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ABSTRACT

Full Name : Ali Hasan Hussein Alzoubi

Thesis Title . [Vibration isolation of a harmonically excited pendulum using Passive
and Active Gyrostabilizers]

Major Field : [Mechanical Engineering]

Date of Degree : [May/2025]

This thesis presents a study on the dynamics and stabilization of a pendulum system using
both passive and active gyrostabilizer. The main goal is to improve the stability of the
pendulum when it is exposed to external excitations, such as base excitation. The system
includes a pendulum coupled with a gyrostabilizer mounted at its pivot. The gyrostabilizer
generates gyroscopic torques due to its spinning motion, which are used to isolate external
vibration that is applied to the pendulum.

To analyze the system, the nonlinear equations of the coupled system are derived using
Lagrange’s method. Two types of stabilization methods are studied: passive and active. In
the passive case, the gyrostabilizer spins at a constant speed, and its effect on the
pendulum’s frequency response is analyzed by sweeping through different excitation
frequencies and spin ratios. The results show that the passive gyrostabilizer can reduce
vibrations significantly near the system’s natural frequency, acting like a mechanical
vibration absorber.

In the active case, a control torque is applied to the gyrostabilizer to further enhance the
system’s stability. A feedback linearization control strategy is developed, which transforms
the nonlinear system into an equivalent linear system to make the control design easier.

The controller gains are tuned using optimization techniques to reduce the pendulum’s

Xii



angular displacement. Time and frequency domain simulations are performed to compare
the passive and active stabilization approaches. The results show that both methods are
effective in reducing pendulum’s oscillation. However, the active control achieves faster

response and larger vibration reduction.
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CHAPTER 1

INTRODUCTION

1.1 Background

The gyroscopic effect arises from the principles of angular momentum conservation when
a torque is applied to a rotating body. During the early development of mechanics, the
renowned mathematician L. Euler (1707-1783) conducted studies on the distinct
characteristics of rotating objects. He formulated equations describing the rotational
motion of a rigid body around a fixed point. Euler's theory, published in 1765, laid the
foundation for the modern understanding of gyroscopes, marking a significant contribution
to the field. The gyroscopic effect was first observed and described by the French physicist
Foucault in 1852 [1]. After Léon Foucault's initial observations and descriptions of the
gyroscopic effect, the interest in gyroscopes and their applications continued to grow.
Scientists and engineers conducted further experiments and developed practical
applications for gyroscopic motion in various fields. One significant application was in
navigation using Gyrocompasses. It was first developed and patented by the German
inventor Hermann Anschitz-Kaempfe in 1907 [2], who utilized the gyroscopic effect to

maintain true north orientation, to replace traditional magnetic compasses in certain



maritime and aviation applications. In 1911 Elmer A. Sperry, an American inventor and
engineer, discussed the application of the gyroscopic principles in stabilizing ships and
made the first practical application of the gyro for steering a torpedo [3]. In the mid of 19"
century, Dobson [4] focused on the design aspects of navigation instruments specifically
designed for aircraft using a gyroscope system. During both World Wars, gyroscopic
stabilization played a crucial role in military operations. Moreover, gyroscopic stabilizers
were used in artillery systems, aircraft guns, and bomb sights to enhance accuracy and

effectiveness in combat situations.

Recently, the gyroscopic stabilization technology attracts interest in the aerospace industry,
marine navigation, automotive stabilization systems, robotics and consumer electronics. In
addition, gyroscopes are incorporated into many devices, including cameras, drones,

gaming controllers to improve their stability and enhance their performance.

The gyroscopic theory, is principally governed by several key concepts. Such as Newton’s
law of motion, momentum balance and reaction principle. These laws are the result of the
wider principles of energy conservation, momentum conservation, and angular momentum
conservation, which are the fundamental towards understanding gyroscopic theory giving
a basis for application of gyroscopes in various applications [5, 6]. The fundamental
principles of classical mechanics serve as the foundation for formulating problems in
gyroscope theory using precise mechanical and mathematical models. These principles,
employ vector analysis of forces, velocities, accelerations, and balance equations for mass,

as well as the conservation of angular momentum and energy.



The gyroscope shown in Figure 1 primarily consisting of a spinning rotor, exhibits inertial
properties and generates gyroscopic forces, all of which can be analyzed using classical

mechanics and the fundamental laws of motion [7]

Veer axis y
§ Frame

Inner gimbal g
can rotate around
OXand OY axis (IL- Outer gimbal
can rotate around

OY axis

Spinn axis Z

Figure 1: Mechanical gyroscope

1.2 Literature review

Gyrostabilizer uses the induced gyroscopic moment due to rotation around multiple
directions to stabilize dynamic systems like vehicles, airplanes and ships. In the context of
vehicles, such as ships or aircraft, gyrostabilizers are used to minimize the impact of
external forces like waves and wind loads. The gyrostabilizer generates a torque in
response to any tilting or disturbance in the platform, opposing the motion and maintaining
a more stable orientation. Another common application of gyrostabilizers is in marine
vessels, such as ships, boat and cargo ships, where they are used to reduce rolling motion
caused by waves. Gyrostabilizers can be integrated into the design of a ship and they help
improving passenger comfort, reducing the risk of seasickness and enhance the overall

stability of the vessel.



1.2.1 Gyrostabilizer for marine applications

Recently, many innovative and diverse stabilizer mechanisms for marine vessels have been
developed. This leads also to the continuous design, evolution and enhancement of existing
devices, to optimize roll stabilization and improve overall performance [2]. Based on the
findings from many studies [2], it is evident that gyrostabilizers can effectively control the
movements of floaters, making them a viable option for offshore wind energy applications.
The experiments also demonstrate a significant reduction in motion, utilizing proper
gyroscopic stabilizer designs. A method of active ride control on marine vehicle was
introduced in [8], utilizing two gyrostabilizers rotating opposite to each other. This novel

system was found to be capable of providing high motion reduction.

A study in [9] investigated the challenges faced during ship maneuvering and reducing
roll motion under various wave conditions. A one-degree-of-freedom (1-DOF) system
using double gyrostabilizers was implemented along with a Model Predictive Control
(MPC) strategy, which showed a noticeable reduction in roll motion. In [10], an adaptive
control system for marine gyrostabilizers was introduced, along with a full hydrodynamic
model of the gyrostabilizer-ship-wave interaction. This model was developed using three-
dimensional numerical wave flume technology, and the results showed that increasing the

gyroscope's spin rate improved its ability to reduce roll motion.

Further control strategies were studied in [11], where three types of controllers—PID,
Fuzzy Logic, and Fuzzy-Tuned PID were compared for Anti-Rolling Gyros (ARGS). Each
controller showed different levels of effectiveness in reducing ship rolling. A new approach

was proposed in [12] , using a tuned mass damper that reacts to the rate of the rolling angle



rather than the angle itself. This method focused on increasing damping instead of stiffness

and achieved successful roll suppression both theoretically and experimentally.

