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�*ELPqG1.:J1Lha

6B`bi- A i?�MF Kv :Q/ 7Q` ;BpBM; K2 i?2 bi`2M;i? �M/ ;mB/�M+2 iQ `2�+? i?Bb �+?B2p2@

K2MiX LQM2 Q7 i?Bb rQmH/ ?�p2 #22M TQbbB#H2 rBi?Qmi >BKX

A rQmH/ HBF2 iQ 2tT`2bb Kv /22T ;`�iBim/2 iQ Kv bmT2`pBbQ`- S`Q7X _�+?B/ �Bi@

>�//Qm- 7Q` �HH i?2 bmTTQ`i- ;mB/�M+2- �M/ 2M+Qm`�;2K2Mi i?`Qm;?Qmi Kv `2b2�`+?X

h?�MF vQm 7Q` BMi`Q/m+BM; K2 iQ i?Bb T`QD2+i- 7Q` �Hr�vb #2BM; �p�BH�#H2 iQ �Mbr2` Kv

[m2biBQMb- �M/ 7Q` vQm` p�Hm�#H2 �/pB+2X h?Bb rQ`F +QmH/ MQi ?�p2 #22M �++QKTHBb?2/

rBi?Qmi vQm` bmTTQ`iX A �K i`mHv T`Qm/ iQ ?�p2 #22M vQm` bim/2MiX

A �K �HbQ p2`v i?�MF7mH iQ S`Q7X L�bb2` 1//BM2 h�i�`- .`X �#/mHH�? a?�?- .`X

C�K�H �H@aK�BH- �M/ .`X A#`�?BK a�`mKB- 7Q` #2BM; T�`i Q7 Kv +QKKBii22X A /22THv

�TT`2+B�i2 vQm` iBK2- �M/ 722/#�+F BM `2pB2rBM; Kv i?2bBbX

A rQmH/ HBF2 iQ 2ti2M/ Kv bBM+2`2 �TT`2+B�iBQM iQ EBM; 6�?/ lMBp2`bBiv Q7 S2i`QH2mK

�M/ JBM2`�Hb UE6lSJV 7Q` i?2 BMp�Hm�#H2 BMbiBimiBQM�H bmTTQ`i T`QpB/2/ i?`Qm;?Qmi

Kv /Q+iQ`�H bim/B2bX h?2 +QMiBMm2/ �bbBbi�M+2 Q7 i?2 .2�Mb?BT Q7 :`�/m�i2 aim/B2b-

mM/2` i?2 H2�/2`b?BT Q7 S`Q7X amHBK�M �H >QKB/�M- r�b pBi�H iQ i?2 +QKTH2iBQM Q7 i?Bb

rQ`F- �M/ i?2B` +QKKBiK2Mi iQ bmTTQ`iBM; ;`�/m�i2 `2b2�`+? Bb ;`2�iHv �TT`2+B�i2/X

A �K 2bT2+B�HHv i?�MF7mH iQ i?2 .2T�`iK2Mi Q7 J�i?2K�iB+b 7Q` T`QpB/BM; � bmT@

TQ`iBp2 �M/ �+�/2KB+�HHv 2M;�;BM; 2MpB`QMK2MiX A rQmH/ �HbQ HBF2 iQ 2tT`2bb Kv

bBM+2`2 i?�MFb iQ i?2 /2T�`iK2Mi +?�B`K�M- S`Q7X JQMi?2` �H7m`�B/�M- 7Q` ?Bb +QMiBM@
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mQmb bmTTQ`i bBM+2 i?2 #2;BMMBM; Q7 Kv S?X.X bim/B2bX >Bb 2�`Hv 2M+Qm`�;2K2Mi �M/

�++2Ti�M+2 Q7 Kv +�M/B/�+v- �HQM; rBi? ?Bb +QMbBbi2Mi �p�BH�#BHBiv �M/ ;mB/�M+2 QM

�+�/2KB+ K�ii2`b- r2`2 2bb2MiB�H iQ i?2 +QKTH2iBQM Q7 i?Bb rQ`FX

A �HbQ 2ti2M/ Kv i?�MFb iQ �HH 7�+mHiv K2K#2`b Q7 i?2 /2T�`iK2Mi 7Q` i?2B` p�Hm�#H2

BMTmi- T�`iB+mH�`Hv i?`Qm;? i?2 r22FHv b2KBM�` b2`B2b- r?B+? 2tT�M/2/ Kv T2`bT2+iBp2

QM �+iBp2 `2b2�`+? �`2�bX

A rQmH/ HBF2 iQ 2tT`2bb Kv bBM+2`2 �TT`2+B�iBQM iQ Kv T�`2Mib 7Q` �Hr�vb #2HB2pBM;

BM K2X uQm` mM+QM/BiBQM�H HQp2- 2M/H2bb bmTTQ`i- �M/ +QMbi�Mi 2M+Qm`�;2K2Mi ?�p2

#22M � bQm`+2 Q7 bi`2M;i? i?`Qm;?Qmi Kv �+�/2KB+ DQm`M2vX A /2/B+�i2 i?Bb rQ`F iQ

vQm rBi? ;`2�i `2bT2+i �M/ ;`�iBim/2X

A �HbQ r�`KHv i?�MF Kv 7�KBHv K2K#2`b 7Q` bi�M/BM; #v K2 i?`Qm;? 2p2`v +?�HH2M;2

�HQM; i?2 r�vX uQm` bmTTQ`i �M/ KQiBp�iBQM 2M+Qm`�;2/ K2 iQ `2�+? i?Bb �+?B2p2K2Mi-

2bT2+B�HHv /m`BM; i?2 iQm;? iBK2bX h?�MF vQm 7Q` vQm` T�iB2M+2 �M/ 7Q` #2BM; T`2b2Mi

/m`BM; i?Bb K2�MBM;7mH +?�Ti2` Q7 Kv �+�/2KB+ HB72X

6BM�HHv- A �K ;`�i27mH iQ Kv +QHH2�;m2b 7Q` i?2B` T`2b2M+2 �M/ i?2 b2Mb2 Q7 7`B2M/b?BT

i?2v b?�`2/ rBi? K2 /m`BM; Kv iBK2 BM i?2 T`Q;`�KX

pB



*QMi2Mib

�*ELPqG1.:J1Lha p

GAah P6 h�"G1a t

GAah P6 6A:l_1a tBB

�"ah_�*h U1L:GAa>V tBp

�"ah_�*h U�_�"A*V tpB

*>�Sh1_ R ALh_P.l*hAPL R
RXR GBi2`�im`2 _2pB2r X X X X X X X X X X X X X X X X X X X X X X X X X X X X X e
RXk �BKb �M/ P#D2+iBp2b X X X X X X X X X X X X X X X X X X X X X X X X X X X X N

*>�Sh1_ k :1L1_�GAw1. PShAJ�G h>_1a>PG. 6�*hP_a-
h>1P_u �L. *PJSlh�hAPL RR
kXR �#bQHmi2 JQMQiQMB+Biv �M/ h?`2b?QH/ 6�+iQ`b X X X X X X X X X X X X X X Rk
kXk PTiBK�H h?`2b?QH/ 6�+iQ`b X X X X X X X X X X X X X X X X X X X X X X X X R9
kXj 1tBbi2M+2 �M/ lMB[m2M2bb Q7 PTiBK�H h?`2b?QH/ SQHvMQKB�Hb X X X X X X Re
kX9 PTiBK�H h?`2b?QH/ SQHvMQKB�Hb Q7 GQr P`/2`b X X X X X X X X X X X X X kj
kX8 SQH�` 6Q`Kb �M/ �M �H;Q`Bi?K 7Q` *QKTmiBM; PTiBK�H h?`2b?QH/ 6�+iQ`b k8

*>�Sh1_ j � L1q 6�JAGu P6 .Aa*_1h1 P_h>P:PL�G
SPGuLPJA�Ga jk
jXR � L2r .Bb+`2i2 J2�bm`2 �bbQ+B�i2/ rBi? �#bQHmi2Hv JQMQiQMB+ 6mM+@

iBQMb X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X jj
jXk h?`22@h2`K _2+m``2M+2 _2H�iBQMb X X X X X X X X X X X X X X X X X X X X X j3

pBB



jXj *QMM2+iBQM "2ir22M PTiBK�H h?`2b?QH/ 6�+iQ`b �M/ h?2 P`i?Q;QM�H
SQHvMQKB�Hb ⇡F

k (·;R) X X X X X X X X X X X X X X X X X X X X X X X X X X X X 9e

*>�Sh1_ 9 .Aa*_1h1 P_h>P:PL�G SPGuLPJA�Ga �L.
a>�_S "PlL.a 6P_ h>1 PShAJ�G h>_1a>PG. 6�*@
hP_a 9N
9XR SQbBiBp2 Zm�/`�im`2 �M/ lTT2` "QmM/ 7Q` i?2 PTiBK�H h?`2b?QH/ 6�+@

iQ` Rm(⇤2p) X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X 8y
9Xk GQr2` "QmM/ 7Q` Rm(⇤2p) X X X X X X X X X X X X X X X X X X X X X X X X X 88
9Xj "QmM/b QM i?2 PTiBK�H i?`2b?QH/ 6�+iQ`b Q7 aQK2 *H�bbB+�H a2[m2M+2b e8

9XjXR "QmM/ QM i?2 QTiBK�H i?`2b?QH/ 7�+iQ`b Q7 i?2 ;2M2`�HBx2/ SQBbbQM@
*?�`HB2` b2[m2M+2 ⇤2p(�) X X X X X X X X X X X X X X X X X X X X X X ed

9XjXk "QmM/ QM i?2 QTiBK�H i?`2b?QH/ 7�+iQ`b Q7 i?2 J2BtM2` b2[m2M+2
⇤2p(�) X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X dy

*>�Sh1_ 8 *>_AahP661G h_�La6P_J �L. >A:>@166A*A1Lh
�G:P_Ah>Ja 6P_ h>1 *PJSlh�hAPL P6 PShAJ�G h>_1a>@
PG. 6�*hP_a d9
8XR ai`m+im`�H T`QT2`iv Q7 i?2 PTiBK�H h?`2b?QH/ SQHvMQKB�H X X X X X X X d8
8Xk �M 1{+B2Mi +QKTmi�iBQM Q7 Rm(⇤4) X X X X X X X X X X X X X X X X X X X dd
8Xj *?`BbiQz2H h`�Mb7Q`K �M/ aT2+i`�H S`QT2`iB2b X X X X X X X X X X X X X X d3
8X9 *QKTmi�iBQM Q7 *?`BbiQz2H h`�Mb7Q`K�iBQM 7Q` :2M2`�H P`i?Q;QM�H SQHv@

MQKB�Hb X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X 3R

*>�Sh1_ e SPaAhAoAhu S_1a1_oAL: 1sSPL1LhA�G AL@
h1:_�hP_a 3N
eXR J2ixH2` J�i`B+2b �M/ ai`m+im`2@S`2b2`pBM; S`QT2`iB2b X X X X X X X X X X Ny

eXRXR J2ixH2` J�i`B+2b �M/ SQbBiBpBiv S`2b2`p�iBQM X X X X X X X X X X X Ny
eXRXk *QMi`�+iBpBiv �M/ .BbbBT�iBpBiv X X X X X X X X X X X X X X X X X X Nj

eXk 1tTQM2MiB�H AMi2;`�iQ`b X X X X X X X X X X X X X X X X X X X X X X X X X X N9

pBBB



eXj 1tTQM2MiB�H AMi2;`�iQ`b rBi? *QHHQ+�iBQM SQBMib �b w2`Qb Q7 P`i?Q;QM�H
SQHvMQKB�Hb �M/ _2H�i2/ SQHvMQKB�Hb X X X X X X X X X X X X X X X X X X X Ry9

eX9 PTiBK�H 1tTQM2MiB�H Zm�/`�im`2 AMi2;`�iQ`b X X X X X X X X X X X X X X RRR
eX8 PTiBK�H a+?2K2b Q7 GQr P`/2`b X X X X X X X X X X X X X X X X X X X X X X RR9

*>�Sh1_ d �SSGA*�hAPL P6 SPaAhAoAhu@S_1a1_oAL: 1s@
SPL1LhA�G ALh1:_�hP_ a*>1J1a hP a1JA@.Aa*_1hAw1.
S�_hA�G .A661_1LhA�G 1Zl�hAPLa RRd
dXR LmK2`B+�H 1tT2`BK2Mib X X X X X X X X X X X X X X X X X X X X X X X X X X RR3

dXRXR a2+QM/@P`/2` PTiBK�H a+?2K2 o�HB/�iBQM X X X X X X X X X X X X RkR
dXRXk LmK2`B+�H h2biBM; rBi? G2;2M/`2 *QHHQ+�iBQM SQBMib X X X X X X Rkk
dXRXj LmK2`B+�H h2biBM; rBi? *?2#vb?2p *QHHQ+�iBQM SQBMib X X X X X Rk3

dXk aQH�` h?2`K�H aiQ`�;2 JQ/2H X X X X X X X X X X X X X X X X X X X X X X X Rjy
dXkXR SQbBiBpBiv �M/ ai�#BHBiv 1t�KBM�iBQM X X X X X X X X X X X X X X X Rjk

dXj h`�MbB2Mi >2�i *QM/m+iBQM rBi? AMi2`M�H >2�i :2M2`�iBQM X X X X X X X Rj8
dX9 *QM+HmbBQM �M/ 6mim`2 qQ`F X X X X X X X X X X X X X X X X X X X X X X X Rj3

�SS1L.As � S_PP6a R9y

�SS1L.As " alSSG1J1Lh�_u J�h1_A�G R9R

_161_1L*1a R9k

oAh�1 R8y

Bt



GBbi Q7 h�#H2b

h�#H2 kXR o�Hm2b Q7 i?2 QTiBK�H i?`2b?QH/ 7�+iQ`b 7Q` p�`BQmb b2[m2M+2b ⇤3

�b +QKTmi2/ #v Qm` �H;Q`Bi?KX X X X X X X X X X X X X X X X X X X X k3

h�#H2 9XR "QmM/b 7Q` Rm(⇤2p(�)) rBi? � = 0.5 X X X X X X X X X X X X X X X X eN
h�#H2 9Xk "QmM/b 7Q` Rm(⇤2p(�)) rBi? � = 10 X X X X X X X X X X X X X X X X eN
h�#H2 9Xj "QmM/b 7Q` Rm(⇤2p(�)) rBi? � = 0.5 X X X X X X X X X X X X X X X X dk

h�#H2 8XR PTiBK�H i?`2b?QH/b Rm(⇤4) �bbQ+B�i2/ rBi? p�`BQmb m- 7Q` ⇤4 =

(1, 0.5, 0.5, 1)X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X d3
h�#H2 8Xk AMi2;`�H bT2+i`mK +QMbi`m+i2/ 7`QK ;2M2`�HBx2/ SQBbbQMĜ*?�`HB2`

TQHvMQKB�Hb rBi? T�`�K2i2`b � = 10- R = 5- p = 3- �M/ m = 100X 38
h�#H2 8Xj AMi2;`�H bT2+i`mK +QMbi`m+i2/ 7`QK J2BtM2` TQHvMQKB�Hb rBi?

T�`�K2i2`b � = 3- R = 5- p = 3- �M/ m = 100X X X X X X X X X X X 3e
h�#H2 8X9 PTiBK�H bT2+i`�H `�/Bmb- bT2+i`mK- �M/ ↵k rX`Xi :2M2`�HBx2/

SQBbbQM@*?�`HB2` J2�bm`2c p = 3-� = 10 7Q` /Bz2`2Mi m p�Hm2bX X X 33

h�#H2 eXR o�Hm2b Q7 i?2 QTiBK�H i?`2b?QH/ 7�+iQ`b Q7 b2p2`�H b2[m2M+2b ⇤3

�b +QKTmi2/ rBi? Qm` �H;Q`Bi?KX X X X X X X X X X X X X X X X X X X RRj

h�#H2 dXR PTiBK�H b+?2K2b rBi? G2;2M/`2 +QHHQ+�iBQM TQBMibX X X X X X X X X Rky
h�#H2 dXk PTiBK�H b+?2K2b rBi? +QHHQ+�iBQM TQBMib i?2 x2`Qb Q7 C�+Q#B TQHv@

MQKB�Hb J (1,0)
p (t) X X X X X X X X X X X X X X X X X X X X X X X X X X X Rky

h�#H2 dXj LmK2`B+�H `2bmHib 7Q` /Bz2`2Mi m p�Hm2b- b2+QM/@Q`/2` QTiBK�H
b+?2K2 X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X Rkk

h�#H2 dX9 LmK2`B+�H `2bmHib 7Q` /Bz2`2Mi m p�Hm2b- �m(⇤p) rBi? p G2;2M/`2
+QHHQ+�iBQM TQBMib X X X X X X X X X X X X X X X X X X X X X X X X X X Rk9

t



h�#H2 dX8 LmK2`B+�H `2bmHib 7Q` /Bz2`2Mi m p�Hm2b- �m(⇤p) rBi? p *?2#v@
b?2p +QHHQ+�iBQM TQBMib X X X X X X X X X X X X X X X X X X X X X X X RkN

h�#H2 dXe SQbBiBpBiv #2?�pBQ` 7Q` /Bz2`2Mi bi2T bBx2bX X X X X X X X X X X X X X RjR
h�#H2 dXd LmK2`B+�H `2bmHib 7Q` /Bz2`2Mi iBK2@bi2T bBx2b �i }M�H iBK2- �x =

0.019608- J�t h2KT GQ+�iBQM4yX9NyRNeX X X X X X X X X X X X X X Rjj
h�#H2 dX3 ai2T@bBx2 p2`bmb bT�+2@bBx2 +QKT�`BbQM rBi? TQbBiBpBiv BM/B+�iQ`b X Rje

tB



GBbi Q7 6B;m`2b

6B;m`2 jXR _QQib Q7 i?2 Q`i?Q;QM�H TQHvMQKB�H ⇡F
2 (t;R) �b � 7mM+iBQM Q7

RX h?2 p2`iB+�H `2/ HBM2 BM/B+�i2b i?2 +`BiB+�H p�Hm2 R̃ = 2-
r?2`2 i?2 bK�HH2bi `QQi p�MBb?2bX X X X X X X X X X X X X X X X X 93

6B;m`2 9XR _QQib Q7 i?2 Q`i?Q;QM�H TQHvMQKB�H ⇡F
2 (t;R) �b 7mM+iBQMb Q7

RX h?2 p2`iB+�H #Hm2 HBM2 BM/B+�i2b i?2 p�Hm2 R̃ �i r?B+? i?2
H�`;2bi `QQi ⇠2(R) Bb 2[m�H iQ m = 10X X X X X X X X X X X X X X X 88

6B;m`2 8XR aT2+i`mK �bbQ+B�i2/ rBi? i?2 :2M2`�HBx2/ SQBbbQMĜ*?�`HB2`
TQHvMQKB�Hb 7Q` � = 10, R = 5, p = 3,m = 100X X X X X X X X X X 39

6B;m`2 8Xk aT2+i`mK �bbQ+B�i2/ rBi? J2BtM2` TQHvMQKB�Hb 7Q` � = 3, R =

5, p = 3,m = 100X X X X X X X X X X X X X X X X X X X X X X X X X X 38

6B;m`2 dXR *QKT�`BbQM Q7 MmK2`B+�H bQHmiBQMb 7Q` m = 5,�5(⇤3)- R5(⇤3) =

2.65 X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X Rk8
6B;m`2 dXk *QKT�`BbQM Q7 MmK2`B+�H bQHmiBQMb 7Q` m = 5,�5(⇤4)- R5(⇤4) =

2 X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X Rke
6B;m`2 dXj *QKT�`BbQM Q7 MmK2`B+�H bQHmiBQMb 7Q` m = 7,�7(⇤4)- R7(⇤4) =

3.52 X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X Rkd
6B;m`2 dX9 LmK2`B+�H bQHmiBQMb 7Q` rBi? 9 *?2#vb?2pǶb +QHHQ+�iBQM TQBMib

7Q` m = 5,�5(⇤4) �M/ R5(⇤4) = 2 X X X X X X X X X X X X X X X X RkN
6B;m`2 dX8 LmK2`B+�H bQHmiBQMb 7Q` rBi? 9 *?2#vb?2pǶb +QHHQ+�iBQM TQBMib

7Q` m = 7,�7(⇤4) �M/ R7(⇤4) = 3.52 X X X X X X X X X X X X X X Rjy

tBB



6B;m`2 dXe aQH�` h?2`K�H aiQ`�;2 JQ/2H i2KT2`�im`2 /Bbi`B#miBQMb rBi?
Rm,p = 3.518 �M/ �t 4 0.019608X h?2 iQT `Qr b?Qrb j. bm`@
7�+2 THQib- �M/ i?2 #QiiQK `Qr b?Qrb +Q``2bTQM/BM; ?2�iK�Tb
7Q` p�`vBM; K2b? bBx2b- UH27iV h = 0.0000338- UKB//H2V h =

0.000676- �M/ U`B;?iV h = 0.00071X X X X X X X X X X X X X X X X X Rjk
6B;m`2 dXd h2KT2`�im`2 2pQHmiBQM �M/ }M�H /Bbi`B#miBQM 7Q` h1 = 0.000034X

6`QK H27i iQ `B;?i- U�V J�tBKmK �M/ �p2`�;2 i2KT2`�im`2 Qp2`
iBK2c U#V h2KT2`�im`2 �i b2H2+i2/ bT�iB�H TQBMib Qp2` iBK2c U+V
6BM�H i2KT2`�im`2 /Bbi`B#miBQM rBi? i?2 K�tBKmK i2KT2`�@
im`2 TQBMi K�`F2/X X X X X X X X X X X X X X X X X X X X X X X X X Rj9

6B;m`2 dX3 h2KT2`�im`2 2pQHmiBQM �M/ }M�H /Bbi`B#miBQM 7Q` h2 = 0.00033850X
6`QK H27i iQ `B;?i- U�V J�tBKmK �M/ �p2`�;2 i2KT2`�im`2 Qp2`
iBK2c U#V h2KT2`�im`2 �i b2H2+i2/ bT�iB�H TQBMib Qp2` iBK2c U+V
6BM�H i2KT2`�im`2 /Bbi`B#miBQM rBi? i?2 K�tBKmK i2KT2`�@
im`2 TQBMi BM/B+�i2/X X X X X X X X X X X X X X X X X X X X X X X X Rj9

6B;m`2 dXN h2KT2`�im`2 2pQHmiBQM �M/ }M�H /Bbi`B#miBQM 7Q` h3 = 0.00071118X
6`QK H27i iQ `B;?i- U�V J�tBKmK �M/ �p2`�;2 i2KT2`�im`2 Qp2`
iBK2 b?QrBM; BMbi�#BHBivc U#V h2KT2`�im`2 �i b2H2+i2/ bT�iB�H
TQBMib Qp2` iBK2 rBi? 2ti`2K2 Qb+BHH�iBQMbc U+V 6BM�H i2KT2`�@
im`2 /Bbi`B#miBQM b?QrBM; /Bp2`;2M+2X X X X X X X X X X X X X X X Rj9

6B;m`2 dXRy j. bm`7�+2 THQib Q7 bQHmiBQM 7Q` h = 0.000338 UH27iV- h =

0.000676 UKB//H2V- �M/ h = 0.000710 U`B;?iV X X X X X X X X X X Rjd
6B;m`2 dXRR >2�iK�Tb Q7 i2KT2`�im`2 /Bbi`B#miBQM 7Q` h = 0.000338 UH27iV-

h = 0.000676 UKB//H2V- �M/ h = 0.000710 U`B;?iV X X X X X X X X Rjd

tBBB



.Aaa1_h�hAPL �"ah_�*h

L�J1, >m/� �H@h�KBKB

hAhG1 P6 ahl.u, :2M2`�HBx2/ PTiBK�H h?`2b?QH/ 6�+iQ`b �M/ ai`m+im`2@

S`2b2`pBM; 1tTQM2MiB�H AMi2;`�iQ`b

J�CP_ 6A1G., J�h>1J�hA*a

.�h1 P6 .1:_11, �T`BH k3- kyk8

h?Bb i?2bBb /2p2HQTb � +QKT`2?2MbBp2 7`�K2rQ`F 7Q` /2bB;MBM; ?B;?@Q`/2` 2tTQM2MiB�H

BMi2;`�iQ` b+?2K2b i?�i T`2b2`p2 F2v bi`m+im`�H T`QT2`iB2b @ TQbBiBpBiv �M/ +QMi`�+@

iBpBiv @ BM i?2 MmK2`B+�H BMi2;`�iBQM Q7 /Bz2`2MiB�H 2[m�iBQMbX h?2 +2Mi`�H i�bF Bb

7Q`KmH�i2/ �b i?2 B/2MiB}+�iBQM- �KQM; �HH TQHvMQKB�Hb Q7 � ;Bp2M /2;`22 rBi? T`2@

b+`B#2/ bm++2bbBp2 /2`Bp�iBp2b �i i?2 Q`B;BM mT iQ � ;Bp2M Q`/2`- i?2 QM2 rBi? i?2 H�`;2bi

BMi2`p�H Q7 �#bQHmi2 KQMQiQMB+Biv QM i?2 M2;�iBp2 �tBbX h?2 H2M;i? Q7 i?Bb K�tBK�H BM@

i2`p�H Bb `272``2/ iQ �b i?2 ;2M2`�HBx2/ QTiBK�H i?`2b?QH/ 7�+iQ`- �M/ i?2 +Q``2bTQM/BM;

TQHvMQKB�H Bb i2`K2/ i?2 QTiBK�H i?`2b?QH/ TQHvMQKB�HX

hQ �//`2bb i?Bb [m2biBQM- r2 BMi`Q/m+2 � M2r +H�bb Q7 /Bb+`2i2 K2�bm`2b r?Qb2

�bbQ+B�i2/ Q`i?Q;QM�H TQHvMQKB�Hb �M/ i?2B` x2`Qb Qz2` � +QKTH2i2 7`�K2rQ`F 7Q` �M@

�HvxBM; QTiBK�H i?`2b?QH/ 7�+iQ`b �M/ i?2 +Q``2bTQM/BM; TQHvMQKB�HbX AM T�`iB+mH�`-

i?2b2 K2�bm`2b �HHQr 7Q` i?2 /2`Bp�iBQM Q7 b?�`T #QmM/b QM i?2 QTiBK�H i?`2b?QH/ 7�+@

tBp



iQ`b mbBM; :�mbbB�M [m�/`�im`2X 6m`i?2`KQ`2- �M 2{+B2Mi �H;Q`Bi?K #�b2/ QM �/�TiBp2

*?`BbiQz2H bT2+i`�H i`�Mb7Q`K Bb /2p2HQT2/ iQ +QKTmi2 QTiBK�H i?`2b?QH/ 7�+iQ`b �M/

i?2B` �bbQ+B�i2/ TQHvMQKB�Hb BM i?2 ?B;?@/2;`22 `2;BK2X

"mBH/BM; QM i?Bb 7QmM/�iBQM- r2 +QMbi`m+i bi`m+im`2@T`2b2`pBM; 2tTQM2MiB�H BM@

i2;`�iQ` b+?2K2b rBi? ?B;?@Q`/2` Q7 �++m`�+vX h?2b2 b+?2K2b �`2 �TTHB2/ iQ b2KB@

/Bb+`2iBx2/ T�`iB�H /Bz2`2MiB�H 2[m�iBQMb- rBi? MmK2`B+�H 2tT2`BK2Mib +QM}`KBM; i?2@

Q`2iB+�H #QmM/b �M/ /2KQMbi`�iBM; `2HB�#H2 #2?�pBQ` mM/2` bi2T@bBx2 +QMbi`�BMibX

Pp2`�HH- i?Bb rQ`F /2HBp2`b � T`�+iB+�H �M/ i?2Q`2iB+�HHv ;`QmM/2/ 7`�K2rQ`F 7Q` /2@

bB;MBM; bi`m+im`2@T`2b2`pBM; 2tTQM2MiB�H BMi2;`�iQ`b bmBi�#H2 7Q` i?2 `Q#mbi bBKmH�iBQM

Q7 T?vbB+�H bvbi2KbX

tp



ةلاسرلاصخلم

يميمتلاهللادبعرصانىده :مسالا

ىنبلاىلعةظفاحملاةيسألاتالماكتلاوةيلاثملاةيدحلالماوعلاميمعت :ةساردلاناونع

تايضايرلا :صصختلا

٢٠٢٥ ليربا ٢٨ :ةيملعلاةجردلاخيرات

شامكنالاوةيباجيإلالثم—ةيساسألاةيوينبلاصئاصخلاىلعظفاحتةبترلاةيلاعةيسّأُلماكتتاططخمميمصتلالًماشارًاطإةلاسرلاهذهمدّقتُ

ةيلاتتمتاقتشموةنيعمةجردتاذدودحلاتاريثكعيمجنيبنم،ديدحتيفةسيئرلاةمهملالثمتتو.ةيلضافتلاتالداعملليددعلالماكتلايف—

مسايمظعألالاجملااذهلوطىلعقلطيُ.بلاسلاروحملاىلعةقلطملاةباترلللاجملوطأكلتمتيتلاكلت،ةنيعمةبترىتحلصألادنعةددحم

.ىلثملاةيدّحلادودحلاةريثكـبةلباقملادودحلاةريثكفرعتُامنيب،ممعملالثمألايدّحلالماعلا

لماوعلاةساردلالًماكتمايًليلحتارًاطإاهروذجوةدماعتملااهتاريثكحيتتيتلا،ةلصفنملاسيياقملانمادًيدجافًنصمدّقن،ةلأسملاهذهةجلاعمل

.يسواغلاعيبرتلاةدعاقمادختسابىلثملاةيدّحلالماوعللةقيقددودحقاقتشانمسيياقملاهذهنك�متُو.اهبةطبترملادودحلاتاريثكوىلثملاةيدّحلا

اهبةطبترملادودحلاتاريثكوىلثملاةيدّحلالماوعلاباسحليفيكتلايفيطلالفوتسيركليوحتىلعدمتعتةلاعفةيمزراوخريوطتمت،كلذىلعةوالع

.ةيلاعلاةجردلاتاذةلاحلايف

تالداعمىلعتاططخملاهذهقبّطتُو.ةيلاعةقدققحتوةينبلاىلعةظفاحمةيسّأُلماكتتاططخمءانببموقن،ساسألااذهىلإادًانتسا

.ةينمزلاةوطخلامجحىلعدويقنمضهباقًوثوماكًولسرهظتُوةيرظنلادودحلاةحصةيددعلابراجتلادكؤتثيح،يناكملاعيطقتلادعبةيئزجةيلضافت

ةمظنأللةقوثومةاكاحملةبسانم،ةينبلاىلعةظفاحمةيسّأُلماكتتاططخمميمصتلايًرظنامًوعدموايًلمعارًاطإةلاسرلاهذهرفّوت،ماعهجوب

.ةيئايزيفلا

tpB
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AM i?2 }2H/ Q7 ;2QK2i`B+ BMi2;`�iBQM- i?2 2z2+iBp2M2bb Q7 � MmK2`B+�H K2i?Q/ Bb /2i2`@

KBM2/ MQi QMHv #v Bib �++m`�+v #mi �HbQ #v Bib �#BHBiv iQ T`2b2`p2 i?2 BMi`BMbB+ bi`m+im`�H

T`QT2`iB2b Q7 i?2 mM/2`HvBM; T`Q#H2KX h?Bb Bb T�`iB+mH�`Hv BKTQ`i�Mi BM �`2�b bm+? �b

+QKTmi�iBQM�H #BQHQ;v- T?vbB+b- �M/ +?2KBbi`v- r?2`2 bi�i2 p�`B�#H2b Q7i2M `2T`2b2Mi

MQM@M2;�iBp2- /BbbBT�iBp2- Q` +QMb2`p�iBp2 [m�MiBiB2b (R)- (k)- (j)- (9)- (8)- (e)X

� +2Mi`�H +?�HH2M;2 BM /2bB;MBM; mM+QM/BiBQM�HHv bi`m+im`2@T`2b2`pBM; MmK2`B+�H

b+?2K2b 7Q` /Bz2`2MiB�H 2[m�iBQMb HB2b BM Qp2`+QKBM; i?2 bQ@+�HH2/ Q`/2` #�``B2` (d)- (3)-

(N)- (Ry) X h?mb- /2p2HQTBM; ?B;?@Q`/2` bi`m+im`2@T`2b2`pBM; K2i?Q/b b?QmH/ 7Q+mb QM

K�tBKBxBM; i?2 T2`KBbbB#H2 bi2T bBx2 r?BH2 K�BMi�BMBM; i?2 /2bB`2/ bQHmiBQM T`QT2`iB2bX

h?Bb i?2bBb �BKb iQ 2bi�#HBb? � +QKT`2?2MbBp2 7`�K2rQ`F 7Q` ?B;?@Q`/2` 2tTQM2MiB�H

BMi2;`�iQ` b+?2K2b i?�i T`2b2`p2 2bb2MiB�H bi`m+im`�H +?�`�+i2`BbiB+bX h?2 7Q+mb Bb

QM /2`BpBM; QTiBK�H TQbBiBpBiv@T`2b2`pBM; ?B;?@Q`/2` 2tTQM2MiB�H BMi2;`�iQ`b 7Q` MQM@

?QKQ;2M2Qmb HBM2�` T`Q#H2Kb mbBM; � ;2M2`�HBx2/ MQiBQM Q7 QTiBK�H i?`2b?QH/ 7�+iQ`b

�bbQ+B�i2/ rBi? �#bQHmi2Hv KQMQiQMB+ 7mM+iBQMbX �TTHB+�iBQMb iQ T�`iB�H /Bz2`2MiB�H

2[m�iBQMb rBHH #2 2t�KBM2/ BM /2i�BHX

R



h?2 BMBiB�H@p�Hm2 T`Q#H2K

du

dt
= Au(t) + f(t), u(0) = u0, u0 2 Rs, URXRV

r?2`2 A Bb � b[m�`2 K�i`Bt Q7 Q`/2` s �M/ f : R �! Rs- Bb Q7i2M 2M+QmMi2`2/ BM i?2

b2KB@/Bb+`2iBb�iBQM Q7 T�`iB�H /Bz2`2MiB�H 2[m�iBQMb (RR)X h?2 bQHmiBQM iQ URXRV +�M #2

2tT`2bb2/ �b

u(t) = eAtu0 +

Z t

0

e(t�⌧)Af(⌧) d⌧. URXkV

J�Mv 2tTHB+Bi MmK2`B+�H K2i?Q/b 7Q` bQHpBM; URXRV- bm+? �b i?2 2tTQM2MiB�H BMi2;`�iQ`b

(Rk)- T`QpB/2 b+?2K2b Q7 i?2 7Q`K

un+1 = r0(hA)un + h
sX

i=1

ri(hA)f(tn + cih), URXjV

r?2`2 h Bb i?2 bi2T@bBx2- un Bb �M �TT`QtBK�iBQM Q7 u(nhV- c1, . . . , cp- �`2 +QHHQ+�iBQM

TQBMib BM i?2 BMi2`p�H [0, 1] �M/ r0, r1, . . . , rs- �`2 `�iBQM�H 7mM+iBQMbX �+?B2pBM; ?B;?

HQ+�H �++m`�+v BM i?2 MmK2`B+�H b+?2K2 URXjV `2[mB`2b bT2+B}+ +QM/BiBQMb QM i?2 `�iBQM�H

7mM+iBQMb �M/ +QHHQ+�iBQM TQBMib (Rj)X h?2b2 +QM/BiBQMb �`2 `2�HBx2/ #v bT2+B7vBM; i?2

/2`Bp�iBp2b Q7 2�+? `�iBQM�H 7mM+iBQM �i x2`Q mT iQ � /2}M2/ Q`/2`X 6Q` BMbi�M+2- B7

f ⌘ 0- i?2 b+?2K2 Bb ;Bp2M #v

un+1 = r0(hA)un, URX9V

k



�M/ � HQ+�H �++m`�+v Q7 Q`/2` p Q7 i?2 b+?2K2 Bb i`�MbH�i2/ iQ

r0(z) = ez +O(zp+1) �b z �! 0.

h?2 BMBiB�H@p�Hm2 T`Q#H2K URXRV Bb b�B/ iQ T`2b2`p2b TQbBiBpBiv B7- ;Bp2M MQM@M2;�iBp2

BMBiB�H /�i� (u0 � 0) �M/ � MQM@M2;�iBp2 7Q`+BM; i2`K (f(t) � 0 7Q` t � 0)- i?2 bQHmiBQM

u(t) `2K�BMb MQM@M2;�iBp2 7Q` �HH t � 0X UAM2[m�HBiB2b ?2`2 �M/ 2p2`vr?2`2 2Hb2 �`2

BMi2`T`2i2/ +QKTQM2MirBb2VX Ai Bb 2bi�#HBb?2/ BM (R9) i?�i i?Bb TQbBiBpBiv T`2b2`p�iBQM

Q++m`b B7 �M/ QMHv B7 i?2 K�i`Bt � Bb J2ixH2` UBX2X- Bib Qz@/B�;QM�H 2H2K2Mib �`2 MQM@

M2;�iBp2VX GBF2rBb2- i?2 MmK2`B+�H b+?2K2 URXjV Bb b�B/ iQ T`2b2`p2 TQbBiBpBiv B7 un � 0

7Q` �HH n � 0X 6Q` i?2 b+?2K2 iQ T`2b2`p2 TQbBiBpBiv 7Q` �Mv J2ixH2` K�i`Bt A- Bi Bb

M2+2bb�`v �M/ bm{+B2Mi i?�i rj(hA) � 0 7Q` �HH j = 0, 1, ..., s. Ai Bb b?QrM BM (R9) i?�i

MQ MmK2`B+�H b+?2K2 Q7 i?2 7Q`K URXjV +�M �+?B2p2 �M Q`/2` Q7 �++m`�+v ?B;?2` i?�M

k- r?BH2 mM+QM/BiBQM�HHv T`2b2`pBM; TQbBiBpBivX JQ`2Qp2`- i?2 b+?2K2b URXjV T`2b2`p2

TQbBiBpBiv 7Q` �Mv bi2T@bBx2 h bm+? i?�i

h 
KBM (R(r0), R(r1), . . . , R(rs))

�(A)
r?2`2 �(A) = K�t

aii<0

|aii|, URX8V

�M/ R(rj) bi�M/b 7Q` i?2 i?`2b?QH/ 7�+iQ` Q7 i?2 7mM+iBQM rj- BX2Xc i?2 H�`;2bi `2�H

MmK#2` R 7Q` r?B+? i?2 7mM+iBQM rj Bb �#bQHmi2Hv KQMQiQMB+ Qp2` i?2 BMi2`p�H [�R, 0]X

�M�HQ;m2 bim/B2b (R8) ?�p2 2tTHQ`2/ +QMi`�+iBpBiv@T`2b2`pBM; b+?2K2b Q7 i?2 7Q`K URXjVX

6Q` T`�+iB+�H �TTHB+�iBQMb- Bi Bb +`m+B�H iQ �HHQr ~2tB#BHBiv BM bi2T@bBx2 b2H2+iBQM r?BH2

K�BMi�BMBM; #Qi? TQbBiBpBiv T`2b2`p�iBQM �M/ ?B;? �++m`�+v Q7 i?2 MmK2`B+�H b+?2K2bX

j



h?2`27Q`2- QM2 b?QmH/ �BK 7Q` 7mM+iBQMb rj rBi? i?2 H�`;2bi i?`2b?QH/ 7�+iQ`b r?BH2

biBHH �+?B2pBM; i?2 `2[mB`2/ �++m`�+vX AM i?2 +�b2 i?2 7mM+iBQMb rj, j = 0, 1, . . . , s �`2

TQHvMQKB�H 7mM+iBQMb- i?2 Q`/2` p `2[mB`2K2Mi 7Q` i?2 b+?2K2 URXjV Bb 2[mBp�H2Mi iQ

r0(z)� ez = O(zp+1), ri(z)� bi(z) = O(zp), �b z ! 0,

r?2`2

bi(z) =

Z 1

0

e(1�✓)z`i(✓)d ✓, i = 1, 2, . . . , s,

r?2`2 `i Bb i?2 i@2K G�;`�M;2 TQHvMQKB�H #�b2/ QM i?2 +QHHQ+�iBQM TQBMibX aBM+2 i?2

bm++2bbBp2 /2`Bp�iBp2b �i i?2 Q`B;BM Q7 2�+? TQHvMQKB�H ri /2T2M/ QM i?2 +QHHQ+�iBQM

TQBMib- i?2 +2Mi`�H i�bF Bb /2bB;MBM; QTiBK�H bi`m+im`2@T`2b2`pBM; b+?2K2b Bb iQ bQHp2

i?2 7QHHQrBM; T`Q#H2KX

• *2Mi`�H S`Q#H2K

:Bp2M � b2[m2M+2 Q7 TQbBiBp2 `2�H MmK#2`b ⇤p+1 = (�0,�1, . . . ,�p) �M/ �M BMi2;2` m � p-

}M/ � TQHvMQKB�H F Q7 /2;`22 m rBi? i?2 H�`;2bi BMi2`p�H Q7 �#bQHmi2 KQMQiQMB+Biv Q7

i?2 7Q`K [�R, 0] �M/ bm+? i?�i F (k)(0) = �k 7Q` k = 0, 1, . . . , pX

q2 MQi2 i?2 bBKBH�`Biv #2ir22M Qm` +2Mi`�H T`Q#H2K �M/ i?2 7QHHQrBM; "2`Mbi2BM

T`Q#H2KX

• "2`Mbi2BM S`Q#H2K

:Bp2M � b2[m2M+2 Q7 TQbBiBp2 `2�H MmK#2`b ⇤p+1 = (�0,�1, . . . ,�p)- }M/ i?2 "2`Mbi2BM

+QMbi�Mi- R1(⇤p+1)- /2}M2/ �b i?2 bmT`2KmK Q7 TQbBiBp2 `2�H MmK#2` R bm+? i?�i

i?2`2 2tBbib � bKQQi? 7mM+iBQM F �#bQHmi2Hv KQMQiQMB+ Qp2` i?2 BMi2`p�H (�R, 0] �M/

bm+? i?�i F (k)(0) = �k 7Q` k = 0, 1, . . . , pX

9



Pm` rQ`F rBHH b?2/ HB;?i BMiQ "2`Mbi2BM T`Q#H2K �b Bi +�M #2 pB2r2/ �b � }MBi2

p2`bBQM Q7 BiX

AM *?�Ti2` k- r2 b?Qr i?�i 7Q` �Mv MmK#2` Q7 bi�;2b m- i?2`2 2tBbib � mMB[m2

TQHvMQKB�H �m(⇤p+1) �M/ � `2�H MmK#2` Rm(⇤p+1) i?�i iQ;2i?2` bQHp2 Qm` +2Mi`�H

T`Q#H2KX q2 b?�HH i2`K Rm(⇤p+1) i?2 QTiBK�H i?`2b?QH/ 7�+iQ` �M/ �m(⇤p+1) i?2

QTiBK�H i?`2b?QH/ TQHvMQKB�H �bbQ+B�i2/ rBi? i?2 b2[m2M+2 ⇤p+1X q2 T`QpB/2 2tTHB+Bi

2tT`2bbBQMb 7Q` bK�HH p�Hm2b Q7 p �M/ /2p2HQT �M �H;Q`Bi?K- #�b2/ QM #HQbbQKBM; i?2Q`v-

7Q` i?2B` +QKTmi�iBQMX

AM *?�Ti2` j- r2 BMi`Q/m+2 � M2r /Bb+`2i2 K2�bm`2 7Q` r?B+? i?2 x2`Qb Q7 i?2B` �bbQ@

+B�i2/ /Bb+`2i2 Q`i?Q;QM�H TQHvMQKB�H T`QpB/2 bB;MB}+�Mi BMbB;?ib BMiQ #Qi? Qm` K�BM

T`Q#H2K �M/ i?2 "2`Mbi2BM T`Q#H2KX h?2 M2r BMi`Q/m+2/ /Bb+`2i2 Q`i?Q;QM�H TQHv@

MQKB�Hb ;2M2`�HBx2 b2p2`�H +H�bbB+�H 7�KBHB2b- BM+Hm/BM; i?2 SQBbbQM@*?�`HB2`- J2BtM2`-

