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الرسالة ملخص

الطالب اسم الاسم:

الرسالة عنوان الدراسة: عنوان

الطلاب قسم التخصص:

والسنة الشهر ادٔخل العلمية: الدرجة تاريخ

كان هدف هذه الاطٔروحة هو معالجة مشكلة الانٔظمة غير الخطية واسعة النطاق ذات القيود المحدبة باستخدام اطٕار موحد يتضمن خوارزميات

اتجاه مترافق مختلفة مثل CGPM MOPCGMو .STTDFPMو تنتج هذه الخوارزميات تسلسلات محددة بصيغ محددة. قدم الإطار الموحد

المقترح شرطًا وقائيًا في اتجاه البحث عن الخط، جنبًا الٕى جنب مع اجٕراءات بحث خطية مختارة بعناية، وحسب نقطة الإسقاط وفقًا لذلك.

في هذا العمل، قدمنا جديدتين  خوارزميتين اخٔريين تعتمدان على تعميمات CGPM .MOPCGMو استوفت جميع الخوارزميات الجديدة شرط

الانحدار الكافي. استند الإطار الٕى التعميمات وطريقة STTDFPM نظرًا لادٔائها الرائع في حل المشكلة. اثٔبتنا تقارب الخوارزميات في ظل قيود

موثوقة، وتحديدًا عندما تكون الدالة مستمرة Lipschitz لكل من الإطار CGPMو المعمم (GCGPM). تم التحقق من تشغيل الخوارزميات

المقترحة من خلال التجارب العددية على الوظائف المحددة عبر القيود المحدبة. بالإضافة الٕى ذلك، يُظهر MOPCGM(GMOPCGM)

المعمم خاصية منطقة الثقة بشرط انٔ تكون الوظيفة غير الخطية رتيبة. من التجارب العددية، تفوقت CGPM المعممة على نظيراتها في جميع

الجوانب. كما تم تطبيق الخوارزميات على الاستشعار المضغوط لإعادة بناء الإشارات.
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CHAPTER 1

INTRODUCTION

Nonlinear equations represent a significant class of problems, closely related to

optimization challenges, frequently emerging in various fields of science, technology,

and industry. Over the past two decades, many problems have been extensively

studied, highlighting their importance across disciplines [6]. These problems are

often complex, requiring sophisticated methods to solve efficiently.

In this work, we address the problem of finding x ∈ Γ ⊂ Rn such that:

G(x) = 0, (1.1)

where Γ is assumed to be a nonempty, closed, and convex subset of Rn, and

G : Γ → Rn is a continuous and monotone function. Problems of this nature can

be either smooth or non-smooth and appear in a variety of applications, such as

Bregman distances [53], Monotone variational inequality problems [48, 70, 108],

Non-negative matrix factorization [16], Phase retrieval [18], Constrained neural

networks [25], Chemical equilibrium systems in thermodynamics [71, 104], Fi-

nancial modeling and forecasting [36], Signal processing and signal restoration,

especially in wavelet de-convolution and compressed sensing [4, 42], solid state
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physics, plasma, and fluid mechanics [22, 45].

Given the wide range of applications, developing efficient algorithms to solve (1.1) is

crucial. Various methods have been proposed to solve these problems, with consid-

erable research focusing on improving their accuracy and computational efficiency.

Among such methods include methods involving determining the derivatives of

G(x) in (1.1) such as Newton and Newton-like methods in [53, 73]. However, they

require G(x) to be not only continuous but also differentiable(smooth) which may

not be the case in some instances. Further, even if G is differentiable, it may be

difficult to obtain derivatives of G(x) in (1.1) and this requires large memory for

computation and storing. This has steered mathematicians to devise methods that

do not require G(x) to be differentiable. Such methods are called derivative-free

methods.

Many derivative-free methods have been proposed stemming from Conjugate gra-

dient methods(CGM) and Spectral conjugate gradient methods.

In this work, we comprehensively studied three derivative-free methods and

proposed a Framework that unifies them. They include the CGPM [109],

the MOPCGM [83], and the STTDFPM [50]. Generalizations of CGPM and

MOPCGM were proposed. Then we proposed a Framework that combines the

Generalized CGPM, Generalized MOPCGM, and STTDFPM. This was a result

of the common properties that were identified. One of the features is the adaptive

scaling such that there is a balance between the robustness, aggressiveness, and

accuracy of the algorithms. In relation to that, we verified that the proposed al-

gorithms satisfy the sufficient descent condition and converge globally provided G

is Lipschitz continuous and monotone. The numerical results were also recorded

2



and showed that the Generalized CGPM outperformed its counterparts in every

aspect, that is in terms of function evaluations, CPU time, and the number of

iterations.

The thesis is arranged as follows: Chapter 2 reviews the literature of Derivative-

Free methods, Chapter 3 details the generalizations of the MOPCGM and CGPM

and also identifies the features of the two generalizations and STTDFPM, Chapter

4 proposes the Framework of the three derivative-free methods, Chapter 5 details

the numerical experiments and Chapter 6 concludes with areas of further research.

3



CHAPTER 2

PRELIMINARIES AND

LITERATURE REVIEW

We begin by looking at some of the useful terminologies and lemmas for this

research.

2.1 Terminologies and preliminary information

Definition 2.1 If Γ ⊂ Rn is closed and convex and G : Γ→ Rn a function. Then

G is monotone on Γ if

⟨G(x)−G(y), x− y⟩ ≥ 0 for every x, y ∈ Γ. (2.1)

Definition 2.2 A mapping ΠΓ : Rn → Γ is an orthogonal projection if

ΠΓ(x) = argmin{||y − x||: y ∈ Γ} for each x ∈ Rn.

The following properties of projection operators are important in our research.
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Lemma 2.1 [50, 83, 95]If a nonempty set Γ ⊂ Rn is convex and closed, then

we have.

1. (x− ΠΓ(x))
T (ΠΓ(x)− y) ≥ 0 for each x ∈ Rn, y ∈ Γ.

2. ||ΠΓ(x)− ΠΓ(y)||≤ ||x− y|| for each x, y ∈ Rn.

5



2.2 Derivative free methods

Most of the iterative approaches rely on the merit function defined as follows;

min f(x). (2.2)

Where f(x) = 1
2
||F (x)||2.

The steps to resolve (2.2) involve generating iterates xk defined by

xk+1 = xk + αkpk,

where αk is the step length determined by various appropriate line search methods

and pk is the search direction that must satisfy

F T
k pk ≤ −τ ||Fk||2, τ ≥ 0. (2.3)

(2.3) is called sufficient descent condition and as in [6]. Even though the algo-

rithms relying on (2.2) are valid for resolving (1.1), they are also accompanied by

some trade-offs on the other hand that include ensuring that all minimizers to be

produced require the function F (x) to be regular, they also need the level sets of

the merit function to be bounded and thus the solution set of the system must be

bounded and so without the regularity condition, it becomes difficult to prove the

convergence of the points produced even if the sequence of merit function values

accumulates to zero. Therefore, it is worthwhile to mention that some approaches

can easily solve the problem (1.1) without defining any merit function similar to

one in (2.2) see [86]. To overcome the above limitations and with motivation of

6



the projection proximal point algorithm in [87] to obtain the solution of the set-

valued monotone operators in a Hilbert space, the first work on projection-based

algorithms was done by Solodov and Svaiter [86] in 1999 and it has played a key

role in applying first-order optimization methods to solve (1.1) [50, 62].

Derivative-free methods have been widely suggested to solve (1.1) due to their

easy implementation, small storage capacities, and good convergence properties

[30, 72, 86]. The most suggested derivative-free approaches for (1.1) involve:

1. determining a descent direction for subsequent iterate to be close to the solu-

tion along the direction with some step size obtained using suitable methods.

2. constructing a hyperplane for the current iterate to be separated from the

solution set due to convex separation.

3. projecting xk onto the hyperplane for the algorithm’s convergence.

If G is monotone and zk = xk + αkpk, the hyperplane

Hk = {x ∈ Rn : ⟨G(zk), x− zk⟩ = 0} (2.4)

separates strictly xk from Γ of (1.1).

The subsequent subsections review such methods that apply similar steps to solve

(1.1).
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2.2.1 Spectral Three-Term Derivative-Free Method

We initially review the concept of the spectral gradient method and its history and

subsequent developments. Consider an unconstrained optimization problem.

minF (x) (2.5)

F : Rn → R is differentiable. The spectral gradient technique is expressed as

xk+1 = xk + τ kpk

where τ k1 =
sTk−1sk−1

yTk−1sk−1
or τ k2 =

sTk−1yk−1

yTk−1yk−1
are the spectral parameters,

sk−1 = xk − xk−1, (2.6)

and

yk−1 = gk − gk−1, (2.7)

gk = g(xk) = ∇F (xk) and pk is the descent search direction and τ k1 ≥ τ k2 . It’s

worth noting that the longest spectral parameter τ k1 is superior to the shortest one

in most cases. see [28] and references there in.

The spectral gradient method was suggested in 1988 in [15] by Barzilai and

Borwein to solve (2.5).

Nine years later, Raydan proposed a non-monotone line search approach that en-

sures global convergence when coupled with the method of Barzilai and Borwein

[80, 17]. Birgin and Martinez [17] later in 2001 also proposed another Specrtal Con-

jugate Gradient Method (SCGM) and used it to solve (2.5) and it gave promising
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results. In 2003, Cruz and Raydan [27] modified the spectral gradient method to

solve (1.1) systematically by choosing ± gradient as the search direction. In the

same year again, William and Marcos suggested Non-monotone Spectral Meth-

ods (NSM) and used it to solve (1.1) [27].

In 2005, spectral gradient projection approach was suggested by Li and Zhou [106].

This method combines modified spectral gradient and projection techniques in [15]

and [86] respectively. The search direction is given by

pk =


−G(xk) k = 0

−τkG(xk) k ≥ 1

(2.8)

such that τk = ||sk||2
sTk wk

, and wk = yk + rsk. Where sk and yk are as defined in (2.6)

and (2.7) respectively, r > 0. The iterate xk+1 is given by

xk+1 = xk −
⟨G(zk), xk − zk⟩G(zk)

||G(zk)||2
(2.9)

by projecting xk onto the hyperplane Hk in (2.9) such that zk = xk +αkpk and

αk = γmk such that mk is the smallest positive integer such that

−G(zk)
Tpk ≥ ργm||pk||2 (2.10)

where ρ, γ ∈ (0, 1)

In 2006, William, Raydan, and Mario [55] used Barzilai and Borwein’s method to

solve the nonlinear systems without using any information concerning gradients of

the functions involved and their results were really promising.

Later in 2008, Yu et al [103] suggested a Spectral gradient projection method

9



(SGPM) to solve (1.1) which does not require solving any sub-problems. This

method also combines the modified spectral gradient method and projection

method (MSGM) in [15] and [86] respectively. The direction in solving (1.1)

is

pk =


−G(xk) k = 0

−τkG(xk) k ≥ 1

(2.11)

such that τk =
||sk||2
sTk wk

and wk = yk + rsk where sk and yk are as defined in (2.6)

and (2.7) respectively, r > 0 and the initial point must belong to Γ with carefully

chosen parameters.

xk+1 = ΠΓ(xk − ηkG(zk)), where ηk = αkG(zk)
T pk

||G(xk)||2
, zk = xk + αkpk and αk = γmk

such that mk is the smallest positive integer m for which

−G(zk)
Tpk ≥ ργm||pk||2 (2.12)

where ρ, γ ∈ (0, 1).

These algorithms in [106] and [103] are almost the same but the difference arises in

the computation of xk+1. In the latter, xk+1 is chosen to be the best approximation

close to the solution by taking the orthogonal projection of (2.9).

In 2009, Yu et al [103], suggested a spectral gradient projection technique to

solve (1.1). This method couples both the modified spectral gradient method and

projection. pk is as in (2.11) such that τk = ||sk||2
sTk wk

, and wk = yk + σsk, where sk

and yk are defined as before in (2.6) and (2.7) respectively, σ > 0. This method is

globally convergent G in (1.1) is Lipschitz continuous.
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Xiao, Wang, and Hu proposed a spectral gradient method and applied it to solve

(1.1). At every iteration, a spectral gradient approach is employed on the resulting

problem without any information on derivatives. The convergence of their method

is not different from the existing results and pk is given by

pk = −τkGk k = 0, 1, · · ·

Where τk is the projection of the usual well-known spectral parameter on an interval

0 < λ1 ≤ τk ≤ λ2. see [99]

In 2019, Dai, Huang, and Liu [28] suggested a class of spectral gradient methods

whose step length is the convex combination of τ k1 and τ k2 . The step length is given

by

ηk = ηkτ
k
1 + (1− ηk)τ

k
2

such that ηk ∈ [0, 1].

In 2019, Li et al [59] gave a three-term method stemming from the Quasi-Newton

approach to solve the (2.5). However, the convergence of their method needs the

function to be uniformly convex. Subsequently, Amini and Faramarzi proposed an

SCGM and solved (2.5). They modified the above method in [59] to address the

requirement of uniform convexity for the convergence of the method. see details

in [7]

Again Liu, Feng, and Zou [63] proposed another SCGM to solve (2.5). This method

combines both the spectral parameter and the conjugate parameter, leading to its

name SCGM. The method was proved to be globally convergent provided the

conjugate parameter bounds the conjugate parameter due to Fletcher and Reeves

11



and

pk =


−gk k = 0

−βkgk + θkpk−1 k ≥ 1

such that βk = −gTk−1pk−1

||gk−1||2
+ θk

gTk pk−1

||gk||2
is the spectral parameter and θk is any

conjugate parameter. When θk = θFR
k = ||gk||2

||gk−1||2
, we obtain spectral FR conjugate

gradient.

Later in 2020, another Spectral Projection Method (SPM) employed to recover

signals in (1.1) was suggested by Abubakar et al [5]. Their approach is also based

on the Barzilai-Borwein gradient method [15] using the hyperplane projection ap-

proach of Solodov and Svaiter [86] which is an extension of the modified method by

Liu and Duan [64]. The algorithm proved to be efficient in compressive sensing [5]

there in.

The search direction is given by

pk =


−Gk k = 0

−βkGk k ≥ 1

such that βk = min{max{τmin, τk},min{τmax, τk}}, τk is the well known spectral

parameter and 0 < τmin < τmax.

In fact this method and one in [99] are closely related.

In 2023, Wang [94] proposed three-term Spectral CG methods to solve a (2.5) and

inverse problems. However, the convergence of his method required function in

the unconstrained problem to be strongly convex and I believe this is also another

area that requires focus on how to relax such a requirement. This approach used
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the Hestenes-Stiefel conjugate parameter and pk is given by

pk =


−gk k = 0

−βkgk + θkpk−1 + δkyk−1 k ≥ 1

such that βk = max{1, 1 + (r − ||yk−1||2
sTk−1yk−1

)
gTk sk−1

gTk yk−1
}.