In [13] , the effectiveness of gyrostabilizers under high sea conditions was examined. The
study showed that linear models do not fully represent real-world behavior, especially in
turbulent seas. A comparison between linear and nonlinear models was carried out, and the
nonlinear model was found to give more accurate predictions. An active gyrostabilizer
designed for a land-sea hybrid vehicle, referred to as NEWT, was investigated in [16],
where various control systems were applied to evaluate system performance. Rahiman et
al. [14] examined gyro stabilizers as a key technology for marine roll reduction,
highlighting their advantages over traditional stabilizers while addressing challenges like
wave moment prediction and gyroscopic drift. Recent advancements in control algorithms
and fiber-optic gyros demonstrate improved precision and adaptability, though cost and
space requirements remain considerable. The analysis highlights the increasing importance
of gyro stabilizers in improving the stability of small to medium-sized vessels. It also points
to future research opportunities in enhancing energy efficiency and developing adaptive
control systems. An experimental study performed in [15] demonstrates that
gyrostabilizers effectively reduce roll motions in barge-type floating offshore wind
systems, achieving up to 60% reduction in regular waves and 54% in irregular waves. The
stabilizer's performance improves at higher rotational speeds near the structure's natural
frequency, with consistent results for both bare barges and those supporting wind turbines.
Perez and Steinmann [16] studied the use of gyrostabilizers to reduce ship roll motion,
using recent advances in design and control. A simple controller is developed that tenders

the gyrostabilizer act like a roll damper, using only the precession motion as input. The



controller was tested through simulations on a naval patrol vessel, showing good

performance and highlighting some limits in rough sea conditions.

1.2.2 Gyrostabilizer for land applications

One of the widespread applications of gyrostabilizers is in bicycle stabilization [17]. The
equations of motion for a riderless bicycle were derived, and control was implemented
using pedaling torque. Furthermore, Hanachi et al. [18] proposed a novel gyrostabilizer
design featuring a twin-flywheel configuration to overcome the limitations of conventional
gyrostabilizers in stabilizing autonomous bicycles, particularly against sustained heel
disturbances. The dynamical model of the bicycle coupled with the gyrostabilizer was
derived using Newton-Euler formulation. Chu and Chen [19], introduced active stabilizing
system for bicycle or single-track vehicles, leveraging gyroscopic effects from two
flywheels to stabilize the vehicle during turn using Model Predictive Controls torque
(MPC). The system effectiveness was verified through a gyroscopic inverted pendulum
model. Lot and Fleming [20] used a gyroscopic stabilizer for single-track vehicle stability,
exploring passive and active system, and leading to an active system can effectively
stabilize the vehicle at all speeds. However, the efficiency of the passive system was found

to be limited, especially at low speeds.

In the context of pendulum stabilization, Zhu et al. [21] introduced an adaptive decoupling
control system for a gyroscopically stabilized pendulum, to regulate its upright posture
effectively. The model incorporated gyroscopic precession to control the pendulum's pivot

directly, to achieve dynamic stability. The study successfully separated pendulum swing



and gyroscopic precession through decoupling control and employing adaptive virtual
control. In [22], a combination of fuzzy logic and a specialized learning method was
proposed for balancing an unmanned bicycle using an active gyrostabilizer. The study

demonstrated that the system exhibited a fast response to external disturbances.

1.2.3 Gyrostabilizer for air applications

The gyroscopic effect plays a critical role in guidance and stabilization systems for aerial
vehicles. Divakaruni et al. [23] discussed the progress of the Strategic Fiber-Optic Gyro
(SFOG) developed in Air Force Research Laboratory to enhance ballistic missile inertial
guidance. Meanwhile, Sokolov et al. [24] developed a mathematical model of a gyro
system for an air-sea gravimeter, utilizing fiber optic gyroscopes (FOGs) with
accelerometer correction loops. The experimental findings confirmed the simulation
results, validating the effectiveness of the proposed gyro stabilization system. Skrobonja
et al. [25] discussed and provided the principle of the mechanical and fiber optic
gyroscopes (FOG). In [26] research, the investigators examined the performance of a
gimbal system and a one-axis gimbal system by considering flight dynamics and testing
equations of motion. They used a model predictive control (MPC) strategy for the one-axis
gimbal system. The MPC controller improved system stability and performance.
Arbatsofla et al. [27] proposed a fuzzy fractional-order adaptive robust controller under
actuated nonlinear inverted pendulum system. The control design was based on feedback
linearization, with sliding mode surfaces used to adapt parameters, and fuzzy logic with

fractional calculus to improve performance. A multi-objective algorithm was also used to



optimize the controller gains. The simulation results showed improved tracking accuracy,
faster response, and strong robustness under external disturbances. Kamesh et al. [28]
examined vibration reduction from reaction wheel assemblies (RWAs), used for fine
pointing control in spacecraft. A low-frequency flexible platform is proposed as a passive
isolator, and its performance was validated experimentally. The study also analyzed force,
moment, and acceleration responses, showing that the isolator effectively reduces

vibrations without active control.

1.2.4 More applications and researches on gyrostabilizer and gyroscopic

effect

Various studies and experiments have been conducted to explore the use of gyrostabilizers
and the gyroscopic effect. In a novel inverted pendulum system utilizing the gyroscopic
precession effect for stabilization was proposed [29]. The experimental results
demonstrated its effectiveness under both disturbance and non-disturbance conditions, with
potential application in posture stabilization for bicycle vehicles. The system exhibited a
fast response and efficient equilibrium maintenance. A dynamic model of a Single Gimbal
Control Moment Gyroscope (SGCMG) was developed in [30] to analyze the micro-
vibration characteristics. The model was validated through experimental testing and
accurately predicted vibration behavior caused by mass unbalance and bearing compliance.
In [31], a robust control strategy based on p-synthesis was presented for suppressing
structural resonance vibrations in a double-gimbal control moment gyroscope equipped

with a high-speed magnetically suspended rotor. Simulation and experimental results



confirmed the superior performance of the control approach. Spong et al. [32] developed
the reaction wheel pendulum controlled using feedback linearization and passivity-based
methods for swing-up and balancing, demonstrating their effectiveness through
experimental validation. The hybrid control approach successfully transitions between
swing-up and stabilization, highlighting practical limitations due to actuator constraints.
Aranovskiy et al. [33] presented a simplified dynamic model of a 2D gyro-stabilized
inverted pendulum, designed for non-anthropomorphic robot stabilization. The proposed
linearized control law successfully stabilized the pendulum in an unstable equilibrium,
though full state control remained challenging. Experimental validation confirmed the
model's effectiveness, while highlighting limitations in controlling the gyroscope angle.
Another study in [34] investigated the stabilization of walking robots using a scissored pair
control moment gyroscope and focused on velocity estimation for effective control. Several
observer designs were tested, including a nonlinear differentiator, which showed strong
performance in experiments. The system was found unsuitable for partial feedback
linearization, highlighting the need for model-based estimation methods. Moreover, Luo
et al. [35] developed a dynamic model for analyzing micro-vibration isolation in single-
gimbal CMG (SGCMG) clusters. The model included mass, inertia, and gyroscopic effects,
and was validated using finite element analysis. Their results showed that gyroscopic
interactions significantly influence system dynamics and must be considered to accurately
evaluate isolation performance. Moreover, Fang et al. [36] presented an adaptive
decoupling control method for a three-axis gyro-stabilized platform using neural networks
and feedback linearization. Their approach effectively handled system nonlinearity and

disturbances, with real-time adaptation of the neural network. Simulation and experimental



results showed improved tracking accuracy and disturbance rejection compared to

traditional PID control.

