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CHAPTER 1

INTRODUCTION

Nonlinear equations represent a significant class of problems, closely related to
optimization challenges, frequently emerging in various fields of science, technology,
and industry. Over the past two decades, many problems have been extensively
studied, highlighting their importance across disciplines [6]. These problems are
often complex, requiring sophisticated methods to solve efficiently.

In this work, we address the problem of finding z € I' C R” such that:
G(z) =0, (1.1)

where I' is assumed to be a nonempty, closed, and convex subset of R", and
G : T' — R™ is a continuous and monotone function. Problems of this nature can
be either smooth or non-smooth and appear in a variety of applications, such as
Bregman distances [53], Monotone variational inequality problems [48, 70, 108],
Non-negative matrix factorization [16], Phase retrieval [18], Constrained neural
networks [25], Chemical equilibrium systems in thermodynamics [71, 104], Fi-
nancial modeling and forecasting [36], Signal processing and signal restoration,

especially in wavelet de-convolution and compressed sensing [4, 42], solid state



physics, plasma, and fluid mechanics [22, 45].

Given the wide range of applications, developing efficient algorithms to solve (1.1) is
crucial. Various methods have been proposed to solve these problems, with consid-
erable research focusing on improving their accuracy and computational efficiency.
Among such methods include methods involving determining the derivatives of
G(z) in (1.1) such as Newton and Newton-like methods in [53, 73]. However, they
require G(z) to be not only continuous but also differentiable(smooth) which may
not be the case in some instances. Further, even if GG is differentiable, it may be
difficult to obtain derivatives of G(x) in (1.1) and this requires large memory for
computation and storing. This has steered mathematicians to devise methods that
do not require G(x) to be differentiable. Such methods are called derivative-free
methods.

Many derivative-free methods have been proposed stemming from Conjugate gra-
dient methods(CGM) and Spectral conjugate gradient methods.

In this work, we comprehensively studied three derivative-free methods and
proposed a Framework that unifies them. They include the CGPM [109],
the MOPCGM [83], and the STTDFPM [50]. Generalizations of CGPM and
MOPCGM were proposed. Then we proposed a Framework that combines the
Generalized CGPM, Generalized MOPCGM, and STTDEPM. This was a result
of the common properties that were identified. One of the features is the adaptive
scaling such that there is a balance between the robustness, aggressiveness, and
accuracy of the algorithms. In relation to that, we verified that the proposed al-
gorithms satisfy the sufficient descent condition and converge globally provided G

is Lipschitz continuous and monotone. The numerical results were also recorded



and showed that the Generalized CGPM outperformed its counterparts in every
aspect, that is in terms of function evaluations, CPU time, and the number of
iterations.

The thesis is arranged as follows: Chapter 2 reviews the literature of Derivative-
Free methods, Chapter 3 details the generalizations of the MOPCGM and CGPM
and also identifies the features of the two generalizations and STTDFPM, Chapter
4 proposes the Framework of the three derivative-free methods, Chapter 5 details

the numerical experiments and Chapter 6 concludes with areas of further research.



CHAPTER 2

PRELIMINARIES AND

LITERATURE REVIEW

We begin by looking at some of the useful terminologies and lemmas for this

research.

2.1 Terminologies and preliminary information

Definition 2.1 IfI' C R" is closed and conver and G : I' — R™ a function. Then

G is monotone on I' if
(G(z) —G(y), x —y) >0 for every xz,y €I (2.1)
Definition 2.2 A mapping Il : R™ — T" is an orthogonal projection if
Ip(z) = argmin{||ly — z||: y€ '} for each x € R™.

The following properties of projection operators are important in our research.



Lemma 2.1 /50, 83, 95]If a nonempty set T' C R™ is convex and closed, then

we have.

1. (x —Tp(z) " (Ip(z) —y) >0 for each x €R™, yeT,

2. |[p(x) = r()||< ||z — y||  for each =,y € R™.



2.2 Derivative free methods

Most of the iterative approaches rely on the merit function defined as follows;

min f(z). (2.2)

Where f(z) = §|[F(x)||2

The steps to resolve (2.2) involve generating iterates z;, defined by

Tpy1 = Tg + QgPk,

where ay, is the step length determined by various appropriate line search methods

and py, is the search direction that must satisfy

Flpe < —7EI% 720, (2.3)

(2.3) is called sufficient descent condition and as in [6]. Even though the algo-
rithms relying on (2.2) are valid for resolving (1.1), they are also accompanied by
some trade-offs on the other hand that include ensuring that all minimizers to be
produced require the function F(z) to be regular, they also need the level sets of
the merit function to be bounded and thus the solution set of the system must be
bounded and so without the regularity condition, it becomes difficult to prove the
convergence of the points produced even if the sequence of merit function values
accumulates to zero. Therefore, it is worthwhile to mention that some approaches
can easily solve the problem (1.1) without defining any merit function similar to

one in (2.2) see [86]. To overcome the above limitations and with motivation of



the projection proximal point algorithm in [87] to obtain the solution of the set-
valued monotone operators in a Hilbert space, the first work on projection-based
algorithms was done by Solodov and Svaiter [86] in 1999 and it has played a key
role in applying first-order optimization methods to solve (1.1) [50, 62].
Derivative-free methods have been widely suggested to solve (1.1) due to their
easy implementation, small storage capacities, and good convergence properties

[30, 72, 86]. The most suggested derivative-free approaches for (1.1) involve:

1. determining a descent direction for subsequent iterate to be close to the solu-

tion along the direction with some step size obtained using suitable methods.

2. constructing a hyperplane for the current iterate to be separated from the

solution set due to convex separation.

3. projecting xy onto the hyperplane for the algorithm’s convergence.

If G is monotone and zp = xp + aupy, the hyperplane

Hy={x € R": (G(2x),x — zx) = 0} (2.4)

separates strictly x; from I' of (1.1).

The subsequent subsections review such methods that apply similar steps to solve

(1.1).



2.2.1 Spectral Three-Term Derivative-Free Method

We initially review the concept of the spectral gradient method and its history and

subsequent developments. Consider an unconstrained optimization problem.

min F'(x) (2.5)

F : R™ — R is differentiable. The spectral gradient technique is expressed as

k
Tyl = Tk + T Pk

T T
k _ Sk—15k-1 k Sp—1Yk-1

where 7" = sy OV T2 = = are the spectral parameters,

Sk—1 = Tk — Tg—1, (2-6)
and

Yk—1 = Gk — k-1, (2.7)

gr = g(zx) = VF(zy) and p;, is the descent search direction and 7§ > 75. Tt’s
worth noting that the longest spectral parameter 7F is superior to the shortest one
in most cases. see [28] and references there in.

The spectral gradient method was suggested in 1988 in [15] by Barzilai and
Borwein to solve (2.5).
Nine years later, Raydan proposed a non-monotone line search approach that en-
sures global convergence when coupled with the method of Barzilai and Borwein

[80, 17]. Birgin and Martinez [17] later in 2001 also proposed another Specrtal Con-

jugate Gradient Method (SCGM) and used it to solve (2.5) and it gave promising



results. In 2003, Cruz and Raydan [27] modified the spectral gradient method to
solve (1.1) systematically by choosing 4 gradient as the search direction. In the
same year again, William and Marcos suggested Non-monotone Spectral Meth-
ods (NSM) and used it to solve (1.1) [27].

In 2005, spectral gradient projection approach was suggested by Li and Zhou [106].
This method combines modified spectral gradient and projection techniques in [15]

and [86] respectively. The search direction is given by

Dk (2.8)

—TkG($k) k Z 1

2

_ llsell
such that 7, = g

and wy, = yx + rsr. Where s, and y; are as defined in (2.6)

and (2.7) respectively, r > 0. The iterate xj, is given by

o (Gl) ok — 21 G )
e G

(2.9)

by projecting xj onto the hyperplane Hy in (2.9) such that z, = zy + aypr and

ap = 7™ such that my is the smallest positive integer such that

—G(2e) ok > oy |pel? (2.10)

where p, v € (0,1)

In 2006, William, Raydan, and Mario [55] used Barzilai and Borwein’s method to
solve the nonlinear systems without using any information concerning gradients of
the functions involved and their results were really promising.

Later in 2008, Yu et al [103] suggested a Spectral gradient projection method



(SGPM) to solve (1.1) which does not require solving any sub-problems. This
method also combines the modified spectral gradient method and projection
method (MSGM) in [15] and [86] respectively. The direction in solving (1.1)

is

PE = (2.11)

—TkG(I'k) k Z 1
such that 7, = % and wy = yx + rsx where s;, and y;, are as defined in (2.6)
k
and (2.7) respectively, 7 > 0 and the initial point must belong to I' with carefully

chosen parameters.

apG(ze) T pr

TG 2k = Tk + arpr and ap = Y™k

Tpy1 = Up(zg — miG(z)), where n, =

such that my is the smallest positive integer m for which

_G(Zk)Tpk > py"™||pxl]? (2.12)

where p, v € (0,1).

These algorithms in [106] and [103] are almost the same but the difference arises in

the computation of x;, ;. In the latter, x;,; is chosen to be the best approximation

close to the solution by taking the orthogonal projection of (2.9).

In 2009, Yu et al [103], suggested a spectral gradient projection technique to

solve (1.1). This method couples both the modified spectral gradient method and
|EA

projection. py is as in (2.11) such that 7, = T and wy = Yy + 08k, where s;
k

and y; are defined as before in (2.6) and (2.7) respectively, o > 0. This method is

globally convergent GG in (1.1) is Lipschitz continuous.

10



Xiao, Wang, and Hu proposed a spectral gradient method and applied it to solve
(1.1). At every iteration, a spectral gradient approach is employed on the resulting
problem without any information on derivatives. The convergence of their method

is not different from the existing results and py is given by

pe=-—TGr k=0,1,--

Where 73, is the projection of the usual well-known spectral parameter on an interval
0< X <7 < Ag. see [99]

In 2019, Dai, Huang, and Liu [28] suggested a class of spectral gradient methods
whose step length is the convex combination of 7F and 7. The step length is given
by

e = ety + (1 — )78

such that 7, € [0, 1].

In 2019, Li et al [59] gave a three-term method stemming from the Quasi-Newton
approach to solve the (2.5). However, the convergence of their method needs the
function to be uniformly convex. Subsequently, Amini and Faramarzi proposed an
SCGM and solved (2.5). They modified the above method in [59] to address the
requirement of uniform convexity for the convergence of the method. see details
in [7]

Again Liu, Feng, and Zou [63] proposed another SCGM to solve (2.5). This method
combines both the spectral parameter and the conjugate parameter, leading to its
name SCGM. The method was proved to be globally convergent provided the

conjugate parameter bounds the conjugate parameter due to Fletcher and Reeves

11



and

—9k k=0
Pk =
—Brge + Okpr—1 kK >1
T T
such that g, = —ﬁ + Hk% is the spectral parameter and 6, is any
conjugate parameter. When 6, = 05t = %, we obtain spectral FR conjugate

gradient.

Later in 2020, another Spectral Projection Method (SPM) employed to recover
signals in (1.1) was suggested by Abubakar et al [5]. Their approach is also based
on the Barzilai-Borwein gradient method [15] using the hyperplane projection ap-
proach of Solodov and Svaiter [86] which is an extension of the modified method by
Liu and Duan [64]. The algorithm proved to be efficient in compressive sensing [5]
there in.

The search direction is given by

-Gy, k=0

Pk
—6Gr k>1

such that 8y = min{max{ 7y, 7 }, min{7mnax, 7%} }, 7% is the well known spectral
parameter and 0 < Ty < Timax

In fact this method and one in [99] are closely related.

In 2023, Wang [94] proposed three-term Spectral CG methods to solve a (2.5) and
inverse problems. However, the convergence of his method required function in
the unconstrained problem to be strongly convex and I believe this is also another

area that requires focus on how to relax such a requirement. This approach used

12



the Hestenes-Stiefel conjugate parameter and py is given by

— 9k k=0

Dk
—Brgr + Okpr—1 + Oryp—1 k>1

such that 8, = max{1,1+ (r — %)Z%Zﬁ}

In 2023, Ibrahim, Alshahrani, and Al-Homidan [50] also proposed another spec-
tral derivative free scheme that solves even when (1.1) is pseudomonotone. They
were motivated by the fact that most of the methods that have been proposed to
solve (1.1) are suitable when it is monotone [50]. They combined Solodov’s and
Svaiter’s projection method along with the structure of Amini and Faramarzi’s
method [7]. Ibrahim Alshahrani and Al-Homidan [50] proved that their methods
are also sufficient descent (2.3), and global convergence was independent of Lips-
chitz continuity provided the mild assumptions hold as stated in their work. The
numerical results also showed that their methods outperformed the then-existing

methods. They adopted the adaptive line search to determine the step length and

the search direction is given by

-Gy, k=0

Pk
—BxGr 4 Okpr—1 — Meyp—1 kK >1

where
Sp—1Yk—1
Br = Mg (22
M Ty P
ek - yz:_lea
Wi

13



pg_1Gk:
e = ————,
Wi

Sp—1 = Tjp — Th—1 + A\Yp—1,
Yp—1 = G — Gi—1

o) (t) = max{max{a,t}, min{b,t}}

wy, = max{@||yx-1[ll|pr-1l, [|Gr-1[*},

¢ >0and A > 0.

Therefore,

Sp_1Yk—1 yi_ Gy pi_ Gy
k—1 2)Gk+ k—1 De_q — k—1
Hykle Wy Wy,

e =~ 5/

when [|Gr_1||*> &|lyx_1||||px_1]| for all k, then

y,:f_le p£—1Gk

5£_1yk71 » y
— T g Pk-1 — T g Yk—1-
Gl Gl P

Gy +
Hyk,le) :

e = —1lp 5/

It was proved that the trust region condition holds and converges globally under
mild assumptions, for details see [50]. The method was employed to compressive

sensing.

2.2.2 Conjugate gradient projection methods

In this section, the main consideration is the CGPM by Zhang et al [109]

Conjugate gradient methods to (1.1) are defined by

Tpy1 = Tk + QpPy,

14



where oy, is determined via different line search methods and

—Gy k=0
Pe = (2.13)

G+ Opr—1 k>1

0 is a parameter that determines the nature of the conjugate gradient method.

9}?5 _ G@r)Tyr_1 9FR _ |G (zr)][? Q’I;RP _ G Tyr—s «9kDY _ GE)I?

= Azl — S&k) Yk-1 = UG=I” |
Ty 0k Gr_1)2° G(r_ )2’ Pr1ve1 Y

Hestenes—Stiefel (HS) [49], Fletcher and Reeves (FR) [43], Polak-Ribiére-Polyak

(PRP) [79], Dai-Yuan (DY) [30] etc respectively where

Ye—1 = Grp1 — G (2.14)

. For any 6y, a search direction has to satisfy a descent property by G(zx)"pr < 0,
for all k. The strength of a CGM entirely relies on 6y.

Xijao and Zhu [100] improved the CGM to (1.1) applied to compressive sensing
problem. To enhance the performance, Liu and Li [64] went ahead and studied
the algorithm by improving the CGM approach.

As a result, extending Perry [77] and DL(Dai and Lio) [31] conjugate gradient

parameters,their updates

(yk—l - Sk—l)TGk

O = 2.15
k Gg_lykfl ( )

and
gpr — Gilths —rsit) (2.16)

Gz_ 1YE—1

15



respectively, where s, 1 = xp — x,_1 and r > 0. These modifications of FR
conjugate gradient coefficients resulted in more stable computational performance
than exhibited in FRCG [31, 77].

In 2008, Wanyou Cheng [23] proposed an algorithm to solve (1.1). The method
combines PRP [79] approach and projection x; onto Hj (Hyper plane) in (2.4).
Because of monotonicity of G in (1.1), if Z is a solution and z, = xy + agpk, by

monotonicity of (1.1), we have

<G(Zk),lf — Zk> S 0

Assume x5, € I', then

<G($k) — G(Zk>,l‘k — Zk> >0

Then (2.4) strictly separates x;, from I' and z; is obtained from

G(z)" (zp — 21) G (2)

— — 2.1
Tpr1 = Tk ||G(zk)||2 ) ( 7)
and
-Gy k=0
e = 2.15)
G+ Opr—1 k>1
where 0, = F1P.

In 2009, Li and Li [57] suggested a family of modified PRP (MPRP) derivative-free

techniques to solve (1.1) without considering the merit function, and their method
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is globally convergent. p; is obtained by

-G}, E=0
Pr =
—Gp + 0 pp 1 — Bryr—r k>1
T
such that £, = HGGkkp_kl_Hl” ay is found using an inexact line search and xp,; is

obtained using (2.9). This method is a result of the MPRP by Zhang et al [107].

Where py, is

-Gy, k=0

Dk

—Gy + OPRP([ — GGl >

IGell*

This is a two-term PRP technique that was suggested by Cheng [24]

Two decades back, three-term conjugate gradient approaches were invented on a
large scope for solving (1.1) [57, 101].

In 2011, Andrei [8] also suggested an MPRP method to solve (2.5). This
method was proven to satisfy both the conjugacy and sufficient descent condition
(2.3). Numerically it gives promising results when compared to the then existing
PRP methods.

In 2013, Ahookhosh et al [6] constructed two new PRP-based conjugate gradi-

ent procedures. The search direction py is defined by

-Gy, k=0

Pk
G+ ap_10kpr—1 — Bryp—1 kK >1

2 AT 2 T T 2
_ nPRP o 1 Gryk—1llpr—1ll _ op_1Glpr_1 G yr—1llyre—1l|
such that 6, = 6,™, Al = =g 52 = Tg i t T aer o

yr—1 defined as in (2.14) and 444 is computed using (2.17).
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In the same year, Al-Baali, Narushima, and Yabe suggested [12] CGM that was
employed to solve (2.5), and their methods gave promising outcomes.
In 2014, Zoltan and Sanja [76] proposed an FR-type direction that uses a combi-

nation of CG technique and projection approach. The direction is given by

—Gy, k=20
Pk =
—G + ap_10kpr—1 — Bry—1 kK >1
_ pFR a2 GTyrallpr-1l? o 1GEpr_1 HGL 2
such that 6 = 6™, Bl = e o B2 = T hE e and

Yp—1 = Gp — Gp_1. g4 is computed using (2.17). This method is also globally
convergent.

In 2015, Dai, Chen, and Wen [32] recommended a derivative-free approach that
associates Livieris and Pintela’s modified Perry’s CGM [69] and the Solodev’s
hyperplane projection method [86] and they used it to solve (1.1) and py is given
by

-Gy, k=0

Pk

GTpi—
—(I + O TS )G+ 0 ey k> 1

and wy_1 = Yrp_1 — Yag_1Pk_1 such that v > 0.

GT(yp—1—oup— _
where eljﬁ\/[P _ Gy (ykplkak 1Pk—1)
k -1

In 2015, Zhou and Wang [111] proposed a PRP-based residual method to solve
(1.1). The approach was determined by swapping the gradients. of the PRP-
Conjugate Gradient Method (CGM) with the residuals alongside the projection
technique and global convergence was also achieved.

Again in the same year, Sun and Liu [91] proposed modified PRP methods. The

three methods emanated from the term in PRP method that was suggested by
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Cheng [23]. They are sufficiently descent without any line search and when the
exact line search is satisfied, they become the original PRP approach. Furthermore,
their convergence is global considering the wolf conditions to hold.

Again in 2018 Liu and Feng [62] gave a derivative-free algorithm and it was proved

to be efficient in solving (1.1). The convergence was linear as in [62] and py is

-Gy k=20
Pk =
=BGy + Okpr—1 k=1
Grl|? GTpy_
where 0, = 7PV = p—kTH,ll;‘le’ Br = a— p—{fﬁk; and ugp_1 = Yp—1 + tp_1pr—1 and
T
ter = max{1,1 — =211 g > 0. 24,44 is obtained by the orthogonal projection
Py _1Uk—-1 g

z T Tp—=Z z
of z;, — & k)||(G(I;k)|T2)G( £ on to the zeros of (1.1).

In 2020, Dai and Zhu [35] modified the modified Hestenes-Stiefel method and
used it to solve (1.1). It combines the famous hyperplane projection in [86] and

the modified Hestenes-Stiefel in [34]. The search direction is obtained from

-Gy, k=0
P =
G+ 0Ny | k> 1
NHZ Gh_1yk—1 llye—1ll>  ~T
where 6 = o we n(pifilwkil)sz—lpk—la Wg—1 = Yp—1 + YO—1Pr—1 and

v > 0 and n > 1/4. Here we observe that there is a relationship between the
search directions in [32] and [35].

In the same year, Zheng et al [109] also proposed another technique which was
proved globally convergent provided the appropriate line search and projection

step are chosen.
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pseudo monotonicity and

-Gy, k=0

Dk
—vGr + Oppp—1 + Tapwr_, k>1

satisfies (2.3) such that v,7 > 0

GTpr_1 _ GTpr_1—2ak||w_1]|?

ap = = Wi_1 = Yg_ tr_1Pr—1 and tp_1 =
k Wl pri’ Uk T w1 ; We—1 Ye—1 + Tg—1Pk—1 k—1

T

Pr_1Yk—-1
max{l,1 -}

Their method was an extension of Al Baali’s work together with the projection
method to solve (1.1). The global convergence relies on the pseudo monotonicity
and Lipschitz continuity of (1.1).

In 2021, Halilu et al [47] invented a two-term CGM coupled with the projection
scheme of Solodov and Svaiter [86] to solve (1.1). In 2022, Liu et al [65] came
up with a three-term CGPM to solve (1.1) and the direction is sufficiently descent
and satisfies the trust region properties. The convergence of the scheme is also
independent of the Lipschitz continuity of the function in (1.1). They used this
method to restore the sparse signals. Because of the requirement for the function
to be Lipschitz continuous for global convergence by some method, it motivated
Liu et al to propose another method that is globally convergent and independent
of the Lipschitz continuity.

In 2023, Tbrahim, Kimiaei, and Kumam [52] suggested a CGM. It is a result of
Dai-Liao method. The global convergence was confirmed under a mild assumption
of the function to be monotone.

Recently in 2024, Chankong et al [19] developed a class of CGPM that extends

Wang’s approach to solving (1.1) without using derivatives or its regularity. How-
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ever, the convergence requires the function to be Lipschitz continuous and this also

could be another area that may need focus.

2.2.3 Perry Conjugate Method

In 1977, Perry [77] a modified FR conjugate gradient method. The modification
proved to be stable in computational performance and this was attributed to the

replacement of the Hessian by the Newton-like matrix update of rank one and

-G, k=0
Dk = (2.19)

G+ 1 k>1

(Gr—Gr-1—0k—1pp—1)TGi
(Gr—Gr—1)Tpr—1

where 60), =
In 2013, Liu and Xu developed various Symmetric Perry CGM to resolve uncon-
strained problems.

In 2015, Dai, Chen, and Wen [32] suggested a derivative-free method for (1.1)
resulting from modified Perry’s CGM and projection approach. Their approach

converges globally as long as the G in (1.1) is monotone and Lipschitz continuous.

