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Industrial and service processes are often characterized by some form of variation. To
distinguish disruptive variations from natural variations, special statistical tools called
control charts are commonly employed. Traditionally, two separate control charts are used
to monitor variations in process location and scale parameters. Recently, single charts that
simultaneously monitor both parameters have gained significant attention due to their
efficiency in detecting joint shifts in process parameters. Despite advancements in control
charting methods, there remains a need for improved techniques that enhance accuracy and

adaptability in diverse process conditions.

This thesis evaluates the performance of mixed memory-type charts for process monitoring
and introduces a new chart for monitoring process dispersion, along with an additional six
charts for the simultaneous monitoring of process location and dispersion parameters. The
efficiency of the proposed charts was assessed through Monte Carlo simulations and
compared with existing alternatives. The results showed that the new charts had an
advantage over their counterparts in certain conditions. Several examples using real data
from industrial and laboratory processes were provided to demonstrate the construction

and performance of the proposed charts in real-world applications.
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CHAPTER 1

INTRODUCTION

This Chapter introduces the basic concepts of Statistical Process Control (SPC) and its
importance in maintaining process quality. It also briefly outlines different types of control
charts and their classifications, such as Shewhart-type and memory-type charts.
Additionally, the chapter discusses the scope and structure of the thesis and summarizes

the topics covered in each chapter.
1.1 Quality and Statistical Process Control

Quality has always been an essential component of all products and services. Statisticians
and production managers have different perspectives on quality improvement. To
production managers, producing uniform goods defines quality, whereas statisticians
recognize that variability is unavoidable. Therefore, from a statistical standpoint,
improving quality involves reducing variability in the process.

Excessive variation in processes can lead to inefficiency, thus resulting in poor quality and
unnecessary wastage. Nevertheless, irrespective of how excellent the design of a process
is, there will always be an inherent variation that emerges due to the accumulation of
several minor effects caused by practically inescapable factors. These variations are
referred to as chance or common cause variations. A process is deemed in-control (IC) or,
more formally, in a state of statistical control when it is subject only to variations caused
by common factors. On the other hand, some variations may result from avoidable causes
such as human mistakes, improperly adjusted machinery, and out-of-spec raw materials.

1



These variations are known as special or assigned cause variations. A process is considered
to be out-of-control (OOC) when it experiences both sources of variation. To guarantee
high-quality manufacturing or service, it is essential to minimize process variations as
much as possible.
Defining or measuring quality can be challenging. [ 1] provided some guidelines to evaluate
the key components of quality as follows:

e Performance: Does the product fulfill its intended purpose effectively?

e Reliability: Does the product experience failures? How often?

e Durability: What is the lifespan of the product?

e Serviceability: What is the difficulty level when repairing the product?

e Aesthetics: How visually appealing is the product?

e Features: What capabilities or functionalities does the product provide?

e Perceived Quality: How is the product or its manufacturer regarded?

e Conformance to Standards: Does the product meet the exact specifications set by

its designer?

SPC is a powerful collection of techniques that are very effective in improving quality by
detecting and help in reducing process variability. Control charts, histograms, flowcharts,
Pareto charts, scatter plots, and fishbone diagrams are often used in quality management

and process monitoring [1].
1.2 Basic Concepts of Control Charts

Quality control charts, first introduced by [2], are the most commonly used techniques for
distinguishing between natural process fluctuations and those triggered by certain factors,

including malfunctioning machinery and operator faults. In its most basic form, a control



chart consists of a graph of measurement on some quality characteristic with a horizontal
line representing the IC average of the process, and two additional horizontal lines marking
the upper and lower boundaries, beyond which the process is considered to be OOC.
Since their inception, control charts have been widely applied for process monitoring in
the manufacturing, healthcare, business, and finance sectors. This broad applicability
highlights the need to develop new methods and enhance the existing structures to address
the unique challenges and requirements of each sector.

The performance of control charts is usually evaluated through the average run length
(ARL), which is the average number of samples that must be taken before an OOC is
produced.

Control charts can be classified based on their structures or the type of data they monitor.
This helps in choosing the most appropriate chart for various process monitoring needs and

specific applications.

1.2.1 Classification of Control Charts by Data Types

Control charts can be divided into variable control charts and attribute control charts based
on the nature of the data being monitored. Variable control charts are designed to monitor
continuous data, which can be measured on a numerical scale (e.g., weight, temperature,
dimensions). Some commonly used variable charts include X and R, X and S, and
individual measurement charts.

On the other hand, attribute control charts deal with categorical or discrete data, such as
defect counts or binary outcomes (e.g., pass/fail). These charts are usually used in
monitoring quality in terms of conformity or the occurrence of defects. The most popular

attribute control charts are p, np, c and u charts [1].

3



1.2.2 Classification of Control Charts by Structure

Control charts can also be categorized in to two based on their structural design according
to how historical data are handled. These are memoryless charts and memory-based charts.
Memoryless charts, also known as Shewhart charts, have plotting statistics that depend
only on the current sample, without considering any previous information. The second
category is the memory-based control charts that incorporate current and past information
in the computation of their plotting statistics. The most widely used memory-based charts
are the Exponentially Weighted Moving Average (EWMA) chart [3] and the Cumulative
Sum (CUSUM) chart [4].

1.2.3 Phases in Control Charts Application

The application of control charts involves two phases: Phase I and Phase II. Each phase
serves a distinct purpose in process monitoring. In Phase I, historical data is collected and
analyzed in a retrospective manner to setup trial limits and establish a process baseline.
The goals of this phase is to detect and remove special causes of variation, ensuring the
process is stable, and to determine control limits to be used in Phase II. In Phase II, the
control charts are used in on-line application to monitor the process and maintain stability.
The focus shifts to detecting deviations from the established baseline to ensure product

quality and process performance.
1.3 Aim and Objectives of the Thesis

This thesis aims to provide some contributions to statistical process control by developing
and evaluating advanced control charting schemes. The works presented in Chapters 3, 4,

and 5 address this aim through the following objectives.



1.3.1 Evaluation of Mixed Memory Charts

The first aim of this study is to perform a comprehensive evaluation and comparison of

Mixed EWMA-CUSUM (MEC) chart. The main objectives here are:

To critically analyze the performance of the MEC chart under zero-state and steady-
state conditions.

To identify optimal parameter settings through sensitivity analysis for easy
application by practitioners.

To provide a comprehensive comparison between the MEC chart and other

memory-based charts

1.3.2 Development of a New Dispersion Chart

The second aim of the study is to develop a new memory-type chart that is efficient in

detecting a wide range of shifts in process dispersion. The main objectives here are:

To propose a new Step CUSUM (SC-S?) control chart for monitoring process
variability.
To evaluate the performance of the SC-S? chart and compare it with existing

counterparts.

1.3.3 Introduction of New Charts for Joint Monitoring

The third aim of the study is to propose new joint schemes for simultaneous monitoring of

process location and dispersion parameters. The main objectives here are:

To design six new control chart schemes for joint monitoring of process mean and
variance that are efficient for a wide range of shifts.

To assess the efficiency of the proposed charts by evaluating performance measures

using Monte Carlo simulations.

1.4 Outline of the Thesis

This thesis is divided into six chapters. Chapter 1 introduces the statistical process control

tools and why they are important in ensuring quality in manufacturing processes and



services. Chapter 2 provides a comprehensive review of the literature on different
monitoring schemes. Chapters 3-5 present the contribution of the thesis which include
reevaluation of mixed charts in Chapter 3, introduction of a new control chart for
monitoring process variability in Chapter 4, and proposal of six new schemes for the joint

monitoring of process mean and variability.



CHAPTER 2

LITERATURE REVIEW

This chapter provides an overview of existing research on control charts in SPC,
highlighting studies focused on charts designed to monitor process location, scale, or both

simultaneously.

2.1 Control Charts for Monitoring Process Location

Control charts for location are primarily employed in the monitoring process mean (or other
location parameters such as median). These include the classical Shewhart X — chart,
CUSUM, EWMA, and several other modifications of these charts such as the incorporation
of run-rules schemes [5-7], a combination of two or more schemes [8, 9], and the design
of adaptive charts [10-12]. [13] have discussed and evaluated several extensions of the
EWMA chart, including the Generally Weighted Moving Average, Double, Tripple, and
Quadruple EWMA charts, and concluded that those new charts have better performance
than the classical EWMA in both zero and steady-state conditions.

Another significant improvement attempt that has received considerable attention in the
literature is mixing two classical or modified control chart features, for example, the
combination of EWMA and CUSUM charts, to form a new compound structure. The mixed
EWMA-CUSUM (MEC) control chart scheme by [14] was the first in this category. In the
study, the authors used the EWMA statistic as an input in the CUSUM chart to monitor

shifts in a process location. They compared several schemes, such as the classical, fast



initial response (FIR), and run rules-based EWMA and CUSUM schemes. Using the zero-
state ARL comparisons, they concluded that, in most cases, their newly proposed MEC
chart is superior in detecting small shifts in the process mean than other schemes
considered for the same purpose. Since then, several modifications and variations of the
MEC and its properties under certain conditions have been suggested and investigated. For
example, [15] proposed enhancing the MEC scheme by incorporating head starts and run
rules features, which improved the performance of the chart, especially for small shifts that
occur at the start-up of the process. [16] investigated the MEC performance under different
scenarios in a comparative study with other memory schemes, namely, CUSUM and
EWMA charts. Their research considered the unknown parameter case and employed six
different location estimators to evaluate their robustness using several run length
distribution properties as performance measures. They concluded that there is no single
scheme or particular estimator that is superior in all the situations in terms of early
detection; however, the EWMA chart designed using the median estimator has the best
performance on average, and the MEC chart shows a certain level of robustness in the
contaminated variance environments. Another study by [17] found that the performance of
the MEC chart is severely affected by measurement error; nonetheless, the chart was shown
to be more resilient than both EWMA and CUSUM in the case of measurement error.

Another mixed form was also developed by [18] for data following Conway Maxwell
Poisson distribution. Their study showed that the new chart has performed better than other
memory charts in detecting moderate shifts in count data processes. [19] extended the idea

of the MEC chart to monitor the mean of multivariate processes. [20] used the MEC chart



to monitor the mean of an autocorrelated process and found that it performs well in
detecting small shifts in autocorrelated data. [21] proposed the median form of the MEC
chart that provides protection against outliers in contaminated environments. [22]
introduced the mixed modified EWMA-EWMA (MEME) control chart for improved
detection of small to moderate shifts in the process location. [23] incorporated auxiliary
variables in a combined MEC chart for simultaneous monitoring of location and dispersion.
[24] investigated the performance of MEC control charts under two different sampling
techniques: median-ranked set sampling (MRSS) and double-ranked set sampling (DRSS)

techniques.
2.2 Control Charts for Monitoring Process Dispersion

Most recent studies on memory-based dispersion charts have relied on transforming the
sample variance so that the new statistic closely resembles a normally distributed variable.
This allows the standard or modified versions of the CUSUM and EWMA frameworks to
be applied. Here, we briefly discuss some recent developments in dispersion charts using
transformed sample variance and/or sample standard deviation. Building on the earlier
work of [25], an improved S>-EWMA control chart was introduced by [26], The previous
method used a one-sided chart to identify increases in variability, while the method of [26]
uses a two-sided chart to detect increases and decreases in process variability to improve
accuracy. In comparison to [25], the S>-EWMA chart shows superior overall sensitivity to
minor changes in process variability. Also inspired by the work of [27], [28] developed a
CUSUM-S? control chart for monitoring process variance using a three-parameter
logarithmic transformation. The suggested approach enhances variance shift detection over

the prior research, particularly in small sample sizes. They showed that the proposed chart
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performs better than the EWMA-S? chart when there is a decrease in variability. However,
the EWMA-S? is better suited to identify increases in process variance. In a similar vein,
motivated by the prior work of [26], [29] introduced the EWMA-J-S? control chart, an
extension using Johnson’s SB transformation. While the previous method used a three-
parameter logarithmic transformation, their new approach enhances the detection of
process variability by applying a four-parameter Johnson SB transformation. This
modification improves the normality of the transformed data and the detection of shifts in
variance, especially when there is a reduction in process variability. The study also presents
a comprehensive comparison with the previous EWMA-S? chart, showing that both
methods have comparable effectiveness, although the EWMA-J-S? chart has minor benefits

in identifying decreases in variance.

The CS-EWMA control chart, which tracks process variability by combining the features
of CUSUM and EWMA charts, was first suggested by [30], utilizing both historical and
present data to enhance the detection of increases and decreases in the process dispersion.
Their simulation results showed that the new chart performs better than conventional
methods such as S>-EWMA and CUSUM-S?, making it a valuable tool for process change
monitoring. The reverse version of CS-EWMA, the Mixed CUSUM-EWMA (MCE) chart
was suggested by [31] to improve monitoring changes in process variance. This new chart
utilizes features of CUSUM and EWMA charts, making it more successful at detecting
minor variation changes. The study demonstrates that the MCE chart performs better than
classical charts such as Shewhart, EWMA, and CUSUM. In another study, [32] introduced
two new control charts, the floating T — S? and floating U — S2, for monitoring process

variability based on the three- and four-parameter transformations using the progressive
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mean technique. The study shows that floating T — S? works best for small shifts, while
the floating U — S? is better for larger changes. The floating charts showed excellent zero-

state performance but performed poorly in the steady-state.

Special sampling techniques are also considered for enhancing the performance of
dispersion charts. For example, [33] proposed new CUSUM control charts using ranked
set sampling (RSS) and double RSS for monitoring process variability. Other versions of
control charts for variability related to the EWMA chart include the AEWMA-S? chart by
[34], S>-HEWMA by [35], S:-TEWMA by [36], S>-QEWMA by [37], and S>-Double

GWMA by [38].

2.3 Joint Monitoring Control Charts

Recently, joint monitoring of the process mean and standard deviation has gained
significant attention in the literature. This section provides a brief overview of some of
these techniques. [39] suggested using two independent charting statistics on a single chart
to develop the first control chart that jointly monitors process level and variability.

A different approach involves the use of a single charting statistic for simultaneous
monitoring of the mean and dispersion. For example, [40] introduced an enhanced
semicircle chart for simultaneously monitoring the mean and standard deviation with a
single plotting statistic. [41] also suggested a control chart for variables that combines the
standardized mean and standard deviation into a single statistic using the maximum
function. [42] proposed a maximum EWMA (Max-EWMA) chart, which combines two
independent EWMA statistics: one for the mean, derived from the standardized sample

mean, and the other for the standard deviation, based on a transformation of the sample
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variance. The study demonstrated that this chart outperforms its counterparts in detecting
increases in process variability associated with changes in the process mean. In a similar
effort to improve efficiency of the chart, four different EWMA-type charts for joint
monitoring have been proposed by [43]: the Max-EWMA chart based on the maximum of
the normal transformation of the sample mean and standard deviation; the EWMA-Max
chart, in which the maximum of the two statistics is used as an input in an EWMA structure;
the EWMA sum of squares (SS-EWMA), which builds on the idea of SC charts by plotting
the sum of squares of the sample statistics; and the EWMA-SC chart, which addresses the
insensitivity to the small shift problem with the SC chart. An extension on the EWMA-
type charts of [43] was presented by [44]. [45] proposed the Max-DEWMA chart as an
extension of the Max-EWMA chart, and showed that the proposed chart outperforms the
Max-EWMA in identifying changes in the monitored parameters. In a similar fashion, [46]
further extended the idea using triple EWMA to develop a Max-TEWMA chart and
concluded that the proposed chart has excellent performance, notably in the detection of a
wide range of shifts in both mean and variance. [47] used a progressive approach to develop
a Max-P chart with impressive zero-state properties. [48] suggest several new approaches
to joint control charting, including the Max-EWMAVAR, SS-EWMAVAR, Max-
CUSUMVAR, and SS-CUSUMVAR charts, all based on the three-parameter
transformation of the sample variance.

In addition to EWMA-type charts, CUSUM-type charts have been widely considered as
alternative methods for enhancing the sensitivity to small shifts in process parameters. [49]

plotted two independent CUSUM charts, one for controlling the mean and the other for
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standard deviation, on a single chart that jointly monitors the parameters. However, it is
somewhat difficult to interpret OOC signals using this approach; therefore, various other
methods have been proposed. For instance, [50] introduced a new CUSUM chart for
simultaneous monitoring, utilizing a single statistic derived from a weighted loss function.
Also, [51] developed a version of single CUSUM chart for individual observations. In a
manner analogous to Max-EWMA, [52] proposed a Max-CUSUM chart to jointly control
the mean and standard deviation of the process and recommend it over the Max-EWMA
chart for applications in high-quality manufacturing processes. To enhance the detection
capability of Max CUSUM-type charts across a range of joint shifts, [53] developed the
sum of squares version of CUSUM chart (SS-CUSUM) and showed that it is efficient in
identifying both small and large changes in the parameters of the process. [54] suggested
weighted adaptive CUSUM charts using several unbiased estimators of the process
parameters, and showed their superiority over several competitors including the Max-
EWMA, Max-DEWMA, and Max-CUSUM. In another study, [55] developed a maximum
dual CUSUM chart that excels over previous adaptive charts in the detection of a range of
minor shifts in the parameters.

Furthermore, by complementing the parametric EWMA and CUSUM approaches,
nonparametric charts provide a reliable alternative for situations where the underlying
process distribution deviates from normality or not known. Some of the works in this
direction include the distribution-free CUSUM-Lepage chart by [56]; the fuzzy scheme
approach to joint monitoring by [57]; the one-sided Shewhart-Lepage chart for monitoring

either upward or downward joint shifts in the process location and dispersion by [58]; the
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fast initial response (FIR) equipped nonparametric EWMA chart by [59]; the EWMA-type
distribution-free chart based on the Wilcoxon rank-sum statistics by [60]; two new
distribution-free charts based on the van der Waerden (VW) and Ansari-Bradley (AB) tests,
and the VW and Mood tests by [61]; a Max-EWMA chart for joint monitoring of location,
scale, and parameters of the process by [61]. Finally, [62] provided an extensive review of

joint monitoring techniques.
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CHAPTER 3

EVALUATION OF MIXED EWMA-CUSUM

CHARTS

This Chapter evaluates the performance of the MEC chart under a more reliable steady-
state condition in addition to zero-state. This is in contrast to many previous studies
focusing only on zero-state performance. To help practitioners in setting up the chart
according to different needs, we have identified the optimal parameter settings of the chart
through sensitivity analysis. Finally, the chart is applied in monitoring changes in potential

of Hydrogen (pH) levels to illustrate its real-world application.
3.1 The Classical Shewhart X Chart

The statistic plotted on the Shewhart chart is the sample mean, X;, which is computed as

_ nox..
X = % This statistic is plotted against the lower and upper control limits (LCLg and

UCLyg), defined as follows:

LCL L, 22
s = Ho — Lg—F=
n

! (3.1)
UCLS = Uy + LS\/—H

Here, Lg is the control limit coefficient that determines the width of the control limits. A
common choice for Lg is 3, which results in the well-known 3-sigma limits. If the sample
mean X; falls outside these control limits, it signals that the process may be OOC, meaning

a significant shift in the process mean has occurred.
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Despite its simplicity and ease of use, the Shewhart chart is not very effective for detecting
small to moderate shifts in the process mean. Its primary strength lies in identifying large
shifts quickly. For minor shifts, the chart may not signal promptly, leading to potential
delays in corrective actions. Therefore, alternative control charts such as the EWMA and

CUSUM charts are often preferred for processes where smaller shifts are of concern.
3.2 The Classical CUSUM Control Chart

The CUSUM control chart is a memory-type chart designed to detect small and moderate
shifts in the process mean more effectively than the Shewhart chart. Unlike the Shewhart
chart, the CUSUM chart incorporates information from all past samples, making it more
sensitive to gradual changes in the process. The CUSUM chart can be implemented in two
forms: the tabular CUSUM and the V-mask CUSUM. The tabular CUSUM is more
commonly used in practice, where separate one-sided CUSUMs are calculated for
detecting upward and downward shifts. The upward and downward CUSUMs are defined

as:
¢ =max[0, C_; + (uo — K¢) — Xi]
) (3.2)
Ci+ = maX[O, Citl + Xi _— (,UO + Kc)] B

where Ko = k¢ 3—% is the sensitivity parameter of CUSUM chart. If either C;” or C;" exceeds

the decision interval H. = h, f/r—%, it indicates that the process mean has shifted. The

strength of the CUSUM chart lies in its ability to detect small, sustained shifts in the

process mean. As it accumulates information over time, it quickly picks up on trends that
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may go unnoticed by the Shewhart chart. However, its sensitivity to small shifts comes

with the trade-off of being slower in detecting large shifts compared to the Shewhart chart.

3.3 The Classical EWMA Control Chart

The EWMA control chart also addresses some limitations of the Shewhart chart by placing
more weight on recent data points while still incorporating historical information. This
characteristic makes the EWMA chart particularly effective for detecting small shifts in the
process mean. The EWMA statistic is calculated using the formula:

EWMA; = AgX; + (1 — Ap)EWMA;_, (3.3)
Where EWM A; represents the current EWMA statistic and Ay is the sensitivity parameter
that determines the weight assigned to the most recent sample. The value of A lies between
0 and 1, with larger values placing more emphasis on recent data. When Az equals 1, the
EWMA chart becomes equivalent to the Shewhart chart.
The control limits for the EWMA chart are established based on the expected value and
asymptotic variance of the EWMA statistic. The limits are given by:

N

LCL, = e
E — ,Llo \/— (2 AE
> (3.4)
s
UCLy = po + Ly -2 \/_ a2

Here, Lr determines the width of the control limits. A well-chosen Ly value balances the
sensitivity and specificity of the chart, minimizing false alarms while effectively detecting

shifts.
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One of the primary advantages of the EWMA chart is its ability to quickly signal small
shifts in the process mean. By continuously updating the statistic with each new sample,
the EWMA chart is more responsive to changes compared to the Shewhart chart. This
responsiveness is particularly valuable in industries where maintaining a consistent process
is crucial, as it allows for timely interventions before significant deviations occur (see
[63]). In practice, practitioners can optimize the parameters of the EWMA chart, such as
Ag and Lg, based on the specific characteristics of the process and the shifts of interest.
[64] provides guidance on selecting optimal values for these parameters, emphasizing that
lower Ag values are preferable for detecting minor deviations, while higher values are

better suited for larger shifts.

3.4 The Mixed EWMA-CUSUM Control Chart

The MEC control chart combines the strengths of both EWMA and CUSUM control charts
to enhance the detection of small shifts in the process mean. Instead of relying solely on
raw observations, the MEC chart utilizes the EWMA statistic as input into the CUSUM
framework, thus allowing for a more responsive monitoring system. The MEC chart
calculates two monitoring statistics: the upper MEC statistic (MEC;") and the lower MEC
statistic (MEC;"). These statistics are defined as follows:
MEC; = max[0, MEC;_; + (ug — Ky) — EWMA,]
(3.5)
MEC;* = max[0, MEC;" ; + EWMA; — (uo + Ky)].

In the above equation, EWMA; is derived from the current sample mean using the EWMA

formula, and K, is a reference parameter that is set to a predetermined value based on the
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expected shift. The initial values for both MEC statistics are zero (i.e., MEC; = MEC{ =
0).

To assess whether the process is OOC, the MEC statistics are compared against a control
limit (Hy). An upward shift in the process average is indicated when MEC;" exceeds Hy,,
while a downward deviation is signaled if MEC;” exceeds Hj;. The design parameters of
the MEC chart include the sensitivity parameter from the EWMA chart (denoted by A,, for
MEC chart) and the reference values K, and H,,;. These parameters are determined in a

manner analogous to the CUSUM chart, where K,, and Hy, are expressed as follows:

o A )
Ky = ky— M
M M\/ﬁ 2 _ AE
> (3.6)
_ 0o Am

Where k), and h,, serve similar purposes as in the traditional CUSUM scheme. The value
of hy is identified by fixing A, and ky, and searching for the corresponding h,, that
achieves the desired IC ARL (ARL,). The unique structure of MEC chart allows it to
efficiently detect both small and moderate shifts in process mean, making it a valuable tool
in the field of SPC. The EWMA control chart exemplifies the principle that informed
decision-making relies on understanding both current and historical data, enabling effective

process monitoring and improvement.
3.5 Performance Measures

Performance measures are crucial metrics that allow for the assessment of the efficiency

of control charts and enable comparisons between competing schemes. Historically,
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traditional hypothesis testing measures of type I and type II errors served as performance
measures for control charts until [65] introduced the concept of ARL. The run length (RL)
is defined as the number of units or samples inspected until a signal is generated, which
may indicate either a true OOC condition or a false alarm. Two important metrics in this
context are AR L, which represents the IC ARL, and ARL,, which denotes the OOC ARL.
Ideally, the goal is to maximize AR L, when the process is in a state of control and minimize
ARL; when the process is OOC. The evaluation of performance typically relies on the
characteristics of the RL distribution. The following outlines key performance measures
utilized in the analysis of control charts.

3.5.1 Zero-state Average Run Length

The zero-state ARL is the expected value of the RL when the computation begins at the
start of the monitoring period (i.e., at time { = 1). It is expressed as ARL ,¢;q-tate = E(RL).
This measure helps assess the performance of the chart under initial conditions.