�M/ E`�ri+?QmF TQHvMQKB�HbX q2 /2`Bp2 i?2B` +Q``2bTQM/BM; i?`22@i2`K `2+m``2M+2

`2H�iBQM �M/ 2Hm+B/�i2 i?2B` +QMM2+iBQM iQ Qm` +2Mi`�H i�bFX

AM *?�Ti2` 9- r2 2KTHQv i?2 M2rHv BMi`Q/m+2/ /Bb+`2i2 Q`i?Q;QM�H TQHvMQKB�Hb iQ

/2`Bp2 b?�`T #QmM/b 7Q` i?2 QTiBK�H i?`2b?QH/ 7�+iQ`X h?2 mTT2` #QmM/ Bb 2bi�#HBb?2/

#v +QKT�`BM; i?2 MQ/2b Q7 TQbBiBp2 [m�/`�im`2 7Q`KmH�b rBi? BMi2;2` MQ/2b iQ i?Qb2 Q7

i?2 :�mbbB�M [m�/`�im`2 �bbQ+B�i2/ rBi? i?2 /Bb+`2i2 K2�bm`2X h?Bb H2�/b iQ T`2+Bb2

#QmM/b 7Q` i?2 QTiBK�H i?`2b?QH/ 7�+iQ`b 7Q` ;2M2`�HBx2/ SQBbbQM@*?�`HB2` b2[m2M+2b

BM i2`Kb Q7 i?2 bK�HH2bi x2`Q Q7 ;2M2`�HBx2/ G�;m2``2 TQHvMQKB�Hbc �M/ 7Q` J2BtM2`

b2[m2M+2b BM i2`Kb Q7 i?2 bK�HH2bi x2`Q Q7 MQM@bi�M/�`/ C�+Q#B TQHvMQKB�HbX

h?2 +QKTH2tBiv Q7 i?2 �H;Q`Bi?K 7Q` +QKTmiBM; i?2 QTiBK�H i?`2b?QH/ 7�+iQ`b BMi`Q@

/m+2/ BM *?�Ti2` k ;`Qrb 2tTQM2MiB�HHv rBi? i?2 MmK#2` Q7 bi�;2b m �M/ i?2 Q`/2` pX
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hQ +QKTmi2 i?2b2 7�+iQ`b 7Q` H�`;2 p�Hm2b Q7 m �M/ p- r2 bim/v i?2 bT2+i`�H *?`BbiQz2H

i`�Mb7Q`K�iBQMb Q7 Qm` M2rHv BMi`Q/m+2/ /Bb+`2i2 K2�bm`2 BM *?�Ti2` 8X h?Bb H2�/b

iQ � ?B;?Hv 2{+B2Mi �M/ bi�#H2 �H;Q`Bi?K 7Q` +QKTmiBM; i?2 QTiBK�H i?`2b?QH/ 7�+iQ`b

rBi? i?2 T�`iB+mH�`Biv i?�i Bib +QKTH2tBiv /2T2M/b QMHv QM i?2 Q`/2` pX

AM *?�Ti2` e- r2 #2;BM #v `2pB2rBM; 2tTQM2MiB�H BMi2;`�iQ` K2i?Q/b- 7QHHQr2/ #v

� /Bb+mbbBQM Q7 i?2 M2+2bb�`v �M/ bm{+B2Mi +QM/BiBQMb 7Q` i?2b2 b+?2K2b iQ T`2b2`p2

TQbBiBpBivX "mBH/BM; QM i?2 `2bmHib 7`QK i?2 T`2+2/BM; b2+iBQMb- r2 /2`Bp2 2tTHB+Bi 7Q`@

KmH�b 7Q` HQr@Q`/2` QTiBK�H TQbBiBpBiv@T`2b2`pBM; 2tTQM2MiB�H BMi2;`�iQ`bX S�`iB+mH�`

2KT?�bBb Bb TH�+2/ QM QTiBK�H b+?2K2b r?Qb2 +QHHQ+�iBQM TQBMib +QBM+B/2 rBi? i?2

x2`Qb Q7 +H�bbB+�H Q`i?Q;QM�H TQHvMQKB�HbX

*?�Ti2` d T`2b2Mib MmK2`B+�H i2bib �M/ p�HB/�iBQMb 7Q` T�`iB�H /Bz2`2MiB�H 2[m�iBQMb-

7Q+mbBM; QM irQ `2T`2b2Mi�iBp2 KQ/2Hb � i`�MbTQ`i 2[m�iBQM �M/ � bQH�` i?2`K�H biQ`�;2

bvbi2KX

RXR GBi2`�im`2 _2pB2r

ai`m+im`2@T`2b2`pBM; MmK2`B+�H K2i?Q/b ?�p2 #2+QK2 �M 2bb2MiB�H bm#}2H/ BM i?2 Mm@

K2`B+�H �TT`QtBK�iBQM Q7 Q`/BM�`v /Bz2`2MiB�H 2[m�iBQMb UP.1V �M/ T�`iB�H /Bz2`2M@

iB�H 2[m�iBQMb US.1V- r?2`2 K�BMi�BMBM; +`BiB+�H [m�HBi�iBp2 +?�`�+i2`BbiB+b- bm+? �b

TQbBiBpBiv- KQMQiQMB+Biv- �M/ +QMi`�+iBpBiv- �i i?2 /Bb+`2i2 H2p2H Bb pBi�H 7Q` bi�#BHBiv

�M/ T?vbB+�H }/2HBiv (Re)- (Rd)- (R3)- (RN)- (ky)- (kR)- (kk)X h?2b2 K2i?Q/b �`2 MQi QMHv

K�i?2K�iB+�HHv 2H2;�Mi #mi T`�+iB+�HHv M2+2bb�`v BM bBKmH�iBQMb BMpQHpBM; HQM;@iBK2

BMi2;`�iBQM Q` biBz /vM�KB+bX

e



h?2 i?2Q`v ?�b b22M bm#bi�MiB�H /2p2HQTK2Mib `2+2MiHvc r2 `272` iQ (kj) 7Q` � +QK@

T`2?2MbBp2 `2pB2rX h?2b2 K2i?Q/b ?�p2 #22M 2ti2MbBp2Hv bim/B2/ �M/ �TTHB2/ �+`Qbb

p�`BQmb /Bb+BTHBM2b- BM+Hm/BM; +QKTmi�iBQM�H #BQHQ;v- +?2KBbi`v- �M/ b+B2MiB}+ +QK@

TmiBM; (k9)- (k8)- (k)- (ke)- (3)- (kd)- (k3)- (kN)- r?2`2 T`2b2`pBM; bi`m+im`�H T`QT2`iB2b

Bb +`m+B�HX .2bTBi2 i?2b2 �/p�M+2K2Mib- /2i2`KBMBM; i?2 QTiBK�H bi2T@bBx2 i?�i 2M@

bm`2b bi�#BHBiv r?BH2 K�BMi�BMBM; +QKTmi�iBQM�H 2{+B2M+v `2K�BMb � K�DQ` +?�HH2M;2-

KQiBp�iBM; i?2 /2p2HQTK2Mi Q7 MQp2H b+?2K2b �M/ i2+?MB[m2b (jy)- (jR)X

"2`Mbi2BMǶb 7QmM/�iBQM�H rQ`F (jk) H�B/ i?2 i?2Q`2iB+�H ;`QmM/rQ`F #v BMi`Q/m+@

BM; �#bQHmi2Hv KQMQiQMB+ 7mM+iBQMb- r?B+? b2`p2 �b � F2v K�i?2K�iB+�H 7`�K2rQ`F

7Q` bi�#BHBiv �M/ TQbBiBpBiv �M�HvbBbX q?BH2 "QHH2v �M/ *`Qmx2Bt (R9) H2p2`�;2/ "2`M@

bi2BMǶb i?2Q`v iQ /2`Bp2 HBKBib QM mM+QM/BiBQM�H TQbBiBpBiv- E`��BD2p�M;2`Ƕb rQ`F (jj)

BM/2T2M/2MiHv BMi`Q/m+2/ +`Bi2`B� 7Q` TQbBiBpBiv T`2b2`p�iBQM #�b2/ QM TQHvMQKB�H �T@

T`QtBK�iBQMb iQ i?2 2tTQM2MiB�H 7mM+iBQMX

AMBiB�HHv- E`��BD2p�M;2` (jj) 2tTHQ`2/ TQHvMQKB�H �TT`QtBK�iBQMb iQ i?2 2tTQM2M@

iB�H 7mM+iBQM �M/ BMi`Q/m+2/ 7mM/�K2Mi�H `2bmHib 7Q` TQbBiBpBiv@T`2b2`pBM; b+?2K2b

mbBM; �#bQHmi2 KQMQiQMB+Biv �b � +`Bi2`BQMX AM � H�i2` �M/ /BbiBM+i +QMi`B#miBQM- ?2

/2p2HQT2/ � `B;Q`Qmb +QMi`�+iBpBiv 7`�K2rQ`F 7Q` _mM;2ĜEmii� K2i?Q/b (j9)- 2bi�#@

HBb?BM; � /22T +QMM2+iBQM #2ir22M �#bQHmi2 KQMQiQMB+Biv �M/ +QMi`�+iBpBiv BM bQHpBM;

MQMHBM2�` /Bz2`2MiB�H 2[m�iBQMbX *QMi`�+iBpBiv ;2M2`�HBx2b i?2 +QM+2Ti Q7 KQMQiQMB+@

Biv #v 2Mbm`BM; i?�i i?2 MmK2`B+�H bQHmiBQM `2K�BMb #QmM/2/ BM MQ`K `2H�iBp2 iQ i?2

2t�+i bQHmiBQM- 2p2M mM/2` MQMHBM2�` /vM�KB+bX h?Bb i?2Q`v 2ti2M/2/ aTBDF2`Ƕb 2�`HB2`

bm{+B2Mi +QM/BiBQM �M/ mMB}2/ i?2 �M�HvbBb Q7 bi�#BHBiv �M/ KQMQiQMB+Biv BM MmK2`B@

+�H b+?2K2bX h?2 HBMF #2ir22M +QMi`�+iBpBiv �M/ TQbBiBpBiv@T`2b2`pBM; T`QT2`iB2b r�b

d



7m`i?2` +H�`B}2/ #v >Q`p�i? (j8)X

"mBH/BM; QM i?Bb 7QmM/�iBQM- E2i+?2bQM (RN) /2bB;M2/ 2{+B2Mi �H;Q`Bi?Kb i?�i /`�b@

iB+�HHv `2/m+2/ i?2 +QKTmi�iBQM�H +Qbi Q7 /2i2`KBMBM; QTiBK�H KQMQiQMB+Biv@T`2b2`pBM;

+Q2{+B2MibX q?BH2 2�`Hv K2i?Q/b `2[mB`2/ /�vb iQ +QKTmi2 +Q2{+B2Mib 7Q` KQ/2`@

�i2 Q`/2`b- E2i+?2bQMǶb BKT`Qp2K2Mib 2M�#H2/ i?2 T`�+iB+�H ;2M2`�iBQM Q7 ?B;?@Q`/2`

K2i?Q/bX

6m`i?2` �/p�M+BM; i?Bb �`2�- �Bi@>�//Qm (je) T`QTQb2/ �M BMMQp�iBp2 �TT`Q�+?

mbBM; �/�TiBp2 bT2+i`�H i`�Mb7Q`K�iBQMb Q7 SQBbbQMĜ*?�`HB2` K2�bm`2bX � K�DQ` �/@

p�Mi�;2 Q7 ?Bb K2i?Q/ Bb i?�i Bib +QKTH2tBiv /2T2M/b bQH2Hv QM i?2 K2i?Q/Ƕb Q`/2`-

MQi QM i?2 MmK#2` Q7 bi�;2b- 2M�#HBM; bB;MB}+�MiHv BKT`Qp2/ 2{+B2M+vX >Bb 7Q`KmH�@

iBQM- BMbTB`2/ #v "2`Mbi2BMǶb i?2Q`v- BMi`Q/m+2/ � ;2QK2i`B+ bi`�i2;v 7Q` +QMbi`m+iBM;

�#bQHmi2Hv KQMQiQMB+ TQHvMQKB�Hb rBi? BMi2;2` 2tTQM2Mib Q++m``BM; BM +QMb2+miBp2

T�B`bX lMHBF2 T`2pBQmb �TT`Q�+?2b i?�i `2Hv QM MQMHBM2�` QTiBKBx�iBQM- �Bi@>�//QmǶb

K2i?Q/ �+?B2p2b QTiBK�HBiv i?`Qm;? � Tm`2Hv �H;2#`�B+ +QMbi`m+iBQM `QQi2/ BM Q`i?Q;Q@

M�H TQHvMQKB�H [m�/`�im`2 �M/ ;2QK2i`B+ +`Bi2`B� BMbTB`2/ #v "2`Mbi2BMǶb i?2Q`vX h?Bb

vB2H/b ?B;?Hv bi`m+im`2/ �H;Q`Bi?Kb i?�i 2{+B2MiHv ;2M2`�i2 QTiBK�H TQbBiBpBiv@ �M/

+QMi`�+iBpBiv@T`2b2`pBM; +Q2{+B2MibX

h?2 i?2Q`2iB+�H �M/ +QKTmi�iBQM�H #�bBb Q7 i?2b2 /2p2HQTK2Mib /`�rb ?2�pBHv 7`QK

+H�bbB+�H `2bmHib BM Q`i?Q;QM�H TQHvMQKB�Hb �M/ MmK2`B+�H BMi2;`�iBQMX E�`HBM �M/

ax2;ǒ (jd) �M�Hvx2/ TQbBiBpBiv pB� /2i2`KBM�Mi bi`m+im`2b- r?BH2 _�Kb?�r (j3) BMi`Q@

/m+2/ ;2QK2i`B+ +QMbi`m+iBQMb 2bb2MiB�H 7Q` TQHvMQKB�H `2T`2b2Mi�iBQMbX :�HH�Mi (jN)

+QMi`B#mi2/ � T`�+iB+�H BKTH2K2Mi�iBQM Q7 *?`BbiQz2HǶb i?2Q`2K- r?B+? `2K�BMb 7mM@

/�K2Mi�H BM i`�Mb7Q`KBM; Q`i?Q;QM�H bvbi2Kb BM +QKTmi�iBQM�H b2iiBM;bě2bT2+B�HHv BM
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i?2 +QMi2ti Q7 �Bi@>�//QmǶb bT2+i`�H �H;Q`Bi?KbX

6BM�HHv- i?2 T`�+iB+�H miBHBiv Q7 i?2b2 �/p�M+2b Bb #2bi BHHmbi`�i2/ #v i?2B` �TTHB@

+�iBQM iQ 2tTQM2MiB�H BMi2;`�iQ`bX P`B;BM�HHv BMi`Q/m+2/ #v >2`b+? (9y)- 2tTQM2MiB�H

BMi2;`�iQ`b r2`2 /2p2HQT2/ 7m`i?2` #v >Q+?#`m+F �M/ Pbi2`K�MM (Rk)- r?Q 2KT?�bBx2/

i?2B` p�Hm2 BM bQHpBM; biBz S.1bX h?2b2 K2i?Q/b BMi2;`�i2 biBz HBM2�` T�`ib �M�HviB@

+�HHv- BKT`QpBM; bi�#BHBiv �M/ �++m`�+vX *Qt �M/ J�ii?2rb (9R) T`QTQb2/ 2tTQM2MiB�H

iBK2@/Bz2`2M+BM; U1h.V b+?2K2b i?�i 2{+B2MiHv �TTHv i?Bb T`BM+BTH2X >B;?�K (9k)

H�i2` T`QpB/2/ �M 2ti2MbBp2 i`2�iK2Mi Q7 K�i`Bt 7mM+iBQM �H;Q`Bi?Kběbm+? �b S�/û

�TT`QtBK�Mib �M/ a+?m` /2+QKTQbBiBQMběi?�i mM/2`TBM i?2 T`�+iB+�H BKTH2K2Mi�@

iBQM Q7 bm+? b+?2K2bX h?2b2 K2i?Q/b Qz2` � M�im`�H i2bi#2/ 7Q` i?2 TQbBiBpBiv@ �M/

+QMi`�+iBpBiv@T`2b2`pBM; BMi2;`�iQ`b /2p2HQT2/ BM i?Bb rQ`F- 2bT2+B�HHv BM i?2 +QMi2ti

Q7 biBz T`Q#H2Kb r?2`2 bi`m+im`2@T`2b2`p�iBQM Bb +`BiB+�H iQ HQM;@iBK2 �++m`�+vX

RXk �BKb �M/ P#D2+iBp2b

h?2 ;Q�H Q7 i?Bb i?2bBb Bb i?`227QH/X 6B`bi- iQ /2p2HQT 2tTQM2MiB�H iBK2@/Bz2`2M+BM;

K2i?Q/b Q7 T`2b+`B#2/ Q`/2` 7Q` MQM@?QKQ;2M2Qmb T`Q#H2Kb i?�i T`2b2`p2 i?2 TQbBiBp@

Biv T`QT2`iv Q7 i?2 mM/2`HvBM; 2[m�iBQMbX h?Bb rBHH #2 �+?B2p2/ #v ;2M2`�HBxBM; i?2

+QM+2Ti Q7 QTiBK�H i?`2b?QH/ 7�+iQ`b �bbQ+B�i2/ rBi? �#bQHmi2Hv KQMQiQMB+ 7mM+iBQMbX

a2+QM/- iQ /2bB;M 2{+B2Mi �H;2#`�B+ �H;Q`Bi?Kb 7Q` +QMbi`m+iBM; i?2 QTiBK�H i?`2b?QH/

TQHvMQKB�Hb i?�i +?�`�+i2`Bx2 i?2b2 K2i?Q/b- �pQB/BM; i?2 `2HB�M+2 QM +QKTH2t MQM@

HBM2�` QTiBKBx�iBQMX h?B`/- iQ �TTHv i?2 `2bmHiBM; K2i?Q/b iQ b2KB@/Bb+`2iBx2/ T�`iB�H

/Bz2`2MiB�H 2[m�iBQMb- /2KQMbi`�iBM; i?2B` T`�+iB+�H T2`7Q`K�M+2 �M/ 2z2+iBp2M2bb BM

N



T`2b2`pBM; [m�HBi�iBp2 T`QT2`iB2b BM biBz �M/ bi`m+im`2@b2MbBiBp2 T`Q#H2KbX

Ry



*>�Sh1_ k

:1L1_�GAw1. PShAJ�G h>_1a>PG.

6�*hP_a- h>1P_u �L. *PJSlh�hAPL

h?2 +QM+2Ti Q7 QTiBK�H i?`2b?QH/ 7�+iQ`b r�b BMi`Q/m+2/ BM (jj) 7Q` i?2 HBM2�` bT�+2

Q7 TQHvMQKB�Hb i?�i +QBM+B/2 rBi? i?2 h�vHQ` 2tT�MbBQM Q7 i?2 2tTQM2MiB�H 7mM+iBQM

mT iQ � T`2b+`B#2/ Q`/2`- i?�i Bb- i?2 bT�+2 Q7 TQHvMQKB�Hb 7Q` r?B+? i?2 bm++2bbBp2

/2`Bp�iBp2b �i i?2 Q`B;BM �`2 2[m�H iQ 1X AM i?Bb +?�Ti2`- r2 2ti2M/ i?Bb +QM+2Ti #v

+QMbB/2`BM; i?2 bT�+2 Q7 TQHvMQKB�Hb r?Qb2 h�vHQ` 2tT�MbBQM K�i+?2b i?�i Q7 � ;Bp2M

7mM+iBQM UMQi M2+2bb�`BHv i?2 2tTQM2MiB�HV mT iQ � T`2b+`B#2/ Q`/2`X hQ K�BMi�BM

+QMbBbi2M+v BM i2`KBMQHQ;v- r2 +QMiBMm2 iQ `272` iQ i?2b2 �b QTiBK�H i?`2b?QH/ 7�+iQ`bX

h?Bb +?�Ti2` Bb Q`;�MBx2/ �b 7QHHQrbX a2+iBQM R `2pB2rb i?2 +QM+2Tib Q7 �#bQHmi2Hv

KQMQiQMB+ 7mM+iBQMb �M/ i?`2b?QH/ 7�+iQ`bX AM a2+iBQM k- r2 BMi`Q/m+2 i?2 MQiBQM Q7

QTiBK�H i?`2b?QH/ 7�+iQ`b �M/ 2bi�#HBb? �M BMBiB�H #QmM/ 7Q` i?2KX a2+iBQM j Bb /2pQi2/

iQ T`QpBM; i?2 2tBbi2M+2 �M/ mMB[m2M2bb Q7 i?2 QTiBK�H i?`2b?QH/ TQHvMQKB�HX AM

a2+iBQM 9- r2 T`2b2Mi 2tTHB+Bi 2tT`2bbBQMb 7Q` HQr@Q`/2` QTiBK�H i?`2b?QH/ TQHvMQKB�Hb

�HQM; rBi? i?2B` �bbQ+B�i2/ 7�+iQ`bX 6BM�HHv- a2+iBQM 8 QmiHBM2b �M �H;Q`Bi?K 7Q` i?2B`

+QKTmi�iBQM #�b2/ QM i?2 +QM+2Ti Q7 #HQbbQKBM;X

RR



kXR �#bQHmi2 JQMQiQMB+Biv �M/ h?`2b?QH/ 6�+iQ`b

h?Bb b2+iBQM `2pB2rb i?2 MQiBQM Q7 �#bQHmi2Hv KQMQiQMB+ 7mM+iBQM �M/ i?`2b?QH/ 7�+iQ`bX

.2}MBiBQM kXRX G2i f : [a, b] ! [0,1) #2 � 7mM+iBQM BM C([a, b]) \ C1((a, b))X h?2

7mM+iBQM f Bb b�B/ iQ #2 �#bQHmi2Hv KQMQiQMB+ QM [a, b] B7

f (k)(x) � 0 7Q` �HH k � 0 �M/ x 2 [a, b].

G2i ⇤p+1 = (�0,�1, . . . ,�p) #2 � b2[m2M+2 Q7 TQbBiBp2 `2�H MmK#2`bX .2MQi2 #v

⇧m(⇤p+1)- rBi? m � p- i?2 b2i Q7 TQHvMQKB�Hb � Q7 /2;`22 m Q7 i?2 7Q`K

�(x) = �0 +
�1
1!
x+ . . .+

�p
p!
xp + ap+1x

p+1 + . . .+ amx
m,

r?2`2 ap+1, ap+2, . . . , am �`2 �`#Bi`�`v `2�H MmK#2`bX h?Bb bT�+2 +�M 2[mBp�H2MiHv #2

/2b+`B#2/ �b i?2 b2i Q7 TQHvMQKB�Hb � Q7 /2;`22 m � p bm+? i?�i

�(k)(0) = �k 7Q` k = 0, 1, . . . , p.

.2}MBiBQM kXkX h?2 i?`2b?QH/ 7�+iQ` R(�) Q7 � TQHvMQKB�H � BM ⇧m(⇤p+1) Bb /2}M2/

�b

R(�) = bmT{r � 0 | � Bb �#bQHmi2Hv KQMQiQMB+ QM [�r, 0]}.

_2K�`F kXRX q2 Q7i2M mb2 i?2 7QHHQrBM; 7�+i- B7 � /2;`22 m TQHvMQKB�H � b�iBb}2b

�(k)(�r) � 0 7Q` �HH k � 0, UkXRV

Rk



i?2M � Bb �#bQHmi2Hv KQMQiQMB+ QM i?2 BMi2`p�H [�r, 0]X h?Bb 7QHHQrb 7`QK i?2 h�vHQ`

2tT�MbBQM Q7 � �#Qmi x = �r

�(x) =
mX

k=0

�(k)(�r)

k!
(x+ r)k.

>2M+2- B7 UkXRV ?QH/b- i?2M �(k)(x) � 0 7Q` �HH x 2 [�r, 0] �M/ �HH k � 0X

q2 bi�`i #v 2bi�#HBb?BM; i?2 7QHHQrBM; +?�`�+i2`Bx�iBQMX

G2KK� kXRX � TQHvMQKB�H � Q7 /2;`22 m � p r`Bii2M �b

�(x) =
mX

k=0

�k
⇣
1 +

x

r

⌘k

, rBi? r > 0, UkXkV

#2HQM;b iQ ⇧m(⇤p+1) �M/ �#bQHmi2Hv KQMQiQMB+ Qp2` [�r, 0] B7 �M/ QMHv B7 i?2 +Q2{+B2Mib

�k, k = 0, 1, . . . ,m, �`2 MQM@M2;�iBp2 �M/

mX

k=0

(k)j�k = rj�j 7Q` j = 0, 1, . . . , p, UkXjV

r?2`2

(a)0 := 1 �M/ (a)j := a(a� 1) . . . (a� j + 1) UkX9V

Bb i?2 7�HHBM; 7�+iQ`B�HX

S`QQ7X G2i � #2 � TQHvMQKB�H Q7 i?2 7Q`K UkXkVX q2 ?�p2

�(k)(�r) =
�k
rk

7Q` k = 0, 1, . . . ,m,

Rj



�M/

�(j)(0) =

Pm
k=0(k)j�k

rj
7Q` j = 0, 1, . . . , p.

h?mb- #v `2K�`F kXR- i?2 TQHvMQKB�H � Bb �#bQHmi2Hv KQMQiQMB+ Qp2` [�r, 0] �M/ #2HQM;b

iQ ⇧m(⇤p) B7 �M/ QMHv B7 i?2 +Q2{+B2Mib �k- k = 0, 1, . . . ,m- �`2 MQM@M2;�iBp2 �M/ UkXjV

?QH/bX

kXk PTiBK�H h?`2b?QH/ 6�+iQ`b

h?Bb b2+iBQM BMi`Q/m+2b i?2 +QM+2Ti Q7 QTiBK�H i?`2b?QH/ 7�+iQ`b 7Q` }MBi2 b2[m2M+2b

Q7 TQbBiBp2 `2�H MmK#2`b �M/ 2bi�#HBb?2b mTT2` �M/ HQr2` #QmM/b 7Q` i?2b2 7�+iQ`bX

.2}MBiBQM kXjX h?2 QTiBK�H i?`2b?QH/ 7�+iQ` Rm(⇤p+1) Bb /2}M2/ #v

Rm(⇤p+1) = bmT{R(�) | � 2 ⇧m(⇤p+1)}. UkX8V

_2K�`F kXkX .2MQi2 #v B i?2 (p+ 1)⇥ (m+ 1) K�i`Bt

B = (bij) = (j)i, 0  i  p, 0  j  m.

1[m�iBQM UkXjV +�M #2 2tT`2bb2/ �b

B� = (�0,�1r, . . . ,�pr
p)T ,

r?2`2 � = (�1, �2, . . . , �m)T � 0 U?2`2 �M/ 2p2`vr?2`2 2Hb2 BM2[m�HBiB2b b?QmH/ #2

BMi2`T`2i2/ +QKTQM2MirBb2VX Ai Bb b?QrM BM (jj) i?�i �Mv p +QHmKMb Q7 i?2 K�i`Bt B

R9



�`2 HBM2�`Hv BM/2T2M/2MiX

q2 MQr 2bi�#HBb? � T`2HBKBM�`v #QmM/ QM i?2 QTiBK�H i?`2b?QH/ 7�+iQ`X h?2 T`QQ7

Q7 i?2 7QHHQrBM; T`QTQbBiBQM Bb BMbTB`2/ #v h?2Q`2K R BM (jj)X

S`QTQbBiBQM kXRX G2i ⇤p+1 = (�0,�1, . . . ,�p) #2 � b2[m2M+2 Q7 TQbBiBp2 `2�H MmK#2`bX

h?2M- 7Q` �Mv BMi2;2`b m � p � 1- i?2 QTiBK�H i?`2b?QH/ 7�+iQ` b�iBb}2b

0 < Rm(⇤p+1)  (m� p+ 1) ·
�p�1

�p
.

S`QQ7X G2i Hp #2 i?2 TQHvMQKB�H /2}M2/ #v

Hp(x) =
pX

k=0

�k
k!

xk.

h?Bb TQHvMQKB�H #2HQM;b iQ ⇧m(⇤p+1) �M/ b�iBb}2b

H(j)(0) = �j > 0, 7Q` j = 0, 1, . . . , p.

"v +QMiBMmBiv- Bi 7QHHQrb i?�i R(Hp) > 0- �M/ ?2M+2 Rm(⇤p+1) > 0X

hQ T`Qp2 i?2 mTT2` #QmM/- H2i � 2 ⇧m(⇤p+1) #2 �#bQHmi2Hv KQMQiQMB+ QM [�r, 0]

7Q` bQK2 r > 0X �++Q`/BM; iQ G2KK� kXR- � +�M #2 r`Bii2M �b

�(x) =
mX

k=0

�k
⇣
1 +

x

r

⌘k

,

rBi? �k � 0 7Q` �HH k = 0, 1, . . . ,mX

R8



JQ`2Qp2`- r2 ?�p2 i?2 `2H�iBQMb

�(p�1)(0) =
mX

k=0

(k)p�1�k = rp�1�p�1, UkXeV

�(p)(0) =
mX

k=0

(k)p�k = rp�p. UkXdV

am#i`�+iBM; (m� p+ 1) iBK2b 1[m�iBQM UkXeV 7`QK 1[m�iBQM UkXdV- r2 Q#i�BM

0 �

mX

k=0

(k)p�1(k �m)�k = rp�1 (�pr � (m� p+ 1)�p�1) .

h?2`27Q`2-

r  (m� p+ 1) ·
�p�1

�p
,

r?B+? 2bi�#HBb?2b i?2 /2bB`2/ mTT2` #QmM/X

kXj 1tBbi2M+2 �M/ lMB[m2M2bb Q7 PTiBK�H h?`2b?@

QH/ SQHvMQKB�Hb

AM i?Bb b2+iBQM- r2 T`QpB/2 � T`QQ7 Q7 #Qi? i?2 2tBbi2M+2 �M/ mMB[m2M2bb Q7 i?2 QTiBK�H

i?`2b?QH/ TQHvMQKB�H +Q``2bTQM/BM; iQ �M �`#Bi`�`v b2[m2M+2 Q7 TQbBiBp2 `2�H MmK#2`bX

6`QK MQr QM- r2 /2MQi2 #v ⇧p i?2 HBM2�` bT�+2 Q7 `2�H TQHvMQKB�Hb Q7 /2;`22 �i

KQbi pX h?2 aiB`HBM; MmK#2`b- s(n, k)- Q7 i?2 }`bi FBM/- �M/ i?2 aiB`HBM; MmK#2`b-

Re



S(n, k)- Q7 i?2 b2+QM/ FBM/ �`2 /2}M2/ �b i?2 +Q2{+B2Mib BM i?2 2tT�MbBQMb

(x)n =
nX

k=0

s(n, k)xk; xn =
nX

k=0

S(n, k)(x)k, n � 0; 7Q` �Mv x 2 R. UkX3V

6Q` � ;Bp2M b2[m2M+2 ⇤p+1 = (�0,�1, . . . ,�p) Q7 TQbBiBp2 `2�H MmK#2`b- r2 /2}M2 i?2

TQHvMQKB�Hb

Bn(⇤p+1, x) =
nX

k=0

S(n, k)�kx
k.

G2KK� kXkX 6Q` �Mv 1  n  p- r2 ?�p2

nX

k=0

s(n, k)Bk(⇤p+1, x) = �nx
n.

S`QQ7X 6`QK UkX3V- Bi Bb +H2�` i?�i 7Q` j = 0, 1, . . . , n-

nX

k=0

s(n, k)S(k, j) = �nj.

h?mb- r2 Q#i�BM

nX

k=0

s(n, k)Bk(⇤p+1, x) =
nX

k=0

kX

j=0

s(n, k)S(k, j)�jx
j

=
nX

j=0

�jx
j

nX

k=0

s(n, k)S(k, j) = �nx
n.

h?Bb +QM+Hm/2b i?2 T`QQ7X

Rd



6Q` 2p2`v TQbBiBp2 `2�H MmK#2` R- r2 /2}M2 i?2 HBM2�` 7mM+iBQM�H

LR : ⇧p �! R

#v b2iiBM;

LR [(t)j] = �jR
j 7Q` j = 0, 1, . . . , p. UkXNV

lbBM; i?2 7�+i i?�i

t` =
X̀

j=0

S(`, j)(t)j,

r2 Q#i�BM i?2 KQK2Mib Q7 i?2 HBM2�` 7Q`K LR �b

LR(t
`) = B`(⇤p+1, R) =

X̀

j=0

S(`, j)�jR
j, ` = 0, 1, . . . , p.

.2}M2 i?2 /2;`22 p TQHvMQKB�H Hp(.;R) BM x #v

Hp(x;R) = LR [(x� t)p] . UkXRyV

G2KK� kXjX h?2 TQHvMQKB�H Hp(.;R) Bb ;Bp2M #v

Hp(x;R) =
pX

k=0

(�1)p�k

✓
p

k

◆
Bp�k(⇤p+1, R)xk, UkXRRV

r?2`2

B`(⇤p+1, R) =
X̀

j=0

S(`, j)�jR
j. UkXRkV

R3



S`QQ7X lbBM; i?2 7�+i i?�i LR

⇥
t`
⇤
= B`(R)- r2 Q#i�BM

LR [(x� t)p] =
pX

k=0

(�1)p�k

✓
p

k

◆
xk
LR(t

p�k) =
pX

k=0

(�1)p�k

✓
p

k

◆
Bp�k(R)xk.

h?Bb +QM+Hm/2b i?2 T`QQ7X

h?2Q`2K kXRX :Bp2M � b2[m2M+2 ⇤p+1 = (�0,�1, . . . ,�p) Q7 TQbBiBp2 `2�H MmK#2`b �M/

7Q` �Mv m � p- i?2 QTiBK�H i?`2b?QH/ 7�+iQ` Rm(⇤p+1) Bb i?2 bmT`2KmK Q7 TQbBiBp2 `2�H

MmK#2`b R 7Q` r?B+? i?2 TQHvMQKB�H Hp(.;R) �/KBib � `2T`2b2Mi�iBQM Q7 i?2 7Q`K

Hp(x;R) =
sX

i=1

↵i(x�mi)
p, s � 1, UkXRjV

rBi? BMi2;2`b 0  m1 < m2 < . . . < ms  m �M/ MQM@M2;�iBp2 `2�H MmK#2`b

↵1,↵2, . . . ,↵sX

S`QQ7X G2i R > 0 #2 bm+? i?�i i?2 TQHvMQKB�H Hp(.;R) �/KBib � `2T`2b2Mi�iBQM Q7 i?2

7Q`K

Hp(x;R) =
sX

i=1

↵i(x�mi)
p, s � 1, UkXR9V

rBi? BMi2;2`b 0  m1 < m2 < . . . < ms  m �M/ MQM@M2;�iBp2 `2�H MmK#2`b

↵1,↵2, . . . ,↵sX 6`QK i?2 TQHvMQKB�H 2tT`2bbBQM Q7 Hp(x;R)- Bi 7QHHQrb i?�i

sX

k=1

↵km
`
k = B`(⇤p+1, R), ` = 0, 1, . . . , p.

RN



.2MQi2 #v � i?2 TQHvMQKB�H

�(x) =
sX

k=1

↵k

⇣
1 +

x

R

⌘mk

.

Ai Bb +H2�` i?�i �(j)(�R) � 0 7Q` �Mv j � 0- �M/ 7`QK G2KK� kXk-

�(`)(0) =
1

R`

sX

k=1

↵k(mk)` =
1

R`

X̀

j=0

s(`, j)
sX

k=1

↵km
j
k =

1

R`

X̀

j=0

s(`, j)Bj(⇤p+1, R) = �`.

h?mb- � #2HQM;b iQ ⇧m(⇤p+1) �M/ Bb �#bQHmi2Hv KQMQiQMB+ Qp2` [�R, 0] �M/ i?2`27Q`2-

R  Rm(⇤p+1)X JQ`2Qp2`- B7 � TQHvMQKB�H

sX

k=1

↵k

✓
1 +

x

Rm(⇤p+1)

◆mk

rBi? BMi2;2`b 0  m1 < m2 < . . . < ms  m- #2HQM;b iQ ⇧m(⇤p+1) �M/ Bb �#bQ@

Hmi2Hv KQMQiQMB+ Qp2` [�Rm(⇤p), 0]- i?2M i?2 TQHvMQKB�H
Ps

i=1 ↵i(x � mi)p b�iBb}2b

i?2 +QM/BiBQM Q7 i?2 i?2Q`2K �M/ +QBM+B/2b rBi? Hp(x;Rm(⇤p+1))X

_2K�`F kXjX h?2 T`2pBQmb i?2Q`2K +�M #2 `2@bi�i2/ �b b�vBM; i?�i i?2 QTiBK�H i?`2b?@

QH/ 7�+iQ` Rm(⇤p+1) Bb i?2 bmT`2KmK Q7 TQbBiBp2 `2�H MmK#2` R bm+? i?�i i?2 HBM2�`

7Q`K LR �/KBib � TQbBiBp2 [m�/`�im`2 rBi? BMi2;2` MQ/2b MQi 2t+22/BM; m- �M/ 2t�+i

7Q` �HH TQHvMQKB�Hb Q7 /2;`22 �i KQbi pX

q2 MQr bi�i2 �M/ T`Qp2 �M 2tBbi2M+2 `2bmHiX

ky



h?2Q`2K kXkX h?2`2 2tBbib � TQHvMQKB�H �m(⇤p+1) BM ⇧m(⇤p+1) bm+? i?�i

R(�m(⇤p+1)) = Rm(⇤p+1).

S`QQ7X .2MQi2 #v C i?2 +HQb2/ +QM2 ;2M2`�i2/ #v i?2 +QHmKMb Q7 i?2 K�i`Bt B Q7

_2K�`F kXkX h?mb- i?2 QTiBK�H i?`2b?QH/ 7�+iQ` Rm(⇤p+1) Bb ;Bp2M #v

Rm(⇤p+1) = sup{r|r = 0 Q` r > 0, (�0,�1r, . . . ,�pr
p) 2 C}. UkXR8V

aBM+2- #v S`QTQbBiBQM kXR- 0 < Rm(⇤p+1) < 1- i?2 bmT`2KmK BM UkXR8V Bb i�F2M Qp2`

� +QKT�+i bm#b2i Q7 CX

hQ T`Qp2 i?2 mMB[m2M2bb Q7 i?2 QTiBK�H i?`2b?QH/ TQHvMQKB�H- r2 b?�HH }`bi b?Qr

i?�i i?2 MmK#2` Q7 bmKK�M/b BM i?2 `2T`2b2Mi�iBQM UkXRjV Bb �i KQbi pX

h?2Q`2K kXjX 6Q` �Mv TQbBiBp2 BMi2;2`b m �M/ p bm+? i?�i m � p- i?2`2 2tBbi BMi2;2`b

0  m1 < m2 < . . . < mp  m �M/ MQM@M2;�iBp2 `2�H MmK#2`b ↵1,↵2, . . . ,↵p, bm+?

i?�i

Hp(x;Rm(⇤p+1)) =
pX

i=1

↵i(x�mi)
p. UkXReV

S`QQ7X G2i mb �bbmK2 i?�i Hp(x;Rm(⇤p+1)) =
Ps

i=1 ↵i(x � mi)p rBi? s > p �M/

↵i > 0, i = 1, 2, . . . , sX q`Bi2

pX

i=1

↵i(x�mi)
p = Hp(x;Rm(⇤p+1))�

sX

i=p+1

↵i(x�mi)
p. UkXRdV

kR



1[m�iBQM UkXRdV +�M #2 pB2r2/ �b � HBM2�` bvbi2K BM (↵1,↵2, . . . ,↵p)- BX2-

pX

i=1

↵im
j
i = Bj(⇤p+1, Rm(⇤p+1))�

sX

i=p+1

↵im
j
i , j = 0, 1, . . . , p,

i?�i ?�b � TQbBiBp2 bQHmiBQM- ↵i > 0- i = 1, 2, . . . , pX h?2`27Q`2- i?2`2 2tBbib �M ✏ > 0

bm+? i?�i i?2 HBM2�` bvbi2K BM (�1, �2, . . . , �p)

pX

i=1

�i(x�mi)
p = Hp(x;Rm(⇤p+1) + ✏)�

sX

i=p+1

↵i(x�mi)
p

�HbQ ?�b � TQbBiBp2 bQHmiBQMX h?mb- r2 Q#i�BM

Hp(x;Rm(⇤p+1) + ✏) =
pX

i=1

�i(x�mi)
p +

sX

i=p+1

↵i(x�mi)
p.

h?Bb +QMi`�/B+ib i?2 /2}MBiBQM Q7 Rm(⇤p+1) �b ;Bp2M BM h?2Q`2K kXRX

q2 �`2 MQr BM � TQbBiBQM iQ T`Qp2 i?2 mMB[m2M2bb Q7 i?2 QTiBK�H i?`2b?QH/ TQHv@

MQKB�HX

*Q`QHH�`v kXRX h?2`2 2tBbib � mMB[m2 TQHvMQKB�H �m(⇤p+1) BM ⇧m(⇤p+1) bm+? i?�i

R(�m(⇤p+1)) := Rm(⇤p+1).

S`QQ7X 6Q` x 2 Rm- r2 b?�HH /2MQi2 #v ||x||0 := Card(supp(x))X G2i mb �bbmK2 i?�i

i?2`2 2tBbi irQ /Bz2`2Mi TQHvMQKB�Hb �1 �M/ �2 bm+? i?�i R(�1) = R(�2) = Rm(⇤p+1)X

kk



h?mb- i?2`2 2tBbib MQM@M2;�iBp2 p2+iQ`b ↵- � BM Rm bm+? i?�i

B↵ = B� = (�0,�1Rm(⇤p+1), . . . ,�pR
p
m(⇤p+1))

�M/ bm+? i?�i ||↵||0  p �M/ ||�||0  pX �b B((↵ + �)/2) = Rm(⇤p+1)- r2 ?�p2

||↵ � �||0  p �M/ B(↵ � �) = 0X aBM+2 2p2`v p + 1 +QHmKMb Q7 B �`2 HBM2�`Hv

BM/2T2M/2Mi- r2 +QM+Hm/2 i?�i ↵ = �X h?Bb +QMi`�/B+iBQM T`Qp2b i?2 mMB[m2M2bb Q7

i?2 QTiBK�H i?`2b?QH/ TQHvMQKB�HX

kX9 PTiBK�H h?`2b?QH/ SQHvMQKB�Hb Q7 GQr P`/2`b

"mBH/BM; mTQM i?2 mTT2` #QmM/ T`QpB/2/ #v S`QTQbBiBQM kXR- i?Bb b2+iBQM T`2b2Mib i?2

QTiBK�H i?`2b?QH/ 7�+iQ`b �M/ i?2B` �bbQ+B�i2/ TQHvMQKB�Hb 7Q` b2[m2M+2b Q7 H2M;i? irQ

�M/ i?`22X

S`QTQbBiBQM kXkX 6Q` �Mv b2[m2M+2 ⇤2 = (�0,�1) Q7 TQbBiBp2 `2�H MmK#2`b �M/ �Mv

BMi2;2` m � 1- r2 ?�p2

Rm(⇤2) = m
�0
�1

�M/ �m(⇤2)(x) = �0

✓
1 +

�1x

m�0

◆m

.

S`QQ7X h?2 TQHvMQKB�H �m(⇤2) #2HQM;b iQ ⇧m(⇤2) �M/ Bb +H2�`Hv �#bQHmi2Hv KQMQiQMB+

Qp2` i?2 BMi2`p�H [�m�0/�1, 0]X h?mb- Rm(⇤2) � m�0/�1X JQ`2Qp2`- S`QTQbBiBQM kXR

bi�i2b i?�i Rm(⇤2)  m�0/�1X >2M+2- i?2 `2bmHiX

kj



S`QTQbBiBQM kXjX 6Q` �Mv b2[m2M+2 ⇤3 = (�0,�1,�2) Q7 TQbBiBp2 `2�H MmK#2`b �M/

�Mv BMi2;2` m � 2 bm+? i?�i

�0 �
�21(m� 1)

�2m
, UkXR3V

r2 ?�p2

Rm(⇤3) = (m� 1)
�1
�2

,

�M/

�m(⇤3)(x) =

✓
�0 �

�21(m� 1)

m�2

◆
+
�21(m� 1)

m�2

✓
1 +

�2x

(m� 1)�1

◆m

.

