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CHAPTER ONE
INTRODUCTION AND THEORETICAL BACKGROUND

1.1-INTRODUCTION

It is known that when humid air is exposed to a surface which is colder than
the dew point temperature of the air, condensation will take place as the air is
cooled, and that the water vapor leaving the air will pass direcﬂy'from gaseous

to solid state of frost if the surface tempcrature is below 0°C . This phenomena
encountered in the ficld of air conditioning and refrigeration has a s:gmﬁcant
adverse effect upon the heat transfer and pressure drop. For instance, the frost
formation on heat exchanger surface can be extremely important to - their
cfficient operation since the frost will act as a thermal insulator, thus reduci-ng
the ability of the surface to transfer heat. Also, accumulations of the frost often
become thick enough to restrict and block the air flow passage. There is a need
for a fundamental understanding of the naturc of frost formation including the

vapor condensation process to assist the predicting rate of frost formation.

Frost formation is a common phenomena in acrospace cnvironment as well.

In particular, formation of frost on air craft wings has been known to cause



2
acrodynamic penalties on lift and drag during the take-off. The accurate
calculation of frost growth on the airfoil and the corresponding aerodynamic
pchaltim require better understanding of carly stages of the frost formation

proccss.

Early stages of frost formation process is charactcrized by ice crystals
starting to form on the surface. Investigating the ice crystal growth process is a

fundamental part in getting better view on the frost formation process.

Ice crystal growth is a very complicated transient process, in which a variety
of heat and mass transfer mechanisms are at work, simultaneously. In this
project, we have investigated the process of ice-crystal growth from vapor phase
and thc behavior of these crystals under different conditions.



1.2- THEORETICAL BACKGROUND

2.2.1 - Frost Formation

When a cold surface is exposed to the moist air, small dotted-like ice
crystals first appear on it . These crystals scem to grow perpendicular to the
surface for a short timec ( the exact duration depends on the conditions of
deposition ), after which a noticcable meshing of the crystals occurs and a
smooth layer covers the surface. The initial period before a smooth layer is
formed is referred to as the * nucleation rcgime “ or ” crystal growth period *
according to diffcrent investigators. The sccond and third distinct regimes of
frost formation are called ~ dry frost layer growth “ or “ frost layer growth
period “ and ~ wet frost layer growth “ or “ frost layer full growth period',
respectively. This kind of a division is the resuit of studies by microscopic

observations, Sahin(1988).

In the crystal growth period, a thin frost layer covers the surface initially.
Next, frost crystals, which are rclatively far apart from each other, appear on
the thin frost layer, and grow in a vertical direction at about the same rate.
Thus, the frost formation in this pcriod is best characterized by the crystal
growth in lincar dimcnsions, such that the frost becomes like a forest of trees,

without the growth of a homogencous layer.



370D

In the frost laycr growth period, the rough frost which is assumed to be a
cluster of rod type crystals as shown in Fig (I.1) changes its shape by thc
gencration of branches around the top of a crystal or by the intcraction of cach
crystal and then grows gradually into a meshed and morc uniform frost fayer
until the frost surface becomes ncarly flat. In this period, the frost deasity

increases wi:*: the growth of frost layer, becausc of three-dimensional growth

and the internal diffusion of water vapor in the frost layer.

oo | cam penico

Y P
P P
e o s s 20|

Fig(1.1) Frost layer growth represented by cluster of rod type

crystals, Hallett (1984)
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in the frost layer full growth period, the frost layer surface temperature is

assumed to be 0°C. Once the frost layer surface temperature increased over this
tcrﬁpcrature i.e. 0°C, the frost surface will begin to melt. The resultant water
soaks into the frost layer and freezes into an ice layer. The melting and freezing
causc a sudden increase in the frost layer density and a sudden decrease in its
thermal resistance, thus the frost deposition occurs again. Then a cyclic process
of melting, freezing, and deposition continues, periodically, until the frost
formation stops when the thermal equilibrium conditions is reached. During this
period, the frost layer becomes a dense and tight layer and grows into aged

frost.

When the humid air flows over a flat plate, the frost formation process
does not occur uniformly over the whole plate but varies with longitudinal
position. The frost layer grows faster in the upstream than in the downstream of
the plate even for the same thermal conditions, and each phase moves gradually
from the front to the rear of the plate. This means that the time required for
cach phase varies not only with the frost formation conditions but also with the
frost deposition position. This longitudinal variation is insignificant during the
frost nuclcation process but becomes quite pronounced during the frost layer

growth period, Gallily (1987).

It has been noticed that the higher stream velocity appears to increase the

number of frost columns in the crystal growth period, and to advance the rate



of the frost growth even for the same frost deposition rate, Termizi (1987).

The detailed mechanism of frost formation and the shape of the frost layer
during each phase are different in a microscopic viewpoint due to the various
frost formation conditions, Hayashi (1977). classified frost formation into

several types according to:

I- The structure and shape of crystals in the initial stage of frost
formation, the tcmperature of the transition from the rod type
crystal to the feather type crystal and the state of its transition
at the end of the crystals growth period.

2- The regional position of frost formation conditions, crystal

surface and plate tempratures.

In the first regime, namely ” crystal growth period *, the initial frost layer
can begin in one of the two ways. In the first case, initial condensation occurs at
nucleation sites on the wall resulting from a critical supersaturation. In the other
casc (for a very cold wall), boundary layer fogging occurs and the fog becomes
the major source for water droplet condensation on the wall. Thus the ~ frost-
point %, temperature (i.e. the temperaturc at which frost actually begins to form)
lies somcwhere between the © fog-point ” and the “ dew-point “ temperatures,

depending on nucleation sites on the wall and on the wall temperature.
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It has becn well established that vapor diffusion does occur within the frost
laycr due to the vapor pressure gradient which is a conscquence of the
temperature gradient. The diffusion process is relatively slow process and it was
concluded by Chung and Algren (1958) that the diffusion process has a little
effect on changing the local frost density or thermal conductivity. Although the
diffusion of vapor docs play an important role in the density and thermal
conductivity, Sahin (1988) havc assumes that these variables are constant with

time.

Several variables have been suggested in the literature as having an
apparent effect on thc density of frost. These include plate temperature, air
temperature and air velocity. However, it is noted that none of these are
propertics of the frost layer in that they are all variables external to the frost
layer and do not uniquely define propertics within the frost layer itself. If a
useful analytical tool it to be developed, it was fclt that the frost model must
include the corrclation of the frost density with somc other property (or

properties).

cot



£.2.2 - Ice crystal formation :

Ice crystals can grow in two distinct ways either by the freezing of liquid
water or by direct sublimation from the vapor phase. In each case the
mechanisms which determine the rate and habit of growth are the transport of
water molecules to the point of growth and their accommodation into the
growing interface, together with the transport of latent heat away from this
interface. Many different physical situations can occur; of course, but they are
all controlled by these basic mechanisms. If the system contains another
components in addition to water, the situation will be more complicated because
crystal growth depends upon the transport of this component as well and there
may also be competing process occurring at the interface with the growing ice

crystal.

The thermodynamic force driving any crystallization process is an excess of
the chemical potential of molecules in the environment relative to its value in a
bulk crystal. This excess may be specified as a supercooling in the case of
freezing or as a supersaturation in the casc of growth from the vapor. The total
chemical potential excess may be divided into two parts. A componcat which is
the driving force for transport of water molecules through the environment to
the growing interface. and another component which is nccessary to achieve the

incorporation of molecules into the crystal itsclf. In this project the ice crystal



growth from vapor phase will be studied .

The growth of ice crystals from the vapor is a familiar phenomenon since a
major part of the growth of snow flakes occur in this way. The beautifully
symmetric growth forms of snow crystals like those shown in appendix (A) are
well known and it is often supposed that all natural snowflakes are of this form.
The shapes of ice crystals growing either artificially or experimentally is very
complicated and may take different shapes. These shapes range from long thin
ncedles through columns to plates, and each shape may be simple or eccentric.
These different shapes are all related to the environment in which the crystal
grow. In addition there are many other mixed forms, such as columns tipped

with plates, representing crystals whose environment altered during the course of

their growth.

The main paramcter affecting the growth habits of ice crystals are the-

temperature .
Many scientists have done experiments on this factor that is effecting the

growth rate of ice crystals. Results arc summarized in table like table (1), Sahin
(1988).

ree
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ﬂ Temperature (°C) | Form of ice crystal

2-335 Solid hexagonal plane ice crystal

—3.5to —4 Solid /hollow-type column

—4 to —6 Needle-type column

—6 to —8 Sheath-type column
-8 to —9.5 Solid /hollow-type column
—9.5 to —12 Thick plane-type ice crystal, often with hollow
structure on prism faces -
—-12to —14 Plane-type ice crystal with internal strucivse
- and ribs extending along the a axis over
the L .ai faces of the crystal
—14 to —17 Stellar-type plane ice crystal
—17 to —19 Hexagonal plane ice crystal with internal structure
—19 to —-23 Thick plane-type ice crystal with hollow structure
on prism: faces

-23 to —-32 Mostly columnar ice crystals, sheath and

solid/hollow types

TABLE(1.2) Ice crystal habits at different temperatures, Sahin(1988".
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The striking feature of this table is the sharp effect of température on the

growth regimes. These transition betwecn the different growth regimes are very
sharp extending over less than 1°C. The axial ratio (c/a) of the crystal is
changing discontinuously from perhaps 10 for columns to 100 for needles to
values from 0.1 to 0.01 for plates. It is also worth noting that transitional forms,
such as plates growing on the end of needles can be produced if the crystals are
transferred from one temperature regime to another during the growth process.

