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Epidemic models are tools used to understand and predict the spread of infectious dis-
eases. These models consist of systems of nonlinear differential equations. Most of the
fractional models cannot be solved analytically; therefore, efficient numerical methods
are crucial to solving such problems. Recently, there has been a growing interest in
devising effective and reliable numerical approaches to solve time and/or space frac-
tional models.

We shall use fourth-order Runge-Kutta methods for numerical simulation of some
classical epidemic models. For the fractional epidemic models, we have developed
a class of predictor-corrector type numerical methods. We applied these methods to
fractional epidemic models with Caputo fractional derivative and Atangana-Baleanu-

Caputo (ABC) fractional derivative.
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For the diffusive epidemic models, we have developed a third-order L-stable exponential
time differencing scheme using restricted Padé approximation of the matrix exponential
functions. We employ a Fourier spectral approach which results in a diagonal represen-
tation of the fractional Laplacian. We also use sophisticated mathematical techniques,
namely, discrete sine and cosine transforms, to improve the computational efficiency of
the methods. An algorithm is devised for straightforward implementation of the method.
This algorithm can easily be implemented to space fractional reaction-diffusion systems
with homogeneous Dirichlet as well as homogeneous Neumann boundary conditions.
The third-order accuracy of the method is proved analytically and demonstrated nu-
merically using a test problem. Linear error analysis of these method is presented,
stability regions of the method are computed, and their graphs are plotted.

For numerical simulation of the time-space fractional epidemic models, a computation-
ally efficient and highly accurate predictor-corrector numerical scheme is developed.
The fractional Laplacian is discretized using the matrix transfer technique based on a
fourth-order compact finite difference method. The predictor-corrector time stepping
scheme developed uses the fractional Euler method as a predictor and the fractional
Adams method as a corrector. We apply the well-known Richardson extrapolation to
further enhance the accuracy of the scheme. Utilizing the discrete Fourier transform,
a computationally efficient algorithm is developed for straightforward implementation
of the scheme to solve time-space fractional reaction-diffusion systems. The dynamics
of the solutions due to the memory effect and/or anomalous diffusion is demonstrated
through numerical experiments.

The findings of this thesis shall contribute to better understanding the dynamics of

Xiv



epidemic diseases and provide some valuable tools for epidemiologists and for people
in the public health sectors. Moreover, this study contributes to the development of
the field of computational epidemiology by providing methods for better prediction and

management of the disease outbreak.
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CHAPTER 1

INTRODUCTION

1.1 Background of the Models

Epidemiological mathematical models continue to play pivotal role in understanding,
capturing, and predicting the spread of infectious diseases. These models use several
mathematical techniques to examine parameters such as rates of infection, periods
of recuperation, and population interactions, allowing academics and public health
officials to predict the spread of epidemics and develop effective remedies. Epidemic
models leverage simulations and mathematical equations to provide vital insights that
influence decision making during epidemics and eventually assist in the management
and prevention of transmissible diseases. Numerous studies have been conducted to
investigate the dynamics of COVID-19 transmission since the virus began to pose a
hazard to human health on a worldwide scale. The two basic types of epidemic models

are as follows:

o SIR (Susceptible-Infected-Recovered) model: In this model the individuals in



a population are divided into three states: susceptible (S), infected (I), and
recovered (R). This model describes the disease’s transitions between these states

as well as how it spreads throughout the population.

o SEIR (Susceptible-Exposed-Infected-Recovered) model: An extra compart-

ment of "Exposed” is added to the STR model.

The SIR model is often used to analyze infectious illness transmission. This model
consists of three non-linear ordinary differential equations (ODEs), expressed as fol-

lows:

sty L SHI)

R

U] (1)
%}Eﬂ = (),

where N is the total population size divided into susceptible, infected, and recovered
individuals during time (t), that is, N = S(t) + I(t) + R(t). In this basic STR model,
a susceptible (S) individual acquires an illness when he/she becomes infected (I) and
subsequently recovers (R) to become immune. This SR model has two parameters:
the rate of infection for susceptible hosts § and the rate of recovery for infected people
v. Researchers have modified and improved this S7R model in order to come up with a
more realistic framework for comprehending the dynamics of disease transmission. In
particular, by considering the latent period to obtain a more accurate representation

of transmission for infectious diseases. During the latent period (E), infections are



present but do not cause symptoms; individuals may pass on the disease to others

through direct or indirect interactions. As shown by Chen et al. [23], the system of

non-linear ODE’s for the basic SEIR model is illustrated as follows:

ds(t) _ —BSHI(t)

dt N

dif) ::/%%21@)_0E@% (1.2)
d{j_?) = oB(t) —~I(t),

MO~ 1w,

where o represents the removal of susceptible individuals from an exposed class.

Furthermore, researchers incorporated birth and mortality rates into the SEIR

model to obtain more realistic results to real-world circumstances. Jose [19] suggested

an SEIR model by considering the birth rate A, the natural mortality rate p and

the average virus-related fatality rate e. The enhanced SEIR model is represented as

follows:

A= S0I0) g
PEOID (o 4 wymg) (13)

oE(t) = (v +n+e)l(t)

VI(t) = pR(t)

The classical SETR model is further improved by the addition of diffusion terms,

which account for a description of disease transmission over diverse spatial regions.



This expansion takes into consideration population movement, allowing for a better
understanding of how illnesses can spread across geographical regions. This inclusion
results in a system of non-linear reaction-diffusion equations that describe the spatial
as well as temporal evolution of the disease. Al-Showaikh and Twizel in [5] considered

the following diffusive epidemic model:

oS 0%S
oOF 0*E
ol 0%
E = O'E—(/L‘i")/)[‘i‘a@,

where « is the diffusion rate. The model is used with the following initial conditions,

S(z,0) = So(z), E(x,0) = Ey(x), I(x,0) = Ih(x),
and the boundary conditions,

OS(+L,1) OE(+L, 1) OI(+L, 1)
_— = O’ = 07 — 0
ox ox ox

Furthermore, Emmanuel et al. [48] considered a space fractional diffusive STR model,

85

T —BIS + Kuo(—0 D3 S)

oI o

S = BIS =l +Ko(-wD2l) (1.5)
OR

a -



where K, is the diffusion coefficient, 1 < o < 2 and the Riesz/Weyl fractional order

operator is defined as,

T

wpy_ L 07 f)
D2 =t | s (16)

—00

This fractional diffusion epidemic model, in fact, provides an advanced framework for
simulating disease dynamics in complex, real-world scenarios.

Another approach in developing epidemic models consists of incorporating the time
fractional derivative to capture the non-locality and the memory effects of the model.
The SEI4IsH RD model extends the classical SEIR model by involving the Caputo
derivative. It is studied by Biala and Khaliq in [13]. The compartments included
in this model are susceptible (S), exposed (E), infected-asymptomatic (1), infected-
symptomatic (Ig), infected-hospitalized (H), and recovered-dead (R). The discussed

model is as follows:

oDOS(t) = BN — %(mu(ﬂ + BsIs(t)) — biS(1)
DrEW) = 2D (8,040) + B5I50) — (o + ) EQ)

oDPIa(t) = noE(t) — (m + p2)la(t)

oD Is(t) = (1 =n)oB(t) = (v2+ us)Is(t) (1.7)
oD H () = nla(t) +721(t) — (p+ pa) H(t)

oDy R(t) = pH(t) — biR(1)

oD D) = wmE®)+ pala(t) + psls(t) + paH(?)



where (D with (0 < o < 1) is the Caputo fractional derivative that is defined as,

WDEI0) = s [ F @ =)o (1.9

In the time-fractional model (1.7), 84 represents the transmission rate between sus-
ceptible individuals and those affected with asymptomatic illness, Bg is the rate of
interaction between susceptible and infected individuals experiencing symptoms. The
asymptomatic individual carries the germs without exhibiting any infectious symp-
toms. The latent time for the exposed population is denoted by o~ and the propor-
tion of the exposed class that shifts to the asymptomatic class after the latent period
is represented by 7, while the remainder, who remain symptomatic, is denoted as 1 —n.
The parameters 71,7, represent the hospitalization rates for asymptomatic and
symptomatic infectious conditions, respectively. The hospitalized patients recover
at a rate p, and b; denotes the natural birth rate, while pq, ps, 3, and py4 account
for the mortality rates for the exposed, asymptomatic infected, symptomatic infected
and hospitalized groups, respectively.
The total population is denoted by N  which is divided into
S(t), E(t), Ia(t), Is(t), H(t), R(t), and D(t). The data associated with the

system is shown as:

S(0) = Sp>0, E0)=~FEy>0, 14(0)=140>0, Ig(0)=1Ig0>0



The diagram below explains the movement between the compartments and their

transmission rates [13],

Baly + Bsls

S N > E H

"
a(1—-n)

IA
V1
JIHZ
—| D |fe—ts H K| R
Llu bll
. Yz
ls

Figure 1.1: The diagram of SEI IsH RD model

Furati et al. [41] proposed a fractional-order memory-dependent model to simu-

late the spread of COVID-19. The impact of governmental interventions and public

perception are incorporated as part of the non-linear, time-varying transmission rate.

The proposed model is as follows:

oDFS(t) =
oDYE(t) =
OD?I(t) =
oD R(t) =
oDy N(t) =

oDPP(t) =

pe = % — u*S,

% (0 +pu*)E,

o°E — (v + pu*)I, (1.9)
I — u°R,

p — pN,

oy T — wP.



The total population N at any given time is distributed among the four compartments.
That is,

N(t) = S(t) + E(t) + I(t) + R(t).

The variable
where the public perception grows at rate ¢y and decreases at rate w. The param-

! represents the mean time of public

eter ¢ is the proportion of severe cases while w™
reaction. The mean of the latent period is o' while  is the rate at which contagious

individuals recover from the illness.

The nonnegative initial data associated with the above model are

S(0) =Sy, E(0) = Ey, 1(0) =1y, N(0) =Ny, P(0)=PF

The diagram below explains the movement between the compartments and their

transmission rates.

u - BSI/N E oE ¥
l uS uE ul uR

Figure 1.2: Transfer diagram between compartments of the model (1.9).

1.2 Literature Review

The first mathematical epidemic model was established by Bernoulli in 1760, during

his investigation on the transmission dynamics of the smallpox virus [40]. In the



early 20" century, Hamer and Soper constructed a formula to qualitatively study the
infectiousness of measles [47]. The well known Kermack—McKendrick model, which
consists of two-dimensional system of ODEs (ordinary differential equations), was
studied by Brauer [15] in 1927. In his study, it is shown that periodic solutions are
impossible as S is a monotonically decreasing function of time. Furthermore, there
cannot, be backward bifurcations or numerous endemic equilibria because [ is getting
closer to zero. In fact, this mathematical model plays a crucial role in investigating
many infectious diseases. The contribution in analyzing epidemic models assists
epidemiologists in understanding the transition dynamics and then control and
combat the spread of many infectious diseases, such as the eradication of smallpox,
HIV/AIDS, Influenza, Cholera, and Malaria [99], [21], [53], [56], [107], [38], and
recently the most ongoing disease that has been identified is the COVID-19 pandemic
[57], [103], [108], [50]. These research studies concentrated on the development
of mathematical models intended to describe the transmission of diseases among
humans as well as between humans and animals. The contributions were not
only limited by demonstrating the models but also to the establishment of many
numerical schemes to solve the epidemic models. Having in mind that these kinds of

models are based on non-linear differential equations that are challenging to be solved.

In fact, the attribution of introducing the earlier STR (Susceptible-Infectious-
Removed) model is attributed to Ronald Ross in 1908, when he was renowned for
unveiling the transmission of malaria by mosquitoes [6]. Whereas Kermack and McK-

endrick subsequently expanded and intricately examined the STR model to establish



the SEIR model as well as Soper [89]. Following that, numerous researchers elab-
orated on these epidemic models by adding more compartments depending on the
dynamics of disease transmission, its treatments, or the methods utilized or imple-
mented for disease prevention. Some of the extended STR models, such as SEIR
[36], [101], [59], SITR [77], [58], [44], SEQIJR [92], and the SIS model [76], [98],
[42], were explored by many researchers. By adding sex, age, and geographic dif-
ferences, Worden and Porco [100] extended the Cartesian product to the epidemic
mathematical structures by adding host heterogeneity.

Several numerical techniques are used to solve the SEIR (Susceptible-Exposed-
Infectious-Removed) model, which is displayed as ordinary differential equations
(ODEs). One of these applied methods is the intuitive Euler’s method. Even though
this method is a straightforward strategy, its accuracy is low [12]. Thus, researchers
explored other methods with higher accuracy than the forward or backward Euler
method, such as the explicit [24], [54], [68], [67], the fourth-order Hermite method
[66], [88], and the Runge-Kutta methods [81], [49]. Researchers also used fractional-
order derivatives to describe epidemic models. Rajagopal et al. [79] analyzed the
spread of COVID-19 using the SEIR epidemic model involving Caputo fractional
derivative. They calculated and explored the equilibrium points and the feasibility
region, as well as the stability of the equilibrium points. The fractional Euler method
with Caputo fractional derivatives was used and results were compared to those ob-
tained using integer order derivatives. Bearing in mind that the fractional derivative is
more accurate than the integer order derivative because of its non-local character, the

dynamics of a fractional Sy 1Sy I, Hy F,, P.C. model for the COVID-19 epidemic model
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was investigated in [11]. In this model, the disease is transferred from either a bat or
a human with an infected family member or patient to either a clinic or care center.
The numerical simulation shows that the changes occurring in time, such as increasing
caution or vaccination uptake, depend on the fractional order. Also, fractional order
can capture the non-local nature of COVID-19 transmission. The fractional Caputo
STR model is used to study the behavior of COVID-19 in Pakistan (see [2]). Numer-
ical approch is obtained using Ulam-Hyers method and its generalized versions.

Due to the fact that numerical solutions for various models might not fit properly
with real data, Pan et al. [73] used the Gorenflo-Mainardi-Moretti-Paradisi scheme
to obtain the numerical solution of the Ebola epidemic model for a fractional order
SEITR model. The approximate solution of the fractional STR model using the homo-
topy analysis method (HAM) is obtained in [1]. It is shown that convergence control
parameter contributes significantly in determining the convergence of the solutions.
The epidemic models were further extended by replacing the classical diffusion terms
with fractional diffusion terms. Bock and Jayathunga [14] proposed a two-dimensional
fractional STRUV epidemic model with fractional diffusion terms. The model was nu-
merically solved by using the Crank-Nicolson method and the Alternating-Direction-
Implicit scheme. The acquired results illustrate anomalous diffusive behavior as com-
pared to the results obtained by classical diffusion. By directly simulating air traffic
transport using real-world data and adapting a stochastic fractional diffusion reaction
equation, Gustafon et al. [45] studied the spatial fractional diffusion SIS model to

simulate the spread of epidemics on the air travel network.
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1.3 Objectives of the Study

We propose in this thesis to discuss mainly the following objectives:

1. Apply some existing numerical schemes to numerically solve basic and extended

epidemic models under different scenarios.

2. Develop and implement high-order numerical schemes to solve classical and frac-

tional diffusive epidemic models.

3. Study the time-fractional epidemic models, systems (1.7) and (1.9), solve them

numerically.

4. Study space-time fractional epidemic models and develop some efficient, stable,

and reliable numerical schemes to numerically solve them.

1.4 Methodology

e Solve the classical-order basic epidemic model using the fourth-order Runge-

Kutta method.

e Solve the fractional epidemic model using the forward Euler method, the
predictor-corrector fractional trapezoidal rule, Simpson’s rule and a fourth order

rule.
o Employ integral approximation techniques.

» Use a third-order exponential time differencing (ETD) scheme to solve spatial-

fractional diffusive epidemic models.
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o Use spectral approach for the space fractional Laplacian operator.

o Use matrix transfer technique for space-fractional Laplacian discretization.
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CHAPTER 2

CLASSICAL EPIDEMIC MODEL

In general, it is unfeasible to solve analytically non-linear ordinary differential equa-
tions using standard methods. Therefore, researchers attempt to numerically solve
classical non-linear epidemic models while trying to observe the transmission of in-
fectious illnesses over time. They have developed many algorithms and numerical
schemes to simulate epidemic models in order to obtain more accurate, reliable, and
efficient results. In this chapter, we consider the classical STR, SEIR epidemic mod-
els as systems of non-linear first-order differential equations in order to explore the
COVID-19 pandemic. We also provide a numerical simulation of the classical SEIR
model using the high-order Runge-Kutta method (RK4) that efficiently solves the

system with high accuracy.