Where
-Gy, k=0
Pr =
_ MPGEpr-1 MP >
Gk+9k2 —HGK||2 Gk+9k pkfl k = 1
MP GT (y—1—sk-1
and ‘9k = W’ Vk—1 = Yg—1 + TSg—1, Sk—1 = Zgp—1 — Tk-1, k-1 =

Tho1 + Tho1Pr—1, Yo1 = G(2e-1) — G-
In 2016, Livieris and Pintelas developed another Perry CGM and proved its con-

vergence. This method corrects any loss of orthogonality that may occur due to
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an ill-conditioned problem, which can affect the method’s convergence [68].
In 2017, Andrei [9] suggested an adaptive Perry CGM and applied the ideas of the

Newton-like methods. The scaled Perry conjugate gradient is given by

—Gy k=0
Pr =
—Gi + OpSp—1 + Bryp—1 kK >1
T T T T T
_ Y1 Ge Tk G _ Sk—1Gk _ lye—1ll>  Yr_15k—1 Yi—15k—1
where 0 = == S0 B = o e = LA GG — RS ) e

and t; is the usual spectral parameter. The convergence analysis of this approach
was later corrected by Ou [74].

Later in 2018, Abubakar and Kumam [2] recommended an algorithm that was an
extension of the Dai-Liao extension by Babaie and Reza [13]. This method is

globally convergent and

-Gy, k=0
Pk = )
G+ Oppr—1 K 2>1
where
o Gf(yk_l — CiSk—1)
0, = 7
Pr_1Yk—1
Co=o0 7 At
spoUk-1 skl

such that 0 > 1/4, r <0, s;_1 and y,_; as in (2.6) and (2.14) respectively.
For various values of o and r, the search direction changes to different search direc-
tions. see [2]. The step length is obtained using the basic line search also known

as the backtracking method. Because the basic line search may not guarantee to
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obtain z such that ||G(zx)||—|G(zk-1)]|< 0, the convergence may be very slow
hence making the algorithm very inefficient. To solve this problem, Ibrahim et
al [52] devised a new derivative-free projection approach by introducing another

search direction defined by

-G k=0
Pk =
G+ Opr—1 E>1
such that
G (k-1 — CrSi—1)
ek - T *
P 1Yk
ool i
35_13/1671 |[sk—1|[?
T
Jrk—1 = max{l,1 — —yk_lpk*l}

||Pic—1’|2

Y1 = Yk—1 + Jk—1Dk—1

such that 0 >0, r <0, sp_1 = a2 — xp_1 and yp_1 = G — G4
Yao, He, and Shi upgraded the Perry CGM using adaptive parameter choice. They
proposed an advanced Perry update matrix. The goal was to suppress the non-

symmetric Perry matrix and

-Gy, k=0
Pr =

—0,Gr k>1

T T T T
Sk—1Yp 1 Yk-1Sp_1 t— Sk—1Yr_1 and t = 2yk,1yk—l

T T T - T
Yi_15k—1 Yi_15k—1 Sp—15k—1 Yi_15k—1

where 0, = I —

Perry CGM has undergone various modifications and improvements to solve both
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regular and non-differentiable optimization problems [60, 61]

In 2019, Waziri et al [97] also proposed an adaptive class of Perry CGM to solve
(1.1). They are a combination of the modified versions of Perry conjugate methods
and projection technique and the convergent is global provided some conditions are

satisfied. The parameter §2/F that is adaptive is given by

GMP _ Gf(zk,l — CkSk—1)

2.20
k pf_lzk_1 ( )
|zl i1z
G = - 2.21
Sioize—1 |lse-l]? (2.21)
such that o > 1/4, r < 1/4, sj_1 = xx—xp_1 and 251 = Yp_ 1+pka_1,

Vk—1

and p € (0,3), vx_; is any vector and 71 = 25} | (Gr + Gr_1) +2(gk—1 — k), g is

the merit function as defined in (2.2)

In 2021, Awwal et al [11] recommended a Perry-type derivative method and
used it to solve (1.1). The scheme depends on the BEFGS method with an upgraded

scheme of Perry’s parameter. For this,

-Gy, k=0

Dk
—%:Gr + Opsp—1 + Brpr—1 kE>1

GTpi—1GTsj1
Grllt T sk—1

where v, = a + 2 s Pi—1 = G — Gy + 181, 7 > 0, Tpmy = pr—1 +

Pk 15k 1 GT (pr.—1—s1-1) sk 4Gy
(max{1,1 — TooE })sk 1, Ok = %T’ Br = - and a > 0.

The major drawback of Wazir’s method was the reliance on o and r in ¢, of (2.21).

This motivated Sabi’u et al [83] to propose another two-term Perry CGM as a
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result of obtaining the optimal choice of ;. This was achieved by minimizing the
difference between the large eigenvalue and the smallest eigenvalue of the update
matrix associated with the search direction and this got rid of dependence on the

parameters o and r. Therefore,

-Gy, k=0

Pk
—Mka + Q%Oppk_l k Z 1

such that M, =1 — Q%Opﬁéiﬁ'}l and 9MOP = (ykfgi,’iz,;j)TG’“ and ( = %

The method is globally convergent provided the problem in (1.1) is monotone and
Lipschitz continuous. The method gave promising results in compressive sensing.
This method relied on Kafaki and Ghanbari’s work which is an inclusion of Hager
and Zhang’s formula of 2015 [46] and Dai and Kou’s formula [29] as special cases.

Using Dai and Liao’s (DL) method of (2.5) in [1] whose conjugate gradient pa-

rameter is given by

DL __ g;fyk_1 g;{SzH 9 99
kK — T - T ( . )
Pr_1Yk—1 Pr_1Yr—1

where g is the gradient of the unconstrained optimization problem, s, and y,_1
T
in (2.6) and (2.7) respectively and for sure when ¢ = 0, we arrive at S5 = I)?Lz;ll
k—19Fk—

due to Hestenes and Stiefel [49]. Also in comparison with Hager and Zhang’s (HZ)

conjugate parameter

HZ _ 9 Yr1 yr—1l” gfpe
k=T — 25 - (2.23)
Pr_1Yk—1 Pr_1Yk—1 Pr_1Yk—1
such that ¢ = 2%. DL method is regarded to be highly numerically efficient,
k—19k—

however, sometimes it does not achieve a descent direction and it also depends on
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the parameter ( which has no optimal value. This was the driving force for Kafaki
and Ghanbari to suggest their methods in [13] to determine the appropriate values
for ¢. This method was later adopted by Waziri et al and extended to solve (1.1)
with the conjugate parameter as defined in (2.20).

Therefore, Sabi'u et al used this approach and extended it to determine the

best value ¢, = ¢ and solved (1.1). From (2.19) and its parameter, we obtain

pr = —QrGy, (2.24)

ST Sk ST
such that Q) = I — &-2%k=t 4 ¢, 2t and g = wy_1 + vsk—1, 7 € (0,1) and

T k
Yp—15k—1 Yp—15k—1

wig—1 = Gk — Gg_1, sk_1 defined as in (2.6). To ensure the @y is symmetric, we

introduce Qi = (QF + Q))/2 such that (2.24) becomes

Pr = — QG (2.25)
A _ _ ykflsg_l _ skfly]z_l Sk—lsg_l .
such that Qx = I Y e tkykT,lskq' As (1.1) is monotone, then

y,f_lsk,l > 0, thus y,_; and s;_; are not zero vectors. So, there is some set
of mutually orthogonal vectors {ui}?"~? for which sfui = ylui = 0 for avery

i €{1,---n—2} and |Jui||= 1. Consequently

Qrut =ul, Vie{l,---,n—2}

Implying that {ul} are eigenvectors of Q) with the corresponding characteristic
root 1 for each u}. So, we can determine the remaining two eigenvectors Q. say

ny and n,. We know that the tr(@) of a square square matrix is the sum of its
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eigenvalues. Therefore

td@@:n—1+mﬂﬁif—
yg—l Sk—1
hence
2
Sk
n—2+mﬁwﬁ:n—1+M%iJL
Y _1Sk—1
therefore
2
Sp_
n£+n§=1+¢Q%iﬂL (2.26)
Yi—15k-1

Using Frobenius norm on Q7'Q), we have

ST A se—1PNlyn—1l12 | o Ilsg—1]l*
tr(QrQr) =n —3/2 + Tt
’ 2 yse-)?)  F(ulgska)?
and so
2 2 se—1]Pllyn—1l12 | o Ilse—1][*
n—2+n+n" =n-3/2+ +¢
I P ST st G )
then
2 2 sr—1lPllye—1ll2 | o llse—all*
+ =1/2+ +1 2.27
T = R ) TG s )2 (227)
Now from (2.26) and (2.27), we obtain
- 1 ||3k—1||2 1 ||Sk—1||2||yk—1||2
+
=S+t - = 2.28
et = kyizqsk—l 4 (yi_ysp-1)? (2:28)
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Using (2.26) and (2.27) we get

(1 Hkl\;k;ﬂ?) + \/(tk [ 1)2 + VS PSS

+ Yi_15k—1 YF_ sk—1 (Yj_15K—1)

M = 9

(2.29)

r Sk—
we find that " > 0 and whenever #; > }1(;'7%““—52“21 - y"l“(;: f\l;)’ then n~ > 0. Then
k—1°F~— -

Q. is positive definite which ensures the sufficiency descent condition is satisfied.

Sabi’u et al minimized the square of the difference difference (n™ —n7)? to get .

But
- [Isk—1|[? o lsk—al Pllye—a|
(it —n7)* = (t — 1)+ —1
Yi—1Sk-1 (Yi_15%-1)?
T
thus t; = ﬁ is the optimal value of the parameter ¢, and thus obtaining
go”,

2.3 Inertial derivative-free methods

The initial method was suggested in 1964 by Polyak [78] to solve a continuously
differentiable convex optimization problem. The inertial step is added into an iter-
ative scheme purposely to increase the speed of convergence. Various studies have
proved that iterative schemes that incorporated the inertial step to solve nonlinear
problems exhibited better numerical performance basically CPU time and number
of iterations than those without that step. This has moved mathematicians to
develop various iterative methods with the inertial step. (see, for instance [84, 81,
93, 40, 10, 50] and the references there in). However, there is no sufficient litera-
ture regarding the study of the impact of the inertial step on conjugate gradient
algorithms to solve nonlinear systems of (1.1). This approach has recently gained

interest as evidenced by the literature.
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In 2021, by the motivation of the inertial technique due to its role in the increase
of the convergence rate, Abubakar et al [3] proposed a derivative-free approach
combined an inertial step to solving (1.1) and it gave promising results. Inertial
extrapolation is an approach in which an extra step called the inertial step is
included in the existing step(s) of an iterative method [3]. If we have two initial

points x, and x1, then the inertial term can be defined by

Y = Tk + Or(Tr — K1)

such that the sequence {¢y }7° ; satisfies some condition. Many methods have been
proposed combining the Inertial step with the DEPM. see [3, 54]. The crosscutting
feature among these techniques is that they are stable. Nonetheless, their global
convergence was determined after assuming that GG is monotone and Lipschitz con-
tinuous [50]. To suppress these assumptions, Yin et al. [102] developed a family
derivative-free inertial methods to solve (1.1) and proved the global convergence
by neglecting the Lipschitz continuity of the underlying mapping.

Their work, Abubakar et al [3] used the projection Solodov and Svaiter’s approach
in [86] coupled with Brazilian and Bowein-like spectral parameters suggested by
Abubakar et al in [5]. Abubakar and others applied the framework of Amini and
Faramarzi’s CGM in [7].

In one of the schemes they proposed, Ibrahim et al [50] Incorporated an inertial
technique which is regarded to be a realistic technique that expedites an optimiza-
tion method, and indeed its application roots back to the heavy ball method [78].
The inertial approach has captured the interest of researchers [50] and has been

widely used in convex optimization problems, especially when the objective func-
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tion is smooth [92, 56]. Concerning that, the two methods spectral conjugate gra-
dient and Inertial technique have been extended to solve nonconvex but smooth

unconstrained problems [98].
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CHAPTER 3

GENERALIZED

DERIVATIVE-FREE METHODS

In this Chapter, we give a generalized result for the Perry conjugate gradient and
Conjugate gradient projection techniques.
We also detail the convergence analysis of algorithms provided the following as-

sumptions hold:
(A1) T is nonempty

(A2) G is Lipschitz continuous. Then there exists some nonzero constant L such

that for any =,y € R" then ||G(y) — G(z)||< Ly — ||

3.1 Generization of MOPCGM

From sy = xp —xp_1, g = VG(z1) and yx_1 = gx — gx—1. Also assume that Bj_

is positive-definite, then

By 18k-1(Br_156-1)T  Yr_1yk1
+ 7
Sp—1Yk—1

Bk = Bk*l - T
S _1Br—15k-1
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It is a rank 2 matrix update called DFP.

Now, using the Quasi-Newton approach as used in [77, 83] we propose

pr = —QiGx (3.1)
such that
T T T
~ Yk-1Sk_1 Sk—1Yk—1 Sk—15k_1
Qr =M — )\ - A k 3.2
2ygL13k—1 ngllsk—l ygilsk—l ( )

A > 0 and ¢ > 0. Because G is monotone, then s!  yp 1 > 0 for all z # z*.
This implies that both s;_; and y,_1 are nonzero vectors. Let D be spanned by

{s1_1,9yx_1} and a be any vector in R™ such that a” D # 0, then

T 2
~ a” Sk—
Yi_1Sk—1

and this shows that @ is positive definite.

But Qk is rank 2 matrix update, then eigenvalue X is of multiplicity n — 2. Now we
need to determine the other two eigenvalues n, and 7;" since Qy, is full rank based
on the symmetric property of Q). Therefore we can find a set of vectors that are

mutually orthogonal {u}}7~? such that

Qku;c:)\u;c? Z:Lan_z

and satisfy uzTD =0fore=1,---,n—2.
Therefore {u}}!~? are eigenvectors of Q) with the corresponding eigenvalue A for
every ui. We can now determine the remaining 2 eigenvalues of Qk that is 7, and

1, - The following lemmas are crucial.
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Lemma 3.1 Let Q be defined as in (3.2), then

2

~ S
tr(G2) = An — 1) + 2=l
Sk—1Yk—1

Proof. Using the linearity property of the trace of a matrix, it is the sum of all

eigenvalues of a matrix. So we have

T T T

5 Yre—15k—1 Sk—1Yk—1 Sk—15k—1
tr(Qr) = tr(\) — tr( At ZE=L ) pp( A MTE=L ) 4 by e kL
(Qr) = tr(A]) (2y}f_1sk_1) (2y};”_1sk_1) ( T s

but tr(A) = n\. Let A = yp_15i ;, AT = sp_1y} | and B = s;_1s)_, then

tr(A) = tr(AT) = ¢! s, and tr(B) = ||sx_1||*>. Then

2
~ Sk—
tI‘(Qk) = )\(n — 1) + tk—HTk 1||

Yi_1Sk—1

Lemma 3.2 Let Qy be defined as in (3.2), then

~7 A A skl lye-all? [Iskall*
tr(QLQL) = N(n— =)+ = + 7
(@i Qx) ( 2) 2 (SZ_lyHP k(8£_1yk71)2
Proof. From
T A Yk ISZ 1 Sk 1?JkT 1 Sk 15{ 1 g
QQk—(/\I—)\ AN bt >
g 2uf sk 2uf sk YL sk—1
st Sp_1yL Sp_1SL
()\I—)\ yle k=l oy leyk—l i, 1;1 k—l)
ka_ysk—l 2yk_15k—1 Yi—15k—1
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R Sp_1yL s Sp_15L
Qng:<)\I—/\ leykl —)\yklkl—i—tkklkl)

20 1Sk—1 25 Sk Vi1 Sk—1
st Sp_1yL Sk_15L
()\[ )\yk ko1 leyk—l tt, 1;1 k—l)
2yk 15k—1 2y 1Sk—1 Ye—15k—1
ATA (2 235k—1ykal 23yk—13£71 Sk—lszfl 2||5k—1||2yk—1?/£fl
QT Qp = NPT — N2kt o0 B IR
4yk 15k—1 491 5k—1 Yi_15k—1 (Y1 5k-1)
st s Sk_1||?sp_1sL
JPEIITRSE oINSy L VS L o
2(Yj_ 15k 1) 4(yk 15k— 1) 2<yk 15k—1) (Yi_15k-1)
we have seen that tr(yz_1s. ;) = y{_;sr_1 and tr(si_18} ;) = ||sk_1||>. Therefore

properties of trace of matrices

tr(O70y) :tr(AZI)—tr(V—?’S’“*ly’{‘l)—t (A2—3y’“ Lhol) 4ty (tk)\—k 181y (215 Pyt
. 43/1? 15k—1 4yk 15k—1 yk; 15k—1 4(?/k 18k—-1)?

se—1|[*Ye-151_, oyr—1l*sk-15% 4 [sk—1]|*sk—194_1 2||8k 1 Psk-1si
—tr(tpA )tr(A )—tr (At )+tr(t;
2(yp_15k-1)? 4(yf_ys6-1)? 2(yi_y56-1)? (Yi_15K-1)?
Therefore
ST 3 3 seall® | (o llse—alPllye—l®
tr(QrQr) = nA* — X~ = NZ 4+ fA-———— + A
( g ) 4 4 yk 15k 1 4(yk 13k 1)2
2 2 2 4
P skl Agllyk ]k 12|| oty Hik—lll L Ilsk—lll :
Z(yk 15k— 1) 4<yk 15k— 1) 2<yk—15k—1) (yk—lsk—l)
S 7 3 sk-allPllyell® | o lse-all®
tr(QLQr) = N2(n— =) + \? +t
Q) ( 2) 2(yk 15k—1)? k(yﬁlsk—l)?
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for all A. |

Lemma 3.3 The product of eigenvalues n*t and n~ is given by n™n~ = ’\IQ —

2 <|sk1||yk1|>2 oty sl

T T
4 Sp—1Yk—1 Skp—1Yk—1

Proof. Using Lemma 3.1 and the usual sum of all eigenvalues as the trace of a

matrix, we get

2
_ Sp_
An—=2)+n, +n =An-1) +tk—l|Tky1]J|1.
k—1Yk—

Also using Lemma 3.2, we obtain

3y A Isk—alPlye—1l® [Isk—1l[*
N (n —2 +n*2+n+2:)\2n——+— + 12 .
( ) g g ( 2) 2 (Si_1¥k-1)? k(S?‘Qlyk—l)Q
Implying that
2 2 2 2 4
2 g2 A A sl Pllyell® o skl
M Tt =5t +1 : (3.3)
g g 2 2 (si_y)? : (st_19n—1)?
Let a = ”TS’“;1”2 and b = ”&“#”w, then we obtain
Sk_1Yk—1 Sk—1Yk—1
M+ = A+ aty, (3.4)
and
A2 )2
= 5 G (3.5)
respectively.
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Now from (3.4) and (3.5), we obtain

A2\
e = T Zb2 + Aaty. (3.6)

Remark 3.1 when \ =1, then we obtain

1 1

T]kT]k :Z_L_Zb2+atk

which is the case in MOPCGM [83].

Lemma 3.4 Let Qy be defined as in (3.2), then the optimal value of t is t;, =

Sg_lykfl
llsk—all*

From (3.4) and (3.6), we obtain

2 2

A
ny — (A + at)ni + [Z - ZbZ +atgA| = 0. (3.7)

This means

. (taty £ \/()\ +at)r — 4(2 — 2202 4 gty )

For positive definiteness of the matrix Qy, by applying some algebra, t > ﬁ(b2 -1).

Consequently, we obtain
Ayl sicayea

t>2 -
ST g TP

).

Now to obtain the optimal value of ¢, we minimize the square of the difference
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between 7, and 7, so that the condition number is small, then

A2\

(& —n.) =\ +at)’ — 4(Z - sz + atg ). (3.9)
Therefore, the optimal value of ¢ is % .
That is
T
t;; — )\Skflyk‘—;'
[Isk—1l]
ST —
Remark 3.2 For A\ = 1, we obtain the Optimal Perry parameter t; = |]|€s_,€1_y1k\|21
obtained by Subu’i et al [83].
We propose a new search direction is given by
-Gy, k=0
Pk = (3.10)

—Mka + GEMOPpk,1 k > 1

such that My = A+0GMOPGEPt g g goMOP _ (ioiotinn)TGh g gy Skt
E N A Mo A

A>0, v = Yp_1 +7Sk_1 and 7 > 0. (2.3).

Remark 3.3 To adaptively choose A depending on the problem and the current
iterate, we define Ay as the projection of two quantities onto the interval [aumin, Cmax) ,
where apy > 0. This ensures that A\, remains bounded between cuniyn and Qupay,

adjusting itself dynamically based on the progress of the optimization.

We define:

ve_1lI? S)  Uk_1
)\k - H[aminyamax] ( H i 1” Aol ) 9

Sp_1Vk-1 [[sp-1f?
The projection operator I, . a..](-) projects the values onto the interval
[anlina amax] .
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llok—1?

ST o Mmeasures how much the G(x) changes relative to the step size. A large
k—1"k—

value indicates a significant change in gradients, suggesting that a larger N\, may

be beneficial.

Sz;lvk—l
llsk—1l1?

measures the alignment between the step and the change in G(x), relative

to the step length. A smaller value suggests a smaller \j.

1 sk
)\k' = H[amin,amax] (ma’X( ”‘;jk 1” Y b . 1)) (311>

Sp_1Vk—1 |[Sk-1]?

This ensures that Ay, is bounded within [Cumin, Cmax], With cmin > 0 to prevent the
step size from becoming too small.

- Quin ensures that A\, does mot become too small, which could cause slow
convergence. - Qumay limits Ay from growing too large, preventing instability.

This adaptive scheme allows A\ to tune itself according to the characteristics
of the problem, without requiring manual adjustments for each new optimization
problem. The dynamic nature of N\, ensures a balance between stability and fast

Progress.

Using (3.11), (3.10) becomes

—Gh, kE=20
b= (3.12)
~MiGy + 07 ey k> 1
such that M, = X\, + QGMOPGHkakH; and
goror _ (Vo1 — tisi) G (3.13)

T
Pr_1Vk—1
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T
Sp—1Vk—1

ty = Ak
* [lsk-all?

(3.14)

and \; > 0 defined in (3.3), vy = yr_1+7Sk_1 and 7 > 0. In lemma 3.5, we verified

that the p; of (3.10) satisfies (2.3).

