extension

The bicyclic semigroup B (B = N° x N°) under the multiplication ((m,n)(p.q)) =
(m +p — t,n + g — t) where t = min(n, p) has played a central role in the theory of
simple semigroups (Any simple semigroup which is not completely simple is locally
bicyclic [3,7]. (See, for example, [3],[14],[17], (18], [19]). Reilly in [10] shows B is
w—semigroup. Reilly’s theorem [10, Theorem 2.2] shows that how we can generate

bisimple w—semigroups from any group and any endomorphism of that group.

Theorem 47 : [10, Theorem 2.2 & Theorem 3.5] Let G be a group and let 6 be

endomorphism of G. Let S = BR(G,8) = {((m,n);g) € Bx G : (m,n) € NO x NO



and g € G}. Define multiplication on S as follows:
(m1, n1y; g1)(Ma2, ngy; g2) = ((My +n1 —E. My + 12 — t); 10™ "t ga™ 7)),

where t = min(n;, m,) and we take 8° to the identity automorphism of G. Then S is
a bisimple w—semigroup.

Conversely, every bisimple w—semigroup is isomorphic to BR(G, 8) for some G.

Definition 48 : The collection E(R) or R classes of E may be partially ordered by
the following rule. If Ry, R, € E(R), Ry < Ra ifand only if e < f for alle € R,
and f € Ry . (e < f if and only ifef = fe = e). If E(R), under this order, is order
isomorphic to NP, the non-negative integers, under the reverse of the usual order. E
is called a naturally ordered band.

A bisimple semigroup whose idempotents form a naturally ordered band is termed
an E — bisimple semigroup.
A semigroup with set of E of idempotents is called L-unipotent [R-unipotent] if
it is regular and if Ve, f € E we have efe =ef [efe = fe].
A semigroup with set of E of idempotents is called L*-unipotent [R*-unipotent] if

it is abundant and if Ve, f € E we have efe = ef [efe = fe].

3.2 The Starred or Generalized Green’s Relations

In this section, we introduce the starred green’s relations as in [6] and we give some

examples about these relations.

Definition 49 : On a semigroup S the relation L* [R*] is defined by the rule that
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(a,b) € L* [R*] if and only if the elements a,b are related by the Green’s relation L

[R] in some over-semigroup T of S, (i.e. S CT).
In other words: Let S be a semigroup and let a, beS.
(a,b) € L3 < (a,b) € Lt for some over-semigroup T of S, (S C T).

We write aL3b. a, b are said to be £L*-equivalent.

Definition 50 : Dually, R% can be defined as
(a,b) € Ry <= (a.b) € Rr

for some over-semigroup T of S, ( S C T). Then a,b are said to be R*-equivalent.
We write aR3b.

Moreover, H* = L*NR*, D* = L*VR" ( Note that in general L*o0R" # R*oL").

We introduce x—ideals to obtain the starred analogue of the Green's relation J.
The L*—class containing the element a is denoted by L;,. The corresponding notation
is used for the other relations. We define a left x—ideals [right *—ideals] of a
semigroup S to be a left [right] ideal I of S for which L7, C I [R;, C I] for all elements
a of I. A subset I of S is a x—ideals if it is both a left x—ideal and a Tight *—ideal.
The principal x—ideals J*(a) generated by the element a of S is the intersection of
all x—ideals of S to which a belongs. The relation J* is defined by the rule that
aJ*b if and only if J*(a) = J*(b).

Obviously, on any semigroup S we have L C L*, for we may take S as an over-

semigroup of itself. Similarly, we have R C R*, H CH*, D C D".
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On a reqular semigroup S, the two reiations coincide (correspondingly). In other
words, if S is a reqular semigroup and a.b € S then alb <= aL*b (aRb <= aR"b.

aJb <> aJ"b).

Lemma 51 : : Let S be a semigroup and let a,b € S. Then

1. (a,b) € L* <> for all z,y in S*, az = ay if and only if bx = by.

2. (a.b) e R* <> for all z.y in S'. za = ya if and only if zb= yb.

Example 52 : R,— a right-zero semigroup with n-elements. Let R, = {r1,72.73,....Ta}.
We adjoin the identity element 1. R, = R, U {1} = {ry,72.73,.... Tn, 1} , and, ry'1; =

rj foralli,j € {1,2,...,n}.