2.1 Classical Epidemic Models

Recently, COVID-19 has been classified as a viral respiratory infectious disease caused

by the SARS-CoV-2 virus [60]. This pandemic poses globally significant challenges to
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public health. Indeed, since it was identified in Wuhan, China, in December 2019, ac-
cording to the World Health Organization, over 770 million confirmed cases of COVID-
19 have been reported, including around 7,045,569 deaths. Its extraordinarily rapid
spread during the peak infection time put a strain on the health care system [39]. Due
to the harmful effects of the COVID-19 pandemic in many areas, many researchers
have been exploring the pandemic as a classical compartmental model.

We first investigate the simplest classical STR model,

ds(t)  —BS)I(¢)

a N

d;(tt) _ 65(21@)_7[@) (2.1)
d]fi—f) = 7I(t)

In this model, N = S(t) + I(t) + R(t) is the fixed total population size with
neither immigration nor any demographic change. In the above STR model, /3 refers
to the rate of connections between the susceptible and infectious compartments, while
~ represents individuals’ transformations from the infectious class to the recovered
class.

Since many infectious diseases have an incubation period, which is the time when
the pathogens are present without showing symptoms, the extended SEIR model is
discovered. Sometimes, individuals at this stage (in the latent period) can transmit
the disease to others through either direct or indirect interactions. Exploring such
epidemics shows that adding this exposed class to the STR model will give more

realistic results [7], [69].
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Thus, by adding the exposed compartment to the SIR model, the following system

represents the well-known SETR model.

as) _ —sSwiIw)

it N

By~ B g (2.2)
T o) 10

%f) = (1)

Where o denotes the removal of individuals from an exposed class to be infected.

In an effort to provide a more reliable and realistic approach, numerous studies
have further enhanced this model by adding new categories that reflect the behavior
of the disease. However, in this chapter, we are only going to discuss the simplest

ODE’s SEIR model using the fourth-order Rung-Kutta (RK4) method.

2.2 Stability Analysis of Classical Epidemic Models

In this section, we explore the stability of the STR and SEIR epidemic models based

on their reproduction ratios and their equilibrium points.

2.2.1 Equilibrium Analysis

Equilibrium points give crucial insights into epidemic behavior, leading public health
policies and manners that successfully minimize spread of the disease. Consider-

ing these principles is critical for creating strong epidemic models and planning for
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prospective outbreaks. The epidemic model’s equilibrium points provide information
on the various outcomes of an epidemic, such as whether the disease will die out or

persist in the population.

Definition 2.2.1 A constant u* is said to be the equilibrium point of the following

system of ODFEs:

if and only if u* satisfies g(t,u*) = 0.

Definition 2.2.2 w is said to be a disease-free equilibrium (DFE) when no infected

individuals exist in the population.

Definition 2.2.3 u* is said to be an endemic equilibrium (EE) when a disease remains

in the population at a steady average rate, neither increasing nor decreasing over time.

By using the above definitions, the disease-free equilibrium for the SIR model (2.1)
occurs when I(t) = 0. Hence, u = (N,0,0). Whereas, the endemic equilibrium
occurs when I(¢t) > 0. Which implies that S* = % In similar way, the disease-free
equilibrium for SETR model (2.2) is u§ = (N,0,0,0) while the endemic equilibrium
occurs at S* = UgTN and £* = % Based on these equilibrium, the analyzing stability

of the epidemic model can be obtained using the eigenvalues of its Jacobian matrix

at the equilibrium points.
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Definition 2.2.4 The Jacobian matrix is a square matriz that represents the partial

9g
Oou; *

derivatives of every equation with respect to other variables. J =

Theorem 2.2.5 Let J be the (k x k) Jacobian matriz for non-linear system of first
ODFEs, then the stability of the equilibrium has five different considerations based on

the value of the eigenvalues of J [70],[80].

e The equilibrium will be stable when the real part of all eigenvalues is negative.

e The equilibrium will be unstable when the real part of all eigenvalues is positive.

o If at least one of the eigenvalues has a negative real part and at least one has a

positive real part, the equilibrium will represent a saddle point.

e The equilibrium is called a node point if all eigenvalues are real.

e The equilibrium is called a spiral point if we have at least a complex conjugate

pair of eigenvalues.

e The equilibrium will be a linear center when having a zero real part on a pair of

complex eigenvalues.

The Jacobian Matrix for SIR and SEIR Model

For SIR model, we let

_ —BSMHI)
gl = N
g2 = P00 g 2.3
93 = ~I(t)



The Jacobian matrix for the SIR model is evaluated as follows:

991 g Oq
2S @I R

89S @8I OR

993  Ogs 9g3
2S oI R

Thus,

Now, we first analyze the Jacobian matrix at disease-free equilibrium uj = (N, 0,0).

The Jacobian matrix at this point is represented as:

To analyze the stability of the (DFE), we find the eigenvalues of the above matrix by

first evaluating the determinant as follows:

det(Jyg —N) =det | 0 B—ny—x 0| =NBE-7-N
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Hence, the corresponding eigenvalues at (DFE) are A; = 0 (with multiplicity 2) and
Ao = f—7. Therefore, due to the stability theorem (2.2.5), the (DFE) would be stable

if § —~ < 0 and unstable if 5 —~v > 0.

2.2.2 The Basic Reproduction Ratio

The fundamental reproduction number (Ry) is a crucial factor in determining whether
infectious diseases spread or disappear in the population. This ratio refers to the
average number of secondary cases caused by an infected individual in a susceptible

class [31]. We rewrite the basic epidemic model as:

— = F(u) — V(u), (2.4)

where F represents the rate at which infections emerge. We let V =V~ —V*+. Where
V-~ refers to the rate of transfer of individuals out of the compartment and V' refers
to the rate of transfer of individuals into the compartment. In the epidemic model,
we let ¢ be the number of compartments and j refer to the infected one. Then, we

evaluate the following Jacobian matrices at (FDE) as follows:

- [2)
and
-]

The matrix F'V ™! represents the next generation matrix.
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Definition 2.2.6 Based on the next generation method [83], the reproduction ratio

Ry is the largest eigenvalue of the next generation matriz FV 1.

Let u = (S, I, R)T, we rewrite the basic STR model as:

BSI
0 ~
du
27— sr| —
a |~ V1
0 —~I

Now, since the infected compartment is only I, the Jacobian matrices F and V are as

follows:

and

Hence, we conclude that Ry = o and the infection will die out if Ry < 1 or can spread

through the population if Ry > 1.
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For the basic SETR model (2.2), we found that

and

o
’\7:

—oE + I

In similar manner to the STR model, we found that the next generation matrix at

(DFE) for the basic SEIR model, which is represented as:

-1

0221 1o 0 =
FV-'= M =" 7
0 0| [—0 v 0 0

Thus, Ry = g

2.3 Numerical Method

Numerous methods have been used to solve non-linear ODEs. One of these meth-
ods is the Runge-Kutta method, which includes number of advanced techniques with
different levels of accuracy. Researchers have developed the first, second, third, and
fourth order Rung-Kutta method to solve linear and non-linear ODEs. The fourth-
order Rung-Kutta (RK4) method has been widely used to numerically solve non-linear

first-order initial value problems. Moreover, It is preferred to use RK4 due to its con-

22



vergent properties [9].

Consider the initial value problem,
— = g(t,u), u(to) = up. (2.5)

The Runge-Kutta method considers different points in the domain and focuses on
calculating the weighted average of the slopes at these points. [9]. As in [46], the

general scheme of the Rung-Kutta method is presented as:

Un+1 =u" + Z Czkz (26)
i=1

kl = hg(t07u0)7
ko = hg(to + hca, ug + hag k),

ks = hg(to + hes, ug + h(agiky + a32k2)),

ks = h,g(to + hCS, Ug + h(aslkl + asgkg + ...+ as,sflksfl)),

where s is the number of slopes, k; are the coefficients that must be evaluated, and (;

are the weighted coefficients. Moreover, c¢; usually satisfy the following condition:

J—1

Cj = ZCL]‘Z'. (27)
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The following is the 4" order Runge-Kutta method used for the numerical approxi-

mation solution of non-linear ODEs.

W — (kl + 2ky + 2k3 + k4>
6 )

where,

kl :g(th Uo),

ka=g (to+ 2 ug + M1
2 =g | %o 2,U0 B )

h koh
ks =g <t0+§7u0+%)7

k’4 :g(to + h, Ug + k’gh)

2.4 Experimental Result

In this section, we examine the fourth-order convergence of the Rung-Kutta method

using the following ODE.

Example 1 (A test problem) Consider the following first-order differential equa-

tion,
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The exact solution of the above initial value problem is given as [22],

U(t) = t4E1’5(—t>,

where I, g represents the Mittag-Leffler function. Table 2.1 shows the errors and the

order of convergence of the 4 order Rung-Kutta scheme (2.8) to the above ODE.

Step size Error Order of Conv.
0.1 2.51e-07 0
0.05 1.5691e-08 3.9997
0.025 9.8034e-10 4.0005
0.0125 | 6.1253e-11 4.0004
0.00625 | 3.8278e-12 4.0002

Table 2.1: The absolute error, convergence order of example 1 using numerical scheme

(2.8)

The following figure shows both the exact and the numerical solution using the

RK4 method.

Exact V. (RK4)
T

0.6 0.7

0.8

0.9

Figure 2.1: The exact solution and numerical (RK4) solution for example. 1
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Example 2 (The SEIR Model) [9/] Solve the basic SEIR model (2.2) with the
following initial condition,

(S(0), E(0), 1(0), R(0)) = (65251000, 500, 0, 0),

using the parameters, § = 0.5, o =0.02, v =0.01.

Figure 2.2 displays the simulation of the basic SEIR model for the Rung-Kutta
method for 500 days.
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Figure 2.2: The simulation of the SETR model (2.2) using Rung-Kutta scheme (2.8)
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CHAPTER 3

FRACTIONAL EPIDEMIC

MODELS

The integer order derivatives in traditional epidemic models, such as the classical epi-
demic model, are sufficient to describe the system dynamic. But in some cases they
may not accurately capture the complex behavior of epidemics. Traditional epidemic
models rely on integer-order derivatives, which may not adequately capture the in-
herent memory effects. Therefore, a class of models was introduced by incorporating
fractional derivatives instead of classical derivatives that leading to more accurate and
realistic modeling of epidemic phenomena. Fractional epidemic models have emerged
as a more valuable tool in the field of epidemiology because they provide more nu-
anced and comprehensive understanding of disease dynamics. These models can cap-
ture complex, non-linear, and heterogeneous aspects of epidemic, which makes them a
promising approach for improved disease modeling, forecasting, and decision-making

in public health.
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We start this chapter by describing some preliminaries of fractional calculus fol-
lowed by describing the fractional epidemic model. We will propose numerical schemes
to solve these models. The dynamics of these models shall be demonstrated through

numerical experiments using proposed numerical schemes.

3.1 Preliminaries

In this section, we will provide some definitions of fractional calculus and their prop-

erties.

Definition 3.1.1 The Gamma function [75] of a real number « is defined as:

F(a):/ s le *ds.
0

Remark 3.1.2 The gamma function is the extension of the factorial of any real o > 0.

Definition 3.1.3 The left and right-sided Riemann-Liouville integrals of order

a € (0,1) satisfy the following equations, respectively,
2.00) = i [ fOl -0 d (31)
o = Ty J, O '

b
@) = e [ SO = a (3.2
where, f:[a,b] = R.

Definition 3.1.4 The left-sided and right-sided Caputo derivative of order av is defined
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D f(x) = F(m;—a) / "R (@) (2 — £y, (3.3)

D) = s [ 0= (3.4

where, m — 1 < a < m, m is an integer.

Remarks 3.1.5 If a = m, then,
oDy, f(x) = [ (@).

Lemma 3.1.6 [61] Let g : [ty,00) X Q@ — R"™, where Q € R™ and u(ty) = 0 is the

initial condition for the following Caputo fractional-order dynamical system,
CD%,tu(t) - g<t7 u)a tO > 07

where 0 < o < 1. Then, the examined system has a unique solution if g(t,u) satisfies
the Lipschitz condition with respect to u.

Definition 3.1.7 A constant u* is said to be the equilibrium point of the following
Caputo fractional system:

CD?({),tu(t) = g(tv u)? u(to) > 07

if and only if u* satisfies g(t,u*) = 0.

Lemma 3.1.8 [7/] Let 0 < a« < 1 and u € R for the following Caputo fractional
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order system,
c Dy u(t) = g(u),  u(to) = uo.

The equilibrium points are said to be locally asymptotically stable if and only if all

eigenvalues \ of the Jacobian matriz J = g—i satisfy ]arg(S\)\ > &

Definition 3.1.9 [75] For a > 0, § > 0, and x € C, the one parameter Mittage

Leffler function is represented as,

ZFka—i—l

k=0
while the two parameters Mittage Leffler function is defined as,

k

Eaple :ZFk‘oH—ﬂ)

k=0
Remark 3.1.10 When 8 =1, E,1(z) = E,(x).
Remark 3.1.11 For a = =1, the Mittage Leffler function Ei () = €®.

Definition 3.1.12 [10] Let uw € H'(a,b), b > a, and a € [0,1]. The formula for

fractional a-order Atangana-Baleanu-Caputo (ABC) derivatives of u is defined by

M(a)
11—«

(ABCDg,tu) (t) =
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Definition 3.1.13 [82/ The associated fractional (ABC) integral is defined as,

apclgu(t) = — 5)* tu(s)ds. (3.6)

3.2 Some Fractional Epidemic Models

Recently, fractional calculus has been widely used to simulate biological mathematical
models for many infectious diseases. Certainly, numerous studies claim that employ-
ing fractional calculus to demonstrate epidemic models is more effective than using
classical epidemic models ([43] , [96], [90], [37] , [18]). Since the classical or tradi-
tional epidemic model described by a set of ODE’s assumes that the rates of infection
and recovery are instantaneous and memory-less, the fractional calculus is introduced
to incorporate memory effects and long-range interactions. The idea of using frac-
tional calculus basically represents the epidemic model by replacing the integer-order
derivatives in the classical model by a non-integer-order derivatives in the deferential

equations.

3.2.1 Fractional SEIR Epidemic Model

José et al. [19] presented simulation of a deterministic SETR model (1.3) by con-
sidering the birth rate A, the natural mortality rate u and the average virus-related

fatality rate e. We are considering the fractional extension of this model by utilizing
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fractional time derivative. The fractional version of the model (1.3) is as follows:

Dg,S(t) = A— <;ﬂ + ﬁ) s,

N
D, B(t) = —5 — (0" +u") E,
DG d(t) = o%E— (" +p* + )], (3.7)

Dg,R(t) = "I — "R,

with the following initial conditions,

In this fractional SETR epidemic model, the birth rate A, the natural mortality rate
1 and the related virus fatality rate e are considered. Moreover, the model is based

on the following assumptions:

 The initial population size is Ny, while N(t) is the total population that includes
the classes of susceptible S(t), exposed E(t), infected I(t), and recovered R(t).
Hence,

N(t)=S(t)+ E(t)+ I(t)+ R(t) < Ny
o [istherate of transmission between exposed and susceptible individuals. People
in the susceptible class therefore join the exposed class at a rate of %
e The natural death rate is considered in this model and is denoted by pu.

o o represents the rate of change after moving from being exposed to the infectious.
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e 7 is the recovery rate of infectious individuals.

Stability Analysis of The Fractional SEIR Model

We evaluate the basic reduction ratio Ry for the fractional SEIR model in a similar
way to evaluating the Ry for the basic SEIR model using the next generation method.

Thus, the following represents the next generation matrix at (DFE),

-1

BA « a BAc™ BA
O (0 +l’[’ ) O . N“a(a-a_i_“a)(,ya_;’_ua) Nua(,ya_;'_‘u‘a)

0 0 —o® (™ 4+ p*) 0 0

It is obvious that,

BAc™

R p— .
" Npe (o ) (v + )

As a result, the infection will perish if SAc® < Npu®(c® + u®)(y* + p®), or can spread
through the population if BAc™ > Nu®(o® + u®)(v* + p®).