Lemma 3.5 Let {pr} and Gy be produced by algorithm 1. Let q, > 0, then

Proof. To verify this, we multiply G7 in (3.10) and we obtain

Glp_
G 498 G,

Gipe = =il |Gil P=07M 7

Gzpk = _>\kHGk||2a

but from (3.11) Ay > @pnin. It implies that

From the Lemma 3.5 above, the descent condition generally does not depend

on tk.
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3.1.1 Generalized MOPCGM Algorithm

Algorithm 1 Generalized MOPCGM

1:

H
e

11:
12:
13:
14:
15:

16:
17:
18:
19:
20:
21:
22:
23:
24:
25:
26:
27:
28:
29:
30:
31:

L X TR

Input: Function G, initial guess =y € R", A, > 0, tolerance ¢ = Tol, p € (0, 1),
parameters T, 5 > 07 n > 07 < > 07 Qmin > O, Qmaz > Qmin, Vs V172,73, 74 €
(0,2), 0 < (3 < (o, projection function IIr on convex set T’
Output: Solution z*
Initialization: Set k£ < 0, A\ <= \,, 2 < ¥y, initialize a4,
while [|Gi||> € do

if [|Gi1)]1< |G(zi) | then

Akl & A

okl Sk_1vk—1
Else A1 < a0 ame.] (Max (<7 )

st_qve—1’ lsk—1ll?
end if
Determine py as in (3.10)
Adjust ap = max{p'3} such that

G(xp + awpr) o < —Collprll i, ) (G (@ + cvepr)|]) (3.16)
if 2, = xp + agpr € I and ||G(z)||< € then
¥z
break
end if

Glan) " (r—zi)
Compute px < =G0

Update zg41 < p(zr — vueG(2k))
Compute sg_1 = 251 — Tx—1 and vy = G(zx) — G(zr_1) + TSK_1
Compute MO and t* using (3.14) and (3.13) respectively.
if [| for1l|< [| fx]| then
v = min(y - 71,7%2)
else
7 = max(7 - 73,74)
break
end if
if ||pr||~ 0 then
T — xp
break
end if
Set xy < w1
end while
Return z*
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3.1.2 Convergence Analysis of Generalized MOPCGM

The next Lemma examines that the algorithm is well defined.

Lemma 3.6 Let G be Lipschitz continuous, then

Appin P ||C¥k:||2

L+¢G P

ap > min{n,

Proof. With the line search in Algorithm 1, Let a; be the optimal step length

that satisfies (3.16), then &y = ay/p violets (3.16). So,

G(zr, + auwpr) i > —Cal|prel|"Uie, ¢ (|G 2k + dupie) )

and Ggpk; < _OfmmHG!kH2

|G| < ' [(G(z + awpr) — Gr) pr — Gy, + dwpr) pr]
NG < ——[(G(w + awpr) — Gr) " pr + Callprl ¢
Gl LT GO e
This completes the proof. |

Lemma 3.7 The direction py produced by Algorithm 1 meets the trust region prop-
erty

in || G () [ < [lpr][ < Kl G ()]

Proof.
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From

Sk—1 = Zk—1 — Tg—1 = Op—1Pk—1

’UT Sk —
Also [ofysi-1]< (Ly +7)|sica 2, then [¢9OP|= A Simsotl < o (Ly 4+ 7).

[lsk—1]]?
Therefore
|9GMOP | | e _ ksgqvk—l st1Gr
" pgfﬂ’k—l |[sk—1|[? pgflvk—l 7
|‘9GMOP|< ‘/Uk:T—le’ amaz<L7+7—)H5k*1||2 |5£—1Gk|
. ~ Tag-1|[pr-al? |[sk—1][? | 2’
k—1||Pk—1 k—1 TOk—1 pk71||
1§GMOP| < or 1 |1Grll | mae(Ly + T)|Isk-1l1* [[se-1l[l|Grl|
g T Tag_ 1] |pe-1]? l[sk—1|[? Ta—1||Pr-1]|?’

(Ly + 7l sk—1]* cn—1lpr—1 || G|l
[Isk-11? Tag—1||pr—1][?

|G|
THPk—lH’

(L + 7)||Gkl]
T||pk—1||

9GMOP| < (Ly + 7)ag1||pe—1 ||| Gkl
g N Tag-1||pe-1|]?

+ amaac

goor < (L1 IIGH]

+ Qg (Ly + 7)
THPk—lH

10SMOP | < (1 + apag) (3.17)

Now

GMoprpkq GMOP

GTpk:—l
[Ipel|< (A = 07 OP |Gl [+05 7 ||]&k||2 [ [pr—1]l-

But also

G;;Fpk—l
|Gl [?

GTpk_
(A —fFMOP ZEZE ) Gy 9TMOP < Q|| G| +]05OT

G107 pre-al
1GxlI? *

GMOPGgpk—l GMOP GMOP |G ll|pe—1]] GMOP
|(Ae—0; 1Gr P )G t07 7 1| < Q|| G410 |W|||Gk||+|‘9k I[lPr—1]-
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It implies that

1Pell< tmaal |G+ NP 1+H10 il

Therefore,

1Pll< Cmao [|Gll+2165 O pre-all-

Using (3.17)

Ly + 7)||G

1P el G201 + ) EDUCRL
T||Pk—1||
(Ly + )]Gl

1Pkl < | |Gr|[+2(1 + qmaa)

T

We finally get
Il (s 201+ ) )
From (3.18), we conclude that
||kl I< &]| Gl

where

(Ly+7)

R = [amax + 2(1 + amam) T

]

From lemma 3.5

min| |GrII*< —Gipi < (|Gl [lpx]]-
Therefore, we complete the proof by combining (3.19) and (3.21).
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Lemma 3.8 Suppose all the assumptions A1 and A2 hold, then

k—o0

Proof. Beginning from the line search (3.16) G(zx)Tpr < —Car||pr|P|G(z1)]|

Therefore

G(2)" (wx — 21) = =g + arpr) i
G (k)" (x — 21) = Caillpl PG (20
G(zi)" (wr — 21) > Cllan — 2] G (2] (3.22)
Now, we apply the monotonicity of G and A1. Therefore there is z* € T' such that
G(a*) = 0
Gz (2 — %) = Glze) (xp — 21 + 21 — 2¥)
Gz)" (2 — %) = G(2) " (wh — 21) + G(21) " (2 — 27)
Gz)" (2 — %) 2> G2) (g — 2) + G(2")T (2, — %)
Gz)  (zp — %) > G(z) (zp — 21) (3.23)

This implies that

Glze)" (wr — 2*) > (Jlze — 2l PGz | (3.24)
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Applying the non-expansive property of the projection operator, we get

lzrs1 — @7[1= [ITp (2 — yunG (2)) — 277,

||96k+1 - x*||2§ ||(90k — yurG(2k)) — $*||27
241 — 2*|P< (o — 2| =27 G 2)” (2 — 2%) + VR lIG () I

using (3.23), we obtain

s — 27[P< o — 2| P= 290G (1) (21 — 22) + 7 ]1G (2.

o (Ol ()
But pj, = = etom

(G(z)" (x — Zk))Q.

lzrsr — 2" |*< [l — 27| P=v(2 = )

G (ze)]1?
Using (3.22), we obtain
o — 2P < o — 2" P=7(2 = )¢l — 2" (3.25)
Implying that
0 < flokrr — 2" |*< [y, — 2*|? (3.26)

So, the sequence {||xz; — 2*||} is bounded below and non-increasing, hence {z}} is

convergent.
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From (3.25) we have

k
[[ox = 2"|< ||z — " F=1(2 = )¢ Y llay — zlI*
=0

This means that

k

Y2 =Y llzy = zl'< ||zo — 2| Pl — 2*|]< [lwo — 2* |,
§=0
hence
Y2 =Y Iy — zl['< oo — 27[[P< o0 (3.27)
§=0
This completes the proof. |

Theorem 3.4 Suppose xy, is generated by Algorithm 1, then

lim inf||G}[|= 0 (3.28)
k—o0

Proof. Suppose that there is some € > 0 such that ||Gg||> € for all k. Using

(3.21) together with this, we obtain

Amin€ < || Dk || Vk. (3.29)

From (3.29), we have o, — 0 as k — oc.
Applying the line search in (3.16) there is @y, (that is if a4 is the optimal step-size

that satisfies the line search, then oy = % violets the line search) such that

—G(wy, + anCpr) i < al|[pe| iy, ) (|G (@i + anpr)||) < @lllpel [’ (3.30)
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Since z;, and p; are bounded, we can select sub-sequences that converge to their
accumulation points. Let Z and p be the accumulation points of x; and p;. respec-

tively, then as k approaches infinity and by continuity of G in (3.30), we have

~-G@)T'p<0

Also using (3.15) as k approaches infinity, we have

~-G@)'p>0

This is for sure a contradiction.
Therefore

lim inf||G(z)||= 0.
k—ro0

Hence global convergence. This completes the proof.

We can provide an alternative proof that depends on the Lipschitz continuity of
G. Assume G is Lipschitz continuous.

Proof. We have two cases to consider.

1. Case 1
Suppose limy_, inf||pg||= 0. Now when we apply (3.15), it means there is

2 € R, such that

[Grl| < Qlpwll, ¥ &

and taking the limits concludes (3.28).

2. Case 11
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Let limy o inf||pe||# 0. Applying the line search in (3.16) there is @, (that
is if oy, is the optimal step-size that satisfies the line search, then & = a—p’“

violets the line search) such that

—G(zp+aupe) o < Caunllpel e, o (|G (@i + dnpi) 1) < @ndllpel]*¢ (3.31)

But using sufficient descent condition (3.28), Triangle inequality, Cauchy-

Schwartz inequality and Lipschitz continuity of G, we have

Umin |G| < =Gl pr = (G(zy, + dwpr) — Gr) o1 — Gk + dupr) pr,

min] |Gr||*< Léw||pr|*4C ] [pe] [ Co,
min |Gl [P < | pi[* (L + ¢C2) -

We arrive at

PUmin
Gkl < allpel]-
[Pl (L + ¢C2)
Consequently, we have
AOmin|| Pk L + CC
G P e Sl P+ CC2)

Plmin

Taking the limits in & implies that

lim inf||Gg||= 0.
k—oo

Hence global convergence. This completes the proof.
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3.2 Generalization of CGPM

The CG parameter given by Hager and Zhang (HZ) [46] is a particular case of Dai

and Liao (DL) parameter [33]. It happens when ¢t = 2% in (2.23) which may

Sk—1Yk—1
be considered to be an adaptive type of the D-L scheme in (2.22).
We now propose a generalized parameter related to H-Z parameter ¢, to be
2
th = )\M (3.32)

T Y
Sk—1Yk—1

such that A > 0. The proposed search direction is

-Gy, k=0
Dk = , (3.33)

MGy +05Mp |+ Tajwpy k> 1

such that A\, > 0,

peCaM _ Glwg-1 1\ lwe—1|[* Gipea 334
k - T k™= T ) ( )
Pr_1Wk—1 Pi_1Wk—1 Pf,_1Wk—1

flwp—1 I sg—lwkfl d i 89 d
}(max(sg_lwk_l, T )) as used in [82] an

where A, = II;

Amin,Xmax

H[aminvamaz] (.T) = Hla‘X(ami’l’U Hlin($, amax)),

GTPk—l
ap = o= T > 0 Wit = Yot T kPt Y1 = Glan) = Glagon), e =
_ GTpr_1
T — Tg—1 and rp = 1 + max{0, — 74—}
Wi _1Pk—1
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The next lemma verifies that (3.33) satisfies the sufficient descent condition.

Lemma 3.9 Let {py} and G(xy) be produced by the algorithm 2. Let 0 < 7 <
1, and i, > ”TT , then (3.33) meets the sufficient descent condition G{pk <

—¢||Gill?, where £ > 0.

The condition holds for &k = 0.

GEpr = =M |Gl PH09M G T py 1 + TarGrwg_ .

Gkafl Hwk71‘|2 GTpkq GF Pk—1
GEpr = =M |Gl P+————G T pr_1— i b Gl pp 1 +T— G T wy .
g 1G] Loy " P w1 pE jwpy wl e

T

GTU) — w 2 p
GIpp = =N |Gi|PH(1 + 1) LGl — Ay [ ]” Gy Gl pw
Pi_1Wkg—1 D1 Wg— lpk 1 Wk-1

2V (1 +7) Ghwe— Gy ||wk 2 Gipr— T
k Dk—1

GEpe = =\ ]|Gr| [P+
k 1G] 2V Ak DE o wr—a P _JWk—1 Pf_Wk—1

24 2V (14 7) Grwg 1 G pr-1pf_ Wi )\kHwkle?(Gfpkfl)Q'
PAVON (Ph_wk—1)? (PE_jwi—1)?

(1+7) Gg(pf—lwk—lﬂ\/)\_kwk—l(Ggpk—ﬁ
2v/ M (pgflwk—l)Q

Gl pe = — M| |Gy

||wk:—1 | |2(G£Pk—1)2

GTpk = — | |Grl|P+
! Gl T

i

(14 7)? |Gl P(ph_ywi—1)? + AN [we—r |PH(GEpe-1)? | [|Jwi—1|P(GEpr—1)?

Gl < =Ml |Grl|P+ =Y
Pk > k?|| k‘|| 4)\k 2(}7{_111)16,1)2 k (p{_lwk,1)2
1+7
6l < -nlial+ S G
But 0 < apmin < M < Qgpag, then
14 7)2
AT S B TATS (3.35)

mzn

This completes the proof.
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3.2.1 Generalized CGPM Algorithm

Algorithm 2 Generalized CGPM

1:

—_
—_

12:
13:
14:
15:
16:

17:
18:
19:
20:
21:
22:
23:
24
25:
26:
27:
28:
29:
30:
31:

[
T2

Input: Function G, initial guess o € R", A, > 0, tolerance ¢ = Tol, p € (0, 1),
parameters T > 07 n > Oa C > O? Y V1572, 73, V4 € (072)7 0< Umin < Umax,
0 < (G < (o, projection function I} on convex set I'
Output: Solution z*
Initialization: Set k < 0, z < xg, A < \,, initialize «;
while ||Gg||> € do

if [|G(zi1)]1< |G(zy)]| then

A A o
Else )\ « H[amin,amax](UIaX( Hkaflll Skilwkfl))

si_qwp—1” lsk—1ll?
end if
Compute 9SCCPM ysing (3.34).
Determine py as in (3.33)
Adjust ap = max{p'n | i =0,1,2,...} such that

G(zr, + arpr) o < —Couellpe P Ui, ) (|G 2k + cwpr)]]) (3.36)

if 2z, = 2, + aRpE € I' and ”G(Zk>H< ¢ then
T* <z
break

end if

Compute iy 4 Gl we—zi)

G (212
Update xy41 < (2 — yueG(2k))
Compute vy = G(zg) — G(xk_1) + TkPr-1
if || fea|[< || fl| then
v = min(y - 71,72)
else
7 = max(7y - 73,74)
break
end if
if ||pr|l= 0 then
¥ xy,
break
end if
Set Tp < Tht1
end while
Return z*
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3.2.2 Convergence Analysis for the generalized CGPM

Assuming all the conditions A1 and A2 are met, then we can analyze the conver-

gence of algorithm 1.

Lemma 3.10 Let G be Lipschitz continuous. Let 0 < 7 < 1, and apin > 37,

2
Then
pldad i, — (14 71)% |Gl

4amin[L + gg?] ||pk| |2

}

ag > min{n,

Proof. Let oy be the optimal step length that satisfies (3.36), then, &y = ay/p

violets (3.36). Therefore,

G(zk + auwpr) . > —Cal|pel|*Uie, ) (|| G (zr + énpr)||)

But GTp < —min[l — S| G2, So

4o,
2« _ min T
404min ~ ~
1Gi[?< e — (1477 (G (2 + awpr) — Gi)"pr — Gk + arpr)” pi)
4amin ~ ~ ~
|Gl < [(G(zrtnpr)—Gr) " prt-Co [prl i, e (|| G (@r+dupe) )],

[4a ., — (1+7)%

405k05min
pldag,, — (1+7)7

1Gx]”< L+ GGl .

Lemma 3.11 Suppose all the assumptions A1 and A2 hold, then

lim oy ||pk||= 0
k—oco

Proof. Beginning from the line search (3.36) G(z)Tpr < —Ca||prl?||G(22)|]
Therefore

G(Zk)T(l"k: — z) = —a Gz, + akpk)Tpk

G(ze)" (wr — 21) = Capllpel P||G(z) |
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G(z) (ze — 2) = Cllw — 2l Pl|G(z) ] (3.37)

Now, we apply the monotonicity of G and Al. Therefore there is * € I such that

G(z*)=0

G(z) (zr — 2%) = G(z) " (2 — 21 + 21 — 2¥)
G(z) (zr — %) = Gz) (2 — 21) + G(z) " (21 — 2%)
G(z) (zr — %) > G(z) T (2 — 21) + G2 (2, — 2¥)
Gz) (xx — ) > G(2)" (21 — 2) (3.38)
This implies that
G(z)" (wr — 2*) = Cllzw — 2l ]?||G (=) (3.39)
Applying the non-expansive property of the projection operator, we get
|hpr — 2*[)*= |[Tp (2 — yinG () — 2
ki1 — 2*|P< |(ee — yuG(2k)) — 2]
|zkp1 — @[PS o — 27| =29 G (1) (21 — &%) + 7] |G () |

|z — "< |z — 2| =29 G ()" (2 — 2) + 771l |G(2)|* - (3.40)

(G(z)" (v — 2)” | o (G2)" (2r — 2))?

a2l — g2 N 3.41
|| Zk41 17< || I v |G (k)] 7 |G (2)[|? ( )
G (zr)" (zr — 21))?
o 2< K2 2_ (
L L TETPIIE
|zksr — 2| P< JJaw — ()2 =(2 — M) (C|or — 2] [*) (3.42)
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Inequalities (3.40) and (3.42) follow from (3.37) and (3.38) respectively.

From (3.42), we obtain
0 < ||zpss — 2" [°< [y, — 27|

This implies that {||xo — 2*||} is a decreasing sequence and bounded below. This

means that {z;} is convergent. From (3.42) we settle that

k
llox — 2" |P< [lzo — 27[*=7(2 = 7)¢* ) _(Ilz; — z" (3.43)
=0

J

o
D llzw = zll*< o — 27| < oo,
k=0

This completes the proof. |

Theorem 3.5 Suppose x;, is produced by Algorithm 2 and o, > @ as defined
in algorithm 2, then
klim inf||Gg||= 0. (3.44)
— 00

Proof. We have two cases to consider.

1. Case 1
Suppose limy_,., inf||pg||[= 0. Now when we apply (3.35), it means there is
2 € R, such that

1Gell< Qllpell, ¥ &
and taking the limits concludes (3.44).
2. Case II
Let limy_,o inf||pe||# 0. Applying the line search in (3.36) there is @ (that

is if ay is the optimal step-size that satisfies the line search, then a; = “—p’“

violets the line search) such that

—G g+ arpr) o < Canllprl e, e (|G (e +awpr) ) < dwllpel PG (3.45)
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But using sufficient descent condition (3.44), Triangle inequality, Cauchy-

Schwartz inequality and Lipschitz continuity of GG, we have

(1+7)2
40

man

NGl P< =Gl pr = (G(xp+dupr) —Gr) " pe—G(@r+dupr) " i,

Amin [1_

(1+7)°
4a72nin
(1+7)°
402

min

min [l — NGHII*< La| prl*+CanlIpx] G,

Gl < éwllpel*(L + ¢C2) -

Qmin [1 -

We arrive at
pldal,;, — (14 1)%

1Gll< aullprl]-
Consequently, we have

G.IIP< .
Gl P el |25 B

Taking the limits in &£ implies that
lim inf||Gg||= 0.
k—o0

Hence global convergence. This completes the proof.

3.2.3 Features of GCGPM, GMOPCGM, and STTDFPM

In this section we describe the features associated with GCGPM, GMOPCGM,
and STTDFPM.

The most common features associated with the methods mentioned above include

2 sE yke
1{max( s%ff @L )

Where (I)k = H[m’m}(G(Zk)), /\k =1II

[a’minaamaw
From table A.1, we can deduce the similarities among the three methods. In

2
But —'f’“”” is
Sp—1YE—1

[ )

[82], the spectral parameter considered is () = 1_1[771,172](85_1%_1
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Properties GCGPM GMOPCGM STTDFPM

line search method Gz, + arpe)Tpr < —Caullpel* @ Gz, + arpe)Tpr < —Caulpel* @5 G(zr, + arpe)Tpr < —Caullpel?@r
Search direction — MGy + 05GP My + A/p?é‘pﬁwk,l — MGy + OGMOP ﬁ;j’l’(‘ﬂ; Gy, + 0SMOPp 1 =BGy, + OTTPEPM o — iy
Conjugate Parameter OEeaPM — Wfﬁ# oFMOr = (”kilig\ji:iﬁﬂ)rck GSTTDFPM — ukrzl%
Parameter ¢ tECCPM — Aki;gnkl = H: 1GMOP — )\Aiﬁs’: fH}' t=0

Sufficient descent Yes Yes Yes

DL Class Yes Yes Yes
Hestenes-Stiefel (HS) Class No No Yes

Number of Terms Three Term Two Term Three Term

Spectral Conjugate gradient Yes Yes Yes

Assumptions (A1) and (A2) Yes Yes Yes

Monotonicity of G Yes Yes Yes

Projection of z, to T’ Yes Yes Yes

Globally convergent Yes Yes Yes

Table 3.1: Comparison of Properties of Different Optimization Methods

ST —
always considered to be more superior compared to ﬁ% So replacing (5 with
A will not greatly affect the performance of STTDEFPM.
The DL class of methods exploits the Dai-Liao (DL) conjugate parameter, which

is defined as:
(?(xk)Tsk_l

QDL :eHS —t
g g Pi_1Yk-1

(3.46)

where 079 is the Hestenes-Stiefel (HS) conjugate parameter [49], and ¢t > 0 is a
controllable parameter that influences the method’s behavior. The parameter ¢
has attracted significant interest in the literature because different values of ¢ lead
to distinct methods with varying performance characteristics. For example, when
t = 0, the DL parameter simplifies to the HS parameter, placing methods like the
STTDFEPM into this category.

Specific choices for the parameter t lead to well-known methods. For instance:

e When
2
tzQiﬁjln (3.47)
Sp—1Yk—1
we obtain CGPM.
e When
-
Sp—1Yk—1
= ——" 3.48
P E (3.48)
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we derive the Modified Optimal Perry Conjugate Gradient Method

(MOPCGM).

The table A.1 above compares the properties of three algorithms, that is

GCGPM, GMOPCGM and STTDEPM.

o Line search criteria: Each method uses a different line search strategy to

determine step size. However, these line search strategies are closely related.

— CGPM: Incorporates a line search criterion based on the condition
G(zp + arpr) "ok < —Cagllprl|?|G(zx + agpr)]|, ensuring that the step

taken minimizes along the gradient.

— MOPCGM: Uses a similar line search condition but excludes the norm

of G(zg + axpy), simplifying the condition slightly.

— STTDFPM: Includes an additional factor ) in the condition, which

could adaptively modify the step size.

« Search direction: There are variations in the way G(z;) and previous

search direction py_; are combined.

» Conjugate parameters: Each method’s parameterization affects the over-

all update rules.

— CGPM: The conjugate parameter S“FM involves both wy,_y = yx_1 +
vsr_1, v > 0 and t{STM as well as their relation to the G(x},) as defined

in (3.47). wg_q replaces yg_1

— MOPCGM: The conjugate parameter M7 follows a similar formula

but replaces yy_1 with wy_; and is defined in (3.47).
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— STTDFPM: The conjugate parameter is as in (3.46) when ¢ = 0.