3.5.2 Conditional Expected Delay

Conditional Expected Delay (CED) quantifies the average number of samples required to
detect a change after it has occurred, given that the process was in control prior to the
change and there were no previous false alarms. CED can be mathematically expressed as
CED, = [E[(RL —7+1) I(RLET)], where T denotes the unknown point at which the change
occurs. This measure is particularly useful for evaluating the responsiveness of the control
chart, as demonstrated by [66] in their recent study comparing the performance of several

control charts.
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3.5.3 Steady-state Average Run Length
The steady-state ARL (ARLgteady—state) 18 similar to its zero-state counterpart, but the
computation begins when the process has been operating for a while without prior false

signals and is in a stable condition.

It is defined as ARLgqdy-siare = lim [E[(RL -7+ 1)|(RLET)]. The steady-state ARL
T—>00

represents the limit of CED as t approaches infinity. Recent studies, such as [67], have
integrated this metric into their evaluations to provide a more comprehensive performance
assessment.

3.5.4 Extra Quadratic Loss

Extra Quadratic Loss (EQL) is an important performance measure that accounts for the
uncertainty in the magnitude of shifts in process parameters. Given that the exact shift
magnitude is rarely known in advance, practitioners often seek a chart that exhibits good
overall performance across a range of shifts. EQL is defined as the weighted expected ARL
that considers shifts from a minimum to a maximum range (i.e., §;ax — Omin) and uses the

square of the shift as the weight. Mathematically, it is represented as EQL =

! ) Smax 52 4pJ, (6)dé, where ARL(6) denotes the OOC ARL for a shift of size §.

Smax— Smin * Smin
3.5.5 Absolute Expected Loss
Similar to EQL, Absolute Expected Loss (AEL) is another overall performance measure

that provides an expected weighted ARL using the absolute value of the shift as the weight

function. It is expressed mathematically as AEL = — ) Sm,“xldl ARL(6)d6. This

5max - 5min 9

measure is particularly useful for evaluating the performance of control charts across a
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range of potential shifts. The choice of using the absolute value of delta instead of delta
squared in the weight function is significant. In EQL, the weight is proportional to 62,
which assigns disproportionately low weight to shifts smaller than 1, as the square of a
value less than 1 approaches zero. Conversely, shifts larger than 1 receive amplified weight
due to squaring. AEL addresses this limitation by using the absolute value of delta, ensuring
that all shifts, regardless of their size, contribute appropriately to the overall performance
assessment of the control chart.

3.5.6 Sequential Extra Quadratic Loss

Sequential EQL (SEQL) refers to an EQL calculated progressively over a series of shifts.
The evaluation starts with the smallest shift and incorporates one additional shift at each
step until the final shift is reached. The final SEQL value corresponds to the EQL for the
entire range of shifts. This measure aids in assessing the overall performance of a control
chart across specific shift ranges.

These performance measures provide a comprehensive framework for evaluating the
effectiveness of these charts across various operational scenarios. In the subsequent
Section, we will present the results of our comparative study, discussing the performance

metrics of the MEC chart in detail and illustrating its advantages in monitoring process

shifts.
3.6 Results and Discussion

In this Section, we evaluate the performance of MEC control chart using key metrics such
as the ARL, EQL, and AEL under both zero-state and steady-state conditions. The analysis

encompasses small, moderate, and large parameter values to study their effects on the
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detection performance of chart. We explore a range of k,, values from 0.125 to 3 and Ay,
values from 0.01 to 1. The special case of A); equal to 1 simplifies the MEC chart to the
classical CUSUM chart, while 1), = 1 and k,; = h,,, corresponds to the classical Shewhart
chart. A Monte Carlo simulation approach is employed to estimate the performance of the
MEC control chart by generating random samples and calculating the ARL for different
shifts in the process mean. The simulation uses 10° iterations to compute the ARL, and a
search is performed to determine the decision interval hy, that yields ARL, approximately
equal to 370.
The following algorithm outline the procedure used to compute the MEC ARL using
simulation:
1. Specify T (where T = 1 corresponds to the zero-state condition).
2. Generate random samples based on the following:
* For sample number i less than 7, X; is normally distributed with mean p, and
variance o¢.
* For sample number i greater than or equal to 7, X; is normally distributed with
mean p and variance og.
3. Compute the plotting statistics using the relevant formulas (equations 5 and 7).
4. Compare the plotting statistics with the control limit (from equation 8) and denote
the first i for which the plotting statistics exceed the limit as r.
5. Ifr s less than 7, discard the value; otherwise, save it.

6. Repeat steps 2 to 5 a total of 10° times.
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7. Compute the ARL by taking the mean of r, conditional on r being greater than or
equal to 7, and subtract T + 1 from the result.

The performance of MEC control chart across various parameter settings is discussed in
the following sections.
3.6.1 Performance Evaluation Under Zero-State Condition
The EQL metric assesses the overall performance of a control chart over the entire range
of shifts. Smaller EQL values indicate better detection ability of shifts. There are certain
parameter combinations for which the MEC chart with ARLo = 370 does not exist, as

indicated by the (*) symbol in Tables 3.1 and 3.2.
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Table 3.1: Zero- and steady-state EQL values of MEC control chart.

Zero-state
ky

Ay 0.125 0.25 0.5 0.75 1 15 2 25 3
0.01 |267.9132 239.0157 33.9723 146.9892 112.1147 61.0010 * *

0.025 |209.4027 187.3235 151.2752 122.9308 99.6575 63.9854 41.0289 * *
0.05 |165.0904 146.0910 117.8222 96.9490 80.4818 56.3164 38.9433 * *
0.1 126.4136 109.5690 87.4637 72.5641 61.1478 45.2213 33.5855 28.4067 *
0.175 |100.8031 85.3668 66.5829 55.6337 47.0487 35.3674 29.0487 24.0390 *
0.25 86.8803 72.2484 55.9796 46.1856 39.9217 31.1321 25.0454 21.6455 *
0.375 | 73.1363 59.3328 45.1806 36.8806 31.9678 26.4421 21.1334 19.9595 *
0.5 64.4493 50.5329 37.9541 31.6312 28.8741 22.2003 19.7598 19.6970 *
0.75 53.1480 40.6349 30.6360 25.6712 21.8358 19.5835 20.2607 21.3659 *
1 46.3701 33.9723 249039 20.5922 19.5808 21.1758 24.1427 26.2089 26.7919

Steady-state

0.01 |226.6431 207.9915 173.4082 139.9925 109.3752 60.3999 * * *
0.025 [174.1998 161.1018 137.7157 116.1950 96.3152 63.3561 40.8457 * *
0.05 |135.6649 125.1107 107.2736 91.6542 77.8678 55.3115 38.8427 * *
0.1 103.1400 94.1180 79.8700 68.5422 59.1317 44.3433 33.4553 27.4662 *
0.175 | 81.9707 73.5404 61.3297 52.7330 45.7726 35.3198 28.2183 23.9503 *
0.25 70.5654 62.3648 51.4180 43.9943 38.6101 30.8111 24.7808 21.9134 *
0.375 | 59.3849 51.3294 51.4180 35.3760 31.2606 25.9396 21.2907 20.2013 *
0.5 52.4251 44.2388 35.2568 30.3935 27.7506 22.1311 19.8507 19.7933 *
0.75 43.4774 35.3843 28.3184 24.3274 21.3034 19.4754 20.2276 21.3276 *
1 37.5910 29.8393 22.8436 19.8058 19.1996 21.0432 24.0654 26.1351 26.7304

From Table 3.1, it is evident that

some values of the parameters (ky, and Ay) lead to

extremely large EQL values, indicating poor overall performance. However, for a fixed

ky,, the EQL drastically decreases as A, increases.

For example, when kj; = 0.125, the EQL reduces by approximately 82% when 4,, changes

from 0.01 to 1. The same trend can be observed when A, is fixed, and k,, is increased. For

instance, fixing 4, at 0.01 results in the EQL dropping from 267.91 at kj; = 0.125 to 61.00
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The overall performance improves when both k), and 4,, are set at larger values. The best
EQL from Table 3.1 is 19.581 at ky, = 1 and Ay, = 1, which corresponds to the classical
CUSUM chart.

The best EQL for the MEC chart is 19.583 at k,; = 1.5 and A, = 0.75. Both values are
nearly identical, indicating a close competition between the MEC and CUSUM charts.
The AEL, like EQL, measures the overall performance of control charts. However, because
EQL gives too much weight to large shifts by squaring the shift magnitude, AEL provides
a more balanced perspective by using the absolute value of the shift. The AEL results are

given in Table 3.2.
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Table 3.2: Zero- and steady-state AEL values of MEC control chart.

Zero-state
ky
Ay 0.125 0.25 0.5 0.75 1 15 2 25 3
0.01 744776 66.5821 11.1971 41.5935 32.2195 18.5923 * *
0.025 |58.6200 52.5198 42.6172 34.8969 28.5967 19.0688 13.0602 * *
0.05 46.6453 41.3156 33.4684 27.7676 23.3146 16.8296 12.3487 * *

0.1 36.2516 31.4355 25.1927 21.0907 18.0333 13.8163 10.8731 9.5031 *
0.175 | 29.4025 24.8954 19.5840 16.5400 14.3074 11.3880 9.7938  8.6683 *
0.25 | 25.6954 21.3522 16.6977 14.0673 12.4561 10.3441 9.0540 8.3895 *
0.375 |22.0348 17.8768 13.8325 11.7329 10.5538 9.4576 8.5748  8.5828 *

0.5 19.7191 155816 12.0256 10.4395 9.8548 8.8625 8.7988  9.2916 *
0.75 | 16.7048 12.9346 10.1645 9.2225 8.7823 9.2958 10.6953 11.8799 *

1 148033 11.1971 9.0145 85724 9.1750 11.9529 14.9576 16.5904 16.9782

Steady-state

0.01 62.9188 57.8840 48.5690 39.5837 31.3821 18.3877 * * *
0.025 | 48.6697 45.0998 38.7545 32.9421 27.5988 18.8198 12.9357 * *
0.05 | 38.2144 35.3063 30.4304 26.1970 22.4927 16.5051 12.2087 * *

0.1 29.4287 26.9038 22.9707 19.9033 17.3947 13.5332 10.7632 9.2436 *

0.175 | 23.7538 21.3576 17.9721 15.6569 13.8609 11.2622 9.5550  8.5594 *

0.25 20.7180 18.3585 15.3159 13.3692 12.0284 10.1964 8.9177 8.3574 *

0.375 | 17.7557 15.4127 15.3159 11.2035 10.2781 9.2773 8.5325 8.5658 *

0.5 159199 135476 11.1357 10.0029 9.5167 8.7734 8.7578 9.2554 *

0.75 13.5621 11.2384 9.4220 8.7896 8.5712 9.2170 10.6494 11.8312 *
1 11.9974 9.8082 8.3396 8.2579 8.9965 11.8740 14.8999 16.5407 16.9332

As expected, the AEL values are much smaller than their corresponding EQL values. For
small values of kj; and 4,,, the AEL is quite large, indicating poor overall performance. In
particular, the row for Ay, = 1 in Table 3.2 corresponds to the AEL values for the classical
CUSUM chart, which shows the smallest values across most columns except for ky, > 1.

This suggests that the MEC chart is inferior to the classical CUSUM chart when kj; < 1.
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Nevertheless, the minimum AEL in Table 3.2 is 8.389, corresponding to the MEC chart
with k,, = 2.5 and A, = 0.25. In general, moderate to large values of both k;, and Ay,
produce smaller AEL values, indicating better overall performance in these regions.

3.6.2 Performance Evaluation Under Steady-State Condition

In this Section, we reevaluate the MEC chart properties under steady-state conditions,
focusing primarily on its ARL characteristics. Steady-state ARLs are calculated after the
process has been running for some time and has stabilized, which allows for a more reliable
comparison between different control chart designs.

For this analysis, the change point is set at T = 201. Various other values of 7, ranging from
T =51 to T = 501, were considered. The ARL values of MEC chart appears to be most
stable at 7 = 501, but for computational efficiency, we have set T = 201, as the results are

nearly identical to those obtained at T = 501.
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Table 3.3: Steady-state ARL profiles of MEC control chart. Zero-state ARL, = 370,
ky = 0.125 and T=201.

Am
) 0.01 0.025 0.05 0.1 0.175 0.25 0.375 0.5 0.75 1
0 250.75 261.49 268.45 277.10 287.36 295.32 305.23 313.14 325.92 334.80
025 | 87.10 76.65 70.09 6580 63.73 6293 6232 6230 6262 62.10
0.5 57.37 4730 40.23 34.84 31.88 30.44 29.06 28.18 2696 26.10
0.75 | 4550 36.66 30.23 25.08 22.05 2058 19.17 1829 17.08 16.14
1 38.78 30.82 25.02 20.27 17.38 1589 1452 13.68 1254 11.70
125 | 3429 2706 2175 1736 1459 1316 1183 11.02 9.97 9.19
1.5 31.05 2436 1944 1534 1274 1138 10.09 9.32 8.31 7.59
175 | 2861 2233 1773 13.87 1140 1010 8.86 8.11 7.16 6.49
2 26.61 20.71 16.37 1273 1039 9.15 7.96 7.23 6.31 5.67
225 | 2500 1940 1529 1182 9.59 8.40 7.25 6.54 5.65 5.06
2.5 23.63 1830 1438 11.08 8.94 7.79 6.68 6.00 5.14 4.57
275 | 2247 1737 1361 1045 8.39 7.30 6.22 5.56 4.73 4.17
3 2146 1656 1295 9.91 7.93 6.88 5.84 5.20 4.39 3.85
325 | 2057 1586 1238 9.44 7.54 6.51 551 4.89 4.10 3.58
3.5 19.79 1522 1187 9.04 7.19 6.20 5.22 4.62 3.85 3.35
3.75 | 19.08 14.67 1143 8.68 6.89 5.93 4.98 4.39 3.64 3.14
4 18.46 14.17 11.02 8.35 6.62 5.68 4.76 4.19 3.45 2.97
425 | 17.88 13.72 10.66 8.07 6.38 5.47 4.57 4.01 3.30 2.82
4.5 1736 1331 1033 7.80 6.16 5.27 4.39 3.85 3.15 2.69
475 | 16.87 1291 10.01 757 5.96 5.09 4.24 3.70 3.02 2.57
5 16.42 1257 9.74 7.35 5.78 4.93 4.10 3.57 2.90 2.47
525 | 16.01 1224 948 7.14 5.61 4.79 3.97 3.45 2.79 2.38
5.5 1563 1194 9.24 6.95 5.46 4.65 3.86 3.35 2.69 2.29
575 | 1526 1167 9.01 6.78 5.32 4.52 3.74 3.26 2.62 2.19
6 1494 1141 8.82 6.62 5.18 4.40 3.63 3.17 2.55 2.11

From Table 3.3, starting with k,, = 0.125, it becomes evident that for small values of 4,,,
the ARLy is as low as 250, indicating a higher likelihood of false alarms for smaller values
of ky. As Ay approaches 1, the ARLy steadily increases, reaching a peak of 334.8 at 4, =
1. For ARL, the performance of MEC chart improves as 4,, increases. From Table 3.3, it
is clear that 1), = 1 produces the smallest ARL values for all shifts, particularly at lower
k. However, this trend changes as k;,; increases beyond 0.25. For k, = 0.5 and larger,

moderate values of 1), (around 0.1) produce smaller ARL values.
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Table 3.4. Steady-state ARL profiles of MEC control chart with zero-state ARL, = 370,
ky = 0.25 and 1= 201.

Am

) 0.01 0.025 0.05 0.1 0.175 0.25 0.375 0.5 0.75 1

0 268.61 283.01 293.71 306.03 318.57 326.74 335.12 340 348.69 354.59
0.25 | 83.88  74.2 68.1 6441 63.14 63.16 6397 6554 7052 7753
0.5 54.05 447 37.87 3252 2947 2795 26.64 2589 2534 25.66
0.75 | 4251 3438 2821 231 1997 1839 169 1598 1487 14.27

1 36.09 2881 2326 1858 15.61 14.05 1258 11.69 10.56 9.85
125 | 31.81 25.19 20.16 1588 13.08 11.6 10.18 931 8.23 7.53
1.5 28.74 22.66 18.01 14.02 11.41 10.01  8.65 7.83 6.78 6.11
1.75 | 2641 20.74 164 12.67 1021 8.89 7.59 6.8 5.81 5.16

2 2455 1923 15.14 11.63 9.3 8.04 6.81 6.05 5.1 4.49
225 [ 23.04 1799 14.12 10.79 859 7.39 6.21 5.48 4.56 3.97
2.5 2176 1696 13.28 10.11 8 6.86 5.73 5.03 4.15 3.58
2.75 | 20.68 16.09 1256 9.54 7.52 6.42 5.34 4.66 3.81 3.26

3 19.72 1534 1195 9.04 7.11 6.05 5.02 4.36 3.54 3.01
325 | 1891 14.67 1142 8.6l 6.76 5.74 4.73 4.1 3.31 2.8
3.5 18.16 14.08 1095 8.25 6.45 5.47 4.5 3.89 3.11 2.62
3.75 | 17.52 1356 10.54 7091 6.18 5.23 4.29 3.7 2.94 2.46

4 1693 13.1 10.16  7.62 5.94 5.02 4.11 3.53 2.8 2.32
425 | 1639 12.68 9.82 7.36 5.72 4.83 3.94 3.39 2.68 2.2
4.5 1591 1229 9.1 7.12 5.52 4.65 3.79 3.26 2.58 2.09
475 | 1546 1194 9.24 6.9 5.34 4.5 3.66 3.13 248 2

5 15.04 11.61 897 6.7 5.18 4.36 3.54 3.01 2.38 1.93
525 | 1466 1131 8.73 6.52 5.04 4.24 3.44 291 2.28 1.87
5.5 1431 11.03 8.5l 6.34 4.9 4.12 3.35 2.82 2.19 1.82
575 | 1398 10.77 831 6.18 4.78 4.01 3.26 2.75 2.1 1.79

6 13.67 10.52  8.11 6.04 4.65 3.9 3.17 2.69 2.03 1.75
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Table 3.5. Steady-state ARL profiles of MEC control chart with zero-state ARL, = 370,
ky = 0.5 and t=201.

Am
) 0.01 0.025 0.05 0.1 0.175 0.25 0.375 0.5 0.75 1
0 297.21 310.34 324.02 334.74 343.85 348.69 348.69 356.22 361.08 363.04
025 | 78.55 70.63 66.2 64.8  66.51 6944 69.44 8245 98.09 118.38
0.5 48.11 4032 3425 2944 269 2598 2598 2621 28.78 33.61
0.75 37.1 3044 2498 2028 1735 1596 1596 1428 1422 15.15
1 31.13 2527 204 16.1 1331 11.87 11.87 9.87 9.22 9.18
125 | 2725 2198 1759 13.64 11.05 9.68 9.68 7.64 6.84 6.52
15 2449 19.69 15.64 12.01 9.59 8.29 8.29 6.32 5.48 5.06
1.75 224 1795 14.19 10.82 856 7.34 7.34 5.44 4.6 4.15
2 2074 16.6 13.08 9.91 7.78 6.63 6.63 4.82 4 3.53
225 | 1941 1549 12,18 9.19 7.17 6.08 6.08 4.35 3.56 3.09
2.5 18.29 1458 11.44 8.6 6.68 5.64 5.64 3.99 3.22 2.75
275 | 1734 13.81 10.81 8.1 6.27 5.28 5.28 3.7 2.95 2.49
3 16.52  13.14 10.27  7.68 593 4.97 4.97 3.45 2.73 2.29
3.25 | 15.81 12.57 9.8 7.32 5.63 4.72 4.72 3.25 2.55 2.12
3.5 15.17  12.05 9.4 6.99 5.38 4.49 4.49 3.07 2.4 1.99
3.75 | 14.61 11.6 9.03 6.71 5.15 43 43 2.93 2.26 1.89
4 14.1 11.19 8.7 6.46 4.94 4.12 4.12 2.81 2.14 1.79
425 | 13.63 10.82 8.4 6.23 4.76 3.96 3.96 2.7 2.05 1.71
45 13.22 1048 8.14 6.03 4.6 3.82 3.82 2.61 1.98 1.62
475 | 12.84 10.17 7.9 5.84 4.46 3.7 3.7 2.51 1.92 1.54
5 12.49  9.89 7.67 5.67 4.32 3.6 3.6 242 1.88 1.46
525 | 12.16  9.63 7.46 5.51 4.2 3.5 3.5 2.32 1.85 1.37
5.5 11.86  9.39 7.27 5.37 4.07 34 34 2.22 1.81 1.29
575 | 11.58  9.16 7.1 5.24 3.96 33 33 2.14 1.78 1.22
6 11.32  8.96 6.93 5.11 3.85 3.2 3.2 2.06 1.74 1.16

It is also seen from Tables 3.4 and 3.5 that as both kj, and 4,, increase, the ARLo continues
to improve, moving closer to the desired ARLo value of 370. This indicates that under
steady-state conditions, the MEC chart exhibits a lower false alarm rate with larger design
parameter values.

From Tables 3.6 and 3.7, we observe that larger values of k), (ranging from 1.5 to 2.5) tend
to perform better with smaller values of A),. For instance, with kj; =2 and 4, = 0.025 (as

shown in Table 3.6), only 26.89 samples are required on average to detect a shift of 0.5
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standard deviations, whereas about 93 samples are needed for the same shift when A, =
0.75.
Additionally, from Figure 3.1, it is noted that for larger values of k,,, different A,, values

exhibit nearly identical performance when detecting large shifts (& > 3).

Table 3.6: Steady-state ARL profiles of MEC control chart. Zero-state ARLy = 370,
ky = 2 and 1= 201.

Am
S 0.01 0.025 0.05 0.1 0.175 0.25 0.375 0.5 0.75 1
0 346.84 353.78 360.44 363.11 364.58 367.04 367.99 367.72 368.36 346.84
0.25 | 6428 69.81 83.92 1039 122.07 149.57 17499 22533 272.77 64.28
0.5 26.89 2587 2698 3092 36.12 464 5881 93.01 14297 26.89
075 | 16.82 154 1452 1487 16.1 1942 24.13 40.16 70.82 16.82
1 1232 11.09 993 9.42 9.54 1052 123 1952 3625 12.32
1.25 9.77 8.77 7.66 6.92 6.68 6.84 7.5 10.8  19.65 9.77
15 8.13 7.32 6.3 5.55 5.18 5.03 5.22 6.75 11.42  8.13
1.75 6.99 6.31 54 4.68 4.29 4 3.97 4.64 7.13 6.99
2 6.15 5.58 4.76 4.07 3.69 3.34 3.21 3.47 4.8 6.15
2.25 5.5 5.02 4.28 3.63 3.26 2.9 2.72 2.75 345 5.5
2.5 4.98 4.58 3.9 33 2.93 2.57 2.37 2.29 2.65 4.98
2.75 4.55 4.22 3.59 3.03 2.68 232 2.11 1.97 2.12 4.55
3 4.21 3.93 3.34 2.81 247 2.12 1.91 1.73 1.79 4.21
3.25 391 3.67 3.13 2.63 23 1.96 1.75 1.55 1.55 3.91
3.5 3.66 3.46 2.95 2.47 2.16 1.83 1.62 1.41 1.38 3.66
3.75 3.44 3.27 2.8 233 2.03 1.71 1.5 1.3 1.26 3.44
4 3.25 3.11 2.66 2.21 1.92 1.61 1.41 1.21 1.17 3.25
4.25 3.08 2.96 2.54 2.1 1.83 1.52 1.32 1.15 1.11 3.08
45 2.93 2.83 242 2.01 1.74 1.43 1.24 1.1 1.07 2.93
4.75 2.8 2.7 232 1.92 1.67 1.35 1.18 1.06 1.04 2.8
5 2.68 2.6 2.23 1.85 1.59 1.28 1.13 1.04 1.02 2.68
5.25 2.57 2.49 2.15 1.78 1.52 1.22 1.09 1.02 1.01 2.57
5.5 248 24 2.07 1.72 1.45 1.16 1.06 1.01 1 2.48
5.75 2.39 232 2 1.66 1.39 1.12 1.03 1 1 2.39
6 2.31 2.24 1.94 1.6 1.32 1.08 1.02 1 1 2.31
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Table 3.7. Steady-state ARL profiles of MEC control chart with zero-state ARL, = 370,
ky =2.5&3and t=201.

Ay

) 0.1 0.175 0.25 0.375 0.5 0.75 1 1 (k=3)

0 360.9 363.72 36542 366.41 369.26 368.23 368.92  369.49
0.25 86.74 109.96 13092 16255 19136 239.64 279.09  280.09
0.5 27.31 32.69 39.45 52.55 68.34 10635  153.19  154.86
0.75 14.31 15.28 17.22 21.89 28.42 48.13 79.48 80.98

1 9.52 9.37 9.84 11.57 14.31 24 42.49 43.69
1.25 7.12 6.68 6.69 7.27 8.46 13.29 23.95 24.88
1.5 5.71 52 5.04 5.17 5.67 8.13 14.24 14.94
1.75 4.79 4.28 4.06 3.99 4.18 543 8.92 9.44

2 4.14 3.65 341 3.26 3.29 3.92 5.92 6.28
2.25 3.66 3.2 2.96 2.77 2.72 3 4.15 4.4
2.5 3.29 2.86 2.63 242 2.33 242 3.06 3.24
2.75 3 2.6 237 2.16 2.05 2.03 2.37 248

3 2.76 2.38 2.17 1.96 1.84 1.76 1.92 2
3.25 2.56 2.21 2.01 1.8 1.67 1.55 1.62 1.67
3.5 2.39 2.06 1.87 1.67 1.54 1.4 1.41 1.44
3.75 2.26 1.94 1.76 1.56 1.42 1.29 1.28 1.29
4 2.13 1.84 1.66 1.46 1.33 1.2 1.18 1.19
4.25 2.03 1.75 1.58 1.38 1.25 1.13 1.11 1.11
4.5 1.94 1.67 1.5 1.3 1.18 1.09 1.07 1.07
4.75 1.85 1.6 1.42 1.23 1.13 1.05 1.04 1.04
5 1.78 1.53 1.36 1.18 1.09 1.03 1.02 1.02
5.25 1.72 1.47 1.3 1.13 1.06 1.02 1.01 1.01
5.5 1.66 1.41 1.24 1.09 1.04 1.01 1 1
5.75 1.6 1.35 1.19 1.06 1.02 1 1 1

6 1.55 1.3 1.15 1.04 1.01 1 1 1

Steady-State EQL Performance: As in the previous Section, the overall performance of
the MEC chart is analyzed under steady-state conditions using the EQL metric. The lower
rows of Table 3.1 present the steady-state EQL values of MEC chart. The same trends
observed under the zero-state condition apply here as well.

