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integrator schemes that preserve key structural properties - positivity and contrac-
tivity - in the numerical integration of differential equations. The central task is
formulated as the identification, among all polynomials of a given degree with pre-
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polynomial is termed the optimal threshold polynomial.
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associated orthogonal polynomials and their zeros offer a complete framework for an-
alyzing optimal threshold factors and the corresponding polynomials. In particular,

these measures allow for the derivation of sharp bounds on the optimal threshold fac-
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tors using Gaussian quadrature. Furthermore, an efficient algorithm based on adaptive
Christoffel spectral transform is developed to compute optimal threshold factors and
their associated polynomials in the high-degree regime.

Building on this foundation, we construct structure-preserving exponential in-
tegrator schemes with high-order of accuracy. These schemes are applied to semi-
discretized partial differential equations, with numerical experiments confirming the-
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CHAPTER 1

INTRODUCTION

In the field of geometric integration, the effectiveness of a numerical method is deter-
mined not only by its accuracy but also by its ability to preserve the intrinsic structural
properties of the underlying problem. This is particularly important in areas such as
computational biology, physics, and chemistry, where state variables often represent
non-negative, dissipative, or conservative quantities [1], [2], [3], [4], [5], [6].

A central challenge in designing unconditionally structure-preserving numerical
schemes for differential equations lies in overcoming the so-called order barrier [7], [8],
[9], [10] . Thus, developing high-order structure-preserving methods should focus on
maximizing the permissible step size while maintaining the desired solution properties.
This thesis aims to establish a comprehensive framework for high-order exponential
integrator schemes that preserve essential structural characteristics. The focus is
on deriving optimal positivity-preserving high-order exponential integrators for non-
homogeneous linear problems using a generalized notion of optimal threshold factors
associated with absolutely monotonic functions. Applications to partial differential

equations will be examined in detail.



The initial-value problem

d

== Au) + f(1), u(0) =, wER, (11)
where A is a square matrix of order s and f : R — R®, is often encountered in the
semi-discretisation of partial differential equations [11]. The solution to (1.1) can be

expressed as

u(t) = ey + /t eEAF(r) dr. (1.2)
0

Many explicit numerical methods for solving (1.1), such as the exponential integrators

[12], provide schemes of the form

s = ro(hAYn + S i (hA) (b + ih), (1.3)

i=1
where h is the step-size, u,, is an approximation of w(nh), ci,...,¢,, are collocation
points in the interval [0, 1] and rg,7,...,7s, are rational functions. Achieving high

local accuracy in the numerical scheme (1.3) requires specific conditions on the rational
functions and collocation points [13]. These conditions are realized by specifying the
derivatives of each rational function at zero up to a defined order. For instance, if

f =0, the scheme is given by

Ups1 = To(hA)uy, (1.4)



and a local accuracy of order p of the scheme is translated to

ro(2) = "+ O(z"™) as z — 0.

The initial-value problem (1.1) is said to preserves positivity if, given non-negative
initial data (uy > 0) and a non-negative forcing term (f(¢) > 0 for ¢ > 0), the solution
u(t) remains non-negative for all £ > 0. (Inequalities here and everywhere else are
interpreted componentwise). It is established in [14] that this positivity preservation
occurs if and only if the matrix A is Metzler (i.e., its off-diagonal elements are non-
negative). Likewise, the numerical scheme (1.3) is said to preserve positivity if u,, > 0
for all n > 0. For the scheme to preserve positivity for any Metzler matrix A, it is
necessary and sufficient that r;(hA) > 0 for all j = 0,1, ..., s. It is shown in [14] that
no numerical scheme of the form (1.3) can achieve an order of accuracy higher than
2, while unconditionally preserving positivity. Moreover, the schemes (1.3) preserve

positivity for any step-size h such that

(A) — where o(A) = £i§|aii\7 (1.5)

and R(r;) stands for the threshold factor of the function r;, i.e.; the largest real
number R for which the function r; is absolutely monotonic over the interval [—R, 0].
Analogue studies [15] have explored contractivity-preserving schemes of the form (1.3).
For practical applications, it is crucial to allow flexibility in step-size selection while

maintaining both positivity preservation and high accuracy of the numerical schemes.



Therefore, one should aim for functions r; with the largest threshold factors while
still achieving the required accuracy. In the case the functions r;,j = 0,1,...,s are

polynomial functions, the order p requirement for the scheme (1.3) is equivalent to
ro(z) — e = O(*1), ri(2) —bi(z) = O(), as z =0,

where

1
bi(z):/ C=00,(0)d 0, i=1,2,.. .5
0

where /; is the i-em Lagrange polynomial based on the collocation points. Since the
successive derivatives at the origin of each polynomial r; depend on the collocation
points, the central task is designing optimal structure-preserving schemes is to solve
the following problem.

e Central Problem
Given a sequence of positive real numbers Api1 = (Ao, A1, ..., Ap) and an integerm > p,
find a polynomial F of degree m with the largest interval of absolute monotonicity of
the form [—R,0] and such that F®(0) = X\ for k=0,1,...,p.

We note the similarity between our central problem and the following Bernstein
problem.

e Bernstein Problem
Given a sequence of positive real numbers A1 = (Ao, A1, ..., A,), find the Bernstein
constant, R.. (A1), defined as the supremum of positive real number R such that
there exists a smooth function F absolutely monotonic over the interval (—R,0] and

such that F®(0) = A\, for k=0,1,...,p.



Our work will shed light into Bernstein problem as it can be viewed as a finite
version of it.

In Chapter 2, we show that for any number of stages m, there exists a unique
polynomial ®,,(A,;1) and a real number R,,(A,1) that together solve our central
problem. We shall term R,,(A,+1) the optimal threshold factor and ®,,(A,41) the
optimal threshold polynomial associated with the sequence Aj,;,. We provide explicit
expressions for small values of p and develop an algorithm, based on blossoming theory,
for their computation.

In Chapter 3, we introduce a new discrete measure for which the zeros of their asso-
ciated discrete orthogonal polynomial provide significant insights into both our main
problem and the Bernstein problem. The new introduced discrete orthogonal poly-
nomials generalize several classical families, including the Poisson-Charlier, Meixner,
and Krawtchouk polynomials. We derive their corresponding three-term recurrence
relation and elucidate their connection to our central task.

In Chapter 4, we employ the newly introduced discrete orthogonal polynomials to
derive sharp bounds for the optimal threshold factor. The upper bound is established
by comparing the nodes of positive quadrature formulas with integer nodes to those of
the Gaussian quadrature associated with the discrete measure. This leads to precise
bounds for the optimal threshold factors for generalized Poisson-Charlier sequences
in terms of the smallest zero of generalized Laguerre polynomials; and for Meixner
sequences in terms of the smallest zero of non-standard Jacobi polynomials.

The complexity of the algorithm for computing the optimal threshold factors intro-

duced in Chapter 2 grows exponentially with the number of stages m and the order p.



To compute these factors for large values of m and p, we study the spectral Christoffel
transformations of our newly introduced discrete measure in Chapter 5. This leads
to a highly efficient and stable algorithm for computing the optimal threshold factors
with the particularity that its complexity depends only on the order p.

In Chapter 6, we begin by reviewing exponential integrator methods, followed by
a discussion of the necessary and sufficient conditions for these schemes to preserve
positivity. Building on the results from the preceding sections, we derive explicit for-
mulas for low-order optimal positivity-preserving exponential integrators. Particular
emphasis is placed on optimal schemes whose collocation points coincide with the
zeros of classical orthogonal polynomials.

Chapter 7 presents numerical tests and validations for partial differential equations,
focusing on two representative models a transport equation and a solar thermal storage

system.

1.1 Literature Review

Structure-preserving numerical methods have become an essential subfield in the nu-
merical approximation of ordinary differential equations (ODE) and partial differen-
tial equations (PDE), where maintaining critical qualitative characteristics, such as
positivity, monotonicity, and contractivity, at the discrete level is vital for stability
and physical fidelity [16], [17], [18], [19], [20], [21], [22]. These methods are not only
mathematically elegant but practically necessary in simulations involving long-time

integration or stiff dynamics.



The theory has seen substantial developments recently; we refer to [23] for a com-
prehensive review. These methods have been extensively studied and applied across
various disciplines, including computational biology, chemistry, and scientific com-
puting [24], [25], [2], [26], [8], [27], [28], [29], where preserving structural properties
is crucial. Despite these advancements, determining the optimal step-size that en-
sures stability while maintaining computational efficiency remains a major challenge,
motivating the development of novel schemes and techniques [30], [31].

Bernstein’s foundational work [32] laid the theoretical groundwork by introduc-
ing absolutely monotonic functions, which serve as a key mathematical framework
for stability and positivity analysis. While Bolley and Crouzeix [14] leveraged Bern-
stein’s theory to derive limits on unconditional positivity, Kraaijevanger’s work [33]
independently introduced criteria for positivity preservation based on polynomial ap-
proximations to the exponential function.

Initially, Kraaijevanger [33] explored polynomial approximations to the exponen-
tial function and introduced fundamental results for positivity-preserving schemes
using absolute monotonicity as a criterion. In a later and distinct contribution, he
developed a rigorous contractivity framework for Runge-Kutta methods [34], estab-
lishing a deep connection between absolute monotonicity and contractivity in solving
nonlinear differential equations. Contractivity generalizes the concept of monotonic-
ity by ensuring that the numerical solution remains bounded in norm relative to the
exact solution, even under nonlinear dynamics. This theory extended Spijker’s earlier
sufficient condition and unified the analysis of stability and monotonicity in numeri-

cal schemes. The link between contractivity and positivity-preserving properties was



further clarified by Horvath [35].

Building on this foundation, Ketcheson [19] designed efficient algorithms that dras-
tically reduced the computational cost of determining optimal monotonicity-preserving
coefficients. While early methods required days to compute coeflicients for moder-
ate orders, Ketcheson’s improvements enabled the practical generation of high-order
methods.

Further advancing this area, Ait-Haddou [36] proposed an innovative approach
using adaptive spectral transformations of Poisson—Charlier measures. A major ad-
vantage of his method is that its complexity depends solely on the method’s order,
not on the number of stages, enabling significantly improved efficiency. His formula-
tion, inspired by Bernstein’s theory, introduced a geometric strategy for constructing
absolutely monotonic polynomials with integer exponents occurring in consecutive
pairs. Unlike previous approaches that rely on nonlinear optimization, Ait-Haddou’s
method achieves optimality through a purely algebraic construction rooted in orthogo-
nal polynomial quadrature and geometric criteria inspired by Bernstein’s theory. This
yields highly structured algorithms that efficiently generate optimal positivity- and
contractivity-preserving coefficients.

The theoretical and computational basis of these developments draws heavily from
classical results in orthogonal polynomials and numerical integration. Karlin and
Szegd [37] analyzed positivity via determinant structures, while Ramshaw [38] intro-
duced geometric constructions essential for polynomial representations. Gallant [39]
contributed a practical implementation of Christoffel’s theorem, which remains fun-

damental in transforming orthogonal systems in computational settings—especially in



the context of Ait-Haddou’s spectral algorithms.

Finally, the practical utility of these advances is best illustrated by their appli-
cation to exponential integrators. Originally introduced by Hersch [40], exponential
integrators were developed further by Hochbruck and Ostermann [12], who emphasized
their value in solving stiff PDEs. These methods integrate stiff linear parts analyti-
cally, improving stability and accuracy. Cox and Matthews [41] proposed exponential
time-differencing (ETD) schemes that efficiently apply this principle. Higham [42]
later provided an extensive treatment of matrix function algorithms—such as Padé
approximants and Schur decompositions—that underpin the practical implementa-
tion of such schemes. These methods offer a natural testbed for the positivity- and
contractivity-preserving integrators developed in this work, especially in the context

of stiff problems where structure-preservation is critical to long-time accuracy.

1.2 Aims and Objectives

The goal of this thesis is threefold. First, to develop exponential time-differencing
methods of prescribed order for non-homogeneous problems that preserve the positiv-
ity property of the underlying equations. This will be achieved by generalizing the
concept of optimal threshold factors associated with absolutely monotonic functions.
Second, to design efficient algebraic algorithms for constructing the optimal threshold
polynomials that characterize these methods, avoiding the reliance on complex non-
linear optimization. Third, to apply the resulting methods to semi-discretized partial

differential equations, demonstrating their practical performance and effectiveness in



preserving qualitative properties in stiff and structure-sensitive problems.
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CHAPTER 2

GENERALIZED OPTIMAL THRESHOLD

FACTORS, THEORY AND COMPUTATION

The concept of optimal threshold factors was introduced in [33] for the linear space
of polynomials that coincide with the Taylor expansion of the exponential function
up to a prescribed order, that is, the space of polynomials for which the successive
derivatives at the origin are equal to 1. In this chapter, we extend this concept by
considering the space of polynomials whose Taylor expansion matches that of a given
function (not necessarily the exponential) up to a prescribed order. To maintain
consistency in terminology, we continue to refer to these as optimal threshold factors.

This chapter is organized as follows. Section 1 reviews the concepts of absolutely
monotonic functions and threshold factors. In Section 2, we introduce the notion of
optimal threshold factors and establish an initial bound for them. Section 3 is devoted
to proving the existence and uniqueness of the optimal threshold polynomial. In
Section 4, we present explicit expressions for low-order optimal threshold polynomials
along with their associated factors. Finally, Section 5 outlines an algorithm for their

computation based on the concept of blossoming.
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2.1 Absolute Monotonicity and Threshold Factors

This section reviews the notion of absolutely monotonic function and threshold factors.

Definition 2.1. Let f : [a,b] — [0,00) be a function in C([a,b]) N C>®((a,b)). The

function f is said to be absolutely monotonic on |[a,b] if

f®(x) >0 forallk>0 and x € [a, D).

Let Apt1 = (Mo A1,-..,Ap) be a sequence of positive real numbers. Denote by

IL,,(Apy1), with m > p, the set of polynomials ¢ of degree m of the form

A A
d(x) = No + 1—'155 +...+ p—fﬂ;p + ap @™+ ama™,
where api1,apt2, - .., ay are arbitrary real numbers. This space can equivalently be

described as the set of polynomials ¢ of degree m > p such that

P (0) =\, fork=0,1,...,p.

Definition 2.2. The threshold factor R(¢) of a polynomial ¢ in 1L, (A,41) is defined
as

R(¢) = sup{r > 0| ¢ is absolutely monotonic on [—r,0]}.

Remark 2.1. We often use the following fact, if a degree m polynomial ¢ satisfies

W (=r) >0 forall k>0, (2.1)
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then ¢ is absolutely monotonic on the interval [—r,0]. This follows from the Taylor

expansion of ¢ about x = —r

m o) (_p
o)=Y qbli!)(:cw)k.

k=0
Hence, if (2.1) holds, then ¢*)(x) >0 for all x € [~r,0] and all k > 0.
We start by establishing the following characterization.

Lemma 2.1. A polynomial ¢ of degree m > p written as

o(e) =3 B (14 %)k with >0, (2.2)

belongs to I1,,,(Api1) and absolutely monotonic over [—r, 0] if and only if the coefficients

Bi, k=0,1,...,m, are non-negative and
D (k)iBe=1N; for j=0,1,....p, (2.3)
k=0
where
(a)o:=1 and (a);j:=ala—1)...(a—j+1) (2.4)

is the falling factorial.

Proof. Let ¢ be a polynomial of the form (2.2). We have

k _Bk —
d)()(_r)_r—k for k=0,1,...,m,

13



and

¢(J‘)(O> = M for 7=0,1,...,p.

i
Thus, by remark 2.1, the polynomial ¢ is absolutely monotonic over [—r, 0] and belongs

to IL,,(A,) if and only if the coefficients 8y, k =0, 1,...,m, are non-negative and (2.3)

holds. Ll

2.2 Optimal Threshold Factors

This section introduces the concept of optimal threshold factors for finite sequences

of positive real numbers and establishes upper and lower bounds for these factors.

Definition 2.3. The optimal threshold factor R,,(A,+1) is defined by

B (Api1) = sup{R(¢) | ¢ € Im(Apsa)}- (2.5)

Remark 2.2. Denote by B the (p+ 1) x (m + 1) matriz

FEquation (2.3) can be expressed as

BB = (Ao, /\17", ey )\pr)T,

where B = (B1,B2,---,Bm)t > 0 (here and everywhere else inequalities should be
interpreted componentwise). It is shown in [33] that any p columns of the matriz B

14



are linearly independent.

We now establish a preliminary bound on the optimal threshold factor. The proof

of the following proposition is inspired by Theorem 1 in [33].

Proposition 2.1. Let Ay = (Ao, A1, - .., A\,) be a sequence of positive real numbers.
Then, for any integers m > p > 1, the optimal threshold factor satisfies

Apot

0 < Ru(Apn) < (m—p+1)- 2=,
4

Proof. Let H, be the polynomial defined by

This polynomial belongs to II,,(A,+1) and satisfies

By continuity, it follows that R(H,) > 0, and hence R,,(A,41) > 0.
To prove the upper bound, let ¢ € II,,(A,+1) be absolutely monotonic on [—r, 0]

for some r > 0. According to Lemma 2.1, ¢ can be written as

with 8, >0 forall k =0,1,...,m.
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Moreover, we have the relations

$PV0) = (k)p-1Be =P N, (2.6)
k=0
$P(0) =Y (k) =17, (2.7)
k=0

Subtracting (m — p + 1) times Equation (2.6) from Equation (2.7), we obtain

m

Z )po1(k —m)By =177 (A — (m —p+ 1))

Therefore,

Ayt

r<(m-p+1)- o
P

which establishes the desired upper bound. [l

2.3 Existence and Uniqueness of Optimal Thresh-

old Polynomials

In this section, we provide a proof of both the existence and uniqueness of the optimal
threshold polynomial corresponding to an arbitrary sequence of positive real numbers.
From now on, we denote by II, the linear space of real polynomials of degree at

most p. The Stirling numbers, s(n, k), of the first kind, and the Stirling numbers,

16



S(n, k), of the second kind are defined as the coefficients in the expansions

(2)n =Y s(n,k)z" 2"=Y S(nk)(z),, n>0;foranyz € R. (2.8)
k=0 k=0
For a given sequence A1 = (Ao, A1,...,A,) of positive real numbers, we define the
polynomials
B,(Aps1,7) = S(n, k) \px®.

k=0

Lemma 2.2. For any 1 < n < p, we have

s(n,k)Bi(Api1, ) = A\a™.
k=0

Proof. From (2.8), it is clear that for j =0,1,...,n,

s(n,k)S(k, j) = 0p;.

k=0
Thus, we obtain
n n k
Z s(n,k)Bi(Apt1,x) = Z Z s(n, k)S(k, j)Ax’
k=0 k=0 j=0
= Nl Y s(n, k)S(k,j) = A"
7=0 k=0

This concludes the proof. ]
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For every positive real number R, we define the linear functional

ﬁRZHp—>R

by setting
ER [(t>]] :)\jRj for j:O,l,,p

Using the fact that
¢
t' =" S,

j=0

we obtain the moments of the linear form Lz as

l

Lr(t') = Bi(Apir, R) =Y _ S HINR, (=0,1,...

j=0

Define the degree p polynomial H,(.; R) in x by

Hy(x;R) = Lr[(x —1)7].

