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THESIS ABSTRACT
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TITLE OF STUDY: SEMI-BLIND METHODS FOR CHANNEL ESTIMA-

TION AND DATA RECOVERY IN MULTI-CARRIER

COMMUNICATIONS

MAJOR FIELD: Electrical Engineering

DATE OF DEGREE: May, 2025

Multiple Input Multiple Output (MIMO) communication systems and their more

advanced counterpart, Reflective Intelligent Surface (RIS) assisted MIMO communi-

cations, are regarded as promising technologies for both current and next-generation

wireless communication systems due to their exceptional ability to enhance overall

system performance.

In this research, we focused on addressing channel estimation and channel equal-

ization using a source separation approach for multicarrier communication systems.

Therefore, by employing semi-blind approaches, the thesis emphasizes performance-

bound evaluation and developing efficient semi-blind algorithms for MIMO and RIS-

assisted MIMO systems, while addressing key challenges such as carrier frequency

offset (CFO).

xix



Initially, we focus on developing a global cost function that utilizes the orthogonality

properties between the covariance matrix and noise subspace. This approach enables

the channel coefficient estimation for each subcarrier in a parallel scheme. As a result,

an accurate channel estimation is guaranteed with reduced computational complexity.

To enhance the bandwidth utilization in the system, this thesis employs an embedded

pilot scheme, in which the pilot sequence and data symbols are embedded (superimposed)

during transmission to conserve additional bandwidth. Further, we introduce a new

semi-blind-based algorithm for joint source separation and CFO estimation. In this

approach, a block gradient descent optimization method is adopted to minimize the

proposed hybrid cost function. We also present a method of optimizing the step size,

which improves the estimation process and convergence rate of the proposed algorithm.

In addition, the emergence of Reflective Intelligence Surface (RIS) introduces new

challenges in channel estimation, especially when there is more than one RIS in the

system, due to the cascading effect of the channel. Current double RIS (D-RIS) systems

rely on pilot-based estimation, which is bandwidth inefficient; there is a need for a

semi-blind approach to improve the estimation. We present a semi-blind algorithm

for D-RIS-assisted systems, where two RISs are considered, and the received signal

is presented in the form of a 3-way Tucker-2 tensor model. We adopt a Tucker

factorization method for a semi-blind technique to estimate all the channels effectively.

The performance evaluation of the proposed semi-blind algorithms is analyzed us-

ing the Cramer-Rao Bound (CRB), and the results highlight the effectiveness of the

proposed semi-blind algorithms for the multicarrier communication systems.
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الرسالة ملخص

علي ناصرو كبيرو الاسم:

الموجات متعددة الاتصالات في البيانات واستعادة القنوات لتقدير عمياء شبه طرق الدراسة: عنوان

الكهربائية الهندسة التخصص:

2025 مايو العلمية: الدرجة تاريخ

العاكس الذكي السطح بمساعدة MIMO اتصالات تقدمًا، الاكٔثر ونظيرتها (MIMO) والمخرجات المدخلات متعددة الاتصالات انٔظمة تعتبر

للنظام. العام الادٔاء تحسين على الاستثنائية لقدرتها نظرًا القادم والجيل الحالية اللاسلكية الاتصالات لانٔظمة الواعدة التقنيات من (RIS)،

لذلك، الحاملة. الموجات متعددة الاتصالات لانٔظمة المصدر فصل نهج باستخدام ومعادلتها القنوات تقدير معالجة على ركزنا البحث، هذا في

وانٔظمة MIMO انٔظمة من لكل فعّالة عمياء شبه خوارزميات وتطوير الادٔاء حدود تقييم على الرسالة هذه ترُكز عمياء، شبه مناهج استخدام خلال ومن

(CFO). الحاملة الموجة تردد ازٕاحة مثل رئيسية تحديات معالجة مع RIS، بـ المدعومة MIMO

معامل تقدير من النهج هذا يُمكّن الضوضاء. وفضاء التغاير مصفوفة بين التعامد خصائص تستخدم شاملة تكلفة دالة تطوير على نركز البداية، في

الحسابي. التعقيد تقليل مع للقناة دقيق تقدير يُضمن لذلك، ونتيجةً متوازي. مخطط في فرعية حاملة موجة لكل القناة

ورموز الدليل تسلسل تضمين يتم حيث مُدمجًا، تجريبيًا مخططًا الاطٔروحة هذه تستخدم النظام، في الترددي النطاق عرض استخدام لتحسين

المشترك المصدر لفصل عمياء شبه جديدة خوارزمية نقُدم ذلك، على علاوةً اضٕافي. ترددي نطاق عرض على للحفاظ الإرسال اثٔناء (تراكبها) البيانات

حجم لتحسين طريقةً نقُدم كما المقترحة. الهجينة التكلفة دالة لتقليل الكتلي التدرج انحدار تحسين طريقة تعُتمد النهج، هذا في CFO. وتقدير

المقترحة. للخوارزمية التقارب ومعدل التقدير عملية يُحسّن مما الخطوة،

شبه الخوارزميات فعالية على الضوء يسلط مما (CRB)، كرامر-راو حدود باستخدام المقترحة العمياء شبه الخوارزميات ادٔاء تقييم تحليل يتم

xxi



الموجات. متعددة الاتصالات لانٔظمة المقترحة العمياء

(D-RIS). الاتجاه ثنائية MIMO بتقنية المدعومة الاتصالات لانٔظمة العمياء شبه القنوات لتقدير جديدة خوارزمية تطوير الدراسة هذه الٔهمت

ثنائي الاتجاهات ثلاثي تاكر موتر نموذج شكل على المستقبلة الإشارة تعُرض حيث RIS، انٔظمة من نظامان الاعتبار بعين يُؤخذ الانٔظمة، هذه في

بفعالية. القنوات جميع لتقدير لعواملها تاكر تحليل طريقة وتسُتخدم الاتجاه.
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CHAPTER 1

INTRODUCTION

1.1 Overview

Mobile and wireless communications technologies have significantly advanced in vari-

ous fields [2], enabling continuous access to voice or data information in a state where

it is impractical to install physical equipment. As a result, wireless devices have

become increasingly convenient and affordable, resulting in the necessity and expan-

sion of wireless communication technology. Public welfare agencies, such as police,

fire safety, and ambulance services, use mobile communications devices extensively

for daily operations. Other agencies, such as airline staff, use wireless devices for

ticketing, flight scheduling, and luggage handling tasks. Consumers can receive and

pay electronic bills via phones using Wireless Application Protocol (WAP). Courier

companies like Saudi Post, SMSA, UPS, and DHL have adopted wireless and mo-

bile communication devices for tracking parcels and managing emergency drop-offs or

pickups services. In addition to the critical need for precise real-time transmission

of voice, data, and video, security personnel increasingly prioritize adopting cutting-
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edge wireless technologies. These technologies are intended to enable the creation of

a digitally interconnected network using wearable computers and wireless radios to

establish a comprehensive surveillance network.

Furthermore, in modern times, mobile cellular communications have emerged as

the most widely used technology for wireless communications. The incredible growth

of this mobile technology from the first generation (1G) to the sixth generation (6G)

has indeed occurred across several technological generations [4]. The first generation

(1G) communications standard emerged in the 1980s and was dominated by analog

audio transmission, marking a significant leap forward in telecommunications. On the

other hand, the emergence of digital technologies resulted in second generation (2G)

mobile communications, primarily the Code Division Multiplexing Access (CDMA)

and the Global System for Mobile Communications (GSM) have been standardized

as 2G technologies and have spread worldwide due to their high system capacity and

quality of service[6]. Subsequently, high throughput demands necessitate the emer-

gence of 2.75G Enhanced Data Rates for Global Evolution (EDGE) standard and the

conventional 2.5G General Packet Radio System (GPRS). Due to this success, the

third generation (3G) and 3.5G was developed using the Universal Mobile Telecom-

munications System (UMTS) standard and the High-Speed Downlink Packet Access

(HSDPA) protocol. However, to facilitate applications that require high bandwidth

of capacity 150 Mbps such as high-definition virtual conferencing and the Internet of

Things, the fourth generation (4G) was released in 2012 and sought to deliver high-

speed communication with increased security. The technological foundation needed to

meet 4G standards was provided by Long-Term Evolution (LTE). However, only Ad-
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vanced Long-Term Evolution (LTE-A), or Enhanced Long-Term Evolution (LTE+),

has achieved 4G standards. The concepts of Orthogonal Frequency Division Multi-

plexing (OFDM) and Multiple-Input Multiple-Output (MIMO) were the cornerstones

of 4G systems [7]. The fifth generation (5G) technology standard for cellular networks

was introduced globally by cellular phone companies starting in 2019. This technology

succeeds in the 4G standard by increasing the bandwidth of the system, connecting

more users with a high data rate at multi-gigabit peak data speed, offering vastly low

latency and excellent quality of service. It is also expected to virtually connect every-

one and everything, including devices, machines, and objects. The Sixth Generation

(6G) network standard aims to provide extremely high energy efficiency with ultra-

low latency. In addition, the 6G network standard integrates artificial intelligence to

enhance services and capacities. The vision for the 6G generation involves providing

a common ground for communication between the human and digital worlds.

To significantly improve the quality of service, system spectral efficiency, capacity,

and reliability of wireless communication systems, multiple antennas are used either

at the transmitter side (Multiple-Input Single-Output (MISO), at the receiver side

(Single-Input Multiple-Output (SIMO), or at both ends (MIMO) [9, 10]. MIMO ar-

chitectures provide additional degrees of freedom through the spatial dimension, which

can be leveraged to either transmit independent data streams simultaneously (spatial

multiplexing) or transmit the same data stream multiple times (spatial diversity).

Orthogonal Frequency Division Multiplexing (OFDM) is a highly efficient data

modulation and multiplexing/demultiplexing technique. It achieves high throughput

by simultaneously transmitting over numerous subcarriers. Also, it enhances system
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robustness against frequency-selective fading by converting the channel into several

parallel flat fading channels. Additionally, OFDM mitigates inter-symbol interfer-

ence and inter-carrier interference through the use of a cyclic prefix and orthogonal

transform. Furthermore, the integration of MIMO technology with OFDM, known as

MIMO-OFDM systems, has facilitated high-speed data transfer and positioned the

system as a viable option for 5G and beyond communications.

In mobile communications, data symbols and pilot sequences are Time-Division

Multiplexed (TDM), meaning that pilot sequences and data sequences are transmitted

in separate time slots. The TDM scheme significantly reduces the system’s spectral ef-

ficiency. On the other hand, a Superimposed Training (ST) scheme has been proposed

where the pilot symbols are superimposed to the data signals during transmission to

enhance the system’s spectral efficiency [7], [8], [9]. In the ST scheme, the data Signal-

to-Noise Ratio (SNR) is reduced because the transmitted energy is shared between

the pilot sequences and the data sequences.

The embedded pilots scheme has various practical applications in wireless commu-

nication systems. These applications include channel estimation, which is utilized in

New Radio 5G (5G NR) [10]. It is also employed to fix subcarriers in Wi-Fi (802.11

standards) [11]. Additionally, this scheme is used for Doppler correction and beam

tracking in Low Earth Orbit (LEO) and Geostationary Orbit (GEO) satellite commu-

nications [12]. Moreover, the embedded pilots scheme aids in balancing accuracy and

spectrum usage in cognitive radio systems [13].

Effective system identification and channel equalization are essential for maximiz-

ing the potential of the aforementioned technologies. System identification involves
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estimating the Channel State Information (CSI), which is used for coherent detection

of transmitted signals at the receiver end, and designing efficient precoding schemes to

cancel inter-user interference at the transmitter end. Channel equalization compen-

sates for the distortion caused by the communication channel on transmitted signals,

enabling the recovery of the transmitted data. In this context, source separation

techniques, primarily used in multi-user scenarios, offer an alternative method for

detecting transmitted data without direct reliance on CSI.

Recently, significant attraction has been shifted toward the Reflective Intelligence

Surface (RIS) architecture. RIS is a novel technology that has a strong potential to

be viable for a 6G wireless system. However, effective signal processing techniques

are essential to realize the performance and advantage of the RIS technology in radio

localization, channel estimation, and transmitted signal recovery.

1.2 Channel Estimation

A communications channel is any medium through which information is transmit-

ted from a transmitter to a receiver. The literature discusses various models and

techniques for estimating these channels. The methods for channel estimation are

generally categorized into: pilot-based, blind, and semi-blind (SB) approaches.

1.2.1 Pilot-based Approach

The pilot-based approach involves the use of well-known pilot sequence by both the

transmitter and receiver. These sequences are appended to the data frames in a time-
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frequency grid in two well-known arrangements: block or comb type. This method is

often utilized in wireless communication systems due to its simplicity, stability, and

high accuracy. Thus, it uses extra resources to transmit known periodic pilot symbols

that decrease the system’s spectral efficiency [14].

1.2.2 Blind Approach

Blind technique maintains spectral efficiency by relying entirely on a probabilistic

model or the statistical properties of the transmitted data, eliminating the need for

pilot symbols. The existence of cyclo-stationarity properties in the transmitted signal

allows the successful use of Second Order Statistic (SOS) to exploit the non-minimum

phase characteristics of the channels, resulting in the devising of numerous blind al-

gorithms like subspace-based algorithms.

However, most SOS approaches depend on diversity conditions and tend to perform

poorly when there is channel overestimation, highlighting the limitations of blind

techniques in communication systems.

In addition to the SOS approach, High Order Statistic (HOS) provides another

blind technique that does not require diversity conditions. HOS offers both ampli-

tude and phase information using a Fourier transform known as poly-spectra. This

approach can be applied to both Gaussian and non-Gaussian processes and is cat-

egorized into implicit and explicit methods. The implicit HOS approach includes

algorithms such as the Sato algorithm, the Godard-2 technique (Constant-Modulus

(CM)), and the Multi-Modulus (MM) algorithm.

However, the SOS-based approaches require less data sequence compared to HOS-
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based methods. The long data in HOS-based methods is needed for the sample aver-

aging method to result in a minimum variance in estimating higher-order moments.

The comprehensive report of HOS techniques provided in [15], [16] and references

therein.

1.2.3 Semi-blind Approach

The shortcomings associated with blind and pilot-based approaches are addressed

using a semi-blind approach.

The main objective is to utilize the few pilot sequences and receive data to estimate

the channel coefficients effectively. This not only reduces the number of pilots needed

in a pilot-based approach but also mitigates the ambiguities in a blind-based approach.

Additionally, these strategies enable estimating a more extended impulse response

using fewer pilots. This approach is particularly suitable for wireless communications

in challenging environments.

Furthermore, in the context of SOS approaches, any channel can be estimated with

only one pilot. Additionally, the semi-blind approaches are highly appealing in per-

formance compared to the pilot-based or blind approaches, making them increasingly

promising for next-generation wireless communications.

1.3 Source Separation

Source separation is a prominent area in digital signal processing research focusing

on recovering statistically independent signals from mixed received signals. In digital
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signal processing, source separation techniques are employed for channel equalization,

which involves retrieving unknown data from different sources propagated through a

distorting medium called a communications channel.

Several source separation techniques for communication systems have been doc-

umented in the literature, such as Blind Source Separation (BSS), which completely

depends on statistical properties of the received signal. Numerous BSS techniques,

such as Sparse Component and Independent Component Analysis have been proposed

in [17]. CM and MM based approaches are among the BSS. These approaches can be

optimized by either an iterative or a closed-form approach. Some of the iterative meth-

ods are gradient descent, Newton’s method, or Givens and Shears rotations approaches

while the closed-forms are Analytical Constant power Algorithm and the Analytical

CM Algorithm [18] However, the BSS technique exhibits significant complexity and

ambiguity. This can be mitigated using a semi-blind approach.

1.4 Reflective Intelligent Surface

A reflective intelligent surface (RIS) is a cutting-edge communication technology for

5G and beyond that manipulates the communication channel [19]. An RIS consists

of a real-time controllable reflective array made up of numerous inexpensive passive

elements that control the amplitude, frequency, phase, and polarization of incoming

signals from the transmitter before they reach the receiver. RIS is considered as smart,

which extends network coverage, increases capacity, and enhances system performance

[20].
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The performance improvements in the RIS system rely heavily on the number and

positions of deployed RIS in the system, as well as the quality of the CSI [21]. In this

system, the medium for communication between the transceivers consists of two or

three cascaded channels, depending on the number and orientation of RISs considered

in the system. As such, the estimation of the CSI becomes very challenging due to

the cascading effect of the channels in the systems, as opposed to the conventional

communication systems with a single-channel setup [22], [23].

1.5 Thesis Motivations and Organization

This thesis focuses on channel estimation, source separation, and data recovery for

multicarrier communications. The thesis primarily concentrates on developing ef-

fective Semi Blind solutions for direct channel estimation, equalization, or channel

shortening. Additionally, the thesis investigates various factors that the systems per-

formance depends on, such as carrier frequency offset.

Besides, the thesis investigates an embedded pilot scheme that, to our knowledge,

has not been studied in the context of MIMO-OFDM communications. This scheme

involves superimposing the pilot sequence and data during transmission to enhance

the spectral efficiency of the systems.

Furthermore, a focus is given to developing a new performance evaluation met-

ric for the embedded pilot scheme based on the introduced semi-blind algorithms,

explicitly based on the analytical Cramer-Rao Bound (CRB).

In addition, the thesis introduces a new Semi-blind channel estimation for the
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recent technology, Reflective Intelligent Surfaces using the Tucker-2 tensor decompo-

sition method. The summary and flowchart of the thesis are presented in Fig. 1.1.

Chp 1

Chp 2

Chp 3

Chp 4

Chp 5

Chp 6

INTRODUCTION

FAST SUBSPACE-BASED SEMI-BLIND 

CHANNEL ESTIMATION 

JOINT SEMI-BLIND CFO ESTIMATION AND 

SYMBOL DETECTION FOR MIMO-OFDM

CRAMER-RAO BOUNDS FOR SEMI-BLIND 

APPROACH USING EMBEDDED PILOT FOR 

MIMO-OFDM

SEMI-BLIND TENSOR-BASED CHANNEL 

ESTIMATION FOR DOUBLE RIS MIMO

CONCLUSIONS AND FUTURE WORKS

Figure 1.1: The summary of the Thesis presented in the flowchart.

The rest of the dissertation is structured as follows: Chapter 2 presents an al-

gorithm that exploits the orthogonality properties between the signal and the noise

subspace of the OFDM systems for each subcarrier in a parallel approach. Subse-

quently, the global cost function is devised and minimized to estimate the channel

coefficients. The algorithm is named a fast subspace-based semi-blind channel esti-

mation algorithm. In addition, the chapter includes a detailed investigation of the

computational complexity analysis and the minimum number of useful subcarriers re-

quired for the uniqueness of the solution. Chapter 3 introduces a new semi-blind joint

CFO estimation and source separation method using the multi-modulus approach for

both Time-division Multiplexed pilots (i.e., block pilot arrangement) and embedded
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pilots in MIMO-OFDM communications. A joint hybrid objective function incorpo-

rating the Least Squares (LS) and Multi-Modulus (MM) is devised for semi-blind

source recovery and CFO estimation. The devised objective function is optimized for

each iteration using the batch gradient descent optimization method along the search

direction. Furthermore, an efficient initialization procedure is introduced to simplify

the complexity of the algorithm with ease of convergence. Subsequently, a method

for optimizing the step size is presented to enhance the rate of convergence of the

proposed approach. Finally, an efficient adaptive equalization and CFO estimation

method is proposed for the slow-varying channels and CFO. In Chapter 4, we present

a new performance evaluation of a semi-blind algorithm for the superimposed pilot

scheme. The primary objective is to evaluate the efficacy of the proposed techniques

in the case of an embedded pilot in MIMO-OFDM systems. We derive the CRB

for a semi-blind approach that employs embedded pilots for MIMO-OFDM systems.

Moreover, we use different data models to investigate and evaluate the derived CRB.

Chapter 5 presents a new semi-blind joint (coupled) Tucker-2 decomposition method

for channel identification in a Double Reflective Intelligence Surface (D-RIS)-assisted

MIMO communications. We demonstrate that the received signals D-RIS-assisted

systems can be effectively constructed as a Tucker-2 tensor model. By utilizing the

Tucker factorization on the Tucker-2 received signals model, all three cascaded chan-

nels can be estimated effectively. Furthermore, the proposed algorithm is compared

with a Single Reflective Intelligence Surface (S-RIS) and the Multiple Reflective In-

telligence Surface (M-RIS). Lastly, the conclusion and future work are presented in

the chapter 6.
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CHAPTER 2

FAST SUBSPACE-BASED

SEMI-BLIND CHANNEL

ESTIMATION

This chapter deals with the problem of semi-blind subspace-based channel estimation

when considering MIMO-OFDM communications systems. The proposed solution of-

fers a reduced computational complexity, mainly by a factor of the number of subcar-

riers, while guaranteeing accurate channel estimation as compared to state-of-the-art

techniques. By exploiting the orthogonality property of the OFDM modulation, the

covariance matrix and noise subspace are estimated for each subcarrier in a parallel

scheme, and then a global cost function is minimized to obtain channel coefficient

estimates. Besides, conditions for channel identifiability as well as the minimum num-

ber of subcarriers to be used for the uniqueness of the solution, are investigated with

various numerical simulations to corroborate our analysis.
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2.1 Introduction

Combining the Multiple-Input Multiple-Output (MIMO) technology with the Orthog-

onal Frequency Division Multiplexing (OFDM), in a MIMO-OFDM architecture has

been widely used in wireless communications systems as in 802.11n wireless network

[24], LTE and LTE-A [25]. Such a combination has enabled high-speed data transmis-

sion and broadband multimedia services over wireless links [26], [27]. Indeed, MIMO

architectures allow increasing substantially the data throughput and radio communi-

cations reliability [28], [29]. It offers more degrees of freedom provided by the spatial

dimension that can be exploited to either transmit simultaneously independent data

streams, i.e. spatial multiplexing, or perform multiple transmissions of a single data

stream, i.e. spatial diversity. On the other hand, it has been demonstrated that

OFDM is a very efficient modulation technique that can achieve very high through-

put by transmitting on a great number of carriers simultaneously and improve the

system robustness against frequency-selective fading channels by converting the over-

all channel into a number of parallel flat fading channels [26]. Besides, it helps to

eliminate the inter-symbol interference and inter-carrier interference thanks to the

use of a Cyclic Prefix (CP) and an orthogonal transform.