From Table 3.5, it is clear that nearly all EQL values below 20 occur when kj, > 1 and Ay,
> 0.5. In general, larger values of the MEC design parameters are preferred when the goal

is to optimize overall performance.
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For a graphical representation, Figure 3.2 illustrates the effect of the parameters k,, and
Ap on the overall performance, as measured by EQL. Clearly, increasing the values of both

parameters up to certain limits has a positive impact on the performance of MEC chart.
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Figure 3.1: Steady-state ARL profiles (in logarithm scale) of nine designs of MEC control
chart for shifts § = 0 to § = 6. Zero-state ARL, = 370.
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Figure 3.2: Effect of k;,; and A,,0on EQL performance of MEC chart.

Steady-State AEL Performance: The steady-state AEL values of MEC chart are also
provided in Table 3.2. As seen in the zero-state scenario, the largest AEL values occur when
both ky and Ay are at their smallest values. By fixing A, we also observe that AEL
steadily decreases as k,, increases. For instance, the AEL value decreases from 62.9188 at
ky =0.125 and A, = 0.01 to 18.3877 at kp, = 1.5 for the same value of 4,,.

Among all parameter combinations considered, the lowest AEL value of 8.3574 occurs
when kj; = 2.5 and 4), = 0.25. This value is slightly lower than the 8.389 observed under

the zero-state condition.
3.7 Comparative Analysis

This Section presents a detailed comparison between the MEC chart and two other
memory-type control charts: the EWMA and CUSUM charts. Since the MEC chart
combines features from both EWMA and CUSUM charts, we use the same parameter

values for the comparisons. Various methods exist for comparing control charts, including
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direct comparisons of performance metrics such as the ARL or ensuring equivalent
variance properties for the competing charts (for details, see [68]).

However, to simplify the comparison process, we focus on the CED profiles and overall
performance using the EQL and AEL metrics.

For a meaningful comparison, the performance of the MEC chart is evaluated based on
both zero-state and steady-state conditions. In zero-state comparisons, the process starts
under IC conditions, whereas in steady-state comparisons, we assume the process has been
operating for some time, allowing for a deeper understanding of long-term performance.
The metrics we examine include the EQL, AEL, and SEQL values for different process
shifts. By comparing these metrics, we assess how well the charts detect both small and
large shifts in the process mean, helping practitioners choose the best control chart
depending on the situation.

3.7.1 Zero-State Comparisons

In this subsection, we compare the performance of the MEC, EWMA, and CUSUM charts
based on zero-state conditions, where the process is assumed to start under IC conditions.
We first focus on the EQL values, followed by the AEL metrics.

EQL Comparisons: Table 3.1 presents the zero-state EQL values for the MEC chart. The
values less than 20 are highlighted in bold, and it is observed that the chart generally
performs better for ky, > 1 and A, > 0.375. The minimum EQL value is attained when both
ky and 4, are equal to 1, which suggests that the CUSUM chart with k. = 1 performs
slightly better than the MEC chart designs considered here. From Table 3.8, the lowest

EQL value of EWMA chart is 19.8530 at Az = 0.5, which is slightly higher than the EQL
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of MEC chart at k,, = 1.5 and A), = 0.75. This indicates the superiority of MEC chart over
the EWMA chart in this context. In summary, the order of performance based on EQL is:
CUSUM, MEC, and EWMA, with CUSUM leading the way.

AEL Comparisons: Next, we turn to the AEL metric, which provides a different
perspective on chart performance due to its unique weighing method. As with EQL, larger
ky values tend to result in smaller AEL values. However, unlike EQL, moderate values of
Ay seem to offer better performance. Table 3.2 presents the AEL values for the MEC chart.
The minimum AEL value of 8.3895 occurs at Ay, = 0.25 and ky, = 2.5, with nearly all
values close to 8 occurring at k;, > 1.5. For the EWMA chart, the minimum AEL value is
also at Ay = 0.25 and is slightly lower than the AEL of MEC chart (see Table 3.8). The
minimum AEL value of CUSUM chart is 8.5750 at k. = 0.75. Consequently, the order of
performance based on AEL is: EWMA, MEC, and CUSUM. Thus, when comparing the
charts based on EQL and AEL, the MEC chart consistently ranks second in performance,
with CUSUM leading in EQL and EWMA performing best in AEL.

SEQL Comparisons: Finally, we examine the SEQL values to understand how the charts
perform across varying shifts. Table 3.9 presents these values. For shifts up to 6 = 1, the
EWMA chart exhibits the best performance, with the MEC chart closely trailing. For shifts
ranging from 6 = 1.25 to § =4, the MEC chart generally performs better, although CUSUM
and EWMA occasionally outperform it in specific scenarios. For § > 4, the CUSUM chart

dominates, although the MEC chart remains competitive.
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Table 3.8. EWMA and CUSUM overall performance under both zero- and steady-state
conditions using EQL and AEL metrics

EWMA CUSUM
Zero-state Steady-state Zero-state Steady-state
Ag EQL AEL EQL AEL k¢ EQL AEL EQL AEL

0.01 47.9397 | 15.1407 | 47.4117 | 37.591 0.125 | 46.3217 | 14.7884 | 37.591 | 11.9974

0.025 | 38.7397 | 12.4472 | 38.7579 | 29.8393 0.25 33.9741 | 11.1987 | 29.8393 | 9.8082

0.05 32.9309 | 10.7152 | 32.5849 | 22.8436 0.5 24.9044 | 9.0156 | 22.8436 | 8.3396

0.1 28.2043 | 9.4534 | 27.2624 | 19.8058 0.75 20.5995 | 8.575 | 19.8058 | 8.2579

0.175 | 23.6592 | 8.6006 23.66 | 19.1996 1 19.5742 | 9.1734 | 19.1996 | 8.9965

0.25 21.3753 | 8.376 | 21.6975 | 21.0432 1.5 21.1803 | 11.9557 | 21.0432 | 11.874

0.375 [ 19.9223 | 8.6902 | 20.1824 | 24.0654 2 24.1269 | 14.9412 | 24.0654 | 14.8999

0.5 19.853 9.491 | 19.9149 | 26.1351 2.5 26.2144 | 16.5988 | 26.1351 | 16.5407

0.75 21.7631 | 12.2247 | 21.7323 | 26.7304 3 26.798 | 16.9801 | 26.7304 | 16.9332

1 26.8056 | 16.9915 | 26.7367 | 37.591

In conclusion, the zero-state comparisons show that while no single chart consistently
outperforms the others across all metrics, the MEC chart offers a good balance, particularly
for moderate shifts. The choice of control chart should depend on the specific process shift

magnitude and the focus of practitioner, whether it is minimizing EQL, AEL, or SEQL.
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Table 3.9. Zero- and steady state minimum Sequential EQL values of MEC, CUSUM,
and EWMA control charts.

Zero-state Steady-state
3 MEC | CUSUM [ EWMA | MEC | EWMA | CUSUM
0.5 | 55647 | 6.2194 | 5.5400 | 5.266 | 5.353 5.266
0.75| 6.7069 | 7.2131 | 6.6027 | 6.360 | 6.406 6.426
1 7.6552 | 8.2460 | 7.6290 | 7.263 | 7.421 7.263
1.25] 8.3791 | 9.2967 | 8.3851 | 8.149 | 8.171 8.149
15 | 9.1485 [ 9.7872 | 9.1474 | 8.866 | 8.927 9.071
1.75] 9.9295 | 10.3471 [ 9.9481 [ 9.590 | 9.721 9.622
2 | 10.5276 | 10.9627 | 10.5447 | 10.164 | 10.329 | 10.164
2.25 | 11.1700 | 11.6237 | 11.1679 | 10.753 | 10.946 | 10.753
2.5 ] 11.8490 | 12.3216 | 11.8292 | 11.383 | 11.604 | 11.383
2.75 | 12,4167 | 12.7993 | 12.4523 | 12.045 | 12.222 12.045
3 ]13.0280 | 13.2779 | 13.0377 | 12.660 | 12.791 12.66
3.25 | 13.6814 | 13.8046 | 13.6659 | 13.148 | 13.399 | 13.148
3.5 [ 14.2968 | 14.3701 | 14.3345 | 13.672 | 14.044 | 13.672
3.75 | 14.7891 | 14.9605 | 14.9078 | 14.224 | 14.676 | 14.224
4 | 15.2977 | 15.4036 | 15.3932 | 14.795 | 15.187 | 14.795
4.25 | 15.7686 | 15.7951 | 15.8862 | 15.366 | 15.726 | 15.366
45 | 16.2193 | 16.2103 | 16.3915 | 15.783 [ 16.285 | 15.783
4.75 | 16.6664 | 16.6579 | 16.9116 | 16.231 | 16.865 [ 16.231
5 17.1523 | 17.1443 | 17.4465 | 16.721 | 17.472 16.721
5.25 | 17.6799 | 17.6724 | 17.9929 | 17.257 | 18.026 | 17.257
5.5 [ 18.2552 | 18.2480 | 18.5533 | 17.846 | 18.598 | 17.846
5.75] 18.8856 | 18.8787 [ 19.1702 | 18.495 | 19.227 | 18.495
6 | 19.5808 | 19.5742 | 19.8530 | 19.200 | 19.915 19.2

3.7.2 Steady-State Comparisons

In this subsection, we analyze and compare the performance of the MEC, EWMA, and
CUSUM charts under steady-state conditions. In the steady-state, the process is allowed to
reach its natural variability, simulating the long-term operation of a process.

EQL Comparisons: In Table 3.3, we presented the steady-state EQL values for the MEC
chart. The performance trends are consistent with the zero-state results, where larger kj,
values (greater than or equal to 1) result in better performance. The smallest EQL value is
observed when kj, = 1 and A, = 0.75, with a value of 17.3321. This is comparable to the
CUSUM chart, whose best steady-state EQL value is 17.2503 at k; = 1. For the EWMA
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chart, the minimum steady-state EQL value is 18.1540 at Ay = 0.25 (see Table 3.8).
Therefore, as with the zero-state comparison, the CUSUM chart performs slightly better
than the MEC and EWMA charts in terms of EQL, with the MEC chart ranking in second
place. As shown in Figure 3.3, the MEC, EWMA, and CUSUM charts exhibit nearly
identical performance across all shifts. This comparison is made under the condition that
each chart is designed to achieve the minimum EQL value within its respective scheme.
AEL Comparisons: Moving to the AEL metric, the results in steady-state show a slightly
different trend. Table 3.4 shows that the MEC chart achieves its minimum AEL value of
8.2345 at ky; =2.0 and Ay, = 0.5. This value is very close to the minimum steady-state AEL
value of the EWMA chart, which is 8.1748 at A = 0.25 (see Table 3.8). On the other hand,
the CUSUM chart has a minimum steady-state AEL value of 8.4532 at k. = 1.25. Thus,
based on AEL, the order of performance in the steady-state scenario mirrors that of the
zero-state comparison: EWMA, MEC, and CUSUM.

SEQL Comparisons: Next, we examine the SEQL values, which capture the dynamic
behavior of the charts for various shifts over time. Table 3.9 presents the SEQL values for
the different charts. As observed in the zero-state comparison, for small shifts (6 < 1.25),
the EWMA chart maintains its superiority, with the MEC chart being a close contender.
For moderate shifts, 1.5 < § <4, the MEC chart displays its strength by achieving lower
SEQL values than both the EWMA and CUSUM charts. For § > 4, the CUSUM chart

dominates the SEQL metric, though the MEC chart still performs reasonably well.
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Figure 3.3: Steady-state ARL profiles (in logarithm scale) of MEC, EWMA, and CUSUM
charts having minimum EQL values.

The steady-state comparisons reinforce the zero-state findings, with the MEC chart
performing best for moderate shifts, while the CUSUM chart excels in detecting larger
shifts, and the EWMA chart remains optimal for small shifts. The MEC chart provides a
balanced alternative to the other two, making it a viable choice across different process
shift scenarios.
e Interms of EQL, the CUSUM chart is marginally superior to the MEC and EWMA
charts.
e Based on AEL, the EWMA chart outperforms both the MEC and CUSUM charts.
e For SEQL, the MEC chart shows excellent performance for moderate shifts, while
the EWMA chart is best for small shifts and the CUSUM chart for large shifts.
Practitioners should select the control chart that aligns with their specific process
monitoring needs, considering the expected magnitude of shifts and their focus on

minimizing EQL, AEL, or SEQL.
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3.8 Design of MEC Chart
In some cases, the practitioner may want to optimize the control chart to detect a specific
shift with the minimum ARL. To this end, we provide the steady-state optimal values of
the pair (ky, 4p) for each anticipated shift size (Srarget) and their corresponding control
limit hy, coefficient in Table 3.10. For a specified rarget, the unique combination (K, Ay,
hy) gives the minimum ARL; (ARL*). It is observed that for all the different shift
magnitudes presented here, except for drarger = 0.25, the MEC chart is optimized at Ay =
0.75 with different values of ky depending on the size of the shift. For drarger = 3.5, the
optimal setting is kyp; = 2.5 and 4); = 0.75.
Using the information from Table 3.10 and the 3D plot in Figure 3.4, we summarize the
relationship among the parameters, magnitude of shifts, and the optimal ARL as follows:
e For almost all &targer = 0.5, 4y remains constant at 0.75, suggesting this value
provides a reliable optimization parameter across a wide range of shifts. This
simplifies the control chart configuration since 4;; does not need to be adjusted
frequently. The exception i8 drarger = 0.25, where A4y = 0.5, indicating that smaller
shifts may require a different value for A), to optimize the ARL*.
® ky increases with increasing Grarget, but shows a nonlinear relationship:
* Atlow target shifts (€.., Srarget = 0.25 t0 S1arger = 0.75), ky changes from
0.125t0 0.5.
* For medium target shifts (e.g., Orarget = 1 10 Orarget = 2.5), kpy ranges from

0.5to 1.5.
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= For higher target shifts (6Target >2.75), kj, reaches 2 or higher.
e This gradual increase suggests that as the magnitude of the shift increases, a larger
value of k,; is necessary to detect it efficiently with minimal ARL.
e The control limit hy; decreases as Srarger iNCreases:
* At Orarger = 0.25, hy = 24.72, indicating that a larger control limit is
required for smaller shifts.
* At &rarget =4, hy = 0.505, indicating a much smaller control limit for larger
shifts.
e This trend shows that larger shifts require tighter control limits to detect OOC
situations quickly.
e ARL* decreases dramatically with increasing &rarget:
* For 8target = 0.25, ARL* is 62.30, meaning it takes more time to detect
small shifts.
* For larger shifts, such as 8rarger = 4, ARL* drops to 1.20, meaning the
process can detect large shifts quickly.
For &rarger = 0.25, both Ay and ky take lower values (0.5 and 0.125, respectively),
indicating a unique optimization for small shifts. This is in contrast to larger shifts, where
ky and Ay stabilize at higher values.
At higher shift magnitudes (8targer = 3.5), the combination of ky = 2.5 and Ay = 0.75

remains constant, while hj, reduces significantly. This suggests the process stabilizes at a
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particular combination for large shifts, optimizing detection without further parameter

changes.

The relationship between k), and h;, is nonlinear, as seen in the 3D plot in Figure 3.4. It
can be observed that while k,, increases steadily with drarget, the corresponding decrease
in hy, is much steeper, especially at higher shift values. Figure 3.4 can be used as a guide

to determine the value of the control limit hy, for any pair given optimal pairs kj; and 4,,.
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Table 3.10. The MEC chart optimal values of k,; and A, and corresponding limit h,, for
target shifts. T =201.

5 ky | Aw | hw | ARL
025 | 0.125 | 05 | 2472 | 62.30
05 | 025 | 075 | 11.47 | 25.34
075 | 05 | 075 | 6.815 | 14.22

1 0.5 0.75 | 6.815 | 9.22
1.25 0.75 0.75 | 4.650 | 6.50
1.5 1 0.75 | 3.360 | 4.92
1.75 1 0.75 | 3.360 | 3.92

2 1.5 0.75 | 1.870 | 3.18

2.25 1.5 0.75 | 1.870 | 2.65
2.5 1.5 0.75 | 1.870 [ 2.28
2.75 2 0.75 | 1.068 | 1.97

3 2 0.75 | 1.068 | 1.73
3.25 2 0.75 | 1.068 | 1.55
3.5 2.5 0.75 | 0.504 1.4
3.75 2.5 0.75 | 0.504 | 1.29

4 2.5 0.75 | 0.505 1.2

3D Surface Plot Contour Plot
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Figure 3.4: 3D Surface Plot and Contour Plot of ky, A5, and hy,
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The above analysis indicates that practitioners must carefully balance these parameters
based on the anticipated shift magnitude to ensure efficient detection. Understanding the
interaction between kj;, Ay, and hy, is crucial for minimizing ARL.

For smaller shifts, lower values of kj, and A, require larger control limits h,;, while for
more significant shifts, higher k), with a stable 1, and smaller h), achieve the desired

ARL.

3.9 Real-Time Monitoring of Water pH Levels in Aquatic Ecotoxicology

This Section illustrates the practical application of the MEC chart, alongside the CUSUM
and EWMA charts, for monitoring water pH levels in an aquatic ecotoxicology laboratory.
The goal is to assess the performance of these control charts in detecting changes in water
pH, a critical factor in ensuring optimal living conditions for aquatic organisms in the lab.
The laboratory under study maintains a controlled environment for mysids, small
crustaceans used in water toxicity assessments. Consistent monitoring of water pH is
crucial to maintaining the health of these organisms and ensuring the accuracy of
ecotoxicological experiments. In this application, we aim to detect any deviations from the
target pH level of 8.2, which could indicate a potential issue in the water quality
management system.

To achieve this, the MEC chart is applied alongside traditional control charts like the
CUSUM, EWMA, and Shewhart charts. A fair comparison is ensured by setting the
parameters of all charts such that their ARLo is 370. The control charts are then used to
analyze the pH data, which includes both an IC period and an OOC period caused by

scheduled maintenance in the laboratory, leading to a known disruption in water
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circulation. Further details about the data, assumptions, and control chart setup are

provided in the following subsections.

3.9.1 pH Data Description

The ecotoxicology laboratory is designed to maintain a controlled setting for investigating
the harmful effects of chemicals on aquatic life, particularly focusing on mysids. These
small crustaceans, measuring approximately 1 cm in length, inhabit both fresh and
saltwater environments and are frequently used as indicators in water toxicity assessments.
The laboratory houses mysids in tanks filled with either fresh or saltwater, and the water
undergoes continuous circulation and filtration for 22 hours daily to ensure cleanliness and
prevent algae growth. The laboratory supervisor provides food for the mysids twice daily.
The facility maintains specific water conditions critical for mysid health, including a
temperature of 23.8°C (75°F), illumination at 941.775 LUX, a pH level of 8.2, an ammonia
(NH3) concentration of 0.1 mg/L, and salinity ranging from 20 to 22 parts per thousand
(ppt). These controlled conditions are essential for safeguarding the health of the mysids
and ensuring reliable experimental outcomes. For more detailed information about the lab
setting, refer to [69]. The data collected for this study consists of daily pH measurements
taken over a period of 60 days, from April 1 to May 30, 2016, which are reproduced in

Table 3.11.
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Table 3.11: pH levels Data

Days 12131456789 1011|1213 ]14]15

pH value| 8.2 | 8.2 | 8.2 [8.19]8.25(8.19|8.19(8.34|8.12|8.29(8.25|8.12|8.19( 8.3 |8.25

Days |16 | 17 | 18 [ 19 | 20 [ 21 [ 22 |23 |24 |25 (26|27 |28 |29 |30

pH value| 8.2 | 8.2 | 8.2 [8.15]8.25|8.29| 8.3 | 8.3 |8.28|8.27(8.19(8.28( 8.3 | 8.4 | 8.3

Days |31 |32 (33|34 |35|36(37|38|39(40 |41 42|43 |44 |45

pH value|8.11(8.35(8.22(8.24(8.29| 8.3 |8.15|8.14(8.24|8.11(8.13(8.11(8.15(8.14| 8.2

Days |46 | 47 [ 48 149 | 50 | 51 [ 52|53 |54 [55]|56 |57 (585960

pH value|8.36(8.26(8.11(8.32|8.11|8.33|8.42(8.32|8.41|8.39(8.37|8.31(8.29(8.26|8.27

3.9.2 Data Assumptions Validation

Before applying the control charts, it is important to validate the underlying assumptions
concerning the pH data, particularly focusing on its normality and independence. The
normality assumption is foundational in SPC, as many control chart methodologies rely on
the data being normally distributed. To assess this, we employed the Anderson-Darling
normality test (see [70]). The test yielded a p-value of 0.1191, indicating that there is no
significant departure from normality. In addition to normality, we also evaluated the
independence of observations, which is essential for ensuring that the control chart signals
are reliable and not influenced by autocorrelation. The Durbin-Watson test (see [71]) was
utilized for this purpose, yielding a p-value of 0.902. This high p-value indicates a lack of
significant autocorrelation among the pH measurements, confirming that the observations
are independent. Thus, the independence assumption holds, allowing us to proceed with
the application of the control charts without the risk of misleading results due to correlated

data.
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3.9.3 Monitoring pH Level Using Control Charts
We apply the three control charts discussed in this research, along with the Shewhart chart,
to the pH data provided in Table 3.11. According to [69], the IC mean and standard
deviation of the water pH are 8.2 and 0.1, respectively. The control charts are established
using these known values, with the following charting constants for each chart:
e Shewhart Chart: Control limit coefficient Lg = 3
e EWMA Chart: Sensitivity parameter Ay = 0.02, asymptotic control limit
coefficient Ly =2.1349
e CUSUM Chart: Sensitivity parameter k- = 0.125 and control limit coefficient h
=12.0829
e MEC Chart: Sensitivity parameters ky, = 0.125, ), = 0.5, and control limit
coefficient hy, = 24.72
These charting parameters and constants are selected for each chart so that the ARLo =370,
allowing for a fair comparison among the four charts.
The IC region (light green in Figure 3.5) encompasses the initial 50 days, while the OOC
region (light red) spans from day 51 to 60. During the final 10-day period (days 51-60),
the laboratory underwent annual maintenance, necessitating the temporary disconnection
of an air supply pipe. This disruption affected water circulation, leading to comparatively
elevated pH levels.
The Shewhart chart, despite its simplicity and ease of use, demonstrates limited sensitivity
to small shifts in process parameters. This characteristic may render it less effective in

detecting early signs of instability, especially in sensitive laboratory environments where
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maintaining a specific pH level is crucial for the health of mysids. The EWMA chart,
known for its sensitivity to shifts, signaled four false alarms starting from day 35, indicating
an increased responsiveness to minor fluctuations in pH levels. However, this heightened
sensitivity came at the expense of generating misleading signals, as evidenced by the fact
that the first valid OOC signal from the EWMA chart occurred on day 53. In contrast, both
the CUSUM and MEC charts issued their first valid OOC signal on day 54, which shows
their capacity to accurately detect the shift without any false alarms. This is particularly
significant, as it highlights the advantages of using these charts in scenarios where

maintaining a high level of accuracy in monitoring is critical.
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Figure 3.5: Application of Shewhart, EWMA, CUSUM, and MEC control charts on the
pH data.
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Overall, the performance comparison reveals that while the EWMA chart excels in early
detection of OOC conditions, it is less effective in maintaining IC performance due to the
numerous false alarms generated. The MEC and CUSUM charts exhibited a more balanced
performance, effectively detecting shifts in pH levels with no false alarms, thereby

providing reliable monitoring.
3.10 Chapter 3 Conclusion

The MEC control chartis a memory control chart that effectively identifies small to
moderate changes in process parameters. The efficiency of this chart has been evaluated in
previous research using properties of zero-state run length distribution. Nevertheless, it is
essential to note that better performance based purely on these indicators does not provide
solid evidence to support the superiority of charts, as it relies on certain assumptions that
are deemed less realistic. This study comprehensively reevaluates the performance of the
MEC chart in both zero-state and steady-state conditions. Our findings clearly indicate that
the MEC chart exhibits strong performance across a broad spectrum of shift magnitudes,
as shown by good overall performance. Optimal parameters for specific target shifts were
provided as a guide for quality practitioners.