« Global convergence: All methods are guaranteed to converge under certain

assumptions, ensuring robustness across different problem types.

We can see from that table that all the algorithms use a similar line search to
ensure that the descent direction is adquate.
All the algorithms meet the sufficient descent condition and are DL class.
GCGPM and STTDFPM are three term spectural conjugate method while
GMOPCGM is a two term SCGM.
Each algorithm projects the point zj to the constraint set I'.
All algorithms are globally convergent and this ensures the stability and robustness

of the algorithms.
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CHAPTER 4

FRAMEWORK

4.1 Framework

In the Framework, we mean a unification of all the three algorithms that we have
discussed in the table A.1 in chapter 3. Table A.1 brings out a general picture
of the common features regarding the three algorithms, that is, the generalized
Conjugate gradient method(GCGM), Generalised Modified Optimal Perry conju-
gate gradient method(GMOPCGM), and STTDFPM all fall in the DL class and
are Spectral Gradient methods. In this chapter, we proposed a framework that
encompasses all three methods GCGM, GMOPCGM, and STTDFPM.

Our main goal here is to write all three algorithms to be in one algorithm.
This is achieved by writing the search direction of the framework as the convex
combination of the individual search directions and line searches respectively. In
addition to that, we also proposed a new search direction and line search for the
framework. We proved that the framework is sufficiently descent and then proved
the global convergence under some assumptions. Here is the general algorithm of

the framework.
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4.1.1 General Algorithm of the Framework

Algorithm 3 General Framework

1: Input: Function G, initial guess zq € R", tolerance e = Tol, p € (0,1), tuning
parameters, projection function IIr on convex set I’
Output: Solution z*
Search direction: Find the search direction py
Line Search: Find the line search a4 using the appropriate method.
Update: Update xi
Convergence: Check convergence. If it converges, stop. Otherwise, go to
step 3.
7: Return x*

In the following section, we proposed the search direction for the framework
by expressing it as a convex combination of the directions of the three methods

discussed before.

4.1.2 The line search for the Framework

The proposed search direction of the framework given by

—Gy, k=0
Pr =
_(/\k: + Ak)Gk + Owpr_1 + 'U‘I)ETTDFPMyk—1 + VT(I)ECGPMU}k_l k>1
(A1)
such that © = (S9CMOP 4 pBSTTDFPM | gOCGPM) | N, — speMOPGLnc,
GTsy_ T G
pgeer - Ghuor qurrorrat o MOt waclollye s il Gl

s{_lwk_l » Tk up

d,v,v e 0,1 and 6 +v+v =1.

Lemma 4.1 Let {py} and G(xy) be produced by the algorithm j. Let 0 < 1 <1,
v € [0,1] and apin > \/EHTT , then (4.1) is meets the sufficiently descent condition.
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Proof. It is clear if £ = 0. On the other hand,
G LPk—1 = —)\kHGkHz AkHGk” +@kapk 1+U(I)STTDFPMG Yk — +V(I)GCGPMka k—1

But

—Ag||Gy|[P= =665 MO G pry. (4.2)

Also

@ngqu — (59GMOP + UGSTT + VQCDPM)kak L
OrGipr_1 = 07MOPGLp 1 + v0 T GLpy_y + v PPV G py . (4.3)

Summing (4.2) and (4.3), we obtain
_AkHGkH2+®ngpkfl = U@kTTDFPMGTpk, -+ I/(9k, CGPMka e—1- (44)

But

GCGPM T
gGOGPM _ (wp—1 — t}; Pr—1)" G
¢ —

T
Py 1Wk-1

Y

GMOP T
YGMOP _ (Vp—1 — 1} sk—1)" Gg
2

T
Pr_1Vk—1

9

T
gSTTDFPM _ Yr_1Gr
k -_— .

Uy,
Substituting the parameters in to (4.9)
T GCGPM T
Yi—1Gr Wy—1 — Uy Pe-1) G
—Ap||Gr|PHO:GEpr_1 = v kol Grpr1 —l—y( ) Gipr_1
k pk71wk 1
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Also t{¢PM = )\kaT’“—l” implying that
k—1

T 5 T
_ _ Wi — DPr_ Gk
— A |Gel P0G pr1 = v Gh D1+ 0 —VAg [P P G Pr1-

T T
Uk Dy 1 Wk—1 P 1 Wk—-1 Py, Wk—1

yk 1Gk wZ_leGfpk_l ||wk—1‘|2pg—1Gk
Gk Pr— 1+ T —V)\k T D)
DPp_1Wk—1 (Pk—1Wk—1)

(4.5)

—A4]|GrlP+Ok G i1 = v Glpr_1.

On the other hand,

Pffl G

TTDFPM PM ~T
CI)S Gk Yk— 1+Vq)kGCG Gk Wg—1 = —U

Adding (4.5) to (4.6), we get

_Ak;HGkH +@k;G D 1+U(DSTTDFPMGTyk 1_’_V¢GCGPMka —

G B 2(..T G 2
o1+ 7) P Gy, )\k”wk 1[*(Pe—1Gr)

Ph_1Wk-1 (ph_qwr—1)?

We multiply p jwi_; up and down in the first term on the right-hand side.

. AkHGkH2+@kG£pk71 + UCDSTTDFPMGTyk . + V(I)GCGPMka b =

Ghpe 1Dk w1 Gy w1 |1 (p4_1Gr)?
v(l+7) - 5 — Uk 7 >
(pk—lwk‘*ﬁ (pk—lwk*o

. Ak“GkH?_’_@szpk—l + ,U(DSTTDFPMG]C Y1 + yq)GCGPMka ool =

Ggpk—wngk—lG%wk—l ||wk—1||2(ng1Gk)2
v(l+71) . 5 — Uk 7 5
(Ph_1Wk-1) (Ph_1Wk—1)

62



— Ab||Gr|PHORGTpy 1 + vSTTDFPM T, GGCGPM ATy, |

1/(1 +7') G 1 Dk— 1pk 1V 2\ LW — 1kak 1 y)\kHwk_lHQ(pz_le)2
V22X (Ph_wi-1)? (pi_ wi—1)?

Using Young’s inequality,

= MGl POk G -1 + 0TI Gy + v Gy <

((1 + 1) (|Gl (wi_ 1 px—1)? N 2)\k||wk1”2(G;€pk1>2> Y [wi—1]*(Pr_1Gr)?
ANy (p;‘cp—lwkfl)Q 2(p£_1wk,1)2 (p£—1wk71>2

1 + T
_Ak||Gk||2+@kapk 1+Uq)STTDFPMGT _1+V(I)GCGPMka o1 < I/( ) HG HZ
(4.7)
Adding —\||Gk||? to (4.7), it follows that
1+7)2
atne < -x1 - G e (48)
k
But a,,i, < Ak, we obtain
1+7)2
Gk < —apmin(1 — 1/(4a—2>)||Gk||2. (4.9)
This completes the proof. |
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4.1.3 Algorithm for the Framework

Algorithm 4 Framework
1: Input: Function G, initial guess zy € R", A, > 0, tolerance ¢ = Tol, p € (0, 1),
parameters o, o1, g9, ¢ > 05 > 0,7 >0, ¢ > 0, v,7%,%,73,7 € (0,2),
0 < amin < Qaz, 0 < G < (G, 7, §,v,v € [0,1], projection function IIr on
convex set I’

2: Qutput: Solution x*

3: Initialization: Set k < 0, 2z, < xo, A < )., initialize oy,

4: while ||Gk||> € do

50 i [|G(aks)||< |G(zp)]| then

6: A A .

7: Else )\ « H[amimamw](max(s'LTli’i;lk otk e 0)

8: end if

9: Determine py as in (4.1)
10: Adjust a = max{p'n | i =0,1,2,...} such that

Gz, + arpr) e < —Caul|pr T, ) (|G (2x + cxp) ) (4.10)

11: if 21, = 2 + agpr € I and ||G(z)||< € then

12: ¥z

13: break

14: end if

15: Compute py W

16: Compute sg_1 = 21 — Tx—1 and vy = G(zx) — G(Tr_1) + 01Sk_1

17: Update zg41 < p(zr — vueG(2k))
18: if || fit1ll< || fx| then

19: v =min(7y - y1,72)
20: else

21: v = max(7y - V3, 74)
22: break

23: end if

24: if ||pr||~= 0 then

25: ¥ — 1

26: break

27: end if

28: Set xy < w1

29: end while
30: Return z*

We have seen that the Framework is sufficient descent, now we discuss its conver-

gence.
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4.1.4 Convergence Analysis for the Framework

Assuming all the conditions A1 and A2 in chapter 3 are met, then we can analyze

the convergence of algorithm 4.
Lemma 4.2 Let G be Lipschitz continuous. Let 0 < 7 < 1, and cpin > HTT, Then

pldor,, — (1+7)%] |Gl

min

}

oy > min{n,

Proof. Let aj be the optimal step length that satisfies (4.10), then, & = ay/p

violets (4.10). Therefore,

Gk, + awpr) pr > —Cal |pul|"Hiey o) (|| G (g + aunpr)]||)

But GTpr < —amin[l — 521G 2. So

4amin

2
<
Gl < [4a?, —v(1+7)?

[(G(xy + dwpr) — Gr) pre — G + dupr) " pil,

405min
[4a$nm - V(l + 7—)2]

1Gl*< (G (@rtanpr) —Gr) pretCanl lpel g, ¢ (| G (@a+cupr) )],

4akamin [
pldag,, —v(1+7)%

1Gx]I*< L + ¢Ca]llpx*.

Lemma 4.3 Suppose all the assumptions A1 and A2 hold, then
k—o00

Proof. Beginning from the line search (4.10) G(zx)"pr < —Caul|prl?||G (z1)||
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Therefore

G(ze)" (w1 — 21) = =G + arpr) P
Gz)" (2 — 21) 2> Cafllpal PG (z0)
G(z)" (a0 — 2z1) 2 g — 2] G (2| (4.11)
Now, we apply the monotonicity of G and Al. Therefore we can find x* € I' with

G(z*) =0

Gz (wp — %) = Glze) (xp — 21 + 21 — 2¥)

Gz (wp — %) = Glzn) T (xp — 21) + G(2) (2 — 2¥)

G(z) (2 — %) > G(z) (g — 21) + G (%) (21, — %)

G(z) (xr — 2%) > G(z)T (z — 21) (4.12)

This implies that

G(a)" (wk — ") 2l — 26l P1G (2) | (4.13)

Applying the non-expansive property of the projection operator, we get

|zhsr — 2| [*= M (z, — G (zk)) — 2]

ok — 2| < [l(@r — G (2x)) — 27|
|2k — 2" |P< o — 27 |P =27 G () (2n — %) + 71 ]1G () |2

lzsr — @7 [P< Mo — 2% |P=29unG () (21 — 2) + V|G 2P (4.14)
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(G(z)" (v — 2)” | o (Gz)" (2 — 2))?

a2l — g2 N 4.15
|| Zk41 7< |z, I v |G (z)||? 7 |G (2)]? ( )
G(2)" (2 — z))?
o 2< K2 2 (
||zryr — || < ||xg — 2" ||*=7(2 — ) 1G22
lonan = o7 IP< [l = [P =(2 = 7) (Il — =l (4.16)

Inequalities (4.14) and (4.16) follow from (4.11) and (4.12) respectively.

From (4.16), we obtain
0 < flokrr — 2" |*< oy, — 2*|?

This implies that {||xg — 2*||} is non-increasing and bounded below. This implies

that {xy} is convergent. From (4.16) it settles that
k

o — 2| P< (oo — 2| P=2(2 = 1) Y (I — =I" (4.17)

J=0

o0
> ok = zll*< |20 — 277 < o0
k=0

This completes the proof. |

Theorem 4.1 Suppose xy is produced by Algorithm 4, then

lim inf||G}]|= 0. (4.18)
k—o0

Proof. We have two cases to consider.

1. Case 1
Suppose limg_, inf||pk||= 0. Now when we apply (4.9), it means there is
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2 € R, such that

1Gell< Qllpll, ¥ &
and taking the limits concludes (4.18).

. Case II
Let limy_,o inf||pe||# 0. Applying the line search in (4.10) there is @ (that
is if oy is the optimal step-size that satisfies the (4.10), then & = O‘—p’“ violets

the line search) such that

—G(zp+aupe) o < Caunllpel e, o (|G @i+ dnpi) 1) < @ndllpl]*¢ (4.19)

But using sufficient descent condition (4.9), Triangle inequality, Cauchy-

Schwartz inequality and Lipschitz continuity of G,

2
—1/(1 +7)
4o

min

Unin|1 WGElP< =G pr = (G(zp+dwpr) —Gr) pr—G(xx+aupr) i,

(1+7)2
min 11—
“ [ Y 4a$mn
2
B 1/(1 +7)
402

min

NGHIIP< Law| prl*+Canllpxl G,

Qmin[1 HGI*< Gullpel (L + ¢2)

We arrive at
pldal,, —v(1+71)°
A pr| [ tmin (L + CC2)

1Gell< allpxll

Consequently, for a,;, # :I:M7 we have

pldas,, —v(1+7)%

1GRII*< ol px]
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Taking the limits in &£ implies that,
lim inf||Gg||= 0.
k—o0

Hence global convergence and this completes the proof.
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CHAPTER 5

NUMERICAL EXPERIMENTS

5.1 Algorithms Testing

In this chapter, we studied and compared the performance of the Framework,
GCGPM, and GMOPCGM with the other three methods. That is STTDFPM
[[50], Algorithm 1], MOPCGM [[83], Algorithm 2.1], and CGPM [[109], Algorithm
2.1] without changing their line searches or parameters.
The comparison was conducted by considering the number of iterations, CPU time,
and function evaluation number.
The Algorithms were applied to Julia and tested with the same initial values.
The algorithms were set in such a way that iteration stopped when Tol < 107!
or the iterations exceeded 2000. The number of iterations, number of function eval-
uations, and CPU time were represented by IT, FE, and CPU, respectively, and
the norm of G was also recorded to notice the accuracy of the algorithms. 19 test
problems from different sources were used. All the experiments were conducted
with three distinct dimensions, that is 103, 10*, and 5 x 10*. 14 different initial
points were used for each dimension in the experiment.
We carefully selected the best parameters that seemed to suit each proposed algo-

rithm for better performance.
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For GCGPM, we selected the following parameters 7 = 0.001, » = 0.6, A\, = 1.0,
p =05 C=01¢ =10, ¢ = 1.0, Qmin = 0.55, Qmar = 1.9, v = 1.8, 7 = 1.1,
Yo = 1.7, v3 = 1.05, 74 = 1.05
For GMOPCGM, we selected the following parameters
7=10,p=038, 8=05¢=0.0001, tmin =0.1, ez = 2.0, Ao = 1.0, v = 1.1,
Yo =18, 73 =10, v =10, =10, ¢ =10

For the Framework, we selected the following parameters
o1 =250, p=081n=05 (=10 qmin = 0.55, e = 1.9, A\, = 1.0, 7 = 1.8,
7 =11, 7% =18, v =085 v =10, = 1.0, & = 1.0, ¢ = 50.0, § = 1/3,
v=1/3,v=1/3, 7 =0.0001 = 09, 0 = 0.6.

The following are the initial points used for the experiments;

Um= (1,1 . L)T qgk— (L L )T (L2 T

m’

All algorithms were terminated if either of the following was met;
1. ||G(xp)||< Tol
2. pr < 0.1T0l
3. k> 2000

|G(xx)|| represents the usual norm of G at x;, and Tol = 1071
For a better assessment and comparison of the performance of the various schemes,
we employed the Moré and Dolan performance profile in [39]. The performance

profile of the three new algorithms and their counterparts are represented in Figures
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5.1-5.3. As in the figures, the vertical axes depict the chances that a certain solver

outperforms
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From Figures 5.1-5.3, it was observed that GCGPM outperformed its coun-
terparts where it won by 40% 50%, and 38% as depicted in Figures 5.1, 5.2 and
5.3 respectively. This is because the four methods namely GCGPM, STTDFPM,
GMOPCGM, and the Framework share the same properties and so there should
be a small deviation in their performance. This can be witnessed from the figures.
However, as a surprise, the GMOPCGM and the Framework were outperformed
by STTDFPM though they both won MOPCGM and CGPM.

For further details concerning the individual outputs can be found in tables in
appendix A
The following are the problems used in the experiment.
Problem 5.1(Problem 4.1 in [82]) G(x) is
G(x;) =2x; —sinz;, i=1,2,--- nand I' = [-2, o0].
Problem 5.2(Problem 10 in [55])
G(z;) = log(|ag|+1) = %, i=1,2,---,n.and I' = R.
Problem 5.3(Problem 4.1 in[109])

G(x;) =exp(x;) —1, ,i=1,2,---,n.and I =R.
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Problem 5.4(Problem 4.5 [82] )The general interpretation G(z) defined as

G(x;) = 4w + (241 — 275) —
and I' = R.

Problem 4.5(Problem 4.4 in [109]) Exponential problem G(z) defined as

501+962>7

G(r1) = 7y — expcos(“

G(z;) = 2 —expcos(%;lﬂi“), i=2,---,n—1
G(z,) = x, — exp cos(%)

and I'=R

Problem 5.6(Problem 4.4 [109]) Exponential problem G(z) defined as
G(x1) = x1 + sin(xq) — 1,

G(z;) = —wj—1 + 2x; +sin(z;) — 1, i=2,---,n— 1.

G(z,) = xp +sin(z,) — 1

Problem 5.7(Problem 19 in [55])Zero Jacobian function G(z) defined as
G(r1) =27, a

G(z;) = —2myzy, for i=2,---,n

and I'=R

Problem 5.8(Problem 14 [88]) The general interpretation of G(z) defined as
G(z1) =z (23 + 23) — 1

G(x;) = w27y + 227 + 23 ,)—1, for i=2,---,n—1

G(xn) = wn(ay +a7)

and I'=R

Problem 5.9(Problem 12 [55])Trigexp function G(z) defined as

G(11) = 323 + 229 — 5 + sin(|zy — xo|) sin(|zy + 22|)
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G(z;) = —wi1 exp(zio1 — @) + 21(4 + 327) + 2xi1 — 5 + sin(|z; — 2444 ]) sin(|z; +
Tiz1|), for i=2,--- n—1

G(x,) = —xp1exp(vp_1 — x,) + 42, — 3

and I' =R

Problem 5.10(Problem 2 [88]) Complementary problem G(x) defined as
G(x;) = (z; —1)2=1.01, fori=1,---,n

and ' =R

Problem 5.11(Problem 4 [88]) Complementary problem and G(z) defined as
G(x;) = %expxi -1, fori=1,---.n

and I' =R

Problem 5.12(Problem 11 [51])

G(z;) = x; —sin(|x; — 1)), fori=1,---,n

and I' =R

Problem 5.13(Problem 4.5 in [96])

G(z;) = 2x; —sin(|z; — 1)), fori=1,---,n

and I' =R

Problem 5.14(Problem 6 [88])

G(z;) = x; — 2sin(|x; — 1), fori=1,---,n

and I' =R

Problem 5.15(Problem 11 [88])

G(x;) = (expx;)> + 3sinz;cosw; — 1, fori=1,---,n

and I' =R

Problem 5.16(Problem 5 [97]) The singular function G(x) defined as

G(l’l) = 25.771 + Ty — 1
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G(z;)) =wi 1 +25x;+x01— 1, fori=2--- n—1
G(z,) = Tp1 + 252, — 1

Problem 5.17(Problem 1 [110]) G(x) defined as
G(x;) = 2x; —sin(|zy|), fori=1,---,n

Problem 5.18(Problem 32 [55]) Minimal function G(z) is defined as

G(z;) = 0.5{logz; + expx; — \/(logz; —expx;)2 — 10~} fori=1,---,n
Problem 5.19(Problem 4.11 [58]) G(x) defined by
G(wi) =2(107°) (s — 1) +da; 375 2% — @y, fori=1,---,n

Problem 5.20(Problem 4.6 [83]) G(x) defined by

G(2;) = wi(cos(z; — 1/n)(sina; — 1 — (L —2;)> = 1/n Y " 25), fori=1,---n
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5.2 Signal Restoration

Signal restoration refers to recuperating/recovering an original signal from de-
graded observed signals[21]. Signal restoration is a real-world problem that in-
cludes but is not limited to dequantization [66, 67], denoising [38, 75, 105],
deblurring [14, 20].

Signal restoration includes large-scale inverse problems in which a multidimensional
signal x is to be obtained from the observation of data y consisting of signals re-
lated to it either mathematically or physically. Both the original signal x and the
observed y are taken to lie in some real Hilbert spaces which may be indepen-
dent [26, 90].

The observed signal is given by
y=Hzx+k (5.1)

such that x is the signal that we want to recover from y, k is called the additive
noise, H is a given operator representing the observation process like blurring
or degradation, [85, 89]. For instance, for a blurred version of x then H is a
convolution matrix. If = [x1, 2o, 73,24, 25]7 is a signal of length 5 and d =

[1,0,—1] is an edge detection filter(Kernel), then the corresponding Convolution

10 -1 0 0

matrix H = |90 1 0 =1 0 |- Thisis an example in the 1 dimension. The

00 1 0 -1
observation from z is y = Hx - [#1 — @3,29 — 14,23 — w5)7. In general for 1

dimension = = [z1, - -, x,] and the filter(Kernel) h = [hy, - -, hg] such that k < n,

7



then

Y = iL‘ih1 + -+ xi+khk

The resulting vector

hl hg hk 0 0 T
0 hl hy D, 0

y =
0 -+ 0 hy ho - hy| |z,

is a convolution result, as if the filter h slid over x one position at a time.

In 2D, it utilizes the sliding window operation where the filter H moves(slides)
across the input signal x. For every placement of the filter H on the input signal x,
the inner product is computed of the filter and the overlapping signal components

eg pixels for the input image.

hl hg h3
1 X9 hlxl + hQIQ + h4l‘3 + h5ZL'4 hgl‘l + hgl’g + h51’3 + h6l‘4
Y= 1hy hs hg =
T3 X4 h4$1 + h5£U2 + h7333 + hgl’4 h5331 + h@l’g + hgl‘g + h9354
h7 hs  hg

The problem of restoring the original signal z from the observed signal y is an
inverse problem [41, 85].

Equation (5.1) can be restated into an objective function

T(z) = R(y, Hx) + nL(z), (5.2)

R(y, Hx) caters for z and y disagreement, regularization term L(z) and 7 is the

regularization parameter.
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Different techniques have been developed to resolve (5.1). For example, Multi-
level approach [41], majorization-minimization[85], Accelerated Projected Gradient
Method APGM|[37] and many more.

In [85], defined R(y, Hz) = ||ly— Hz||3 to be the mean square error and the regular-
ization term L(x) has to be of l; norm due to sparsity of . Then ||z|}1= >, |z

and ||ul|3= "1, u?. Therefore (5.2) becomes
T(x) = |ly — Hzl[3+n]] (5.3)

o to obtain z, its through minimizing/possibly solving (5.3) called [; regularized
linear inverse problem or the penalized least-squares problem.

The presence of the [; term may lead to small components of x to become exactly
zero, thus leading to sparse solutions [42].