Now, we explore the stability of the fractional SEIR model represented in (3.7) by
investigating its equilibrium. To find the equilibrium points for the above system, we

solve the following system,

Dg,S*(t) =0,
Dg,tE*(t) =0,
D&tf*(t) =0,

Dg,R*(1) = 0.
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The disease-free equilibrium (DFE) is represented as:

A
ut = (—,0,0,0).
L

Whereas by using (2.2.3), the endemic equilibrium (EE) is represented as:

)

o _(N(O'a’)/a _‘_O.aua _{_y’a,ya _{_N2a) Aﬁo.a _ Nua(o.a,ya —|—[1,a0'a + Iua,ya _|_'u2a)
Bo | o (0% + u) B

ABo® = Nu*(o®y® + po® + py® + p*)
Blooy® + oo + poq® + )
V*(ABo® — p*No®y* — p**No® — p**Ny* — p**N)
Bue (oo™ + peo® + poy® + ) )

Y

The Jacobian matrix for the above fractional SEIR model is evaluated using the

MAPLE program as follows:

—pue =2 0 —8 0
BI a a BS
7= v —0% —h g 0
0 O.Oé _,YO( _ #a 0
0 0 fyoc _ua

—p® 0 o 0
0 —o*—p~ LA 0
s = o
0 o —*—0c* 0
0 0 e —u”
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Hence, the corresponding eigenvalues for the Jacobian matrix at (FDE) are:

«

AL = —p7,

—Np*(o® +7% +2u%) £ /(Nou® — Nuoy*)? + ANABoe pe
2N e ‘

Aga =

Referring to theorem (2.2.5), the trajectory behavior of the (FDE) will be stable when,

V(Noepe — Npoye)2 + ANABoope < Np®(o® 4+ v + 2u®).

3.2.2 Fractional SEIRNP Epidemic Model

The fractional SEITRN P epidemic model is a mathematical model which is used to
simulate the spread of an infectious disease within a certain population [41]. The
fractional SEIRN P model is described by the following set of coupled ordinary dif-

ferential equations,

o o BST
D5 = wr-9) -2
ST
D E() = P (oo B,
D) = 0"B— (7 + )L, (35)

Dg,tR(t) = fya[_:uaR7
DN(t) = po(1—N),

Dg,P(t) = oI —w"P,
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with the following initial conditions,

In this model, both government intervention N(¢) and public perception P(t) are
considered, and they are added as a compartment to SEIR model. The above model

is based on the following assumptions:

o The total population NV in the above system is classified into S(t), E(t), I(t), R(t)
which indicate the classes of susceptible individuals, exposed individuals, in-

fected individuals, and recovered individuals, respectively. Thus,

N(t) = S(t)+ E(t)+ I(t) + R(¢).

e [ is the transmission rate between susceptible and exposed individuals. Thus,

individuals in the susceptible class enter the exposed class by the rate %

o Exposed individuals become infected at the rate o, while the recovery rate for

infectious individuals is referred to by 7.

e 4 represents the natural death. Moreover, it is assumed that the birth rate is

equal to the death rate.

o The growth of public perception increases at rate ¢y and decreases at rate w.
In this growth, ¢ is the proportion of severe individuals, while w™! is the mean

time of public reaction.
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e The mean of the latent period is 0!, while the mean of infectious duration is

the value v~ 1.

Remarks 3.2.1 The parameter is raised to the fractional power a in the model to

confirm the consistency in the units for the left and right hand sides [26], [86], [8].

3.2.3 Fractional SEI,IsHRD Epidemic Model

The fractional SEI4IsHRD epidemic model proposed by Biala and Khaliq in [13]

is an extension of the classical epidemic model with more compartments to capture

the complexity of COVID-19 transmission and the various stages of infection. The

compartments included in this model are susceptible, exposed-asymptomatic, infected-

symptomatic, infected-hospitalized, and recovered-dead. The SEI,IsH RD model is

as follows,

Dg,S(t)
Dg,E(t)
Dg Ia(t)
Dy Is(t)
Dy H (1)
Dg,R(t)

D5, D(#)

a_ %(b&;h(ﬂ + Bsls(t)) — uS(t),
W (a1a0) + Bsls(t) — (0" + (D),

no E(t) — (1" + u3)La(t), (3.9)
(1 =n)o"E(t) — (75 + p5)1s(t),

NLa(t) + 75 1s(8) — (0% + p3) H (1),

p*H(t) — p*R(t),

pTE(t) + 5 Ta(t) + psls(t) + pgH ().
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The non-negative initial conditions associated with the system are,

S(0) = Sy, E(0)=Ey, I4(0)= I, Is(0)= Is,

H(O) - H(), R(O):Ro, D(O):DO

Let N represents the population size and,

N =S(t)+ E(t)+ I4(t) + Is(t) + H(t) + R(t) + D(t).

This model is described under the following assumptions:

e The transmission rate between the susceptible population and infected individu-
als with asymptomatic disease is denoted by S4. The rate of interaction between
susceptible and infected symptomatic is represented by Ss. The asymptomatic
individual has hosted the pathogens and the symptomatic individual has infec-

tious symptoms.

o 0! denotes the latent period for the exposed population, while 7 is the fraction
of the exposed class that moves to the asymptomatic class after the latent period,

and (1 —n) is the remaining symptomatic population.

e The population moves from the asymptomatic infectious and symptomatic in-
fectious class to exist in the hospitalized compartment at the rate vy; and ~s,

respectively.

o The recovery rate of the hospitalized individuals is p.
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o u represents the natural birth rate, where py, ps, i3, and 4 indicate the mortal-
ity rate for the exposed class, asymptomatic infected class, symptomatic infected

class, hospitalized class, respectively.

3.2.4 Stability Analysis for The Fractional SEI,IsHRD Model

By considering the system of fractional epidemic model that is displayed in (3.9), it
is obvious that the free-disease equilibrium v = (N,0,0,0,0,0,0). To evaluate the
Basic Reproduction Ratio Ry, we also used the next generation method. We consider
the following,

D50 = (81 + BsIs(0) — (0° + 1it) E(1).
DgIa(t) = no®E(t) — (77 + p3) La(t),
DEIS(t) = (=)0 E(1) — (35 + 4 Is(0),

Dy, H(t) = A 1a(t) + 75 1s(t) = (0 + ) H(t).

39



We let,

S

T =N (Bala + Bsls) ,
3'2 :0,
373 :0,
F, =0,

and,

Vl = (Ua +ﬂ?) E>
Vo =+ py) Ia — noE,
Vs = (75 +pu5) Is — (1 =)o E,

Vo= (p"+py) H =11 — 5 1s.

To evaluate the next generation matrix F'V !, we found the following Jacobian ma-

trices:

9% 9T 0T 9%y
oFE Ol 5 dlg oOH

a7y 09y 09y 9%y
OF Ol 4 Olg oOH

033 9F3 03 03
8E 9l4 0ls OH

9%y 03y 0T 0%
oFE ol, Olg OH
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and,

oVi 9Vi 9Vi 9V

OE 0l, 0Is OH

OVy OV 9V2 OVa

OE 0I4 0lg OH

ovy avs avs vy
OE 0I, O0Ig O0H

Vs Ve Vs Vs
OF Ol 5 dlg OH

Evaluating these Jacobian matrices at u§ = (IV,0,0,0,0,0,0) results in the following,

0 B4 Bs O
0O 0 0 0
Fu* = )
0
O 0 0 0
0 0 0 0
and,

o + ps 0 0 0
/A G o ) 0 0

—(1=n)o*® 0 Vs + g 0

(e

=Yg Pty
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The next generation matrix is evaluated as,

(0“+5§)722;+MS‘) N (Ua%u(‘?)_(}/);:u?) W?%‘M% 72"‘6-5#? 0

o 0 0 0 0
0 0 0 0

0 0 0 0

Thus, the basic reproduction ratio based on the next generation method is the largest

eigenvalue of the above matrix. Hence,

_ Bano® (45 + p§) — Bs(n — 1o (1 + p5)
(0 +ug) (0 + p5) (05 + 13)

Ry

We may also analyze the stability of the fractional SEI4IsH RD by evaluating the

Jacobian matrix at (FDE) as follows,

_—ua 0 — 20 — 3 0 0 0_

0 —o%—puy 2 2Bs 0 0 0

0 no® =y = ps 0 0 0 O

Joo=1 0 (1 —n)o” 0 -8 — g 0 0 O
0 0 " g0 —p“+pg 00

0 0 0 0 p° —u® 0

| 0 0% %Y 13 1y 0 0]
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Then, we determine the eigenvalues of the above Jacobian matrix to assess stability

using the Theorem.(2.2.5).

3.3 Numerical Methods for Fractional Caputo

IVPs

In this section we shall develop a class of numerical schemes to solve the fractional epi-
demic models (3.8) and (3.9). These schemes are based on the Lagrange interpolation

of the non-linear function.

Definition 3.3.1 Let consider grid points {t;,j € S}, where S = to,t1,t2, ..., ty.

Then, the general formula of i'™" Lagrange polynomial of order n is defined as

g = [ =4 (3.10)

e

and the following operator defined the projection of Lagrange interpolation

Lg=> g(t:)g: (3.11)
We consider the fractional initial value problem as,

Dgu(t) =g(t,u(t), 0<t<b<oo, 0<a<l, (3.12)
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with the initial condition u(0) = uy.

The non-linear function ¢ satisfies the Lipschitz condition,

g (tur(®)) — g(t,u2())|] < L|[ua(t) — ua(t)]

, L>0

3.3.1 Approximation of Fractional RL-Integrals to Solve

Fractional I'VPs

Let ¢g : [0,b] - R and a € (0,1]. We consider the following fractional initial value

problem:

(cDgu) () =g (tult), 0<t<b<oo
u(0) = ug

After applying the fractional Riemann-Louisville integral to the above Caputo frac-

tional derivative, we obtain the following formula:

1 t o—1
u(t) = ug + m/o g(s,u(s))(t —s)* “ds. (3.13)

3.3.2 Fractional Forward Euler Method

Fractional forward Euler method to approximate the fractional integral

1

SE9(0) = D 0(0) = o / (t — 5 g(s)ds

44



is developed. Let g : [0,b] — R, and consider the n+1 grid points tg, t1, ta, ..., t,, where
tj = jh,h = b_TO. Approximate g(t) = g(t;) = g; on the interval [t;,¢;141], 0 < j <mn
and evaluate the integral at t = ¢,, as,

1

tny1
RLI(Q) tn — / tn a1 d
0 t g( ) P(Oé) 0 ( 8) g(S) S

1 t1 1 to
BLI@) gt ) = —/ ty, — 8)* gods + —/ t, — 8)* tgids
oI Ty fy e ), 1
+..+ ! /tn (t ) tgn_1d
P — n - S gn— S
F(O{) tn—1 '
1 <& it
= — t, — a=lg.d
F(Oé) ]z;/t] ( 8) g] S
n tj+1
1 (tn —s)
g

tj

= al(a) ;gj [(tn —tj1)" = (tn — tj)a]

= od“—(a);gj[(n_j)a_ (n— (J‘+1))a}

The solution u(t) in (3.13) approximated at ¢ = t,,1 is ,

1 n
Up+1 = Up + m j;o bj,n—i—lg(tjv uj)? (314)
where,
bjmi1 = — [(n—5+1)* = (n—j)°]. (3.15)
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3.3.3 Fractional Trapezoidal Rule

Here we develop fractional Trapezoidal rule to approximate the integral,

1

S0 = D 0(0) = o / (t — ) g(s)ds

Let ¢g : [0,b] — R, and consider the n + 1 grid points ¢, t1, to, ..., t,,, where ty = kh,
h = %. On each sub-interval, [ty tr11], & = 0,1,2,...,n — 1 approximate g(t) by a

linear Lagrange polynomial P¥*1(t) is defined as,

PO = 1= g(t) + T g(t) = 36~ Dglta) + (¢~ to)g(tr)],

Pt = gl —glts) = 3 (= Dgltn) + (¢~ t)g()]

Pt = 1 glts) gty = 5 (s~ Dglta) + (¢~ ta)g(ta)].

Pt = e gltn) + - igt) = 1 [t = Ogltan) + (£~ taglt)]

Then,

P(t) = %[(tl = 1)g(to) + ((t = to) + (2 = 1)) g(tr) + ((t = t1) + (ts — 1)) g(t2)

tot (= too) + (= 1) g(tnr) + (t = tn1)g(t0)]
=t 0)glto) 3 SO[— o) (i~ Oglh) 30— o).

<.
Il
o
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Using this interpolating polynomial, we evaluate the integral,

RL 7() 1 ftt 1
LY(t,) = = tn — 5)* g(s)d
0 t g( ) F(@)A ( S) g(S) S
as,
RL 7(c) 1 h 1
L'Yq(t,) = t, — ) Nty — t)g(ty)dt
o 17 g(tn) hFa)/O(” )* 7 (t1 — t)g(to)

e Z [ o e

>

«

1 [l a—1
+ o) ;/t] (th — )" (tj41 — t)g(t;)dx

1 tn _
+ Wl a) / (tn - t)a 1(t - tn—l)g(tn)dt
tn—1
1 n
k=0
where, ag, = [y (tn — )7ty — O)dt, ang = [} (tn — £)* 7Lt — 1) dt,

and j =1,2,...,n —1,a;, are,

t; tit1
Ajn = / (tn — ) ' (tjy — t)dt +/ (tn — 1)1 (t — tjp1)dL.
t; t

j—1 J
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These integrals are solve to obtain the following formula,

(
ntt —(n—a)(n+1)%, j=0

h1+a
Gnit = ST | (- G2 2n - ) (=) 1< <n,

, j=n+1
(3.16)

Using piecewise linear interpolation of g(¢,u), we obtain the solution of (3.13) at
t =1,41 as,
1 n+1
Upi1 = U + —— Ain ti,ug), 3.17
+1 0o+t hF(O&) ; s +1g< J J) ( )
where a; ,,+1 are given by (3.16). This is an implicit method where we need to compute

U1 in order to compute g(t,41, Uns1) at t = t,11. We use the Euler method to predict

UW]jJrla
1 n
Uf;_l = ug + m Z bj,n-i-lg(tja U’j)v (3-18)
5=0
with,

«

bjnt1 = E[(n —j+ 1" = (n—5)],
and get the following predictor-corrector method,

n

aj,n+1g(tj7 uj) + an+1,n+1g(tn+1, U,i;_l). (319)
j=0

<
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3.3.4 Fractional Simpson’s Rule

The same idea is extended to develop the predictor-corrector Simpson’s rule. Consider,

BELO) 0(0) =y, DS (g(1)) = ﬁ / (t — )" g(s)ds,

where, g : [0,b] — R. We consider the n + 1 grid points ¢, t1, t2, ..., t,,, where t; = jh,

On each subinterval [t;,t;41], j =0,1,2,...,n — 1, approximate ¢(¢) by a quadratic
Lagrange polynomial P’(z) defined in (¢, g;), (tj+%,gj+%), (tj41, gj+1), where t; = jh.
For j =0, we take to, ¢1, {1 points in the interval [to, t1] and obtain,

(t—t1)(t —t1) . (t —to)(t — t1) (t—to)(t —t1)
(to—t1)(to — 11)? O)Jr(t;_tO)(t —t)”" +(751—t0)(751—t

Pl(t) =

[N |

1
2

= %(t — t%)@ — tl)g<t0) - %(t - tO)(t - tl)g(t

For j = 1, we take t, ts, ty points in the interval [t1, 5] and obtain,

t—13)(t— 1o
Pi(t) = él - t;)) étl - tj)gm) -

)

(t —t1)(t — ta) (t —t1)(t —ts
(b — )t — UG Yl s i

(SIS

)9(?52)

ol

= = 1)t~ (1) — 35(t — )t~ 2)glty) + (6 — 1)t~ ty)(t2).
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Similarly for any j = 2,3,---,n — 2, we take t;, thr%, tj+1 points in the interval

[tj, tj+1] and obtain,

J+1 . (t — tj+%)<t t]-i-l) (t tj)(t . tj-i—l)
P (t =t )(t; — tj+1)g b+ (tipr —t5) (1 — tj+1)g(tj+%)
(t=t)(t = t;,)
i (tjrr —t) (i — tﬁ;)g(tjﬂ)

For j =n —1, we take t,_q, t

nts tn points in the interval [t,_1,t,] and obtain,

(t—t,_1)(t—1a) t—tp1)(t —tn
PO = G )+ )
(t—tp1)(t—t, 1)
(tn — tno1)(tn — tnz)g(t")
2 4
= ﬁ(t — 1) (t = tn)g(tn1) — ﬁ(t —tn1)(t —tn)g(t, 1)
= )t~ o )alt)

Combining all these polynomials, we get,

P(t) = o (= £t = t)glt0) + [0 = o)t — 1) + (¢ — £3)(t — )] gl0) + [(£ — 1)t — 1)

+(t—ts)(t —t3)]g(ta) + o+ [(t = tu2)(t = t,_s) + (t = t,_1)(t — ta)] g(tn1)

o)) = =5 (2 = 1)t — t)g(t)

+(t—tp1)(t—t,_

1 1
2 2

+ (= t) (= ta)g(ts) + oo+ (t = o) (t =t 1)g(t,_s) + (=t 1)(t = tn)g(tn_%)>,
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which further simplified as,

P() = o (= 1) = )gl0) + o 3 [0 =t ) =1, ) + (1=t~ 15:0)]9(0)
4 n—1
(= b)) =t 3)g(t)) = 5 (= )= taa(ty, ).