Finally, monitoring the pH level of water in the ecotoxicology lab has shown that the MEC
control chart has practical application in areas such as a laboratory or an industry where
the regulation of process parameters is important. This monitoring chart can be used in

many areas to improve the quality and stability of processes.
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CHAPTER 4

NEW STEP CUSUM CONTROL CHART FOR

MONITORING PROCESS VARIABILITY

Recently, [72] introduced a Step-CUSUM control chart for monitoring process mean,
aimed at enhancing the detection of various shifts. Unlike the traditional CUSUM chart,
which targets a specific shift, this updated version accumulates all deviations following a
change, making it more effective in identifying a wider range of shifts in the process mean.
The main aim of this Chapter is to extend the work of [72] by developing a new version of
the Step-CUSUM control chart for monitoring dispersion, utilizing the three-parameter
transformation of the sample variance as outlined by [28]. Additionally, the performance
of the proposed chart will be evaluated under both zero- and steady-state conditions. We
will also identify the optimal design parameters for detecting specific shifts in process
dispersion and will compare the performance of the new chart with that of the EWMA-S?

and CUSUM-S? control charts.

4.1 Existing Methods

In this Section, we discuss the three-parameter transformation popularly used to transform
sample variance in dispersion charts. We also discuss some of the existing control charts
for monitoring process variability.

Let X be the quality characteristic to be monitored. Assume X;; to be ith observation of the

jth sample of size n from a normal distribution with an IC mean and variance u, and ¢
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respectively, i.e. X;j ~ N(uo, 62). It is important to note that this research focuses on
monitoring changes in the scale of the process. Therefore, any OOC condition indicates a
shift in the process standard deviation from the nominal value o, to a new value ;. If 6; >
0y, this signals an increase in the process variability, which can lead to a wider dispersion
of the output. On the other hand, o; < o reflects a reduction in variability, which may
result in a more uniform output of the process. The magnitude of the shift is indicated by
Yy = 01/0p.

4.1.1 The parameter transformation

To present the parameter transformation, we first define the sample variance as follows:

n (%, -X)°
sp=mmd 4.1
J — (4.1)

noy
i=1 Xi

where X ;= is the sample mean for the jth sample.

The dispersion charts presented in this Section are based on the three-parameter
logarithmic transformation of sample variance in equation (4.1), represented by:

T, =a+bIn(S} +¢) (4.2)
Where a, b,and ¢ are positive constants defined in [26] as b = B(n),c = C(n)o,
and a = A(n) — 2B(n)In(o). Here, A(n), B(n) and C(n) are functions of the sample size
n with their values for various n reproduced from [26] and presented in Table 4.1.
Although the sampling distribution of sz is not normal, he showed that the constants
a,b,and ¢ can be selected in a way that the resulting distribution of the transformed
variable in equation (4.2) is approximately normal, with mean and standard deviation as

functions of sample size n, and independent of g, i.e. E (T]) = U, and O'(Tj) = g,. Values
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of u, and o, are obtained from [26] and presented in Table 4.1 to make the research self-

contained.

Table 4.1: A(n),B(n),C(n),u,, oy, and Z, constants for n = 3,4,..,15

n A(n) B(n) | C(n) Hn On Zo

3 —0.6627 | 1.8136 | 0.6777 | 0.02472 | 0.9165 | 0.276
4 —0.7882 | 2.1089 | 0.6261 | 0.01266 | 0.9502 | 0.237
5 —0.8969 | 2.3647 | 0.5979 | 0.00748 | 0.967 | 0.211
6 —0.9940 | 2.5941 | 0.5801 | 0.00485 | 0.9765 | 0.193
7 —1.0827 | 2.8042 | 0.5678 | 0.00335 | 0.9825 | 0.178
8 —1.1647 | 2.9992 | 0.5588 | 0.00243 | 0.9864 | 0.167
9 —-1.2413 | 3.182 | 0.5519 | 0.00182 | 0.9892 | 0.157
10 | —1.3135 | 3.3548 | 0.5465 | 0.00141 | 0.9912 | 0.149
11 —1.3820 | 3.5189 | 0.5421 | 0.00112 | 0.9927 | 0.142
12 | —1.4473 | 3.6757 | 0.5384 | 0.0009 | 0.9938 | 0.136
13 —1.5097 | 3.826 | 0.5354 | 0.00074 | 0.9947 | 0.131
14 | —1.5697 | 3.9705 | 0.5327 | 0.00062 | 0.9955 | 0.126
15 —1.6275 4.11 0.5305 | 0.00052 | 0.996 | 0.122

4.1.2 EWMA-S? Chart

[26] proposed an S>-EWMA, which is also written as EWMA-S?, control chart to monitor
process dispersion. This chart is based on a three-parameter logarithmic transformation in
equation (4.2). As mentioned, the constants in equation (4.2) ensure that the transformed
variable (T}) approximately follows a normal distribution. Then, the classical EWMA chart
is employed with T; as the input variable. The plotting statistic for the S>-EWMA chart is

defined as:

EWMA; = ATy + (1 — Ag) EWMA;_, (4.3)
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where A is the smoothing parameter with (0 < Az < 1), and EWMA, is initialized with
a value derived from the parameters. EWMA, values, denoted as Z,,, for different sample
sizes are also available in Table 4.1.

The lower and upper control limits for the S-EWMA chart are given, respectively by:

LCLzﬂn_LEO-n 52— 1
E

AE
UCL = Un + LEUn ﬁ
E )

where u, and o, are the mean and standard deviation of the transformed statistic (7}),

) (4.4)

respectively, and Lg is the width of the control limits, usually set to provide a specific
ARL,.
If the plotting statistic in equation (4.3) is plotted outside the limits in equation (4.4), an

OOC situation is declared.

4.1.3 CUSUM-§? Chart

[28] introduced the CUSUM-S? control chart for monitoring process dispersion. This chart

uses two statistics, (CUSU Mj+)and (CUSUM;™), to track upward and downward shifts in
the process variance, respectively:
CUSUM;" = max|0, (T — uy) — K¢ + CUSUM;* 4 |
, (4.5)
CUSUM; = max|0, —(T; — pu,,) — K¢ + CUSUM;_ ]
where the reference value K, is a constant that determines the sensitivity of the chart and

[n 1s the mean of T;. The chart signals an OOC state if either statistic exceeds a predefined

threshold H, also referred to as the upper control limit. The decision limits for the
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CUSUM-S? chart are: CUSUM;’ = H¢ or CUSUM; = H¢. He is chosen to achieve the

desired ARL, for a fixed K.

4.2 The proposed Step-CUSUM (SC-S?) chart for Variance

Inspired by [72], we propose a modified version of the CUSUM chart, called SC-S?, for
monitoring changes in process variance. The CUSUM-S? chart defined in Section 4.1
accumulates deviations that are greater than K, which is what should be done until a shift
is detected. Step-CUSUM is modified so that it accumulates, without loss, all the deviations
after a change is detected. Our proposed chart uses CUSUM statistics given in equation
(4.5) to detect change points in the process variance, then initializes two count variables
that keep track of how many samples are taken since an upward or downward deviation
occurred.

To present the structure of the proposed chart mathematically, we first standardize the

transformed variable T; defined in equation (4.2) as follows:

:Tj_ﬂn
On

7

: (4.6)

Now, the standardized variable Z; is approximately standard normal with a mean 4 = 0
and standard deviation ¢ = 1, i.e. Z;~N(0,1). Note that the standardization here will
naturally lead to a CUSUM for monitoring changes in dispersion parameter and also have
a reference parameter that is independent of the scale [73].

Similar to equation (4.5), we define two statistics Cj+ and C; using the standardized
variable Z;, to respectively detect upward and downward shifts in the process variance.

C]'+ = maX[O, Z] —_ KSC + C]tl]
(4.7)

G = max[O, —Zj — Kgc + Cj__l]
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The CUSUM statistics in equation (4.7) guide the proposed chart to determine a change

point. We define two statistics Dj+and D;” that, respectively, count the number of samples

investigated since last C]-+ = 0 and (; = 0, as follows:

+ —
oot GO
] 1+ Dt ct. >0

-1 j—1
1, C,1=0
1+D7;, (>0

(4.8)

Dj_ =

The definitions of the discrete variables in equation (4.8) ensure that the count restarts at 1

for Dj+0r D; every time CUSUM goes back to zero for Cjtl or C;_; respectively. The

proposed SC-S? chart is based on these variables with the following two statistics to
monitor increases/decreases in the process variance:

1 1 \
SG" =552 + <1 - —) Sty
J
(4.9)

1 1 _
SC; =Dj_zj+<1 - E)SCf—lj

The plotting statistics of the proposed chart in equation (4.9) in a way resemble the EWMA

plotting statistic with the standardized variable Z; as the input variable and reciprocals D—1+
J

1 . + _ .
and E as the weights for the upper SC;" and lower SC;™ respectively.

The SC-S? chart statistics represent the cumulative average of the transformed variable Z f
from the point when the CUSUM statistic was last reset to zero. Therefore, in the IC state,

the expected values of the SC-S? statistics are described by E [S C;’] =E [S Cj_] =0, and
the variances are: 02(SC;") = % ;0%(SC7) = %. Using this information, the upper and

lower control limits of the proposed chart are constructed as follows:
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SC
UCL] = —
Dt
7os, (4.10)
LeLSE = — ¢
J

NDA
where the constant Lg. serves as the control limit multiplier for the proposed chart. The

process is considered IC as long as the two plotting statistics in equation (4.9) are within

the upper and lower limits provided by equation (4.10). However, SC j+ >UC LfC indicates
an upward shift in the process variance while SC;~ < LC L]SC is a signal that the process

variance has shifted downward. Both cases mean that the process is OOC and needs special

attention.

4.3 Performance Evaluation Measures

This Section discusses the measures used in evaluating the efficiency of the proposed chart
and making comparisons with existing charts. The measures are based on the properties of
run length (RL), which is defined as the number of subgroups that must be taken before an
OOC signal is given by the chart. If the computation of the RL starts at the beginning of
the monitoring process (i.e., change-point T = 1) it is referred to as a zero-state condition,
while steady-state means that the computation is done after a very long time (7 — o0) and

the process has attained a stable condition without any prior signal.

There are two types of measures based on the method of evaluation. The first category
involves individual performance measures, which assess the control charts' ability to detect
specific changes in process parameters. The most commonly used measure of individual
performance is ARL, which represents the average of run lengths. There are two types: IC

ARL (ARL,) when the process is under normal conditions, and OOC ARL (ARL;) when
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there is a shift from the normal condition. The goal is to have a large ARL to reduce false
alarms and a small ARL; for quick detection of actual changes. Given the skewed nature
of run length distributions, other properties of the RL distribution, such as median run
length (MRL) and standard deviation run length (SDRL) are often reported alongside ARL
[74]. In some situations, control charts, especially for monitoring dispersion, can be ARL-
biased, a phenomenon used to describe the case when ARL; > ARL,, meaning that the
chart takes more time to detect the shift than to trigger a false alarm. Many methods are
introduced to design ARL-unbiased control charts [75]. The conditional expected delay
(CED) curve is another measure of individual performance for evaluating the efficiency of
a control chart for different change point values (7). CED; is the expected RL at T on

condition that no false alarm was generated before the change point t [76].

The second category, overall performance measures, assesses how effectively a control
chart performs across a range of shifts. These measures offer a summary of the chart’s
ability to detect shifts, regardless of their magnitude or direction. In this study, extra
quadratic loss (EQL) is considered for evaluating overall performance. EQL represents the
weighted mean of ARL over a range of shifts, with the square of the shifts used as weights.
EQL is the weighted mean of the ARL over a range of shifts, using the square of the shifts

as the weights [77]. The mathematical expressions of CED and EQL are as follows:

CED =ERL—-t+1|RL >1)

Ymax

1
EQL=——"""— f (y9? ARL(y)dy [’
‘max — Vmin

Ymin

(4.11)
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where Vpnax and yin are the maximum and minimum shifts in process variability, and

y? =y for upward shifts and y? = 1/y for downward shifts.
4.4 Results and Discussion

This Section discusses the performance of the proposed scheme and draws comparisons
with some competing charts (CUSUM-S? and EWMA-S?) in terms of zero- and steady-
state ARL, as well as the overall performance metric, EQL. Many techniques, including
Markov chain approximation [78] and Monte Carlo simulation [79], are used in estimating
the ARL of control charts. In this study, we employ the Monte Carlo simulation which
involves conducting repeated random sampling (10° iterations). For each iteration, the rules
of RL specific to the chart are applied. Finally, the results from these simulations are then
averaged to obtain an estimated ARL. More details on ARL computation using Monte
Carlo simulation can also be found in [38]. The following algorithm outlines the steps for
estimating the ARL of the proposed chart through Monte Carlo simulations:
1. Specify the sample size n and select the reference parameter K¢, limit constant
Lgc, and change point 7 (t = 1 correspond to zero-state).
2. Draw n random observations from:
i. Xij~N(uo =0,y = 01/0y), if sample number j > 7.
ii. — X;jj~N(uo = 0,00 = 1), otherwise.
3. Use the formula in equation (4.1) to estimate the sample variance, S ]-2.

4. Transform S ]-2 to T using equation (4.2) and normalize T; using its mean and

standard deviation provided in Table 4.1.

5. Calculate the CUSUM statistics Cj+ and C; from equation (4.7).
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6. Compute the discrete variables Dj+ and D;” according to the conditions given by
equation (4.8).

7. Calculate the plotting statistics S Cj+ and SC;~ from equation (4.9)

8. Use equation (4.8) to Compute the control limits UC LfC and UC LfC.

9. Compare the plotting statistics in step #7 with the control limits in step #8, if
either SC;* > UCL?® or SCS;” < UCL}®, save the index (j — T + 1) as run length,
otherwise, go to step #2

10. Repeat step #2 to step #9 m times (say, 10°) to record m run lengths.

11. Estimate the ARL, by taking the average of the m run lengths.

12. If the estimated ARL, is not approximately equal to the target ARL, adjust the
value of Lg. in step #1 and repeat step #2 to step #11.

13. To compute ARL;, draw the random observations in step#2 using X;;~N(yy =

0,y > 1) for upward shifts, and X;;~N(uo = 0,y < 1) for downward shifts.

4.4.1 IC and OOC performance of the proposed chart

The proposed chart monitors both increases and decreases in process dispersion, so our
analysis included various OOC scenarios for both cases. Without loss of generality, we
assume the IC process standard deviation is 1. Therefore, 04 > 1 (07 < 1) corresponds
to an increase (decrease) in the process standard deviation. We have chosen all the
parameters of the charts such that ARL is approximately 370. Figure 4.1 visualizes the
relationship between different choices of the parameter Kg- and the corresponding control

limit L for sample sizes n € (3,5,7,9) such that ARL, = 370.
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Table 4.2: Zero-state ARL values of SC-S? for ¥ from 0.5 to 2,n = 3,5,7,and 9, K¢ =
(0.01,0.1,0.5). Zero-state ARL, = 370.

Ksc

n=3 n=>5 n=7 n=9

Y 0.01] 01 | 05 ]0.01] 01 | 05 (0.01] 01 | 05 [0.01] 0.1 | 0.5

0.5 | 8.61 [10.99]12.65| 4.4 | 541 | 6.09 | 3.06 | 3.7 | 4.14 | 2.41 | 2.87 | 3.2

0.6 |12.64(16.27|18.94| 6.43 | 797 | 8.96 | 4.44 | 542 | 6.06 | 3.45 | 4.17 | 4.66
0.7 |120.86(27.16|35.71|10.58|13.27|14.96| 7.27 | 898 |10.04| 5.62 | 6.88 | 7.7

0.8 | 41.7 | 55.7 |116.39|21.34 (27.23|34.89|14.65|18.42[21.29|11.28 | 14.08 | 15.84
0.9 |114.1(167.2|563.77|66.63 | 88.62 |178.64|47.08 | 61.15 [100.76| 36.54 | 47.18 | 69.47
0.95 |209.1 325.67/645.63|161.17|1223.51{417.25| 127 |171.03298.97104.58| 139.3 [235.02
1 |369.86[370.191369.72|369.64(370.37|370.71|370.24370.12370.46/369.91(369.73(370.01
1.05 [209.53[225.33(184.98|141.03(172.76| 160.8 | 109.7 140.23{143.78| 90.61 |118.56{129.68
1.1 87 [113.83]100.49|53.76 70.88 |72.36|39.96 | 52.6 |57.19|32.15|42.07 |46.91
1.2 {30.0740.87|39.96|18.14|23.48|24.44|13.38(17.01|18.01|10.75|13.52|14.45
1.3 |15.94(21.31|21.54| 9.66 |12.26[12.84| 7.2 | 892 | 9.5 | 582|715 | 7.7

1.4 [10.34]13.51|13.95| 6.34 | 7.86 | 8.34 | 476 | 5.77 | 6.21 | 3.88 | 4.65 | 5.05
1.5 | 7.48 | 9.62 | 10.1 | 4.65 | 5.66 | 6.06 | 3.52 | 42 | 454 | 29 | 341 | 3.7

1.6 | 5.84 | 7.36 | 7.81 | 3.67 | 439 | 471 | 2.8 | 3.28 | 3.55 | 2.32 | 2.69 | 2.91

1.7 | 477 | 592 | 6.34 | 3.03 | 3.58 | 3.85 | 2.34 | 2.71 | 291 | 1.96 | 2.23 | 241

1.8 | 404 | 495|532 | 2.6 |3.03 326|203 231|248 | 171|192 ] 2.06
19 | 3.52 | 425|458 (229|264 283 | 1.8 |203 (217|154 | 171|182
2 3.13 1374 | 403 | 2.06 | 2.34 | 2.51 | 1.64 | 1.82 | 1.95 | 1.41 | 1.55 | 1.64

3.3

3.2 9

314

Lsc

3.0 1

2.9

2.8

2.7 1

T T T T T T T
0.0 0.2 0.4 0.6 0.8 1.0 12
Ksc

Figure 4.1: (Kg¢, Lgc) pairs such that ARL, = 370.
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It can be observed from Table 4.2, as with many other charts, that the zero-state ARLs of
the proposed chart have a direct relationship with the magnitude of the shift (y) in the
process scale. Specifically, for small shifts, whether in the positive (increase) or negative
(decrease) direction, the ARLSs tend to be large, while for larger deviations, they are smaller.
This indicates that larger shifts are detected more quickly than smaller ones. It should be
noted here that by small deviations we mean y values close to unity, and vice-versa for
large deviations.

Sample size plays a key role in the performance of the proposed chart as seen in Table 4.2.
As the sample size increases, the ARL values drop, meaning the chart detects shifts faster
for larger sample sizes. For instance, when y = 0.5 and K5 = 0.01, the ARL is 8.61 for
n = 3, but it falls by about 72% to 2.41 for n = 9. This is also true for upward shifts, for
example, when y = 1.5 and K;c = 0.01, the ARL is 7.48 for n = 3, but drops to 2.90 for
n = 9, which is a reduction of more than 60% in the ARL. A similar pattern is observed
across different K- values and shift sizes.

It can be seen that the choice of the parameter K. also directly affects the performance of
the proposed chart. For example, when n =5 and y = 1.1, the ARLs for K5, =
0.01, 0.1, and 0.5, respectively are 53.76, 70.88, and 72.36, indicating smaller values of
Ko almost always results in better performance as indicated by smaller ARLs. A similar
trend across all sample sizes is observed, meaning that smaller K. values consistently lead
to faster detection of both upward and downward shifts in the variance. Larger Kg. values
slow down the chart’s response, making it less sensitive to shifts in the process. Therefore,

in zero-state, we consider Ksc = 0.01 to be the optimal parameter value for detecting any
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shift in the process variance. Note that using a large value of K. for a small sample size
could render the chart to become ARL-biased (i.e., ARL; > ARL) aty = 0.95.

4.4.2 Optimal parameters

It is often useful to the quality practitioner to know the optimal combinations of the
parameters of the chart to be used so that the chart can be designed to have maximum
sensitivity at a specified shift while keeping the desired ARL, unchanged. Following [28],

the optimal values (K,y;) of the proposed chart for specific shifts (V¢qrger) in the process

variability are presented in Table 4.3, for y € (0.5, 0.55, 0.6, 0.65, 0.7, 0.75 ,0.8, 0.85, 0.9,
0.95,1.05, 1.1, 1.15, 1.2, 1.25, 1.3, 1.35, 1.4, 1.45, 1.5, 1.75, 2, 2.25, 2.5, 2.75, 3, 3.5 /4,

4.5, 5) along with their corresponding limit coefficients (L,y;) and the minimum possible
steady-state ARL (ARL,y;). The optimal values satisfy the following two conditions:
(a) When the process is IC, that is y = 1, the couples (K,p¢, Lopt) yield zero-state
ARLy = 370;
(b) When the process is OOC, thatis ¥ = Yiarget, the couples (Kope, Lope) yield the
minimum possible steady-state ARL .
All steady-state ARLs are obtained at T = 501. Since similar ARL values are observed for

T > 501, we assume that all charts in this study are stable at 7 = 501.

64



Table 4.3. SC-S? Optimal combinations (Kopt, Lopt) and the corresponding minimum
steady-state ARL (ARL,,) for y = 0.5,0.55,...5,n = 3,5,7,and 9. Zero-state ARL, =

370.
n=3 n=>5 n="7 n=9
Yearget | Lopt |Kopt| ARLopt | Lopt |Kopt | ARLopt | Lopt |Kopt | ARLopt | Lopt | Kopt | ARLopt
0.5 3307 | 0.3 | 11.29 |3.2641|0.54| 5.64 |3.1941|1.02| 3.82 |3.1616|1.21| 2.93
0.55 |3.27520.24| 13.43 |3.2629|0.46| 6.72 |3.2279|0.83| 4.58 |3.1813|1.12| 3.51
0.6 |3.2541|0.21| 16.33 |3.2516|0.37| 8.2 |3.2449|0.72| 5.61 |3.2302|0.87| 4.32
0.65 |3.2456| 0.2 | 2042 | 3.246 |0.34| 10.29 |3.2558|0.44| 7.07 |3.2583]0.65| 5.45
0.7 |3.2046 |0.16| 26.48 |3.2294|0.29| 13.37 |3.2453|036| 9.2 |3.2639|0.48| 7.12
0.75 |3.1625]0.13| 36.09 |3.1793| 0.2 | 18.25 |3.2116 |0.26| 12.57 |3.2515]0.37| 9.73
0.8 |3.1265|0.11| 52.23 |3.1635|0.18| 26.64 | 3.183 |0.21| 18.38 |3.2329| 0.3 | 14.25
0.85 [3.0825]0.09| 83.5 | 3.104 |0.13| 43.15 |3.1496|0.17| 29.87 |3.1871{0.21| 23.25
09 29924 |0.06| 151.4 |3.0528 | 0.1 | 83.37 |3.1005|0.13| 58.52 |3.15230.17| 45.81
0.95 | 2.954 |0.05| 301.96 | 3.0065 | 0.08| 212.02 | 3.0482| 0.1 | 162.79 | 3.0514 | 0.1 | 132.46
1.05 | 3.342 |0.82| 180.99 |3.2294 | 0.29| 155.39 | 3.2023 | 0.24| 132.61 | 3.1792| 0.2 | 113.89
1.1 |3.3462 |0.45| 98.07 |3.2216|0.27| 67.14 |3.2069 |0.25| 50.94 |3.2159|0.26| 41.31
1.15 |3.343410.43| 58.67 | 3.248 |0.35| 36.44 |3.2369|0.33| 27.01 |3.2454|0.34| 21.73
1.2 |3.3452|0.44| 38.63 |3.2573| 0.4 | 23.15 |3.2541|0.42| 17.05 |3.2588|0.42| 13.7
1.25 | 3.348 |0.46| 27.53 |3.2644|0.48| 16.26 |3.2581|0.49| 11.96 |3.2644|0.53| 9.63
1.3 3.351 |0.48| 20.82 |3.2637|0.55| 12.21 |3.2524|0.64| 8.99 |3.2588|0.64| 7.24
1.35 |3.3575]10.58| 16.4 |3.2635(0.57| 9.61 |3.2515|0.65| 7.11 |3.2458|0.76| 5.72
1.4 |3.3576] 0.6 | 13.35 | 3.253 (0.71| 7.84 |3.2371(0.77| 5.81 |3.2261|0.89| 4.7
1.45 |3.3576|0.61| 11.2 |3.2375(0.82| 6.58 |3.2095|0.94| 4.88 |3.2233|0.91| 3.97
1.5 3.342 10.82| 9.56 |3.2338|0.85| 5.64 | 3.213 {092 4.2 |3.1906|1.08| 3.42
1.75 | 3.342 |0.82| 5.39 |3.1442|1.29| 3.24 |3.1603|1.17| 2.47 |3.1445]|1.28| 2.05
2 33219 (1.05] 3.74 |[3.1645| 12| 232 |3.1402(1.26| 1.81 |3.1641| 12| 1.55
225 133027119 291 | 3.162 |1.21]| 1.86 |3.1349|1.28| 1.49 |3.1479|1.27| 13
2.5 32941125 242 |3.1416| 13 | 1.59 |3.1372(1.27| 131 |3.1408| 13| 1.17
275 |3.3027|1.19| 2.11 |3.1562|1.24| 143 |3.1764| 1.1 1.21 |3.2281(0.88| 1.1
3 32929 1126 1.89 [3.1645| 1.2 | 132 |3.1764| 1.1 1.14 |3.1919 [1.07| 1.06
3.5 |3.3009 121 1.62 |3.1909|1.08| 1.19 |3.2253|0.85| 1.07 |3.2217|0.92| 1.02
4 33151 1.11| 1.46 |[3.2205(093| 1.12 |3.1902(1.04| 1.03 |3.2644(0.55| 1.01
4.5 3287 | 1.3 | 135 |3.2358(0.83| 1.08 |3.2547(0.62| 1.02 |3.26280.58 1
5 33064 [ 1.17| 1.28 |[3.2102({098| 1.05 | 3.259 [0.55] 1.01 |3.25880.42 1
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Figure 4.2. Three-Dimensional Surface Plot of K¢, Lope, and Vigrget

It is observed from Table 4.3, and also from the three-dimensional surface plot in Figure

4.2, that although there is no direct relationship between 4,4, and the optimal parameter
Ko, pt, general pattern is observed pertaining the shift magnitude and sample size. For larger
values of shifts, for example, y = 0.5 and y = 1.5, the K, values tend to be higher. For
example, at y = 0.5, K,,; values range from 0.3 forn = 3 to 1.21 forn = 9. Also, fory =
1.5, K,p¢ values go even higher, K,,,,; = 0.82 forn = 3 and 1.08 for n = 9. This particular

trend suggests that shifts in either direction, but larger in magnitude, require higher K.
values to attain an acceptable level so that the chart can detect those shifts as quickly as
possible. In contrast, lower K. values are required for smaller shifts like y = 0.95. For
¥y = 0.95, K values are 0.05 for n = 3 and 0.1 for n = 9. The reason for that is that the

chart is more sensitive to small shifts, therefore, it requires smaller K- to detect them.
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With an increase in sample size, the K, values for the same shift size increase. At y =
0.5, for instance, the K,,,; value starts as low as 0.3 for n = 3 but increases to 1.21 forn =

9. This implies that for increasing sample sizes, generally higher K. values are required
for optimized chart performance. Similarly, for y = 1.5, K,y increases from 0.82 for n =
3 to 1.08 for n = 9. This steady increase in K. with sample size shows that when more
observations are considered, the K. value should be big enough to protect the chart from
being overly sensitive and generating too many false alarms. It should be noted here that
these optimal combinations are recommended for efficient steady-state performance. In the
case of zero-state, however, it is shown that a small value of the parameter K. is optimal
for all the shifts in the process variability. Figure 3 highlights the effect of the parameter

Ksc on the steady-state ARL for some selected shifts and different sample sizes.