The temperature dependence of crystals habits is thus extraordinarily specific in
formulation, Show (1955).

There has been no convincing cxplanation of these changes of ice crystals
at different temperatures because present theories of crystals growth do not
contain paramcters that are likely to be strongly face dependent and also
sensitive to temperature changes of only few degrees, Hallett and Cho (1984).

From all the previous explanations we can see that any attempt to model

the ice crystal growth will meet many uncertainties.

At the present time there arc no theoretical cxpressions to allow direct
computations of ice crystal growth, shapes and densities as a function of the
temperature. Therefore any model must be based on cxperimental observations

which contain many discrepancies between the different observers.

ors
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Models studied in this project for the ice crystal arc approximations to the
actual process since we are only assuming cylindrical and spherical shapes
without any rcference to changes from onc type of growth to another, so what is
being done is a method to approximate the crystal growth and this will not

replace the nced for experimental study of ice crystals to obtain more accurate

results.

ert
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CHAPTER TWO

LITERATURE SURVEY

Many workers studied the ice crystal growth and the factors effecting this

growth. Both experimental and theoretical investigations have been carried out.

Reynolds (1952) computed the growth rates of large ice crystals. He
assumed the crystals to be in motion, because of this he supplemented the
diffusion term by a ventilation. He was able to generate the beak of growth
rates at — 3°C and — 15°C by choosing suitable values for the axial ratios and

densities.

Mason (1953) studied using numerical approximation the growth of an ice
particle by diffusion. He computed crystal growth rates at — 2.5°C and
- 5°C.

Braham (1968) compiled all known empirical cvidence for the rates of
growth of icc crystals and he compared all his evidence with some availablc
approximations. He concluded that appmximalion§ done by Marson does not fit

his observations.
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Cotterill and Martin (1973) studied the micro-structure of an ice crystal.
They studied an ice model containing two unit celis. They assumed that the
individual model in the cell interact with onc another through the effective pair
potential. They, also, studied encrgics of the molecules using thec method of

molecular dynamics.

Jawcera (1970) calculated the growth rates and the masses to which the
crystal grow at different times for various temperatures. He used the
clectrostatic analogy and assumed the crystals to follow the experimentally
observed growth modes. He concluded that the resulting growth rates are best
approximated by a spherical model.

Ono (1970) studied the growth modes of ice crystal in natural clouds. He
reached a conclusion that the ice crystal growing in a water cloud may grow
either with a constant axial ratio or with one axis fixed. Crystal whose minor
axis is smaller than some limiting value (which he founded it to be a function of
temperature and super saturation) seen to grow with constant axial ratio. After
this limiting dimension is reached, the growth stands to be apparently along the

major axis only.

Hindman (1972) presented an empirical approximation for the growth of ice
crystal by diffusion. He assumed the crystal to have a shape of hexagonal prism
with a starting dimensions along the major and minor axis to be 0.lmm and

initial mass at 0.Imgm. He studied the ice crystal formation in a cloud from

[\t 44
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super-cold watcr droplets. He founded that after 27 minutes from the starting

point of the formation, the length of ice crystal will be one em.

Alien (1973) presented a paper where he mentioned diffraction and thermal
cxperiments carried out on the form of ice obtained from vapor phase. He
mentioned various structural models of icc crystals where he studied them
cxperimentally. He found that the actual behavior of the crystals is different

from the models assumed.

Hobbs (1973) used the classical diffusion theory to determine the ice crystal
growth under the assumption that the crystals grow as spheres until their radii
reach 35 pm after which they grow as plates with the growth limited to one axis.

Heymsfied (1974) studied the growth of the ice phase in the clouds. He
developed some equations to calculate the rate of growth of the ice in the clouds.
He studied the growth of ice crystal with an updraft velocity of 100 cm/s. He
calculated the growth of ice crystals assuming nucleation temperature of

— 40°C. He predicted the crystal to have a length of 1.00 mm after a long

time.

Pruppacher and Hall (1976) did a theoretical study to determine the
relevant micro-physical processes which control the survival distance af ice
particles falling from cerrius clouds in subsaturated air. They also studied the

hcat exchange between an ice particle and its environment. They reached a
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result that an ice particle falling could survive a distance of 2 km with a relative

humidity of 70%. If humidity is larger, ice particles could survive to a large
distances. They also compared their results with experimental results where

they found good agreement.

A study on the effect of convection on the growth of ice crystals had been
done by Kallungal and Barduhn (1977). They studied various aspects of ice
crystals growth in forced -and natural convection. They concluded that the
dimensions of the crystals’ major (c) and minor (a) axes vary widely among
various experimental studies. They found that the crystals shapes, geometries
and crientations depend on whether the crystals are forming under forced or

natural convection.

Young and Miller (1978) discussed a detailed scheme for numerically
integrating the diffusion equation for ice crystals growth. Their study was based
on cxtensive survey of observed crystals habits, i.e., densitis and masses. They
assumed that the ice crystals will take the shapes of hexagonal prisms with two
based face and six prism faces and that growth of these crystals stand along
both axis. Then after a critical fimit, the growth along one axis will stop while it
will continuc along the other axis. They also concluded that the ice crystals
shapes and growth modc depend mainly on temperature and to less degree on

super saturation of water vapor.
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Laudise and Barns (1984) studted tbe formatron of the largmt crystalhzatlon
process in the world whlch 1s the formatnon of ice in a lake They studxed the

- .-;_.‘

process of ice crystal growth in two lakes under different conditions. they
concluded that the orientation of the major (c) axxs of the crystal depends on the
ambient conditions under which the crystals are formmg.

Stoyanova and Nenow (1984) studled the stability of ice crystals growing
from vapor phase. They studled the stablllty of plate and column like ice

. : G "tto -—IZ’C) Smalllcecrystals
were found to be stable. 'n;é,y found ﬂlat the mstablllty of the crysta.ls start to
develop from the phase thh lngher growth rate

Hallet and Cho (1984) studxed 1ce crystal 'growmg from vapor phase They
measured : | ' S

the growth velocxty as a; functxon\of temperature, super saturatxon and air
pressure. They concluded that thé’g'rovrth:velocﬁivof the ice crystalst xpcreases
with decreasing air pressure. They, also ooncluded that the growth veloclty of

the ice crystals increases thh decreasing temperature.

Colbeck (1985) did an experimental_ study on the growth of ice crystals
under controlled conditions at temperatures between ( —06°C and - 20°C).
He studied the equilibrium form of the crystals which were found to be a

temperature dependent. He concluded that the equilibrium form of the ice
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crystals at icmperatures below — 11°C is a hexagonal prism with a ratio of

hexagonal diameter to thickness of about 2.5.

A study on the ice crystal formation and growth and how natural
convection is cffecting this growth and formation has been done by Termizi and
Gill (1987). Their work is mainly experimental. They did quantative
mecasurements of the growth rates and dimensions of ice crystals growing in pure
water under forced convection. They concluded that natural convection is

effecting the velocity of the growth of ice crystal.

Sahin (1988) presented a model of the frost formation on cold surfaces. He

assumed the ice crystal to have a cylindrical shape. He proved experimentally

that his model for the frost formation process was correct.

Many other scientists [20-26] studied the ice crystal properties like ice crystal
thermal conductivity, density and many other properties under different

conditions.

Numerical solution to moving boundary problems, which involve a phase

change process, had been paid great attention.

Lazaridis (1970) solved a multi-dimensional heat transfer problem which
involve a solidification process . He uscd the finite difference scheme to solve the

pertinent equations numerically where he determined the temperature

el
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distribution in both the media around the solid-liquid interface.

This type of problems has also been solved by Comini and Bonacina (1973)
where they solved one dimensional phase-change problem using finite difference

implicit method. They compared thier results with analytical solution, where

they found satisfactory results.

Hastaoglu (1986) solved a one dimensional melting and solidification

problem using finite difference implicit method.

Hastaoglu (1987) solved a three dimensional melting and solidification
problem in which a second layer of solid is added at variable rates. He assumed
the physical properties of the system to depend on the position and temperature.
He solved the problem using finite difference method where he used explicit

mecthod in the solution.

Based on the literature survey, it appears that, this is the first time where
the ice crystal growth ( initial frosting process ) will be studied using finite
difference method.

eyt
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CHAPTER THREE

PROBLEM FORMULATION

3.1- Problem Statement

As soon as a cooled surface is exposed to the humid air, ice crystals will
start to form on the surface. Very soon ice crystal will start to grow in size.
Since a temperature gradient exists through the crystal, water vapor diffuses
through the gas phase of the layer under the vapor pressure gradient
(corresponding to the temperature difference ) and solidifies in the ice crystal.
This process will cause the growth of the ice crystal.

A simple model is selected to study the growth of an ice crystal in which the
icc crystal is assumed to grow in two shapes. the first shape will be considered is
a cylindrical shape while the second one is the spherical shape. The study of the
icc crystal growth will be investigated under the following assumptions:

I- ice crystal is assumed to grow in cylindrical and spherical models.

2- constant humidity ratio.

3- constant ice crystal surface temperature.

e
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4- The physical properties of the ice in the crystal is independent of
tempceraturc and position .

5- the ice-gas interface is smooth.

6- low pressure application.

LE A
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3.2- Models selection:

To approximate the ice crystal shape and growth a model should be
selected. This modcl should be based on the best approximation that will give
the best simulation of the ice crystal growth.

First model : Ice crystal is modeled as a cylinder as shown in Fig (3.1). All the
assumptions assumed in sec(3.1) apply to this model. The shape of the ice
crystal is assumed to be represented at any time with this model. The growth of
the ice crystal is taking place along (r.Z) dircctions. The growth is assumed to be

homogeneous in which the ice crystal is growing equaily in any dircction.