Lemma 2.3. The polynomial H,(.; R) is given by

1o ) = 317 (2 By, Rt

k=0

where

14
Bi(Api1, R) = > S(L)NR.

j=0

(2.9)

(2.10)

(2.11)

(2.12)



Proof. Using the fact that Lr [tf] = By(R), we obtain

Lalle— 1] = S 1yt (F)a* 2t = ki<—1>”“”‘ (1) Bo-stiie

0

This concludes the proof.

O

Theorem 2.1. Given a sequence Api1 = (Mo, A1, ..., \p) of positive real numbers and
for any m > p, the optimal threshold factor R,, (A1) is the supremum of positive real

numbers R for which the polynomial H,(.; R) admits a representation of the form
Hy(x; R) = Zai(x —my)P, s>1, (2.13)
i=1

with integers 0 < mp < my < ... < my; < m and non-negative real numbers

ap,02,...,0.

Proof. Let R > 0 be such that the polynomial #H,(.; R) admits a representation of the

form
Hy(x; R) = Z%‘(fﬂ —m;)P, s>1, (2.14)
i=1
with integers 0 < my; < ms < ... < my; < m and non-negative real numbers
ai, g, ..., o From the polynomial expression of H,(z; R), it follows that

> agmp = By(Ape1, R), €=0,1,....p.
k=1
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Denote by ¢ the polynomial

Thus, ¢ belongs to I1,,(A,+1) and is absolutely monotonic over [—R, 0] and therefore,

R < R, (Ap+1). Moreover, if a polynomial

s

Yo (i)

k=1

with integers 0 < my; < mg < ... < ms; < m, belongs to II,,(A,11) and is abso-
lutely monotonic over [—R,,(A,),0], then the polynomial > 7 | a;(x — m;)? satisfies

the condition of the theorem and coincides with H,(z; Ry, (Apt1))- O

Remark 2.3. The previous theorem can be re-stated as saying that the optimal thresh-
old factor R,,(Api1) is the supremum of positive real number R such that the linear
form Lgr admits a positive quadrature with integer nodes not exceeding m, and exact

for all polynomials of degree at most p.

We now state and prove an existence result.
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Theorem 2.2. There ezists a polynomial ®,,,(Api1) in 1L, (Ayy1) such that

R(®pn(Api1)) = Bin(Dpia)-

Proof. Denote by C' the closed cone generated by the columns of the matrix B of

Remark 2.2. Thus, the optimal threshold factor R,,(A,+1) is given by

R, (Aps1) = sup{r|r =0orr > 0,(Ag, \7,..., \prP) € C}. (2.15)

Since, by Proposition 2.1, 0 < R,,,(Ay41) < oo, the supremum in (2.15) is taken over

a compact subset of C.

O

To prove the uniqueness of the optimal threshold polynomial, we shall first show

that the number of summands in the representation (2.13) is at most p.

Theorem 2.3. For any positive integers m and p such that m > p, there exist integers

0<m <my < ... <my < m and non-negative real numbers oy, o, ..., oy, such
that
P
Hp(; Rn(Apyr)) = > ailw — my)P. (2.16)
i=1

Proof. Let us assume that H,(x; Ryn(Apy1)) = doioy ai(@ — m;)P with s > p and

a; >0,1=1,2,..., 5. Write

Z a;(z —m;)? = Hy(z; Ry (Apir)) — Z a;(x —m;)P. (2.17)
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Equation (2.17) can be viewed as a linear system in (aq, @, ..., ay,), i.e,

Zam_ Apit, Ron(Apir)) Zaz 7 j=0,1,...,p,

i=p+1

that has a positive solution, o; > 0, i = 1,2,...,p. Therefore, there exists an € > 0

such that the linear system in (81, fBa, ..., Bp)

D Bi(w = mi)? = Hy(w; Rin(Mpy1) +€) — D cilw —my)?
i=1 i=p+1

also has a positive solution. Thus, we obtain

Hp(; R (Apt1) Zﬁlﬂc—ml +Zo¢zx—ml

i=p+1

This contradicts the definition of R,,(A,+1) as given in Theorem 2.1.

O

We are now in a position to prove the uniqueness of the optimal threshold poly-

nomial.

Corollary 2.1. There exists a unique polynomial ®,,(A,+1) in I, (Ap1) such that

R(Pp(Apt1)) == Rin(Apia).-

Proof. For x € R™, we shall denote by ||x||o := Card(supp(zr)). Let us assume that

there exist two different polynomials ¢ and ¢, such that R(¢1) = R(p2) = Rn(Apt1)-
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Thus, there exists non-negative vectors «, § in R™ such that

Ba = BB = (A()a )\lRm<Ap+1)> R APR'Ir)n(AP-i-l))

and such that ||allo < p and ||S]lo < p. As B((a + 5)/2) = Rn(Ay41), we have
lla — Bllo < p and B(a — ) = 0. Since every p + 1 columns of B are linearly
independent, we conclude that o« = 5. This contradiction proves the uniqueness of

the optimal threshold polynomial.

2.4 Optimal Threshold Polynomials of Low Orders

Building upon the upper bound provided by Proposition 2.1, this section presents the
optimal threshold factors and their associated polynomials for sequences of length two

and three.

Proposition 2.2. For any sequence Ay = (g, A1) of positive real numbers and any

integer m > 1, we have

o )\0 N )\1]} mn
R,,(As) = m)\1 and @, (A2)(x) = Ao <1 + m)\0> .

Proof. The polynomial ®,,(As) belongs to I1,,(As) and is clearly absolutely monotonic
over the interval [—mMAg/A1,0]. Thus, R,,(A2) > mAg/A;. Moreover, Proposition 2.1

states that R,,(A2) < mAg/A1. Hence, the result. O
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Proposition 2.3. For any sequence Az = (Ao, A1, A2) of positive real numbers and

any integer m > 2 such that

Af(m —1)

Ao >
0= /\gm

, (2.18)

we have

Ry(Az) = (m —1)—

and

@ (Ag)(r) = (AO _ X(m - 1>) L Mom—1) <1+ ()\))\>m

mAa My m—1
Proof. The polynomial ®,,(A3) belongs to I1,,(A3) and is absolutely monotonic over
the interval [—(m — 1)A\;/A2,0] when condition 2.18 holds. Thus, R,,(A3) > (m —
1)A1/A2. Moreover, Proposition 2.1 states that R,,(As) < (m — 1)A;/A2. This con-

cludes the proof. O

Remark 2.4. When condition (2.18) does not hold, the optimal threshold factor is
different from the one stated in the previous proposition. For instance, using the
algorithm in the next section, we find that for the sequence Ay = (1,2,3) and m = 4,

we have

Ri(As) =2 and ®4(Ay)(z) = (1+f)4.
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2.5 Polar Forms and an Algorithm for Computing

Optimal Threshold Factors

Polar forms [38] are valuable tools in many mathematical disciplines [43], [44]. This
section provides a concise review of their definition and subsequently demonstrates
their application in developing an algorithm for computing optimal threshold fac-
tors. The presented algorithm can be viewed as a generalization of Kraijenvanger’s

algorithm in [33].

Definition 2.4. Given a real polynomial P of degree at most n, there exists a unique
symmetric multi-affine function p(uy,us, ..., u,) such that p(z™) = P(x) for any

x € R. The function p is called the blossom or the polar form of the polynomial P.

The polar form of a polynomial P expressed in the monomial basis as P(x) =

> h_o arx™ is given by
n
pug, ug, ..., uy) = Zakak(ul, U, ..y Up),
k=0

where o denotes the normalized k-th elementary symmetric polynomial

-1
n
or(uy, ug, ..., up) = i E Ujy Uy - . Uy,

1< <. <gr<n

When the polynomial P is of the form



then its polar form is given by

S

pur, ug, ..., Upy) = ag | | (u; — ag). (2.19)
k=1 i=1

We are now in a position to describe the algorithm for computing the optimal
threshold factor R,,(A,+1) and the associated polynomial ®@,,(A,+1), for any sequence
of positive real numbers A,1 = (Ao, A1,...,A,) and any integer m > p. The main
idea of the algorithm is that the number of summands in the representation (2.16) is
at most p.

If we write the polynomial H,(.; R) in the form

Hy(x; R) = EP: a;(x —m;)P, (2.20)
i=1
and denote by hy(u1, us, ..., uy; R) the value at (uq,us,...,u,) of the polar form of
H,(.; R) (as in (2.19)), we obtain
hn(ma,ma,...,my; R) =0. (2.21)
This shows that for any choice of non-negative integers my, mo,...,m, less than

m, Equation (2.21) provides a polynomial in R of degree p whose positive real roots
are candidates for the optimal threshold factor R,,(A,41). For each such R, we must
verify the non-negativity of the coeflicients oy, as, ..., @, in the representation (2.20).

A simple expression for these coefficients can be obtained by evaluating the polar
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form of both sides of (2.20) at (my,ma,...,mg_1,m + 1, Mpky1,...,my,), yielding

. — hn<m17m27"'7mk717m+17mk+17"'7mn;R) E=1.2 n (2 22)
k — n 3 — Ly Ly ey il .
(m+1—my) Hi:l,i;&k(mi — M)

Based on (2.21) and (2.22), an algorithm for computing R,,(A,4+1) and the associ-

ated optimal threshold polynomial proceeds as follows.

e Step 1 Generate all strictly increasing integer sequences M of length p, with 0 <
my < mg < ...<m, <m. For each sequence M, find all positive solutions R to the

polynomial equation (2.21).

e Step 2 For each real number R obtained in Step 1, verify the non-negativity of the
coefficients ay using (2.22). Retain only those pairs (R, M) for which all coefficients

Q. are non-negative.

e Step 3 R,,(A,+1) is the largest value of R remaining after Step 2. The corresponding

optimal threshold polynomial is given by

p my
x
D, (Apr1)(z) = Qe <1 + > ,
? kz_; Rm(Ap+1>
where (mq,ma, ..., m,) is the integer sequence associated with R,,(A,+1), and oy, are

the coefficients computed in Step 2.

The computational cost of the above algorithm increases exponentially as the val-
ues of m and p grow. Therefore, its practical use is limited to cases where m and p are

relatively small. In a forthcoming contribution, we will explore more efficient algo-
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rithms for computing these threshold factors using the theory of Christoffel transforms

of orthogonal polynomials.

Example 2.1. The table below provides the values of the optimal threshold factors for

various sequences A3 as computed using our algorithm.

Ay Ry(Ay) Rs(Ay) Re(Ay) R7(Ay) Rs(Ay)
1,1,1,1) 2 2.6506 3.5184 4.2879 5.1071
(2,2,1,1) | 1.2778 1.3210 1.3556 1.3844 1.4088
(1,2,3,4) 1 125  1.3177 13930 15
(2,1,1,1) 2 3 4 5 6
(2,2,2,1) 2 2 2 2 2

Table 2.1: Values of the optimal threshold factors for various sequences A3 as computed
by our algorithm.

A few remarks concerning the table are in order

1. The proposed algorithm also provides the corresponding optimal threshold poly-
nomials. For instance, for the sequence Ay = (1,2, 3,4), we have R5(A4) = 1.25,

and the associated polynomial is given by

®5(A3)(2) = an <1 + i>2 + a2 <1 + 125>3 + o3 (1 + 1.3:725>57

1.25

with

(o1, s, a3) = (0.72917, 0.15625, 0.11458).
For the sequence Ay = (2,2,1,1), we have R;(A4) = 1.3844, and

D2(Ag)(2) = n (14 5 ) + (1+L)2+ (1+ )7
7(As)(z) = o 13844) T 13844) T 1.3844) °
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with

(a1, s, a3) = (1.2944, 0.69292, 0.012634).
2. The table also reveals that for the sequence Ay = (2,2,2,1), we have
Rn,(Ay) =2 form=4,56,7,8.

In fact, for this sequence, we have R,,(A4) = 2 for all m > 3, and

<1 + 5)3. (2.23)

Moreover, the polynomial in (2.23) is the unique absolutely monotonic function
on the interval [—2, 0] with the prescribed derivatives at the origin. This result

can be proven using the theory of Bernstein as detailed in [32].

3. The table also reveals that for the sequence Ay = (2,1,1, 1), we have
Rn.(Ay) =m—2 form=4,506,7,8.

This observation can be generalized in the following theorem.

Theorem 2.4. Let m > 3 be an integer, and let Ay = (a,b,b,b), where a and b are

positive real numbers such that

m(m — 1)a > 2b(m — 2). (2.24)
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Then,

Rm(A4) =m — 27
and
T T m
where
— _ _ 9\2
DG N ) L N G ) .
m m—1 m(m — 1)

Proof. According to Proposition 2.1, R,,(A4) < m — 2. Moreover, under condition
(2.24), the polynomial in (2.25) is absolutely monotonic on the interval [—(m — 2), 0]

and satisfies the prescribed derivatives at the origin. Ol

Another interesting conclusion that can be drawn from the previously described

algorithm for computing the optimal threshold factor is as follows.

Theorem 2.5. If the elements of the sequence A,i1 are positive rational integers,
then for any integer m such that m > p, the optimal threshold factor R,,(Ay+1) is an

algebraic number.

Proof. From (2.12), if the elements of the sequence A, are positive rational integers,
then the polynomial in R given in (2.11) has rational coefficients. Since the optimal

threshold factor is the largest positive root of a polynomial of the form

hn(m17m27 e 7mp;R)7

where my, mo, ..., m, are non-negative integers, we conclude that the optimal thresh-
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old factor is an algebraic number.
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CHAPTER 3

A NEW FAMILY OF DISCRETE

ORTHOGONAL POLYNOMIALS

It has been established in Theorem 2.2 that there exists a polynomial ®,,(A,+1) €
I1,,(Ap+1) such that

Ry (Aps1) = R(P(Apta))- (3.1)

Furthermore, Lemma 2.1 shows that a polynomial of the form (2.2) belongs to IL,, (A, 1)
and is absolutely monotonic over [—R, 0] if and only if its coefficients /3 are nonneg-

ative and satisfy the ”discrete moment type” equations

m J
> Bk =D S OMR, j=0,1,....p, (3.2)
k=0 =0

where S(j,¢) are the Stirling numbers of the second kind. A key observation is that
the left-hand side of (3.2) represents a quadrature formula with integer nodes. This
suggests that one should seek a measure for which the right-hand side corresponds

to its moments. Building upon this structural insight, we introduce a novel discrete
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measure, enabling us to rewrite Equation (3.2) as a moment equation. This represen-
tation provides deeper insights into the optimal threshold factors and facilitates the
derivation of sharp bounds for them.

This chapter is organized as follows. Section 3.1 introduces a new discrete measure
and explores its structural properties. We demonstrate that the generalized Poisson-
Charlier, Meixner, and Krawtchouk measures arise as special cases of this measure. In
Section 3.2, we derive the three-term recurrence relations for the associated discrete
orthogonal polynomials and establish sufficient conditions for the monotonicity of their
zeros. Section 3.3 elucidates the connection between the newly introduced discrete

orthogonal polynomials and optimal threshold factors.

3.1 A New Discrete Measure Associated with Ab-

solutely Monotonic Functions

Definition 3.1. Given Ry, in R := RU {oc} and an absolutely monotonic function
F over the interval [— Rs, 0], we define the discrete measure u%, supported on the set

of nonnegative integers, as
X FUO(—R)RI
uﬁzz#% 0< R < R, (3.3)

where 0; denotes the Dirac measure centered at j.

Since the function F' is absolutely monotonic over the interval [— R, 0], the mea-
sure pk is positive for any R such that 0 < R < R,,. By definition, the integral of a
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given function f with respect to the discrete measure pk is given by

= FU)Y(—R) R’

1) (34)

/ F(t) duy(t) =

=0
provided that the infinite sum converges.

Remark 3.1. Since the function F' is absolutely monotonic over the interval [— Roo, 0],
all its derivatives are also absolutely monotonic over the same interval. Consequently,

for any positive integer £, the measure
uh =3 T, (35)

is positive for any R such that 0 < R < R..
The following lemma shows that moments of the measure p% of all orders are finite.

Proposition 3.1. The moments mt (R),k > 0, of the measure uk are given by

mk(R) == / thdpgy =" S(k, j)R'F9(0), (3.6)

=0
where S(.,.) are the Stirling numbers of the second kind.

Proof. By Taylor expansion, we have

/(t)j i = X =R —y = RIFYD(0).

We conclude the proof using the formula ¢ = Zﬁzo S, 4)(t);. O
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We shall need the following proposition.

Proposition 3.2. For k=0,1,2,...,p, the following relation holds

/ (g (t) dyl = R* / ot + k) dpE® (3.7)

where (t) denotes the falling factorial.