In 2023, Ibrahim, Alshahrani, and Al-Homidan [50] also proposed another spec-

tral derivative free scheme that solves even when (1.1) is pseudomonotone. They

were motivated by the fact that most of the methods that have been proposed to

solve (1.1) are suitable when it is monotone [50]. They combined Solodov’s and

Svaiter’s projection method along with the structure of Amini and Faramarzi’s

method [7]. Ibrahim Alshahrani and Al-Homidan [50] proved that their methods

are also sufficient descent (2.3), and global convergence was independent of Lips-

chitz continuity provided the mild assumptions hold as stated in their work. The

numerical results also showed that their methods outperformed the then-existing

methods. They adopted the adaptive line search to determine the step length and

the search direction is given by

pk =


−Gk k = 0

−βkGk + θkpk−1 − ηkyk−1 k ≥ 1

where

βk = Π[a,b](
sTk−1yk−1

||yk−1||2
),

θk =
yTk−1Gk

wk

,
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ηk =
pTk−1Gk

wk

,

sk−1 = xk − xk−1 + λyk−1,

yk−1 = Gk −Gk−1

Π[a,b](t) = max{max{a, t},min{b, t}}

wk = max{ϕ||yk−1||||pk−1||, ||Gk−1||2},

ϕ > 0 and λ > 0.

Therefore,

pk = −Π[a,b](
sTk−1yk−1

||yk−1||2
)Gk +

yTk−1Gk

wk

pk−1 −
pTk−1Gk

wk

yk−1.

when ||Gk−1||2≥ ϕ||yk−1||||pk−1|| for all k, then

pk = −Π[a,b](
sTk−1yk−1

||yk−1||2
)Gk +

yTk−1Gk

||Gk−1||2
pk−1 −

pTk−1Gk

||Gk−1||2
yk−1.

It was proved that the trust region condition holds and converges globally under

mild assumptions, for details see [50]. The method was employed to compressive

sensing.

2.2.2 Conjugate gradient projection methods

In this section, the main consideration is the CGPM by Zhang et al [109]

Conjugate gradient methods to (1.1) are defined by

xk+1 = xk + αkpk,

14



where αk is determined via different line search methods and

pk =


−Gk k = 0

−Gk + θkpk−1 k ≥ 1

(2.13)

θk is a parameter that determines the nature of the conjugate gradient method.

θHS
k = G(xk)

T yk−1

pTk−1yk−1
, θFR

k = ||G(xk)||2
||G(xk−1)||2

, θPRP
k = G(xk)

T yk−1

||G(xk−1)||2
, θDY

k = ||G(xk)||2
pk−1yk−1

by

Hestenes–Stiefel (HS) [49], Fletcher and Reeves (FR) [43], Polak-Ribiére-Polyak

(PRP) [79], Dai-Yuan (DY) [30] etc respectively where

yk−1 = Gk+1 −Gk (2.14)

. For any θk, a search direction has to satisfy a descent property by G(xk)
Tpk ≤ 0,

for all k. The strength of a CGM entirely relies on θk.

Xiao and Zhu [100] improved the CGM to (1.1) applied to compressive sensing

problem. To enhance the performance, Liu and Li [64] went ahead and studied

the algorithm by improving the CGM approach.

As a result, extending Perry [77] and DL(Dai and Lio) [31] conjugate gradient

parameters,their updates

θpk =
(yk−1 − sk−1)

TGk

GT
k−1yk−1

(2.15)

and

θDL
k =

GT
k (yk−1 − rsk−1)

GT
k−1yk−1

(2.16)
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respectively, where sk−1 = xk − xx−1 and r > 0. These modifications of FR

conjugate gradient coefficients resulted in more stable computational performance

than exhibited in FRCG [31, 77].

In 2008, Wanyou Cheng [23] proposed an algorithm to solve (1.1). The method

combines PRP [79] approach and projection xk onto Hk (Hyper plane) in (2.4).

Because of monotonicity of G in (1.1), if x̄ is a solution and zk = xk + αkpk, by

monotonicity of (1.1), we have

⟨G(zk), x̄− zk⟩ ≤ 0

Assume xk ̸∈ Γ, then

⟨G(xk)−G(zk), xk − zk⟩ > 0

Then (2.4) strictly separates xk from Γ and xk+1 is obtained from

xk+1 = xk −
G(zk)

T (xk − zk)G(zk)

||G(zk)||2
, (2.17)

and

pk =


−Gk k = 0

−Gk + θkpk−1 k ≥ 1

(2.18)

where θk = θPRP
k .

In 2009, Li and Li [57] suggested a family of modified PRP (MPRP) derivative-free

techniques to solve (1.1) without considering the merit function, and their method
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is globally convergent. pk is obtained by

pk =


−Gk k = 0

−Gk + θPRP
k pk−1 − βkyk−1 k ≥ 1

such that βk =
GT

k pk−1

||Gk−1||2
. αk is found using an inexact line search and xk+1 is

obtained using (2.9). This method is a result of the MPRP by Zhang et al [107].

Where pk is

pk =


−Gk k = 0

−Gk + θPRP
k (I − GkG

T
k

||Gk||1
)pk−1 k ≥ 1

This is a two-term PRP technique that was suggested by Cheng [24]

Two decades back, three-term conjugate gradient approaches were invented on a

large scope for solving (1.1) [57, 101].

In 2011, Andrei [8] also suggested an MPRP method to solve (2.5). This

method was proven to satisfy both the conjugacy and sufficient descent condition

(2.3). Numerically it gives promising results when compared to the then existing

PRP methods.

In 2013, Ahookhosh et al [6] constructed two new PRP-based conjugate gradi-

ent procedures. The search direction pk is defined by

pk =


−Gk k = 0

−Gk + αk−1θkpk−1 − βkyk−1 k ≥ 1

such that θk = θPRP
k , βk1 =

α2
k−1G

T
k yk−1||pk−1||2

||Gk−1||4
, βk2 =

αk−1G
T
k pk−1

||Gk−1||2
+

GT
k yk−1||yk−1||2
||Gk−1||4

,

yk−1 defined as in (2.14) and xk+1 is computed using (2.17).
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In the same year, Al-Baali, Narushima, and Yabe suggested [12] CGM that was

employed to solve (2.5), and their methods gave promising outcomes.

In 2014, Zoltan and Sanja [76] proposed an FR-type direction that uses a combi-

nation of CG technique and projection approach. The direction is given by

pk =


−Gk k = 0

−Gk + αk−1θkpk−1 − βkyk−1 k ≥ 1

such that θk = θFR
k , βk1 =

α2
k−1G

T
k yk−1||pk−1||2

||Gk−1||2
, βk2 =

αk−1G
T
k pk−1

||Gk−1||2
+

||G|
k|

2

||Gk−1||4
and

yk−1 = Gk − Gk−1. xk+1 is computed using (2.17). This method is also globally

convergent.

In 2015, Dai, Chen, and Wen [32] recommended a derivative-free approach that

associates Livieris and Pintela’s modified Perry’s CGM [69] and the Solodev’s

hyperplane projection method [86] and they used it to solve (1.1) and pk is given

by

pk =


−Gk k = 0

−(I + θMP
k

GT
k pk−1

||Gk||2
)Gk + θMP

k pk−1 k ≥ 1

where θMP
k =

GT
k (yk−1−αk−1pk−1)

pTk wk−1
and wk−1 = yk−1 − γαk−1pk−1 such that γ > 0.

In 2015, Zhou and Wang [111] proposed a PRP-based residual method to solve

(1.1). The approach was determined by swapping the gradients. of the PRP-

Conjugate Gradient Method (CGM) with the residuals alongside the projection

technique and global convergence was also achieved.

Again in the same year, Sun and Liu [91] proposed modified PRP methods. The

three methods emanated from the term in PRP method that was suggested by
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Cheng [23]. They are sufficiently descent without any line search and when the

exact line search is satisfied, they become the original PRP approach. Furthermore,

their convergence is global considering the wolf conditions to hold.

Again in 2018 Liu and Feng [62] gave a derivative-free algorithm and it was proved

to be efficient in solving (1.1). The convergence was linear as in [62] and pk is

pk =


−Gk k = 0

−βkGk + θkpk−1 k ≥ 1

where θk = θPDY
k = ||Gk||2

pTk−1uk−1
, βk = a − GT

k pk−1

pTk−1uk−1
and uk−1 = yk−1 + tk−1pk−1 and

tk−1 = max{1, 1− pTk−1yk−1

pTk−1uk−1
}, a > 0. xk+1 is obtained by the orthogonal projection

of xk − G(zk)
T (xk−zk)G(zk)
||G(zk)||2

on to the zeros of (1.1).

In 2020, Dai and Zhu [35] modified the modified Hestenes-Stiefel method and

used it to solve (1.1). It combines the famous hyperplane projection in [86] and

the modified Hestenes-Stiefel in [34]. The search direction is obtained from

pk =


−Gk k = 0

−Gk + θNHZ
k pk−1 k ≥ 1

where θNHZ
k =

GT
k−1yk−1

pTk−1wk−1
− η ||yk−1||2

(pTk−1wk−1)2
GT

k−1pk−1, wk−1 = yk−1 + γαk−1pk−1 and

γ > 0 and η > 1/4. Here we observe that there is a relationship between the

search directions in [32] and [35].

In the same year, Zheng et al [109] also proposed another technique which was

proved globally convergent provided the appropriate line search and projection

step are chosen.
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pseudo monotonicity and

pk =


−Gk k = 0

−γGk + θkpk−1 + τakwk−1 k ≥ 1

satisfies (2.3) such that γ, τ > 0

ak =
GT

k pk−1

wT
k−1pk−1

, θk =
GT

k pk−1−2ak||wk−1||2

pTk−1wk−1
, wk−1 = yk−1 + tk−1pk−1 and tk−1 =

max{1, 1− pTk−1yk−1

||pk−1||2
}

Their method was an extension of Al Baali’s work together with the projection

method to solve (1.1). The global convergence relies on the pseudo monotonicity

and Lipschitz continuity of (1.1).

In 2021, Halilu et al [47] invented a two-term CGM coupled with the projection

scheme of Solodov and Svaiter [86] to solve (1.1). In 2022, Liu et al [65] came

up with a three-term CGPM to solve (1.1) and the direction is sufficiently descent

and satisfies the trust region properties. The convergence of the scheme is also

independent of the Lipschitz continuity of the function in (1.1). They used this

method to restore the sparse signals. Because of the requirement for the function

to be Lipschitz continuous for global convergence by some method, it motivated

Liu et al to propose another method that is globally convergent and independent

of the Lipschitz continuity.

In 2023, Ibrahim, Kimiaei, and Kumam [52] suggested a CGM. It is a result of

Dai–Liao method. The global convergence was confirmed under a mild assumption

of the function to be monotone.

Recently in 2024, Chankong et al [19] developed a class of CGPM that extends

Wang’s approach to solving (1.1) without using derivatives or its regularity. How-
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ever, the convergence requires the function to be Lipschitz continuous and this also

could be another area that may need focus.

2.2.3 Perry Conjugate Method

In 1977, Perry [77] a modified FR conjugate gradient method. The modification

proved to be stable in computational performance and this was attributed to the

replacement of the Hessian by the Newton-like matrix update of rank one and

pk =


−Gk k = 0

−Gk + θkpk−1 k ≥ 1

(2.19)

where θk =
(Gk−Gk−1−αk−1pk−1)

TGk

(Gk−Gk−1)T pk−1

In 2013, Liu and Xu developed various Symmetric Perry CGM to resolve uncon-

strained problems.

In 2015, Dai, Chen, and Wen [32] suggested a derivative-free method for (1.1)

resulting from modified Perry’s CGM and projection approach. Their approach

converges globally as long as the G in (1.1) is monotone and Lipschitz continuous.

Where

pk =


−Gk k = 0

−Gk + θMP
k

GT
k pk−1

||GK ||2 Gk + θMP
k pk−1 k ≥ 1

and θMP
k =

GT
k (yk−1−sk−1

pTk−1vk−1
, vk−1 = yk−1 + rsk−1, sk−1 = zk−1 − xk−1, zk−1 =

xk−1 + τk−1pk−1, yk−1 = G(zk−1)−Gk−1.

In 2016, Livieris and Pintelas developed another Perry CGM and proved its con-

vergence. This method corrects any loss of orthogonality that may occur due to
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an ill-conditioned problem, which can affect the method’s convergence [68].

In 2017, Andrei [9] suggested an adaptive Perry CGM and applied the ideas of the

Newton-like methods. The scaled Perry conjugate gradient is given by

pk =


−Gk k = 0

−Gk + θksk−1 + βkyk−1 k ≥ 1

where θk =
yTk−1Gk−τks

T
k−1Gk

yTk−1sk−1
, βk =

sTk−1Gk

yTk−1sk−1
, τk = 1+ tk(

||yk−1||2
yTk−1sk−1

− yTk−1sk−1

||sk−1||2
)+

yTk−1sk−1

||sk−1||2

and tk is the usual spectral parameter. The convergence analysis of this approach

was later corrected by Ou [74].

Later in 2018, Abubakar and Kumam [2] recommended an algorithm that was an

extension of the Dai-Liao extension by Babaie and Reza [13]. This method is

globally convergent and

pk =


−Gk k = 0

−Gk + θkpk−1 k ≥ 1

,

where

θk =
GT

k (yk−1 − ζksk−1)

pTk−1yk−1

ζk = o
||yk−1||2

sTk−1yk−1

− r
sTk−1yk−1

||sk−1||2

such that o ≥ 1/4, r ≤ 0, sk−1 and yk−1 as in (2.6) and (2.14) respectively.