Nevertheless, in order to fully exploit the potential of the aforementioned tech-

nologies, the knowledge of CSI is most often required. Hence, channel estimation is

paramount in wireless communications, where several approaches have been proposed

in the literature. Basically, two main classes of channel estimation approaches have

been adopted. The first class refers to pilot-based channel estimation, which is per-
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formed by using training sequences, called pilots, that are inserted in the data frames

and are known a priori by both the transmitter and the receiver. Such an approach is

the most commonly used in communications standards [24] for its low computational

complexity and high robustness. However, its main drawback is the bandwidth con-

sumption induced by the use of pilots, since a relatively important number of pilots

is needed for accurate CSI. Alternatively, where no pilots are available, blind channel

estimation approaches are adopted. They are fully based on the statistical properties

of the unknown transmitted symbols [30], [31]; and hence allow reducing the overhead

and enhancing spectral efficiency. But, this technique is associated with ambiguity

problems and increased computational cost [3]. On the other hand, the semi-blind

(SB) approach incorporates a few pilot samples with a blind method to correct the

ambiguity developed in the blind technique and improve the estimation accuracy [1],

[32].

SOS-based blind and SB channel estimation, for MIMO-OFDM communications

systems, has been widely used in literature, where Subspace (SS)-based blind tech-

niques (e.g. [33], [34], [35]) have shown to be attractive approaches since reliable

estimates can be often obtained, in a simple form, by optimizing a quadratic cost

function. However, the main drawback of such techniques is often the need for a

high amount of received symbols to guarantee an ‘adequate’ estimation accuracy. For

the purpose of overcoming such an issue, many works proposed solutions to enhance

the speed convergence of SS methods, e.g., [1], [2], [36]. Nevertheless, they still use

sub-blocks of the frequency-domain received symbols with relatively high size; which

requires a large number of symbols for accurate covariance matrix estimation. More-

16



over, in the case of SB, [3], [37] proposed the use of virtual carriers and CP to enhance

the estimation accuracy. Also, [4] proposed a windowing approach that increases the

convergence rate of the algorithm using a circular Toeplitz matrix given in the time

domain. However, these algorithms are efficient in the presence of a large OFDM

sample size. Compared to them, our solution relies on the small size Nr ×Nr covari-

ance matrices, which reduces the computational cost and also improves the estimation

accuracy.

In this context, the aim of this chapter is to propose reduced cost SB SS-based

techniques for channel estimation when considering MIMO-OFDM communications

systems. The main advantage of the proposed algorithm is to further reduce the com-

putational complexity (as compared to the state of the art), to speed up convergence

and to guarantee accurate channel estimation with reduced sample size. Actually, the

proposed solution takes advantage of the orthogonality property of OFDM modulation

to treat the received symbols, at each subcarrier, in a parallel scheme. Accordingly,

covariance matrix and noise subspace estimation, which are basic processing for sub-

space methods, are estimated for each subcarrier and then used to minimize a global

cost function to estimate the channel coefficients. Besides reduced complexity and

faster convergence, which is the main contribution of the paper, a parallel process-

ing can be easily adopted for additional numerical cost gain. Also, another important

contribution is the identifiability analysis that supports the proposed solution and pro-

vides new insights on the minimum number of subcarriers to be used for the channel

estimation consistency.
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2.2 Existing Subspace Algorithms

Many SS-based channel estimation techniques for OFDM communications systems

have been proposed in the literature. All these techniques rely on the orthogonality of

the signal and noise subspaces, e.g., [2], [33], [34], [35], [37], [38], [39], [40], [41], as well

as the specific structure of the channel matrix (which span the signal subspace) that

characterizes ‘uniquely’ the channel coefficient vector. The authors in [2], proposed

a novel subspace-based blind algorithm with a reduced time averaging. Thus, a sub-

carrier grouping of the frequency-domain received symbols is performed by exploiting

the frequency correlation among adjacent subcarriers. The proposed method in [33]

unifies and generalizes the existing subspace-based methods for blind channel esti-

mation in Single-Input Single-Output (SISO)-OFDM systems to the MIMO-OFDM

case and assessed the performance when exploiting jointly all the subcarriers as well

as the CP samples. In [34], [35], the authors proposed an efficient SS method that

can be applied to the CP-based MIMO-OFDM system through an appropriate re-

modulation on the received signal blocks; and by utilizing non-redundant linear block

precoding. The techniques in [42] exploit the space diversity of MIMO systems and

use the properties of the entire received symbol to achieve the channel estimation for

various OFDM systems such as CP-OFDM, Zero-Padding (ZP)-OFDM and CP-free

OFDM systems. In [37], a blind and SB subspace method has been introduced for

channel estimation in OFDM systems, exploiting the redundancy of the cyclic prefix

and specific structure of the channel matrix. This solution has the advantage of being

applied to SISO systems but involves large covariance matrix estimation, which suf-
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fers from computational complexity and slow convergence. Authors in [39] relied on

redundant linear precoding to develop an SS blind and SB based channel estimation

algorithm for Space-Time OFDM systems with Alamouti’s block code applied on each

subcarrier.

More recent subspace-based blind and SB channel estimation algorithms known as

”fast techniques” have been proposed. Authors in [1] proposed a block matrix scheme

based on the Toeplitz structure of the channel matrix. So that, each received symbol

is re-arranged into many equivalent symbols through a windowing process, leading

to a blind subspace channel estimation that can converge within a small amount of

received OFDM symbols. In the same context, authors in [36] proposed a fast blind

subspace channel estimation using a circular property of the channel matrix for Space–

Time Block Coded (STBC) MIMO-OFDM systems. Accordingly, they proposed the

Cyclic Repetition Method (CRM) and the Forward–Backward Method (FBM) in or-

der to generate N times of equivalent signals for each STBC–OFDM symbol, with N

being the Fast Fourier Transform (FFT) operation size. Also, authors in [4] proposed

an SB approach in which the blind part takes advantage of the circulant property of

the channel matrix in the time domain by subdividing each OFDM symbol into many

OFDM subvectors of reduced length, according to a specific shift. By comparison,

in our solution, the received signal of each subcarrier is directly processed in a paral-

lel scheme leading to a gain in terms of convergence and computational complexity.

Further comparison with the aforementioned techniques will be given in section 2.6.

By inspecting the proposed literature works, one can notice that exploiting the

orthogonality property of the OFDM structure to further reduce computational com-
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plexity, has not yet been fully investigated. Therefore, such a lack motivates us to

assess the effect of the aforementioned property on the performance of SB subspace-

based channel estimation for MIMO-OFDM communication systems. Indeed, by ex-

ploiting the orthogonality property allowed by the OFDM system, one can obtain a

noise subspace basis in a block-diagonal form, where the diagonal blocks correspond

to the noise subspaces associated with the different subcarriers. Consequently, in

the proposed solution, these subspaces are estimated independently and in a parallel

scheme from the received signal covariance matrix associated with each subcarrier.

2.3 Proposed Subspace Algorithm

This section introduces the multi-carrier communications (MIMO-OFDM) system

model adopted in this chapter, then details the proposed SS-based channel estimation

algorithm.

2.3.1 Multi-carrier Communications (MIMO-OFDM) Sys-

tem Model

Figure 2.1 presented a MIMO-OFDM system composed of Nt, Nr transmit and receive

antennas employing K sub-carriers, whereby Nr > Nt. The data symbol transmitted

comprises of K samples after carrying out K-point inverse FFT, and it is extended by

adding the last L samples as CP in its front. The maximum multipath channel delays

N are assumed to be smaller than the CP size, i.e., (N ≤ L). At the receiving end,

the r-th antenna receives OFDM symbols, after taking out the CP and performing
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Figure 2.1: MIMO-OFDM communications system

the K-point FFT, the received symbol at the k-th subcarrier can be written as:

yk(t) = Hksk(t) + ωk(t), t = 1, · · · , Ns (2.1)

where Hk ∈ CNr×Nt is the channel matrix written as:

Hk =
N−1∑
l=0

H(l)e−j2π k
K
l = H(eTk ⊗ INt), (2.2)

where ek =
[
1, e−j2π k

K ...e−j2π
k(N−1)

K

]
, H =

[
H(0),H(1)...,H(N − 1)

]
and H(l) ∈ CNr×Nt

is the l-th channel’s tap matrix of the considered MIMO system written as:

H(l) =


h1,1(l) · · · h1,Nt(l)

... ... ...

hNr,1(l) · · · hNr,Nt(l)

 (2.3)

where {hi,j(l)} being the channel taps between the j-th transmitter and the i-th

receiver, of the MIMO system.

21



The Nt × 1 OFDM transmitted data sk of the k-th subcarrier is considered

to be Independent and Identically Distributed (i.i.d) and has a covariance Rs =

E[sk(t)sHl (t)] = δkldiag(σ
2
s,1, ..., σ

2
s,Nt

) where δkl is the Kronecker delta operator and

the i.i.d. ωk(t) is additive white Circular Gaussian (CG) noise having covariance

Rω = E[ωk(t)ω
H
l (t)] = σ2

ω,kδklINr . We assume that for all z, H(z) =
∑N−1

l=0 H(l)z−l is

a full rank matrix. This condition is met with probability one when the channel taps

are drawn from a continuous probability distribution.

By collecting Ns symbols, one can write the received signal at the k-th subcarrier

as follows:

Yk = [yk(0), . . . , yk(Ns − 1)] = HkSk +Ωk (2.4)

where Yk ∈ CNr×Ns , Sk ∈ CNt×Ns , and Ωk ∈ CNr×Ns .

Remark: It is important to note that when Nr < Nt, subspace approaches cannot

be applied to the problem of channel estimation unless other diversities, such as time

diversity or polarization diversity, are considered to address this issue. Additionally,

the condition Nr > Nt typically occurs only at the base station. In this context,

using Time-Division Duplexing (TDD) mode and assuming channel reciprocity, the

CSI is estimated only in the uplink direction (at the base station) and then utilized

for processing in the downlink direction.

2.4 Identifiability Results

Blind estimation of MIMO channels using SOS is prone to inherent indeterminacy [38].

Therefore, the ‘uniqueness’ of the proposed subspace solution should be understood
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up to this SOS-based blind processing ambiguity. More precisely, with the SOS only,

the blind estimation of the MIMO channel transfer function H(z) can be achieved up

to an unknown Nt × Nt constant matrix; that is, any solution of the form H(z)A,

where A is an Nt ×Nt (unknown) constant matrix, is admissible.

Having said that, based on the data model and the channel ‘diversity’ assumption

given in subsection 2.3.1, one can prove (see Appendix A) the following identifiability

result:

Proof. Assuming (i) the transfer function H(z) is irreducible and (ii) H(N − 1) is

full column rank, the solution of Equation (2.18) is admissible.

In addition, due to the channel coherence, adjacent subcarriers carry nearly similar

channel information [2]. Hence, it is not necessary to use all K subcarriers as in

Equation (2.17), but only a selected subset of them, i.e., Ks subcarriers, with Ks < K

(In many communications standards we use few tens or few hundreds of frequency

bins, so moving from K to Ks might represent a significant computational gain).

Next, we provide a sufficient condition on the minimum number of subcarriers Ks

that preserves the previous identifiability result, given in Proposition 2.4. The proof

of this condition is given in Appendix A.

Proof. A sufficient condition on the minimum number of subcarriers Ks to be used

to build criterion (2.15) while preserving the ‘admissibility’ of our subspace-based

estimate is given by

Ks > (N − 1)(Nt + 1).
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Now, if we use only Ks subcarriers instead of all K subcarriers, the channel estima-

tion quality might be degraded. We provide here a way to select such Ks subcarriers

in order to preserve a ‘good’ estimation performance, as will be illustrated in the next

section. The basic idea of our selection procedure is to consider subcarriers for which

the corresponding quadratic form estimates Q̂k have minimum error variance. That

is, we select the Ks subcarriers for which the estimation error variance of ∥δQk∥2 is

minimum, where δQk = Q̂k − Qk. Indeed, the estimation error on the channel coef-

ficients is directly impacted by the error on the quadratic forms Q̂k. This choice is

also motivated by the fact that the asymptotic estimation error variance of ∥δQk∥2 is

relatively easy to compute, as compared to that of the channel parameter vector h.

In other words, we select the most reliable subcarriers when calculating the matrix Q

according to the following result (proof is given in Appendix B):

Proof. The estimation error δQk related to each subcarrier reduces asymptotically

to

NsE(∥δQk∥2) −→
Ns→∞

2N2Nt(Nr −Nt)
Nt∑
i=1

σ2
n,kλi,k

(λi,k − σ2
n,k)

2
,

where λi,k is the i-th principal eigenvalue of the k-th subcarrier covariance matrix Ck.

2.4.1 Proposed Semi-blind Approach Description

This section begins by reviewing the well-known pilot-based estimator, which is based

on pilot symbols that are known on the receiver side. Following this, we introduce an

efficient subspace blind estimator, which leads to the development of the proposed SB
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estimation solution. This solution is achieved by minimizing a hybrid cost function

that combines a pilot-based and subspace-blind estimator. The aim is to improve the

performance of the proposed algorithm by eliminating the indeterminacy inherited in

the blind processing while reducing the size of the pilot sequence.

2.4.2 Pilot-based Channel Estimation

The pilot-based technique relies on the training sequence and can be derived from the

vectorized form of equation (2.1) when considering all subcarriers as:

y = S̃h + ω, (2.5)

where h =
[
hT
1 · · · hT

Nr

]T
with hi = [HT

:,i(0), · · · ,HT
:,i(N)]T , is a MIMO channel taps with

a size (NrNtN × 1). Si = diag{si} is a (K ×K) diagonal matrix; S =
[
S1F · · · SNtF

]
having K ×NNt size; and S̃ = INr ⊗S with NrK ×NNtNr size, and F is a submatrix

of the Fourier matrix formed by its N first columns. The pilot-based estimator ĥPB

can be found, in our context, by minimizing the least squares cost function:

C(h) = ∥ỹp − S̃ph∥2, (2.6)

where ỹp =
[
y(0)T · · · y(Np− 1)T

]T
(index p stands for ’pilot’ and Np is the number of

used pilots), and S̃p =
[
S̃(0)T · · · S̃(Np − 1)T

]T
. The ĥPB estimator can be expressed

as:

ĥPB =
(

S̃H
p S̃p

)−1

S̃H
p ỹp. (2.7)
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The latter will be used in the sequel for comparison as well as for the proposed SB

approach.

2.4.3 Subspace-based Semi-blind Channel Estimation

Let’s begin by introducing the blind part of the proposed SB subspace channel iden-

tification method, which stands out against numerous subspace methods presented in

the literature for channel equalization in MIMO-OFDM for its low cost, parallelizable

architecture, and efficiency for small or moderate sample sizes. As outlined in Section

2.2, subspace-based techniques leverage the orthogonality between the range space

of the channel matrix and the noise subspace of the received signal’s covariance ma-

trix. By utilizing the orthogonality property provided by the OFDM system, a noise

subspace basis (a matrix whose columns span the noise subspace) can be obtained

in a block-diagonal form. These diagonal blocks correspond to the noise subspaces

associated with the different subcarriers.

These subspaces can be estimated in parallel using the eigenvalue decomposition

of the received signal covariance matrix for the k − th subcarrier, which is expressed

as:

Ck = E(ykyH
k ) = HkRsHH

k + σ2
ω,kINr , (2.8)

This matrix can be estimated using Ns data OFDM symbols as

Ĉk =
1

Ns

YkYH
k =

1

Ns

Ns−1∑
t=0

yk(t)yk(t)
H (2.9)
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Consequently, we can write

Ck = UkΛkUH
k = [Uks |Ukω ]

 Λks 0

0 Λkω


 UH

ks

UH
kω

 , (2.10)

where Λk is a diagonal matrix with eigenvalues arranged in descending order. The

signal subspace matrix Uks ∈ CNr×Nt contains the eigenvectors corresponding to the

largest eigenvalues, while the noise subspace Ukω ∈ CNr×(Nr−Nt) is associated with the

smallest (Nr −Nt) eigenvalues.

Subsequently, based on the orthogonality relationship between the noise and signal

subspaces, it can be expressed as:

UH
kωHk = 0. (2.11)

However, using the following properties:

vec(UH
kωHk) = (INt ⊗ UH

kω)vec(Hk), (2.12)

where, based on (2.2),

vec(Hk) = (ek ⊗ INt ⊗ INr)h, (2.13)

therefore, substituting (2.13) in (2.12) and h = vec(H), we can write

vec(UH
kωHk) = (ek ⊗ INt ⊗ UH

kω)h = Akh. (2.14)
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Henceforward, solving (2.11) using the least squares approach while taking into

account the K subcarriers, involves minimizing the following cost function:

C(h) =
K−1∑
k=0

∥UH
kωHk∥2F =

K−1∑
k=0

∥(ek ⊗ INt ⊗ UH
kω)h∥

2
F , (2.15)

which can be written in simple form as:

C(h) = hHQh, (2.16)

where

Q =
K−1∑
k=0

Ek ⊗ INt ⊗Πk, (2.17)

where Πk = UkωUH
kω

is the projection matrix onto the noise subspace of the k-th

subcarrier, and Ek = eHk ek. Thus, the channel coefficients are estimated in blind

approach as follows:

ĥ = arg min
h

hHQh. (2.18)

Thus, by combining the blind subspace-based cost function presented in (2.15) with

the pilot-based cost function presented in (2.6), the overall hybrid cost function for

the SB technique is formulated as:

C(h) = ∥ỹp − S̃ph∥2 + α
K−1∑
k=0

∥(ek ⊗ INt ⊗ UH
k )h∥2F (2.19)

where α > 0 is a weighting factor. The SB channel estimation solution is obtained by
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minimization of (2.19) leading to:

ĥ =
(

S̃H
p S̃p + αQ

)−1

S̃H
p ỹp. (2.20)

Remark: To prevent degenerate solutions in the blind solution, various constraints on

h can be applied, such as the unit-norm constraint. For this constraint, the solution to

(2.18) is given by the smallest eigenvector of Q. Also, based on (2.18), ĥ is estimated

with a certain indeterminacy inherent to blind processing. This can be eliminated by

applying constraints to the solution or by utilizing additional pilot sequence known at

transmitter and receiver. Specifically, with only the second-order statistics (SOS), the

blind estimation of the MIMO channel transfer function H can be determined up to

an unknown Nt × Nt constant matrix. This means any solution of the form H(z)A,

where A is an unknown non-singular Nt×Nt constant matrix, is acceptable. One way

to ensure this matrix is non-singular is to impose a structure-based constraint on the
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channel coefficients H(0), guaranteeing its full rank property. Therefore, let’s consider

H(0) =



1 0 · · · · · · 0

∗ 1 0 · · · 0

... . . . . . . . . . ...

... ... . . . . . . 0

... ... . . . . . . 1

... ... ... . . . ∗

... ... ... . . . ...

∗ · · · · · · · · · ∗



(2.21)

where ∗ means the unknown complex channel coefficients. Consequently,

vec(H) = [vec(H(0))Tvec(H(1))T · · · vec(H(N − 1))T ]T . (2.22)

Also, by utilizing the triangular structure of H(0) and an proper permutation matrix

P, vec(H(0)) can be re-arranged as follows:

Pvec(H(0)) = [0T 1T h̃T
0 ]

T ,

where 0 is an all-zero vector corresponding to the upper diagonal entries of H(0), 1

is an Nt × 1 all one vector corresponding to the diagonal entries of H(0), and h̃0 is

a vector containing the lower diagonal entries of H(0). Therefore, one can rewrite

the column-wise channel coefficients vec(H) as h = [0T , 1T , h̃T ]T where h̃ contains all
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unknown coefficients of vec(H), to be estimated. In such a case, the cost function

given in (2.15) can be re-expressed as

C(h) =
K−1∑
k=0

∥Akh∥2F =
K−1∑
k=0

∥[A0,k, Ãk][1T , h̃T ]T∥2F . (2.23)

Finally, one can write

h̃ = −(
K−1∑
k=0

ÃH
k Ãk)

#a0 = −Q̃#a0, (2.24)

with a0 =
∑K−1

k=0 ÃH
k A0,k1.