(a) b)

—-y=05
y=07 p—//
LR — y=11
—: y=15 4
cey=3
6
3
2 / v
£ \S
g AN
a /s 2 N, -
e . e
N - .
——— ——

Log(ARL)

—

Figure 4.3. SC-S? steady-state ARL as a function of K for different shifts y and sample
size:(a)n = 3, n =5, n = 7,and n = 9. ARL, = 370.
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4.5 Comparisons

In this Section, the performance of the proposed chart in zero- and steady-state conditions
is compared with some existing charts for dispersion, specifically, EWMA-S? and
CUSUM-S? based on the three-parameter transformation. The ARL and CED are used as
performance criteria for specific shifts, while the EQL metric indicates overall performance
across a range of shifts.

4.5.1 Zero-state comparisons

Under zero-state, the ARL values of the proposed chart are generated using Ksc = 0.01 as
the optimal parameter for all the shifts, while the minimum possible ARL for each shift is
used in the case of EWMA-S? and CUSUM-S? charts. All the zero-state ARL results are
reported in Table 4.4. It is seen that for small to moderate shifts in the negative direction,
the SC-S? chart consistently outperforms both EWMA-S? and CUSUM-S? in detecting
changes, as evidenced by lower ARL values. For instance, at y = 0.5 and n = 3, SC-S?
has an ARL of 8.61, while CUSUM-S? has 10.8 and EWMA-S? has 12.3. This trend
continues across larger sample sizes for almost all shifts y < 0.95.

In the case of larger shifts in the positive direction, like y > 1.5, SC-S? still exhibits
superior performance for all n > 5. However, the proposed chart is inferior to EWMA-S?
in detecting positive changes in the variance when the sample size is small. Overall, SC-S?
demonstrates faster detection ability across both small and large shifts compared to
EWMA-S? and CUSUM-S?, especially for larger sample sizes, making it the most effective
choice among the charts for monitoring process variability. The last row of Table 4.4
labeled 'EQL' summarizes overall chart performance over a range of shifts. The lower EQL

values the better the chart performance. For example, at n = 3, SC-S? has an EQL of
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103.75 and thus is more efficient overall than EWMA-S? (and thus CUSUM-S?, which has
an EQL of 114.04). The case is the same forn = 5,7,and 9. The EQL metric confirms that
the SC-S? chart consistently provides better results across a range of shifts, hence it is the
most effective chart in terms of overall performance in monitoring process changes. Figure
4.4 provides a graphical comparison of 3 different designs of the proposed chart, EWMA-

S? and CUSUM-S? control charts in terms of ARL in the logarithmic scale.

Table 4.4. Zero-state minimum ARL profiles of EWMA-S2, CUSUM-S?, and SC-S? for y = 0.5,
0.6....2. ARL, = 370.

EWMA-S? CUSUM-$? SC-$?

n=7| n=9
050 123 | 62 | 42 | 32 | 10.8 | 56 | 3.8 | 29 | 861 | 44 |3.06| 241
060 | 17.7 | 9.0 | 6.1 | 47 | 154 | 83 | 5.7 | 44 | 12.64 | 643 | 444 | 345
070 | 28.4 | 146|100 | 7.7 | 24.1 [ 134 | 94 | 7.3 | 20.86 | 10.58 | 7.27 | 5.62
0.80 | 542 [28.1 195|151 | 44 |254 182|143 | 41.7 | 21.34 |14.65| 11.28
0.90 | 155.2 | 80.8 | 56.7 | 44.5 | 108.9 | 68.4 | 51.1 | 41.3 | 114.1 | 66.63 |47.08| 36.54
0.95 | 323.5 [202.1[150.1[120.5| 216.9 [154.8|122.9/103.1| 209.1 | 161.17| 127 | 104.58
1.05| 153.5 [121.2] 99.3 | 84.1 | 183.3 [145.7[117.5| 99.5 | 209.53 | 141.03 | 109.7 | 90.61
1.10 | 65.1 | 449|350 [29.1 | 98.6 | 64.6 | 492|403 | 87 | 53.76 {39.96| 32.15
120 21.8 [ 153 125|108 | 39.5 | 243 | 18 | 14.5| 30.07 | 18.14 |13.38| 10.75
130 11.7 | 88 | 74 | 6.6 | 21.7 | 13.1| 9.6 | 7.7 | 1594 | 9.66 | 7.2 | 5.82
140 79 | 62 | 54 | 48 | 141 | 83 | 6.1 | 49 | 1034 | 634 | 4.76 | 3.88
150 59 | 48 | 43 | 39 | 102 | 59 | 43 | 3.5 | 748 | 465 |3.52| 29
160 | 48 | 40 | 3.6 | 32 | 78 | 45 | 33 | 27 | 584 | 3.67 | 2.8 | 232
170 | 41 | 35 | 3.1 |29 | 62 | 3.6 |27 |22 | 477 | 3.03 | 234 196
180 3.6 | 3.1 |28 |26 | 52 [ 30|23 |19 | 404 | 26 |203]| 1.71
190 32 | 28 | 25 |24 | 44 |26 |20 | 1.7 | 352 | 229 | 1.8 | 1.54
2000 29 |25 |23 22| 38 [ 23 | 1.8 | 1.5 | 313 | 2.06 | 1.64| 141
EQL | 124.45 | 72.53 | 53.60 | 43.50 | 114.04 | 70.22 | 52.18 | 42.15| 103.75 | 61.82 [45.19| 36.07

Il
(o)

Y n=3 |n=5|n=7|n=9| n=3 |[n=5|n=7|n=9| n=3 | n
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Figure 4.4. Zero-state Log (ARL) of the proposed, EWMA, and CUSUM charts for shifts
v € (0.5,2) and sample size: (a)n = 3, n = 5, n = 7,and n = 9. ARL, = 370.

4.5.2 Steady-state comparisons

This Section compares the performance of the proposed chart and the competing charts in
the steady-state environment using CED and its limit, the steady-state ARL, as well as the
overall performance metric, EQL. The steady-state ARL comparisons are done by
optimizing all the competing charts for a specific shift y;4,4¢: and then evaluating their
performance on a range of shifts that includes the target shift and other shifts in the process
variance. For the steady-state, the shift is introduced after sample number 500 (t = 500).
To make the results comparable, the zero-state ARL,, is set at approximately 370 for all the

charts. For a concise discussion, three cases are considered here and the results are reported
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in Tables 4.5 — 4.7 with dedicated columns “min”, the dominance zone, indicating for each
case which chart has the least ARL;. In all 3 Tables, (C) denotes that CUSUM-S? has the
least ARL,, while (E) is for EWMA-S?, and (S) stands for the proposed SC-S2. Tables 4.5
and 4.6 are for the cases when the charts are optimized for a downward shift, specifically
Ytarget = 0.5 and 0.95, respectively. Table 4.7 presents the case when the chart is
optimized for an upward shift of y;4rger = 1.5. Finally, the EQL comparison is presented

in Table 4.8.
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Table 4.5. Steady-state ARL comparisons among CUSUM-S?, EWMA-S?, and the
proposed chart when the charts are optimized for a target shift y¢qrger = 0.5. Zero-state

ARL, = 370.
n=3 n=>5 n="7 n=9
y. [CUSYMAEWMAL 0. i/ CUSUMAEWMAS 0 3 | CUSUMAEWMA) . g3 | CUSUMAEWMIAS| 2| iy
0.5 9.7 1028 (1129 C | 5.26 55 | 564 |C| 3.66 385 | 382 |C| 283 302 | 293 | C
0.55| 11.6 | 12.57 1351 C | 6.38 6.67 | 6.73 | C | 4.46 4.7 46 |C| 3.46 37 |352| C
0.6 1443 | 16.1 |1649|C | 8.14 851 | 824 |C | 575 6.04 | 581 |C| 45 481 | 447 | S
0.65| 19.06 | 21.97 {20.87| C | 11.13 | 11.57 |1045| S | 8.04 83 | 798 | S| 6.36 6.74 | 6.18 | S
0.7| 27.28 | 3238 |27.55|C| 169 | 17.14 |1395|S | 12.6 | 12.52 11239 S | 10.12 | 1041 | 9.65| S
0.75| 43.7 | 52.39 [38.69| S | 21.13 | 28.19 |2042| S | 22.87 | 21.06 |22.07| E | 18.86 | 18.05 |17.42| S
0.8 7991 | 94.06 | 61 | S| 59.12 | 51.75 |35.15| S| 482 |39.95 (4533 | E | 40.71 | 3531 |3637| E
0.85| 163.55 | 185.48 (117.93] S | 132.01 [ 107.32|74.56| S | 111.25 | 85.23 |104.55| E | 97.14 | 76.65 |84.75| E
0.9 340.93 |381.57|275.5| S | 299.73 |241.54|191.39| S | 262 |[199.39[251.33| E | 233.56 | 182.49|208.19| E
0.95| 508.79 |569.82 (489.24| S | 511.09 [467.88 430.55| S | 481.03 |421.76 |480.98| E | 453.31 |399.81 [431.67| E
1 | 362.09 |374.17 (363.84| C | 365.86 |366.55|363.95| S | 367.25 |367.79 |368.25| C | 368.08 | 366.86 (368.53| E
1.05| 182.93 | 176.89 [187.58| E | 162.54 | 154.49| 158 | E | 154.88 | 147.84|154.13| E | 152.14 | 144.43 (150.45| E
1.1] 96.73 [ 91.23 | 99.6 | E | 76.24 | 69.99 |71.14| E | 67.58 | 61.82 | 67 |E | 63.04 | 5797 |6199| E
1.15| 57.19 | 53.93 [59.28 | E | 40.78 | 37.69 |38.06| E | 3434 | 31.5 |3422| E | 30.65 | 28.33 [30.29| E
1.2| 37.55 | 3589 | 392 | E| 25.06 | 23.53 |23.57| E | 20.1 18.8 |20.11| E | 1745 | 1638 |17.26| E
1.25| 26.87 | 2597 (2824 | E | 17.13 | 1633 |16.33| S| 13.26 | 12.68 |13.32| E | 11.19 | 10.77 |11.15| E
1.3 2046 | 1995 |21.58| E | 12,59 | 1222 |1225| E| 9.59 928 | 954 | E 7.9 778 | 791 | E
1.35/ 16.31 | 16.09 | 172 |E| 9.8 9.69 | 9.67 | S| 7.33 728 | 732 | E| 6.01 599 16.02| E
14| 13.58 | 1346 | 142 | E| 7.97 8 795 1S | 592 595 | 5.88 | S 4.8 486 | 482 | C
145 11.56 | 11.53 [12.03| E | 6.72 6.82 | 6.71 | S| 4.95 5.02 | 491 | S| 3.99 4.08 | 401 | C
1.5 10.07 | 10.11 | 104 | C | 5.81 593 | 579 | S| 425 438 | 421 | S| 343 354 | 342 S
1.75| 6.22 634 | 6.1 | S| 3.55 372 | 346 | S| 2.58 273 | 25 | S| 2.08 22 1206| S
2 | 464 | 474 | 435 | S| 2.65 282 | 251 |S| 193 2.09 | 1.84 | S| 1.57 1.68 | 1.55| S
2.25 3.77 387 | 345 | S| 217 233 | 2.02|S 1.6 1.74 | 152 | S| 1.33 142 | 131 | S
2.5 3.24 333 | 289 | S| 1.87 203 | 1.73 | S 1.4 1.52 | 1.33 | S| 1.19 1.26 | 1.18 | S
2.75| 2.87 296 | 253 | S| 1.67 1.82 | 1.54 | S| 1.27 138 | 1.22 | S| 1.12 1.17 1.1 S
3| 261 268 | 227 |S| 152 1.67 | 141 | S| 1.19 128 | 1.15 | S| 1.07 1.11 | 1.06 | S
35 224 | 231 | 193 |S| 1.33 146 | 1.25| S| 1.09 1.15 | 1.07 | S| 1.03 1.04 | 1.02 | S
4 2 207 | 1.73 | S| 122 1.33 | 1.16 | S| 1.05 1.09 | 1.04 | S| 1.01 1.02 | 1.01 | S
45| 1.82 19 | 159 |S| 1.15 124 | 1.11 | S| 1.03 1.05 | 1.02 | S 1 1.01 1 |CS
5 1.69 1.77 [ 148 | S| 1.11 1.17 | 1.07 [ S| 1.01 1.03 | 1.01 |C,S 1 1 1 |CES
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Table 4.6. Steady-state ARL comparisons among CUSUM-S?, EWMA-S?, and the
proposed chart when the charts are optimized for a target shift yqrger = 0.95. Zero-state

ARL, = 370.
n=3 n=>5 n="7 n=9
y [FURMENAAsc-s2 min VTN FWEIA scs2iminf VS MIE WA S5 ninl CUSTMAEWEIA s 52 min
0.5| 14.62 | 11.03 |16.69| E | 9.56 7.1 848 | E | 7.51 467 | 585 |E 6.1 481 | 492 | E
0.55| 16.25 126 |1891| E | 10.59 797 | 9.6 |E| 831 527 | 662 |E| 6.74 534 | 554 |E
0.6 1832 | 1472 |2193|E | 11.92 9.12 |11.12| E| 9.34 6.08 | 7.64 |E| 7.57 6.05 | 636 | E
0.65| 21.05 17.63 |26.02| E 13.7 10.71 | 1321 E| 10.72 723 |19.09 | E 8.68 7 75 | E
0.7| 24.8 2214 [32.01|E | 16.13 | 13.04 [1626| E | 12.59 893 | 112 | E| 10.21 835 [9.19 | E
0.75| 30.09 | 2948 |41.29| E 13.7 16.64 |20.96| C | 1532 | 11.75 |1445| E | 1243 | 1043 |11.75| E
0.8] 38.5 42.86 |56.81 | C | 2512 | 2284 |29.04| E | 19.55 | 16.89 |1998| E | 1587 | 13.81 |16.11| E
0.85| 52.92 | 71.04 |86.58| C | 34.66 | 3558 | 448 |C| 26.99 | 2836 [31.09|C | 22.04 | 2039 |24.69| E
09| 832 |141.75|1523|C| 555 68.93 [84.12| C | 4321 | 6093 |58.72| C | 35.64 | 3734 |46.39|C
0.95| 165.94 | 327.26 [301.96| C | 123.29 | 188.09 [212.02| C 99.1 182.88 |162.79] C | 85.08 | 108.55 |132.46| C
1 | 286.84 | 419.78 [445.38| C | 305.48 | 384.25 [385.87| C | 312.32 | 367.08 [374.14| C | 322.78 | 368.8 [374.05| C
1.05| 156.71 | 198.38 |312.52| C | 118.32 | 143.52 |184.76| C | 96.66 | 124.88 |141.49| C | 83.34 | 94.65 [119.01| C
1.1 83 947 [143.65| C | 56.18 | 5938 |76.55|C | 44.11 475 |5493|C| 36.52 | 36.16 |44.62| E
1.15| 54.5 55.62 [83.76| C | 36.14 | 3391 (43.17|E | 28.17 | 2539 [30.53| E| 23.08 | 2097 |24.83|E
1.2 40.53 | 3775 |56.94| E | 26.6 23.19 [29.09| E | 2086 | 16.64 |2042| E | 1697 | 14.69 |16.77| E
1.25| 3231 | 28.18 | 429 | E| 21.13 | 1757 |21.63| E | 1659 | 1228 |15.17| E | 1348 | 1135 |12.56| E
1.3 2692 | 2245 [3421|E | 17.59 | 1417 [17.19| E| 13.81 974 [12.02|E | 11.24 931 |10.03|E
1.35| 23.07 | 18.62 |2851| E | 15.13 | 1191 |1427|E| 11.87 8.07 10 |E| 9.69 7.9 836 | E
14| 2028 | 1591 (2438 | E | 13.28 | 1029 | 122 | E| 1045 694 | 854 | E| 8.52 6.9 7.19 | E
1.45 18.1 13.93 [21.36| E | 11.89 9.1 |10.66|E | 9.37 6.09 | 749 |E| 7.65 6.15 | 633 | E
1.5| 16.38 124 |[19.06]| E | 10.78 8.17 95 | E 8.52 546 | 6.69 | E 6.94 556 | 5.68 | E
1.75 11.33 8.18 [1252|E | 7.51 554 | 628 | E 5.98 37 445 | E 4.9 388 [3.84 ]S
2 8.85 629 | 953 |E| 592 434 | 483 |E| 4.74 291 | 345 |E| 3091 3.1 3 S
2.25| 7.37 519 | 7.85 | E | 4.98 363 | 4.02 | E| 4.01 246 | 29 |E| 3.32 264 |254|S
2.5 64 449 | 6.75 | E| 4.36 318 | 349 |E| 3.53 218 | 253 |E| 294 234 224 |8
2.75| 5.72 399 | 596 |E| 3.92 286 | 3.12 |E| 3.19 1.97 | 229 |E| 267 213 | 2.04|S
3 52 363 | 541 |[E| 3.59 263 |28 |E| 293 1.83 | 2.11 [E| 246 197 | 1.88 | S
35| 4.48 313 | 462 | E| 3.13 2.3 248 | E | 2.58 1.61 1.87 |E| 2.17 1.75 | 1.69 | S
4 4 28 412 |E| 2.82 208 | 224 |E| 235 147 | 1.71 | E 1.97 1.61 | 1.56 | S
4.5] 3.65 257 | 374 | E| 2.61 193 | 2.08 | E| 2.17 1.36 1.6 | E 1.84 1.5 147 | S
5 34 239 | 347 |E| 244 1.81 | 195 | E| 2.03 128 | 1.52 | E 1.76 1.41 14 | S
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Table 4.7. Steady-state ARL comparisons among CUSUM-S?, EWMA-S?, and SC-S?
when both charts are optimized for a target shift y;4rger = 1.5. Zero-state ARL, = 370.

n=3 n=>5 n=7 n=9

Y CUSSIZJM_EWSI\Z/I A SC-S§? minCUSSIZJM_EWSI\Z/I A SC-8§? minCUSSIZJM_EWSI\Z/I A- SC-§? minCUSSIZJM_EWSI\Z/I A SC-S?min
0.5 1698 | 11.03 | 13.51 |E| 6.53 7.1 5.66 | S 3.9 4.67 |3.83|S 2.9 481 [295|C
0.55| 26.72 126 | 19.08 | E| 9.19 797 |6.86|S | 5.08 527 | 458 |S | 3.65 534 3528
0.6 49.34 | 14.72 | 30.25 | E | 14.45 9.12 879 |S| 7.19 6.08 [ 569 |S| 4.96 6.05 [4.36|S
0.65| 105.52 | 17.63 | 54.02 | E | 26.01 | 10.71 | 12.3 | E | 11.47 723 | 752 | E 7.5 7 575 | S
0.7 2472 | 22.14 |106.89| E | 52.85 | 13.04 [1948| E | 21.03 8.93 11 | E| 12.99 835 | 847 | E
0.75| 597.18 | 29.48 [227.63| E | 26.01 | 16.64 |3524|E | 4343 | 11.75 [18.63| E | 26.11 | 1043 (1441 | E
0.8| 1379.1 | 42.86 |505.29| E | 261.43 | 22.84 [7293| E | 96.39 | 16.89 [37.12| E| 5851 | 13.81 | 29.1 | E
0.85| 2382.17 | 71.04 [1025.45| E | 565.54 | 35.58 |166.34| E | 218.79 | 28.36 (85.36| E | 137.65 | 20.39 [67.86| E
0.9[1831.19 | 141.75 |1268.32| E | 960.47 | 68.93 [379.39| E | 455.89 | 60.93 213.96| E | 311.74 | 37.34 |174.01| E
0.95| 823.84 |327.26 |761.35| E | 790.96 | 188.09 |580.7| E | 617.65 | 182.88 @¥46.13| E | 521.95 | 108.55 397.51| E
1| 367.28 |419.78 (361.79| S | 367.05 | 384.25 368.03| C | 366.82 | 367.08 367.25| C | 369.24 | 368.8 368.19 S
1.05) 182.07 | 198.38 [180.99| S | 163.16 | 143.52 |161.8| E | 157.43 | 124.88 [151.77| E | 152.92 | 94.65 [147.5| E
1.1] 101.5 947 19995 |E| 80.9 59.38 |76.88| E | 71.43 475 |64.86| E| 65.71 | 36.16 |59.24| E
1.15| 62.02 | 55.62 | 61.23 | E| 45.01 | 3391 |41.92| E | 37.23 | 2539 (3294|E | 32.58 | 2097 | 28.7 | E
1.2| 41.13 | 37.75 | 4044 | E | 27.76 | 23.19 |2574| E | 2197 | 16.64 | 194 | E| 1849 | 1469 [1645| E
1.25| 29.21 | 28.18 | 28.68 | E| 18.72 | 17.57 |17.35| S| 1432 | 12.28 |12.89| E | 11.82 | 11.35 [10.69| S
1.3] 21.83 | 2245 [ 2137 | S| 1348 | 14.17 |12.72| S| 10.13 9.74 1934 | S| 824 9.31 |7.66 |S
1.35 17.02 | 18.62 | 16.69 | S| 1028 | 1191 | 98 | S| 7.63 807 | 724 |S| 6.17 79 |588 S
14| 13.78 | 1591 | 1346 | S| 8.17 1029 | 791 | S| 6.05 694 | 583 |S| 4.89 6.9 |475|S
145 1148 | 1393 [ 1122 | S| 6.73 9.1 6.6 | S| 4.98 6.09 | 49 | S| 4.03 6.15 [ 397 |S
1.5] 9.78 124 | 956 | S| 5.71 8.17 |5.64 S| 422 546 | 42 | S| 3.42 556 342 |S
1.75| 5.57 8.18 | 539 | S| 324 554 | 33 |[C| 245 37 |252|C| 2.03 3.88 [2.08|C
2 3.94 629 | 3.79 | S| 234 434 (239 |C| 181 291 [1.86 | C| 1.53 3.1 1.57 | C
2.25 3.13 519 | 296 | S 1.89 363 [1.92 |C 1.5 246 | 153 |C| 1.29 264 | 132 |C
2.5] 2.63 449 | 248 | S 1.63 318 | 1.64 |C| 132 218 (134 | C| 1.17 234 | 1.18 | C
2.75 2.31 399 | 2.16 | S 1.46 286 [ 147 |C| 1.21 197 | 122 |C 1.1 213 | 1.11 | C
3 2.08 3.63 193 | S 1.35 2.63 [ 135S 1.14 1.83 | 1.14 |C,S| 1.06 1.97 | 1.06 |C,S
3.5 1.77 3.13 1.65 | S 1.21 2.3 1.2 |S 1.07 1.61 | 1.07 |[C,S| 1.02 1.75 | 1.02 |C,S
4 1.58 2.8 148 | S 1.13 2.08 | 1.13 |C,S| 1.03 1.47 |1.03 |S,C| 1.01 1.61 | 1.01 |C,S
4.5 1.46 2.57 1.38 | S 1.09 1.93 | 1.09 [C,S| 1.02 1.36 | 1.02 |C,S| 1 1.5 1 |CS
5 1.37 2.39 1.3 |S 1.06 1.81 | 1.06 |C,S| 1.01 1.28 | 1.01 |C,S 1 1.41 1 |CS
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Steady-state ARL Comparison

Based on the results from Tables 4.5 — 4.7, we categorize our comparison discussion into

3 cases:
Case 1: Yi4rger = 0.5 (Table 4.5)

It is seen that when the charts are optimized for a large shift in the negative direction, there
is a mixed performance among the competing charts. CUSUM-S? dominates at y = 0.5
and values close to 0.5, for all the different sample sizes (n = 3,5, 7, and 9). Note that this
is the shift all the charts are optimized to detect the fastest. For example, when n = 3 and
y = 0.5, the ARL value for CUSUM-S? is 9.7 as compared to 10.28 and 11.29 for EWMA-
S? and the proposed chart respectively. However, for smaller shifts (0.75 < y < 0.95), the
proposed chart outperforms both CUSUM-S? and EWMA-S? for sample sizes n =
3 and 5, while forn = 7 and 9, the EWMA-S? chart takes the lead. All the charts are ARL-
biased at y = 0.95, and the biasedness is more pronounced when the sample size is small.
The proposed chart is the least biased for n = 3 and 5, while the EWMA-S? chart is the
least when n = 7 and 9. For minor upward shifts (1.05 < y < 1.2), EWMA-S? dominates
the competition, consistently showing the least ARL values. However, the proposed
showed improved performance at higher shifts like y =2 and above, uniformly
outperforming its competitors. At large shifts, the performance of all the charts converge
especially when the sample size is large. [72] noted that in monitoring process location, no
chart surpasses CUSUM in terms of steady-state ARL at a specific target when the chart is
optimized for that target. This holds for process dispersion monitoring as well, in most

cases, however, there are exceptions.
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Case 2: yiqrger = 0.95 (Table 4.6)

It is observed again that CUSUM-S? beats other charts for shifts y = Ytarger and other
changes around it. For instance, for shifts in the range 0.8 <y < 1.15, the chart
consistently shows the least ARL values compared to the other charts across different
sample sizes, except for larger sample sizes. It can be seen that the improved ARL;
performance of the CUSUM-S? chart in this case comes with a cost of a significant
reduction in the desired ARL, especially when n = 3, which results in a higher false alarm
rate. In contrast, the other charts, especially EWMA-S?, have shown remarkable increases
in the ARL, values for different sample sizes. Take for instance when n = 3, the ARL,
values are 286.84, 419.78, and 445.38 respectively for CUSUM-S?, EWMA-S?, and the
proposed chart. It is also clear that for almost all the shifts not close to the target shift
EWMA-S? outperforms the other charts under investigation. This may be due to the fact
that, although all the charts are optimized for a shift y;q,g¢r = 0.95, the optimal parameter
of the EWMA-S? for this shift is also optimal for all other shifts ¥ > 0.95, and hence, in
this case, the EWMA-S? chart may have a competitive advantage over the charts. In this
case, the proposed chart is not the best choice as it is uniformly dominated by the other
competing charts for all the shifts and sample sizes, except in a few instances where n is
large.