Proof. Using the definition of p4 and the identity (j)x we obtain

_
=GR

© RO (— J
Jnaoant =S L5 a0,

Therefore,

0 F(H—k) —R)R! &
/(t)kg(t) dugy = R*y §,>9(t +k) = R’“/g(t + k) dugy

t=0
This concludes the proof. O

Several known discrete measures coincide with the measure puk, as demonstrated

in the following.

Example 3.1. Poisson-Charlier Measures. The function F(z) = e is absolutely
monotonic over the interval (—oo,0] and the associated measure pl is given by the

Poisson-Charlier measure
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Example 3.2. Generalised Poisson-Charlier Measures. The function

F(z) =™

is absolutely monotonic over the interval (—oo,0] and the associated measure pk is

given by the generalized Poisson-Charlier measure
X —aRyk Rk
=)~ 0k RE0,00).
k=0 ’
Example 3.3. Meixner Measures. The function
F(z)=(1-2)"

is absolutely monotonic over the interval (—oo,0]. Moreover, we have

(B)

F®(—R) = AL R

Therefore, the associated measure pk is given by the Meizner measure

= * R
Mg = Z (ﬁ])j 5k7 Re [0,00), C=—"5-"

1
(1+R)ﬁk «

Example 3.4. Krawtchouk Measures. The function F(x) = (1 +x)Y, N € N,
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is absolutely monotonic in the interval [—1,0]. Moreover, we have

The associated measure pk is given by the Krawtchouk measure

N
N
pr=(1+R) E <k>p5k, 0<p < (3.10)

k=0

1+ R

Since the measure pk is positive with finite moment of all orders, it gives rise to
an associated family of discrete orthogonal polynomials 7f'(.; R),k = 0,1..., which

satisfies the orthogonality conditions

/Wf(t; R)mf (t; R)dup(t) =0 if i+ j.
Equivalently, these conditions can be expressed as

. F®(—R) R*
waf(k;R)wf(k;R): it i

An explicit expression of the orthogonal polynomial 7} (¢; R) is given in terms of the

37



moments of the measure pk as

mg  my my;
mf mg T mkFﬂ
T (6 R) = Crdet | 2 2 ] (3.11)
m£—1 mllj T mg‘k—l
1 t tk

where Cj are arbitrary real constants. From now on, we shall choose the constants

Cy such that the orthogonal polynomials 77 (¢; R) are monic polynomials.

3.2 Three-Term Recurrence Relations

We shall need algorithms to compute the zeros of the orthogonal polynomials 7 (¢; R).
Directly using the expression (3.11) for this computation is neither numerically stable
nor computationally efficient. Instead, reliable algorithms such as the Golub-Welsch
method depend on determining the three-term recurrence coefficients associated with
these orthogonal polynomials. The derivation of these coefficients is the main goal
of this section. More precisely, we shall express the recurrence coefficients of the
orthogonal polynomials associated with the measure pf; in terms of the ones associated
with uﬁ/-

The monic orthogonal polynomials 775 associated with the measure ;% satisfy the
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three-terms recurrence
tr) (t; R) = mh (& R) + by ) (t; R) + chwl” (t; R), (3.12)
where
by = (3 )° / iy (6 R) ik, e = (950)° / tmy (t; R)my (8 R)dyy

and where for any k > 0, 7{" is defined as

W= ! :
I GE (G R)2dpf

Writing 7} (t 4+ 1; R) as

Pt+ 1, R) = ZAPJ (6 R),

and using (3.7), we obtain

’ ’ 1 !
_ / "L+ 1 RO (6 R)duf, = / 7P (b R)tn (t — 1 Rydu. (3.13)
Thus, by orthogonality, if 7 < p —1, A, ; = 0. Therefore, we obtain

W;(t +1LR)= Ap’pﬂfl(t; R) + Ap,p—lﬂ—;il(t; R). (3.14)
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Comparing the leading terms in (3.14), we get A,, = 1. Moreover, writing
P
try (t—1; R) = am) ( R) + > _ By 4 (t: R), (3.15)
k=1

and comparing the leading coefficient, we conclude that a = 1. Thus integrating

(3.15) and using (3.13), we obtain

/ Ay
= [ B e 1 By R
(,Yp—l)

Therefore, we conclude that

, 2
1 -
App1 = EB,f with BE = (7” 1) .

In summary, we have the following.

Theorem 3.1. The monic orthogonal polynomials ©¥(;; R) and 7 (.; R) satisfy the

difference equation

N
: 1 , _ v

Wf(t +1;R) = W]f (t; R) + EBfﬂgﬂ(t% R) with Bf = (f;;) ) (3.16)
P

Example 3.5. For the Charlier-Poisson measure associated with the function F(x) =
e® and since F'(x) = F(x), Theorem 3.1 provides the following well-known relation

for Charlier-Poisson orthogonal polynomials

1
T (t+1;R) =7 (t; R) + EBFWF_l(t; R).

PP
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We are now in a position to derive the relation between the three-term recurrence

coefficients of the orthogonal polynomials ¥ and those of 7} .

Theorem 3.2. The three-term recurrence coefficients associated with wf and those

associated with TF " satisfy

(Czlj+1 - 05,)(05 - C?) = Cg,(bg - bf/ - 1)(55 - bg—,1 — 1),
(3.17)

(05+1 - Cg )(Czlj—i-l - (35+1> = 05+1(bf - 55 - 1)(55+1 - bﬁ —1).

Proof. From the three-term recurrence relation, we have
t+D)m(t+ L R) =7 (t+ 1, R) + bim) (t+ L, R) 4+ cpmr (t+ 1; R).

Thus, from Theorem 3.2, we have

F F
p

F P Bpir | r) Byb
(t+Dm, (t+1LR)=m,,(t; R) + ?—%bp m, (t; R) + 5

BF cF y
+ (pRl P > 775_2(t;3>.

+ 05> 7T£_,1(t; R)

(3.18)

Moreover, from Theorem 3.2, we have
t+Drl(t+LR)=(t+1) <7r]f’(t; R) + =BIal" (t; R)> .

Applying the three-term recurrence relation associated with 7/ (.; R) to the previous
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equation yield

/ BF ! !
(t+ Dy (t+ 1 R) = my, (8 R) + <1 + = +bF> ™, (t; R)

(3.19)
BF (14 bE N\ BEcE" ,
+ (p( 7 s ) —i—c}]:) Wf_l(t;R) + (pRp 1> 775_2(75;}2).
Comparing (3.18) and (3.19), we obtain
BJ F By F
—R th =l by
FLF F F
‘Bp]%bp + 5 Bp (1 ; bpfl) + 05/’ (320)

Using the third equality in (3.20) we obtain

F
Fo CF’ _ Bp+1 _1 CF’
p+1 P BF P -
P

Using second equality in (3.20), we get

F
o = = fp(lﬁtbg_l —bl).

Thus, we obtain

/ / / B B
(cgﬂ—cg)(cg—cg)—cg(l—i-bgl—bg)( ;’;1 _Rp).

Thus, using the first equality in (3.20), we obtain the first equality in (3.17). Similar

manipulations lead to the second equality in (3.17). O
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In what follows, we shall show that if the function F' is absolutely monotonic on the
interval (—oo, 0], then the zeros of the orthogonal polynomial 7f'(.; R) increase mono-
tonically with respect to the parameter R. Several preliminary results are necessary

to establish the proof.

Theorem 3.3. [45] Let N be a subset of the integers. For every R € (Ry, Ry), let
{pn(t, R)}22, be a sequence of polynomials orthogonal with respect to a positive weight
function with continuous partial derivative 8‘”37%1?’) for all R € (Ry,Rs) andt € N.

Suppose further that for each j =0,...,2n — 1, the series

> K wr(k; R) (3.21)

keN

converges uniformly in R over every compact subset of (Ri, Rz). Then the zeros
of pn(t,R) are increasing (respectively, decreasing) functions of R € (Ry, Ry) if

% logw(t; R) is an increasing (respectively, decreasing) function of t on N

We also need the following fundamental Bernstein-Widder theorem [46], which
gives a necessary and sufficient condition for absolute monotonicity over (-c0,0]) via

Laplace transform.

Theorem 3.4 (Bernstein-Widder [46]). A function F' : (—o0,0] — [0,400) is ab-
solutely monotonic on (—o0,0] if and only if there exists a finite Borel measure

supported on [0, +00) such that

F(z) = /000 e du(t)  forall x <0. (3.22)
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Note that the successive derivatives of F' at zero are exactly the moments of the

representing measure p, i.e;
F®(0) = / t*du(t), forall k > 0.
0

Therefore, these moments satisfy the following conditions derived by Stieltjes.

Theorem 3.5 (Stieltjes, [47]). Let (Ao, A1,...,Ap) be positive real numbers of the
successive moments of a finite Borel measure on [0, +00) if and only if all associated

Hankel determinants are nonnegative

Mo Mo A
Moo A
H,, = >0, forall2<2s<p,
>\s )\erl e )\23
and
A1 Ao Agq
)\2 )\3 et )\s+2
Hygyq = >0, forall3<2s+1<p.
)\erl >\s+2 T )\23+1

In particular, the 2 x 2 principal minors encode the inequality

RO FEON_ gy posn) - (renoy)? 2 0

F(k+1)(0) F(k+2)(0)
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A shift in the function F' provides us with the following corollary.

Corollary 3.1. Let F be absolutely monotonic on (—o0,0]. Then the sequence

{F(k)(—R)} is log-convex for any positive real number R, i.e;
(F*(=R))* < F®(=R) F**)(=R) for all k > 0.

We are now in a position to prove the following.

Theorem 3.6. Let I be an absolutely monotonic function over the interval (—oo,0].
Then, for any k > 0, the zeros of the orthogonal polynomial mf (.; R) are increasing

functions of the parameter R € (0, c0).

Proof. The weight function

F®(—R)Rk

w(k; R) = u

is positive for any positive number R and with continuous partial derivative with

respect to the parameter R in [0, 00). Moreover,

) FEO(-R) &k
—1 i R) = ——+— 4+ —. 2
R ogw(k; R) FO(—R) + 7 (3.23)

Using the log-convexity of Corollary 3.1, we conclude that % logw(k; R) is an increas-

ing function of R. We conclude the proof using Theorem 3.3. O
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3.3 Connection Between Optimal Threshold Fac-

tors and The Orthogonal Polynomials 7} (-; R)

Let Ay, = (Ao, A1, .., Agp—1) be a sequence of positive real numbers. Let F' be any

smooth function such that

F®O) =X\, k=0,1,...,2p— 1. (3.24)

From (3.11), the orthogonal polynomials 7} (.; R) associated with the measure u%,

up to order p, depend only on the sequence Ay,. Therefore, these polynomials can
be computed without explicitly knowing the function F' itself. Since the measure is
supported on the set of non-negative integers, all zeros of these orthogonal polynomials
must be real and non-negative. Consequently, if for some positive real number Ry, any
of the polynomials 7} (; Ry), 0 < k < p, has a negative or non-real zero, then there
does not exist an absolutely monotonic function F' on the interval [— Ry, 0] satisfying
the conditions in (3.24). In particular, both the optimal threshold factor and the

Bernstein constant must be less or equal to Ry. To summarize

Theorem 3.7. Given a sequence Ag, = (Xo, A1, ..., Agp—1) of positive real numbers.
Let F' be any smooth function that satisfies (3.24). Let Ry be a positive real number. If
any of the orthogonal polynomials w'(.; Ro),k = 1,2,...,p, has a negative or non-real
zero then

Rm(A2p> § Roo(A2p) S RO'
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Example 3.6. Consider the sequence Ay = (1,1,1,0.5). From (3.11), the orthogonal

polynomial w4 (t; R) of degree 2 associated with the discrete measure pk is given by

8 (t; R) = Rt* + t(0.5R* — 2R* — R) — 0.5R* + R®.

The zeros of &' (t; R) are given by

¢F(R) = —0.25R? + R — v/0.0625R* — 0.25R2 + R + 0.25 + 0.5,

¢F(R) = —0.25R? + R+ v0.0625R* — 0.25R2 + R+ 0.25 + 0.5.

As can be seen from Figure 3.1, the zeros of ma(.; R) are non-negative for R < 2 and
the smallest zero becomes negative for R > 2, signaling the breakdown of positivity of
the associated measure. Therefore, we can conclude that, for any € > 0, there is no

absolutely monotonic function F over the interval [-2- €,0] such that

F(0)=F'(0)=F'(0)=1 and F®(0)=0.5. (3.25)

is the unique function that is absolutely monotonic over the interval [—2,0] and satisfies
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(3.25). Therefore, we have

Rn(Ay) = Ro(Ay) =2 for any m > 3.

—— Real Root 1 |
~— Real Root 2 V —
= _—

T —

Real Parts of Roots

Figure 3.1: Roots of the orthogonal polynomial 78 (t; R) as a function of R. The
vertical red line indicates the critical value R = 2, where the smallest root vanishes.
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CHAPTER 4

DISCRETE ORTHOGONAL POLYNOMIALS

AND SHARP BOUNDS FOR THE OPTIMAL

THRESHOLD FACTORS

In this chapter, we employ the discrete orthogonal polynomials, defined in the previous
chapter, to derive sharp bounds for the optimal threshold factor. The upper bound is
established by comparing the nodes of positive quadrature formulas with integer nodes
to those of the Gaussian quadrature associated with the discrete measure. This leads
to precise bounds for the optimal threshold factors for generalized Poisson-Charlier
sequences in terms of the smallest zero of generalized Laguerre polynomials; and for

Meixner sequences in terms of the smallest zero of non-standard Jacobi polynomials.

This chapter is organized as follows. In Section 4.1, we establish a general com-
parison theorem between arbitrary positive quadrature rules and Gaussian quadrature
associated with a given positive measure possessing finite moments of all orders. This
result is then employed to derive an upper bound for the optimal threshold factor of

sequences exhibiting specific structural properties. In Section 4.2, we employ duality
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arguments to obtain a lower bound for the optimal threshold factors. Applications to

generalized Poisson-Charlier and Meixner sequences are presented in Section 4.3.

4.1 Positive Quadrature and Upper Bound for the

Optimal Threshold Factor R,,(Ay)

The idea behind the upper bound is to compare Gaussian quadrature with respect
to the measure puk and the quadrature defined in (3.2). We first prove the following
theorem which roughly states that the largest zero of an orthogonal polynomial is
an upper bound for the nodes of any positive quadrature. More precisely, let p be
a finite positive measure on the real line, possessing finite moments of all orders and
having infinitely many points of increase. Let 7y, ms,...,m,,... denote the sequence
of monic orthogonal polynomials with respect to . We denote by P, the space of all

polynomials of degree at most p.

Theorem 4.1. Given a positive quadrature rule with respect to the measure p which

is exact in Pop_1,

/P(t)du = Zﬁkp(pk) for any P € Py,_1, (4.1)
k=1

with s > p, 0 < p1 < pp < ... < psand B; > 0,5 = 1,2,...,s. Then ps > t,
and p1 <ty where t; <ty < ... <1, are the zeros of the orthogonal polynomial .
Moreover, ps = t, if and only if the quadrature (4.1) coincides with the Gaussian

quadrature with respect to the measure p.
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Proof. Consider the polynomial

Q) = () = — (¢~ 1) [ — 1. (42)

Applying (4.1) and invoking orthogonality, we obtain

/Q(t)dﬂ == Biltr—pe)’ - (b — o) (b — i) = 0. (4.3)

Since s > p, we conclude that there exists an integer k € {1,2,...,s} such that
pr > t,. In particular, we have py > t,. If p; = t, then from (4.3) we remark that
for k =1,2,....,s =1, (pr —t1)...(px — tp—1) = 0. In other words, pi, pa, ..., ps—2
and p,_1 are zeros of the polynomial ¥(t) = (t — t1)(t — t2)...(t — t,—1). Thus, we
necessarily have s — 1 = p — 1 and p, = t;, for k = 1,2,...,p — 1. Therefore, the
quadrature (4.1) coincides with the Gaussian quadrature. To prove that ¢; > p; we
proceed as follows.

Define the polynomial

s(t) = )2 — (=) T - 12,

b=t i=2
Applying (4.1) and invoking orthogonality, we obtain
/S(t)du == Bulta— o) (ty — pi)*(t1 — 1) = 0.
k=1

Therefore, there exists an integer k € {1,2,...,s} such that py < ¢;. In particular,
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we have p; < ty.

O

Definition 4.1. A sequence A, = (A, Ao, ..., \p) is said to be absolutely positive if
there exists a function F absolutely monotonic on (—oo,0] such that F®(0) = X\ for

k=0,1,....p.

Theorem 4.2. Let Ayy, = (A1, A2, ..., Agp—1) be an absolutely positive sequence. Then,
the zeros of the degree p orthogonal polynomial 775(; .R) are nonnegative for any R > 0,
increasing as a function of R and such that the largest zero diverges to infinity as R

goes to infinity.

Proof. That the zeros of 7r§ (.; R) and are nonnegative and are increasing functions
with respect to R is a consequence of Theorem 3.6. We prove that the largest zero
of ¥'(.; R) diverges to infinity as R goes to infinity by induction on p. For p = 1, we

have

The only zero is given by &F(R) = %R and satisfies limp ,oo & (R) = 0o. Assume

the hypothesis to be true for any k < p—1. Let £ (R) and £/ (R) the largest zero

of ©f

(5 R) and 7} (;; R) respectively. According to the alternation theorem of the

zeros of orthogonal polynomials, we have

§pF—1(R) < éf(R)~

Therefore, limp_,o0 55 (R) = oc. O
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A direct consequence of the previous theorem is the following upper bound for the

optimal threshold factors.

Theorem 4.3. Given an absolutely positive sequence Ag, and let R be the unique

positive real number such that the largest zeros of 71'5(.; R) is equal m. Then
Ri(Agp) < R.