2.4.4 Computational Complexity Analysis

The main steps of the proposed solution, performed independently for each subcarrier,

are given in Table 2.1, with the corresponding computational complexity. Also for

comparison, the corresponding computational complexity of solutions proposed in

[33], [1], [2] and [4] where G refers to the window length used in the algorithms in [1],

in [2] and in [4].

When comparing with a subspace technique using all subcarriers at a time, as in

[33], or sub-blocks, as in [1], [2] and [4], one can easily notice the large gain, in terms of

computational complexity, obtained with the proposed solution by using reduced-size

matrices. Indeed, a gain of factor K (respectively, G2) is obtained when computing

covariance matrix Ck, and of factor K2 (respectively, G3/K) when finding the eigen-

vectors of Ck. Note that this difference becomes more significant when the number of
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Table 2.1: Computational Complexity
Main step Proposed [1] [4]
Computing Ck KNsN

2
r KNs(GNr)

2 NgNs(GNr)
2

Finding Ck eigenvectors O(KN3
r ) O((GNr)

3) O((GNr)
3)

Forming Q matrix K(Nr −Nt +N2)(Nr)
2 G3(Nr −Nt)(NNr)

2 G3(Nr −Nt)(GNr)
2

subcarriers K increases. For example, when using K = 1024 subcarriers, the number

of arithmetic operations (mainly multiplications) needed for computing the covariance

matrix Ck is divided by 1024, while the number of arithmetic operations needed for

finding the eigenvectors of Ck is divided by 10242. Also, by increasing the number of

vectors (through the windowing method) used in time averaging in [1], the covariance

matrix estimation is for sure enhanced but with an increased computational com-

plexity. Moreover, for our method, it is possible to perform the previous subcarriers

matrix calculations simultaneously if a parallel computational architecture is used.

Further performance gain will be revealed through computer simulations provided in

Section 2.6.

Remark: The optimal choice of the parameter α in (2.19) is tedious and leads to

high computational complexity. Fortunately, studies in (e.g., [43]) have demonstrated

that the channel estimation accuracy stays nearly optimal for a wide range of α values.

This implies that fine-tuning this parameter is not essential; typically, one can use

α ∝ (Ns/Np).
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2.5 Discussion

In this subsection, we provide some comments to get more insights on the proposed

SB method:

• The blind approach provides an estimate of the channel transfer function up to

an unknown constant matrix [15], i.e., HB(z) = H(z)A where HB(z) denotes the

blindly estimated transfer function and A is an unknown (Nr −Nt)× (Nr −Nt)

constant matrix. Hence, the SB solution allows us to get rid of this indeter-

minacy with only (Nr − Nt)
2 pilot samples. Note that one OFDM symbol

corresponds to K samples.

• Another advantage of the SB approach resides in its computational cost gain.

Indeed, the blind method needs to minimize cost function (2.15) under appropri-

ate constraints to avoid spurious undesired solutions (see [15], [44] for details),

while the SB one relies simply on the LS solution in (2.20).

• In addition, the SB method allows us to reduce the number of subcarriers consid-

ered in the cost function (2.19) without compromising the solution uniqueness,

which significantly reduces the cost.

• Contrary to other existing subspace methods for MIMO-OFDM, the considered

approach relies on small size covariance matrices (of size Nr ×Nr) which helps

not only reducing the cost but also improving the estimation accuracy when the

number of OFDM symbols is relatively small (usually, the ’accurate’ estimation

of a N × N matrix by sample averaging requires at least few tens of N i of
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samples.).

• Finally, the SB methods are robust to channel order overestimation errors [45]

and help to reduce the pilot size (hence increasing the information throughput)

without affecting the estimation quality [14].

2.6 Simulation Results

This section is dedicated to the performance analysis of the proposed SB subspace-

based solution for system identification when considering MIMO-OFDM systems.

The estimation performance is evaluated in terms of the Normalized Mean-Square

Error (NMSE) given by:

NMSE =
1

Nmc

Nmc∑
mc=1

∥∥∥ĥmc − hexact

∥∥∥2
∥hexact∥2

, (2.25)

where Nmc = 500 represents the number of independent Monte-Carlo runs, ĥmc is

the vector of estimated channel parameters at the mc-th run (Note that we removed

the inherent ambiguity of the considered blind channel estimate before its use in the

least squares criterion.), while hexact contains the true (exact) values of the channel

coefficients, which are generated as i.i.d., unit-power, zero-mean complex Gaussian

random variables. The transmitted data symbols are drawn from 4-QAM modulation.

The Signal-to-Noise Ratio (SNR) is defined as the average value

SNR =
1

K

K∑
k=1

∥HkXk∥2F / ∥Nk∥2F .
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Table 2.2: Simulation Parameters
Parameter Specification
Number of transmit antennas Nt = 2
Number of receive antennas Nr = 4
Number of channel taps N = 3
Number of OFDM subcarriers K = 64

The number of used pilots is Np = 4. Simulation parameters are summarized in

Table 2.2, unless otherwise specified.

For comparison, we compare the proposed SB solution with it’s blind solution

and other blind subspace-based solutions proposed in [2] which considers sub-blocks

of P = 32 adjacent subcarriers, and in [1] which relies on increasing the number of

OFDM symbols by considering windowed versions of each received OFDM symbol,

augmented by a CP, with G = 55 being the length of the sliding window.

Figure 2.2 illustrates the performance of the proposed solution when considering a

small number of received OFDM symbols, e.g., Ns = 30 symbols. One can notice that

the solutions of [2] do not perform well because the small value of Ns does not allow

a proper averaging; hence, for a correct subspace estimation, a large size covariance

matrices is needed in these method. Moreover, all methods fail to provide good chan-

nel estimates at low SNRs due to the lack of averaging in such a noisy context. By

comparing the blind part of the proposed solution with that of [1], which is basically

designed for cases when only a few received symbols are available, one can notice

that the blind part of proposed solution still has approximately the same channel es-

timation performance at moderate and high SNRs while being computationally much

cheaper.
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Figure 2.2: NMSE v.s. SNR with Ns = 30, G = 55 for Ref [1] (Yu2014) and P = 32
for Ref [2] (Tu2010).

Remark: The blind part of the proposed solution performance is close to [1]. Nev-

ertheless, it is important to highlight the significant computational complexity gain

of our solution by considering matrices of size Nr ×Nr for each subcarrier, compared

to that of [1], which involves matrices of size GNr × GNr. Indeed, according to sec-

tion 2.4.4, a reduction of computational complexity of factor G2 = 552 is obtained

for calculating the covariance matrix and of factor G3/K = 553/64 for finding the

corresponding eigenvectors.

Figure 2.3 depicts the comparison between the proposed SB method with SB meth-

ods presented in [3] and [4] as well as the ’Ideal case’, considered just for benchmarking,

where all Ns OFDM symbols are assumed to be known and used for channel estima-

tion using the LS cost function in (2.6). In this experiment, Nt = 2 transmitting
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Figure 2.3: Comparison of proposed SB algorithm with existing SB algorithms for
NMSE v.s. SNR with Ns = 150, G = 45 for both Ref [3] (Yu2012) and Ref [4]
(AL2018).

antennas and Nr = 3 receiving antennas are used. The number of channel taps used

is N = 4 and the total OFDM subcarriers are K = 64. In this experiment, we used

all subcarriers for our method and the number of OFDM pilots considered for all the

algorithms is 4. The figure presents the NMSE against SNR for all the algorithms

considered. Several observations can be drawn from this experiment. Firstly, when

comparing both SB described in reference [3] and [4] using a windowing scenario where

G = 45, they demonstrate the same estimation performance. However, our proposed

SB algorithm outperforms the other algorithms in reference [3] and [4] due to reliance

on small size covariance matrices (of size Nr × Nr), which helps not only reduce the

cost but also improve the estimation accuracy. Secondly, when comparing the algo-

rithms presented in [3] and [4] with the proposed SB algorithm, it can be seen that
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Figure 2.4: Performance evaluation os proposed SB algorithm using NMSE vs. number
of used subcarriers K for different SNR with Ns = 30.

with half of the available subcarriers, our algorithm still outperforms the other ones.

Meanwhile, with one-fourth of the available subcarriers, all the considered algorithms

displayed similar performance at SNR higher than 5 dB. Thirdly, upon comparing the

obtained results with the ’ideal case’, we observe a small discrepancy of a few decibels

(dBs) with respect to this benchmark.

Figure 2.4 depicts that the increase in the number of used subcarriers affects the

algorithm’s performance when the SNR is above 20 dB. However, one can see that

for low or moderate SNRs, one can decrease the number of used subcarriers without

much affecting the estimation accuracy.

Figure 2.5, presents the performance of both the blind and proposed SB algorithms

for NMSE w.r.t SNR; the dashed line represents the blind, and the solid line represents
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Figure 2.5: Performance evaluation using NMSE vs. SNR for the proposed blind
(dashed line) and SB (solid line) solutions with different K values and Ns = 50.

the SB. We can observe that when increasing the OFDM symbol size (i.e., the number

of subcarriers K) while keeping the number of received data symbols relatively small

(e.g., Ns = 50), both algorithms perform relatively similarly. However, when the SNR

is above 20 dB the algorithm’s performance improves significantly.

Figure 2.6 shows the performance of the proposed solution w.r.t. the sample size

compared to the SB approach in Ref [4] (AL SB). In the legend of the figure, AL SB

G= 45 represents SB approach in Ref [4] considering the windowing approach with

window size G= 45, and AL SB WG denotes the case without windowing. It can

be noticed that the proposed SB solution still performs well as compared to the SB

approach in Ref [4], in addition to reduced computational cost as shown in table 2.1.

To further reduce the computational complexity, Figure 2.7 shows the performance
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Figure 2.6: Performance comparison for the proposed SB algorithm with Ref [4] using
NMSE vs. number of OFDM symbols Ns with SNR = 10 dB and G = 45 for .

of the proposed solution for both blind and SB, in terms of NMSE w.r.t SNR, when

not exploiting all the subcarriers for calculating the matrix Q given by Equation

(2.17). In the legends, “1/x subcarriers” refers to the use of one subcarrier out of x

subcarriers, and the dashed lines represent the blind while solid lines represents the

SB. Accordingly, one can rely only on some subcarriers for estimating the channel

coefficient with acceptable estimation accuracy, in comparison with the case of using

all the available subcarriers (“all subcarriers”). Note that, since the pilots are arranged

in block-type mode, i.e., the pilots are represented along all subcarriers, reducing the

number of subcarriers can be seen as reducing the size of pilots, which leads to a

degradation in channel estimation for the SB case, especially in the low-SNR region.

Finally, from Table 2.3, one can notice that when using only the required minimum
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Figure 2.7: Performance evaluation using NMSE vs. SNR for the proposed blind
(dashed line) and SB (solid line) solutions when exploiting parts of the available sub-
carriers, with K = 64 and Ns = 50.

Table 2.3: NMSE With the Minimum Number of Subcarriers Ks = (N−1)(Nt+1)+1

SNR(dB) ∞ 100 50 10
NMSE 5 10−29 1.3 10−11 1.5 10−6 1.2 10−2

number of subcarriers, according to the sufficient condition given in Proposition ??, it

is possible to estimate the channel coefficients and, hence, achieve the desired channel

identifiability.

2.7 Concluding Remarks & Perspectives

In this chapter, a new SB subspace-based technique for channel estimation is proposed

when considering MIMO-OFDM communications systems. The proposed solution

aims to further reduce the computational complexity and to speed up convergence
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while guaranteeing accurate channel estimation with a reduced number of received

symbols, as compared to similar techniques proposed in the literature. In fact, the

proposed solution takes advantage of the orthogonality property of OFDM-based sys-

tems to estimate the covariance matrix and noise subspace for each subcarrier in-

dependently. After that, a global cost function is defined and minimized, leading

to channel coefficient estimates. Conditions for channel identifiability, along with

numerical simulations, corroborated the effectiveness of the proposed solution.
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CHAPTER 3

JOINT SEMI-BLIND CFO

ESTIMATION AND SYMBOL

DETECTION FOR MIMO-OFDM

In this chapter, we present new joint semiblind CFO estimation and source separation

method for both Time-division Multiplexed pilots (i.e., block pilot arrangement) and

embedded pilots in MIMO-OFDM systems. The devised semi-blind objective func-

tion utilizes the LS and MM to jointly estimate the CFO and recovery data. The

objective function is optimized iteratively using a batch gradient descent optimization

approach. Furthermore, an efficient initialization procedure is introduced to reduce

the complexity of the algorithm with ease of convergence. Consequently, a method

for optimizing a step size is presented to speed up the convergence of the proposed

approach. Finally, a competitive adaptive algorithm for CFO estimation and equal-

ization in a slow-varying channel and CFO is proposed. The simulation result shows
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that our method improves the bandwidth of the system with fast convergence.

3.1 Introduction

MIMO technology has emerged as a promising technology for enhancing data rates,

link reliability, and spectral efficiency [46]. Further, OFDM is well known for its

effective high-rate simultaneous transmission of multiple data symbols. These symbols

are unaffected by frequency-selective fading channels [47]. Integrating MIMO and

OFDM technologies offers state-of-art communication systems appropriate for LTE,

LTE-A, 802.11n wireless networks, and beyond 5G communications systems [48].

In mobile communications, pilot sequences are appended to the frame of data sym-

bols, meaning they are transmitted in separate time slots (time-division multiplexed

(TDM),). The TDM approach significantly reduces the spectral efficiency of the sys-

tems. On the other hand, an embedded pilot or superimposed training (ST) scheme

has been considered, in which the data signals and the pilot symbols are added during

transmission to preserve the bandwidth and enhance the spectral efficiency [7], [8], [9].

In the ST scheme, part of the transmitted energy is assigned to the pilot sequences.

This leads to a reduction in the data signal-to-noise ratio (SNR). For instance, the au-

thors in [7] proposed adding a data signal with a low-power periodic sequence prior to

transmission. Also, the authors in [8] and [9] proposed a data-dependent superimposed

pilot sequence technique in which the unknown sequences (data-dependent sequence)

are superimposed to the pilot sequences. Nevertheless, the authors in [49] proposed

embedding an orthogonal pilot-constant Zero Auto-correlation Code for space-time
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block code in MIMO-OFDM systems. Equally, the authors in [50] embedded pilot

and data signals in a doubly selective channel.

Accurate source separation & symbol detection and accurate CFO estimation and

synchronization are the two critical factors that determine the performance of systems:

a. Different source separation techniques have been adopted, including pilot-based,

blind, and semi-blind approaches [51]. The pilot-based approach requires more band-

width and power resources for pilot transmission, as in the case of TDM. In the blind

source separation (BSS) technique, no pilot sequence is required (bandwidth is pre-

served); only the transmitted signals properties are exploited and used [15]. However,

semi-blind allows the reduction of the pilot size and improves performance by com-

bining data and pilots[52]. Numerous BSS techniques, such as Sparse Component

Analysis and Independent Component Analysis, have been mentioned in the litera-

ture, e.g., [53]. Constant-modulus (CM) and Multi-Modulus (MM) based approaches

are among the most effective BSS solutions utilized for communication signals [54],

[55]. These approaches can be optimized either using an iterative algorithm or us-

ing closed-form approaches [52]. Among the semi-blind methods, one can cite the

work in [56], which proposes an approach for an ST scheme in MIMO-OFDM using

whitening and unitary decomposition. Similarly, semi-blind channel estimation for

superimposed equi-spaced pilot symbols in multipath fading channels is proposed in

[5]. The authors of [52] demonstrated semi-blind for a TDM scheme in MIMO-OFDM

using CM and MM criterion. On the other hand, OFDM is vulnerable to CFO due to

the instabilities of Doppler shifts or oscillators, causing subcarrier orthogonality loss

and severe performance degradation. Fortunately, various literature has discussed the
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techniques to estimate and compensate for the impact of CFO, as discussed in [57],

[58], [59], [60]. Most of the aforementioned literature addresses source detection and

CFO estimation separately. However, the authors in [61] demonstrated that jointly

estimating the source and CFO can improve performance with increased computa-

tional complexity. In addition, the authors in [62] proposed a Bayesian receiver for

joint equalization, CFO, and signal detection for multiuser MIMO-OFDM systems.

This chapter presents a new semi-blind MM source separation and CFO estima-

tion technique based on the MM approach for both ST and TDM schemes in MIMO-

OFDM systems. In the case of the ST scheme, the training sequence is superimposed

on the data signal to improve the system’s spectral efficiency. A hybrid semi-blind

objective function combining both MM and LS criteria is developed to enable simul-

taneous source separation and CFO estimation. This objective function is optimized

alternatively using a gradient descent iterative method, employing a full batch-based

estimation process to jointly separate all sources and estimate the CFO. In addition,

an efficient initialization process is employed to estimate the separation matrix and the

CFO at the initial stage and to reduce the complexity of the proposed algorithm. Fur-

thermore, a step size optimization method is introduced to enhance the convergence

speed. Finally, considering a slow-varying channel and CFO, a stochastic gradient

optimization is applied for symbol-by-symbol equalization and CFO estimation and

tracking. The performance assessment of the proposed approach is presented in terms

of the joint symbol error rate and the mean square error of the estimated CFO.
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3.2 Embedded Pilot Scheme CFO-free MIMO-

OFDM

This section presents a semi-blind MM source separation for a superimposed pilot

sequence in CFO-free MIMO-OFDM communication systems.

3.2.1 CFO-Free Embedded Pilot MIMO-OFDM Model

Consider a MIMO-OFDM system having Nt and Nr transmit and receive antennas,

respectively, whereby Nr > Nt. The known pilot sequence P ∈ CNt×Ns is superimposed

to the data signals S ∈ CNt×Ns , (i.e., D = S+P) during transmission. Thus, the data

and the pilots share the total transmitted power as σ2
t = σ2

s + σ2
p. The superimposed

data and pilot consist of K point samples obtained by the K-point inverse Fast Fourier

Transform (IFFT) and then preceded in its front with L length CP. The length of the

CP L is greater than or equal to a maximum delay N of the multipath channel, i.e.,

(N ≤ L). After removing the CP and performing K-point FFT, the received Ns

OFDM symbols at the kth subcarrier can be expressed as:

Xk = HkDk +Ωk, (3.1)

where Xk ∈ CNr×Ns , Dk ∈ CNt×Ns , and Ωk ∈ CNr×Ns is the additive white Circular

Gaussian (CG) noise with variance σ2
ω. The received signals at the kth subcarrier can

be expressed as:

Xk = HkSk +HkPk +Ωk, (3.2)
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where Hk is the channel matrix defined as:

Hk =
N−1∑
l=0

H(l)exp(−j2π
k

K
l), (3.3)

where H(l) ∈ CNr×Nt is the lth channel matrix of the MIMO transfer function and

assumed to be a full-rank matrix, i.e., Nr > Nt.

Subsequently, by utilizing a separation matrix Q on the received signals, all the

transmitted signals can be recovered effectively. The separating matrix Q is obtained

such that Q(z)H(z) = INt for all z. Furthermore, it’s assumed that the condition for

the existence of the inverse of H(z) is satisfied and H(z) is irreducible [15], so that

within the unit circle Q(exp(−j2πfk))H(exp(−j2πfk)) = INt , ∀k, where INt is the

(Nt ×Nt) identity matrix and fk = k
K

. The separation matrix for the kth sub-carrier

is expressed as:

Qk =
N−1∑
l=0

Q(l)exp(−j2π
k

K
l), (3.4)

where Q(l) ∈ CNt×Nr . Hence, the recovered signal at the kth sub-carrier is:

Yk =
N−1∑
l=0

Q(l)exp(−j2π
k

K
l)Xk = QV̄kXk, (3.5)

where Q =
[
Q(0),Q(1), ...,Q(N − 1)

]
, V̄k = vT

k ⊗ INr ∈ CNNr×Nr , vk =[
1, exp(−j2π k

K
), ..., exp(−j2π k

K
(N − 1))

]
is the kth row of the V and Q ∈ CNt×NNr ,

whereby each source signal is recovered using each row of Q matrix. In fact, in-

stead of estimating V̄k, one is required to estimate one Q matrix, independent of the

sub-carriers, as stated in (3.5).

48



Additionally, in the superimposed pilot type, both pilots and data have the same

size, i.e., Ns = Np = Nd. In the block-pilot arrangement, the pilot sequence is

transmitted at the beginning of the frame, followed by data Nd, resulting in a total

transmitted symbols of Ns = Np +Nd.

3.2.2 CFO-Free Semi-Blind Approach

This section describes the introduced CFO-free semi-blind technique for the ST

scheme. The jointly hybrid semi-blind cost function JSB(Q) is expressed as:

JSB(Q) = (1− α)JLS(Q) + αJMM(Q), (3.6)

where JMM(Q) is a MM based blind cost function, JLS(Q is the least squares cost

function, and α is a real-valued weighing factor in [0, 1]. This factor determines the

assigned weight between the two objective functions in the semi-blind cost function.