Ty T9 T3 - Tnp 1
™ Ty T T3 --- Tnh T
Te | Ty T2 T3 --- Th T2
T3 |y Ta T3 -+ Tp T3
Tn|TL T2 T3 =-°- Tp Tn
1 |ry 179 T3 -+ T 1

R‘-class: {7‘1,7‘2, T3y eeey Tn}, {1}7 C‘-class: {1"1}, {7'2}, {T3}7 cees {rﬂ-}’ {1}

Thus i=H* = £L* and R*=D*=J" = w.

Example 53 : Let Ny, = {0,n1,n2,n3,...,m} Such that z-y = 0 for all z,y € Np,.

We adjoin the identity element 1.



0 n; no Nm 1
0 |0 0 O 0 O
n |00 0 --- 0 m
n, |0 0 0 --- 0 | Na
n,|{0 0 O 0 nm
1 0 ny ng -+ n,m 1

L* — classes : {0}, {n1,n2, ..., "m };
R* — classes : {0}, {n1,n2, ... Bm };

D= — classes : {0}, {n1,n2, ..., 2 }-
SoH*=L"=R*=D"=7".

Recall the semigroup S; in Example 41-it has
L* — classes : {0}, {a,e2,e3},{er}. {1};
R* — classes : {0}, {a,e1}, {e2}, {es}. {1};
D" — classes : {0}, {a, e1,€2,€3}, {1}
M =i
Definition 54 : A semigroup S is called left abundant [right abundant] if every

L*-class [R*-class| contains an idempotent.

Definition 55 : A semigroup S in which every L*-class and every R*-class contains

an idempotent is called abundant.

The theory of abundant semigroups initiated by Fountain [6] parallels the theory

of regular semigroups in many respects, however, there are some essential differences
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as well, see Appendix A. A semigroup may be left abundant but not right abundant
for example consider S; \{e;}—this is left abundant and it is not right abundant.
Also, consider S \{e,}—this is right abundant and it is not left abundant.

The class of abundant semigroups includes in particular the class of cancellative
monoids (see section 4.1 for its definition), and any full subsemigroup of a regular
sepnigroup is abundant. (By a full subsemigroup of a semigroup U we mean simply

one which contains all the idempotents of U.)

Definition 56 : If S is semigroup, then S is = — bisimple if and only if it has a

stngle D* -class.

3.3 Generalized Bruck-Reilly Extension

Consider a monoid M with H; as the H"-class which contains the identity element

of M. Theset S = N x M x N° (N® = {0, 1,2, ...}) with operation defined by
(m’ z, n)(p7 Y, Q) = (m —n +t, xet—nyet—p’ g—p-+ t)

where t = max(n, p) and 6 is an endomorphism of M with images in H7 is a semigroup
with an identity (0, 1, 0).

If H? is a subgroup of M then S = N°® x Hj x N? is called the well known Bruck-
Reilly extension of M. S = N% x M x N is the generalized Bruck-Reilly extension
of M determined by 8, and will be denoted by S = BR*(M,6), [ see 1 and 10].

Asibong-Tbe (1] immediately deduced that BR*(M, §) is regular if and only if M is

regular and this motivated him to consider the starred Green’s relations on BR*(M,6)
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where he obtained the following:

Theorem 57 : [1, Theorem 2.1] Let S = BR*(M,0) be a generalized Bruck-Reilly

eztension of a monoid M determined by 0. Suppose that (m, z,n) and (p.y,q) are in

S. Then,
1. (m,z,n)L%(p,y.q) if and only if n = g and zL},y.
2. (m,z,n)R%(p,y.q) if and only if m = p and zR},y.

Using this and other results Asibong-Ibe generalized Reilly’s [10] work on Bisimple
inverse w—semigroup to what he termed * — Bisimple type A w—semigroups along

the lines of Fountain’s work, [6].

Definition 58 A semigroup S whose idempotents commute and in which each L°-
class [R*-class| contains an idempotent is called o Tight adequate [left adequate]
semigroup. A semigroup which is both left and right adequate will be called adequate

semigroup.