S`QQ7X h?2 TQHvMQKB�H �m(⇤3) #2HQM;b iQ ⇧m(⇤3) �M/ Bb �#bQHmi2Hv KQMQiQMB+ Qp2`

i?2 BMi2`p�H [�(m � 1)�1/�2, 0] r?2M +QM/BiBQM kXR3 ?QH/bX h?mb- Rm(⇤3) � (m �

1)�1/�2X JQ`2Qp2`- S`QTQbBiBQM kXR bi�i2b i?�i Rm(⇤3)  (m � 1)�1/�2X h?Bb +QM@

+Hm/2b i?2 T`QQ7X

_2K�`F kX9X q?2M +QM/BiBQM UkXR3V /Q2b MQi ?QH/- i?2 QTiBK�H i?`2b?QH/ 7�+iQ` Bb

/Bz2`2Mi 7`QK i?2 QM2 bi�i2/ BM i?2 T`2pBQmb T`QTQbBiBQMX 6Q` BMbi�M+2- mbBM; i?2

�H;Q`Bi?K BM i?2 M2ti b2+iBQM- r2 }M/ i?�i 7Q` i?2 b2[m2M+2 ⇤3 = (1, 2, 3) �M/ m = 4-

r2 ?�p2

R4(⇤3) = 2 �M/ �4(⇤2)(x) =
⇣
1 +

x

2

⌘4

.

k9



kX8 SQH�` 6Q`Kb �M/ �M �H;Q`Bi?K 7Q` *QKTmiBM;

PTiBK�H h?`2b?QH/ 6�+iQ`b

SQH�` 7Q`Kb (j3) �`2 p�Hm�#H2 iQQHb BM K�Mv K�i?2K�iB+�H /Bb+BTHBM2b (9j)- (99)X h?Bb

b2+iBQM T`QpB/2b � +QM+Bb2 `2pB2r Q7 i?2B` /2}MBiBQM �M/ bm#b2[m2MiHv /2KQMbi`�i2b

i?2B` �TTHB+�iBQM BM /2p2HQTBM; �M �H;Q`Bi?K 7Q` +QKTmiBM; QTiBK�H i?`2b?QH/ 7�+@

iQ`bX h?2 T`2b2Mi2/ �H;Q`Bi?K +�M #2 pB2r2/ �b � ;2M2`�HBx�iBQM Q7 E`�BD2Mp�M;2`Ƕb

�H;Q`Bi?K BM (jj)X

.2}MBiBQM kX9X :Bp2M � `2�H TQHvMQKB�H P Q7 /2;`22 �i KQbi n- i?2`2 2tBbib � mMB[m2

bvKK2i`B+ KmHiB@�{M2 7mM+iBQM p(u1, u2, . . . , un) bm+? i?�i p(x[n]) = P (x) 7Q` �Mv

x 2 RX h?2 7mM+iBQM p Bb +�HH2/ i?2 #HQbbQK Q` i?2 TQH�` 7Q`K Q7 i?2 TQHvMQKB�H P X

h?2 TQH�` 7Q`K Q7 � TQHvMQKB�H P 2tT`2bb2/ BM i?2 KQMQKB�H #�bBb �b P (x) =

Pn
k=0 akx

k Bb ;Bp2M #v

p(u1, u2, . . . , un) =
nX

k=0

ak�k(u1, u2, . . . , un),

r?2`2 �k /2MQi2b i?2 MQ`K�HBx2/ k@i? 2H2K2Mi�`v bvKK2i`B+ TQHvMQKB�H

�k(u1, u2, . . . , un) =

✓
n

k

◆�1 X

1j1<...<jkn

uj1uj2 . . . ujk .

q?2M i?2 TQHvMQKB�H P Bb Q7 i?2 7Q`K

P (x) =
sX

k=1

↵k(x� ak)
n,

k8



i?2M Bib TQH�` 7Q`K Bb ;Bp2M #v

p(u1, u2, . . . , un) =
sX

k=1

↵k

nY

i=1

(ui � ak). UkXRNV

q2 �`2 MQr BM � TQbBiBQM iQ /2b+`B#2 i?2 �H;Q`Bi?K 7Q` +QKTmiBM; i?2 QTiBK�H

i?`2b?QH/ 7�+iQ` Rm(⇤p+1) �M/ i?2 �bbQ+B�i2/ TQHvMQKB�H �m(⇤p+1)- 7Q` �Mv b2[m2M+2

Q7 TQbBiBp2 `2�H MmK#2`b ⇤p+1 = (�0,�1, . . . ,�p) �M/ �Mv BMi2;2` m � pX h?2 K�BM

B/2� Q7 i?2 �H;Q`Bi?K Bb i?�i i?2 MmK#2` Q7 bmKK�M/b BM i?2 `2T`2b2Mi�iBQM UkXReV Bb

�i KQbi pX

A7 r2 r`Bi2 i?2 TQHvMQKB�H Hp(.;R) BM i?2 7Q`K

Hp(x;R) =
pX

i=1

↵i(x�mi)
p, UkXkyV

�M/ /2MQi2 #v hp(u1, u2, . . . , up;R) i?2 p�Hm2 �i (u1, u2, . . . , un) Q7 i?2 TQH�` 7Q`K Q7

Hp(.;R) U�b BM UkXRNVV- r2 Q#i�BM

hn(m1,m2, . . . ,mn;R) = 0. UkXkRV

h?Bb b?Qrb i?�i 7Q` �Mv +?QB+2 Q7 MQM@M2;�iBp2 BMi2;2`b m1,m2, . . . ,mp H2bb i?�M

m- 1[m�iBQM UkXkRV T`QpB/2b � TQHvMQKB�H BM R Q7 /2;`22 p r?Qb2 TQbBiBp2 `2�H `QQib

�`2 +�M/B/�i2b 7Q` i?2 QTiBK�H i?`2b?QH/ 7�+iQ` Rm(⇤p+1)X 6Q` 2�+? bm+? R- r2 Kmbi

p2`B7v i?2 MQM@M2;�iBpBiv Q7 i?2 +Q2{+B2Mib ↵1,↵2, . . . ,↵p BM i?2 `2T`2b2Mi�iBQM UkXkyVX

� bBKTH2 2tT`2bbBQM 7Q` i?2b2 +Q2{+B2Mib +�M #2 Q#i�BM2/ #v 2p�Hm�iBM; i?2 TQH�`

ke



7Q`K Q7 #Qi? bB/2b Q7 UkXkyV �i (m1,m2, . . . ,mk�1,m+ 1,mk+1, . . . ,mn)- vB2H/BM;

↵k =
hn(m1,m2, . . . ,mk�1,m+ 1,mk+1, . . . ,mn;R)

(m+ 1�mk)
Qn

i=1,i 6=k(mi �mk)
, k = 1, 2, . . . , n. UkXkkV

"�b2/ QM UkXkRV �M/ UkXkkV- �M �H;Q`Bi?K 7Q` +QKTmiBM; Rm(⇤p+1) �M/ i?2 �bbQ+B@

�i2/ QTiBK�H i?`2b?QH/ TQHvMQKB�H T`Q+22/b �b 7QHHQrbX

• ai2T R :2M2`�i2 �HH bi`B+iHv BM+`2�bBM; BMi2;2` b2[m2M+2b M Q7 H2M;i? p- rBi? 0 

m1 < m2 < . . . < mp  mX 6Q` 2�+? b2[m2M+2 M - }M/ �HH TQbBiBp2 bQHmiBQMb R iQ i?2

TQHvMQKB�H 2[m�iBQM UkXkRVX

• ai2T k 6Q` 2�+? `2�H MmK#2` R Q#i�BM2/ BM ai2T R- p2`B7v i?2 MQM@M2;�iBpBiv Q7 i?2

+Q2{+B2Mib ↵k mbBM; UkXkkVX _2i�BM QMHv i?Qb2 T�B`b (R,M) 7Q` r?B+? �HH +Q2{+B2Mib

↵k �`2 MQM@M2;�iBp2X

• ai2T j Rm(⇤p+1) Bb i?2 H�`;2bi p�Hm2 Q7 R `2K�BMBM; �7i2` ai2T kX h?2 +Q``2bTQM/BM;

QTiBK�H i?`2b?QH/ TQHvMQKB�H Bb ;Bp2M #v

�m(⇤p+1)(x) =
pX

k=1

↵k

✓
1 +

x

Rm(⇤p+1)

◆mk

,

r?2`2 (m1,m2, . . . ,mp) Bb i?2 BMi2;2` b2[m2M+2 �bbQ+B�i2/ rBi? Rm(⇤p+1)- �M/ ↵k �`2

i?2 +Q2{+B2Mib +QKTmi2/ BM ai2T kX

h?2 +QKTmi�iBQM�H +Qbi Q7 i?2 �#Qp2 �H;Q`Bi?K BM+`2�b2b 2tTQM2MiB�HHv �b i?2 p�H@

m2b Q7 m �M/ p ;`QrX h?2`27Q`2- Bib T`�+iB+�H mb2 Bb HBKBi2/ iQ +�b2b r?2`2 m �M/ p �`2

`2H�iBp2Hv bK�HHX AM � 7Q`i?+QKBM; +QMi`B#miBQM- r2 rBHH 2tTHQ`2 KQ`2 2{+B2Mi �H;Q@

kd



`Bi?Kb 7Q` +QKTmiBM; i?2b2 i?`2b?QH/ 7�+iQ`b mbBM; i?2 i?2Q`v Q7 *?`BbiQz2H i`�Mb7Q`Kb

Q7 Q`i?Q;QM�H TQHvMQKB�HbX

1t�KTH2 kXRX h?2 i�#H2 #2HQr T`QpB/2b i?2 p�Hm2b Q7 i?2 QTiBK�H i?`2b?QH/ 7�+iQ`b 7Q`

p�`BQmb b2[m2M+2b ⇤3 �b +QKTmi2/ mbBM; Qm` �H;Q`Bi?KX

⇤4 R4(⇤4) R5(⇤4) R6(⇤4) R7(⇤4) R8(⇤4)
(1, 1, 1, 1) 2 2.6506 3.5184 4.2879 5.1071
(2, 2, 1, 1) 1.2778 1.3210 1.3556 1.3844 1.4088
(1, 2, 3, 4) 1 1.25 1.3177 1.3930 1.5
(2, 1, 1, 1) 2 3 4 5 6
(2, 2, 2, 1) 2 2 2 2 2

h�#H2 kXR, o�Hm2b Q7 i?2 QTiBK�H i?`2b?QH/ 7�+iQ`b 7Q` p�`BQmb b2[m2M+2b ⇤3 �b +QKTmi2/
#v Qm` �H;Q`Bi?KX

� 72r `2K�`Fb +QM+2`MBM; i?2 i�#H2 �`2 BM Q`/2`

RX h?2 T`QTQb2/ �H;Q`Bi?K �HbQ T`QpB/2b i?2 +Q``2bTQM/BM; QTiBK�H i?`2b?QH/ TQHv@

MQKB�HbX 6Q` BMbi�M+2- 7Q` i?2 b2[m2M+2 ⇤4 = (1, 2, 3, 4)- r2 ?�p2 R5(⇤4) = 1.25-

�M/ i?2 �bbQ+B�i2/ TQHvMQKB�H Bb ;Bp2M #v

�5(⇤3)(x) = ↵1

⇣
1 +

x

1.25

⌘2

+ ↵2

⇣
1 +

x

1.25

⌘3

+ ↵3

⇣
1 +

x

1.25

⌘5

,

rBi?

(↵1,↵2,↵3) = (0.72917, 0.15625, 0.11458).

6Q` i?2 b2[m2M+2 ⇤4 = (2, 2, 1, 1)- r2 ?�p2 R7(⇤4) = 1.3844- �M/

�7(⇤3)(x) = ↵1

⇣
1 +

x

1.3844

⌘
+ ↵2

⇣
1 +

x

1.3844

⌘2

+ ↵3

⇣
1 +

x

1.3844

⌘7

,

k3



rBi?

(↵1,↵2,↵3) = (1.2944, 0.69292, 0.012634).

kX h?2 i�#H2 �HbQ `2p2�Hb i?�i 7Q` i?2 b2[m2M+2 ⇤4 = (2, 2, 2, 1)- r2 ?�p2

Rm(⇤4) = 2 7Q` m = 4, 5, 6, 7, 8.

AM 7�+i- 7Q` i?Bb b2[m2M+2- r2 ?�p2 Rm(⇤4) = 2 7Q` �HH m � 3- �M/

�m(⇤4)(x) =
2

3
+

4

3

⇣
1 +

x

2

⌘3

. UkXkjV

JQ`2Qp2`- i?2 TQHvMQKB�H BM UkXkjV Bb i?2 mMB[m2 �#bQHmi2Hv KQMQiQMB+ 7mM+iBQM

QM i?2 BMi2`p�H [�2, 0] rBi? i?2 T`2b+`B#2/ /2`Bp�iBp2b �i i?2 Q`B;BMX h?Bb `2bmHi

+�M #2 T`Qp2M mbBM; i?2 i?2Q`v Q7 "2`Mbi2BM �b /2i�BH2/ BM (jk)X

jX h?2 i�#H2 �HbQ `2p2�Hb i?�i 7Q` i?2 b2[m2M+2 ⇤4 = (2, 1, 1, 1)- r2 ?�p2

Rm(⇤4) = m� 2 7Q` m = 4, 5, 6, 7, 8.

h?Bb Q#b2`p�iBQM +�M #2 ;2M2`�HBx2/ BM i?2 7QHHQrBM; i?2Q`2KX

h?2Q`2K kX9X G2i m � 3 #2 �M BMi2;2`- �M/ H2i ⇤4 = (a, b, b, b)- r?2`2 a �M/ b �`2

TQbBiBp2 `2�H MmK#2`b bm+? i?�i

m(m� 1)a � 2b(m� 2). UkXk9V

kN



h?2M-

Rm(⇤4) = m� 2,

�M/

�m(⇤4)(x) = ↵1 + ↵2

✓
1 +

x

m� 2

◆
+ ↵3

✓
1 +

x

m� 2

◆m

, UkXk8V

r?2`2

↵1 = a�
2(m� 2)b

m
, ↵2 =

(m� 2)b

m� 1
, �M/ ↵3 =

(m� 2)2b

m(m� 1)
.

S`QQ7X �++Q`/BM; iQ S`QTQbBiBQM kXR- Rm(⇤4)  m � 2X JQ`2Qp2`- mM/2` +QM/BiBQM

UkXk9V- i?2 TQHvMQKB�H BM UkXk8V Bb �#bQHmi2Hv KQMQiQMB+ QM i?2 BMi2`p�H [�(m� 2), 0]

�M/ b�iBb}2b i?2 T`2b+`B#2/ /2`Bp�iBp2b �i i?2 Q`B;BMX

�MQi?2` BMi2`2biBM; +QM+HmbBQM i?�i +�M #2 /`�rM 7`QK i?2 T`2pBQmbHv /2b+`B#2/

�H;Q`Bi?K 7Q` +QKTmiBM; i?2 QTiBK�H i?`2b?QH/ 7�+iQ` Bb �b 7QHHQrbX

h?2Q`2K kX8X A7 i?2 2H2K2Mib Q7 i?2 b2[m2M+2 ⇤p+1 �`2 TQbBiBp2 `�iBQM�H BMi2;2`b-

i?2M 7Q` �Mv BMi2;2` m bm+? i?�i m � p- i?2 QTiBK�H i?`2b?QH/ 7�+iQ` Rm(⇤p+1) Bb �M

�H;2#`�B+ MmK#2`X

S`QQ7X 6`QK UkXRkV- B7 i?2 2H2K2Mib Q7 i?2 b2[m2M+2 ⇤p+1 �`2 TQbBiBp2 `�iBQM�H BMi2;2`b-

i?2M i?2 TQHvMQKB�H BM R ;Bp2M BM UkXRRV ?�b `�iBQM�H +Q2{+B2MibX aBM+2 i?2 QTiBK�H

i?`2b?QH/ 7�+iQ` Bb i?2 H�`;2bi TQbBiBp2 `QQi Q7 � TQHvMQKB�H Q7 i?2 7Q`K

hn(m1,m2, . . . ,mp;R),

r?2`2 m1,m2, . . . ,mp �`2 MQM@M2;�iBp2 BMi2;2`b- r2 +QM+Hm/2 i?�i i?2 QTiBK�H i?`2b?@

jy



QH/ 7�+iQ` Bb �M �H;2#`�B+ MmK#2`X

jR



*>�Sh1_ j

� L1q 6�JAGu P6 .Aa*_1h1

P_h>P:PL�G SPGuLPJA�Ga

Ai ?�b #22M 2bi�#HBb?2/ BM h?2Q`2K kXk i?�i i?2`2 2tBbib � TQHvMQKB�H �m(⇤p+1) 2

⇧m(⇤p+1) bm+? i?�i

Rm(⇤p+1) = R(�m(⇤p+1)). UjXRV

6m`i?2`KQ`2- G2KK� kXR b?Qrb i?�i � TQHvMQKB�H Q7 i?2 7Q`K UkXkV #2HQM;b iQ ⇧m(⇤p+1)

�M/ Bb �#bQHmi2Hv KQMQiQMB+ Qp2` [�R, 0] B7 �M/ QMHv B7 Bib +Q2{+B2Mib �k �`2 MQMM2;@

�iBp2 �M/ b�iBb7v i?2 Ǵ/Bb+`2i2 KQK2Mi ivT2Ǵ 2[m�iBQMb

mX

k=0

�kk
j =

jX

`=0

S(j, `)�`R
`, j = 0, 1, . . . , p, UjXkV

r?2`2 S(j, `) �`2 i?2 aiB`HBM; MmK#2`b Q7 i?2 b2+QM/ FBM/X � F2v Q#b2`p�iBQM Bb i?�i

i?2 H27i@?�M/ bB/2 Q7 UjXkV `2T`2b2Mib � [m�/`�im`2 7Q`KmH� rBi? BMi2;2` MQ/2bX h?Bb

bm;;2bib i?�i QM2 b?QmH/ b22F � K2�bm`2 7Q` r?B+? i?2 `B;?i@?�M/ bB/2 +Q``2bTQM/b

iQ Bib KQK2MibX "mBH/BM; mTQM i?Bb bi`m+im`�H BMbB;?i- r2 BMi`Q/m+2 � MQp2H /Bb+`2i2

jk



K2�bm`2- 2M�#HBM; mb iQ `2r`Bi2 1[m�iBQM UjXkV �b � KQK2Mi 2[m�iBQMX h?Bb `2T`2b2M@

i�iBQM T`QpB/2b /22T2` BMbB;?ib BMiQ i?2 QTiBK�H i?`2b?QH/ 7�+iQ`b �M/ 7�+BHBi�i2b i?2

/2`Bp�iBQM Q7 b?�`T #QmM/b 7Q` i?2KX

h?Bb +?�Ti2` Bb Q`;�MBx2/ �b 7QHHQrbX a2+iBQM jXR BMi`Q/m+2b � M2r /Bb+`2i2 K2�bm`2

�M/ 2tTHQ`2b Bib bi`m+im`�H T`QT2`iB2bX q2 /2KQMbi`�i2 i?�i i?2 ;2M2`�HBx2/ SQBbbQM@

*?�`HB2`- J2BtM2`- �M/ E`�ri+?QmF K2�bm`2b �`Bb2 �b bT2+B�H +�b2b Q7 i?Bb K2�bm`2X AM

a2+iBQM jXk- r2 /2`Bp2 i?2 i?`22@i2`K `2+m``2M+2 `2H�iBQMb 7Q` i?2 �bbQ+B�i2/ /Bb+`2i2

Q`i?Q;QM�H TQHvMQKB�Hb �M/ 2bi�#HBb? bm{+B2Mi +QM/BiBQMb 7Q` i?2 KQMQiQMB+Biv Q7 i?2B`

x2`QbX a2+iBQM jXj 2Hm+B/�i2b i?2 +QMM2+iBQM #2ir22M i?2 M2rHv BMi`Q/m+2/ /Bb+`2i2

Q`i?Q;QM�H TQHvMQKB�Hb �M/ QTiBK�H i?`2b?QH/ 7�+iQ`bX

jXR � L2r .Bb+`2i2 J2�bm`2 �bbQ+B�i2/ rBi? �#@

bQHmi2Hv JQMQiQMB+ 6mM+iBQMb

.2}MBiBQM jXRX :Bp2M R1 BM R̄ := R [ {1} �M/ �M �#bQHmi2Hv KQMQiQMB+ 7mM+iBQM

F Qp2` i?2 BMi2`p�H [�R1, 0]- r2 /2}M2 i?2 /Bb+`2i2 K2�bm`2 µF
R- bmTTQ`i2/ QM i?2 b2i

Q7 MQMM2;�iBp2 BMi2;2`b- �b

µF
R =

1X

j=0

F (j)(�R)Rj

j!
�j, 0  R  R1, UjXjV

r?2`2 �j /2MQi2b i?2 .B`�+ K2�bm`2 +2Mi2`2/ �i jX

aBM+2 i?2 7mM+iBQM F Bb �#bQHmi2Hv KQMQiQMB+ Qp2` i?2 BMi2`p�H [�R1, 0]- i?2 K2�@

bm`2 µF
R Bb TQbBiBp2 7Q` �Mv R bm+? i?�i 0  R  R1X "v /2}MBiBQM- i?2 BMi2;`�H Q7 �

jj



;Bp2M 7mM+iBQM f rBi? `2bT2+i iQ i?2 /Bb+`2i2 K2�bm`2 µF
R Bb ;Bp2M #v

Z
f(t) dµF

R(t) =
1X

j=0

F (j)(�R)Rj

j!
f(j) UjX9V

T`QpB/2/ i?�i i?2 BM}MBi2 bmK +QMp2`;2bX

_2K�`F jXRX aBM+2 i?2 7mM+iBQM F Bb �#bQHmi2Hv KQMQiQMB+ Qp2` i?2 BMi2`p�H [�R1, 0]-

�HH Bib /2`Bp�iBp2b �`2 �HbQ �#bQHmi2Hv KQMQiQMB+ Qp2` i?2 b�K2 BMi2`p�HX *QMb2[m2MiHv-

7Q` �Mv TQbBiBp2 BMi2;2` `- i?2 K2�bm`2

µF (`)

R =
1X

j=0

F (j+`)(�R)Rj

j!
�j, UjX8V

Bb TQbBiBp2 7Q` �Mv R bm+? i?�i 0  R  R1X

h?2 7QHHQrBM; H2KK� b?Qrb i?�i KQK2Mib Q7 i?2 K2�bm`2 µF
R Q7 �HH Q`/2`b �`2 }MBi2X

S`QTQbBiBQM jXRX h?2 KQK2Mib mF
k (R), k � 0, Q7 i?2 K2�bm`2 µF

R �`2 ;Bp2M #v

mF
k (R) :=

Z
tkdµF

R =
kX

j=0

S(k, j)RjF (j)(0), UjXeV

r?2`2 S(., .) �`2 i?2 aiB`HBM; MmK#2`b Q7 i?2 b2+QM/ FBM/X

S`QQ7X "v h�vHQ` 2tT�MbBQM- r2 ?�p2

Z
(t)j dµ

F
R =

1X

k=0

F (k)(�R)Rk(k)j
k!

= Rj
1X

k=0

F (j+k)(�R)Rk

k!
= RjF (j)(0).

q2 +QM+Hm/2 i?2 T`QQ7 mbBM; i?2 7Q`KmH� t` =
P`

j=0 S(`, j)(t)jX
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q2 b?�HH M22/ i?2 7QHHQrBM; T`QTQbBiBQMX

S`QTQbBiBQM jXkX 6Q` k = 0, 1, 2, . . . , p- i?2 7QHHQrBM; `2H�iBQM ?QH/b

Z
(t)kg(t) dµ

F
R = Rk

Z
g(t+ k) dµF (k)

R . UjXdV

r?2`2 (t)k /2MQi2b i?2 7�HHBM; 7�+iQ`B�HX

S`QQ7X lbBM; i?2 /2}MBiBQM Q7 µF
R �M/ i?2 B/2MiBiv (j)k =

j!
(j�k)! - r2 Q#i�BM

Z
(t)kg(t) dµ

F
R =

1X

j=k

F (j)(�R)Rj

(j � k)!
g(j),

h?2`27Q`2-

Z
(t)kg(t) dµ

F
R = Rk

1X

t=0

F (t+k)(�R)Rt

t!
g(t+ k) = Rk

Z
g(t+ k) dµF (k)

R .

h?Bb +QM+Hm/2b i?2 T`QQ7X

a2p2`�H FMQrM /Bb+`2i2 K2�bm`2b +QBM+B/2 rBi? i?2 K2�bm`2 µF
R- �b /2KQMbi`�i2/

BM i?2 7QHHQrBM;X

1t�KTH2 jXRX SQBbbQM@*?�`HB2` J2�bm`2bX h?2 7mM+iBQM F (x) = ex Bb �#bQHmi2Hv

KQMQiQMB+ Qp2` i?2 BMi2`p�H (�1, 0] �M/ i?2 �bbQ+B�i2/ K2�bm`2 µF
R Bb ;Bp2M #v i?2

SQBbbQM@*?�`HB2` K2�bm`2

µF
R =

1X

k=0

e�RRk

k!
�k, R 2 [0,1).
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1t�KTH2 jXkX :2M2`�HBb2/ SQBbbQM@*?�`HB2` J2�bm`2bX h?2 7mM+iBQM

F (x) = e↵x

Bb �#bQHmi2Hv KQMQiQMB+ Qp2` i?2 BMi2`p�H (�1, 0] �M/ i?2 �bbQ+B�i2/ K2�bm`2 µF
R Bb

;Bp2M #v i?2 ;2M2`�HBx2/ SQBbbQM@*?�`HB2` K2�bm`2

µF
R =

1X

k=0

e�↵R↵kRk

k!
�k, R 2 [0,1). UjX3V

1t�KTH2 jXjX J2BtM2` J2�bm`2bX h?2 7mM+iBQM

F (x) = (1� x)��

Bb �#bQHmi2Hv KQMQiQMB+ Qp2` i?2 BMi2`p�H (�1, 0]X JQ`2Qp2`- r2 ?�p2

F (k)(�R) =
(�)k

(1 +R)�+k
.

h?2`27Q`2- i?2 �bbQ+B�i2/ K2�bm`2 µF
R Bb ;Bp2M #v i?2 J2BtM2` K2�bm`2

µF
R =

1

(1 +R)�

1X

k=0

(�)kck

k!
�k, R 2 [0,1), c =

R

1 +R
. UjXNV

1t�KTH2 jX9X E`�ri+?QmF J2�bm`2bX h?2 7mM+iBQM F (x) = (1 + x)N , N 2 N-

je



Bb �#bQHmi2Hv KQMQiQMB+ BM i?2 BMi2`p�H [�1, 0]X JQ`2Qp2`- r2 ?�p2

F (k)(�R) =
N !

(N � k)!
(1 +R)N�k.

h?2 �bbQ+B�i2/ K2�bm`2 µF
R Bb ;Bp2M #v i?2 E`�ri+?QmF K2�bm`2

µF
R = (1 + R)N

NX

k=0

✓
N

k

◆
pk�k, 0 < p =

R

1 +R
< 1. UjXRyV

aBM+2 i?2 K2�bm`2 µF
R Bb TQbBiBp2 rBi? }MBi2 KQK2Mi Q7 �HH Q`/2`b- Bi ;Bp2b `Bb2 iQ

�M �bbQ+B�i2/ 7�KBHv Q7 /Bb+`2i2 Q`i?Q;QM�H TQHvMQKB�Hb ⇡F
k (.;R), k = 0, 1 . . .- r?B+?

b�iBb}2b i?2 Q`i?Q;QM�HBiv +QM/BiBQMb

Z
⇡F
i (t;R)⇡F

j (t;R) dµR(t) = 0 B7 i 6= j.

1[mBp�H2MiHv- i?2b2 +QM/BiBQMb +�M #2 2tT`2bb2/ �b

1X

k=0

F (k)(�R)Rk

k!
⇡F
i (k;R)⇡F

j (k;R) = B7 i 6= j.

�M 2tTHB+Bi 2tT`2bbBQM Q7 i?2 Q`i?Q;QM�H TQHvMQKB�H ⇡F
k (t;R) Bb ;Bp2M BM i2`Kb Q7 i?2

jd



KQK2Mib Q7 i?2 K2�bm`2 µF
R �b

⇡F
k (t;R) = Ck /2i

0

BBBBBBBBBBBBBB@

mF
0 mF

1 · · · mF
k

mF
1 mF

2 · · · mF
k+1

XXX XXX X X X XXX

mF
k�1 mF

k · · · mF
2k�1

1 t · · · tk

1

CCCCCCCCCCCCCCA

, UjXRRV

r?2`2 Ck �`2 �`#Bi`�`v `2�H +QMbi�MibX 6`QK MQr QM- r2 b?�HH +?QQb2 i?2 +QMbi�Mib

Ck bm+? i?�i i?2 Q`i?Q;QM�H TQHvMQKB�Hb ⇡F
k (t;R) �`2 KQMB+ TQHvMQKB�HbX

jXk h?`22@h2`K _2+m``2M+2 _2H�iBQMb

q2 b?�HH M22/ �H;Q`Bi?Kb iQ +QKTmi2 i?2 x2`Qb Q7 i?2 Q`i?Q;QM�H TQHvMQKB�Hb ⇡F
i (t;R)X

.B`2+iHv mbBM; i?2 2tT`2bbBQM UjXRRV 7Q` i?Bb +QKTmi�iBQM Bb M2Bi?2` MmK2`B+�HHv bi�#H2

MQ` +QKTmi�iBQM�HHv 2{+B2MiX AMbi2�/- `2HB�#H2 �H;Q`Bi?Kb bm+? �b i?2 :QHm#@q2Hb+?

K2i?Q/ /2T2M/ QM /2i2`KBMBM; i?2 i?`22@i2`K `2+m``2M+2 +Q2{+B2Mib �bbQ+B�i2/ rBi?

i?2b2 Q`i?Q;QM�H TQHvMQKB�HbX h?2 /2`Bp�iBQM Q7 i?2b2 +Q2{+B2Mib Bb i?2 K�BM ;Q�H

Q7 i?Bb b2+iBQMX JQ`2 T`2+Bb2Hv- r2 b?�HH 2tT`2bb i?2 `2+m``2M+2 +Q2{+B2Mib Q7 i?2

Q`i?Q;QM�H TQHvMQKB�Hb �bbQ+B�i2/ rBi? i?2 K2�bm`2 µF
R BM i2`Kb Q7 i?2 QM2b �bbQ+B�i2/

rBi? µF 0
R X

h?2 KQMB+ Q`i?Q;QM�H TQHvMQKB�Hb ⇡F
p �bbQ+B�i2/ rBi? i?2 K2�bm`2 µF

R b�iBb7v i?2
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i?`22@i2`Kb `2+m``2M+2

t⇡F
p (t;R) = ⇡F

p+1(t;R) + bFp ⇡
F
p (t;R) + cFp ⇡

F
p�1(t;R), UjXRkV

r?2`2

bFp = (�Fp )
2

Z
t(⇡F

p (t;R))2dµF
R, cFp = (�Fp�1)

2

Z
t⇡F

p (t;R)⇡F
p (t;R)dµF

R,

�M/ r?2`2 7Q` �Mv k � 0- �Fk Bb /2}M2/ �b

�Fk =
1qR

(⇡F
k (t;R))2dµF

R

.

q`BiBM; ⇡F
p (t+ 1;R) �b

⇡F
p (t+ 1;R) =

pX

j=0

Ap,j⇡
F 0

j (t;R),

�M/ mbBM; UjXdV- r2 Q#i�BM

Ap,j

(�F
0

j )2
=

Z
⇡F
p (t+ 1;R)⇡F 0

j (t;R)dµF 0

R =
1

R

Z
⇡F
p (t;R)t⇡F 0

j (t� 1;R)dµF
R. UjXRjV

h?mb- #v Q`i?Q;QM�HBiv- B7 j  p� 1, Ap,j = 0X h?2`27Q`2- r2 Q#i�BM

⇡F
p (t+ 1;R) = Ap,p⇡

F 0

p (t;R) + Ap,p�1⇡
F 0

p�1(t;R). UjXR9V
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*QKT�`BM; i?2 H2�/BM; i2`Kb BM UjXR9V- r2 ;2i Ap,p = 1X JQ`2Qp2`- r`BiBM;

t⇡F 0

p�1(t� 1;R) = ↵⇡F
p (t;R) +

pX

k=1

�k⇡
F
p�k(t;R), UjXR8V

�M/ +QKT�`BM; i?2 H2�/BM; +Q2{+B2Mi- r2 +QM+Hm/2 i?�i ↵ = 1X h?mb BMi2;`�iBM;

UjXR8V �M/ mbBM; UjXRjV- r2 Q#i�BM

1

(�Fp )
2
=

Z
⇡F
p (t;R)t⇡F 0

p�1(t� 1;R)dµF
R = R

Ap,p�1

(�F
0

p�1)
2
.

h?2`27Q`2- r2 +QM+Hm/2 i?�i

Ap,p�1 =
1

R
BF

p rBi? BF
p =

 
�F

0
p�1

�Fp

!2

.

AM bmKK�`v- r2 ?�p2 i?2 7QHHQrBM;X

h?2Q`2K jXRX h?2 KQMB+ Q`i?Q;QM�H TQHvMQKB�Hb ⇡F (.;R) �M/ ⇡F 0
(.;R) b�iBb7v i?2

/Bz2`2M+2 2[m�iBQM

⇡F
p (t+ 1;R) = ⇡F 0

p (t;R) +
1

R
BF

p ⇡
F 0

p�1(t;R) rBi? BF
p =

 
�F

0
p�1

�Fp

!2

. UjXReV

1t�KTH2 jX8X 6Q` i?2 *?�`HB2`@SQBbbQM K2�bm`2 �bbQ+B�i2/ rBi? i?2 7mM+iBQM F (x) =

ex �M/ bBM+2 F 0(x) = F (x)- h?2Q`2K jXR T`QpB/2b i?2 7QHHQrBM; r2HH@FMQrM `2H�iBQM

7Q` *?�`HB2`@SQBbbQM Q`i?Q;QM�H TQHvMQKB�Hb

⇡F
p (t+ 1;R) = ⇡F

p (t;R) +
1

R
BF

p ⇡
F
p�1(t;R).
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q2 �`2 MQr BM � TQbBiBQM iQ /2`Bp2 i?2 `2H�iBQM #2ir22M i?2 i?`22@i2`K `2+m``2M+2

+Q2{+B2Mib Q7 i?2 Q`i?Q;QM�H TQHvMQKB�Hb ⇡F
k �M/ i?Qb2 Q7 ⇡F 0

k X

h?2Q`2K jXkX h?2 i?`22@i2`K `2+m``2M+2 +Q2{+B2Mib �bbQ+B�i2/ rBi? ⇡F
k �M/ i?Qb2

�bbQ+B�i2/ rBi? ⇡F 0
k b�iBb7v

(cFp+1 � cF
0

p )(cFp � cF
0

p ) = cF
0

p (bFp � bF
0

p � 1)(bFp � bF
0

p�1 � 1),

(cFp+1 � cF
0

p )(cFp+1 � cF
0

p+1) = cFp+1(b
F
p � bF

0

p � 1)(bFp+1 � bF
0

p � 1).

UjXRdV

S`QQ7X 6`QK i?2 i?`22@i2`K `2+m``2M+2 `2H�iBQM- r2 ?�p2

(t+ 1)⇡F
p (t+ 1;R) = ⇡F

p+1(t+ 1;R) + bFp ⇡
F
p (t+ 1;R) + cFp ⇡

F
p�1(t+ 1;R).

h?mb- 7`QK h?2Q`2K jXk- r2 ?�p2

(t+ 1)⇡F
p (t+ 1;R) = ⇡F 0

p+1(t;R) +

 
BF

p+1

R
+ bFp

!
⇡F 0

p (t;R) +

 
BF

p b
F
p

R
+ cFp

!
⇡F 0

p�1(t;R)

+

 
BF

p�1c
F
p

R

!
⇡F 0

p�2(t;R).

UjXR3V

JQ`2Qp2`- 7`QK h?2Q`2K jXk- r2 ?�p2

(t+ 1)⇡F
p (t+ 1;R) = (t+ 1)

✓
⇡F 0

p (t;R) +
1

R
BF

p ⇡
F 0

p�1(t;R)

◆
.

�TTHvBM; i?2 i?`22@i2`K `2+m``2M+2 `2H�iBQM �bbQ+B�i2/ rBi? ⇡F 0
k (.;R) iQ i?2 T`2pBQmb

9R



2[m�iBQM vB2H/

(t+ 1)⇡F
p (t+ 1;R) = ⇡F 0

p+1(t;R) +

 
1 +

BF
p

R
+ bF

0

p

!
⇡F 0

n (t;R)

+

 
BF

p (1 + bF
0

p�1)

R
+ cF

0

p

!
⇡F 0

p�1(t;R) +

 
BF

p c
F 0
p�1

R

!
⇡F 0

p�2(t;R).

UjXRNV

*QKT�`BM; UjXR3V �M/ UjXRNV- r2 Q#i�BM

BF
p+1

R
+ bFp = 1 +

BF
p

R
+ bF

0

p ,

BF
p b

F
p

R
+ cFp =

BF
p (1 + bF

0
p�1)

R
+ cF

0

p ,

BF
p�1c

F
p

R
=

BF
p c

F 0
p�1

R
.

UjXkyV

lbBM; i?2 i?B`/ 2[m�HBiv BM UjXkyV r2 Q#i�BM

cFp+1 � cF
0

p =

 
BF

p+1

BF
p

� 1

!
cF

0

p .

lbBM; b2+QM/ 2[m�HBiv BM UjXkyV- r2 ;2i

cFp � cF
0

p =
BF

p

R
(1 + bF

0

p�1 � bFp ).

h?mb- r2 Q#i�BM

(cFp+1 � cF
0

p )(cFp � cF
0

p ) = cF
0

p (1 + bF
0

p�1 � bFp )

✓
Bp+1

R
�
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R

◆
.
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9k



AM r?�i 7QHHQrb- r2 b?�HH b?Qr i?�i B7 i?2 7mM+iBQM F Bb �#bQHmi2Hv KQMQiQMB+ QM i?2

BMi2`p�H (�1, 0]- i?2M i?2 x2`Qb Q7 i?2 Q`i?Q;QM�H TQHvMQKB�H ⇡F
k (.;R) BM+`2�b2 KQMQ@

iQMB+�HHv rBi? `2bT2+i iQ i?2 T�`�K2i2` RX a2p2`�H T`2HBKBM�`v `2bmHib �`2 M2+2bb�`v

iQ 2bi�#HBb? i?2 T`QQ7X

h?2Q`2K jXjX (98) G2i N #2 � bm#b2i Q7 i?2 BMi2;2`bX 6Q` 2p2`v R 2 (R1, R2)- H2i

{pn(t, R)}1n=0 #2 � b2[m2M+2 Q7 TQHvMQKB�Hb Q`i?Q;QM�H rBi? `2bT2+i iQ � TQbBiBp2 r2B;?i

7mM+iBQM rBi? +QMiBMmQmb T�`iB�H /2`Bp�iBp2 @!R(t;R)
@R 7Q` �HH R 2 (R1, R2) �M/ t 2 N X

amTTQb2 7m`i?2` i?�i 7Q` 2�+? j = 0, . . . , 2n� 1- i?2 b2`B2b

X

k2N

kj !R(k;R) UjXkRV

+QMp2`;2b mMB7Q`KHv BM R Qp2` 2p2`v +QKT�+i bm#b2i Q7 (R1, R2)X h?2M i?2 x2`Qb
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@
@R HQ;!(t;R) Bb �M BM+`2�bBM; U`2bT2+iBp2Hv- /2+`2�bBM;V 7mM+iBQM Q7 t QM N X

q2 �HbQ M22/ i?2 7QHHQrBM; 7mM/�K2Mi�H "2`Mbi2BMĜqB//2` i?2Q`2K (9e)- r?B+?

;Bp2b � M2+2bb�`v �M/ bm{+B2Mi +QM/BiBQM 7Q` �#bQHmi2 KQMQiQMB+Biv Qp2` U@1-y)V pB�

G�TH�+2 i`�Mb7Q`KX

h?2Q`2K jX9 U"2`Mbi2BMĜqB//2` (9e)VX � 7mM+iBQM F : (�1, 0] ! [0,+1) Bb �#@

bQHmi2Hv KQMQiQMB+ QM (�1, 0] B7 �M/ QMHv B7 i?2`2 2tBbib � }MBi2 "Q`2H K2�bm`2 µ

bmTTQ`i2/ QM [0,+1) bm+? i?�i

F (x) =

Z 1

0

ext dµ(t) 7Q` �HH x  0. UjXkkV
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LQi2 i?�i i?2 bm++2bbBp2 /2`Bp�iBp2b Q7 F �i x2`Q �`2 2t�+iHv i?2 KQK2Mib Q7 i?2

`2T`2b2MiBM; K2�bm`2 µ- BX2c

F (k)(0) =

Z 1

0

tk dµ(t), 7Q` �HH k � 0.

h?2`27Q`2- i?2b2 KQK2Mib b�iBb7v i?2 7QHHQrBM; +QM/BiBQMb /2`Bp2/ #v aiB2HiD2bX
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�0 �1 · · · �s

�1 �2 · · · �s+1

XXX XXX X X X XXX

�s �s+1 · · · �2s

����������������

� 0, 7Q` �HH 2  2s  p,

�M/

H2s+1 =

����������������

�1 �2 · · · �s+1

�2 �3 · · · �s+2

XXX XXX X X X XXX

�s+1 �s+2 · · · �2s+1

����������������

� 0, 7Q` �HH 3  2s+ 1  p.

AM T�`iB+mH�`- i?2 2⇥ 2 T`BM+BT�H KBMQ`b 2M+Q/2 i?2 BM2[m�HBiv

��������

F (k)(0) F (k+1)(0)

F (k+1)(0) F (k+2)(0)

��������
= F (k)(0)F (k+2)(0)�

�
F (k+1)(0)

�2
� 0.
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� b?B7i BM i?2 7mM+iBQM F T`QpB/2b mb rBi? i?2 7QHHQrBM; +Q`QHH�`vX

*Q`QHH�`v jXRX G2i F #2 �#bQHmi2Hv KQMQiQMB+ QM (�1, 0]X h?2M i?2 b2[m2M+2
�
F (k)(�R)

 
Bb HQ;@+QMp2t 7Q` �Mv TQbBiBp2 `2�H MmK#2` R- BX2c

�
F (k+1)(�R)

�2
 F (k)(�R)F (k+2)(�R) 7Q` �HH k � 0.

q2 �`2 MQr BM � TQbBiBQM iQ T`Qp2 i?2 7QHHQrBM;X

h?2Q`2K jXeX G2i F #2 �M �#bQHmi2Hv KQMQiQMB+ 7mM+iBQM Qp2` i?2 BMi2`p�H (�1, 0]X

h?2M- 7Q` �Mv k � 0- i?2 x2`Qb Q7 i?2 Q`i?Q;QM�H TQHvMQKB�H ⇡F
k (.;R) �`2 BM+`2�bBM;

7mM+iBQMb Q7 i?2 T�`�K2i2` R 2 (0,1)X

S`QQ7X h?2 r2B;?i 7mM+iBQM

!(k;R) =
F (k)(�R)Rk

k!

Bb TQbBiBp2 7Q` �Mv TQbBiBp2 MmK#2` R �M/ rBi? +QMiBMmQmb T�`iB�H /2`Bp�iBp2 rBi?