For various values of o and r, the search direction changes to different search direc-

tions. see [2]. The step length is obtained using the basic line search also known

as the backtracking method. Because the basic line search may not guarantee to

22



obtain xk such that ∥G(xk)∥−∥G(xk−1)∥≤ 0, the convergence may be very slow

hence making the algorithm very inefficient. To solve this problem, Ibrahim et

al [52] devised a new derivative-free projection approach by introducing another

search direction defined by

pk =


−Gk k = 0

−Gk + θkpk−1 k ≥ 1

such that

θk =
GT

k (yk−1 − ζksk−1)

pTk−1y
∗
k−1

ζk = o
||yk−1||2

sTk−1yk−1

− r
sTk−1y

∗
k−1

||sk−1||2

jk−1 = max{1, 1−
yTk−1pk−1

||pk−1||2
}

y∗k−1 = yk−1 + jk−1pk−1

such that o > 0, r ≤ 0, sk−1 = xk − xk−1 and yk−1 = Gk −Gk−1

Yao, He, and Shi upgraded the Perry CGM using adaptive parameter choice. They

proposed an advanced Perry update matrix. The goal was to suppress the non-

symmetric Perry matrix and

pk =


−Gk k = 0

−θkGk k ≥ 1

where θk = I − sk−1y
T
k−1

yTk−1sk−1
− yk−1s

T
k−1

yTk−1sk−1
− t− sk−1y

T
k−1

sTk−1sk−1
and t = 2

yTk−1yk−1

yTk−1sk−1

Perry CGM has undergone various modifications and improvements to solve both
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regular and non-differentiable optimization problems [60, 61]

In 2019, Waziri et al [97] also proposed an adaptive class of Perry CGM to solve

(1.1). They are a combination of the modified versions of Perry conjugate methods

and projection technique and the convergent is global provided some conditions are

satisfied. The parameter θMP
k that is adaptive is given by

θMP
k =

GT
k (zk−1 − ζksk−1)

pTk−1zk−1

(2.20)

ζk = o
||zk−1||2

sTk−1zk−1

− r
sTk−1zk−1

||sk−1||2
(2.21)

such that o > 1/4, r < 1/4, sk−1 = xk−xk−1 and zk−1 = yk−1+ρmax{0,τk−1}
sTk−1vk−1

vk−1,

and ρ ∈ (0, 3), vk−1 is any vector and τk−1 = 2sTk−1(Gk +Gk−1) + 2(gk−1− gk), g is

the merit function as defined in (2.2)

In 2021, Awwal et al [11] recommended a Perry-type derivative method and

used it to solve (1.1). The scheme depends on the BFGS method with an upgraded

scheme of Perry’s parameter. For this,

pk =


−Gk k = 0

−γkGk + θksk−1 + βkρk−1 k ≥ 1

where γk = a + 2
GT

k ρk−1G
T
k sk−1

||Gk||tτTk−1sk−1
, ρk−1 = Gk − Gk−1 + rsk−1, r > 0, τk−1 = ρk−1 +

(max{1, 1− ρTk−1sk−1

||sk−1||2
})sk−1, θk = GT

k (ρk−1−sk−1)

τTk−1sk−1
, βk =

sTk−1Gk

τTk−1sk−1
and a > 0.

The major drawback of Wazir’s method was the reliance on o and r in ζk of (2.21).

This motivated Sabi’u et al [83] to propose another two-term Perry CGM as a
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result of obtaining the optimal choice of ζk. This was achieved by minimizing the

difference between the large eigenvalue and the smallest eigenvalue of the update

matrix associated with the search direction and this got rid of dependence on the

parameters o and r. Therefore,

pk =


−Gk k = 0

−MkGk + θMOP
k pk−1 k ≥ 1

such that Mk = I − θMOP
k

GT
k pk−1

||Gk||2
and θMOP

k =
(yk−1−ζ∗ksk−1)

TGk

pTk−1yk−1
and ζ∗k =

sTk−1yk−1

||sk−1||2
.

The method is globally convergent provided the problem in (1.1) is monotone and

Lipschitz continuous. The method gave promising results in compressive sensing.

This method relied on Kafaki and Ghanbari’s work which is an inclusion of Hager

and Zhang’s formula of 2015 [46] and Dai and Kou’s formula [29] as special cases.

Using Dai and Liao’s (DL) method of (2.5) in [1] whose conjugate gradient pa-

rameter is given by

βDL
k =

gTk yk−1

pTk−1yk−1

− ζ
gTk sk−1

pTk−1yk−1

(2.22)

where gk is the gradient of the unconstrained optimization problem, sk−1 and yk−1

in (2.6) and (2.7) respectively and for sure when ζ = 0, we arrive at βHS
k =

gTk yk−1

pTk−1yk−1

due to Hestenes and Stiefel [49]. Also in comparison with Hager and Zhang’s (HZ)

conjugate parameter

βHZ
k =

gTk yk−1

pTk−1yk−1

− 2
||yk−1||2

pTk−1yk−1

gTk pk−1

pTk−1yk−1

(2.23)

such that ζ = 2 ||yk−1||2
sTk−1yk−1

. DL method is regarded to be highly numerically efficient,

however, sometimes it does not achieve a descent direction and it also depends on
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the parameter ζ which has no optimal value. This was the driving force for Kafaki

and Ghanbari to suggest their methods in [13] to determine the appropriate values

for ζ. This method was later adopted by Waziri et al and extended to solve (1.1)

with the conjugate parameter as defined in (2.20).

Therefore, Sabi’u et al used this approach and extended it to determine the

best value tk = ζ and solved (1.1). From (2.19) and its parameter, we obtain

pk = −QkGk (2.24)

such that Qk = I − yk−1s
T
k−1

yTk−1sk−1
+ tk

sk−1s
T
k−1

yTk−1sk−1
and yk−1 = wk−1 + γsk−1, γ ∈ (0, 1) and

wk−1 = Gk − Gk−1, sk−1 defined as in (2.6). To ensure the Qk is symmetric, we

introduce Q̃k = (QT
k +Qk)/2 such that (2.24) becomes

pk = −Q̃kGk (2.25)

such that Q̃k = I − yk−1s
T
k−1

2yTk−1sk−1
− sk−1y

T
k−1

2yTk−1sk−1
+ tk

sk−1s
T
k−1

yTk−1sk−1
. As (1.1) is monotone, then

yTk−1sk−1 > 0, thus yk−1 and sk−1 are not zero vectors. So, there is some set

of mutually orthogonal vectors {ui
k}n−2

i=1 for which sTk u
i
k = yTk u

i
k = 0 for avery

i ∈ {1, · · ·n− 2} and ||ui
k||= 1. Consequently

Q̃ku
i
k = ui

k, ∀i ∈ {1, · · · , n− 2}

Implying that {ui
k} are eigenvectors of Q̃ with the corresponding characteristic

root 1 for each ui
k. So, we can determine the remaining two eigenvectors Q̃k say

η+k and η−k . We know that the tr(Q̃) of a square square matrix is the sum of its
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eigenvalues. Therefore

tr(Q̃k) = n− 1 + tk
||sk−1||2

yTk−1sk−1

hence

n− 2 + η−k + η+k = n− 1 + tk
||sk−1||2

yTk−1sk−1

therefore

η−k + η+k = 1 + tk
||sk−1||2

yTk−1sk−1

(2.26)

Using Frobenius norm on Q̃T Q̃, we have

tr(Q̃T
k Q̃k) = n− 3/2 +

||sk−1||2||yk−1||2
2(yTk−1sk−1)2)

+ t2k
||sk−1||4

(yTk−1sk−1)2

and so

n− 2 + η−k
2
+ η+k

2
= n− 3/2 +

||sk−1||2||yk−1||2
2(yTk−1sk−1)2)

+ t2k
||sk−1||4

(yTk−1sk−1)2

then

η−k
2
+ η+k

2
= 1/2 +

||sk−1||2||yk−1||2
2(yTk−1sk−1)2)

+ t2k
||sk−1||4

(yTk−1sk−1)2
(2.27)

Now from (2.26) and (2.27), we obtain

η−k η
+
k =

1

4
+ tk

||sk−1||2

yTk−1sk−1

− 1

4

||sk−1||2||yk−1||2

(yTk−1sk−1)2
(2.28)
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Using (2.26) and (2.27) we get

η±k =
(1 + tk

||sk−1||2
yTk−1sk−1

)±
√

(tk
||sk−1||2
yTk−1sk−1

− 1)2 + ||sk−1||2||yk−1||2
(yTk−1sk−1)2

− 1

2
(2.29)

we find that η+k > 0 and whenever tk > 1
4
( ||yk−1||2
yTk−1sk−1

− yTk−1sk−1

||sk−1||2
), then η− > 0. Then

Q̃k is positive definite which ensures the sufficiency descent condition is satisfied.

Sabi’u et al minimized the square of the difference difference (η+ − η−)2 to get tk.

But

(η+ − η−)2 = (tk
||sk−1||2

yTk−1sk−1

− 1)2 +
||sk−1||2||yk−1||2

(yTk−1sk−1)2
− 1

thus t∗k =
sTk−1yk−1

||sk−1||2
is the optimal value of the parameter tk and thus obtaining

θMOP
k .

2.3 Inertial derivative-free methods

The initial method was suggested in 1964 by Polyak [78] to solve a continuously

differentiable convex optimization problem. The inertial step is added into an iter-

ative scheme purposely to increase the speed of convergence. Various studies have

proved that iterative schemes that incorporated the inertial step to solve nonlinear

problems exhibited better numerical performance basically CPU time and number

of iterations than those without that step. This has moved mathematicians to

develop various iterative methods with the inertial step. (see, for instance [84, 81,

93, 40, 10, 50] and the references there in). However, there is no sufficient litera-

ture regarding the study of the impact of the inertial step on conjugate gradient

algorithms to solve nonlinear systems of (1.1). This approach has recently gained

interest as evidenced by the literature.
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In 2021, by the motivation of the inertial technique due to its role in the increase

of the convergence rate, Abubakar et al [3] proposed a derivative-free approach

combined an inertial step to solving (1.1) and it gave promising results. Inertial

extrapolation is an approach in which an extra step called the inertial step is

included in the existing step(s) of an iterative method [3]. If we have two initial

points xo and x1, then the inertial term can be defined by

yk = xk + ϕk(xk − xk−1)

such that the sequence {ϕk}∞k=1 satisfies some condition. Many methods have been

proposed combining the Inertial step with the DFPM. see [3, 54]. The crosscutting

feature among these techniques is that they are stable. Nonetheless, their global

convergence was determined after assuming that G is monotone and Lipschitz con-

tinuous [50]. To suppress these assumptions, Yin et al. [102] developed a family

derivative-free inertial methods to solve (1.1) and proved the global convergence

by neglecting the Lipschitz continuity of the underlying mapping.

Their work, Abubakar et al [3] used the projection Solodov and Svaiter’s approach

in [86] coupled with Brazilian and Bowein-like spectral parameters suggested by

Abubakar et al in [5]. Abubakar and others applied the framework of Amini and

Faramarzi’s CGM in [7].

In one of the schemes they proposed, Ibrahim et al [50] Incorporated an inertial

technique which is regarded to be a realistic technique that expedites an optimiza-

tion method, and indeed its application roots back to the heavy ball method [78].

The inertial approach has captured the interest of researchers [50] and has been

widely used in convex optimization problems, especially when the objective func-
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tion is smooth [92, 56]. Concerning that, the two methods spectral conjugate gra-

dient and Inertial technique have been extended to solve nonconvex but smooth

unconstrained problems [98].
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CHAPTER 3

GENERALIZED

DERIVATIVE-FREE METHODS

In this Chapter, we give a generalized result for the Perry conjugate gradient and

Conjugate gradient projection techniques.

We also detail the convergence analysis of algorithms provided the following as-

sumptions hold:

(A1) Γ is nonempty

(A2) G is Lipschitz continuous. Then there exists some nonzero constant L such

that for any x, y ∈ Rn then ||G(y)−G(x)||≤ L||y − x||

3.1 Generization of MOPCGM

From sk−1 = xk−xk−1, gk = ∇G(xk) and yk−1 = gk−gk−1. Also assume that Bk−1

is positive-definite, then

Bk = Bk−1 −
Bk−1sk−1(Bk−1sk−1)

T

sTk−1Bk−1sk−1

+
yk−1yk−1

sTk−1yk−1
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It is a rank 2 matrix update called DFP.

Now, using the Quasi-Newton approach as used in [77, 83] we propose

pk = −Q̃kGk (3.1)

such that

Q̃k = λI − λ
yk−1s

T
k−1

2yTk−1sk−1

− λ
sk−1y

T
k−1

2yTk−1sk−1

+ tk
sk−1s

T
k−1

yTk−1sk−1

(3.2)

λ > 0 and tk > 0. Because G is monotone, then sTk−1yk−1 > 0 for all x ̸= x∗.

This implies that both sk−1 and yk−1 are nonzero vectors. Let D be spanned by

{sk−1, yk−1} and a be any vector in Rn such that aTD ̸= 0, then

aT Q̃ka = tk
(aT sk−1)

2

yTk−1sk−1

> 0

and this shows that Q̃k is positive definite.

But Q̃k is rank 2 matrix update, then eigenvalue λ is of multiplicity n−2. Now we

need to determine the other two eigenvalues η−k and η+k since Q̃k is full rank based

on the symmetric property of Q̃k. Therefore we can find a set of vectors that are

mutually orthogonal {ui
k}n−2

i=1 such that

Q̃ku
i
k = λui

k, i = 1, · · · , n− 2

and satisfy ui
k
T
D = 0 for i = 1, · · · , n− 2.

Therefore {ui
k}n−2

i=1 are eigenvectors of Q̃k with the corresponding eigenvalue λ for

every ui
k. We can now determine the remaining 2 eigenvalues of Q̃k that is η+k and

η−k . The following lemmas are crucial.
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Lemma 3.1 Let Q̃k be defined as in (3.2), then

tr(Q̃k) = λ(n− 1) + tk
||sk−1||2

sTk−1yk−1

Proof. Using the linearity property of the trace of a matrix, it is the sum of all

eigenvalues of a matrix. So we have

tr(Q̃k) = tr(λI)− tr(λ
yk−1s

T
k−1

2yTk−1sk−1

)− tr(λ
sk−1y

T
k−1

2yTk−1sk−1

) + tr(tk
sk−1s

T
k−1

yTk−1sk−1

)

but tr(λI) = nλ. Let A = yk−1s
T
k−1, AT = sk−1y

T
k−1 and B = sk−1s

T
k−1 then

tr(A) = tr(AT ) = yTk−1sk−1 and tr(B) = ||sk−1||2. Then

tr(Q̃k) = λ(n− 1) + tk
||sk−1||2

yTk−1sk−1

Lemma 3.2 Let Q̃k be defined as in (3.2), then

tr(Q̃T
k Q̃k) = λ2(n− 3

2
) +

λ2

2

||sk−1||2||yk−1||2

(sTk−1yk−1)2
+ t2k

||sk−1||4

(sTk−1yk−1)2

Proof. From

Q̃T
k Q̃k =

(
λI − λ

yk−1s
T
k−1

2yTk−1sk−1

− λ
sk−1y

T
k−1

2yTk−1sk−1

+ tk
sk−1s

T
k−1

yTk−1sk−1

)T

(
λI − λ

yk−1s
T
k−1

2yTk−1sk−1

− λ
sk−1y

T
k−1

2yTk−1sk−1

+ tk
sk−1s

T
k−1

yTk−1sk−1

)
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Q̃T
k Q̃k =

(
λI − λ

sk−1y
T
k−1

2yTk−1sk−1

− λ
yk−1s

T
k−1

2yTk−1sk−1

+ tk
sk−1s

T
k−1

yTk−1sk−1

)
(
λI − λ

yk−1s
T
k−1

2yTk−1sk−1

− λ
sk−1y

T
k−1

2yTk−1sk−1

+ tk
sk−1s

T
k−1

yTk−1sk−1

)