The hybrid cost function defined in (3.6) is minimized based on the iterative gra-

dient descent method in accordance with:

Qn+1 = Qn − µGn, n = 0, 1, ..., (3.7)

with a stopping criterion defined as [52]:

∥Gn∥
∥Qn∥

<
0.1√
Ns

, (3.8)

where Gn is the gradient of the joint objective function at nth iteration, µ is a small
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real-valued that controls the rate of convergence of the algorithm known as step size,

Qn and Qn+1 are the past and the present value of the separation matrix Q, respec-

tively. The gradient of the joint objective function Gn is obtained as follows:

Gn = ∇JSB(Qn)

= (1− α)∇JLS(Qn) + α∇JMM(Qn). (3.9)

Remark: It is important to mention that a fixed number of iterations can be set

as a stopping criterion. Also, during the estimation process, a batch-based process-

ing approach is utilized. This approach involves considering a group of data during

each gradient iteration to enhance the convergence speed and accuracy of the algo-

rithm. Moreover, this method reduces the potential error accumulation associated

with deflation-based approaches [63], [64]. In the ensuing, the LS and the MM algo-

rithms are formulated, and the optimal step size is devised.

3.2.3 Least Squares (Pilot-based) Formulation

The cost function for the pilot-based technique mentioned in (3.6) uses a LS criterion

defined as:

JLS(Q) =
Nt∑
i=1

K∑
k=1

E
∣∣yk,i(n)− pk,i(n)

∣∣2, (3.10)
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where yk,i(n) = qiV̄kXk(n) is the kth estimated signal, and pk,i(n) is the kth transmitted

pilot. The gradient of (3.10) with respect to qi for the ith user can be expressed as:

∇JLS(qi) = 2E
[(

V̄kXk(n)
)∗(

yk,i(n)− pk,i(n)
)]
. (3.11)

3.2.4 Multi-Modulus (MM) Formulation

The blind approach utilized in this study aims to recover the source signal by employ-

ing the MM criterion. This criterion considers the variation in both the in-phase and

quadrature components of the equalized symbols of the square-shaped constellation,

and it is defined as follows:

JMM(Q) =
Nt∑
i=1

K∑
k=1

E
[(
y2k,i,R(n)−RR

)2 − (y2k,i,I(n)−RI

)2]
, (3.12)

where yk,i,R(n) = ℜ
(
qiV̄kXk(n) − pk,i(n)

)
and yk,i,I(n) = ℑ

(
qiV̄kXk(n) − pk,i(n)

)
are the real and imaginary components of the (i, k)th of the estimated signal, re-

spectively. The dispersion constants, denoted as RR = E
[
s4R(n)

]
/E
[
s2R(n)

]
and

RI = E
[
s4I(n)

]
/E
[
s2I(n)

]
, are the real and imaginary components which are influ-

enced by the constellation considered in the s.

The gradient of the blind-based MM with respect to qi for the ith user is expressed

as:

∇JMM(qi) =
K∑
k=1

4E
[(

V̄kXk(n)
)∗(

(y2k,i,R(n)−RR)yk,i,R(n)

− j(y2k,i,I(n)−RI)yk,i,I(n)
)]
. (3.13)
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Note that the step size includes all the multiplicative constants in the above expression

[65].

3.2.5 Optimal Step Size

The accuracy and convergence speed of the devised gradient descent algorithm are

highly influenced by the step size µ considered. Thus, choosing the optimal µ would

not only significantly enhance the convergence of (3.7) but also improve the overall

estimation accuracy in the system. Therefore, the optimal step size choice is considered

as an optimization problem defined as follows:

µopt = arg min
µ

JSB(Qn+1), (3.14)

where JSB(Qn+1) = JSB
(
Qn − µ∇JSB(Qn)

)
is a polynomial function in variable µ.

Hence, the derivative of JSB(Qn+1) w.r.t. µ is a 3rd order polynomial. Therefore,

the root of ∇JSB(Qn+1) is the µopt which is a real-valued expression that minimizes

JSB(Qn+1). The updating rule for the separating matrix can be written as:

Qn+1 = Qn −∇JSB(Qn)diag(µ), (3.15)

where µ = [µ1, ..., µNt ] contains the optimal µ values of all sources.
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3.2.6 Performance Evaluation

Here, we present the evaluation of the proposed semi-blind method for the ST scheme.

The proposed ST scheme is compared with the TDM scheme (specifically the block-

pilot arrangement) using the metric Symbol Error Rate (SER) and bandwidth effi-

ciency. The SNR is defined as the average value: SNR = 1
K

∑K
k=1 ∥HkDk∥2F / ∥Ωk∥2F .

The transmitted signal and the pilot data are based on 4-QAM modulation system

in which Nr = 4, Nt = 2, Ns = 100, N = 4, and K = 64. Also, 500 Monte Carlo

runs are considered, and the channel coefficients are characterized as unit power i.i.d.

with zero-mean Gaussian distribution. The initialization of the equalizer is based on

a conventional LS-based approach since some training pilots are available. The fixed

step size µ = 0.01 and α = 0.5 were used. In the ST scheme, Np pilot sequences have

the same size as the data Ns, while in the block-type pilot arrangement, Np = 5. The

pilot symbols power (σ2
p) in the embedded pilot case is set to σ2

p = 0.1 to minimize

the interference considering σ2
s + σ2

p = 1.

Furthermore, the influence of superimposing pilot and data on the system’s

throughput is investigated, which is mathematically represented as:

RThroughput = λ · Ns

Ns +Np

· (1− SER), (3.16)

where λ = log2(M) is the transmitted bits per symbol in M -ary levels. Note that

Ns

Ns+Np
is 1 for the ST scheme.

Figure 3.1 presents the SER versus different power allocated to the embedded

pilots sequence (σ2
p) for an SNR = 8 dB. In the legend, the BP stands for block-pilot
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arrangement, EP for the embedded pilot, and EP-OSS refers to the embedded pilot

with an optimal step size. We can observe that EP-OSS outperforms EP, and both
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Figure 3.1: SER versus pilot symbols power, SNR = 8 dB, Ns = 100.

improve significantly as the value of σ2
p increases until it reaches an optimal value of

σ2
p = 0.1. However, their performance deteriorates afterward. This determines the

optimal power allocated to the embedded pilots, resulting in minimum interference

between the data and the superimposed sequence for the SNR values considered.

Additionally, with the optimal step size and a good choice of σ2
p, the performance of

the proposed EP scheme is close to that of the BP scheme. Remember that in the EP

case, the data and the pilots share the total transmitted power i.e., σ2
t = σ2

s + σ2
p this

means as σ2
p increases the σ2

s decreases and vice-versa. However, in the BP case, no

power is shared between the data and pilot sequences, i.e., σ2
t = σ2

s = σ2
p.

Figure 3.2 depicts the comparison of the proposed EP scheme and block-type pilot
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arrangement (i.e., TDM scheme). We can see that the proposed semi-blind approach

for the EP scheme shows excellent SER performance. Additionally, with the good

choice of optimal step size, the EP-OSS performance closely approaches that of the

BP scheme. It’s important to note that the TDM method wastes bandwidth, unlike

the EP scheme. Furthermore, we can observe that the proposed semi-blind approach

for EP displays a distinct performance compared to the semi-blind approach (EP-

WY2007) for EP presented in [5]. This highlights the robustness of the proposed

approach.
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Figure 3.2: Performance evaluation of the proposed algorithm for EP and BP scheme
compared with semi-blind EP presented in [5] using SER versus SNR.

Figure 3.3 presents the spectral efficiency comparison for the block-type pilot ar-

rangement and the superimposed pilot scheme for different SNR values. The spectral

efficiency is computed using the throughput presented in (3.16). We can clearly see
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how the bandwidth is preserved by superimposing the pilots and the data. This is

because, for the block-type pilot throughput, Ns

Ns+Np
< 1, whereas for the ST scheme

throughput, Ns

Ns+Np
= 1. In addition, a significant improvement in spectral efficiency

is achieved using a good choice of step size (i.e, optimal step size). This demon-
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Figure 3.3: Performance evaluation of the proposed algorithm for EP and BP scheme
compared with semi-blind EP presented in [5] using Throughput R(bps) versus SNR.

strates that superimposing the pilot symbols and data during transmission enhances

the spectral efficiency of the MIMO-OFDM system.

Figure 3.4 depicts the NMSE performance for 10 dB SNR. The NMSE is defined as:

NMSE = 1
Niter

∑Niter

i=1
∥d̂i−d∥2
∥d∥2 , where d̂i is the estimated symbols, d is the transmitted

symbols and Niter is the number of iterations, It can be observed that the block-type

pilot arrangement converges faster than the superimposed pilot scheme. However, the

convergence rate of EP improves with the optimal step size.
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Figure 3.4: NMSE versus number of iterations, for an SNR 10dB.

3.2.7 Conclusion

This work presented a semi-blind source separation approach for embedded pilots in

free-CFO MIMO-OFDM communications. A jointly hybrid cost function is devised by

employing MM and LS criteria for a source separation scenario. A full batch OFDM

symbol estimation is performed using a gradient descent optimization process. Sim-

ulation results revealed that significant spectral efficiency is achieved considering the

embedded pilot scheme. Furthermore, an excellent performance accuracy in equaliza-

tion and estimation is achieved with fast convergence using an optimized step size.
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3.3 Block Pilot Scheme with CFO in MIMO-

OFDM

This section presents a semi-blind MM approach for joint source separation and CFO

estimation for BP Scheme in MIMO-OFDM communication systems.

3.3.1 MIMO-OFDM Systems Model

Consider an uplink transmission configuration of the MIMO-OFDM system as pre-

sented in Fig. 3.5. The system has Nt transmit, and Nr receive antennas, whereas

Nr ≥ Nt. At the transmitter, a K sample of OFDM symbols is created using a K-

point Inverse Fast Fourier Transform (IFFT) and is preceded with a cyclic prefix (CP)

of length L. The maximum delay N of the multipath channel is assumed to be smaller

than the length of CP (i.e., L ≥ N) to prevent inter-block interference at the receiver.

Upon receiving the OFDM symbols, the CP is removed, and the K-point FFT is

employed. The nth OFDM symbol received at the kth subcarrier can be expressed as:

yk(n) = HkΦk(n)sk(n) + ωk(n), n = 1, ..., Ns, (3.17)

where yk(n) =
[
y1,k(n), ..., yNr,k(n)

]T , sk(n) =
[
s1,k(n), ..., sNt,k(n)

]T is the nth trans-

mitted OFDM symbol, ωk(n) is the additive white symmetric complex Gaussian noise

of variance σ2
ω, Φk(n) = diag(ϕ1,k(n), ..., ϕNt,k(n)) with ϕi,k(n) = ej2πfi(k+(n−1)(K+L)),

where fi is a carrier frequency offset for the ith user, and Hk is the channel matrix
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defined as:

Hk =
N−1∑
l=0

H(l)e−j2π k
K
l, (3.18)

where H(l) ∈ CNr×Nt is the l-th channel coefficient. Furthermore, the overall Ns

received OFDM symbols at the kth subcarrier can be written as follows:

Yk = Hk(Φk ⊙ Sk) +Ωk, (3.19)

where ⊙ denotes the Hadamard (elementwise) product, Sk = [Pk, Dk] ∈ CNt×Ns

in which Pk ∈ CNt×Np is the pilot sequence, Dk ∈ CNt×Nd is the data sequence,

Ωk ∈ CNr×Ns , Yk = [Yk,p, Yk,d] ∈ CNr×Ns and Φk ∈ CNt×Ns defined as:

Φk =


ϕ1,k(0) · · · ϕ1,k(Ns − 1)

... ...

ϕNt,k(0) · · · ϕNt,k(Ns − 1)

 .

The chosen pilot sequence Pk is well-designed to satisfy the orthogonality condition

PkPH
k = Npσ

2
pINt .

Subsequently, an Nt × Nr separation (deconvolution) filter W (z) is applied to

the received signals to effectively recover all the transmitted signals. The separating

filter is designed to satisfy the condition W (z)H(z) = INt for all z. Accordingly,

it’s assumed that the condition for the existence of inverse of H(z) exists and H(z)

is irreducible [15]. The deconvolution filter for the kth subcarrier can be defined as
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Figure 3.5: Time-division Multiplexing MIMO-OFDM communications system

follows:

W k =

Nq−1∑
l=0

W (l)e−j2π k
K
l. (3.20)

here Nq is the length of the deconvolution filter (chosen in this work as Nq = N).

Thus, the recovered signal at the kth subcarrier is:

xk(n) = Φ∗
k(n)W kyk(n) = Φ∗

k(n)W V̄kyk(n)

= Φ∗
k(n)zk(n), (3.21)

where zk(n) = W kyk(n), Zk = [zk(0), · · · , zk(Ns − 1)], ()∗ denotes the complex

conjugate, W =
[
W (0),W (1), · · · ,W (Nq − 1)

]
, V̄k = vk ⊗ INr ∈ CNqNr×Nr , and

vk =
[
1, ej2π

k
K , ..., ej2π

k
K
(Nq−1)

]H . According to equation (3.21), instead of estimating

matrices W k, k = 0, · · · , K − 1, it is sufficient to estimate a single matrix W that is

common to all sub-carriers.
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3.3.2 Semi-blind Source Separation and CFO Estimation

This section presents the formulation of the proposed joint semi-blind equalization and

CFO estimation. The weighted semi-blind cost function JSB(W , f) can be written as:

JSB(W , f) = αJMM(W , f) + (1− α)JLS(W , f), (3.22)

where JMM(W , f) is a MM-based blind cost function governed by data, JLS(W , f) is a

LS cost function governed by pilots, f = [f1, · · · , fNt ], and α is a weighting parameter,

with α ∈ [0, 1]. This parameter determines the weight allocated to the blind (data) and

pilot-based parts of the hybrid cost function. In this work, we employ the alternating

gradient descent optimization technique for solving (3.22). This method alternates

iteratively solving one ’bloc’ variable while keeping the other fixed. The following

recursive equation guides the optimization process:

Vm+1(W , f) = Vm(W , f)− µGm, m = 0, 1, ..., (3.23)

The iteration stops when the following criterion is satisfied as follows [52]:

∥Gm∥
∥Vm∥

<
0.1√
Ns

, (3.24)

where Gm is the gradient of the cost function w.r.t. either W or f depending on the

parameter under consideration at m-th iteration and µ > 0 is a step size usually small

real-valued scalar that determines the convergence rate of the algorithm. Also, Vm
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and Vm+1 are the old and the updated value of either the deconvolution filter W or

CFO vector f, respectively.

3.3.3 Pilot-based (Least Squares) Formulation

The cost function JLS(W , f) is based on an LS criterion and can be defined as:

JLS(W , f) =
K−1∑
k=0

∥∥Z̄k − Pk

∥∥2, (3.25)

where Pk ∈ CNt×Np and Z̄k = Φ∗
k⊙Zk,p = Φ∗

k⊙W V̄kYk,p ∈ CNt×Np are the transmitted

and estimated pilot sequences, with

Φk =


ϕ1,k(0) · · · ϕ1,k(Np − 1)

... ...

ϕNt,k(0) · · · ϕNt,k(Np − 1)

 .

The gradient of JLS(W , f) with respect to W and f can be written, respectively, as:

∇JLS(W ) = 2
∑
k,n

(z̄k(n)− pk(n))(V̄kyk(n))
H , (3.26)

and

∇JLS(f) =
∑
k,n

αk,nℑ (z̄∗k(n)⊙ pk(n)⊙φk(n)), (3.27)

here αk,n = 4π(k+(n−1)(K+L)), φk(n) = [ϕ1,k(n), · · · , ϕNt,k(n)]
T , n = 0, ..., Np−1,

and ℜ(z) (resp. ℑ(z)) stands for the real part (resp. the imaginary part) of z.
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3.3.4 Multi-Modulus (MM) Formulation

The blind approach adopted in this study utilizes the MM criterion to recover the

source signal1 and the CFO simultaneously. The data cost function is defined as

follows:

JMM(W , f) =
∑
k,n

[
∥xk,R(n)⊙ xk,R(n)−RR)∥2 + ∥xk,I(n)⊙ xk,I(n)−RI∥2

]
, (3.28)

where

xk,R(n) = ℜ (Φ∗
k(n)zk(n)) , (3.29)

and

xk,I(n) = ℑ (Φ∗
k(n)zk(n)) , (3.30)

where RR = E
[
s4R(n)

]
/E
[
s2R(n)

]
and RI = E

[
s4I(n)

]
/E
[
s2I(n)

]
are the dispersion

constants, while (s(n) refers to the input QAM-modulated symbol, n = Np, ..., Ns−1).

After derivations simplifications, the gradient of JMM(W , f) w.r.t. W is expressed as:

∇JMM(W ) = 2
∑
k,n

[
(xk,R(n)⊙ xk,R(n)−RR)⊙ xk,R(n)⊙ φk(n) +

j(xk,I(n)⊙ xk,I(n)−RI)⊙ xk,I(n)⊙ φk(n)
]
(V̄kyk(n))

H , (3.31)

Similarly, the gradient of JMM(W , f) w.r.t. f is given by:

∇JMM(f) =
∑
k,n

αk,n

[
(xk,R(n)⊙ xk,R(n)−RR)⊙ xk(n) + (xk,I(n)⊙ xk,I(n)

−RI)⊙ xk(n)
]
, (3.32)

63



where xk(n) = xk,R(n)⊙ xk,I(n).

3.3.5 Initialization Process

This section outlines the procedure for initializing the deconvolution filter W and

CFO used in our proposed method. The conventional LS approach is used to initialize

deconvolution filterW assuming that the CFO is zero (i.e., Φ is the identity matrix at

the initial stage). The initial W is used to roughly recover the transmitted pilots for

all subcarriers ¯̄Zp ∈ CNt×Np×K . The recovered pilot signals ¯̄Zp is then rearranged into

a matrix Ap with dimensions of Nt ×KNp. Similarly, a matrix Bp, of size Nt ×KNp,

is created from the pilot sequence ¯̄P ∈ CNt×Np×K .

The following process is performed to estimate the CFO for the ith antenna: the

conjugate of the ith row of B is multiplied element-wise by the ith row of A, resulting

in a vector u. The FFT is then applied to create ū, which is the frequency components

of u. Subsequently, The amplitude of each frequency component of u is determined by

taking the absolute value of the ū. The index with the maximum amplitude indicates

the position of the estimated CFO. Note that the size M of the FFT should be large

enough to avoid inaccurate CFO estimation. This procedure is repeated to estimate

the CFO of all transmit antennas. Then, a matrix containing all the estimated CFO

is created as matrix Φ̄ and then multiplied element-wise with the pilot sequences P

for a subcarrier and then, repeated across all subcarriers to have a new pilot sequence

P̄ with an estimated CFO.

The new equalizer is created using the P̄ followed by estimating CFO, and the

procedure is repeated for a few numbers of iterations.
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Algorithm 3.1: Initialization based on Least Squares (LS)

Initialize CFO: f (0)
i = 0 i = 0, ..., Nt − 1, Φ(0)

k (n) = INt

P =
[
P0,∪3, ...,∪3,PK−1

]
∈ CNt×Np×K

P(0) = reshape(P, Nt, KNp) ∈ CNt×KNp ; B(0)
p = P(0)

Y = [V̄0Y0,p,∪3, ...,∪3, V̄K−1YK−1,p] ∈ CNrNq×Np×K

Ȳ = reshape(Y , NrNq, KNp) ∈ CNrNq×KNp

Initialize equalizer: W (0) = P(0)Ȳ#

where Ȳ#
= (ȲȲH

)−1Ȳ ,

Initialize: tmax

for t = 1 to tmax do

Z(t−1)
k,p =W (t−1)V̄kYk,p ∈ CNt×Np

¯̄Z(t−1)
p =

[
Z(t−1)
0,p ,∪3, ...,∪3,Z(t−1)

K−1,p

]
∈ CNt×Np×K

A(t−1)
p = reshape(¯̄Z(t−1)

p , Nt, KNp) ∈ CNt×KNp

for i = 1 to Nt do

a(t−1)
i = A(t−1)

p (i, :); b(t−1)
i = B(t−1)

p (i, :)

u = conj(b(t−1)
i )⊙ a(t−1)

i

f
(t)
i = arg max

fi
|FFTM(u)|

end for

ϕ̂i,k(n) = ej2πf
(t)
i (k+(n−1)(K+L))

Φ̄
(t)
k (n) = diag(ϕ̂1,k(n), ..., ϕ̂Nt,k(n))

p̄(t)
k (n) = Φ̄

(t)
k (n)p(t−1)

k (n), n = 0, ..., Np − 1

P̄(t) =
[
P̄(t)

0 ,∪3, ...,∪3, P̄(t)
K−1

]
∈ CNt×Np×K

¯̄P(t) = reshape(P̄(t), Nt, KNp) ∈ CNt×KNp
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B(t)
p = ¯̄P(t)

W (t) = ¯̄P(t)Ȳ#

end for

Note that: In the Algorithm 3.1, ∪j represents the concatenation along the jth

dimension, (i, :) is informal MATLAB notations denoting ith row, all columns and Y#

is the pseudo inverse of Y .

3.3.6 Performance Evaluation

Here, the performance of the proposed joint semi-blind equalization and CFO estima-

tion is presented. The assessment is carried out using SER, normalized mean square

error of the channel (NMSE), and the NMSE of the CFO estimate.