1.3 Motivation

The stabilization of dynamic systems has always been a key challenge in various
engineering fields, particularly in robotics, aerospace, and maritime applications.
Traditional stabilization methods often face limitations when dealing with complex,

nonlinear behaviors.

Passive and active nonlinear vibration isolation characteristics of dynamic systems coupled
with gyrostabilizer are rarely investigated in the literature. Although gyrostabilizers are
widely used to stabilize roll motion of boats, studies that analyze the nonlinear control
system design and dynamic stability are rarely found in the literature. This research aims
to fill the gap by exploring the dynamic behavior of a pendulum subjected to a base
excitation coupled with gyrostabilizer to explore the passive and active vibration
absorption characteristics. This will contribute both to theoretical advancements and

practical applications in stability control.
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1.4 Thesis objectives and organization

1.4.1 Strategic objectives

The main objective of this study is to develop a control system for a pendulum subjected
to base excitations, and stabilized by active gyrostabilizer that generates a counteracting

gyroscopic moment along the pendulum hinge, where the specific objectives are:
I.  Derive the equations of motion for the coupled pendulum-gyro system.

Il.  Examine the system response without control signal (passive system) to study the

passive isolation properties.

I1l.  Build passive and active control schemes of the gyro-stabilized system and compare

their performances.

IV.  Perform a parametric study to investigate the effects of the system parameters on the

system responses to passive and active gyroscopic stabilization.
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1.4.2 Thesis organization
This thesis is organized into four main chapters, each addressing a key aspect of the
research objectives from theoretical modeling to control implementation and performance

evaluation.

Chapter 1

This chapter presents the background and motivation behind using gyroscopic stabilization
for pendulum systems. It includes a review of relevant literature across marine, land, and
air applications, highlighting the potential and limitations of both passive and active
gyrostabilizers. The objectives and scope of the research are clearly defined, setting the

foundation for the modeling and control work that follows.

Chapter 2

This chapter focuses on the development of the mathematical model for the pendulum-
gyrostabilizer system. The system is described using rigid body kinematics and multiple
reference frames. The equations of motion are derived using Lagrange’s method,
incorporating the base excitation, damping, and gyroscopic effect. A non-dimensional
analysis is performed to simplify the model and identify the key parameters influencing

the system behavior.
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Chapter 3

This chapter introduces the design and implementation of control strategies for the active
gyrostabilizer. It begins with linearization of the nonlinear system to assess the
controllability and observability. Two control approaches are then applied: state feedback
and exact feedback linearization (FBL). The system response is evaluated in both the time
and frequency domains under varying conditions, including changes in spin ratio,
excitation amplitude, and the natural frequency. The chapter also presents a comparison
between passive and active vibration isolation performance, highlighting the advantages of

the active control.

Chapter 4

The final chapter summarizes the main findings of the study and highlights the
effectiveness of the active control system over the passive counterpart. It emphasizes the
role of selected system parameters in shaping system behavior. The chapter also discusses
the limitations of fixed-gain control, especially for higher excitation levels, and proposes
future improvements including adaptive control, experimental validation, and multi-axis

stabilization.
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CHAPTER 2

System dynamics

This chapter presents the dynamic modeling of the pendulum-gyrostabilizer system
subjected to a base excitation. The system kinematics is first formulated by defining a set
of reference frames describing both pendulum and gyrostabilizer motion. The equations of
motion are subsequently derived using Lagrange’s equation. Finally, the equations of

motion are converted into a non-dimensional form.
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2.1  Dynamic model

The system consists of two rigid bodies, as shown in Figure 2

e Body 1: the pendulum that have a tip mass (mp) and rotates with angle (0) around the

hinge axis.

e Body 2: The gyrostabilizer disk with mass (mg) and inertia matrix Ig = diag (lxy, lxy, I2).
The gyrostabilizer spins with constant angular velocity Q around the z, axis while
rotating with precision angle (®) around the x; axis. The description of all the reference

frames and their axes will be discussed in the next section.

To enhance the stability of the gyrostabilizer, a torsional spring has been added to the
precession angle (®) denoted as kg. Additionally, two small dampers have been
incorporated at the pendulum hinge axis (8) and precession angle (®) to represent bearing

damping coefficients, denoted as cg and cg, respectively.
The system is subjected to a base excitation expressed as:
Xp = Asin(wt)

where A and o denote the amplitude and frequency of the base excitation respectively.

15
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A sinfwt)

Figure 2: A pendulum subjected to a base excitation integrated with a gyrostabilizer
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2.2 System kinematics

Three reference frames are used to describe the system motion. The inertial frame F is fixed
to the earth. The body fixed frame F1 is attached to the hinge axis (Y) and rotates with
angle (0) around (Y) axis. The third frame F2 is a body-fixed frame attached to the inner
gimbal of the gyrostabilizer as shown in Figure 2. This frame rotates with angle (®) around

x, axis. The detailed description of these frames is illustrated in Table 1:

Table 1: Frame definition

Frame Frame axes Unit vectors Frame origin

F X,Y,Z I.JK Fixed on the stand

Aligned with the fixed frame
F1 X1, V1,21 i),k and rotate with 0 around Y
axis

Precession shaft and rotate

J2 X2,Y2,Z2 iy, J2, ks, _ _
with @ around x; axis

17



The relationship between J and F1 can be defined using the following transformation

matrix:

cosf 0 —sind
RR=|0 1 0 (2.1)
sinf 0 cosf@
The relationship between the unit vectors of these two frames can be written as:
I I
jl = R1 ] (2-2)
k4 K
The transformation matrix from F1to F2 can be written as:
1 0 0
R, =10 cos® sin® (2.3)
0 —sin® cos®

and the relationship between unit vectors of F1and F2is:
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The total transformation matrix that relate F and F2 can be written as:

R = R2R1:

and the relationship between unit vectors of F and F2 can be then written as:

Since R is orthogonal matrix:

and RT can expressed as:

R" =

cos @
0
—sin@

:R2

2
;
ka

cos @ 0

sin®sinf cos
cos @ sin 0

Iy
[jz =R
k;
I
J|=R"
K
sin® sin @
cos®
sin ® cos 6
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J1
kq

—sin 8
¢ sindcosb

—sin® cos®cosfl

J
K

I
Ja
ks

cos®sin b
—sin®
cos @ cos O

|

(2.4)

(2.5)

(2.6)

(2.7)
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2.3 System Kinetics

2.3.1 Kinetic energy

The angular velocity of the gyrostabilizer disk can be written as:

And w4 can be represented in the F2 frame as:

)
w, =| 6cos(®) (2.10)
2 — 0sin(®))