I / Interface
4

0, : > r
<

Fig(3.1) Cylendrical model assumed for the growth of ice crystals..

3 A1)
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Second model : Icc crystal is modcled as a hemi-sphere as shown in Fig(3.2).
All the assumptions assumed in scc(3.1) apply to this model. The shape of the
ice crystal is assumed to be represented at any time with this model. The growth
of the ice crystal is taking place along (r) direction. The growth is assumed to be
homogencous in which the ice crystal is growing equally.in any direction. taking

place along the (r) direction as shown in Fig(3.2).

2%

o
I

e}
IA

Fig(3.2) Spherical model assumed for the growth of ice crystals.
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3.3- Models equations:

3.3.1- Cylindrical model equations:
3.3.1.1 - Conservation equations for heat (ransfer

To obtain the cnergy conservation equation for cylindrical model we apply
the conservation of cnergy over a control volume. So the first thing is to identify
the control surface. The next step is identifying the cnergy terms. These include

the rate of energy cntering and/or leaving through the control surface, E.-.—Em
,the raftc of change of encrgy stored with in the control volume —=2=E_. A

general form of the cnergy conservaiion rcquirement may then be expressed on
rate basis as E, — E,, = E,. Taking a control volume for the cylindrical shape

as shown in fig (3.3).

Qr4dz
A

T -

T(r,$,2)

l———)r ¢ 7

X

-Fig(3.3) Differential control volume, dr-rd¢-dz, for conduction analysis in
cylindrical coordinates (r,¢.2).

rre
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Applying Energy conservation on this control volume for two dimensional

casc along (r,z) direction
_ . ar ’
q,—q,*.,,+q,—q,;,—p,W(andrdz) (3.2)

substituting the following values for q,, . and g,,, we ger

oq,

9.eee = 9, + —=dz + higher order term. (33)
Z
oq, .
4., =4 + = dr + higher order term. 34

into the energy balance equation gives.

dq, oq, _ T
azdz 5 p,at (2nrdzdr) (3.5)

Using Fourier’s equation we can get the following expressions

= —qpq 9T _ _ ar
g, =~ k4, 3L = —k2 mrar 2L (.6)
g = —k2nrdz %Z—' EX)

substituting these expressions into the diffcrential form of the encrgy equations

gives :

L )
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o, _ K N Ovar = 9T
—(— K2n rdr S-)dz — —(K2Rrdz =) dr = p, = Qrdrdo)

T d , oT, 1 T

—_— dzdr— (r —)=— —
2rrdrd:z P 2=n P (r 3r)~ o, o (2nrdrdz}
dividing by 2r rdrdz gives
&'T 1 0 aT 1 oT

+ —— c— — = —  —
5 T a o o, o (39)
Where a, = L
plcl

Equation (3.9) represents the conservation of emergy in cylindrical
coordinate system for two dimensional case where conduction is assumed to be

dominant factor for heat tfansfer in the solid ice.

Since  the dimensions involved in this problem are very small ( in the order
of microus) . the equations used will be non dimensionalized. non

dimensionalizing equation (3.9) is made by the following dimensionless

variables.

R= -r':- dimensionless radius (3.10)

z=;"'- dimensionless length G.11)

A4



27

T-T . .
0= 7 2 dimensionlecss temperature. (3.12)

&

T=— dimensionlcss time. (3.13)

Using the forgoing dimensionless paramcters equation (3.10) becomes

d ,pd0 a0

zZ 1 (
- R +
R éR" aR) 72

é _
o L

]

ool

When defining I') = %’- , equation (3.9) becomes :

o

- 2
@ _Dogm 2
ot R 0R™ OR o2

| (3.19)

not



3.3.1.2- Boundary equafions

We now present a discussion of the boundary equations at the ice-vapor
interface for the present model. The fundamental relations that should be

satisfied at such an interface are.

I- The temperature of the adjacent phases should be equal to the same
temperature which is equal to the desublimation temperature of the vapor

gas.

2- Enerpy balance must be satisfied at the interface, generally the densities
at the vapor and solid ice are not the same therefore some motion at the

vapor resulting from density change is expected in actual situation.

The requirements on the continuvity of temperature at the solid ice-gas

interface.
T,(rzt) = T, =T, at f(rzn =0 (.15

where ( flr.z,f) = 0) accounts for the definition at the sharp interface
separating the ice-vapor in the energy equation at the ice-gas interface for

desublimation as in Fig(3.a), Ozisik(1980).

Fig(3:a)
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Energy balance at the interface should satisfy the following relation .

[ Heat flux through the solid phasec] —
[ Heat flux through the vapor phase }=
[ Rate of heat liberated during d@bﬁmaﬁon per unit area of interface }

In the models, we arc assuming that the heat transfer mode between the
interface and the vapor is by convection, conduction is the only mode of heat
transfer in the ice-crystal.

For cylindrical coordinates the change along (r or z) direction through the

interface is given by

[kﬁ% + KT, ~T)] = pAHV, (3.16)

where (a%) is the derivation at the interfacc along the normal direction vector

(n) which could be r or z depending on the direction assumed for the change of
the interface. V,_ is the velocity of the intervace in the positive n direction. This
form of the ecquation is not suitable for development af analytical or numerical
solution so another form of this equation could be obtained in the following

manner. The previous cquation could be written in the form

~rt



k grad T gradf + (T, —T)=—p, AH%

JaT.
where grad T, grad [ = s 9 + oT of

or or 0z 0z
relating
oT, 0T,
ar 0z
through
aT, _offer oT
or Ofjoz oz
now introducing this into 37T, of
oT of of \2
=929 4, Ly
grad T gradf 0z 0z (az)

substituting this back into the energy balance equation gives

dfjor

of T, i of
79-Z-[|+( 3 ]]az)z] [k, = +KT, —T)] p,AHa-

if the equation of interface is expressed in the form of

fir,z,) = z—s(r,t) =0

(3.17)

(3.18)

(3.19)

(3.20)

(3.21)

(3.22)

ere
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then

_a£=—as .?L:]and g:—ﬁ

or or ° oz ot ot

this provides the interface equation for this part

Os o7, _ _ 0s _
[H‘('a—;)zl e+ h (T, — T = p,AH—  at z=s(r1) (323)

where s(r,f) = Y,
samec procedure could be followed to obtain the change in the interface along r

direction. The previous form of the interface equation is represented in general

form. The boundary equations for this model is assumed to take the following

forms:

For two dimensional moving boundary problem in cylindrical coordinates

the boundary cquations arc :

aY, ay, : oT

p,AH—E =1 + (7 Y] [h(T,, — T) + k=] (3:249)
ay, Y,

PAHSE =1 + (55 [T~ T) + k5D (329

In which the change of the interface boundary is occuring in the r and z

dircctions respectevely.

(b 8
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To nondimensionalize the previous cquations the following dimensionicss
parameters will be used.

Y,
Yzz.;_, Y =

R

Y
-—'-,'C=
r

CWES

The following form of the interface equation will be obtained after non

dimensionalizing the interface equation along Z direction.

Gi"_ -0+ r’( )’] [— + B(1 — 0)] (3.26)
-___AH

Where G C(T, — 1) 3.27)
hz )

B,=(-£2) B = Biot mumber (3.28)

3

Non dimensionalizing the boundary equation along the R direction gives :

G Y, i a0
+ — -0)+ = .
T =1 0) + = (3.29)
Where
AH _ B
G -1 B, T (3.30)
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In desublimation, the phasc change would occur duc to heat transfer but the
desubliming component has to be transferred via mass transfer to the solid gas
interface. Thercfore it is imperative to compare these two rates.The phase
change duc to mass transfer can be obtained using an F-type mass transfer
cocfTicient (Trcybal 1980) or by using thc latent hcat of desublimation as a

factor rclating the heat ratc with the mass ratc (Young 1978, Pruppacher 1976).

When there exisis a gas system in contact with solid like ice-water vapor
system, somc vapor molccules will instantly transfer from the gas to the solid
crossing the interfacial surfacc separating the two phases as long as the chemical
potential at the vapor is not equal in the two phascs. It should be noted that the
chemical potential of the two phases and not the concentration is the driving

force for the transport phenomena, Treybal(1980).

Since in our case the vapor is diffusing from the gas phase into the solid,
“therc must be 2 concentration gradient in the direction of mass transfer with in

each phasc. This is shown in fig (3.4).

Gos r,lnlermce

Solid

s,

Corcentrotion of diflusing solute 4

Distance

Fig(3.4) Caoncentration gradient at the interface between solid and

atr.

~re
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As shown the concentration of vapor in the main body of the gas is y,.

mole fraction and it falls to Y, at the interface, in the solid the concentration
falls from X, at the interface to X ¢ in the bulk liquid, the bulk concentrations
Y, and X ¢ arc not equilibrivm values since other wise diffusion of the water
vapor molecules would not occur. At the same time, these bulk concentrations
can’t be used directly with a mass transfer coefficient to describe the rate of
interface mass transfer since the two concentrations are differently related to
chemical potentials which is the real driving force to mass transfer. To get
around this problem, we can assume that the only diffusion resistance are those

residing in the solid and that there is no resistance to solute transfer across the

interface separating the phases.

It may be noticed according Fig(3.4) that X is greater than Y, and this
may be an obstacle infront of mass transfer across the phases but this is not true
since both of these concentrations are equilibrium concentration according to the

two film theory and hence corresponds to equal chemical potentials of vapor in
both phases at the interface.