The transmitted signals are based on a 4-QAM modulation in which Nr = 4,

Nt = 2, Ns = 100, N = 3, and K = 64. An orthogonal pilot sequence is considered

throughout the experiments with Np = 6 and the results obtained are the average of

500 Monte Carlo runs, while 4 Iterations are used for the initialization stage, unless

otherwise stated. the fixed step size is set to µ = 0.01 for the W , µ = 0.001 for the f

and the channel coefficients are i.i.d. zero-mean with unit power Gaussian distribution.

The normalized CFO is randomly chosen for each transmit antenna within the range

[−0.5, 0.5], with a slight CFO difference between the users.

The first experiment examines the effect of increasing the number of pilot sequences

in the systems on the performance of the proposed method at various SNR levels, as

illustrated in Fig. 3.6. As expected, increasing the pilot sequences and SNR results
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Figure 3.6: Performance evaluation of the proposed algorithm using SER versus SNR
for different pilots.

in a more accurate CFO estimate and compensation.

Figure 3.7 presents the comparative evaluation of the proposed algorithm under

scenarios of perfect CFO synchronization and Rayleigh channel model (characterized

by power delay profile E{h∗
ihj} = e−βiδ(i − j) with β = 1/5) [58]. In the legend,

SB-MM-G represents semi-blind MM with i.i.d. zero mean, unit power, Gaussian

distributed channel taps, SB-MM-R denotes semi-blind MM with Rayleigh channel

model, and SB-MM CFO = 0 stands for semi-blind MM with perfect CFO synchro-

nization (zero CFO). We can observe that the proposed algorithm achieves a signifi-

cant performance as compared to the case of perfect CFO synchronization. Note that

adding one or two pilots can compensate for the loss in SB-MM-G. However, in the

presence of the Rayleigh channel model, the algorithm performance deteriorates due
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Figure 3.7: SER performance evaluation for the proposed algorithm considering dif-
ferent channel model.

to the severe fading effect of the model.

Figure 3.8 illustrates the channel estimation performance for SB-MM-G, SB-MM-

R, and perfect CFO synchronization scenarios using the NMSE. The NMSE is defined

as E
[
∥hest−h∥2

]
/∥h∥2, where hest is the estimated channel and h is the actual channel.

One can notice that the difference between SB-MM-G and the perfect CFO synchro-

nization scenario is relatively small. This demonstrates the robustness of the proposed

algorithm. On the other hand, a significant difference between the SB-MM-G and SB-

MM-R is observed, which highlights the severe fading effects present in the Rayleigh

model.

Figure 3.9 presents the NMSE of the estimated CFO versus the SNR. The NMSE

of SB-MM-G and SB-MM-R is compared with the MSE CFO estimator presented in

[58]. We can see that the proposed algorithm displays a significant performance in
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Figure 3.8: Channel NMSE performance evaluation.

terms of CFO estimation accuracy.

3.3.7 Conclusion

This work presented a joint semi-blind MM source separation and CFO estimation

for the TDM schemes in uplink MIMO-OFDM communications. A hybrid objective

function is designed based on MM and LS criteria for joint source separation and CFO

estimation. A full batch-based process is adopted in the estimation and cost function

optimization using an iterative alternating gradient descent procedure. In addition,

an efficient initialization process is proposed to simplify the algorithm’s complexity

and improves its convergence. Simulation results demonstrate that the proposed joint

semi-blind algorithm shows significant accuracy in data recovery and CFO estimation.
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Figure 3.9: NMSE of CFO versus SNR for different channel models compared to the
Maximum Likelihood estimator.

3.4 Embedded Pilot Scheme with CFO in MIMO-

OFDM

This section presents a semi-blind MM approach for joint source separation and CFO

estimation for embedded pilot Scheme in MIMO-OFDM communication systems.

3.4.1 System Model

Consider a MIMO-OFDM system shown in Fig. 3.5 with Nt transmit antennas and

Nr ≥ Nt receive antennas. For each subcarrier, a known pilot sequence Pk ∈ CNt×Ns

(Ns being the sample size) is added to the data signals Sk ∈ CNt×Ns during transmis-

70



sion, resulting in a superimposed signal

Dk = Sk + Pk, k = 0, · · · , K − 1 (3.33)

Consequently, the total transmitted power is shared between the data and the pilots,

with σ2
t = σ2

s + σ2
p. The OFDM symbol consists of K samples obtained through K-

point Inverse Fast Fourier Transform (IFFT) and preceded by a cyclic prefix (CP) of

length L ≥ N where N denotes the maximum delay of the multipath channel. Upon

removing the CP and performing K-point FFT, the received nth OFDM symbol at

the kth subcarrier can be represented as:

xk(n) = HkΦk(n)dk(n) + ωk(n), n = 1, ..., Ns, (3.34)

where xk(n) =
[
x1,k(n), ..., xNr,k(n)

]T , dk(n) =
[
d1,k(n), ..., dNt,k(n)

]T
= sk(n) + pk(n),

ωk(n) is the additive white complex Gaussian noise of variance σ2
ω, Φk(n) =

diag(ϕ1,k(n), ..., ϕNt,k(n)) with ϕi,k(n) = ej2πfi(k+(n−1)(K+L)), where fi is a carrier fre-

quency offset for the ith user, and Hk is the channel matrix defined as:

Hk =
N−1∑
l=0

H(l)e−j2π k
K
l, (3.35)

where H(l) ∈ CNr×Nt is the l-th channel coefficient.

Embedding pilot sequences and data signals enables effective bandwidth use, but

might encounter interference due to the presence of the pilot sequence. As such, the

authors in [8] proposed to add a distortion matrix to the data signal to make the data
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orthogonal to the pilot sequence. The suggested distortion matrix can be defined as:

Γ = INs − J, (3.36)

where J = Nt

Ns
1Ns

Nt

⊗ INt (it’s assumed that Ns

Nt
is integer-valued), ⊗ is the Kronecker

product, and 1Q denotes the Q × Q matrix of all ones. The overall transmitted Ns

OFDM symbols at the kth subcarrier can be expressed as:

Dk = SkΓ+ Pk (3.37)

where Sk ∈ CNt×Ns . The chosen pilot sequence Pk is designed in such a way to satisfy

two criteria [9]: First, it should satisfy the orthogonality condition PkPH
k = Nsσ

2
pk

INt .

Second, it should be orthogonal to the distortion matrix Γ, as indicated by ΓPH
k = 0.

According to [8], a pilot sequence P satisfying these two conditions can be designed

as:

pi(n) = σpe
j2πin/Nt , (3.38)

where i = 0, ..., Nt − 1, and n = 0, ..., Ns − 1. However, the latter design is primarily

intended for single-carrier systems. In multi-carrier systems, the orthogonality condi-

tion for the selected pilots has to be maintained across all subcarriers, but different

pilots should be used at different subcarriers. To design these pilots effectively, the

pilot sequence in (3.38) is rotated for each subcarrier to mitigate the Peak-to-Average

Power Ratio (PAPR) [66], i.e. Pk = RkP, where Rk is a given diagonal rotation

matrix. In this work, this rotation is obtained by conducting numerous trials with
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randomly chosen rotations. Among these trials, the one that results in the minimum

PAPR for the pilot has been selected.

Afterward, by utilizing an Nt × Nr separation (deconvolution) filter Q(z) on the

received signals, all the transmitted signals can be recovered effectively. The separat-

ing filter is derived to satisfy the equation Q(z)H(z) = INt for all z. Furthermore, it’s

assumed that the condition for the existence of inverse of H(z) is satisfied and H(z)

is irreducible [67]. The separation matrix for the k-th subcarrier is expressed as:

Qk =

Nq−1∑
l=0

Q(l)e−j2π k
K
l. (3.39)

Nq being the deconvolution filter length (chosen in this paper as Nq = N). Therefore,

the recovered signal at the k-th subcarrier is:

yk(n) = Φ∗
k(n)Qkxk(n) = Φ∗

k(n)QV̄kxk(n)

= Φ∗
k(n)zk(n) (3.40)

where zk(n) = Qkxk(n), Zk = [zk(0), · · · , zk(Ns − 1)], ()∗ denotes the complex

conjugate, Q =
[
Q(0),Q(1), · · · ,Q(Nq − 1)

]
, V̄k = vk ⊗ INr ∈ CNqNr×Nr , and

vk =
[
1, ej2π

k
K , ..., ej2π

k
K
(Nq−1)

]H . In fact, instead of estimating matrices Qk, k =

0, · · · , K − 1, one is required to estimate one matrix Q, common to all sub-carriers,

as stated in equation (3.40). Additionally, in the ST scheme, both pilots and data

have the same size, i.e., Ns = Np = Nd. In the block-pilot arrangement, the Np pilot

symbols are transmitted at the beginning of the frame, followed by Nd data symbols,
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resulting in a total of Ns = Np +Nd transmitted symbols.

3.4.2 Semi-blind Source Separation and CFO Estimation

This section describes the proposed semi-blind source separation and CFO estimation

for the ST scheme. The jointly hybrid semi-blind cost function JSB(Q, f) is expressed

as:

JSB(Q, f) = (1− α)JLS(Q, f) + αJMM(Q, f), (3.41)

where f = [f1, · · · , fNt ], JMM(Q, f) is a MM-based blind cost function, JLS(Q, f) is a LS

cost function, and α is a weighting factor, with α ∈ [0, 1]. This factor determines the

weight assigned to the blind (data) and pilot-based parts of the hybrid cost function.

To solve (3.41), we use the alternating gradient descent optimization approach. This

method involves solving for one variable iteratively while keeping the other variable

constant, alternating between the two, as governed by the following recursion:

Ql+1(Q, f) = Ql(Q, f)− µGl, l = 0, 1, ..., (3.42)

with an iteration stopping criterion defined as[52]:

∥Gl∥
∥Ql∥

<
0.1√
Ns

, (3.43)

where Gl is the gradient of the cost function w.r.t. the parameter under consideration

at l-th iteration and µ > 0 is a small real-valued scalar that determines the convergence

rate of the algorithm, known as step size. Ql and Ql+1 are the old and the updated
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value of either the separation matrix Q or CFO vector f, respectively.

3.4.3 Least Squares (Pilot-based) Formulation

Taking advantage of the pilot-data orthogonality and the properties of the orthogonal

projectors Γ and J, one can separate the two terms according to:

DkΓ = SkΓ
2 = SkΓ

DkJ = PkJ = Pk (3.44)

Hence, the cost function for the pilot-based technique mentioned in (3.41) based on a

LS criterion, can be defined as:

JLS(Q, f) =
K−1∑
k=0

∥∥Z̄k − Pk

∥∥2 (3.45)

where Z̄k = YkJ = (Φ∗
k ⊙ Zk)J (⊙ denotes the Hadamard (element-wise) product)

with

Φk =


ϕ1,k(0) · · · ϕ1,k(Ns − 1)

... ...

ϕNt,k(0) · · · ϕNt,k(Ns − 1)

 .

To find the minimizer of (3.45), we consider the alternating optimization method. The

gradient of (3.45) with respect to Q and f for the users can be expressed, respectively,

as:

∇JLS(Q) =
∑
k

[
(Z̄k − Pk)⊙Φk

]
(V̄kXk)

H (3.46)
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and

∇JLS(f) =
∑
k

ℑ
([

Y∗
k ⊙ (Z̄k − Pk)

]
αk

)
(3.47)

where αk = [αk,0, · · · , αk,Ns−1]
T with αk,n = 4π(k + (n− 1)(K + L)), and ℜ(z) (resp.

ℑ(z)) stands for the real part (resp. the imaginary part) of z.

3.4.4 Multi-Modulus (MM) Formulation

The blind approach utilized in this study aims to recover both the source signal (Here,

we consider square QAM-modulated input signals) and CFO by employing the MM

criterion. The MM cost function is defined as follows:

JMM(Q, f) =
K−1∑
k=0

[
∥Ȳk,R ⊙ Ȳk,R −RR)∥2 + ∥Ȳk,I ⊙ Ȳk,I −RI∥2

]
(3.48)

where

Ȳk,R = ℜ [YkΓ] and Ȳk,I = ℑ [YkΓ] (3.49)

The dispersion constants are defined as RR = E
[
s4R(n)

]
/E
[
s2R(n)

]
and RI =

E
[
s4I(n)

]
/E
[
s2I(n)

]
(s(n) refers to the input QAM-modulated symbol).

After straightforward derivations, the gradient of (3.48) w.r.t. Q is expressed as:

∇JMM(Q) = 2
∑
k

((Bk,R + jBk,I)Γ⊙Φk) (V̄kXk)
H (3.50)

where Bk,R = (Ȳk,R ⊙ Ȳk,R − RR) ⊙ Ȳk,R and Bk,I = (Ȳk,I ⊙ Ȳk,I − RI) ⊙ Ȳk,I . On
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the other hand, the gradient of (3.48) w.r.t. f is expressed as:

∇JMM(f) = 2
∑
k

diag
(
ℑ[1Ntα

T
k ⊙Φ∗

k ⊙ Zk]ΓBT
k,R

)
− diag

(
ℜ[1Ntα

T
k ⊙

Φ∗
k ⊙ Zk]ΓBT

k,I

(3.51)

where 1Nt is the Nt×1 all-ones vector and diag(M) is the vector formed by the diagonal

entries of matrix M.

Note that the proof of minimization of (3.46), (3.47), (3.50), and (3.50) is given in

appendix C.1

3.4.5 Optimal Step Size

The accuracy and convergence speed of the gradient descent algorithm heavily depends

on the chosen step size µ. Therefore, selecting the optimal µ would substantially

improve the convergence of (3.42). Consequently, determining the optimal step size,

at the l-th iteration, is viewed as an optimization problem, formulated as follows:

µopt = arg min
µ

JSB(Ql+1), (3.52)

where JSB(Ql+1) = JSB(Ql − µ∇JSB(Ql)) is a 4-th order polynomial function in the

variable µ. Hence, µopt is the real-valued root of the derivative of JSB(Ql+1) w.r.t. µ

(denoted J ′
SB) which minimizes JSB(Ql+1).

Note that: In the same way, the optimal step size for the up-dating of the CFO f is
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obtained by solving µopt = arg minµ JSB(fl+1).

The expressions of the coefficients of the third order polynomials J ′
SB(Ql+1) = a0 +

a1µ+ a2µ
2 + a3µ

3 are given in the appendix C.2.

3.5 Initialization Process

This section describes the process for initializing the separation matrix Q and CFO in

our proposed method. The separation matrix Q is initialized using the conventional LS

technique, which assumes perfect CFO synchronization (i.e., no CFO in the system, Φ

is an identity matrix at the initial setting). The transmitted pilots are approximately

recovered for all subcarriers Z̄ ∈ CNt×Ns×K using the initial Q. The recovered pilot

signals Z̄ are rearranged into a matrix A of size Nt ×KNs. Similarly, the transmitted

pilot sequences for all subcarriers P̄ ∈ CNt×Ns×K are rearranged into a matrix B of

size Nt ×KNs.

To estimate the CFO for the ith antenna, the conjugate of the ith row of B is

multiplied element-wise by the ith row of A, creating a vector u. The M length FFT

is utilized to generate the frequency component of u; subsequently, the amplitude

of each frequency component of u is determined by calculating the absolute value of

u. The index exhibiting the highest amplitude signifies the location of the estimated

CFO. The size M of the FFT must be sufficiently large to prevent erroneous CFO

estimation. This technique is reiterated to estimate all the CFO of the users. A matrix

Φ̄ containing all estimated CFOs is constructed and multiplied element-wise with the

pilot sequences P for a subcarrier and then, repeated over all subcarriers to generate
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a new pilot sequence P̄ with the estimated CFOs.

The new separation matrix is created using P̄, then estimating CFO. The procedure

is repeated for a few numbers of iterations.

The initialization process is summarized in Algorithm 3.2.

Algorithm 3.2 Initialization based on Least Squares (LS)

Initialize CFO: f (0)
i = 0 i = 0, ..., Nt − 1, Φ(0)

k (n) = INt

P =
[
P0,∪3, ...,∪3,PK−1

]
∈ CNt×Ns×K

P(0) = reshape(P, Nt, KNs) ∈ CNt×KNs ; B(0)
p = P(0)

X = [V̄0X0,∪3, ...,∪3, V̄K−1XK−1] ∈ CNrNq×Ns×K

X̄ = reshape(X , NrNq, KNs) ∈ CNrNq×KNs

Initialize equalizer: Q(0) = P(0)X̄#

where X̄#
= (X̄ X̄H

)−1X̄ ,

Initialize: tmax

for t = 1 to tmax do

Z(t−1)
k = Q(t−1)V̄kXk ∈ CNt×Ns

Z̄(t−1) =
[
Z(t−1)
0 ,∪3, ...,∪3,Z(t−1)

K−1

]
∈ CNt×Ns×K

A(t−1) = reshape(Z̄(t−1), Nt, KNs) ∈ CNt×KNs

for i = 1 to Nt

a(t−1)
i = A(t−1)(i, :); b(t−1)

i = B(t−1)
p (i, :)

u = conj(b(t−1)
i )⊙ a(t−1)

i

f
(t)
i = arg max

fi
|FFTM(u)|

end for

ϕ̂i,k(n) = ej2πf
(t)
i (k+(n−1)(K+L))
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Φ̄
(t)
k (n) = diag(ϕ̂1,k(n), ..., ϕ̂Nt,k(n))

p̄(t)
k (n) = Φ̄

(t)
k (n)p(t−1)

k (n), n = 0, ..., Ns − 1

P̄(t) =
[
P̄(t)

0 ,∪3, ...,∪3, P̄(t)
K−1

]
∈ CNt×Ns×K

¯̄P(t) = reshape(P̄(t), Nt, KNs) ∈ CNt×KNs

B(t)
p = ¯̄P(t)

Q(t) = ¯̄P(t)X̄#

end for

Note that: In the Algorithm 3.2, ∪j represents the concatenation along the jth

dimension, (i, :) is informal MATLAB notations denoting ith row, all columns and

X# is the pseudo inverse of X .

3.5.1 Performance Evaluation

Here presents the performance evaluation of the proposed joint semi-blind CFO esti-

mation and symbol detection for the ST scheme. The performance of the proposed

ST scheme is compared with that of the BP scheme using the SER, NMSE, and band-

width efficiency. The transmitted signals are based on a 4-QAM modulation in which

Nr = 4, Nt = 2, Ns = 100, N = 4, and K = 64. The results obtained are the average

of 1000 Monte Carlo runs. The channel coefficients are an i.i.d. zero-mean Gaussian

distribution with unit power, and the fixed step size is set to µ = 0.01 for Q and

µ = 0.001 for f. The normalized CFO is randomly chosen for each transmit antenna

within the range [−0.5, 0.5], with a slight difference between users. The orthogonal

pilot sequences are considered throughout the experiments, and the size of pilots in
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the ST scheme is the same as the data, i.e., Np = Ns, while in the BP scheme, Np = 7.

The initialization process stated in Algorithm 1 is adopted using 4 iterations to ini-

tialize the separation matrix and CFO in the estimation process. In the legend, the

BP stands for block-pilot arrangement, EP for the embedded pilot, DD-EP stands for

the data-dependent embedded pilot, and DD-EP-OSS refers to the data-dependent

embedded pilot with an optimal step size.

First, Fig. 3.10 presents the SER versus different power allocated to the embed-

ded pilots sequence (σ2
p) for an SNR = 10 dB. We can observe that DD-EP-OSS

outperforms DD-EP, and both improve significantly as the value of σ2
p increases until

it reaches an optimal value of σ2
p = 0.15. However, their performance deteriorates

afterward. This determines the optimal power allocated to the ST scheme, resulting

in a minimum interference between the data and the superimposed pilot sequence for
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Figure 3.10: SER versus pilot symbols power, SNR = 10 dB, Ns = 100.
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the SNR values considered. Additionally, with the optimal step size and good choice

of σ2
p, the proposed DD-EP scheme outperforms that of the BP scheme. Remember

that in the DD-EP scheme, the pilots and data are designed to be orthogonal to each

other. This means that the presence of pilot and data within the same bandwidth

has minimal or no interference effect on one another. In contrast, in the EP scheme,

the data and the pilots experience a form of interference that causes performance

deterioration. Furthermore, in both DD-EP and EP scheme, the pilots and the data

share the total transmitted power i.e., σ2
t = σ2

s +σ2
p, this means as σ2

p increases the σ2
s

decreases and vice-versa. However, in the BP scheme, both data and pilots have the

same power, i.e., σ2
t = σ2

s = σ2
p.

Second, the effect of mixing factor α on the performance of the proposed semi-blind

MM-based approach for the ST scheme and the BP scheme is investigated. The results
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Figure 3.11: SER versus α, for an SNR = 10 dB.
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of this study are reported in Fig. 3.11. We can see that with the ad-hoc fine-tuning of

the parameter α without using a complex technique or algorithm, a close-to-optimal

value of α that gives excellent performance is within the interval [0.3, 0.6]. Therefore,

in the ensuing, α will be set to 0.35 unless otherwise stated.

Furthermore, the influence of superimposing pilot and data on the throughput of

the system is investigated, which is defined mathematically as:

RThroughput = λ · Ns

Ns +Np

· (1− SER), (3.53)

where λ = log2(M) is the number of transmitted bits per symbol in M -ary levels.

Note that Ns

Ns+Np
is 1 for the superimposed case.
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Figure 3.12: SER performance evaluation of the proposed EP-DD, EP-DD-OSS com-
pared to BP scheme.