Q̃T
k Q̃k = λ2I − λ23sk−1y

T
k−1

4yTk−1sk−1

− λ23yk−1s
T
k−1

4yTk−1sk−1

+ tkλ
sk−1s

T
k−1

yTk−1sk−1

+ λ2 ||sk−1||2yk−1y
T
k−1

4(yTk−1sk−1)2

−tkλ
||sk−1||2yk−1s

T
k−1

2(yTk−1sk−1)2
+λ2 ||yk−1||2sk−1s

T
k−1

4(yTk−1sk−1)2
−λtk

||sk−1||2sk−1y
T
k−1

2(yTk−1sk−1)2
+t2k
||sk−1||2sk−1s

T
k−1

(yTk−1sk−1)2

we have seen that tr(yk−1s
T
k−1) = yTk−1sk−1 and tr(sk−1s

T
k−1) = ||sk−1||2. Therefore

properties of trace of matrices

tr(Q̃T
k Q̃k) = tr(λ2I)−tr(λ23sk−1y

T
k−1

4yTk−1sk−1

)−tr(λ23yk−1s
T
k−1

4yTk−1sk−1

)+tr(tkλ
sk−1s

T
k−1

yTk−1sk−1

)+tr(λ2 ||sk−1||2yk−1y
T
k−1

4(yTk−1sk−1)2
)

−tr(tkλ
||sk−1||2yk−1s

T
k−1

2(yTk−1sk−1)2
)+tr(λ2 ||yk−1||2sk−1s

T
k−1

4(yTk−1sk−1)2
)−tr(λtk

||sk−1||2sk−1y
T
k−1

2(yTk−1sk−1)2
)+tr(t2k

||sk−1||2sk−1s
T
k−1

(yTk−1sk−1)2
)

Therefore

tr(Q̃T
k Q̃k) = nλ2 − λ23

4
− λ23

4
+ tkλ

||sk−1||2

yTk−1sk−1

+ λ2 ||sk−1||2||yk−1||2

4(yTk−1sk−1)2

− tkλ
||sk−1||2

2(yTk−1sk−1)
+ λ2 ||yk−1||2||sk−1||2

4(yTk−1sk−1)2
− λtk

||sk−1||2

2(yTk−1sk−1)
+ t2k

||sk−1||4

(yTk−1sk−1)2

tr(Q̃T
k Q̃k) = λ2(n− 3

2
) + λ2 ||sk−1||2||yk−1||2

2(yTk−1sk−1)2
+ t2k

||sk−1||4

(yTk−1sk−1)2
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for all λ.

Lemma 3.3 The product of eigenvalues η+ and η− is given by η+η− = λ2

4
−

λ2

4

(
||sk−1||||yk−1||

sTk−1yk−1

)2

+ λtk
||sk−1||2
sTk−1yk−1

.

Proof. Using Lemma 3.1 and the usual sum of all eigenvalues as the trace of a

matrix, we get

λ(n− 2) + η−k + η+k = λ(n− 1) + tk
||sk−1||2

sTk−1yk−1

.

Also using Lemma 3.2, we obtain

λ2(n− 2) + η−k
2
+ η+k

2
= λ2(n− 3

2
) +

λ2

2

||sk−1||2||yk−1||2

(sTk−1yk−1)2
+ t2k

||sk−1||4

(sTk−1yk−1)2
.

Implying that

η−k
2
+ η+k

2
=

λ2

2
+

λ2

2

||sk−1||2||yk−1||2

(sTk−1yk−1)2
+ t2k

||sk−1||4

(sTk−1yk−1)2
. (3.3)

Let a = ||sk−1||2
sTk−1yk−1

and b = ||sk−1||||yk−1||
sTk−1yk−1

, then we obtain

η−k + η+k = λ+ atk (3.4)

and

η−k
2
+ η+k

2
=

λ2

2
+

λ2

2
b2 + a2t2k (3.5)

respectively.

35



Now from (3.4) and (3.5), we obtain

η−k η
+
k =

λ2

4
− λ2

4
b2 + λatk. (3.6)

Remark 3.1 when λ = 1, then we obtain

η−k η
+
k =

1

4
− 1

4
b2 + atk

which is the case in MOPCGM [83].

Lemma 3.4 Let Q̃k be defined as in (3.2), then the optimal value of t is t∗k =

λ
sTk−1yk−1

||sk−1||2
.

From (3.4) and (3.6), we obtain

η2k − (λ+ at)ηk +

[
λ2

4
− λ2

4
b2 + atkλ

]
= 0. (3.7)

This means

η±k =
(λ+ atk)±

√
(λ+ at)2 − 4(λ

2

4
− λ2

4
b2 + atkλ)

2
. (3.8)

For positive definiteness of the matrix Q̃k, by applying some algebra, t > λ
4a
(b2−1).

Consequently, we obtain

t >
λ

4
(
||yk−1||2

sTk−1yk−1

−
sTk−1yk−1

||sk−1||2
).

Now to obtain the optimal value of tk, we minimize the square of the difference
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between η+k and η−k so that the condition number is small, then

(η+k − η−k )
2 = (λ+ at)2 − 4(

λ2

4
− λ2

4
b2 + atkλ). (3.9)

Therefore, the optimal value of t is λ
a

.

That is

t∗k = λ
sTk−1yk−1

||sk−1||2
.

Remark 3.2 For λ = 1, we obtain the Optimal Perry parameter t∗k =
sTk−1yk−1

||sk−1||2

obtained by Subu’i et al [83].

We propose a new search direction is given by

pk =


−Gk k = 0

−MkGk + θGMOP
k pk−1 k ≥ 1

(3.10)

such that Mk = λ+θGMOP
k

GT
k pk−1

||Gk||2
and θGMOP

k =
(vk−1−t∗ksk−1)

TGk

pTk−1vk−1
and t∗k = λ

sTk−1vk−1

||sk−1||2
,

λ > 0, vk = yk−1 + τsk−1 and τ > 0. (2.3).

Remark 3.3 To adaptively choose λ depending on the problem and the current

iterate, we define λk as the projection of two quantities onto the interval [αmin, αmax],

where αmin > 0. This ensures that λk remains bounded between αmin and αmax,

adjusting itself dynamically based on the progress of the optimization.

We define:

λk = Π[αmin,αmax]

(
∥vk−1∥2

s⊤k−1vk−1

,
s⊤k−1vk−1

∥sk−1∥2

)
,

The projection operator Π[αmin,αmax](·) projects the values onto the interval

[αmin, αmax].
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∥vk−1∥2
s⊤k−1vk−1

measures how much the G(x) changes relative to the step size. A large

value indicates a significant change in gradients, suggesting that a larger λk may

be beneficial.

s⊤k−1vk−1

∥sk−1∥2
measures the alignment between the step and the change in G(x), relative

to the step length. A smaller value suggests a smaller λk.

λk = Π[αmin,αmax]

(
max

(
∥vk−1∥2

s⊤k−1vk−1

,
s⊤k−1vk−1

∥sk−1∥2

))
(3.11)

This ensures that λk is bounded within [αmin, αmax], with αmin > 0 to prevent the

step size from becoming too small.

- αmin ensures that λk does not become too small, which could cause slow

convergence. - αmax limits λk from growing too large, preventing instability.

This adaptive scheme allows λk to tune itself according to the characteristics

of the problem, without requiring manual adjustments for each new optimization

problem. The dynamic nature of λk ensures a balance between stability and fast

progress.

Using (3.11), (3.10) becomes

pk =


−Gk k = 0

−MkGk + θGMOP
k pk−1 k ≥ 1

(3.12)

such that Mk = λk + θGMOP
k

GT
k pk−1

||Gk||2
and

θGMOP
k =

(vk−1 − t∗ksk−1)
TGk

pTk−1vk−1

, (3.13)
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t∗k = λk

sTk−1vk−1

||sk−1||2
, (3.14)

and λk > 0 defined in (3.3), vk = yk−1+τsk−1 and τ > 0. In lemma 3.5, we verified

that the pk of (3.10) satisfies (2.3).

Lemma 3.5 Let {pk} and Gk be produced by algorithm 1. Let αmin > 0, then

GT
k pk ≤ −αmin||Gk||2.

Proof. To verify this, we multiply GT
k in (3.10) and we obtain

GT
k pk = −λk||Gk||2−θGMOP

k

GT
k pk−1

||Gk||2
||Gk||2+θGMOP

k GT
k pk−1,

GT
k pk = −λk||Gk||2,

but from (3.11) λk ≥ αmin. It implies that

GT
k pk ≤ −αmin||Gk||2, (3.15)

From the Lemma 3.5 above, the descent condition generally does not depend

on tk.
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3.1.1 Generalized MOPCGM Algorithm

Algorithm 1 Generalized MOPCGM
1: Input: Function G, initial guess x0 ∈ Rn, λo > 0, tolerance ϵ = Tol, ρ ∈ (0, 1),

parameters τ , β > 0, η > 0, ζ > 0, αmin > 0, αmax > αmin, γ, γ1, γ2, γ3, γ4 ∈
(0, 2), 0 < ζ1 ≤ ζ2, projection function ΠΓ on convex set Γ

2: Output: Solution x∗

3: Initialization: Set k ← 0, λ← λo, zk ← x0, initialize αk

4: while ∥Gk∥> ϵ do
5: if ∥G(xk+1)∥< ∥G(xk)∥ then
6: λk+1 ← λk

7: Else λk+1 ← Π[αmin,αmax](max( ∥vk−1∥2
sTk−1vk−1

,
sTk−1vk−1

∥sk−1∥2
))

8: end if
9: Determine pk as in (3.10)

10: Adjust αk = max{ρiβ} such that

G(xk + αkpk)
Tpk ≤ −ζαk∥pk∥2Π[ζ1,ζ2](∥G(xk + αkpk)∥) (3.16)

11: if zk = xk + αkpk ∈ Γ and ∥G(zk)∥< ϵ then
12: x∗ ← zk
13: break
14: end if
15: Compute µk ← G(zk)

T (xk−zk)
∥G(zk)∥2

16: Update xk+1 ← ΠΓ(xk − γµkG(zk))
17: Compute sk−1 = zk−1 − xk−1 and vk−1 = G(xk)−G(xk−1) + τsk−1

18: Compute θMOP
k and t∗ using (3.14) and (3.13) respectively.

19: if ∥fk+1∥< ∥fk∥ then
20: γ = min(γ · γ1, γ2)
21: else
22: γ = max(γ · γ3, γ4)
23: break
24: end if
25: if ∥pk∥≈ 0 then
26: x∗ ← xk

27: break
28: end if
29: Set xk ← xk+1

30: end while
31: Return x∗
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3.1.2 Convergence Analysis of Generalized MOPCGM

The next Lemma examines that the algorithm is well defined.

Lemma 3.6 Let G be Lipschitz continuous, then

αk ≥ min{η, αminρ

L+ ζζ2

||Gk||2

||pk||2
}.

Proof. With the line search in Algorithm 1, Let αk be the optimal step length

that satisfies (3.16), then α̃k = αk/ρ violets (3.16). So,

G(xk + α̃kpk)
Tpk > −ζα̃k||pk||2Π[ζ1,ζ2](∥G(xk + α̃kpk)∥)

and GT
k pk ≤ −αmin||Gk||2.

||Gk||2≤
1

αmin

[
(G(xk + α̃kpk)−Gk)

Tpk −G(xk + α̃kpk)
Tpk

]

||Gk||2≤
1

αmin

[(G(xk + α̃kpk)−Gk)
Tpk + ζα̃k||pk||2ζ2]

||Gk||2≤
αk(L+ ζ2ζ)

ραmin

||pk||2

This completes the proof.

Lemma 3.7 The direction pk produced by Algorithm 1 meets the trust region prop-

erty

αmin∥G(xk)∥≤ ∥pk∥≤ κ∥G(xk)∥.

Proof.
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From

sk−1 = zk−1 − xk−1 = αk−1pk−1

Also |vTk−1sk−1|≤ (Lγ + τ)||sk−1||2, then |tGMOP
k |= λk

|vTk−1sk−1|
||sk−1||2

≤ αmax(Lγ + τ).

Therefore

|θGMOP
k |= |

vTk−1Gk

pTk−1vk−1

− λk

sTk−1vk−1

||sk−1||2
sTk−1Gk

pTk−1vk−1

|,

|θGMOP
k |≤

|vTk−1Gk|
ταk−1||pk−1||2

+
αmax(Lγ + τ)||sk−1||2

||sk−1||2
|sTk−1Gk|

ταk−1||pk−1||2
,

|θGMOP
k |≤ ||vk−1||||Gk||

ταk−1||pk−1||2
+

αmax(Lγ + τ)||sk−1||2

||sk−1||2
||sk−1||||Gk||
ταk−1||pk−1||2

,

|θGMOP
k |≤ (Lγ + τ)αk−1||pk−1||||Gk||

ταk−1||pk−1||2
+ αmax

(Lγ + τ)||sk−1||2

||sk−1||2
αk−1||pk−1||||Gk||
ταk−1||pk−1||2

,

|θGMOP
k |≤ (Lγ + τ)||Gk||

τ ||pk−1||
+ αmax(Lγ + τ)

||Gk||
τ ||pk−1||

,

|θGMOP
k |≤ (1 + αmax)

(Lγ + τ)||Gk||
τ ||pk−1||

, (3.17)

Now

||pk||≤ |λk − θGMOP
k

GT
k pk−1

||Gk||2
|||Gk||+|θGMOP

k |||pk−1||,

||pk||≤ |λ− θGMOP
k |||Gk||+|θGMOP

k

GT
k pk−1

||Gk||2
|||pk−1||.

But also

|(λk−θGMOP
k

GT
k pk−1

||Gk||2
)Gk+θGMOP

k pk−1|≤ αmax||Gk||+|θGMOP
k |G

T
k pk−1

||Gk||2
|||Gk||+|θGMOP

k |||pk−1||.

|(λk−θGMOP
k

GT
k pk−1

||Gk||2
)Gk+θGMOP

k pk−1|≤ αmax||Gk||+|θGMOP
k |∥Gk∥∥pk−1∥

||Gk||2
|||Gk||+|θGMOP

k |||pk−1||.
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It implies that

∥pk∥≤ αmax||Gk||+|θGMOP
k |∥pk−1∥+|θGMOP

k |||pk−1||,

Therefore,

∥pk∥≤ αmax||Gk||+2|θGMOP
k |∥pk−1∥.

Using (3.17)

∥pk∥≤ αmax||Gk||+2(1 + αmax)
(Lγ + τ)||Gk||

τ ||pk−1||
∥pk−1∥.

∥pk∥≤ αmax||Gk||+2(1 + αmax)
(Lγ + τ)||Gk||

τ
.