Definition 59 The following notation will be used. An L* — class containing an
element a € S will be denoted by L;. Similarly R, is an R* — class with an element
a € S. a* and a*will be used to denote typical idempotent elements in L} and R;
respectively. A right [left] adequate semigroup S is called a right [left] type A semi-
group if ea = a(ea)” [ae = (ae)*a] for all elements a in S and all idempotents e in

S. An adequate semigroup S is type A if it is both right and left type A.
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Definition 60 : Let S be a type A semigroup, and let a.b,c € S. The relation D is

defined on S by
aDb if and only if a*D b*,a™D b* for some a”.b”,a™ and b™.

D is an equivalence relation and satisfies the inclusion D C D C D" ona type A

semigroup S. (See [1])

Theorem 61 : [1, Theorem 3.4] Let S be a + — bisimple type A w— semigroup such

that D* = D. Then S = BR*(M,#9).



Chapter 4

Starred Green’s Relations on

Bicyclic Extensions

Abundant semigroup theory was initiated by Fountain [6]. Asibong-Ibe [1] extended
Reilly’s [10] results to the class of abundant semigroups. We characterize the starred
Green'’s relations on Bicyclic extensions and show as main result that in case of a
cancellative monoid, the bicyclic extension is an E* — bisimple semigroup, by analogy

with Warne [13] and Asibong-Ibe {1].

4.1 L£* and R* Relations on Bicyclic Extensions
Lemma 62 : Let S = (T, P, K,0,7). Then,
(a): ((n,k),(g.p))L*((7,5), (h,q)) if and only if k = s, p = ¢, and gL7h (in T).

(b): ((n,k),(9,0))R"((r,s), (h,q)) if and only if n = r and gRTA (in T).

66
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Proof. (a): (=) Let a = ((n.k),(g.p)). b = ((r.5).(h.q)) be elements in S
and suppose that aL3b. First notice that ((k. k), (17, p)) is a right identity for a. that
is,
((n, k). (9.p))((k, k), (11, P)) = ((n. k). (9.P))
= ((r,9), (h.)((k. k), (17, p)) = ((r,5); (h.q)), (since aL3b)
[ (k= 5.5+ k—5), (8108, p) = ((r.9). (h.0) i s <k

(r +k =k, s + k — k), (R**176°~%, g(176°*717)) = ((r.8), (h,q)) if s > &

((r + k—s,k), (R6°°.p)) = ((r.5). (h.@)) f s < k

\ ((r,9).(h.q)) = ((r.5), (h.q)) if s > K.
So,

k=s, p=gq.ors>k (4.1)
Similarly, by noting that ((s, s), (17.¢)) is a right identity for b we obtain

((r, s), (R, @))((s, ), (11, q)) = ((r, 5), (h. q))
= ((n,k).(9.p))((s,5), (17, 9)) = ((n, k). (g, P)), (since aL3b)
r (n+s—s,k+s—s),(g0° 176 *,q)) = ((n. k). (g.p)) if s < k
(n+s—k k+s— k), (g8 176", p(176°~*1y)) = ((n, k), (9.p)) if s > k
((n,k),(9,9)) = ((n, k), (9,p)) if s <k

| (n+5—k,s), (98°~%,p)) = ((n. k), (g,p)) if s > k.

So,

k=s,p=qork>s (4.2)
Now from (4.1) and (4.2) we deduce that

k=sandp=g¢q (4.3)
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Moreover, let z,y be in T. Then for all g in T we have

g9z = gy
<= ((n,k),(gz.p)) = ((n. k). (99.P))
= ((n,k),(9,p))((k. k), (z.P)) = ((n, k), (9. P))((k. k). (y.P))

= ((r, k), (h, D)) (K. k), (z,D)) = ((r, k), (R, 0))((k, k), (¥.P))
(by (4.3) and the fact that aL5b)

<= ((r,k), (hz,p)) = ((r, k), (hy.q))

<= hz =hy.

