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THESIS ABSTRACT

NAME: Abdulrazaq Nafiu Abubakar

TITLE OF STUDY: Fault Tolerant and Learning Based Adaptive

Guidance and Control Strategies for Missile and

UAV Interception

MAJOR FIELD: Systems and Control Engineering

DATE OF DEGREE: April 2026

This thesis presents a unified framework for advanced guidance, control, and in-

terception of modern aerial threats, addressing both high-speed missile targets and

low-altitude unmanned aerial vehicle (UAV) incursions. The rapid evolution of aerial

threats, particularly maneuvering missiles and cooperative UAV swarms, poses signifi-

cant challenges to conventional air defense systems. While traditional missile guidance

approaches suffer from limitations due to decoupled design and lack of fault resilience,

existing UAV interception methods often fail to scale efficiently or handle adversar-

ial behaviors. To address these challenges, this research develops integrated guidance

and control (IGC) strategies with fault tolerance for missile systems, alongside data-

driven and control-integrated UAV-to-UAV interception frameworks. By combining

xvi



nonlinear control theory with unsupervised machine learning, the thesis establishes a

multi-layered and adaptive defense architecture capable of robust, accurate, and scal-

able interception across diverse threat scenarios.

The first issue introduces a novel command-filter-based active fault-tolerant integrated

guidance and control (CF-FT-IGC) scheme for missiles intercepting highly maneuver-

ing targets. The approach integrates global terminal sliding mode control, backstepping,

command filtering, and extended state observers to address actuator faults, external

disturbances, and system nonlinearities. A fault detection and estimation mechanism

is developed to identify and compensate for rudder faults in real time. Lyapunov-based

stability analysis guarantees finite-time convergence, while simulation results demon-

strate improved robustness, reduced miss distance, and superior performance compared

to existing methods.

The second issue extends the IGC framework by developing a command-filter-based

passive fault-tolerant integrated guidance and control (CF-PFTIGC) strategy with

impact angle constraints. The method incorporates a finite-time extended state ob-

server to handle uncertainties and disturbances while ensuring precise interception

performance under degraded actuator effectiveness. The proposed design mitigates

the “explosion of complexity” associated with traditional backstepping approaches and

guarantees bounded system behavior. Simulation studies validate that the controller

maintains acceptable interception accuracy even under significant fault conditions.

The third issue proposes a scalable UAV-to-UAV interception framework that integrates

K-means clustering with sliding mode backstepping control. The method addresses

multi-target interception by grouping attacking UAVs into clusters and assigning de-

xvii



fender UAVs to track cluster centroids, thereby reducing computational complexity.

A robust nonlinear control strategy ensures accurate trajectory tracking, disturbance

rejection, and smooth control inputs. Simulation results demonstrate fast convergence,

minimal tracking error, and effective interception in both single- and multi-defender

scenarios.

The fourth issue presents an advanced UAV interception strategy that combines

DBSCAN-based clustering with a novel deceptive waypoint sequencing (DWS) mech-

anism and robust sliding mode backstepping control. Unlike conventional approaches,

the proposed framework enables real-time clustering without prior knowledge of swarm

size and introduces deception to counter intelligent adversarial UAVs. The integration

of adaptive clustering, nonlinear control, and trajectory deception enhances intercep-

tion robustness and unpredictability. Simulation results confirm superior performance

over baseline methods, particularly in complex and dynamic multi-UAV environments.

xviii



الرسالة ملخص

ابٔوبكر نافيو الرزاق عبد الاسم:

طيار بدون والطائرات الصواريخ لاعتراض والتعلم الاخٔطاء تحمل على القائمة التكيفية والتحكم التوجيه استراتيجيات دراسة: عنوان

والاجٔهزة التحكم هندسة قسم التخصص:

2026 مايو العلمية: الدرجة تاريخ

السرعة عالية الصاروخية الاهٔداف من كلاً تتناول حيث الحديثة، الجوية التهديدات واعتراض وتحكم لتوجيه متقدمًا موحدًا اطٕارًا الرسالة هذه تقدم

بدون الطائرات واسٔراب المناورة الصواريخ سيما لا الجوية، للتهديدات السريع التطور انٕ (UAV). طيار بدون للطائرات الارتفاع منخفضة والتسللات

عن ناتجة قيود من التقليدية الصواريخ توجيه اسٔاليب تعاني حين ففي التقليدية. الجوي الدفاع انٔظمة على كبيرة تحديات يفرض التعاونية، طيار

مع التعامل اؤ بكفاءة التوسع في تفشل ما غالبًا الحالية طيار بدون الطائرات اعتراض طرق فإن الاعٔطال، تحمل على القدرة وعدم المفصول التصميم

الاعٔطال تحمل على القدرة ذات (IGC) المتكامل والتحكم التوجيه استراتيجيات الدراسة هذه تطور التحديات، هذه ولمواجهة العدائية. السلوكيات

غير التحكم نظرية دمج خلال ومن التحكم. مع ومتكاملة البيانات على قائمة طيار بدون الطائرات بين اعتراض اطٔر جانب الٕى الصواريخ، لانٔظمة

قوي اعتراض تحقيق على قادرة للتكيف، وقابلة الطبقات متعددة دفاعية بنية الرسالة تؤسس للإشراف، الخاضع غير الالٓي التعلم تقنيات مع الخطي

متنوعة. تهديد سيناريوهات عبر للتوسع وقابل ودقيق

للصواريخ (CF-FT-IGC) النشطة الاعٔطال تحمل مع الاؤامر مرشح على القائم المتكامل والتحكم للتوجيه جديدة منهجية تطوير الاؤلى القضية تتناول

ومراقبات الاؤامر، ومرشح backstepping، وتقنية الشامل، النهائي الانزلاق بنمط التحكم بين النهج هذا يدمج المناورة. عالية اهٔدافًا تعترض التي

لتحديد وتقديرها الاعٔطال لاكتشاف آلية تطوير تم كما الخطية. الا نظمة ولا الخارجية، والاضطرابات المشغلات، اعٔطال لمعالجة الممتدة، الحالة

المحاكاة نتائج تظُهر حين في منتهٍ، زمن في تقاربًا ليابونوف على القائم الاستقرار تحليل ويضمن الحقيقي. الزمن في وتعويضها التوجيه دفة اعٔطال
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التقليدية. بالطرق مقارنة الادٔاء في وتفوقًا الخطأ مسافة وتقليل المتانة في تحسنًا

(CF- الاؤامر مرشح على تعتمد الاعٔطال لتحمل سلبية استراتيجية تطوير خلال من المتكامل والتحكم التوجيه اطٕار توسيع الثانية القضية تتناول

ضمان مع والاضطرابات، اليقين عدم مع للتعامل منتهٍ بزمن ممتد حالة مراقب الطريقة هذه تتضمن الاصطدام. زاوية على قيود فرض مع PFTIGC)

باسٔاليب المرتبطة التعقيد'' ``انفجار مشكلة من الحد في المقترح التصميم يساهم كما المشغلات. كفاءة تدهور حالات في حتى دقيق اعتراض ادٔاء

مقبولة اعتراض دقة على الحفاظ على المتحكم قدرة المحاكاة نتائج وتؤكد مقبولة. حدود ضمن النظام سلوك بقاء ويضمن التقليدية، backstepping

كبيرة. اعٔطال ظروف ظل في حتى

خوارزمية دمج يتم حيث UAV-to-UAV، اعتراض استراتيجية باستخدام طيار بدون الطائرات لاعتراض للتوسع قابلًا اطٕارًا فتقترح الثالثة، القضية امٔا