For the case shown in fig (3.4) for the mass transfer between two phases
and assuming the applicability of Ficks equation which will be written for mass

transfer in the z direction

awy
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, ac X,

= — A -
4= "Dyt = —CD (331)

where the negative sign emphasizes that diffusion occurs in the direction at a
drop of concentration. If diffusion is occurring between two components then

the net flux is
N, +N,=N (3.32)

Where the movement of A is made up into two parts namely that resulting

from the bulk motion N, and the fraction X, of N which is N,, and that

resulting from diffusion J:

N, =XN+J, (333)

C aC
N,=(N,+Np—F Dy~ (3:34)

Applying this case to the case where diffusing is only taking place in the z

direction and same thing could be done for diffusion in the (r) direction with N,
and N, both constants (stcady statc) we can separate the variables and

assuming D, is constant we can intcgrate.

Ca —dC, 1 Y
= dz
c{l N, C—C/(Ny+N) CD,, j

N

~es
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Lctting

Zz - Zl =z
The integration of the previous equation gives

— N, CD,, NJ(N,+ Ny —(C/C)
Ne= N,+N, z In N J(N,+N)—(C,JO (3.35)

The general form of the equation (3.35) is :

_N,_ . (NJZN-Y, N,_ . NJEN-X,
Ne=swf " FEn=v, v’ "wan—x, (3:36)

Applying the previous expression for the case of diffusion of one component
IN=N, gives

1-X,
N“_Flnl—XM (3.37)

In this F-type mass transfer coefficient, the rate of mass flux due to the
transfer of watcr-vapor molecules to the ice crystal can be claculated using
cquation (3.37). Writing the previous cquation in a general form where the
diffusing component A is water-vapor gives :

1 -X,
N = Fln —4£ (3.38)

i I - XAa
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Where the interphase mole fraction X, is calculated from the interface

concentration C,,, which is determined from the vapor pressure-temperature
rclation and the perfect gas law. X, is the mole fraction of desubliming

componcnt in the vapor gas mixture and F equals to De

3.3.1.3- Initial Conditions

The initial ice crystal temperature is assumed to be constant and
equal to the plate temperature over which the ice crystal is growing
so initially in the ice crystal (T = T) which is represented in
dimensionless form by

0 =00 (3.39)

The vapour initial temperature is also assumed to be constant and
this temperature is not a function of time . The air-water vapor
temperature . is given as (7,) which is represented in
dimensionless form by

0 = 0, = constant (3.40)

To start the numerical solution, there should be some grid
points available initially in the model. This requires initial values
for the length and radius of the crystal. These initial values are

taken to be for most cases about 100 pm
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Ice crystal initial dimensions are represented as :

Y, =Yy (3.41)
Y,=Y, (3.42)
Where Y,, and Y,, represents initial dimensions assumed for

the ice crystal

3.3.1.4- Bommdary conditions
0=00 a Z=0 (3.43)
=10 a Z=Y, (3.44)
90
—_ =) t = X
3R 00 at R=0 (3.45)

0=10 a R=Y, (thelcegasinterface). (3.46)

C=C,, a R=Y, (thelce-gasinterface). (3.47)

Previous equations with initial and boundary conditions have to be solved

simultaneously. Numerical finite difference procedure will be used.
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3.3.2- Spherical Model :

The second modcl assumed for the shape of an ice crystal is a hemi-
spherical shape. The icc crystal is assumed to have the shape of hemi-sphere

‘with temperature profile varying along (r, @ ). The growth of the spherical ice

crystal is assumed to be along (r) dircction only.
3.3.2.1- Conservation equations for heat and mass transfer

For spherical coordinatcs to obtain the cnergy conscrvation equation a mass

balancc should bc madc on a scgment shell along ( r and ¢) dircctions as shown

in fig (3.5).

Fig(3.5) Differential control volume, dr-rsin0d¢-rd0, for conduction analysis
in spherical coordinates (r,¢,0).



: aT
qr—qr{&—q.—q.{»*-zzntsm(?) fdvdrp‘ _at-

aq, 1 Oq . ar
r —— e = 2 —
= dr e dp R rsin(Q) r do dr p,

From forier equation

_ ar _ _ . oT
q, = kA,—ar an&mprdtp-—a'
and
ar . aT
= —kA,— = —k2¢rdrsing —

substituting these values into the energy balance equation.

d . oT
-5:( k21trsm¢prdq>3r—)dr

9
op

. 0 oT
2nksm¢pdtpdr-a—r(r2—a—r-)

+ Zurkdrd(pr—g‘;(simp-g-g) = 2nrsing rdpdrp,

(= k2% rdrsin(e) ;aa%)dv = 2nrsingrdpdrp,

(349)

(3.49)

(3-50)

(3.51)

oT

at

art
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dividing by 2 & K r’ sing dy dr gives.

1 0 (p BT 4 1 1 T
- 5 = 3.52
r ar | r sing 3‘17( )] w at 3-32)
Where a, = &

P.C,s

which is the encrgy equation in spherical coordinates, with neglecting the effect

of temperature change with 0.

So the conservation equation for heat and mass transfer for two dimensional
case where conduction is assumed to be the dominant factor for heat transfer in

the solid ice is given in another form by

&r .2 ar | _1 9 1 sing 2L
ap

a r Or  Psing 09

- 1T
] a, ot (3:33)

nondimensionlizing the previous equation with the following dimensionless

parameters:
_r __I-7 _ ot
R= 'r— > 6 Tdn — 7; sy 3 ¢ z:
gives
3’0 2 ab | @ ,. adb, al
+ + ( =—
aR  ROR ~ TRsing 00 o o 359

~wt



3.3.2.2- Boundary equations

42

The cquation for the ice-liquid interface in spherical coordinates system by

assuming the change in the solid liquid interface is along (R) direction is given

by ( Ozisik 1980):
1,07, oT _ _ i) ¢
[+ 73('5;)2] [k‘?r- + h(T,, T.)]—P,AH—aT

nondimensioning the previous equation with

-~
|

YR= . , T=

T, 2:

so the final form of the previous equation _is

1,0, .30 oY,
+ ( + B_(1 — =G —
- AH
Where G C(T, - T)

to calculate the mass flux equation (3.38) will be used.

(3-55)

(3-56)

(357

~et
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3.3.2.3- Initial conditions for spherical method

The initial ice crystal temperature in this model is assumed to be constant
and equal to the plate temperature over which the ice crystal is growing. So the
initial icc crystal temperature is given by 0=0.0
The initial length of the crystal, which is a requirement for the numerical
solution to start , is given by Y, which is assumed to be equal to 100wm

3.3.2.4- Boundary conditions
0=0 at =0 and o=xn (3.58)
0=

10 at R=Y, (3.59)

nre



CHAPTER FOUR
NUMERICAL SOLUTION

The standard procedure in the numerical method to be used is to decide on
the number of grid points to be used in the region. Then write down the system
of equations in finite difference form using new time step values and previous
time step values. For this purpose, an implicit, explicit or Crank - Nicolson
types of approach can be used, Lapidus(1982). Implicit methods are less
restrictive to the size of time step. The advantage of the implicit method over the
explicit one is that the former is stable for all sizes of time step thus there is no

size restriction on the time step, the only restriction on the time step is due to

the consideration of the truncation error.

Because of the nature of the system, in which the boundary is moving, with
the increasing availability of parallel computers and their greater throughout,
the explicit method of solution not only offer simplicity but also the capability
that the solution could be obtained at many points concurrently, this important
factor may enable explicit methods to compete with implicit methods. In this
problem because of the previous factor besides the nature of the boundary
conditions the number of grid points to be used it is possible to use the explicit

method since it requircs less memory storage compared to the implicit method.
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Finitc dcffercnce explicit method will be uscd in this thesis.

To apply the explicit method the ice crystal is divided into four parts:
1.The solid ice.
2.Horizonal boundary bcl-wccn the solid and the vapor gas
mixturc. '
3.Vertical boundary between the sofid and the vapor gas mixture.

4.Boundary bctween the bascment and the ice crystal.
4.1- Finite Difference Solution for the Cylindrical Model.
4.1.1- Model equations descritization .

The solution of the cylindrical model includes dividing the crystal
into grid points along the R and Z dircctions. The grid points in the solid are
designed so that the length of the grid points will be constant while the number
of grid points could be changed since the dimensions of the ice crystal are time-

dcpendent. The grid points used in the numerical solution for the case of

cylindrical coordinates are shown in fisf 4 1\
zZ [

> v
Fig{4.1) Grid poinis represenlation required for numerical

solution in the case of Cylendrical model.

aale

rwt
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The location of the #* grid points in the radial direction is obtained from the
following cquation.

R = iR @.0)
Where (3 R) is rciated to the number of grid points ( nR ) along the radial
direction.

Similarly, for the location of the /* grid point in the axial direction is given
by
Z,=(Gs2)
where 3Z is related to the number of grid points ( nZ ) along the length of
the crystal.

The model cquations are discretized by finite difference approximations.
The time derivative is discretized as

6" — 6
ia..,_'l___'i 4.2

a0 St

To illustrate the features of the numerical technique, the discritization of the
equations are given below.

For cylindrical geomctry, the energy cquation which is given by

LY A4
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0 _ 1 9 30 sl
%~ Fllg R 1+ o= “3)
could be discretized to give
1 1
F e L0y~ O+ G (0 - 264 0] (4

The explicit form of finite difference approximation given by the equation
(4.4) provides a relatively straight forward expression for the determination of
the unknown 0, at a new time step from the knowiedge of O, at the previous
tlmestcp

The change of the boundaries of the crystal equations (3.26), (3.29) along
the Z and R axis can be written in discretized form as follows:

Yo = Yau + %f— prerp Jzew = Yoen "2(8;;{’ I'ie

0 -
(o + B (1= 0) ] 9

aol
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L4 L] rz
Yiea = Yaea + 375 [1+F ( RQ_Z'!(GZ)

[-—"l—o—:‘—i + B.(1-0) ] ] (4.6)

Where the first part of the sccond term on the right accounts for the
curvature effect at the ice crystal-gas interface. This equation only applies when
the deposition profile is developed otherwise the terms which account for the
curvature effect are omitted.

fRe



49
4.1.2- Stability of the method

Stability is effected by the time step chosen. However, the crror between
numerical and actual solution increases as ( 8R or 8Z) increascs, which is an
added consideration in the sclection of ( SR and §Z ).