We finally get

∥pk∥≤
(
αmax + 2(1 + αmax)

(Lγ + τ)

τ

)
∥Gk∥. (3.18)

From (3.18), we conclude that

||pk||≤ κ||Gk||, (3.19)

where

κ = [αmax + 2(1 + αmax)
(Lγ + τ)

τ
] (3.20)

From lemma 3.5

αmin||Gk||2≤ −GT
k pk ≤ ||Gk||||pk||. (3.21)

Therefore, we complete the proof by combining (3.19) and (3.21).
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Lemma 3.8 Suppose all the assumptions A1 and A2 hold, then

lim
k→∞

αk||pk||= 0

Proof. Beginning from the line search (3.16) G(zk)
Tpk ≤ −ζαk||pk||2∥G(zk)∥

Therefore

G(zk)
T (xk − zk) = −αkG(xk + αkpk)

Tpk

G(zk)
T (xk − zk) ≥ ζα2

k||pk||2∥G(zk)∥

G(zk)
T (xk − zk) ≥ ζ||xk − zk||2∥G(zk)∥ (3.22)

Now, we apply the monotonicity of G and A1. Therefore there is x∗ ∈ Γ such that

G(x∗) = 0

G(zk)
T (xk − x∗) = G(zk)

T (xk − zk + zk − x∗)

G(zk)
T (xk − x∗) = G(zk)

T (xk − zk) +G(zk)
T (zk − x∗)

G(zk)
T (xk − x∗) ≥ G(zk)

T (xk − zk) +G(x∗)T (zk − x∗)

G(zk)
T (xk − x∗) ≥ G(zk)

T (xk − zk) (3.23)

This implies that

G(zk)
T (xk − x∗) ≥ ζ||xk − zk||2∥G(zk)∥ (3.24)
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Applying the non-expansive property of the projection operator, we get

||xk+1 − x∗||2= ||ΠΓ(xk − γµkG(zk))− x∗||2,

||xk+1 − x∗||2≤ ||(xk − γµkG(zK))− x∗||2,

||xk+1 − x∗||2≤ ||xk − x∗||2−2γµkG(zk)
T (xk − x∗) + γ2µ2

k||G(zk)||2.

using (3.23), we obtain

||xk+1 − x∗||2≤ ||xk − x∗||2−2γµkG(zk)
T (xk − zk) + γ2µ2

k||G(zk)||2.

But µ2
k =

(G(zk)
T (xk−zk))

2

||G(zk)||4

||xk+1 − x∗||2≤ ||xk − x∗||2−γ(2− γ)
(G(zk)

T (xk − zk))
2

||G(zk)||2
.

Using (3.22), we obtain

||xk+1 − x∗||2≤ ||xk − x∗||2−γ(2− γ)ζ2||xk − zk||4. (3.25)

Implying that

0 ≤ ||xk+1 − x∗||2≤ ||xk − x∗||2 (3.26)

So, the sequence {∥xk − x∗∥} is bounded below and non-increasing, hence {xk} is

convergent.
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From (3.25) we have

||xk − x∗||2≤ ||x0 − x∗||2−γ(2− γ)ζ2
k∑

j=0

||xj − zj||4.

This means that

γ(2− γ)ζ2
k∑

j=0

||xj − zj||4≤ ||x0 − x∗||2−||xk − x∗||2≤ ||x0 − x∗||2,

hence

γ(2− γ)ζ2
∞∑
j=0

||xj − zj||4≤ ||x0 − x∗||2<∞ (3.27)

This completes the proof.

Theorem 3.4 Suppose xk is generated by Algorithm 1, then

lim
k→∞

inf||Gk||= 0 (3.28)

Proof. Suppose that there is some ϵ > 0 such that ||Gk||> ϵ for all k. Using

(3.21) together with this, we obtain

αminϵ ≤ ∥pk∥ ∀k. (3.29)

From (3.29), we have αk → 0 as k →∞.

Applying the line search in (3.16) there is ᾱk (that is if αk is the optimal step-size

that satisfies the line search, then ᾱk =
αk

ρ
violets the line search) such that

−G(xk + ᾱkζpk)
Tpk < ᾱkζ||pk||2Π[ζ1,ζ2](∥G(xk + ᾱkpk)∥) ≤ ᾱkζ||pk||2ζ2 (3.30)
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Since xk and pk are bounded, we can select sub-sequences that converge to their

accumulation points. Let x̄ and p̄ be the accumulation points of xk and pk respec-

tively, then as k approaches infinity and by continuity of G in (3.30), we have

−G(x̄)T p̄ ≤ 0

Also using (3.15) as k approaches infinity, we have

−G(x̄)T p̄ ≥ 0

This is for sure a contradiction.

Therefore

lim
k→∞

inf||G(xk)||= 0.

Hence global convergence. This completes the proof.

We can provide an alternative proof that depends on the Lipschitz continuity of

G. Assume G is Lipschitz continuous.

Proof. We have two cases to consider.

1. Case 1

Suppose limk→∞ inf∥pk∥= 0. Now when we apply (3.15), it means there is

Ω ∈ R+ such that

∥Gk∥≤ Ω∥pk∥, ∀ k

and taking the limits concludes (3.28).

2. Case II
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Let limk→∞ inf∥pk∥≠ 0. Applying the line search in (3.16) there is α̃k (that

is if αk is the optimal step-size that satisfies the line search, then α̃k = αk

ρ

violets the line search) such that

−G(xk+α̃kpk)
Tpk < ζα̃k||pk||2Π[ζ1,ζ2](∥G(xk+α̃kpk)∥) ≤ α̃kζ||pk||2ζ2 (3.31)

But using sufficient descent condition (3.28), Triangle inequality, Cauchy-

Schwartz inequality and Lipschitz continuity of G, we have

αmin||Gk||2≤ −GT
k pk = (G(xk + α̃kpk)−Gk)

Tpk −G(xk + α̃kpk)
Tpk,

αmin||Gk||2≤ Lα̃k||pk||2+ζα̃k||pk||2ζ2,

αmin||Gk||2≤ α̃k||pk||2(L+ ζζ2) .

We arrive at
ραmin

||pk||(L+ ζζ2)
∥Gk∥≤ αk||pk||.

Consequently, we have

||Gk||2≤ αk||pk||
αmin||pk||(L+ ζζ2)

ραmin

.

Taking the limits in k implies that

lim
k→∞

inf||Gk||= 0.

Hence global convergence. This completes the proof.
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3.2 Generalization of CGPM

The CG parameter given by Hager and Zhang (HZ) [46] is a particular case of Dai

and Liao (DL) parameter [33]. It happens when t = 2 ||yk−1||2
sTk−1yk−1

in (2.23) which may

be considered to be an adaptive type of the D-L scheme in (2.22).

We now propose a generalized parameter related to H-Z parameter tk to be

tk = λ
||yk−1||2

sTk−1yk−1

, (3.32)

such that λ > 0. The proposed search direction is

pk =


−Gk k = 0

−λkGk + θGCGM
k pk−1 + τakwk−1 k ≥ 1

, (3.33)

such that λk > 0,

θGCGM
k =

GT
kwk−1

pTk−1wk−1

− λk
||wk−1||2

pTk−1wk−1

GT
k pk−1

pTk−1wk−1

, (3.34)

where λk = Π[αmin,αmax](max( ∥wk−1∥2
sTk−1wk−1

,
sTk−1wk−1

∥sk−1∥2
)) as used in [82] and

Π[αmin,αmax](x) = max(αmin,min(x, αmax)),

ak =
GT

k pk−1

wT
k−1pk−1

, τ > 0, wk−1 = yk−1 + rkpk−1, yk−1 = G(xk) − G(xk−1), sk−1 =

xk − xk−1 and rk = 1 +max{0,− GT
k pk−1

wT
k−1pk−1

}
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The next lemma verifies that (3.33) satisfies the sufficient descent condition.

Lemma 3.9 Let {pk} and G(xk) be produced by the algorithm 2. Let 0 ≤ τ ≤

1, and αmin ≥ 1+τ
2

, then (3.33) meets the sufficient descent condition GT
k pk ≤

−ξ∥Gk∥2, where ξ ≥ 0.

The condition holds for k = 0.

GT
k pk = −λk||Gk||2+θGCGM

k GT
k pk−1 + τakG

T
kwk−1.

GT
k pk = −λk||Gk||2+

GT
kwk−1

pTk−1wk−1

GT
k pk−1−λk

||wk−1||2

pTk−1wk−1

GT
k pk−1

pTk−1wk−1

GT
k pk−1+τ

GT
k pk−1

wT
k−1pk−1

GT
kwk−1.

GT
k pk = −λk||Gk||2+(1 + τ)

GT
kwk−1

pTk−1wk−1

GT
k pk−1 − λk

||wk−1||2

pTk−1wk−1

GT
k pk−1

pTk−1wk−1

GT
k pk−1.

GT
k pk = −λk||Gk||2+

2
√
λk(1 + τ)

2
√
λk

GT
kwk−1

pTk−1wk−1

GT
k pk−1−λk

||wk−1||2

pTk−1wk−1

GT
k pk−1

pTk−1wk−1

GT
k pk−1.

GT
k pk = −λk||Gk||2+

2
√
λk(1 + τ)

2
√
λk

GT
kwk−1G

T
k pk−1p

T
k−1wk−1

(pTk−1wk−1)2
−λk
||wk−1||2(GT

k pk−1)
2

(pTk−1wk−1)2
.

GT
k pk = −λk||Gk||2+

(1 + τ)

2
√
λk

GT
k (p

T
k−1wk−1)2

√
λkwk−1(G

T
k pk−1)

(pTk−1wk−1)2
−λk
||wk−1||2(GT

k pk−1)
2

(pTk−1wk−1)2
.

GT
k pk ≤ −λk||Gk||2+

(1 + τ)2

4λk

||Gk||2(pTk−1wk−1)
2 + 4λk||wk−1||2(GT

k pk−1)
2

2(pTk−1wk−1)2
−λk
||wk−1||2(GT

k pk−1)
2

(pTk−1wk−1)2
.

GT
k pk ≤ −λk||Gk||2+

(1 + τ)2

4λk

||Gk||2.

But 0 < αmin ≤ λk ≤ αmax, then

GT
k pk ≤ −αmin(1−

(1 + τ)2

4α2
min

)||Gk||2. (3.35)

This completes the proof.
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3.2.1 Generalized CGPM Algorithm

Algorithm 2 Generalized CGPM
1: Input: Function G, initial guess x0 ∈ Rn, λo > 0, tolerance ϵ = Tol, ρ ∈ (0, 1),

parameters τ > 0, η > 0, ζ > 0, γ, γ1, γ2, γ3, γ4 ∈ (0, 2), 0 < αmin ≤ αmax,
0 < ζ1 ≤ ζ2, projection function ΠΓ on convex set Γ

2: Output: Solution x∗

3: Initialization: Set k ← 0, zk ← x0, λ← λo, initialize αk

4: while ∥Gk∥> ϵ do
5: if ∥G(xk+1)∥< ∥G(xk)∥ then
6: λ← λ

7: Else λ← Π[αmin,αmax](max( ∥wk−1∥2
sTk−1wk−1

,
sTk−1wk−1

∥sk−1∥2
))

8: end if
9: Compute θGCGPM

k using (3.34).
10: Determine pk as in (3.33)
11: Adjust αk = max{ρiη | i = 0, 1, 2, . . . } such that

G(xk + αkpk)
Tpk ≤ −ζαk∥pk∥2Π[ζ1,ζ2](∥G(xk + αkpk)∥) (3.36)

12: if zk = xk + αkpk ∈ Γ and ∥G(zk)∥< ϵ then
13: x∗ ← zk
14: break
15: end if
16: Compute µk ← G(zk)

T (xk−zk)
∥G(zk)∥2

17: Update xk+1 ← ΠΓ(xk − γµkG(zk))
18: Compute vk−1 = G(xk)−G(xk−1) + rkpk−1

19: if ∥fk+1∥< ∥fk∥ then
20: γ = min(γ · γ1, γ2)
21: else
22: γ = max(γ · γ3, γ4)
23: break
24: end if
25: if ∥pk∥≈ 0 then
26: x∗ ← xk

27: break
28: end if
29: Set xk ← xk+1

30: end while
31: Return x∗
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3.2.2 Convergence Analysis for the generalized CGPM

Assuming all the conditions A1 and A2 are met, then we can analyze the conver-

gence of algorithm 1.

Lemma 3.10 Let G be Lipschitz continuous. Let 0 ≤ τ ≤ 1, and αmin ≥ 1+τ
2

,
Then

αk ≥ min{η, ρ[4α
2
min − (1 + τ)2]

4αmin[L+ ζζ2]

||Gk||2

||pk||2
}

Proof. Let αk be the optimal step length that satisfies (3.36), then, α̃k = αk/ρ

violets (3.36). Therefore,

G(xk + α̃kpk)
Tpk > −ζα̃k||pk||2Π[ζ1,ζ2](||G(xk + α̃kpk)||)

But GT
k pk ≤ −αmin[1− (1+τ)2

4α2
min

]||Gk||2. So

||Gk||2≤ −
4αmin

[4α2
min − (1 + τ)2]

GT
k pk

||Gk||2≤
4αmin

[4α2
min − (1 + τ)2]

[(G(xk + α̃kpk)−Gk)
Tpk −G(xk + α̃kpk)

Tpk]

||Gk||2≤
4αmin

[4α2
min − (1 + τ)2]

[(G(xk+α̃kpk)−Gk)
Tpk+ζα̃k||pk||2Π[ζ1,ζ2](∥G(xk+α̃kpk)∥)],

||Gk||2≤
4αkαmin

ρ[4α2
min − (1 + τ)2]

[L+ ζζ2]||pk||2.

Lemma 3.11 Suppose all the assumptions A1 and A2 hold, then

lim
k→∞

αk||pk||= 0

Proof. Beginning from the line search (3.36) G(zk)
Tpk ≤ −ζαk||pk||2||G(zk)||

Therefore

G(zk)
T (xk − zk) = −αkG(xk + αkpk)

Tpk

G(zk)
T (xk − zk) ≥ ζα2

k||pk||2||G(zk)||
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G(zk)
T (xk − zk) ≥ ζ||xk − zk||2||G(zk)|| (3.37)

Now, we apply the monotonicity of G and A1. Therefore there is x∗ ∈ Γ such that

G(x∗) = 0

G(zk)
T (xk − x∗) = G(zk)

T (xk − zk + zk − x∗)

G(zk)
T (xk − x∗) = G(zk)

T (xk − zk) +G(zk)
T (zk − x∗)

G(zk)
T (xk − x∗) ≥ G(zk)

T (xk − zk) +G(x∗)T (zk − x∗)

G(zk)
T (xk − x∗) ≥ G(zk)

T (xk − zk) (3.38)

This implies that

G(zk)
T (xk − x∗) ≥ ζ||xk − zk||2||G(zk)|| (3.39)

Applying the non-expansive property of the projection operator, we get

||xk+1 − x∗||2= ||ΠΓ(xk − γµkG(zk))− x∗||2

||xk+1 − x∗||2≤ ||(xk − γµkG(zK))− x∗||2

||xk+1 − x∗||2≤ ||xk − x∗||2−2γµkG(zk)
T (xk − x∗) + γ2µ2

k||G(zk)||2

||xk+1 − x∗||2≤ ||xk − x∗||2−2γµkG(zk)
T (xk − zk) + γ2µ2

k||G(zk)||2 (3.40)

||xk+1 − x∗||2≤ ||xk − x∗||2−2γ (G(zk)
T (xk − zk))

2

∥G(zk)∥2
+ γ2 (G(zk)

T (xk − zk))
2

∥G(zk)∥2
(3.41)

||xk+1 − x∗||2≤ ||xk − x∗||2−γ(2− γ)
(G(zk)

T (xk − zk))
2

||G(zk)||2

||xk+1 − x∗||2≤ ||xk − x∗||2−γ(2− γ)(ζ||xk − zk||4) (3.42)
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Inequalities (3.40) and (3.42) follow from (3.37) and (3.38) respectively.