Since F2 is coincident with the principle axes of the gyro disk, the inertia matrix of the gyro

disk is diagonal and it can be written as:

I 0 0
I, = [0 I 0] (2.11)

Where I and I,, are the diametral and polar mass moments of inertia of the disk,

respectively.
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By considering the gimbals and pendulum rod as massless, the kinetic energy of the gyro

disk can be expressed as:

1
Tg = Ewg(lgwg) + Tg_translation (2.12)

Where Ty transiation deNotes the translation kinetic energy, expressed as:

1
— m, (A w coswt)? (2.13)
g

9_translation 2

The displacement of the mass is defined relative to the space fixed frame as:

—lsin(0)
Tmp = [ 0 ] (2.14)
—lcos(8)

The angular velocity of the pendulum mass can be defined in the inertial frame F as:

0
Wy = [9] (2.15)
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The velocity of the tip mass resulting from pendulum rotation and base excitation is

formulated as:

Aw cos wt —10cos 6 + Aw cos wt
Vmp = @Wmp X Ty + 0 ] = 0 (2.16)
0 [6sin(0)

The combined kinetic energy of the pendulum and the gyro disk is:

T= Ty+ Ty (2.17)

2.3.2 Potential energy

The potential energy of the system, due to the tip mass gravity force and strain energy of

the torsional spring attached to the outer gimbal is:

1
V = -m,glcos(6) + > ko @2 (2.18)
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2.3.3 Rayleigh dissipation

The energy dissipated due to the torsional damping around the pendulum hinge axis and

due to torsional damping around the outer gimbal axis can be formulated as:

1 . 1 .
F = 2cob? + 5 cob? (2.19)

2.3.4 Lagrange’s equations

The equations of motions can be derived using Lagrange’s method as:

dt

d <6T> 9T v aF

! VLT =12..,N. 2.20
dq;)  dq;  0q; 0q; ' ! (220

Where q; and q; are the j™ generalized coordinate and its time derivative, respectively. In

the system under consideration, g; = 6,q, = ® and N = 2.

The two equations of motion corresponding to (6) and (@) DOFs can be expressed as:

(I, sin? ® + I cos® @ + 1*m,))d + (I, — I) 2sin(®P) cos(P) PO + cy0
(2.21)
—I,,0 cos(P)D + glm,sin@ = Almpa)2 sin wt cos6

[® + (I — 1) sin(®) cos(P)0? + 1,2 cos(P)O + co® + kd = T (2.22)
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2.3.5 Non dimensional analysis
To better interpret the results and understand the relative importance of different

parameters, the equations of motion can be represented in a non-dimensional form as:

(J1sin?® + J,cos?® +1)0" + J,sin(20) 8'd’ + 240’

(2.23)
— J10 cos(®)®’ + sin @ = A@? sin &1 cos O
1 ~ T
Q" — Esm(ZfD) 0'2 + 20 cos(P)0' + 2{, P’ + B2® = — (2.24)
Wy
The non-dimensional variables and parameters are defined as:
g — d?6 , do "o d’o , do ke
~ dt? Cdr ~ dr? “ar YT T
g | I - A
T = wet wWg = \/% a = mplz ]1 = % ]2 = a A= T (225)
~ 0 c W
6 ~ ] ]
209 = — = — = — 2(p = — = —
Co e wg w . ) o B wg
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It is worth noting that, w, denotes the natural frequency of the pendulum, 4 represents the
non-dimensional excitation amplitude, ¢, is the damping ratio for the pendulum, Q2
represents the spinning ratio, @ is the excitation frequency ratio, {4 is the damping ratio
for the gyrostabilizer, and £ represents the natural frequency ratio between the
gyrostabilizer and the pendulum. Note that, the torque will be considered to be zero for the
passive system.

The equations of motion Equation (2.23) and Equation (2.24) can be then solved to obtain
the system response to the base excitation. First, the system response with neglecting the
control torque (T) is analyzed to investigate the passive vibration isolation characteristic of
the gyrostabilizer which will be discussed in the next section. The next chapter will explore
the active vibration isolation performance by developing linear and nonlinear controller to

adjust the input torque (T) to mitigate the pendulum response to the base excitation.

2.3.6 Passive gyro-stabilized system

In this section, the passive system transient response and frequency response will be
presented. The effect of selected system parameters and vibration isolation properties will

be presented also to study these effects on the system response.
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Figure 3 illustrates the dynamics response of the pendulum-gyrostabilizer system for
different spin ratios of the gyrostabilizer. Figure 3 (a) shows the pendulum angle response
(0) in degrees, while the Figure 3 (b) shows the precession angle (®) in degrees over the
same time span. The numerical simulations are performed at B = 3, {p = {p =
0.03, @ =1, and 4 = 0.05. In Figure 3 (a), the pendulum's oscillations exhibit periodic
behavior across all spin ratios. For a spin ratio of 0, the amplitude of (0) is largest and (®)
is zero, indicating that the system without gyro stabilization, which yields to the largest
response for the pendulum oscillation (8). As the spin ratio (2) increases from 10 to 30, the
amplitude of (0) decreases, showing the stabilizing influence of the gyrostabilizer. This
stabilization becomes more pronounced at higher spin ratios, leading to a considerable
reduction in the pendulum response. Increasing the spin ratio (£2) leads to an increase in
the (@) response also, which lead to better oscillation reduction in (0) response as shown

in Figure 3 (a).

20 -
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Figure 3: System response for different 2 at the pendulum resonance: (a) 0 response in
degrees and (b) @ response in degrees
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Figure 4 illustrates the dynamic response the pendulum-gyrostabilizer system under
varying spin ratios, with excitation frequency @ = 1 and wy = wg (i.e. § = 1) . Figure 4
(a) shows the pendulum time response () for different spin ratios. At 2 = 0 (blue curve),
large oscillations occur due to resonance. As the spin ratio increases, oscillations decrease,
reaching the minimum at (2 = 30, indicating the effective vibration absorption by the
gyrostabilizer. Figure 4 (b) shows that the precession angle (®) response decreases as (1)
increases. At lower () the system shows higher response in both (8) and (®). The

numerical simulation result are performedat =1, {4 = {, =0.03, @ =1, and 4 =

0.05.
20
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Figure 4: System response for different I when we, = wg: (a) 0 response in degrees and (b) @
response in degrees
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Figure 5 shows the frequency response for the pendulum (0) and the gyrostabilizer (®) at
different spin rate ratios. As the (2) increases, pendulum response decreases while the gyro
response increases. It is clear that the first resonance peak shifts to the left as (2) increases.
This is due to the added effective inertia from the gyrostabilizer, which lowers the
fundamental natural frequency. However, the second peak shifts to the right (higher
frequencies) due to gyroscopic stiffening, which increases the system's effective stiffness
at higher speeds. Additionally, the second peak of (®) frequency response grows
significantly with increasing (£2), indicating a stronger energy transfer into the precession
motion and a more dominant gyroscopic effect at higher frequencies. These changes are
caused by mode shapes changes, increased effective inertia, and gyroscopic stiffening,
which together affect the frequency response. The numerical simulation results are

performed at: § = 1.5, {y = 0.05, {, = 0.1, and 4 = 0.01.