`2bT2+i iQ i?2 T�`�K2i2` R BM [0,1)X JQ`2Qp2`-

@

@R
HQ;!(k;R) =

F (k+1)(�R)

F (k)(�R)
+

k

R
. UjXkjV

lbBM; i?2 HQ;@+QMp2tBiv Q7 *Q`QHH�`v jXR- r2 +QM+Hm/2 i?�i @
@R HQ;!(k;R) Bb �M BM+`2�b@

BM; 7mM+iBQM Q7 RX q2 +QM+Hm/2 i?2 T`QQ7 mbBM; h?2Q`2K jXjX
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jXj *QMM2+iBQM "2ir22M PTiBK�H h?`2b?QH/ 6�+@

iQ`b �M/ h?2 P`i?Q;QM�H SQHvMQKB�Hb ⇡Fk (·;R)

G2i ⇤2p = (�0,�1, . . . ,�2p�1) #2 � b2[m2M+2 Q7 TQbBiBp2 `2�H MmK#2`bX G2i F #2 �Mv

bKQQi? 7mM+iBQM bm+? i?�i

F (k)(0) = �k, k = 0, 1, . . . , 2p� 1. UjXk9V

6`QK UjXRRV- i?2 Q`i?Q;QM�H TQHvMQKB�Hb ⇡F
k (.;R) �bbQ+B�i2/ rBi? i?2 K2�bm`2 µF

R-

mT iQ Q`/2` p- /2T2M/ QMHv QM i?2 b2[m2M+2 ⇤2pX h?2`27Q`2- i?2b2 TQHvMQKB�Hb +�M

#2 +QKTmi2/ rBi?Qmi 2tTHB+BiHv FMQrBM; i?2 7mM+iBQM F Bib2H7X aBM+2 i?2 K2�bm`2 Bb

bmTTQ`i2/ QM i?2 b2i Q7 MQM@M2;�iBp2 BMi2;2`b- �HH x2`Qb Q7 i?2b2 Q`i?Q;QM�H TQHvMQKB�Hb

Kmbi #2 `2�H �M/ MQM@M2;�iBp2X *QMb2[m2MiHv- B7 7Q` bQK2 TQbBiBp2 `2�H MmK#2` R0- �Mv

Q7 i?2 TQHvMQKB�Hb ⇡F
k (·;R0)- 0  k  p- ?�b � M2;�iBp2 Q` MQM@`2�H x2`Q- i?2M i?2`2

/Q2b MQi 2tBbi �M �#bQHmi2Hv KQMQiQMB+ 7mM+iBQM F QM i?2 BMi2`p�H [�R0, 0] b�iBb7vBM;

i?2 +QM/BiBQMb BM UjXk9VX AM T�`iB+mH�`- #Qi? i?2 QTiBK�H i?`2b?QH/ 7�+iQ` �M/ i?2

"2`Mbi2BM +QMbi�Mi Kmbi #2 H2bb Q` 2[m�H iQ R0X hQ bmKK�`Bx2

h?2Q`2K jXdX :Bp2M � b2[m2M+2 ⇤2p = (�0,�1, . . . ,�2p�1) Q7 TQbBiBp2 `2�H MmK#2`bX

G2i F #2 �Mv bKQQi? 7mM+iBQM i?�i b�iBb}2b UjXk9VX G2i R0 #2 � TQbBiBp2 `2�H MmK#2`X A7

�Mv Q7 i?2 Q`i?Q;QM�H TQHvMQKB�Hb ⇡F
k (.;R0), k = 1, 2, . . . , p- ?�b � M2;�iBp2 Q` MQM@`2�H

x2`Q i?2M

Rm(⇤2p)  R1(⇤2p)  R0.
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1t�KTH2 jXeX *QMbB/2` i?2 b2[m2M+2 ⇤4 = (1, 1, 1, 0.5)X 6`QK UjXRRV- i?2 Q`i?Q;QM�H

TQHvMQKB�H ⇡F
2 (t;R) Q7 /2;`22 2 �bbQ+B�i2/ rBi? i?2 /Bb+`2i2 K2�bm`2 µF

R Bb ;Bp2M #v

⇡F
2 (t;R) = Rt2 + t(0.5R3

� 2R2
�R)� 0.5R4 +R3.

h?2 x2`Qb Q7 ⇡F
2 (t;R) �`2 ;Bp2M #v

⇠F1 (R) = �0.25R2 +R�

p

0.0625R4 � 0.25R2 +R + 0.25 + 0.5,

⇠F2 (R) = �0.25R2 +R +
p

0.0625R4 � 0.25R2 +R + 0.25 + 0.5.

�b +�M #2 b22M 7`QK 6B;m`2 jXR- i?2 x2`Qb Q7 ⇡2(.;R) �`2 MQM@M2;�iBp2 7Q` R  2 �M/

i?2 bK�HH2bi x2`Q #2+QK2b M2;�iBp2 7Q` R > 2- bB;M�HBM; i?2 #`2�F/QrM Q7 TQbBiBpBiv Q7

i?2 �bbQ+B�i2/ K2�bm`2X h?2`27Q`2- r2 +�M +QM+Hm/2 i?�i- 7Q` �Mv ✏ > 0- i?2`2 Bb MQ

�#bQHmi2Hv KQMQiQMB+ 7mM+iBQM F Qp2` i?2 BMi2`p�H (@k@ ✏-y) bm+? i?�i

F (0) = F 0(0) = F
00
(0) = 1 �M/ F (3)(0) = 0.5. UjXk8V

AM 7�+i Bi +�M #2 b?QrM mbBM; "2`Mbi2BMǶb i?2Q`v BM (jk) i?�i i?2 TQHvMQKB�H

F (x) =
1

3
+

2

3

⇣
1 +

x

2

⌘3

Bb i?2 mMB[m2 7mM+iBQM i?�i Bb �#bQHmi2Hv KQMQiQMB+ Qp2` i?2 BMi2`p�H [�2, 0] �M/ b�iBb}2b
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UjXk8VX h?2`27Q`2- r2 ?�p2

Rm(⇤4) = R1(⇤4) = 2 7Q` �Mv m � 3.

6B;m`2 jXR, _QQib Q7 i?2 Q`i?Q;QM�H TQHvMQKB�H ⇡F
2 (t;R) �b � 7mM+iBQM Q7 RX h?2

p2`iB+�H `2/ HBM2 BM/B+�i2b i?2 +`BiB+�H p�Hm2 R̃ = 2- r?2`2 i?2 bK�HH2bi `QQi p�MBb?2bX
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*>�Sh1_ 9

.Aa*_1h1 P_h>P:PL�G SPGuLPJA�Ga

�L. a>�_S "PlL.a 6P_ h>1 PShAJ�G

h>_1a>PG. 6�*hP_a

AM i?Bb +?�Ti2`- r2 2KTHQv i?2 /Bb+`2i2 Q`i?Q;QM�H TQHvMQKB�Hb- /2}M2/ BM i?2 T`2pBQmb

+?�Ti2`- iQ /2`Bp2 b?�`T #QmM/b 7Q` i?2 QTiBK�H i?`2b?QH/ 7�+iQ`X h?2 mTT2` #QmM/ Bb

2bi�#HBb?2/ #v +QKT�`BM; i?2 MQ/2b Q7 TQbBiBp2 [m�/`�im`2 7Q`KmH�b rBi? BMi2;2` MQ/2b

iQ i?Qb2 Q7 i?2 :�mbbB�M [m�/`�im`2 �bbQ+B�i2/ rBi? i?2 /Bb+`2i2 K2�bm`2X h?Bb H2�/b

iQ T`2+Bb2 #QmM/b 7Q` i?2 QTiBK�H i?`2b?QH/ 7�+iQ`b 7Q` ;2M2`�HBx2/ SQBbbQM@*?�`HB2`

b2[m2M+2b BM i2`Kb Q7 i?2 bK�HH2bi x2`Q Q7 ;2M2`�HBx2/ G�;m2``2 TQHvMQKB�Hbc �M/ 7Q`

J2BtM2` b2[m2M+2b BM i2`Kb Q7 i?2 bK�HH2bi x2`Q Q7 MQM@bi�M/�`/ C�+Q#B TQHvMQKB�HbX

h?Bb +?�Ti2` Bb Q`;�MBx2/ �b 7QHHQrbX AM a2+iBQM 9XR- r2 2bi�#HBb? � ;2M2`�H +QK@

T�`BbQM i?2Q`2K #2ir22M �`#Bi`�`v TQbBiBp2 [m�/`�im`2 `mH2b �M/ :�mbbB�M [m�/`�im`2

�bbQ+B�i2/ rBi? � ;Bp2M TQbBiBp2 K2�bm`2 TQbb2bbBM; }MBi2 KQK2Mib Q7 �HH Q`/2`bX h?Bb

`2bmHi Bb i?2M 2KTHQv2/ iQ /2`Bp2 �M mTT2` #QmM/ 7Q` i?2 QTiBK�H i?`2b?QH/ 7�+iQ` Q7

b2[m2M+2b 2t?B#BiBM; bT2+B}+ bi`m+im`�H T`QT2`iB2bX AM a2+iBQM 9Xk- r2 2KTHQv /m�HBiv
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�`;mK2Mib iQ Q#i�BM � HQr2` #QmM/ 7Q` i?2 QTiBK�H i?`2b?QH/ 7�+iQ`bX �TTHB+�iBQMb iQ

;2M2`�HBx2/ SQBbbQM@*?�`HB2` �M/ J2BtM2` b2[m2M+2b �`2 T`2b2Mi2/ BM a2+iBQM 9XjX

9XR SQbBiBp2 Zm�/`�im`2 �M/ lTT2` "QmM/ 7Q` i?2

PTiBK�H h?`2b?QH/ 6�+iQ` Rm(⇤2p)

h?2 B/2� #2?BM/ i?2 mTT2` #QmM/ Bb iQ +QKT�`2 :�mbbB�M [m�/`�im`2 rBi? `2bT2+i

iQ i?2 K2�bm`2 µF
R �M/ i?2 [m�/`�im`2 /2}M2/ BM UjXkVX q2 }`bi T`Qp2 i?2 7QHHQrBM;

i?2Q`2K r?B+? `Qm;?Hv bi�i2b i?�i i?2 H�`;2bi x2`Q Q7 �M Q`i?Q;QM�H TQHvMQKB�H Bb

�M mTT2` #QmM/ 7Q` i?2 MQ/2b Q7 �Mv TQbBiBp2 [m�/`�im`2X JQ`2 T`2+Bb2Hv- H2i µ #2

� }MBi2 TQbBiBp2 K2�bm`2 QM i?2 `2�H HBM2- TQbb2bbBM; }MBi2 KQK2Mib Q7 �HH Q`/2`b �M/

?�pBM; BM}MBi2Hv K�Mv TQBMib Q7 BM+`2�b2X G2i ⇡1, ⇡2, . . . , ⇡p, . . . /2MQi2 i?2 b2[m2M+2

Q7 KQMB+ Q`i?Q;QM�H TQHvMQKB�Hb rBi? `2bT2+i iQ µX q2 /2MQi2 #v Pp i?2 bT�+2 Q7 �HH

TQHvMQKB�Hb Q7 /2;`22 �i KQbi pX

h?2Q`2K 9XRX :Bp2M � TQbBiBp2 [m�/`�im`2 `mH2 rBi? `2bT2+i iQ i?2 K2�bm`2 µ r?B+?

Bb 2t�+i BM P2p�1-

Z
P (t)dµ =

sX

k=1

�kP (⇢k) 7Q` �Mv P 2 P2n�1, U9XRV

rBi? s � p- 0  ⇢1 < ⇢2 < . . . < ⇢s �M/ �j > 0, j = 1, 2, . . . , sX h?2M ⇢s � tp

�M/ ⇢1  t1 r?2`2 t1 < t2 < . . . < tp �`2 i?2 x2`Qb Q7 i?2 Q`i?Q;QM�H TQHvMQKB�H ⇡pX

JQ`2Qp2`- ⇢s = tp B7 �M/ QMHv B7 i?2 [m�/`�im`2 U9XRV +QBM+B/2b rBi? i?2 :�mbbB�M

[m�/`�im`2 rBi? `2bT2+i iQ i?2 K2�bm`2 µX

8y



S`QQ7X *QMbB/2` i?2 TQHvMQKB�H

Q(t) := ⇡p(t)
⇡p(t)

t� tp
= (t� tp)

p�1Y

i=1

(t� ti)
2. U9XkV

�TTHvBM; U9XRV �M/ BMpQFBM; Q`i?Q;QM�HBiv- r2 Q#i�BM

Z
Q(t)dµ = �

sX

k=1

�k(t1 � ⇢k)
2 . . . (tp�1 � ⇢k)

2(tp � ⇢k) = 0. U9XjV

aBM+2 s � p- r2 +QM+Hm/2 i?�i i?2`2 2tBbib �M BMi2;2` k 2 {1, 2, . . . , s} bm+? i?�i

⇢k � tpX AM T�`iB+mH�`- r2 ?�p2 ⇢s � tpX A7 ⇢s = tp i?2M 7`QK U9XjV r2 `2K�`F i?�i

7Q` k = 1, 2, . . . , s � 1- (⇢k � t1) . . . (⇢k � tp�1) = 0X AM Qi?2` rQ`/b- ⇢1, ⇢2, . . . , ⇢s�2

�M/ ⇢s�1 �`2 x2`Qb Q7 i?2 TQHvMQKB�H  (t) = (t � t1)(t � t2) . . . (t � tp�1)X h?mb- r2

M2+2bb�`BHv ?�p2 s � 1 = p � 1 �M/ ⇢k = tk 7Q` k = 1, 2, . . . , p � 1X h?2`27Q`2- i?2

[m�/`�im`2 U9XRV +QBM+B/2b rBi? i?2 :�mbbB�M [m�/`�im`2X hQ T`Qp2 i?�i t1 � ⇢1 r2

T`Q+22/ �b 7QHHQrbX

.2}M2 i?2 TQHvMQKB�H

S(t) = ⇡p(t)
⇡p(t)

t� t1
= (t� t1)

pY

i=2

(t� ti)
2.

�TTHvBM; U9XRV �M/ BMpQFBM; Q`i?Q;QM�HBiv- r2 Q#i�BM

Z
S(t)dµ = �

sX

k=1

�k(t2 � ⇢k)
2 . . . (tp � ⇢k)

2(t1 � ⇢k) = 0.

h?2`27Q`2- i?2`2 2tBbib �M BMi2;2` k 2 {1, 2, . . . , s} bm+? i?�i ⇢k  t1X AM T�`iB+mH�`-
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r2 ?�p2 ⇢1  t1X

.2}MBiBQM 9XRX � b2[m2M+2 ⇤p = (�1,�2, . . . ,�p) Bb b�B/ iQ #2 �#bQHmi2Hv TQbBiBp2 B7

i?2`2 2tBbib � 7mM+iBQM F �#bQHmi2Hv KQMQiQMB+ QM (�1, 0] bm+? i?�i F (k)(0) = �k 7Q`

k = 0, 1, . . . , p.

h?2Q`2K 9XkX G2i ⇤2p = (�1,�2, . . . ,�2p�1) #2 �M �#bQHmi2Hv TQbBiBp2 b2[m2M+2X h?2M-

i?2 x2`Qb Q7 i?2 /2;`22 p Q`i?Q;QM�H TQHvMQKB�H ⇡F
p (; .R) �`2 MQMM2;�iBp2 7Q` �Mv R > 0-

BM+`2�bBM; �b � 7mM+iBQM Q7 R �M/ bm+? i?�i i?2 H�`;2bi x2`Q /Bp2`;2b iQ BM}MBiv �b R

;Q2b iQ BM}MBivX

S`QQ7X h?�i i?2 x2`Qb Q7 ⇡F
p (.;R) �M/ �`2 MQMM2;�iBp2 �M/ �`2 BM+`2�bBM; 7mM+iBQMb

rBi? `2bT2+i iQ R Bb � +QMb2[m2M+2 Q7 h?2Q`2K jXeX q2 T`Qp2 i?�i i?2 H�`;2bi x2`Q

Q7 ⇡F
p (.;R) /Bp2`;2b iQ BM}MBiv �b R ;Q2b iQ BM}MBiv #v BM/m+iBQM QM pX 6Q` p = 1- r2

?�p2

⇡F
1 (x;R) = x�

�2
�1

R.

h?2 QMHv x2`Q Bb ;Bp2M #v ⇠F1 (R) = �2
�1
R �M/ b�iBb}2b HBKR!1 ⇠F1 (R) = 1X �bbmK2

i?2 ?vTQi?2bBb iQ #2 i`m2 7Q` �Mv k  p � 1X G2i ⇠Fp�1(R) �M/ ⇠Fp (R) i?2 H�`;2bi x2`Q

Q7 ⇡F
p�1(.;R) �M/ ⇡F

p (.;R) `2bT2+iBp2HvX �++Q`/BM; iQ i?2 �Hi2`M�iBQM i?2Q`2K Q7 i?2

x2`Qb Q7 Q`i?Q;QM�H TQHvMQKB�Hb- r2 ?�p2

⇠Fp�1(R) < ⇠Fp (R).

h?2`27Q`2- HBKR!1 ⇠Fp (R) = 1X
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� /B`2+i +QMb2[m2M+2 Q7 i?2 T`2pBQmb i?2Q`2K Bb i?2 7QHHQrBM; mTT2` #QmM/ 7Q` i?2

QTiBK�H i?`2b?QH/ 7�+iQ`bX

h?2Q`2K 9XjX :Bp2M �M �#bQHmi2Hv TQbBiBp2 b2[m2M+2 ⇤2p �M/ H2i R̄ #2 i?2 mMB[m2

TQbBiBp2 `2�H MmK#2` bm+? i?�i i?2 H�`;2bi x2`Qb Q7 ⇡F
p (.; R̄) Bb 2[m�H mX h?2M

Rm(⇤2p)  R̄.

1[m�HBiv Bb �ii�BM2/ r?2M �HH x2`Qb Q7 ⇡F
p (.; R̄) �`2 MQMM2;�iBp2 BMi2;2`bX AM i?Bb +�b2-

i?2 QTiBK�H i?`2b?QH/ TQHvMQKB�H Bb ;Bp2M #v

�(⇤2p)(x) =
pX

i=1

!i

⇣
1 +

x

R̄

⌘⇠Fi
,

r?2`2 ⇠F1 < ⇠F2 , . . . < ⇠Fp - �`2 i?2 x2`Qb Q7 i?2 Q`i?Q;QM�H TQHvMQKB�H ⇡F
p (.; R̄) �M/

!i, i = 1, . . . , p �`2 i?2 r2B;?ib Q7 i?2 :�mbbB�M [m�/`�im`2 �bbQ+B�i2/ rBi? i?2 K2�bm`2

µF
R̄X

S`QQ7X �++Q`/BM; iQ _2K�`F kXj- i?2 QTiBK�H i?`2b?QH/ 7�+iQ` Rm(⇤2p) Bb i?2 H�`;2bi

TQbBiBp2 `2�H MmK#2` R bm+? i?�i i?2 K2�bm`2 µF
R �/KBib � TQbBiBp2 [m�/`�im`2 rBi?

BMi2;2` MQ/2b MQi 2t+22/BM; m- �M/ Bb 2t�+i 7Q` �HH TQHvMQKB�Hb Q7 /2;`22 �i KQbi

2p � 1X A7 Rm(⇤2p) < R̄ �M/ bBM+2 i?2 x2`Qb Q7 i?2 Q`i?Q;QM�H TQHvMQKB�H ⇡F
p (.;R)

�`2 bi`B+iHv BM+`2�bBM; 7mM+iBQM Q7 R- r2 rQmH/ ?�p2 ⇠Fp < m- r?B+? +QMi`�/B+ib i?2

bi�i2K2Mi Q7 h?2Q`2K 9XRX h?2 BKTHB+�iBQMb Q7 i?2 2[m�HBiv +�b2 bi2K 7`QK i?2 7�+i

i?�i Bi vB2H/b � TQbBiBp2 [m�/`�im`2 `mH2 rBi? BMi2;2` MQ/2b- �HH Q7 r?B+? �`2 H2bb i?�M

Q` 2[m�H iQ mX

8j



1t�KTH2 9XRX *QMbB/2` i?2 b2[m2M+2

⇤4 = (1, 0.25, 0.3125, 0.7031).

lbBM; S`QTQbBiBQM 9Xj- r2 T`QpB/2 �M mTT2` #QmM/ 7Q` i?2 QTiBK�H i?`2b?QH/ 7�+iQ`

R10(⇤4)X 6Q` 2�+? R > 0- i?2 KQK2Mib �bbQ+B�i2/ rBi? i?2 /Bb+`2i2 K2�bm`2 µF
R �`2

;Bp2M #v

m0 = 1, m1 = R, m2 = 0.3125R2 + 0.25R, m3 = 0.7031R3 + 3R2 +R.

lbBM; i?2b2 KQK2Mib- i?2 Q`i?Q;QM�H TQHvMQKB�H Q7 /2;`22 2 Bb +QMbi`m+i2/ pB� UjXRRV

�M/ Bb ;Bp2M #v

⇡F
2 (t;R) = (0.25R2+0.25R) t2+(�0.6250R3

�0.8750R2
�0.2500R) t+(0.0781R4+0.0781R3).

aQHpBM; 7Q` i?2 `QQib Q7 ⇡F
2 (t;R)- r2 Q#i�BM i?2 `2�H@p�Hm2/ 7mM+iBQMb ⇠F1 (R) �M/ ⇠2(R)-

#Qi? Q7 r?B+? �`2 MQMM2;�iBp2 �M/ bi`B+iHv BM+`2�bBM; BM R Ub22 6B;m`2 9XRVX 1tTHB+Bi

2tT`2bbBQMb Q7 i?2 x2`Qb �`2

⇠1(R) =
1.25R2 + 1.75R� 2

p
0.3125R4 + 0.9375R3 +R2 + 0.4375R + 0.0625 + 0.5

R + 1
,

⇠2(R) =
1.25R2 + 1.75R + 2

p
0.3125R4 + 0.9375R3 +R2 + 0.4375R + 0.0625 + 0.5

R + 1
.

LmK2`B+�H 2p�Hm�iBQM b?Qrb i?�i i?2 H�`;2bi `QQi ⇠2(R̃) `2�+?2b m = 10 r?2M R̃ =

3.7626X h?2`27Q`2- �++Q`/BM; iQ h?2Q`2K 9Xj- �M mTT2` #QmM/ 7Q` i?2 QTiBK�H i?`2b?QH/
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7�+iQ` Bb

Rm(⇤4)  3.7626,

lbBM; i?2 �H;Q`Bi?K Q7 *?�Ti2` k- i?2 2t�+i p�Hm2 Q7 i?2 QTiBK�H i?`2b?QH/ 7�+iQ` Bb

;Bp2M #v Rm(⇤4) = 3.5557

6B;m`2 9XR, _QQib Q7 i?2 Q`i?Q;QM�H TQHvMQKB�H ⇡F
2 (t;R) �b 7mM+iBQMb Q7 RX h?2

p2`iB+�H #Hm2 HBM2 BM/B+�i2b i?2 p�Hm2 R̃ �i r?B+? i?2 H�`;2bi `QQi ⇠2(R) Bb 2[m�H iQ
m = 10X

9Xk GQr2` "QmM/ 7Q` Rm(⇤2p)

h?Bb b2+iBQM 2bi�#HBb?2b � HQr2` #QmM/ 7Q` i?2 QTiBK�H i?`2b?QH/ 7�+iQ` Rm(⇤2p) mbBM;

/m�HBiv �`;mK2MibX

q2 M22/ i?2 7QHHQrBM; 6�`F�b H2KK�X

G2KK� 9XR U6�`F�bǶ G2KK�-(93)VX G2i � 2 Rm⇥n �M/ # 2 RmX h?2M 2t�+iHv QM2 Q7

i?2 7QHHQrBM; irQ �bb2`iBQMb ?QH/b

88



RX h?2`2 2tBbib � p2+iQ` t 2 Rn bm+? i?�i

�t = # �M/ t � 0.

kX h?2`2 2tBbib � p2+iQ` v 2 Rm bm+? i?�i

�>v � 0 �M/ #>v < 0.

>2`2- i?2 MQi�iBQM t � 0 K2�Mb i?�i �HH +QKTQM2Mib Q7 i?2 p2+iQ` t �`2 MQM@

M2;�iBp2X

lbBM; 6�`F�bǶb G2KK� r2 2bi�#HBb? i?2 7QHHQrBM;X

h?2Q`2K 9X9X H2i ⇤p+1 = (�0, . . . ,�p) #2 � b2[m2M+2 Q7 TQbBiBp2 `2�H MmK#2` �M/

m � pX � `2�H MmK#2` R̄ > 0 b�iBb}2b

R̄  Rm(⇤p+1)

B7 �M/ QMHv B7 7Q` �Mv TQHvMQKB�H P Q7 /2;`22 �i KQbi p b�iBb7vBM;

P (j) � 0 7Q` j = 0, 1, . . . ,m, U9X9V

r2 ?�p2
Z

P (t) dµR̄(t) � 0. U9X8V

S`QQ7X G2i R̄ #2 � `2�H MmK#2` bm+? i?�i R̄  Rm(⇤p+1)X �++Q`/BM; iQ _2K�`F kXj-

8e



r2 ?�p2 � TQbBiBp2 [m�/`�im`2 rBi? BMi2;2` MQ/2b bK�HH2` i?�M m- i?�i Bb i?2`2 2tBbi

MQM@M2;�iBp2 `2�H MmK#2`b ↵i �M/ BMi2;2`b mi  m, i = 1, . . . , s bm+? i?�i

Z
P (t)dµF

R̄ =
sX

i=1

↵iP (mi) 7Q` �Mv P 2 Pp. U9XeV

h?2`27Q`2- mbBM; i?2 +QM/BiBQM U9X9V- r2 +QM+Hm/2 i?�i U9X8V ?QH/b 7Q` �Mv TQHvMQKB�H P

Q7 /2;`22 �i KQbi p b�iBb7vBM; U9X9VX *QMp2`b2Hv- H2i mb �bbmK2 i?�i R̄ Bb bm+? i?�i- 7Q`

�Mv TQHvMQKB�H P Q7 /2;`22 �i KQbi p bm+? i?�i P (j) � 0 7Q` j = 0, 1, . . . ,m- r2 ?�p2
R
P (t)dµF

R̄(t) � 0X 1tT`2bbBM; P BM i?2 KQMQKB�H #�bBb �b P (t) =
Pp

k=0 �kt
k �M/ b2i � :

(�0, �1, . . . , �p)T �M/ A i?2 (p+1,m+1) K�i`Bt A = (aij) rBi? aij = ji 7Q` i = 0, 1, . . . , p

�M/ j = 0, 1, . . . ,mX *H2�`Hv- r2 ?�p2 �TA = (P (0), P (1), . . . , P (m))X JQ`2Qp2`- B7 r2

/2MQi2 #v b = (B0(⇤p+1, R), B1(⇤p+1, R), . . . , Bp(⇤p+1, R))T X lbBM; U9XeV- r2 Q#i�BM

�T b =
R
P (t)dµF

R̄(t)X h?2`27Q`2- 7Q` �Mv � 2 Rn+1 bm+? i?�i �TA � 0 r2 ?�p2 �T b � 0X

h?mb- #v 6�`F�bǶ G2KK� 9XR - i?2`2 2tBbib � p2+iQ` ↵ = (↵0,↵1, . . . ,↵m)
T
� 0 bm+?

i?�i A↵ = b- r?B+? BM im`M Bb 2[mBp�H2Mi iQ i?2 `2T`2b2Mi�iBQM Q7 i?2 TQHvMQKB�H

Hp(.; R̄) �b

Hp(x; R̄) =
mX

k=0

↵k(x� k)p.

h?2`27Q`2- R̄  Rm,nX h?Bb +QM+Hm/2b i?2 T`QQ7X

.2}MBiBQM 9XkX � MQM@x2`Q `2�H TQHvMQKB�H P Bb b�B/ iQ #2 �/KBbbB#H2 B7 Bi Bb MQMM2;@

�iBp2 Qp2` i?2 BMi2;2`b- BX2Xc

P (j) � 0 7Q` �HH j 2 Z.

8d



.2}M2 i?2 7QHHQrBM; T�`�K2i2`

⌧Fp = bmT
R>0

bmT
P2Cp

✓R
tP (t) dµF

RR
P (t) dµF

R

� ⇠Fp,p

◆
, U9XdV

r?2`2 Cp /2MQi2b i?2 b2i Q7 �HH �/KBbbB#H2 TQHvMQKB�Hb Q7 /2;`22 �i KQbi 2(p � 1)-

�M/ ⇠Fp,p Bb i?2 H�`;2bi `QQi Q7 i?2 Q`i?Q;QM�H TQHvMQKB�H ⇡F
p (·;R) rBi? `2bT2+i iQ i?2

K2�bm`2 µF
RX

:2M2`�HBxBM; i?2 i2+?MB[m2b Q7 (je)- r2 +�M b?Qr i?2 7QHHQrBM; HQr2` #QmM/ 7Q`

Rm(⇤2p) BM i2`Kb Q7 ⌧Fp

h?2Q`2K 9X8X :Bp2M �M �#bQHmi2Hv TQbBiBp2 b2[m2M+2 ⇤2p �M/ H2i R̄ #2 i?2 mMB[m2

TQbBiBp2 `2�H MmK#2` bm+? i?�i i?2 H�`;2bi x2`Qb Q7 ⇡F
p (.; R̄) Bb 2[m�H iQ m� ⌧Fp X h?2M

Rm(⇤2p) � R̄.

Pm` ;Q�H BM i?2 `2K�BM/2` Q7 i?Bb b2+iBQM Bb iQ 2bi�#HBb? i?2 BM2[m�HBiv ⌧Fp  p� 1.

:Bp2M �M �/KBbbB#H2 TQHvMQKB�H P - r2 /2}M2 i?2 KQ/B}2/ K2�bm`2

µ̄F
R =

1X

j=0

F (j)(�R)RjP (j)

j!
�j.

hQ 2bi�#HBb? �M mTT2` #QmM/ 7Q` ⌧Fp - r2 bi�`i #v 2bi�#HBb?BM; i?2 7QHHQrBM;X

S`QTQbBiBQM 9XRX G2i P #2 �M �/KBbbB#H2 TQHvMQKB�HX .2MQi2b ⇠̄1 i?2 x2`Q Q7 i?2

83



/2;`22 1 Q`i?Q;QM�H TQHvMQKB�H ⇧1(·;R) �bbQ+B�i2/ rBi? i?2 K2�bm`2

µ̄F (1)

R =
1X

j=0

F (j+1)(�R)RjP (j)

j!
�j,

�M/ ⇠̄+1 i?2 x2`Q Q7 i?2 /2;`22 1 Q`i?Q;QM�H TQHvMQKB�H ⇧+
1 (·;R) rBi? `2bT2+i iQ i?2

K2�bm`2

µ̄F+

R =
1X

j=0

F (j)(�R)RjP+(j)

j!
�j, r?2`2 P+(t) := P (t� 1).

h?2M i?2 7QHHQrBM; BM2[m�HBiv ?QH/b

⇠̄+1  ⇠̄1 + 1.

S`QQ7X .2}M2 i?2 TQHvMQKB�H

G1(x) =

Z
(x� t) dµ̄F (1)

R (t) = !1(x� ⇠̄1). U9X3V

*H2�`Hv- G1(⇠̄1) = 0X h?2`27Q`2- i?2`2 2tBbib � +QMbi�Mi !1 bm+? i?�i

G1(x) = !1(x� ⇠̄1). U9XNV

.2}M2 i?2 TQHvMQKB�H

G2(x) =

Z
(x� t)2 dµ̄F+

R (t). U9XRyV

8N



lbBM; UjXdV- i?2 TQH�` 7Q`K g2 Q7 G2(x) b�iBb}2b

g2(0, x) = �

Z
t(x� t) dµ̄F+

R (t) = �R

Z
(x� (t+ 1)) dµ̄F (1)

R (t)

= �R

Z
((x� 1)� t) dµ̄F (1)

R (t) = �RG1(x� 1).

lbBM; 9XN- r2 Q#b2`p2 i?�i g2(0, ⇠̄1 + 1) = 0X >2M+2- i?2`2 2tBbi +QMbi�Mib ↵0 �M/ ↵1

bm+? i?�i

G2(x) = ↵0x
2 + ↵1(x� (⇠̄1 + 1))2. U9XRRV

aBM+2

G2(0) =

Z
t2 dµ̄F+

R (t) = ↵1(⇠̄1 + 1)2 � 0,

G2(⇠̄1 + 1) =

Z
(⇠̄1 + 1� t)2 dµ̄F+

R (t) = ↵0(⇠̄1 + 1)2 � 0,

r2 +QM+Hm/2 i?�i i?2 +QMbi�Mib ↵0,↵1 �`2 MQMM2;�iBp2X .Bz2`2MiB�iBM; #Qi? U9XRyV

�M/ U9XRRV rBi? `2bT2+i iQ x- �M/ �TTHvBM; :�mbb [m�/`�im`2- r2 Q#i�BM

�1(x� ⇠̄+1 ) = ↵0x+ ↵1(x� (⇠̄1 + 1)), U9XRkV

rBi? �1 > 0X 1p�Hm�iBM; #Qi? bB/2b Q7 U9XRkV �i x = ⇠̄+1 ;Bp2b i?2 /2bB`2/ `2bmHi

⇠̄+1  ⇠̄1 + 1.

"v Q`i?Q;QM�HBiv rBi? `2bT2+i iQ µ̄F (1)

R - i?2 mMB[m2 x2`Q ⇠̄1 Q7 i?2 TQHvMQKB�H

ey



⇧F (1)

1 (·;R) b�iBb}2b

Z
(t� ⇠̄1) dµ̄

F (1)

R (t) =

Z
(t� ⇠̄1)P (t) dµF (1)

R (t) = 0.

h?mb-

⇠̄1 =

R
tP (t) dµF (1)

R (t)
R
P (t) dµF (1)

R (t)
.

aBKBH�`Hv- r2 ?�p2

⇠̄+1 =

R
tP (t� 1) dµF (1)

R (t)
R
P (t� 1) dµF (1)

R (t)
.

h?2`27Q`2- S`QTQbBiBQM 9XR +�M #2 `2@bi�i2/ �b

*Q`QHH�`v 9XRX 6Q` �Mv �/KBbbB#H2 TQHvMQKB�H P �M/ �Mv TQbBiBp2 `2�H MmK#2` R- i?2

7QHHQrBM; BM2[m�HBiv ?QH/bX

R
tP (t) dµF

R(t)R
P (t) dµF

R(t)


R
tP (t+ 1) dµF (1)

R (t)
R
P (t+ 1) dµF (1)

R (t)
+ 1.

Ai2`�iBM; i?2 T`2pBQmb BM2[m�HBiv H2�/b iQ i?2 7QHHQrBM;X

*Q`QHH�`v 9XkX 6Q` �Mv �/KBbbB#H2 TQHvMQKB�H P �M/ �Mv MQM@M2;�iBp2 BMi2;2` k- i?2

7QHHQrBM; BM2[m�HBiv ?QH/bX

R
t P (t) dµF

R(t)R
P (t) dµF

R(t)


R
t P (t+ k) dµF (k)

R (t)
R
P (t+ k) dµF (k)

R (t)
+ k. U9XRjV

q2 b?�HH M22/ i?2 7QHHQrBM; T`QTQbBiBQMX

S`QTQbBiBQM 9XkX G2i F #2 �#bQHmi2Hv KQMQiQMB+ QM (�1, 0] �M/ R > 0X h?2M- 7Q`

eR



�Mv �/KBbbB#H2 TQHvMQKB�H P - r2 ?�p2

R
t P (t) dµF (1)

R (t)
R
P (t) dµF (1)

R (t)


R
t P (t) dµF

R(t)R
P (t) dµF

R(t)
. U9XR9V

S`QQ7X lbBM; i?2 /2}MBiBQM Q7 i?2 K2�bm`2b µF
R �M/ µF (1)

R - r2 ?�p2

Z
tP (t) dµF (1)

R

Z
P (t) dµF

R(t) =
1X

j,k=0

jP (j)P (k)F (j+1)(�R)F (k)(�R)Rj+k

j!k!
,

�M/ bBKBH�`Hv-

Z
tP (t) dµF

R

Z
P (t) dµF (1)

R =
1X

j,k=0

jP (j)P (k)F (j)(�R)F (k+1)(�R)Rj+k

j!k!
.

h?mb- i?2 /Bz2`2M+2 Bb ;Bp2M #v

✓Z
tP (t) dµF (1)

R

◆✓Z
P (t) dµF

R

◆
�

✓Z
tP (t) dµF

R

◆✓Z
P (t) dµF (1)

R

◆

=
1X

j,k=0

j P (j)P (k)Rj+k

j! k!

��������

F (k)(�R) F (k+1)(�R)

F (j)(�R) F (j+1)(�R)

��������

=
1X

m=0

mX

j=0

j P (j)P (m� j)

j! (m� j)!

��������

F (m�j)(�R) F (m�j+1)(�R)

F (j)(�R) F (j+1)(�R)

��������
Rm.

*Q`QHH�`v jXR 2Mbm`2b i?2 HQ;@+QMp2tBiv +QM/BiBQM

F (j)(�R)F (m�j+1)(�R) � F (j+1)(�R)F (m�j)(�R), j  m� j,

r?B+? BM im`Mb 2Mbm`2b i?2 MQM@M2;�iBpBiv Q7 i?2 bmKX h?Bb +QM+Hm/2b i?2 T`QQ7X

ek



6`QK i?2 T`2pBQmb T`QTQbBiBQM- r2 +�M 2�bBHv /2/m+2 i?2 7QHHQrBM;X

*Q`QHH�`v 9XjX G2i F #2 �#bQHmi2Hv KQMQiQMB+ QM (�1, 0] �M/ R > 0X h?2M- 7Q`

2p2`v �/KBbbB#H2 TQHvMQKB�H P �M/ 7Q` �Mv BMi2;2` h- r2 ?�p2

R
t P (t) dµF (h)

R (t)
R
P (t) dµF (h)

R (t)


R
t P (t) dµF

R(t)R
P (t) dµF

R(t)
. U9XR8V

"27Q`2 T`QpB/BM; i?2 K�BM `2bmHi- r2 bi�i2 i?2 7QHHQrBM; `2bmHi T`Qp2/ BM (je)X

S`QTQbBiBQM 9Xj U(je)VX G2i P #2 �M �/KBbbB#H2 TQHvMQKB�H Q7 /2;`22 �i KQbi 2p� 2X

h?2 TQHvMQKB�H

Q(t) =
p�1X

k=0

✓
p� 1

k

◆2

P (t+ k) U9XReV

b�iBb}2b Q(t) � 0 7Q` �HH t 2 RX

h?2Q`2K 9XeX 6Q` � ;Bp2M �#bQHmi2Hv TQbBiBp2 b2[m2M+2 ⇤2p i?2 T�`�K2i2` ⌧Fp - /2}M2/

BM U9XdV b�iBb}2b i?2 BM2[m�HBiv

⌧Fp  p� 1 7Q` �Mv p � 2.

S`QQ7X G2i R > 0 #2 � }t2/ `2�H MmK#2`- �M/ H2i P 2 Cp #2 �M �/KBbbB#H2 TQHvMQKB�H

Q7 /2;`22 �i KQbi 2(p�1)X "v S`QTQbBiBQM 9Xj- i?2 /2;`22 2p�2 TQHvMQKB�H Q /2}M2/

BM U9XReV Bb MQM@M2;�iBp2 Qp2` i?2 r?QH2 `2�H HBM2X "v :�mbb [m�/`�im`2- r2 ?�p2

Z
tQ(t) dµF

R =
pX

k=1

↵k⇠
F
k,p(R)Q(⇠Fk,p(R))

 ⇠Fp,p(R)
pX

k=1

↵kQ(⇠Fk,p(R)) = ⇠Fp,p(R)

Z
Q(t) dµF

R.

ej



6`QK i?2 2tT`2bbBQM Q7 i?2 TQHvMQKB�H Q- i?2 T`2pBQmb BM2[m�HBiv +�M #2 r`Bii2M �b

p�1X

k=0

✓
p� 1

k

◆2 Z
P (t+ k)dµF

R  ⇠Fp,p

p�1X

k=0

✓
p� 1

k

◆2 Z
P (t+ k)dµF

R.

h?2`27Q`2- i?2`2 2tBbib �M BM/2t j 2 {0, . . . , p� 1} bm+? i?�i

R
t P (t+ j) dµF

RR
P (t+ j) dµF

R

 ⇠Fp,p(R). U9XRdV

h?mb- 7`QK BM2[m�HBiv U9XR8V- r2 ?�p2

R
t P (t+ j) dµF (j)

RR
P (t+ j) dµF (j)

R

 ⇠Fp,p(R).

h?2`27Q`2- mbBM; U9XRjV- r2 Q#i�BM

R
t P (t) dµF

RR
P (t) dµF

R

 ⇠Fp,p(R) + j  ⇠Fp,p(R) + p� 1. U9XR3V

h?Bb +QM+Hm/2b i?2 T`QQ7 #v BMpQFBM; i?2 /2}MBiBQM Q7 ⌧Fp X

lbBM; i?2 #QmM/ ⌧Fp  p � 1 �HQM; rBi? h?2Q`2Kb 9X8- r2 Q#i�BM i?2 7QHHQrBM;

#QmM/b QM i?2 QTiBK�H i?`2b?QH/ 7�+iQ`bX

h?2Q`2K 9XdX G2i m, p 2 N rBi? m � 2p � 1 �M/ H2i ⇤2p = (�0, . . . ,�2p�1) #2 �M

�#bQHmi2Hv TQbBiBp2 b2[m2M+2X G2i Rmin �M/ Rmax i?2 mMB[m2 TQbBiBp2 `2�H MmK#2`b bm+?

i?�i

⇠Fp,p(Rmax) = m, ⇠Fp,p(Rmin) = m� p+ 1.

e9



h?2M- i?2 7QHHQrBM; #QmM/ 7Q` i?2 QTiBK�H i?`2b?QH/ 7�+iQ`

Rmin  Rm(⇤2p+1)  Rmax

?QH/bX

9Xj "QmM/b QM i?2 PTiBK�H i?`2b?QH/ 6�+iQ`b Q7

aQK2 *H�bbB+�H a2[m2M+2b

�b �M �TTHB+�iBQM Q7 h?2Q`2K 9Xd- i?Bb b2+iBQM T`2b2Mib b?�`T #QmM/b 7Q` i?2 QTiBK�H

i?`2b?QH/ 7�+iQ`b �bbQ+B�i2/ rBi? i?2 b2[m2M+2b

⇤2p(�) = (1, �, �2, . . . , �2p�1) rBi? � > 0,

�M/

⇤2p(�) =
�
1, �(1), �(2), . . . , �(2p�1)

�
rBi? � > 0.

q2 #2;BM #v 2bi�#HBb?BM; i?�i #Qi? b2[m2M+2b �`2 �#bQHmi2Hv TQbBiBp2 �M/ +Q``2bTQM/-

`2bT2+iBp2Hv- iQ i?2 7mM+iBQMb F (x) = e�x �M/ G(x) = (1�x)��X h?2 Q`i?Q;QM�H TQHv@

MQKB�Hb �bbQ+B�i2/ rBi? ⇤2p(�) �`2 B/2MiB}2/ �b ;2M2`�HBx2/ SQBbbQMĜ*?�`HB2` TQHv@

MQKB�Hb- r?BH2 i?Qb2 �bbQ+B�i2/ rBi? ⇤2p(�) +Q``2bTQM/ iQ J2BtM2` Q`i?Q;QM�H TQHv@

MQKB�HbX �++Q`/BM;Hv- r2 b?�HH `272` iQ i?2 7Q`K2` �b :2M2`�HBx2/ SQBbbQM@*?�`HB2`

b2[m2M+2b �M/ i?2 H�ii2` �b J2BtM2` b2[m2M+2bX h?2 `2bmHiBM; #QmM/b QM i?2 QTiB@

K�H i?`2b?QH/ 7�+iQ`b rBHH #2 2tT`2bb2/ BM i2`Kb Q7 i?2 bK�HH2bi x2`Qb Q7 ;2M2`�HBx2/

e8



G�;m2``2 TQHvMQKB�Hb 7Q` i?2 b2[m2M+2 ⇤2p(�)- �M/ BM i2`Kb Q7 i?2 bK�HH2bi x2`Q Q7

C�+Q#B@HBF2 Q`i?Q;QM�H TQHvMQKB�Hb 7Q` i?2 b2[m2M+2 ⇤2p(�)X

J�Mv +H�bbB+�H Q`i?Q;QM�H TQHvMQKB�Hb +�M #2 2tT`2bb2/ BM i2`Kb Q7 ?vT2`;2QK2i`B+

7mM+iBQMbX h?2 ;2M2`�H 7Q`K Q7 i?2 ?vT2`;2QK2i`B+ 7mM+iBQM Bb /2}M2/ #v

pFq

0

BB@
a1, a2, . . . , ap

b1, b2, . . . , bq

; t

1

CCA =
1X

n=0

(a1)n(a2)n · · · (ap)n
(b1)n(b2)n · · · (bq)n

tn

n!
, U9XRNV

r?2`2 i?2 SQ+??�KK2` bvK#QH U`BbBM; 7�+iQ`B�HV Bb /2}M2/ #v (9N)

(a)n = a(a+ 1)(a+ 2) · · · (a+ n� 1) =
�(a+ n)

�(a)
. U9XkyV

� bT2+B�H +�b2 Q7 i?Bb Bb i?2 :�mbb ?vT2`;2QK2i`B+ 7mM+iBQM-

2F1

0

BB@
a, b

c

; t

1

CCA =
1X

n=0

(a)n(b)n
(c)n

tn

n!
, U9XkRV

r?B+? +QMp2`;2b 7Q` |t| < 1X

P7 T�`iB+mH�` BMi2`2bi iQ mb BM i?Bb b2+iBQM �`2 i?2 C�+Q#B TQHvMQKB�Hb 2tT`2bb2/ BM

i2`Kb Q7 ?vT2`;2QK2i`B+ 7mM+iBQMb �b

P (↵,�)
p (t) =

(↵ + 1)p
p!