From (3.42), we obtain

0 ≤ ||xk+1 − x∗||2≤ ||xk − x∗||2

This implies that {||x0 − x∗||} is a decreasing sequence and bounded below. This

means that {xk} is convergent. From (3.42) we settle that

||xk − x∗||2≤ ||x0 − x∗||2−γ(2− γ)ζ2
k∑

j=0

(||xj − zj||4. (3.43)

∞∑
k=0

||xk − zk||4≤ ||x0 − x∗||2<∞.

This completes the proof.

Theorem 3.5 Suppose xk is produced by Algorithm 2 and αmin > (1+τ)
2

as defined
in algorithm 2, then

lim
k→∞

inf||Gk||= 0. (3.44)

Proof. We have two cases to consider.

1. Case 1

Suppose limk→∞ inf∥pk∥= 0. Now when we apply (3.35), it means there is

Ω ∈ R+ such that

∥Gk∥≤ Ω∥pk∥, ∀ k

and taking the limits concludes (3.44).

2. Case II

Let limk→∞ inf∥pk∥≠ 0. Applying the line search in (3.36) there is α̃k (that

is if αk is the optimal step-size that satisfies the line search, then α̃k = αk

ρ

violets the line search) such that

−G(xk+α̃kpk)
Tpk < ζα̃k||pk||2Π[ζ1,ζ2](∥G(xk+α̃kpk)∥) ≤ α̃kζ||pk||2ζ2 (3.45)
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But using sufficient descent condition (3.44), Triangle inequality, Cauchy-

Schwartz inequality and Lipschitz continuity of G, we have

αmin[1−
(1 + τ)2

4α2
min

]||Gk||2≤ −GT
k pk = (G(xk+α̃kpk)−Gk)

Tpk−G(xk+α̃kpk)
Tpk,

αmin[1−
(1 + τ)2

4α2
min

]||Gk||2≤ Lα̃k||pk||2+ζα̃k||pk||2ζ2,

αmin[1−
(1 + τ)2

4α2
min

]||Gk||2≤ α̃k||pk||2(L+ ζζ2) .

We arrive at
ρ[4α2

min − (1 + τ)2]

4||pk||αmin(L+ ζζ2)
∥Gk∥≤ αk||pk||.

Consequently, we have

||Gk||2≤ αk||pk||
4αmin||pk||(L+ ζζ2)

ρ[4α2
min − (1 + τ)2]

.

Taking the limits in k implies that

lim
k→∞

inf||Gk||= 0.

Hence global convergence. This completes the proof.

3.2.3 Features of GCGPM, GMOPCGM, and STTDFPM

In this section we describe the features associated with GCGPM, GMOPCGM,

and STTDFPM.

The most common features associated with the methods mentioned above include

Where Φk = Π[η1,η2](G(zk)), λk = Π[αmin,αmax](max( ∥sk−1∥2
sTk−1yk−1

,
sTk−1yk−1

∥yk−1∥2
))

From table A.1, we can deduce the similarities among the three methods. In

[82], the spectral parameter considered is βk = Π[η1,η2](
∥sk−1∥2
sTk−1yk−1

). But ∥sk−1∥2
sTk−1yk−1

is
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Properties GCGPM GMOPCGM STTDFPM
line search method G(xk + αkpk)

Tpk ≤ −ζαk∥pk∥2Φk G(xk + αkpk)
Tpk ≤ −ζαk∥pk∥2Φk G(xk + αkpk)

Tpk ≤ −ζαk∥pk∥2Φk

Search direction −λkGk + θGCGPM
k pk−1 + γ

GT
k pk−1

pTk−1wk−1
wk−1 −λkGk + θGMOP

k
GT

k pk−1

||GK ||2 Gk + θGMOP
k pk−1 −βkGk + θSTTDFPM

k pk−1 − ηkyk−1

Conjugate Parameter θGCGPM
k =

(wk−1−tGCGPM
k pk−1)

TGk

pTk−1wk−1
θGMOP
k =

(vk−1−tGMOP
k sk−1)

TGk

pTk−1vk−1
θSTTDFPM
k =

yTk−1Gk

uk

Parameter t tGCGPM
k = λk

||wk−1||2
pTk−1wk−1

tGMOP
k = λk

sTk−1vk−1

||sk−1||2
t = 0

Sufficient descent Yes Yes Yes
DL Class Yes Yes Yes
Hestenes–Stiefel (HS) Class No No Yes
Number of Terms Three Term Two Term Three Term
Spectral Conjugate gradient Yes Yes Yes
Assumptions (A1) and (A2) Yes Yes Yes
Monotonicity of G Yes Yes Yes
Projection of xk to Γ Yes Yes Yes
Globally convergent Yes Yes Yes

Table 3.1: Comparison of Properties of Different Optimization Methods

always considered to be more superior compared to sTk−1yk−1

∥yk−1∥2
. So replacing βk with

λk will not greatly affect the performance of STTDFPM.

The DL class of methods exploits the Dai-Liao (DL) conjugate parameter, which

is defined as:

θDL
k = θHS

k − t
G(xk)

⊤sk−1

p⊤k−1yk−1

, (3.46)

where θHS
k is the Hestenes-Stiefel (HS) conjugate parameter [49], and t ≥ 0 is a

controllable parameter that influences the method’s behavior. The parameter t

has attracted significant interest in the literature because different values of t lead

to distinct methods with varying performance characteristics. For example, when

t = 0, the DL parameter simplifies to the HS parameter, placing methods like the

STTDFPM into this category.

Specific choices for the parameter t lead to well-known methods. For instance:

• When

t = 2
∥yk−1∥2

s⊤k−1yk−1

, (3.47)

we obtain CGPM.

• When

t =
s⊤k−1yk−1

∥sk−1∥2
, (3.48)
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we derive the Modified Optimal Perry Conjugate Gradient Method

(MOPCGM).

The table A.1 above compares the properties of three algorithms, that is

GCGPM, GMOPCGM and STTDFPM.

• Line search criteria: Each method uses a different line search strategy to

determine step size. However, these line search strategies are closely related.

– CGPM: Incorporates a line search criterion based on the condition

G(xk + αkpk)
⊤pk ≤ −ζαk∥pk∥2∥G(xk + αkpk)∥, ensuring that the step

taken minimizes along the gradient.

– MOPCGM: Uses a similar line search condition but excludes the norm

of G(xk + αkpk), simplifying the condition slightly.

– STTDFPM: Includes an additional factor βk in the condition, which

could adaptively modify the step size.

• Search direction: There are variations in the way G(xk) and previous

search direction pk−1 are combined.

• Conjugate parameters: Each method’s parameterization affects the over-

all update rules.

– CGPM: The conjugate parameter θCGPM
k involves both wk−1 = yk−1+

γsk−1, γ > 0 and tCGPM
k , as well as their relation to the G(xk) as defined

in (3.47). wk−1 replaces yk−1

– MOPCGM: The conjugate parameter θMOP
k follows a similar formula

but replaces yk−1 with wk−1 and is defined in (3.47).
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– STTDFPM: The conjugate parameter is as in (3.46) when t = 0.

• Global convergence: All methods are guaranteed to converge under certain

assumptions, ensuring robustness across different problem types.

We can see from that table that all the algorithms use a similar line search to

ensure that the descent direction is adquate.

All the algorithms meet the sufficient descent condition and are DL class.

GCGPM and STTDFPM are three term spectural conjugate method while

GMOPCGM is a two term SCGM.

Each algorithm projects the point xk to the constraint set Γ.

All algorithms are globally convergent and this ensures the stability and robustness

of the algorithms.
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CHAPTER 4

FRAMEWORK

4.1 Framework

In the Framework, we mean a unification of all the three algorithms that we have

discussed in the table A.1 in chapter 3. Table A.1 brings out a general picture

of the common features regarding the three algorithms, that is, the generalized

Conjugate gradient method(GCGM), Generalised Modified Optimal Perry conju-

gate gradient method(GMOPCGM), and STTDFPM all fall in the DL class and

are Spectral Gradient methods. In this chapter, we proposed a framework that

encompasses all three methods GCGM, GMOPCGM, and STTDFPM.

Our main goal here is to write all three algorithms to be in one algorithm.

This is achieved by writing the search direction of the framework as the convex

combination of the individual search directions and line searches respectively. In

addition to that, we also proposed a new search direction and line search for the

framework. We proved that the framework is sufficiently descent and then proved

the global convergence under some assumptions. Here is the general algorithm of

the framework.
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4.1.1 General Algorithm of the Framework

Algorithm 3 General Framework
1: Input: Function G, initial guess x0 ∈ Rn, tolerance ϵ = Tol, ρ ∈ (0, 1), tuning

parameters, projection function ΠΓ on convex set Γ
2: Output: Solution x∗

3: Search direction: Find the search direction pk
4: Line Search: Find the line search αk using the appropriate method.
5: Update: Update xk

6: Convergence: Check convergence. If it converges, stop. Otherwise, go to
step 3.

7: Return x∗

In the following section, we proposed the search direction for the framework

by expressing it as a convex combination of the directions of the three methods

discussed before.

4.1.2 The line search for the Framework

The proposed search direction of the framework given by

pk =


−Gk k = 0

−(λk + Λk)Gk +Θkpk−1 + υΦSTTDFPM
k yk−1 + ντΦGCGPM

k wk−1 k ≥ 1

(4.1)

such that Θk = (δθGMOP
k + υθSTTDFPM

k + νθGCGPM
k ), Λk = δθGMOP

k
GT

k pk−1

||Gk||2
,

ΦGCGPM
k =

GT
k sk−1

sTk−1wk−1
, ΦSTTDFPM

k = −pTk−1Gk

uk
, uk = max{ϕ||yk−1||||pk−1||, ||Gk−1||2},

δ, υ, ν ∈ [0, 1] and δ + υ + ν = 1.

Lemma 4.1 Let {pk} and G(xk) be produced by the algorithm 4. Let 0 ≤ τ ≤ 1,

ν ∈ [0, 1] and αmin ≥
√
ν 1+τ

2
, then (4.1) is meets the sufficiently descent condition.
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Proof. It is clear if k = 0. On the other hand,

GT
k pk−1 = −λk||Gk||2−Λk∥Gk∥2+ΘkG

T
k pk−1+υΦSTTDFPM

k GT
k yk−1+νΦGCGPM

k GT
kwk−1

But

−Λk||Gk||2= −δθGMOP
k GT

k pk−1. (4.2)

Also

ΘkG
T
k pk−1 = (δθGMOP

k + υθSTT
k + νθCDPM

k )GT
k pk−1,

ΘkG
T
k pk−1 = δθGMOP

k GT
k pk−1 + υθSTT

k GT
k pk−1 + νθCDPM

k GT
k pk−1. (4.3)

Summing (4.2) and (4.3), we obtain

−Λk||Gk||2+ΘkG
T
k pk−1 = υθSTTDFPM

k GT
k pk−1 + νθGCGPM

k GT
k pk−1. (4.4)

But

θGCGPM
k =

(wk−1 − tGCGPM
k pk−1)

TGk

pTk−1wk−1

,

θGMOP
k =

(vk−1 − tGMOP
k sk−1)

TGk

pTk−1vk−1

,

θSTTDFPM
k =

yTk−1Gk

uk

.

Substituting the parameters in to (4.9)

−Λk||Gk||2+ΘkG
T
k pk−1 = υ

yTk−1Gk

uk

GT
k pk−1 + ν

(wk−1 − tGCGPM
k pk−1)

TGk

pTk−1wk−1

GT
k pk−1.
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Also tCGPM
k = λk

||wk−1||2
pTk−1wk−1

, implying that

−Λk||Gk||2+ΘkG
T
k pk−1 = υ

yTk−1Gk

uk

GT
k pk−1+ν

wT
k−1GkG

T
k pk−1

pTk−1wk−1

−νλk
||wk−1||2

pTk−1wk−1

pTk−1Gk

pTk−1wk−1

GT
k pk−1.

−Λk||Gk||2+ΘkG
T
k pk−1 = υ

yTk−1Gk

uk

GT
k pk−1+ν

wT
k−1GkG

T
k pk−1

pTk−1wk−1

−νλk

∥wk−1∥2pTk−1Gk

(pTk−1wk−1)2
GT

k pk−1.

(4.5)

On the other hand,

rΦSTTDFPM
k GT

k yk−1+νΦGCGPM
k GT

kwk−1 = −υ
pTk−1Gk

uk

GT
k yk−1+ντ

GT
k pk−1

pTk−1wk−1

GT
kwk−1.

(4.6)

Adding (4.5) to (4.6), we get

− Λk||Gk||2+ΘkG
T
k pk−1 + υΦSTTDFPM

k GT
k yk−1 + νΦGCGPM

k GT
kwk−1 =

ν(1 + τ)
GT

k pk−1

pTk−1wk−1

GT
kwk−1 − νλk

∥wk−1∥2(pTk−1Gk)
2

(pTk−1wk−1)2
.

We multiply pTk−1wk−1 up and down in the first term on the right-hand side.

− Λk||Gk||2+ΘkG
T
k pk−1 + υΦSTTDFPM

k GT
k yk−1 + νΦGCGPM

k GT
kwk−1 =

ν(1 + τ)
GT

k pk−1p
T
k−1wk−1G

T
kwk−1

(pTk−1wk−1)2
− νλk

∥wk−1∥2(pTk−1Gk)
2

(pTk−1wk−1)2

− Λk||Gk||2+ΘkG
T
k pk−1 + υΦSTTDFPM

k GT
k yk−1 + νΦGCGPM

k GT
kwk−1 =

ν(1 + τ)
GT

k pk−1p
T
k−1wk−1G

T
kwk−1

(pTk−1wk−1)2
− νλk

∥wk−1∥2(pTk−1Gk)
2

(pTk−1wk−1)2
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− Λk||Gk||2+ΘkG
T
k pk−1 + υΦSTTDFPM

k GT
k yk−1 + νΦGCGPM

k GT
kwk−1 =

ν
(1 + τ)√

2λk

GT
k pk−1p

T
k−1

√
2λkwk−1G

T
kwk−1

(pTk−1wk−1)2
− νλk

∥wk−1∥2(pTk−1Gk)
2

(pTk−1wk−1)2
.