الطائرات تجميع خلال من الاهٔداف تعدد مشكلة الطريقة هذه وتعالج الانزلاق. بنمط backstepping على القائم التحكم مع للتجميع K-means

الخطي غير التحكم استراتيجية تضمن كما الحسابي. التعقيد من يقلل مما العناقيد، هذه مراكز بتتبع المدافعة الطائرات وتكليف عناقيد في المهاجمة

وفعالية التتبع خطأ وانخفاض التقارب سرعة المحاكاة نتائج وتظهر سلسة. تحكم مدخلات مع الاضطرابات ورفض المسار تتبع في ودقة عالية متانة

المدافعين. ومتعددة احٔادية السيناريوهات من كل في الاعتراض

المسار نقاط لتسلسل مبتكرة وآلية للتجميع DBSCAN خوارزمية بين تجمع طيار بدون الطائرات لاعتراض متقدمة استراتيجية الرابعة القضية وتقدم

المقترح الإطار يتيح التقليدية، الاسٔاليب خلاف وعلى الانزلاق. بنمط backstepping على القائم القوي التحكم جانب الٕى (DWS)، الخادعة

الذكية. المعادية الطائرات لمواجهة الخداع عنصر يُدخل كما الطائرات، اسٔراب بعدد مسبقة معرفة الٕى الحاجة دون الحقيقي الزمن في تجميع اجٕراء

الادٔاء تفوق المحاكاة نتائج وتؤكد للتنبؤ. قابليته وتقليل الاعتراض متانة تعزيز في المسار وخداع الخطي غير والتحكم التكيفي التجميع دمج ويساهم

طيار. بدون طائرات عدة تتضمن التي والمعقدة الديناميكية البيئات في خاصة التقليدية، بالطرق مقارنة
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CHAPTER 1

INTRODUCTION

This dissertation proposes a multi-layer fault-tolerant interception architecture span-

ning high-altitude, high-speed missile threats and low-altitude UAV swarms. There

are two parts related to this thesis, Missile guidance and control and the unmanned

aerial vehicle interception control (UAV-UAV interception), and this section will in-

troduce the background and motivation of the work, the important contributions, and

the outline of the thesis for both parts.

Fig. 1.1 illustrates the unifying concept of this dissertation. The central objective is

to enhance airspace safety against high-speed and highly maneuverable aerial threats.

This objective is addressed through two complementary and interconnected domains:

missile interception and UAV–UAV interception. While missile interception focuses on

countering traditional high-speed maneuvering targets using fault-tolerant integrated

guidance and control strategies, UAV interception addresses emerging low-altitude and

swarm-based threats using learning-based and clustering-driven control techniques.
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Figure 1.1: Dissertation Contributions Diagram

Table 1.1: List of Abbreviations

Abbreviation Meaning

BC Backstepping Control

C-UAV Counter-Unmanned Aerial Vehicle

CBBA Consensus-Based Bundle Algorithm

CF Command Filter

CF-FT-IGC Command-Filter-Based Active Fault-Tolerant Integrated

Guidance and Control

CF-FT-GTSM-

BC

Command Filter-Based Active Fault-Tolerant Global Termi-

nal Sliding Mode Back-Stepping Integrated Guidance and

Control

CF-PFTIGC Command-Filtered Passive Fault-Tolerant Integrated Guid-

ance and Control
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Abbreviation Meaning

DBSCAN Density-Based Spatial Clustering of Applications with Noise

DSC Dynamic Surface Control

DWS Deceptive Waypoint Sequencing

EASA European Aviation Safety Agency

EM Electromagnetic

ESO Extended State Observer

FAA Federal Aviation Administration

FDD Fault Detection and Diagnostic

FLS Fuzzy Logic System

FTESO Finite-Time Extended State Observer

FTC Fault-Tolerant Control

G&C Guidance and Control

GMM Gaussian Mixture Models

GTSMC Global Terminal Sliding Mode Control

IGC Integrated Guidance and Control

IMU Inertial Measurement Unit

ISR Intelligence, Surveillance, and Reconnaissance

LOS Line of Sight

NTSMC Non-Singular Terminal Sliding Mode Control

OC Optimal Control

PID Proportional-Integral-Derivative
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Abbreviation Meaning

RF Radio Frequency

RO-ESO Reduced-Order Extended State Observer

SMC Sliding Mode Control

STT Skid-to-Turn

TLC Trajectory Linearization Control

TSGC Terminal-Separated Guiding Loop and Control Loop

UAV Unmanned Aerial Vehicle

UML Unsupervised Machine Learning

1.1 Part 1

1.1.1 Background to missile guidance and control

Missiles have high-speed flight targets, which causes considerable problems for air de-

fense and anti-missile operations due to their exceptional maneuverability and high

speeds. In the interception mission, considering the impact angle constraint is essen-

tial while maintaining the strike precision [1]. The terminal-separated guiding loop

and control loop (TSGC) operate assuming spectral separation. This requires reiter-

ating the process several times, increasing both design cost and design cycle [2], [3].

Neglecting the effect of coupling within the guidance and control (G&C) loops could

compromise the effectiveness of the G&C system, resulting in instability due to the

target’s fast maneuvers during the terminal guidance phase, perhaps causing a failure
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during target interception. Thus, further research on state-of-the-art surface-to-air

missile guidance and control methods is desperately needed to establish the basis for

additional improvement of the guiding laws and advances in the control designs of the

missiles.

1.1.2 Traditional G&C Approach

The traditional method for designing guidance and control involves establishing a

guiding rule, which is implemented by the flight control system to provide stable

flight orientation and attack battlefield targets. The proportional guiding rule was

first used in constructing missile guidance and control systems, demonstrating its

simplicity and efficacy. In [4], the three-dimensional proportional-guidance law for

a missile was developed using the Radial basis function neural network, enhancing

control accuracy and enhancing its robustness. In the 1970s, the optimum guiding

law gained widespread use. [5] developed an optimal guiding equation to minimize

energy consumption by the precise directional limitations of the velocity vector of the

missile.

To enhance missile target interception power and operational efficiency, au-

tonomous missile attacks must adhere to specific impact angle constraints. Research

on multi-missile cooperative guidance and control technology is gaining momentum for

achieving time coordination and synchronous attacks to carry out saturation attacks

on enemy targets. To guarantee consistency in the action time of several missiles, the

authors of [6] presented a distributed cooperative guidance law that uses offset pro-

portional guidance and takes action time error as feedback. Although the traditional
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approach works well, at the missile assault end, the time constant decreases and the

bandwidth increases due to the decreased relative distance between the missile and the

target. The spectrum separation assumption can not be valid at this point. Consider-

able miss distance and flight instability are common issues that arise when guidance

as well as the control systems are modeled using the conventional approach. Isolating

the G&C systems in missiles results in challenges such as redundancy and elevated

engineering expenses, limiting the optimal potential and efficiency of weaponry and

constraining precise strike capabilities and combat effectiveness.