Yin et al in [102], evaluated the performance of their technique by obtaining the
sparse solution x for

1
min Sy — Hal[*+7]|z]l; (5.4)

and (5.4) is assumed to be under-determined linear systems of equations such
that H € RP*™ and y € R” and p << m. In [42, 99, 102], they let x = s —r
where s and r are non-negative vectors such that s; = (z;); and r; = (—x;), for
every ¢ = 1,---,m such that (), denotes the positive part operator defined as
(u)y = max{0,u}. Thus we have ||z||;= (E,, s+ r) where E, = (1,---,1).

Therefore (5.4) can be written as

1
m%n §||y—H(s—r)||2+n(Em,s+r>,r20,520 (5.5)
zeR™

Let g be a shift vector such that s «— s+ ¢g and r +— r + ¢g. we see that this
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shift vector increases and term 217E,{ g > 0. For sure it means that at the solution

of (5.5), s; =0 or r; = 0 for all i following the definition of the positive operator.

s
Now from (5.4), n{Epn, s + 1) = n{Eay, z) such that z = € R,

r

Also from ||y — H(s —r)||*= (y — H(s — 1),y — H(s — r)). Therefore

ly = H(s = r)[P=llyl[*=y"H(s —r) = (s = )" H'y + [[H(s = )||”

let @ = H™y, then

ly = H(s = )|P=llyll*=a’ (s =) = (s =) Ta+ [[H(s — )|

Also
| H(s —n)|[*= (H(s —7), H(s — 1)) = (Hs, H(s = 1)) = (Hr, H(s — 1))
|H(s —7)|[*=s"H"Hs — s"H"Hr — (W' H"Hs — " H" Hr)
||H(s —r)||*=s"H"Hs — s"H'Hr — " H"Hs +r"H" Hr
) H'H —HTH S
- —\s r
ler(s = n)lP= (s )
~HTH HTH r
T
) S H'H —H'H S
[H (s = 7)[|"=
r ~HTH H'H r
1H (s —7)lI*= 2" Q=
Again
T
—a
—a'(s—71)—(s—r)la=2 z
a
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and

77<E2m7 Z> = nEng

Therefore
T
1 2 1 2 ¢ T T
5 - 1= 5 2m
51y — Hal[*+nllzlli= 5 ([ly[]+2 2+ 27 Qz) +nky,2
a
T
1 2 Lo Lor T ¢
Sy — HalPllalh= 5ol 52"z + Ef, + | | )
a
T
1 1 1 NEm —a
lly — HalP+llalh= 5ol 4527z + :
NEm +a
nEn - HTy
Let d =
nk, +H"y
Because ||y||*> 0 is the observation, then
1 2 L T
lly — HalPllalh> 527 Q= + "
Problem (5.4) can be redefined by
17 T
min 5z Qz+d z, z>0
S nk, — H'y H™H —HT'H
such that z = ,d= , Q=
r nE, + HTy ~H"H HTH

From [44, 99] the function G is monotone and continuous.

It was also noted in [82] that z satisfies (5.6) if and only if it satisfies (5.7)

G(z) =min{z,Qz+d} =0
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The 'min’ is interpreted to be a point-wise minimum and G is monotone and
continuous as proved in [53].

Therefore problem (5.7) can be interpreted to be in the form of (1.1). In the
experiment, we considered compressive sensing where we aimed at reconstructing
a sparse signal from the observed signal. Firstly, we defined a sparse signal ;.
of length n = 22 and sparsity k = 2%, that is k are non-zero elements in the signal
that are randomly selected.

A Sensing Matrix H of size m x n was obtained randomly. Where m < n and
in this case we considered m = 2. The Gaussian noise was also determined
whose components were produced normal distributions N(u = 0,0 = 0.01). The
observation y was considered to be the sum of the noise and the product of the

sensing matrix and the original signal.
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Figure 5.4: Reconstructed signals

83



In the application of the GCGPM, GMOPCGM, and the Framework in com-
pressed sensing, the iteration process began with the initial point x, = Hy of
length n, and the experiment was terminated when |G (zy)||< 107°.

The parameters for the Framework and GCGPM remained the same.

For GMOPCGM, we selected the following parameters.

7 =105 p=0.8, §=0.5 ¢ =0.0001, apmm = 0.1, e = 2.0, \, = 1.0, v = 1.8,
1 =1.1,v% =1.8, 73 =0.85, 74 = 1.0, (; = 1.0, (o = 1.0.

To consolidate the applicability of our schemes in recovering sparse signals, we
compared them with STTDFPM in [50], CGPM in [109] and MOPCGM in [83].
The comparison helped us to evaluate how best our methods perform relative to

their counterparts. A good performance implies a small mean square error given

by,

MSE = H:Utrue - xrecoveredH
n

So, for fairness to all solvers, we conducted 10 experiments and determined the
means for the Iterations, means for the function, and mean times besides the mean

square errors. The results were recorded in table 5.1 below.

Algorithm Iterations Function Evals  Time MSE

MOPCM 421.7 1267.1 7.5477 5.23 x 1078
GMOPCGM 269.0 808.8 4.5182 5.23 x 1078
CGPM 1708.4 5468.7 39.6073 5.06 x 1078
GCGPM 363.2 1089.6 8.0243 5.23 x 1078
STTDFPM 398.2 831.7 6.8776  5.15 x 1078
Newframework 955.2 3106.4 17.3467 5.20 x 1078

Table 5.1: Comparison of algorithm performance based on iterations, function

evaluations, time, and MSE.

As we can see from the table, it is clear that CGPM gives a small mean square
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error. However, GMOPCGM took less time, had few iterations, and had few
function evaluations. Figure 5.4 shows the quality of the reconstructed signals by

the solvers.
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CHAPTER 6

CONCLUSION AND FUTURE
WORK

6.1 Conclusion

In this work, we proposed two algorithms, including GCGPM and GMOPCGM,
that resulted from generalizing CGPM and MOPCGM, respectively. The frame-
work was, in turn, the result of the convex combination of GCGPM, GMOPCGM,
and STTDFPM. The methods were proved to be globally convergent. GCGPM
exhibited better performance in solving the high-dimensional systems of nonlinear
equations, where it won in every aspect. GMOPCGM was the best in signal re-
construction with the shortest time, few iterations, and few function evaluations.

Therefore, GCGPM generally stands out among the six schemes we worked with.

6.2 Areas of further Research

we have formulated a generalization of the Modified Optimal Perry conjugate gra-
dient and Conjugate Gradient projection methods. Then we gave a framework that
combined the two methods with spectral three-term derivative-free methods. We

studied some of the properties of the Generalized Methods and the Framework.
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However, further, we point out some feasible areas that may require attention for

further research.

Trust region property of the Generalized Conjugate gradient projection
method

Due to time constraints, we did not determine whether the search direction satisfied
the property of the trust region. If not, it would be natural to ask "How can we
make it satisfy such a wonderful property that limits the step size from being
more aggressive or being very short which may severely affect its convergence
and robustness in general?” One way to do that is to replace the previous search
direction in the correction term r,pg_1 of the change in values of G at points x; and

xk—1 with the change in values z or by defining s;_; in a way like in GMOPCGM.

Adaptive scaling

In these methods, we suggested spectral conjugate ways of scaling the search direc-
tion update matrix that is adaptive to balance the rate of convergence, accuracy,
and robustness of the algorithm such that it can handle various problems without
adjusting the parameters because not all problems can be handled with same val-
ues of the parameters. A question that can arise is ”is there any other way(s) we

can adaptively scale the search direction”
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| f | x| m | MOPCM | GMOPCGM | CGPM GCGPM 7 STTDFPM 7 Framework 7
| 7 | Norm IT FE| Norm IT FE| Norm IT FE| Norm IT FE| Norm IT FE| Norm IT FE |
F3| 00 [ 1000 0 0 1 0 0 1 0 0 0 0 0 0 0 0 1 0 0 1
0.2 L13751E-12 14 50 0 1 13 | 1.98011E-12 16 75 0 1 15 0 0 12 0 113
0.4 7.0006E-12 15 53 0 1 4 |263313E-12 16 64 0 0 3 0 0 4 0 14
0.5 1.93798E-12 18 64 0 2 8 |271036E-12 16 64 0 0 3 0 0 4 0 2 8
0.6 5.56116E-12 20 72 0 2 8 |266121E-12 16 64 0 0 3 0 0 4 0 2 8
0.8 55401E-12 22 80 0 15 | 1.89585E-12 16 64 0 17 0 0 4 0 1 5
1.0 3.51786E-12 23 84 0 1 5 | 30474E-12 17 70 0 17 0 0 4 0 15
1.1 3.72851E-12 21 78 0 1 5 | 30474E-12 17 70 0 17 0 0 4 0 1 5
1-1/m 3.55999E-12 23 84 0 1 5 | 30474E-12 17 70 0 17 0 0 4 0 1 5
1/k 5.13373E-12 33 115 0 6 20 | 8.18987E-12 49 198 0 17 | 79172E-12 50 152 | 7.93677E-12 39 127
(k-1)/m 5.23874E-12 61 220 0 8 26 | 5.75671E-12 62 250 | 9.62086E-12 15 47 | 7.65506E-12 55 167 | 5.88419E-12 45 146
1/m 3.14571E-12 9 29 0 1 4 | 355296E-12 13 52 0 0 3 |330018E-13 5 19 0 1 4
1/3 4.6145E-12 21 70 | 3.14018E-16 0 4 | 5.66004E-12 48 192 | 2.22045E-16 0 3 | 2.22045E-16 0 4 |3.14018E-16 0 4
k/m 5.31508E-12 61 220 0 8 26 | 9.0133E-12 61 247 | 7.67475E-12 16 50 | 7.77063E-12 55 167 | 7.16232E-12 45 146

F4| 00 | 1000 0 0 1 0 0 1 0 0 0 0 0 0 0 0 1 0 0 1
0.2 9.00003E-12 97 389 0 3 11 | 9.04458E-12 15 &5 0 1 6 0 2 11 0 311
0.4 7.85633E-12 92 371 0 1 6 |7.00582E-12 13 78 0 0 4 0 0 5 0 1 6
0.5 9.97857E-12 92 371 0 1 6 |932786E-12 13 78 0 0 4 0 0 5 0 1 6
0.6 8.8836E-12 93 375 0 1 6 |110657E-12 14 84 0 0 4 0 0 5 0 1 6
0.8 8.93562E-12 94 379 0 2 11 | 541978E-12 12 71 0 0 4 0 0 5 0 2 11
1.0 8.43271E-12 95 383 0 2 11 | 1.6227E-12 13 77 0 0 4 0 0 5 0 2 11
L1 9.43617E-12 95 383 0 2 11 | 2.36699E-12 13 77 0 0 4 0 0 5 0 2 11
1-1/m 8.42284E-12 95 383 0 2 11 | 1.61592E-12 13 77 0 0 4 0 0 5 0 2 11
1/k 9.47025E-12 116 465 | 9.98874E-12 12 57 | 8.16996E-12 65 389 0 10 45 | 6.2004E-12 35 109 | 7.35066E-12 11 55
(k-1)/m 8.37718E-12 113 453 | 4.64888E-12 17 86 | 9.15529E-12 88 531 | 8.47213E-12 28 135 | 7.87682E-12 7 23 | 5.68934E-12 12 61
1/m 9.99439E-12 72 291 0 1 6 | 1.58276E-12 11 66 0 0 4 0 0 5 0 1 6
1/3F 9.45902E-12 107 429 | 1.8968E-14 0 5 |8.12121E-12 24 143 | 1.73123E-15 0 4 |G6.09615E-16 0 5 | 1.8968E-14 0 5
k/m 8.3807E-12 113 453 | 4.64366E-12 17 86 | 8.33945E-12 96 576 | 8.59572E-12 28 135 | 7.85897E-12 7 23 | 5.60308E-12 12 61

Table A.2: Comparison of Optimization Methods
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| £ 2z | m | MOPCM | GMOPCGM | CGPM | GCGPM STTDFPM | Framework
| | | Norm IT FE | Norm IT FE | Norm IT FE | Norm IT FE Norm IT FE | Norm IT FE
F8| 0.0 [1000| 9.0449E-12 155 623 | 7.58013E-12 34 173 | 7.03731E-12 49 342 |4.13856E-13 20 109 | 7.54797E-12 64 210 |6.11255E-12 38 195
0.2 8.87306E-12 268 1304 | 1.2047E-12 38 198 |  9.4422E-12 61 443 | 9.08169E-12 85 424 | 7.35183E-12 72 240 | 5577E-12 35 186
04 9.42147E-12 593 2321 | 5.14797E-12 94 467 | 816241E-12 59 412 | 8.86548E-12 92 446 | 9.42922E-12 208 632 | 9.78545E-12 120 677
0.5 9.79924E-12 540 2097 | 7.97373E-12 47 245 | 1.60118E-12 56 391 | 6.14559E-12 132 629 | 9.60529E-12 109 347 | 6.03E-13 38 204
0.6 9.26853E-12 691 2835 | 1.92393E-12 41 211 | 9.70343E-12 520 3275 | 7.30627E-12 131 626 | 9.94783E-12 227 680 |8.84227E-12 28 151
0.8 9.67312E-12 642 2538 | 5.93579E-12 40 210 | 3.59598E-12 51 357 | 8.887HBE-12 72 345 | 9.59838E-12 205 620 | 9.9041E-12 71 362
1.0 9.58799E-12 609 2446 | 7.22003E-12 39 201 | 7.45506E-12 55 387 | 7.40082E-12 132 631 | 9.81016E-12 224 680 | 7.16231E-12 36 188
L1 9.54796E-12 555 2205 | 9.96003E-12 44 231 | 2.59891E-12 51 359 | 7.54634E-12 130 621 | 9.5103E-12 216 654 |5.13794E-12 31 164
1-1/m 9.95369E-12 590 2340 | 2.7036E-12 41 214 | 7.95124E-12 51 359 | 8.00975E-12 132 632 | 9.54206E-12 223 675 | 9.57426E-12 84 427
1/k 9.35022E-12 400 1519 | 5.93258E-12 39 208 | 7.05602E-12 54 373 | 5.99479E-12 31 156 | 9.75001E-12 115 358 | 9.85137E-12 29 163
(k-1)/m 9.56506E-12 594 2341 | 3.61775E-12 67 341 | 6.36133E-12 56 395 | 9.49224E-12 133 637 | 9.6292E-12 218 662 | 8.34353E-12 99 565
1/m 9.89158E-12 410 1544 | 212635E-12 42 214 | 7.14829E-12 57 398 | 6.28879E-12 28 149 | 9.623E-12 128 396 |8.88285E-12 29 151
1/3 8.76605E-12 149 599 | 5.44365E-12 39 199 | 2.32289E-12 52 362 | 4.40923E-12 36 206 | 9.82399E-12 71 227 |9.21914E-12 28 147
k/m 9.58763E-12 646 2555 | 9.17303E-12 113 566 | 6.81665E-12 57 402 | 9.58465E-12 133 638 | 9.94468E-12 215 653 | 8.96545E-12 107 608
F9| 0.0 |1000 | 9.52562E-12 646 2939 NaN 22 | 2516.48202E-12 182 1682 | 4.77383E-12 32 225 | 6.7523E-12 88 359 NaN 2000 39849
0.2 NaN 2000 15996 NaN 11 204 NaN 2001 52003 NaN 2001 38003 NaN 2001 38003 NaN 2000 39984
04 9.58225E-12 624 2827 NaN 11 190 | 592469E-12 234 2149 NaN 2001 37946 | 8.5287E-12 65 264 NaN 2000 39970
0.5 9.5936E-12 667 3016 | 5.51836E-12 67 529 8.135E-12 96 900 |5.15038E-12 56 347 | 9.00279E-12 89 361 | 7.05035E-12 36 258
0.6 9.7629E-12 614 2794 | 8.50988E-12 65 513 | 812924E-12 200 1845 NaN 2001 37974 | 9.37E-12 74 301 | 6.1703E-12 39 279
0.8 9.48122E-12 604 2744 | 5.18804E-12 60 450 | 5.85153E-12 185 1710 | 6.32393E-12 34 230 NaN 2001 37929 | 9.59244E-12 35 244
1.0 0 0 1 0 0 1 0 0 0 0 0 0 0 0 1 0 0 1
L1 9.40871E-12 604 2743 | 9.62676E-12 61 452 | 5.75289E-12 192 1773 | 8.29995E-12 34 229 | 5.6803E-12 59 243 | 3.87798E-12 40 275
1-1/m 9.70043E-12 463 2112 | 9.08445E-12 48 357 | 9.66048E-12 107 995 | 2.41919E-12 24 167 | 859023E-12 40 167 | 7.87838E-12 30 210
1/k 9.43397E-12 664 3012 | 285.0120454 2000 6055 | 5.92465E-12 180 1664 | 3.77346E-12 41 270 | 9.7306E-12 83 334 | 265.7400073 2000 6008
(k-1)/m 9.83249E-12 403 1883 | 5.45065E-12 71 516 | 4.00808E-12 36 355 NaN 2001 37934 | 8.59558E-12 60 247 | 6.6601E-12 49 340
1/m 9.81199E-12 631 2860 NaN 19 270 | 647581E-12 183 1691 | 8.17705E-12 31 217 | 6.25826E-12 83 359 NaN 2000 39866
1/3 9.37892E-12 630 2859 NaN 11 178 | 6.3616E-12 180 1664 | 7.98256E-12 29 201 | 9.8306E-12 92 374 NaN 2000 39898
k/m 8.57987E-12 370 1741 | 7.59032E-12 78 611 |  4.0671E-12 36 355 NaN 2001 37934 | 9.50689E-12 54 223 | 1.80695E-12 43 304

Table A.4: Comparison of Optimization Methods

104



spoiey uoryeziuyd() jo uostredwo)) Gy o[qe],

9IT  9¢ CI-ALTE6S6 | FLT QS  CI-HGOPLG'L | 28 L¢ C1-H66968°9 | 262 €9 TI-HSEGR90 | €11 96 CI-ALEF6T | FL& 60T GI-ATI668°C /5

90T  F& CI-GTPR’'8 | 9LT  LC  GI-ASLLPE'® | €6 O EI-HGHE9E'€ | 09S¢ TI-H60SETS | 66 @& oI-HgEIS0L | ¥0T  ¥&  ol-AF8e60°€ /1

FOT  ¥€  CI-APPOSLF | OLT QG  GI-ASTFROG | €6 11 GI-AGeS8eT | 066 9¢ GI-A6ELeT'L | L0T G&  GI-H98GEL | 08 9% GI-HST6SS'T w/T

91T 98 GI-AI8R0F9 | FLT  8C GI-HLLYEL'S | 6L 92 CI-HTLL06'6 | 2S¢ €9 GTI-APIOSLO | €11 96 CI-HSGEECL | 926 €01 GI-AL8IST'T w /(1)

90T  G& GI-A9L9I8T | LLT  8C  CI-HGOVRSG | 08 0T CI-AFGSSS6 | 66¢ 6C GI-HT0SCIO | 60T 9¢ CI-H96ISSF | L.  S¢  GI-49S8eT'T 1/1

661 1P CI-ACE’6F9 | OLT  9C  TI-HOLOVG'O | ¥&€ OT EI-AFO0IL'E | LFC 19 GI-HSICHLT | €21 OF &I-4S0866°L | 166 0T GI-AP6ICLT w/T -1

G6T  6G  CI-ACRTILFT | €LT LG CI-H9O008C'S | S8 8¢ CI-AFEFI9R | 0FC 6S TI-HPI0S6'S | 01 68 GL-AFFEE06 | €86 96  GI-AL6SIOC Il

80z €9 CI-APCII®O | OLT  9¢  CI-ACEe61'L | #¢ 01 €I-HGE60L°€ | LFe 19 CI-H9CHFGL | 651 oF CI-HETHSe | €98 90T TI-H9TF6ST 01

L0T & TI-AI8S06'8 | GLT  6G  GI-SOPOZL | ¥& 0T €I-AS08¢F'8 | L9t 99 GI-H6CSLFL | TIT 98  TI-HS909'6 | LPE 10T GI-AF6CLS'E 80

61T L& GI-ASPIOGS | SLT  8C  GI-APLE00'S | o1T L& CI-H6L680°C | ¢ve 09 TI-HE6LOSL | 9TT 8¢  CI-HGLIGHS | 916 @6 GI-d6310L6 90

I6T S  CIZHESYE'S | 8LT  6G  GI-HELPRGL | €01 F& GI-ASKILSC | 86¢ 6C CI-HA9ISPI'® | OTT 98 gI-A99TIZ9 | 08¢ 18  GI-HIERET )

Q0T  G&  CI-AP6IO6S | FLT LG  GICHLETPLG | 60T 9¢ GI-H9L088L | 61¢ CC TI-HISKEY'S | SIT 8¢  CI-H9STHSL | 266 89  GI-I9SREL'T 70

868 8TT CI-ACF090L | LTc  8C  CI-APPREEL | 99F TC¢ CI-ASE0ST | 818 88 CI-HLGIST'S | 8.6 6 CI-H6E0L'8 | T60G TL9 GI-A69ELTO z0

66 ©& CI-GTE’’F | GLT  LC  CI-AGILOO® | €8 TT  GICH6068T | F0¢ ¢S GI-H699%E6 | T0T €6 TIAGHRGFL | 08 9% GI-ASFL90°C | 0001 | 00 | 114

PGT Qe CI-LELELO | 90C 89  TI-AGLGLY'S | L¥ Gl GI-ASGIEOF | 816 8¢  GIZHCCSSFY | LET F& GI-H996LF9 | 289 09T GI-HG8089'8 /3

W1 L6 SUAILLTL | L00F  100T  L8LOV00LTT | ¥S  ¥1  CI-H6SEL0'9 | 902 L& CI-HC006S'S | 70 0C  I-Hg0€5e'9 | LLG  GFI  GI-ASR966'S /1

PeT  Pe  GI-ACISFIS | €00F 100G L9CCTE6TLT | L €1 CI-AIOF9FC | #91 08 GCI-HOLY66'S | ¥€ TT  P6SPICTLTl | €8¢  LFT  GI-AE60S0°6 w/T

ghl  Se  gl-eell | 90¢ 89 TIERLIEY6 | LF &l CI-H99LIFY | #1C Le CI-HIGHYTT | oFl G GI-H9FSEE6 | ¢h9 09T GI-AFOFES6 /(1)

LET SE  I-90LTSO | 800F 100T LGP6SOFI6F | 09 CT  GI-HLEC6V'T | 162 oF CI-ALOTIRY | €02 ¢ I-d9289°C | €09 1ST GI-ALIEsT's 1/1

TeT  ¢6  CIZH60898°C | 8¢ ol  GIZHIESSE'E | S& 6  GI-AF9T0ST | POT 8% GI-ACFOTS | 6ol 1€  I-e68F'S | 09C  LET TI-H900LL'S w/T -1