Using Young’s inequality,

− Λk||Gk||2+ΘkG
T
k pk−1 + υΦSTTDFPM

k GT
k yk−1 + νΦGCGPM

k GT
kwk−1 ≤

ν

(
(1 + τ)2

4λk

(∥Gk∥2(wT
k−1pk−1)

2

(pTk−1wk−1)2
+

2λk∥wk−1∥2(GT
k pk−1)

2

2(pTk−1wk−1)2

)
−νλk

∥wk−1∥2(pTk−1Gk)
2

(pTk−1wk−1)2
,

−Λk||Gk||2+ΘkG
T
k pk−1+υΦSTTDFPM

k GT
k yk−1+νΦGCGPM

k GT
kwk−1 ≤ ν

(1 + τ)2

4λk

∥Gk∥2

(4.7)

Adding −λk∥Gk∥2 to (4.7), it follows that

GT
k pk ≤ −λk(1− ν

(1 + τ)2

4λ2
k

)∥Gk∥2. (4.8)

But αmin ≤ λk, we obtain

GT
k pk ≤ −αmin(1− ν

(1 + τ)2

4α2
min

)∥Gk∥2. (4.9)

This completes the proof.
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4.1.3 Algorithm for the Framework

Algorithm 4 Framework
1: Input: Function G, initial guess x0 ∈ Rn, λo > 0, tolerance ϵ = Tol, ρ ∈ (0, 1),

parameters σ, σ1, σ2, ϕ > 0 β > 0, η > 0, ζ > 0, γ, γ1, γ2, γ3, γ4 ∈ (0, 2),
0 < αmin ≤ αmax, 0 < ζ1 ≤ ζ2, τ , δ, υ, ν ∈ [0, 1], projection function ΠΓ on
convex set Γ

2: Output: Solution x∗

3: Initialization: Set k ← 0, zk ← x0, λ← λo, initialize αk

4: while ∥Gk∥> ϵ do
5: if ∥G(xk+1)∥< ∥G(xk)∥ then
6: λ← λ

7: Else λ← Π[αmin,αmax](max( ∥wk−1∥2
sTk−1wk−1

,
sTk−1wk−1

∥sk−1∥2
))

8: end if
9: Determine pk as in (4.1)

10: Adjust αk = max{ρiη | i = 0, 1, 2, . . . } such that

G(xk + αkpk)
Tpk ≤ −ζαk∥pk∥2Π[ζ1,ζ2](∥G(xk + αkpk)∥) (4.10)

11: if zk = xk + αkpk ∈ Γ and ∥G(zk)∥< ϵ then
12: x∗ ← zk
13: break
14: end if
15: Compute µk ← G(zk)

T (xk−zk)
∥G(zk)∥2

16: Compute sk−1 = zk−1 − xk−1 and vk−1 = G(xk)−G(xk−1) + σ1sk−1

17: Update xk+1 ← ΠΓ(xk − γµkG(zk))
18: if ∥fk+1∥< ∥fk∥ then
19: γ = min(γ · γ1, γ2)
20: else
21: γ = max(γ · γ3, γ4)
22: break
23: end if
24: if ∥pk∥≈ 0 then
25: x∗ ← xk

26: break
27: end if
28: Set xk ← xk+1

29: end while
30: Return x∗

We have seen that the Framework is sufficient descent, now we discuss its conver-

gence.
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4.1.4 Convergence Analysis for the Framework

Assuming all the conditions A1 and A2 in chapter 3 are met, then we can analyze

the convergence of algorithm 4.

Lemma 4.2 Let G be Lipschitz continuous. Let 0 ≤ τ ≤ 1, and αmin ≥ 1+τ
2

, Then

αk ≥ min{η, ρ[4α
2
min − (1 + τ)2]

4αmin[L+ ζζ2]

||Gk||2

||pk||2
}

Proof. Let αk be the optimal step length that satisfies (4.10), then, α̃k = αk/ρ

violets (4.10). Therefore,

G(xk + α̃kpk)
Tpk > −ζα̃k||pk||2Π[ζ1,ζ2](||G(xk + α̃kpk)||)

But GT
k pk ≤ −αmin[1− ν (1+τ)2

4α2
min

]||Gk||2. So

||Gk||2≤ −
4αmin

[4α2
min − ν(1 + τ)2]

GT
k pk

||Gk||2≤
4αmin

[4α2
min − ν(1 + τ)2]

[(G(xk + α̃kpk)−Gk)
Tpk −G(xk + α̃kpk)

Tpk],

||Gk||2≤
4αmin

[4α2
min − ν(1 + τ)2]

[(G(xk+α̃kpk)−Gk)
Tpk+ζα̃k||pk||2Π[ζ1,ζ2](∥G(xk+α̃kpk)∥)],

||Gk||2≤
4αkαmin

ρ[4α2
min − ν(1 + τ)2]

[L+ ζζ2]||pk||2.

Lemma 4.3 Suppose all the assumptions A1 and A2 hold, then

lim
k→∞

αk||pk||= 0

Proof. Beginning from the line search (4.10) G(zk)
Tpk ≤ −ζαk||pk||2||G(zk)||
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Therefore

G(zk)
T (xk − zk) = −αkG(xk + αkpk)

Tpk

G(zk)
T (xk − zk) ≥ ζα2

k||pk||2||G(zk)||

G(zk)
T (xk − zk) ≥ ζ||xk − zk||2||G(zk)|| (4.11)

Now, we apply the monotonicity of G and A1. Therefore we can find x∗ ∈ Γ with

G(x∗) = 0

G(zk)
T (xk − x∗) = G(zk)

T (xk − zk + zk − x∗)

G(zk)
T (xk − x∗) = G(zk)

T (xk − zk) +G(zk)
T (zk − x∗)

G(zk)
T (xk − x∗) ≥ G(zk)

T (xk − zk) +G(x∗)T (zk − x∗)

G(zk)
T (xk − x∗) ≥ G(zk)

T (xk − zk) (4.12)

This implies that

G(zk)
T (xk − x∗) ≥ ζ||xk − zk||2||G(zk)|| (4.13)

Applying the non-expansive property of the projection operator, we get

||xk+1 − x∗||2= ||ΠΓ(xk − γµkG(zk))− x∗||2

||xk+1 − x∗||2≤ ||(xk − γµkG(zK))− x∗||2

||xk+1 − x∗||2≤ ||xk − x∗||2−2γµkG(zk)
T (xk − x∗) + γ2µ2

k||G(zk)||2

||xk+1 − x∗||2≤ ||xk − x∗||2−2γµkG(zk)
T (xk − zk) + γ2µ2

k||G(zk)||2 (4.14)
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||xk+1 − x∗||2≤ ||xk − x∗||2−2γ (G(zk)
T (xk − zk))

2

∥G(zk)∥2
+ γ2 (G(zk)

T (xk − zk))
2

∥G(zk)∥2
(4.15)

||xk+1 − x∗||2≤ ||xk − x∗||2−γ(2− γ)
(G(zk)

T (xk − zk))
2

||G(zk)||2

||xk+1 − x∗||2≤ ||xk − x∗||2−γ(2− γ)(ζ||xk − zk||4) (4.16)

Inequalities (4.14) and (4.16) follow from (4.11) and (4.12) respectively.

From (4.16), we obtain

0 ≤ ||xk+1 − x∗||2≤ ||xk − x∗||2

This implies that {||x0 − x∗||} is non-increasing and bounded below. This implies

that {xk} is convergent. From (4.16) it settles that

||xk − x∗||2≤ ||x0 − x∗||2−γ(2− γ)ζ2
k∑

j=0

(||xj − zj||4. (4.17)

∞∑
k=0

||xk − zk||4≤ ||x0 − x∗||2<∞.

This completes the proof.

Theorem 4.1 Suppose xk is produced by Algorithm 4, then

lim
k→∞

inf||Gk||= 0. (4.18)

Proof. We have two cases to consider.

1. Case 1

Suppose limk→∞ inf∥pk∥= 0. Now when we apply (4.9), it means there is
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Ω ∈ R+ such that

∥Gk∥≤ Ω∥pk∥, ∀ k

and taking the limits concludes (4.18).

2. Case II

Let limk→∞ inf∥pk∥≠ 0. Applying the line search in (4.10) there is α̃k (that

is if αk is the optimal step-size that satisfies the (4.10), then α̃k =
αk

ρ
violets

the line search) such that

−G(xk+α̃kpk)
Tpk < ζα̃k||pk||2Π[ζ1,ζ2](∥G(xk+α̃kpk)∥) ≤ α̃kζ||pk||2ζ2 (4.19)

But using sufficient descent condition (4.9), Triangle inequality, Cauchy-

Schwartz inequality and Lipschitz continuity of G,

αmin[1−ν
(1 + τ)2

4α2
min

]||Gk||2≤ −GT
k pk = (G(xk+α̃kpk)−Gk)

Tpk−G(xk+α̃kpk)
Tpk,

αmin[1− ν
(1 + τ)2

4α2
min

]||Gk||2≤ Lα̃k||pk||2+ζα̃k||pk||2ζ2,

αmin[1− ν
(1 + τ)2

4α2
min

]||Gk||2≤ α̃k||pk||2(L+ ζζ2) .

We arrive at
ρ[4α2

min − ν(1 + τ)2]

4||pk||αmin(L+ ζζ2)
∥Gk∥≤ αk||pk||.

Consequently, for αmin ̸= ±
√
ν(1+τ)
2

, we have

||Gk||2≤ αk||pk||
4αmin||pk||(L+ ζζ2)

ρ[4α2
min − ν(1 + τ)2]

.
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Taking the limits in k implies that,

lim
k→∞

inf||Gk||= 0.

Hence global convergence and this completes the proof.
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CHAPTER 5

NUMERICAL EXPERIMENTS

5.1 Algorithms Testing

In this chapter, we studied and compared the performance of the Framework,

GCGPM, and GMOPCGM with the other three methods. That is STTDFPM

[[50], Algorithm 1], MOPCGM [[83], Algorithm 2.1], and CGPM [[109], Algorithm

2.1] without changing their line searches or parameters.

The comparison was conducted by considering the number of iterations, CPU time,

and function evaluation number.

The Algorithms were applied to Julia and tested with the same initial values.

The algorithms were set in such a way that iteration stopped when Tol ≤ 10−11

or the iterations exceeded 2000. The number of iterations, number of function eval-

uations, and CPU time were represented by IT, FE, and CPU, respectively, and

the norm of G was also recorded to notice the accuracy of the algorithms. 19 test

problems from different sources were used. All the experiments were conducted

with three distinct dimensions, that is 103, 104, and 5 × 104. 14 different initial

points were used for each dimension in the experiment.

We carefully selected the best parameters that seemed to suit each proposed algo-

rithm for better performance.
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For GCGPM, we selected the following parameters τ = 0.001, η = 0.6, λo = 1.0,

ρ = 0.5, ζ = 0.1, ζ1 = 1.0, ζ2 = 1.0, αmin = 0.55, αmax = 1.9, γ = 1.8, γ1 = 1.1,

γ2 = 1.7, γ3 = 1.05, γ4 = 1.05

For GMOPCGM, we selected the following parameters

τ = 1.0, ρ = 0.8, β = 0.5, ζ = 0.0001, αmin = 0.1, αmax = 2.0, λo = 1.0, γ = 1.1,

γ2 = 1.8, γ3 = 1.0, γ4 = 1.0, ζ1 = 1.0, ζ2 = 1.0

For the Framework, we selected the following parameters

σ1 = 2.50, ρ = 0.8, η = 0.5, ζ = 10−4, αmin = 0.55, αmax = 1.9, λo = 1.0, γ = 1.8,

γ1 = 1.1, γ2 = 1.8, γ3 = 0.85, γ4 = 1.0, ζ1 = 1.0, ζ2 = 1.0, ϕ = 50.0, δ = 1/3,

υ = 1/3, ν = 1/3, τ = 0.0001 = σ2, σ = 0.6.

The following are the initial points used for the experiments;

0 = (0, · · · , 0)T , 0.2 = (8.2, · · · , 8.2)T , 0.4 = (2
5
, · · · , 2

5
)T , 0.5 = (1

2
, · · · , 1

2
)T , 0.6 =

(3
5
, · · · , 3

5
)T , 0.8 = (4

5
, · · · , 4

5
)T , 1.0 = (1.0, · · · , 1.0)T , 1.1 = (11

10
, · · · , 11

10
)T , 1−1/m =

(1 − 1
m
, · · · , 1 − 1

m
)T , 1/m = (1, 1

2
, 1
3
, · · · , 1

m
)T , (k − 1)/m = (0, 1

m
, 2
m
, · · · , m−1

m
)T ,

1/m = ( 1
m
, 1
m
, · · · , 1

m
)T , 1/3k = (1

3
, 1
32
, · · · , 1

3m
)T , k/m = ( 1

m
, 2
m
, · · · , 1)T .

All algorithms were terminated if either of the following was met;

1. ∥G(xk)∥< Tol

2. pk < 0.1Tol

3. k > 2000

∥G(xk)∥ represents the usual norm of G at xk and Tol = 10−11.

For a better assessment and comparison of the performance of the various schemes,

we employed the Moré and Dolan performance profile in [39]. The performance

profile of the three new algorithms and their counterparts are represented in Figures
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5.1-5.3. As in the figures, the vertical axes depict the chances that a certain solver

outperforms the rest of the competing algorithms.

Figure 5.1: Profile of function evaluations

Figure 5.2: Profile of iterations
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Figure 5.3: Profile of time

From Figures 5.1-5.3, it was observed that GCGPM outperformed its coun-

terparts where it won by 40% 50%, and 38% as depicted in Figures 5.1, 5.2 and

5.3 respectively. This is because the four methods namely GCGPM, STTDFPM,

GMOPCGM, and the Framework share the same properties and so there should

be a small deviation in their performance. This can be witnessed from the figures.

However, as a surprise, the GMOPCGM and the Framework were outperformed

by STTDFPM though they both won MOPCGM and CGPM.

For further details concerning the individual outputs can be found in tables in

appendix A

The following are the problems used in the experiment.

Problem 5.1(Problem 4.1 in [82]) G(x) is

G(xi) = 2xi − sin xi, i = 1, 2, · · · , n and Γ = [−2,∞].

Problem 5.2(Problem 10 in [55])

G(xi) = log(|xi|+1)− xi

n
, , i = 1, 2, · · · , n. and Γ = R.

Problem 5.3(Problem 4.1 in[109])

G(xi) = exp(xi)− 1, , i = 1, 2, · · · , n. and Γ = R.
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Problem 5.4(Problem 4.5 [82] )The general interpretation G(x) defined as

G(xi) = 4xi + (xi+1 − 2xi)−
x2
i−1

3
, , i = 1, 2, · · · , n− 1.