Multiplying the factors, we get,

—_

3 1 — 3 , o 3 1
((t2 = Sht+5h0g(to) + ) [1* + (5 =20kt + (° = 5+ W79 (t;)
1

J
) 3
+ 25)ht + (5% + 5

—j+ )hQ] (t )+(t2—|—(§h—2nh))t

n— 1

3 1 4
n+ )—— —(2j + Dht + (> + j)h?)g g(ti1).

h2

J=0

Next, we replace g(t) by P(t) in the integral,

1 bn
RLT(@) g0y :—/ t, — 1) g(t)d
0 t g( ) F(Oé) 0 ( ) g() X,
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and compute the integral,

2 f
ORL]t(a)g(tn) = 7T () (/to (t, — t)a—l(tg

n—1

>
j=1 Jti-
ol ptin

+ / (tn —t)*H[t? =
7j=1 tj

+/t:n1(t”_t)a_1[t2 ( h — 2nh)t + (n? —;n+ “)h?g(t )dt)

h2T (@)

=0 7t

3. 1.,

t]' 3
/ (t, —0)* '[P+ (5 —2j)ht + (5% —
ti—1

3 3
(2+2])ht+(] +—j+ =

Integrate over each subinterval and simplify to get,

where [22],

hOé

“ = Tla + 3)

;

\

RL [(a)

Al(n+1)**—n

Za] ng(t

2—&-04}

+(a+ 1)(a+2)n

—(a+2)[(n+1— )" +6(n—5)* + (n—1—j5)*o]

+4[(n+1

2 —a,

—J

')2+a _

— (@ +2)[3(n + 1)*H 4+ nlte]

(n —

52

1

—i—ZaMg j+i

— )%,

)/ﬂ (t;)dt

ol ety
/ (tn = 078 = (27 + Dbt + (7 + 5)h?) g(t;.1)dt.

J=0
1<j<n-1
J=n



and,

4h”

d$n::f@;lzg<2Kn—jf+a—(n—j—ly+ﬂ%%a+2)Kn—j+lf+”+(n—jf+ﬂ>7OfEJEZH—L

(3.20)

Fractional Simpson’s Predictor Corrector Method for FIVPs:
The solution u(t) in (3.13) approximated at ¢ = t,,41 is,

1 n+1 1 n
Upy1 = U + hzf—m) ]Z:; Ajns19(ts, uj) + T (o)

ajm-i-lg(tj-i-%v uj-&-%)a
Jj=0

where,
A[(n+2)** + (n+1)*"*] — (a +2)[3(n +2)"* + (n + 1)1+°]
+a+ 1) (a+2)(n+1), j=0
hot?
G = 3 ~(a+ (0 +2— ) +6(n+1— )+ + (n— 1)+
];[O(a + 1)
+4[(n +2 = j)** = (n—j)**], 1<j<n
2 —q, n41
G = e (2l = 7~ (0=~ 1]
1;[0(04 +1)

+(a+2)[(n—j+ 1)+ (= )F0]), 0<j<n
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This is an implicit method where w,, 11 is needed to compute g(t,41,unr1) at t = t,.1.

We use the fractional Euler method to predict ul’ 41 s,

1 n
Ufﬂ = up + m Z bj7n+1g(t]’, “j%
j=0

Where, bj,n+1 = %1 [(n _] + 1)& - (n - j>a}'

We also need to compute the unknowns u,, 11, we again use the fractional Euler
method,
J
Un+% = Ug + m : bjmﬂg(tj,uj), (321)
7=0

where,

~ he o1 1.,

b1 = —[(n—j+35)" = (n—j—3)°]
Then,

3

R P 1 3
Un+1 = u0+hQF—m) ];0 Wjnt19(tj, W)+ any1np19(tns, Un+1)+h2r(a) 2 jn19(tj1, U541
(3.22)
3.3.5 Fractional Fourth Order Method
On each sub-interval, [t;,t;41], 7 = 0,1,2,..,n — 1, we approximate the

non-linear function ¢(¢) using the cubic Lagrange polynomial P7(¢) defined in

(tja gj)a (thr%)? (thr%a gj+%)> (tj+1> ngrl)a where, &), = kh.

o4
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For 7 = 0, we take the points ¢, ti, t2, in the interval [ty,t;] and obtain,

: (t—t2)(t—t2)(t — 1) (t —to)(t —t2)(t — 1)
P(#) = (fo — t1)(to — t2)(to — tl)g(t(’) + (b —to)(tr — t2)(t — tl)g(t%)
R O BN G G A e VI
T — ) = T G i — )
= 2 )~ 1)~ 0)g(to) + gt~ t)(E— £ (¢~ 1)a(ty)
— DT )~ 1) (0~ 1)g(t3) + st~ t0)(t — £4)(¢ — 12)g()

For j = 1, we take the points ¢, ta, ts, 1y in the interval [¢;,t5] and obtain,

(t—ta)(t —ts)(t —t2) (t—tl)(t—tg)(t—tg)

PA(1) = (t — t;)(t1 - tgg)(tl - t2)g(t1) + (ts —t1)(ts — t3)(ts — t2)g(t§)
(t—ta)(t —ta)(t — t2) (t—t)(t —ta)(t —t5)
e - D G - e
= (=)= 1)~ )gt) + St — ) (e — 13— t2)g(ty)
— st =) = )~ ta)gtg) + sl — )t — 1)t — )g(0a).
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Similarly j = 2,3,--- ,n — 2, we take the points tj,tj+l,tj+2,tj+1 in the interval

[tj, tj+1] and obtain,

(b —ty)(t 15 2)(E— )
(=t )t =ty 2)(t — b
(t —;)(t — tj+§)(t — tj41)
(tj+§ - tj)(tﬁé - tj+§)<tj+§ — ljn
P el [ G A e
(2 = 1)tz =t 1)(E ‘+§ — i)

(t =)t~ t1)(t — 15, 2)
(tj+1 - tj)(tj+1 - tj+ )(t3+1 t

= = 1)~ ) 1)glt) + o~ )~ 1) (E 1))

R )~ 1)~ 1 0)alt2) gt = 1)~ ) (E — ty2)a(t ).

PITHt) =

)g(tj)

+

w|

)g(tj+1

) g(tHl)

For j = n — 1, we take the points t,,_1, b2, b1, By in the interval [t, 1,t,] and

obtain,

(t—t, 2)(t—1,

i) = (tho1 — tnfg)(tn,l — tn—%)(tn71 _ :Cn)g(tn_l)
(t = ta-1)(t =, 1)t — )
(thoz = ta1)(t,_2 — tng_é)(tn_g - 1tn)g(ltn_g)
(t = tuo1)(t —t,_2)(t —t,)
N (tnfé - tnq)(tn,% - t"3§)<tné _ tn)g(t”*%)
(t—tn)(t—t, 2)(t —t, 1)
) —g(tn)

(bn — ta1)(tn — ty_2)(tn — £, 1)
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Using ty—1 = (n—1)h, t, 2= (n—2)h, t,_ 1= (n—3)h, t,=nh.

n—

PR = 90—ty )~ b )0~ £a)g(tas) + g = )6 £ )~ 1) (1, )
o ) ) £) () + (b a)(E )t~ gl

(3.23)

Combining these polynomials, we get,

_ %( —(t— )t~ t2)(t — t)g(to)

P(t)
[t = to)(t — t2)] (¢ = t2) — (t — ta)(t — ts)(t — t2)]f (1)
F [t =)t —ta)(t —ts) = (t —tz)(t —ts)(t —t3)] g(ta) + ...

[t = tum2)(t = t_s)(t = ta) = (= t,_2)(t — t,_1)](t = ta)]g(tn)

(= )= ) (= b, 1)g(t)

27
2h3

—(E=t)(t =)t —t2)g(ts) + .. 4 (E = tna)(t — £, 1)(t —tn)g(t, 2)

_|_

3 3

(1= t0)(t = t2)(t = t2)g(t) = (¢ = ta)(¢ = 13)(t — t)alts + (£ = t5)(t — t2)g(ts)

— (=t )t =t _2)(E = gt ).
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By writing in summation form, we get,

which further simplifies to,

9
2h3

+Z

P(t) =

(( 3+ 2nt* —

(35 —2) ht2

- tj+§)(t —tjn

11 2
hzt + §h3)

11
(G* =25+ 9) 19(t5)
— [t = (3] + 2)ht*> + (35° + 45 +
+ [t* — (3n — 2)ht* + (3n 4n+

—1
27 5 .5
MR
7=0
7"1 .

\ |
o

4 8
Vht? + (3 ht —
3) (357 +3J+ )

+ (3% — 45 +

10
ht? + (35% + —j + =

)g(tj+%) — (=)t - tj—i—%)(t - tj-l—l)g(tj-i-%)]a

g(to)

9)h2t—( —25%+ —

9
11

9 9

3 3 3

3 3

Now we replace g(t) by P(t) in the integral,

ORL]t(a)g(tn) =

[(a)

b /Otn(tn — ) g(t)dt

98

9

11 11
9)h2 (52 + 252+ =5+

n

(3.24)

(e

Myp2t — (n# — 22 +—n—§)h3] g(tn))
S = (4 27 4 S gltye)

3 4.4 1.
(7° +35° + 3R glt2)-

(3.25)



and compute the integral,

9 t 11 2
RL r(e) — / £ — ) (—3 4+ 2ht2 — =Rt + Zh3)g(ty)dt
1900 = sapia ( 0<n )77 (= 4 20t — P+ ShY)g(to)

9
§ (tn — 1) 2 — (35 — 2)ht? + (3% — 4 h2t
+ / — (35 — 2)ht* + (35° J+9)

— (5% — 252 +191 9)h3] g(t;)dt

ti+1
—/ (tn — t)* [t = (35 + 2)ht* + (357 +4J+ 9 )h2
tj

4 g 112
— (P +27° + 5 + 5] g(t;)dt

tn
+ / (t, — )" [t* = (3n — 2)ht* + (3n® — 4n + )h2
tn—1

11

_ i 3
— (n® 20”4 o~ g)h]g(tn)dt>
n—1 t
27 /JH it B T . 10 2,
+ e (t, — )"t = (3] + )bt + (3j°+ —Jj + o)h7t
2131 (@) =/ [ 3

3 3

. D . 2.
= (P 4 307 + 3R]ty )dt
n—1 t
27 o ~1[,43 o 4 2y 8 2
. - by — £)* 8P — ~)ht bt
W (o) jo/tj ( ) HE = (35 + 7) + (35% + 3T 3)

4, 1
.3 9 73
= (7 4 35° + 3R]t 2)dt.
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Evaluating these integrals results in,

hOL

%= o0+ 4)

Ajn =

ha

['a+4)

(

\

7

2(n — 1)*™(27n% 4+ 9na — 2Tn — da + o + 6)

+n*(2a3 — 11na? + 1202 + 36n2a

—55na + 22a — 66n — 54n® + 12 + 108n?), i=0
54(n+1— )" —18(a +3)(n +1 — j)***

+2(a +2)(a+3)(n + 1 — j)o*!

—54(n —1—j)*" —18(ar+3)(n — 1 — j)**2
—2(a+2)(a+3)(n—1—j)**!

—4(a+3)(n— j)*(a® + 3a + 1852 — 36jn + 2+ 18n?), 1<j<n—1

2(a? — 4a + 6), ji=n

—12(18(n — j — 1)**3 + 8(a + 3)(n — j — 1)°+2
+(a+2)(a+3)(n—j — 1))

+24(9(n — 5)**3 — 5(a + 3)(n — j)**?

+Ha+2)(a+3)(n - 7)), 1<j<n-1

(3.27)
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24[9(n — j — 1)° + 5(a +3)(n — j — 1)°**2 + (a + 2)(a + 3)(n — j — 1)°+1]

_ he
Gn = Pla 14y | ~12[18(n = )" =5(a +3)(n — ))° + (a +2)(a + 3)(n — )],

1<j<n-—1.
\

(3.28)
Fractional Fourth Order Predictor Corrector Method for FIVPs:
The approximated solution u(t) at t = ¢, is represented as,

n+1

1
Up4+1 = Ug + Qh?’—F(a) jgoaj,n+1g<tj>uj h3F ZG/] nt19(t gl Uyl 1)

h3F Za]nﬂg 42 Ujy2 2). (3.29)
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(

2(n — 1)**1(27n% + 9na — 27n — da + o + 6)
+n®(2a® — 11na® + 1202 + 36n’a — 55na + 22«
660 — 54n® + 12 + 108n2), =0

54(n+1—7)*" —18(a+3)(n+ 1 — j)*

ha+3
Gntl = 3 Y +2(a+2)(a+3)(n+1—j)**
[T(a+ 1)
=0
—54(n — 1 — 7)) —18(a + 3)(n — 1 — j)**2
—2(a+2)(a+3)(n—1—j)H
—4(a+3)(n—j)*(a®+3a+ 185 = 36jn+ 2+ 18n?), 1<j<n
2(a? — da + 6), j=n+l
(3.30)
~12[18(n — j — 1)**3 + 8(a + 3)(n — j — 1)+
pats | —12[(a+2)(a +3)(n — j — 1)°*1]
= — (3.31)
@+ | 424]9(n — 74 5(a + 3)(n - j)**?]
+24[(a+2)(a+3)(n—j)*H], 1<j<n
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(

24(9(n —j — 1)*" +5(a+3)(n — j — 1)+

pets | Ha+2)(a+3)(n—j-1)"")
Ajn = =5 (332)

L+ | _19(18(n — ) — 8(a +3)(n — )+

+(a+2)(a+ 3)(n — j)*t1). 1<j<n

\

This is an implicit method. We need w11 to compute g(t,11,Uns1) at t = t,11. We

use the fractional Euler method to compute ul, ;. so,

1 n
USH = Up + m ; bjn+19(t;, uj) (3.33)
where,
bt = — (0 = j+1)" = (0 = j)° (3.34)

We also need to calculate the unknowns u,, 1 and u,, 2 We again use the fractional

Euler method,

3

1 -
Upyl = Uo + m - bj,n+lg(tj7 Uj)» (3'35)
J:
1 -
Uy 2 = Up + mbj,n—i-lg(tjv Uj)7 (3'36>



where,

- he 2. 1.
b = |0 = 307 = (=5 = 7). (337
_ he 1, 2.
B = (0= )" = (=5 = 3)°]. (3.38)
and then,
1 n
Unt+1 = 2h3—F() Lz_; @jn+19(ts, Ug) + Qng 19 (st n+1)]

1
QhBF Z%n-ﬁ-lﬂ ity Yits 1)+ 2h3r Zajn-l-lg(t 425 Ujy 2 2) (3.39)

3.4 Numerical Methods for Fractional Atangana-

Baleanu-Caputo (ABC) IVPs

In this section, we shall discover some numerical schemes to solve FIVPs for Atangana-
Baleanu-Caputo fractional derivative. We rewrite the fractional initial value problem

for (ABC) of order o, where 0 < av < 1,

(apcDgu)(t) = g(t, u(t)), 0<t<b<oo
(3.40)

U(to) = Uo,
where, u : [0,b] — R.
The (apcDgu)(t) represents the Atangana-Baleanu-Caputo fractional (ABC) as in

Eq.(3.5). After applying the (ABC) integral as in Eq.(3.6) to the above fractional
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initial value problem, we obtain,
u(t) = g + ———g(t, u(t)) + L/t(t — )2 1g(s, u(s))ds (3.41)
T M@ M(@)T(@) Jo a | |

3.4.1 Left Rectangle Rule for Atangana-Baleanu-Caputo

(ABC) IVPs

Considering the above initial value problem (3.40) and its solution in Eq.(3.41), it is
found that the solution has the term FXI g(t). Thus, a similar approach to what we
have done for fractional Caputo IVPs. Hence, the solution u(t) at t = t,,1 will be

presented as

o a &
il = gt u(tn)) + > bii1g(t 3.42
Un+1 Ug + M(Ct)g( U( )) + M(O&)F(O&) jZO Js +1g( J u]) ( )
Where, b as in Eq.(3.15)

3.4.2 Fractional Trapezoidal Rule for Atangana-Baleanu-

Caputo (ABC) IVPs

We again use the same method for FEI(¢(t,) that was evaluated before in the pre-

vious section based on the fractional trapezoidal rule to obtain the following scheme:

n
1l—« o

Wg(tm u(tn)) + M (@) (@) Wjns19(tj, U) + Qs pg19(Engr, ul )

Up41 = Up +

[e=]

j=

(3.43)
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Where a;,+1 as in (3.16) and the predictor corrector ul), | refer to Eq.(3.18).