1.1.3 Integrated Guidance and Control (IGC) Approach

Employing an IGC approach, the two subsystems are considered collectively and di-

rectly construct the control law depending on the G&C system states and the relative

velocity between the target and the missile. IGC technology decreases the miss-

distance in relation to the traditional G&C techniques and enhances overall system

stability by fully accounting for the interaction impact between the two subsystems

[7]. IGC approach facilitates sensor sharing throughout the system to enhance both

efficiency and reliability [8]. The instruction for rudder deflection angle is depen-

dent upon the missile’s relative motion and flight conditions, reducing instability and

improving G&C accuracy. IGC can lower control system design expenses, improve

weapon system reliability, enhance cooperation within subsystems and significantly

improve missile effectiveness in interception[9][10][11].
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1.1.4 Motivations 1

So far, the IGC control of missile intercepting highly maneuvering targets has not

been fully explored. It is important to acknowledge that the majority of current mis-

sile control techniques have been implemented while considering the actuator (rudder)

system capable of responding fully to the IGC instruction. While in reality, physical

constraints may cause the flight vehicle to experience actuator faults, cyber physical

attack, and nonlinear unpredictable properties of the real control system, like dead

zones and the hysteresis, which remain a significant barrier to technical implementa-

tion, leading to reduced system performance and probable instability. Moreover, there

is no work in the literature that reported IGC control approaches for missile guidance

system considering active fault in the actuation system [12]. Therefore, there are a lot

of control problems that have not yet been investigated regarding the Missile G&C.

1.2 Part 2

1.2.1 Background to Unmanned Aerial Vehicle Interception

(UAV Interception)

Unmanned Aerial Vehicles (UAVs), commonly known as drones, have experienced ex-

plosive growth across civil, commercial, and military domains in recent years [13],

[14]. They are employed for an ever-widening array of tasks from aerial photography,

precision agriculture, and infrastructure inspection to search-and-rescue and parcel

delivery owing to their flexibility and cost effectiveness [15], [16]. Militaries around
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the world also deploy UAVs for intelligence, surveillance, reconnaissance (ISR) and

strike missions, often as force multipliers that extend situational awareness and preci-

sion‐strike capabilities. This expansion is underscored by market studies and official

forecasts: the Federal Aviation Administration (FAA) estimates there were already

over 1.5 million registered small UAVs (recreational alone) in the U.S. in 2021 [17].

This reflects rapid adoption; global market reports project multi‐billion‐dollar markets

by the 2030s [17]. These trends promise major benefits and economic opportunities.

However, the same characteristics that make drones valuable also enable misuse and

create new safety and security risks [18]. Drones can be hacked or misprogrammed to

conduct illicit activities, and their use by bad actors has already raised grave concerns.

In addition to legitimate uses (e.g., traffic monitoring, environmental surveying, bor-

der patrol), “UAVs can be hacked and used to commit crimes, such as espionage,

smuggling or even attacks [19]. Similarly, an INTERPOL framework warns that as

drones “become less expensive” and more capable, they are increasingly exploited “for

criminal purposes,” posing “a significant threat to public safety and security if abused”

[20].

1.2.2 Motivations 2

This research concept results from the challenges the KSA faces from a rising threat

scenario considering the unstable conditions in the surrounding nations. Surface-to-

air missile guidance systems must remain current, given fast improvements in UAV

technologies and their uses in the military industry. Particularly with the better

maneuverability and smaller size of the quadrotor UAVs (compared to the conventional
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fixed-wing piloted aircraft), the UAV guidance needs to be highly efficient. Addressing

the recent problems and threats presented by modern UAVs necessitates reevaluating

surface-to-air guidance systems concerning control strategy and mechanical design.

Targeting newer (smaller and nimble) UAVs calls for conventional missiles unsuitable

for this purpose. Neither the conventional G&C algorithms nor any other can manage

the contemporary evasive tactics. Thus, more research on state-of-the-art surface-to-

air UAV interception and control methods is desperately needed to establish the basis

for additional improvement of the guiding laws and advances in the control designs of

the UAVs.

1.3 Objectives and Significance of the Thesis

The overarching objective of this thesis is to develop advanced guidance, control, and

interception frameworks that enhance airspace safety against high-speed and highly

maneuverable aerial threats. The thesis addresses this objective through two com-

plementary and interrelated research components, each targeting a critical layer of

modern air defense systems.

The first objective focuses on the design and analysis of active fault tolerant robust

IGC strategies for surface-to-air missile systems tasked with intercepting highly ma-

neuvering targets under stringent impact angle and terminal performance constraints,

with a faulty rudder subsystem. In addition to the existing research works, this work

aims to:

1. Develop an active fault tolerant command-filter-based IGC using a unique con-
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trol strategy for STT missiles targeting maneuvering objects.

2. Use the command filter to estimates and compensates the upper limit of the

derivative of the virtual control laws in finite time. This enhances the filter’s

estimation accuracy and the interception capability and accuracy. Fault de-

tection and estimation observers are to be designed to detect the presence and

magnitude of faults in the rudder subsystem.

The second objective extends the interception paradigm to the emerging threat

of small, agile, and low-altitude UAVs. Recognizing that conventional missile-based

guidance frameworks are ill-suited for such targets. Instead, a machine learning strat-

egy is integrated with the control techniques to track and intercept the inruding UAV,

this part of the thesis aims to:

1. Investigate UAV-to-UAV interception strategies tailored for defending airspace

against unauthorized or hostile drones;

2. Integrate unsupervised machine learning (K-means clustering) with sliding mode

control and backstepping for UAV-UAV interception, combining data-driven

classification and robust trajectory tracking for interception. Therefore, making

physical and non-physical neutralization technique simple and precise

3. Integrate a multi-target grouping scheme based on Data based SCAN (DB-

SCAN) clustering for coordinating defenses against UAV attackers that are spa-

tially distributed with sliding mode control and backstepping for UAV-UAV

attacker defender interception strategy and robust trajectory tracking for inter-

ception.
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4. In contrast to the research in 2 above, a novel deceptive way point strategy

is incorporated for defender paths that deceive intelligent adaptive attacking

UAVs.

Collectively, these objectives seek to establish a coherent, multi-layered intercep-

tion strategy that spans both high-speed missile threats and low-altitude UAV incur-

sions, thereby contributing to comprehensive airspace protection.

1.3.1 Significance and Importance of the Research

The significance of this dissertation lies in its holistic approach to airspace security

in the face of rapidly evolving aerial threat landscapes. Modern air defense systems

must simultaneously contend with traditional high-speed threats, such as maneuvering

missiles, and emerging asymmetric threats, such as small UAVs capable of evasion,

swarm behavior, and illicit operations.

From a scientific perspective, this work advances the state of the art in guidance

and control by addressing unresolved challenges in integrated guidance and control

under realistic actuator limitations and fault conditions. By moving beyond idealized

assumptions commonly adopted in existing literature, the proposed methods improve

the practical reliability and robustness of interception systems.

From an operational and strategic standpoint, the research directly supports safe

air territory enforcement by enabling more effective interception of both conventional

and unconventional aerial threats. The outcomes are particularly relevant for regions

facing heightened security risks, where rapid technological adaptation is essential to
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counter evolving UAV capabilities and non-traditional attack modalities.

Furthermore, by unifying missile-based interception and UAV-to-UAV intercep-

tion under a common control framework, this thesis contributes to the development

of adaptable and future-proof air defense architectures. The results are expected to in-

form the design of next-generation defensive platforms, influence policy-driven airspace

protection strategies, and support the deployment of intelligent, autonomous inter-

ception systems capable of safeguarding critical infrastructure and national airspace.

1.4 Dissertation Structure and Contributions

This section presents a description of the content of each chapter. It also presents the

journal and conference papers published or unpublished that are related to this thesis.

• Chapter 2 presents the existing literature on the recently reported methods on

both the IGC of missiles and UAV interception methods.