G(xn) = 4xn + (xn−1 − 2xn)−
x2
n−1

3

and Γ = R.

Problem 4.5(Problem 4.4 in [109]) Exponential problem G(x) defined as

G(x1) = x1 − exp cos(x1+x2

n+1
),

G(xi) = xi − exp cos(xi−1+xi+xi+1

n+1
), i = 2, · · · , n− 1.

G(xn) = xn − exp cos(xn−1+xn

n+1
)

and Γ = R

Problem 5.6(Problem 4.4 [109]) Exponential problem G(x) defined as

G(x1) = x1 + sin(x1)− 1,

G(xi) = −xi−1 + 2xi + sin(xi)− 1, i = 2, · · · , n− 1.

G(xn) = xn + sin(xn)− 1

Problem 5.7(Problem 19 in [55])Zero Jacobian function G(x) defined as

G(x1) =
∑n

j=1 x
2
j

G(xi) = −2x1xi, for i = 2, · · · , n

and Γ = R

Problem 5.8(Problem 14 [88]) The general interpretation of G(x) defined as

G(x1) = x1(x
2
1 + x2

2)− 1

G(xi) = xi(x
2
i−1 + 2x2

i + x2
i+1)− 1, for i = 2, · · · , n− 1

G(xn) = xn(x
2
n−1 + x2

n)

and Γ = R

Problem 5.9(Problem 12 [55])Trigexp function G(x) defined as

G(x1) = 3x3
1 + 2x2 − 5 + sin(|x1 − x2|) sin(|x1 + x2|)
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G(xi) = −xi−1 exp(xi−1 − xi) + x1(4 + 3x3
i ) + 2xi+1 − 5 + sin(|xi − xi+1|) sin(|xi +

xi+1|), for i = 2, · · · , n− 1

G(xn) = −xn−1 exp(xn−1 − xn) + 4xn − 3

and Γ = R

Problem 5.10(Problem 2 [88]) Complementary problem G(x) defined as

G(xi) = (xi − 1)2 − 1.01, for i = 1, · · · , n

and Γ = R

Problem 5.11(Problem 4 [88]) Complementary problem and G(x) defined as

G(xi) =
i
n
exp xi − 1, for i = 1, · · · , n

and Γ = R

Problem 5.12(Problem 11 [51])

G(xi) = xi − sin(|xi − 1|), for i = 1, · · · , n

and Γ = R

Problem 5.13(Problem 4.5 in [96])

G(xi) = 2xi − sin(|xi − 1|), for i = 1, · · · , n

and Γ = R

Problem 5.14(Problem 6 [88])

G(xi) = xi − 2 sin(|xi − 1|), for i = 1, · · · , n

and Γ = R

Problem 5.15(Problem 11 [88])

G(xi) = (exp xi)
2 + 3 sin xi cos xi − 1, for i = 1, · · · , n

and Γ = R

Problem 5.16(Problem 5 [97]) The singular function G(x) defined as

G(x1) = 2.5x1 + x2 − 1
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G(xi) = xi−1 + 2.5xi + xi+1 − 1, for i = 2, · · · , n− 1

G(xn) = xn−1 + 2.5xn − 1

Problem 5.17(Problem 1 [110]) G(x) defined as

G(xi) = 2xi − sin(|xi|), for i = 1, · · · , n

Problem 5.18(Problem 32 [55]) Minimal function G(x) is defined as

G(xi) = 0.5{log xi + exp xi −
√
(log xi − exp xi)2 − 10−10}, for i = 1, · · · , n

Problem 5.19(Problem 4.11 [58]) G(x) defined by

G(xi) = 2(10−5)(xi − 1) + 4xi

∑n
j=1 x

2
j − xi, for i = 1, · · · , n

Problem 5.20(Problem 4.6 [83]) G(x) defined by

G(xi) = xi(cos(xi − 1/n)(sin xi − 1− (1− xi)
2 − 1/n

∑n
j=1 xj), for i = 1, · · · , n
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5.2 Signal Restoration

Signal restoration refers to recuperating/recovering an original signal from de-

graded observed signals[21]. Signal restoration is a real-world problem that in-

cludes but is not limited to dequantization [66, 67], denoising [38, 75, 105],

deblurring [14, 20].

Signal restoration includes large-scale inverse problems in which a multidimensional

signal x is to be obtained from the observation of data y consisting of signals re-

lated to it either mathematically or physically. Both the original signal x and the

observed y are taken to lie in some real Hilbert spaces which may be indepen-

dent [26, 90].

The observed signal is given by

y = Hx+ k (5.1)

such that x is the signal that we want to recover from y, k is called the additive

noise, H is a given operator representing the observation process like blurring

or degradation, [85, 89]. For instance, for a blurred version of x then H is a

convolution matrix. If x = [x1, x2, x3, x4, x5]
T is a signal of length 5 and d =

[1, 0,−1] is an edge detection filter(Kernel), then the corresponding Convolution

matrix H =


1 0 −1 0 0

0 1 0 −1 0

0 0 1 0 −1

. This is an example in the 1 dimension. The

observation from x is y = Hx = [x1 − x3, x2 − x4, x3 − x5]
T . In general for 1

dimension x = [x1, · · · , xn] and the filter(Kernel) h = [h1, · · · , hk] such that k < n,
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then

yi = xih1 + · · ·+ xi+khk

The resulting vector

y =



h1 h2 · · · hk 0 · · · 0

0 h1 h2 · · · hk · · · 0

... ... ... ... ... ...

0 · · · 0 h1 h2 · · · hk





x1

...

...

xn


is a convolution result, as if the filter h slid over x one position at a time.

In 2D, it utilizes the sliding window operation where the filter H moves(slides)

across the input signal x. For every placement of the filter H on the input signal x,

the inner product is computed of the filter and the overlapping signal components

eg pixels for the input image.

y =


h1 h2 h3

h4 h5 h6

h7 h8 h9


x1 x2

x3 x4

 =

h1x1 + h2x2 + h4x3 + h5x4 h2x1 + h3x2 + h5x3 + h6x4

h4x1 + h5x2 + h7x3 + h8x4 h5x1 + h6x2 + h8x3 + h9x4



The problem of restoring the original signal x from the observed signal y is an

inverse problem [41, 85].

Equation (5.1) can be restated into an objective function

T (x) = R(y,Hx) + ηL(x), (5.2)

R(y,Hx) caters for x and y disagreement, regularization term L(x) and η is the

regularization parameter.
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Different techniques have been developed to resolve (5.1). For example, Multi-

level approach [41], majorization-minimization[85], Accelerated Projected Gradient

Method APGM[37] and many more.

In [85], defined R(y,Hx) = ||y−Hx||22 to be the mean square error and the regular-

ization term L(x) has to be of l1 norm due to sparsity of x. Then ||x||1=
∑n

i=1|xi|

and ||u||22=
∑n

i=1 u
2
i . Therefore (5.2) becomes

T (x) = ||y −Hx||22+η||x||1 (5.3)

so to obtain x, its through minimizing/possibly solving (5.3) called l1 regularized

linear inverse problem or the penalized least-squares problem.

The presence of the l1 term may lead to small components of x to become exactly

zero, thus leading to sparse solutions [42].

Yin et al in [102], evaluated the performance of their technique by obtaining the

sparse solution x for

min
x∈Rm

1

2
||y −Hx||2+η||x||1 (5.4)

and (5.4) is assumed to be under-determined linear systems of equations such

that H ∈ Rp×m and y ∈ Rn and p << m. In [42, 99, 102], they let x = s − r

where s and r are non-negative vectors such that si = (xi)+ and ri = (−xi)+ for

every i = 1, · · · ,m such that (·)+ denotes the positive part operator defined as

(u)+ = max{0, u}. Thus we have ||x||1= ⟨En, s+ r⟩ where En = (1, · · · , 1).

Therefore (5.4) can be written as

min
x∈Rm

1

2
||y −H(s− r)||2+η⟨Em, s+ r⟩, r ≥ 0, s ≥ 0 (5.5)

Let g be a shift vector such that s ←− s + g and r ←− r + g. we see that this
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shift vector increases and term 2ηET
n g ≥ 0. For sure it means that at the solution

of (5.5), si = 0 or ri = 0 for all i following the definition of the positive operator.

Now from (5.4), η⟨Em, s+ r⟩ = η⟨E2m, z⟩ such that z =

s

r

 ∈ R2m.

Also from ||y −H(s− r)||2= ⟨y −H(s− r), y −H(s− r)⟩. Therefore

||y −H(s− r)||2= ||y||2−yTH(s− r)− (s− r)THTy + ||H(s− r)||2

let a = HTy, then

||y −H(s− r)||2= ||y||2−aT (s− r)− (s− r)Ta+ ||H(s− r)||2

Also

||H(s− r)||2= ⟨H(s− r), H(s− r)⟩ = ⟨Hs,H(s− r)⟩ − ⟨Hr,H(s− r)⟩

||H(s− r)||2= sTHTHs− sTHTHr − (rTHTHs− rTHTHr)

||H(s− r)||2= sTHTHs− sTHTHr − rTHTHs+ rTHTHr

||H(s− r)||2=
(
sT rT

) HTH −HTH

−HTH HTH


s

r



||H(s− r)||2=

s

r


T  HTH −HTH

−HTH HTH


s

r


||H(s− r)||2= zTQz

Again

−aT (s− r)− (s− r)Ta = 2

−a
a


T

z
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and

η⟨E2m, z⟩ = ηET
2mz

Therefore

1

2
||y −Hx||2+η||x||1=

1

2
(||y||2+2

−a
a


T

z + zTQz) + ηET
2mz

1

2
||y −Hx||2+η||x||1=

1

2
||y||2+1

2
zTQz + (ηET

2m +

−a
a


T

)z

1

2
||y −Hx||2+η||x||1=

1

2
||y||2+1

2
zTQz +

ηEm − a

ηEm + a


T

z

Let d =

ηEn −HTy

ηEn +HTy


Because ||y||2≥ 0 is the observation, then

1

2
||y −Hx||2+η||x||1≥

1

2
zTQz + dT z

Problem (5.4) can be redefined by

min
1

2
zTQz + dT z, z ≥ 0 (5.6)

such that z =

s

r

, d =

ηEn −HTy

ηEn +HTy

, Q =

 HTH −HTH

−HTH HTH

.

From [44, 99] the function G is monotone and continuous.

It was also noted in [82] that z satisfies (5.6) if and only if it satisfies (5.7)

G(z) = min{z,Qz + d} = 0 (5.7)
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The ’min’ is interpreted to be a point-wise minimum and G is monotone and

continuous as proved in [53].

Therefore problem (5.7) can be interpreted to be in the form of (1.1). In the

experiment, we considered compressive sensing where we aimed at reconstructing

a sparse signal from the observed signal. Firstly, we defined a sparse signal xtrue

of length n = 212 and sparsity k = 29, that is k are non-zero elements in the signal

that are randomly selected.

A Sensing Matrix H of size m × n was obtained randomly. Where m < n and

in this case we considered m = 211. The Gaussian noise was also determined

whose components were produced normal distributions N(µ = 0, σ = 0.01). The

observation y was considered to be the sum of the noise and the product of the

sensing matrix and the original signal.
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Figure 5.4: Reconstructed signals
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In the application of the GCGPM, GMOPCGM, and the Framework in com-

pressed sensing, the iteration process began with the initial point xo = HTy of

length n, and the experiment was terminated when ∥G(xk)∥< 10−5.

The parameters for the Framework and GCGPM remained the same.

For GMOPCGM, we selected the following parameters.

τ = 1.05, ρ = 0.8, β = 0.5, ζ = 0.0001, αmin = 0.1, αmax = 2.0, λo = 1.0, γ = 1.8,

γ1 = 1.1, γ2 = 1.8, γ3 = 0.85, γ4 = 1.0, ζ1 = 1.0, ζ2 = 1.0.

To consolidate the applicability of our schemes in recovering sparse signals, we

compared them with STTDFPM in [50], CGPM in [109] and MOPCGM in [83].

The comparison helped us to evaluate how best our methods perform relative to

their counterparts. A good performance implies a small mean square error given

by,

MSE =
∥xtrue − xrecovered∥

n
.

So, for fairness to all solvers, we conducted 10 experiments and determined the
means for the Iterations, means for the function, and mean times besides the mean
square errors. The results were recorded in table 5.1 below.

Algorithm Iterations Function Evals Time MSE

MOPCM 421.7 1267.1 7.5477 5.23× 10−8

GMOPCGM 269.0 808.8 4.5182 5.23× 10−8

CGPM 1708.4 5468.7 39.6073 5.06× 10−8

GCGPM 363.2 1089.6 8.0243 5.23× 10−8

STTDFPM 398.2 831.7 6.8776 5.15× 10−8

Newframework 955.2 3106.4 17.3467 5.20× 10−8

Table 5.1: Comparison of algorithm performance based on iterations, function

evaluations, time, and MSE.

As we can see from the table, it is clear that CGPM gives a small mean square
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error. However, GMOPCGM took less time, had few iterations, and had few

function evaluations. Figure 5.4 shows the quality of the reconstructed signals by

the solvers.
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CHAPTER 6

CONCLUSION AND FUTURE

WORK

6.1 Conclusion

In this work, we proposed two algorithms, including GCGPM and GMOPCGM,

that resulted from generalizing CGPM and MOPCGM, respectively. The frame-

work was, in turn, the result of the convex combination of GCGPM, GMOPCGM,

and STTDFPM. The methods were proved to be globally convergent. GCGPM

exhibited better performance in solving the high-dimensional systems of nonlinear

equations, where it won in every aspect. GMOPCGM was the best in signal re-

construction with the shortest time, few iterations, and few function evaluations.

Therefore, GCGPM generally stands out among the six schemes we worked with.

6.2 Areas of further Research

we have formulated a generalization of the Modified Optimal Perry conjugate gra-

dient and Conjugate Gradient projection methods. Then we gave a framework that

combined the two methods with spectral three-term derivative-free methods. We

studied some of the properties of the Generalized Methods and the Framework.
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However, further, we point out some feasible areas that may require attention for

further research.

Trust region property of the Generalized Conjugate gradient projection

method

Due to time constraints, we did not determine whether the search direction satisfied

the property of the trust region. If not, it would be natural to ask ”How can we

make it satisfy such a wonderful property that limits the step size from being

more aggressive or being very short which may severely affect its convergence

and robustness in general?” One way to do that is to replace the previous search

direction in the correction term rkpk−1 of the change in values of G at points xk and

xk−1 with the change in values x or by defining sk−1 in a way like in GMOPCGM.

Adaptive scaling

In these methods, we suggested spectral conjugate ways of scaling the search direc-

tion update matrix that is adaptive to balance the rate of convergence, accuracy,

and robustness of the algorithm such that it can handle various problems without

adjusting the parameters because not all problems can be handled with same val-

ues of the parameters. A question that can arise is ”is there any other way(s) we

can adaptively scale the search direction”
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