Thus gL%h as required.
(<=) : Suppose that k = s, p = g and gL%-h and let ((n1,k1). (91.21)), ((r1.81). (R1. Q1))

in S be such that

((n, k). (9,p))((n1: ka)- (91. 1)) = ((n. k), (g, 2))((T1.51). (R1. 1))
((n+ny =k, k1), (g6™ g1, 1))

=((n+71 —k,51),(@0" h1,q)) if k<np, k<

((n+ny =k, k1), (g6™ g1, p1))

= ((n, k+ 51— 1), (¢85, p(M6* 1)) if k< npk>m (4-4)
((n,k + k1 — n1), (9-91057™, (@267 71)))

=((n+r —k,s1), (@0 *h1,q1)) if k>n, k<

((n, k + k1 — 1), (.10, p(6267™ 717)))

= ((n,k + s1 — 1), (g-m8 7, p(R16° " 719))) if k >y k> 1y
\
Now equating the first coordinates in each (of the four) case yields:

Case 1. n+n;—k=n+r —k= n; =r;. Thus,
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a): if n; =r; =k, we have by equating third coordinates
991 = gh
<= hgy, = hh; (since gL3h);
< hO"*g, = hg"*h, (sincen; =1, = k)
b): ifn; =7 >k then g10™ 7% h 6™~ € U (-the group of units of T' ) and so
by equating third coordinates, we have
g™ g1 = g8™ "y
= g=h
= kM Fg = hO™Fh,
So, if £ < n,,k < r; then from (4.4) we have
(n+n1 = k. k1), (86" *g1.p1)) = ((n+ 71 = k. 51). (967 " h1. 1))
=
(n+ny — k. k), (RO F g1 p1)) = ((n + 11 — K, 1), (RO *h1. 1))
=
((r+ni—k, k+k —k), (R %1657 p1)) = (r+r1—k, k+s1—k), (h67 *r6°7%. q1))
=
((r. k), (h, p))-((n1, k1), (91, P1)) = ((T: k), (R, D)) (71, 51), (1. @1))
Case 2. n+n; —k=n= n; = k. Thus,
n, = k > r; then by equating third coordinates, we have
g™ *g1 = g.m 6"
<= gg =g
<= hg, = h.h)6*™ (since gL} h)

< h™*g, = h.h, 65 (since n; = k)



So, if £ < n;. k > r; then from (4.4) we have
((n+ny — k. k1), (987 *g1, ;1)) = ((n, b+ 51 — 1), (9.8, p(R165" 1))
sl
(n+n1—k, ky), (RO 516575, p1)) = ((n, k+51—71), (RO T ha 657 p(hi6"7 1)
=
(rni—k, k+ky—k), (R85 g165*. p1)) = ((r, k+s1—71), (h8°h16° 7™ p(R16"7 1))
=
((r. k), (R, P))-((n1, k1). (91, 1)) = ((r k), (R, P))((r1. $1). (P1. q1))-

Case 3. Since k > n;, k < r; then by equating the first coordinates in this case
yields:

n=n+r —k=r =k. So, r; =k >n;. And by equating third coordinates. we

have

g-9185™ = ghy

< h.g0*™ = hh, (since gL5h)

> h.g165™ = h" % 05
So, if k > ny, k < r; then from (4.4) we have
((n, k + k1 — n1), (9-9:657™, p(91657™719))) = ((n + 11 — k. 51). (96" *h1, 1))
=
((n,k + ky — 1), (R.g105™, p(9:0°" 7)) = ((n + 11 — K, 51), (h67 *h, 657, 1))
=
(r+n1 —ny,k+ ko —m), (RO ™ gy 5™ p(gi05 ™ y)) = ((r+ i — Kk E+ 7 —
k), (h7*Rh1657%, 1))

—



((r, k), (R, p))-((n1, k1), (91, 1)) = ((r, k). (h. P))((r1, 1), (R1, 41))-

Case 4. Since k > n; and k > r; then by equating third coordinates. we have
g.qi0F ™ = g.h 05 == h.g,6F™ = h.h, 0 (since gL3h);
So, if kK > n;, k> r; then from (4.4) we have
((n, k+ki—n1). (9.918°7™ . p(@18°"™ 1Y) = ((n.k+s1—11), (g-h18*7", p(R165 1Y)
=
((n, k+ky—ny), (h.g185"™ . p(g:65"™ 1y))) = ((n. k+s1—71). (AR5, p(hi6° 7 71y)))
=
((r, k+ki =), (hg:185™™ ., p(g105"™717)) = ((r, k+s1-71), (B85 p(h1 85 719)))
=
((r. k+kyi—n1). (Rg1857™ , p(@165"™ 1)) = ((r k+s1-11), (hh168 T, p(h16° 7))
=
((r, k), (B, ))-((n1. k1), (g1, P1)) = ((1: k), (h. P))((r1, 81), (R1. 1))