• Chapter 3 presents a command filtered based active fault-detection and correc-

tion scheme for integrated guidance and control (IGC) of a supersonic skid-to-

turn interceptor. It utilizes global terminal sliding mode (GTSMC), command

filter (CF), backstepping control, and extended state observer (ESO). The IGC

technique accounts for the delay dynamics of the actuator subsystem and ad-

dresses constraints related to the impact angle. A strict-feedback IGC model

is developed, including delayed rudder dynamics. Fault detection and estima-

tion observers are designed to detect the presence and magnitude of faults in
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the rudder subsystem. The backstepping-based guidance and fault-tolerant con-

trol system comprises guidance, attitude, normal overload, and rudder subsys-

tem. The guiding subsystem uses GTSMC to facilitate rapid convergence of

the impact angle. The ESO effectively measures and compensates for lumped

disturbances with target maneuver, external disturbances, and aerodynamic pa-

rameters. The stability of the IGC system is proven, and simulation results

show superior performance compared to existing methods.

• Chapter 4 presents the research on targeting an accurate interception of ma-

neuvering target by missiles with special attention to impact angle constrained

and miss distance in the presence of rudder fault. A novel command filtered

based passive fault tolerant backstepping based integrated guidance and con-

trol law (CF-PFTIGC) and finite time extended state observer (FTESO) is

designed. A coupled full-state integrated guidance and control (IGC) design

model containing a rigorous feedback structure incorporating uncertainty, tar-

get maneuvering, fault, and cross-coupling will be considered. The CF-PFTIGC

approach is applied to cater for faults in the rudder subsystem while ensuring

precise missile-target interception. Subsequently, it successfully avoids the is-

sue of ”complexity explosion.” Furthermore, the uniform boundedness of the

closed-loop system is demonstrated by Lyapunov theory. Finally, the numerical

simulations are utilized to verify the effectiveness of the proposed technique.

• In chapter 5, a scalable and robust framework for unmanned aerial vehicle

to unmanned aerial vehicle (UAV-UAV) attacker-defender interception strat-
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egy by integrating sliding mode backstepping control along with unsupervised

machine learning in the presence of disturbances in the defender dynamics is

studied. The proposed approach combines real time clustering (K-mean cluster-

ing) to efficiently organize adversary UAVs into tactical clusters and implement a

Lyapunov-stable sliding mode backstepping controller to guarantee accurate and

resilient interception amidst real-world uncertainty. Furthermore, PID control

was used to perform the interception of the attacker centroids in the presence

of disturbances. The interception strategy is well validated by two case studies.

First, a single UAV defender engages three UAV attackers, successfully inter-

cepting their centroid through early target interception and minimal convergence

error. Secondly, the scenario involves three defenders intercepting nine attack-

ing UAVs by targeting three centroids derived by clustering, achieving complete

interception with minimal error. This hierarchical clustering-control architec-

ture minimizes computational complexity from numerous attacking UAVs to

their centroids, ensuring chattering-free and minimal overshoot control inputs

with guaranteed stability using Lyapunov analysis. Simulation results validate

the framework’s capability for real-time deployment. The proposed approach

demonstrates effective interception strategies in terms of speed and resource ef-

ficiency, while ensuring robustness in dynamic situations. While the PID control

interception mission fails showing clearly the robustness and superiority of the

proposed control interception strategy.

• In chapter 6, a unified interception architecture that integrates Density-Based
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Spatial Clustering of Applications with Noise (DBSCAN) for multi-target group-

ing, a deceptive waypoint sequencing (DWS) mechanism for adversarial evasion,

and a robust sliding-mode backstepping controller augmented with extended

state observers (ESOs) for precise tracking under disturbances is studied. DB-

SCAN enables real-time clustering of attacking UAVs without prior knowledge

of the number of formations, producing dynamic centroids that serve as tactical

interception references. To counter intelligent attackers capable of predicting

defender trajectories, a novel DWS strategy introduces centroid-relative way-

points that preserve mission objectives while reducing trajectory predictability.

Lyapunov-based analysis is developed for stability which guarantees uniform

ultimate boundedness of the tracking errors. Extensive simulations involving

single and multi-cluster engagements demonstrate that the proposed strategy

achieves fast, accurate, and deception-resilient interception, outperforming con-

ventional PID approach in the presence of disturbances, nonlinearities, and dy-

namic swarm configurations. The obtained results shows the effectiveness of

integrating adaptive clustering, deceptive planning, and robust nonlinear con-

trol for modern UAV-UAV defensive operations.

• Chapter 7 Presents the conclusion and future work of the thesis

Table 1.2 presents a concise analytical comparison between the proposed method-

ologies developed in Chapters 3–6 and selected recent state-of-the-art approaches from

the literature. The comparison focuses on key aspects such as fault tolerance mecha-

nisms, control strategies, and overall methodological contributions. More importantly,
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it highlights the distinct advantages of the proposed research in addressing existing

gaps, including the integration of fault diagnosis, robustness against uncertainties,

real-time control implementation, and the coupling of clustering, control, and decep-

tion strategies for interception problems. This comparison clearly demonstrates how

the proposed framework advances beyond current methods and provides a unified,

practical, and robust solution to modern missile and UAV interception challenges.
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1.4.1 Summary of Methodological Choices and Contributions

Table 1.2: Summary of methodological design choices, justifications, and contributions
for Chapters (3–6).

Chapter Problem

Definition

Techniques

Used

Justification Contribution Novelty

Level

Chapter 3 Missile

interception

under actuator

faults and

disturbances

SMC +

Backstepping

+ CF + ESO

+ Fault

Estimation

SMC ensures

robustness;

Backstepping

handles nonlinear

strict-feedback

systems; CF

avoids complexity

explosion; ESO

estimates

disturbances; fault

estimation enables

real-time

compensation

Active

fault-tolerant IGC

with real-time

fault detection and

mitigation for

rudder faults

Incremental

Contribu-

tion

Continued on next page
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Chapter Problem

Definition

Techniques

Used

Justification Contribution Novelty

Level

Chapter 4 Missile

interception

with actuator

degradation

and impact

angle

constraint

Backstepping

+ CF +

FTESO +

Passive FTC

Backstepping

ensures stability;

CF reduces

computational

complexity;

FTESO improves

disturbance

estimation; passive

FTC handles

actuator

effectiveness loss

Passive

fault-tolerant IGC

ensuring bounded

stability and

impact angle

tracking under

degraded actuators

Incremental

Contribu-

tion

Continued on next page
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Chapter Problem

Definition

Techniques

Used

Justification Contribution Novelty

Level

Chapter 5 Scalable

multi-UAV

interception

with multiple

attackers

K-means +

SM

Backstepping

+ Saturation

Clustering reduces

multi-target

complexity; SMC

ensures

robustness;

Backstepping

guarantees

stability;

saturation handles

actuator limits

and reduces

chattering

Integration of

clustering with

nonlinear control

for UAV–UAV

interception via

centroid tracking

High (Novel

Integration)

Continued on next page
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Chapter Problem

Definition

Techniques

Used

Justification Contribution Novelty

Level

Chapter 6 UAV swarm

interception

under

unknown

cluster

structure and

adversarial

behavior

DBSCAN +

DWS + SM

Backstepping

+ ESO

DBSCAN handles

unknown swarm

size; DWS

introduces

unpredictability

against intelligent

attackers; SMC

ensures

robustness; ESO

compensates

disturbances

Unified framework

combining

clustering,

deception, and

robust control for

adversarial UAV

interception

High (Novel

Integration)