2F1

0

BB@
�p, p+ ↵ + � + 1

↵ + 1

;
1� t

2

1

CCA . U9XkkV

�`2 Q`i?Q;QM�H rBi? `2bT2+i i?2 i?2 r2B;?i 7mM+iBQM !↵,�(t) = (1� t)↵(1+ t)� Qp2` i?2

ee



BMi2`p�H [�1, 1] r?2M ↵, � > �1- BX2Xc

Z 1

�1

P (↵,�)
i (t)P (↵,�)

j (t)!↵,�(t) = 0 B7 i 6= j.

q2 �HbQ M22/ i?2 ;2M2`�HBx2/ G�;m2``2 TQHvMQKB�Hb /2}M2/ BM i2`Kb Q7 ?vT2`;2QK2i`B+

7mM+iBQMb �b

L(↵)
p (t) =

(↵ + 1)p
p!

1F1

0

BB@
�p

↵ + 1

; t

1

CCA , U9XkjV

r?2`2 ↵ > �1X h?2v �`2 Q`i?Q;QM�H rBi? `2bT2+i iQ i?2 r2B;?i 7mM+iBQM !↵(t) = t↵e�t

Qp2` i?2 BMi2`p�H [0,1)- i?�i Bb

Z 1

0

L(↵)
i (t)L(↵)

j (t)!↵(t) = 0 B7 i 6= j.

9XjXR "QmM/ QM i?2 QTiBK�H i?`2b?QH/ 7�+iQ`b Q7 i?2 ;2M2`�H@

Bx2/ SQBbbQM@*?�`HB2` b2[m2M+2 ⇤2p(�)

h?2 2H2K2Mib Q7 i?2 b2[m2M+2 ⇤2p(�) �`2 i?2 p�Hm2b Q7 i?2 bm++2bbBp2 /2`Bp�iBp2b Q7

i?2 7mM+iBQM F (x) = e�x �i i?2 Q`B;BMX h?2`27Q`2- i?2 b2[m2M+2 Bb �bbQ+B�i2/ rBi? i?2

;2M2`�HBx2/ SQBbbQM@*?�`HB2` K2�bm`2 /2}M2/ #v UjX3VX h?2 +Q``2bQM/BM; Q`i?Q;QM�H

TQHvMQKB�Hb �`2 i?2 ;2M2`�HBx2/ SQBbbQM@*?�`HB2` Q`i?Q;QM�H TQHvMQKB�H ;Bp2M BM i2`Kb

Q7 ?vT2`;2QK2i`B+ 7mM+iBQM �b

C�
p (t;R) = 2F0

0

BB@
�p, �t

�

; �
1

�R

1

CCA .

ed



aBM+2 i?2 7mM+iBQM F Bb �#bQHmi2Hv KQMQiQMB+ QM i?2 BMi2`p�H (�1, 0]- Bi 7QHHQrb 7`QK

h?2Q`2K jXe i?�i i?2 x2`Qb Q7 i?2 �bbQ+B�i2/ Q`i?Q;QM�H TQHvMQKB�H C�
p (t;R) BM+`2�b2

KQMQiQMB+�HHv rBi? `2bT2+i iQ i?2 T�`�K2i2` RX 6m`i?2`KQ`2- Bi Bb r2HH FMQrM i?�i

i?2b2 x2`Qb /Bp2`;2 iQ BM}MBiv �b R ! 1X *QMb2[m2MiHv- i?2 b2[m2M+2 ⇤2p(�) Bb

�#bQHmi2Hv TQbBiBp2X

G2i Rmin �M/ Rmax i?2 mMB[m2 TQbBiBp2 `2�H MmK#2`b bm+? i?�i

⇠Fp,p(Rmax) = m, ⇠Fp,p(Rmin) = m� p+ 1,

r?2`2 ⇠Fp,p Bb i?2 H�`;2bi x2`Q Q7 i?2 TQHvMQKB�H Cp(.;R)X 6`QK i?2 `2H�iBQM

C�
p (t;R) = p!L(t�p)

p (�R), U9Xk9V

r2 +QM+Hm/2 i?�i Rmax �M/ Rmin b�iBb7v

L(m�p)
p (�Rmax) = 0 �M/ L(m�2p+1)

p (�Rmax) = 0. U9Xk8V

JQ`2Qp2`- bBM+2 i?2 x2`Qb Q7 i?2 ;2M2`�HBx2/ SQBbbQMĜ*?�`HB2` TQHvMQKB�Hb BM+`2�b2

KQMQiQMB+�HHv rBi? `2bT2+i iQ i?2 T�`�K2i2` �- i?2 [m�MiBiB2b RKBM �M/ RK�t `2T`2b2Mi

i?2 bK�HH2bi p�Hm2b Q7 R 7Q` r?B+? +QM/BiBQM U9Xk8V Bb b�iBb}2/X h?Bb H2�/b mb iQ i?2

7QHHQrBM; i?2Q`2KX

h?2Q`2K 9X3X 6Q` �Mv BMi2;2`b m, p bm+? i?�i m � 2p � 1- i?2 QTiBK�H i?`2b?QH/

e3



7�+iQ` Q7 i?2 b2[m2M+2 ⇤2p(�) = (1, �, �2, . . . , �2p�1), � > 0 b�iBb7v

`(m�2p+1)
p

�
 Rm(⇤2p(�)) 

`(m�p)
p

�
,

r?2`2 `(↵)p `272`b iQ i?2 bK�HH2bi x2`Q Q7 i?2 ;2M2`�HBx2/ G�;m2``2 TQHvMQKB�H L(↵)
p X

h?2 mTT2` �M/ HQr2` #QmM/b 7Q` Rm(⇤2p(�)) 2bi�#HBb?2/ BM h?2Q`2K 9X3 �`2 T`2@

b2Mi2/ BM i?2 i�#H2 #2HQr 7Q` p�`BQmb p�Hm2b Q7 p,m �M/ 7Q` � = 0.5 �M/ 10X h?2

2t�+i p�Hm2b Q7 i?2 +Q``2bTQM/BM; QTiBK�H i?`2b?QH/ 7�+iQ`b �`2 +QKTmi2/ mbBM; i?2

�H;Q`Bi?K QmiHBM2/ BM a2+iBQM kX8X

p GQr2` "QmM/ Rm(⇤2p) lTT2` "QmM/
k 9Xyyyy R5(⇤4) = 5.3013 8X8kdN
j yX3jR8 R5(⇤6) = 2.0032 jXyj93
k dXRyRy R7(⇤4) = 8.5758 3Xdy38
j jXyj93 R7(⇤6) = 5.3143 8X8NkN
k 3Xdy39 R8(⇤4) = 10.2143 RyXj9jR
j 9Xk3k9 R8(⇤6) = 6.7704 eXN8k3

h�#H2 9XR, "QmM/b 7Q` Rm(⇤2p(�)) rBi? � = 0.5

p GQr2` "QmM/ Rm(⇤2p) lTT2` "QmM/
k yXkyyy R5(⇤4) = 0.2651 yXkde9
j yXy9Re R5(⇤6) = 0.1000 yXR8Rd
k yXj88R R7(⇤4) = 0.4288 yX9j89
j yXR8Rd R7(⇤6) = 0.2651 yXkdNd
k yX9j89 R8(⇤4) = 0.5107 yX8Rdk
j yXkR9R R8(⇤6) = 0.3373 yXj9de

h�#H2 9Xk, "QmM/b 7Q` Rm(⇤2p(�)) rBi? � = 10

eN



9XjXk "QmM/ QM i?2 QTiBK�H i?`2b?QH/ 7�+iQ`b Q7 i?2 J2BtM2`

b2[m2M+2 ⇤2p(�)

h?2 2H2K2Mib Q7 i?2 b2[m2M+2 ⇤2p(�) �`2 i?2 i?2 p�Hm2b Q7 i?2 bm++2bbBp2 /2`Bp�iBp2b Q7

i?2 7mM+iBQM F (x) = (1�x)�� �i i?2 Q`B;BMX h?2`27Q`2- i?2 b2[m2M+2 Bb �bbQ+B�i2/ rBi?

i?2 J2BtM2` K2�bm`2 /2}M2/ BM #v UjXNVX h?2 +Q``2bTQM/BM; Q`i?Q;QM�H TQHvMQKB�Hb

�`2 h?2 J2BtM2` TQHvMQKB�Hb ;Bp2M BM i2`Kb Q7 ?vT2`;2QK2i`B+ 7mM+iBQM �b

Mp(t; �, R) = 2F1

0

BB@
�p, �t

�

; 1�
1

c

1

CCA ,

r?2`2 � > 0- 0 < c < 1 �M/ c = R/(1 +R)X

aBM+2 i?2 7mM+iBQM F Bb �#bQHmi2Hv KQMQiQMB+ QM i?2 BMi2`p�H (�1, 0]- Bi 7QHHQrb

7`QK h?2Q`2K jXe i?�i i?2 x2`Qb Q7 i?2 �bbQ+B�i2/ Q`i?Q;QM�H TQHvMQKB�H Mp(t; �, R)

BM+`2�b2 KQMQiQMB+�HHv rBi? `2bT2+i iQ i?2 T�`�K2i2` RX 6m`i?2`KQ`2- Bi Bb r2HH FMQrM

(98) i?�i i?2b2 x2`Qb /Bp2`;2 iQ BM}MBiv �b R ! 1X *QMb2[m2MiHv- i?2 b2[m2M+2 ⇤2p(�)

Bb �#bQHmi2Hv TQbBiBp2X

G2i Rmin �M/ Rmax i?2 mMB[m2 TQbBiBp2 `2�H MmK#2`b bm+? i?�i

⇠Fp,p(Rmax) = m, ⇠Fp,p(Rmin) = m� p+ 1,

r?2`2 ⇠Fp,p Bb i?2 H�`;2bi x2`Q Q7 i?2 TQHvMQKB�H Mp(.; �, R)X 6`QK i?2 `2H�iBQM #2ir22M

dy



J2BtM2` �M/ C�+Q#B TQHvMQKB�Hb (LBFB7Q`Qp 2i �HX- (8y))

Mp(t; �, R) = p!

✓
1�

1

c

◆p

P (t�p,���t�p)
p

✓
1 + c

1� c

◆
, U9XkeV

r2 +QM+Hm/2 i?�i Rmax �M/ Rmin b�iBb7v

P (m�p,���m�p)
p (1 + 2Rmax) = 0 �M/ P (m�2p+1,���m�1)

p (1 + 2Rmin) = 0. U9XkdV

aBM+2 i?2 x2`Qb Q7 J2BtM2` TQHvMQKB�Hb �`2 BM+`2�bBM; 7mM+iBQMb Q7 i?2 T�`�K2i2` R-

h?2 [m�MiBiB2b RKBM �M/ RK�t `2T`2b2Mi i?2 bK�HH2bi p�Hm2b Q7 R 7Q` r?B+? +QM/BiBQM

U9XkdV Bb b�iBb}2/X LQi2 i?�i i?2 T�`�K2i2`b � Q7 i?2 C�+Q#B TQHvMQKB�Hb BM U9XkdV Bb MQi

;`�i2` i?�M �1X h?2`27Q`2- i?2b2 TQHvMQKB�Hb �`2 MQi i?2 +H�bbB+�H C�+Q#B TQHvMQKB�Hb

�M/ �`2 +�HH2/ MQM@bi�M/�`/ C�+Q#B TQHvMQKB�Hb (8R) �M/ �HH i?2B` x2`Qb `2�H �M/ H�`;2`

i?�M QM2 (8k)X h?Bb H2�/b iQ i?2 7QHHQrBM; i?2Q`2KX

h?2Q`2K 9XNX 6Q` �Mv BMi2;2`b m, p bm+? i?�i m � 2p � 1- i?2 QTiBK�H i?`2b?QH/

7�+iQ` Q7 i?2 b2[m2M+2 ⇤2p(�) =
�
1, �(1), �(2), . . . , �(2p�1)

�
, � > 0. b�iBb7v

j(m�2p+1,���m�1)
p � 1

2
 Rm(⇤2p(�)) 

j(m�p,���m�p)
p � 1

2
,

r?2`2 j(↵,�)p `272`b iQ i?2 bK�HH2bi x2`Q Q7 i?2 MQM@bi�M/�`/ C�+Q#B TQHvMQKB�H TQHvMQ@

KB�H P (↵,�)
p X

h?2 mTT2` �M/ HQr2` #QmM/b 7Q` Rm(⇤2p(�)) 2bi�#HBb?2/ BM h?2Q`2K 9XN �`2 T`2@

b2Mi2/ BM i?2 i�#H2 #2HQr 7Q` p�`BQmb p�Hm2b Q7 p,m �M/ 7Q` � = 0.5 �M/ 10X h?2

dR



2t�+i p�Hm2b Q7 i?2 +Q``2bTQM/BM; QTiBK�H i?`2b?QH/ 7�+iQ`b �`2 +QKTmi2/ mbBM; i?2

�H;Q`Bi?K QmiHBM2/ BM a2+iBQM kX8X

p GQr2` "QmM/ Rm(⇤2p) lTT2` "QmM/
k RXydR3 R5(⇤4) = 1.2000 RX9je8
j yXR8yR R5(⇤6) = 0.2222 yX93d3
k RX3yky R7(⇤4) = 2.0000 kXRed3
j yX93d3 R7(⇤6) = 0.6667 yX3jNk
k kXRed3 R8(⇤4) = 2.4000 kX8jjN
j yXeeke R8(⇤6) = 0.8594 RXyReN

h�#H2 9Xj, "QmM/b 7Q` Rm(⇤2p(�)) rBi? � = 0.5

�b r2 b?Qr2/ BM (je)- B7 i?2 x2`Qb Q7 ⇡F
p (·, R) �`2 BMi2;2`b i?2M i?2 QTiBK�H i?`2b?QH/

7�+iQ` Rm(⇤2p) = R- r?2`2 m Bb i?2 H�`;2bi x2`Q Q7 ⇡F
p (·, R)X AM i?2 7QHHQrBM;- r2 b?�HH

�TTHv i?Bb `2bmHi iQ J2BtM2` TQHvMQKB�H Q7 /2;`22 2X

h?2Q`2K 9XRyX G2i 0  n < m #2 BMi2;2` bm+? i?�i (m+ n� 1)2 > 4mnX a2i

� =
4mn

(m+ n� 1)2 � 4mn
.

h?2M

Rm(⇤4(�)) =
m+ n� 1

2(� + 1)
.

h?2 �bbQ+B�i2/ QTiBK�H i?`2b?QH/ TQHvMQKB�H Bb ;Bp2M #v

�m(⇤2p)(x) = !1

✓
1 +

x

Rm(⇤4(�))

◆n

+ !2

✓
1 +

x

Rm(⇤4(�))

◆m

,

r?2`2

!1 =
m� �Rm(⇤4(�))

m� n
!2 =

�Rm(⇤4(�))� n

m� n
.

dk



S`QQ7X h?2 J2BtM2` TQHvMQKB�H Q7 /2;`22 2 Bb ;Bp2M #v

M2(t; �, R) = t2 � ((2� + 2)R + 1)t+ �(1 + �)R2.

h�FBM;

� =
4mn

(m+ n� 1)2 � 4mn
�M/ R =

m+ n� 1

2(� + 1)
,

QM2 +�M `2�/BHv b?Qr i?�i

M2(t; �, R) = (t�m)(t� n).

h?mb i?2 /2;`22 irQ J2BtM2` TQHvMQKB�H ?�b QMHv MQM@M2;�iBp2 BMi2;2` x2`Qb �M/ i?mb

i?2 `2bmHi 7QHHQrb 7`QK h?2Q`2K 9XjX

dj



*>�Sh1_ 8

*>_AahP661G h_�La6P_J �L.

>A:>@166A*A1Lh �G:P_Ah>Ja 6P_ h>1

*PJSlh�hAPL P6 PShAJ�G h>_1a>PG.

6�*hP_a

h?2 +QKTH2tBiv Q7 i?2 �H;Q`Bi?K 7Q` +QKTmiBM; i?2 QTiBK�H i?`2b?QH/ 7�+iQ`b BMi`Q@

/m+2/ BM *?�Ti2` k ;`Qrb 2tTQM2MiB�HHv rBi? i?2 MmK#2` Q7 bi�;2b m �M/ i?2 Q`/2` pX

hQ +QKTmi2 i?2b2 7�+iQ`b 7Q` H�`;2 p�Hm2b Q7 m �M/ p- r2 bim/v i?2 bT2+i`�H *?`BbiQz2H

i`�Mb7Q`K�iBQMb Q7 i?2 /Bb+`2i2 K2�bm`2 µF
RX h?Bb H2�/b iQ � ?B;?Hv 2{+B2Mi �M/ bi�#H2

�H;Q`Bi?K 7Q` +QKTmiBM; i?2 QTiBK�H i?`2b?QH/ 7�+iQ`b rBi? i?2 T�`iB+mH�`Biv i?�i Bib

+QKTH2tBiv /2T2M/b QMHv QM i?2 Q`/2` pX

h?Bb +?�Ti2` Bb Q`;�MBx2/ �b 7QHHQrbX a2+iBQM 8XR `2pB2rb bi`m+im`�H T`QT2`iB2b Q7

QTiBK�H i?`2b?QH/ TQHvMQKB�Hb- T`QpB/BM; i?2B` 2tTHB+Bi +?�`�+i2`Bx�iBQMX a2+iBQM 8Xk

T`2b2Mib �M 2{+B2Mi K2i?Q/ 7Q` +QKTmiBM; QTiBK�H i?`2b?QH/ 7�+iQ`b 7Q` �`#Bi`�`v p@

�#bQHmi2Hv KQMQiQM2 b2[m2M+2 ⇤4X a2+iBQM 8Xj BMi`Q/m+2b i?2 *?`BbiQz2H i`�Mb7Q`K-

BMi2;`�H bT2+i`�- �M/ bT2+i`�H `�/BB- 7Q`KBM; i?2 i?2Q`2iB+�H 7QmM/�iBQM Q7 i?2 2{+B2Mi
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�H;Q`Bi?K 7Q` i?2 +QKTmi�iBQM Q7 i?2 QTiBK�H i?`2b?QH/ 7�+iQ`b �M/ i?2B` �bbQ+B�i2/

TQHvMQKB�HbX

8XR ai`m+im`�H T`QT2`iv Q7 i?2 PTiBK�H h?`2b?QH/

SQHvMQKB�H

:2M2`�HBxBM; �M/ �/�TiBM; i?2 i2+?MB[m2b BMi`Q/m+2/ BM i?2 rQ`F Q7 "2`Mbi2BM BM (jk)

�M/ �Bi@>�//Qm BM (je)- r2 +�M T`Qp2 i?2 7QHHQrBM;X

h?2Q`2K 8XRX G2i ⇤2p = (�0,�1, . . . ,�2p�1) #2 �M �#bQHmi2Hv TQbBiBp2 b2[m2M+2X 6Q`

�Mv TQbBiBp2 BMi2;2`b m �M/ p bm+? i?�i m � 2p� 1- h?2 QTiBK�H i?`2b?QH/ TQHvMQKB�H

?�b i?2 bi`m+im`2

�m(⇤2p)(x) =
2p�1X

k=1

↵k

✓
1 +

x

Rm(⇤2p)

◆mk

, U8XRV

r?2`2 ↵k � 0 7Q` �HH k- rBi? ↵2p�1 > 0c �M/ i?2 b2[m2M+2 Q7 BMi2;2`b 0  m1 < m2 <

· · · < m2p�1  m b�iBb}2b

m2k = m2k�1 + 1, k = 1, 2, . . . , p� 1, �M/ m2p�1 = m. U8XkV

AM Qi?2` rQ`/b- BM i?2 `2T`2b2Mi�iBQM U8XkV- i?2 BMi2;2`b (m1, . . . ,m2p�2) �TT2�` �b

T�B`b Q7 +QMb2+miBp2 BMi2;2`b- r?BH2 i?2 H�`;2bi 2tTQM2Mi Bb 2[m�H iQ mX

aQ 7�`- r2 ?�p2 +QMbB/2`2/ b2[m2M+2b ⇤2p�1 rBi? 2p 2H2K2Mib bQ i?�i r2 +�M i�F2 �/@

p�Mi�;2 Q7 :�mbbB�M [m�/`�im`2bX h?2 7QHHQrBM; i?2Q`2K T`QpB/2b i?2 QTiBK�H i?`2b?@

QH/ Q7 b2[m2M+2b Q7 ⇤2p+1 rBi? 2p+2 2H2K2Mib BM i2`Kb Q7 �M �bbQ+B�i2/ b2[m2M+2 rBi?
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QMHv 2p 2H2K2MibX

h?2Q`2K 8XkX :Bp2M � b2[m2M+2 ⇤2p+1 = (�0,�1, . . . ,�2p) Q7 TQbBiBp2 `2�H MmK#2`b

�M/ �bbmK2 i?�i b2[m2M+2 ⇤2p�1 = (�1, . . . ,�2p) Bb � p@�#bQHmi2Hv KQMQiQMB+ b2[m2M+2X

h?2M- 7Q` �Mv BMi2;2` m � 2p- r2 ?�p2

Rm+1(⇤2p+1) = Rm(⇤2p),

�M/

�m+1(⇤2p)(x) = �0 +

Z x

0

�m(⇤2p�1)(⇠) d⇠. U8XjV

S`QQ7X q2 }`bi MQi2- 7`QK U8XjV- i?�i B7 i?2 TQHvMQKB�H �m(⇤2p�1) #2HQM;b iQ ⇧m(⇤2p)

B7 �M/ QMHv B7 �m+1(⇤2p+1) #2HQM;b ⇧m(⇤2p)X JQ`2Qp2`- /Bz2`2MiB�iBM; #Qi? bB/2b Q7

U8XjV- r2 Q#i�BM

�0
m+1(⇤2p)(x) = �m(⇤2p�1)(x).

aBM+2 �m+1(⇤2p) Bb �#bQHmi2Hv KQMQiQMB+ QM [�Rm+1(⇤2p+1), 0]- Bi 7QHHQrb i?�i �0
m+1(⇤2p)

Bb �HbQ �#bQHmi2Hv KQMQiQMB+ Qp2` [�Rm+1(⇤2p+1), 0] �M/ i?2`27Q`2- (⇤2p�1), 0] �M/

i?2`27Q`2- Rm+1(⇤2p+1)  Rm(⇤2p)X hQ T`Qp2 i?�i Rm+1(⇤2p+1) � Rm(⇤2p) r2 T`Q@

+22/ �b 7QHHQrbX

aBM+2 i?2 QTiBK�H i?`2b?QH/ 7�+iQ` Rm(⇤2p) Bb i?2 H�`;2bi `2�H MmK#2` 7Q` r?B+?

i?2 K2�bm`2 µF
R �/KBib � TQbBiBp2 [m�/`�im`2 rBi? BMi2;2` MQ/2b bK�HH2` i?�M m- i?2`2

2tBbib MQM@M2;�iBp2 MmK#2`b bm+? i?�i

Z
(x� t)2p�1dµF

Rm(⇤2p)(t) =
2p�1X

k=1

↵i(x�mi)
2p�1.

de



h?2`27Q`2- i?2`2 2tBbi TQbBiBp2 `2�H MmK#2`b �i bm+? i?�i

Z
(x� t)2pdµF

Rm(⇤2p)(t) =
2pX

k=1

�i(x� (mi + 1))2p + �0x
2p.

h?2`27Q`2- �++Q`/BM; iQ _2K�`F UkXjV- r2 ?�p2 Rm+1(⇤2p+1) � Rm(⇤2p)X h?Bb +QM@

+Hm/2b i?2 T`QQ7X

8Xk �M 1{+B2Mi +QKTmi�iBQM Q7 Rm(⇤4)

G2i ⇤4 = (�0,�1,�2,�3) #2 � p@�#bQHmi2Hv KQMQiQM2 b2[m2M+2 �M/ m � 3 #2 �M BMi2;2`X

G2i R̄ #2 i?2 mMB[m2 TQbBiBp2 `2�H MmK#2` bm+? i?�i i?2 H�`;2bi x2`Q Q7 i?2 Q`i?Q;QM�H

TQHvMQKB�H ⇡F
2 (t;R) Bb 2[m�H iQ mX h?2 TQHvMQKB�H ⇡F

2 (t; R̄) ?�b irQ bBKTH2 `2�H `QQib-

/2MQi2/ r1(R) < r2(R) = mX �++Q`/BM; iQ h?2Q`2K 8XR- i?2 2tTQM2Mib Q7 i?2 QTiBK�H

i?`2b?QH/ TQHvMQKB�H �`2 i?2M ;Bp2M #v

m1 = br1(R)c, m2 = m1 + 1, m3 = m.

h?2`27Q`2- i?2 QTiBK�H i?`2b?QH/ 7�+iQ` Rm(⇤4) Bb i?2 TQbBiBp2 bQHmiBQM Q7 i?2 TQHvMQ@

KB�H 2[m�iBQM BM R

Z
(m1 � t)(m2 � t)(m� t) dµF

R(t) = 0. U8X9V

1t�KTH2 8XRX *QMbB/2` i?2 b2[m2M+2 ⇤4 = (1, 0.5, 0.5, 1)X h?2 �bbQ+B�i2/ Q`i?Q;QM�H

TQHvMQKB�H ⇡F
2 (t;R) ?�b irQ bi`B+iHv BM+`2�bBM; `2�H `QQib r1(R) < r2(R) i?�i i2M/ iQ

dd



BM}MBiv �b R ! 1X h?2`27Q`2- i?2 b2[m2M+2 ⇤4 Bb � p@�#bQHmi2Hv KQMQiQM2 b2[m2M+2X

q2 +QKTmi2 i?2 QTiBK�H i?`2b?QH/ 7�+iQ` Rm(⇤4) 7Q` p�`BQmb p�Hm2b Q7 m � 3 #v

bQHpBM; i?2 TQHvMQKB�H 2[m�iBQM BM R

Z
(m1 � t)(m2 � t)(m� t) dµF

R(t) = 0, U8X8V

r?2`2 m1 = br1(R)c �M/ m2 = m1 + 1X

h?2 `2bmHib �`2 bmKK�`Bx2/ BM i?2 i�#H2 #2HQrX
m Rm(⇤2p) r1(Rm) m1 m2

Ry jXd88j RXRNkN R k
Ryy j3X9R39 R9X9yRj R9 R8
Ryyy j3kXkjdy R98Xdk88 R98 R9e
Ryyyy j3RNXNjey R983X3yN9 R983 R98N

h�#H2 8XR, PTiBK�H i?`2b?QH/b Rm(⇤4) �bbQ+B�i2/ rBi? p�`BQmb m- 7Q` ⇤4 =
(1, 0.5, 0.5, 1)X

8Xj *?`BbiQz2H h`�Mb7Q`K �M/ aT2+i`�H S`QT2`iB2b

hQ ;2M2`�HBx2 i?2 B/2� Q7 i?2 2{+B2Mi +QKTmi�iBQM Q7 i?2 QTiBK�H i?`2b?QH/ 7�+iQ` BM

i?2 H�bi b2+iBQM- r2 BMi`Q/m+2 i?2 *?`BiQz2H i`�Mb7Q`Kb Q7 i?2 K2�bm`2 µF
RX

.2}MBiBQM 8XR U*?`BbiQz2H h`�Mb7Q`KVX 6Q` �M �/KBbbB#H2 TQHvMQKB�H ⌦- i?2 *?`BbiQ7@

72H i`�Mb7Q`K Q7 µF
R Bb /2}M2/ �b

µF,⌦
R := ⌦µF

R =
1X

j=0

⌦(j)F (j)(�R)Rj

j!
�j, U8XeV

r?2`2 i?2 TQHvMQKB�H ⌦(t) Bb +�HH2/ i?2 �MMB?BH�iQ` TQHvMQKB�H Q7 i?2 K2�bm`2 µF,⌦
R X
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A7 i?2 K2�bm`2 µF
R Bb TQbBiBp2 i?2M +H2�`Hv i?2 *?`BbiQz2H i`�Mb7Q`K K2�bm`2 µF,⌦

R

Bb �HbQ TQbBiBp2X q2 b?�HH /2MQi2 #v ⇧R,⌦
p (t)- p � 1- i?2 �bbQ+B�i2/ Q`i?Q;QM�H TQHvMQ@

KB�Hb �M/ �M/ i?2B` x2`Qb �`2 /2MQi2/ #v

⇠⌦1,p < ⇠⌦2,p < · · · < ⇠⌦p,p.

.2}MBiBQM 8Xk Up@*QM};m`�iBQMVX � b2[m2M+2 M = {n1, . . . , np�1} rBi? 1  nk 

p� k + 1 Bb +�HH2/ � p@+QM};m`�iBQMX

q2 b?�HH /2}M2 b2p2`�H MQiBQMb M22/2/ 7Q` i?2 2{+B2Mi �H;Q`Bi?KX h?2 i2+?MB[m2b

7Q` i?2 T`QQ7 +�M #2 �/�Ti2/ 7`QK i?2 rQ`F Q7 �Bi@>�//Qm (je) �M/ rBHH MQi #2 ;Bp2M

?2`2X

.2}MBiBQM 8Xj UAMi2;`�H aT2+i`mKVX 6Q` M- R > 0- r2 /2}M2 i?2 BMi2;`�H bT2+i`mK

S(M, R) = {m1,m2, . . . ,m2p�2} Bi2`�iBp2Hv #v

m1 = b⇠⌦0
n1,p(R)c, m2 = m1 + 1, ⌦0 = ?,

�M/ 7Q` k = 2, 3, . . . , p� 1-

m2k�1 = b⇠
⌦k�1

nk,p�k+1(R)c, m2k = m2k�1 + 1, ⌦k�1(t) :=
k�1Y

i=1

(m2i�1 � t)(m2 � t).

h?2 mMB[m2 x2`Q ⇢(M, R) Q7 i?2 /2;`22 1 TQHvMQKB�H Q`i?Q;QM�H rBi? `2bT2+i iQ i?2

K2�bm`2 µ
F,⌦p�1

R Bb +�HH2/ i?2 bT2+i`�H `�/Bmb rBi? `2bT2+i iQ i?2 +QmTH2 (M, R)X h?2

dN



`2�H MmK#2`⇢(M, R) Bb ;Bp2M 2tTHB+Biv #v

⇢(M, R) =

R
tP (t)dFµR(t)R
P (t)dµF

R(t)
r?2`2 P (t) =

Y

j2S(M,R)

(t� j). U8XdV

:Bp2M � TQbBiBp2 BMi2;2` m �M/ � p@+QM};m`�iBQM M- rBi? m � 2p� 1- i?2M- i?2`2

2tBbib � mMB[m2 `2�H MmK#2` Rm,p(M) bm+? i?�i

⇢ (M,Rm,p(M)) = m.

h?2 `2�H MmK#2` Rm,p(M) rBHH #2 +�HH2/ i?2 QTiBK�H bT2+i`�H `�/Bmb rBi? `2bT2+i iQ i?2

p@+QM};m`�iBQM M �M/ i?2 BMi2;2` mX h?2 �bbQ+B�i2/ BMi2;`�H bT2+i`mK

S(M,Rm,p(M)) = {m1,m2, . . . ,m2p�3,m2p�2}

rBHH #2 i2`K2/ i?2 QTiBK�H BMi2;`�H bT2+i`mK �M/ /2MQi2/ #v Mm,p(M)X

S`QTQbBiBQM 8XRX G2i m �M/ p #2 TQbBiBp2 BMi2;2`b Um � 2p � 1V �M/ M #2 � p@

+QM};m`�iBQMX A7 R1 �M/ R2 �`2 irQ `2�H MmK#2`b bm+? i?�i

S(M, R1) = S(M, R2) and ⇢(M, R1)  m  ⇢(M, R2), U8X3V

i?2M i?2 QTiBK�H BMi2;`�H bT2+i`mK rBi? `2bT2+i iQ M �M/ iQ i?2 BMi2;2` m Bb ;Bp2M #v

Mm,p(M) = S(M, R1) = S(M, R1) �M/ i?2 QTiBK�H bT2+i`�H `�/Bmb Rm,p(M) Bb i?2 mMB[m2

3y



TQbBiBp2 `2�H x2`Q BM [R1, R2] Q7 i?2 TQHvMQKB�H 2[m�iBQM BM R

h2p�1(m1,m2, . . . ,m2p�2,m;R) = 0, U8XNV

r?2`2 (m1,m2, . . . ,m2p�2) = Mm,p(M) �M/ h2p�1(�, R) i?2 TQH�` 7Q`K Q7 i?2 TQHvMQ@

KB�H H2p�1(.;R)X

h?2 K�BM i?2Q`2K 7Q` 2{+B2Mi +QKTmi�iBQM Q7 QTiBK�H i?`2b?QH/ 7�+iQ`b- r?B+?

+�M #2 T`Qp2/ mbBM; bBKBH�` i2+?MB[m2b �b BM �Bi@>�//Qm (je) Bb i?2 7QHHQrBM;X

h?2Q`2K 8XjX G2i m �M/ p #2 TQbBiBp2 BMi2;2`b bm+? i?�i m � 2p � 1X G2i ⇤2p =

(�0,�1, . . . ,�2p�1) #2 �M �#bQHmi2Hv TQbBiBp2 b2[m2M+2 �M/ M #2 � p@+QM};m`�iBQM bm+?

i?�i i?2 bvbi2K
Z
(x� t)2p�1dµRm,p(M) =

2p�1X

i=1

↵i(x�mi)
2p�1, U8XRyV

r?2`2 (m1, . . . ,m2p�3,m2p�2) = Mm,p(M) �M/ m2p�1 = m- �/KBib � MQM@M2;�iBp2

bQHmiBQM BM (↵1,↵2, . . . ,↵2p�1)X h?2M

Rm(⇤2p = Rm,p(M) �M/ �m(⇤2p)(x) =
2p�1X

k=1

↵k

✓
1 +

x

Rm,2p�1

◆mk

.

8X9 *QKTmi�iBQM Q7 *?`BbiQz2H h`�Mb7Q`K�iBQM 7Q`

:2M2`�H P`i?Q;QM�H SQHvMQKB�Hb

AM i?Bb b2+iBQM- r2 T`2b2Mi � `2pB2r Q7 �M �H;Q`Bi?K 7Q` +QKTmiBM; i?2 Q`i?Q;QM�H

TQHvMQKB�Hb �bbQ+B�i2/ rBi? i?2 *?`BbiQz2H i`�Mb7Q`K Q7 � K2�bm`2- �bbmKBM; i?2

3R



i?`22@i2`K `2+m``2M+2 `2H�iBQM Q7 Bib Q`B;BM�H Q`i?Q;QM�H TQHvMQKB�Hb Bb FMQrM (jN)X

G2i {Pn(t;R)}n�0 #2 � b2[m2M+2 Q7 KQMB+ Q`i?Q;QM�H TQHvMQKB�Hb b�iBb7vBM;

Pn+1(t;R) = (t� bn)Pn(t;R)� gnPn�1(t;R), P�1(t;R) = 0, P0(t;R) = 1.

h?2M i?2 Q`i?Q;QM�H TQHvMQKB�Hb �bbQ+B�i2/ rBi? i?2 *?`BbiQ72H i`�Mb7Q`K rBi? BMMB@

?BH�iQ` TQHvMQKB�H ⌦ �`2 ;Bp2M #v

⇧⌦
p (t;R) =

1

⌦(t)

����������������

Pp(t;R) Pp+1(t;R) . . . Pp+2s(t;R)

Pp(m1;R) Pp+1(m1;R) . . . Pp+2s(m1;R)

XXX XXX X X X XXX

Pp(m2s;R) Pp+1(m2s;R) . . . Pp+2s(m2s;R)

����������������

. U8XRRV

r?2`2 ⇧⌦
�1(t) = 0 �M/ ⇧⌦

0 (t) = 1X h?2b2 Q`i?Q;QM�H TQHvMQKB�Hb b�iBb7v i?2 i?`22@i2`K

`2+m``2M+2 `2H�iBQM

⇧⌦
n+1(t;R) = (t� B(2s)

n )⇧⌦
n (t;R)�G(2s)

n ⇧⌦
n�1(t;R), n � 0,

r?2`2 i?2 +Q2{+B2Mib Bn- Gn +�M #2 +QKTmi2/ mbBM; i?2 �H;Q`Bi?K /2b+`B#2/ #2HQrX
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�H;Q`Bi?K R *?`BbiQz2H h`�Mb7Q`K�iBQM 7Q` :2M2`�H P`i?Q;QM�H SQHvMQKB�Hb (⇧⌦
p )p�1

R, AMTmi
S�`�K2i2`b R,m, p

k, AMBiB�HBx2 `2+m``2M+2 +Q2{+B2Mib

B(0)
j := bj, G(0)

j := gj, j = 1, 2, . . .

j, �TTHv *?`BbiQz2H i`�Mb7Q`K�iBQM Bi2`�iBp2Hv 7Q` k = 1 iQ 2s

E0 = 0, Qj = B(k�1)
j � Ej�1 �mk, Ej =

G(k�1)
j+1

Qj

B(k)
j = mk +Qj + Ej, G(k)

j = QjEj�1

9, 6BM�H `2+m``2M+2 +Q2{+B2Mib
B(2s)

j , G(2s)
j

8, PmiTmi
AMi2;`�H bT2+i`mK {m1,m2, . . . ,m2p�1}

h?2 `QQib Q7 ⇧⌦
p (t;R) �`2 i?2 2B;2Mp�Hm2b Q7 i?2 i`B/B�;QM�H K�i`Bt Jp

Jp =

2

66666666664

B(2s)
0

q
G(2s)

1
q
G(2s)

1 B(2s)
1

q
G(2s)

2

X X X X X X X X X
q

G(2s)
p�1 B(2s)

p�1

3

77777777775

. U8XRkV

6Q` BMbi�M+2- i?2 i?`22@i2`K `2+m``2M+2 +Q2{+B2Mi 7Q` :2M2`�HBx2/ SQBbbQMĜ*?�`HB2`

Q`i?Q;QM�H TQHvMQKB�H rBi? T�`�K2i2` � > 0 �`2

bj = �R + j � 1, gj = (j � 1)�R,

3j



r?BH2 7Q` J2BtM2` Q`i?Q;QM�H TQHvMQKB�Hb rBi? T�`�K2i2` � > 0 �`2

bj =
(1 + c)j + �c

1� c
, gj =

cj(j + � � 1)

(1� c)2
,

r?2`2 c = R
1+R X

h?2 7QHHQrBM; 2t�KTH2b BHHmbi`�i2 i?2 +QKTmi�iBQM Q7 i?2 BMi2;`�H bT2+i`mK 7Q`

i?2b2 irQ 7�KBHB2b Q7 Q`i?Q;QM�H TQHvMQKB�Hb mbBM; i?2B` bT2+i`�H *?`BiQz2H i`�Mb7Q`KX

1t�KTH2 8Xk U:2M2`�HBx2/ SQBbbQMĜ*?�`HB2`VX *QMbB/2` T�`�K2i2`b m = 100- p = 3-

� = 10- �M/ R = 5- rBi? i?2 +QM};m`�iBQM n = {1, 1}X �TTHvBM; �H;Q`Bi?K R vB2H/b

i?2 7QHHQrBM; bT2+i`mK

6B;m`2 8XR, aT2+i`mK �bbQ+B�i2/ rBi? i?2 :2M2`�HBx2/ SQBbbQMĜ*?�`HB2` TQHvMQKB�Hb

7Q` � = 10, R = 5, p = 3,m = 100X
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.2;`22 w2`Qb Q7 C⌦
p (t;R) a2H2+i2/ aT2+i`mK o�Hm2b

j &j3X33y3- 8yXee3e- ejX98y8' Uj3- jNV

k &9NXNd33- ekX3eNe' U9N- 8yV

6BM�H AMi2;`�H aT2+i`mK Uj3- jN- 9N- 8y- RyyV

h�#H2 8Xk, AMi2;`�H bT2+i`mK +QMbi`m+i2/ 7`QK ;2M2`�HBx2/ SQBbbQMĜ*?�`HB2` TQHvMQ@

KB�Hb rBi? T�`�K2i2`b � = 10- R = 5- p = 3- �M/ m = 100X

1t�KTH2 8Xj UJ2BtM2`VX *QMbB/2` i?2 J2BtM2` +�b2 rBi? � = 3- R = 5- p = 3- �M/

m = 100X �H;Q`Bi?K R �TTHB2/ iQ i?2 J2BtM2`- i?2 `2+m``2M+2 +Q2{+B2Mib `2bmHib BM

i?2 bT2+i`mK b?QrM #2HQrX

6B;m`2 8Xk, aT2+i`mK �bbQ+B�i2/ rBi? J2BtM2` TQHvMQKB�Hb 7Q` � = 3, R = 5, p =

3,m = 100X
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.2;`22 w2`Qb Q7 M⌦
p (t, �;R) a2H2+i2/ aT2+i`mK o�Hm2b

j & eXNy8N- kkXkkRN- 93X3dkj' Ue- d V

k &k8X938k- j3Xd3Nk' Uk8- keV

6BM�H AMi2;`�H aT2+i`mK Ue- d- k8- ke- RyyV

h�#H2 8Xj, AMi2;`�H bT2+i`mK +QMbi`m+i2/ 7`QK J2BtM2` TQHvMQKB�Hb rBi? T�`�K2i2`b

� = 3- R = 5- p = 3- �M/ m = 100X

h?2 �H;Q`Bi?K T`2b2Mi2/ +QKTmi2b i?2 QTiBK�H i?`2b?QH/ 7�+iQ` Rm(⇤2p) �M/ i?2

+Q``2bTQM/BM; QTiBK�H TQHvMQKB�H U8XRVX

h?2 �H;Q`Bi?K �M/ i?2 Q#i�BM2/ `2bmHib �`2 BHHmbi`�i2/ #2HQr 7Q` i?2 +�b2 Q7 ;2M@

2`�HBx2/ SQBbbQM@*?�`HB2` b2[m2M+2bX

3e



�H;Q`Bi?K k *QKTmiBM; Rm(⇤2p) �M/ �m(⇤2p)(x)

_2[mB`2, SQbBiBp2 BMi2;2` m (m � 2p � 1)- TQHvMQKB�H /2;`22 p- b+�HBM; T�`�K2i2`
� > 0

R, AMBiB�HBx2 RK�t = `(m�p)
p /�- RKBM = `(m�2p+1)

p /�
k, a2i ↵k = �1- k = 1, 2, . . . , 2p� 1
j, r?BH2 QM2 Q7 i?2 ↵k < 0- k = 1, 2, . . . , 2p� 1 /Q
9, a2H2+i `�M/QKHv � p@+QM};m`�iBQM n
8, *QKTmi2 RK�t- RKBM- �M/ RKB/
e, *QKTmi2 bT2+i`mK Sm,p(n)

Sm,p(n) = {m1,m2, . . . ,m2p�2}

d, *QKTmi2 ↵k- k = 1, 2, . . . , 2p� 1

↵k =
pX

i=1

wi

2pY

j=1
j 6=k

mj � ⇠i
mj �mk

3, 2M/ r?BH2
N, a2i Rm(⇤2p) = Rm,p- Sm(⇤2p) = Sm,p(n) [ {m}

Ry, *QKTmi2 �m(⇤2p)(x)

�m(⇤2p)(x) =
2p�1X

k=1

↵k

✓
1 +

x

Rm,p

◆mk

`2im`M Rm(⇤2p)- Sm(⇤2p)- ak- k = 1, 2, . . . , 2p� 1- �m(⇤2p)(x)