Therefore we deduce in all cases that

((nv k)’ (gv p))((nla k1)7 (glypl)) = ((n’ k)v (g,p))((rl, 31)7 (hls QI))

<~ ((T‘, k)’ (hvp))((nly kl)v (glvpl)) = ((7‘, k)’ (h,p))((rl, 31)7 (hlv QI))

and so ((n, k), (9,p))L5((r; k), (R, p)) as required.

Proof. (b): (=>)Let a = ((n,k),(g.p)), b= ((r,5). (h,q)) be elements in §
and suppose that aR3b.

First notice that ((n,n), (17,p)) is a left identity for a, that is,
((n,n), (17, p))((n, k), (9.9)) = ((n+n—n,n+k—n), (176" "g6" ", p)) = ((n. k), (g.p))-

Thus,



((n7 TI.), (]-T’p))((nt k)v (gv p)) = ((TL, k)’ (gvp))
- (), (17, ) (> ), (B, @)) = (- 5). (h. ), (since aL3b)
(n+r—-n,n+s—n), (1760 "h6" ", q)) = ((r.s),(h.q)) if n <
— B
(n+r—rn+s—r), (179""'h0"_",p(h@"“"l'y))) = ((r,s),(h,q)) ifn>r
{ ((r, ), (h,q)) = ((r,8), (h.@)) if n <
—

((n,n+s—r), (h,p(RE*""17))) = ((r.5). (h.q)) f n > T.
So,n<r.

Similarly by noting that ((r, ), (17, p)) is a left identity for b we deduce that 7 < n.
Hence n = r. Moreover, let z,y be in 7. Then for all g in T we have
zg =yg
< ((n,k),(zg,p)) = ((n, k), (yg.p))
& ((n+n—-nn+k—n), (z6""g6" ™ p)) =((n+n—nn+k—n), (yd" "g6" " p))
& ((n,n),(z.p)((n, k). (g,P)) = ((n,n), (. 2))((, k), (9. P))
& ((nn), (z,p))((r, 5), (B, q)) = ((n,n), (3. P))((r: ), (h.q)) (by the fact that aR3b)
& ((n,n),(z.p))((n,5), (h,q)) = ((n,n), (y.P))((n, 5), (h. q)) (since n = r)
& ((nn),(z,p))((n,s): (h, ) = ((n,7), (v.p))((n, 5), (h. 9)) (since n =)
o (n+n—nn+s—n), (8 """ p)) =((n+n—n,n+s—n),(yd" "h§" ", p))
& ((n,s),(zh,p)) = ((n,s), (yh. p))

< zh=yh
Thus gR}h as required.
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(«<=): Suppose that n = r and gR;h and let ((n, k1), (91.p1)). ({r1.51). (h1.q1))

be in S such that

((nl’ kl)v (glspl))((rv k)v (g p)) = ((TI: 31)7 (h1, Q1))((r7 k)7 (g~p))

7

((ny + 71— ki, by + k— K1), (918 g6 ™" . p))
=((ri+r—s1,s51+k—s51), (M8 gf ", p))if kL <r. 5 <7

((ny + 7 — ki, by + k — K1), (9167160 ™% p))

=((r+r—rs+k—r7), (R0 gs" . q(gf" ) ifky S5 >
(i +1 =1k +k—7). (8 "g0" . p1 (96" "))
=((r+r—s,s1+k—s1), (M0 g0 .p))if by >r. 5. <7

((ni+r -7k +k—71) (96798, pi(g8" 1))

=((ri+r—-r.si+k—r), (h19r_"g€"_r,ql(ge‘”'r'l‘y))) ifki>r.sy>r
\
(4.5)

Now, equating the second and third coordinates in each (of the four) case yields:
Casel: ny+r—k=ri+r—s,ifk<r, s <.
G R gghR = p grms1ggrn

= g Mg=ho""yg

> ¢0" " h = h,07"°h since gR}h
Then from (4.5) we have
((ny + 7 — ku, k), (20759857, p)) = ((r1 + 1 = 51, k), (ha677 96 7" p))
(1 +7 = k1, k), (@677 9,p)) = ((r1 + 7 — 51, k), (h167" 9. D))