1.5 Publications

• Abubakar, A.N., Nasir, A. & Saif, AW.A. Sliding mode based backstepping control

for UAV-UAV interception strategy with K-mean clustering. Patent with green

light and first draft

• Abubakar, A.N., Nasir, A. & Saif, AW.A. Sliding mode based backstepping control

for UAV-UAV interception strategy with K-mean clustering. Int J Intell Robot Appl

(2025). https://doi.org/10.1007/s41315-025-00495-7
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• Abubakar, A.N., Nasir, A. & Saif, AW.A. Command filter based active

fault tolerant control of missiles intercepting maneuvering target. AS (2026).

https://doi.org/10.1007/s42401-026-00447-4

• Abubakar, A. N., Nasir, A., & Saif, A.-W. A. (2026). Deceptive Waypoint Sequencing

Based UAV–UAV Interception Control Using DBSCAN Learning Strategy. Machine

Learning and Knowledge Extraction, 8(3), 54. https://doi.org/10.3390/make8030054

• Abubakar, A. N., Nasir, A., Saif, A. W. A., & Yahya, J. U. (2025, May). Command

Filtered based Fault Tolerant Impact Angle-Constrained Integrated Guidance and

Control for STT Missiles Intercepting Maneuvering Target. In 2025 37th Chinese

Control and Decision Conference (CCDC) (pp. 5773-5778). IEEE.

• Abubakar, A. N., Nasir, A., Saif, A. W. A. (2026). UAV-UAV interception control

design using K-mean clustering. In 2026 23rd International Multi-Conference on

Signal, systems and Devices (SSD 2026). IEEE.

• Abubakar, A. N., Nasir, A., Saif, A. W. A. (2026) ”Toward Autonomous UAV In-

terception: A Comprehensive Review of Strategies, Systems, and Challenges” To be

submitted
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Table 1.3: Analytical comparison between proposed dissertation contribution in chap-
ters (3–6) and recent state-of-the-art methods.

Approach Fault
Tolerance

Control
Strategy

Key
Contribution

Advantage of
Proposed Work

Chapter 3
(Proposed)

Active
fault
detection
&
estimation

CF-GTSMC-
Backstepping +
ESO

Active FTC with
real-time fault
estimation

Provides explicit
rudder fault
detection +
deterministic control
without training

Ref. [21] Adaptive
FTC

Backstepping +
Adaptive

Adaptive
fault-tolerant IGC

No active fault
diagnosis or
command-filter
robustness

Chapter 4
(Proposed)

Passive
FTC
(rudder
loss)

CF-PFTIGC +
FTESO

Passive FTC with
finite-time
disturbance
estimation

Addresses faults
with reduced
complexity and
guaranteed
boundedness

Ref. [22] No FTC CF Backstepping Constraint-aware
IGC via trajectory
planning

Does not address
actuator faults

Chapter 5
(Proposed)

None K-means + SM
Backstepping

Clustering
integrated with
nonlinear control

Bridges gap between
clustering and UAV
interception control

Ref. [23] None Clustering +
assignment

Large-scale task
allocation

No physical control
or robustness

Ref. [24] None Conceptual
design + dynamic
modeling

Interceptor UAV
system design for
airspace defense

Focuses only on
design-level analysis;
lacks real-time
interception control,
clustering, and
robust nonlinear
tracking

Chapter 6
(Proposed)

Robust +
distur-
bance
rejection

DBSCAN +
DWS + SM
Backstepping +
ESO

Clustering +
deception +
control integration

First unified
framework
combining
clustering,
deception, and
control

Ref. [25] None DBSCAN +
consensus-based
bundle algorithm
(CBBA)

Density-based task
allocation

No adversarial
interception or
control
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CHAPTER 2

LITERATURE REVIEW

This chapter gives a review of the existing IGC control of missiles and the UAV threats and

their interception control that are reported in the literature.

2.1 Existing Literature on IGC of Missiles

STT missiles have high-speed flight targets, which causes considerable problems for air de-

fense and anti-missile operations due to their exceptional maneuverability and high speeds.

In the interception mission, considering the impact angle constraint is essential while main-

taining the strike precision [1]. The terminal-separated guiding loop and control loop

(TSGC) operate assuming spectral separation. This requires reiterating the process sev-

eral times, increasing both design cost and design cycle [2], [3]. Neglecting the effect of

coupling within the guidance and control (G&C) loops could compromise the effectiveness

of the G&C system, resulting in instability due to the target’s fast maneuvers during the

terminal guidance phase, perhaps causing a failure during target interception.

IGC, commonly known as guidance and control integration, conceptualizes the G&C

loops as a cohesive system rather than distinct components. The command for rudder de-
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flection angle is generated from the relative velocity between the flight condition of the

missile and the missile target, effectively mitigating instability and substantially improving

G&C accuracy. IGC may concurrently decrease the design expenses of the control system,

increase the overall dependability of the weapon system, boost coordination among subsys-

tems, and significantly improve the operating efficiency of missile systems [26][27][28]. The

IGC design is a nonlinear control challenge distinguished by substantial interdependence

between G&C systems, differentiating it from traditional nonlinear control methods. Since

the introduction of the IGC idea in 1983 [29], Researchers have proposed many design tech-

niques for IGC, including optimal control, BC, SMC, trajectory linearization control, and

DSC.

The primary technique employed for the missile fusion G&C is Optimal control [30].

The research in [31] employed the exponential averaging method for forecasting target tra-

jectories, redefined missile G&C as a nonlinear optimization problem inside a constrained

temporal framework, and devised a rolling time domain IGC control strategy. Despite being

direct and effective, the optimal control method is inadequate due to the lack of a feasible

analytical solution for the Hamilton Jacobi Bellman equation. The considerable nonlinearity

of the G&C system complicates the derivation of the optimal control solution by an explicit

method. Consequently, numerous studies have been conducted to get suboptimal solutions

by approximations. The development of IGCs employs two methodologies: the state de-

pendent Riccati equation [32][33] and the method of the θ −D [34][35], both of them need

intricate mathematical computations to be performed [36].

To address the ”dynamic explosion” issue in the backstepping and SMC methods of IGC,

[37] first proposed the dynamic surface control approach. The fundamental concept involves

incorporating a first-order low-pass filter between the design of the original backstepping
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control’s front- and rear-two-step control laws, avoiding the direct differentiation of specific

nonlinear signals in the subsequent design. However, developing an effective way to minimize

the error produced by the first-order filter was not addressed in [38]. Alternatively, the

command filter could mitigate the ”explosion of complexity” problem by developing the

traditional backstepping method to avoid the filter error problem using error compensation

technology.

Like a conventional non-linear control technique, backstepping control effectively ad-

dresses mismatched uncertainties inside the system. Consequently, it is employed to de-

sign IGC systems [39][40][41]. Backstepping is design by splitting a higher order nonlinear

structure tor cascaded multiple low-order subsystems and thereafter generate the virtual

commands to obtain the system’s control law [42]. The work in [43] employed an adaptive

backstepping control methodology for input-constrained IGC design challenges. The simu-

lation results indicated that this strategy may successfully address input limitations while

demonstrating robustness to system uncertainties. Based on a recursive principle, the back-

stepping control approach provides adaptive and resilient control; nevertheless, intricate

differential calculations and ”dynamic explosion” problems hinder its efficiency.