3d



m Rm(⇤2p) Sm(⇤2p) ↵k

R8 yX3e8 (4, 5, 6, 7, 15) (0.049, 0.388, 0.458, 0.102, 0.003)

k8 RXeeN (10, 11, 13, 14, 25) (0.033, 0.342, 0.493, 0.129, 0.004)

j8 kX8Ry (17, 18, 20, 21, 35) (0.027, 0.319, 0.506, 0.143, 0.005)

98 jXjdj (24, 25, 28, 29, 45) (0.024, 0.305, 0.513, 0.153, 0.005)

88 9Xk8y (32, 33, 36, 37, 55) (0.022, 0.296, 0.517, 0.159, 0.006)

e8 8XRj3 (40, 41, 44, 45, 65) (0.021, 0.289, 0.520, 0.164, 0.006)

d8 eXyj8 (48, 49, 53, 54, 75) (0.020, 0.284, 0.522, 0.168, 0.007)

38 eXNj3 (56, 57, 61, 62, 85) (0.019, 0.279, 0.523, 0.172, 0.007)

N8 dX39e (64, 65, 70, 71, 95) (0.018, 0.276, 0.524, 0.175, 0.007)

Ry8 3Xd8N (72, 73, 78, 79, 105) (0.018, 0.273, 0.525, 0.177, 0.007)

RR8 NXedd (80, 81, 87, 88, 115) (0.017, 0.270, 0.526, 0.179, 0.007)

Rk8 RyX8N3 (89, 90, 96, 97, 125) (0.017, 0.268, 0.527, 0.181, 0.007)

Rj8 RRX8kk (97, 98, 104, 105, 135) (0.017, 0.266, 0.527, 0.182, 0.008)

R98 RkX99N (106, 107, 113, 114, 145) (0.017, 0.264, 0.528, 0.184, 0.008)

R88 RjXjd3 (114, 115, 122, 123, 155) (0.016, 0.263, 0.528, 0.185, 0.008)

Re8 R9XjyN (123, 124, 131, 132, 165) (0.016, 0.261, 0.528, 0.186, 0.008)

Rd8 R8Xk9j (132, 133, 140, 141, 175) (0.016, 0.260, 0.529, 0.187, 0.008)

R38 ReXRd3 (140, 141, 149, 150, 185) (0.016, 0.259, 0.529, 0.188, 0.008)

RN8 RdXRR8 (149, 150, 158, 159, 195) (0.016, 0.258, 0.529, 0.189, 0.008)

h�#H2 8X9, PTiBK�H bT2+i`�H `�/Bmb- bT2+i`mK- �M/ ↵k rX`Xi :2M2`�HBx2/ SQBbbQM@

*?�`HB2` J2�bm`2c p = 3-� = 10 7Q` /Bz2`2Mi m p�Hm2bX
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*>�Sh1_ e

SPaAhAoAhu S_1a1_oAL: 1sSPL1LhA�G

ALh1:_�hP_a

AM i?Bb +?�Ti2`- r2 #2;BM #v `2pB2rBM; 2tTQM2MiB�H BMi2;`�iQ` K2i?Q/b- 7QHHQr2/ #v

� /Bb+mbbBQM Q7 i?2 M2+2bb�`v �M/ bm{+B2Mi +QM/BiBQMb 7Q` i?2b2 b+?2K2b iQ T`2b2`p2

TQbBiBpBivX "mBH/BM; QM i?2 `2bmHib 7`QK i?2 T`2+2/BM; b2+iBQMb- r2 /2`Bp2 2tTHB+Bi 7Q`@

KmH�b 7Q` HQr@Q`/2` QTiBK�H TQbBiBpBiv@T`2b2`pBM; 2tTQM2MiB�H BMi2;`�iQ`bX S�`iB+mH�`

2KT?�bBb Bb TH�+2/ QM QTiBK�H b+?2K2b r?Qb2 +QHHQ+�iBQM TQBMib +QBM+B/2 rBi? i?2

x2`Qb Q7 +H�bbB+�H Q`i?Q;QM�H TQHvMQKB�HbX

h?Bb +?�Ti2` Bb Q`;�MBx2/ �b 7QHHQrbX

a2+iBQM eXR `2pB2rb J2ixH2` K�i`B+2b �M/ i?2B` bi`m+im`2@T`2b2`pBM; T`QT2`iB2b-

rBi? � 7Q+mb QM TQbBiBpBiv T`2b2`p�iBQMX a2+iBQM eXk `2pB2rb 2tTQM2MiB�H BMi2;`�iQ`b �M/

/2`Bp2b �++m`�+v +QM/BiBQMbX a2+iBQMb eXj- eX9 �M/ eX8 BMp2biB;�i2 QTiBK�H b+?2K2b rBi?

bT2+B}+ +QHHQ+�iBQM TQBMib Ux2`Qb Q7 Q`i?Q;QM�H TQHvMQKB�Hb �M/ `2H�i2/ TQHvMQKB�HbV

�M/ T`QpB/2 2tTHB+Bi HQr@Q`/2` 2tT`2bbBQMbX

3N



eXR J2ixH2` J�i`B+2b �M/ ai`m+im`2@S`2b2`pBM; S`QT@

2`iB2b

AM i?Bb b2+iBQM- r2 `2pB2r �M/ �M�Hvx2 J2ixH2` K�i`B+2b- 7Q+mbBM; T�`iB+mH�`Hv QM

i?2B` `QH2 BM TQbBiBpBiv T`2b2`p�iBQMX q2 ?B;?HB;?i 7mM/�K2Mi�H `2bmHib +QMM2+iBM;

J2ixH2` K�i`B+2b iQ MQM@M2;�iBp2 K�i`Bt 2tTQM2MiB�Hb �M/ 2tTHQ`2 i?2B` BKTHB+�iBQMb

BM +QMi`�+iBpBiv �M/ /BbbBT�iBpBiv �M�HvbBbX

eXRXR J2ixH2` J�i`B+2b �M/ SQbBiBpBiv S`2b2`p�iBQM

.2}MBiBQM eXRX (8j) :Bp2M � `2�H K�i`Bt A = (aij) 2 Rs⇥s- r2 b�v i?�i A Bb J2ixH2`

B7 Bi b�iBb}2b

aij � 0 7Q` �HH i 6= j.

h?2b2 K�i`B+2b M�im`�HHv �`Bb2 BM p�`BQmb �TTHB+�iBQMb- T�`iB+mH�`Hv BM i?2 bim/v

Q7 /vM�KB+�H bvbi2Kb �M/ +QMi`QH /2bB;M (8j)- (89)X J2ixH2` K�i`B+2b �`2 �HbQ �bbQ+B@

�i2/ rBi? +QMi`�+iBpBiv �M/ /BbbBT�iBp2 bi`m+im`2b BM MmK2`B+�H K2i?Q/b �M/ bi�#BHBiv

�M�HvbBbX AM i?Bb b2+iBQM- r2 2tTHQ`2 i?2b2 T`QT2`iB2b BM /2i�BH �M/ /2KQMbi`�i2 i?2B`

BKTQ`i�M+2 BM T`2b2`pBM; bi`m+im`2 BM #Qi? +QMiBMmQmb �M/ /Bb+`2i2 b2iiBM;bX

h?2 +?�`�+i2`Bx�iBQM Q7 K�i`B+2b A 7Q` r?B+? 2tTQM2MiB�H K�i`Bt etA ?�b MQM@

M2;�iBp2 2Mi`B2b 7Q` �Mv t � 0 TH�vb � 7mM/�K2Mi�H `QH2 BM i?Bb +?�Ti2`X

S`QTQbBiBQM eXRX (88) G2i A #2 � b[m�`2 K�i`BtX h?2 K�i`B+2 etA � 0 7Q` �HH t � 0

B7 �M/ QMHv B7 A Bb � J2ixH2`X

Ny



S`QQ7X �bbmK2 i?�i etA � 0 7Q` �HH t � 0X 1tT�M/BM; i?2 K�i`Bt 2tTQM2MiB�H �b

etA = I + tA+O(t2).

r2 +QM+Hm/2 i?�i i?2`2 2tBbib t0 > bm+? i?�i I + t0A � 0- �M/ i?2`27Q`2

t0aij � 0 7Q` �HH i 6= j.

aBM+2 t0 � 0- r2 +QM+Hm/2 i?�i aij � 0 7Q` �HH i 6= j- i?�i Bb A Bb � J2ixH2` K�i`BtX

*QMp2`b2Hv- �bbmK2 i?�i � Bb J2ixH2`X h?2M i?2`2 2tBbib ⇢ > 0 bm+? i?�i A + ⇢I � 0

�M/ i?2`27Q`2- e(A+⇢I)t
� 0 7Q` �Mv t � 0X JQ`2Qp2`- e(�⇢I)t

� 0 7Q` �Mv t � 0 �M/

bBM+2 �⇢I �M/ A+ ⇢I +QKKmi2- r2 ?�p2 0  e(A+⇢I)te(�⇢I)t = etAX h?Bb +QM+Hm/2b i?2

T`QQ7X

*QMbB/2` i?2 7QHHQrBM; BMBiB�H@p�Hm2 T`Q#H2K

du

dt
= Au(t) + f(t), u(0) = u0, u0 2 Rs, UeXRV

r?2`2 A Bb � b[m�`2 K�i`Bt Q7 Q`/2` s �M/ f : R �! RsX

h?2Q`2K eXRX (R9) G2i A #2 � J2ixH2` K�i`BtX A7 u0 � 0 �M/ f(t) � 0 7Q` �HH t � 0-

i?2M i?2 bQHmiBQM iQ UeXRV b�iBb}2b u(t) � 0 7Q` �HH t � 0X

S`QQ7X h?2 bQHmiBQM iQ i?2 BMBiB�H@p�Hm2 T`Q#H2K UeXRV Bb ;Bp2M #v

u(t) = eAtu0 +

Z t

0

e(t�⌧)Af(⌧) d⌧. UeXkV

NR



aBM+2 A Bb J2ixH2`- #v S`QTQbBiBQM eXR- etA � 0 7Q` �HH tX h?2`27Q`2- r2 `2�/BHv

+QM+Hm/2 7`QK UeXkV- i?�i u(t) � 0 7Q` �HH t � 0- +QKTH2iBM; i?2 T`QQ7X

h?2Q`2K eXkX (R9) G2i A 2 Rs⇥sX A7 i?2 bQHmiBQM iQ UeXRV b�iBb}2b u(t) � 0 7Q` �HH

t � 0 r?2M2p2` u0 � 0 �M/ f(t) � 0- i?2M A Bb � J2ixH2` K�i`BtX

S`QQ7X q2 T`Qp2 i?2 i?2Q`2K #v +QMi`�/B+iBQMX amTTQb2 i?�i A Bb MQi � J2ixH2`

K�i`BtX h?2M- �++Q`/BM; iQ S`QTQbBiBQM eXR- i?2`2 2tBbib t0 � 0 bm+? i?�i �i H2�bi QM2

2Mi`v bi0j0(t) Q7 i?2 K�i`Bt et0A = (bij) M2;�iBp2 7Q` �Mv 0 < t  t0X *QMbB/2` }`bi i?2

+�b2 r?2`2 f = 0X h?2 bQHmiBQM bBKTHB}2b iQ u(t) = etAu0X *?QQbBM;

u0 = [0, 0, . . . , 1j0 , 0, . . . , 0]
T ,

Bi 7QHHQrb i?�i i?2 u(t0) = et0Au0 ?�b � M2;�iBp2 2Mi`v- H2�/BM; iQ � +QMi`�/B+iBQMX

*QMbB/2` MQr i?2 +�b2 f 6= 0X h�FBM; u0 = [0, 0, . . . , 0]T �M/ f �b

f(t) = [0, 0, . . . , 0, 1, 0, . . . , 0]T ,

�M/ �TTHvBM; UeXkV- r2 Q#i�BM

u(t0) =

Z t0

0

e(t0�⌧)Af(⌧)d⌧

�M/ r?B+? ?�b �i H2�bi � M2;�iBp2 2Mi`vX h?Bb +QM+Hm/2b i?2 T`QQ7X

Nk



eXRXk *QMi`�+iBpBiv �M/ .BbbBT�iBpBiv

*QMbB/2` i?2 BMBiB�H p�Hm2 T`Q#H2K �`BbBM; 7`QK i?2 /Bb+`2iBx�iBQM Q7 i?2 b2+QM/@Q`/2`

bT�iB�H /2`Bp�iBp2 mbBM; +2Mi`�H /Bz2`2M+2bX

du

dt
= �Au+ f, u(0) = 0, f � 0, UeXjV

r?2`2 A Bb � MQM@bBM;mH�` K�i`BtX

.2}MBiBQM eXkX (R8) h?2 BMBiB�H@p�Hm2 T`Q#H2K UeXjV- rBi? A � MQM@bBM;mH�` K�i`Bt-

Bb b�B/ iQ #2 MQM@M2;�iBp2Hv TQb2/ B7 i?2 bQHmiBQM b�iBb}2b

0  u(t)  �A�1f 7Q` �HH t � 0

�M/ 7Q` �HH +QMbi�Mi 7Q`+BM; f � 0 �M/ u0 = 0.

.2}MBiBQM eXjX (8e) � MQM@bBM;mH�` K�i`Bt B Bb +�HH2/ �M J@K�i`Bt B7 (�B) Bb J2ixH2`

�M/ B�1
� 0X

h?2Q`2K eXjX (R8) h?2 BMBiB�H@p�Hm2 T`Q#H2K UeXjV Bb MQM@M2;�iBp2Hv TQb2/ B7 �M/ QMHv

B7 i?2 K�i`Bt �A Bb �M M@K�i`BtX

S`QQ7X A7 i?2 K�i`Bt �A Bb �M J@K�i`Bt i?2M A Bb J2ixH2` �M/ i?2`27Q`2- �++Q`/BM;

iQ h?2Q`2K eXR- u(t) � 0 7Q` �Mv f � 0X AM i?2 +�b2 i?2 7Q`+BM; i2`K Bb +QMbi�Mi �M/

u0 = 0- 7`QK UeXkV- i?2 bQHmiBQM Q7 i?2 BMBiB�H@p�Hm2 T`Q#H2K Bb ;Bp2M #v

u(t) = (�I � etA)A�1f.

Nj



h?2`27Q`2

�A�1f � u(t) = �A�1f � (etA � I)A�1f = etAA�1f.

h?2`27Q`2- B7 �A Bb �M J@K�i`Bt- r2 ?�p2 etA � 0 �M/ A�1
 0X h?2`27Q`2- u(t) 

�A�1f 7Q` �Mv f � 0X

eXk 1tTQM2MiB�H AMi2;`�iQ`b

AM i?Bb b2+iBQM- r2 `2pBbBi 2tTQM2MiB�H BMi2;`�iQ` K2i?Q/b �b �TTHB2/ iQ BMBiB�H@p�Hm2

T`Q#H2KbX 6m`i?2`KQ`2- r2 2KT?�bBx2 i?2 bB;MB}+�M+2 Q7 i?2 QTiBK�H i?`2b?QH/ 7�+iQ`b

BM i?2 /2bB;M Q7 2tTQM2MiB�H BMi2;`�iQ`b i?�i ;m�`�Mi22 TQbBiBpBiv T`2b2`p�iBQMX

*QMbB/2` i?2 BMBiB�H@p�Hm2 T`Q#H2K URXRVX lbBM; i?2 p�`B�iBQM Q7 i?2 +QMbi�Mib

K2i?Q/- i?2 bQHmiBQM iQ URXRV Bb ;Bp2M #v

u(t) = eAtu0 +

Z t

0

e(t�⌧)Af(⌧)d⌧. UeX9V

Ai Bb b?QrM BM (R9) i?�i � M2+2bb�`v �M/ bm{+B2Mi +QM/BiBQM 7Q` URXRV iQ T`2b2`p2

TQbBiBpBiv 7Q` �HH MQM@M2;�iBp2 7mM+iBQMb f - BX2Xc B7 u0 � 0 i?2M u(t) � 0 7Q` t � 0- Bb

i?�i A Bb � J2xH2` K�i`Bt- BX2Xc �HH i?2 Qz@/B�;QM�H 2H2K2Mib Q7 A �`2 MQM@M2;�iBp2X

6`QK UeX9V- r2 ?�p2

u(tn+1) = ehAu(tn) +

Z h

0

e(h�⌧)Af(tn + ⌧)d⌧,

N9



r?2`2 tn = nh, (h > 0)X � +?�M;2 Q7 p�`B�#H2 H2�/b iQ

u(tn+1) = ehAu(tn) +

Z 1

0

eh(1�✓)Af(tn + h✓)d✓. UeX8V

� MmK2`B+�H b+?2K2 7Q` bQHpBM; URXRV +�M #2 Q#i�BM2/ #v �TT`QtBK�iBM; i?2 7mM+iBQM

f rBi?BM i?2 BMi2;`�H #v Bib BMi2`TQH�iBM; TQHvMQKB�H BM +2`i�BM MQM@+QM~m2Mi MQ/2b

c1, c2, . . . , cp- BX2Xc `2TH�+BM; f(tn + h✓) BMbB/2 i?2 BMi2;`�H UeX8V #v

pX

k=1

`k(✓)f(tn + ck✓),

r?2`2 `k, k = 1, 2, . . . , s, �`2 i?2 #�bB+ G�;`�M;2 TQHvMQKB�Hb

`k(✓) =
pY

m=1,m 6=k

✓ � cm
ck � cm

.

h?Bb H2�/b iQ i?2 b+?2K2

un+1 = ehAun + h
pX

i=1

bi(hA)f(tn + cih), UeXeV

r?2`2

bi(hA) =

Z 1

0

eh(1�✓)A`i(✓)d✓.

.2MQi2 #v 'k i?2 2MiB`2 7mM+iBQMb

'k(z) =

Z 1

0

e(1�✓)z ✓k�1

(k � 1)!
d✓, k � 1. UeXdV

N8



q2 ?�p2

'k(z) =
1

k!
+

z

(k + 1)!
+

z2

(k + 2)!
+ . . .+

zn

(k + n)!
+ . . .

h?2 7mM+iBQMb bk(z) +�M #2 r`Bii2M �b HBM2�` +QK#BM�iBQM Q7 i?2 7mM+iBQMb 'k(z) �b

bk(z) =
1Qp

m=1,m 6=k(ck � cm)

pX

j=1

(�1)p�j(j � 1)!�p�j(ĉk)'j(z). UeX3V

r?2`2 ĉk `272`b iQ (c1, . . . , ck�1, ck+1, . . . , cp) �M/ �` `272` iQ i?2 2H2K2Mi�`v bvKK2i`B+

7mM+iBQMbX h?mb- i?2 b+?2K2 UeXeV +�M #2 r`Bii2M BM i2`Kb Q7 i?2 7mM+iBQMb 'k, k =

1, 2, . . . , pX

1t�KTH2 6Q` p = 1- i?2 b+?2K2 UeXeV Bb ;Bp2M #v

un+1 = ehAun + h'1(hA)f(tn + c1h).

h?2 +?QB+2 c1 = 0 H2�/b iQ i?2 2tTQM2MiB�H 1mH2` [m�/`�im`2 K2i?Q/- r?BH2 i?2 +?QB+2

c1 = 1/2 vB2H/b i?2 2tTQM2MiB�H KB/TQBMi `mH2X

1t�KTH2 6Q` p = 2- i?2 b+?2K2 UeXeV Bb ;Bp2M #v

un+1 = ehAun + h [b1(hA)f(tn + c1h) + b2(hA)f(tn + c2h)] ,

r?2`2

b1(z) =
c2

c2 � c1
'1(z)�

1

c2 � c1
'2(z),

b2(z) = �
c1

c2 � c1
'1(z) +

1

c2 � c1
'2(z).

Ne



h?2 +?QB+2 c1 = 0 �M/ c2 = 1 vB2H/b i?2 2tTQM2MiB�H i`�T2xQB/ `mH2 rBi? 2tT�MbBQMb Q7

b1 �M/ b2 �b

b1(z) =
1X

k=0

k + 1

(k + 2)!
zk, b2(z) =

1X

k=0

1

(k + 2)!
zk,

1t�KTH2 6Q` p = 3- i?2 b+?2K2 UeXeV Bb ;Bp2M #v

un+1 = ehAun + h [b1(hA)f(tn + c1h) + b2(hA)f(tn + c2h) + b3(hA)f(tn + c3h)] ,

r?2`2

b1(z) =
1

(c1 � c2)(c1 � c3)
[c2c3'1(z)� (c2 + c3)'2(z) + 2'3(z)],

b2(z) =
1

(c2 � c1)(c2 � c3)
[c1c3'1(z)� (c1 + c3)'2(z) + 2'3(z)],

b3(z) =
1

(c3 � c1)(c3 � c2)
[c1c2'1(z)� (c1 + c2)'2(z) + 2'3(z)].

Ai Bb b?QrM BM (Rk) i?�i B7 f (p)
2 L1([0, T ]), T > 0- i?2M i?2 b+?2K2 Q#i�BM2/ BM

UeXeV ?�p2 Q`/2` Q7 +QMp2`;2M+2 p- KQ`2 T`2+Bb2Hv- i?2 2``Q` #QmM/

||u(tn)� un||  Chp

Z T

0

||f (p)(⌧)||d⌧ UeXNV

?QH/b mMB7Q`KHv QM 0  tn  T - rBi? � +QMbi�Mi i?�i /2T2M/b QM T - #mi Bb BM/2T2M/2Mi

QM i?2 bi2T@bBx2 hX h?2 MQ`K ||.|| BM 1[m�iBQM UeXNV `2T`2b2Mib �Mv MQ`K /2}M2/ QM

i?2 bT�+2 RsX

AM T`�+iB+2- i?2 2tTQM2MiB�H 7mM+iBQM �M/ i?2 �M�HviB+ 7mM+iBQMb bi, i = 1, 2, . . . , p,

BM b+?2K2 UeXeV �`2 �TT`QtBK�i2/ #v `�iBQM�H 7mM+iBQMbX hQ K�BMi�BM i?2 /2bB`2/ Q`/2`

Nd



Q7 +QMp2`;2M+2- i?2b2 `�iBQM�H 7mM+iBQMb Kmbi b�iBb7v bT2+B}+ +QM/BiBQMb- r?B+? rBHH #2

QmiHBM2/ bm#b2[m2MiHvX *QMbB/2` i?2 b+?2K2b

un+1 = r0(hA)un + h
pX

i=1

ri(hA)f(tn + cih), UeXRyV

r?2`2 r0, r1, . . . , rp �`2 `�iBQM�H 7mM+iBQMbX 6QHHQrBM; (R9)- r2 /2}M2

.2}MBiBQM eX9X h?2 b+?2K2 UeXRyV Bb b�B/ iQ #2 �++m`�i2 7Q` Q`/2` s B7

u(tn+1)� r0(hA)u(tn) + h
pX

i=1

ri(hA)f(tn + cih) = O(hs+1) �b h �! 0,

7Q` �Mv +?QB+2 Q7 i?2 K�i`Bt A �M/ bKQQi? 7mM+iBQM f X

h?2 7QHHQrBM; Bb T`Qp2M BM (R9)X

h?2Q`2K eX9X h?2 b+?2K2 UeXRyV Bb Q7 Q`/2` s B7 �M/ QMHv B7

r0(z)� ez = O(zs+1) �b z �! 0, UeXRRV

�M/ 7Q` ` = 0, 1, . . . , s� 1-

`!

z`+1

 
r0(z)�

X̀

j=0

zj

j!

!
�

pX

j=1

c`jrj(z) = O(zs�`) �b z �! 0. UeXRkV

.2}MBiBQM eX8X h?2 b+?2K2 UeXRyV Bb b�B/ iQ T`2b2`p2 TQbBiBpBiv B7 7Q` �Mv u0 � 0

�M/ MQM@M2;�iBp2 7mM+iBQM f - r2 ?�p2 un � 0 7Q` n � 0X

N3



*H2�`Hv i?2 b+?2K2 UeXRyV T`2b2`p2b TQbBiBpBiv B7 �M/ QMHv B7

ri(hA) � 0 7Q` i = 0, 1, . . . , s.

hQ 2Mbm`2 TQbBiBpBiv T`2b2`p�iBQM- r2 BKTQb2 �M �//BiBQM�H +QM/BiBQM QM i?2 7mM+@

iBQMb ri(x)X A7 2�+? ri(x) Bb �#bQHmi2Hv KQMQiQMB+ Qp2` [�R, 0]- i?2M TQbBiBpBiv 7QHHQrbX

h?2 7QHHQrBM; Bb b?QrM BM (R9)X

h?2Q`2K eX8X (R9) :Bp2M � J2ixH2` K�i`Bt A �M/ �bbmK2 i?�i �HH i?2 `�iBQM�H 7mM+@

iBQMb ri, i = 0, 1, . . . , p, �`2 �#bQHmi2Hv KQMQiQMB+ Qp2` i?2 BMi2`p�H [�r, 0]X h?2M i?2

b+?2K2 UeXRyV T`2b2`p2b TQbBiBpBiv 7Q` �Mv bi2T bBx2 h b�iBb7vBM;

h 
r

�(A)
r?2`2 �(A) = K�t

aii<0

|aii|. UeXRjV

S`QQ7X aBM+2 A Bb J2ixH2`- r2 ?�p2

A+ �I � 0 r?2`2 � := �(A) = K�t
aii<0

|aii|.

q`BiBM; rk(hA) �b rk(hA + h�I � h�I) �M/ 1tT�M/BM; rk(hA) �`QmM/ A + �I mbBM;

h�vHQ` 2tT�MbBQM- r2 Q#i�BM

rk(hA) =
NX

m=0

r(m)
k (�h�)hm

m!
(A+ �I)m.

aBM+2 rk Bb �#bQHmi2Hv KQMQiQMB+ QM [�r, 0]- h b�iBb}2b UeXRjV �M/ i?2 K�i`Bt A + �I

NN



Bb MQM@M2;�iBp2- Bi 7QHHQrb i?�i

r(m)
k (�h�) � 0, 7Q` �HH m � 0.

h?2`27Q`2- rk(hA) � 0 7Q` k = 0, 1, . . . , pX h?2`27Q`2- i?2 b+?2K2 UeXRyV rBi? u0 � 0

�M/ f(t) � 0 T`2b2`p2b MQMM2;�iBpBiv- BX2Xc

un+1 = r0(hA)un + h
pX

j=1

rk(hA)f(tn + ckh) � 0.

h?Bb +QM+Hm/2b i?2 T`QQ7X

h?2Q`2K eXeX G2i R #2 � TQbBiBp2 `2�H MmK#2` �M/ r #2 � TQHvMQKB�H bm+? i?�i

r(hA) � 0 7Q` �Mv J2ixH2` K�i`Bt A Q7 �Mv Q`/2` �M/ bm+? i?�i h�(A)  RX h?2M r

Bb �#bQHmi2Hv KQMQiQMB+ QM [�R, 0]X

S`QQ7X G2i N #2 i?2 /2;`22 Q7 i?2 TQHvMQKB�H rX *QMbB/2` i?2 J2ixH2` K�i`Bt A Q7

Q`/2` N + 1 rBi? /B�;QM�H p�Hm2b �R/h �M/ bm#/B�;QM�H p�Hm2b ✏ > 0X h?2 K�i`Bt A

+�M #2 /2+QKTQb2/ �b

A = ✏B �
R

h
I,

r?2`2 B Bb � K�i`Bt rBi? /B�;QM�H p�Hm2b y �M/ bm#/B�;QM�H p�Hm2b 2[m�H iQ R- BX2Xc

B =

2

66666666664

0 1 0 . . . 0

1 0 1 . . . 0

XXX XXX XXX X X X 1

0 0 . . . 1 0

3

77777777775

.

Ryy



�TTHvBM; i?2 h�vHQ` b2`B2b 2tT�MbBQM �`QmM/ �RI- r2 Q#i�BM

r(hA) =
NX

m=0

r(m)
k (�R)hm

m!
✏mBm.

aBM+2 r(hA) � 0 7Q` �Mv ✏ > 0 �M/ i?2 2H2K2Mi Q7 r(hA) �i i?2 (k + 1)em `Qr �M/ i?2

}`bi +QHKmM Bb ;Bp2M #v

(r(hA))k+1,1 =
r(k)(�R)hk✏kBk

k!
+O(✏k+1) �b ✏! 0

h?mb- rk(�R) � 0 7Q` �Mv kX h?2`27Q`2- r Bb �#bQHmi2Hv KQMQiQMB+ Qp2` [�R, 0]X i?Bb

+QM+Hm/2b i?2 T`QQ7X

h?2 T`2pBQmb irQ i?2Q`2K +�M #2 `2@bi�i2/ i?�i ;Bp2M ↵- i?2 [m�MiBiv

H =
KBM{R(r0), R(r1), . . . , R(rp))

↵
, UeXR9V

Bb i?2 ;`2�i2bi H 2 [0,1] i?2 b+?2K2 UeXRyV T`2b2`p2 TQbBiBpBiv 7Q` �HH bi2TbBx2b h 2

(0, H) �M/ �HH TQbBiBpBiv T`2b2`pBM; K�i`B+2b A rBi? /B�;QM�H 2H2K2Mib H�`;2` i?�M �↵X

AM i?Bb rQ`F- r2 b?�HH `2bi`B+i Qm`b2Hp2b iQ i?2 +�b2 r?2`2 i?2 `�iBQM�H 7mM+iBQMb

ri, i = 0, 1, . . . , p, �`2 TQHvMQKB�Hb �M/ bim/v i?2 7QHHQrBM; 7�KBHv Q7 b+?2K2bX

un+1 = Q0(hA)un + h
pX

i=1

Qi(hA)f(tn + cih), UeXR8V

RyR



r?2`2 Q0, Q1, . . . , Qp, �`2 TQHvMQKB�Hb Q7 /2;`22 m � p bm+? i?�i

Q0(z)� ez = O(zp+1) �b z �! 0, UeXReV

�M/ 7Q` i = 1, 2, . . . , p-

Qi(z)� bi(z) = O(zp) �b z �! 0. UeXRdV

q2 ?�p2 i?2 7QHHQrBM; `2bmHi `2;�`/BM; i?2 Q`/2` Q7 i?2b2 K2i?Q/bX

h?2Q`2K eXdX h?2 b+?2K2b UeXR8V rBi? +QM/BiBQM UeXReV �M/ UeXRdV �`2 Q7 Q`/2` pX

S`QQ7X q2 M22/ iQ +?2+F i?�i Qm` TQHvMQKB�Hb Qj, j = 0, . . . , p, b�iBb7v i?2 +QM/BiBQMb

;Bp2M BM h?2Q`2K eX9X h?2 +QM/BiBQM UeXRRV Bb b�iBb}2/ #v /2}MBiBQM Q7 i?2 b+?2K2bX

6Q` UeXRkV- r2 T`Q+22/ �b 7QHHQrbX

6Q` ` = 0, 1, . . . , p� 1- r2 ?�p2

pX

j=1

c`jQj(z) =
pX

j=1

c`jbj(z) +O(zp) = `!'`+1(z)�O(zp),

�M/
`!

z`+1

 
Q0(z)�

X̀

j=0

zj

j!

!
= `!'`+1(z) +O(zp�`).

h?Bb b?Qrb i?�i UeXRkV ?QH/b �M/ +QM+Hm/2b i?2 T`QQ7X

Ryk



1t�KTH2 6B`bi Q`/2` b+?2K2b Q7 i?2 7Q`K UeXR8V �`2 ;Bp2M #v

un+1 = Q0(hA)un + hQ1(hA)f(tn + c1h).

r?2`2 Q0 �M/ Q1 �`2 Q7 i?2 7Q`K Q0(x) = 1+x+
Pm

k=2 aix
i �M/ Q1(x) = 1+

Pm
k=1 bix

i-

r?2`2 a2, . . . am �M/ b1, . . . , bm �`2 �`#Bi`�`v `2�H MmK#2`bX h?mb i?2 TQHvMQKB�H Q0 2

⇧m(⇤2) �M/ Q1 2 ⇧m(⇤1) r?2`2 ⇤2 = (1, 1) �M/ ⇤1 = (1)X

1t�KTH2 a2+QM/ Q`/2` b+?2K2b Q7 i?2 7Q`K UeXR8V �`2 ;Bp2M #v

un+1 = Q0(hA)un + h[Q1(hA)f(tn + c1h) +Q2(hA)f(tn + c2h)] UeXR3V

r?2`2 Q0, Q1 �M/ Q2 �`2 Q7 i?2 7Q`K

Q0(x) = 1 + x+
x2

2!
+

mX

k=3

aix
i, Qi(x) = �(i)0 + �(i)1 x+

mX

k=2

d(i)k xk, i = 1, 2

r?2`2

�(1)0 =
2c2 � 1

2(c2 � c1)
, �(1)1 =

3c2 � 1

6(c2 � c1)
, �(2)0 =

1� 2c1
2(c2 � c1)

, �(2)1 =
1� 3c1

6(c2 � c1)
.

h?mb Q0 2 ⇧m[(1, 1, 1)]- Qi 2 ⇧m[(�
(i)
0 ,�(i)1 )], i = 1, 2X

h?2Q`2K eX3X h?2`2 Bb MQ QM2@bi2T MmK2`B+�H K2i?Q/ Q7 Q`/2` ;`2�i2` i?�M 1 i?�i

T`2b2`p2b TQbBiBpBiv mM+QM/BiBQM�HHvX

S`QQ7X *QMbB/2` i?2 ;2M2`�H b+?2K2 UeXRyVX amTTQb2 i?�i i?2 K2i?Q/ T`2b2`p2b TQbB@

iBpBiv mM+QM/BiBQM�HHv- K2�MBM; i?�i un � 0 �M/ f(t) � 0 BKTHv un+1 � 0 7Q` �HH h > 0X

Ryj



h?Bb `2[mB`2b i?�i 2�+? rk(z) Bb �#bQHmi2Hv KQMQiQMB+ QM (�1, 0]

LQr �bbmK2 i?2 K2i?Q/ ?�b Q`/2` �i H2�bi kX h?2M +QMbBbi2M+v rBi? i?2 2t�+i

bQHmiBQM u(tn+1) = ehAun + · · · BKTHB2b i?�i

r0(z) = ez +O(z3) �b z ! 0.

�TTHvBM; i?2 "QHH2vĜ*`Qmx2Bt G2KK� \\ iQ r0- r2 +QM+Hm/2

r0(z) = ez 7Q` �HH z 2 (�1, 0].

"mi i?Bb Bb BKTQbbB#H2- #2+�mb2 r0 Bb � `�iBQM�H 7mM+iBQM U�b `2[mB`2/ #v i?2 QM2@bi2T

bi`m+im`2V- r?BH2 ez Bb MQi � `�iBQM�H 7mM+iBQMX

>2M+2- i?2`2 Bb MQ +?QB+2 Q7 `�iBQM�H 7mM+iBQMb rk i?�i �`2 �#bQHmi2Hv KQMQiQMB+

�M/ b�iBb7v i?2 Q`/2` +QM/BiBQM r0(z) = ez + O(z3)X h?Bb +QMi`�/B+iBQM T`Qp2b i?2

+H�BKX

eXj 1tTQM2MiB�H AMi2;`�iQ`b rBi? *QHHQ+�iBQM SQBMib

�b w2`Qb Q7 P`i?Q;QM�H SQHvMQKB�Hb �M/ _2@

H�i2/ SQHvMQKB�Hb

Ai Bb � +?�HH2M;BM; T`Q#H2K iQ +?�`�+i2`Bx2 +QHHQ+�iBQM TQBMib ci, i = 1, 2, . . . , p, 7Q`

r?B+? �HH i?2 +Q2{+B2Mib BM UeXkyV �`2 TQbBiBp2X h?2 TQbBiBpBiv Q7 i?2b2 +Q2{+B2Mib

Bb T�`�KQmMi �b Bi 2Mbm`2b i?2 2tBbi2M+2 Q7 bi2T@bBx2b 7Q` r?B+? i?2 +Q``2bTQM/BM;

Ry9



b+?2K2b T`2b2`p2 TQbBiBpBivX AM i?Bb b2+iBQM- r2 T`QpB/2 � ;2M2`�H 2tT`2bbBQM Q7 i?2

TQHvMQKB�H Qj, j = 0, 1, . . . p, Q7 i?2 b+?2K2b UeXR8V Q7 Q`/2` pX AM T�`iB+mH�`- r2

b?Qr i?2 TQbBiBpBiv Q7 UeXkyV r?2M i?2 +QHHQ+�iBQM TQBMib �`2 i?2 x2`Qb Q7 G2;2M/`2

TQHvMQKB�Hb Q` i?2 x2`Qb Q7 � HBM2�` +QK#BM�iBQM Q7 G2;2M/`2 TQHvMQKB�Hb �M/ i?2B`

/2`Bp�iBp2bX

q2 `2+�HH i?�i 7Q` ↵, � > �1- i?2 C�+Q#B TQHvMQKB�Hb J (↵,�)
n , n � 0- �`2 /2}M2/ �b

i?2 Q`i?Q;QM�H TQHvMQKB�Hb rBi? `2bT2+i iQ i?2 r2B;?i (1� t)↵t�- BX2Xc

Z 1

0

J (↵,�)
n (t)J (↵,�)

m (t)(1� t)↵t� dt = hnm�nm.

G2;2M/`2 TQHvMQKB�Hb �`2 /2}M2/ #v J (0,0)
n *?2#vb?2p TQHvMQKB�Hb Q7 i?2 }`bi �M/

b2+QM/ FBM/ Tn �M/ Sn �`2 /2}M2/ `2bT2+iBp2Hv #v

Tn(t) = P
(� 1

2 ,�
1
2 )

n (t), Sn(t) = P
( 12 ,

1
2 )

n (t).

h?2 :2;2M#�m2` UQ` mHi`�@bT?2`B+�HV TQHvMQKB�Hb Cµ
n �`2 /2}M2/ #v

Cµ
n(t) = P

(µ� 1
2 ,µ�

1
2 )

n (t).

6`QK i?2 �M�HviB+ 2tT�MbBQM Q7 i?2 7mM+iBQM 'k ;Bp2M BM UeXdV �M/ 7Q`KmH� UeX3V-

i?2 TQHvMQKB�Hb Qj �`2 Q7 i?2 7Q`K

Q0(x) = 1 +
x

1!
+

x2

2!
+ . . .+

xp

p!
+ ap+1x

p+1 + . . .+ amx
m,

Ry8



r?2`2 ap+1, . . . , am �`2 �`#Bi`�`v `2�H MmK#2`b- �M/ 7Q` k = 1, . . . , p,

Qk(z) =
p�1X

`=0

�(k)`

`!
z` +

mX

`=p

d(k)` z`,

r?2`2 d(k)` , ` = p, . . .m �M/ k = 1, 2, . . . p �`2 �`#Bi`�`v `2�H MmK#2`b �M/

�(k)` =
1

(`+ 1)
Qp

m=1,m 6=k(ck � cm)

pX

j=1

(�1)p�j �p�j(ĉk)�
j+`
j�1

� .

� +QKT�+i 2tT`2bbBQM Q7 i?2 +Q2{+B2Mib �(k)` +�M #2 �+?B2p2/ mbBM; i?2 TQH�` 7Q`K Q7

i?2 TQHvMQKB�Hb

G`,p(x) =
1

(`+ 1)
�
p+`
p�1

�
p�1X

j=0

(�1)j
✓
p+ `

j

◆
xj. UeXRNV

JQ`2 T`2+Bb2Hv- r2 ?�p2

�(k)` =
g`,p(c1, c2, . . . , ck�1, ck+1, . . . , cp)Qp

m=1,m 6=k(ck � cm)
, ` = 0, 1, . . . , p� 1, UeXkyV

r?2`2 g`,p Bb i?2 TQH�` 7Q`K Q7 i?2 TQHvMQKB�H G`,pX amKK�`BxBM;

S`QTQbBiBQM eXkX h?2 TQHvMQKB�Hb Qj, j = 0, 1, . . . , p, Q7 i?2 b+?2K2b UeXR8V Q7 Q`/2`

p b�iBb7v

Q0 2 ⇧m(⇤
(0)
p+1), Qj 2 ⇧m(⇤

(j)
p ), j = 1, 2, . . . , p, UeXkRV

r?2`2

⇤(0)
p+1 = (1, 1, . . . , 1), ⇤(j)

p =
⇣
�(j)0 , . . . ,�(j)p�1

⌘
,

r?2`2 i?2 +Q2{+B2Mib �(j)` , j = 0, 1, . . . , p �M/ ` = 0, 1, . . . , p� 1- �`2 ;Bp2M #v UeXkyVX

Rye



_2K�`F eXRX 6`QK i?2 2tT`2bbBQM UeXkyV- i?2 TQHvMQKB�Hb G`,p, 0  `  p� 1, +�M #2

r`Bii2M �b

G`,p(x) =
pX

j=1

�(j)` (cj � x)p�1. UeXkkV

A/2MiB7vBM; i?2 irQ TQHvMQKB�Hb H2�/b iQ i?2 7QHHQrBM; B/2MiBiB2b #2ir22M i?2 +Q2{+B2Mib

�(k)` �M/ i?2 +QHHQ+�iBQM TQBMib c1, c2, . . . , cp

pX

k=1

�(k)` cjk =

�
p+`

p�j�1

�

(`+ 1)
�
p+`
p�1

� , j = 0, 1, . . . , p; ` = 0, 1, . . . , p� 1.

AM i?2 7QHHQrBM;- r2 rBHH /2`Bp2 �M BMi2;`�H `2T`2b2Mi�iBQM 7Q` i?2 TQHvMQKB�Hb G`,p-

r?B+? rBHH 2M�#H2 i?2 +QKTmi�iBQM Q7 i?2 +Q2{+B2Mib �(`)k 7Q` bT2+B}+ +QHHQ+�iBQM TQBMib

c1, c2, . . . , cpX

h?2Q`2K eXNX h?2 TQHvMQKB�Hb G`,p BM UeXRNV �`2 ;Bp2M #v

G`,p(x) =

Z 1

0

(1� t)`(t� x)p�1 dt, ` = 0, 1, . . . , p� 1.

S`QQ7X q2 ?�p2

Z 1

0

(1� t)`(t� x)p�1 dt =
p�1X

j=0

(�1)j
✓
p� 1

j

◆
xj

Z 1

0

(1� t)`tp�1�j dt

=
p�1X

j=0

(�1)j
✓
p� 1

j

◆
xj `!(p� 1� j)!

(p+ `� j � 1)!
=

p�1X

j=0

(�1)jxj `!(p� 1)!

(p+ `� j)!

=
`!(p� 1)!

p+ `)!

p�1X

j=0

(�1)jxj

✓
p+ `

j

◆
= G`,p(x).

h?Bb +QM+Hm/2b i?2 T`QQ7X

Ryd



*Q`QHH�`v eXRX q?2M i?2 +QHHQ+�iBQM TQBMib- c1, c2, . . . , cp- �`2 i?2 x2`Qb Q7 i?2 G2;2M/`2

TQHvMQKB�H J (0,0)
p Qp2` i?2 BMi2`p�H [0, 1]- i?2 +Q2{+B2Mib �(k)` �`2 TQbBiBp2 �M/ ;Bp2M #v

�(k)` = (1� ck)
`!k, ` = 0, 1, . . . , p� 1; k = 1, 2, . . . , p,

r?2`2 !1,!2, . . . ,!p �`2 i?2 r2B;?i Q7 i?2 :�mbbB�M [m�/`�im`2 rBi? `2bT2+i iQ i?2

G2#2b;m2 K2�bm`2 dtX

S`QQ7X �++Q`/BM; iQ :�mbb [m�/`�im`2- r2 ?�p2

G`,p(x) =

Z 1

0

(1� t)`(t� x)p�1 dt =
pX

k=1

(1� ck)
`!k(ck � x)p�1.