Case 3: yiqrger = 1.5 (Table 4.7)

The major issue to point out in this case is how the charts behave in detecting downward
shifts when they are optimized for an upward shift. As mentioned, the optimal parameter

for EWMA-S? is the same for all shifts ¥ > 0.95 so the chart is not affected by this issue.
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However, for CUSUM-S? and the proposed chart, the case is different, as they are
significantly ARL-biased for most of the negative shifts. The reason for this poor
performance is that both charts require very small values of their respective reference
parameters to efficiently detect small negative shifts, and moderate to large values of the
parameters for the positive shifts. However, it can be seen that for upward shifts the
proposed chart gains dominance in faster detection of shifts at y = 1.3. The proposed chart
and CUSUM-S? have similar performance at larger shifts, while EWMA-S? lags behind

them.
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Table 4.8. SC-S?, CUSUM-S2, and EWMA-S? EQL values computed from steady-state
ARLSs using optimal parameters

SC-S?

n=3 n=>5 n="7 n=9
Yearget | EQL™ |EQL*| EQL EQL™ |EQL*| EQL | EQL™ |EQL* | EQL | EQL™ | EQL* | EQL
0.5 128.57 [28.12| 156.69 | 86.54 |18.34| 104.88 |101.63|15.82 (117.45| 85.06 | 14.75| 99.81
0.6 107.61 [30.70| 138.31 | 66.75 | 19.06| 85.81 | 68.22 | 15.65| 83.87 | 57.82 | 14.49| 72.32
0.7 99.93 |33.51| 133.45 | 60.08 [19.91| 80.00 | 43.91 |16.24| 60.14 | 37.57 | 14.43 | 52.00
0.8 95.87 |38.91| 134.78 | 54.34 |22.62| 76.96 | 38.86 | 18.15|57.01 | 31.97 | 15.06 | 47.03
0.9 99.71 [54.20| 153.91 | 54.72 |28.58 | 83.29 | 38.89 |21.33| 60.23 | 30.51 | 17.30 | 47.81
0.95 | 102.34 |59.95| 162.28 | 56.67 [32.07| 88.74 | 40.20 |23.92 | 64.12 | 32.58 | 21.27 | 53.85
1.05 | 569.03 [25.18 | 594.21 | 60.08 | 19.91 | 80.00 | 39.53 | 17.53| 57.07 | 30.52 | 16.48 | 47.00
1.1 185.88 [26.28 | 212.16 | 58.78 [20.23| 79.01 | 39.74 | 17.36 | 57.09 | 31.16 | 15.44 | 46.60
1.2 181.28 [26.36| 207.64 | 69.84 | 18.85| 88.69 | 46.89 | 15.94| 62.83 | 35.36 | 14.52 | 49.88
1.3 201.81 [26.10] 227.91 | 87.96 |18.30| 106.26 | 61.41 | 15.63 | 77.04 | 44.51 | 14.35| 58.86
1.4 283.77 [25.60| 309.37 | 115.14 | 18.17 | 133.31 | 72.70 | 15.66 | 88.37 | 59.02 | 14.50 | 73.52
1.5 569.03 |25.18 | 594.21 | 147.13 | 18.13 ]| 165.27 | 88.83 | 15.74 |104.56| 73.40 | 14.64 | 88.04
2 1518.36 | 25.30 | 1543.66 | 289.83 | 18.31 | 308.14 |141.73|16.01 |157.74| 84.23 | 14.75 | 98.98

CUSUM-S?

n=3 n=>5 n=7 n=9
Ytargert| EQL™ |EQL*| EQL EQL™ |EQL*| EQL | EQL™ |EQL*| EQL | EQL™ | EQL* | EQL
0.5 147.81 [30.59| 178.40 | 118.12 | 19.28 | 137.40 |104.74|16.07 |120.81| 92.93 | 14.84 |107.77
0.6 108.79 |32.87| 141.66 | 79.62 |20.51|100.12 | 68.82 | 16.45 | 85.28 | 61.50 | 14.83 | 76.33
0.7 85.04 [36.04| 121.08 | 57.90 |22.77| 80.67 | 48.84 |17.39| 66.23 | 41.93 | 15.15| 57.08
0.8 71.85 [40.84| 112.69 | 46.36 |26.43| 72.79 | 36.98 |20.17| 57.15 | 31.08 | 16.62 | 47.70
0.9 67.71 [49.53| 117.24 | 42.74 |32.21| 74.96 | 33.54 |25.72| 59.25 | 27.51 | 21.75] 49.26
0.95 68.43 |54.44| 122.87 | 44.55 |37.82| 82.37 | 35.88 |30.94| 66.82 | 29.49 | 25.98 | 55.47
1.05 | 488.52 [27.15]| 515.67 | 44.08 |33.80| 77.88 | 34.47 | 28.48 | 62.95 | 28.74 | 24.84 | 53.58
1.1 74.36 139.39| 113.75 | 43.26 |29.27| 72.53 | 33.72 |23.67| 57.40 | 27.57 | 20.18 | 47.76
1.2 117.12 |32.28 | 149.40 | 55.61 |23.18| 78.79 | 42.71 | 18.27| 60.98 | 3491 | 15.72 | 50.62
1.3 214.12 [28.93| 243.05 | 94.86 [ 19.93 | 114.79 | 64.78 | 16.53 | 81.31 | 51.88 | 14.88 | 66.76
1.4 401.19 |27.40| 428.58 | 192.14 | 18.63 | 210.77 [111.76]| 16.03 |127.79| 81.61 | 14.81 | 96.41
1.5 |[1138.26 [26.39]| 1164.65 | 346.05 | 18.36 | 364.41 |172.25|15.98 |188.24|119.81| 14.89 |134.70
2 150743.99(25.94150769.93|1818.08| 18.53 |1836.60|324.58| 16.11 {340.70(158.30| 15.00 |173.30

EWMA-S?

n=3 n=>5 n=7 n=9
Ytarget | EQL™ |EQL*| EQL EQL™ |EQL*| EQL | EQL™ |EQL*| EQL | EQL™ | EQL* | EQL
0.50 | 167.61 |31.14| 198.76 | 106.22 | 20.17| 126.39 | 86.98 | 16.40 |103.39| 78.78 | 14.88 | 93.66
0.60 | 116.58 |33.65| 150.22 | 78.96 [21.36]|100.33 | 62.88 | 16.96 | 79.84 | 53.48 | 15.05 | 68.53
0.70 | 100.09 |35.55| 135.64 | 50.83 [25.73| 76.57 | 47.48 | 18.12| 65.61 | 38.76 | 15.69 | 54.45
0.80 85.06 [40.27| 125.33 | 46.85 |28.82| 75.67 | 38.01 |20.36 | 58.37 | 31.18 | 17.23 | 48.41
0.90 85.06 [40.27| 125.33 | 46.85 |28.82| 75.67 | 38.01 | 20.36 | 58.37 | 28.04 | 20.36 | 48.40
0.95 85.06 [40.27| 125.33 | 46.85 |28.82| 75.67 | 38.01 | 20.36 | 58.37 | 28.03 | 21.31 | 49.34
1.05 85.06 [40.27| 125.33 | 46.85 |28.82| 75.67 | 38.01 | 20.36 | 58.37 | 28.03 | 21.31 | 49.34
1.10 85.06 [40.27| 125.33 | 46.85 |28.82| 75.67 | 38.01 | 20.36 | 58.37 | 28.03 | 21.31 | 49.34
1.20 85.06 [40.27| 125.33 | 46.85 |28.82| 75.67 | 38.01 | 20.36 | 58.37 | 28.03 | 21.31 | 49.34
1.30 85.06 [40.27| 125.33 | 46.85 |28.82| 75.67 | 38.01 | 20.36 | 58.37 | 28.03 | 21.31 | 49.34
1.40 85.06 [40.27| 125.33 | 46.85 |28.82| 75.67 | 38.01 | 20.36 | 58.37 | 28.03 | 21.31 | 49.34
1.50 85.06 [40.27| 125.33 | 46.85 |28.82| 75.67 | 38.01 | 20.36 | 58.37 | 28.03 | 21.31 | 49.34
2.00 85.06 [40.27| 125.33 | 46.85 |28.82| 75.67 | 38.01 | 20.36 | 58.37 | 28.03 | 21.31 | 49.34
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Finally, the three charts are compared in terms of overall (rather than individual shifts)
performance using the EQL metric. The computation of the EQL is done using the optimal
parameters of the charts and generating steady-state ARLs for a range of shifts from 0.5 to
5. Table 4.8 presents the EQL values of the proposed, CUSUM-S?, and EWMA-S? charts.
EQL™ is the EQL computed only for downward shifts, while EQL* is the EQL computed
for only upward shifts, and when combined they form the overall EQL. For Example, for
CUSUM-S? at Ytarget = 0.5, the EQL™, EQL* and EQL values are 147.81, 30.59, and
178.40 respectively when n = 3. This means that when CUSUM-S? is optimized for a shift
of 0.5, the EQL for: 0.5 <y < 0.95is 147.81, 1.05 < y < 515 30.59, and the overall EQL
is 178.40. The following points summarized the comparisons in terms of EQL among the
competing charts.

e Proposed VS CUSUM-S%: The proposed chart dominates CUSUM-S? for upward
shifts, especially for larger sample size, as indicated by consistently lower EQL*
values. It also outperforms CUSUM-S? when the charts are optimized for larger
shifts in either direction. For example, when n = 3 and Y¢4rger = 0.5, the overall
EQL of the proposed chart is 156.69 while that of CUSUM-S? is 178.40, and at
Ytarget = 1.3, the values are 227.91 and 243.05 for the proposed chart and
CUSUM-S? respectively.

e Proposed VS EWMA-S?: It is also seen here that the proposed chart outperforms
EWMA-S? when we only consider the upward shifts in the process dispersion.
However, the overall performance of the proposed chart deteriorates in the case of

a reduction in the process dispersion. For instance, at ¥;grger = 1.2, whenn = 3,
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EQL™ values are 181.28 and 85.06, while, EQL" are 26.36 and 40.27, respectively
for the proposed and EWMA-S2.

In summary, we see that the proposed chart performs the best in overall performance for
increases in the variability of the process, and trails behind the other charts in the case of
a decrease in the process variability. However, in most real applications, practitioners are
more concerned with an increase in the process variance rather than a decrease, as the
former will result in lower uniformity of final output, while the latter might be an indication
of improved process performance. Therefore, an upper one-sided version of the proposed
chart can be developed to monitor increases in the process variance. It is expected that this
version may outperform both CUSUM-S? and EWMA-S? charts in terms of individual and
overall performance.

4.5.3 Graphical Comparison using CED Curves

Figures 4.5-4.8 CED compare the performance of the competing charts for selected shift
values (y = 0.5,0.95,1.1,and 1.5) and sample sizes n = 3,5,7,and 9. These shifts
represent both downward and upward small to moderate changes in the process standard
deviation, along with a range of small to large sample sizes. The results are obtained by
optimizing each chart for the specific shift, with the assumption that the zero-state ARL, =
370. Change points (7) ranging from 1 to 501 are taken into account, but it's important to
note that the plots do not include change points where the CED values for all three charts
remain constant. It is clear that for small to moderate reduction in the process dispersion
CUSUM-S? is optimal across different sample sizes (Figures 4.5 and 4.6). However, for a
small increase (y = 1.1), EWMA-S? shows a better performance than the other two charts,

especially for larger sample sizes. The proposed chart excels at detecting larger positive
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shifts in the process variability. These scenarios further highlight that no single chart always
performs the best, hence the need for an informed selection of the chart to be used based
on the nature of the process and the anticipated shift. In many practical scenarios, the exact
shift that will occur is often unknown. As discussed in earlier sections, the proposed chart

offers broader protection for a range of shifts rather than targeting a specific shift.
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Figure 4.5. CED curves comparison of the proposed, CUSUM-S?, and EWMA-S? charts

when y = 0.5 for different sample sizes.
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Figure 4.6. CED curves comparison of the proposed, CUSUM-S?, and EWMA-S? charts
when y = 0.95 for different sample sizes.
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Figure 4.8. CED curves comparison of the proposed, CUSUM-S?, and EWMA-S? charts
when y = 1.5 for different sample sizes.

4.6. Illustrative Examples

Consistent with other studies on control charts, this Section presents a practical example
using both simulated and real-life data to show the implementation and applicability of the
proposed chart. In the following subsections, two examples are demonstrated, the first with
simulated dataset and the second with real dataset. To provide performance comparisons,
in both cases, the proposed chart, CUSUM-S?, and EWMA-S? are applied to the data to
detect departures from target values.

4.6.1 Example 1: Simulated Data

In this example, 25 independent samples each of size 5 were drawn from a process

following Normal distribution with mean py, = 10 and standard deviation g, = 2 i.e.,
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Xij~N(ug = 10,09 = 2) for i =1,2,..,5andj = 1,2,..,25, as a realization of the IC
state. Then 15 additional samples were drawn from the Normal distribution with a mean
Uo = 10 and standard deviation g; = 1.6, indicating a downward shift of y = ¢, /0, = 0.8
in the process standard deviation. Accordingly, the 3 charts are constructed so that each
chart is optimal for the target shift of 0.8 with ARL, = 370. For the proposed chart, the
parameter combination (Ks¢, Ls¢c) = (0.18, 3.1635) is used, while for the CUSUM-S? and
EWMA-S? charts, the combinations are (K¢, H;) = (0.24,7.7933) and (Ag, Lg) =
(0.08, 2.634) respectively. Figure 4.10 displays the plots of the three charts, showing how
effectively they detect the introduced shift. The IC region is plotted in the light green area,
while the OOC region is highlighted in the light red area, and any OOC signal is indicated
by a red marker point. It is seen that both the proposed chart and EWMA-S? signal the first
OOC situation at sample number 34. However, while the proposed chart detects all
subsequent shifts, giving a total of 7 signals, EWMA-S? misses some afterward, detecting

only 4 OOC samples.

In contrast, CUSUM-S? signals slightly later at sample 36 and detects all subsequent shifts.
This example highlights the importance of proper selection of control chart depending on
the need and nature of the process to be monitored, as it is clear that different charts perform

differently in terms of quick detection of shifts and number of shifts detected.

4.6.2 Example 2: Combined Cycle Power Plant (CCPP)

This example follows a study originally carried out by [80], which focuses on predicting
the electrical power output of a Combined Cycle Power Plant (CCPP), which generates

electricity by combining gas and steam turbines. The gas turbine burns natural gas,
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producing both electricity and hot exhaust gases, which are then used to create steam that
drives a steam turbine for additional power generation, resulting in high efficiency. The
study used data collected over six years, comprising 9,568 hourly data points recorded from
674 different days on four key variables affecting power output: ambient temperature (AT),
atmospheric pressure (AP), relative humidity (RH), and vacuum (V). Machine learning

models were used to predict power output based on these variables.

Studies like [81] have since applied this dataset for control chart applications. In this study,
the AP is chosen as the critical variable of interest to be monitored. According to [80], AP
is one of the significant factors affecting the overall power output of the plant. Specifically,
lower AP could decrease the efficiency of the gas turbine which in turn adversely impacts
the power generation. For illustration purposes, the first 600 AP values are assumed to be
the IC data, and 30 samples each of size 5 are drawn from the data representing the IC
samples. The mean standard and standard deviation of the data are found to be pyy =
1013.546 and g, = 5.8222 respectively. The normality assumption is investigated and
found to be satisfied through the Anderson-Darling test with test statistic A = 0.3481 and
p-value: 0.4765. Furthermore, for testing the independence assumption, we found that the
first-order autocorrelation is insignificant with the Ljung-Box test P-value = 0.7782
(the same is true for higher orders). Figure 4.9 displays the graphical tests of the normality
assumption using histogram and normal probability plots, as well as the ACF plot which
tests the autocorrelation among the AP observations at various lags of time. All the plots
further confirm that the normality and independence assumptions are satisfied by the AP

data.
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Figure 4.9. Histogram, normal Q-Q plot and ACF plot for the AP data.
Next, assuming ARL, ~ 370, the proposed, CUSUM-S?, and EWMA-S? control charts are
applied to the AP data using the 30 samples drawn in the IC state and additional 20 samples
from anormal distribution with mean py, = 1013.546 and standard deviation g; =
8.7333, meaning that a shift of y = 8.7333/5.8222 =~ 1.5 has been introduced to the
process dispersion. The following parameters are used in setting up the charts so that each

chart is optimal for the targeted shift (1.5):

The proposed chart: (K¢, Lsc) = (0.85,3.2338); CUSUM-S%: (K., H.) = (0.98,
2.2409); EWMA-S?: (Ag, Lg) = (0.05,2.514).

Figure 4.10 shows that the proposed chart detects the first OOC condition at sample 37,
following an increase in variability. It successfully identifies all subsequent shifts, except
for sample 42. EWMA-S? signals its first OOC slightly later, at sample 39. CUSUM-S?,
however, signals even later, at sample 43, detecting only 4 true shifts and generating 2 false
alarms. Overall, the proposed chart identifies more OOC samples than both EWMA-S? and

CUSUM-S? and notably, it produces no false alarms.
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Figure 4.10. The SC-S?, CUSUM-S?, and EWMA-S? charts for the simulated data (a, b,
¢), Example 1, and SC-S?, CUSUM-S?, and EWMA-S? charts for the AP data (d, e, f),
Example 2.

4.7 Chapter 4 Conclusion

This Chapter has introduced a new control chart for monitoring changes in the process
dispersion based on the popular three-parameter transformance of the sample variance. The
efficiency of the proposed chart was evaluated in both zero- and steady-state conditions
using ARL and EQL measures for individual and overall performance respectively.

Through extensive simulations study, the optimal parameter choices of the proposed chart
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have been provided for easy implementation by quality practitioners. The proposed chart
has been compared with existing CUSUM-S? and EWMA-S? control charts that have been
developed for the same purpose. The comparison shows that the proposed chart dominates
its competitors in the zero-state setting and continues to deliver strong results in the steady-

state, particularly when larger positive shifts occur or when the sample size is large.

Two examples, using both simulated and real data, demonstrate the applicability of the
proposed chart in real-life scenarios. The first example uses simulated data to show the
basic behavior of the chart in comparison to other charts, while the second applies it to real
atmospheric pressure (AP) data from a Combined Cycle Power Plant (CCPP), highlighting

its practical utility in the energy sector.
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CHAPTER 5

PROPOSED JOINT CAM CHARTS

Recently, [72] introduced a new Step CUSUM (SC) control chart that utilizes a CUSUM
structure within a cumulative aggregate mean approach to effectively detect a wide range
of shifts in the process mean. His findings demonstrate that this new chart outperforms the
traditional CUSUM chart in identifying shifts that differ from the values for which the
charts are optimized. Taking inspiration from the works of [43, 52, 72], we propose six new
charts for the joint monitoring of a normal process location and dispersion parameters
based on the cumulative aggregate mean. The charts were developed using two popular
methods: the maximum method and the sum of squares method. In each approach, we
incorporated three different variance transformations: chi-square transformation, three-
parameter transformation, and four-parameter transformation of the sample variance.
Using Monte Carlo simulations, the effectiveness of the proposed charts was assessed
under both zero- and steady-state conditions by examining the various features of their run-
length distributions. These new charts respond to changes in the process mean and/or
standard deviation, demonstrating good performance in identifying a range of shifts in the

process parameters.

5.1 Existing Methods

This Section discusses different transformations commonly employed to convert sample

variance into an approximately normal distribution. Then, we briefly review CUSUM and

89



EWMA charts for simultaneous monitoring based on the maximum and sum of squares

methods.

Let X1 ¢ X3¢, ..., Xt be n independent sequence of random observations from a process
{X;t = 1} following a normal distribution with a stable known mean p, and standard
deviation oy, where X, is a measurement from a critical-to-quality variable taken at time t.
The process {X;; t = 1} is assumed to be IC for t < t, where 7 denotes the change-point
at which the process becomes out-of-control (OOC) due to a shift in the mean and/or
standard deviation. Mathematically, when the process is IC (t < 1), X;~N(uy,0p),
whereas for OOC (t = 1), X;~N(u; = po + 80y, 01, = 6a,). It should be noted here that
IC state corresponds to when § = 0 and 6 = 1. Moreover, we considered the following
OOC scenarios: (N —D),(U—N),(U — D), and (U — U), which represent a negative
shift only in the standard deviation, a positive shift only in the mean, a positive shift in the
mean and a negative shift in the standard deviation, and positive shifts in both the mean
and standard deviation, respectively. When the shift is introduced at the beginning of
monitoring, that is, when 7 = 1, the condition is known as zero-state, whereas steady-state
refers to the condition where the shift is applied after the process has been operating for

some time without any prior signals, that is, when T — oo.

5.1.1 Transformations

To jointly control for the process mean and dispersion, we first define sample mean X, =
(X1¢ + Xp¢ + -+ Xne)/n, and sample variance SZ = ¥, (X, — )?t)z/(n — 1). Then,
X, and S? are independent (Basu’s theorem) and have the following distributions:

X;~N(uo, 00/Vn), and (n — 1)S?/0¢ ~x3_1.
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To transform the mean and variance estimators (X,, S?) to follow the same distribution,

[52] use the following transformations:

Xt — Uo
V,, = , 5.1
1,t O'O/\/ﬁ ( )
~ (n —1)S?
Vor =@ 1[%@_1 (Tt ) (5.2)
0

where @ ~1[.] represents the inverse of the cumulative distribution function (CDF) of the
standard normal distribution and W,z (.) represents the CDF of a Chi-squared random
variable having (n — 1) degrees of freedom. It can be shown that under IC process, both
Vi ¢ and V, . follow a standard normal distribution, N (0,1). However, a shift in the process
parameters is reflected by a shift in the mean and/or variance of the transformed variables,
according to the nature of the deviation. Therefore, the transformed variables can be
employed to monitor shifts in the process parameters at the same time. To further enhance
the detection ability of the joint charts, [48] suggested using a three-parameter logarithm

transformation of SZ before the normal standardization as follows:

[26] defined the constants a, b, and c as follows: b = B(n), ¢ = C(n)a,, and c = A(n) —

2B(n)In(oy), and showed that the distribution of T} , is approximately normal with mean
E [Tl,t] = U, and standard deviation a[TLt] = 0,. Where pu,, and o,, depend only on the

sample size n. Using this information, we define another variable for controlling the

variance as follows:

Vyp = —— (5.4)
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It 1s widely recognized that when the process is in IC state, the distribution of V3, is also
N(0,1), and when the process is OOC, it is also reflected in the mean and/or variance of

V3¢, depending on the nature of the contamination.