BC, like a conventional non-linear control technique, effectively addresses mismatched

uncertainties inside the system. Consequently, it has been employed to design IGC systems

[39][40]. The BC may decompose the high-order nonlinear system into many low-order

cascading subsystems and thereafter generate intermediate virtual instructions to establish

the system’s control law [42]. As a result, it is frequently employed in conjunction with

other control methodologies, such as the barrier Lyapunov function [44] and SMC [45].

[43] Proposed an adaptive BC methodology for input-constrained IGC design issues. The

simulation findings suggested that this technique might effectively mitigate input constraints
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while exhibiting resilience to system uncertainties. [46] employed sliding mode disturbance

observer technology to assess target uncertainty, formulated an IGC BC strategy with an

angle of attack constraint, and validated system stability utilizing the Lyapunov theorem.

In [47], an IGC approach utilizing the BC was devised, in which the NTSMC was employed

to formulate the G&C loops. During the interception phase, the G&C system’s stability is

enhanced by the NTSMC’s rapid convergence. A concept was introduced in [48], to tackle

the issue of location control for stratospheric satellites using BC, SMC, and a fuzzy logic

system (FLS). This method employs a FLS approximator to assess dynamic uncertainty,

hence improving robustness. The backstepping strategy, grounded in a recursive idea, offers

adaptive and robust control; nevertheless, complex differential computations and ”dynamic

explosion” issues limit its effectiveness.

Trajectory linearization control (TLC), an innovative and efficient nonlinear tracking

and decoupling technique, is progressively used in designing new missiles and UAVs owing

to its straightforward and effective control architecture [49]. Regarding TLC, the hypersonic

vehicle is the most common. In [50], the research integrates trajectory linearization and ac-

tive disturbance rejection control to provide an attitude-tracking approach for the reentry

phase of hypersonic vehicles under bounded uncertainty. The authors in [51] suggest a

linearization control approach for IGC trajectories to efficiently address the significant con-

nection among different channels of hypersonic vehicles and their dynamic restrictions. The

simulation results demonstrate that this strategy provides considerable benefits compared

to the optimum control method regarding control performance. The TLC method’s design

encounters difficulties resulting from the IGC system’s high order and many uncertainties,

compromising its control precision and resilience.
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2.2 Existing Literature on UAV Threats and their

Interception control techniques

UAVs, commonly known as drones, have experienced explosive growth across civil, commer-

cial, and military domains in recent years [13], [14]. They are employed for an ever-widening

array of tasks from aerial photography, precision agriculture, and infrastructure inspection

to search-and-rescue and parcel delivery owing to their flexibility and cost effectiveness [15],

[16]. Militaries around the world also deploy UAVs for intelligence, surveillance, reconnais-

sance (ISR) and strike missions, often as force multipliers that extend situational awareness

and precision‐strike capabilities. This expansion is underscored by market studies and offi-

cial forecasts: the Federal Aviation Administration (FAA) estimates there were already over

1.5 million registered small UAVs (recreational alone) in the U.S. in 2021 [17]. This reflects

rapid adoption; global market reports project multi‐billion‐dollar markets by the 2030s [17].

These trends promise major benefits and economic opportunities. However, the same char-

acteristics that make drones valuable also enable misuse and create new safety and security

risks [18]. Drones can be hacked or misprogrammed to conduct illicit activities, and their

use by bad actors has already raised grave concerns. In addition to legitimate uses (e.g.,

traffic monitoring, environmental surveying, border patrol), “UAVs can be hacked and used

to commit crimes, such as espionage, smuggling or even attacks [19]. Similarly, an INTER-

POL framework warns that as drones “become less expensive” and more capable, they are

increasingly exploited “for criminal purposes,” posing “a significant threat to public safety

and security if abused” [20].

At the same time as UAV adoption has soared, real-world incidents vividly illustrate

the dual-use nature of the technology. In late 2018, a wave of unauthorized drone sightings
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forced the shutdown of London’s Gatwick Airport: 115 reported drone incursions grounded

all flights for over a day, stranding 140,000 passengers and canceling some 1,000 flights [52].

Similar disruptions have since recurred for example, multiple runway suspensions in Madrid

and Frankfurt in early 2020 caused by single drone alarms [53]. On the battlefield, UAVs

have revolutionized tactics. In Ukraine, thousands of low-cost drones now saturate front

lines daily: one analysis estimates about 10,000 combat UAV sorties per day in 2023 [54].

Both state and non-state actors routinely use drones for reconnaissance and as “kamikaze”

loitering munitions, dramatically shifting the character of conflict [55]. Beyond conflict

zones, incidents of drone misuse for smuggling contraband, unauthorized surveillance, and

near-misses with commercial aircraft have also risen worldwide. These cases, coupled with

expert warnings from industry leaders about “emerging risks” and vulnerabilities in national

airspace,underscore the urgent need for effective countermeasures [56], [15].

In response to these challenges, governments and regulatory bodies have enacted new

policies and frameworks around UAV operations. The FAA’s reports document the bur-

geoning drone fleet and emphasize safety oversight [57]. In Europe, the European Aviation

Safety Agency (EASA) has promulgated UAV regulations (e.g., Commission Regulation

(EU) 2019/947) to harmonize drone operations and integration into airspace [58]. Mili-

tary and homeland defense organizations likewise impose no-fly zones and develop rules of

engagement for UAV threats. Even law enforcement has established specialized guidance:

INTERPOL’s 2018 “Framework for Responding to a Drone Incident” equips police world-

wide to deal with UAV incursions [59]. These regulatory responses acknowledge that drones

must be safely integrated into civil skies while illegal or dangerous uses must be detected

and mitigated.

Taken together, the rapid proliferation of UAVs and the real incidents of misuse have

28



made intercepting and capturing unauthorized drones a critical technical problem for both

civilian and defense sectors. Counter-UAV (C-UAV) systems have emerged encompassing

sensors to detect intruders, command-and-control systems to assess threats, and mitigation

technologies (jamming, nets, guns, lasers, etc.) to neutralize them. Many surveys have

cataloged these various countermeasures and threats [60], [61]. However, a focused treatment

of the interception problem that is, autonomously engaging and physically capturing or

disabling a rogue UAV is notably lacking.

Small UAVs operating at low altitudes and slower speeds are essential in military op-

erations for deploying bombs, launching missiles, and executing suicide assaults. They can

be categorized into two offensive strategies: cluster saturation attack and swarm coordi-

nated attack [62]. Cluster saturation strikes entail autonomous, low-altitude, slow-speed

UAVs executing ground assaults separately. They possess insufficient cooperative relation-

ships, rendering interception challenging. In swarm coordinated assaults, the UAVs employ

a master-slave control paradigm, wherein each UAV regulates formation mode and direc-

tion via inter-UAV communication. The formation maneuvers in a structured and compact

arrangement; nonetheless, collaborative communication is susceptible to disruption [62].