*QKT�`BM; rBi? UeXkkV +QM+Hm/2b i?2 T`QQ7X

q2 +�M i�F2 �/p�Mi�;2 Q7 i?2 7�+i i?�i i?2 TQHvMQKB�Hb G`,p �`2 Q7 /2;`22 QMHv

p� 1- r?BH2 r2 �`2 b2�`+?BM; [m�/`�im`2b rBi? p MQ/2bX G2i c1, c2, . . . , cp #2 i?2 x2`Qb

Q7 i?2 TQHvMQKB�H

P (t) = J (0,0)
p (t) + ↵

d

dt
J (0,0)
p (t), ↵ 2 R. UeXkjV

Ai Bb r2HH@FMQrM i?�i r2 ?�p2 � (2p� 2, p)@[m�/`�im`2 rBi? TQbBiBp2 r2B;?ib �M/ MQ/2

i?2 x2`Qb Q7 P - i?�i Bb
Z 1

0

f(t)dt =
pX

k=1

µkf(ck), UeXk9V

7Q` �Mv TQHvMQKB�H f Q7 /2;`22 2p � 2X h?mb- � bBKBH�` T`QQ7 �b Q7 *Q`QHH�`v eXR

Ry3



T`QpB/2b i?2 7QHHQrBM;X

S`QTQbBiBQM eXjX A7 i?2 +QHHQ+�iBQM TQBMib c1, c2, . . . , cp �`2 i?2 x2`Qb Q7 i?2 TQHvMQKB�H

P BM UeXkjV- i?2M i?2 +Q2{+B2Mib �(`)k BM UeXkyV �`2 TQbBiBp2 �M/ �`2 ;Bp2M #v

�(`)k = (1� ck)
`µk, ` = 0, 1, . . . , p� 1; k = 1, 2, . . . , p,

r?2`2 µ1, µ2, . . . , µp �`2 i?2 r2B;?ib Q7 i?2 (2p� 2, p) [m�/`�im`2 ;Bp2M BM UeXk9VX

AM ;2M2`�H �M/ mbBM; :�mbbB�M [m�/`�im`2- r2 ?�p2 i?2 7QHHQrBM;X

*Q`QHH�`v eXkX h?2 +Q2{+B2Mib �(k)` �`2 ;Bp2M #v

�(k)` =
1

S 0(ck)

Z 1

0

(1� t)`
S(t)

t� ck
dt =

pX

i=1

!i(1� ⇠i)
` S(⇠i)

(⇠i � ck)S 0(ck)
,

r?2`2 S(t) = (t � c1)(t � c2) . . . (t � cp) �M/ ⇠i,!i �`2 i?2 MQ/2b �M/ r2B;?ib Q7 i?2

:�mbbB�M [m�/`�im`2 rBi? `2bT2+i iQ dtX

q2 `2K�`F i?�i 7Q` i?2 +QHHQ+�iBQM TQBMib Q7 *Q`QHH�`v eXR �M/ S`QTQbBiBQM eXj-

i?2 b2[m2M+2b (�(k)0 ,�(k)1 , . . . ,�(k)p�1) �`2 ;2M2`�HBx2/ SQBbbQM@*?�`HB2` b2[m2M+2b 7Q` �Mv

1  k  pX *QMb2[m2MiHv- i?2 `2bmHib 2bi�#HBb?2/ BM i?2 T`2+2/BM; +?�Ti2`b +�M #2

2KTHQv2/ iQ +QKTmi2 i?2B` QTiBK�H i?`2b?QH/ 7�+iQ`bX

Ai Bb M�im`�H iQ �bF B7 i?2`2 �`2 +QHHQ+�iBQM TQBMib 7Q` r?B+? i?2 �bbQ+B�i2/ b2[m2M+2b

�`2 J2BtM2` b2[m2M+2 7Q` �Mv 0  k  pX h?2 7QHHQrBM; i?2Q`2K T`QpB/2 � M2;�iBp2

�Mbr2` iQ i?2 [m2biBQMX

h?2Q`2K eXRyX h?2`2 /Q MQi 2tBbi +QHHQ+�iBQM TQBMib ck 2 (0, 1), k = 1, . . . , p- bm+?

i?�i i?2 �bbQ+B�i2/ b2[m2M+2b (�(k)0 ,�(k)1 , . . . ,�(k)p�1) �`2 J2BtM2` b2[m2M+2b 7Q` �Mv 1 

RyN



k  p- BX2Xc

�(k)` = (�k)
`, �k > 0,

�M/ b�iBb7v i?2 BMi2;`�H B/2MiBiv

Z 1

0

(1� t)`(t� x)p�1 dt =
pX

k=1

↵(k)
` (ck � x)p�1 UeXk8V

7Q` �HH ` = 0, 1, . . . , p� 1X

S`QQ7X a2iiBM; x = 0 BM UeXk8 �M/ i�F2 bm++2bbBp2Hv ` = 1 �M/ ` = 2- r2 Q#i�BM

Z 1

0

(1� t) tp�1 dt =
pX

k=1

�kc
p�1
k , UeXkeV

Z 1

0

(1� t)2 tp�1 dt =
pX

k=1

�k(�k + 1)cp�1
k . UeXkdV

am#i`�+iBM; UeXkeV 7`QK UeXkdV- r2 ;2i

�

Z 1

0

tp(1� t) dt =
pX

k=1

�2
kc

p�1
k .

h?2 H27i bB/2 Bb bi`B+iHv M2;�iBp2- r?2`2�b i?2 `B;?i bB/2 Bb bi`B+iHv TQbBiBp2X h?Bb

+QMi`�/B+iBQM +QM+Hm/2b i?2 T`QQ7X

RRy



eX9 PTiBK�H 1tTQM2MiB�H Zm�/`�im`2 AMi2;`�iQ`b

h?2 b+?2K2b UeXR8V �`2 bm+? i?�i

Q0 2 ⇧m(⇤
(0)
p+1), Qj 2 ⇧m(⇤

(j)
p ), j = 1, 2, . . . , p, UeXk3V

r?2`2

⇤(0)
p+1 = (1, 1, . . . , 1), ⇤(j)

p =
⇣
�(j)0 , . . . ,�(j)p�1

⌘
,

r?2`2 i?2 +Q2{+B2Mib �(j)` j = 0, 1, . . . , p �M/ ` = 0, 1, . . . , p �`2 ;Bp2M #v UeXkyVX

h?2Q`2K eX8 T`QpB/2b `2bi`B+iBQMb QM i?2 bi2T@bBx2 7Q` i?2 b+?2K2b iQ T`2b2`p2 TQbBiBp@

BivX h?2`27Q`2- iQ Q#i�BM 2{+B2Mi 2tTQM2MiB�H BMi2;`�iQ`b- r2 b?QmH/ +?QQb2 TQbBiBpBiv

T`2b2`pBM; b+?2K2b rBi? i?2 H�`;2bi TQbbB#H2 bi2T@bBx2X h?Bb T`QKTi i?2 7QHHQrBM;

/2}MBiBQM

.2}MBiBQM eXeX PTiBK�H 2tTQM2MiB�H BMi2;`�iQ` b+?2K2b Q7 Q`/2` p �M/ bi�;2 m �b@

bQ+B�i2/ rBi? i?2 +QHHQ+�iBQM TQBMib (c1, c2, . . . , cp) �`2 /2}M2/ #v

un+1 = �m

⇣
⇤(0)

p+1

⌘
(hA)un + h

pX

j=1

�m

�
⇤(j)

p

�
(hA)f(tn + cjh), UeXkNV

r?2`2 �m(⇤j), j = 0, 1, . . . , p �`2 i?2 QTiBK�H i?`2b?QH/ TQHvMQKB�H �bbQ+B�i2/ rBi? i?2

b2[m2M+2 ⇤(j)
p X h?2 QTiBK�H i?`2b?QH/ 7�+iQ` Q7 i?2 b+?2K2 UeXkNV Bb /2}M2/ #v

Rm.p = KBM
⇣
Rm

⇣
⇤(0)

p+1

⌘
, Rm

�
⇤(1)

p

�
, . . . , Rm

�
⇤(p)

p

�⌘
.

h?mb �++Q`/BM; iQ h?2Q`2K eX8- i?2 QTiBK�H b+?2K2 UeXkNV T`2b2`p2b TQbBiBpBiv 7Q`

RRR



�Mv bi2T@bBx2 h bm+? i?�i

h 
Rm.p

�(A)
r?2`2 �(A) = K�t

aii<0

|aii|.

1t�KTH2 eXRX AM i?2 7QHHQrBM; r2 b?�HH mb2 i?2 �H;Q`Bi?K /2b+`B#2/ BM a2+iBQM 8- iQ

;Bp2 i?2 QTiBK�H b+?2K2 Q7 Q`/2` 4 �M/ bi�;2 m = 5- 7Q` i?2 +QHHQ+�iBQM TQBMib

(c1, c2, c3, c4) =

✓
1

15
,
3

10
,
3

5
,
9

10

◆
.

q2 ?�p2 i?2 b2[m2M+2 ⇤(0)
5 = (1, 1, 1, 1, 1)X hQ +QKTmi2 i?2 Qi?2` b2[m2M+2b r2 mb2

7Q`KmH� UeXkyVX h?Bb ;Bp2b

⇤(1)
4 = (0.1639, 0.1543, 0.1430, 0.1336) , ⇤(2)

4 = (0.2804, 0.1931, 0.1376, 0.0960) ,

⇤(3)
4 = (0.3171, 0.1296, 0.0498, 0.0202) , ⇤(4)

4 = (0.2385, 0.0230, 0.0030, 0.0002) .

lbBM; i?2 �H;Q`Bi?K Q7 a2+iBQM 8- r2 }M/

R5(⇤
(0)
5 ) = 2, R5(⇤

(1)
4 ) = 2.7897, R5(⇤

(2)
4 ) = 3.9416,

R5(⇤
(3)
4 ) = 5.9891, R5(⇤

(4)
4 ) = 16.4674.

h?2`27Q`2- i?2 QTiBK�H i?`2b?QH/ 7�+iQ` Q7 i?2 b+?2K2 Bb R5,4 = 2X h?2 �bbQ+B�i2/

RRk



QTiBK�H TQHvMQKB�Hb �`2 ;Bp2M #v

�5(⇤
(0)
5 ) = 0.2 + 0.666

⇣
1 +

x

2

⌘2

+ 0.1333
⇣
1 +

x

2

⌘5

,

�5(⇤
(1)
4 ) = 0.0424

⇣
1 +

x

2.7897

⌘
+ 0.073

⇣
1 +

x

2.7897

⌘2

+ 0.0483
⇣
1 +

x

2.7897

⌘5

,

�5(⇤
(2)
4 ) = 0.0935

⇣
1 +

x

3.9416

⌘
+ 0.0555

⇣
1 +

x

3.9416

⌘2

+ 0.0979
⇣
1 +

x

3.9416

⌘5

,

�5(⇤
(3)
4 ) = 0.0745

⇣
1 +

x

5.9891

⌘
+ 0.1703

⇣
1 +

x

5.9891

⌘2

+ 0.07222
⇣
1 +

x

5.9891

⌘5

,

�5(⇤
(4)
4 ) = 0.1164 + 0.1103

⇣
1 +

x

16.4674

⌘3

+ 0.01118
⇣
1 +

x

16.4674

⌘4

.

h?2 i�#H2 #2HQr T`QpB/2b i?2 QTiBK�H i?`2b?QH/ 7�+iQ`b Q7 b+?2K2b Q7 i2 7Q`K UeXR8V

rBi? +QHHQ+�iBQM TQBMib i?2 x2`Qb Q7 C�+Q#B TQHvMQKB�Hb J (↵,�)
n 7Q` /Bz2`2Mi p�Hm2b Q7

i?2 T�`�K2i2`b ↵ �M/ �X 6Q` BMbi�M+2- r?2M i?2 +QHHQ+�iBQM TQBMib �`2 i?2 x2`Qb Q7

*?2#vb?2p TQHvMQKB�Hb T3- r2 ?�p2 R5,3 = 0X h?Bb K2�Mb i?�i �i H2�bi QM2 Q7 i?2

+Q2{+B2Mib �(k)` BM UeXkyV Bb M2;�iBp2 �M/ i?mb i?2`2 Bb MQ b+?2K2 Q7 i?2 7Q`K UeXR8V

rBi? m = 5 �M/ +QHHQ+�iBQM TQBMib i?2 x2`Qb Q7 T3 7Q` r?B+? TQbBiBpBiv T`2b2`p�iBQM Bb

;m�`�Mi22/X

(↵, �) R4,3 R5,3 R6,4 R7,4 R8,4 R8,5

(0, 0) 2 2.6506 2.6506 3.5184 4.2879 3.3733�
�

1
2 ,�

1
2

�
0 0 2.6506 3.5184 4.2879 0

(1, 0) 2 2.6506 2.6506 3.3535 3.5634 2.8418
(0, 1) 0 0 0 0 0 0�
1
2 ,

1
2

�
2 2.6506 0 0 0 0

h�#H2 eXR, o�Hm2b Q7 i?2 QTiBK�H i?`2b?QH/ 7�+iQ`b Q7 b2p2`�H b2[m2M+2b ⇤3 �b +QKTmi2/
rBi? Qm` �H;Q`Bi?KX

RRj



eX8 PTiBK�H a+?2K2b Q7 GQr P`/2`b

AM i?Bb b2+iBQM- r2 T`QpB/2 2tTHB+Bi 2tT`2bbBQMb Q7 i?2 QTiBK�H 2tTQM2MiB�H BMi2;`�iQ`b

Q7 }`bi- b2+QM/ �M/ i?B`/ Q`/2`bX

h?2Q`2K eXRRX h?2 QTiBK�H }`bi Q`/2` b+?2K2 �bbQ+B�i2/ rBi? � bBM;H2 +QHHQ+�iBQM

TQBMi c1 Bb ;Bp2M #v

un+1 =

✓
I +

h

m
A

◆m

un + hf(tn + c1h).

h?2 QTiBK�H i?`2b?QH/ 7�+iQ` Q7 i?2 b+?2K2 Bb Rm,1 = mX

S`QQ7X q2 ?�p2 i?2 b2[m2M+2 ⇤(0)
2 = (1, 1) �M/ ⇤(1)

1 = (1)X �++Q`/BM; iQ S`QTQbBiBQM

kXk- r2 ?�p2

�m(⇤
(0)
2 ) =

⇣
1 +

x

m

⌘m

.

h?Bb +QM+Hm/2b i?2 T`QQ7X

h?2Q`2K eXRkX h?2 QTiBK�H b+?2K2 Q7 Q`/2` 2 �bbQ+B�i2/ rBi? +QHHQ+�iBQM TQBMib

(c1, c2) bm+? i?�i

c1 <
1

3
�M/ c2 >

1

2
, UeXjyV

Bb ;Bp2M #v

un+1 =


I

m
+

m� 1

m

✓
I +

hA

m� 1

◆m�
un

+ h
2c2 � 1

2(c2 � c1)

✓
I +

(3c2 � 1)hA

3m(2c2 � 1)

◆m

f(tn + c1h)

+ h
1� 2c2

2(c2 � c1)

✓
I +

(1� 3c1)hA

3m(1� 2c1)

◆m

f(tn + c2h).

RR9



h?2 QTiBK�H i?`2b?QH/ 7�+iQ` Bb ;Bp2M #v

Rm,2 = KBM
✓
m� 1,

3m(2c2 � 1)

3c2 � 1
,
3m(1� 2c1)

1� 3c1

◆
.

S`QQ7X �++Q`/BM; iQ UeXkyV- r2 ?�p2 ⇤(0)
3 = (1, 1, 1) �M/

⇤(1)
2 =

✓
2c2 � 1

2(c2 � c1)
,

3c2 � 1

6(c2 � c1)

◆
, ⇤(2)

2 =

✓
1� 2c1

2(c2 � c1)
,

1� 3c1
6(c2 � c1)

◆
.

�++Q`/BM; iQ S`QTQbBiBQMb kXk �M/ kXj- r2 ?�p2

�m(⇤
(0)
3 ) =

1

m
+

m� 1

m

✓
1 +

x

m� 1

◆m

, Rm(⇤
(0)
2 ) = m� 1,

�M/

�m(⇤
(1)
2 ) =

2c2 � 1

2(c2 � c1)

✓
1 +

(3c2 � 1)x

3(2c2 � 1)

◆m

, Rm(⇤
(1)
2 ) =

3m(2c2 � 1)

3c2 � 1
,

�m(⇤
(2)
2 ) =

1� 2c1
2(c2 � c1)

✓
1 +

(1� 3c3)x

3(1� 2c2)

◆m

, Rm(⇤
(1)
2 ) =

3m(1� 2c1)

1� 3c1
.

h?Bb +QM+Hm/2b i?2 T`QQ7X

6Q` +QHHQ+�iBQM TQBMib (c1, c2) i?�i /Q2b MQi b�iBb7v i?2 +QM/BiBQM UeXjyV- i?2 QTiBK�H

i?`2b?QH/ 7�+iQ` Rm,2 = 0- BX2Xc MQ ;m�`�Mi22 i?�i i?2 b+?2K2b T`2b2`p2 TQbBiBpBivX

q2 b?�HH ;Bp2 2tTHB+Bi 2tT`2bbBQMb 7Q` QTiBK�H b+?2K2b Q7 Q`/2` 3 r?2M m Bb �

b[m�`2X h?2 K�BM `2�bQM Bb i?�i Bi Bb b?QrM BM (je)- (jj) i?�i B7 m Bb � b[m�`2- i?2M

RR8



Rm([1, 1, 1, 1]) = m�
p
m �M/

�m([1, 1, 1, 1])(x) =

p
m

2
p
m� 1

✓
1 +

x

m�
p
m

◆m�2
p
m+1

+

p
m� 1

2
p
m� 1

✓
1 +

x

m�
p
m

◆m

.

h?mb- mbBM; i?Bb `2bmHi �M/ S`QTQbBiBQM kXj �M/ i?2 +Q2{+B2Mib 2tT`2bb2/ BM UeXkyV-

r2 Q#i�BM i?2 7QHHQrBM;X

h?2Q`2K eXRjX A7 m Bb � b[m�`2- i?2M i?2 QTiBK�H TQbBiBpBiv T`2b2`pBM; b+?2K2 Q7

Q`/2` 3 �M/ bi�;2 m �bbQ+B�i2/ rBi? i?2 +QHHQ+�iBQM TQBMib (c1, c2, c3) Bb ;Bp2M #v

un+1 =

" p
m

2
p
m� 1

✓
I +

hA

m�
p
m

◆m�2
p
m+1

+

p
m� 1

2
p
m� 1

✓
I +

hA

m�
p
m

◆m
#
un

+
3X

i=1

h

" 
�(i)0 �

(m� 1)(�(i)1 )2

m�(i)2

!
I +

(m� 1)(�(i)1 )2

m�2

 
I +

�(i)2 hA

(m� 1)�(1)1

!m

f(tn + cih)

#
,

r?2`2 7Q` i = 1, 2, 3-

�(i)0 =
2 + 6c2c3 � 3(c2 + c3)

6
Q3

j=1,j 6=i(ci � cj)
, �(i)1 =

1 + 6c2c3 � 2(c2 + c3)

12
Q3

j=1,j 6=i(ci � cj)
, �(i)2 =

2 + 20c2c3 � 5(c2 + c3)

120
Q3

j=1,j 6=i(ci � cj)
,

T`QpB/2b i?�i �(`)k > 0 7Q` k = 0, 1, 2 �M/ ` = 1, 2, 3 �M/

�(i)0 �
(�(i)1 )2(m� 1)

�(i)2 m
7Q` i = 1, 2, 3.

h?2 QTiBK�H i?`2b?QH/ 7�+iQ` Bb ;Bp2M #v

KBM
 
m�

p
m,

(m� 1)�(1)1

�(1)2

,
(m� 1)�(2)1

�(2)2

,
(m� 1)�(3)1

�(3)2

!
.

RRe



*>�Sh1_ d

�SSGA*�hAPL P6 SPaAhAoAhu@S_1a1_oAL:

1sSPL1LhA�G ALh1:_�hP_ a*>1J1a hP

a1JA@.Aa*_1hAw1. S�_hA�G

.A661_1LhA�G 1Zl�hAPLa

h?Bb +?�Ti2` �TTHB2b i?2 TQbBiBpBiv@T`2b2`pBM; 2tTQM2MiB�H BMi2;`�iQ` b+?2K2b /2p2H@

QT2/ BM i?2 T`2pBQmb +?�Ti2`b iQ iBK2@/2T2M/2Mi T�`iB�H /Bz2`2MiB�H 2[m�iBQMb �7i2`

bT�iB�H /Bb+`2iBx�iBQMX h?2 7Q+mb Bb QM /2KQMbi`�iBM; ?Qr QTiBK�H 2tTQM2MiB�H b+?2K2b

2Mbm`2 MmK2`B+�H bi�#BHBiv- K�BMi�BM MQM@M2;�iBpBiv- �M/ +QMi`QH Qb+BHH�iBQMb mM/2` �T@

T`QT`B�i2 bi2T@bBx2 +QMbi`�BMibX � p�`B2iv Q7 MmK2`B+�H 2tT2`BK2Mib +QM}`K i?2 i?2@

Q`2iB+�H i?`2b?QH/ 7�+iQ`b �M/ p�HB/�i2 i?2 T`2b2`p�iBQM Q7 [m�HBi�iBp2 T`QT2`iB2b bm+?

�b TQbBiBpBiv �M/ +QMi`�+iBpBivX

AM b2+iBQM dXR- r2 i2bi i?2 2tTQM2MiB�H BMi2;`�iQ`b b+?2K2b iQ � i`�MbTQ`i 2[m�iBQM

�M/ BMp2biB;�i2b ?Qr bi2T bBx2 �M/ TQHvMQKB�H /2;`22 BM~m2M+2 bi�#BHBiv �M/ TQbBiBpBivX

AM a2+iBQM dXk- r2 bBKmH�i2 � bQH�` i?2`K�H biQ`�;2 KQ/2H ;Qp2`M2/ #v � ?2�i 2[m�iBQM

rBi? � iBK2@p�`vBM; :�mbbB�M bQm`+2- BHHmbi`�iBM; i?2 b+?2K2Ƕb `Q#mbiM2bb �M/ i?2

RRd



BKT�+i Q7 2t+22/BM; TQbBiBpBiv i?`2b?QH/bX 6BM�HHv- a2+iBQM dXj 2tTHQ`2b i`�MbB2Mi ?2�i

+QM/m+iBQM rBi? BMi2`M�H ;2M2`�iBQM- `2BM7Q`+BM; i?2 M2+2bbBiv Q7 bi2T@bBx2 `2bi`B+iBQMb

7Q` bi�#H2- T?vbB+�HHv K2�MBM;7mH `2bmHibX

dXR LmK2`B+�H 1tT2`BK2Mib

*QMbB/2` i?2 BMBiB�H@#QmM/�`v p�Hm2 T`Q#H2K

8
>>>>>>>><

>>>>>>>>:

@
@tV (x, t) = �

@
@xV (x, t) + F (x, t) (t � 0)

V (0, t) = 0 (t � 0)

V (x, 0) = v0(x) (0  x  1),

r?2`2 v0 Bb � ;Bp2M BMBiB�H +QM/BiBQMX q2 �bbmK2 i?�i F (x, t) � 0 BM [0, 1] ⇥ [0,1)

�M/ i?�i v0(x) � 0 BM [0, 1]X q2 }t s � 1 �M/ r`Bi2 �x = 1/s �M/ xj = j�x, j =

0, 1, . . . , sX q2 /2}M2 U(t) = (U0(t), U1(t), . . . , Us(t)), f(t) = (f0(t), f1(t), . . . , fs(t))

�M/ Ũ = (Ũ0, Ũ1, . . . , Ũs) #v

Uj(t) := V (xj, t), fj(t) = F (xj, t), Ũj = v0(xj), j = 0, 1, . . . , s.

�TT`QtBK�iBM; i?2 bT�+2 /2`Bp�iBp2 #v i?2 }`bi #�+Fr�`/ /Bz2`2M+2 K2i?Q/ rBi? K2b?

bBx2 �x �b

@

@x
V (xj, t) ' (�x)�1 (V (xj, t)� V (xj�1, t)) , j = 1, 2 . . . , s,

RR3



r2 Q#i�BM i?2 BMBiB�H@p�Hm2 T`Q#H2K

d

dt
U(t) = AU(t) + f(t), U(0) = Ũ , UdXRV

rBi?

A = (�x)�1

0

BBBBBBBBBBBBBB@

�1

1 �1

1 �1

X X X X X X

1 �1

1

CCCCCCCCCCCCCCA

.

aBM+2 i?2 K�i`Bt A Bb J2ixH2` �M/ i?2 p2+iQ` f ?�b TQbBiBp2 +QKTQM2Mib 7Q` �Mv t � 0-

i?2 bQHmiBQM iQ UdXRV Bb TQbBiBp2X �++Q`/BM; iQ h?2Q`2K eX8- i?2 QTiBK�H b+?2K2b UeXkNV

�TTHB2/ iQ i?2 BMBiB�H@#QmM/�`v p�Hm2 T`Q#H2K UdXRV Bb ;m�`�Mi22/ iQ T`2b2`p2 TQbBiBpBiv

B7
h

�x
 Rm,p. UdXkV

h?2 �#BHBiv iQ K�BMi�BM TQbBiBpBiv BM i?2 bQHmiBQM- 2p2M rBi? H�`;2` iBK2 bi2Tb h `2H�iBp2

iQ bT�iB�H bi2Tb �x- Bb � F2v T`�+iB+�H �/p�Mi�;2 Q7 +?QQbBM; QTiBK�H b+?2K2b 7Q`

bQHpBM; UdXRVX AM Qm` MmK2`B+�H i2bib- r2 ?�p2 +?Qb2M s = 250- U(0) = (1, 0, 0, . . . , 0)T

�M/ fj(t) = (0, 1, 0, 0, . . . , 0)T 7Q` �Mv t > 0 �M/ r2 BMi2;`�i2/ mMiBH t = 0.4X :Bp2M �

p2+iQ` y = (y1, y2, . . . , ys)- r2 b?�HH /2MQi2 #v �(y) i?2 MmK#2` Q7 bB;M +?�M;2b rBi?BM

i?2 b2[m2M+2 (y1, y2, . . . , ys) r?2`2 x2`Q p�Hm2b �`2 /Bb`2;�`/2/X

Pm` MmK2`B+�H bBKmH�iBQMb- /2i�BH2/ BM h�#H2b dXR �M/ dXk- +QM}`K i?�i r?2M

+QM/BiBQM UdXkV Bb K2i- i?2 QTiBK�H b+?2K2b T`2b2`p2 TQbBiBpBiv- BM/B+�i2/ #v �(un) = 0X

RRN



m = 5- p = 3- Rm,p = 2.6506
h/�x �(un)

9 Rj9d
j Rykd

kXd je8
kXe y
k y
R y

m = 6- p = 3- Rm,p = 3.5184
h/�x �(un)

9 Rddk
jXd Rey3
jX8 y
j y
k y
R y

m = 7- p = 3- Rm,p = 4.2879
h/�x �(un)

e 33e
8 RR3k

9Xj Rje
9XR y
j y
k y

h�#H2 dXR, PTiBK�H b+?2K2b rBi? G2;2M/`2 +QHHQ+�iBQM TQBMibX

m = 4- p = 3- Rm,p = 2
h/�x �(un)

9 Rye8
j ReR8

kX8 RNde
k y

RX8 y
R y

m = 7- p = 4- Rm,p = 3.3535
h/�x �(un)

9 Rde9
jXd Rjde
jXe edy
jX8 y
j y

kX8 y
m = 8- p = 5- Rm,p = 2.8418
h/�x �(un)

9 kkjN
j y

kXN y
kX3 y
kX8 y
k y

h�#H2 dXk, PTiBK�H b+?2K2b rBi? +QHHQ+�iBQM TQBMib i?2 x2`Qb Q7 C�+Q#B TQHvMQKB�Hb
J (1,0)
p (t) X

AM h�#H2 dXk- rBi? m = 8 �M/ p = 5- r2 Q#b2`p2 �(un) = 0 7Q` h/�x = 3 �M/ 4-

/2bTBi2 +QM/BiBQM UdXkV MQi #2BM; K2iX >Qr2p2`- i?Bb /Q2b MQi ;m�`�Mi22 TQbBiBpBiv BM

�HH b+2M�`BQb- BX2Xc r2 +�M +QMbi`m+i � J2ixH2` K�i`Bt A �M/ TQbBiBp2 p2+iQ`b U(0) �M/

Rky



f(t) r?2`2 �(un) > 0X

AM i?2 7QHHQrBM;- r2 b2H2+i i?2 T�`�K2i2` s = 100X h?2 }`bi i�#H2 +Q``2bTQM/b

iQ i?2 b2+QM/ QTiBK�H b+?2K2 rBi? i?2 BMBiB�H +QM/BiBQM U0 = (0, 2, 0, 0, . . . , 0)- r?BH2

i?2 7Q`+BM; i2`K Bb /2}M2/ �b F (x, t) = (1, 0, . . . , 0)X h?2 `2K�BMBM; i?`22 i�#H2b

mb2 i?2 BMBiB�H 7mM+iBQM v0(x) = +Qb(x + ⇡) + 1 �M/ i?2 7Q`+BM; 7mM+iBQM F (x, t) =

(bBM(2t) + 1)(+Qb(5x) + 1)X

6Q` �HH +�b2b- BMi2;`�iBQM Bb T2`7Q`K2/ mMiBH t = 2X G2i N #2 i?2 MmK#2` Q7 BMi2@

;`�iBQM bi2Tb �M/ m i?2 TQHvMQKB�H /2;`22c i?2 iQi�H MmK#2` Q7 K�i`Bt@p2+iQ` KmHiB@

THB+�iBQMb Bb i?2M F = NmX hQ K�BMi�BM +QMbBbi2M+v BM +QKT�`BbQM �+`Qbb K2i?Q/b-

r2 F22T F +QMbi�Mi 7Q` 2�+? `Qr BM i?2 i�#H2X

hQ 2p�Hm�i2 i?2 MmK2`B+�H bQHmiBQM u- r2 +QKTmi2 �(u)- r?B+? +QmMib i?2 MmK#2`

Q7 bB;M +?�M;2b- �M/ �HbQ `2TQ`i i?2 KBMBKmK p�Hm2 KBM(u)X h?2 MmK2`B+�H `2bmHib

�`2 �M�Hvx2/ #v p�`vBM; i?2 bi2T bBx2 h �M/ i?2 TQHvMQKB�H /2;`22 m r?BH2 F22TBM;

i?2 BMBiB�H +QM/BiBQM �M/ 7Q`+BM; i2`K mM+?�M;2/X

dXRXR a2+QM/@P`/2` PTiBK�H a+?2K2 o�HB/�iBQM

6Q` i?2 b2+QM/@Q`/2` b+?2K2 - r2 �M�Hvx2/ /Bz2`2Mi bi2T bBx2b rBi? � }t2/ �x = 0.01

�M/ �M QTiBK�H i?`2b?QH/ 7�+iQ` Rm(⇤2) = m� 1X

h?2 `2bmHib- bmKK�`Bx2/ BM h�#H2 dXj- +QM}`K i?�i TQbBiBpBiv `2[mB`2K2Mi r?2M

i?2 bi2T bBx2 `�iBQ h/�x  Rm(⇤2)X 1t+22/BM; i?Bb i?`2b?QH/ KB;?i H2�/ iQ M2;�iBp2

bQHmiBQM Q` 2p2M BMbi�#BHBiv Q7 i?2 bQHmiBQMX aT2+B}+�HHv- TQbBiBpBiv Bb HQbi �i h/�x =

6.30 7Q` m = 5- �M/ �i h/�x = 9.00 7Q` m = 7X 6Q` m = 10- bi�#BHBiv T2`bBbib mMiBH

RkR



N F h/�x |uN |1 �(uN) KBM(u)
(m = 5) � = �5(⇤2)

kR Ry8 9.20 3.82⇥ 1055 Nd �3.77⇥ 1055

kk RRy 9.00 8.15⇥ 1056 Nd �8.15⇥ 1056

jR R88 6.30 4.63⇥ 1045 dy �4.63⇥ 1045

jj Re8 6.00 6.42⇥ 1038 ed �6.42⇥ 1038

9d kj8 4.20 3.74⇥ 100 8d �3.74
8y k8y 4.00 1.41⇥ 10�2 y 0.01
ee jjy 3.00 1.26⇥ 10�2 y 0.01

(m = 7) � = �7(⇤2)

kR R9d 9.20 1.40⇥ 1043 d3 �1.40⇥ 1043

kk R89 9.00 5.57⇥ 1041 d8 �3.03⇥ 1041

jR kRd 6.30 7.18⇥ 10�1 jN �0.63
jj kjR 6.00 1.49⇥ 10�2 y 0.00
9d jkN 4.20 1.32⇥ 10�2 y 0.01
8y j8y 4.00 1.29⇥ 10�2 y 0.01
ee 9ek 3.00 1.21⇥ 10�2 y 0.01

(m = 10) � = �10(⇤2)

kR kRy 9.20 2.04⇥ 10�2 R9 �0.01
kk kky 9.00 1.54⇥ 10�2 y 0.00
jR jRy 6.30 1.42⇥ 10�2 y 0.00
jj jjy 6.00 1.40⇥ 10�2 y 0.00
9d 9dy 4.20 1.26⇥ 10�2 y 0.01
8y 8yy 4.00 1.24⇥ 10�2 y 0.01
ee eey 3.00 1.18⇥ 10�2 y 0.01

h�#H2 dXj, LmK2`B+�H `2bmHib 7Q` /Bz2`2Mi m p�Hm2b- b2+QM/@Q`/2` QTiBK�H b+?2K2

h/�x = 9.20- #2vQM/ r?B+? KBMQ` Qb+BHH�iBQMb �TT2�`X

dXRXk LmK2`B+�H h2biBM; rBi? G2;2M/`2 *QHHQ+�iBQM SQBMib

6Q` MmK2`B+�H i2biBM; rBi? G2;2M/`2 +QHHQ+�iBQM TQBMib �M/ }t2/ �x = 0.01- i?2 `2bmHib

+QM}`K i?�i bi�#BHBiv �M/ TQbBiBpBiv �`2 T`2b2`p2/ rBi?BM i?2 i?2Q`2iB+�H i?`2b?QH/b Q7

h/�x  Rm,pX h�#H2 dX8 b?Qrb i?�i 7Q` m = 5- bi�#BHBiv ?QH/b mT iQ h/�x = 2.99- #mi

BMbi�#BHBiv 2K2`;2b �i h/�x = 3.52X aBKBH�`Hv- 7Q` m = 7- MmK2`B+�H bQHmiBQMb `2K�BM

Rkk



bi�#H2 mT iQ i?2 i?`2b?QH/ Q7 h/�x = 3.52- #2vQM/ r?B+? BMbi�#BHBiv b2ib BMX

h?2 k. +QHQ`K�T �M/ j. bQHmiBQM THQib 7m`i?2` BHHmbi`�i2 i?2 i`�MbBiBQM 7`QK bi�@

#H2 T`QT�;�iBQM iQ b2p2`2 BMbi�#BHBiv �b i?2 bi2T bBx2 BM+`2�b2b #2vQM/ i?2 TQbBiBpBiv

HBKBiX h?2b2 `2bmHib 2KT?�bBx2 �/?2`BM; iQ i?2 /2`Bp2/ bi2T bBx2 +QMbi`�BMib iQ 2Mbm`2

MmK2`B+�H `2HB�#BHBivX

Rkj



N F h/�x |uN |1 �(uN) KBM(u)
(m = 5) � = �5(⇤3)

8R k88 3.87 2.646475⇥ 1018 k3RR �2.646475⇥ 1018

8e k3y 3.52 2.215654⇥ 109 kdd9 �9.141546⇥ 108

ee jjy 2.99 1.459987⇥ 100 y 0.000000⇥ 100

Ny 98y 2.20 1.462155⇥ 100 y 0.000000⇥ 100

Ryy 8yy 2.00 1.465517⇥ 100 y 0.000000⇥ 100

kyy Ryyy 1.00 1.466545⇥ 100 y 0.000000⇥ 100

(m = 5) � = �5(⇤4)

8R k88 3.87 7.953217⇥ 1047 jyRk �7.953217⇥ 1047

8e k3y 3.52 7.458928⇥ 1040 jj3j �3.701290⇥ 1040

ee jjy 2.99 2.783403⇥ 1027 9yjR �1.746838⇥ 1027

Ny 98y 2.20 2.725659⇥ 100 R �4.713026⇥ 10�2

Ryy 8yy 2.00 1.466050⇥ 100 y 0.000000⇥ 100

kyy Ryyy 1.00 1.467583⇥ 100 y 0.000000⇥ 100

(m = 7) � = �7(⇤4)

8R j8d 3.87 4.002987⇥ 100 j3 �2.076908⇥ 100

ee 9ek 2.99 1.460445⇥ 100 y 0.000000⇥ 100

Ny ejy 2.20 1.462896⇥ 100 y 0.000000⇥ 100

Ryy dyy 2.00 1.466332⇥ 100 y 0.000000⇥ 100

kyy R9yy 1.00 1.468168⇥ 100 y 0.000000⇥ 100

h�#H2 dX9, LmK2`B+�H `2bmHib 7Q` /Bz2`2Mi m p�Hm2b- �m(⇤p) rBi? p G2;2M/`2 +QHHQ+�iBQM
TQBMib

Rk9



6B;m`2 dXR, *QKT�`BbQM Q7 MmK2`B+�H bQHmiBQMb 7Q` m = 5,�5(⇤3)- R5(⇤3) = 2.65

Rk8



6B;m`2 dXk, *QKT�`BbQM Q7 MmK2`B+�H bQHmiBQMb 7Q` m = 5,�5(⇤4)- R5(⇤4) = 2

Rke



6B;m`2 dXj, *QKT�`BbQM Q7 MmK2`B+�H bQHmiBQMb 7Q` m = 7,�7(⇤4)- R7(⇤4) = 3.52

Rkd



dXRXj LmK2`B+�H h2biBM; rBi? *?2#vb?2p *QHHQ+�iBQM SQBMib

h?2 /�i� BM h�#H2 dX8 `2p2�Hb i?�i 7Q` i?2 TQHvMQKB�H � = �7(⇤3)- i?2`2 2tBbib MQ

b+?2K2 i?�i 2Mbm`2b TQbBiBpBivX 6Q` �HH i2bi2/ p�Hm2b Q7 N 2 {51, 56, 90, 100}- i?2

+Q``2bTQM/BM; 2Mi`B2b �`2 �#b2Mi- BM/B+�iBM; i?�i MQ MmK2`B+�H b+?2K2 b�iBb}2b i?2

`2[mB`2/ TQbBiBpBiv +QM/BiBQMb rBi?BM i?2 i2bi2/ `�M;2 Q7 bi2T bBx2bX

JQ`2Qp2`- i?2 `2bmHib BM h�#H2 dX3 b?Qr i?�i 7Q` h/�x = 0.001724 �M/ 0.017238

TQbBiBpBiv Bb T`2b2`p2/X h?2 KBMBKmK p�Hm2 `2K�BMb MQM@M2;�iBp2 �M/ i?2 BM}MBiv

MQ`K Bb r2HH@+QMi`QHH2/ #2HQr 1- BM/B+�iBM; bi�#H2 MmK2`B+�H #2?�pBQ`X

�i h/�x = 0.036217- TQbBiBpBiv Bb HQbi �b BM/B+�i2/ #v KBM(u) = �2.41 ⇥ 10�1-

�Hi?Qm;? i?2 bQHmiBQM `2K�BMb MmK2`B+�HHv #QmM/2/ rBi? kuk1 ⇡ 0.836X

�i h/�x = 0.036372- TQbBiBpBiv Bb pBQH�i2/ �M/ i?2 bQHmiBQM 2t?B#Bib +�i�bi`QT?B+

BMbi�#BHBiv- rBi? KBM(u) �M/ kuk1 #Qi? `2�+?BM; K�;MBim/2b QM i?2 Q`/2` Q7 1044X

h?2b2 `2bmHib ?B;?HB;?i i?2 M2+2bbBiv Q7 K�BMi�BMBM; h/�x  Rm,p 7Q` TQbBiBpBiv

�M/ 7Q` 2Mbm`BM; i?2 bi�#BHBiv �M/ i?2 `2HB�#BHBiv Q7 i?2 MmK2`B+�H b+?2K2X

Rk3



N F h/�x ||u||1 �(u) KBM(u)
(m = 7) � = �7(⇤3)

8R �

8e �

Ny �

Ryy �

(m = 5) � = �5(⇤4)

8R 8Ryy 3.89 1.791⇥ 1048 jykk �1.791⇥ 1048

8e 8eyy 3.52 8.706⇥ 1040 jj33 �3.377⇥ 1040

Ny Nyyy 2.20 2.727⇥ 100 R �0.0728
Ryy Ryyyy 2.00 1.466⇥ 100 y 0.000

(m = 7) � = �7(⇤4)

8R 8Ryy 3.89 1.196⇥ 101 Rk8 �9.664
8e 8eyy 3.52 1.458⇥ 100 y 0.000
Ny Nyyy 2.20 1.462⇥ 100 y 0.000
Ryy Ryyyy 2.00 1.466⇥ 100 y 0.000

h�#H2 dX8, LmK2`B+�H `2bmHib 7Q` /Bz2`2Mi m p�Hm2b- �m(⇤p) rBi? p *?2#vb?2p +QHHQ@
+�iBQM TQBMib

6B;m`2 dX9, LmK2`B+�H bQHmiBQMb 7Q` rBi? 9 *?2#vb?2pǶb +QHHQ+�iBQM TQBMib 7Q` m =

5,�5(⇤4) �M/ R5(⇤4) = 2

RkN



6B;m`2 dX8, LmK2`B+�H bQHmiBQMb 7Q` rBi? 9 *?2#vb?2pǶb +QHHQ+�iBQM TQBMib 7Q` m =

7,�7(⇤4) �M/ R7(⇤4) = 3.52

dXk aQH�` h?2`K�H aiQ`�;2 JQ/2H

h?2 /vM�KB+b Q7 bQH�` i?2`K�H biQ`�;2 bvbi2Kb +�M #2 KQ/2H2/ 2z2+iBp2Hv mbBM; i?2

QM2@/BK2MbBQM�H ?2�i 2[m�iBQM rBi? �M 2ti2`M�H 7Q`+BM; i2`K `2T`2b2MiBM; i?2`K�H

BMTmiX aT2+B}+�HHv- i?2 ;Qp2`MBM; 2[m�iBQM Bb ;Bp2M #v

@u

@t
= k

@2u

@x2
+ 5e�10(x�0.5)2 (bBM(2⇡t) + 1) , 0 < x < 1, t > 0,

rBi? BMBiB�H �M/ #QmM/�`v +QM/BiBQMb

u(x, 0) = K�t(0, bBM(⇡x)), u(0, t) = 0, u(1, t) = 0.