3.4.3 Fractional Simpson’s Rule for Atangana-Baleanu-

Caputo IVPs

After applying fractional Simpson’s predictor corrector method to Eq.(3.41) and in
similar terms to what we have obtained in the Caputo section, the following scheme

attains the solution wu(t) at t = ¢,

l—-a
Up41 = Ug + Wg(tn,u(t )) hO‘M Za] n+19 tmu]

3

1
n+1,n tntts P
+a +1, +1g( +1 un—l—l) + hQF(CY>

&j,n—i-lg(tﬁ- L, Ujpl 1) (3.44)
=0

Again, vl | and Ujy 1 are the predictor correctors as in Egs.(3.18) and (3.21).

3.4.4 Fractional Fourth Order Method for Atangana-

Baleanu-Caputo (ABC) IVPs

We use a similar technique for solving fractional Caputo derivatives, and after disc-

trizing, we obtain

11—« o1
Upp1 = U + mg(tm u(tn)) Z/ V(t, — ) dt (3.45)

Since we have the same integral term FXI(*¢(t) as what we evaluated before, we

use the same evaluation. Thus, we replace g(t) by P(x) as in Eq.(3.24). Hence, the
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following numerical scheme represents the solution u(t) for the fractional (ABC) initial

value problem (3.40) approximated at t = t,,1.

n+1

Up+1 =Uo + (Woj;g(tmu(tn))> + M [2h3F Za] nt19(tj, u)) (3.46)

2h3F Za3n+1g Jt+i J+3 2h3F Zajn+1g j+29 ]+ )

where a;,,41,8jn41 and a;,41 are displayed in Eqgs.(3.30), (3.31), and (3.26) respec-
tively. Once again, using the corrector method, the fractional fourth-order (ABC)

scheme that provides the solution u(t) in equation (3.40) at t = t,,41 is represented as

n

1l -« o 1 -
Up+1 = Ug + M(Oé)g(tn’ U(tn> + M(a) [2h3F(a) par aj,n—&-lg(tj, Ug) -+ an+17n+lg(tn+17 un+1)
1 i _ 1 n -
* 21T (a) = Gjni19(tiey, 1) + 21T () Zoaj,nﬂg(tﬁz,uﬁ )] (3.47)
J= j=

where ul’ |, Uy y1 and u, 2 as in Eqgs.(3.33), (3.35) and (3.36), respectively.

3.4.5 Error Analysis

Lemma 3.4.1 Let u(t) be the solution in (3.13). By assuming g(t,u) is bounded and

T s sufficiently small, the following inequality holds:

lu(t +7) —u(t)] < 47\417'7(6‘)7 te0,T — 7]
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where,

and M is a constant that is independent of T.

Proof. As in [22], by the assumption that ¢ is bounded, there exists a positive

constant N such that |g| < N. By (3.13), we obtain

) =ult) = s [ gl =9 s = s [t -9 as

Thus

\u(t+7)—u(t)\§ﬁ /0 (t+7—9) "= (t—5)")g(s,uls))ds
+ﬁ /t (47— 9 g (s, u(s))ds
N t ol _(t—s)* Y| ds o T —5)* Y ds
gm 0 [((t+7—s) (t—s)*")|d +F( )/t (¢t + )* 7 d
N o o0 Nte
T T(a+1) 7% = ({4 7) _t)’+r<05+1)
2NT1¢ N
< |(t +7)% —t%

|(t+ 1) =t < (3.48)



Case(1): if & > 1, then by using the mean value theorem, we obtain,

[(t 4 7)* — % < ar(t +0)* !

< aT* 7

Case(2): If 0 < a < 1, we prove the following inequality:

y ot <(y—a) 0<w<y

which is equivalent to

1-2z<(1-2)% 0<z<1 (3.49)

Let f(z) =1—2*— (1 —2)%, then f'(z) =a((1—z)*t —zo7!).

Thus, we can achieve the possible maximum value of f(z) at z = 0,1, or % It is
obvious that f(0) = f(1) = 0 and f() =1 —2'"*, so that f(z) < 0, which implies
the inequality (3.49).

Therefore, (t + 7)*—t* < 7* holds. Thus, the inequality (3.48) holds.

As a result, we obtain the following:

3NT®

T(atD)? 0<axl

ut +7) —u(t)] <

2NT® 4 aNT* 1t

T(a+1) ot > =1
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Using the assumption that 7 is sufficiently small, we obtain

lu(t +7) — u(t)] < My

Where, M; = max {F(ifil), N ;(Ogg)a - }, which completed the proof. |

Lemma 3.4.2 [22] Let u(t) be the solution in (3.13), and assume that g(t,u(t)) is
a continuous function and satisfies the Lipschitz condition with respect to t and the
second wvariable u with a Lipschitz constant K. If T is sufficiently small, then the

following inequality holds:

tnt1 Ta n
/0 (tner — ) g (¢ u(t)) dt — a ; bint19(t;, u(t;))| < M,y

Proof. To prove this lemma, we use the product rectangle formula and Lemma

(3.4.2). Also, the Lipschitz condition is used with some simplification.

tn+1

(tn+1 - t) g( dt — — Z b] n+lg )) ‘

/Hl n1 — 1) (g(t,u(t)) — g(t ul(t )))dt

7=0
n

IN

/g+1 nt1 — 1) (\g(t U )) —g(t u(t )‘ — |g(t u(t )) _g(tjyu(tj))‘>dt

7=0

tjr1
<K / <tn+1 — )" ((t—t;) + My (t — tj)V(a))dt
t

J=0

ta
< K(1 4 My)r(@ L
(6%
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The proof is completed by letting My = K (1 + Ml)%. |

«

Theorem 3.4.3 If g € C*([0,T]), then for each subinterval [ty,tr1] the error of the

correspond numerical solution of § is of order O(At*).

Proof. Let g be the Lagrange interpolation that is displayed in Eq.(3.10), and @ be

the corresponding numerical solution. Then,

A
o
aB
S
Bl
—
~
N—
)
W
| —
—
Q
N—
7
L
—
ol
+
P
~
3
|
V)
SN—
7
L
—
V)
|
V)
oL~
=

= Imax

4
A
Jax |g (t)|24F(a+ et

3.4.6 Numerical Experiment

We discover the following examples to test our numerical methods for solving FDEs.

Example 3 Consider the following fractional differential equation

oDgu(t) =t (3.50)
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with its corresponding exact solution as

u(t) = I

I'(p+1)
p+1—a)

o

Let u = 4, then by applying the left rectangle rule presented in (3.17), the Table (3.1)

displays the errors and convergence order for different values of a.

a=0.2 a=05 a =028 a=0.9
h Error | Order || Error | Order | Error | Order | Error | Order
0.1000 || 1.27e-02 | 0.0000 || 7.19e-02 | 0.0000 | 2.62e-01 | 0.0000 || 3.86e-01 | 0.0000
0.0500 || 4.13e-03 | 1.6201 || 2.73e-02 | 1.3952 || 1.19e-01 | 1.1357 || 1.87e-01 | 1.0443
0.0250 || 1.30e-03 | 1.6643 || 1.01e-02 | 1.4336 || 5.31e-02 | 1.1655 || 8.91e-02 | 1.0714
0.0125 || 4.03e-04 | 1.6937 || 3.69e-03 | 1.4566 | 2.34e-02 | 1.1813 || 4.20e-02 | 1.0852
0.0063 || 1.23e-04 | 1.7145 || 1.33e-03 | 1.4710 || 1.03e-02 | 1.1897 || 1.97e-02 | 1.0923

Table 3.1: The errors and the orders of convergence for example 3 using the left

rectangle scheme that is represented in (3.17)

Example 4 Consider the following fractional differential equation

cDgyu(t) = sin(t)

(3.51)

Using scheme (3.19), the following table shows the error and the order of convergence

of using the fractional trapezoidal rule to solve the above FDEs.
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a =02 a=0.5 a=0.8 a=0.9
h Error | Order Error Order || Error | Order | Error | Order
0.1000 || 3.88e-04 | 0.0000 || 5.0601e-04 | 0.0000 || 4.46e-04 | 0.0000 || 4.15e-04 | 0.0000
0.0500 || 1.06e-04 | 1.8751 || 1.30e-04 1.9562 || 1.12e-04 | 1.9912 || 1.04e-04 | 1.9967
0.0250 || 2.83e-05 | 1.9008 || 3.33e-05 1.9704 || 2.81e-05 | 1.9951 || 2.60e-05 | 1.9982
0.0125 || 7.49e-06 | 1.9193 || 8.44e-06 1.9797 || 7.04e-06 | 1.9973 || 6.51e-06 | 1.9991
0.0063 || 1.96e-06 | 1.9335 | 2.13e-06 1.9859 || 1.76e-06 | 1.9984 || 1.3e-06 | 1.9995

Table 3.2: The errors and the orders of convergence for example 4 using the Trape-

zoidal scheme that is represented in (3.19)

3.4.7 Numerical Results

Left Rectangle Rule

In this numerical experiment, scheme (3.17) is used to discover the SEIR model that

is displayed in (3.7) with involving the natural birth and death parameter p. We use

the same parameters and initial values in [94] to obtain the following results in Fig.3.1.
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; «10/Left Rectangle Method with Cap Derivative and o =0.9 ; «10/Left Rectangle Method with Cap Derivative and a =0.8

Figure 3.1: Fractional SEIR model with birth and death using the Left Rectangle

Rule

Fractional Trapezoidal Rule

Now we consider the basic SEIR model displayed in (3.7) as a fractional model. We
numerically solve the model using the fractional trapezoidal scheme (3.19) for two

different values of o with the following chosen initial values and parameters,

S(0) = 1000, E(0) =20, I(0)=40, R(0)=10
ﬁ =001, 0=002 ~=0.1
N ) Y

The simulation of the SETR model presented in Fig.3.2
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Fractional Trapezoidal Rule with Cap Derivative with «=0.9 Fractional Trapezoidal Rule with Cap Derivative with 2=0.8

1000 1000
\ —s
900 900 \ ——E|
|
800 800 \\ / E—
7000 || 700 - K /,v .
| /
600 600 |/ 1
/ \/
5001 | 500 |

400 |
300 ||

200 |

100 -

Figure 3.2: Fractional SEIR model without considering natural birth or death using

Trapezoidal Rule

Fractional Simpson’s Rule

Now we apply the scheme (3.22) in order to simulate the fractional SETRN P model,
which is represented in (3.8). We use the same parameters and initial values that
Furati et al. used in [41]. The numerical results for two different values of « for this

fractional Simpson’s method are displayed in Fig.3.3
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5 «10® Simpsons Method with Cap Derivative and o =0.9 5 «10° Simpsons Method with Cap Derivative and o =0.8

—S
—E

|
—R
—N
P

Figure 3.3: Fractional SETRN P model using Simpson’s Rule

Fractional Fourth Order Method

In the Fig.3.4, the fractional SEI4IsH RD model is used as in (3.9) with the same
parameters and initial values as in [13]. These graphs illustrate the numerical analysis

of the extended SEIR model using the fourth-order method represented in scheme

(3.39).
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«1forth Order Method with Cap Derivative Euler with =0.9 « f66rth Order Method with Cap Derivative Euler with «=0.85

L \ — S| L — S|
6 \ E 6 \\ —E
\\‘ lA \ IA
5 \ ls 51 \ — g
‘ - T H — —————— |—H
\ R \‘ - sl
4 \\ ——D || 4t “ ——D
|
\ |
3 \ 3 ‘

15 20 25 30

Figure 3.4: Fractional SEI4I¢H RD model using fourth order method

The following graphs display the simulation of fractional epidemic models for
Atangana-Baleanu-Caputo (ABC) with the same models and parameters used in the
previous figures. These figures display the numerical results using the fractional left
rectangle rule, trapezoidal rule, Simpson’s rule, and fourth-order method for (ABC)

epidemic models using schemes (3.42), (3.43), (3.45) and (3.47), respectively.
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; «10eft Rectangle Method with (ABC) Derivative and « =0.9

; «10eft Rectangle Method with (ABC) Derivative and o =0.8

—S

—E
|

—R

100

Figure 3.5: Fractional (ABC) SEIR model with consideration of birth and death

Fractional Trapezoidal Rule with ABC Derivative with «=0.9
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Fractional Trapezoidal Rule with ABC Derivative with 2=0.8
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Figure 3.6: Fractional (ABC) SEIR model without considering birth and death
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15

«10® Simpsons Method with ABC Derivative and o =0.9

5 «10® Simpsons Method with ABC Derivative and a =0.8
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Figure 3.7: Fractional (ABC) SEIRN P model
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«10” Forth Order Method with ABC Derivative with a=0.85
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Figure 3.8: Fractional (ABC) SEI4IsHRD model
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CHAPTER 4

DIFFUSIVE EPIDEMIC MODEL

Several important qualitative features are better modeled by non-local fractional oper-
ators. A number of studies have demonstrated the usefulness of the fractional partial
differential equations because of their ability to capture the aspects of non-locality
and spatial heterogeneity in contrast to the corresponding classical partial differen-
tial equations. Space fractional diffusive models can capture long-range interactions,
while the classical diffusion equation assumes local interactions that may not capture
the full dynamics of diseases with long-range transmission patterns [87].

During the study of fractional differential equations, the most crucial task of re-
searchers is to find the exact solution of the dynamical systems. The exact solution
to most of the problems is not known, and therefore one must search for a numerical
solution. Because of the complexity of fractional operators, it is always a challenging
task for researchers to find numerical solutions to the non-linear systems.

Diffusive epidemic models are mathematical frameworks that provide insight into
the influence of spatial influence on the spread of infectious diseases. The diffusion

term is incorporated into epidemic models to account for the movement of individuals
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in space, which can significantly affect the dynamics of disease transmission. Re-
searchers have developed various modeling techniques to understand and predict the
spread of infectious diseases such as COVID-19.

Most of the epidemic models consist of a system of non-linear ordinary differential
equations. These epidemic models lack a realistic approach, which is due to the large
mobility of people within a country or even worldwide. The mixing of populations
takes place without differentiating individuals in different places. Since the spread
of the disease may be faster in one part of the population and slower in the other
part, therefore, the spatial effect cannot be ignored while studying the spread of the
disease. Al-Showaikh and Twizell [5] extend the SETR model by adding second-order
space derivative (diffusion) terms in the model. Since then, several researchers have
considered epidemic models that include diffusion terms.

In this chapter, we shall develop an L-stable numerical scheme to investigate the
disease dynamics by solving epidemic models with classical along with fractional dif-
fusion.

The most popular approach used to develop time-stepping schemes for reaction-
diffusion systems is exponential time differencing (ETD). This approach, originally
developed for the classical reaction-diffusion problems, has now been extended to the
fractional reaction-diffusion problems. The exact solution of the spatially discretized
problem obtained by using Duhamel’s principle is a Volterra integral equation involv-
ing matrix exponential functions and a non-linear function F(u,t). Several numeri-
cal schemes are developed by approximating the non-linear function by interpolating

polynomials and matrix exponential functions by rational functions, such as Padé
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approximations. We shall develop an L-stable time-stepping scheme based on the
positivity-preserving-rational approximation of the matrix-exponential function.