Recent studies highlight the significance of precise detection, localization, and tracking

of UAVs to facilitate intelligent control in multi-agent systems. An important method en-

tails asynchronous LiDAR-camera fusion for reliable UAV localization in outdoor settings,

facilitating accurate position and attitude estimates using point cloud processing and neural

network-driven object identification systems [63] [64] [65].
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�Q�` �m�M�+�2�`�i���B�M�i�B�2�b�- �`�2�[�m�B�`�B�M�; �i�?�2 ���T�T�H�B�+���i�B�Q�M �Q�7 ���/���T�i�B�p�2 �+�Q�M�i�`�Q�H�- �a�J�*�- ���M�/ �B�M�i�2�H�H�B�;�2�M�i�@�#���b�2�/

�+�Q�M�i�`�Q�H �i�2�+�?�M�B�[�m�2�b�- �B�K�T�`�Q�p�B�M�; �i�?�2 �b�v�b�i�2�K �`�Q�#�m�b�i�M�2�b�b�X �6�h�* �#���b�2�/ �b�H�B�/�B�M�; �K�Q�/�2�6�h�*�@�#���b�2�/

�B�b �T�`�Q�T�Q�b�2�/ �B�M �(�R�y�8�) �i�Q �`�2�b�Q�H�p�2 �i�?�2 �~�B�;�?�i �p�2�?�B�+�H�2�ö�b �i�`���+�F�B�M�; �T�`�Q�#�H�2�K �i�?���i �2�M�+�Q�m�M�i�2�`�b ���+�i�m���i�Q�`

�7���B�H�m�`�2�b�X

�J�Q�i�B�p���i�2�/ �#�v �i�?�2 ���7�Q�`�2�K�2�M�i�B�Q�M�2�/ �H�B�i�2�`���i�m�`�2 �Q�#�b�2�`�p���i�B�Q�M�b �/�B�b�+�m�b�b�B�Q�M�b�- �i�?�B�b �r�Q�`�F �T�`�Q�T�Q�b�2�b

�� �+�Q�K�K���M�/ �}�H�i�2�`�@�#���b�2�/ ���+�i�B�p�2 �7���m�H�i �i�Q�H�2�`���M�i �;�H�Q�#���H �i�2�`�K�B�M���H �b�H�B�/�B�M�; �K�Q�/�2 �#���+�F�@�b�i�2�T�T�B�M�;

�B�M�i�2�;�`���i�2�/ �;�m�B�/���M�+�2 ���M�/ �+�Q�M�i�`�Q�H �U�*�6�@�6�h�@�:�h�a�J�@�"�*�V �7�Q�` �a�h�h �K�B�b�b�B�H�2�b �B�M�i�2�`�+�2�T�i�B�M�; �?�B�;�?�H�v

�K���M�2�m�p�2�`�B�M�; �i���`�;�2�i�b�X �h�?�2 �:�h�a�J �B�b �m�b�2�/ �i�Q �T�`�Q�p�B�/�2 �2�`�`�Q�`�@�7�`�2�2 �;�m�B�/���M�+�2 �7�Q�` �i�?�2 �K�B�b�b�B�H�2�-

�b�m�+�? �i�?���i �i�?�2 �i�`���+�F�B�M�; �2�`�`�Q�` �Q�7 �i�?�2 �;�m�B�/���M�+�2 �b�m�#�b�v�b�i�2�K �+�Q�M�p�2�`�;�2�b ���M�/ �b�i�B�+�F�b �i�Q �x�2�`�Q �B�M ��

�}�M�B�i�2 �i�B�K�2�- �i�?�m�b �b�Q�H�p�B�M�; �i�?�2 �H�B�M�2 �Q�7 �b�B�;�?�i ���M�;�H�2 �+�Q�M�b�i�`���B�M�i�X �h�?�2 �T�`�Q�#�H�2�K �Q�7 �i�?�2 �#���+�F�@�b�i�2�T�T�B�M�;

�+�Q�M�i�`�Q�H ���M�/ �a�J�* �B�b �b�Q�H�p�2�/ �7�`�Q�K �Q�M�2 �b�m�#�b�v�b�i�2�K �i�Q ���M�Q�i�?�2�` �m�b�B�M�; �i�?�2 �+�Q�K�K���M�/ �}�H�i�2�` �i�2�+�?�M�B�[�m�2

�#�v �B�K�T�H�2�K�2�M�i�B�M�; �� �+�Q�K�T�2�M�b���i�B�Q�M �2�`�`�Q�` �r�B�i�?�B�M �i�?�2 �}�H�i�2�` �Q�m�i�T�m�i�X �h�?�2 �_�2�/�m�+�2�/ �Q�`�/�2�` �1�a�P

���T�T�`�Q�t�B�K���i�2�b �i�?�2 �2�t�i�2�`�M���H �/�B�b�i�m�`�#���M�+�2�b ���M�/ �i�?�2 �K���M�2�m�p�2�`�b �B�M �i�?�2 �i���`�;�2�i�X �h�?�2 �7���m�H�i �B�M

�i�?�2 �`�m�/�/�2�` �b�m�#�b�v�b�i�2�K �B�b �/�2�i�2�+�i�2�/ ���M�/ �2�b�i�B�K���i�2�/ �m�b�B�M�; �i�?�2 �7���m�H�i �/�2�i�2�+�i�B�Q�M ���M�/ �2�b�i�B�K���i�B�Q�M

�Q�#�b�2�`�p�2�`�b�- ���M�/ �}�M���H�H�v�- �i�?�2 �+�Q�M�i�`�Q�H�H�2�` �2�H�B�K�B�M���i�2�b �i�?�2 �2�z�2�+�i �Q�7 �i�?�2 �7���m�H�i �Q�M �i�?�2 �K�B�b�b�B�H�2�X �h�?�m�b�-

�i�?�B�b �2�M�b�m�`�2�b �� �?�B�;�?�H�v �`�Q�#�m�b�i �A�:�* �+�Q�M�i�`�Q�H �b�i�`���i�2�;�v�X �h�?�2 �b�B�;�M�B�}�+���M�i �+�Q�M�i�`�B�#�m�i�B�Q�M�b �Q�7 �i�?�2

�T�`�Q�T�Q�b�2�/ �+�Q�M�i�`�Q�H ���T�T�`�Q���+�? ���`�2 �Q�m�i�H�B�M�2�/ ���b �7�Q�H�H�Q�r�b�,

�R�X �h�?�B�b �B�b �i�?�2 �}�`�b�i �`�2�b�2���`�+�? �i�Q �/�2�p�2�H�Q�T ���M ���+�i�B�p�2 �7���m�H�i �i�Q�H�2�`���M�i �+�Q�K�K���M�/�@�}�H�i�2�`�@�#���b�2�/

�A�:�* �m�b�B�M�; �;�H�Q�#���H �i�2�`�K�B�M���H �b�H�B�/�B�M�; �K�Q�/�2 �#���+�F�@�b�i�2�T�T�B�M�; �U�*�6�@�6�h�@�:�h�a�J�@�"�*�V �7�Q�` �a�h�h

�K�B�b�b�B�H�2�b �i���`�;�2�i�B�M�; �K���M�2�m�p�2�`�B�M�; �Q�#�D�2�+�i�b�X

�k�X �l�M�H�B�F�2 �i�?�2 �`�2�7�2�`�2�M�+�2�b �(�R�y�e�)�- �(�R�y�d�) ���M�/ �(�R�y�3�) �i�?���i �+���i�2�` �7�Q�` �H�Q�b�b �Q�7 �2�z�2�+�i�B�p�2�M�2�b�b �Q�M�H�v�-

�i�?�B�b �+�?���T�i�2�` �T�`�Q�p�B�/�2�b �� �7���m�H�i �/�2�i�2�+�i�B�Q�M ���M�/ �2�b�i�B�K���i�B�Q�M �K�2�+�?���M�B�b�K �7�Q�` �i�?�2 �K�B�b�b�B�H�2 �:���*

�i�Q �2�b�i�B�K���i�2 ���M�/ �K�B�i�B�;���i�2 �i�?�2 �2�z�2�+�i �Q�7 �� �7���m�H�i ���z�2�+�i�B�M�; �i�?�2 �`�m�/�/�2�` �b�m�#�b�v�b�i�2�K �Q�7 �i�?�2