Q=0
(a) Q=10
802t Q=20
o, Q=30
8
S
E1F
>
0 1 1 1 ]
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w/we
60 -
(b)
80 40+
=,
§
&S 20
0 . . . . .
0 0.5 1 1.5 2 2.5 3

w/weg

Figure 5: Frequency response for variable 2 : (a) 6 frequency response and (b) ® frequency
response
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Figure 6 illustrates the frequency response of the pendulum-gyrostabilizer system, when
B = 1. The numerical simulation are performed at: {; = 0.05,{, = 0.1, and A = 0.02.
At @ =1 and non-zero (), the system exhibits the lowest amplitude because it operates
as a tuned vibration absorber, where (wg = wg). In this situation, energy is effectively
transferred between the primary structure (pendulum) and the auxiliary system
(gyrostabilizer) to minimizes the overall response. This resembles the behavior of a
dynamic vibration absorber, which is designed to cancel out oscillations at a specific
frequency by introducing a secondary mass that vibrates out of phase with the primary
structure. When the system is properly tuned, destructive interference occurs, reducing the
amplitude of both (8) and (®) at the resonance frequency of the original system.
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Figure 6: Frequency response of the vibration absorber: (a) 6 frequency response and (b) ® frequency
response
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Figure 7 illustrates the frequency response of the system for different values of () with
keeping all other parameter fixed and the numerical simulation result are obtained at: {p =
0.05,{5 = 0.1,A = 0.02, and 2 = 25. The minimum response is at B =1 , indicating
effective vibration absorption, but with close two peaks to each other as shown in Figure 7
(a). As (P) increases from 2 to 5, the system's dynamic behavior changes significantly. The
first resonance peak of (0) shifts slightly to the left, while the corresponding amplitude
increases. However, the second resonance peak of (0) vanishes with increasing (). This
behavior can be attributed to the increased stiffness of the gyrostabilizer's torsional spring,
which effectively raises the dynamic stiffness of the coupled system. As (B) increases, the
gyrostabilizer becomes more resistant to precession, reducing its dynamic interaction with
the pendulum. As observed in the Figure 7 (b), at lower (B) values, the gyrostabilizer is
more compliant due to a lower torsional stiffness, allowing larger precession amplitudes in
response to the base excitation. This results in prominent peaks of () particularly near the
coupled resonance frequencies. This increased stiffness also reduces the amplitude of

precession and leads to a suppression of resonance peaks of the (@) response.
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Figure 7: Frequency response for different beta values: (a) 6 frequency
response and (b) @ frequency response
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CHAPTER 3

Active Vibration Isolation

In this chapter, two controller designs are implemented and compared. The first is a linear
controller based on a state-space model obtained by linearizing the nonlinear system using
the Jacobian matrix around an equilibrium point. The second is a feedback linearization
nonlinear controller, specifically exact feedback linearization, which transforms the
nonlinear system to a linear by applying a state transformation and a suitable control input.
The feedback linearization basis is to cancel out the system's nonlinearities using state

feedback, allowing the application of conventional linear control techniques.
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3.1 Linearized system

The linearized system follows the form of x = Ax 4+ Bu where x is the state vectors

derivatives, 4 is the system matrix, x is the state vectors, B is the input matrix and u is

the control input vector.

3.1.1 Jacobian linearization around an equilibrium point

Using Equations 2.23 and 2.24, and with consideration of the input torque (T), the nonlinear

state vector can be defined in the state space form as:

X2

X3

_.x'l_

%,

A?

X2

sin @t cos x; — J, sin(2x3) x,%, — 2{px, + J102 cOS x3 x4 — Sinx;

(Jisin?x3 + J,cos? x5+ 1)
X4
1

T _ B
— + o sin(2x3) x5 — 200 cos(x3)x; — 2B{pxs — f2x3
wgl 2
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In order to linearize the system, x*=[0 0 0 0]7 is assumed to be the equilibrium

point. Based on [37] the Jacobian matrix can be formulated at x = x* as:

af
A= a|x=x*

C 4 4 dh day [ O 1 0 0
dxl dxz dX3 dX4, .
a4 4 s | ZL % 17

_ dx1 de d.X'3 d.X'4 _ ]2+1 ]2+1 ]2+1
Tl A dh dnT
dx1 de d.X'3 d.X'4 0 0 0 1
A 4 _
- dx1 de d.X'3 d.X'4,- B 0 _Z.Q _BZ _ZBZ(p_
and B matrix is:
i1 10
du
ar| o
__df _ |du
au u=u* afs 0
du
ah| |
L Lwgl]
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Since we have only one output, ¢ can be written as:

c=1[1 0 0 O]

So, the full linearized state space model around the selected equilibrium point is

0 1 0 0 [ 0]
-1 —2{ 0 L0 0
.X.'(t): ]2+1 ]2+1 ]2+1 X(t)+ T
0 0 0 1 0
1
0 -20 —p*  —2Be. w_g[
and

y@=1[1 0 0 0]x(®
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3.1.2 Controllability

A system is controllable if it is possible to drive the system from any initial state to any
desired final state within a finite time using an appropriate input [38]. Mathematically, the
system is controllable if the controllability matrix (C) has full rank (i.e., rank = n, where n

is the number of states), where (C) is expressed as:

C=1[A AB AB? .. AB"1]

If the system is controllable, this implies that by applying a suitable control input, the
system state can be moved to any desired position. After checking the rank of the

controllability matrix it is found that its rank = 4, which ensures that system is controllable.

3.1.3 Observability

A system is observable, based on the output measurements, if its internal states can be
determined over the time [38]. The system is observable if the observability matrix (0) has

full rank (i.e., rank = n), which can be expressed as:

|r ]|
oo
If the system is observable, this implies that even if we can only measure the output y, we

can still reconstruct the full state x. After computing the observability matrix, it is found

that it has a full rank (rank = 4), which implies that the system is observable.
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Figure 8 illustrates the time response of the state feedback controller. The simulation
results are performed at: B =3, {, = 0.05, { = 0.05, and 4 = 0.1. Initially, all states
and the control input exhibit sharp peaks before settling into their steady-state values. The

responses of (@) and the control input reflect the system's reaction to the initial excitation,

working to stabilize the system over time.
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Figure 8: Transient system response for linear state feedback controller: (a) 0 transient response, (b)
@ transient response and (¢) input torque U
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3.2 Feedback linearization

Feedback linearization (exact linearization) appeared in the late 1970s and early 1980s as
a key development in the nonlinear control theory. It was pioneered by researchers such as
Alberto Isidori, Christopher Byrnes, and Arthur Krener, who applied differential geometric
methods to control design. The core idea of feedback linearization is to transform a
nonlinear system into an equivalent linear form using state feedback and coordinate
transformations, enabling the application of well-established linear control techniques.
This approach gained prominence through Isidori’s influential book Nonlinear Control
Systems (1985), which systematically presented the mathematical foundation and
applications of the method. Over the years, feedback linearization has been widely used in
robotics, aerospace, and mechanical systems, offering precise control over inherently
nonlinear dynamics. Its continued development has led to advanced variations, including
input-output linearization and dynamic feedback linearization, making it a fundamental
tool in modern control engineering. The basic idea of the feedback linearization is to put
the inverse of all nonlinear term in the input torque to eliminate the non-linearity, so we
will have a linear system that can be controlled using conventional control schemes like

pole placement, PID, LQR..., and etc.
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3.2.1 System relative degree