((nl +7r - klv S)’ (gler—klhz Q)) = ((Tl +7 =8, S), (hlgr_SIhx Q))

$ ¢ ¢ ¢

((n1, k1), (91, p1))((7, 8), (A, q)) = ((r1, 51), (h1, @))((r, 5), (R, q))

((ny+71— ki, k1 + s — k1), (G105 h,q)) = ((r1 + 7 — 51,81 + 5 — 51), (R167"*h. q))
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Case 2: If k; < r, s1 > r, then from (4.5) by equating the second and third

coordinates, we have

k=si+k—-r=s,=r,

but in this case s, > r. This case is impossible.
Case 3: k; > r, s; <, then from (4.5) by equating the second coordinates. we

have

kh+k—-r=si+k—sy=k =r

but in this case k; > r. This case is also impossible.

Case 4: k; > r, s; > r, then from (4.5) by equating the second and third

coordinates, we have
k1+k—1"=31+k-—1‘<¢k1=81

and so

g196% ™" = h. g0 "

196%™ = h,gf** " since k; = s,
G190 " = hyg" "

g1 = hy (since g6 € U)

919 = kg

gih = h,h since gRTh

(I A I

glor_rhek‘—' = h19r"'h9"_' since kl =81



Then from (4.5) we have

(1, b+ k —1), (9198, p1 (96" 1)) = (1,81 + k — 1), (h1g6" . q1 (96" 7~ 17)))
—

(1, by + k= 1), (9167 Th8% 7, py (R85 7771))) = ((ry + 7 = 51, k), (a6~ R 7))

—

((n1, by + s = 7), (9:16°h8" ™", py (R6*17"1))) = ((r1. 81 + 5 = 7). (m16°RE™ ™. qu (RO 7"71Y)))
—

(n1. by + s = 1), (A5 " py (A5 7771))) = ((r 51 + 5 = 7). (R A0, @ (RE" 7))

<~

((nlw kl)r (glrpl))((r7 3)7 (h Q)) = ((TI, sl)z (hll ql))(('r’ S). (h' q))
Therefore we deduce in all cases that

((n1, k1), (g1, 1)) ((n. k), (g, P)) = ((71. 81). (R1.q1))((n. k). (g- D))

— ((TL)_, kl)w (glzpl))((ra 3)7 (h' Q)) = ((Tlv 51): (hlt QI))((T: S)v (h‘ Q))

and so ((n, k), (g, p))R5((r, k), (h, p)) as required.

4.2 Some Properties of Bicyclic Extensions and

Cancellative Monoids

It is well-known and indeed easy to show that if T is a cancellative monoid then

H* =T x T and hence we deduce from Lemma 62 above:

Lemma 63 : Let S = (T, P,K,0,v), where T is a cancellative monoid. Then S is

an abundant semigroup and

(a) ((n,k),(g,p))L5((r,s),(h,q)) if and only if k =5, p=g;



(6) ((n,k).(9.p))R5((r.5), (h.q)) if and only if n =71 :
(¢) 7D’ is the universal relation in S.

Proof. We only need to show that S is an abundant semigroup and D" is the
universal relation in S.

Let L be an L*-class of S where a = ((n, k), (g,p)) € S. Then,

((Tl, k) (gv p))[’;((k k)v (]-Te p)) by (a)
So, ((k,k),(1.p)) € L;. Also,

((kv k) (1T,p))((k k) (lTvp)) = ((k +k - k? k + k — k)v (lTer_rlTer—r-p))

= ((k.k).(1r.p))

Since L} is an arbitrary L*class of S, therefore each L*-class has an idempotent.
Now, we show that each R*-class of S has an idempotent. Let R be an R"-class of

S where a = ((n, k), (g,p)) € S- Then,

So, ((n,n),(1,p)) € R;. Also,

((n,n), (1T7p))((nvn)’ (17’, p)) = ((n +n—n,n+n-— Tl), (lTen—nler—r’p))

= ((nv n)v (1r, P))

Thus S is an abundant.