Equality is attained when all zeros of ﬂf(.; R) are nonnegative integers. In this case,

the optimal threshold polynomial is given by

D(Aay) () = D (14 f%)sf?

i=1

where £ < & ... < fi, are the zeros of the orthogonal polynomial W;(.;R) and
wi,t = 1,...,p are the weights of the Gaussian quadrature associated with the measure
P

Proof. According to Remark 2.3, the optimal threshold factor R,,(As,) is the largest
positive real number R such that the measure pk; admits a positive quadrature with
integer nodes not exceeding m, and is exact for all polynomials of degree at most
2p — 1. If Ryy(Asp) < R and since the zeros of the orthogonal polynomial 7' (.; R)
are strictly increasing function of R, we would have 55 < m, which contradicts the
statement of Theorem 4.1. The implications of the equality case stem from the fact
that it yields a positive quadrature rule with integer nodes, all of which are less than

or equal to m. ]
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Example 4.1. Consider the sequence

Ayq = (1,0.25,0.3125,0.7031).

Using Proposition 4.3, we provide an upper bound for the optimal threshold factor
Rio(Ay). For each R > 0, the moments associated with the discrete measure u% are

given by

mo=1, my =R, my=0.3125R*+0.25R, my=0.7031R*+ 3R*+ R.

Using these moments, the orthogonal polynomial of degree 2 is constructed via (3.11)

and is given by

73 (t; R) = (0.25R*+0.25R) t*+(—0.6250 R*—0.8750 R*—0.2500R) t-+(0.0781 R*+0.0781R%).

Solving for the roots of w¥ (t; R), we obtain the real-valued functions £F(R) and &(R),
both of which are nonnegative and strictly increasing in R (see Figure 4.1). Explicit

expressions of the zeros are

B 1.25R% + 1.75R — 2+/0.3125 R4 + 0.9375R3 + R2 + 0.4375R + 0.0625 + 0.5
N R+1 ’

&i(R)

_ 1.25R? + 1.75R + 2v/0.3125R* 4 0.9375R% 4+ R? + 0.4375R + 0.0625 4 0.5
a R+1 '

&(R)

Numerical evaluation shows that the largest root &(R) reaches m = 10 when R =

3.7626. Therefore, according to Theorem 4.3, an upper bound for the optimal threshold
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factor is

Ro(Ay) < 3.7626,

Using the algorithm of Chapter 2, the exact value of the optimal threshold factor is

given by R,,(Ay) = 3.5557

12

—— Real Root 1
— Real Root 2
@ ~AmiNzp-1)
-=-m
--- R

Figure 4.1: Roots of the orthogonal polynomial 7i'(¢; R) as functions of R. The

vertical blue line indicates the value R at which the largest root &(R) is equal to
m = 10.

4.2 Lower Bound for R,,(Ay,)

This section establishes a lower bound for the optimal threshold factor R,,(As,) using
duality arguments.

We need the following Farkas lemma.

Lemma 4.1 (Farkas’ Lemma,[48]). Let A € R™ " and b € R™. Then ezactly one of

the following two assertions holds
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1. There exists a vector x € R" such that

Ax=Db and x>0.

2. There exists a vector'y € R™ such that

A'y>0 and b'y<O.

Here, the notation x > 0 means that all components of the vector x are non-
negative.

Using Farkas’s Lemma we establish the following.

Theorem 4.4. let A,y = (Mo, ..., \y) be a sequence of positive real number and

m > p. A real number R > 0 satisfies
R < Rp(Apyr)
if and only if for any polynomial P of degree at most p satisfying
P(j)>0 forj=0,1,...,m, (4.4)

we have

/ P(t) dup(t) > 0. (4.5)
Proof. Let R be a real number such that R < R,,(A,41). According to Remark 2.3,
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we have a positive quadrature with integer nodes smaller than m, that is there exist

non-negative real numbers «; and integers m; < m,i =1,...,s such that
/P(t)d,ug = ZaiP(mi) for any P e P,. (4.6)
i=1

Therefore, using the condition (4.4), we conclude that (4.5) holds for any polynomial P
of degree at most p satisfying (4.4). Conversely, let us assume that R is such that, for
any polynomial P of degree at most p such that P(j) > 0 for j =0,1,..., m, we have
[ P(t)duk(t) > 0. Expressing P in the monomial basis as P(t) = > _; yt* and set v :
(0,715 - - -, 7p) " and A the (p+1, m+1) matrix A = (a;;) with a;; = j* fori = 0,1,...,p
and j =0,1,...,m. Clearly, we have vZ A = (P(0), P(1),..., P(m)). Moreover, if we
denote by b = (By(Apy1, R), Bi(Api1, R), - . -, Bp(Ap+1,R))T. Using (4.6), we obtain
Y'b = [ P(t)duk(t). Therefore, for any v € R"*! such that 47 A > 0 we have y7b > 0.
Thus, by Farkas’” Lemma 4.1 | there exists a vector a = (g, a, .. . ,am)T > 0 such

that Ao = b, which in turn is equivalent to the representation of the polynomial

H,(.; R) as
Hy(7; R) = Z ap(x — k)P
k=0
Therefore, R < R, ,,. This concludes the proof. ]

Definition 4.2. A non-zero real polynomial P is said to be admissible if it is nonneg-

ative over the integers, i.e.;

P(j) >0 forallje€Z.
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Define the following parameter

F f tP(t) d/ﬁg F )
T, =sup sup | ——~—% — ) 4.7
Fesmi (Troag - “
where C, denotes the set of all admissible polynomials of degree at most 2(p — 1),
and &8 is the largest root of the orthogonal polynomial 7} (-; R) with respect to the
measure k.

Generalizing the techniques of [36], we can show the following lower bound for

Rin(Agy) in terms of 71

Theorem 4.5. Given an absolutely positive sequence Mg, and let R be the unique

positive real number such that the largest zeros of sz(.; R) is equal to m — Tf, Then
Rn(Agp) > R.

Our goal in the remainder of this section is to establish the inequality 7'; <p-—1

Given an admissible polynomial P, we define the modified measure

i3 FUCRRPG)

R i
=0 J:

To establish an upper bound for Tf , we start by establishing the following.

Proposition 4.1. Let P be an admissible polynomial. Denotes & the zero of the
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degree 1 orthogonal polynomial 11y (+; R) associated with the measure

0

'R

) s FUTD(=R)RI P(j)
Ro= Z i
=0 I

and & the zero of the degree 1 orthogonal polynomial 1} (+; R) with respect to the
measure
i = FO(=R)R P*(5)

iy = i 6;, where PT(t):= P(t—1).

J=0

Then the following inequality holds
& <& +1.
Proof. Define the polynomial
Gilw) = [~ t)dpfy” () = r(a - &) (45)
Clearly, G1(&) = 0. Therefore, there exists a constant w; such that
Gi(7) = wi(z — &). (4.9)
Define the polynomial

Gala) = [t dif () (4.10)
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Using (3.7), the polar form gy of Go(z) satisfies

l0.0) == [ la =000 = =1 [~ e ) a0

= —R/((x — 1) —t)dih " (t) = ~RGy(z — 1).

Using 4.9, we observe that go(0,&; + 1) = 0. Hence, there exist constants o and
such that

Go(1) = apz® + oz — (& + 1)) (4.11)

Since

Gmnz/#m47w=m@u1fzm

@@+w1ﬂaH—Wm?w—%@+Wza

we conclude that the constants g,y are nonnegative. Differentiating both (4.10)

and (4.11) with respect to x, and applying Gauss quadrature, we obtain
Nz — &) = ar + ar(x — (& +1)), (4.12)

with 71 > 0. Evaluating both sides of (4.12) at = & gives the desired result

F <&+ 1 O

By orthogonality with respect to ﬂf;(l), the unique zero & of the polynomial
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17 (-; R) satisfies

[e-@an 0= [ -&Pwdg”® =0

Thus,
£ = [tP(t) duk” (t)
[P0
Similarly, we have
g [tPE =i (1)
1

- fP d F(l)(t)

Therefore, Proposition 4.1 can be re-stated as

Corollary 4.1. For any admissible polynomial P and any positive real number R, the

following inequality holds.

JtP() dpg(t) _ [tP(t+1)dp V()
JP@) du(t) — [ P(t+1)duf (1)

Iterating the previous inequality leads to the following.

Corollary 4.2. For any admissible polynomial P and any non-negative integer k, the

following inequality holds.

[t P(t) duk(t) <ftPt+k:)d 15 (t)

TPOMED S TPar R TF (4.13)

We shall need the following proposition.

Proposition 4.2. Let F' be absolutely monotonic on (—oc0,0] and R > 0. Then, for
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any admissible polynomial P, we have

ftP nh (¢ <ftP () dpgy(t)

[Pt F“) — P dpi(t) 1
Proof. Using the definition of the measures pk and uf;(l), we have
FO — JP( FUD(—R)F®(-R) R/
7,k=0
and similarly,
) JP(j U)(—~R)F*+D(—R)RI*F
/tP(t) dug/ t) duh Z e .
7,k=0

Thus, the difference is given by

([road) ([ roas) - ([roa) ([ rows”)

< p(j) P(k) Ri+F [F®(=R) FUD(-R)

P
:Zj jj!k!

FU(—R) FU+Y(-R)

) Fm=i)(~R) Fm=i+)(_R)

N JPU) Pm
722 g (m —5)!

R™.

FU)(—R) FUD(—R)

Corollary 3.1 ensures the log-convexity condition

F(j)(—R)F(mfj“)(—R) > F(J'H)(_R)F(mﬂ')(_R)7 j<m-—j,

which in turns ensures the non-negativity of the sum. This concludes the proof. [J
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From the previous proposition, we can easily deduce the following.

Corollary 4.3. Let F' be absolutely monotonic on (—o0,0] and R > 0. Then, for

every admissible polynomial P and for any integer h, we have

[P () _ [P duft)
[P dpE™ () — [ P(t)dug(t)

(4.15)

Before providing the main result, we state the following result proved in [36].

Proposition 4.3 ([36]). Let P be an admissible polynomial of degree at most 2p — 2.

The polynomial

0=y (p; 1) P(t + k) (4.16)

satisfies Q(t) > 0 for allt € R.

Theorem 4.6. For a given absolutely positive sequence Ay, the parameter Ti, defined
in (4.7) satisfies the inequality

T;Sp—l forany p>2.

Proof. Let R > 0 be a fixed real number, and let P € C, be an admissible polynomial
of degree at most 2(p—1). By Proposition 4.3, the degree 2p — 2 polynomial @) defined

in (4.16) is non-negative over the whole real line. By Gauss quadrature, we have

/ FQU) it =S anef (R) Q(EE(R))
<€ (R)S aQUEr,(R)) = €5 (R) / Qt) duf.
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From the expression of the polynomial ), the previous inequality can be written as

<p ; 1) /P(t + k)dugp <& <p; 1) /P(t + k)dpk.

—1
k=0
Therefore, there exists an index j € {0,...,p — 1} such that

ftP(t—i—j) dﬂg F
TP )y = 0

Thus, from inequality (4.15), we have

[tP(t+j)duk” _r
fP(t—F]) dug(j) — >p,p

(R).

Therefore, using (4.13), we obtain

JtP(t)dpg, < ¢F

TP dut, = TR+ <& (R) +p—1. (4.18)

This concludes the proof by invoking the definition of 7,\". O

Using the bound Tf < p — 1 along with Theorems 4.5, we obtain the following

bounds on the optimal threshold factors.

Theorem 4.7. Let m,p € N with m > 2p — 1 and let Ay, = (Mo, ..., Agp—1) be an
absolutely positive sequence. Let Ry and Rp,.. the unique positive real numbers such

that

F (Rmaz) =m, r (Rmzn) =m-p+ 1.

p,p p,p
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Then, the following bound for the optimal threshold factor

Rmin S Rm(AQerl) S Rmam

holds.

4.3 Bounds on the Optimal threshold Factors of

Some Classical Sequences

As an application of Theorem 4.7, this section presents sharp bounds for the optimal

threshold factors associated with the sequences

Aop(7) = (17,72, ., 4% with v >0,

and

Aop(B) = (1,8W, 8@, ... gD with 8 > 0.

We begin by establishing that both sequences are absolutely positive and correspond,
respectively, to the functions F(z) = €’ and G(z) = (1 —2)~?. The orthogonal poly-
nomials associated with Ay,(7y) are identified as generalized Poisson-Charlier poly-
nomials, while those associated with Ay,(f) correspond to Meixner orthogonal poly-
nomials. Accordingly, we shall refer to the former as Generalized Poisson-Charlier
sequences and the latter as Meixner sequences. The resulting bounds on the opti-

mal threshold factors will be expressed in terms of the smallest zeros of generalized
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Laguerre polynomials for the sequence As,(7), and in terms of the smallest zero of
Jacobi-like orthogonal polynomials for the sequence Agy,(/3).
Many classical orthogonal polynomials can be expressed in terms of hypergeometric

functions. The general form of the hypergeometric function is defined by

ay, ag, ..., a0y b a1)p(as)n - (a nt”
F, [ SRR AN o
by, ba, ..., by n=0

where the Pochhammer symbol (rising factorial) is defined by [49]

r
(a)n:a(a+1)(a+2)---(a+n—1)ZM. (4.20)
I'(a)
A special case of this is the Gauss hypergeometric function,
a, b a D). 17

() nl’

which converges for |t| < 1.
Of particular interest to us in this section are the Jacobi polynomials expressed in
terms of hypergeometric functions as

X o+ 1 —p,ptat+Bf4+l oy
P, ’B)(t):( 2 )*p2F1 5

a—+1

(4.22)

are orthogonal with respect the the weight function w, 4(t) = (1 —#)*(1+t)? over the
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interval [—1,1] when a, > —1, i.e,;

1
/ . PEP 6P () wap(t) =0 if i # j.

We also need the generalized Laguerre polynomials defined in terms of hypergeometric

functions as

L(t) = —21F st (4.23)
a+1

where o > —1. They are orthogonal with respect to the weight function w, (t) = t*e™*

over the interval [0, 00), that is
/ L)LY (twa(t) =0 if i # .
0

4.3.1 Bound on the optimal threshold factors of the general-
ized Poisson-Charlier sequence Ajy,(7)

The elements of the sequence Ay,(7y) are the values of the successive derivatives of
the function F'(z) = €"* at the origin. Therefore, the sequence is associated with the
generalized Poisson-Charlier measure defined by (3.8). The corresonding orthogonal
polynomials are the generalized Poisson-Charlier orthogonal polynomial given in terms

of hypergeometric function as
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Since the function F' is absolutely monotonic on the interval (—oo, 0], it follows from

Theorem 3.6 that the zeros of the associated orthogonal polynomial CJ(t; R) increase

monotonically with respect to the parameter R. Furthermore, it is well known that

these zeros diverge to infinity as R — oo. Consequently, the sequence Ay,(y) is

absolutely positive.

Let R,.;, and R,,., the unique positive real numbers such that

gf)ip(Rm(w) =m, ggp(Rmm) =m-—p-+ 1,

where zf » is the largest zero of the polynomial Cy(.; R). From the relation

CJ(t; R) = p! LY (vR),

we conclude that R,,., and R,,;, satisfy

LY P (YRpar) =0 and L2 D(3Rya) = 0.

(4.24)

(4.25)

Moreover, since the zeros of the generalized Poisson—Charlier polynomials increase

monotonically with respect to the parameter v, the quantities R, and Rpy., represent

the smallest values of R for which condition (4.25) is satisfied. This leads us to the

following theorem.

Theorem 4.8. For any integers m,p such that m > 2p — 1, the optimal threshold
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actor of the sequence Moy () = (1,7,7%, ..., 7v*7 Y, ~ > 0 satisfy
P

gig)mfp)
~ < Rm(A2p(7)) < ~ )

gém72p+1)

where E,(ya) refers to the smallest zero of the generalized Laguerre polynomial Lfga).

The upper and lower bounds for R,,(Ag,(7)) established in Theorem 4.8 are pre-
sented in the table below for various values of p,m and for v = 0.5 and 10. The
exact values of the corresponding optimal threshold factors are computed using the

algorithm outlined in Section 2.5.

P H Lower Bound ‘ Ry, (Agp) ‘ Upper Bound
2 4.0000 Rs(Ay) = 5.3013 5.5279
3 0.8315 R5(Ag) = 2.0032 3.0348
2 7.1010 Ro(Ay) = 8.5758 8.7085
3 3.0348 R;(Ag) = 5.3143 5.5929
2 8.7084 Rs(A4) =10.2143 10.3431
3 4.2824 Rs(Ag) = 6.7704 6.9528

Table 4.1: Bounds for R,,(Ag,(7y)) with v = 0.5

D H Lower Bound \ R, (Asp) \ Upper Bound
2 0.2000 R5(A4) = 0.2651 0.2764
3 0.0416 R5(Ag) = 0.1000 0.1517
2 0.3551 R7(Ay) = 0.4288 0.4354
3 0.1517 R;(Ag) = 0.2651 0.2797
2 0.4354 Rs(A4) = 0.5107 0.5172
3 0.2141 | Ry(Ag) = 0.3373 |  0.3476

Table 4.2: Bounds for R,,(Ag,(7y)) with v =10
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4.3.2 Bound on the optimal threshold factors of the Meixner
sequence Ay, (/5)

The elements of the sequence Ay, () are the the values of the successive derivatives of
the function F(x) = (1—x)~" at the origin. Therefore, the sequence is associated with
the Meixner measure defined in by (3.9). The corresponding orthogonal polynomials

are The Meixner polynomials given in terms of hypergeometric function as

where >0, 0<c<1land c=R/(1+ R).

Since the function F' is absolutely monotonic on the interval (—oo, 0], it follows
from Theorem 3.6 that the zeros of the associated orthogonal polynomial M,(t; 3, R)
increase monotonically with respect to the parameter R. Furthermore, it is well known
[45] that these zeros diverge to infinity as R — oo. Consequently, the sequence Ag,(7)
is absolutely positive.