This time step is chosen to satisfy the following conditions.

5t<[ 8Z®] and &t<[ SR*] 4.7

4.1.3- Solution Procedure

The encrgy cquation is solved scparatcly and the temperature distribution
in the icc crystal is first evaluated.

Equation (4.4) is uscd to evaluate the temperature distribution in the ice
crystal. The movement of the ice crystal boundaries along the (Z,R) s
dctermined through the interface equations (4.6)-(4.7).

The flow chart of the numerical algorithm is presented in Fig (4.2). The
time is advanced by one time step and ncw temperature profiles and ice-gas
interface arc determined for a new time. Then the temperature and thicknesses
arc updated for a new time step. The process will continuc until the length and

height of the ice crystal is achicved.
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The cquations uscd for the calculation of thc molecular diffusivity, viscosity
of thc vapor gas mixture, thermal conductivitics of ice and vapor gas mixturc

and hcat and mass transfer cocfficicnts arc presented as follows.

Heat and mass transfer cocfficients are calculated from cmpirical

correlations. Their magnitudes are dependent on geomectry used to represent the
ice crystal shape, velocity and physical properties of vapor-gas mixture.

The cxternal heat and mass transfer coefficients arc calculated from well
established correlations.

4.1.3.1 Sherwood and Nusselt numbess .

For cylindrical shaped ice crystals, a formula for Sherwood and Nusscit
numbers is assumed by (Jaweera 1970) to be.

Sh = 0.315 + 037 Sc'® Re'? (4.8)

Nu = 0315 + 0.87 Pr'® Re'? 4.9)
These previous equations arc applicaple for 2 < Re 2400 which is the range of
applicability of the model.



Thermal conductivity of ice crystal (k)

To obtain the thermal conductivity of ice crystal cxperimental results are
used. In these results the thermal conductivity of ice at different temperature is
obtained. Thermal conductivity of ice increases with dccreasing temperature.
But since this correlations and results are made for thick icc lavers, these
corrclations may be not suitable for the present study. Sahin (1988) offers a
correlation for the thermal conductivity together with the density of icc at carly
stages of the formation process based on the temperature of the surface on

which the ice is forming .
k, = 1.2020 * 107* (p,)**

Where k, is the thermal conductivity of the ice layer, p, is the average

sublimation density which is given by the following corrclation

926.376 +41.5747T, — 18°C<T <0°C

P = { g0 Ts—18°Cc } (4.10)
4.1.3.4- Biot Number

Biot number plays an important role in conduction problems that involve
surface convection cffects. Biot number provides a mcasure of the temperature
drop in the solid relative to the temperature difference between the surface and

the fluid. Simply, Biot number can be defined as the ratio of conduction



resistance to the resistance to convection.

For a cylindrical shaped ice crystal, Biot number according to

Jaweera(1970) could be obtained using the following correlation:

k
B = k’ { 0.315 + 0.87P/" Re'?) .11)

' b 4
4.1.3.6- Prandtie number and Schmidt number

According to Jaweera (1970), Prandtle and Schmidt number could be
approximated to be = 0.729.

4.1.3.7- Density of ice crystal

The density of ice crystal is assumed to bc a function of the crystal
temperature. The density of ice crystal may be found using the figure
represented by (Young and Miller (1978)). The least square approximation of
the experimental data as presented by ( Sahin 1988 ) is

926.376 +41.574T, —18°<T<0°

where T, is the crystal base temperature.
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4.1.3.8- Diffusion Coefficient

Pruppacher (1976) presented the diffusion coefficicnt of water vapor in air

for temperatures between — 40°C and 40°C as

T, P
D =2.11x10° (=) (—= 4.13
( T,) ) (4.13)
where
P,.. = atmospheric pressure in Pascals.

T, =273.14°K
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4.2- Numerical Solution of the Spherical Model of the Ice Crystal
4.2.1- Model equations descrefization

The model will be divided into grid points along R and ¢. In this model the
grid points in the solid are designed so that both the length and number of grid
points could be changed as the radius of the crystal increases. In another way,
cvery time step there will be a change in the radius of the crystai, this mcans
that the number of grid points will increase but if the the length of cvery grid is
kept constant we will have fraction of grid. To avoid this problem in this model,

the length of the grid points in the R directions will be changed so we will have

always integer number of grid points. The grid points for the modcl arc shown
in fig (4.3).

Fig43) Grid points representation required [or numerical

solution in the case of Spherical maodel.
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In this model, as mentioned previously, the icc crystal is assumcd to have a
hemi-spherical shape. The energy equation will be solved for two dimensional
case (r,p) with axial symmetry. The radius of thc hemi-sphere varics with time.
because of the moving boundary situation and also due to the convective heat

transfer on the boundary.

The nondimensional energy equation for spherical coordinates together with

the interface equation are given in equation (3.53) , (3.56) for thc spherical
model.

The energy equation is given as

99
IR

2 L 2 nel®
te st oo 39 (smq)a(p) (4.19)

|

The domain of intcrest for the problem is the interior and the boundary of
the sphere, ie 0<R<1 and 0 <9 <n The solution (0 (r,p,f)) of the above

cquation is required subjected to the initial and boundary conditions as follows
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Initial conditions

0(r,9,0) =0, (4.15)
and

Y.(R,0) = Y, (4.16)
The boundary conditions

=0, 0=0 4.17)
o=n , 6=0 (4.18)
r=Y, , 6=1.00 (4.19)

The energy equation mentioned previously when solved for r=0,p=0, or ©
will have a singularity. The singularities at ¢ = 0 or © can be removed by the
following transformation of the ¢ coordinates

et X = 1 = Cos(e)

5 where0<p <n (4.20)

The cnergy equation now becomes

a0 a0 2 a0 1

d d9
A = = 4 A2 X- —_ 4.21
at 2R} + R OR R dX ((x-x) dX} (-21)
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The initial coordinates also can be transformed to

0(R,X,0)=0.

The boundary conditions will become.

0=0

a X=0
a X =10
a R = Y,

The interface equation which is

Ty

AH

1,;_':;;-"-aYR« 5 ;-?-39_.__?-7'.;5-_":.,;;{

(4.22)
(4.23)
(4.24)
(4.25)

“.27)

(4.28)
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To solve the previous problem numerically, we super imposc a planc polar
grid on the region of interest. The mesh points in the R-X plane arc now points

of intersection of the semi-circles.

R=&BR i=12,—m B8R= "’HR (4.29)

X=X J=12n sx=% (4.30)

The discretization of the cnergy equation using finite difference explicit
method.

g, =07, +r(r L 2 g« i lg
{m’ “uGRYE ¥ iBR: Y

_ Oger — 20°0,+0°, _, _ e~ &
g [BX-FoXN—— =ty 4 SV LERY]

(4.32)
and for the interface cquation, the discretization of equation(4.27) reduces to

ot _ oy 00"
Yids= Yagat ol ~4 8 + B(1-0,)] (4.33)

AH

here ¢ = ———
where T, -1
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4.2.2- Stability of the solution

Applying the fourier mcthod for stability, the increments are restricted

approximately by ( Teller and Churchill 1965 )

At < -;- Y.(AR)? and Ats % Y, (AX) (4.34)

4.2.3- Solution Procedure

The energy equation is solved separatcly the tempcrature distribution in
the ice crystal is first evaluated. Equation (4.32) is used to evaluate the
temperature distribution in the ice cxcluding the interface. The movement of
the ice crystal boundaries along the (R) axis is determined through the interface
equation (4.33). The flow chart of the numerical algorithm is presented in
Fig(4.2). The time is advanced by onc time step and new temperature profiles
and ice-gas interface are determined for a new time. Then the temperature and
thicknesses arc updated for a new time step. The process will continue until the

length and height of the ice crystal is achicved.
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4.2.3.1- Nusselt nimmber and Shewood number:

Nu = 200 + 0216 Pr'® Re'? (4.35)
For sherwood number
Sh=2.0 + 0216Pr"Re'”

These previous equations are applicaple for 2 < Re > 400 which is the range of
applicability of the model.
(as given by Hall and Pruppacher 1976 )

4.2.3.2Biot munber :

For spherical body Biot number can be represented in the following form

k
Bm=—1-{‘- [2.0+0.216 Pr'"Re'?

(as given by Hall and Pruppacher 1976 )

In these constants the characteristic length is assumed to be the initial value of r
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CHAPTER FIVE

DISCUSSION OF RESULTS AND CASE STUDIES

THEORETICAL PREDICTIONS .

As explained in the foregoing chapters, ice crystal growth is a very
complicated phenomena. Inevitably, some simplifying assumptions have to be
made in order to come up with models for complicated phenomena of this
nature. However, it is also important that the assumptions that are made do not

lead to results far from real situations. In that case the assumptions are said to

be unrealistic.

From experimental evidence, it is anticipated that ice crystal density at the
moment of formation under certain conditions is very critical and crucial in the
process of ice crystal growth. In other words, if the crystal density and thermal
coriductivity under certain conditions is determined correctly, the development

of the model could be accurate.