In this section a state feedback controller will be implemented after applying the feedback
linearization in order to stabilize the system. This method will be applied based on the
analytical model described in Equation 3.1. In the first step, the relative degree of the
system should be checked in order to build the controller. The relative degree (y) is the
number of times to differentiate the output (y) until the input (u) explicitly appears. For a

nonlinear system which is written in the form of

x=fx)+gx)u (3.7)

and
y = h(x) (3.8)

With x € R™, f, g are smooth vector fields on R™ and h a smooth nonlinear function, where
smooth stand for differentiable function [39]. Two scenario can be obtained after we find
the relative degree of the system (y), first one is y = n, where n is the number of the state
vectors. For this case the FBL can be applied directly. However, the second scenario when
(y) is less than (n), a new transformation (normal form) should be found to make y =n and

then implement the FBL.. The relative degree can be obtained as:

__ h oh
y= = f()+ 35— g(u
(3.9)

= Lfh(x) + Lygh(x)u
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Where Leh(x) and Lyh(x) are the Lie derivative of h(x) along f, and g respectively [40].

One can proceed to find the relative degree of the system as:

dLs h
ax

) oLy
y= fx) + Eg(x)u-

(3.10)

= L}h(x) + LyLeh(x)u.

Where L}h(x) is the second Lie derivative of f(x) along h(x). To generalize this

procedure:

y* 1= L} h(x) + LyLi *h(x)u. (3.11)

Where Ly L}~ *h(x)u = 0, if the system has y =n. However, if LyLF ?h(x)u # 0, then

v <n. In general, this relationship can be expressed as:

n_ yn n-1
y" = Lyh(x) + LyLy "h(x)u. (3.12)

and LgL}“lh(x)u # 0 for both cases. Applying this rule to the equations of motion of the

system under study, requires expressing the state vectors in form of Equations 3.7 and 3.8

as:
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f&x) =

X2

A@? sin @t cos x; — J, sin(2x3) x4 — 2{gx, + J102 cOS x3 x4 — sinx,

(Jisin?x3 + J,cos?2x3 +1)

X4

%sin(2x3) x2 — 20 cos(x3)x, — 2B{pXs — Bx3

gx) =

, h(x) =[x, 0 0 0]
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According to Equation 3.12, the relative degree of the system can be calculated as:

A@? sin @7 cos x; — J, sin(2x3) x,x4 — 29X, + J102 cOs x3 X, — sinx;
(Jisin?x3 + J,cos?2x3 +1)

X4

1 ~
Esin(2x3) x5 — 20 cos(x3)x; — 2P{pxs — B2x3

[0 1 0 0]
X2

A@? sin @t cosx; — J, sin(2x3) x5, — 2{px, + J10 cOS x3 x4 — Sinx,
(Jisin?x3 + J,cos?2x3+ 1)

X4

1 ~
Esin(ng) x5 — 200 cos(x3)x, — 2B X4 — B3

A®@? sin @t cos x; — J, sin(2x3) x,%, — 2{gx; + J102 cOS x3 x4 — Sin x4

(Jisin?x3 + J,cos?2x3 +1)
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cos(x;) + A@?sin@tsin(x;) 2{p + Jox4sin(2x3) d  J,sin(2x3) x, — J102 cos x3

a a a a
X, ;
A@? sin @1 cos x; — J, sin(2x3) x,%, — 2{gx, + J142 cOS x3 x4 — Sinx;
(Jisin?x3 + J,cos?2x3+1)

X4

1 -
E5in(2x3) x2 — 20 cos x3 %X, — 23{pxs — B%x3 ]

J142 cos x3 — 2], sin x3 cos x3 X .
> T == xZ
lwj *a

Where a and d can be expressed as:
a= (Jysin?x;+ J,cos?x;+1)

d = ((2J; cos x3 sin x3 — 2 J, cos x3 sin x3)(sinx; + 2{gx, — A@? sin @t cos x;
— J10) cos x3 x4 + J5 Sin(2x3) x,x4))

— (J102 sinxz x4 + 2 J,0 cos 2x3 X,x4)
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Since (T) appeared in (¥), then y = 3. This leads to finding the normal form of the system.
The first step is to find this new transformation such that the system has y = 4. According
to Theorem 13.2 in [39], the system x = f(x) + g(x) u is feedback linearizable if and
only if there is a domain Do such that, the matrix G(X) =
[9(x) adrg(x) ... ad} 'g(x)]hasrank n forall x € Do, where ad;g(x) is the Lie

bracket of g and f and can be expressed as:

d d
adsg(x) = [f, 9] = d—z —d—ig (3.14)

3.2.2 New coordinate transformation

Since G(x) has a full rank, which satisfies the conditions for feedback linearization, and
according to [40], the nonlinear coordinates transformation ¢(x) is diffeomorphism

(derivative and the inverse exist), and can be defined as:

h(x) 71 [$1]
Lgh(x) $2
o(x) = 5 _ (3.15)

| g,
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The new coordinate transformation is defined by { and n and can be written in the following

form as:

é1= $2

&y =b(,n) +alEnu
n=q(n)
y=&

Where b(¢,7) and a(§,n) stand for LYh(x) and LgL]yflh(x) respectively in the (&,7)
coordinate [40]. n denotes the internal dynamics, which is unobservable and must be

asymptotically stable to ensure system stability. Applying Equation 3.15 to the system,

leads to:

h(x) 1 1641 ™1

por=| "= (3.16)
)| & Xy
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Since the new transformation should guarantee that the input will not appear in any state
of the new transformation except éy, the Lie derivative of ) along g(x) should be zero such

that:

on
— = 0 00
I g(x) l

I*w?,lzax41*a)§_

This implies that n should be independent of x,. Since x; and x, appear in the
transformation matrix, we have to select n = x5. Since the new transformation is

diffeomorphism, the inverse of Equation 3.16 is given by:

X1 =&
Xy =&
X3 =17 (3.17)

&(Jisin?n + J,cos?n+ 1) — Aw? sin@t cos & + 20y, + siné;
Jif2cosn — ], sin(2n) &,

Taking the derivative of the new coordinates, the system can be described by

é1= $2

52: $3
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§3 =X, = b(&,n) +al&nu

[—b(§) +v]

u

L
a®

and u in the original coordinates is

1

u = W [—L?h(X) + 1.7]

_ & sin?n + J,cos?n + 1) — A@?sin @1 cos &; + 2{p¢&, +sin&;

]1~Q‘~ cosn — J, sin(2n) &,

After applying the new input, the new coordinates are:

é1= $2
Séz= $3
§3=A§+Bv

_&Us sin?n 4+ J,cos?n+ 1) — A@?sin @t cos &; + 2{p¢, + siné&,
J182 cosn — J5 sin(2n) &,

1
u= a® [=b(&) + v]

v= —K&= —kix —kyx — k3x — kux

y=4&
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Where K is selected such that (A-BK) is Hurwitz and 7j is the internal dynamics. Since
1j represents @, it will be unstable. Now the system is fully feedback linearized. The gains
can be obtained using sine cosine algorithm. Using the following equation in order to

minimize the error.

tr tr
. . . _ 2 2
minimize = e ds+f u“ds
kikzksks fo 0 (3.19)

where e and u are the error and the control law, respectively.