Let R, and R, the unique positive real numbers such that

F _ F _
p,p(Rmaz) =m, p,p(Rmin) =m-—-p + 17

where 5 » 18 the largest zero of the polynomial M,(.; 5, R). From the relation between
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Meixner and Jacobi polynomials [Nikiforov et al., [50]]

1\? 1
M,(t; 8, R) = p! (1 - C) P{ipftmp) (Ji) (4.26)

we conclude that R,,., and R,,;, satisfy
Pp(mfpﬁﬁfmfp)(l +2Rpmaz) =0 and P£m72p+1,*5*m71)<1 4+ 2Rpmin) = 0. (4.27)

Since the zeros of Meixner polynomials are increasing functions of the parameter R,
The quantities R, and R.,. represent the smallest values of R for which condition
(4.27) is satisfied. Note that the parameters /5 of the Jacobi polynomials in (4.27) is not
grater than —1. Therefore, these polynomials are not the classical Jacobi polynomials
and are called non-standard Jacobi polynomials [51] and all their zeros real and larger

than one [52]. This leads to the following theorem.

Theorem 4.9. For any integers m,p such that m > 2p — 1, the optimal threshold

factor of the sequence Asp(B) = (1, s, g 76(27’*1)) , B> 0. satisfy

j£m72p+1,757m71) 1 (m—p,—f—m—p) 1

5 < Ru(Ayy(B)) < 2y 7

where jz(,a’ﬂ) refers to the smallest zero of the non-standard Jacobi polynomial polyno-

mial PSP,

The upper and lower bounds for R,,(As,(53)) established in Theorem 4.9 are pre-

sented in the table below for various values of p,m and for v = 0.5 and 10. The

71



exact values of the corresponding optimal threshold factors are computed using the

algorithm outlined in Section 2.5.

Lower Bound R,,(Agp) Upper Bound
10718 | Rs(Ay) = 1.2000 | 1.4365
0.1501 R5(Ag) = 0.2222 0.4878

1.8020 R7(A4) = 2.0000 2.1678

Rz (M)
Rg(A4)
Rs(Ae)

0.4878 = 0.6667 0.8392
2.1678 = 2.4000 2.5339
0.6626 = 0.8594 1.0169

W W WS

Table 4.3: Bounds for R,,(As,(3)) with 8 = 0.5

As we showed in [36], if the zeros of 7] (-, R) are integers then the optimal threshold
factor R, (Ag) = R, where m is the largest zero of 7/'(-, R). In the following, we shall

apply this result to Meixner polynomial of degree 2.

Theorem 4.10. Let 0 < n < m be integer such that (m +n —1)*> > 4mn. Set

_ 4dmn
p= (m+n—1)2—4mn’
Then
- m+n-—1

The associated optimal threshold polynomial is given by

X

Om(Aap) () = wn <1 + me(m))n e <1 i Rm(Ai(ﬁ))Y’

where

b M= BR(NE)  ARm(M(B) =1
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Proof. The Meixner polynomial of degree 2 is given by

My(t; B, R) = t* — (26 + 2)R + 1)t + B(1 + B)R?.

Taking

dmn m+n—1
- d R="2TN" 2
b (m+n—1)2—4mn an 2(6+1) 7

one can readily show that

My(t; 8, R) = (t — m)(t — n).

Thus the degree two Meixner polynomial has only non-negative integer zeros and thus

the result follows from Theorem 4.3. ]
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CHAPTER 5

CHRISTOFFEL TRANSFORM AND

HIGH-EFFICIENT ALGORITHMS FOR THE

COMPUTATION OF OPTIMAL THRESHOLD

FACTORS

The complexity of the algorithm for computing the optimal threshold factors intro-
duced in Chapter 2 grows exponentially with the number of stages m and the order p.
To compute these factors for large values of m and p, we study the spectral Christoffel
transformations of the discrete measure pu%. This leads to a highly efficient and stable
algorithm for computing the optimal threshold factors with the particularity that its
complexity depends only on the order p.

This chapter is organized as follows. Section 5.1 reviews structural properties of
optimal threshold polynomials, providing their explicit characterization. Section 5.2
presents an efficient method for computing optimal threshold factors for arbitrary p-
absolutely monotone sequence A4. Section 5.3 introduces the Christoffel transform,

integral spectra, and spectral radii, forming the theoretical foundation of the efficient
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algorithm for the computation of the optimal threshold factors and their associated

polynomials.

5.1 Structural property of the Optimal Threshold

Polynomial

Generalizing and adapting the techniques introduced in the work of Bernstein in [32]

and Ait-Haddou in [36], we can prove the following.

Theorem 5.1. Let Ay, = (Ao, A1, ..., Agp—1) be an absolutely positive sequence. For
any positive integers m and p such that m > 2p—1, The optimal threshold polynomial

has the structure

B, (Agy) () = 2:2:;1% (1 n RmEUA2p))mk , (5.1)

where ay, > 0 for all k, with csp—1 > 0; and the sequence of integers 0 < my < mgy <

s < Mgp—1 < m satisfies
Mok =mok—1 +1, k=12,....p—1, and mg,_1 =m. (5.2)

In other words, in the representation (5.2), the integers (my,...,mgo,_2) appear as
pairs of consecutive integers, while the largest exponent is equal to m.

So far, we have considered sequences Ag,_; with 2p elements so that we can take ad-
vantage of Gaussian quadratures. The following theorem provides the optimal thresh-

old of sequences of A1 with 2p+ 2 elements in terms of an associated sequence with
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only 2p elements.

Theorem 5.2. Given a sequence Aoy = (Mo, A1, ..., Agp) of positive real numbers
and assume that sequence Ngp_1 = (A1, ..., Agp) s a p-absolutely monotonic sequence.

Then, for any integer m > 2p, we have

Ryia (A2p+1> = Rm(A2p>a

and

q)m+1 (Agp)(l') = )\0 + Aw @m(AQP_l)(é-) dg (53)

Proof. We first note, from (5.3), that if the polynomial ®,,(As,_1) belongs to I1,,(As,)
if and only if ®,,,41(Agp+1) belongs I1,,,(Ag,). Moreover, differentiating both sides of

(5.3), we obtain

O, 1 (M) () = P (Agpa) ().

Since @, 41(Agp) is absolutely monotonic on [— Ry, 1 (Agpi1), 0], it follows that @7, (Agy)
is also absolutely monotonic over [—R,,+1(Agp41),0] and therefore, (Ag,—1),0] and
therefore, Ry, 11(Agpi1) < Rin(Agy). To prove that Ry,i1(Agpi1) > Rin(Agy) we pro-
ceed as follows.

Since the optimal threshold factor R,,(Ag,) is the largest real number for which
the measure pk admits a positive quadrature with integer nodes smaller than m, there

exists non-negative numbers such that

/ (2= O s o () = 3l — my)? 1.
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Therefore, there exist positive real numbers 3; such that

2p
[ = 0t 0 (0 = D B — O+ D)+
k=1

Therefore, according to Remark (2.3), we have R, 1(Agpi1) > Ry (Agp). This con-

cludes the proof. O

5.2 An Efficient computation of R,,(\y)

Let Ay = (Ao, A1, A2, A3) be a p-absolutely monotone sequence and m > 3 be an integer.
Let R be the unique positive real number such that the largest zero of the orthogonal
polynomial £ (t; R) is equal to m. The polynomial 71'(¢; R) has two simple real roots,
denoted 7 (R) < r3(R) = m. According to Theorem 5.1, the exponents of the optimal

threshold polynomial are then given by
mi = LTl(R)Jv m2:m1+1, ms = m.

Therefore, the optimal threshold factor R,,(A4) is the positive solution of the polyno-

mial equation in R

/(m1 —t)(my — t)(m — t) duk(t) = 0. (5.4)

Example 5.1. Consider the sequence Ay = (1,0.5,0.5,1). The associated orthogonal

polynomial 7' (t; R) has two strictly increasing real roots ri(R) < ro(R) that tend to
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infinity as R — oo. Therefore, the sequence Ay is a p-absolutely monotone sequence.
We compute the optimal threshold factor R,,(A4) for various values of m > 3 by

solving the polynomial equation in R

[ = 2)ms = )~ 1) difte) = (5.5)

where my = |r1(R)] and ma = my + 1.

The results are summarized in the table below.

m H Rm(Agp) Tl(Rm> mq mao

10 3.7553 1.1929 1 2
100 38.4184 14.4013 14 15
1000 || 382.2370  145.7255 145 146
10000 || 3819.9360 1458.8094 1458 1459

Table 5.1: Optimal thresholds R,,(A4) associated with various m, for Ay =
(1,0.5,0.5,1).

5.3 Christoffel Transform and Spectral Properties

To generalize the idea of the efficient computation of the optimal threshold factor in

the last section, we introduce the Chritoffel transforms of the measure pk.

Definition 5.1 (Christoffel Transform). For an admissible polynomial 2, the Christof-

fel transform of pky is defined as

< Q(j)FD(—R)R
i =y = 30 SO, (5.6)
j=0 ’

where the polynomial Q)(t) is called the annihilator polynomial of the measure ug’ﬂ.
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If the measure b is positive then clearly the Christoffel transform measure ,ug’Q
is also positive. We shall denote by Hf"Q (t), p > 1, the associated orthogonal polyno-

mials and and their zeros are denoted by

§3p<f§p< <§z?,p'
Definition 5.2 (p-Configuration). A sequence n = {nq,...,n,_1} with 1 < ny <
p—k+ 1 is called a p-configuration.

We shall define several notions needed for the efficient algorithm. The techniques
for the proof can be adapted from the work of Ait-Haddou [36] and will not be given

here.

Definition 5.3 (Integral Spectrum). For n, R > 0, we define the integral spectrum
S(n, R) = {my,my, ..., mgy_o} iteratively by
my = &P (R)], ma=mi+1, Qy=09,

ni,p

and fork=2,3,...,p—1,

Mok—1 = |. 3:,;,1_k+1(R)J7 Moy = Maop—1 + 1, Q1 (t) == H(mm—1 —t)(ma —t).

The unique zero p(n, R) of the degree 1 polynomial orthogonal with respect to the

-1

measure 1 is called the spectral radius with respect to the couple (n R). The
1355 p p p )
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real numberp(n, R) is given explicity by

p(n, R) = where P(t)= ] (t—j). (5.7)
j€S(n,R)

Given a positive integer m and a p-configuration n, with m > 2p — 1, then, there

exists a unique real number R,, ,(n) such that

p (0, Ry p(1)) = m.

The real number R,, ,(n) will be called the optimal spectral radius with respect to the

p-configuration n and the integer m. The associated integral spectrum

S(Il, Rm’p(n)) = {ml) mo, . ..,Mop_3, m2p—2}

will be termed the optimal integral spectrum and denoted by M., ,(n).

Proposition 5.1. Let m and p be positive integers (m > 2p — 1) and n be a p-

configuration. If Ry and Ry are two real numbers such that

S(Il, Rl) = S(IL RQ) and p(n7 Rl) S m S p(n7 R2>7 (58)

then the optimal integral spectrum with respect to m and to the integer m is given by

M () = S(n, Ry) = S(n, Ry) and the optimal spectral radius R, ,(n) is the unique
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positive real zero in [Ry, Ro] of the polynomial equation in R

h2p_1(m1, mao, ... ,mgp_Q, m; R) = 0, (59)

where (my, ma, ..., May_2) = M, ,(n) and hoy—1(—, R) the polar form of the polyno-

mial Hop—1(.; R).

The main theorem for efficient computation of optimal threshold factors, which

can be proved using similar techniques as in Ait-Haddou [36] is the following.

Theorem 5.3. Let m and p be positive integers such that m > 2p — 1. Let Ay, =
(Aoy A1,y e ooy Aop1) be an absolutely positive sequence and n be a p-configuration such

that the system

/(a: — ) dug,, ) = Z ai(x —my)?P (5.10)
i=1
where (my,...,Mop_3,Map—2) = My, ,(n) and mey,_1 = m, admits a non-negative

solution in (aq, g, ..., a9y_1). Then

5.4 Computation of Christoffel Transformation for

General Orthogonal Polynomials

In this section, we present a review of an algorithm for computing the orthogonal

polynomials associated with the Christoffel transform of a measure, assuming the
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three-term recurrence relation of its original orthogonal polynomials is known [39].

Let {P,(t; R) }n>0 be a sequence of monic orthogonal polynomials satisfying

Poii(t;R) = (t = by)Pu(t; R) — gnPua(t; R), P_1(t; R) =0, Py(t;R) = 1.

Then the orthogonal polynomials associated with the Christofel transform with inni-

hilator polynomial €2 are given by

P(t;R)  Ppa(R) ... Prusi(tR)
Y(t; R 1 | B(mi;R) - Bp(my R) o Bpras(ma; R) 5.11
e - o s R AT
Pp(sz:; R) Pp+1(m25; R) - Pp+25 (m25§ R)

where I1%,(t) = 0 and II{}(t) = 1. These orthogonal polynomials satisfy the three-term

recurrence relation

I, (6 R) = (t — BE)IX(t; R) — GPITL (; R), n >0,

where the coefficients B, GG,, can be computed using the algorithm described below.
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Algorithm 1 Christoffel Transformation for General Orthogonal Polynomials (H}?)pzl

1: Input
Parameters R, m,p
2: Initialize recurrence coefficients

BY =b;, GV:=g, j=12,...
3: Apply Christoffel transformation iteratively for k£ = 1 to 2s
- Gy
E0:O7 Qj:Bj(f)—E],l—mk, E]: g
J

B(k) = My + Qj + Ej, ng) = QjEj—l

j
4: Final (re)cur(re)nce coefficients
2s 2s
Bj ’Gj
5. Output
Integral spectrum {my, ma, ..., mop 1}

The roots of HS (t; R) are the eigenvalues of the tridiagonal matrix J,

BéQs) /G(123)
/G(125) B§28) /G§25)

2s 2s
Vel 52

For instance, the three-term recurrence coefficient for Generalized Poisson—Charlier

(5.12)

orthogonal polynomial with parameter v > 0 are
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while for Meixner orthogonal polynomials with parameter 3 > 0 are

p, = L+ )i+ e _aU+h-1
T l—c 95 = (1—¢c)?

_ R
where ¢ = 7%,
The following examples illustrate the computation of the integral spectrum for

these two families of orthogonal polynomials using their spectral Chritoffel transform.

Example 5.2 (Generalized Poisson—Charlier). Consider parameters m = 100, p = 3,
v =10, and R = 5, with the configuration n = {1,1}. Applying Algorithm 1 yields

the following spectrum

Iteration 0
Roots of C(t; yR)
38.8808
m M =38 m;=39
- ° ° B
0 20 40 60 80 100
Iteration 1
® Roots of C(t; yR)
49.6043
m mM3=49,ms=50
- . 2 =
0 20 40 60 80 100
Iteration 2
@ Roots of C(t; yR)
100.0000
m ms=100 -
T T T T T T
0 20 40 60 80 100

Real Line Representation

Figure 5.1: Spectrum associated with the Generalized Poisson—Charlier polynomials

for v =10, R = 5,p = 3,m = 100.
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Degree | Zeros of Ci}(t; R)

Selected Spectrum Values

3 {38.8808, 50.6686, 63.4505} | (38, 39)

2 {49.9788, 62.8696}

(49, 50)

Final Integral Spectrum | (38, 39, 49, 50, 100)

Table 5.2: Integral spectrum constructed from generalized Poisson—Charlier polyno-

mials with parameters v = 10, R = 5, p = 3, and m = 100.

Example 5.3 (Meixner). Consider the Meizner case with 5 =3, R =5, p=3, and

m = 100. Algorithm 1 applied to the Meixner, the recurrence coefficients results in

the spectrum shown below.

Iteration 0
e Roots of M (t, B; ¢)
6.9059
m Mm=6m=7
= = = g
0 20 40 60 80 100
Iteration 1
® Roots of MZ:(t, B; ¢)
25.4852
m mM3=25,ms=26
= ° J
0 20 40 60 80 100
Iteration 2
100.00/00
® Roots of M:(t, B; ¢) -
m  ms=100
0 20 40 60 80 100

Real Line Representation

Figure 5.2: Spectrum associated with Meixner polynomials for § = 3, R = 5,p =

3,m = 100.
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Degree | Zeros of MI? (t,5; R) Selected Spectrum Values

3 { 6.9059, 22.2219, 48.8723} | (6, 7 )

2 {25.4852, 38.7892} (25, 26)

Final Integral Spectrum | (6, 7, 25, 26, 100)

Table 5.3: Integral spectrum constructed from Meixner polynomials with parameters

6=3, R=5,p=3, and m = 100.