Third, Fig. 3.12 illustrates the performance comparison of the SER against the
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SNR for the proposed semi-blind MM-based approach for the ST scheme and the

BP scheme. We can observe that the proposed semi-blind MM approach exhibits an

excellent SER performance for the EP. However, for anything above 10 dB SNR, the

DD-EP scheme performs better than the BP scheme with 6 pilots. Furthermore, the

BP scheme needs more than 7 pilots to outperform the DD-EP with optimal step

size, i.e., the DD-EP-OSS method. It is crucial to highlight here that, apart from the

improvement gain in the SER in the DD-EP-OSS, the TDM method needs additional

bandwidth, which is not the case for the proposed ST scheme.

Next, Fig. 3.13 demonstrates the spectral efficiency comparison for the BP and the

ST scheme based on the SER. The spectral efficiency is computed using the throughput

defined in (3.53). It can be seen that the throughput of the ST scheme is higher than
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Figure 3.13: Throughput R(bps) performance evaluation of the proposed EP-DD, EP-
DD-OSS compared to the BP scheme.
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that of the BP scheme. This is because, for the BP scheme throughput, Ns

Ns+Np
<

1, where for the ST scheme throughput, Ns

Ns+Np
= 1. In addition, improvement in

the spectral efficiency is achieved using the DD-EP compared to the EP and BP

schemes. Furthermore, a significant increase in the spectral efficiency is observed

using a DD-EP-OSS scenario. This proves that the spectral efficiency of the MIMO-

OFDM systems can be enhanced by superimposing the pilot symbols and the data
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Figure 3.14: NMSE versus Number of iterations, for the proposed EP-DD, EP- DD-
OSS compared to the BP scheme at SNR = 10 dB.

during the transmission stage.

Next, Fig. 3.14 illustrates the normalized mean square error (NMSE) performance,

defined as NMSE = 1
Niter

∑Niter

i=1
∥d̂i−d∥2
∥d∥2 , where d̂iter is the estimated symbols, d is the

transmitted symbols and Niter is the number of iterations for an SNR of 10 dB. It can

be depicted that the BP scheme converges faster than the ST scheme. However, the
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Figure 3.15: NMSE of the CFO performance for the DD-EP, DD-EP-OSS compared
to the BP scheme.

convergence rate of the ST scheme improves with the optimal step size.

Again, Fig. 3.15 presents the NMSE versus different SNR values of the CFO. The

NMSE in this experiment is defined as: NMSE = 1
Niter

∑Niter

i=1
∥ϕ̂i−ϕ∥2
∥ϕ∥2 , where ϕ̂ is the

estimated CFO and ϕ is the exact CFO. It can be observed that the proposed semi-

blind MM algorithm for the CFO estimation shows good performance for the DD-EP

scheme. We can observe the robustness of the proposed algorithm for the DD-EP and

DD-EP-OSS schemes compared to the BP scheme, regardless of the SNR value.

Finally, Fig. 3.16 depicts the performance evaluation for a slowly varying channel

and CFO over each OFDM symbol for both the BP and ST schemes. The variation

in the CFO is adapted as in [68], whereas the slow varying channel is modeled as a
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Figure 3.16: SER versus SNR; slow varying channel and CFO per each OFDM symbol.

specular channel defined as:

h(t) =
L∑
l=1

ρla(θl(t))g(t− τ), (3.54)

where g(t−τ) is the raised cosine function, ρl is the path loss component with Gaussian

distribution ρl ∼ C(0, 1), and a(θl(t)) is the steering vector with angle of arrival θl(t)

uniformly distributed in [−π, π].

This experiment adopts initial setups as stated with α2
p = 0.15, µ = 10−4, α =

0.5, and hence, a symbol-by-symbol stochastic gradient approach is used to optimize

the proposed algorithm. We can see that the proposed algorithm shows a distinct

performance in the ST scheme. This is mainly because it is fully Semi-blind due to

the presence of both pilot and data throughout the transmission and reception. On
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the other hand, in a BP scheme, 80 OFDM symbols are received per frame, where the

first 6 symbols are pilots, followed by 74 data symbols. In the equalization stage and

CFO estimation, only the pilot-based approach can be used at the beginning of each

frame due to the absence of data, followed by the MM approach during the reception

of the remaining data symbols. This means that at the beginning of the frame, only

the LS approach is used, while later, the MM approach is used at the end of the frame

corresponding to α = 0 and α = 1 in (3.41), respectively.

3.5.2 Conclusion

This work presented a semi-blind MM source separation and CFO estimation for the

ST schemes in MIMO-OFDM communications. A jointly hybrid cost function is de-

vised based on MM and LS criteria for source separation and CFO estimation. A

full batch gradient descent optimization process is utilized for the source separation

and CFO estimation. In addition, a step size optimization method is introduced to

enhance the accuracy and convergence speed of the proposed algorithm. Moreover,

a slowly varying channel and CFO per each OFDM symbol is considered, where a

stochastic gradient is used for optimization. Simulation results reveal that significant

spectral efficiency is achieved by superimposing pilots and data during transmission,

and the proposed semi-blind algorithm shows good performance accuracy in the equal-

ization and estimation process with a high convergence rate. In addition, the proposed

algorithm exhibits accuracy in data recovery and CFO estimation in the presence of

slow variation of both channel and CFO.
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CHAPTER 4

CRAMER-RAO BOUNDS FOR

SEMI-BLIND APPROACH

USING EMBEDDED PILOT FOR

MIMO-OFDM SYSTEMS

In this chapter, we present the performance evaluation of a semi-blind algorithm

using a superimposed pilot scheme. Channel estimation is necessary in most wire-

less communication systems to ensure effective channel estimation and equalization.

This is achieved using a dedicated pilot sequence inserted in the system, either in

time-division multiplexed (i.e., a block pilot arrangement scheme), which reduces the

bandwidth or the spectral efficiency of the system, or an embedded pilot scheme that

preserves the bandwidth or improves the spectral efficiency. The primary purpose

of the work is to devise an efficient tool for performance-bound analysis to evaluate
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the efficacy of semi-blind channel estimation techniques in the case of an embedded

pilot in MIMO-OFDM systems. We derive the CRB for a semi-blind approach that

utilizes embedded pilots. Moreover, different data models are used to evaluate the

performance of the derived CRB and compare it with that of the CRB in pilot-based

and block-pilot arrangements. Furthermore, the results demonstrate that the derived

CRB for the embedded pilot achieves excellent performance, comparable to the CRB

of the block-pilot arrangement.

4.1 Introduction

MIMO technology combined with OFDM technique, termed as MIMO-OFDM sys-

tems, stands as a favorable technology for beyond 5G communications and is widely

used in LTE, LTE-A, and 802.11n wireless networks [69], [70]. Certainly, using MIMO-

OFDM technology in wireless communications increases communications reliability

and channel capacity. Specifically, authors in [46] have shown that the system can

significantly enhance the data rate, link reliability, throughput and power efficiency

with substantial interference cancellation.

The design arrangements and insertion pattern of the pilot sequence in wireless

systems is a long-standing issue that numerous studies have examined [71], [70], [8],

[72]. Authors in [73] considered an optimal pilot sequence for the pilot-based estimator

that provides excellent performance, whereas [52], [74], [75] considered BP arrange-

ment for SB channel estimation. In [9], [8], the authors utilize an embedded pilot (EP)

design to improve channel estimation and minimize BER. However, the performance
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gain of the aforementioned channel estimators has been investigated using the well-

known efficient lower bound, i.e., CRB. The authors in [76] provide a derivation of

the CRB for training sequence, blind, and Semi-blind approaches, applicable to both

deterministic and Gaussian models. This work is recognized as the first to establish

the CRB for evaluating SB estimator performance. The authors in [71] derived CRB

expressions for both SISO and MIMO systems for a Semi-blind estimator to optimize

pilot design and insertion. Furthermore, the authors in [77] introduced a CRB as a

function of the channel to assess the imperfect channel estimation on the achievable

rate of the MIMO system. Meanwhile, [78], a stochastic CRB is derived to evaluate

SB channel estimation for both the time-division multiplexed (TDM) pilot and EP

scheme in a MIMO system. Moreover, the authors in [70] utilize the CRB to compare

the minimum achievable error bounds for both pilot-based and SB channel estima-

tors in MIMO-OFDM systems. Their study explores various data models and pilot

arrangements to determine the minimum pilot sequences necessary for an effective

semi-blind approach.

This work evaluates the effectiveness of semi-blind channel estimation techniques

using the EP in MIMO-OFDM systems. We derive the first CRB expression for a

Semi-blind channel estimation approach utilizing the EP scheme for MIMO-OFDM

systems. The derived CRB is then compared to the CRBs of pilot-based and SB

channel estimation techniques employing BP arrangements using Gaussian and fi-

nite alphabet sequence models. The results reveal that the derived CRB for the EP

demonstrates excellent performance, comparable to the CRB of the BP arrangement

presented in [70].
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This chapter is structured as follows: the system model, which includes pilot

sequence design, is presented in Section 4.2. Section 4.3 presents general CRB for-

mulations. Section 4.4 presents CRB for SB channel estimation using EP for various

data models. Section 4.5 contains a performance evaluation of the derived CRB ex-

pressions. Lastly, section 4.6 presented the conclusion.

4.2 System Model

Consider a MIMO-OFDM system shown in Fig. 3.5 with Nt transmit antennas and

Nr receive antennas, where Nr > Nt. The transmitted signal is the superimposed

pilot and data, which consist of K point samples obtained by the K-point Inverse

Fast Fourier Transform (IFFT) and then extended in its front with L length CP.

The size of the CP is assumed to be greater than or equal to a maximum delay of the

multipath channel N , i.e., (N ≤ L). The received OFDM symbols at the r-th antenna

after removing the CP and applying K-point FFT can be expressed as:

yr =
Nt∑
i=1

WF(hi,r)
WH

K
xi + nr K × 1, (4.1)

where nr is K × 1 representing additive white Circular Gaussian (CG) noise with

covariance E[nr(k)nr(i)
H ] = σ2

nIKδki, IK is a K ×K identity matrix, δki is the Kro-

necker delta operator, xi is a K length ith OFDM transmitted data, W is the K-point

Fourier matrix, hi,r represent the N×1 channel taps of the ith transmit and rth received

antenna. The F(hi,r) represents the circulant matrix with eigenvalue decomposition
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expressed as:

F(hi,r) =
WH

K
diag{Fhi,r}W, (4.2)

where F is a K × N submatrix of the first columns of the W Fourier matrix. The

overall received signal in (5.3) can be rewritten as a single vector of size NrK × 1 as

follows:

y = γx + n, (4.3)

here y = [yT
1 , ...yT

Nr
]T , x = [xT

1 , ...xT
Nt
]T , n = [nT

1 , ...n
T
Nr
]T with n ∼ N (0, σ2

nINrK) and

γ = [γ1, ...,γNt
] with γi = [γi,1, ...,γi,Nr

]T where γi,r = diag{Fhi,r}.

For easy derivations of analytical CRB in term of h, equation (4.3) can be rewritten

as:

y = X̃h + n, (4.4)

where h = [hT
1,1, ..., hT

Nt,1
, ..., hT

Nt,Nr
]T is a vector of NrNtN×1, X̃ = INr ⊗X is a matrix

of size NrK × NrNtN with X = [X1F...XNtF] of size K × NtN and Xi is a diagonal

matrix of size K ×K (i.e., Xi = diag(xi)) and ⊗ is a Kronecker product.

4.2.1 Pilot Sequence Design

In channel estimation, it is essential to use known pilot symbols in SB and training-

based channel estimation algorithms. These pilot symbols can be placed at the be-

ginning of each frame, time-division multiplexed with a data signal. This means that

pilots and data are transmitted in different time slots, which leads to a decrease in the

spectral efficiency of the system (see Fig. 4.1a). Alternatively, pilot symbols can be
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superimposed with the data symbols, resulting in a significant increase in the spectral

efficiency of the system. This technique is referred to as an EP scheme (see Fig. 4.1b).

The kth superimposed transmitted signal can be expressed as:

xk = pk + sk (4.5)

where sk are the finite independent identically distributed sequence with zero mean

Figure 4.1: (a) Time-multiplexed pilot scheme, (b) Embedded pilot scheme

and variance σ2
s and pk are the pilot sequence with variance σ2

p. Accordingly, the

transmitted power σ2
t is allocated between the pilots and data as σ2

t = σ2
s + σ2

p. Thus,

the received signal given in (4.4) can be rewritten as:

y = X̃h + n = (P̃ + S̃)h + n (4.6)
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4.3 General Cramer-Rao Bound

The Cramer-Rao Bound is the lower bound criterion that gives the highest achievable

performance of the unbiased estimator in a set of real parameters θ. The CRB can be

defined as follows:

CRB ≤ E{[(θ̂ − θ)(θ̂ − θ)T ]}, (4.7)

The CRB is determined by the inverse of the Fisher Information Matrix (FIM) J(θ),

which can be expressed for a real parameter θ as follows:

J(θ) = E

{(
∂lnp(y|θ)

∂θ

)(
∂lnp(y|θ)

∂θ

)T
}
, (4.8)

However, for a given complex parameter θ, the FIM can be expressed in relation to

the vector of real parameter θR = [ℜ(θ) ℑ(θ)] and complex entries Jθθ and Jθθ∗ as

follows:

JR(θR) = 2

ℜ(Jθθ + Jθθ∗) −ℑ(Jθθ − Jθθ∗)

ℑ(Jθθ + Jθθ∗) ℜ(Jθθ − Jθθ∗)

 (4.9)

where Jϕφ = Ey|θ

(
∂lnp(y|θ)

∂ϕ∗

)(
∂lnp(y|θ)

∂φ∗

)H
using ∂

∂θ
= 1

2

(
∂
∂a − j ∂

∂b
)

where θ = a + jb.

4.4 Cramer-Rao Bound for SB Channel Estimation

In this section, we focus on determining the CRB for SB channel estimation using

EP for the MIMO-OFDM system. The derivation of the FIM takes into account both

data and pilots. We will first examine the performance limits of the SB scheme when
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only the second-order statistic (SOS) is taken into account, using a Gaussian data

model. After that, we will expand our study to include scenarios where higher-order

statistic (HOS)-based data, i.e., a finite alphabet source signal, is considered.

4.4.1 Gaussian Data Cramer-Rao Bound

This subsection considers the SOS, which corresponds to the Gaussian CRB. The

data symbols are therefore considered to be i.i.d. Gaussian distributed with zero

mean and a diagonal covariance matrix made up of the transmit powers of the users,

i.e., Rss = diag(σ2
si
) with i = 1, ..., Nt. The received OFDM signal comprises a data

symbol superimposed with a pilot sequence, i.e., y ∼ NC(Pγ,Ryy) with covariance

matrix written as:

Ryy =
Nt∑
i=1

σ2
si
γiγ

H
i + σ2

nIKNr , (4.10)

where σ2
s , σ2

n are considered known parameters. In the embedded pilot scheme, the

MIMO-OFDM FIM for SB estimation with unknown parameter θ = h can be ex-

pressed as [78]:

Jhh(i, j) = JH
h∗h∗(i, j) = (P̃HR−1

yy P̃)(i, j) + J̄hh(i, j) (4.11)

here

J̄hh(i, j) = tr

{
R−1

yy

(
∂Ryy

∂h∗
i

)
R−1

yy

(
∂Ryy

∂h∗
j

)H
}
, (4.12)
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Jhh∗(i, j) = JH
h∗h(i, j)

= tr

{
R−1

yy

(
∂Ryy

∂h∗
i

)
R−1

yy

(
∂Ryy

∂h∗
j

)}
1 ≤ i, j ≤ NtNrN,

(4.13)

where ∂Ryy
∂h∗

i
= σ2

siNt

γiNt

(∂γiNt

∂hi

)H
.

Remark: The pilot and the channel information are contained in the first and the

second term of (4.11). The R−1
yy in the first term contains data that is considered as

noise, while the second term is associated with the blind channel identification.

4.4.2 Embedded Pilot Cramer-Rao Bound

In this subsection, a finite alphabet data model, specifically 4-QAM, is used to explore

the non-Gaussian nature of communications signals. The received OFDM signal at

the k-th sub-carrier can be expressed as:

yk = γkxk + nk, (4.14)

where γk = [(Fh1,1)k, ..., (Fh1,Nr)k]
T represents the kth Fourier element of h. The

sequence xk consists of i.i.d. values ±1± j, each with equal probabilities for 4-QAM.

The likelihood function can be expressed as follows:

p(yk, θ) =
1

QNt

QNt∑
q=1

1

(πσ2
n)

Nr
e−
(
∥yk−γk(p+sq)∥2

)
/σ2

n , (4.15)
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here Q = 4, sq = ±1± i, for 4-QAM modulation, p is deterministic pilot sequence and

θ = [hT (h∗)T ]T . The likelihood function in (4.15) can written as following:

p4−QAM (zk, θ) =
1

(πσ2
n)

Nr
e−
(
∥zk∥2−∥γk∥2

)
/σ2

n

× cosh
(

1

σ2
n

g1(zk)
)

× cosh
(

1

σ2
n

g2(zk)
)
,

(4.16)

where zk = yk − γkp, g1(zk) = 2ℜ(zHk γk), and g2(zk) = −j2ℑ(zHk γk). The natural

logarithmic of the (4.16) can be written as:

ln p4−QAM(zk, θ) = −Nr ln(πσ2
n)−

1

σ2
n

(∥zk∥2 + ∥γk∥2)

+ ln cosh
(

1

σ2
n

g1(zk)
)
+ ln cosh

(
1

σ2
n

g2(zk)
)
.

(4.17)

The embedded pilot FIM is defined as:

JEP
θθ =

 Jhh Jhh∗

Jh∗h Jh∗h∗

 (4.18)

where the elements of JEP
θθ is a block matrix of size NrNtN given as follows:

[Jhh]i,j = [Jh∗h∗ ]Hi,j = E

(
∂ ln p(zk, h)

∂θ∗

)(
∂ ln p(zk, h)

∂θ∗

)H

= −E
∂

∂θ∗

(
∂ ln p(zk, h)

∂θ∗

)H
(4.19)
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[Jhh∗ ]i,j = [Jh∗h]
H
i,j = E

(
∂ ln p(zk, h)

∂θ∗

)(
∂ ln p(zk, h)

∂θ

)H

= −E
∂

∂θ

(
∂ ln p(zk, h)

∂θ∗

)H
(4.20)

Furthermore, the derivative in (4.19) and (4.20) can be computed as follows:

∂

∂h∗
i

(
∂ ln p(zk, h)

∂h∗
j

)H

= − 1

σ2
n

(
∂zHk
∂h∗

i

(
∂zHk
∂h∗

j

)H

+
∂γH

k

∂h∗
i

(
∂γH

k

∂h∗
j

)H
)

+
1

σ2
n

g′′1(zk)i,j tanh
(

1

σ2
n

g1(zk)
)
+

1

σ4
n

∥g′1∥2f1

+
1

σ2
n

g′′2(zk)i,j tanh
(

1

σ2
n

g2(zk)
)
+

1

σ4
n

∥g′2∥2f2, (4.21)

∂

∂hi

(
∂ ln p(zk, h)

∂h∗
j

)H

= 0, (4.22)

where g′1(zk)i = ∂g1(zk)
∂h∗

i
, g′2(zk)i = ∂g2(zk)

∂h∗
i

, g′′1(zk)i,j = ∂
∂h∗

j

(∂g1(zk)
∂h∗

i

)
, g′′2(zk)i,j =

∂
∂h∗

j

(∂g2(zk)
∂h∗

i

)
, f1

def
= 1

cosh2

(
1

σ2
n
g1(zk)

) , f2
def
= 1

cosh2

(
1

σ2
n
g2(zk)

) , with, ∂g1(zk)
∂h∗

i
=

∂zHk
∂h∗

i
γk + zk ∂γH

k

∂h∗
i

,

∂g2(zk)
∂h∗

i
= −j

[
∂zHk
∂h∗

i
γk − zk ∂γH

k

∂h∗
i

]
, ∂zHk

∂h∗
i
= −pH ∂γH

k

∂h∗
i

.