Unfortunately, no theoretical model of crystal density exists in the litcrature.
Cloud physicists who have been extensively studying ice crystals growth in the
atmosphere under different conditions have not cxplained why thousands of
different ice crystal structures exist in nature and how they attain their forms or

shapes.
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Crystal shapes of ice were examined and data related to their weight and
density have been collected experimentally. In this model constant ice crystal

density is assumed with other properties like thermal conductivity .

Ice crystais model that is devefoped in this study utilizes the above
considerations. This should be kept in mind while cxamining the following

resuits.

There are many variables that effect ice crystals growth such as plate
temperature, air temperature,air velocity, initial axial ratio, roughness of the
surface, radiation from the surrounding environment, nucleation agents in the
air, etc. The effect of the first four parameters of the above which are dominant
on ice crystal growth are demonstrated through scveral ice crystals properties
such as ice crystal length and radius, ice crystal temperature distributions and
the rate of mass flux into the ice crystal.
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5.t Cylindrical Model

5.1.1 Effect Of Air-Water-Vapour Mixture Temperature .

One of the factors that effect the ice crystals growth is thc tempcrature of
air-water vapour mixture, since the dcposition of water molecules into the
crystal is occurring from this temperature. From Fig(5.A)it is very clear that as
the ambient temperature is becoming higher the length of the crystal is also
becoming higher ranging from 250 pm when the ambicnt temperature is (0.5°C)
to 1600 (jun) when the ambient temperature reaches (10.0°C). The reasons for
this is that the temperature gradient in the boundary layer is greater and
therefore the development of ice crystals and phase change of water molecules is
faster. As a matter of fact, water molecules passing through the boundary layer
encounter a temperature gradient and arrive at the surface of the crystal to take
their places in the ice crystal lattice. For small temperature gradients, which
means less difference in temperature between the surface temperature and the
ambient air temperature more time is required for the development of icc
crystals, but for the case of higher temperature gradicnt less time is required to
develop big ice crystals. The radius of the crystal is also cffected in the same
manner so as the ambient temperature is becoming higher the radius of the
crystal is also increasing duec to the same rcasons mentioned previously. It is alse
very clear from the figures representing both the radius and length of the crystal
versus time that the crystal is growing in plate like structure . Temperature
distributions along the length and radius of the crystal arc shown in Fig (5.1)

and (5.2) It is very clear that as the dimensions of the crystal are increasing a
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new temperature distribution is occurring. It is concluded that as the boundary
conditions are moving away from the center of the crystal the temperature at
(R=0) is decreasing with time. Cooling effect is really occurring in the crystal as
it’s boundaries move away from the center of the crystal. Fig(5.3) shows the
change of the length of the crystal with time. The change is linear and with the
ice crystal growing in length from 100 pm to 620 wm in 100 seconds. Fig (5.4)
shows the change in the radius of the crystal with time. The behavior of radius
of the crystal is the same as that for the length as shown in Fig(5.5), this is
mainly due to assuming I', to be equal to one .Fig(5.6) rcpresents the variation
of mass flux with time. It is shown that the mass flux inside the icc crystal is
decreasing wit time, this implies that their is a variation in the density of the
crystal as the crystal is growing but due to the shortage of information about the
variation of the density of ice crystals with time, a constant ice crystal density is
- assumed which is causing a source of error in the model. Fig(5.7) represents the
temperature profile of the ice crystal with it’s length at 0.5°C ambient
temperature. the variation of temperature with length has the same behavior as
in Fig (5.1) but now the length of the crystal is less due to lower temperature
gradient. The temperature variation of with radius for this temperature is
represented in Fig(5.8). As the radius of the crystal is increasing the
temperature in the crystal is becoming lower and since the radius is increasing
slowly the slopec of the temperature profile increase causing the crystal to
become shorter with the length approaches a certain final limiting valuc as the
case in Fig(5.9). This is expected due to the low ambicnt temperaturc. The
radius of the crystal also takes thc same bchavior as it’s length as it is in

Fig(5.10). Fig(5.11) declears that the radius and length of the crystal have the
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same curve. This is mainly due to the assumption of cqual initial length and
radius. The mass flux at lower temperature is higher leading to morc densc icc

crystals as shown in Fig(5.12).

To complete the study of the effect of the ambicnt tcmperature on the
growth of the ice crystal, the ambient temperature increased in thc modcl up to
10°C and to show how the initial assumed length and radius will cffect the

dimensions of the crystal, the value of I', is assumecd to be cqual to 0.3.

Fig(5.13) and (5.14) shows the temperature distribution in the crystal along it’s
length and radius The crystal is becoming cooler as it’s dimensions increase in
length and radius due to higher ambient temperature as n Fig(5.15) and
Fig(5.16). Fig(5.17) gives the effect of initial assumed ratios to limit the growth
along one direction. By assuming value of I', to be 0.8, the growth along the
radius of the crystal could be limited and controlled. The casc represents
allowing the crystal to grow in a shape of a column. This gives the model more
flexibility to represent the growth of the ice crystal in plate or column shapes.
The density of the ice crystal at higher ambient temperature is becoming lower,
due to lower mass flux effect Fig(5.18) the previous discussed behavior of the
model variation of ambient temperature is satisficd by the work done by
Schncider (1977) where he studied the frost formation process and found that as

the ambient temperaturc increases the frost layer is becoming higher which

means the formation of higher ice crystals . In
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5.1.2 Effect Of Plate Temperature

In this model the effect of plate temperature is shown by fixing the ambient

temperature to 5°C and aflowing the plate temperature to vary from

(—3°C —20°C). It is shown in fig (5-B) that as the plate tempcrature decreases a
higher ice crystals could be obtained this mainly could be explained by referring
the reasons to the temperature this temperature gradicnt is becoming higher
which is the case of lower platc temperature, it is expected to have bigger ice
crystal in both length and diameter. As explained previously in (5.1.1) about the
effect of ambient temperature increase it is observed that the same behavior is
occurring in this case where the plate temperature is becoming lower, so when
the plate temperature is (—3°C) the maximum length that could be reached by
the ice crystal is (250pm) after 100 s of growing while if the plate temperature is
about (—20°C) it is possible to reach about 1600 (ym) of length.

The study of the effect of the plate temperature on the growth of the ice
crjstal, starts by lowering the plate temperature to — 20°C while keeping the
ambient temperature fixed to 5°C 10°C and with the value of ', is assumed
to be cqual to 0.8. Fig(5.19) and (5.20) shows thc tcmperaturc distribution in
the crystal along it's length and radius The crystal is becoming cooler as it's
dimensions increase in length and radius duc to lower plate temperature as in
Fig(5.21) and Fig(5.22). Fig(5.23) gives the cffect of initial assumed ratios to

limit the growth along one direction. By assuming value of [, to bc 0.8, the

growth along the radius of the crystal could be limited and controlled. The case
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represents allowing the crystal to grow in a shape of a column. This gives the
model more flexibility to represent the growth of the icc crystal in plate or
column shapes. The density of the ice crystal at higher ambient tcmperature is
becoming lower, due to lower mass flux effect Fig(5.24) Fig(5.25) rcpresents the
temperature profile of the ice crystal with it’s length at — 3°C plate
temperature. the variation of temperature with length has the same behavior as
in Fig (5.1) but now the length of the crystal is less due to lower temperature
gradient. The temperature variation of with radius for this platc temperature is
represented in Fig(5.26). As the radius of the crystal is increasing the
temperature in the crystal is becoming lower and since the radius is increasing
slowly the slope of the temperature profile increase causing the crystal to
become shorter with the length approaches a certain final limiting value as the
case in Fig(5.27). This is expected due to the low ambicnt temperature. The
radius of the crystal also . takes the same behavior as it’s length as it is in
Fig(5.28). Fig(5.29) declears that the radius and length of the crystal have the
same curve. This is mainly due to the assumption of equal initial length and
radius. The mass flux at higher plate tempcrature is higher leading to more

dense ice crystals as shown in Fig(5.30).
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5.1.3 Effect Of Air Velodity

When a crystal grows from the gaseous phase the molccules which form the
lattice initially are adsorbed at the crystal surface. Migration along thc surface
takes place until the local position is reached where the molecules is built into
the lattice with maximum decrease in the interfacial energy. So for ice crystal to
grow a certain number of molecules is necessary to form through cluster
formation . The probability of the ice crystal to become larger, depends on the
quantity of water vapour molecules present in the neighbourhood of the cold
surface. As the ice crystal grows more water molecules are consumed which are
replaced by new molecules coming from the bulk flow. As the air velocity
increases the size of the ice crystals growing will increase causing decrease in the
temperature distribution in the crystal_ as shdwn for the case of tempcrature
distribution in Fig(5.31) and Fig(5.32). When comparing Fig(5.3) and Fig(5.4)
with Fig(5.33) and Fig(5.34), it is clear that as the air velocity increases from 2
m/s to 6 m/s the length and radius of the crystal increascs. The value of T in
this case is assumed to be 1.2 which enhances the growth of the icc crystal in the
radial direction giving a control on the growth in this dircction.Fig(5.35) shows
the mass flux variation with time. this behavior of the crystal with air velocity

agrees with the physical situation represented initially.
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5.1.4 Effect Of Initial Ratio

This factor is appearing mainly because of model cquations non
dimensionalizing so, this is mainly due to model characteristics. it gives a control
on the growth of ice crystal in the radial direction. Fig(5.36) and Fig(5.37)
shows the temperature distribution in the the ice crystal along it’s length and
radius. As the length and radius of the crystal is becoming morc larger due to
higher air velocity Fig(5.38) and Fig(5.3 9) the crystal becomes cooler due to the
motion of the boundaries away from the plate of the crystal. Fig(5.40)
represents clearly how I’ is effecting the radial growth of the crystal. When the
crystal is growing in a cluster of crystal the radial growth of the crystal is by the
competition occurs between growing crystals. This limits the growth of the
crystal in the radial direction. For the model to represent this situation, thier
should be some control on the growth in this direction which is provided throw
the value of I, like when there is a large number of ice crystals growing in the
same surface, there should be some way to control the radial incrcase of the

crystal because of space limitations, this could be done by controlling the T,
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5.2 Spherical Model