The algorithm presented computes the optimal threshold factor R,,(As,) and the
corresponding optimal polynomial (5.1).
The algorithm and the obtained results are illustrated below for the case of gen-

eralized Poisson-Charlier sequences.
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Algorithm 2 Computing R,,(As,) and D, (Agy,)(x)
Require: Positive integer m (m > 2p — 1), polynomial degree p, scaling parameter
¥>0
Initialize Ryax = f(m p)/% Rin = E " 2er1)/
Set ap, = —1, k=1,2,...,2p—1
while one of the o, < 0, k=1,2,...,2p—1 do
Select randomly a p-configuration n
Compute Rax, Rmin, and Riiq
Compute spectrum S, ,(n)

Sm7p(n) = {m17 ma, ... 7m2p—2}

T Compute ag, k=1,2,...,.2p—1

my =&

. = Z w H
m] — My

J#k

8: end while
9: Set Ry, (Aap) = Rinps Sm(Aap) = Sip(n) U{m}
10: Compute ®,,(Agp,)(2)

Py (Agp)(v) = Za (1 - Ri)mk

k=1

return R,,(Agy), Sim(Aap), ag, k=1,2,...,2p— 1, ®,,,(Aygy) ()
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m || R (Agp) Sm(Azp) A

15 | 0.865 (4,5,6,7,15) (0.049, 0.388, 0.458, 0.102, 0.003)
25 || 1.669 (10,11,13,14,25)  (0.033,0.342,0.493, 0.129, 0.004)
35 | 2510 (17,18,20,21,35)  (0.027,0.319, 0.506, 0.143, 0.005)
45 || 3.373 (24,25,28,29,45)  (0.024,0.305,0.513,0.153, 0.005)
55 || 4.250 (32,33,36,37,55)  (0.022,0.296,0.517,0.159, 0.006)
65 | 5.138 (40,41,44,45,65)  (0.021,0.289, 0.520, 0.164, 0.006)
75 | 6.035 (48,49,53,54,75)  (0.020,0.284,0.522, 0.168, 0.007)
85 || 6.938 (56,57,61,62,85)  (0.019,0.279,0.523,0.172,0.007)
95 || 7.846 (64,65,70,71,95)  (0.018,0.276, 0.524, 0.175,0.007)

105 | 8.759 (72,73,78,79,105)  (0.018,0.273,0.525,0.177,0.007)
115 | 9.677 (80,81,87,88,115)  (0.017,0.270, 0.526,0.179,0.007)
125 | 10.598 (89,90,96,97,125)  (0.017,0.268, 0.527,0.181,0.007)
135 | 11.522  (97,98,104,105,135)  (0.017,0.266,0.527,0.182,0.008)
145 | 12.449  (106,107,113,114,145) (0.017,0.264,0.528,0.184, 0.008)
155 | 13.378  (114,115,122,123,155) (0.016,0.263,0.528,0.185,0.008)
165 | 14.309  (123,124,131,132,165) (0.016,0.261,0.528,0.186,0.008)
175 | 15.243 (132,133,140, 141,175) (0.016,0.260,0.529, 0.187, 0.008)
185 | 16.178  (140,141,149,150,185) (0.016,0.259,0.529,0.188,0.008)

195 || 17.115 (149,150, 158,159,195) (0.016,0.258,0.529,0.189,0.008)

Table 5.4:  Optimal spectral radius, spectrum, and «; w.r.t Generalized Poisson-

Charlier Measure; p = 3,7 = 10 for different m values.
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CHAPTER 6

POSITIVITY PRESERVING EXPONENTIAL

INTEGRATORS

In this chapter, we begin by reviewing exponential integrator methods, followed by
a discussion of the necessary and sufficient conditions for these schemes to preserve
positivity. Building on the results from the preceding sections, we derive explicit for-
mulas for low-order optimal positivity-preserving exponential integrators. Particular
emphasis is placed on optimal schemes whose collocation points coincide with the

zeros of classical orthogonal polynomials.

This chapter is organized as follows.

Section 6.1 reviews Metzler matrices and their structure-preserving properties,
with a focus on positivity preservation. Section 6.2 reviews exponential integrators and
derives accuracy conditions. Sections 6.3, 6.4 and 6.5 investigate optimal schemes with
specific collocation points (zeros of orthogonal polynomials and related polynomials)

and provide explicit low-order expressions.
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6.1 Metzler Matrices and Structure-Preserving Prop-

erties

In this section, we review and analyze Metzler matrices, focusing particularly on
their role in positivity preservation. We highlight fundamental results connecting
Metzler matrices to non-negative matrix exponentials and explore their implications

in contractivity and dissipativity analysis.

6.1.1 Metzler Matrices and Positivity Preservation

Definition 6.1. [53] Given a real matriz A = (a;;) € R**®, we say that A is Metzler
if it satisfies

a;; >0 foralli# j.

These matrices naturally arise in various applications, particularly in the study
of dynamical systems and control design [53], [54]. Metzler matrices are also associ-
ated with contractivity and dissipative structures in numerical methods and stability
analysis. In this section, we explore these properties in detail and demonstrate their
importance in preserving structure in both continuous and discrete settings.

The characterization of matrices A for which exponential matrix e’* has non-

negative entries for any ¢ > 0 plays a fundamental role in this chapter.

Proposition 6.1. [55] Let A be a square matriz. The matrice e > 0 for all t > 0

if and only if A is a Metzler.
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Proof. Assume that e!4 > 0 for all t > 0. Expanding the matrix exponential as
e =T+ tA+O(t?).

we conclude that there exists to > such that I + tgA > 0, and therefore
toa;; > 0 for all ¢ # j.

Since ¢y > 0, we conclude that a;; > 0 for all ¢ # j, that is A is a Metzler matrix.
Conversely, assume that A is Metzler. Then there exists p > 0 such that A+ pI > 0
and therefore, eA+PDt > ( for any t > 0. Moreover, e=rDt > () for any t > 0 and
since —pl and A+ pI commute, we have 0 < eA+PDte(=pDt — ¢4 Thig concludes the

proof. ]

Consider the following initial-value problem

W Al + 1), u(0) = o, o € B, (6.1)

where A is a square matrix of order s and f : R — R,

Theorem 6.1. [14] Let A be a Metzler matriz. If ug >0 and f(t) >0 for allt > 0,

then the solution to (6.1) satisfies u(t) > 0 for all t > 0.

Proof. The solution to the initial-value problem (6.1) is given by

u(t) = ey + /t A () dr. (6.2)
0
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Since A is Metzler, by Proposition 6.1, e > 0 for all t. Therefore, we readily

conclude from (6.2), that u(t) > 0 for all ¢ > 0, completing the proof. O

Theorem 6.2. [14] Let A € R***. [f the solution to (6.1) satisfies u(t) > 0 for all

t > 0 whenever ug > 0 and f(t) > 0, then A is a Metzler matriz.

Proof. We prove the theorem by contradiction. Suppose that A is not a Metzler

matrix. Then, according to Proposition 6.1, there exists ty > 0 such that at least one

entry b;jo(r of the matrix e = (b;;) negative for any 0 < ¢ < #,. Consider first the

case where f = 0. The solution simplifies to u(t) = e/uy. Choosing

up = [0,0,...,1,,,0,...,0]%,

Joo

it follows that the u(ty) = e'oug has a negative entry, leading to a contradiction.

Consider now the case f # 0. Taking ug = [0,0,...,0]” and f as

and applying (6.2), we obtain

u(to) = /O e f (1) dr

and which has at least a negative entry. This concludes the proof. ]
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6.1.2 Contractivity and Dissipativity

Consider the initial value problem arising from the discretization of the second-order

spatial derivative using central differences.

ZZ‘ — —Autf u(0)=0, f>0, (6.3)

where A is a non-singular matrix.

Definition 6.2. [15] The initial-value problem (6.3), with A a non-singular matriz,

1s said to be non-negatively posed if the solution satisfies

0<u(t)<—A'f forall t>0

and for all constant forcing f > 0 and ug = 0.

Definition 6.3. [56] A non-singular matriz B is called an M-matriz if (—B) is Metzler

and B~ > 0.

Theorem 6.3. [15] The initial-value problem (6.3) is non-negatively posed if and only

if the matriz —A is an M -matriz.

Proof. 1f the matrix —A is an M-matrix then A is Metzler and therefore, according
to Theorem 6.1, u(t) > 0 for any f > 0. In the case the forcing term is constant and

up = 0, from (6.2), the solution of the initial-value problem is given by

u(t) = (=1 — A7 f.
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Therefore

—ATM —ut) = —ATf = (M = DAT f = MATLS

Therefore, if —A is an M-matrix, we have et4 > 0 and A~! < 0. Therefore, u(t) <

—A~Lf for any f > 0. 0

6.2 Exponential Integrators

In this section, we revisit exponential integrator methods as applied to initial-value

problems. Furthermore, we emphasize the significance of the optimal threshold factors

in the design of exponential integrators that guarantee positivity preservation.
Consider the initial-value problem (1.1). Using the variation of the constants

method, the solution to (1.1) is given by

u(t) = ey + /t et MAf(T)dr. (6.4)
0

It is shown in [14] that a necessary and sufficient condition for (1.1) to preserve
positivity for all non-negative functions f, i.e.; if ug > 0 then u(¢) > 0 for ¢t > 0, is
that A is a Mezler matrix, i.e.; all the off-diagonal elements of A are non-negative.

From (6.4), we have

h
utnir) = e"u(ty) + / ehIAf (¢, + 7)dr,
0
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where ¢, = nh, (h > 0). A change of variable leads to

1
U(tnsr) = e™ult,) + / MU=OA L (4, + hO)do.
0

(6.5)

A numerical scheme for solving (1.1) can be obtained by approximating the function

f within the integral by its interpolating polynomial in certain non-confluent nodes

¢1,Ca, ..., Cp, 1€ replacing f(t, + h#) inside the integral (6.5) by

0(0) f(tn + ci0),

B
Il =
J

where ,, k =1,2,...,s, are the basic Lagrange polynomials
P
0—c
e (0) = n
k( ) H Cr — Cm
m=1,m#k

This leads to the scheme

p
Up+1 = ehAun + hz bl(hA)f(tn + Cih)a

i=1

where

1
bi(hA) = / M1=040,(9)do.
0

Denote by ¢y the entire functions

1 (1-9) ekfl
= —9)=z > 1.
or(2) /0 e (k_l)!de, k>

95

(6.7)



We have

1 z 22 z

) =t e T e T e

The functions by(z) can be written as linear combination of the functions ¢ (2) as

1 & ,
bi(z) = (=17 (G = Dlop—j(ér)es(2)- (6.8)
an:Lm;ék:(ck — ) = - !
where ¢, refers to (c1, ..., Ck—1, Crt1, - - ., Cp) and oy refer to the elementary symmetric

functions. Thus, the scheme (6.6) can be written in terms of the functions gy, k =

1,2,...,p.

Example For p =1, the scheme (6.6) is given by

Up41 = ehAu'rL + h@l(h’A)f(tn + Clh)'

The choice ¢; = 0 leads to the exponential Euler quadrature method, while the choice

¢; = 1/2 yields the exponential midpoint rule.

Example For p = 2, the scheme (6.6) is given by

Upy1 = ", + h [b1(RA) f(tn + c1h) + ba(RA) f(tn + c2h)]

where
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The choice ¢; = 0 and ¢ = 1 yields the exponential trapezoid rule with expansions of

by and by as

= k+1 = 1
hi(z) _; G 2l _kz_% o)

Example For p = 3, the scheme (6.6) is given by

Upi1 = "y + R (b (RA) f(tn + c1h) + ba(RA) f(t, + coh) + by(RA) f(t, + csh)]

where

1
bi(z) = (& —ca)(cr — c3) [cacsp1(2) — (2 + c3)pa(2) + 2¢3(2)],
1
ba(z) = (&)l —c) [crcspi(2) — (a1 + c3)pa(2) + 2¢3(2)],
h(z) = 01)1(03 —laeri(@) — (e e)e(z) + 200(:)]

It is shown in [12] that if f®) € L'([0,7]),T > 0, then the scheme obtained in

(6.6) have order of convergence p, more precisely, the error bound

[u(tn) — un] < CHP / 179 () |dr (6.9)

holds uniformly on 0 < t,, < T, with a constant that depends on T', but is independent
on the step-size h. The norm ||.|| in Equation (6.9) represents any norm defined on

the space R*.

In practice, the exponential function and the analytic functions b;,7 = 1,2,...,p,
in scheme (6.6) are approximated by rational functions. To maintain the desired order
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of convergence, these rational functions must satisfy specific conditions, which will be

outlined subsequently. Consider the schemes

p
Un41 = TO(hA)un +h Z Tz(h’A)f(tn + Cih)7
i=1
where rg,71,...,r, are rational functions. Following [14], we define

Definition 6.4. The scheme (6.10) is said to be accurate for order s if

p

u(tni1) = ro(hAYuty) + B> ri(hA) f(tn + ¢;h) = O(W*™) s h— 0,

i=1
for any choice of the matriz A and smooth function f.
The following is proven in [14].

Theorem 6.4. The scheme (6.10) is of order s if and only if

ro(2) —e* = 0(z*") as z— 0,

and for £ =0,1,...,5s—1,

(6.10)

(6.11)

(6.12)

Definition 6.5. The scheme (6.10) is said to preserve positivity if for any ug > 0

and non-negative function f, we have u, > 0 forn > 0.
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Clearly the scheme (6.10) preserves positivity if and only if

ri(hA) >0 for i=0,1,...,s.

To ensure positivity preservation, we impose an additional condition on the func-
tions r;(z). If each r;(z) is absolutely monotonic over [—R, 0], then positivity follows.

The following is shown in [14].

Theorem 6.5. [14] Given a Metzler matriz A and assume that all the rational func-
tions ri, 1 = 0,1,...,p, are absolutely monotonic over the interval [—r,0]. Then the

scheme (6.10) preserves positivity for any step size h satisfying

<A where o(A) = Enzz(\a”] (6.13)

Proof. Since A is Metzler, we have

A+0l >0 where o:=0(A)=max]|a;|.

aii<0
Writing 74(hA) as ry(hA + hol — hol) and Expanding r(hA) around A + ol using
Taylor expansion, we obtain

N (m) m
ri(hA) = Z M(A +ol)™.

m!
m=0

Since ry, is absolutely monotonic on [—r,0], h satisfies (6.13) and the matrix A + ol
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is non-negative, it follows that
Tl(cm)(—ha) >0, forallm>0.

Therefore, rp(hA) > 0 for k = 0,1,...,p. Therefore, the scheme (6.10) with ug > 0

and f(t) > 0 preserves nonnegativity, i.e.;

p
Uny1 = To(hA)uy, + I Z re(hA) f(t, + cxh) > 0.

j=1
This concludes the proof. O

Theorem 6.6. Let R be a positive real number and r be a polynomial such that
r(hA) > 0 for any Metzler matriz A of any order and such that ho(A) < R. Thenr

is absolutely monotonic on [—R,0].

Proof. Let N be the degree of the polynomial r. Consider the Metzler matrix A of
order N + 1 with diagonal values —R/h and subdiagonal values ¢ > 0. The matrix A
can be decomposed as

R
A=eB— =1
€ h,

where B is a matrix with diagonal values 0 and subdiagonal values equal to 1, i.e.;

01 0 0
10 1 0
B p—
1
00 . 1 0
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Applying the Taylor series expansion around —RI, we obtain

N (m) _ m
r(hA) = Z rk(m{%)hemBm.
m=0 ’

Since r(hA) > 0 for any € > 0 and the element of r(hA) at the (k+ 1) row and the

first colmun is given by

r®) (—R)hFek Bk
+

X O(™) as e—=0

(T(hA))k+1,1 =

Thus, r*(—R) > 0 for any k. Therefore, r is absolutely monotonic over [—R,0]. this

concludes the proof. ]

The previous two theorem can be re-stated that given a, the quantity

min{R(ro), R(r1), ..., R(rp))

a

H:

, (6.14)

is the greatest H € [0, oco| the scheme (6.10) preserve positivity for all stepsizes h €

(0, H) and all positivity preserving matrices A with diagonal elements larger than —a.

In this work, we shall restrict ourselves to the case where the rational functions

ri;,i=0,1,...,p, are polynomials and study the following family of schemes.

tna1 = Qo(hA)uy, + 1Y Qi(hA) f(tn + c;h), (6.15)

i=1
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where o, Q1, . .., Qp, are polynomials of degree m > p such that

Qo(2) —e* =0(z""") as z—0, (6.16)
and for i =1,2,...,p,

Qi(z) —bi(z2) =0(zF) as z—0. (6.17)

We have the following result regarding the order of these methods.
Theorem 6.7. The schemes (6.15) with condition (6.16) and (6.17) are of order p.

Proof. We need to check that our polynomials Q);,7 = 0,...,p, satisfy the conditions
given in Theorem 6.4. The condition (6.11) is satisfied by definition of the schemes.
For (6.12), we proceed as follows.

For £ =0,1,...,p— 1, we have

> i) Zcb )+ O(F) = lpria(2) = O(),
j=1

and

zf‘f‘l < Z Z') B g!(pfﬂ(z) + O<Zp_£)-

7=0

This shows that (6.12) holds and concludes the proof.
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Example First order schemes of the form (6.15) are given by

Upt+1 = Qo(hA)Un + hQ](hA)f(tn + Clh).

where Qg and Q) are of the form Qo(z) = 1+2+> /", a;z" and Q(x) = 1+ ", bia’,
where ao, . ..a,, and b, ..., b, are arbitrary real numbers. Thus the polynomial Qg €

I1,,(Ay) and @ € I1,,(A;) where Ay = (1,1) and Ay = (1).

Example Second order schemes of the form (6.15) are given by

Unt1 = Qo(hA)u, + h[Q1(RA) f(t, + c1h) + Q2(hA) f(t, + cah)] (6.18)

where (g, Q1 and (), are of the form

2 m m
T ; i i % .
’ k=3 k=2
where
)\(1) . 262 —1 1 362 —1 2 1-— 261 2 1— 361
0 = =

2(02 — Cl)7 L 6(62 — Cl)’ 0 2(02 — 01)7 L 6(02 — Cl).

Thus Qo € IL,[(1,1,1)], Qs € IL[(AY, A7), i = 1,2.
Theorem 6.8. There is no one-step numerical method of order greater than 1 that

preserves positivity unconditionally.

Proof. Consider the general scheme (6.10). Suppose that the method preserves posi-
tivity unconditionally, meaning that w, > 0 and f(¢) > 0 imply w,.; > 0 for all A > 0.
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This requires that each 74(z) is absolutely monotonic on (—o0, 0]
Now assume the method has order at least 2. Then consistency with the exact

solution u(t, 1) = eu, + --- implies that

ro(2) = €* + O(z%) as z — 0.

Applying the Bolley—Crouzeix Lemma 7?7 to 7y, we conclude

ro(z) = €* forall z € (—o0,0].

But this is impossible, because ry is a rational function (as required by the one-step
structure), while e* is not a rational function.