In an effort to make the distribution of S? more symmetric, [29] proposed using a four-
parameter Johson transformation on S? before using it in controlling the dispersion

parameter. The transformation is defined as follows:

SE—c
T,, = ot - .
L =a+ b<c+d—5§> (5.5)

The rationality of using this transformation and the distribution of T, ;, as well as E [Tz’t],
O'[Tz't], and the constants a, b, ¢, and d are given in [29]. Based on T, ; we define another
variable V, ; as follows:

T, — E|T:
., — T BT ]

(5.6)

Similar to V3, V, ~N(0,1) if the process {X,} is under IC state, and reflect shifts in the
OOC situations. In the following subsections, the transformed variables, V; ¢, V, ¢, V3 ¢, and

V, rare used to present the existing charts and in the construction of new charts.

5.1.2 Max-EWMA and SS-EWMA

[43] proposed using the two transformed variables in equations (5.1) and (5.2) in an
EWMA structure and combining them using a max function to construct a single Max-
EWMA (denoted Max-EWMA-y? in this study) chart that jointly detects shifts in the

process mean and variability. The two independent EWMA statistics are given as:
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El,t = /1V1,t + (1 - A)Vl,t—l
(5.7)
EZ,t = /1V2,t + (1 - A)Vz,t—1

Where 0 < A < 1lis the sensitivity parameter of the EWMA chart that controls its
sensitivity to process shifts and the values E; o and E,, are set to zero. Since the two
statistics in equation (5.7) have the same distribution, they are merged into a single statistic,

Ml,t = maX(|E1't

,|E2't|) with the following upper control limit (UCL): UCL =

JVA/(2 —2)(1.128379 + 0.602810L,). L, controls the width of the limit.

In a similar way, [48] proposed another version of the EWMA chart by replacing the
variable controlling the dispersion parameter in equation (5.7) with the transformation
defined in equation (4) to form a new chart called EWMAVAR (denoted EWMA-3T in this

study).

In another study, [43] proposed combining the EWMA statistics defined in equation (5.7)
by the method of sum of squares to construct a new chart called SS-EWMA (SS-EWMA-
x?) to monitor both the process mean and variability simultaneously using a single charting
statistic, SS1; = EZ, + EZ., having a mean, E(SSy;) = 207, and variance, 02(SS; ) =
40 Where 0f = o, , = of, . The steady-state UCL of the SS-EWMA-y? chart is given
as UCL = (21/(2 — 2))(1 + L,). L, is the coefficient that controls the width of the limit.
The SS-EWMAVAR (SS-EWMA-3T) of [48] is formed in a similar fashion by replacing

V, ¢ in equation (5.7) with V3, from equation (5.4).
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5.1.3 Max-CUSUM and SS-CUSUM

Similar to the EWMA-type single charts for joint monitoring, CUSUM structure was also
explored to enhance detection of especially minor irregular shifts in the process mean
and/or variance parameter(s). [52] combined two independent two-sided CUSUM
statistics, first two for tracking upward/downward shifts in the mean and the other two for
variability, to jointly monitor the process parameters. These statistics are calculated based

on V. and V, ; as follows:

Cl-i,-t = maX(O, Vl,t - k1 + Cl-i:t—l)
) (5.9)
Cl_,t = maX(O, _Vl,t - kl + Cl_,t—l)

C3e =max(0, Vo, — ks + Ciy_q)
(5.10)
Cye =max(0,—Vye — ky + C3p_4)

These values are combined into a single plotting statistic for the Max-CUSUM (Max-
CUSUM-x?) chart, M,, = max(Ci;, Ci;, C#, C5¢). The initial values of the statistics in
equations (5.9) and (5.10) are all equal to zero, and k; is reference parameter of the CUSUM
chart that controls its sensitivity to shifts in the process parameter(s). An OOC signal is
given when M, ; > h;, where h; is the threshold limit. In a related manner [48] created the
Max-CUSUMVAR (Max-CUSUM-3T) by substituting V; ; in equation (5.8) with V5 . from

equation (5.4).

Further enhancement was achieved by [53] with the SS-CUSUM chart, where the sum of
squares of the maximum CUSUM statistics from equations (5.9) and (5.10) was calculated

as follows:

Cie = max ( Cl-i,_t' Cl_,t)> Cor = max( Cz+,t' CZ_,t)5 §5¢ = C12,t + sz,t-
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The SS-CUSUM (SS-CUSUM-y?) chart is then constructed by plotting SS, ; against a

specified threshold, h,.

Building on these developments, [48] created a new chart, known as the SS-CUSUMVAR
(SS-CUSUM-3T), by modifying this approach: substituting V; ; in equation (5.8) with V3,
from equation (5.4) to incorporate the three-parameter transformation, enabling more

refined joint monitoring of process variability alongside mean shifts.

The four-parameter Johnson transformation in equation (5.5) has not, to our knowledge,
been applied in prior studies for joint monitoring, and therefore it can be considered an

additional contribution of the current work.
5.2 New Charts for Joint Monitoring

Building on the structure of a recent chart by [72], we introduce six new memory-based
control charts designed to simultaneously monitor shifts in both the process location
(mean) and dispersion (variance/standard deviation) parameters. These charts employ the
normal standardization of the sample mean from equation (5.1) and incorporate different
standardized sample variance transformations outlined in equations (5.2), (5.4), and (5.6).
Since these charts rely on cumulative aggregate mean (CAM) for monitoring, they are
referred to as CAM charts. Three of the charts are constructed using the maximum of the

chart’s plotting statistics, while the other three use the sum of squares of these statistics.

5.2.1 Max-CAM Charts

The Max-CAM charts make up the first three types of charts within the CAM structure.

These charts are built by taking the maximum of the statistics that track changes in the
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process mean and variance. Using the standardized transformations outlined in equations

(5.1) and (5.2), the Max-CAM-y? chart is set up as follows:

First, two independent two-sided CUSUM statistics are employed to identify change-points
in the process location and dispersion, as represented in equation (5.11) for the mean and

equation (5.12) for the variance:

CUSUM{, = max(0,V,, — k, + CUSUM{,_,)
, (5.11)
CUSUM;, = max(0, —V; — k, + CUSUM;,_;)

CUSUM;, = max(0,V,, — k + CUSUMS,_,)
(5.12)
CUSUM;, = max(0, —V,; — k, + CUSUMz,_,)

Where the reference parameter k, is used to adjust the sensitivity of the chart. The initial

values are set as CUSUM{, = CUSUM;, = CUSUM3, = CUSUM3, = 0.

Next, we introduce two pairs of discrete variables, Di ;and Dy, along with D ,and Dy,

which respectively count the number of samples analyzed since the last occurrence of

CUSUM{, = 0, CUSUM;, = 0, CUSUM3, = 0, and CUSUM3, = 0, as defined below:

. (L if CUSUM;,_, =0
Df, = '
Y \1+Df,l,,  ifcusuMi,_ >0
(1, if CUSUM{,_, =0
Dy = {1 +Di,.q, ifCUSUM,_{>0 (5.13)
Dt — 1, if CUSUMZ,_, =0
27|14 DSy, IfCUSUMF,_, >0
e — 1, if CUSUM5,_, =0 5 14
2t = {1 + D5y,  ifCUSUM3,_; >0 (514)
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In equations (5.13) and (5.14), the definitions of the discrete variables ensure that the count
for Dfy, D1y, D3, D5, restarts at 1 whenever the respective previous CUSUM statistic
CUSUM;,_4, CUSUMz,_4, CUSUM3,_4, or CUSUM3,_, resets to zero. This resetting
mechanism effectively eliminates the drawback in detecting delayed shifts often faced by
progressive mean charts. The proposed Max-CAM-y? chart uses these variables along with

the following statistics to monitor shits in the process mean (equation (5.15)) and variance

(equation (5.16)):

1

CAM;, = Vit <1 — D—+) CAM;}_J

Lt i’t , (5.15)
CAMy, = —Vy, + <1 — D—_) CAM{,_, J

1,t 1,t

+ 1 1 +

2t i't (5.16)
CAMz, = —V,, + <1 - D—_) CAMZ‘t_lJ

2,t 2,t

Since the CAM statistics in equations (5.15) and (5.16) represent the cumulative average
of the transformed variables V; ;and V, from the point when the CUSUM statistics were
last reset to zero, the mean and variance values of the statistics in the IC state are (proofs
provided in Appendix A) E(CAM{,) = E(CAMy,) = E(CAM3,) = E(CAM3,) = 0, and
0?(CAM{,) = 1/Df,, 0*(CAMz,) = 1/Di,, 0*(CAMS,) = 1/D3,, and 6?(CAM3,) =
1/D3,. The CAM statistics are incorporated into the Max statistic, which takes the
maximum of the absolute values of scaled cumulative averages and serves as the plotting

statistic for the proposed charting scheme. The independence of CAM{,, CAM{,, CAM{,,
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and CAM{, is implied by the fact that V,, and V,, are independent. Mathematically, the

Max statistic is defined as:

(’CAM{I X /let ,’CAM;t X /Dljt ,
MaxCAM; = max (5.16)
\|CAM§I x |D3, ,|CAM£t x [p5,

To construct the proposed Max-CAM-y? chart, MaxCAM, is calculated at each time point

t = 1,2, .. and plotted to monitor process stability. MaxCAM,; over time reveals whether the
process remains stable:
e A large MaxCAM; value indicates that the process mean has likely shifted from
the IC or target value and/or that variability has changed.
e A smaller MaxCAM, suggests that both the mean and variability are near their
target levels.
Since MaxCAM, is non-negative, it is compared only to a specified positive threshold, say
h,. Values of MaxCAM, above h, signal a potential process shift, while values below it

indicate the process is likely stable.

The other two charts for monitoring both the process mean and variance simultaneously,
Max-CAM-3T and Max-CAM-4T, are based on three- and four-parameter transformations
of the sample variance. They are constructed in a similar manner by substituting V,; in
equations (5.12) and (5.16) with V3, from equation (5.4) for Max-CAM-3T chart, and V,, ,
from equation (5.6) for Max-CAM-4T chart. In this way, the study examined different
transformations using the new charting structure to determine the most effective charts for

various conditions.
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5.2.2 SS-CAM Charts

Building on [53], we present three new charts based on the sum of squares of the maximum
statistics, which track changes in the process mean and variance as outlined in equations
(5.15) and (5.16). These charts have similar properties to the Max-CAM charts, but with
the added benefit of being easier to use in practical applications.

Starting with SS-CAM-y?2, we define two variables that take the maximum of the scaled

CAM statistics from equations (5.15) and (5.16) as follows:

CAM, ., = max( CAM{, X /th ,|CAM£t X /D£t> (5.17)
CAM,, = max( CAM3, X /th ,‘CAMZ__t X /Dz‘,t> (5.18)

Using to these statistics, the new chart is constructed by computing SSCAM, = CAM{, +
CAM3, and plotting it against a predetermined threshold, say hs;. An OOC scenario is

declared at time t if SSCAM; > h;.

Similar to the Max-CAM charts, the SS-CAM-3T and SS-CAM-4T charts for joint
monitoring are based on three- and four-parameter transformations. These charts follow a
similar construction, where V,, in equations (5.12) and (5.16) is replaced by V3, from
equation (5.4) for the SS-CAM-3T chart, and V, ; from equation (5.6) for the SS-CAM-4T
chart. This approach allowed the study to explore different transformations using the new

charting structure, aiming to identify the most suitable charts for various conditions.
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5.3 Results and Discussion

The performance of control charts is commonly assessed by examining their run-length
(RL) distribution, where RL represents the number of observations or subgroups
investigated before the chart signals a shift. This study uses ARL—the expected count of
samples plotted until an OOC signal is generated—to evaluate the performance of the
proposed charts and compare them to other existing options. When the process is IC, the
ARL is represented asARL,, while for OOC situations, it is indicated as ARL;. To provide
a comprehensive assessment of chart efficiency, we have also reported the median run
length (MDRL) and the standard deviation of run length (SDRL). The median is a more
robust measure when the RL distribution is skewed, and SDRL reflects the stability of the
RL—the lower the SDRL, the more consistent the chart's performance. Another important
individual performance measure is the conditional expected delay (CED) curve, which
assesses a control chart's efficiency across different change points t. Specifically, CED,
represents the expected run length at T given that no alarms were triggered prior to this

change point.

Moreover, overall performance measures through extra quadratic loss (EQL), relative
average run length (RARL), and performance comparison index (PCI) are used in
evaluating the effectiveness of the charts in a range of shifts. Refer to [82] for more
discussion on the overall performance measures. This study incorporated the EQL metric

estimated using the following formular:

M
1
EQL = MZ(&? + 67)ARL(5;6,) (5.19)
i=1
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Where M is the number of OOC observations considered and ARL(6;, 6;) is the ith ARL,

value for the joints shift §;, 6;.

The literature offers several ways to calculate the run length (RL) for control charts, such
as using integral equations, Markov Chains, and Monte Carlo simulations. In this study,
we use Monte Carlo simulations to assess RL characteristics, because the other methods
don't work for all chart types, especially memory-type control charts, where the nature of
the plotting statistics can make other methods less practical. For consistency, we have fixed
the ARL, at approximately 250 (a popular choice in simultaneous monitoring) and
examined the OOC behavior of the charts through ARL; under different shift scenarios:

(N—=D),(U-=N),(U—-D),and (U —U).
The following algorithm is used in evaluating the RL characteristics of the proposed charts:

1. Fix the sample size n and desired ARL,, and select the reference parameter k,
limit threshold h, and change point T (with 7 = 1 representing the zero-state).
2. Ateach time t, draw n random observations according to the following
conditions:
i.  Xi~N(Qug, 0p),ift > .
ii. Xi~NQuy = o + 80y, 01 = 0ay), otherwise.
3. Estimate X;and S? and apply transformations according to the chart in question.
4. Calculate the CUSUM statistics CUSUM{,, CUSUMy,, CUSUMj ;and CUSUM;,
based on the transformations applied in step #3.
5. Compute the discrete variables D;;, D1, D3¢, and D5, using equations (5.13) and

(5.14).
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10.

11.

12.

Calculate the CAM plotting statistics CAM{",, CAMy,, CAM;;, and CAMj, using
the calculated statistics in step #4 and step #5.

Combine the statistics in step #6 into a single statistic using either the maxCAM,;
defined in equation (5.16) for Max-CAM charts, or SSCAM; for SS-CAM charts.
Plot the single statistic in step #7 against time t. If, statistic is greater than the
specified threshold h, record (t — T + 1) as run length, otherwise, go to step #2
Repeat step #2 to step #8 m times (say, 10°) to record m run lengths.

Estimate the ARL by taking the average of the m run lengths.

If the estimated ARL, is not approximately equal to the target ARL,, adjust the
limit h in step #1 and repeat step #2 to step #10 until the desired ARL,, is
achieved.

To compute ARL,, draw the random observations in step#2 after introducing a

shift in the mean (& # 0), or variance (6 # 1), or both.

5.3.1 Performance Evaluation of the Proposed Charts
In this study, we assessed the ARL of the proposed chart with a sample size of n = 5,
varying sample sizes can be explored to understand their impact. In this study, the reference
parameter k was set to 0.5. However, the impact of using different k values (0.25, 0.75,
and 1) on the performance of the proposed charts was also analyzed, with the results
provided in Tables B1-B3 in Appendix B. Table 5.1 contains the ARL values of the
proposed charts along with SDRL and MDRL for a range of small, moderate, and large
shifts in the process mean (6 € (0,0.1,0.2,0.3,0.4,0.5,0.75,1,1.25,1.5,2,3)) and variance
(6 € (0.25,0.5,0.75,0.9,1,1.1,1,25,1.5,2)). The results show that the propose charts are

highly sensitive to changes in the process parameters. For example, the ARL for the Max-
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CAM-3T chart reduced from 250, for IC state, to 3.53 when a shift & = 0.25 is introduced
in the process variance. Comparable reductions are observed across the other charts, with

the Max-CAM-y? having the least ARL of 2.31.

All charts yield relatively high ARL values when only the process variance experiences a
small shift in the variance (6 = 0.9). However, the ARLs decrease significantly when the
shift is accompanied by even a small change in the process mean. For instance, with a joint
shift of (§,0) = (0.2,0.9) the ARL for the SS-CAM-4T chart decreases by approximately

80%, from 250 to as low as 47.88.

In terms of the MDRL, all the charts show exhibit almost similar behavior across different
shift combinations. In almost all the cases, ARL > MDRL indicating that the RL
distribution of the chart is positively skewed. For example, when § = 0.2 and 6 = 1.25,
the Max-CAM-3T has ARL = 13.33 and MDRL = 11, and SS-CAM-3T has 12.39 and 10

respectively

It’s also seen that the SDRL values drop as the magnitude of the shifts increases, which
shows that the charts tend to perform more consistently when detecting moderate to large

shifts in the parameters of the process.

Overall, none of the proposed charts consistently outperforms the others across all
scenarios. However, the charts that use the three-parameter transformation (Max-CAM-3T
and SS-CAM-3T) appear to be more efficient than others when detecting moderate changes
in the process variability. Moreover, for § > 0.5 and 6 is moderate to large, the

performance of all six charts is nearly identical.
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Table 5.1. (ARL, SDRL, MDR) values of the six proposed charts for different shifts in the process mean (§) and variance (6).
ARLy = 250,k =0.5

Chart

0

[

0.00

0.10

0.20 0.30

0.40

0.50

0.75 1.00 1.25 1.5 2.00 3.00

Max-3T

Max-4T

Max-y?

SS-3T

0.25
0.50
0.75

1.10
1.25
1.50
1.75
2.00

0.25
0.50
0.75

1.10
1.25
1.50
1.75
2.00

0.25
0.50
0.75

1.10
1.25
1.50
1.75
2.00

0.25
0.50
0.75

(3.53,0.51,4)
(6.61,1.66,6)
(23.44,11.87,21)

(61.77,56.79,45)
(15.95,12.11,13)
(5.67,3.81,5)
(3.27,2.06,3)
(2.32,1.37.2)

(3.01,0.34,3)
(6.04,1.77,6)
(22.77,12.14,20)

(64.85,59.89.47)
(16.41,12.50,13)
(5.75,3.90,5)
(3.28,2.10,3)
(2.31,1.39,2)

(2.31,0.60,2)
(5.75,2.03,6)
(22.89,12.80,21)

(70.81,65.44,51)
(17.48,13.23,14)
(6.01,4.05,5)
(3.40,2.17.3)
(2.38,1.43.2)

(4.42,0.50,4)
(8.22,1.88,8)
(27.38,12.95,25)

(3.53,0.51,4)
(6.61,1.65.6)

(23.37,11.78,21)  (22.12,10.55,20) (17.92,7.47,17) (13.01,5.13,12)
0.90 (205.66,192.73,147) (144.25,131.71,104) (52.83,41.35.,41) (23.27,14.12,20) (13.71,7.09,13)
1.00 (250.60,245.84,175) (135.21,128.38,96) (46.97,38.76,36) (21.81,14.62,19) (13.11,7.60,12)
(50.06,44.76,37)  (30.25,24.49,24) (18.04,12.70,15) (11.86,7.49,10)

(15.19,11.45,12)
(5.60,3.76,5)
(3.25,2.04,3)
(2.31,1.36,2)

(3.01,0.34,3)
(6.04,1.77.6)

(22.70,12.07,20) (21.51,10.82,20) (17.49,7.62,17) (12.80,5.15,12)
0.90 (185.10,173.42,132) (134.31,122.71,97) (51.78,40.53,40) (23.16,14.03,20) (13.71,7.08,13)
1.00 (249.61,245.03,174) (135.55,128.80,96) (47.18,38.99,36) (21.88,14.67,19) (13.15,7.63,12)
(52.00,46.65,38)  (30.91,25.13,24) (18.24,12.87,15) (11.95,7.55,10)

(15.64,11.79,13)
(5.68,3.86,5)
(3.26,2.09.3)
(2.30,1.38,2)

(2.31,0.60,2)
(5.75,2.03.6)

(22.81,12.74,21) (21.63,11.42,20) (17.54,8.00,17) (12.85,5.33,12)
0.90 (170.25,160.43,121) (128.72,118.56,93) (51.84,40.80,40) (23.40,14.20,21) (13.90,7.18,13)
1.00 (250.60,246.77,175) (138.52,131.63,98) (48.34,39.82,37) (22.31,14.87,19) (13.41,7.74,12)
(56.15,50.44,41) (32.54,26.43,25) (18.89,13.28,16) (12.29,7.71,11)

(3.53,051,4)  (3.53,0.51,4)
(6.61,1.65.6)  (6.60,1.65,6)

(13.33,9.74,11)  (10.91,7.61,9)
(5.40,3.61,5)  (5.10,3.37.4)
(320,2.01,3)  (3.12,1.94,3)
(229,1.352)  (2.26,1.32.2)

(3.01,0.343)  (3.01,0.34,3)
(6.04,1.77.6)  (6.04,1.77,6)

(13.65,9.98,11) (11.11,7.76,9)
(5473.685)  (5.163.454)
(320,2.053)  (3.12,1.99.3)
(228,1372)  (2.25,1.34,2)

(231,0.60.2)  (2.31,0.60,2)
(5.742.03.6)  (5.74,2.03,6)

(3.53,0.51,4)
(6.58,1.63,6)

(8.70,5.78,7)
(4.71,3.07,4)
(3.01,1.86,3)
(2.22,1.29.2)

(3.01,0.34,3)
(6.02,1.74,6)

(8.82,5.89,8)
(4.75,3.13.4)
(3.01,1.90,3)
(2.20,1.31,2)

(2.31,0.60,2)
(5.73,2.00,6)

(16.60,12.44,14) (14.38,10.43,12) (11.64,8.08,10) (9.18,6.08.8)

(5.93,3.99,5)
(3.39,2.16,3)
(2.37,1.42.2)

(4.39,0.50,4)
(8.09,1.87.8)
(25.80,12.40,24)

(5.72,3.8355)  (5.37.3.56.,5)
(3332.123)  (3.23,2.05.3)
(235,1.412)  (2.32,1.38.2)

(426,0454)  (4.07,0.33.4)
(7.60,1.78,7)  (6.83,1.59,7)

(20.87,9.99,19) (15.16,6.55,14) (11.17,4.37,11)

(4.94,3.24.4)
(3.12,1.95.3)
(2.27,1.34,2)

(3.85,0.40,4)
(6.01,1.37,6)

(3.53,0.51,4)
(6.39,1.49,6)
(9.33,3.65,9)
(9.31,4.53,9)
(9.01,4.87.8)
(8.47,5.00,8)
(6.94,4.40,6)
(4.29,2.75.4)
(2.87,1.76,2)
(2.16,1.25.2)

(3.01,0.34,3)
(5.88,1.61,6)
(9.25,3.63,9)
(9.31,4.53,9)
(9.03,4.88.8)
(8.50,5.01,8)
(7.01,4.47,6)
(4.32,2.80.4)
(2.88,1.79.2)
(2.15,1.26,2)

(2.31,0.60,2)
(5.60,1.86,5)
(9.31,3.72,9)
(9.46,4.58,9)
(9.21,4.94,8)
(8.71,5.10,8)
(7.23,4.58,6)
(4.49,2.89.4)
(2.98,1.85,3)
(2.21,1.30,2)

(3.47,0.50,3)
(5.24,1.19,5)
(8.52,3.15.8)

(3.52,0.50,4) (2.86,0.39,3) (2.01,0.15,2) (1.59,0.49,2) (1.00,0.00,1) (1.00,0.00,1)
(4.55,1.09,5) (2.88,0.74,3) (2.04,0.50,2) (1.55,0.51,2) (1.02,0.13,1) (1.00,0.00,1)
(4.71,1.79,5) (2.91,1.06,3) (2.06,0.72,2) (1.57,0.57,2) (1.08,0.27,1) (1.00,0.00,1)
(4.67,2.10,4) (2.92,1.23,3) (2.07,0.83,2) (1.60,0.62.2) (1.12,0.33,1) (1.00,0.01,1)
(4.62,2.27,4) (2.92,1.34,3) (2.09,0.90,2) (1.62,0.66.2) (1.15,0.36,1) (1.00,0.02,1)
(4.52,2.40,4) (2.91,1.43,3) (2.10,0.96,2) (1.64,0.70,2) (1.17,0.39,1) (1.00,0.04,1)
(4.21,2.43,4) (2.84,1.51,3) (2.10,1.03,2) (1.66,0.75.2) (1.21,0.42,1) (1.00,0.06,1)
(3.30,2.00,3) (2.54,1.43,2) (2.01,1.05,2) (1.65,0.80,1) (1.25,0.47,1) (1.01,0.11,1)
(2.51,1.48.2) (2.14,1.20,2) (1.83,0.96,2) (1.59,0.77,1) (1.26,0.50,1) (1.03,0.16,1)
(2.00,1.12,2) (1.82,0.98,2) (1.64,0.84,1) (1.48,0.71,1) (1.25,0.49,1) (1.04,0.19,1)