In this model the ice crystal is assumed to grow in hemispherical shape
where the height of the crystal is assumed to be R and the basc of the crystal is

assumed to be (2R) and by this mode the ice crystal is assumed to grow radially
and equally with

5.2.1 Effect Of Ambient Temperature

One of the factors that effect the ice crystals growth is the temperature of
air-water vapour mixture, since the deposition of water moleccules into the
crystal is occurring from this temperature. From Fig(5.E)it is very clear that as
the ambient temperature is becoming highef the radius of the crystal is also
becoming higher . The reasons for this is that the temperature gradicnt in the
boundary layer is greater and therefore the development of icc crystals and
phase change of water molecules is faster. As a matter of fact, water molecules
passing through the boundary layer encounter a temperature gradient and arrive
at the surface of the crystal»to take their places in the ice crystal lattice. For
small temperature gradients, which mecans less difference in temperature
between the surface temperature and the ambicnt air tecmperature more time is
required for the development of ice crystals, but for the casec of higher
temperature gradicnt less time is required to develop big ice crystals. The radius
of the crystal is also effected in the samé manncr so as the ambient temperature
is becoming higher the radius of the crystal is also incrcasing duc to the same

reasons mentioned previously. It is also very clcar from the figures representing
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both the radius and length of the crystal versus time that the crystal is growing
in plate like structure . Temperature distributions along the X direction of the
crystal is shown in Fig (5.42). It is very clear that as the radius of the crystal is
increasing a new temperature distribution is occurring. It is concluded that as
the boundary conditions are moving away from the center of the crystal the
temperature in the crystal is decreasing with time. Fig(5.43) shows thc change
of the radius of the crystal with time. The change is lincar with the icc crystal
growing in radius from 100 pm to 530 wm in 100 seconds. to be cqual to onc .
Fig(5.44) represents the variation of mass flux with time. It is shown that the
mass flux inside the ice crystal is decreasing wit time, this implies that their is a
variation in the density of the crystal as the crystal is growing but due to the
shortage of information about the variation of the density of icc crystals with

time, a constant ice crystal density is assumed which is causing a source of error

in the model.

In the second case to show the effect of increasing thc ambient temperature

this temperature is increased in the modcl up to 7.5°C. Fig(5.45) the
temperature distribution in the crystal along X . The crystal is becoming cooler
as it’s radius increases due to higher ambicnt temperature as in Fig(5.46). The
density of the ice crystal at higher ambicnt tempcerature is becoming lower, due
to lower mass flux effect Fig(5.47) the previous discussed behavior of the model
variation of ambicnt temperature is satisficd by the work donc by Schncider
(1977) where he studied the frost formation process and found that as the
ambient temperature increases the frost layer is becoming higher which mcans

the formation of higher ice crystals .
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5.2.2 Effect Of Plate Temperature

Another important factor that effect the growth of icc crystals the
temperature of the surface over which the crystal grows From Fig(5.F)it is very
clear that as the plate temperature becomes lower the radius of the crystal
becomes higher . The reasons for this is that the temperature gradient in the
boundary layer is greater and therefore the development of ice crystals and
phase change of water molecules is faster. As a matter of fact, water moleculcs
passing through the boundary layer encounter a temperature gradient and arrive
at the surface of the crystal to take their places in the ice crystal lattice. For
small temperature gradients, which means less difference in tempcrature
between the surface temperature and the ambient air temperature more time is
required for the development of ice crystals, but for the case of higher
temperature gradient less time is required to develop big ice crystals. The radius
of the crystal is also effected in the same manner so as the ambicnt temperature
is becoming higher the radius of the crystal is also increasing due to the same
reasons mentioned previously. It is also very clear from the figurcs represcnting

the radius of the crystal versus time that the crystal is growing in plate like

structure .

In this case to show the effect of decreasing the plate temperature this
temperature is decreased in the model down to — 20°C. Fig(5.47) the
temperature distribution in the crystal along X . The crystal is becoming cooler
as it’s radius increases due to lower plate temperature as in Fig(5.48). The

density of the ice crystal at lower plate temperaturc is becoming lower, due to
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lower mass flux effect Fig(5.49)
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5.2.3 Effect Of Air Velocity

The air velocity’s effect on ice crystal radius in noticcable, due to the same
reason as mentioned in sec (5.1.3) . Temperature distribution is shown in
Fig(5.50) with the (X) direction. Comparing this distribution with that in
Fig(5.42) shows that the crystal is cooler in this higher air velocity. This is
mainly due to the increase in the radius of the crystal Fig(5.51) when compared
with the case of lower air velocity as in the case of Fig(5.43). The change in the
mass flux with time is shown in Fig(5.52) where it is very clear that as the air
velocity is higher the mass flux decreases with time . This is shown very clearly

in fig (5.84), (5.88).
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5.3 Experimental Part

As mentioned in chapter (1) the ice crystals grown from vapour phase is
taking very complicated and varying shapes and structurcs (scc Appendix (A ).
This variation in the structure causes the studying of icc crystal wether
experimental or theoretical to be very complicated since a small change in the
cavironment where the ice crystal is growing will cause a considerable change in
the growth model of the ice crystal resulting in a very complicated crystal shapes

From - the previous discussion expcrimental work that has already been
conducted to study the ice crystal growth from vapour phasc is very essential in
any try to understand the models of growth of icc crystals. In this section a
study of the experiments that has been done by different scientist will be
presented. One of the cxperiments has been done by Nakaya (1938) where he
grew ice crystals in the laboratory and carried out cxperiments to investigate the
cffects of environmental conditions on the habits of the crystal. The icc crystals
were grown on a rabbit hair suspended in a convective air strcam. The
temperature and humidity of the air stream could be varicd duc to the

fluctuation in the convection current. It was difficult for Nakaya to get
reproduciblc resuits.

A more detailed study of the influence of temperature on the habits of ice

crystal growing from vapour phase in the atmosphere was carricd out by
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Hanajima (1949). He concluded that the most important factor which control
the habits of icc crystal is it's temperature. As the tcmperature of the
atmosphere is lowered from about (—3°C) to (—25°C) transition occurred in the
basic habits of ice crystals. He also concluded that the growth modc of ice
crystzl would be changed by changing it’s environmcntal temperature.

Jaweera (1969) did an experiment where he measured the variation of ice
crystal dimensions with time. He concluded that the variation of ice crystal
thickness with length will be until certain limit after which the ice crystal will
grow in length with no variation along it’s thickness. Other experimental work
also done by Laplaca and Post (1960) and Brill and Tippe (1967) where they
measured the variation of ice crystal dimensions with respect to time for ice
crystal grown in the atmosphere, the results of the two experiments are not
consistent and this is mainly due to the complicated nature of ice crystal. The
only work that was done for the growth of ice crystals over flat plate due to
humid flow of a mixture of air water vapour was by Gallily and Neusteader
(1987). They studied ice crystals growth under different air mixture constituents.
This mixture consists of various organic compounds mixed with air. They first

studiced the behavior of ice crystals for pure air water vapour mixture under the

following conditions.

Ambient air temperature =5°C
Plate temperature = — 10°C

Air velocity = 2 m/s
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Then they changed the air mixture by adding some organic gas and obscrving
the ice crystals behavior under these conditions.

In the model the previous environmental conditions were assumed as the
base for t.he comparison of the effect of varying the environmental conditions on
ice crystal growth. The values obtained from this experimental data will be
compared with the model to get the model justification.
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TABLE (5.1) Comparison between the length of the crystal (C-
Axis) in the Model and that obtained from
experimental results.

Time. C-Axis |C-Axis % difference
) Model | Experiment
wm wm

10 160 150 6.6

20 270 240 110

50 370 330 10.8

80 510 490 4.0

100 610 600 20
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TABLE (5.2) Comparison between the radius of the crystal (A-

Axis) in the Model and that obtained from
experimental results. For Cylindrical Model.

Tnne. A-Axis [A-Axis % difference
© Model |Experiment
pm pm

10 160 140 - 12.75

20 270 230 15.0

50 - 370 330 108
30 510 490 4.0

100 610 600 2.0
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TABLE (5.3) Comparison between the length of the crystal (C-
Axis) in the Model and that obtained from
experimental results. For Spherical Model.

Time. C-Axis [C-Axis % difference
(s) Model |Experiment
m wm

10 .| 130 150 153

20 220 240 100

50 305 330 82

80 420 490 14.0

100 530 600 13.2
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From the tables (5.1), (5.2) and (5.3) it is evident that the cylindrical model

is representing the icc crystal behavior in more realistic manncr because the

length of the crystal in cylindrical model is closer to experimental results than

the other model. Also in cylindrical model more ability to control the growth of
ice crystal in the radial direction is available.