3.2.3 Transient response comparison

This section presents a comparison of the transient responses for passive and active
systems. First, the transient response of the passive system and the feedback linearization
(FBL) system are compared. Then, the transient response of the FBL system is also

compared with the transient response of the linearized state feedback controller.
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Figure 9 compares the time responses of (0) and (®) between passive and active
gyrostabilizers (FBL). In the passive case, the angles (0) and (@) keep vibrating over time
as shown in Figure 9 (a) and (b), where the responses of (0) and (®) are considerably larger
for the passive system. This is because passive systems rely only on the natural behavior
of the gyroscope and cannot sufficiently adjust to the external disturbances. The main
advantage of passive control is that it is simple, and is easy to build. However, it cannot
sufficiently stabilize the pendulum, especially when the system is subjected to a higher
excitation. The active system, on the other hand, shows much better performance. The
vibrations in both (6) and (®) become smaller or disappear over time. The numerical

simulation results are obtained at: 2 = 150, 8 =3, {; = 0.05,{, = 0.05,and 4 = 0.2.

AR

passive response
= == FBL response

0 50 100 1 50 200
Time (s
100 ¢ (s)
B
= 0
-
-100 ' ' '
0 50 100 150 200
Time (s)
Figure 9: Transient response for passive and FBL: (a) 0 transient response and (b) @ transient
response
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Figure 10 compares the system response using linear state feedback control and feedback
linearization (FBL). The numerical simulation results are obtained at: 2 = 80, S = 3,
{g = 0.05, {» = 0.05, and A = 0.1. The linearized controller, while relatively simple to
implement and computationally efficient, is based on an approximation valid only near the
equilibrium point. As a result, it does not fully capture the system’s nonlinear behavior
under larger disturbances or during fast transients. This is evident from Figure 10, where
the linear controller shows a lower steady-state amplitude for both (8) and (®), but suffers
from an initial high spike. This spike is due to the controller’s inability to handle the
system's nonlinearity at the beginning. In contrast, feedback linearization (FBL) uses the
exact nonlinear model to cancel out the nonlinearities and transform the system into an
equivalent linear. This approach provides better tracking and improved control,
particularly, as shown by the smoother initial response and reduced initial overshoot.
However, FBL requires full and accurate knowledge of the system dynamics, and it can be

more sensitive to modeling errors or external disturbances.

(a) ————— State feedback
Feedback linearization

20 -

¢ [deg]

20k

-40 1 1 1 1 1 1 1 1 1 1
0 10 20 30 40 50 60 70 80 90 100

Time (s)

Figure 10: Transient response for linear state feedback and FBL controllers: (a) 0
transient response and (b) @ transient response
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3.2.4 Frequency response of passive and active system

In this section, the frequency response for passive and active systems will be compared for
different amplitude and spin rates. Table 2 presents the optimized gain values K1, Ko, Ks,
and K4 used in the feedback linearization (FBL) controller under various base excitation
amplitudes and spin rate ratios (). These gains are selected to minimize the angular
displacement of the pendulum (), particularly in the presence of harmonic base excitation.
Three main cases are considered for non-dimensional base excitation amplitude, 4 =

0.05,0.1 and 0.2, including special case at resonance for A = 0.2.

For low excitation A = 0.05, significant gain variations are observed as the spin rate
increases. Notably, at 2 = 20 , the negative value of K1 indicates a less stable response or
possibly underdamped behavior, while at higher spin rates (e.g., 2 = 60), the gains become
positive and substantially larger, reflecting improved stabilization via enhanced control
effort. At A = 0.1, the controller gains remain relatively consistent across spin rates,

showing effective tuning for moderate excitation levels.

In the case of high excitation A = 0.2, the controller requires significantly larger gain
values, especially at higher spin ratios such asf = 150, to maintain stability and
performance. The dedicated row for resonance at A = 0.2 shows a slight reduction in some
gains (e.g., Kz and Ks), which reflects an adjusted response to handle the increased dynamic

amplification near resonance conditions.
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Table 2: Selected controller gains

Base excitation Spin  rate  Ki K2 Ks Ka
amplitude (4) ratio ()
20 -21.9872 20.7825 2 5.48
0.05 40, 60, 80 65.37 200.94 40.56 8.4
20 55 50 60 60
0.1
40, 60, 80 55.0261 200.9872 = 40.7825 40
0.2 150 500 300 300 150
02(@=01-1) 150 500 400 40 20
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Figure 11 shows active and passive system frequency responses. Figure 11 (a) and (b)
show the frequency response of (8) for two values of 2 =20 and 40 respectively. In both
spin ratios, the passive system exhibits larger peak than that of the active. This implies that

the active system can better control the motion and reduce vibrations due to smaller
resonant response.

Figure 11 (c) and (d) show the frequency response of (®). The passive system shows
higher response, especially around the resonant frequency and at relatively higher
frequencies. The active system demonstrates considerable reduction in the system response
across the whole frequency range. Overall, the active system achieves better performance

by reducing the vibration more effectively than the passive system. The numerical

simulation results are obtained at: 8 =3, {y = 0.05, { = 0.05, and A = 0.05.
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Figure 11: Frequency response for passive system and FBL controller: (a) and (b) 8 frequency response and (c) and

(d) @ frequency response at A = 0.05

w/wp
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Figure 12 compares the passive and active systems frequency response at relatively larger
spin ratios 2 =60 and 80 at: B = 3, {p = 0.05, { = 0.05, and A = 0.05. As
demonstrated earlier, the passive system yields higher peak for (8) near resonance, while
the active system keeps the response lower as seen in Figure 12 (a) and (b). Figure 12 (c)
and (d) compares the frequency response of (®). The passive system yields larger response,
especially in the vicinity of the resonance region. However, the active system yields lower
and smoother response across the frequency span. These results confirm that the active

system efficiently reduces the vibration compared to the passive system at relatively larger

spin ratio (2).
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Figure 12: Frequency response for passive system and FBL controller: (a) and (b) 6 frequency response and (c) and (d) ®
frequency response at A = 0.05
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Figure 13 presents the frequency response for the passive and active systems at: (g =
{p =0.05,and 4 = 0.1, for 2 =20 and 2 = 40. Compared to the case of 4 = 0.05,
both system responses increase since A is increased . The active system continues to
performs better by keeping the frequency response of (6) and (®) lower and smoother. At
2 = 40, multiple peaks appear in the passive system as show in Figure 13 (b) , while the
active system suppresses them effectively. This shows that even at higher base excitation