The space fractional Laplacian operator is defined in several ways depending on
the context in which it is applied. The spectral fractional Laplacian considered in this
work is discretized using the Fourier spectral approach presented by Bueno-Orovio et
al. [17]. On a bounded domain with homogeneous Dirichlet or homogeneous Neumann
boundary conditions, the fractional Laplacian is defined spectrally using eigenvalues
and corresponding eigenfunctions of the classical Laplacian operator on the domain.
The advantage of this approach is that it results in a diagonal representation of the

fractional Laplacian operator.

4.1 The Description of Diffusive Epidemic Models

We shall consider two epidemic models with diffusion, STR and SEIR models.
The following ST R model with modified saturated incidence rate and without delay

factor is considered [93],

T - Sl - e
—_— == B [

dt L+ 01S(x,t) + o2l (x,t) ot
dR

o = rl(z,t) —vR(z,t),

where S(x,t), I(x,t), and R(x,t) are the number of susceptible, infected, and recovered

individuals, respectively at location x and time ¢. The parameter n is the recruitment
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rate, v the rate of natural death, J is the rate of death due to disease, r is the rate of

recovery, and [ is the infection coefficient. The modified incidence rate is,

pS(, t)I(x,t)
14 01S(x,t) + o9l (2,t)’

with inhibitory effects measures o; > 0 and o5 > 0.

Nauman et al. [3] extended this model by including diffusion terms in this model,

as BS(x, t)I(x,t)

i = DsaS@t)+n—vSt) - e T )
oI pS(x, 1)1 (x,)

- = DIA[(m7t)+1+015(:U,t)+021(a:,t) (v+6+7)I(x,t),
% = DrAR(z,t)+rI(x,t) — vR(z,t),

where Dg, Dj;, Dpg are the diffusion coefficients. In this work, we shall consider

an extension of this model by replacing the classical Laplacian with the fractional

Laplacian,
s _ __ BS)I(zt)
or e pS(x, )I(z,t)
g~ i) [(x’t)+1+015(x,t)+021(x,t) (v 404z, 1),
(98_12’ — _Dp(=A)SR(z,t) + rl(z,t) — vR(z, 1), (4.1)

where 1 < o < 2.
A diffusive SEITR model for the transmission dynamics of measles considered by

Al-Showaikh and Twizel [5] determines the geographic spread of the disease in a pop-

83



ulation that has not been vaccinated against it. We have also considered an extension

of this model by combining fractional Laplacian instead of the classical Laplacian.

S o

o = ~Ds(=D)ES(x.t) + uN — (u+ BI)S

OF .

o = ~De(-N)EE(nt)+ BIS — (n+0)E

oI .

o5 = DA I )+ 0B = (p+ )l

OR o

S = —Dr(=A)!R(,t) + 7] — uFt (4.2)

Since R is not present in the first three equations, we shall solve the system only for
S, E, and I and compute R =N — S — F — I, where N is the total population under
consideration.

The exact solution to most of the problems is unknown and therefore we must
search for a numerical solution. Because of the complexity of fractional operators, it
is always a challenging task for researchers to find numerical solutions of non-linear
systems. The numerical schemes we use must approximate the solution that preserves
all the traits that hold for the solution of the epidemic model, such as positivity,
boundness, stability properties of steady states, etc. The positivity of the numerical
solution is an important property of the solution of epidemic models. Many modern

and classical methods fail to preserve the positivity property.
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4.2 Reaction Diffusion Equation and Spacial Dis-

cretization

We consider the following initial boundary value problem,

(’3u_

5 = —K(=A)2u+ F(u,t), (z,t) € Qx(0,7], (4.3)

with initial condition,

u(z,0) = up(x), € QCR,

and having either Dirichlet or Neumann boundary conditions. The non-linear term

F(u,t) satisfies the Lipschitz condition, that is,

[1F(u,t) = F(u, )] < Lfju—af,

for some L > 0. The initial condition function uy can be non-smooth or we can have
mismatched initial-boundary conditions.

The spectral definition of the fractional Laplacian is most useful for developing
numerical methods. It requires computing the eigenvalues and eigenfunctions of the
classical Laplacian. Straightforward summation results in fractional Laplacian dis-
cretization in multidimensional cases. Explicit analytical formulas are available to

compute the eigenvalues and corresponding eigenfunctions of the Laplacian.
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Definition 4.1 Assume that the Laplacian operator (—A) has a complete set of or-
thonormal eigenfunctions ¢, with corresponding eigenvalues A\, on a bounded domain

Q2 C R with the homogeneous boundary conditions, then,

(_A)(bn = )‘n¢n~

Let

o)
u = Zﬂn¢na ﬂn = <u7¢n>7 |ﬂn|2|/\n|a < O0.

3
Il
=)
N
Il
o

Then

(—A)Su = i it A2 G-
n=0

The eigenvalues and eigenfunctions of the classical Laplace operator depend on the
choice of the boundary conditions. For x € Q = (a, b), the eigenvalues and eigenvectors

of the Laplacian with homogeneous Dirichlet boundary conditions are given by,

b = \/%Sin((n—i—l)z(xn—a))’

respectively, where L = b — a is the length of the interval. Similarly, the eigenvalues

and eigenvectors corresponding to the homogeneous Neumann boundary conditions
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are,

G

bn = \@cos (%‘a))

respectively. We approximate the fractional Laplacian operator by the truncated series

using finite number of the orthonormal trigonometric functions ¢,,
No—1 .
(—A)Fur > A G (4.4)
n=0

The Fourier coefficients @, in (4.4) are computed using highly efficient algorithms
known as "Discrete Fourier Transforms.” The computational efficiency of these algo-
rithms is due to the use of the Fast Fourier Transform (FFT) in computing matrix
vector products.

For periodic boundary conditions, please see the reference [91] pages 23-46. For the
one dimensional problems, we represent equation (5.1) in Fourier space by applying

the Fourier transform [17], [95],
%?{u(%t)} + AF{u(x,t)} = F{F(u,t)}, (4.5)

where the discretization matrix is A = Kdiag[(\,)?*]. Denoting F{u(z,t)} = u(t),

F{F(u,t)} = F(u,t), we can write (4.5) as,

—a(t) + Ad(t) = F(u,t). (4.6)



We compute the coefficients @ using Fourier transform and the inverse Fourier
transforms to reconstruct the solution w(z,t¢) in the physical space. Based on the
specified homogeneous boundary conditions, discrete sine or cosine transforms and

their inverses are applied [16].

4.3 Time-Stepping Schemes

We develop a third order L-stable numerical method by considering the following

abstract initial value problem

a+ At = F(ut), te(0,T], (4.7)

Using the integrating factor, we write the exact solution of (4.7) as:
t A
a(t) = e g +/ e~ AR (u(s), s)ds. (4.8)
0

For some fixed k,, let 0 < k < k, be some fixed time step with ¢, = nk. Evaluating

(4.8) at t = t,, we get,

tn
() = e~ Ay + / e~ =DAP(y(5). 5)ds, (4.9)
0
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Similarly evaluating (4.8) at t = t,,41 = t, + k, we get,
totk R
U(t, + k) = e~ tntRAG 4 / e~ nFh=)A Ly (s), 5)ds,
0
which is simplified as,

tn tn-tk
Uty + k) = e~ tPAg 4 / e~ tk=A R (y(s), 5)ds + / e~ tk=DA R (y(s), 5)ds
0 tn

tath A
= e Ma(t,) + / e~ InTh=)A [ (y(s), 5)ds.
tn

Now we apply the transformation s —t, = k7 or s = t, + k7 and ds = kdr and get

the recurrence formula,
1 A
g1 = e ", + k/ e FADAR (u(t, + k7), t, + kT)dT, (4.10)
0

where 4, = u(t,). The computational challenges associated with approximating the
recurrence formula (4.10) include an accurate and efficient approximation of matrix
exponential functions and integral terms. Approximating the integral is quite chal-
lenging because it involves a non-linear function of the unknown function @ (z, ). The
computational accuracy of the solution depends on how well we approximate these
matrix exponential functions and the integral terms in (4.10). We employ the expo-

nential time-differencing (ETD) approach to approximate the integral.
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4.3.1 A Third Order Method

Third order scheme is developed using the following steps.

Step:1 Approximate F(u(t),t) by a constant F,, = F'(u(t,),t,) for all t € [t,,t,41] and

compute the integral in the recurrence formula (4.10) and label it as a,,

R kAN .k kAN -

where ®g(kA) = e *4 @) (kA) = (e ¥ — I)(—kA)~L.

Step:2 We approximate F(u(t),t) ~ 2F* — F, for all t € [t,,t,.1], evaluate the recur-

rence formula (4.10) and denote the answer by by,

A

by ~ ®o(kA)i, + ki (kA)(2E — F,), (4.12)

where Fo = F(ap, t, + k/2), and a,, = F{a,}.

Step:3 We approximate using the interpolation,

. . tn)?

N N N t — N N «
F(u(t),t) ~ F, + (t — t,)(=3F, +4F* — ") + (T(F" — 2% FY),

for t € [t,,t,11] and evaluate the integral. After re-arranging the terms, we

obtain the following formula to compute 1,

U1 = Oo(kA)uy, 4+ kD, (kA)E, + k®y(kA)(—3F, +4F* — F?)
+ 4k®s(kA)(E, — 2F° + EY), (4.13)
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where,

E = F(bn,t,+k),and b, = F1{b,},

Dy(kA) = (e — T +kA)(—kA)2,
k2 A?

O3(kA) = (e’“‘ —T+kA— ) (—kA)2,

and compute Uy, 11 = F {1}

The formulas (4.13) is rewritten by sorting with respect to E,, ﬁ’,f and F’,’i as,

1 = Uo(kA)iy, + Uy (kA)E, + Uy(kA)VE® 4+ Uy(kA)E?, (4.14)

where,
\I’()(kA) - (I)()(kA),
Uy (kA) = k(4] — kA — e ™41 + 3kA + k*A%))(kA) 73,
Uy(kA) = 4k(=2I + kA + e (21 + kA))(kA) 73,
Us(kA) = k(4] — 3kA + k*A% — e ™M (4T + kA))(KA) 73,
with,

. EAN .k kAN -

91



and,

by ~ ®o(kA)i, + ki (kA)(2E* — F,). (4.16)

This Runge-Kutta type time-stepping scheme can easily be implemented to solve

problems when A is a scalar or a nonsingular diagonal matrix. However, for non-

-3

diagonal matrix A, computing (—A)~! and (—A)~3 can lead to computational diffi-

culties when the eigenvalues of the matrix A are close to zero. Efficient computation

of matrix exponential functions e %4 and e=#4/2

is also a challenge for non-diagonal
matrices.
We approximate the matrix exponential functions using third-order single-pole

rational approximations [71], [72], which also results in the cancellation of the matrix

inverses (—A)~! and (—A)73.

4.3.2 A Third Order L-Stable Method

First we derive a third order L-acceptable restricted Padé approximation of e™* by

considering,

ag + a1x + a2x2 x? x3

= —ae T
‘ (L + bo)? TS %
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Then,

2 3

1 1 3 1
= 1—x+ 5952 — éx?’ + 3bx — 3bx® + ébx?) — §bx4 + 3b%22

3 1 1 1
—3b%23 + ZbPat — §b2x5 + 323 — b3t + =32’ — b3S

2 2 6
1 1 1 1. 3
— __b3 6 __b2 _b3 5 S _b2 _b3 4
5 x + ( 5 =+ 5 x + 5 + 5 x
1 3 . (1
+ (—6+§b—3b2+b3> z® + (5—3b+3b2> 2* + (=14 3b)z + 1.
By comparing the coefficients of z, we get,
b —3b+ Sb— = =0 — by = 2.405149578502864]

ay =3b—1—|a; = 6.21544873550858|

1
ay = 3b* = 3b+ 5 = [ap = 10.6387847494089 |

A third order L-acceptable rational approximation is,

(1 +6.21544873552 + 10.63878474942%)

R =
5(2) (1+2.40514957852)?

(4.17)

Third order accuracy of the approximation (4.17) is shown by using Taylor series

expansions,

eF = 1—2z+0.52% —0.16666666672 + 0.041666666662* + O(z*),

Rsp(2) = 1—2+40.52% —0.16666666672° + 6.438633830632" + O(2*)
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Thus,

The rational approximation (4.17) satisfies |Rs.(2)| < 1 for all z > 0 and R3.(z) — 0
as z — 00. Using the third order restricted Padé approximation (4.17), the method

(4.14) is modified as:
i1 = Rsp(kA)i, + Uy (kA)F, + Us(kA)EF® + Uy(kA)E?, (4.18)
where ¥, ¥, and W3 become,

1

Ui(kA) = k(G] — 245519605332k A)(1 +2.4051495785kA)
1

Uy(kA) = 4k(GT + 13.9131757838KkA)(1 + 2405149578k 4)

1
Uy(kA) = k(él — 24.3852938666k A + 13.91317578383k% A?) (I + 2.4051495785kA) 3,

and,

kA kAN -

Gn = Ryp (), + @ () B, (4.19)
2 2

by = R3L(kA)an+<I>1(kA)<2F,fj—Fn>, (4.20)
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kA
Rsp (—) = (I +3.107724367754k A + 2.659696187352k* A%) (I + 1.202574789251kA) 3,
kA
o, (—) = k(0.51 + 1.678862183877kA + 1.739146972978k* A?)(1 + 1.202574789251kA) 3,
1 (kA) = Kk(1.01 + 6.7154487355kA + 13.91317578k> A%)(I + 2.4051495785k A) 2.

Algorithm:2 For L-stable method with Dirichlet boundary conditions.

1. Input data: L =b—a, a, N, K,T, and u (initial condition)

. _ |@: N)r @
2. Compute eigenvalues A = [ 7 }

3. Define Spacial mesh z = a+ (1: N)h, h =22

4. Define Z = kX, and

Ry = 1+43.107724367754Z + 2.6596961873527.2

Py = k(0.5+ 1.678862183877Z + 1.73914697297922)
Py = k(1 +6.715448735509Z 4 13.9131757838327)
dy = (14 1.2025747892517)3

dip = (14 2.4051495785037)3

Ry, = 1+6.2154487355097 + 10.6387847494097.2

P = k(é — 24.5519605332389.7)

P, = 4k(é +13.91317578383 %)

Py = k(é — 24.3852938665727 4 13.9131757838327)
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5. Forn=1: % do the following

g = dst(u)
fu = fluty)

an = idst((Rp - uag + Po - dst(f,))/dn)

fa = flan tys1)

by, = idst((Ry - uast + P - dst(2f5 — fu))/ds2)
fe = f(n,tat)

u = idst((Ry - ugst + Pr - dst(f,) + Py - dst(f2) + Ps - dst(f2))/dsw)

Remark: For problems with homogeneous Neumann boundary conditions, the
Fourier transforms dst and idst are replaced by dct and idct respectively. The eigen-

values are computed as,

and z =a+ (0: N—1)h+ % with h = le/_+a1 The amplification symbols of the two
rational approximations used are shown in Figure 4.1. The approximation R34(z)

is A-acceptable and behaves like the A-stable Cranck-Nicolson approximation. The

approximation Ry (z) approaches zero asymptotically without crossing the z-axis.
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Amplification Symbols

exp(-z)

-0.8

Figure 4.1: Amplification symbols of the rational approximations R34(z) and Rsz(z).