6IT 6 CI-ASEE6G'9 | & TT  GI-AGESEed | G¢ 6  GI-HLCOGH'S | 8T LT  GI-ELFITT | €61 €6 oI-AIL8GE’L | 06F ol GI-ASTLICS I'T

T€1  2¢  TI-HE6908'G | 8¢ &l  GI-AI9LOL'E | S 6 GI-AP9Z0ST | P91 8¢ oI-HEICHT'8 | 21 1€ GI-ASGIPL'S | 0S¢ 18T  GI-HSGR9'S 01

QeT P& CI-ARIVESL | 66 €1  GI-AISKRGG | S& 6 CI-HS9SCTC | 941 0f GI-HSLEELO | 88T F&  CI-H60808°L | 8LC FFI GI-68EILS 80

QeT P& CI-AST0S6F | 66 ol CI-APIPSSS | S& 6 CI-H9GELLT | LT 08 CI-HET00T'9 | 88T F& GI-AST0S6'F | #6C  SFT  GI-98GL9°6 9°0

661 F€ CI-STT08°6 | T8 €1 CI-HE8FeSs | PP 0T €I-HLF00°8 | 0GT 9% CI-HSGREG'S | 921 16  GI-H96028°C | €09  0ST  &I-ASS006°6 )

16T ¥& CI-68EILS | TF  ¥1 CI-APE6PEE | 8¢ 01 CI-APEOZ0'E | 89T 6C GI-H60S08L | GET €6 GI-HLISGI'6 | LSG 6ET  GI-HS90TES 70

T 96  GIZHCICSCH | €00F T00G LTIS9S6GT9°0 | 6¢  GT  €T-HESETLL | 9T 6% TI-HESSLL'G | 88 &1  ©SSS6TILTI | 009 TCT GI-ALGLIEG c0

QeT  G&  GI-ACISRST | €00F 100G S96COVPPPT | 1G ¥ CI-AFE669'T | @81 €6 TI-HE908e’L | ¥&  TT  @SGS629L°CT | L6¢ 0ST GI-ALELIEG | 0001 | 00 | OTd

g4 LI ~ wWioN | @4 Il wioN |®4 LI 2~ woN | @4 LI 2 WioN | @4 LI 2~ wioN g4 LI ~ WioN 7 7
yIomotely 7 INdAALLS INdDOD 7 INdDD | INDOJOND INDJON | w | o | g

105



7 f 7 To 7 m 7 MOPCM 7 GMOPCGM 7 CGPM 7 GCGPM 7 STTDFPM 7 Framework
7 7 7 7 Norm IT FE 7 Norm IT FE 7 Norm IT FE 7 Norm IT FE 7 Norm IT FE 7 Norm IT FE
F12 0.0 1000 | 9.99885E-12 155 623 | 6.25279E-12 26 107 | 5.36631E-12 11 55 | 2.11879E-12 10 40 | 3.25454E-12 12 37 | 6.26859E-12 26 107
0.2 9.8356E-12 149 597 | 6.25279E-12 27 110 | 2.63488E-12 11 53 | 1.5079E-12 11 43 | 3.55999E-12 13 39 | 6.26859E-12 27 110
0.4 8.86837TE-12 146 587 | 4.42189E-12 25 103 | 6.1264E-13 11 55 | 3.13693E-12 8 32 | 8.49797E-12 11 34 | 4.43594E-12 25 103
0.5 9.83911E-12 134 539 | 4.69574E-12 23 95 | 1.20246E-12 10 50 | 3.58456E-12 & 32 | 5.97368E-12 10 33 | 4.70452E-12 23 95
0.6 8.90523E-12 147 591 | 5.93155E-12 25 103 | 6.19662E-13 11 55 | 3.33529E-12 9 36 | 9.47223E-12 11 34 | 5.94911E-12 25 103
0.8 9.66006E-12 152 611 | 5.9614E-12 26 107 | 1.44822E-12 11 55 | 7.96959E-13 9 40 | 7.55531E-12 11 36 | 5.97895E-12 26 107
1.0 8.9298E-12 155 623 | 9.71974E-12 26 107 | 2.00118E-12 11 55 | 1.75542E-12 10 40 | 4.69574E-12 11 34 | 9.75134E-12 26 107
1.1 9.13343E-12 156 627 | 5.36982E-12 26 107 | 3.61265E-12 10 49 | 3.19837E-12 10 40 | 6.89177E-12 12 37 | 5.38737E-12 26 107
1- H\B 8.9105E-12 155 623 | 9.69868E-12 26 107 | 1.99942E-12 11 55 | 1.74488E-12 10 40 4.8625E-12 11 34 | 9.73203E-12 26 107
1/k 9.86388E-12 155 623 | 6.21984E-12 26 107 | 5.43453E-12 60 322 | 2.05554E-12 10 40 | 7.22611E-12 63 191 | 6.23654E-12 26 107
(k-1)/m 9.42076E-12 152 611 | 6.1213E-12 26 107 | 5.95597E-12 64 344 | 5.40154E-13 9 40 | 8.04981E-12 65 199 | 5.32338E-12 26 107
1/m 9.97252E-12 155 623 | 6.24753E-12 26 107 | 5.34875E-12 11 55 | 2.11352E-12 10 40 | 3.24401E-12 12 37 | 6.26684E-12 26 107
1/3F 9.99102E-12 155 623 | 6.24996E-12 26 107 | 4.12743E-12 56 299 | 2.11792E-12 10 40 | 6.94929E-12 54 165 | 6.26756E-12 26 107
k/m 9.41762E-12 152 611 | 6.13038E-12 26 107 | 7.88651E-12 59 318 | 5.41905E-13 9 40 | 8.0504E-12 65 199 | 5.33119E-12 26 107
F13 0.0 1000 | 9.68288E-12 99 399 | 2.75952E-12 5 26 | 8.94209E-12 15 89 | 6.87421E-12 33 132 | 6.86017E-12 15 49 | 2.46109E-12 5 26
0.2 9.72501E-12 113 455 | 2.75952E-12 6 30 | 2.6261E-12 18 106 | 5.5752E-12 34 136 | 5.98246E-12 17 52 | 2.46109E-12 6 30
0.4 7.61851E-12 95 383 | 6.3195E-14 4 26 | 3.54594E-12 16 96 | 4.94325E-12 32 128 | 5.21359E-12 15 47 | 5.61733E-14 4 26
0.5 9.26158E-12 97 391 | 3.93213E-13 4 26 | 7.44999E-12 16 96 | 4.53249E-12 33 132 | 4.09012E-12 15 49 | 3.51083E-13 4 26
0.6 7.94151E-12 99 399 | 1.24635E-12 5 26 | 1.77999E-12 17 102 | 7.02869E-12 33 132 | 6.22822E-12 15 49 | 1.1024E-12 5 26
0.8 9.91459E-12 100 403 | 5.84905E-12 5 26 | 2.8192E-12 17 102 | 4.90463E-12 34 136 | 4.22002E-12 16 50 | 5.22763E-12 5 26
1.0 7.73086E-12 102 411 | 7.14806E-12 5 29 | 3.74957E-12 17 102 | 5.5752E-12 34 136 | 5.6068E-12 16 50 | 6.41429E-12 5 29
1.1 9.03689E-12 102 411 | 5.16795E-12 5 26 | 3.00176E-12 16 95 | 5.5752E-12 34 136 | 6.98305E-12 16 50 | 4.73963E-12 5 26
1-1/m 7.72383E-12 102 411 | 7.11997E-12 5 29 | 3.74255E-12 17 102 | 5.5752E-12 34 136 | 5.60329E-12 16 50 | 6.38972E-12 5 29
1/k 9.52002E-12 99 399 | 2.7082E-12 5 26 | 8.8069E-12 56 334 | 6.76695E-12 33 132 | 6.68273E-12 53 163 | 2.01786E-12 5 26
(k-1)/m 9.40882E-12 99 399 | 9.26946E-12 9 49 | 4.81558E-12 53 318 | 6.72317E-12 33 132 | 9.99247E-12 56 172 | 5.45666E-14 5 31
1/m 9.65128E-12 99 399 | 2.73143E-12 5 26 | 8.88241E-12 15 89 | 6.85315E-12 33 132 | 6.8391E-12 15 49 | 2.43301E-12 5 26
1/3F 9.67356E-12 99 399 | 2.75771E-12 5 26 | 9.7711E-12 46 275 | 6.86692E-12 33 132 | 6.55709E-12 46 142 | 2.45928E-12 5 26
W\E 9.42175E-12 99 399 | 8.2213E-12 9 49 | 4.80897E-12 53 318 | 6.77112E-12 33 132 | 9.84601E-12 56 172 | 4.99361E-14 5 31

Table A.6: Comparison of Optimization Methods
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f | =z | m | MOPCM |  GMOPCGM | CGPM 7 GCGPM 7 STTDFPM 7 Framework
7 7 | Norm IT FE| Norm IT FE| Norm IT FE | Norm IT FE| Norm IT FE| Norm IT FE
F16 | 0.0 [1000 | 9.97541E-12 556 2252 | 2.71428E-12 71 334 | 9.18418E-12 461 2896 | 6.25761E-12 89 428 | 9.31188E-12 179 542 | 9.1995E-12 35 179
0.2 9.22478E-12 551 2207 | 4.52521E-12 82 386 | 8.67971E-12 235 1496 | 8 5119E-12 90 429 | 9.58698E-12 170 516 | 8.62699E-12 41 209
04 9.88033E-12 563 2305 | 9.44743E-12 80 381 | 9.14534E-12 169 1088 | 8.67259E-12 91 432 | 9.17772E-12 169 516 | 6.2982E-12 37 189
0.5 9.7908E-12 514 2051 | 4.30752E-12 39 197 | 9.0793E-12 283 1793 | 7.34109E-12 84 400 | 9.8949E-12 171 518 | 4.63494E-12 38 195
0.6 9.31576E-12 505 2024 | 1.8587E-12 42 209 | 8.69318E-12 328 2069 | 8.91305E-12 87 417 | 9.55484E-12 171 518 | 8.55925E-12 39 199
0.8 9.35333E-12 471 1854 | 7.29284E-12 87 414 | 8.70299E-12 259 1643 | 7.52062E-12 87 417 | 9.11263E-12 168 509 | 6.83367E-12 43 219
1.0 9.52549E-12 504 2020 | 6.09476E-12 73 355 | 9.36134E-12 195 1246 | 6.21361E-12 90 430 | 9.43351E-12 162 491 | 4.79415E-12 34 174
L1 9.97883E-12 524 2098 | 8.91866E-12 67 326 | 9.58916E-12 194 1239 | 84886E-12 94 442 | 9.89247E-12 160 485 | 7.83485E-12 37 190
1-1/m 9.86994E-12 475 1853 | 5.44728E-12 65 320 | 9.92533E-12 195 1246 | 7.70817E-12 92 438 | 9.43712E-12 162 491 | 8.72027E-12 35 179
1/k 9.54002E-12 566 2334 | 7.45925E-12 50 253 | 9.33405E-12 99 663 | 7.48819E-12 89 423 | 9.22771E-12 178 540 | 5.90888E-12 40 204
(k-1)/m 9.45427E-12 601 2467 | 8.98838E-12 61 299 | 9.95601E-12 292 1853 | 5.502E-12 95 452 | 9.87802E-12 170 515 | 4.88094E-12 38 191
1/m 9.51708E-12 577 2359 | 9.55508E-12 41 207 | 9.16973E-12 461 2896 | 6.3748E-12 89 428 | 9.35055E-12 178 541 | 9.64005E-12 40 204
1/3F 9.75127E-12 580 2388 | 4.94838E-12 38 194 | 9.73055E-12 475 2981 | 8.63193E-12 90 427 | 9.93039E-12 163 498 | 5.05156E-12 35 179
k/m 9.65476E-12 507 1999 | 9.81407E-12 57 278 | 9.61818E-12 292 1853 | 9.60204E-12 92 438 | 9.27358E-12 174 526 | 6.70168E-12 40 204
F17 | 0.0 | 1000 0 0 1 0 0 1 0 0 0 0 0 0 0 0 1 0 0 1
0.2 9.53428E-12 104 419 0 1 5 |200656E-12 15 89 0 0 4 0 18 0 1 5
0.4 7.43464E-12 92 371 0 1 6 | 55993E-12 13 78 0 0 4 0 0 5 0 1 6
0.5 9.33003E-12 92 371 0 1 6 |710737E-12 13 78 0 0 4 0 0 5 0 1 6
0.6 8.21254E-12 93 375 0 1 6 |869053E-12 13 78 0 0 4 0 0 5 0 1 6
0.8 8.09174E-12 94 379 0 1 6 | 112806E-12 14 84 0 0 4 0 0 5 0 1 6
1.0 7.49987E-12 95 383 0 1 6 | 149987E-12 14 84 0 0 4 0 0 5 0 1 6
11 8.32493E-12 95 383 0 1 6 | L71042E-12 14 84 0 0 4 0 0 5 0 16
1-1/m 7A9172E-12 95 383 0 1 6 | 149786E-12 14 84 0 0 4 0 0 5 0 1 6
1/k 9.54817E-12 84 339 | 7.35308E-13 3 21 | 8.80443E-12 111 666 0 0 4 0 0 5 |92317E-15 3 21
(k-1)/m 7.97887E-12 93 375 0 1 6 |9.02318E-12 132 792 0 0 4 0 0 5 0 1 6
1/m 9.99287E-12 72 291 0 1 6 |158177E-12 11 66 0 0 4 0 0 5 0 1 6
1/3F 9.04974E-12 80 323 0 1 6 |989661E-12 105 630 | 9.20322E-16 0 4 | 1.14518E-16 0 5 0 1 6
k/m 7.99126E-12 93 375 0 1 6 |9.06577E-12 132 792 0 0 4 0 0 5 0 1 6

Table A.8: Comparison of Optimization Methods
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N S m MOPCM | GMOPCGM | CGPM GCGPM 7 STTDFPM Framework
| Norm IT FE| Norm IT FE| Norm IT FE| Norm IT FE| Norm IT FE Norm IT FE |
F1| 0.0 |10000 0 0 1 0 0 1 0 0 0 0 0 0 0 0 1 0 0 1
0.2 1.10096E-12 27 98 0 1 5 | 394075E-12 18 74 0 0 4 0 0 4 0 15
0.4 3.04336E-12 12 38 0 1 4 | 277443E-12 17 68 0 0 3 |485466E-12 7 24 0 14
0.5 3.14357E-12 12 38 0 1 4 | 33526E-12 17 68 0 0 3 |686235E-12 7 24 0 14
0.6 2.81443E-12 12 38 0 1 4 | 386334E-12 17 68 0 0 3 |799745E-12 7 24 0 14
0.8 5.62021E-12 11 35 0 1 4 | 466337E-12 17 68 0 0 3 |533124E-12 7 22 0 14
1.0 4.78958E-12 13 43 0 1 4 | 515945E-12 17 68 0 0 3 0 0 4 0 14
L1 711705E-12 14 47 0 1 4 | 520487E-12 17 68 0 0 3 0 0 4 0 14
1-1/m 4.80297E-12 13 43 0 14 | 515928E-12 17 68 0 0o 3 0 0 4 0 14
1/k 2.77267E-12 17 57 0 8 25 | T.84832E-12 50 200 0 0 3 |9.08244E-12 28 85 | 6.64795E-12 40 129
(k-1)/m 3.0279E-12 65 231 0 6 19 | 6.80485E-12 54 216 0 0 3 |7.93333E-12 34 105 | 6.88987E-12 41 132
1/m 1E-11 8 26 0 1 4 | 703687E-12 12 48 0 0 3 | 45E12 518 0 14
1/3% 3.77727E-12 10 32 | 3.22963E-16 0 4 | 7.26003E-12 44 176 | 7.01701E-17 0 3 |5.68303E-12 9 28 |3.22963E-16 0 4
k/m 1.43432E-12 74 257 0 6 19 | 6.83687E-12 54 216 0 0 3 |7.92967E-12 34 105 | 6.21157E-12 42 135
F2| 0.0 | 10000 0 0 1 0 0 1 0 0 0 0 0 0 0 0 1 0 0 1
0.2 6.99371E-12 18 56 0 5 16 | 2.73088E-12 20 76 0 6 21 NaN NaN NaN 0 2 7
04 1.48755E-12 13 41 0 1 4 | 88809E-12 16 63 0 1 6 0 0o 3 0 14
0.5 2.35344E-12 13 41 0 1 4 | 230903E-12 17 67 0 2 9 0 0o 3 0 14
0.6 3.55236E-12 13 41 0 1 | 4346355E-12 17 67 0 2 9 0 0o 3 0 14
0.8 7.14912E-12 13 41 0 1 4 | 681609E-12 17 67 0 2 9 0 0o 3 0 14
L0 1.30993E-12 14 44 0 2 7 | 1.93159E-12 18 71 0 2 9 0 0o 3 0 2 7
11 L73178E-12 14 44 0 2 7 | 248665E-12 18 71 0 2 9 0 0o 3 0 2 7
1-1/m 1.30993E-12 14 44 0 2 7 | 193159E-12 18 71 0 2 9 0 0o 3 0 2 7
1/k 5.11443E-12 13 41 0 5 16 | 8.74753E-12 50 199 | 5.8826E-13 5 18 | 7.82584E-12 45 135 | 7.94847E-12 47 151
(k-1)/m 495025E-12 13 41 0 8 25 | 4.86658E-12 58 231 0 2 9 |626084E-12 56 168 | T.0366E-12 47 151
1/m LO213E-12 9 29 0 1 4 | 404081E-12 8 31 0 0o 3 0 0o 3 0 14
1/3F 2.02978E-12 16 49 | 4.96462E-16 8 28 | 6.44516E-12 47 187 |4.96467E-16 1 6 | 7.03018E-12 45 137 | 8.15884E-12 18 57
k/m 495185E-12 13 41 0 8 25 | 4.71438E-12 58 231 0 2 9 |626297E-12 56 168 | 7.08797E-12 47 151

Table A.10: Comparison of Optimization Methods

110



spot3oy uorpezruiyd() jo uostredwo) 117y o[qe],

9% 6 ¢I-ASSTI6E | T @  CI-H608¢0C | SPT 08  CI-HSHS6V'S | PIG 8 I-H699SF'S | 16 8T ZI-HATI9E1990 | 62F LOT  ¢l1-dESTe8 /3

¢ 0 PIGILREETT| & 0 OIHGOLLRO | ¥ 0 GI-H69GL6T | €T Fo  eIAIElel'S | ¢ 0 VISHLSEETT | 628 20T C1-206ST°6 4€/1

9 1 0 ¢ 0 0 Pooo0 0 09 01 oI-deh06es| 9 1 0 6LC 69 TI-HCTETI8 w/

16 01 TI-H9T9FST | 1T ¢ ¢I-dee0LeC | 6F1 1€ CI-HETISL'E | 6VC 16 CI-H96T0°L | 16 ST CI-ASS0T90 | 62F LOT GI-HS67ETS w/(1-Y)

GG TIT I-90609°C | OTT 9¢ GI-APSSE6C | ¢F 0T 0 cee  9C  CI-HLESFO9 | OF 6 GIWFERE0S | COF  9IT  ZI-HE069F'6 1/1
Iz 0 ¢ 0 0 P 0 LL €1 gl-d6e6ers | 11 @ 0 666 66 CI-AGBTLS L w/T -1
Iz 0 ¢ 0 0 ) 0 LL €1 CI-HS0SsVL | 1T @ 0 666 66 CI-HLGELT'S T

I ¢ 0 ¢ 0 0 Fooo0 0 Ll €1 TIARpIerS | 11 @ 0 666 66 TI-HAFSELS L 01
Iz 0 ¢ 0 0 T 0 Ll €l gI-Hsv06ST | 11 @ 0 C6¢ 86 CI-HLIFE0S 80

9 1 0 ¢ 0 0 ) 0 P8 P1 CI-HLT66FE | 9 1 0 166 L6 CI-CGLLLGL 90

9 1 0 ¢ 0 0 Fooo 0 P8 P1 SIHGELELT | 9 T 0 182 96  TI-HI0T96'8 )

9 1 0 ¢ 0 0 Pooo 0 P8 ¥1 2I-HT6SS0C | 9 1 0 €8¢ C6  TI-H69799°6 70

m ¢ 0 Iz 0 9 1 0 16 91 ¢I-d4eeheoe | 11 € 0 GOF 10T oI-HI€T80°8 z0

I 0 0 I 0 0 0 0 0 0 0 0 I 0 0 I 0 0 00001 | 00 |¥d
gel Ly TI-HIS69'8 | LLT 6G GI-APELLR'O | €C LI TI-HE0ISSS | 66 8¢ CI-98S66 | 92 8 0 LLT LL CI-HTE8YOT /3

P00 CIUeESCOe | T 0 9THLOGO6TF | € 0 OT-APEI90 | 36T S GICAP0099°G | ¥ 0 CI-HZESCoE | 0L  1¢  GI-ASPIOF 4£/1

Pl 0 8T G gIIL6eSH | € 0 0 SF ol G¢I-AIS8e0L | ¥ 1 0 9z 8 ZI-HI0T66'6 w/

2ol L¥  CI-HLLE0SS | LLT 6 GI-ATLOR'O | €C LI oI-APILFOS | 29 C9 CI-989SLG | 92 8 0 LLT 1L CIHETE9TT w/(1-Y)
921 66 CI-APPLFE6 | ST 06 CI-APIEeyL | L 1 0 981 OF CI-EL6E6TS | 02 9 0 GIT €6 CI-ASFL60C 1/1

¢ 1 0 ¥oo0 0 L1 0 0L L1 CI-APL9€96 | ¢ 1 0 18 V¢ eIHee0IrT w/T -1

¢ 1 0 Pooo0 0 L1 0 0L L1 oI-APL9€96| ¢ 1 0 I8 ©¢ CI-APSILLT Tl

¢ 1 0 T 0 Lo 0 0L L1 ¢I<APL9€96 | ¢ 1 0 18 ¥& TI-HGOITT 01

¢ 1 0 T 0 L1 0 F9 91  2I-HeS66C | ¢ 1 0 €8 €¢  IHSIFCLT 80

8 ¢ 0 Pooo0 0 ¢ 0 0 ¥9 Ol ¢I-d6ee6e8 | 8 @ 0 ¢l T CI-ASTRCLT 90

8 7 0 T 0 € 0 0 79 91 2I-He60.58 | 8 @ 0 ¥9 81  CI-HERSET9 )

ool 0 Pooo0 0 & 0 0 ¥9 Ol oI-HL99¢E€8 | T 1 0 96 91 TI-HSH0TT T 70

er 1 0 T 0 0 ¢ 1 0 ¢, 9T gI-9919¢9 | €1 1 0 0¢  ¥I  CI-HTIL6CE z0

I 0 0 I 0 0 0 0 0 0 0 0 I 0 0 I 0 0 00001 | 00 |ed
@4 LI wioN @4 LI 2 wdaoN | @4 LI 2 wdoN | @4 LI 2 wdoN | @4 LI 2 wWioN | @4 LI @ wdoN |
7 SI0MOUTRL] 7 INdAALLS 7 INdDOD INdDO | NODOJOWD | IWDJOW w ox | 5 |