(C): We show that D* = S x S (i.e. D" is the universal relation in S). Since
D" C S xS, so we need to show that S x § C D*. Consider ((n,k),(g.p)) and
((r,s), (h,q)) € S. Then, by (a) and (b) we have ((n, k). (g,p))L5((r, k), (h,p)) and

((r, k), (h, P))R5((r, 5), (R, @)). Thus, ((n, k), (g,p))D*((7. 5): (h,q)) ™
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Remark 7 : Note that the idempotents of S = (T, P, K,6.v) where T is a cancella-

tive monoid, form a naturally ordered band since for any group G. we have

E(S(T,,P,K,8,v)) = E(5(G.,P,K.8.7)).

4.3 FE*-Bisimple Semigroup

Recall definition (45 and 48) : A semigroup S is called D-simple or bisimple if
it consists of a single D-class. Let E be an idempotent semigroup (a band). The
collection E(R) or R classes of E may be partially ordered by the following rule. If
R,, R, € E(R), R, < R,ifandonlyife < fforalle€ Ryand f€ R, . (e < fif
and only if ef = fe = e). If E(R), under this order, is order isomorphic to NO, the
non-negative integers, under the reverse of the usual order. E is called a naturally

ordered band.

Definition 64 : A bisimple semigroup whose idempotents form a naturally ordered
band is termed an E — bisimple semigroup.
A semigroup with set of E of idempotents is called L-unipotent [R-unipotent] if
it is reqular and if Ve, f € E we have efe = ef [efe = fe].
Every L-unipotent is orthodoz, and also, every R-unipotent is orthodoz). A semigroup
with set of E of idempotents is called L*-unipotent [R"-unipotent] if it is abundant
and if Ve, f € E we have efe = fe [efe =ef]. .

By analogy with orthodoz semigroups (see Definition 46) a semigroup is called a
quasi-adequate semigroup if it is abundant and its idempotents form a subsemigroup.

So, alternatively an L* — unipotent semigroup is a quasi-adequate semigroup with



a unique idempotent in each L*-class.
Recall Definition (56): A semigroup S is called « — bisimple if it consists of a single

D*-class.

Now we define what we shall call E*-bisimple semigroups as a class of abundant

semigroups, by analogy with E-bisimple regular semigroups.

Definition 65 : An abundant * — bisimple semigroup whose idempotents form a

naturally ordered band will be called an E*—bisimple semigroup.
Then we have the main results of this chapter.

Theorem 66 : Let S = (T, P.K,8,7) be as defined in Definition (26) where T is a

Cancellative Monoid. Then S is an L*-unipotent E*-bisimple semigroup.

Proof. E(S) = {(0,0),(e,p) : p € PYU{((n,n).(1r.q)) : ¢ € K} where 1r is the
identity of T. We need to show that S is L*-unipotent. Let e = ((n,n), (1r.p). f =
((ms m)7 (1T7 k)) € E(S)'

Case (1): Let n < m. Then

efe ((n.n), (17, p))((m, m), (17, K))((n,n), (1T.P))

= ((n+m—n,n+m—n), (16" 16" " k))((n.n).(1.p))
= ((m,m),(1r.k)((n,n), (11,p))

= fe

Case (2): Let n > m. Then

fe = ((m7m)7(1T7k))((n7n)v(lT'p))



= ((m+n—-mm+n—m),(lr.p))

= ((n,n),(1r.p)))

So, efe = e(fe) =e? = e = fe.

Conclusion 67 : This work forms an important first step towards obtaining a unified
structure theory (of some class of E*-bisimple semigroup) that will yield the results of

Asibong-Ibe [1] and Warne [13] as special cases.



[Appendix A]

Regular Semigroup:

Every L-class contains an idempotent

Every R-class contains an idempotent

Every D-class contains an idempotent

Abundant:

Every L*-class contains an idempotent (left abundant)

Every R"-class contains an idempotent (right abundant)

LEFT +RIGHT =ABUNDANT

‘H-class that contains an idempotent is a SUBGROUP

H*-class that contains an idempotent is a CANCELLATIVE MONOID
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[Appendix B]

REGULAR

ABUNDANT

ORTHODOX

QUASI-ADEQUATE

L-UNIPOTENT, R-UNIPOTENT

L*-UNIPOTENT, R*-UNIPOTENT

INVERSE

TYPE A
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