4.4 Stability Regions and Linear Error Analysis

The stability region of a Runge-Kutta type numerical method is the region in the com-
plex plane where the solution of the numerical method remains stable and bounded.
The stability regions typically depend on the coefficients of the method. To find the
stability regions of the newly developed schemes, we consider the following non-linear

autonomous ODE [25],

u = cu+ F(u), (4.21)

with a non-linear function F' of the complex valued function u. Stability regions
are investigated by considering linearized autonomous non-linear ODE. For that we
assume that ug = u(ty) be a fixed point of (4.21) such that cug + F(ug) = 0. Let u be

a perturbation of the fixed point ug and let A = F’(uyg), then linearization about this
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fixed point results in the following equation,

u = cu + Au. (4.22)

The fixed point uy is said to be stable if Re(c+ A) < 0 [25]. It is naturally important
for a numerical method to satisfy this property, to cover as much dynamics as possible.
The regions of stability are determined by applying numerical methods to equation
(4.22) and taking into account the recurrence formula w,, 1 /u,. Assume that x = Ak
and y = ck using the time step size k. Applying the new L-stable method to solve

(4.22), we get the ratio,

3

R . Up+1 . Co+cCc1x + CQIE‘Q + c3x
L(xa y) - - )
U, Den
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with,

Den = (0.390625 + 0.9395115541%)%(0.2 + 0.4810299157y)%(0.4 + 0.4810299157y)?,

co = 0.0001220703125(5.94042098433y™* + 40.5186836105y"* + 126.947818128y"?
+242.293945793y 4 314.922297003y™° 4 295.059776063y" + 205.638996451°
+108.369291460y" + 43.4210993737y5 + 13.1717289787y° + 2.97960261381%*
+0.487693762910° 4 0.0546321364210y> + 0.00375145903942y
+0.000119209289551),

c; = 0.0001220703125(—7.76875586177y"* — 15.1850530377y*? 4 17.3923134489y™
+93.3261693951y™ 4 149.397872433y" + 139.653577309y® + 87.5725098821"
+38.9096817917y° + 12.5229961039y° + 2.92316349703y* + 0.485406029174y>
40.0546321364208y* 4 0.00375145903942y + 0.000119209289551),

co = 0.0001220703125(—7.76875586194y" + 25.9424775008y ' + 174.055414151y"
+359.318636444y™° + 412.778481916y° + 306.220019756y° + 1562.60897188"
+56.48796028871° + 14.6274556865y° + 2.70878605183y* 4 .354215169650y°
40.0318915356757y* + 0.00187572951971y + 0.0000596046447754),

cs = 0.0001220703125(15.5375117240y" + 34.0267758314y"" + 2.05691028727"°
—74.8275223989y° — 120.876307668y® — 101.620075906y" — 54.1585747363y°
—19.3131677392y° — 4.62211048982y* — 7145325298747 — 0.0641679470800y>

—0.00242010141661y + 0.0000198682149251).
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Stability regions of the L-Stable method

Im(x)
o o (&}

Figure 4.2: Stability regions of the third order L-stable method.

The stability regions of the two new schemes are plotted for y = 0,5, 10,20 and are

shown in figure 4.2.

4.4.1 Linear Error Analysis

Linear error analysis is a technique performed to analyze and quantify errors intro-
duced by numerical methods when approximating solutions of mathematical equa-
tions. It provides insights into the accuracy and stability of the numerical method.
The third-order convergence of the methods is proved by considering the lineariza-
tion of F(u) by Au. We perform the linear error analysis of the numerical scheme

(4.18) using the exact solution,

u(ty1) = F A Mu(t,), (4.23)

of the linearized semi-discretized system,

M Au+t Auw (4.24)



4.4.2 FError Analysis: Third Order L-stable Method

By applying (4.18) to (4.24) we obtain,

W1 = ((I+ 24051495785k A)) "% [(I + 6.2154487355k A + 10.6387847494k* A%)] u,,
[ 1
+ (I 4 2.4051495785kA)) % | kA (EI - 24.5519605332kA)] Up

i 1
+ (I + 2.4051495785k A)) ™ |4kA <6[ + 13.91317578381@A>} i

(1
+ (I +2.4051495785k A)) ™ | kA <6[ — 24.3852938666k A + 13.9131757838%42)} bn,

(4.25)
where a,, and b,, are,

a, = (I+1.20257479kA)7° x
[I +3.10772437kA + 2.65969619k% A% + 0.5kA + 1.67886218k*A A + 1.73914697k3AA2] Un,
b, = (I+2.4051495785kA) " [I + 6.215448736kA + 10.63878475k*A%] u,, +

(I +2.4051495785k A)° [kA + 6.715448736K*AA + 13.91317578k°AA?] (2a,, — u,),

Using the following Taylor series expansions,

1

(1 + 1.20257478932)% = 1—3.607724367z + 8.6771167382% — 17.391469722°

+31.371814552* + O(2°),

1

+501.94903292* + O(2°),
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equation (4.25) is simplified as,

Wy = [I (A= A) + k2 (0.5A2 _AA+ 0.5,42) + 0.1666666667k> (A3 —3A2A 4 3AA% — A3>

+ oK (38.63180297A2A2 2571286866 AA® + - Jun. (4.26)

We rewrite the exact solution (4.23) using the Taylor series expansion of e#(A=4)

Uppn = [I (A — A) + k2 (0.5/\2 _AA+ 0.5,42) + 0.1666666667k> (A3 — 3A2A + 3AA2 — A3)
4ok (0.04166666666/\4 — 0.166666666TAA + 0.25A2A2 — .. ) + O(k5)]un

(4.27)
It follows from (4.26) and (4.27) that the local truncation error is

= O(k*). (4.28)

4.5 Numerical Experiments

Numerical experiments conducted in this section, chapter consist of three problems: a
test problem with an exact solution available. This problem is considered to compute
the order of convergence of the scheme. The second and third problems are space-
fractional diffusive epidemic models, SIR and SEIR. The effects of space-fractional

diffusion of the solution profile are shown in figures 4.6, and 4.7-4.10.
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4.5.1 A Test Problem

We consider the following test problem with a known exact solution to compute the

convergence results of our scheme (see, Zhai et al. [104]).

0 .
a—? = K (A)S A+ flu,t), O<z<l, t>0, l<a<2 (4.29)
u(z,0) = 1, 0<x<l,

u(0,t) = 0, wu(l,t)=0, t >0,

flu,z,t) = %to‘ (3[1 + (2m)*]sin(27z) — [1 + (67)°] sin(67x)) + at® ' sin®(37z) — Kyu
The exact solution of the problem (4.5.1) is
u(z,t) = t*sin’®(27x). (4.30)

Problem (4.5.1) is solved for different values of a. Graphs of the exact and the
numerical solution are shown in figure 4.3. The exact solution (4.30) of (4.5.1) involves
t* and therefore remains the same at 7" = 1 for all values of a. It will be different
for different values of a when T # 1. To show the accuracy of our numerical scheme,
we have computed the numerical solutions for different values of a at T" = 0.5. The
corresponding graphs of the exact and the numerical solutions are given in figure
4.4. Reliability of the numerical solution is shown in figure 4.5 by plotting the time
evolution graphs for 0 < ¢ < 1. Third-order convergence of the fully discrete scheme
is shown in table 4.1. Central processing unit time (CPU) recorded for each iteration

to show the computational efficiency of the methods.
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Figure 4.3: Problem 4.5.1: Graph of exact and numerical solution at 7" = 1.
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Figure 4.4: Problem 4.5.1: Graphs of the exact and numerical solutions at 7" = 0.5

for different values of «.
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Time evolution solution profile for =1.8

Figure 4.5: Problem 4.5.1: Time evolution graph of the numerical solution.

Table 4.1: Problem 4.5.1: Convergence results of the L-stable scheme
Q@ h k Error Order | CPU-time
1.50 | 0.01000 | 0.01000 | 7.8012e-05 | 0.0000 0.0465
0.00500 | 0.00500 | 1.3601e-05 | 2.5200 0.0507
0.00250 | 0.00250 | 2.0758e-06 | 2.7119 0.1339
0.00125 | 0.00125 | 2.9012e-07 | 2.8389 0.3872
0.00063 | 0.00063 | 3.8487e-08 | 2.9142 1.1520
0.00031 | 0.00031 | 4.9610e-09 | 2.9556 3.2679
1.75 | 0.01000 | 0.01000 | 1.2144e-04 | 0.0000 0.0713
0.00500 | 0.00500 | 2.5012e-05 | 2.2795 0.0573
0.00250 | 0.00250 | 4.3520e-06 | 2.5229 0.1320
0.00125 | 0.00125 | 6.6477e-07 | 2.7107 0.4229
0.00063 | 0.00063 | 9.3023e-08 | 2.8372 1.0596
0.00031 | 0.00031 | 1.2351e-08 | 2.9130 3.3617
1.95 | 0.01000 | 0.01000 | 1.5054e-04 | 0.0000 0.0468
0.00500 | 0.00500 | 3.5519e-05 | 2.0835 0.0499
0.00250 | 0.00250 | 7.0037e-06 | 2.3424 0.1224
0.00125 | 0.00125 | 1.1813e-06 | 2.5677 0.4034
0.00063 | 0.00063 | 1.7681e-07 | 2.7402 1.0796
0.00031 | 0.00031 | 2.4441e-08 | 2.8548 3.2478
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4.5.2 Fractional Diffusive STR Epidemic Model

Here we consider the fractional diffusive STR system (4.1).

08 . ~ __ BS(HI(x,)

g = " PsCARS@ D TS t) S e T ol (a0

o1 . BS(.)I(x,t)

o = ~Di(=2)3 (1) + oS (e D)t oal (o 0) (v+0d+r)(z,t),

% —Dgr(=A)2R(x,t) + rI(x,t) — vR(x, 1), (4.31)

where 1 < a < 2.

The initial conditions are,

S(x,0) = 1.5z, I(z,0)=0.5z, R(x,0)=0.5z, 0<x<05

S(z,0) =1.5(1 —x), I(z,0)=05(1—-2x), R(z,0)=05(xz—-1), 0.5<z<1

The parameter values taken for this experiment are:
Ds=D;y=Dr=0.1,n=0.25 v=0.04, =10, 01 =05, =0.5, § =0.01, r = 24.
The domain we consider is: 0 <z <1, 0 <t < 100. The numerical experiments are

performed using Az = 0.01 and At = 0.01.
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Here we shall numerically solve the fractional diffusive SETR model (4.2). This model

4.5.3 Fractional Diffusive SEIR Epidemic Model
determines the geographic spread of the disease in a population which has not been



vaccinated against it.

as o

= = ~Ds(=28)%S(x,t) + pN — (u+ 8IS,

OF :

5 = ~Dp(=A)E(@,6)+ 8IS = (n+0)E,

o1 o

% _Dr(=A)S R(z,t) + T — uR. (4.32)

Since R is not present in first three equations, we shall solve the system only for
S, E, and I and compute R = N — S — F — I, where N is the total population
under consideration. The total population taken for the numerical experiments is

N =5 x 107. The initial conditions are,

S(x;,0) = 31250(i — 1), E(x;,0) = 125(i — 1), R(x;,0) =75(i — 1), 0<i<HL

S(z;,0) = 31250(N — 1), E(x;,0) = 125(N — 1), R(x;,0) =75(N —i), 0<i< N¥H

The parameter values taken for this experiment are:
Ds = D = Dy = Dp = 001, = 0.022, 8 =5x 1074, o = 45.6, v = 73. The
domain we consider is: 0 < x < 1, 0 <t < 0.1. The numerical experiments are

performed using Az = 0.025 and At = 0.001.
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Figure 4.7: SEIR Model: Susceptible for a = 2 (Left) and o = 1.2 (Right)

x10° %10°

Exposed

space 0 o time space 0 0 time

Figure 4.8: SEIR Model: Exposed for a = 2 (Left) and a = 1.2 (Right)
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Figure 4.10: SEIR Model: Recovered for v = 2 (Left) and o = 1.2 (Right)
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CHAPTER 5

TIME-SPACE-FRACTIONAL

DIFFUSIVE EPIDEMIC MODELS

The time-space fractional equations have the ability to capture the memory-
dependent, non-Fickian, and non-local behavior in several complex systems. These
equations help us to better understand the underlying transport mechanism and re-
action processes. The study of these equations brings interesting mathematical and
computational challenges in this active research field.

Fractional partial differential equations have gained popularity due to their use
in many application areas. Numerous studies have shown that the fractional partial
differential equations are more useful in understanding aspects of non-locality and
spatial heterogeneity compared to the corresponding integer-order ones. Most frac-
tional models cannot be solved analytically; therefore, efficient numerical methods
are crucial to solving such problems. Recently, there has been a growing interest

in devising effective and reliable numerical approaches to solve time-space fractional
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reaction-diffusion systems.

Modeling of anomalous diffusion, non-local interaction, and memory effects using
the fractional differential operators results in more complex models than their clas-
sical integer-order counterparts. The complex interplay between the time and space
fractional derivatives makes the task of developing stable and convergent numerical
schemes quite challenging. The increased computational cost is another challenge,
especially when solving multi-dimensional systems. Efficient memory and storage
management techniques also play a crucial role in developing such numerical schemes.

The matrix transfer technique (MTT) is a powerful mathematical method devel-
oped to discretize the fractional Laplacian. Ilic et al. [51] presented the Matrix Trans-
fer Technique (MTT) to discretize the fractional spectral Laplacian operator with
homogeneous boundary conditions. This technique was extended to solve problems
with non-homogeneous boundary conditions in [52]. Rahman et al. in [78] were able
to find improved numerical solutions for the fractional advection-dispersion equation
and fractional diffusion equation using the MTT. Khaliq et al. [35] have used MTT for
spatial discretization and second-order implicit predictor-corrector schemes for time
integration. Fourth-order time-stepping schemes with the MTT approach for space-
fractional reaction-diffusion equations were derived by Alzahrani et al. [4]. Zheng et
al. [105] used MTT to solve inhomogeneous linear space fractional problems. Zhai
[104] developed a high-accuracy spectral method for space-fractional diffusion equa-
tions. Based on the Chelyshkov operation matrix, Ding and Zhang [29] developed a
numerical method for solving a type of time-space fractional reaction diffusion equa-

tion. The fast and high-order IMEX method is presented by Kamran in [55] to solve
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a non-linear time-space fractional reaction-diffusion equation.

In this chapter, we have utilized the matrix transfer technique to efficiently dis-
cretize the space fractional Laplacian operator. By utilizing the discrete Fourier sine
and Fourier cosine and their inverse transforms, we can not only avoid computing
the matrix of eigenvectors and its inverse but also avoid computing matrix vector
products. The spacial discretization results in a system of time Caputo fractional dif-
ferential equations. A predictor-corrector scheme is developed using fractional Euler
and Adsms methods to solve the semi-discretized system of time fractional differential

equations in time.

5.1 Problem Statement and Spatial Discretization

We consider the fractional reaction-diffusion equation with Caputo time fractional

derivative,

oDy u(z,t) = —K(=A)2u(w,t) + Fla,t,u(z,t), €, te(0,T], (5.1)

with initial condition,

u(z,0) =up(z), re€QCR,

and homogeneous Neumann or homogeneous Dirichlet boundary conditions. The dif-

o2
2

fusion constant is denoted by X and (—A)z is the fractional Laplacian operator of

order a, 1 < a < 2 defined in the bounded domain €2 in R. The Caputo derivative
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CDgtu(x,t) of order 8, 0 < § < 1, is defined as,

CDgtu(a:,t) = ;ﬁ) /(t - 3)_5Mds.

5.1.1 Matrix Transfer Technique

The matrix transfer technique (MTT) provides a systematic way to approximate the
fractional Laplacian using matrix operations. This technique has gained popular-
ity due to its effectiveness in solving fractional differential equations. We use this
technique to approximate the fractional Laplacian (—A)%. The classical Laplacian
(—A), discretized using a compact fourth-order finite difference method, is expressed
as the product of diagonally dominant tridiagonal matrices. These matrices are then
factorized using their eigenvalues and eigenvectors.

First, we consider equation (5.1) with the classical Laplacian,

CDgytu(x,t) = —K(=Au(z,t)+ F(z, t,u(z,t)), (z,t) € 2 x(0,T], (5.2)

u(z,0) = wup(z), z€Q=1[0,L] CR.

We describe the matrix transfer technique for the equation (5.2). Let h = £ be the
spatial step with z; = ih, i =0,1,2,--- /N and w;(t) = u (x;,t) fori =1,2,... ., N—1.

We approximate the classical Laplacian using the following fourth-order approxima-

tion [30],
0° 102
e 5.3
dx? h2 1+ 5062 (5:3)
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where 02 represents the second-order central difference operator,

(ﬁuz = Uj—1 — 2uz(t) + Uit 1-

Applying the approximation (5.3), we obtain the system of differential equations,

X —Ui_l(t) + 2U7, (t) — Uj+1
DEu;(t) = —=
C i
0.t h? %Ulfl(t) -+ %uz(t) -+ %Uprl (t)

+F(xi7taui)7 Z:1727 7N_17

which can be written in matrix form,

where u(t) = [uy(t), us(t), ..., un_1()]", ug = [u1(0), u2(0), ..., un_1(0)]",

F(t,U) = [F (l’l, t,ul(t)) ,F (Z‘Q,t, Ug(t)) s F (l’3, t,u3(t)) e ey F («TN—lu t,UN_1<t>>}T,

1
12

1

B = tirdiagonal
12

| Ot

} and C = tridiagonal [-1 2 —1].