�9�y



�K�B�b�b�B�H�2�X

�j�X �l�M�H�B�F�2 �i�?�2 �.�a�* ���T�T�`�Q���+�?�2�b �B�M �(�R�y�N�)�- �i�?�2 �+�Q�K�K���M�/ �}�H�i�2�` �2�b�i�B�K���i�2�b ���M�/ �+�Q�K�T�2�M�b���i�2�b

�i�?�2 �m�T�T�2�` �H�B�K�B�i �Q�7 �i�?�2 �/�2�`�B�p���i�B�p�2 �Q�7 �i�?�2 �p�B�`�i�m���H �+�Q�M�i�`�Q�H �H���r�b �B�M �}�M�B�i�2 �i�B�K�2�X �h�?�B�b �2�M�?���M�+�2�b

�i�?�2 �}�H�i�2�`�ö�b �2�b�i�B�K���i�B�Q�M ���+�+�m�`���+�v ���M�/ �i�?�2 �B�M�i�2�`�+�2�T�i�B�Q�M �+���T���#�B�H�B�i�v ���M�/ ���+�+�m�`���+�v�X

�9�X �h�?�B�b �+�?���T�i�2�` �B�K�T�H�2�K�2�M�i�b �i�?�2 �G�v���T�m�M�Q�p �b�i���#�B�H�B�i�v ���M���H�v�b�B�b �b�+�?�2�K�2 �i�Q �2�M�b�m�`�2 �i�?�2 �K�B�b�b�B�H�2�ö�b

�K���M�2�m�p�2�`�B�M�; �i���`�;�2�i�ö�b �B�M�i�2�`�+�2�T�i�B�Q�M ���M�/ �i�?�2 �b�i���#�B�H�B�i�v �Q�7 �B�i�b �b�v�b�i�2�K �b�i���i�2�b �B�M �� �b�?�Q�`�i �}�M�B�i�2

�i�B�K�2 �/�2�b�T�B�i�2 �i�?�2 �7���m�H�i�v �`�m�/�/�2�` �b�m�#�b�v�b�i�2�K�X

�j�X�k �"���+�F�;�`�Q�m�M�/ ���M�/ �S�`�Q�#�H�2�K �6�Q�`�K�m�H���i�B�Q�M

�j�X�k�X�R �J�B�b�b�B�H�2�@�h���`�;�2�i �J�Q�i�B�Q�M �E�B�M�2�K���i�B�+�b

�A�M �6�B�;�X �j�X�k�-M ���M�/T �`�2�T�`�2�b�2�M�i �i�?�2 �K�B�b�b�B�H�2 ���M�/ �i���`�;�2�i �B�M �i�?�2 �B�M�2�`�i�B���H �+�Q�Q�`�/�B�M���i�2 �b�v�b�i�2�K�X �h�?�2

�p�2�H�Q�+�B�i�v �Q�7 �i�?�2 �K�B�b�b�B�H�2�- �T���i�? ���M�;�H�2 �Q�7 �i�?�2 �~�B�;�?�i�- ���M�/ �M�Q�`�K���H ���+�+�2�H�2�`���i�B�Q�M ���`�2 �`�2�T�`�2�b�2�M�i�2�/ �#�v

VM �-� M �- ���M�/aM �- �`�2�b�T�2�+�i�B�p�2�H�v�X �A�M �i�?�2 �b���K�2 �r���v�-VT �-� T �- ���M�/aT �2�M�i���B�H�b �i�?�2 �p�2�H�Q�+�B�i�v�- �T���i�?

���M�;�H�2 �Q�7 �i�?�2 �~�B�;�?�i�- ���M�/ �i�?�2 �M�Q�`�K���H ���+�+�2�H�2�`���i�B�Q�M �Q�7 �i�?�2 �i���`�;�2�i�- �`�2�b�T�2�+�i�B�p�2�H�v�Xq ���M�/R �/�2�M�Q�i�2

�i�?�2 �H�B�M�2�@�Q�7�@�b�B�;�?�i ���M�;�H�2 ���M�/ �i�?�2 �H�B�M�2 �Q�7 �b�B�;�?�i �U�G�P�a�V �/�B�b�i���M�+�2 �`�2�b�T�2�+�i�B�p�2�H�v�X �h�Q �b�T�2�2�/ �m�T �i�?�2

�/�2�b�B�;�M �T�`�Q�+�2�b�b�- �i�?�2 �/�v�M���K�B�+�b �Q�7 �K�B�b�b�B�H�2�@�i���`�;�2�i �B�M�i�2�`���+�i�B�Q�M�b �?���p�2 �#�2�2�M �/�2�b�+�`�B�#�2�/ �#���b�2�/ �Q�M �i�?�2

���b�b�m�K�T�i�B�Q�M �i�?���i_VT = 0 ���M�/_VM = 0 �(�R�y�j�)

_R = VT �+�Q�b(� T � q) � VM �+�Q�b(� M � q) �U�j�X�R���V

R _q = VT �b�B�M(� T � q) � VM �b�B�M(� M � q) �U�j�X�R�#�V
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�6�B�;�m�`�2 �j�X�k�, �k�. �J�B�b�b�B�H�2�@�h���`�;�2�i �K�Q�i�B�Q�M �;�2�Q�K�2�i�`�v�X

�"�v �/�B�z�2�`�2�M�i�B���i�B�M�; �1�[�X �U�j�X�R�#�V ���M�/ ���/�/�B�M�; �B�i �r�B�i�? �1�[�X �U�j�X�R���V�- �r�2 �?���p�2

•q = �
2 _R
R

_q � aM
�+�Q�b(� M � q)

R
+ aT

�+�Q�b(� T � q)
R

�U�j�X�k�V

�j�X�k�X�k �h�?�2 �/�v�M���K�B�+�b �Q�7 �i�?�2 �K�B�b�b�B�H�2

�h�?�2 �/�v�M���K�B�+ �K�Q�/�2�H �m�b�2�/ �B�M �i�?�B�b �b�i�m�/�v �7�Q�` �i�?�2 �K�B�b�b�B�H�2 �B�b ���b �7�Q�H�H�Q�r�b �(�R�y�j�)�X

aM = nyg =
Y
m

� g �+�Q�b(� M ) �U�j�X�j���V

� = # � � M �U�j�X�j�#�V

_# = ! z �U�j�X�j�+�V

M z _! z = M 0 (�; ! z; � z) �U�j�X�j�/�V

�q�?�2�`�2ny �B�b �i�?�2 �M�Q�`�K���H �Q�p�2�`�H�Q���/�-� �B�b �i�?�2 ���M�;�H�2 �Q�7 ���i�i���+�F�-wz �B�b �i�?�2 �T�B�i�+�? ���M�;�m�H���` �`���i�2�-Y

�B�b �i�?�2 �H�B�7�i �7�Q�`�+�2�-m �B�b �K�B�b�b�B�H�2 �K���b�b�-# �i�?�2 �T�B�i�+�? ���M�;�H�2�-M z �B�b �i�?�2 �B�M�2�`�i�B�� �K�Q�K�2�M�i ���#�Q�m�i �i�?�2 �x

���t�B�b ���M�/M 0 (�; ! z; � z) �B�b �i�?�2 �K�Q�K�2�M�i �/�2�}�M�2�/ �#�v ���2�`�Q�/�v�M���K�B�+ �+�?���`���+�i�2�`�B�b�i�B�+�b�X
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