ratio A, the active system still improves stability and vibration control.
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Figure 13: Frequency response for passive system and FBL controller: (a) and (b) 8 frequency response and (c¢) and (d) ®
frequency response at A = 0.1
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Figure 14 compares the frequency response of the passive and active systems for 2 = 60
and 80, at: {5 = 0.05, {3 = 0.05 and A = 0.1. It is visible that the active control system
demonstrates a better performance by significantly reducing the angular displacements (0)
and (®) compared to the passive system. As (£2) increases from 20 and 40 to higher values
of 60 and 80, the active system further improves in vibration suppression, clearly indicating
the effectiveness of increased (2) for the active control system. Conversely, the passive
system maintains high resonance peaks, highlighting its limited capability to reduce

vibrations effectively at higher excitation amplitudes ratio (4) and spin ratios (12).
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Figure 14: Frequency response for passive system and FBL controller: (a) and (b) 6
frequency response and (c) and (d) ® frequency response at A = 0.1
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Figure 15 illustrates the frequency response of the system at an excitation amplitude of
A = 0.2 and a spin ratio of 2 = 150. The results show a clear distinction between the
passive and active vibration control behaviors. The passive system exhibits several sharp
resonance peaks and abrupt jumps in both (6) and (®), indicating increased instability and
sensitivity to excitation. In contrast, the active system successfully suppresses these
resonant peaks, maintaining a smooth and significantly lower response across the
excitation range. This highlights the effectiveness of the active control strategy in handling
high excitation ratio (4) levels, especially at high spin ratios, by enhancing system stability
and reducing the pendulum’s angle. The simulation results are performed at: § =3, {y =

0.05,{s = 0.05,and 4 = 0.2.
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Figure 15: Frequency response for passive system and FBL controller: (a) 8 frequency
response and (b) @ frequency response at A = 0.2
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Figure 16 Shows the effect of (B) on the FBL controller, which represents the ratio
between the natural frequency of the gyrostabilizer wg and the natural frequency of the
pendulum wg if both systems are decoupled. The result show that as 3 increases from 1 to
4, there is no change in the system frequency responses. The curves stay the same, which
indicates that (B) has almost no effect on the system's frequency response for the FBL
controller. This suggests that increasing (B) further does not improve the vibration isolation
in this case. This is because the control (T) is directly applied on the precession angle (®).
Also, it is clear that there is only one main peak in the active system, while the second peak
that usually appears in the passive system is no longer present, showing the effectiveness
of the active control to nullify the second resonance of the system. The simulation results

are performed at: 2 = 20, {4 = 0.05,{; = 0.05, and 4 = 0.02.

1.5
R / - = =2
(a) - = (3=4
é 0 '5 _ /'/ \.\ e et
S S m—
—
O ----- m— I I |
0 0.5 1 1.5 2
w/weg
4 ~
- N\,
&0 \,
5, b) \
3 (
‘_:";2_ \\M
<
g
-
0 _——"l’/ 1 1 I
0 0.5 1 1.5 2
w/wy

Figure 16: Frequency response for the FBL for different value of B: (a) 8 frequency response and (b)
® frequency response
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CHAPTER 4

Conclusion and future works and recommendations

4.1 Conclusion

This thesis presented a comprehensive investigation into the vibration isolation of a
harmonically excited pendulum system using both passive and active gyrostabilizers. The
study began with the derivation of nonlinear equations of motion using Lagrange's method,
capturing the intricate coupling between the pendulum's oscillation and the gyrostabilizer's
dynamics. A crucial aspect of the analysis was the development of the non-dimensional
equations of motion, which revealed the fundamental parameters governing system

behavior.

The passive gyrostabilizer system demonstrated effective vibration reduction near the
pendulum’s natural frequency, and its performance was found to be improved at higher spin
ratios. However, this approach showed limitations under larger excitation amplitudes
where the vibration isolation performance is not sufficient. In contrast, the active control
system using feedback linearization (FBL) exhibited superior performance across all tested
scenarios. The transient response analysis revealed that while the passive system
maintained persistent oscillations, the FBL controller achieved rapid stabilization with
minimal overshoot, effectively decoupling the system'’s natural modes through precise

control of the precession angle.
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An important finding was the diminished role of the natural frequency ratio (B) in the
actively controlled system, while (B) significantly influenced the passive system's response.
This is because the feedback linearization controller actively controlled the precession of
the gyrostabilizer, effectively overriding the natural frequency relationship that would
otherwise dominate the passive system's behavior. The frequency response analysis
confirmed this observation, showing that the active system maintained consistent
performance regardless of [ variations, while the passive system exhibited strong

dependence on this parameter.

The comparative analysis of control strategies highlighted the advantages of feedback
linearization over conventional state feedback approaches. The FBL method, by explicitly
accounting for system nonlinearities, provided superior disturbance rejection and tracking
performance compared to the linear state feedback controller, which showed limitations
due to its reliance on local linearization approximations. The non-dimensional framework
proved particularly valuable in this comparison, enabling clear visualization of how

different control approaches affected the system's response characteristics.

The active control findings have significant implications for practical applications where
vibration isolation is critical, such as in marine stabilization systems, aerospace platforms,
and precision mechanical systems. The demonstrated effectiveness of active gyroscopic
control, particularly through feedback linearization, suggests promising avenues for
implementation in real-world scenarios where environmental disturbances and operating

conditions may vary significantly.
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4.2 Future recommendations

1. Advanced Control Strategies

Future studies can explore more advanced control methods to improve the performance
and reliability of the system. Techniques like adaptive control or sliding mode control can
improve the system response to any changes or uncertainties in parameters. In addition,
combining feedback linearization with intelligent methods such as fuzzy logic or neural
networks may improve the controller’s ability to handle disturbances. Methods like LQR
or model predictive control (MPC) could also be used to optimize the control effort and

energy usage.

2. Experimental Validation

Building a physical prototype of the pendulum—gyrostabilizer system is an important next
step. Experimental testing can confirm the results of the simulations and help understand
the system’s behavior in real-world conditions. Using sensors like IMUs and fast-response
actuators will allow real-time implementation of the control algorithms. Data collected
from experiments can also be used to improve the system model and support better

controller tuning.
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3. Multi-Degree-of-Freedom (MDOF) Systems

This study can be extended to spherical pendulums that move in multiple directions. For
example, controlling rotation in both pitch and roll can be useful in applications such as
ship stabilization, drones, or camera platforms. It is also important to study how multiple
gyrostabilizers interact when used together in more complex systems. These extensions

would make the method more applicable to a broad range of engineering problems.

4. Nonlinear Behavior and Stability

Further analysis can also focus on the system’s behavior in more extreme conditions. This
includes studying the system response under large base excitations that leading to large-
angle motion. Stability analysis and bifurcation studies can help identify safe and unsafe
operating ranges. In some cases, the system may even show chaotic motion, especially
without proper control. Understanding these effects can improve the isolation performance

and controller design.
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