However, considering the regularity condition and assuming high SNR (i.e., SNR> 0),

as adopted in [70], the two functions f1 and f2 vanish to 0. Therefore, (4.19) can be

rewritten by taking the negative expectation of (4.21), as follows:

[Jhh]i,j = [Jh∗h∗ ]Hi,j = −E
∂

∂h∗
i

(
∂ ln p(zk, h)

∂h∗
j

)H

=
1

σ2
n

(
PH ∂γH

k

∂h∗
i

(
∂γH

k

∂h∗
j

)H

P +
∂γH

k

∂h∗
i

(
∂γH

k

∂h∗
j

)H
)

(4.23)

[Jhh∗ ]i,j = [Jh∗h]
H
i,j = −E

∂

∂hi

(
∂ ln p(zk, h)

∂h∗
j

)H

= 0 (4.24)
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Note that: due to the odd nature of the tanh function and zk is zero mean variable,

the expectation of the two functions E
[
tanh

(
1
σ2
n
g1(zk)

)]
and E

[
tanh

(
1
σ2
n
g2(zk)

)]
can be expressed as follows:

E

[
tanh

(
1

σ2
n

g1(zk)
)]

=

∫
tanh

(
1

σ2
n

g1(zk)
)
p(zk,θ)dzk = 0, (4.25)

E

[
tanh

(
1

σ2
n

g2(zk)
)]

=

∫
tanh

(
1

σ2
n

g2(zk)
)
p(zk,θ)dzk = 0. (4.26)

4.5 Performance Evaluation

This section presents the performance assessment of the derived semi-blind CRB for

the embedded pilot in the context of the MIMO-OFDM system. We compare the

performance of the derived CRB with that of the unbiased Mean Square Error (MSE)

estimator and semi-blind CRB for block-pilot arrangements presented in [70]. The

MSE estimate utilizes only pilot sequences to estimate the channel as CRBOP =

σ2
ntr{(P̃HP̃)−1} with P̃ = [P̃(1)T , ..., P̃(Np)

T ]T . The best performance in CRBOP is

achieved when the orthogonal pilots are considered i.e., P̃HP̃ = NpσpINrNtN . All

results presented are in the form of normalized CRB =
{

tr{CRB}
∥h∥2

}
. The channels are

randomly i.i.d, with unit variance and zero-mean having a Gaussian distribution. The

transmitted symbols are modulated using the 4-QAM modulation scheme, employing

Nt = 2, Nr = 4, and channel taps N = 4. The pilot sequences have the same size as

the data symbols, i.e., Ns = Np = 40 for the embedded pilot scheme with a total of

K = 64 subcarriers.
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Figure 4.2 presents the normalized CRB versus SNR using Gaussian data. Note

that in the BP arrangement, the data and pilots have the same power, i.e., σ2
t =

σ2
s = σ2

p = 1, while in the embedded pilot scheme, the data and the pilots share

the total transmitted power, i.e., σ2
s = 0.9 and σ2

p = 0.1. We can observe that the

proposed semi-blind CRB for the embedded pilot, i.e., CRBEBP
SB , depicts excellent

performance. Furthermore, the performance closely matches the BP scheme, i.e.,

CRBBP
SB at high SNR. It’s important to remember that the embedded pilot scheme

preserves bandwidth, unlike the TDM method. Figure 4.3 illustrates the impact of
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Figure 4.2: Normalized CRB versus SNR for a Gaussian data model for the pilot-
based, BP, and EP scheme.

increasing the number of data OFDM symbols (Ns) on the CRB for a specific SNR of

10 dB for both the EP and BP schemes. We can see that the performance improves

significantly with the increase in data symbols. Figure 5.5 presents a comparison
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Figure 4.3: Normalized CRB versus number of OFDM symbols at SNR = 10 dB for
a Gaussian data model for the pilot-based, BP, and EP scheme.

of the normalized CRB for only pilot sequence, BPSK, QPSK, and EBP using a

4-QAM signal. It is evident that the semi-blind CRB of the embedded pilot (i.e.,

CRBEBP
SB ) closely aligns with the performance bounds of BPSK and QPSK across

all considered SNR. This indicates that by utilizing the embedded pilot scheme, it

is possible to achieve performance similar to that of the TDM scheme. Thus, no

additional bandwidth is required for transmitting pilot sequences when implementing

an embedded pilot scheme. However, a significant performance increase can be noticed

for an increase in OFDM data until the symbols reach 40 symbols; henceforth, a slight

increase is depicted for BPSK, QPSK, and EP (see Fig. 5.8).
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Figure 4.4: Normalized CRB versus SNR for a Finite data model for the pilot- based,
BP, and EP scheme with Nr = 2, Nt = 2.

4.6 Conclusion

This work presents a performance-bound analysis based on semi-blind channel esti-

mation for embedded pilots in MIMO-OFDM communications. We derived the first

analytical semi-blind CRB expressions for the embedded pilot scheme by considering

both Gaussian and 4-QAM data models in the MIMO-OFDM systems. Simulation

results indicate that, when using the Gaussian data model, it is possible to achieve

a performance similar to that of TDM at high SNR. Furthermore, an increase in the

number of OFDM data symbols enhances the performance of channel estimations. Ad-

ditionally, when considering the 4-QAM data model, the embedded pilot CRB closely

matches the performance bounds of BPSK and QPSK across all considered SNR levels.

This demonstrates that a semi-blind channel estimation technique utilizing embedded
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Figure 4.5: Normalized CRB versus number of OFDM symbols for a Finite data model
for the pilot-based, BP, and EP scheme at SNR = 10 dB, with Nr = 2, Nt = 2.

pilots can achieve a performance comparable to that of TDM.
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CHAPTER 5

SEMI-BLIND TENSOR-BASED

CHANNEL ESTIMATION FOR

DOUBLE RIS MIMO SYSTEMS

In this chapter, we propose a new joint (coupled) Tucker-2 decomposition method

for semi-blind channel estimation in a D-RIS-assisted MIMO communications system.

In the D-RIS-assisted system, two RISs are considered; where the first RIS is placed

close to the transmitter, and the other is placed close to the receiver for optimal

performance. We demonstrate that the received signals in flat fading D-RIS-assisted

MIMO systems can be effectively constructed using a 3-way Tucker-2 tensor model.

By utilizing the Tucker factorization on the Tucker-2 received signals model, all the

three channels i.e., HT channel between Transmitter (Tx)-to-RIS 1, the HS channel

between RIS 1-to-RIS 2, and the HR channel between RIS 2-to-Receiver (Rx) can be

estimated effectively. Furthermore, compared with a S-RIS and the M-RIS case, we
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demonstrate how the system’s performance is influenced by parameters related to the

transceiver, training overhead, and the number of elements considered in the RISs.

A numerical performance evaluation depicts a fast convergence and underscores the

improvement in the spectral efficiency of the D-RIS system compared to S-RIS and

M-RIS systems.

5.1 Introduction

The Fifth Generation (5G) and beyond wireless communication standards hold the

potential to deliver improved wireless broadband and extensive connectivity with

extremely low latency through advanced technology such as massive MIMO and

millimeter-wave (mm-wave) communication systems. Nevertheless, these advance-

ments come with significant power consumption and path loss challenges in ensuring

users a consistent quality of service, particularly in challenging propagation environ-

ments [20]. In response to these limitations, potential and cost-effective remedies like

developing RISs have been introduced [79]. The RIS is a 2D surface structure compris-

ing a set of electrically tunable reflecting antenna arrays that adjust their radiation

patterns dynamically to improve the efficiency and capacity of the communications

system.

The majority of previous research proposed the use of a S-RIS-assisted system

where the Tx and the Rx communicate through an S-RIS-aided channel. Additionally,

it has been demonstrated that optimal performance gain is achieved when the RIS is

positioned in close proximity to the Tx/Rx [80]. On the other hand, some applications,
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Figure 5.1: S-RIS, D-RIS, and M-RIS aided MIMO communications

like satellite-to-indoor communications, may require multiple deployments of RIS.

Multiple deployments of RIS can be D-RIS-assisted where one RIS is positioned close

to Tx and the other close to the Rx (see Fig. 5.1a) [81], [6] or a situation in which all

the RISs are positioned at precise locations of the channel scatterers (see Fig. 5.1b)

named M-RIS-assisted [82]. The performance of the S-RIS, D-RIS, or M-RIS-aided

system significantly relies on the number of the array elements on the RIS, the deployed

position, and the quality of CSI estimation. This becomes challenging, particularly in

a D-RIS-aided system where the channel contains three cascaded channels compared

to two in a S-RIS-aided system.

A plethora of recent references, such as [83], [84], [6], [85], have focused on Al-

ternating Least Squares (ALS)-based channel estimation for both S-RIS and D-RIS

systems. The authors in [83] proposed an ALS-based channel estimation for an S-

RIS system, and their algorithm relied on the parallel tensor model of the received

signal. Also, the authors in [84] consider ALS-based in S-RIS under a quasi-static

block fading channel by controlling the training sequence overhead using a spatial

correlation. Furthermore, the authors in [6], [85] proposed an ALS-based for D-RIS

to exploit the 4-way tensor of the D-RIS system using a low-complexity Khatri-Rao
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factorization in [85] and using Tucker-2 tensor decomposition in [6]. Their method

achieved a remarkable performance with a minimum overhead sequence. Also, the

authors in [82] consider channel estimation and joint beamforming design for both

the S-RIS and M-RIS systems, whereby all RISs were positioned in a precise location

of channel scatterers see Fig 5.1c. However, blind and semi-blind channel estimation

maintain the system’s spectral efficiency [74], [86] and have recently been proposed

for RIS-aided systems. In [87], authors consider S-RIS and proposed a blind data re-

covery with the help of ALS using a constrained factor tensor decomposition. In [88],

a generalized Parallel factor and Tucker tensor decomposition using Khatri-Rao and

Kronecker factorization is presented for joint semi-blind equalization in RIS, respec-

tively. Also, the authors in [89] proposed a semi-blind approach for the S-RIS-aided

channel, which helps enhance the data rate of the system.

In this work, we develop a new joint (coupled) Tucker-2 factorization for a semi-

blind approach in D-RIS-assisted MIMO communication systems. We demonstrate

that the received signals can be formulated as a joint Tucker-2 tensor model, en-

abling a joint coupled Tucker-2 decomposition. By employing the coupled Tucker-2

factorization on the Tucker-2 received signals model, effective estimation of all three

channels – Tx-to-RIS 1 (HT), the channel between RIS 1-to-RIS 2 (HS), and the chan-

nel between RIS 2-to-Rx (HR) can be achieved. Additionally, in comparison to both

S-RIS and M-RIS scenarios, we illustrate how transmit and receive antennas, training

overhead, and the number of elements in the RISs impact the system’s performance.

Furthermore, numerical performance evaluation shows fast convergence and highlights

enhancements in spectral efficiency within the D-RIS system compared to both S-RIS
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and M-RIS configurations.

5.2 Problem Formulation

5.2.1 System Model

In this work, we consider a MIMO communication systems equipped with a D-RIS

between Nt transmit antennas and Nr receive antennas as shown in Fig. 5.1a. The

RIS 1 has M1 reflecting elements and is placed near the Tx, hereas the RIS 2 has M2

reflecting elements and is placed near the Rx. It is assumed that L symbol frames

were transmitted, such that L = I · K, and there are no direct communications be-

tween Tx-to-Rx, Tx-to-RIS 2, and RIS 1-to-Rx owing to the high propagation pathloss

phenomena.

The received signal yi,k at the (i, k)-th subframe with i = 1, 2, ..., I and k =

1, 2, ..., K can be expressed as:

yi,k = HRΦiHSΨiHTxk + ni,k ∈ CNr×1, (5.1)

where xk ∈ CNt×1 is the transmitted signal; ni,k ∈ CNr×1 is the additive white Gaussian

circularly symmetric complex-valued noise with zero mean and variance σ2
n; HT ∈

CM1×Nt is the channel between Tx to RIS 1; HR ∈ CNr×M2 is the channel between

RIS 2 to Rx; and HS ∈ CM2×M1 is the channel between RIS 1 to RIS 2, respectively.

Let Ψi = diag(ψi) ∈ CM1×M1 with |[ψi]m1 | = 1/
√
M1 and Φi = diag(ϕi) ∈ CM2×M2

with |[Φi]m2 | = 1/
√
M2 be the i-th diagonal reflection matrix of RIS 1 and RIS 2,

109



respectively; where ψi ∈ CM1×1 and ϕi ∈ CM2×1, respectively. From (5.1), we stack

the vectors {yi,k}Kk=1 into a matrix Yi = [yi,1, ..., yi,K ] ∈ CNr×K and expressed as:

Yi = HRΦiHSΨiHTX + Ni, (5.2)

Zi
∆
= YiXH = HRΦiHSΨiHT + NiXH ∈ CNr×Nt , (5.3)

where X = [x1, x2..., xK ] ∈ CNt×K and it is assumed that XXH = INt for K ≥ Nt

(under the assumption that the pilot matrix X is orthogonal). Our primary target in

the following section is to estimate the channels HT,HS, and HR.

5.2.2 Tensor-based Model

If we stack I matrices {Yi}Ii=1 and {Zi} into two third-order tensors Y ∈ CNr×K×I

(i.e., Y(:, :, i) = Yi ∈ CNr×K) and Z ∈ CNr×Nt×I (i.e., Z(:, :, i) = Zi ∈ CNr×Nt), then

Y and Z admit the following Tucker representations:

Z = G ×1 HR ×2 HT
T, (5.4)

Y = G ×1 HR ×2 (XTHT
T), (5.5)

where

G = [G1,∪3, ...,∪3,GI ] ∈ CM2×M1×I , and Gi = ΦiHSΨi, i = 1, 2, ..., I (5.6)

Accordingly, taking the Tucker-2 decomposition of Z can result in HS, HR and HT
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Figure 5.2: Graphical tensor representation of the received signal

as presented in [6] which is expressed as follows;

{ĤR, ĤT, ĤS} = arg min
HR,HT,HS

∥∥∥Z − G ×1 HR ×2 HT
T

∥∥∥2
F
, (5.7)

The above problem involves joint optimization, which is nonconvex in nature and

can be solved using an alternating minimization method where one variable is solved

at a time while the others remain fixed. The individual channel estimate can be

represented as:

ĤR = arg min
HR

∥∥∥[Z ](1) − HRFR(HT,HS)
∥∥∥2

F
, (5.8)

ĤT = arg min
HT

∥∥∥[Z ](2) − HT
TFT(HR,HS)

∥∥∥2
F
, (5.9)

ĥS = arg min
hS

∥∥∥z(3) − FS(HT,HR)hS

∥∥∥2
2
, (5.10)

where FR(HT,HS) = [G](1)(II ⊗ HT
T)

T ∈ CM2×INt ; FT(HR,HS) = [G](2)(II ⊗ HT
R)

T ∈

CM1×INr ; FS(HT,HR) =
(
(HT

T ⊗ HR) ⊙ (Ψ ⊙Φ)T
)
∈ CINrNt×M1M2 ; ĥS = vec{ĤS} ∈

CM1M2 ; z(3) = vec{[Z ](3)} ∈ CINtNr and [Z ](n), n ∈ {1, 2, 3} is the n-mode unfolding

of Z which is written as:

[Z ](1) = HR[G](1)(II ⊗ HT
T)

T + [N ](1) ∈ CNr×INt , (5.11)
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[Z ](2) = HT
T[G](2)(II ⊗ HR)

T + [N ](2) ∈ CNt×INr , (5.12)

[Z ](3) = [G](3)(HT
T ⊗ HR)

T + [N ](3) ∈ CI×NtNr . (5.13)

However, for a unique solution of (5.8), (5.9) and (5.10) this requires that FR and

FT have a full column-rank such that INt ≥ M2 and INr ≥ M1; whereas FS has

full row-rank implying IM1M2 ≥ NrNt. Therefore, authors in [6] concluded that the

number of channel coefficients for S-RIS and D-RIS denoted as HS-RIS and HD-RIS can

be written as:

HS-RIS = NtM +NrM (5.14)

HD-RIS = NtM1 +M1M2 +NrM2. (5.15)

The work in [6] recasts (5.4) to the PARAFAC model in [85].

5.3 Proposed Semi-Blind Channel Estimation

This section presents our new proposed coupled Tucker-2 received signal model and

semi-blind channel estimation algorithm based on a new coupled Tucker-2 tensor de-

composition. Assume that we have X = [Xp Xd,i] ∈ CNt×(Kp+Kd) where Xp ∈ CNt×Kp

is the pilot matrix and Xd,i ∈ CNt×Kd is the unknown matrix. From (5.5), the received

pilots and signal can be expressed as follows:

Yp = G ×1 HR ×2 (XT
p HT

T) +N p ∈ CNr×Kp×I , (5.16)

Yd,i = Gi ×1 HR ×2 (XT
d,iHT

T) + Nd,i ∈ CNr×Kd×I . (5.17)
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where Gi = ΦiHSΨi is the ith frontal slice of G.

For short, let denote UTp = XT
p HT

T ∈ CKp×M1 , Pd,i = XT
d,iXp, and UTd,i

= Pd,iUTp ∈

CKd×M1 . Expressions (5.16) and (5.17) can be recast into the following joint (coupled)

Tucker-2 decomposition of Yp and Yd,i


Yp = G ×1 HR ×2 UTp +N p,

Yd,i = Gi ×1 HR ×2 UTd,i
+ Nd,i, i = 1, 2, ..., I.

(5.18)

Here, G and HR represent the common core tensor and the common loading factor,

respectively. Two matrices UTp and UTd,i
are the individual factors of Yp and Yd,i,

respectively. Figure 5.3 presents the graphical representation of a 3rd-order Tucker

tensor of the received signal. By performing the joint Tucker-2 decomposition of

(5.18), we can obtain the matrices HR, UTp , UTd,i
and common core G directly. This

can be reformulated as an optimization problem:

arg min
G,HR,UTp ,UTd,i

∥∥Yp − G ×1 HR ×2 UTp

∥∥2
F
+

I∑
i=1

∥∥Yd,i − Gi ×1 HR ×2 UTd,i

∥∥2
F
. (5.19)

To solve (5.19), we propose the following iterative optimization procedure
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Figure 5.3: Graphical representation of a 3rd-order Tucker tensor of the received signal

H(j)
R = arg min

HR

∥∥∥[Yp

]
(1)

− HR

[
G
](j−1)

(1)
(I ⊗ U(j−1)

Tp
)⊤
∥∥∥2
F

+
I∑

i=1

∥∥∥Yd,i − HRG(j−1)
i (U(j−1)

Td,i
)⊤
∥∥∥2
F
, (5.20)

U(j)
Tp

= arg min
UTp

∥∥∥[Yp

]
(2)

− UTp

[
G
](j−1)

(2)
(IK ⊗ H(j)

R )⊤
∥∥∥2

F
, (5.21)

U(j)
Td,i

= arg min
UTd,i

∥∥∥Y⊤
d,i − UTd,i

(G(j−1)
i )⊤H(j)

R
⊤
∥∥∥2

F
, (5.22)

[G(j)](1) = arg min
G

∥∥∥[Yp

]
(1)

− H(j)
R

[
G
]
(1)
(I ⊗ U(j)

Tp
)⊤
∥∥∥2
F

+
∥∥∥Y⊤

d − repmat(H(i)
R , [I, 1])blkdiag(

[
G
]
(1)
)
[
U⊤

Td,1
U⊤

Td,2
...U⊤

Td,I

]⊤∥∥∥2
F
. (5.23)

where Yd = [Yd,1,Yd,2, ...,Yd,I ].

Note that, we obtain the common core G(j) by reshaping the matrix [G(j)](1) at each

iteration. Their closed-form solutions are provided in Algorithm 1. Subsequently,

upon obtaining ĤR, ÛTp , ÛTd,i
and Ĝ, we proceed to estimate ĤT = ÛT

Tp
XT

p and ĤS ≈

Φ−1ĜΨ−1. Ultimately, the cascaded end-to-end channel estimate can be expressed

as:

Ĥe = ĤRΦĤSΨĤT ∈ CNr×Nt . (5.24)

114



Remarks: The individual channel estimates can be expressed in relation to the actual

channels as: ĤR ≈ HR∆R, ĤT ≈ ∆THT, HS ≈ ∆−1
R ĤS∆

−1
T , where ∆ is the diagonal

matrix containing the scaling ambiguities which normally disappear in the end-to-end

cascaded channel Ĥe = ĤRĤSĤT ∈ CNr×Nt because the reflection matrices Φ and

Ψ are known at the receiver side and the permutation ambiguities disappeared [85].

Additionally, the proposed method presents an approach to estimate the unknown

data matrix Xd,i from UTd,i
and UTp . Specifically, we first determine the matrix

Pd,i = UTd,i
U+

Td,i
and then simply estimate Xd,i = (Pd,iX+

p )
T.

Algorithm1: Joint (Coupled) Tucker-2 Decomposition

Input: Yp, Yd, and a small regularized parameter ρ

Output: G,HR,UTp , and UTd,i

Initialization:

G(0),H(0)
R ,U(0)

Tp
, and U(0)

Td,i
are generated at random

Z(0)
p = (I ⊗ U(0)

Tp
)⊤; Z(0)

d,i = (I ⊗ U(0)
Td,i

)⊤

Main Program:

For i = 1, 2, . . . do

// Estimate the common factor HR

W(j)
p =

[
G(j−1)

]
(1)

Z(j−1)
p

W(j)
d,i = G(j−1)

i (U(j−1)
d,i )⊤

Y(j) =
[
Yp

]
(1)
(W(i)

p )⊤ +
∑I

i=1 Yd,i(W(j)
d,i )

⊤

H(j)
R = Y(j)

(
W(j)

p (W(j)
p )⊤ +

∑I
i=1 W(j)

d,i (W
(j)
d,i )

⊤ + ρIM2

)−1
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// Estimate two factors UTp and UTd,i

Q(j) =
[
G(j−1)

]
(2)
(IK ⊗ H(j)

R )⊤

U(j)
Tp

=
[
Yp

]
(2)
(Q(j))+

U(j)
Td,i

= Yd,i(H(j)
R G(j−1)

i )+

// Estimate the common core G

Z(j)
p = (I ⊗ U(j)

Tp
)⊤

Z(j) = (H(j)
R )+

([
Yp

]
(1)
(Z(j)

p )⊤ +
∑I

i=1 Yd,i(U(j)
Td,i

)⊤
)

[
G(j)

]
(1)

= Z(j)
(
Z(j)
p (Z(j)

p )⊤ +
∑I

i=1 U(j)
Td,i

(U(j)
Td,i

)⊤ + ρI
)−1

End For

5.4 Numerical Evaluation

This section presents a performance assessment of the proposed semi-blind coupled

Turker-2 approach for a D-RIS-aided compared to the model proposed in [82] based

on spectral efficiency which is defined as:

SE (bps/Hz) = log2
[

det
(

I + SNR · ĤH
e Ĥe

)]
, (5.25)

where P is the number of RIS considered in the system; Ĥe is the cascaded end-

to-end channel estimate. The channel matrices HR,HS, and HT are generated ran-

domly and assumed to be Gaussian independent and identically distributed (i.i.d.)
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with zero mean and unit variance. A finite alphabet sequences are considered as

transmitted information. The Signal-to-Noise Ratio (SNR) is defined as: SNR =

E{∥Z −N ∥2F}/E{∥N ∥2F}. The reflection matrices Ψ ∈ CI1×M1 and Φ ∈ CI2×M2 are

updated by random selection of the I1 and I2 rows of the normalized M1 and M2-DFT

matrices, such that I1 ≤ M1 and I2 ≤ M2 as in [6].