Hence, there is no choice of rational functions r; that are absolutely monotonic
and satisfy the order condition ro(z) = €* + O(z2*). This contradiction proves the

claim. OJ

6.3 Exponential Integrators with Collocation Points
as Zeros of Orthogonal Polynomials and Re-

lated Polynomials

It is a challenging problem to characterize collocation points ¢;,i = 1,2,...,p, for
which all the coefficients in (6.20) are positive. The positivity of these coefficients

is paramount as it ensures the existence of step-sizes for which the corresponding
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schemes preserve positivity. In this section, we provide a general expression of the
polynomial @);,j = 0,1,...p, of the schemes (6.15) of order p. In particular, we
show the positivity of (6.20) when the collocation points are the zeros of Legendre
polynomials or the zeros of a linear combination of Legendre polynomials and their
derivatives.

We recall that for o, 5 > —1, the Jacobi polynomials JiP ),n > 0, are defined as

the orthogonal polynomials with respect to the weight (1 —¢)*t?, i.e.;
1
/ T () TED () (1 — )7 dt = RO
0

Legendre polynomials are defined by J00 Chebyshev polynomials of the first and

second kind T}, and .S,, are defined respectively by

The Gegenbauer (or ultra-spherical) polynomials C# are defined by
(Nflnufl)
CH(t) =P, " 2(t).

From the analytic expansion of the function ¢y, given in (6.7) and formula (6.8),

the polynomials ); are of the form

r  a? P 11 m
Qo(x):1+ﬁ+§+...+p+ap+1m” +...+tapT,
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where ap41, ..., a, are arbitrary real numbers, and for k =1,...,p,

(k) m
Z—z —i—Zd

=

where dﬁk), {=p,...mand k=1,2,...p are arbitrary real numbers and

(k) 1 - _ p—i 903 (Ck)
& (£+ D It moen(cr — €m) ;( Y (;if) .

A compact expression of the coefficients /\Ek) can be achieved using the polar form of

the polynomials

Gep(x) = (£+1 TRV Ga) f <p+£>xj. (6.19)

le:

More precisely, we have

)\(k) _ gg,p(Cl, Coyev oy Cl1yCht1y--- ,Cp)

an:l,m;ék(ck — Cm) 7

(=0,1,....p—1, (6.20)

where gy, is the polar form of the polynomial G ,. Summarizing

Proposition 6.2. The polynomials Q;,5 =0,1,...,p, of the schemes (6.15) of order

p satisfy

Qo € IL,(AL)), @ eI, (AY), j=1,2,...,p, (6.21)

where

AD = 1,1,...,1), AYD = (Ag”,...,A;@l),
where the coefficients )\y), j=0,1,....,pand L =0,1,...,p—1, are given by (6.20).
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Remark 6.1. From the expression (6.20), the polynomials Gy,,0 < ¢ < p—1, can be

written as
p

Geplz) =3 AN (c; — 2. (6.22)

J=1

Identifying the two polynomials leads to the following identities between the coefficients

)\ék) and the collocation points ci,ca,...,¢p
2wy G
NG =—1"r  j=0,1,...,p; (=0,1,...,p—1
pat (C+1G5)

In the following, we will derive an integral representation for the polynomials G,
which will enable the computation of the coefficients )\,(f) for specific collocation points

C1,C2, ..., Cp.

Theorem 6.9. The polynomials Gy in (6.19) are given by

1
Go(2) :/ (L=t — 2yt dt, (=01, . p—1.
0

Proof. We have

/01(1 — )t —z)P dt = pZE(—l)j <p; 1> ! /1(1 — 0T dt

0

S ap (P A Sy A=
_;( 1>< ; ) (p+£_j_1)!—;( 1) P

j ) = Gg,p(‘r).
This concludes the proof.
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Corollary 6.1. When the collocation points, c1,ca, . .., cp, are the zeros of the Legendre

polynomial ngo,o) over the interval [0, 1], the coefficients )\Ek) are positive and given by
/\(k) _ (1 —c 4 0 = 1. _
¢ Ic)wk> _0717"'ap 17k—1727"')pa

where wy,ws, . ..,w, are the weight of the Gaussian quadrature with respect to the

Lebesque measure dt.
Proof. According to Gauss quadrature, we have

p

Gm@»—A<L%V@—mPHﬁ—}ju—qu@h—mp¥

k=1

Comparing with (6.22) concludes the proof.

O

We can take advantage of the fact that the polynomials Gy, are of degree only
p — 1, while we are searching quadratures with p nodes. Let ¢, cs, ..., ¢, be the zeros
of the polynomial

d
P(t) = JOO(t) + 04£J}§0’0) (t), acR. (6.23)

It is well-known that we have a (2p — 2, p)-quadrature with positive weights and node

the zeros of P, that is

| st =Y e (6.24)

for any polynomial f of degree 2p — 2. Thus, a similar proof as of Corollary 6.1
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provides the following.

Proposition 6.3. If the collocation points ci,ca, . .., ¢, are the zeros of the polynomial

P in (6.23), then the coefficients /\,(f) in (6.20) are positive and are given by

)\I(f):(l_ck)l/’wﬁ 620717"'7]7_1;k:1727"'7p’

where i, fia, . . ., [y are the weights of the (2p — 2,p) quadrature given in (6.24).
In general and using Gaussian quadrature, we have the following.

Corollary 6.2. The coefficients )\ék) are given by

k ' . , S(t P ' S(&
W e ] 0 e -8 e

where S(t) = (t —c1)(t —ca)...(t — ¢p) and &, w; are the nodes and weights of the
Gaussian quadrature with respect to dt.

We remark that for the collocation points of Corollary 6.1 and Proposition 6.3,

)\(k)

, Ap_1) are generalized Poisson-Charlier sequences for any

the sequences ()\ék), /\gk), .
1 < k < p. Consequently, the results established in the preceding chapters can be
employed to compute their optimal threshold factors.

It is natural to ask if there are collocation points for which the associated sequences
are Meixner sequence for any 0 < k < p. The following theorem provide a negative
answer to the question.

Theorem 6.10. There do not exist collocation points ¢y € (0,1),k = 1,...,p, such
(k)

that the associated sequences ()\(()k), A a~-~>/\;(,k—)1) are Meixner sequences for any 1 <
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k<p, ie;

)\gk) = (ﬂk)éz 5]6 > 07

and satisfy the integral identity

/ 1(1 — )t — )P dt = Zp: ol (cp — z)P! (6.25)
0

k=1
forallt=0,1,...,p—1.

Proof. Setting x = 0 in (6.25 and take successively £ = 1 and ¢ = 2, we obtain

/1(1 — )t dt =) By, (6.26)

0 k=1

/ A=ttt =3 B+ ) (6.27)
0 k=1

Subtracting (6.26) from (6.27), we get

The left side is strictly negative, whereas the right side is strictly positive. This

contradiction concludes the proof. ]
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6.4 Optimal Exponential Quadrature Integrators

The schemes (6.15) are such that

Qo € ,,(AY), @ el (AY), j=1,2,....p, (6.28)

where

. | | |
A = (1,1,..,1), AY = (A(()J),...,Ag)l) ,

where the coefficients )\E,j) j=0,1,...;,pand ¢ = 0,1,...,p are given by (6.20).
Theorem 6.5 provides restrictions on the step-size for the schemes to preserve positiv-
ity. Therefore, to obtain efficient exponential integrators, we should choose positivity
preserving schemes with the largest possible step-size. This prompt the following

definition

Definition 6.6. Optimal exponential integrator schemes of order p and stage m as-

sociated with the collocation points (c1,cs, ..., ¢c,) are defined by
p .
Uiy = B, (Agfjl) (hA)Yun + 1Y By (AD) (RA) f (£ + ), (6.29)
j=1

where ®,,(A7), 7 =0,1,...,p are the optimal threshold polynomial associated with the

sequence AV, The optimal threshold factor of the scheme (6.29) is defined by
P
: 0
R = i (B (A1) o A e 491

Thus according to Theorem 6.5, the optimal scheme (6.29) preserves positivity for
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any step-size h such that

Ry, where o(A) = max |a].

h <
- (A) aii<o

Q

Example 6.1. In the following we shall use the algorithm described in Section 5, to

give the optimal scheme of order 4 and stage m =5, for the collocation points

9
10/

We have the sequence Aéo) = (1,1,1,1,1). To compute the other sequences we use

ol W

1 3
(Cl,C27C3,04) = T57T07

formula (6.20). This gives

AY = (0.1639,0.1543,0.1430,0.1336), AP = (0.2804,0.1931,0.1376,0.0960) ,

A® = (0.3171,0.1296,0.0498,0.0202), A" = (0.2385,0.0230, 0.0030, 0.0002) .

Using the algorithm of Section 5, we find

Rs(A") =2, Ry(AY)=27807, R;(A?) =3.9416,

Rs(AY) =5.9891, Rs(AYY) = 16.4674.

Therefore, the optimal threshold factor of the scheme is Rs4 = 2. The associated
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optimal polynomials are given by

2

O _ T\°
@5(A) = 02+0.666 (1+ ) +01333 (1+ 5) ,

N8
N———

2
o5(AL) = 0.0424 (1 + +0.073 (1 + ) +0.0483 (1 +

T T )5
2.7897 2.7897/

3.9416

2
25(AY) = 00745 (1+ +0.1703 (1+ ) +0.0m222 (1+

5
5.9891 5.9891> ’

2 T \5
(A = 0, (1 v ) . (1 L) . <1 7)
s(AP) = 00935 (1+ - +0.0555 (1 + +0.0079 (14 )
) 5.9801
+

3
O5(AY) = 0.1164 + 0.1103 (1 ) +0.01118 (1 +

x T >4
16.4674 16.4674/

The table below provides the optimal threshold factors of schemes of te form (6.15)
with collocation points the zeros of Jacobi polynomials JiP) for different values of
the parameters o and 5. For instance, when the collocation points are the zeros of
Chebyshev polynomials 75, we have R53 = 0. This means that at least one of the
coefficients )\gg) in (6.20) is negative and thus there is no scheme of the form (6.15)
with m = 5 and collocation points the zeros of T3 for which positivity preservation is

guaranteed.

Q

) H Rys  Rss Re4 Rz Rs4 Rs s

0,0) 2 26506 2.6506 3.5184 4.2879 3.3733
(=4 -H 1 o 0 26506 3.5184 4.2879 0
(1,0) 2 26506 2.6506 3.3535 3.5634 2.8418
(0,1) 0 0 0 0 0 0
(LY | 2 26506 o0 0 0 0

Table 6.1: Values of the optimal threshold factors of several sequences A3 as computed
with our algorithm.
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6.5 Optimal Schemes of Low Orders

In this section, we provide explicit expressions of the optimal exponential integrators

of first, second and third orders.

Theorem 6.11. The optimal first order scheme associated with a single collocation

point ¢ is given by
h m
U1 = I+EA Uy + hf(t, + c1h).

The optimal threshold factor of the scheme is R,,1 = m.

Proof. We have the sequence A§°> = (1,1) and Agl) = (1). According to Proposition

2.2, we have

®,,(AD) = (1 + %)m

This concludes the proof. O]

Theorem 6.12. The optimal scheme of order 2 associated with collocation points
(c1,co) such that

1
a<g and ¢y > =, (6.30)

s given by

m— 1

[I m—1< hA )m]
Upy1 = | — + I+ Up,

2¢; — 1 (3¢ — 1)RA\™

" hm ( 3m(202~—1)> [ty +c1h)
1 - 2c (1 —3c1)hA\™

i hm ( ?m(l_gcl)) f(tn + cah).

114



The optimal threshold factor is given by

Ry = min (m _ 3m(2c; — 1) 3m(1 — 2(;1)) |

302—1 ’ 1—301

Proof. According to (6.20), we have Ago) =(1,1,1) and

A(l) . < 262 —1 302 —1 > A(Q) - < 1— 201 1-— 301 )
2 T . ) _ ) 2 . ) _ .
2(ca — 1) 6(ca — 1) 2(ca — 1) 6(ca — 1)

According to Propositions 2.2 and 2.3, we have

) , Ra(AY)=m -1,

and

 2c—1 (3cy — D
© 2(ey — 1) < 3(2co — 1)

@, 1-2¢ (1 —3cz)z\™ @, _ 3m(l—2c)
(A7) = 2(cy — 1) (1 * 3(1—2¢) ) Rm(A2”) = '

This concludes the proof.

For collocation points (c1, ¢o) that does not satisfy the condition (6.30), the optimal
threshold factor R,, 2 = 0, i.e.; no guarantee that the schemes preserve positivity.
We shall give explicit expressions for optimal schemes of order 3 when m is a

square. The main reason is that it is shown in [36], [33] that if m is a square, then
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R, ([1,1,1,1]) = m — y/m and

O, ([1,1,1,1))(z) = W*/ﬁ_l (1 + M)m_2ﬁ+l+2\\/ﬁ%__ll <1 +— _I\M)m.

Thus, using this result and Proposition 2.3 and the coefficients expressed in (6.20),

we obtain the following.

Theorem 6.13. If m is a square, then the optimal positivity preserving scheme of

order 3 and stage m associated with the collocation points (c1, ¢z, c3) s given by

m—2y/m+1 _ m
uM:[ Jm (H hA > Jm 1(H hA )]%

2v/m — 1 m —/m +2\/771—1 m—/m
3 (i)\2 (i)\2 (i) m
5 m=DOORY -1 AhA
+3h A (m - I+ 1 I+ 22 f(tn +ch)| ,
Z?[(O mAy) mAg ) )

where fori=1,2,3,

)\(i) _ 2 + 6cycs — 3(02 + 63) )\(i) B 1+ 6¢cac3 — 2(02 + 03) )\(i) . 2 + 20cacs — 5(62 + 03)

0 3 » AL T 3 y N2 3 )
6 Hj:l,j;éi(ci = ¢j) 12 Hj:l,j;éi(ci - ¢) 120 Hj:l,j;éi(ci = ¢j)

provides that )\,(f) >0 fork=0,1,2 and £ =1,2,3 and

()2 (m - 1)

/\(i) > ‘
0 )\(Ql)m

for 1=1,2,3.

The optimal threshold factor is given by

)

(m—1DA (m— 1A (m—1)\Y
’ )\éz) )\gS)
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CHAPTER 7

APPLICATION OF POSITIVITY-PRESERVING
EXPONENTIAL INTEGRATOR SCHEMES TO
SEMI-DISCRETIZED PARTIAL

DIFFERENTIAL EQUATIONS

This chapter applies the positivity-preserving exponential integrator schemes devel-
oped in the previous chapters to time-dependent partial differential equations after
spatial discretization. The focus is on demonstrating how optimal exponential schemes
ensure numerical stability, maintain non-negativity, and control oscillations under ap-
propriate step-size constraints. A variety of numerical experiments confirm the the-
oretical threshold factors and validate the preservation of qualitative properties such
as positivity and contractivity.

In section 7.1, we test the exponential integrators schemes to a transport equation
and investigates how step size and polynomial degree influence stability and positivity.
In Section 7.2, we simulate a solar thermal storage model governed by a heat equation

with a time-varying Gaussian source, illustrating the scheme’s robustness and the
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impact of exceeding positivity thresholds. Finally, Section 7.3 explores transient heat
conduction with internal generation, reinforcing the necessity of step-size restrictions

for stable, physically meaningful results.

7.1 Numerical Experiments

Consider the initial-boundary value problem

SV(x,t) =-2V(x,t)+ F(z,t) (t>0)
V(0,t) =0 (t>0)
V(z,0) =w(z) (0<z<1),

where vy is a given initial condition. We assume that F(z,t) > 0 in [0,1] x [0, 00)
and that vo(z) > 0in [0,1]. We fix s > 1 and write Az = 1/s and z; = jAz,j =

0,1,...,s. We define U(t) = (Up(t),Ur(t), ..., Us(t)), F(&) = (folt), fi(t),- .., fs(1)

and ﬁ: (Ug,ﬁl,...,US) by

U](t) = V(.Z’j,t), fj(t) = F(l’j,f), l?j = U()(.Z’j), j = O7 17 .oy S

Approximating the space derivative by the first backward difference method with mesh

size Ax as
V(.T],t) = (Ax)_l (V(x.ﬂt) - V(ijlﬂ t)) 7j = 17 2 L 87

o
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we obtain the initial-value problem

L) = AU + (1), U©O) = T, (7.1)

with

A= (Az)™ 1 -1

1 -1
Since the matrix A is Metzler and the vector f has positive components for any ¢ > 0,
the solution to (7.1) is positive. According to Theorem 6.5, the optimal schemes (6.29)
applied to the initial-boundary value problem (7.1) is guaranteed to preserve positivity
if

The ability to maintain positivity in the solution, even with larger time steps h relative
to spatial steps Ax, is a key practical advantage of choosing optimal schemes for
solving (7.1). In our numerical tests, we have chosen s = 250, U(0) = (1,0,0,...,0)T
and f;(t) = (0,1,0,0,...,0)" for any ¢ > 0 and we integrated until ¢ = 0.4. Given a
vector y = (y1, Y2, - - -, Ys), we shall denote by o(y) the number of sign changes within
the sequence (y1,ys, ..., ys) where zero values are disregarded.

Our numerical simulations, detailed in Tables 7.1 and 7.2, confirm that when

condition (7.2) is met, the optimal schemes preserve positivity, indicated by o(u,,) = 0.
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m="5,p=3, Ry, = 2.6506 m=6,p=3, Rp,=35184

h/Ax o(uy) h/Ax o(uy,)
4 1347 4 1772
3 1027 3.7 1608
2.7 365 3.5 0
2.6 0 3 0
2 0 2 0
1 0 1 0
m="7p=23, Ry, =42879
h/Ax o(uy)
6 886
5 1182
4.3 136
4.1 0
3 0
2 0

Table 7.1: Optimal schemes with Legendre collocation points.

m=4,p=23, Ry =2 m =17, p=4, Ry, = 3.3535
h/Ax o (uy) h/Ax o(uy)
4 1065 4 1764
3 1615 3.7 1376
2.5 1976 3.6 670
2 0 3.5 0
1.5 0 3 0
1 0 2.5 0
m =28, p=2>5, Ry, =2.8418
h/Ax o(uy)
4 2239
3 0
2.9 0
2.8 0
2.5 0
2 0

Table 7.2: Optimal schemes with collocation points the zeros of Jacobi polynomials
JSO() .