The difference between the theoretical and experimental is mainly due to the
assumption included in model and finite difference approximation errors . Also
the most important source of error is the assumption in the growth mode since
we assume in any mode that the growth mode is one mode what so ever the
environmental conditions. This is not true since as small variation in
temperature is occurring the ice crystals growth mode will be different and also
densities will start to grow in the top of the crystal which is not assumed in the
case of our model. The crystal is assumed to form from solid with constant
density and no poruosity which is in violation with the actual case. Since actually
after certain limit of growth the ice at the top of the crystal will melt and
converted to 'ﬁatcr, this water will come to the bottom of the crystal and
converted to ice causing a more dense ice crystal formulation. Error also is there
in the experim?ntai work because of the very complex structure of ice crystals
shapes and growth modcs. Even though we have all these sources of error the
modecl still represents a good approximation for ice crystal growth, showing very
clearly the factors effecting this growth.
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CHAPTER SIX

CONCLUSIONS AND RECOMMENDATIONS

Conclusions

The following conclusion can be made based on the numerical modelling studies:

M

an

(I

(V)

The numerical mode! developed in this thesis eliminates the
inherent difficulties in formulating and applying any other

more difficult methods to predict icc crystals growth.

A numerical model for simulating the ice crystal behavior in
both modes ‘of growth (i.e. cylindrical and spherical modes)
was devel&péd, model solutions were generated for different
envi_rorqnental éonditions. In each case, the model predicted
the lengthand 'diameter of the ice crystal, temperature
distribhﬁdn’-QIOng the radial and length directions for the

cylindrical and spherical models.

Comparison ‘with experimental results is done showing that
the maximum percent of crror for cylindrical model is 11 %

while for spherical model it reaches about 15 % .

Conclusion was made that the cylindrical modecl

_approximates the bchavior of icc crystals more accurately

that the spherical modecl, also control could be done on the
radial direction growth in the casc of cylindrical model

which is not there in the casc of spherical one.
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Recommendations

(In

(Tt
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It is found that the most important factors which effect the
crystal growth are the ambient and plate tcmperatures and

air velocity.

Initial frost formation modelling should based on

modelling the ice crystal to grow in cylindrical shape.

Better experimental determination of ice crystal growth
modes is needed.

Data on crystal dimensions, densities and masses as a
functions of times are needed to create more accurate

models.

- Initial frost process, where the growth of ice crystals is

‘occurring on flat plate over which passes a humid air,
needs more experiméntal data under different

environmental conditions.
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APPENDIX (A)

DIFFERENT SHAPES AND STRUCTURES OF ICE
CRYSTALS.
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APPENDIX B

MODEL EQUATIONS DERIVATION
B- NON-DIMENSIONALIZING ENERGY AND BOUNDARY EQUATIONS
B.1-Cylindrical Model.

B.1.1-Energy Equation.

The conservation of heat in cylindrical coordinate for two dimensional case
where conduction is assumed to be dominant factor for heat transfer in the solid
ice.

LoT _ . 1d , oT, , &T
e a5

L4

] (B.1)

Since the dimensioned involved in this problem is very small in order of ()

so a non dimensional equation will be used so non dimensionalizing equation

(B.1) using dimensionless variables.

=T -z
R - Z - (B.2)



T-T . .
0= 2 dimensionless temperature.
T, T,
= g- dimensionless time.
z=2Zz,
r=Rr,
0z=z0Z
azt= zz:BZ2

aT e
9z (Tu=T) oz
0 1 2T

o T, -T, 322

(B.3)

(B.4)
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o

=(T. -T1 8
or T—T)) ar

so equation (B.1) will become when the previous dimension less parameters are

used.

L2+ 2
(T, - T) z:agt - ,fR ,,gR{’-R‘Th‘T)T?%’ +(T,,~T) z;;
B.2- Boundary equations

For two dimensional moving boundary problem in cylindrical coordinates

and in which the boundary is moving along (r,2) direction.
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oy, _ ﬂ : Q
PAH—E =1+ (S (AT, — T) + k5] (B.6)
pAHaa—Y =1 +( )‘] [h(T,, —T) + k,-%%] (B.7)

To nondimensionalize the previous equations the following dimensionless

parameters will be used.

Y, Y at
Y2=Z— > YR=T,'I= z:
ay,
p,AH z, -[1+( )‘Ih(T —T)+k(T,, T)
z; ro
=gt
a!
AH 3y,
e U+ G-I+ 2T, - DY
ap AH oY, _ hz(T,. —T), . . L
z ot [l+l"( )’l[ To-T, ’az] (T,,—Ts) Z
P 0H o e e a2 D Wy

T, &t k, (T, T) oz
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G% = z( )’] [— + B(1 — 0)] (B.8)
_ AH

Where G ——ém (8.9)

B, = (-’5;:-:) B, = Biot number | (B.10)

For the second equation.

p,AH 7, 18 2k, (T~ T) + 2T~ T) 3
Z
A
uS
a:psAH [’:\aYR o (T T)
(T,—T)k, 2 ot z( )1] [h’k T,-T, aR]
G 9Y, _
G ( )] (Bl —8) + =
Where
= —___AH B = B'
C(T~-T) '™ T,

B.2-Spherical Model.
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B.2.1-Energy Equation.

The conservation equation for heat and mass transfer
for two dimensional case where conduction is assumed to bc the dominant

factor for heat transfer in the solid ice.

T ,2 9T, _t 8.. 3T

@ r o  Psing o9

nondimensionlizing the previous equation

=—'. = 3 —
R . 0 T.-T ° r=r.R

1 0 2 1 a0 i ., . 1 a0

+ + { —

Ta~T) 7R TR (To—-T)T3R = Rsing Pl e o =
1 8 1

(13 T-T

O

B.2.2- Boundary equations :

The equation for the ice-liquid interface in spherical coordinates system .
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assuming the change 'in the solid liquid interface is along (R) direction is given

by : (9,9

i+ LGk + i, - T)1-ppndk

r

nondimensioning the previous equation

Yl’
V.=, Y=rY,
roY,
(1 “(r’ ")][k, +h(1-0)]=pAH-—~
ry: roR 7
=
a.l
1 Y, 30 , hr, = _ AH 9Y,
[+ y;‘acp) log * k, (=8, C(T,—-T) ot
i -__AH
assuming that G cT.-1)

so the final form of the previous equation is

aY,

o+ L 2 112k + 5,0 -0)1-6 2

Y2
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FINITE DIFFERENCE FORMULATION OF MODEL EQUATIONS.

For Cylindrical Model.
R O I
7~ Telgar(Rap) 1t &

To discretize this equation into finite difference form the equation will be
expandid and then derivative descretization tables, like the onc in finite
difference tables will be used to evaluate first and second derivateves.

The discritization of this equation gives

1

;' = O, + 29 ([ 0, — 26, +6,,, 1 e

+

O

2 i(SR)z H-l.l i-u] }+—

— [0, — 267, + 67, ]

(Z)2
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Spherical Model

B.3.1- Model equations descretization :

The Energy Equation
a0 _ 30 , 2 a0 1 dp
% o PR Ty o5 Ve

K
F

2 1 d a9
w TRmE T (D g

The discritization of the energy equation using finite difference explicit
method. where forms of the derivateves are obtained from table(2)

—zoq +0

o' —0", 0, 2
';t =Lt (SR)Z Y+ BR (9",., - ei-lJ)
-20,,+0,.) -0,
+ 1 X -8 i +}
R o P67
AP R T Y SR P ¥
{"o‘R’ e GR? Y iR} Y

L (ex- Vipns = 20,487, _ Ll Y
o [BX-FOXY——HITumt ) 4 (1 = gy ey )
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NOMENCLATURE
A: Area of thé section in the control volume through which
- heat flows by conduction.
hz
B: Biot number, k’ .
. B,
B, Radial Biot number, T
C: Concentration of desubliming component, kmol/ r*
D; Diffusion coefficient for binary mixture, cm’fs.
F: Mass transfer coefficient, %
. . AH
G: nk —
Dimensionless constant, T -1
AH: Latent heat of sublimation, J/ kg.
h: Heat transfer coefficient, W/m* k.
k: Thermal conductivity.
kok; Thermal conductivity of pure component.
N: Mass flux, kmole | m>.hr.
N,N,: Mass flux of pure components in a binary mixture, kmole/

m’.hr.

M: Molecular weight of desubliming components, kg / kmole.
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Molecular weight of purc components, kg / k mole .

Radial dimension along the crystal, pm.

Initial radius of the crystal, pm.

Radius of the crystal at any time, jun.

Dimensionless radius of the crystal, rL

o
time, s.
Temperature.

1—-Cosp

Transformation variable, >

Mole fraction of water vapour in the air-water vapour

mixture.
Mole fraction of water vapour at the solid gas interface.

A variable in the boundary equation which is equivelant to

the radius of the crystal, pm.

A variable in the boundary equation which is equivelant to

the length of the crystal, pm.
Dimension along the length of the crystal, pm.
Dimensionless length of the crystal, -zz—

(-]

Initial starting length of the crystal, pm.
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GREEK LETTERS

a: Thermal diffusivity, m¥/s.

a: Thermal diffusivity of the ice, m/s.

r: Ratio between the length of the crystal and it’s radius, -z;

r,: Initial ration between the length of the crystal and it's
radius, 3.

r’

é: Interval taken for numerical solution.

SR: Interval between successive grid points in radial direction ,
mn.

3S: Dummy spatial variable, jun.

&t: Time increment.

YA Interval between successive grid points along the length of
the crystal, wmn.

dt: Time increment.

A: Difference between values.

€: Collision integral.

0: Dimensionless temperature -1,

: ess temper TooT



O:

SUPERSCRIPTS.

. Dummy spatial interval .

Viscosity, kg /m .s.
Density, kg / m’.
Density of ice crystal kg / m’.

Dimensionless time, at

Z

(-4

Rate of heat flow.

Angle in spherical coordinate.

Desublimation.

Grid location in the radial and axial direction respectively.
Vapour.

Radial direction.

Direction along the length of the crystal.

Angular dirgction in spherical coordinates.

Surface and solid ice .

Initial value.



n+1:

Previous time level.

Present time level.
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