Rjy



>2`2- i?2 /QK�BM Bb /Bb+`2iBx2/ mbBM; � b2+QM/@Q`/2` }MBi2 /Bz2`2M+2 b+?2K2- `2bmHiBM;

BM � mMB7Q`K bT�iB�H ;`B/ bT�+BM; �x = 1/(Nx + 1) ⇡ 0.019608 rBi? Nx = 50 BMi2@

`BQ` TQBMibX h?2 /Bb+`2i2 G�TH�+B�M K�i`Bt A �bbQ+B�i2/ rBi? i?Bb /Bb+`2iBx�iBQM ?�b

+QMbi�Mi /B�;QM�H 2H2K2Mib aii = �2/�x2- vB2H/BM; � K�tBKmK �#bQHmi2 /B�;QM�H 2H2@

K2Mib Q7 K�t |aii| = 5202X Pm` i2bib r2`2 T2`7Q`K2/ mbBM; i?2 2tTQM2MiB�H BMi2;`�iQ`

K2i?Q/ rBi? G2;2M/`2 +QHHQ+�iBQM TQBMib rBi? m = 7 �M/ p = 4X

6Q` TQbBiBpBiv T`2b2`p�iBQM i?2 iBK2 BMi2;`�iBQM bi2T bBx2 Kmbi b�iBb7v i?2 i?2Q`2i@

B+�H +QM/BiBQM

h 
Rm,p

K�ti=1,2,...,n |aii|
=

3.518

5202
⇡ 0.00067623,

r?2`2 Rm,p = 3.518 Bb i?2 K2i?Q/ T�`�K2i2`X h?Bb +QM/BiBQM 2Mbm`2b i?2 TQbBiBpBiv@

T`2b2`pBM; T`QT2`iv Q7 i?2 MmK2`B+�H b+?2K2 7Q` HBM2�` �M/ BM?QKQ;2M2Qmb bvbi2KbX

q2 2t�KBM2 i?2 MmK2`B+�H bQHmiBQM #2?�pBQ` 7Q` i?`22 +�`27mHHv +?Qb2M bi2T bBx2b-

h = 0.000338- r?B+? Bb ?�H7 i?2 i?2Q`2iB+�H i?`2b?QH/- h = 0.000676- 2t�+iHv 2[m�H

iQ i?2 i?`2b?QH/- �M/ h = 0.000710- bHB;?iHv 2t+22/BM; BiX h�#H2 dXe bmKK�`Bx2b

i?2 MmK2`B+�H Qmi+QK2b 7Q` i?2b2 +?QB+2bX ai2T bBx2b Q7 h = 0.000338 �M/ h =

0.000676 +H2�`Hv K�BMi�BM MQM@M2;�iBpBiv- +QM}`KBM; TQbBiBpBiv �M/ bi�#BHBivX >Qr@

2p2`- � K�`;BM�H pBQH�iBQM �i h = 0.000710 `2bmHib BM M2;�iBp2 p�Hm2b �M/ BMbi�#BHBiv-

mM/2`b+Q`BM; i?2 b2MbBiBpBiv Q7 i?2 K2i?Q/ iQ bHB;?i /2pB�iBQMb �#Qp2 i?2 i?2Q`2iB+�H

#QmM/X

ai2T bBx2 h �x h/�x KBM(u) kuk1
yXyyyjj3 yXyRNey3 yXyRdk98 yXyyyyyy yX3jdye9
yXyyyede yXyRNey3 yXyj99Ny yXyyyyyy yX3je9ky
yXyyydRy yXyRNey3 yXyjekR8 �1.021562 RX8kj3RR

h�#H2 dXe, SQbBiBpBiv #2?�pBQ` 7Q` /Bz2`2Mi bi2T bBx2bX

RjR



oBbm�HBx�iBQMb BM+Hm/BM; � j. bm`7�+2 THQi �M/ � ?2�iK�T U6B;m`2 dXeV 7Q` i?2

+`BiB+�H bi2T bBx2 h = 0.000676 BHHmbi`�i2 i?2 2pQHmiBQM �M/ T`2b2`p�iBQM Q7 TQbBiBpBiv

BM i?2 bQHmiBQMX h?2b2 };m`2b /2KQMbi`�i2 i?2 b+?2K2Ƕb 2z2+iBp2M2bb �M/ `Q#mbiM2bb

r?2M QT2`�iBM; T`2+Bb2Hv �i i?2 i?2Q`2iB+�H #QmM/�`vX

6B;m`2 dXe, aQH�` h?2`K�H aiQ`�;2 JQ/2H i2KT2`�im`2 /Bbi`B#miBQMb rBi? Rm,p = 3.518

�M/ �t 4 0.019608X h?2 iQT `Qr b?Qrb j. bm`7�+2 THQib- �M/ i?2 #QiiQK `Qr b?Qrb

+Q``2bTQM/BM; ?2�iK�Tb 7Q` p�`vBM; K2b? bBx2b- UH27iV h = 0.0000338- UKB//H2V h =

0.000676- �M/ U`B;?iV h = 0.00071X

dXkXR SQbBiBpBiv �M/ ai�#BHBiv 1t�KBM�iBQM

q2 �M�Hvx2 i?2 MmK2`B+�H #2?�pBQ` Q7 � TQbBiBpBiv@T`2b2`pBM; b+?2K2 �TTHB2/ iQ i?2

QM2@/BK2MbBQM�H ?2�i 2[m�iBQM rBi? :�mbbB�M 7Q`+BM;X h?2 bT�iB�H /QK�BM [0, 1] r�b

/Bb+`2iBx2/ BMiQ Nx = 50 BMi2`BQ` TQBMib- ;BpBM; � mMB7Q`K bT�+BM; �x = 1/(Nx +

1) ⇡ 0.019608X h?2 /Bb+`2i2 G�TH�+B�M K�i`Bt A `2bmHiBM; 7`QK i?2 }MBi2@/Bz2`2M+2

Rjk



/Bb+`2iBx�iBQM ?�b /B�;QM�H 2H2K2Mib aii = �2/�x2- ?2M+2 K�t |aii| = 5202X h?2

i?2Q`2iB+�H TQbBiBpBiv@T`2b2`pBM; iBK2@bi2T `2bi`B+iBQM Bb ;Bp2M #v

h 
Rm,p

K�t |aii|
=

3.518

5202
⇡ 0.00067623.

hQ 2t�KBM2 i?2 b2MbBiBpBiv Q7 i?2 MmK2`B+�H b+?2K2 iQ i?Bb +QM/BiBQM- r2 T2`7Q`K2/

bBKmH�iBQMb mbBM; i?`22 bi2T bBx2b h = 0.000338- h = 0.000676- �M/ � bHB;?iHv H�`;2`

bi2T bBx2 h = 0.000710X

h?2 `2bmHib- bmKK�`Bx2/ BM h�#H2 dXd- /2KQMbi`�i2 +H2�` /Bz2`2M+2b BM MmK2`B@

+�H #2?�pBQ`X h?2 MmK2`B+�H bQHmiBQMb �i bi2T bBx2b h = 0.000338 �M/ h = 0.000676

`2K�BM bi�#H2 �M/ T?vbB+�HHv `2�HBbiB+- rBi? }M�H K�tBKmK i2KT2`�im`2b Q7 �TT`Qt@

BK�i2Hv 0.251225 �M/ 0.251771- `2bT2+iBp2Hv- �M/ KBMBK�H p�Hm2b `2K�BMBM; TQbBiBp2X

AM +QMi`�bi- i?2 bHB;?iHv BM+`2�b2/ bi2T bBx2 h = 0.000710 `2bmHi2/ BM b2p2`2 BMbi�#BHBiv-

rBi? � }M�H K�tBKmK i2KT2`�im`2 Q7 975.233637 �M/ � T`QMQmM+2/ M2;�iBp2 KBMBKmK

i2KT2`�im`2 Q7 �974.730523- BM/B+�iBM; � #`2�F/QrM BM TQbBiBpBiv �M/ bi�#BHBivX

h h/�x 6BM�H J�t h2KT 6BM�H �p; h2KT 6BM�H JBM h2KT
yXyyyjj3 yXyRdk9d yXk8Rkk8 yXR83R3N yXyR9j8R
yXyyyede yXyj99N9 yXk8RddR yXR838jj yXyR9j3k
yXyyydRy yXyjekRN Nd8Xkjjejd yXR83jN3 @Nd9Xdjy8kj

h�#H2 dXd, LmK2`B+�H `2bmHib 7Q` /Bz2`2Mi iBK2@bi2T bBx2b �i }M�H iBK2- �x = 0.019608-
J�t h2KT GQ+�iBQM4yX9NyRNeX

SHQib +Q``2bTQM/BM; iQ i?2 bi�#H2 +�b2b Uh = 0.000338 �M/ h = 0.000676V b?Qr

r2HH@#2?�p2/ bQHmiBQM T`Q}H2b- r?2`2�b i?2 mMbi�#H2 b+2M�`BQ Uh = 0.000710V 2t?B#Bib

2ti`2K2 Qb+BHH�iBQMb- `2BM7Q`+BM; i?2 b2MbBiBpBiv Q7 i?2 b+?2K2 iQ i?2 /2`Bp2/ i?2Q`2iB+�H

+QMbi`�BMiX h?2b2 pBbm�H Q#b2`p�iBQMb +QKTH2K2Mi �M/ +QM}`K i?2 MmK2`B+�H /�i�

Rjj



T`2b2Mi2/ BM h�#H2 dXeX

6B;m`2 dXd, h2KT2`�im`2 2pQHmiBQM �M/ }M�H /Bbi`B#miBQM 7Q` h1 = 0.000034X 6`QK
H27i iQ `B;?i- U�V J�tBKmK �M/ �p2`�;2 i2KT2`�im`2 Qp2` iBK2c U#V h2KT2`�im`2 �i
b2H2+i2/ bT�iB�H TQBMib Qp2` iBK2c U+V 6BM�H i2KT2`�im`2 /Bbi`B#miBQM rBi? i?2 K�tBKmK
i2KT2`�im`2 TQBMi K�`F2/X

ai2T aBx2 h2 = 0.00033850

6B;m`2 dX3, h2KT2`�im`2 2pQHmiBQM �M/ }M�H /Bbi`B#miBQM 7Q` h2 = 0.00033850X 6`QK
H27i iQ `B;?i- U�V J�tBKmK �M/ �p2`�;2 i2KT2`�im`2 Qp2` iBK2c U#V h2KT2`�im`2 �i
b2H2+i2/ bT�iB�H TQBMib Qp2` iBK2c U+V 6BM�H i2KT2`�im`2 /Bbi`B#miBQM rBi? i?2 K�tBKmK
i2KT2`�im`2 TQBMi BM/B+�i2/X

6B;m`2 dXN, h2KT2`�im`2 2pQHmiBQM �M/ }M�H /Bbi`B#miBQM 7Q` h3 = 0.00071118X 6`QK
H27i iQ `B;?i- U�V J�tBKmK �M/ �p2`�;2 i2KT2`�im`2 Qp2` iBK2 b?QrBM; BMbi�#BHBivc U#V
h2KT2`�im`2 �i b2H2+i2/ bT�iB�H TQBMib Qp2` iBK2 rBi? 2ti`2K2 Qb+BHH�iBQMbc U+V 6BM�H
i2KT2`�im`2 /Bbi`B#miBQM b?QrBM; /Bp2`;2M+2X

Rj9



dXj h`�MbB2Mi >2�i *QM/m+iBQM rBi? AMi2`M�H >2�i

:2M2`�iBQM

q2 +QMbB/2` i?2 QM2@/BK2MbBQM�H i`�MbB2Mi ?2�i +QM/m+iBQM KQ/2H rBi? BMi2`M�H ?2�i

;2M2`�iBQM `2T`2b2Mi2/ #v � [m�/`�iB+ bQm`+2

@u

@t
= k

@2u

@x2
+ e�tx2(L� x)2, 0 < x < 1, t > 0,

bm#D2+i iQ i?2 BMBiB�H �M/ #QmM/�`v +QM/BiBQMb

u(x, 0) = 0, u(0, t) = 0, u(L, t) = 0.

h?Bb b+2M�`BQ KQ/2Hb i`�MbB2Mi ?2�iBM; BM � K2/BmK r?2`2 i?2 ?2�i bQm`+2 T2�Fb �i

i?2 +2Mi2` �M/ 2tTQM2MiB�HHv /2+�vb Qp2` iBK2X h?2 bvKK2i`B+ bT�iB�H T`Q}H2 2Mbm`2b

2M2`;v 2Mi2`b mMB7Q`KHv 7`QK i?2 BMi2`BQ` r?BH2 /BbbBT�iBM; �i i?2 #QmM/�`B2bX

q2 /Bb+`2iBx2 i?2 bT�iB�H /QK�BM mbBM; � b2+QM/@Q`/2` +2Mi`�H /Bz2`2M+2 b+?2K2-

vB2H/BM;

�x =
1

Nx + 1
⇡ 0.019608, Nx = 50.

h?2 K�tBKmK �#bQHmi2 /B�;QM�H Q7 i?2 /Bb+`2i2 G�TH�+B�M K�i`Bt Bb

⇢ = K�t |aii| =
2

�x2
⇡ 5202.

Rj8



�++Q`/BM; iQ i?2 TQbBiBpBiv@T`2b2`pBM; i?2Q`v- i?2 iBK2 bi2T h Kmbi b�iBb7v

h 
Rm,p

⇢
=

3.518

5202
⇡ 0.00067623.

hQ i2bi i?Bb +QM/BiBQM- r2 �M�Hvx2 i?2 b+?2K2Ƕb T2`7Q`K�M+2 7Q`

h = 0.000338 (?�H7 i?`2b?QH/),

h = 0.000676 (2t�+i i?`2b?QH/),

h = 0.000710 (�#Qp2 i?`2b?QH/).

h?2 `2bmHib �`2 bmKK�`Bx2/ BM h�#H2 dX3X 6Q` h = 0.000338 �M/ h = 0.000676- i?2

bQHmiBQM `2i�BMb Bib TQbBiBpBiv- i?2`2#v p�HB/�iBM; Qm` i?2Q`2iB+�H T`2/B+iBQMbX >Qr@

2p2`- �i h = 0.000710- i?2 KBMBKmK p�Hm2 #2+QK2b M2;�iBp2 �M/ i?2 K�tBKmK MQ`K

BM+`2�b2b b?�`THv- BM/B+�iBM; HQbb Q7 bi�#BHBiv �M/ pBQH�iBQM Q7 TQbBiBpBivX

ai2T aBx2 aT�+2 aBx2 U�xV ai2TfaT�+2 KBM(u) |u|1
yXyyyjj3 yXyRNey3 yXyRdkej yXyyyyyy2Yyy 9X9jkydy2@yj
yXyyyede yXyRNey3 yXyj99N9 yXyyyyyy2Yyy 9X99yeR32@yj
yXyyydRy yXyRNey3 yXyjekRN @8XjyR9yd2@yk 8XjyR9yd2@yk

h�#H2 dX3, ai2T@bBx2 p2`bmb bT�+2@bBx2 +QKT�`BbQM rBi? TQbBiBpBiv BM/B+�iQ`b

6B;m`2b dXRy �M/ dXRR BHHmbi`�i2 i?2b2 #2?�pBQ`bX 6Q` h  0.000676- #Qi? i?2 bm`7�+2

�M/ ?2�iK�T pBbm�HBx�iBQMb `2K�BM bKQQi? �M/ bi`B+iHv MQM@M2;�iBp2X AM +QMi`�bi- 7Q`

h = 0.000710- i?2 bQHmiBQM 2t?B#Bib Qb+BHH�iBQMb �M/ � b?�`T #`2�F/QrM BM T?vbB+�H

#2?�pBQ`X h?Bb ?B;?HB;?ib i?2 M2+2bbBiv Q7 bi2T bBx2 +QMi`QH iQ T`2b2`p2 [m�HBi�iBp2

72�im`2b BM /BzmbBQM T`Q#H2Kb rBi? iBK2@p�`vBM; bQm`+2bX

Rje



6B;m`2 dXRy, j. bm`7�+2 THQib Q7 bQHmiBQM 7Q` h = 0.000338 UH27iV- h = 0.000676 UKB/@

/H2V- �M/ h = 0.000710 U`B;?iV

6B;m`2 dXRR, >2�iK�Tb Q7 i2KT2`�im`2 /Bbi`B#miBQM 7Q` h = 0.000338 UH27iV- h =

0.000676 UKB//H2V- �M/ h = 0.000710 U`B;?iV

h?2b2 `2bmHib ?B;?HB;?i i?2 +`BiB+�H `QH2 Q7 �/?2`BM; iQ i?2 i?2Q`2iB+�H iBK2 bi2T +QM@

bi`�BMi 7Q` T`2b2`pBM; TQbBiBpBiv �M/ bi�#BHBivX h?2 ?2�iK�T �M�HvbBb BM UdXRRV bT2+B}@

+�HHv 2KT?�bBx2b i?�i 2t+22/BM; i?2 i?`2b?QH/ iBK2 bi2T H2�/b iQ MmK2`B+�H BMbi�#BHBiv-

2p2M BM b+2M�`BQb r?2`2 i?2 7Q`+BM; i2`K �M/ BMBiB�H +QM/BiBQMb bmTTQ`i TQbBiBpBiv mM/2`

�TT`QT`B�i2 +QM/BiBQMbX

Rjd



dX9 *QM+HmbBQM �M/ 6mim`2 qQ`F

h?Bb i?2bBb 2bi�#HBb?2b � +QKT`2?2MbBp2 7`�K2rQ`F 7Q` /2bB;MBM; ?B;?@Q`/2` 2tTQM2M@

iB�H BMi2;`�iQ` b+?2K2b i?�i T`2b2`p2 2bb2MiB�H bi`m+im`�H +?�`�+i2`BbiB+b Q7 i?2 Q`B;BM�H

bvbi2KX h?2 7Q+mb ?�b #22M QM /2`BpBM; QTiBK�H TQbBiBpBiv@T`2b2`pBM; ?B;?@Q`/2` 2tTQ@

M2MiB�H BMi2;`�iQ`b 7Q` MQM@?QKQ;2M2Qmb HBM2�` T`Q#H2Kb mbBM; � ;2M2`�HBx2/ MQiBQM Q7

QTiBK�H i?`2b?QH/ 7�+iQ`X �TTHB+�iBQMb iQ T�`iB�H /Bz2`2MiB�H 2[m�iBQMb r2`2 2t�KBM2/

BM /2i�BHX

� +2Mi`�H +QMi`B#miBQM Q7 i?Bb rQ`F Bb i?2 /2p2HQTK2Mi Q7 � M2r +H�bb Q7 /Bb+`2i2

Q`i?Q;QM�H TQHvMQKB�Hb i?�i b?2/ HB;?i BMiQ i?2 QTiBK�H i?`2b?QH/ 7�+iQ` Q7 �Mv b2@

[m2M+2 Q7 TQbBiBp2 `2�H MmK#2`bX h?2b2 TQHvMQKB�Hb ;2M2`�HBx2 +H�bbB+�H 7�KBHB2b bm+?

�b SQBbbQMĜ*?�`HB2`- J2BtM2`- �M/ E`�ri+?QmF- �M/ i?2B` x2`Qb T`QpB/2 +`BiB+�H bT2+@

i`�H BM7Q`K�iBQM M2+2bb�`v 7Q` #QmM/BM; �M/ +QKTmiBM; QTiBK�H i?`2b?QH/ 7�+iQ`bX �

+QKTmi�iBQM�HHv 2{+B2Mi �H;Q`Bi?K #�b2/ QM *?`BbiQz2H i`�Mb7Q`K�iBQMb Bb BMi`Q/m+2/-

rBi? +QKTH2tBiv /2T2M/BM; QMHv QM i?2 TQHvMQKB�H Q`/2`X h?Bb 2M�#H2/ T`�+iB+�H +QK@

Tmi�iBQM Q7 QTiBK�H i?`2b?QH/ 7�+iQ`b 2p2M 7Q` H�`;2 MmK#2`b Q7 bi�;2bX

h?2 2z2+iBp2M2bb Q7 i?2 T`QTQb2/ K2i?Q/b ?�b #22M /2KQMbi`�i2/ i?`Qm;? Mm@

K2`B+�H 2tT2`BK2Mib �TTHB2/ iQ `2T`2b2Mi�iBp2 T�`iB�H /Bz2`2MiB�H 2[m�iBQMbX h?2b2

2tT2`BK2Mib +QM}`K2/ i?2 �++m`�+v- TQbBiBpBiv T`2b2`p�iBQM- �M/ +QKTmi�iBQM�H 2{@

+B2M+v Q7 i?2 +QMbi`m+i2/ b+?2K2bX

h?Bb rQ`F QT2Mb b2p2`�H /B`2+iBQMb 7Q` 7m`i?2` BMp2biB;�iBQMX h?2 *?`BbiQz2H i`�Mb7Q`K@

#�b2/ �H;Q`Bi?K /2p2HQT2/ BM i?Bb i?2bBb �TTHB2b iQ ;2M2`�H b2[m2M+2b �M/ Bb MQi `2@

bi`B+i2/ iQ p@�#bQHmi2Hv KQMQiQMB+ b2[m2M+2bc ?Qr2p2`- i?2 �bbQ+B�i2/ i?2Q`2iB+�H �M�H@

Rj3



vbBb #2+QK2b bB;MB}+�MiHv KQ`2 BMi`B+�i2 �M/ rBHH #2 i?2 Q#D2+i Q7 7mim`2 BMp2biB;�iBQMX

� M�im`�H 2ti2MbBQM Q7 Qm` 7`�K2rQ`F BMpQHp2b `2TH�+BM; TQHvMQKB�H@#�b2/ BMi2;`�@

iQ`b rBi? `�iBQM�H@7mM+iBQM@#�b2/ b+?2K2bX h?Bb ;2M2`�HBx�iBQM Bb 2tT2+i2/ iQ 2M?�M+2

#Qi? i?2 ~2tB#BHBiv �M/ �++m`�+v Q7 i?2 K2i?Q/bX �//BiBQM�HHv- 7mim`2 `2b2�`+? K�v 7Q@

+mb QM +QMbi`m+iBM; QTiBK�H 2tTQM2MiB�H BMi2;`�iQ`b i?�i T`2b2`p2 +QMi`�+iBpBiv- r?B+?

Bb 2bT2+B�HHv `2H2p�Mi BM KQ/2HBM; /BbbBT�iBp2 �M/ 2M2`;v@bi�#H2 bvbi2KbX 1ti2M/BM; Qm`

rQ`F iQ 2tTQM2MiB�H _mM;2@Emii� K2i?Q/b `2T`2b2Mib � ?B;?Hv �K#BiBQmb mM/2`i�FBM;X

hQ;2i?2`- i?2b2 /B`2+iBQMb ?B;?HB;?i i?2 TQi2MiB�H 7Q` 2tT�M/BM; i?2 i?2Q`v �M/

�TTHB+�iBQM Q7 bi`m+im`2@T`2b2`pBM; 2tTQM2MiB�H BMi2;`�iQ`b BM MmK2`B+�H �M�HvbBb �M/

b+B2MiB}+ +QKTmiBM;X

RjN
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(R) GX GƦ+xB �M/ .X E2i+?2bQM- ǳ_�iBQM�H 7mM+iBQMb rBi? K�tBK�H `�/Bmb Q7 �#bQHmi2

KQMQiQMB+Biv-Ǵ GJa CQm`M�H Q7 *QKTmi�iBQM �M/ J�i?2K�iB+b- pQHX Rd- MQX R-

TTX R8NĜky8- kyR9X

(k) qX qm- LX GBm- *X >m�M;- SX w?�M;- �M/ JX GBm- ǳ� TQbBiBpBiv@T`2b2`pBM; H�@

;`�M;B�M /Bb+QMiBMmQmb ;�H2`FBM b+?2K2 rBi? 2t�+i `B2K�MM bQHp2` 7Q` ;�b@r�i2`

+QKT`2bbB#H2 ~Qrb-Ǵ AMi2`M�iBQM�H CQm`M�H 7Q` LmK2`B+�H J2i?Q/b BM 6HmB/b- kykjX

(j) >X _�MQ+?�- ǳa?�HHQr r�i2` 2[m�iBQMb, bTHBi@7Q`K- 2Mi`QTv bi�#H2- r2HH@#�H�M+2/-

�M/ TQbBiBpBiv T`2b2`pBM; MmK2`B+�H K2i?Q/b-Ǵ :1J@AMi2`M�iBQM�H CQm`M�H QM

:2QK�i?2K�iB+b- pQHX 3- MQX R- TTX 38ĜRjj- kyRdX

(9) "X _2M- wX :�Q- uX :m- aX sB2- �M/ sX w?�M;- ǳ� TQbBiBpBiv@T`2b2`pBM; �M/ r2HH@

#�H�M+2/ ?B;? Q`/2` +QKT�+i }MBi2 /Bz2`2M+2 b+?2K2 7Q` b?�HHQr r�i2` 2[m�iBQMb-Ǵ

*QKKmMB+�iBQMb BM *QKTmi�iBQM�H S?vbB+b- pQHX j8- MQX k- TTX 8k9Ĝ88k- kyk9X

(8) JX wX C�+Q#bQM- �X@EX pQM E`�mH�M/- EX aQM;- �M/ �X LX E`mHH- ǳAKT�+ib Q7 ;`22M

?v/`Q;2M 7Q` bi22H- �KKQMB�- �M/ HQM;@/Bbi�M+2 i`�MbTQ`i QM i?2 +Qbi Q7 K22iBM;

2H2+i`B+Biv- ?2�i- +QH/- �M/ ?v/`Q;2M /2K�M/ BM R98 +QmMi`B2b `mMMBM; QM RyyW

rBM/@r�i2`@bQH�`-Ǵ aK�`i 1M2`;v- pQHX RR- TX RyyRye- kykjX

R9k



(e) CX �FT�M �M/ PX PH�M`2r�Dm- ǳambi�BM�#H2 2M2`;v /2p2HQTK2Mi, >BbiQ`v �M/

`2+2Mi �/p�M+2b-Ǵ 1M2`;B2b- pQHX Re- MQX ky- TX dy9N- kykjX

(d) _X CX aTBi2`B �M/ aX CX _mmi?- ǳ� M2r +H�bb Q7 QTiBK�H ?B;?@Q`/2` bi`QM;@bi�#BHBiv@

T`2b2`pBM; iBK2 /Bb+`2iBx�iBQM K2i?Q/b-Ǵ aA�J CQm`M�H QM LmK2`B+�H �M�HvbBb-

pQHX 9y- MQX k- TTX 9eNĜ9NR- kyykX

(3) *X CB�M;- CX *mB- sX ZB�M- �M/ aX aQM;- ǳ>B;?@Q`/2` HBM2�`Hv BKTHB+Bi bi`m+im`2@

T`2b2`pBM; 2tTQM2MiB�H BMi2;`�iQ`b 7Q` i?2 MQMHBM2�` b+?`ƺ/BM;2` 2[m�iBQM-Ǵ CQm`@

M�H Q7 a+B2MiB}+ *QKTmiBM;- pQHX Ny- MQX R- TX ee- kykkX

(N) �X Pbi2`K�MM- JX h?�H?�KK2`- �M/ qX q`B;?i- ǳ� +H�bb Q7 2tTHB+Bi 2tTQM2MiB�H

;2M2`�H HBM2�` K2i?Q/b-Ǵ "Ah LmK2`B+�H J�i?2K�iB+b- pQHX 9e- TTX 9yNĜ9jR- kyyeX

(Ry) aX CX _mmi? �M/ _X CX aTBi2`B- ǳ>B;?@Q`/2` bi`QM;@bi�#BHBiv@T`2b2`pBM; `mM;2ĜFmii�

K2i?Q/b rBi? /QrMrBM/@#B�b2/ bT�iB�H /Bb+`2iBx�iBQMb-Ǵ aA�J CQm`M�H QM Lm@

K2`B+�H �M�HvbBb- pQHX 9k- MQX j- TTX Nd9ĜNNe- kyy9X

(RR) qX 1X a+?B2bb2`- h?2 MmK2`B+�H K2i?Q/ Q7 HBM2b, BMi2;`�iBQM Q7 T�`iB�H /Bz2`2MiB�H

2[m�iBQMbX 1Hb2pB2`- kyRkX

(Rk) JX >Q+?#`m+F �M/ �X Pbi2`K�MM- ǳ1tTQM2MiB�H BMi2;`�iQ`b-Ǵ �+i� LmK2`B+�-

pQHX RN- TTX kyNĜk3e- kyRyX

(Rj) SX "`2MM2`- JX *`Qmx2Bt- �M/ oX h?QKû2- ǳaBM;H2 bi2T K2i?Q/b 7Q` BM?QKQ;2@

M2Qmb HBM2�` /Bz2`2MiB�H 2[m�iBQMb BM #�M�+? bT�+2-Ǵ _�A_PX �M�Hvb2 MmKû`B[m2-

pQHX Re- MQX R- TTX 8Ĝke- RN3kX

R9j



(R9) *X "QHH2v �M/ JX *`Qmx2Bt- ǳ*QMb2`p�iBQM /2 H� TQbBiBpBiû HQ`b /2 H� /Bb+`ûiBb�iBQM

/2b T`Q#HĕK2b /ǶûpQHmiBQM T�`�#QHB[m2b-Ǵ _�A_P �M�Hvb2 LmKû`B[m2- pQHX Rk-

MQX j- TTX kjdĜk98- RNd3X

(R8) _X aX o�`;�- ǳLQMM2;�iBp2Hv TQb2/ T`Q#H2Kb �M/ +QKTH2i2Hv KQMQiQMB+ 7mM+@

iBQMb-Ǵ GBM2�` �H;2#`� �TTH- pQHX R- MQX j- TTX jkNĜj9d- RNe3X

(Re) aX :QiiHB2#- *X@qX a?m- �M/ 1X h�/KQ`- ǳai`QM; bi�#BHBiv T`2b2`pBM; ?B;?@Q`/2`

iBK2 /Bb+`2iBx�iBQM K2i?Q/b-Ǵ aA�J _2pB2r- pQHX 9j- TTX 3NĜRRk- kyyRX

(Rd) AX >B;m2`�b- ǳPM bi`QM; bi�#BHBiv T`2b2`pBM; iBK2 /Bb+`2iBx�iBQM K2i?Q/b-Ǵ CQm`M�H

Q7 a+B2MiB}+ *QKTmiBM;- pQHX kR- MQX k- TTX RNjĜkkj- kyy9X

(R3) GX Ab?2`rQQ/- wX CX :`�Mi- �M/ aX :QiiHB2#- ǳai`QM; bi�#BHBiv T`2b2`pBM; BMi2;`�i@

BM; 7�+iQ` `mM;2@Fmii� K2i?Q/b-Ǵ aA�J CQm`M�H QM LmK2`B+�H �M�HvbBb- pQHX 8e-

MQX e- TTX jkdeĜjjyd- kyR3X

(RN) .X AX E2i+?2bQM- ǳ*QKTmi�iBQM Q7 QTiBK�H KQMQiQMB+Biv T`2b2`pBM; ;2M2`�H HBM2�`

K2i?Q/b-Ǵ J�i?2K�iB+b Q7 *QKTmi�iBQM- pQHX d3- MQX ked- TTX R9NdĜR8Rj- kyyNX

(ky) >X w?�M;- CX u�M- sX ZB�M- �M/ aX aQM;- ǳLmK2`B+�H �M�HvbBb �M/ �TTHB+�iBQMb Q7

2tTHB+Bi ?B;? Q`/2` K�tBKmK T`BM+BTH2 T`2b2`pBM; BMi2;`�iBM; 7�+iQ` `mM;2@Fmii�

b+?2K2b 7Q` �HH2M@+�?M 2[m�iBQM-Ǵ �TTHB2/ LmK2`B+�H J�i?2K�iB+b- pQHX ReR- TTX

jdkĜjNy- kykRX

(kR) 1X >�B`2` �M/ *X Gm#B+?- ǳG�`;2@bi2TbBx2 BMi2;`�iQ`b 7Q` +?�`;2/ T�`iB+H2b BM �

bi`QM; K�;M2iB+ }2H/-Ǵ BM �AS *QM72`2M+2 S`Q+22/BM;b- pQHX k39N- MQX RX �AS

Sm#HBb?BM;- kykjX

R99



(kk) .X *Q?2M �M/ 1X >�B`2`- ǳGBM2�` 2M2`;v@T`2b2`pBM; BMi2;`�iQ`b 7Q` TQBbbQM bvb@

i2Kb-Ǵ "Ah LmK2`B+�H J�i?2K�iB+b- pQHX 8R- MQX R- TTX NRĜRyR- kyRRX

(kj) .X AX E2i+?2bQM- *X "X J�+/QM�H/- �M/ aX :QiiHB2#- ǳPTiBK�H BKTHB+Bi bi`QM; bi�@

#BHBiv T`2b2`pBM; `mM;2@Fmii� K2i?Q/b-Ǵ �TTHB2/ LmK2`B+�H J�i?2K�iB+b- pQHX 8N-

MQX k- TTX jdjĜjNk- kyyNX

(k9) LX "Qb+?- SX >2MMB;- �M/ 6X h`QM�`T- ǳS`Q#�#BHBbiB+ 2tTQM2MiB�H BMi2;`�iQ`b-Ǵ

�`sBp T`2T`BMi �`sBp,kjy8XR9Nd3- kykjX

(k8) CX GB �M/ sX CBM- ǳai`m+im`2@T`2b2`pBM; 2tTQM2MiB�H r�p2 BMi2;`�iQ` K2i?Q/b �M/

i?2 HQM;@iBK2 +QMp2`;2M+2 �M�HvbBb 7Q` i?2 FH2BM@;Q`/QM@/B`�+ 2[m�iBQM rBi? i?2

bK�HH +QmTHBM; +QMbi�Mi-Ǵ LmK2`B+�H J2i?Q/b 7Q` S�`iB�H .Bz2`2MiB�H 1[m�iBQMb-

pQHX jN- MQX 9- TTX jjd8Ĝj9Re- kykjX

(ke) ZX w?�M; �M/ uX *?2M- ǳ6�bi b�KTHBM; Q7 /BzmbBQM KQ/2Hb rBi? 2tTQM2MiB�H

BMi2;`�iQ`-Ǵ �`sBp T`2T`BMi �`sBp,kky9XRjNyk- kykkX

(kd) LX "Qb+?- SX >2MMB;- �M/ 6X h`QM�`T- ǳS`Q#�#BHBbiB+ 2tTQM2MiB�H BMi2;`�iQ`b-Ǵ

�/p�M+2b BM L2m`�H AM7Q`K�iBQM S`Q+2bbBM; avbi2Kb- pQHX je- TTX 9y 98yĜ9y 9ed-

kykjX

(k3) 6X@sX "`BQH- *X CX P�i2b- JX :B`QH�KB- JX �X Pb#Q`M2- �M/ .X a2D/BMQpB+- ǳS`Q#@

�#BHBbiB+ BMi2;`�iBQM-Ǵ ai�iBbiB+�H a+B2M+2- pQHX j9- MQX R- TTX RĜkk- kyRNX

(kN) LX E` K2`- LX "Qb+?- CX a+?KB/i- �M/ SX >2MMB;- ǳS`Q#�#BHBbiB+ Q/2 bQHmiBQMb

BM KBHHBQMb Q7 /BK2MbBQMb-Ǵ BM AMi2`M�iBQM�H *QM72`2M+2 QM J�+?BM2 G2�`MBM;X

SJG_- kykk- TTX RR ej9ĜRR e9NX

R98



(jy) AX >B;m2`�b- ǳ_2T`2b2Mi�iBQMb Q7 `mM;2ĜFmii� K2i?Q/b �M/ bi`QM; bi�#BHBiv T`2@

b2`pBM; K2i?Q/b-Ǵ aA�J CQm`M�H QM LmK2`B+�H �M�HvbBb- pQHX 9j- MQX j- TTX

Nk9ĜN93- kyy8X

(jR) aX _mmi?- ǳ:HQ#�H QTiBKBx�iBQM Q7 2tTHB+Bi bi`QM;@bi�#BHBiv@T`2b2`pBM; `mM;2@Fmii�

K2i?Q/b-Ǵ J�i?2K�iB+b Q7 *QKTmi�iBQM- pQHX d8- MQX k8j- TTX R3jĜkyd- kyyeX

(jk) aX LX "2`Mbi2BM- ǳam` H2b 7QM+iBQMb �#bQHmK2Mi KQMQiQM2b-Ǵ �+i� J�i?2K�iB+�-

pQHX 8k- TTX RĜee- RNk3X

(jj) CX 6X "X JX E`��BD2p�M;2`- ǳ�#bQHmi2 KQMQiQMB+Biv Q7 TQHvMQKB�Hb Q++m``BM; BM

i?2 MmK2`B+�H bQHmiBQM Q7 BMBiB�H p�Hm2 T`Q#H2Kb-Ǵ LmK2`Bb+?2 J�i?2K�iBF- pQHX 93-

MQX j- TTX jyjĜjkk- RN3eX

(j9) ěě- ǳ*QMi`�+iBpBiv Q7 `mM;2@Fmii� K2i?Q/b-Ǵ "Ah LmK2`B+�H J�i?2K�iB+b-

pQHX jR- MQX j- TTX 93kĜ8k3- RNNRX

(j8) �X :2`Bb+? �M/ _X q2BM2`- ǳh?2 TQbBiBpBiv Q7 HQr@Q`/2` 2tTHB+Bi `mM;2@Fmii�

b+?2K2b �TTHB2/ BM bTHBiiBM; K2i?Q/b-Ǵ *QKTmi2`b � J�i?2K�iB+b rBi? �TTHB@

+�iBQMb- pQHX 98- MQX R@j- TTX 8jĜed- kyyjX

(je) _X �Bi@>�//Qm- ǳ*QKTmi�iBQM Q7 QTiBK�H HBM2�` bi`QM; bi�#BHBiv T`2b2`pBM; K2i?@

Q/b pB� �/�TiBp2 bT2+i`�H i`�Mb7Q`K�iBQMb Q7 TQBbbQMĜ+?�`HB2` K2�bm`2b-Ǵ CQm`M�H

Q7 a+B2MiB}+ *QKTmiBM;- pQHX 33- TX ee- kykRX

(jd) aX E�`HBM �M/ :X ax2;ƺ- ǳPM +2`i�BM /2i2`KBM�Mib r?Qb2 2H2K2Mib �`2 Q`i?Q;QM�H

TQHvMQKB�Hb-Ǵ CQm`M�H /Ƕ�M�Hvb2 J�i?ûK�iB[m2- pQHX 3- MQX R- TTX RĜR8d- RNeyX

R9e



(j3) GX _�Kb?�r- ǳ"HQbbQKb �`2 TQH�` 7Q`Kb-Ǵ *QKTmi2` �B/2/ :2QK2i`B+ .2bB;M-

pQHX e- MQX 9- TTX jkjĜj83- RN3NX

(jN) .X :�HH�Mi- ǳ�M BKTH2K2Mi�iBQM Q7 +?`BbiQz2HǶb i?2Q`2K BM i?2 i?2Q`v Q7 Q`i?Q;@

QM�H TQHvMQKB�Hb-Ǵ J�i?2K�iB+b Q7 *QKTmi�iBQM- pQHX k8- TTX RRRĜRRj- RNdRX

(9y) CX >2`b+?- ǳ*QMi`B#miBQM ¨ H� Kûi?Q/2 /2b û[m�iBQMb �mt /Bzû`2M+2b-Ǵ w2Bib+?`B7i

7Ƀ` �M;2r�M/i2 J�i?2K�iBF mM/ S?vbBF Uw�JSV- pQHX N- TTX RkNĜR3y- RN83X

(9R) aX JX *Qt �M/ SX *X J�ii?2rb- ǳ1tTQM2MiB�H iBK2 /Bz2`2M+BM; 7Q` biBz bvbi2Kb-Ǵ

CQm`M�H Q7 *QKTmi�iBQM�H S?vbB+b- pQHX Rde- MQX k- TTX 9jyĜ988- kyykX

(9k) LX CX >B;?�K- ǳ6mM+iBQMb Q7 K�i`B+2b, i?2Q`v �M/ +QKTmi�iBQM-Ǵ kyy3X

(9j) _X �Bi@>�//Qm �M/ JX@GX J�xm`2- ǳh?2 7mM/�K2Mi�H #HQbbQKBM; BM2[m�HBiv BM

+?2#vb?2p bT�+2běB, �TTHB+�iBQMb iQ b+?m` 7mM+iBQMb-Ǵ 6QmM/�iBQMb Q7 *QKTmi�@

iBQM�H J�i?2K�iB+b- pQHX R3- TTX Rj8ĜR83- kyR3X

(99) _X �Bi@>�//Qm- qX >2`xQ;- �M/ hX LQKm`�- ǳ*QKTH2t #ûxB2` +m`p2b �M/ i?2

;2QK2i`v Q7 TQHv;QMb-Ǵ *QKTmi2` �B/2/ :2QK2i`B+ .2bB;M- pQHX kd- MQX d- TTX

8k8Ĝ8jd- kyRyX

(98) AX �`2�- .X .BKBi`Qp- 1X :Q/Qv- �M/ oX S�b+?Q�- ǳw2`Qb Q7 +H�bbB+�H Q`i?Q;QM�H

TQHvMQKB�Hb Q7 � /Bb+`2i2 p�`B�#H2-Ǵ J�i?2K�iB+b Q7 *QKTmi�iBQM- pQHX 3k- MQX

k3k- TTX RyeNĜRyN8- kyRjX

R9d



(9e) .X oX qB//2`- ǳh?2 BMp2`bBQM Q7 i?2 H�TH�+2 BMi2;`�H �M/ i?2 `2H�i2/ KQK2Mi

T`Q#H2K-Ǵ h`�Mb�+iBQMb Q7 i?2 �K2`B+�M J�i?2K�iB+�H aQ+B2iv- pQHX je- MQX R- TTX

RydĜkyy- RNj9X

(9d) hX@CX aiB2HiD2b- ǳ_2+?2`+?2b bm` H2b 7`�+iBQMb +QMiBMm2b-Ǵ BM �MM�H2b /2 H� 6�+mHiû

/2b b+B2M+2b /2 hQmHQmb2, J�i?ûK�iB[m2b- pQHX 3- MQX 9- R3N9- TTX CRĜCRkkX

(93) CX 6�`F�b- ǳh?2Q`B2 /2` 2BM7�+?2M mM;H2B+?mM;2MXǴ CQm`M�H 7Ƀ` /B2 `2BM2 mM/ �M;2@

r�M/i2 J�i?2K�iBF U*`2HH2b CQm`M�HV- pQHX RNyk- MQX Rk9- TTX RĜkd- RNykX

(9N) GX SQ+??�KK2`- ǳl2#2` ?vT2`;2QK2i`Bb+?2 7mM+iBQM2M Mi2` Q`/MmM;XǴ CQm`M�H

7Ƀ` /B2 `2BM2 mM/ �M;2r�M/i2 J�i?2K�iBF U*`2HH2b CQm`M�HV- pQHX R3dy- MQX dR-

TTX jReĜj8k- R3dyX

(8y) �X 6X LBFB7Q`Qp- oX "X lp�`Qp- aX EX ambHQp- �X 6X LBFB7Q`Qp- oX "X lp�`Qp- �M/

aX EX ambHQp- *H�bbB+�H Q`i?Q;QM�H TQHvMQKB�Hb Q7 � /Bb+`2i2 p�`B�#H2X aT`BM;2`-

RNNRX

(8R) _X aX *Qbi�b@a�MiQb �M/ CX a�M+?2x@G�`�- ǳP`i?Q;QM�HBiv Q7 [@TQHvMQKB�Hb 7Q`

MQM@bi�M/�`/ T�`�K2i2`b-Ǵ CQm`M�H Q7 �TT`QtBK�iBQM h?2Q`v- pQHX Rej- MQX N- TTX

Rk9eĜRke3- kyRRX

(8k) .X .QKBMB+B- aX CX CQ?MbiQM- �M/ EX CQ`/��M- ǳ_2�H x2`Qb Q7 k7R ?vT2`;2QK2i`B+

TQHvMQKB�Hb-Ǵ CQm`M�H Q7 *QKTmi�iBQM�H �M/ �TTHB2/ J�i?2K�iB+b- pQHX k9d- TTX

R8kĜReR- kyRjX

(8j) qX JBiFQrbFB- ǳ.vM�KB+�H T`QT2`iB2b Q7 K2ixH2` bvbi2Kb-Ǵ "mHH2iBM Q7 i?2 SQHBb?

�+�/2Kv Q7 a+B2M+2b, h2+?MB+�H a+B2M+2b- pQHX 8e- MQX 9- kyy3X

R93



(89) wX amM- arBi+?2/ HBM2�` bvbi2Kb, +QMi`QH �M/ /2bB;MX aT`BM;2` a+B2M+2 � "mbBM2bb

J2/B�- kyyeX

(88) �X "�iF�B- JX EX 6BD�px- �M/ �X _?�M/B- ǳSQbBiBp2 QT2`�iQ` b2KB;`QmTb, 6`QK

}MBi2 iQ BM}MBi2 /BK2MbBQMb- pQHmK2 k8d Q7-Ǵ PT2`�iQ` h?2Q`v, �/p�M+2b �M/

�TTHB+�iBQMbX

(8e) _X aX o�`;�- ǳAi2`�iBp2 �M�HvbBb-Ǵ L2r C2`b2v- pQHX jkk- TX k9- RNekX

R9N



oAh�1

Ç L�K2, >m/� L�bb2` �#/mHH�? �H@h�KBKB

Ç L�iBQM�HBiv, a�m/B �`�#B�

Ç 1K�BH, ?m/�X�Hi�KBKBRkd!;K�BHX+QK

Ç S2`K�M2Mi �//`2bb, "mBH/BM; LQX je93- _�#B;? ai`22i- .?�?`�M- SQbi�H *Q/2,

j98Rk

Ç Sm#HB+�iBQMb,

R PTiBK�H h?`2b?QH/ 6�+iQ`b Q7 GBM2�` 1tTQM2MiB�H AMi2;`�iQ`b-

bm#KBii2/X

k a?�`T "QmM/b 7Q` i?2 PTiBK�H h?`2b?QH/ 6�+iQ`b- mM/2` T`2T�`�@

iBQMX

R8y