The diagonalizable tridiagonal matrices can be written as B = PAgP~! and C =
PAcP~!, where Ap and A are the diagonal matrices of the eigenvalues of B and
C, respectively. Since both B and C' have the same upper and lower diagonals,
they have the same eigenvectors (see [84]). The orthogonal matrix P consists of the

corresponding eigenvectors of B or C. Now we can approximate the classical Laplacian
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as
B'C 1

AN T TR

PAPY,

where A = A5'A¢. The fractional Laplacian (—A)? is approximated as [109],

o 1
(-A)2 ~ —PA2 P!
ho
The equation (5.1) is written as,
oDfu = —Afu(t) + F(t,u(t), (5.5)

where A2 = %PA%P_I.

5.1.2 Eigenvalues and Eigenvectors

Eigenvalues and corresponding eigenvectors depend on the boundary conditions. For
the homogeneous Dirichlet boundary conditions, the matrix of eigenvalues A2 and the

matrix P of corresponding eigenvectors are given as [51], [52],

-
vlR
I

dlag (/\17 )\27 teey AN—l) ) (56)

P o= [&.&, .. vl (5.7)
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where,

& = {sin(%),sin(%),...,sm(%)} ,1=1,2,...,N -1

For the homogeneous Neumann boundary conditions, the matrices Az and P are,
A% :dia‘g()‘07)‘l7"'7/\N>7 p :<£07£17"'7£N)7

where,

5.2 Time-Stepping Schemes

In this section, we present the 1 4+ 3 order time-stepping scheme to solve the semi-
discretized system of non-linear fractional differential equations (5.5). Applying the

fractional integral,

P =5 | (= )1 f(s)ds
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on both sides of (5.5), we obtain the following Voltera integral equation as an exact

solution [27], [28],

= u L | s)f~1 s,u S
u(r) = o+w)0/<t V7! [~ A%u(s) + B(s, u(s)] ds,
L | — 5)" " H(s,u(s))ds
-t O/(t (s, u(s)ds, 53
where for simplicity of notation, we use H(s,u(s)) = —Azu(s)+F(s,u(s)). For a given

positive integer M, we consider the partition of the interval [0, 7] with the temporal
nodes t,, = mAt, m=0,1,2,--- , M, where At = % is the temporal step size. Using

these temporal nodes, we can write (5.8) as

) = Wt s> / (o= HuE)ds, (59)

Jj=0

The following fractional forward Euler scheme is used as predictor scheme and
fractional Adams scheme is used as corrector scheme in developing the fractional

predictor-corrector scheme.

5.2.1 Fractional Forward Euler Scheme

Assuming H(s, u(s)) = H(¢;, u(t;)) = H; over each subinterval [t;, t;1] and integrating

(5.9), we get [62], [64],

Wp1 =W+ Y ajmiHj, (5.10)
=0

118



where

At?

aj7m+1:m[(m—j+1)ﬁ—(m—j)ﬁ}, 0<j<m

5.2.2 Fractional Adams Scheme

Here we approximate H(s,u(s)) by piecewise linear Lagrange interpolating polynomial.

In each subinterval [t;, ¢,11], we approximate H(s, u(s)) by linear Lagrange polynomial

PI(s) as,

PI(s) = 1 ({6501 — 9B, 0(t)) + (s — B0, m(t510))]

(5.11)

Substituting (5.11) into (5.9), integrating using integration by parts, we get,

m+1
W, = Uy + E bjm+1H;,

J=0

where

At?
bjﬂn-&-l = F(ﬂ——i—Z) (m —j+ 2)5+2 _ Q(m —j+ 1),6’+1 + (m _ j)5+1’

and Hj = H(tj, U(tj»
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5.2.3 Predictor-Corrector Scheme

We develop a predictor-corrector scheme by predicting u,, 1 using the fractional Euler

scheme (5.10) and then using it in the fractional Adams scheme (5.12) [27], [28], [64]

as,

W, = u+ Za%mﬂ [— Azu; + F(t, u;)], (5.13)
=0

Wpy1 = U+ Z bj,m—i—l [ A2 u; + F(t]7 11])] + bm+1,m+1 [_A%U—fn+1 + F(tm—i-la ufn+1)i| )
=0

5.2.4 Computationally Efficient Algorithm using Discrete
Fourier Transforms

The discrete Fourier Sine Transform (DFST) and the Discrete Fourier Cosine Trans-
form (DFCT) are very useful tools in solving partial differential equations (PDEs)
when spectral methods are used for spatial discretization. The use of discrete Fourier
transforms to compute matrix vector products requires less computational cost and

also saves memory space [97].

Definition 5.1 The discrete Fourier sine transform Fg{u;} of a vector with real

entries is defined as,

N-1 ..
?ds{uj}:ZUiSin(%), ]:17277]\[_1
i=1

A similar definition exists for the discrete Fourier cosine transform. The symmetric
matrix P of eigenvectors obtained in the factorization of the discretization matrix
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Az =X PA: P! in (5.5) consists of either sin (%) functions or cos (“F) functions,
depending on the boundary conditions. The matrix-vector products for computing
Azu = PAZP 'u can be efficiently computed using the discrete Fourier Sine or
Cosine transforms and their inverses without explicitly computing the matrices P and

P~ as follows:
« Compute P~lu = F,'{u}
« Compute the product Az P~'u = A%ff;;{u} by component-wise multiplication
« Compute A2u= PA2P 'u=F, (A2F, ' {u})

The DFST and DFCT are efficiently computed using fast Fourier transform (FFT)
algorithms [65]. The computational cost of calculating the matrix-vector product
A%u is reduced from O(N?) to only O(Nlog N), where N is the spatial mesh size.
The matrix-vector product is computed using DFST or DFCT, which does not

introduce additional computational errors into the scheme [55].

The following algorithm is constructed for straightforward implementation of the
scheme (5.13) using DFST to solve problems with homogeneous Dirichlet boundary
conditions. For problems with homogeneous Neumann boundary conditions, we shall
use DFCT.

Fractional Predictor-Corrector Method Algorithm:

« Compute matrix of eigenvalues A2
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» Compute the integral coefficients a;m41, bjm+1
« Compute 1y = F,' (1), set 1 = 1y

e For m=1:M do the following:

Set 1, = @ and compute F = F,(F(t,u))
Compute 0, =g + > @jm+1 [—A%ﬁp + ]ﬂ
j=0

Compute v = Fy,(1,)

Compute F, = F.}(F(t,¥))

m

Compute u = |ug + Z bjm+1 [—A%ﬁ + F] + bmH,mH[—A%fr + Fp] ,

Jj=0

Compute u = Fys(0)

5.3 Stability and Convergence

The fractional Euler method and Adams method were originally developed for time
fractional ordinary differential equations; see [64] and references therein. The appli-
cability of these methods is extended to the time-space fractional non-linear reaction-
diffusion equations. We assume that the function F(s,u(s)) satisfies the Lipschitz

condition with respect to u(s), that is, there exists a constant L such that,
[F(s,u(s)) — F(s,v(s))| < Llu(s) — v(s)|.

The following theorem states the stability of the fractional forward Euler method
(5.10).

122



Theorem 5.1 Suppose that w;,j = 1,2,---,m + 1 are solutions of the fractional
forward Euler method (5.10) and F(s,u(s)) satisfies the Lipschitz condition with respect
to u with a Lipschitz constant L on the existing interval of its unique solution. Then

the fractional forward Euler method (5.10) is unconditionally stable.

Proof. Let u,, and w,, be the two solutions of the fractional forward Euler method
(5.10) corresponding to the initial conditions uy with Lipschitz constant L and &y and

Em =W, — #,, be the error for m =0,1,--- , M, then,

Emr1 =& — Z aj,m+1A%8j + Z ajm+1[F(t5,05) — F(t;,4;)]

Jj=0 J=0

Since the function F(s, u(s)) satisfies the Lipschitz condition with respect to u, there-

fore we get,

I€mtll < €l + KD~ azmur €5+ LD ajme Il

J=0 J=0

where K = ||A%||. Then using Lemma 3.3.1 from [64], we get,

[€miall < CllEoll

The stability of the fractional Adams method can be proved similarly. The conver-
gence of the fractional forward Euler method is given in [64] by proving the following

theorem.
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Theorem 5.2 Assume that u(t,,11) is the exact solution of (5.8) and W41 is the
solution of the method (5.10). Let F(t,u(t)) satisfies the Lipschitz condition with

respect to w with a Lipschitz constant L and F,u € C*[0,T]. Then we have

’u(tm+1) — um+1| S CAt.

The error bounds for the fractional Adams method can easily be obtained using
Lemma 3.3.1 [64]. The detailed error analysis of the fractional Adams method is
given by Diethelm et al. [27], [28]. Error estimates are proven for small enough 7'

using mathematical induction.

5.4 Numerical Experiments

In this section, we present numerical experiments of two types of examples. One is
a non-epidemic example with exact solution available. The second example is the

time-space fractional STR model.

5.4.1 A Test Example

We consider the two-dimensional homogeneous time-space-fractional diffusion equa-

tion with homogeneous Dirichlet boundary conditions,

CDgtU(l',y,t) = _K(_A)a/Qua (l’,y,t) € 2 x [O,T],

u(z,y,0) = sin(nmx)sin(mry)
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where 2 = [0,1] x[0,1], 1 <« <2, and 0 < 8 < 1. The exact solution of this problem
is given as [102], [55],

u(x,y,t) = Z Z Es(—A2mt?)Cnm®@rm (2, )

n=1m=1

where Eg is the Mittag-Leffler function and \?,, are the eigenvalues with correspond-

ing eigenvectors ®(z, y) of the two-dimensional fractional Laplacian with homogeneous

Dirichlet boundary conditions. The coefficients ¢, ,, are defined by,
11
Cnm = //Uo(%y)@n,m(%y)diﬂdy
0 0

Let ug(z,y) = sin(4nx) sin(4my). The coefficient ¢, , are,

1/2, n=m=4

Cn,m

0, nm+#4
The exact solution of the problem takes the form,

u(x,y,t) = Bg(—(32)2 7°t%) sin(47x) sin(47y)

5.4.2 Time-Space Fractional S/R Model

Mathematical epidemiology has become an important research topic these days. Sev-

eral epidemic models, their stability, and numerical solutions are given in the literature
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Exact solution with 3=0.9, @=1.9 Solution profile using fractional predi rector with 3=0.9, a=1.9

Figure 5.1: Problem 5.4.1: Solution profile comparison using Euler method and Adams
method with 5 = 0.9 and o = 1.9.

Table 5.1: Problem 5.4.1: Convergence results in time for a = 1.95 and different
values of g with h = 0.025.

B, a k ‘ Error ‘ Order ‘ Ext-Error ‘ Ext-Order ‘ CPU Time ‘

B =0.65

a=1.950.02500 | 3.575e-04 | 1.63 | 5.807e-06 0.00 0.0365
0.01250 | 1.146e-04 | 1.64 | 9.659e-07 2.59 0.0699
0.00625 | 3.662e-05 | 1.65 | 1.636e-07 2.56 0.1668
0.00313 | 1.169e-05 | 1.65 | 2.798e-08 2.55 0.6351

B =0.75

a=1.9510.02500 | 2.013e-04 | 1.73 | 2.969¢-06 0.00 0.0346
0.01250 | 6.017e-05 | 1.74 | 4.646e-07 2.68 0.0645
0.00625 | 1.794e-05 | 1.75 | 7.518e-08 2.63 0.1782
0.00313 | 5.342e-06 | 1.75 | 1.236e-08 2.60 0.5968

B =0.85

a=1.9510.02500 | 9.158e-05 | 1.84 | 1.216e-06 0.00 0.0323
0.01250 | 2.553e-05 | 1.84 | 1.767e-07 2.78 0.0633
0.00625 | 7.102e-06 | 1.85 | 2.705e-08 2.7 0.1633
0.00313 | 1.973e-06 | 1.85 | 4.190e-09 2.69 0.6539

B =0.95

a=1.95 | 0.02500 | 2.230e-05 | 1.94 | 2.529e-07 0.00 0.0313
0.01250 | 5.797e-06 | 1.94 | 3.340e-08 2.92 0.0645
0.00625 | 1.504e-06 | 1.95 | 4.570e-09 2.87 0.1655
0.00313 | 3.896e-07 | 1.95 | 5.884e-10 2.96 0.6430
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20], [32], [33], [34].

Most of the epidemic models are consist of a system of non-linear ordinary differ-
ential equations. These models do not provide a realistic approach due to the large
mobility of people within a country or even worldwide, as they lack the spatial context
of the environment. In other words, the population is mixing in such a way that there
is no difference between individuals in one place and individuals in the other place.
However, the actual scenario is that the spread of disease may be faster in one part of
the population and slower in another. Therefore, when studying the spread of disease,
the spatial effect cannot be ignored.

The following extended STR model with fractional time-space derivatives is con-

sider as a test problem [3]

BAS(w,t)I(x,t)
1 + 0} S(x,t) + ob I(x,1)
BAS(w,t)I(x,t)
1+0)S(x,t) + o5 I(x,t)

oDy R(x,t) = —Dp(—=A)2R(x,t) +rPI(x,t) — v°R(x,1), (5.14)

oDy, S(z,t) = —Dg(—=A)2S(x,t) +n° —1v*S(a,t)

w|R

oDy I(z,t) = —Di(=A)2I(x,t) — (V° +~9% +r°)I(2,t) +

where Dg, D, Dpg are the diffusion coefficients of susceptible S(z,t), infected I(x,t)
and recovered R(z,t) respectively. The other parameters are: recruitment rate 7,
natural death rate v, death due to disease 4, recovery rate r and infection coefficient

(5. The quotient
BS(z,t)I(x,t)
1+ 07S(x,t) + 05 (2, 1)

is the modified incident with inhibitory effect o1 > 0, o9 > 0.

127



The time-space fractional schemes developed in this chapter are applied to solve

the time-space fractional STR system (5.14) using the following parameter values:

value
n | 0.25
v | 0.04
01 0.5
09 0.5
T 24
B 10
o | 0.01

Table 5.2: Parameter values for problem 5.4.2

The system (5.14) is solved using the initial conditions,

1.5z, 0<z<05
S(z,0) =
15(1—2) 05<z<l,
\
(
0.5z, 0<z<0.5
I(z,0) =
05(1-2) 05<z<1,
\
(
0.52, 0<z<0.5
R(z,0) =
05(1—2x) 05<z<1,
(

and the homogeneous Neumann boundary conditions. The system (5.14) is solved
for two different values of the time derivative [, and the effect of the time fractional

derivative is shown in the figures 5.2, 5.3, and 5.4.
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Figure 5.2: Susceptible for 8 =1 (Left) and g = 0.5 (Right)
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Figure 5.3: Infected for § = 1 (Left) and g = 0.5 (Right)
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Figure 5.4: Recovered for § =1 (Left) and 5 = 0.5 (Right)
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CHAPTER 6

CONCLUSION AND FUTURE

WORK

In this study we have:
o Conducted stability analysis of some epidemic models.

e Solved classical epidemic models using the well-known fourth-order Runge-Kutta

method.

o Developed some high-order predictor-corrector schemes for fractional epidemic

models.

o Developed a third-order highly efficient L-stable numerical scheme for space

fractional diffusive epidemic models.

e Developed a computationally efficient predictor-corrector type scheme for time-

space fractional diffusive epidemic models.
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o Richardson extrapolation is utilized to further enhance the accuracy of our

scheme.

Our future plan is to:

e Develop fourth-order A-stable and L-stable numerical schemes for space-

fractional reaction-diffusion systems.

e Develop third and fourth order schemes for time-space fractional reaction-

diffusion systems.

o Implement our schemes to investigate the dynamics of some other dynamical

models in 2- and 3-dimension.

o Implement our time fractional numerical schemes to investigate the behavior
of models such as the chaotic financial system and memcapacitor-based circuit

chaotic oscillator.
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