In Table 7.2, with m = 8 and p = 5, we observe o(u,) = 0 for h/Az = 3 and 4,
despite condition (7.2) not being met. However, this does not guarantee positivity in

all scenarios, i.e.; we can construct a Metzler matrix A and positive vectors U(0) and
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f(t) where o(u,) > 0.

In the following, we select the parameter s = 100. The first table corresponds
to the second optimal scheme with the initial condition Uy = (0,2,0,0,...,0), while
the forcing term is defined as F(z,t) = (1,0,...,0). The remaining three tables
use the initial function vy(z) = cos(z + 7) + 1 and the forcing function F(z,t) =
(sin(2t) 4+ 1)(cos(bx) + 1).

For all cases, integration is performed until ¢t = 2. Let N be the number of inte-
gration steps and m the polynomial degree; the total number of matrix-vector multi-
plications is then F' = Nm. To maintain consistency in comparison across methods,
we keep F' constant for each row in the table.

To evaluate the numerical solution u, we compute o(u), which counts the number
of sign changes, and also report the minimum value min(u). The numerical results
are analyzed by varying the step size h and the polynomial degree m while keeping

the initial condition and forcing term unchanged.

7.1.1 Second-Order Optimal Scheme Validation

For the second-order scheme , we analyzed different step sizes with a fixed Az = 0.01
and an optimal threshold factor R,,(As) =m — 1.

The results, summarized in Table 7.3, confirm that positivity requirement when
the step size ratio h/Ax < R,,(As). Exceeding this threshold might lead to negative
solution or even instability of the solution. Specifically, positivity is lost at h/Ax =
6.30 for m = 5, and at h/Az = 9.00 for m = 7. For m = 10, stability persists until

121



N | F h/Az [un oo o(uy) min(u)
(m=5) ¢=¢s5(As)

21 (| 105 9.20 3.82 x 10 97  —3.77 x 10»

22 | 110  9.00 8.15 x 1056 97  —8.15 x 10°¢

31| 155 6.30 4.63x10* 70  —4.63 x 10%

33 165 6.00 6.42x10%® 67  —6.42 x 1038

47 235 420 3.74 x 10° o7 —-3.74
50 || 250  4.00 1.41 x 1072 0 0.01
66 || 330 3.00 1.26 x 1072 0 0.01

(m=17) ¢=¢r(Ny)
21 || 147 9.20 1.40 x 10% 78 —1.40 x 10%
22 |1 1564  9.00 5.57 x 10%! 75 —3.03 x 10*

31217 630 7.18x107" 39 —0.63
331231 6.00 1.49x 1072 0 0.00
47 (1329 420 1.32x 1072 0 0.01
50 | 350 4.00 1.29 x 1072 0 0.01
66 | 462 3.00 1.21 x 1072 0 0.01
(m =10) ¢ = ¢19(A2)
21 210 920 204x1072%2 14 —0.01
221220 9.00 1.54 x 1072 0 0.00
31310 6.30 1.42x 1072 0 0.00
331330 6.00 1.40x 1072 0 0.00
47 1 470 420 1.26 x 1072 0 0.01
50 | 500 4.00 1.24 x 1072 0 0.01
66 | 660 3.00 1.18 x 1072 0 0.01

Table 7.3: Numerical results for different m values, second-order optimal scheme

h/Ax = 9.20, beyond which minor oscillations appear.

7.1.2 Numerical Testing with Legendre Collocation Points

For numerical testing with Legendre collocation points and fixed Az = 0.01, the results
confirm that stability and positivity are preserved within the theoretical thresholds of
h/Ax < R,,,. Table 7.5 shows that for m = 5, stability holds up to h/Axz = 2.99, but

instability emerges at h/Axz = 3.52. Similarly, for m = 7, numerical solutions remain
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stable up to the threshold of h/Ax = 3.52, beyond which instability sets in.

The 2D colormap and 3D solution plots further illustrate the transition from sta-
ble propagation to severe instability as the step size increases beyond the positivity
limit. These results emphasize adhering to the derived step size constraints to ensure

numerical reliability.
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N | F h/Az [un |00 o(uy) min(u)
(m=35) ¢=¢s5(A3)

51 || 255  3.87 2.646475 x 10'® 2811 —2.646475 x 10'®

56 || 280  3.52 2215654 x 10° 2774  —9.141546 x 108

66 | 330 2.99  1.459987 x 10° 0 0.000000 x 10°
90 || 450 2.20  1.462155 x 10° 0 0.000000 x 10°
100 || 500  2.00  1.465517 x 10° 0 0.000000 x 10°
200 || 1000 1.00  1.466545 x 10° 0 0.000000 x 10°

(m=5) ¢=¢s5(A4)

51 | 255  3.87 7.953217 x 10*" 3012 —7.953217 x 10%"
56 || 280  3.52  7.458928 x 10%° 3383  —3.701290 x 10%*
66 || 330 2.99 2.783403 x 10*" 4031 —1.746838 x 10*"

90 450 2.20 2.725659 x 10° 1 —4.713026 x 1072

100 || 500 2.00 1.466050 x 109 0 0.000000 x 10°

200 || 1000 1.00 1.467583 x 109 0 0.000000 x 10°
(m="T) ¢=o¢7(\y)

51 357 3.87 4.002987 x 10° 38 —2.076908 x 10°

0.000000 x 10°
0.000000 x 10°
0.000000 x 10°
0.000000 x 10°

66 || 462  2.99  1.460445 x 10°
90 || 630 2.20  1.462896 x 10°
100 | 700  2.00  1.466332 x 10°

0
0
0
200 || 1400  1.00  1.468168 x 10° 0

Table 7.4: Numerical results for different m values, ®,,,(A,) with p Legendre collocation
points
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7.1.3 Numerical Testing with Chebyshev Collocation Points

The data in Table 7.5 reveals that for the polynomial ¢ = ¢7(A3), there exists no
scheme that ensures positivity. For all tested values of N € {51,56,90,100}, the
corresponding entries are absent, indicating that no numerical scheme satisfies the
required positivity conditions within the tested range of step sizes.

Moreover, the results in Table 7.8 show that for h/Axz = 0.001724 and 0.017238
positivity is preserved. The minimum value remains non-negative and the infinity
norm is well-controlled below 1, indicating stable numerical behavior.

At h/Az = 0.036217, positivity is lost as indicated by min(u) = —2.41 x 107},
although the solution remains numerically bounded with ||u||~ ~ 0.836.

At h/Ax = 0.036372, positivity is violated and the solution exhibits catastrophic
instability, with min(u) and ||u|« both reaching magnitudes on the order of 10%.

These results highlight the necessity of maintaining h/Az < R,,, for positivity

and for ensuring the stability and the reliability of the numerical scheme.
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N | F h/Ax %] o(u) min(u)
(m=17) ¢=0¢1(As)

51 —

56 -

90 —

100 -

(m=5) ¢=¢s5(\s)

51 [ 5100 3.89 1.791 x 10*® 3022 —1.791 x 10*®

56 || 5600 3.52 8.706 x 100 3388 —3.377 x 10%°

90 | 9000 2.20  2.727 x 10° 1 —0.0728

100 || 10000  2.00  1.466 x 10° 0 0.000
(m=17) ¢=¢r(Ad)

51 | 5100 3.89  1.196 x 10! 125 —9.664

56 | 5600  3.52  1.458 x 10° 0 0.000

90 | 9000 2.20  1.462 x 10° 0 0.000

100 | 10000 2.00  1.466 x 10° 0 0.000

Table 7.5: Numerical results for different m values, ®,,(A,) with p Chebyshev collo-
cation points

Step-Size = 0.02 Step-Size = 0.022 Step-size = 0.0352 o Step-Size = 0.0389

Figure 7.4: Numerical solutions for with 4 Chebyshev’s collocation points for m =

5, ¢5(A4) and R5(A4) = 2
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Step-Size = 0.02 Step-Size = 0.022 Step-Size = 0.0352 Step-Size = 00389

Figure 7.5: Numerical solutions for with 4 Chebyshev’s collocation points for m =

7, ¢7(A4) and R7(A4) = 3.52

7.2 Solar Thermal Storage Model

The dynamics of solar thermal storage systems can be modeled effectively using the
one-dimensional heat equation with an external forcing term representing thermal

input. Specifically, the governing equation is given by

2
% = k% + He~10(z=0.5)° (sin(27t) +1), O<z<1, t>0,

with initial and boundary conditions

u(z,0) = max(0,sin(rz)), u(0,t) =0, wu(l,t)=0.
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Here, the domain is discretized using a second-order finite difference scheme, resulting
in a uniform spatial grid spacing Az = 1/(N, + 1) ~ 0.019608 with N, = 50 inte-
rior points. The discrete Laplacian matrix A associated with this discretization has
constant diagonal elements a; = —2/Az?, yielding a maximum absolute diagonal ele-
ments of max |a;| = 5202. Our tests were performed using the exponential integrator
method with Legendre collocation points with m =7 and p = 4.

For positivity preservation the time integration step size must satisfy the theoret-

ical condition

Ry 3518

h < =
max;—12,_n |l 5202

~ 0.00067623,

where R,,, = 3.518 is the method parameter. This condition ensures the positivity-
preserving property of the numerical scheme for linear and inhomogeneous systems.
We examine the numerical solution behavior for three carefully chosen step sizes,
h = 0.000338, which is half the theoretical threshold, h = 0.000676, exactly equal
to the threshold, and h = 0.000710, slightly exceeding it. Table 7.6 summarizes
the numerical outcomes for these choices. Step sizes of A = 0.000338 and h =
0.000676 clearly maintain non-negativity, confirming positivity and stability. How-
ever, a marginal violation at h = 0.000710 results in negative values and instability,
underscoring the sensitivity of the method to slight deviations above the theoretical

bound.

Stepsize h | Az h/Ax min(u) 1| so
0.000338 || 0.019608 0.017245  0.000000  0.837064
0.000676 | 0.019608 0.034490  0.000000  0.836420
0.000710 || 0.019608 0.036215 —1.021562 1.523811

Table 7.6: Positivity behavior for different step sizes.
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Visualizations including a 3D surface plot and a heatmap (Figure 7.6) for the
critical step size h = 0.000676 illustrate the evolution and preservation of positivity
in the solution. These figures demonstrate the scheme’s effectiveness and robustness

when operating precisely at the theoretical boundary.

Figure 7.6: Solar Thermal Storage Model temperature distributions with R,, , = 3.518
and Ax = 0.019608. The top row shows 3D surface plots, and the bottom row shows
corresponding heatmaps for varying mesh sizes, (left) A = 0.0000338, (middle) h =

0.000676, and (right) A = 0.00071.

7.2.1 Positivity and Stability Examination

We analyze the numerical behavior of a positivity-preserving scheme applied to the
one-dimensional heat equation with Gaussian forcing. The spatial domain [0, 1] was
discretized into N, = 50 interior points, giving a uniform spacing Az = 1/(N, +
1) =~ 0.019608. The discrete Laplacian matrix A resulting from the finite-difference
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discretization has diagonal elements a; = —2/Ax?, hence max |a;| = 5202. The
theoretical positivity-preserving time-step restriction is given by

y < _Buy 3518

= ~ 0.00067623.
~ max|a;| 5202

To examine the sensitivity of the numerical scheme to this condition, we performed
simulations using three step sizes h = 0.000338, h = 0.000676, and a slightly larger
step size h = 0.000710.

The results, summarized in Table 7.7, demonstrate clear differences in numeri-
cal behavior. The numerical solutions at step sizes h = 0.000338 and h = 0.000676
remain stable and physically realistic, with final maximum temperatures of approx-
imately 0.251225 and 0.251771, respectively, and minimal values remaining positive.
In contrast, the slightly increased step size h = 0.000710 resulted in severe instability,
with a final maximum temperature of 975.233637 and a pronounced negative minimum

temperature of —974.730523, indicating a breakdown in positivity and stability.

h H h/Axz  Final Max Temp Final Avg Temp Final Min Temp
0.000338 || 0.017247 0.251225 0.158189 0.014351
0.000676 || 0.034494 0.251771 0.158533 0.014382
0.000710 || 0.036219 975.233637 0.158398 -974.730523

Table 7.7: Numerical results for different time-step sizes at final time, Az = 0.019608,
Max Temp Location=0.490196.

Plots corresponding to the stable cases (h = 0.000338 and h = 0.000676) show
well-behaved solution profiles, whereas the unstable scenario (h = 0.000710) exhibits
extreme oscillations, reinforcing the sensitivity of the scheme to the derived theoretical

constraint. These visual observations complement and confirm the numerical data
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presented in Table 7.6.
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Figure 7.7: Temperature evolution and final distribution for h; = 0.000034. From
left to right, (a) Maximum and average temperature over time; (b) Temperature at
selected spatial points over time; (c¢) Final temperature distribution with the maximum
temperature point marked.
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Figure 7.8: Temperature evolution and final distribution for hy = 0.00033850. From
left to right, (a) Maximum and average temperature over time; (b) Temperature at
selected spatial points over time; (c¢) Final temperature distribution with the maximum
temperature point indicated.
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Figure 7.9: Temperature evolution and final distribution for hy = 0.00071118. From
left to right, (a) Maximum and average temperature over time showing instability; (b)
Temperature at selected spatial points over time with extreme oscillations; (¢) Final
temperature distribution showing divergence.
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7.3 Transient Heat Conduction with Internal Heat

Generation

We consider the one-dimensional transient heat conduction model with internal heat

generation represented by a quadratic source

ou Pu 9
E:k@—ke r“(L—2)°, O0<zx<l, t>0,

subject to the initial and boundary conditions

uw(z,0) =0, wu(0,t)=0, wu(L,t)=0.

This scenario models transient heating in a medium where the heat source peaks at
the center and exponentially decays over time. The symmetric spatial profile ensures
energy enters uniformly from the interior while dissipating at the boundaries.

We discretize the spatial domain using a second-order central difference scheme,
yielding

Ax =

~ 0.019608, N, = 50.
N, +1 ’

The maximum absolute diagonal of the discrete Laplacian matrix is

2
p = max |a;| = A 5202.
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According to the positivity-preserving theory, the time step h must satisfy

R 3.518
h <" =_—"——— ~0.00067623.
- p 5202

To test this condition, we analyze the scheme’s performance for

h = 0.000338 (half threshold),
h = 0.000676 (exact threshold),

h = 0.000710 (above threshold).

The results are summarized in Table 7.8. For A = 0.000338 and h = 0.000676, the
solution retains its positivity, thereby validating our theoretical predictions. How-
ever, at h = 0.000710, the minimum value becomes negative and the maximum norm

increases sharply, indicating loss of stability and violation of positivity.

Step Size || Space Size (Ax) Step/Space min(u) [t 0o
0.000338 0.019608 0.017263 0.000000e4-00  4.432070e-03
0.000676 0.019608 0.034494 0.000000e+-00 4.440618e-03
0.000710 0.019608 0.036219 -5.301407e-02  5.301407e-02

Table 7.8: Step-size versus space-size comparison with positivity indicators

Figures 7.10 and 7.11 illustrate these behaviors. For A < 0.000676, both the surface
and heatmap visualizations remain smooth and strictly non-negative. In contrast, for
h = 0.000710, the solution exhibits oscillations and a sharp breakdown in physical
behavior. This highlights the necessity of step size control to preserve qualitative

features in diffusion problems with time-varying sources.
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Figure 7.10: 3D surface plots of solution for A = 0.000338 (left), A = 0.000676 (mid-

dle), and i = 0.000710 (right)
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Figure 7.11: Heatmaps of temperature distribution for A = 0.000338 (left), h =

0.000676 (middle), and h = 0.000710 (right)

These results highlight the critical role of adhering to the theoretical time step con-
straint for preserving positivity and stability. The heatmap analysis in (7.11) specifi-
cally emphasizes that exceeding the threshold time step leads to numerical instability,
even in scenarios where the forcing term and initial conditions support positivity under

appropriate conditions.
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7.4 Conclusion and Future Work

This thesis establishes a comprehensive framework for designing high-order exponen-
tial integrator schemes that preserve essential structural characteristics of the original
system. The focus has been on deriving optimal positivity-preserving high-order expo-
nential integrators for non-homogeneous linear problems using a generalized notion of
optimal threshold factor. Applications to partial differential equations were examined
in detail.

A central contribution of this work is the development of a new class of discrete
orthogonal polynomials that shed light into the optimal threshold factor of any se-
quence of positive real numbers. These polynomials generalize classical families such
as Poisson—Charlier, Meixner, and Krawtchouk, and their zeros provide critical spec-
tral information necessary for bounding and computing optimal threshold factors. A
computationally efficient algorithm based on Christoffel transformations is introduced,
with complexity depending only on the polynomial order. This enabled practical com-
putation of optimal threshold factors even for large numbers of stages.

The effectiveness of the proposed methods has been demonstrated through nu-
merical experiments applied to representative partial differential equations. These
experiments confirmed the accuracy, positivity preservation, and computational effi-
ciency of the constructed schemes.

This work opens several directions for further investigation. The Christoffel transform-
based algorithm developed in this thesis applies to general sequences and is not re-

stricted to p-absolutely monotonic sequences; however, the associated theoretical anal-
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ysis becomes significantly more intricate and will be the object of future investigation.

A natural extension of our framework involves replacing polynomial-based integra-
tors with rational-function-based schemes. This generalization is expected to enhance
both the flexibility and accuracy of the methods. Additionally, future research may fo-
cus on constructing optimal exponential integrators that preserve contractivity, which
is especially relevant in modeling dissipative and energy-stable systems. Extending our
work to exponential Runge-Kutta methods represents a highly ambitious undertaking.

Together, these directions highlight the potential for expanding the theory and
application of structure-preserving exponential integrators in numerical analysis and

scientific computing.
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