111



7 f 7 To m MOPCM 7 GMOPCGM 7 CGPM 7 GCGPM 7 STTDFPM 7 Framework
7 7 Norm IT FE 7 Norm IT FE 7 Norm IT FE 7 Norm IT FE 7 Norm IT FE 7 Norm IT FE
F5 0.0 10000 | 2.70894E-12 13 41 7.9492E-12 36 110 | 3.19744E-12 18 72 | 3.55271E-13 8 27 | 2.66454E-13 7 25 7.9492E-12 36 110
0.2 5.4623E-12 13 41 | 7.06102E-12 37 113 | 6.4837E-12 18 72 | 7.54952E-13 8 27 | 5.77316E-13 7 25 | 7.06102E-12 37 113
0.4 2.30926E-12 13 41 | 6.75016E-12 36 110 | 2.75335E-12 18 72 | 3.10862E-13 8 27 | 2.22045E-13 7 25 | 6.79456E-12 36 110
0.5 2.22045E-12 13 41 | 6.4837E-12 36 110 | 2.62013E-12 18 72 | 3.10862E-13 & 27 | 9.99201E-12 7 24 | 6.4837E-12 36 110
0.6 2.13163E-12 13 41 | 6.17284E-12 36 110 | 2.4869E-12 18 72 | 2.66454E-13 8 27 | 9.54792E-12 7 24 | 6.21725E-12 36 110
0.8 1.90958E-12 13 41 | 5.59552E-12 36 110 | 2.26485E-12 18 72 | 2.66454E-13 8 27 | 8.61533E-12 7 24 | 5.63993E-12 36 110
1.0 1.73195E-12 13 41 | 5.01821E-12 36 110 | 2.04281E-12 18 72 | 2.22045E-13 8 27 | 7.72715E-12 7 24 | 5.01821E-12 36 110
1.1 1.59872E-12 13 41 | 4.70735E-12 36 110 | 1.90958E-12 18 72 | 2.22045E-13 & 27 | 7.28306E-12 7 24 | 4.75175E-12 36 110
1- H\E 1.73195E-12 13 41 | 5.01821E-12 36 110 | 2.04281E-12 18 72 | 2.22045E-13 8 27 | 7.72715E-12 7 24 | 5.01821E-12 36 110
1/k 2.71247E-12 13 41 | 7.93467E-12 36 110 | 9.91663E-12 38 152 | 3.78301E-13 8 27 | 2.69697E-13 7 25 | 7.96584E-12 36 110
AW-C\B 2.23646E-12 13 41 | 6.53159E-12 36 110 | 5.03914E-12 41 164 | 3.03344E-13 8 27 | 2.25677E-13 7 25 | 6.55656E-12 36 110
1/m 2.70894E-12 13 41 | 7.9492E-12 36 110 | 3.19744E-12 18 72 | 3.55271E-13 & 27 | 2.66454E-13 7 25 | 7.9492E-12 36 110
1/3k 2.70891E-12 13 41 | 7.94912E-12 36 110 | 7.74431E-12 36 144 | 3.55309E-13 8 27 | 2.66574E-13 7 25 | 7.94902E-12 36 110
W\B 2.23629E-12 13 41 | 6.53074E-12 36 110 | 5.03775E-12 41 164 | 3.03574E-13 8 27 | 2.25214E-13 7 25 | 6.55542E-12 36 110
F6 0.0 10000 | 9.34808E-12 161 647 | 3.70814E-12 28 115 | 6.32827E-12 11 55 | 5.55112E-12 10 40 | 6.01741E-12 11 36 | 3.73035E-12 28 115
0.2 9.05942E-12 161 646 | 3.70814E-12 29 118 | 1.39888E-12 14 68 | 5.61773E-12 10 39 | 850431E-12 13 40 | 3.73035E-12 29 118
0.4 9.30367E-12 153 615 | 6.51701E-12 26 107 | 1.96509E-12 11 55 | 4.88498E-13 9 40 | 2.02061E-12 12 37 | 6.53921E-12 26 107
0.5 8.54872E-12 141 567 | 5.17364E-12 24 99 | 3.81917E-12 10 50 | 5.32907E-13 8 36 | 3.17524E-12 11 34 | 5.19584E-12 24 99
0.6 9.25926E-12 152 611 | 4.88498E-12 26 107 | 1.95399E-12 11 55 | 9.90319E-12 8 32 | 1.84297E-12 12 37 | 4.88498E-12 26 107
0.8 8.54872E-12 159 639 | 4.87388E-12 27 111 | 7.86038E-12 11 55 | 1.75415E-12 10 40 | 6.12843E-12 12 37 | 4.87388E-12 27 111
1.0 8.68194E-12 162 651 | 6.87228E-12 27 111 | 9.76996E-13 12 60 | 6.72795E-12 10 40 | 4.17444E-12 12 39 | 6.90559E-12 27 111
1.1 8.90399E-12 163 655 | 7.34968E-12 27 111 | 1.33227E-12 12 60 | 5.10703E-13 10 44 | 5.01821E-12 12 39 | 7.39409E-12 27 111
1-1/m 8.68194E-12 162 651 | 6.87228E-12 27 111 | 9.76996E-13 12 60 | 6.72795E-12 10 40 | 4.17444E-12 12 39 | 6.90559E-12 27 111
1/k 9.32026E-12 161 647 | 8.1963E-12 36 176 | 8.43857E-12 38 258 | 2.57018E-12 28 132 | 8.84882E-12 53 162 | 9.21889E-12 35 176
(k-1)/m 9.84134E-12 158 635 | 8.87195E-12 35 174 | 7.08656E-12 40 258 | 3.82505E-12 21 98 | 9.77148E-12 66 201 | 7.93346E-12 40 199
1/m 9.32587E-12 161 647 | 3.70814E-12 28 115 | 6.32827E-12 11 55 | 5.50671E-12 10 40 | 6.08402E-12 11 36 | 3.73035E-12 28 115
1/3k 9.31935E-12 161 647 | 4.75401E-12 37 185 | 3.9363E-12 38 258 | 2.71483E-12 27 128 | 6.73358E-12 52 162 | 5.46696E-12 39 196
k/m 9.84157E-12 158 635 | 7.97332E-12 34 168 | 7.8573E-12 40 258 | 3.46021E-12 21 98 | 7.26582E-12 67 205 | 6.64934E-12 38 189

Table A.12: Comparison of Optimization Methods
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N A m MOPCM | GMOPCGM | CGPM 7 GCGPM 7 STTDFPM 7 Framework
7 7 Norm IT FE| Norm IT FE| Norm IT FE| Norm IT FE| Norm IT FE| Norm IT FE
F10 | 0.0 | 10000 | 9.08162E-12 156 621 | 40.3600091 11 34 | 9.08162E-12 34 1883 | 5.37348E-12 14 51 | 4567603229 2001 4003 | 6.4837E-12 36 142
0.2 9.08162E-12 157 624 | 40.3600091 12 40 | 7.19425E-12 31 170 | 2.44249E-12 16 59 | 1.938434516 2001 4003 | 6.4837E-12 37 145
0.4 9.70335E-12 144 577 | 5.75096E-12 35 143 | 9.70335E-12 30 174 | 9.57012E-12 10 38 | 4.26326E-12 14 43 | 5.50671E-12 36 145
0.5 9.4369E-12 156 626 | 8.28226E-12 32 130 | 4.35207E-12 28 162 | 2.53131E-12 11 44 | 8.01581E-12 13 41 | 6.19504E-12 36 147
0.6 9.17044E-12 154 618 | 6.92779E-12 35 142 | 7.63833E-12 31 181 | 8.77076E-12 9 35 |3.59712E-12 13 40 | 7.01661E-12 35 142
0.8 8.28226E-12 150 602 | 4.9738E-12 36 146 | 8.37108E-12 31 182 | 6.81677E-12 9 35 | 253131E-12 14 42 | 4.9738E-12 36 146
1.0 8.28226E-12 143 574 | 5.50671E-12 33 133 | 3.9968E-12 30 176 | 4.75175E-12 9 35 | 475175E-12 12 40 |8.14904E-12 33 135
11 9.88098E-12 127 510 | 4.61853E-12 35 141 | 5.06262E-12 28 164 | 2.44249E-13 9 39 | 54623E-12 11 37 |9.30367E-12 30 123
1-1/m 8.28226E-12 143 574 | 5.50671E-12 33 133 | 3.9968E-12 30 176 | 4.75175E-12 9 35 | 4.84057E-12 12 40 |8.23785E-12 33 135
1/k 8.47801E-12 155 617 | 5.7672E-12 52 212 | 5.79455E-12 42 230 | 9.16043E-12 48 186 | 6.942239527 2001 4009 | 5.68959E-12 38 152
(k-1)/m 8.72376E-12 166 666 | 5.18308E-12 37 150 | 5.08697E-12 38 220 | 3.50042E-13 12 51 | 7.7491E-12 71 215 | 4.49122E-12 37 150
1/m 8.4599E-12 156 621 | 41.00431219 11 34 | T4607E-12 34 188 | 7.43849E-12 14 51 | 4.657922598 2001 4003 | 6.30607E-12 36 142
1/3 8.83663E-12 155 617 | 7.58561E-12 42 173 | 9.0578E-12 54 282 | 5.77684E-12 13 48 | 4.99759511 2001 4009 | 4.76825E-12 36 142
k/m 8.64226E-12 166 666 | 5.68449E-12 39 157 | 5.06871E-12 38 220 | 3.43316E-13 12 51 | 7.6871E-12 71 215 | 9.84606E-12 36 146
FI1 | 00 | 10000 | 5.98159E-12 18 56 | 4.51697E-12 36 110 | 8.52982E-12 59 232 | 9.59657E-12 12 36 | 9.42557E-12 60 183 | 8.9094E-12 34 104
0.2 5.31966E-12 81 348 NaN 20 351 | 8.59235E-12 91 884 | 5.54499E-12 86 710 | 7.58435E-12 63 232 | 6.36776E-12 120 924
04 7.27645E-12 83 292 | 5.28598E-12 41 130 | 9.94895E-12 61 243 | 9.45192E-12 36 109 | 5.6862E-12 61 186 | 5.69831E-12 66 232
0.5 5.00737E-12 92 323 | 7.28616E-12 42 131 | 5.83377E-12 63 253 | 5.59048E-12 33 100 | 6.55476E-12 61 186 | 8.74728E-12 57 190
0.6 1.19914E-12 107 372 | 8.00095E-12 39 119 | 6.14962E-12 56 229 | 6.06978E-12 38 115 | 7.91468E-12 57 177 | 6.47486E-12 36 120
0.8 5.23271E-12 112 390 | 5.0872E-12 37 113 | 5.8927E-12 66 267 | 1.21688E-12 13 40 | 7.26017E-12 62 184 | 6.34899E-12 34 108
1.0 L11145E-12 120 414 | 4.61298E-12 39 129 | 5.5465E-12 62 251 | 1.85392E-12 11 34 | 6.51649E-12 59 179 | 7.05671E-12 62 219
L1 LBTTI8E-12 107 375 | 4.6334E-12 44 148 | 5.49879E-12 59 246 | 7.98228E-12 14 43 | 859072E-12 61 183 | 6.976E-12 36 114
1-1/m 1.41521E-12 113 393 | 4.77364E-12 39 129 | 8.66958E-12 61 247 | 1.85918E-12 11 34 | 6.49912E-12 59 179 | 8.86098E-12 41 140
1/k 2.46538E-12 38 116 | 8.55318E-12 37 112 | 9.43177E-12 58 228 | 441481E-13 11 36 | 7.87955E-12 58 177 | 5.86459E-12 37 115
(k-1)/m 6.05856E-12 123 426 | 8.12104E-12 39 121 | 5.69068E-12 68 277 | 3.48851E-13 13 43 | 7.46011E-12 61 183 | 9.20826E-12 64 215
1/m 5.98164E-12 18 56 | 9.92645E-12 37 112 | 8.54206E-12 59 232 | 9.59583E-12 12 36 | 9.4155E-12 60 183 | 8.62643E-12 36 109
1/3 6.99679E-12 18 56 | 9.61342E-12 33 101 | 8.75539E-12 60 236 | 4.72225E-12 12 36 | 9.13861E-12 60 183 | 8.93694E-12 34 104
k/m 2.80838E-12 130 447 | 5.38662E-12 40 125 | 7.48989E-12 68 277 | 3.77786E-13 13 43 | 7.44671E-12 61 183 | 5.38376E-12 40 129

Table A.14: Comparison of Optimization Methods
%labeltab:comparison
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R S N m MOPCM | GMOPCGM | CGPM 7 GCGPM 7 STTDFPM 7 Framework
7 7 Norm IT FE| Norm IT FE| Norm IT FE| Norm IT FE| Norm IT FE| Norm IT FE
F14 | 00 |10000 | 7.67164E-12 102 411 | 3.07532E-12 10 51 | 4.84057E-12 15 89 | 6.05072E-12 41 164 | 8.20455E-12 17 53 | 3.07532E-12 10 51
0.2 8.35998E-12 106 423 | 3.07532E-12 11 54 | 2.17604E-12 17 96 | 8.84848E-12 40 159 | 4.74065E-12 18 57 | 3.07532E-12 11 54
0.4 9.17044E-12 98 395 | 5.32907E-12 8 41 | 9.42579E-12 15 90 | 6.82787E-12 40 160 | 9.01501E-12 16 52 | 5.36238E-12 8 41
0.5 7.53841E-12 97 391 | 4.64073E-12 9 46 | 54512E-12 15 90 | 9.38138E-12 39 156 | 5.65104E-12 16 52 | 4.67404E-12 9 46
0.6 9.49241E-12 93 375 | 3.29736E-12 9 46 | 1.96509E-12 15 90 | 7.89369E-12 38 152 | 6.12843E-12 16 50 | 3.33067E-12 9 46
0.8 8.22675E-12 96 387 | 5.07372E-12 9 49 | 3.94129E-12 15 90 | 8.43769E-12 39 156 | 4.77396E-12 16 52 | 5.10703E-12 9 49
1.0 8.00471E-12 99 399 | 1.37668E-12 10 51 | 8.9373E-12 15 90 | 9.58122E-12 40 160 | 5.10703E-12 17 53 | 1.37668E-12 10 51
11 8.61533E-12 100 403 | 3.29736E-12 10 50 | 8.39329E-12 15 89 | 5.16254E-12 39 156 | 5.9841E-12 17 53 | 3.33067E-12 10 50
1-1/m 8.00471E-12 99 399 | 1.37668E-12 10 51 | 8.9373E-12 15 90 | 9.58122E-12 40 160 | 5.12923E-12 17 53 | 1.37668E-12 10 51
1/k 7.6779E-12 102 411 | 3.03446E-12 10 51 | 6.87803E-12 80 479 | 6.05704E-12 41 164 | 6.68094E-12 54 166 | 3.07582E-12 10 51
(k-1)/m 8.92924E-12 99 399 | 1.21735E-12 10 51 | 5.96751E-12 85 509 | 8.78652E-12 39 159 | 8.72023E-12 59 181 | 1.23409E-12 10 51
1/m 7.67164E-12 102 411 | 3.04201E-12 10 51 | 4.84057E-12 15 89 | 6.05072E-12 41 164 | 8.20455E-12 17 53 | 3.07532E-12 10 51
1/3¢ 7.67115E-12 102 411 | 3.07516E-12 10 51 | 7.14596E-12 78 467 | 6.05015E-12 41 164 | 7.27492E-12 51 157 | 3.07531E-12 10 51
k/m 8.92762E-12 99 399 | 1.21711E-12 10 51 | 5.94067E-12 85 509 | 8.79859E-12 39 159 | 8.71815E-12 59 181 | 1.23348E-12 10 51
F15| 0.0 | 10000 0 0 1 0 0 1 0 0 0 0 0 0 0 0 1 0 0 1
0.2 0 19 0 121 0 126 0 0 19 0 0 20 0 21
0.4 8.85958E-12 50 203 0 17 | 1.13243E-12 14 98 0 0 5 0 0 6 0 1 7
0.5 0 1 4 0 17 0 13 0 0 5 0 0 3 0 1 7
0.6 0 14 0 1 4 | 1.22125E-12 14 98 0 0 5 0 0 6 0 1 1
0.8 7.21645E-12 51 207 0 17 0 14 0 0 3 0 0 6 0 1 7
1.0 7.10543E-12 51 207 0 1 4 | 1.22125E-12 15 107 0 0 6 0 0 6 0 1 4
L1 6.43929E-12 51 207 0 15 0 1 5 0 0 6 0 2 13 0 1 5
1-1/m 7.08322E-12 51 207 0 1 4 | 1.22125E-12 15 107 0 0 6 0 0 6 0 1 4
1/k 7.90696E-12 44 179 | 3.51282E-12 12 73 | 7.0298E-12 42 304 0 14 79 0 20 72 | 257616E-12 12 73
(k-1)/m 9.79691E-12 50 203 | 1.01344E-12 14 85 | 3.99526E-12 55 396 0 8 46 0 16 56 | 8.31283E-12 13 79
1/m 6.79456E-12 37 151 0 5 34 | 89706E-12 10 70 0 0 5 0 0 6 NaN NaN  NaN
1/3k 9.85472E-12 42 171 | 5.45675E-12 10 61 | 6.63018E-12 49 350 | 3.54577E-15 0 5 | 251215E-15 0 6 |544009E-12 10 61
k/m 9.7982E-12 50 203 | 1.01384E-12 14 85 | 9.72729E-12 59 424 0 8 46 0 16 56 | 8.31451E-12 13 79

Table A.16: Comparison of Optimization Methods
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£ m MOPCM |  GMOPCGM | CGPM | GCGPM STTDFPM | Framework |
7 7 Norm IT FE 7 Norm IT FE 7 Norm IT FE 7 Norm IT FE Norm IT FE 7 Norm IT FE 7
F18| 0.2 |10000 | 2.26485E-12 18 56 | 6.57252E-12 36 110 | 1.79856E-12 21 81 | 5.32007E-13 11 36 NaN NaN NaN NaN 2000 39967
0.4 1.28786E-12 21 75 | 9.85878E-12 32 99 | 4.88498E-12 16 64 | 5.9952E-13 8 28 2.28706E-12 9 27 | 9.85878E-12 32 99
0.5 1.73195E-12 20 71 | 4.37428E-12 28 87 | 7.19425E-12 16 64 | 8.21565E-13 8 27 8.88178E-13 8 27 | 4.44089E-12 28 87
0.6 1.24345E-12 18 63 | 5.9508E-12 32 99 | 7.70495E-12 16 64 | 5.32007E-13 8 27 | 7.32747E-12 8 26 | 5.9508E-12 32 99
0.8 1.37668E-12 12 39 | 8.08242E-12 33 101 | 6.08402E-12 16 64 | 2.44249E-13 7 24 | 6.50591E-12 7 21 | 8.12683E-12 33 101
1.0 9.19265E-12 1 5 | 6.86118E-12 4 14 | 9.41469E-12 3 12 | 1.39888E-12 2 6 | 9.10383E-13 2 7 | 6.92779E-12 4 14
1.1 L5099E-12 12 38 | 6.88338E-12 32 98 | 3.41949E-12 15 59 | 2.44249E-13 7 24 | 1.02141E-12 8 6.86118E-12 32 98
1-1/m 9.99201E-12 8 26 | 5.55112E-12 24 74 | T.01661E-12 12 48 | 1.9984E-12 6 18 | 9.99201E-12 5 5.57332E-12 24 T4
1/k 2.34235E-12 82 294 | 4.64766E-12 35 112 | 5.37038E-12 59 242 | 1.13414E-12 12 39 | 6.35129E-12 60 NaN 2000 39954
1/m 2.24265E-12 12 39 | 5.83977E-12 34 107 | 2.44249E-12 16 68 | 7.99361E-13 8 30 |1.95399E-12 7 5.92859E-12 34 107
F19 0.0 10000 | 9.74299E-12 118 466 | 0.018711123 11 34 | 7.57649E-12 30 159 | 8.61377E-13 12 45 0.005599741 0 9.10704E-12 33 125
0.2 9.74299E-12 119 474 | 0.018711123 12 54 | 9.22448E-12 28 167 | 3.1225E-13 15 72 | 0.002359994 1 9.10704E-12 34 145
0.4 8.61759E-12 111 459 | 0.018711123 12 50 | 4.74698E-12 29 205 | 3.12337E-13 15 68 | 0.002360555 1 9.10704E-12 34 141
0.5 8.18711E-12 115 467 | 0.018711123 12 50 | 9.22448E-12 29 181 | 3.1225E-13 15 69 | 0.002360353 1 9.10721E-12 34 141
0.6 9.13609E-12 122 498 | 0.018711123 12 51 | 9.22448E-12 31 195 | 3.12337E-13 16 78 | 0.002360243 1 9.10721E-12 34 142
0.8 9.74299E-12 125 514 | 0.018711123 12 52 | 5.79389E-12 27 186 | 3.12337E-13 15 70 | 0.002360133 1 9.10704E-12 34 143
1.0 9.05838E-12 128 537 | 0.018711123 12 52 | 9.21832E-12 31 203 | 3.1225E-13 15 71 |0.002360083 1 9.10704E-12 34 143
1.1 9.74299E-12 125 514 | 0.018711123 12 53 | 9.22448E-12 31 203 | 3.1225E-13 15 71 | 0.002360067 1 9.10721E-12 34 144
1-1/m 9.05803E-12 128 537 | 0.018711123 12 52 | 9.22448E-12 31 203 | 3.12337E-13 15 71 | 0.002360083 1 9.10721E-12 34 143
1/m 8.21452E-12 122 485 | 0.105359107 11 34 | 9.67308E-12 27 147 | 3.33934E-13 10 39 0.033465693 2001 4003 | 9.25059E-12 28 110
F20 | 0.0 | 10000 0 0 1 0 (I 0 0 0 0 0 0 0 0 1 0 0 1
0.2 0 1 5 0 18 0 2 18 0 0 7 0 0 4 0 1 6
0.4 8.6194E-12 96 385 | 2.89292E-12 12 58 | 1.8708E-12 16 91 | 6.10522E-12 44 175 0 4 15 | 4TI58E-12 14 69
0.5 9.81033E-12 84 337 | 6.83301E-12 13 63 | 5.44359E-12 16 92 | 6.00257E-12 46 184 | 5.80408E-12 18 56 | 4.48082E-12 13 64
0.6 9.34719E-12 101 406 | 2.00313E-12 14 66 | 7.69313E-12 15 86 | 547326E-12 43 171 | 9.3107E-12 14 46 | 4.8778E-12 11 56
0.8 7.49464E-12 97 390 | 7.16382E-12 13 62 | 2.20162E-12 15 87 | 8.71524E-12 44 175 | 7.52431E-12 19 57 | 557592E-12 12 60
1.0 9.21487E-12 84 338 | 2.06929E-12 15 69 | 491420E-12 15 88 | 7.82545E-12 44 177 | 4.3485E-12 16 52 | 9.54568E-12 13 65
1.1 8.22243E-12 101 407 | 6.63452E-12 11 55 | 1.07685E-12 15 88 | 8.84756E-12 45 181 |4.45115E-12 16 52 | 6.70068E-12 11 55
1-1/m 9.28103E-12 84 338 | 2.06929E-12 15 69 | 4.91420E-12 15 88 | 7.82545E-12 44 177 |4.41466E-12 16 52 | 9.54568E-12 13 65
1/k 7.53203E-12 105 415 NaN 30 487 | 6.65169E-12 129 750 | 8.01366E-12 51 207 |2.639572733 2001 4021 | 6.68853E-12 23 97
(k-1)/m 7.83698E-12 104 417 | 5.09386E-12 26 130 | 7.06839E-12 68 406 | 6.88998E-12 42 179 | 8.31236E-12 69 206 NaN NaN  NaN
1/m 8.75173E-12 107 421 | 0.966857719 11 34 | 3.98801E-12 22 108 | 7.12733E-12 49 189 | 0.091950557 2001 4003 | 2.06929E-12 24 98
1/3* 9.61704E-12 139 520 | 0.626131515 11 34 | 8.23989E-12 108 492 NaN 2001 37142 | 0.532493538 2001 4004 NaN NaN  NaN
k/m 7.81369E-12 104 417 | 5.17925E-12 26 130 | 6.53059E-12 75 448 | 6.92557E-12 43 178 | 7.09793E-12 68 203 NaN 2000 39813
Table A.18: Comparison of Optimization Methods
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7 f 7 T m MOPCM 7 GMOPCGM 7 CGPM 7 GCGPM 7 STTDFPM 7 Framework