Figures 5.4 and 5.5 illustrate the performance evaluation of the proposed joint

Tucker-2 decomposition of Yp and Yd using the following metric:

Error(Zgt,Zes) = ∥Zgt −Zes∥F/∥Zgt∥F , (5.26)

where Zgt and Zes are ground truth and estimate, respectively. The convergence of

the algorithm is decided based on the threshold δ (i.e., Error(i)− Error(i− 1) ≤ δ).
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Figure 5.4: Error versus SNR performance of the Common factor G, Individual factor
Yp and Individual factor Yd.
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Figure 5.5: Error versus number of iterations.

The setup considered in this experiment consists of I = 40 training overhead; Nr =

4, Nt = 2, M1 = 20, M2 = 10 and δ = 10−4. The legends of Fig. 5.4 and Fig. 5.5

depict the common core G; individual factor of Yp and individual factor of Yd. As can

be observed from Fig. 5.4, the proposed algorithm performs very well and effectively

in the presence of noise. Moreover, in terms of convergence, as depicted in Fig. 5.5,

the proposed algorithm attains a steady state in almost two iterations.

Figure 5.6 shows the results of the proposed joint Tucker-2 approach for D-RIS in

terms of the normalized mean square error (NMSE) of the effective channels defined

as NMSE = E{∥He − Ĥe∥2F}/E{∥He∥2F}. In this experiment, the setup consists of

I = 20 training overhead, Nr = 4, Nt = 2, and different elements distributions for M1

and M2 in the RIS 1 and RIS 2 in D-RIS as indicated in the legend of the Fig. 5.6.

We can observe a significant NMSE performance improvement when M1 = M2 = 20
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Figure 5.6: NMSE versus SNR, Nr = 4, Nt = 2, I = 20 training overhead for solid
line, Nr = 8, Nt = 2, I = 40 training overhead dashed line. The Black dashed line is
the work presented by [6]

compared to when M1 = 10,M2 = 30. This indicates that excellent performance can

be achieved with careful distribution of elements between RIS 1 and RIS 2 of the

D-RIS system.

As far as the spectral efficiency is concerned, Fig. 5.7 presents the performance

of the proposed joint Tucker-2 semi-blind approach for D-RIS compared to the work

presented in [82] for S-RIS and M-RIS systems, whereby all RISs were positioned in

same scenario as reported in [82]. In this experiment, I = 20 training overhead is

used for all cases. Furthermore, the number of S-RIS elements, M , is considered to

be distributed between RIS 1 and RIS 2 in both the D-RIS and M-RIS scenarios, i.e.,

M = M1 + M2. As an example, assume that M = 40 elements, then from (5.14)

and (5.15), S-RIS has channel coefficient HS-RIS = 240, whereas D-RIS and M-RIS
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Figure 5.7: SE versus SNR for I = 20 training overhead for all cases. Nr = 4, Nt = 2
for solid line, Nr = 6, Nt = 2 dashed line.

have channel coefficients HD-RIS = 520 with M1 = M2 = M/2 = 20 elements. This

shows that the D-RIS and M-RIS systems have more channel coefficients than the

S-RIS system. Moreover, as highlighted in [6], when Nr ≈ Nt and HD-RIS > HS-RIS,

the S-RIS requires less training overhead. However, with less training overhead (in

this case, I = 20), we can observe that the proposed semi-blind algorithm displays

a better SE of about 35.9 bps/Hz than S-RIS and M-RIS scenarios with a SE of

16 bps/Hz and 25 bps/Hz, respectively, for an SNR= 30 dB. Also, the performance

of our algorithm improves to SE 37 bps/Hz with an increase in Nr (see Fig. 5.7).

Nevertheless, considering M1 = 10, and M2 = 30, the D-RIS channel number of

coefficients decreases (HD-RIS = 440), which affects our algorithm’s performance but

still achieves SE of 30 bps/Hz better than its counterpart (see Fig. 5.7). In Fig. 5.8,
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we can see that an increase in training overhead (I = 40) has no significant impact

on S-RIS performance compared to M-RIS and D-RIS, which shows a remarkable

performance improvement.
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Figure 5.8: Spectral efficiency evaluation for different RIS configuration using SE
versus SNR. Nr = 4, Nt = 2.

5.5 Conclusion

This chapter considers a new semi-blind channel estimation technique based on a new

joint (coupled) Tucker-2 tensor decomposition approach for D-RIS-aided MIMO sys-

tems. We demonstrated that our proposed algorithm performs better in the presence

of noise and converges in a few iterations. Moreover, we demonstrated that a perfect

end-to-end channel can be estimated with a small training overhead, which results in

improved spectral efficiency of a D-RIS system in comparison with S-RIS and M-RIS

scenarios.
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CHAPTER 6

CONCLUSIONS AND FUTURE

WORKS

6.1 Conclusions

In this thesis, we primarily developed efficient semi-blind algorithms for channel esti-

mation, equalization, and source separation in MIMO-OFDM communication systems.

Moreover, this work addresses the problem of CFO estimation and compensation for

both block pilot and embedded pilot schemes in the context of MIMO-OFDM systems.

Initially, we developed a new semi-blind subspace-based algorithm that leverages

the orthogonality properties between the covariance matrix and noise subspace for

channel estimation. This algorithm demonstrates accurate channel estimation with

less computational complexity and a faster convergence rate compared to the existing

algorithms. Furthermore, detailed computational complexity and uniqueness of the

solution are provided.

Secondly, the thesis explores an embedded pilot scheme that has not been pre-
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viously investigated in the context of multicarrier communications. We introduced

a new source separation and carrier frequency estimation method for TDM and the

embedded pilot scheme based on the hybrid semi-blind cost function. In addition, a

new initialization procedure and a method of optimizing a step size are introduced to

enhance the performance of the devised algorithm. Moreover, a slow-varying channel

and CFO per each OFDM symbol are considered and optimized using a stochastic

gradient method. The simulation results indicate a good estimation accuracy and

data recovery along with significant spectral efficiency improvement.

Further, the performance of the proposed techniques is evaluated using a devised

theoretical CRB, and the CRB metric points out the effectiveness of the developed

algorithms in MIMO-OFDM systems.

This thesis motivates the development of a new semi-blind tensor-based channel

estimation algorithm for D-RIS MIMO-assisted communication systems. A numerical

evaluation shows a fast convergence and underscores the improvement in the spectral

efficiency of the D-RIS system compared to the S-RIS and M-RIS systems.

6.2 Future Works

This thesis investigates semi-blind channel estimation and source separation for multi-

carrier communication systems. Additionally, several methods can be explored to

extend this research further in the future as follows:

• The proposed CRB performance analysis for the embedded pilot can be extended

to the data-dependent embedded pilot method in the MIMO-OFDM system.
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• Explore the feasibility of developing an analytical solution for source separation

based on a multi-modulus criterion using embedded pilots in MIMO-OFDM

systems.

• Develop a deep learning method for a joint semi-blind source separation and

CFO estimation in MIMO-OFDM systems.

• Develop a deep learning method for semi-blind channel estimation in RIS MIMO-

assisted systems.
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APPENDIX A

PROOF OF IDENTIFIABILITY

This appendix provides proof of the propositions 2.4 and 2.4 in chapter 2, section 2.4.

In [38], it has been established that the subspace method is implicitly based on

an orthogonality relation between rational subspaces. In fact, since H(z) is (i) irre-

ducible and (ii) column-reduced, which means that rank(H(N − 1)) = Nt, its column

vectors span a rational subspace of dimension Nt. The noise vectors and orthogonality

relation represent a way to estimate a basis U(z) of the orthogonal rational subspace,

whose dimension is (Nr − Nt), and to characterize the desired channel matrix via

the orthogonality relation U(z)HH(z) = 0, for all z. The latter relation, under the

data model assumptions, allows us to estimate the polynomial channel matrix up to

a constant Nt ×Nt matrix D, i.e. in the noiseless case, the estimated channel matrix

Ĥ(z) is given by Ĥ(z) = H(z)A where A is an unknown Nt ×Nt matrix.

In addition, it is shown in [38] that the orthogonal rational subspace admits a

‘minimal’ polynomial basis, denoted as Umin(z), which is irreducible and whose column

vector degrees N1, . . . , NNr−Nt satisfy N1 + · · · + NNr−Nt = Nt(N − 1) (see [38], [90]

for details).
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Now, let us reconsider the orthogonality relations in (2.15) using this new concep-

tual insight. Since both Unk
and Umin(e

−j2πk/K) span the noise subspace of Ck, there

exists a non-singular transform matrix Pk such that Unk
= Umin(e

−j2πk/K)Pk. Hence,

the orthogonality relation becomes

UH
nk
H(e−j2πk/K) = 0,

which is equivalent to

UH
min(e

−j2πk/K)H(e−j2πk/K) = 0.

The equivalence comes from the fact that Pk is non-singular and hence can be disre-

garded. Note that UH
min(z)H(z) is a polynomial matrix of degree M satisfying

M ≤ max
1≤i≤Nr−Nt

Ni +N − 1

≤

(
Nr−Nt∑
i=1

Ni

)
+N − 1

= (Nt + 1)(N − 1).

Finally, a polynomial of degree M with strictly more than M roots is the null poly-

nomial, that is

UH
min(z)H(z) = 0

for z = e−j2πk/K , k = 0, . . . , K − 1. Hence,

UH
min(z)H(z) = 0,
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for all z, if the number of subcarriers K > (Nt + 1)(N − 1), which is the case in

practice. This ends the proof of the two propositions.
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APPENDIX B

PROOF OF PROPOSITION 3

The proof of our third proposition relies on the following two lemmas:

Lemma B.1 The sample averaged estimates of the data covariance at two different

frequency bins are statistically independent, i.e. Rk and Rl are independent if k ̸= l,

and satisfy

NsE(tr(δCkMδCkN)) −→
Ns→∞

tr(CkN) tr(CkM) (B.1)

where δC = Ĉk − Ck, with Ck being the exact covariance matrix, and N and M are

any given matrices.

Proof. This lemma is a special case of [91, Lemma 1] for i.i.d. input signals.

Lemma B.2 The first order Taylor expansion of the noise subspace projector estimate

is given by:

δΠk = −ΓkδCkΠk − ΠkδCkΓk (B.2)

where, δΠk = Π̂k − Πk with Πk being the exact noise projection matrix, and Γk =

(Ck − σ2
n,kINr)

#.
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Proof. The proof is given by [38, Theorem 6].

Using Lemma B.2, the first order expansion of δQk can be expressed as

δQk = Ek ⊗ INt ⊗ δ�k

= −Ek ⊗ INt ⊗ (ΓkδCkΠk +ΠkδCkΓk).

Hence,

E(∥δQk∥2) = E(tr(δQ2
k))

= tr(E2
k ⊗ INt) tr((ΓkδCkΠk +ΠkδCkΓk)

2)

= N2Nt(tr(δCkΓ
2
kδCkΠk) + tr(δCkΠkδCkΓ

2
k),

where we used E2
k = NEk, the Kronecker property tr(A ⊗ B) = tr(A) tr(B) and the

orthogonality relation ΠkΓk = 0. Finally, by using Lemma C.1, we obtain

NsE(∥δQk∥2) −→
Ns→∞

2N2Nttr(CkΓ
2
k) tr(CkΠk).

To conclude, we use

tr(CkΓ
2
k) =

Nt∑
i=1

λi,k

(λi,k − σ2
n,k)

2

and

tr(CkΠk) = σ2
n,k(Nr −Nt).
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This, finally, leads to

NsE(∥δQk∥2) −→
Ns→∞

2N2Nt(Nr −Nt)
Nt∑
i=1

σ2
n,kλi,k

(λi,k − σ2
n,k)

2
,

which ends the proof of Proposition B.
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APPENDIX C

PROOF OF PROPOSITION 4

C.1 Proof of Proposed Semi-blind Cost Function

This section describes the derivation of our proposed jointly semi-blind cost function

for source separation and CFO estimation. The LS cost function is given as follows:

JLS(Q, f) =
K−1∑
k=0

∥∥Z̄k − Pk

∥∥2, (C.1)

The LS cost function w.r.t the Q can be written in first-order expansion form as:

JLS(Q + δQ) =
K−1∑
k=0

∥∥Z̄k − Pk + δZ̄k

∥∥2 = J(Q) + δJk(Q), (C.2)

where

δJk(Q) = 2
K−1∑
k=0

ℜ
(〈

Z̄k − Pk, δZ̄k

〉)
2
K−1∑
k=0

ℜ
(
Tr
(
(Z̄k − Pk)δZ̄H

k

))
,
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and

δZ̄k = (Φ∗
k ⊙ δZk)J = (Φ∗

k ⊙ δQV̄kXk)J.

However, δJk(Q) can be expanded as follows:

δJk(Q) = 2ℜ
(
Tr
(
(Z̄k − Pk)J(Φ∗

k ⊙ δQV̄kXk)
H
))

= 2ℜ
(
Tr
(
(Z̄k − Pk)(Φ

∗
k ⊙ δQV̄kXk)

H
))

. (C.3)

Using the following Lemma C.1:

Lemma C.1

Tr
(
A(B∗ ⊙ XC)H

)
= Tr

(
(A ⊙ B)CHXH

)
(C.4)

Employing the Lemma C.1, equation (C.3) can be rewritten as:

δJk = 2ℜ
(
Tr
(
[(Z̄k − Pk)⊙Φk](V̄kXk)

HδQH
))

. (C.5)

Therefore, (C.2) leads to:

JLS(Q + δQ) = J(Q) + 2ℜ
(
Tr
(
MδQH

))
, (C.6)
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where M = ∇J(Q),

Hence

∇JLS(Q) =
∑
k

[(Z̄k − Pk)⊙Φk](V̄kXk)
H . (C.7)

Similarly, the LS cost function w.r.t the f can be expressed in first-order expansion as

follows:

JLS(f + δf) = J(f) + δJk(f), (C.8)

where

δJk(f) = 2
K−1∑
k=0

ℜ
(
Tr
(
(Z̄k − Pk)δZ̄H

k

))
, (C.9)

and

δZ̄k = (δΦ∗
k ⊙ δZk)J

δΦ∗
k = −j

2
diag(δf)(1Ntα

T
k ⊙Φ∗

k) (C.10)

Nevertheless, δJk(f) can be written as follows:

δJk(f) = −ℜ
(
jTr

(
(Z̄k − Pk)[1Ntα

T
k ⊙Φ∗

k ⊙ Zk]
Hdiag(δf)

))
,

= ℑ
(
Tr
(
(Z̄k − Pk)[1Ntα

T
k ⊙Φ∗

k ⊙ Zk]
Hdiag(δf)

))
,

= ℑ
(

diag
(
(Z̄k − Pk)[1Ntα

T
k ⊙Φ∗

k ⊙ Zk]
H
)T

δf
)
. (C.11)
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with

diag(x) =



x1 0 · · · 0

0 x2 · · · 0

... ... . . . ...

0 0 · · · xn


if x =



x1

x2

...

xn


,

diag(X) =



x11

x22

...

xnm


if X =



x11 x12 · · · x1m

x21 x22 · · · x2m

... ... . . . ...

xn1 xn2 · · · xnm


,

accordingly,

diag
(
(Z̄k − Pk)

[
1Ntα

T
k ⊙Φ∗

k ⊙ Zk

]H)
= Φk ⊙ Z∗

k ⊙ (Z̄k − Pk)αk. (C.12)

Hence,

∇J(f) = ℑ
(
Φk ⊙ Z∗

k ⊙ (Z̄k − Pk)αk

)
(C.13)

we use

J(f + δf) = J(f) + MT δf
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where

∇J(f) = M, (f being a real-valued vector)

Conversely, considering only the real-part term, the MM cost function can be

derived as follows:

J
(R)
MM,k(Q) =

∥∥Ȳk,R ⊙ Ȳk,R −RR + 2Ȳk,R ⊙ δȲk,R

∥∥2 (C.14)

Thus, (C.14) can be expanded as:

J
(R)
MM,k(Q) = J

(R)
k (Q) + 4ℜ

(〈
Ȳk,R ⊙ Ȳk,R −Rk, Ȳk,R ⊙ δȲk,R

〉)
,

= 4ℜ
(
Tr
(
(Ȳk,R ⊙ Ȳk,R −Rk)(Ȳk,R ⊙ δȲk,R)

H
)
,
)

= 4Tr
(
Bk1,RδȲH

k,R

)
, (C.15)

where Bk,R = (Ȳk,R ⊙ Ȳk,R − Rk) ⊙ Ȳk,R, Ȳk,R = ℜ(YkΓ) = ℜ
(
(Φ∗

k ⊙ Zk)Γ
)

and

δȲk,R = ℜ
(
(Φ∗

k ⊙ δQV̄kXk)Γ
)
. Furthermore, δȲk,R can be expanded as:

δȲk,R =
1

2

(
(Φ∗

k ⊙ δQZ̄kX∗
k)� +

(
Φk ⊙ δQ∗(V̄kXk)

∗)Γ)

and

δYH
k,R = δYT

k,R =
1

2

(
(Φ∗

k ⊙ δQZ̄kX∗
k)� +

(
Φk ⊙ δQ∗

(V̄kXk)
∗)Γ)T
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Therefore

δJ(Q) = 2Tr
(

Bk,R�
[
(Φ∗

k ⊙ δQV̄kXk)
T +

(
Φk ⊙ δQ∗

(V̄kXk)
∗)T])

= 2ℜ
(
Tr
(
Bk,RΓ(Φk ⊙ δQ∗(V̄kXk)

∗)T
))

= 2ℜ
(
Tr
(
(Bk,RΓ⊙Φk)(V̄kXk)

HδQH
))

(C.16)

C.2 Proof of Optimal Step-size

This appendix describes the derivation of the proposed optimal step size.

The least squares cost function for the optimal step size is expressed as follows:

JLS(Q − µδQ) =
∑
k

∥∥(Φ∗
k ⊙ (Q − µδQ)V̄kXk)J − Pk

∥∥2, (C.17)

which can be simplified as follows:

JLS(Q − µδQ) =
∑
k

Tr

((
(Φ∗

k ⊙ (Q − µδQ)V̄kXk)J −

Pk

)(
(Φ∗

k ⊙ (Q − µδQ)V̄kXk)J − Pk

)H)
, (C.18)
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the above quadratic terms can be simplified as:

JLS(Q − µδQ) =
∑
k

[
Tr(((Φ∗

k ⊙ (Q − µδQ)V̄kXk)J)

((Φ∗
k ⊙ (Q − µδQ)V̄kXk)J)H)− 2ℜ(Tr((Φ∗

k ⊙ (Q −

µδQ)V̄kXk)JPH
k )) + Tr(PH

k Pk)
]
, (C.19)

The derivative of JLS(Q − µδQ) w.r.t. µ is expressed as:

J ′
LS = a0 + a1µ (C.20)

where ∂
∂µ
Tr(PH

k Pk) = 0, δQ is the gradient, a0 = 2
∑

k ℜ(Tr((Φ
∗
k ⊙ δQV̄kXk)JPH

k ))

and a1 = −2
∑

k Tr(((Φ
∗
k ⊙ δQV̄kXk)J)((Φ∗

k ⊙ δQV̄kXk)J)H).

The MM cost function for the optimal step size can be calculated using the fol-

lowing polynomial function given as follows:

JMM,R(Q − µ∇Q) = α0 + α1µ+ α2µ
2 + α3µ

3 + α4µ
4, (C.21)
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where

α0 = JMM,R(Q),

α1 = −4
∑
k

Tr((Ȳk ⊙ Ȳk −RR)(Ȳk ⊙ δȲk)
H),

α2 = 2
∑
k

Tr((Ȳk ⊙ Ȳk −RR)(δȲk ⊙ δȲk)
H)

+4∥Ȳk ⊙ δȲk∥2,

α3 = −4
∑
k

Tr((Ȳk ⊙ δȲk)(δȲk ⊙ δȲk)
H),

α4 =
∑
k

∥δȲk ⊙ δȲk∥2. (C.22)
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