7 7 Norm IT FE 7 Norm IT FE 7 Norm IT FE 7 Norm IT FE 7 Norm IT FE 7 Norm IT FE 7

F3 0.0 50000 0 0 1 0 0 1 0 0 0 0 0 0 0 0 1 0 0 1

0.2 8.09306E-12 14 50 0 2 20 | 3.5252E-12 20 105 0 1 15 0 0 12 0 1 13

0.4 4.91542E-12 16 56 0 1 4 | 2.97904E-12 17 68 0 0 3 0 0 4 0 1 4

0.5 1.34057E-12 19 67 0 2 8 | 3.07834E-12 17 68 0 0 3 0 0 4 0 2 8

0.6 3.9224E-12 21 75 0 2 8 | 3.02869E-12 17 68 0 0 3 0 0 4 0 2 8

0.8 3.9224E-12 23 83 0 1 5 | 2.18463E-12 17 68 0 1 7 0 0 4 0 1 5

1.0 2.48253E-12 24 87 0 1 5 3.4259E-12 18 74 0 1 7 0 0 4 0 1 5

1.1 2.63149E-12 22 81 0 1 5 3.4259E-12 18 74 0 1 7 0 0 4 0 1 5

1- H\B 2.53218E-12 24 87 0 1 5 3.4259E-12 18 74 0 1 7 0 0 4 0 1 5

1/k 5.06918E-12 33 115 0 6 20 | 7.59891E-12 44 178 0 1 7 | 7.62851E-12 50 152 | 9.36048E-12 39 126

(k-1)/m 5.26137E-12 85 308 0 8 26 | 7.4126E-12 66 266 | 8.67517E-12 18 56 | 9.5862E-12 60 180 | 7.8506E-12 49 159

1/m 4.46856E-12 8 26 0 1 4 | 3.12799E-12 12 48 0 0 3 | 4.46856E-12 5 16 0 1 4

1/3k 4.61451E-12 21 70 | 8.77568E-15 0 4 5.6596E-12 48 192 | 1.64673E-15 0 3 | 1.11022E-15 0 4 | 8.77568E-15 0 4

k/m 5.26272E-12 85 308 0 8 26 | 9.49904E-12 61 246 | 8.78169E-12 18 56 | 9.58935E-12 60 180 | 7.88027E-12 49 159

F4 0.0 50000 0 0 1 0 0 1 0 0 0 0 0 0 0 0 1 0 0 1

0.2 9.63088E-12 103 413 0 3 11 | 8.39321E-12 17 98 0 1 6 0 2 11 0 3 11

0.4 8.40701E-12 98 395 0 1 6 | 4.59719E-12 14 84 0 0 4 0 0 5 0 1 6

0.5 7.79495E-12 99 399 0 1 6 6.1209E-12 14 84 0 0 4 0 0 5 0 1 6

0.6 9.50629E-12 99 399 0 1 6 | 7.82461E-12 14 84 0 0 4 0 0 5 0 1 6

0.8 9.56196E-12 100 403 0 2 11 | 3.55643E-12 13 77 0 0 4 0 0 5 0 2 11

1.0 9.0238E-12 101 407 0 2 11 | 1.06481E-12 14 83 0 0 4 0 0 5 0 2 11

1.1 7.37124E-12 102 411 0 2 11 | 1.55321E-12 14 83 0 0 4 0 0 5 0 2 11

1-1/m 9.02359E-12 101 407 0 2 11 | 1.06472E-12 14 83 0 0 4 0 0 5 0 2 11

1/k 9.46892E-12 116 465 | 3.30883E-12 9 46 | 8.64752E-12 53 317 0 10 45 | 8.74381E-12 37 113 | 5.83834E-12 11 57

(k-1)/m 8.63527E-12 103 413 | 4.23068E-12 19 96 | 9.85519E-12 90 543 | 5.67588E-12 32 156 | 3.89586E-15 2 11 | 4.48808E-13 6 36

1/m 9.33833E-12 66 267 0 1 6 | 2.41055E-12 10 60 0 0 4 0 0 5 0 1 6

H\mw 9.45902E-12 107 429 | 1.72317E-13 0 5 8.12121E-12 24 143 | 1.57717E-14 0 4 5.54083E-15 0 5 1.72317E-13 0 5

k/m 8.63539E-12 103 413 | 4.23116E-12 19 96 | 8.80029E-12 90 543 | 6.88044E-12 32 156 | 3.54162E-15 2 11 | 4.13467E-13 6 36

Table A.20: Comparison of Optimization Methods
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7 f 7 T m MOPCM 7 GMOPCGM 7 CGPM 7 GCGPM STTDFPM 7 Framework
7 7 Norm IT FE 7 Norm IT FE 7 Norm IT FE 7 Norm IT FE Norm IT FE 7 Norm IT FE
F8 0.0 50000 | 9.76481E-12 151 607 | 5.82119E-12 35 177 | 7.58086E-12 56 391 | 4.3219E-12 40 279 | 9.76379E-12 71 232 | 6.1002E-12 57 289
0.2 9.09253E-12 149 606 | 2.13299E-12 55 317 | 5.94028E-12 56 415 | 8.58919E-12 100 570 | 8.51582E-12 67 225 | 4.58911E-12 37 195
0.4 9.97364E-12 544 2099 | 9.77277E-12 35 182 | 5.6997E-12 52 363 | 8.19542E-12 38 230 | 9.77794E-12 206 641 | 2.00851E-12 33 176
0.5 9.87699E-12 582 2326 | 1.54539E-12 39 205 | 7.64551E-12 53 370 | 8.89919E-12 126 600 | 9.65767E-12 116 370 | 8.61711E-12 34 183
0.6 9.69859E-12 589 2326 | 2.79319E-12 54 285 | 2.52991E-12 60 421 | 9.48789E-12 120 573 | 9.67184E-12 217 661 | 7.46798E-12 32 173
0.8 9.45015E-12 570 2187 | 1.80008E-12 44 240 | 3.53983E-12 56 392 | 6.99371E-12 65 312 | 9.84555E-12 190 576 | 6.34036E-12 36 193
1.0 9.57645E-12 551 2116 | 6.13998E-12 45 238 | 8.52424E-12 52 366 | 9.03939E-12 126 603 | 9.65277E-12 220 665 | 1.70929E-12 45 237
1.1 9.71917E-12 521 2001 | 4.15074E-12 45 231 | 9.16625E-12 54 380 | 8.29208E-12 129 617 | 9.03838E-12 144 444 | 9.4943E-12 72 368
1-1/m 9.82213E-12 547 2088 | 8.72484E-12 42 221 | 8.95124E-12 50 352 | 6.10471E-12 128 612 | 9.21907E-12 211 639 | 9.65153E-12 55 283
1/k 9.91193E-12 301 1139 | 5.33768E-12 50 261 | 5.16176E-12 58 406 | 3.15308E-12 41 287 | 7.78342E-12 71 227 | 6.56794E-12 43 220
(k-1)/m 9.55195E-12 578 2232 | 9.92038E-12 48 250 | 5.26669E-12 54 382 | 8.17371E-12 128 615 | 9.17908E-12 214 652 | 7.81264E-12 32 174
1/m 9.7961E-12 299 1136 | 5.51445E-12 34 174 | 9.07973E-12 54 377 | 5.40005E-12 45 307 | 9.66767E-12 84 268 | 7.00522E-12 33 169
1/3% 9.46595E-12 145 583 | 9.91025E-12 44 224 | 6.33381E-12 51 354 | 5.37262E-12 61 483 | 6.48776E-12 78 255 | 4.81992E-12 39 204
k/m 9.4435E-12 581 2274 | 4.99074E-12 47 248 | 9.80949E-12 60 424 | 8.46242E-12 128 615 | 9.11396E-12 212 645 | 8.29996E-12 34 182
F9 0.0 50000 | 9.64753E-12 661 3005 NaN 19 244 | 9.60972E-12 152 1410 | 7.1432E-12 32 214 | 8.18696E-12 83 360 NaN 2000 39926
0.4 6.52501E-11 2000 8330 NaN 11 190 | 6.29358E-12 225 2068 NaN 2001 37946 | 8.32664E-12 58 235 NaN 2000 39970
0.5 7.79034E-11 2000 8339 | 7.72555E-12 55 407 | 9.65004E-12 58 556 NaN 2001 37962 | 7.04114E-12 71 280 | 6.60894E-12 39 278
0.6 3.18796E-11 2000 8362 | 4.49727E-12 62 461 | 8.45534E-12 165 1528 NaN 2001 37974 | 8.04094E-12 63 254 | 8.55644E-12 36 251
0.8 3.18806E-11 2000 8344 NaN 16 222 | 8.48178E-12 159 1474 | 3.9276E-12 32 220 6.07071E-12 73 300 | 5.21623E-12 46 329
1.0 0 0 1 0 0 1 0 0 0 0 0 0 0 0 1 0 0 1
1.1 6.7791E-11 2000 8314 | 7.09273E-12 77 547 | 7.75173E-12 158 1465 | 2.29856E-12 26 179 8.1105E-12 53 219 | 2.17646E-12 54 366
1-1/m 5.46568E-11 2000 8213 | 6.50484E-12 44 330 | 9.60179E-12 49 465 | 6.12156E-12 19 130 | 8.82758E-12 28 119 | 9.20792E-12 21 152
1/k 4.43004E-11 2000 8347 NaN 23 273 | 9.5665E-12 151 1401 | 6.34873E-12 33 234 | 5.98073E-12 68 273 NaN 2000 39879
(k-1)/m 4.36664E-11 2000 8251 | 4.94663E-12 74 568 | 4.20675E-12 38 375 | 3.15321E-12 44 311 | 4.13859E-12 69 283 | 2.55093E-12 64 465
1/m 4.42962E-11 2000 8348 NaN 19 244 | 9.6094E-12 151 1401 | 3.57371E-12 38 254 | 9.63178E-12 87 376 NaN 2000 39926
1/3F 9.63578E-12 655 2981 NaN 32 548 | 9.60977E-12 152 1410 | 3.95608E-12 25 170 | 3.79898E-12 70 286 NaN 2000 39970
k/m 8.55545E-12 345 1640 | 9.71823E-12 &7 697 | 4.17421E-12 38 375 | 3.16485E-12 44 311 | 6.32668E-12 61 251 | 5.88245E-12 66 444

Table A.22: Comparison of Optimization Methods
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N A m MOPCM | GMOPCGM | CGPM 7 GCGPM 7 STTDFPM 7 Framework
7 7 Norm IT @—wi Norm IT _.umi Norm IT _.um; Norm IT _.umi Norm IT m,m; Norm IT FE
F12| 0.0 [50000 | 9.28468E-12 166 667 | 5.34986E-12 28 115 | 2.12257E-12 12 60 | 7.07522E-13 10 44 | 9.34674E-12 12 39 | 5.37469E-12 28 115
0.2 9.12331E-12 160 641 | 458028E-12 30 122 | 1.00543E-12 13 63 | 4.84094E-13 11 47 | L70054E-12 14 42 | 5.36227E-12 29 118
04 9.91772E-12 156 627 | 3.8231E-12 27 111 |4.33202E-12 11 55 | 1.00543E-12 9 36 | 4.10859E-12 12 37 | 3.78586E-12 27 111
0.5 9.13573E-12 145 583 | 4.02171E-12 25 103 | 8.50268E-12 10 50 | 1.1792E-12 9 36 | 7.13720E-12 11 34 | 4.04653E-12 25 103
0.6 9.96737E-12 157 631 | 5.0802E-12 27 111 | 4.38167E-12 11 55 | 1.09232E-12 10 40 | 4.58028E-12 12 37 | 5.0892E-12 27 111
0.8 8.96195E-12 163 655 | 5.12643E-12 28 115 | 5.70983E-13 12 60 |5.63535E-12 10 40 | 8.99919E-12 12 37 | 5.13885E-12 28 115
1.0 9.97979E-12 165 663 | 8.31649E-12 28 115 | 7.81998E-13 12 60 |5.83396E-13 10 44 | 225911E-12 12 37 | 8.34131E-12 28 115
L1 8.49027E-12 167 671 | 4.58028E-12 28 115 | 1.42746E-12 11 54 | 1.05508E-12 11 44 | 3.3266E-12 13 40 | 4.62993E-12 28 115
1-1/m 9.97979E-12 165 663 | 8.31649E-12 28 115 | 7.81998E-13 12 60 | 5.83396E-13 10 44 | 2.25911E-12 12 37 | 8.34131E-12 28 115
1/k 9.27646E-12 166 667 | 5.354E-12 28 115 | 8.86384E-12 55 295 | 7.03547E-13 10 44 | 9.72195E-12 52 159 | 5.36646E-12 28 115
(k-1)/m 8.74918E-12 163 655 | 5.24680E-12 28 115 | 8.42694E-12 62 330 | 3.82554E-12 10 40 | 7.06012E-12 70 214 | 4.564E-12 28 115
1/m 9.28468E-12 166 667 | 5.36227E-12 28 115 | 2.12257E-12 12 60 | 7.07522E-13 10 44 | 9.34674E-12 12 39 | 5.37469E-12 28 115
1/3 9.28453E-12 166 667 | 5.34983E-12 28 115 | 8.34211E-12 45 238 | 7.07505E-13 10 44 | 8.97213E-12 47 144 | 5.37457E-12 28 115
k/m 8.74912E-12 163 655 | 5.24714E-12 28 115 | 9.39239E-12 63 336 | 3.8259E-12 10 40 | 7.06014E-12 70 214 | 4.56419E-12 28 115
F13| 0.0 [50000 | 9.16055E-12 106 427 | 8.71369E-12 5 29 | 1.63847E-12 17 101 | 8.31649E-12 35 140 | 7.249E-12 16 52 | 7.74551E-12 5 29
0.2 9.18538E-12 120 483 | 8.71369E-12 7 38 | 6.35529E-12 17 101 | 6.72767E-12 36 144 | 6.30564E-12 18 55 | 7.74551E-12 6 33
04 9.58258E-12 101 407 | 4.46856E-13 4 26 | 4.04653E-12 17 102 | 5.98291E-12 34 136 | 5.51123E-12 16 50 | 3.97205E-13 4 26
0.5 8.76335E-12 104 419 | 2.78044E-12 5 26 |8.49027E-12 17 102 | 5.51123E-12 35 140 | 4.34443E-12 16 52 | 2.48253E-12 5 26
0.6 7.52208E-12 106 427 | 8.813E-12 5 26 | 2.01085E-12 18 108 | 8.53992E-12 35 140 | 6.57872E-12 16 52 | 7.79516E-12 5 26
0.8 9.38398E-12 107 431 | 2.48253E-14 5 31 |3.22729E-12 18 108 | 5.98291E-12 36 144 | 4.46856E-12 17 53 | 2.48253E-14 5 31
1.0 9.75636E-12 108 435 | 1.24127E-13 5 31 |4.24513E-12 18 108 | 6.72767E-12 36 144 | 5.90843E-12 17 53 | 7.4476E-14 5 31
L1 8.53992E-12 109 439 | 2.48253E-14 5 31 |3.40107E-12 17 101 | 6.72767E-12 36 144 | 7.42278E-12 17 53 | 2.48253E-14 5 31
1-1/m 9.75636E-12 108 435 | 7.4476E-14 5 31 | 4.24513E-12 18 108 | 6.72767E-12 36 144 | 5.95808E-12 17 53 | 7.4476E-14 5 31
1/k 9.15755E-12 106 427 | 8.65559E-12 5 29 | 9.46119E-12 54 323 | 8.32033E-12 35 140 | 8.22142E-12 54 166 | 7.69954E-12 5 29
(k-1)/m 8.90558E-12 106 427 | 5.38087E-12 11 59 |4.70317E-12 57 342 |8.17157E-12 35 140 | 6.76381E-12 61 187 | 3.69585E-13 5 31
1/m 9.16055E-12 106 427 | 8.71369E-12 5 29 | 1.63847E-12 17 101 | 8.31649E-12 35 140 | 7.249E-12 16 52 | 7.74551E-12 5 29
1/3F 9.16037E-12 106 427 | 8.71332E-12 5 29 |8.59115E-12 54 323 | 8.31646E-12 35 140 | 7.22438E-12 44 136 | 7.74547E-12 5 29
k/m 8.90582E-12 106 427 | 5.36792E-12 11 59 | 4.70308E-12 57 342 | 8.1727E-12 35 140 | 6.76169E-12 61 187 | 3.68916E-13 5 31

Table A.24: Comparison of Optimization Methods
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7 f 7 T m MOPCM 7 GMOPCGM 7 CGPM 7 GCGPM 7 STTDFPM 7 Framework

7 7 Norm IT FE 7 Norm IT FE 7 Norm IT FE 7 Norm IT FE 7 Norm IT FE 7 Norm IT FE
F16 0.0 50000 | 9.88984E-12 520 2098 | 7.95693E-12 54 270 | 9.21928E-12 250 1595 | 5.44532E-12 85 403 | 9.99474E-12 167 506 | 2.40516E-12 38 195
0.2 9.66009E-12 739 3174 | 2.69425E-12 57 286 | 8.95956E-12 183 1176 | 7.83889E-12 90 430 | 9.77792E-12 158 482 | 2.74178E-12 44 225
0.4 9.37271E-12 506 2060 | 8.54135E-12 42 212 | 9.92637E-12 188 1202 6.344E-12 86 412 | 9.79274E-12 163 494 | 8.46584E-12 46 234
0.5 9.73583E-12 460 1774 | 9.34644E-12 45 223 | 9.10641E-12 196 1254 | 8.98107E-12 90 428 | 9.82583E-12 158 479 | 8.12931E-12 41 209
0.6 9.71686E-12 511 2034 | 9.35539E-12 86 422 | 9.30456E-12 222 1414 | 5.93877E-12 87 416 | 9.38542E-12 157 476 | 1.85446E-12 45 227

0.8 9.29788E-12 462 1779 | 9.97724E-12 78 390 | 9.97444E-12 214 1364 | 7.14715E-12 86 410 | 9.30973E-12 155 471 | 5.08722E-12 44 224

1.0 9.9966E-12 461 1814 | 9.14728E-12 88 423 | 8.97023E-12 179 1147 | 7.87888E-12 78 371 | 9.35516E-12 153 465 | 6.47289E-12 43 220

1.1 9.61639E-12 464 1817 | 9.61594E-12 76 381 | 8.83879E-12 53 370 | 8.3206E-12 64 305 | 9.52199E-12 138 419 | 5.11912E-12 43 220

1-1/m 9.95685E-12 430 1634 | 8.32673E-12 83 411 | 8.96815E-12 179 1147 | 4.85247E-12 79 376 | 9.40496E-12 153 465 | 6.46486E-12 43 220

1/k 9.28015E-12 607 2522 | 7.48954E-12 45 226 | 8.66859E-12 304 1928 | 6.06261E-12 87 417 | 9.53139E-12 167 506 | 6.55226E-12 40 204
(k-1)/m 9.63973E-12 562 2343 | 8.73938E-12 102 486 | 9.20407E-12 262 1663 | 8.36698E-12 87 418 | 9.09464E-12 159 482 | 6.09079E-12 42 214

1/m 9.14547E-12 544 2203 | 7.06901E-12 61 306 | 9.22109E-12 250 1595 | 9.16177E-12 81 387 | 8.98892E-12 168 509 | 7.52429E-12 43 220

1/3k 9.81611E-12 504 1991 | 8.77188E-12 59 287 | 8.6934E-12 268 1706 | 6.62827E-12 88 421 | 9.7781E-12 163 494 | 4.6659E-12 44 224

k/m 9.27264E-12 546 2255 | 9.58186E-12 94 450 | 9.27498E-12 261 1657 | 8.35631E-12 87 418 | 9.07942E-12 159 482 | 9.58815E-12 53 271

F17 0.0 50000 0 0 1 0 0 1 0 0 0 0 0 0 0 0 1 0 0 1
0.2 7.44788E-12 111 447 0 2 10 | 1.18257E-12 16 95 0 0 4 0 1 8 0 1 5

0.4 7.95576E-12 98 395 0 1 6 | 3.67423E-12 14 84 0 0 4 0 0 5 0 1 6

0.5 9.98401E-12 98 395 0 1 6 | 4.66382E-12 14 84 0 0 4 0 0 5 0 1 6

0.6 8.78819E-12 99 399 0 1 6 | 5.70268E-12 14 84 0 0 4 0 0 5 0 1 6

0.8 8.65892E-12 100 403 0 1 6 | 7.97662E-12 14 84 0 0 4 0 0 5 0 1 6

1.0 8.02557E-12 101 407 0 1 6 | 9.84208E-13 15 90 0 0 4 0 0 5 0 1 6

1.1 8.90847E-12 101 407 0 1 6 | 1.12237E-12 15 90 0 0 4 0 0 5 0 1 6

1-1/m 8.0254E-12 101 407 0 1 6 | 9.84181E-13 15 90 0 0 4 0 0 5 0 1 6

1/k 9.55085E-12 84 339 | 7.0489E-13 3 21 | 8.86832E-12 111 666 0 0 4 0 0 5 | 8.86215E-15 3 21
(k-1)/m 8.54464E-12 99 399 0 1 6 8.8072E-12 142 852 0 0 4 0 0 5 0 1 6

1/m 9.3383E-12 66 267 0 1 6 | 2.41052E-12 10 60 0 0 4 0 0 5 0 1 6

1/3% 9.04974E-12 80 323 0 1 6 |9.89661E-12 105 630 | 1.75759E-14 0 4 2.187E-15 0 5 0 1 6

k/m 8.54491E-12 99 399 0 1 6 | 8.80672E-12 142 852 0 0 4 0 0 5 0 1 6

Table A.26: Comparison of Optimization Methods
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