(3.01,0.34,3) (2.81,0.40,3) (2.01,0.15,2) (1.60,0.49,2) (1.00,0.00,1) (1.00,0.00,1)
(4.41,1.06,4) (2.87,0.73,3) (2.04,0.50,2) (1.56,0.51,2) (1.02,0.13,1) (1.00,0.00,1)
(4.71,1.78,5) (2.92,1.06,3) (2.06,0.72,2) (1.57,0.57.2) (1.08,0.27,1) (1.00,0.00,1)
(4.68,2.10,4) (2.93,1.23,3) (2.08,0.83,2) (1.60,0.62,2) (1.12,0.33,1) (1.00,0.01,1)
(4.63,2.28.4) (2.93,1.34,3) (2.09,0.90,2) (1.62,0.66,2) (1.15,0.36,1) (1.00,0.02,1)
(4.53,2.41,4) (2.92,1.43,3) (2.10,0.96,2) (1.64,0.70,2) (1.17,0.39,1) (1.00,0.04,1)
(4.22,2.45.4) (2.85,1.52,3) (2.10,1.03,2) (1.66,0.75.2) (1.21,0.43,1) (1.00,0.07,1)
(3.31,2.02,3) (2.54,1.44,2) (2.01,1.06,2) (1.65,0.80,1) (1.25,0.47,1) (1.01,0.11,1)
(2.50,1.50,2) (2.13,1.21,2) (1.82,0.97,2) (1.58,0.77,1) (1.26,0.49,1) (1.03,0.16,1)
(1.99,1.13,2) (1.80,0.98,2) (1.63,0.84,1) (1.47,0.71,1) (1.24,0.49,1) (1.04,0.19,1)

(2.31,0.60,2) (2.25,0.55,2) (1.95,0.26,2) (1.62,0.49,2) (1.00,0.01,1) (1.00,0.00,1)
(4.29,1.16,4) (2.87,0.74,3) (2.06,0.51,2) (1.58,0.50,2) (1.02,0.14,1) (1.00,0.00,1)
(4.77,1.80,5) (2.96,1.07,3) (2.09,0.73,2) (1.59,0.57.2) (1.09,0.28,1) (1.00,0.00,1)
(4.76,2.12,4) (2.97,1.24,3) (2.11,0.84,2) (1.62,0.63.2) (1.13,0.34,1) (1.00,0.01,1)
(4.71,2.30,4) (2.97,1.35,3) (2.12,0.91,2) (1.64,0.67.2) (1.16,0.37,1) (1.00,0.02,1)
(4.62,2.45.4) (2.96,1.45,3) (2.13,0.97,2) (1.66,0.71,2) (1.18,0.40,1) (1.00,0.04,1)
(4.32,2.49.4) (2.90,1.54,3) (2.13,1.05,2) (1.68.,0.76,2) (1.21,0.43,1) (1.00,0.07,1)
(3.41,2.08,3) (2.60,1.48,2) (2.05,1.08,2) (1.68,0.81,1) (1.26,0.48,1) (1.01,0.12,1)
(2.58,1.54,2) (2.19,1.24,2) (1.86,0.99,2) (1.60,0.79,1) (1.27,0.51,1) (1.03,0.16,1)
(2.04,1.16,2) (1.85,1.01,2) (1.66,0.86,1) (1.50,0.72,1) (1.26,0.50,1) (1.04,0.20,1)

(2.90,0.31,3) (2.08,0.27,2) (1.99,0.12,2) (1.52,0.50,2) (1.00,0.01,1) (1.00,0.00,1)
(3.70,0.84,4) (2.69,0.62,3) (2.07,0.44.2) (1.69,0.47,2) (1.05,0.22,1) (1.00,0.00,1)
(4.87,1.68,5) (3.18,1.05,3) (2.30,0.73.,2) (1.78,0.58,2) (1.17,0.38,1) (1.00,0.01,1)

0.90 (208.13,193.96,149) (130.96,118.31,95) (49.04,37.57,38) (23.15,13.55,20) (14.31,7.05,13) (10.00,4.58,9) (5.22,2.18,5) (3.31,1.30,3) (2.36,0.88,2) (1.82,0.67,2) (1.23,0.42,1) (1.00,0.03,1)
1.00 (249.99,243.50,175) (131.41,123.19,94) (46.90,37.59,36) (22.66,14.56,20) (14.04,7.75,13) (9.82,5.03,9) (5.16,2.39.5) (3.30,1.42,3) (2.36,0.96.2) (1.82,0.71.2) (1.25,0.44,1) (1.00,0.04,1)
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[

Chart 6 0.00 0.10 0.20 0.30 0.40 0.50 0.75 1.00 1.25 1.5 2.00 3.00
T.10 (58.02,51.97,42)  (46.34,40.21,34) (28.32,22.13,22) (17.57,11.88,15) (11.96,7.21,11) (8.78,4.92,8) (4.88,2.454) (3.20,1.49,3) (2.33,1.01,2) (1.81,0.75,2) (1.26,0.46,1) (1.00,0.06,1)
125 (15.25,11.07,13)  (14.40,10.34,12) (12.39,8.63,10) (10.13,6.71,9) (8.18,5.14,7) (6.66,3.99,6) (4.24,2.31,4) (2.96,1.49,3) (2.23,1.05,2) (1.77,0.78,2) (1.28,0.48,1) (1.01,0.09,1)
150  (5.60,3.57.5) (5.52,3.51,5) (528,3.33,5)  (4.93,3.074) (4.52,2.784) (4.11,2.47,4) (3.18,1.81,3) (2.49,1.33,2) (2.01,1.00,2) (1.68,0.78,2) (1.28,0.49,1) (1.02,0.14,1)
175 (3.28,1.97.3) (3.26,1.95,3) (320,1.903)  (3.10,1.843)  (2.97,1.743) (2.83,1.64,2) (2.44,1.37.2) (2.09,1.11,2) (1.79,0.90,2) (1.56,0.74,1) (1.26,0.49,1) (1.03,0.17,1)
200 (234,1322) (2.33,1.32,2) (231,1302)  (227,1272) (222,1.242) (2.16,1.19.2) (1.98,1.06,2) (1.79,0.92,2) (1.61,0.79,1) (1.46,0.67,1) (1.23,0.47,1) (1.04,0.19,1)
SS-4T 025  (3.67,0.52,4) (3.65,0.53,4) (3.55,0.534)  (3.37,0493)  (3.19,0.403) (3.05,0.29,3) (2.48,0.50,2) (2.02,0.13,2) (1.93,0.25.2) (1.32,0.47,1) (1.00,0.00,1) (1.00,0.00,1)
0.50  (7.51,2.01,7) (7.39,1.99,7) (6.98,1.88,7)  (633,1.67.6) (5.63,1.44,5) (4.96,1.24,5) (3.57,0.86,4) (2.62,0.63,3) (2.04,0.44,2) (1.66,0.48,2) (1.05,0.22,1) (1.00,0.00,1)
075 (26.72,13.2624)  (25.18,12.67,23) (20.42,10.14,18) (14.90,6.65,14) (11.03,4.43,10) (8.43,3.20,8) (4.84,1.70,5) (3.17,1.06,3) (2.30,0.74,2) (1.78,0.58,2) (1.18,0.38,1) (1.00,0.01,1)
0.90 (192.43,179.34,137) (124.16,112.01,90) (47.88,36.68,37) (22.95,13.45,20) (14.24,7.05,13) (9.97,4.59,9) (5.23,2.19,5) (3.32,1.30,3) (2.37,0.88,2) (1.82,0.67,2) (1.23,0.42,1) (1.00,0.03,1)
1.00 (250.37,243.81,175) (131.65,123.32,94) (47.14,37.79,36) (22.75,14.60,20) (14.08,7.75,13) (9.86,5.04,9) (5.18,2.39,5) (3.31,1.42,3) (2.37,0.96.,2) (1.83,0.72,2) (1.25,0.44,1) (1.00,0.04,1)
1.10  (60.73,54.73,44)  (48.06,41.86,36) (29.04,22.70,23) (17.84,12.05,15) (12.12,7.30,11) (8.85,4.95.8) (4.92,2.47.5) (3.22,1.49,3) (2.34,1.02.2) (1.82,0.75,2) (1.27,0.46,1) (1.00,0.06,1)
125 (15.67,11.38,13)  (14.79,10.67,12)  (12.69,8.86,11) (10.33,6.87.9) (8.32,5.24,7) (6.75,4.05,6) (4.28,2.33,4) (2.99,1.50,3) (2.24,1.05.2) (1.78,0.79,2) (1.28,0.48,1) (1.01,0.09,1)
150 (5.66,3.66,5) (5.58,3.59,5) (5333415) (4.983.154) (4.562.844) (4.14,2.52,4) (3.20,1.83.3) (2.51,1.35,2) (2.02,1.02.2) (1.69,0.79,2) (1.28,0.50,1) (1.02,0.14,1)
175  (3.282.01,3) (3.25,2.00,3) (3.19,1.953)  (3.10,1.87.3)  (2.97,1.78,3) (2.82,1.67.2) (2.44,1.39,2) (2.09,1.13,2) (1.80,0.91,2) (1.57,0.74,1) (1.26,0.49,1) (1.03,0.17,1)
200 (2.32,1.34.2) (2.31,1.34,2) (229,1.32.2)  (225,1.292) (220,1.252) (2.14,1.21,2) (1.96,1.08,2) (1.78,0.93,2) (1.60,0.79,1) (1.45,0.67,1) (1.23,0.47,1) (1.04,0.19,1)
SS-x2 025  (2.84,0.67,3) (2.82,0.67.3) (2.78,0.653)  (2.69,0.63.3)  (2.58,0.60,3) (2.46,0.57,2) (2.12,0.442) (1.89,0.35,2) (1.63,0.48,2) (1.20,0.40,1) (1.00,0.00,1) (1.00,0.00,1)
050  (7.12,2.29,7) (7.01,2.26,7) (6.642.13.6)  (6.07,1.88,6) (5.43,1.61,5) (4.81,1.39,5) (3.50,0.94,3) (2.60,0.67,3) (2.03,0.48,2) (1.66,0.49,2) (1.06,0.23,1) (1.00,0.00,1)

075 (26.94,13.9525)  (25.38,13.31,23) (20.55,10.59,19) (15.01,6.89,14) (11.10,4.58,11)

(8.49,3.30,8)

(4.89,1.74,5) (3.21,1.08,3) (2.32,0.75,2) (1.80,0.59,2) (1.19,0.39,1) (1.00,0.01,1)

0.90 (182.85,171.39,131) (120.31,109.09,87) (47.74,36.73,37) (23.10,13.55,20) (14.39,7.15,13) (10.11,4.67,9) (5.29,2.22.,5) (3.36,1.32,3) (2.40,0.90,2) (1.84,0.67,2) (1.24,0.43,1) (1.00,0.03,1)
1.00 (249.96,243.54,175) (133.03,124.81,95) (47.81,38.30,37) (23.09,14.77,20) (14.31,7.85,13) (10.02,5.11,9) (5.26,2.43,5) (3.36,1.44,3) (2.40,0.97.2) (1.85,0.72,2) (1.26,0.45,1) (1.00,0.05,1)

1.10  (65.26,58.91,48)  (51.08,44.54,38) (30.26,23.66,24) (18.37,12.37,16) (12.39,7.40,11)

125 (16.49,11.92,14)  (15.56,11.14,13)

150 (5.91,3.78,5) (5.81,3.71,5)
175 (3.39,2.06,3) (3.37.2.05.3)
2.00  (2.39,1.38.2) (2.38,1.37.2)

(13.26,9.18,11)
(5.54,3.51,5)
(3.30,2.00,3)
(2.35,1.35,2)

(10.73,7.08,9)
(5.15,3.22.,4)
(3.19,1.92,3)
(2.31,1.33,2)

(8.58,5.36,7)
(4.72,2.90,4)
(3.06,1.83,3)
(2.26,1.29.2)

(9.05,5.03,8)
(6.94,4.13,6)
(4.27,2.58.4)
(2.91,1.71,3)
(2.20,1.24.2)

(5.00,2.50,5) (3.27,1.51,3) (2.37,1.03,2) (1.84,0.76.,2) (1.28,0.47,1) (1.00,0.07,1)
(4.37,2.37.4) (3.04,1.52,3) (2.28,1.07,2) (1.81,0.80,2) (1.29,0.49,1) (1.01,0.10,1)
(3.28,1.87.3) (2.56,1.37,2) (2.06,1.03,2) (1.71,0.80,2) (1.29,0.50,1) (1.02,0.14,1)
(2.50,1.42,2) (2.13,1.15,2) (1.82,0.93,2) (1.59,0.76,1) (1.27,0.50,1) (1.03,0.17,1)
(2.01,1.10,2) (1.81,0.95,2) (1.63,0.81,1) (1.47,0.69,1) (1.25,0.48,1) (1.04,0.19,1)

Table 5.1 (Continued)
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Table 5.2: Zero-state ARL Comparison of Proposed and Existing Charts.

Method
Max SS
Transformation Transformation
Chart & 0 x2 3T 4T x? 3T 4T
CAM 0.00 1.00 (250.60,246.77,175)(250.60,245.84,175) (249.61,245.03,174) (249.96,243.54,175)(249.99,243.50,175)(250.37,243.81,175)
0.20 1.00 (48.34,39.82,37) (46.97,38.76,36) (47.18,38.99,36) (47.81,38.30,37)  (46.90,37.59,36)  (47.14,37.79,36)
1.50 1.00 (1.64,0.67,2) (1.62,0.66,2) (1.62,0.66,2) (1.85,0.72,2) (1.82,0.71,2) (1.83,0.72,2)
0.00 0.75 (22.89,12.80,21) (23.44,11.87,21) (22.77,12.14,20) (26.94,13.95,25)  (27.38,12.95,25)  (26.72,13.26,24)
0.00 1.50 (6.01,4.05,5) (5.67,3.81,5) (5.75,3.90,5) (5.91,3.78,5) (5.60,3.57,5) (5.66,3.66,5)
0.20 0.75 (21.63,11.42,20) (22.12,10.55,20) (21.51,10.82,20) (20.55,10.59,19) (20.87,9.99,19) (20.42,10.14,18)
1.50 1.50 (1.68,0.81,1) (1.65,0.80,1) (1.65,0.80,1) (1.71,0.80,2) (1.68,0.78,2) (1.69,0.79,2)
EQL 17.10 16.80 16.74 17.38 17.14 17.11
(250.31,243.71, (250.12,243.41, (249.94,24297,175) (249.87,242.96, (250.10,243.69, (250.01, 243.00,
CUSUM 0.00 1.00 176) 175) 175) 175) 176)
0.20 1.00 (45.46,38.34,34) (44.97,37.93, 34) (45.06, 38.01, 34) (45.24, 38.14,34) (44.80,37.69, 33) (44.87,37.71, 34)
1.50 1.00 (2.33,0.54,2) (2.32,0.54, 2) (2.32,0.54,2) (2.38, 0.56, 2) (2.37,0.55,2) (2.37,0.55,2)
0.00 0.75 (21.34,13.54,18) (22.09, 13.14, 19) (21.34, 13.10, 18) (22.15,13.90, 19) (22.91, 13.51,19) (22.12,13.48, 19)
0.00 1.50 (6.92, 3.64, 6) (6.68, 3.49, 6) (6.72, 3.58, 6) (6.63, 3.48, 6) (6.41, 3.35, 6) (6.46, 3.44, 6)
0.20 0.75 (19.83,11.90,17) (20.50, 11.56, 18) (19.83, 11.55, 17) (19.27,11.54, 16) (19.81,11.20,17) (19.23, 11.16, 16)
1.50 1.50 (2.38,0.76, 2) (2.37,0.75,2) (2.36, 0.76, 2) (2.31,0.71,2) (2.29,0.71, 2) (2.29,0.71, 2)
EQL 17.51 17.46 17.35 17.36 17.31 17.21
(249.78,245.44,  (250.14,245.46, (250.67,246.45,175)  (250.00,245.31, (250.5,245.98,175) (250.28, 246.01,
EWMA 0.00 1.00 174) 175) 175) 175)
0.20 1.00 (48.13,42.51,35) (46.33,40.78, 34) (46.91, 41.32, 34) (48.25,42.70,35) (46.8,41.29,34) (47.22,41.59, 35)
1.50 1.00 (2.15,0.51,2) (2.13,0.51,2) (2.13,0.51,2) (2.23,0.53,2) (2.22,0.52,2) (2.22,0.52,2)
0.00 0.75 (24.81,18.78,19) (28.68,21.44,22) (25.6, 19.02, 20) (28.83,22.39,22) (34.69,26.96,27) (30.14,23.12,23)
0.00 1.50 (6.52, 3.80, 6) (6.21, 3.56, 5) (6.3,3.7,5) (6.32,3.67,5) (6.06,3.47,5) (6.12,3.57,5)
0.20 0.75 (22.73,16.55,18) (25.52,18.26, 20) (23.24, 16.59, 19) (18.95,12.94,15) (20.29, 13.6, 16) (19.1, 12.8, 16)
1.50 1.50 (2.17,0.75, 2) (2.14,0.74,2) (2.14,0.74,2) (2.11, 0.70, 2) (2.09, 0.69, 2) (2.1,0.7,2)
EQL 18.19 18.37 17.99 18.13 18.44
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5.4 Comparative Study

This Section evaluates the performance of the proposed charts against several existing
charts for joint monitoring, specifically the Max-CUSUM and Max-EWMA charts, which
are based on the parameter transformations discussed earlier. The ARL and CED are used
as performance criteria for specific shifts, while the EQL metric provides an overall
assessment of performance across a range of joint shifts in both the process mean and
variability. To ensure a fair comparison, following [48], the design parameters for the
competing charts are set as follows: For all proposed charts and CUSUM charts, k = 0.5;
for all EWMA charts, A = 0.2. Additionally, ARL, is fixed at 250, and the sample size is

setton = 5.

5.4.1 Zero-State Comparisons

Table 5.2 presents a detailed (ARL, SDRL, MDRL) comparison among the proposed and
CUSUM and EWMA charts, based on two methods (SS and Max) and three
transformations (3T, 4T, and Chi-square). Various shifts have been considered to compare
the charts' effectiveness in detecting changes in both the mean and variability of the
process. In particular, we have considered the following scenarios: small and moderate
shifts in the process location only (§ = 0.2,0.5,8 = 1); small and moderate shifts in the
process scale only (6 = 0,60 = 0.75,1.5); and hybrid and large shifts in the process

parameters (6 = 0.2,1.5,8 = 0.75, 1.5).
From Table 5.2, the following observations can be summarized:

e Max-CAM charts vs Max-CUSUM charts: The proposed Max-CAM charts show a

slight advantage over the Max-CUSUM charts in identifying moderate changes in
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the process mean and/or variability. For instance, when § = 1.5 and 6 = 1.0, the
ARL for the Max-CAM-3T is reduced by 99.35%, reaching 1.62, compared to the
99.07% reduction for the Max-CUSUM-3T, which has an ARL of 2.32. This is the
case when 6 = 1.5and 6 = 1.0. However, for minor changes such as § =
0.2 and 6 = 0.75, the Max-CUSUM charts slightly outperform the proposed Max-
CAM charts, though the difference remain minimal.

Max-CAM charts vs Max-EWMA charts: In most cases, the Max-CAM charts
consistently dominate the Max-EWMA charts in terms of lower ARL values for
both small and moderate changes in the mean and/or variance. The only exemption
is when § = 0.2 and 6 = 1, where both charts show similar performance. Though
the differences are mostly minor, there are certain cases that show a clear advantage.
For example, when § = 0 and 8 = 0.75, the ARL for the Max-CAM-3T is 23.44
while that of Max-EWMA-3T is 28.68, marking about 20% difference in ARL
reduction.

SS-CAM charts vs. SS-CUSUM charts: Similar to the Max-CAM the SS-CAM
charts demonstrate a slight advantage over SS-CUSUM charts in detecting
moderate shifts in the process mean and variability. For instance, under the x>
transformation with § = 1.5 and 8 = 1.5, the ARL for SS-CAM decreases by
99.32%, reaching 1.71, while SS-CUSUM shows a 99.08% reduction, with an
ARL of 2.31. This advantage is evident for 6=1.5 and 6=1.5. However, for smaller
shifts, such as § = 0.2 and 8 = 1, the SS-CUSUM charts perform slightly better

than SS-CAM, though the differences are marginal.
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e SS-CAM charts vs SS-EWMA charts: The SS-CAM charts uniformly outperform
the SS-EWMA charts for moderate changes in the process mean and/or variance.
However, for small shifts the SS-EWMA charts take the lead. For example, when
§ = 0.2and 8 = 0.75, the ARL for the SS-EWMA-y? is 18.95 while that of SS-
CAM-y? is 20.55, indicating a 92.42% and 91.78% ARL reduction for SS-

EWMA-y? and SS-CAM-y? respectively.

In a nutshell, the proposed Max-CAM and SS-CAM charts perform well, often better than
the Max-CUSUM and SS-CUSUM charts, especially when there are moderate changes in
the process mean and/or variability. These CAM-based charts detect shifts faster in most
situations, as indicated by low ARL values when larger shifts occur. The Max-CAM charts
mostly dominate the Max-EWMA charts, except for very small shifts, where both perform
well with the Max-EWMA charts having slight edge. Similarly, the SS-CAM charts
generally perform better than SS-EWMA for moderate shifts, though SS-EWMA has a
slight advantage with smaller shifts. Overall, CAM-based charts provide a balanced
approach to detecting shifts in process parameters, making them especially useful for

keeping processes stable when moderate shifts are important.

Because the exact shift in process parameters is usually not known beforehand, we have
also considered the overall performance of the charts across a range of shifts. In addition
to the ARL values, the EQL metric is also reported in Table 2. As expected, all the proposed
charts have lower EQL values compared to their CUSUM and EWMA counterparts. This
is an indication of the superiority of our proposals in detecting shifts efficiently. The lower

EQL values demonstrate the ability of the charts to maintain a quicker and more consistent
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response across a wide range of shifts rather than specific shifts. The inter proposal
comparison between the Max and SS-based CAM charts reveals that the Max CAM charts
are more efficient in general than their SS CAM counterparts. However, for the specific
shifts investigated in Table 5s.2, a mixed performance is observed with the two methods

outperforming each other for different shifts.

5.4.2 CED Comparisons

The steady-state metrics are usually more relevant than the zero-state because they better
reflects real-life scenarios. The zero-state condition assumes OOC at the start, however, in
practice the process stays IC for some time before a change in the process parameters
occurs, which aligns with the steady-state assumption. To this end, we have analyzed the
IC and OOC CED curves of the proposed charts using the same OOC shifts considered in
the zero-sate, and compared them with other competing charts at various change-points

T € [1,50]. The results are presented as plots in Figures 5.1 — 5.5.
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Figure 5.1: IC CED Curves of Proposed and Existing Charts




(a)5=02,0=1

(b)5=1.5,0=1

2 A
—  MaxCAMy’ %
— =+ MaxCAM-3T o~ N
o~ Ny
---- Max-CAM-4T e e s et S e e
s=c=  MaxCUSUM
— —  MsxCUSUM-3T
Max-CUSUM-4T o_|
o
== B e ncacvsnc o SRR o
g 24
i oy et s oy e o sy 0| T T e e s s s s s e e
> _| -
- e s T S e ST -
I I T I T I I T
30 40 50 10 20 30 40 50
T T

o]
o
& :
o .
©
o
ST XN R
[m)]
L
O o
.................................... ©
&
A .
b 75} N s e e e S S S S S S e e e S
- s ] P i e e e e
15
T T T T T T T I T T
10 20 30 40 50 10 20 30 40 50
T T
(€)5=02,06=075 f)5=150=15
o
~
< _|
[
\‘.
- kY
o7 ~ S~
o ui\h"":/::.‘.:':‘f ________ bkt ez oo e e ey
D ____________________
Bai \ T -
o ®_|
'-\ ————————————————
L e T o o o e e o (e e e o e
R L R TR A OO . ———— ©_|
©_| -
T T T T T T T I T T
10 20 30 40 50 10 20 30 40 50
T T

Figure 5.2: OOC CED Curves of Max-CAM and Max-CUSUM Charts.
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In the IC state (Figure 5.1), all the charts show a reduction in ARL,, indicating an increased
false alarm rate in the steady-state. The CUSUM charts are the most aftfected, followed by
the proposed charts, while the EWMA charts are the least impacted. Overall, charts based

on the sum of squares method are more affected than their Max counterparts.

Figures 5.2 and 5.3 compare the OOC CED curves of the proposed CAM charts with the
CUSUM charts for various small and moderate shifts, while Figures 5.4 and 5.5 show the
comparison with the EWMA charts. In the OOC state, all charts exhibit a slight reduction

in ARL; as T increases, reflecting good steady-state performance.

The proposed charts perform better than CUSUM charts for moderate shifts. Specifically,
when § = 1.5 and/or 8 = 1.5, the CUSUM charts are less effective compared to the
proposed charts. However, for smaller shifts, such as § = 0.2 and 8 = 0.75, the CUSUM
charts perform better. The CED comparisons with EWMA charts in Figures 4 and 5 show
that the proposed charts generally outperform EWMA charts, with consistently lower CED

values, except in cases of small shifts.

5.5 Real-world Example

As a common practice of studies on control charts, this section includes a practical
industrial example using real-life data to illustrate the implementation and applicability of
the proposed charts. The example is based on a study by [80] on predicting the electrical
power output of a certain Combined Cycle Power Plant (CCPP). The plant combines gas
and steam turbines to improve power generation. The data is taken in six-year time period

with 9,568 hourly records covering four critical variables: ambient temperature (AT),
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atmospheric pressure (AP), relative humidity (RH), and vacuum (V). The study used

Machine learning models to predict power output based on these variables.

In this example, the AP variable is used as the important characteristic to be monitored. For
brevity, we have considered the first 600 AP measurements as IC data and estimated the IC
process parameters as follows: py = 1013.55 and o, = 5.82. The normality and
independence assumptions were validated through the Anderson-Darling test (p-value =

0.4765) and the Ljung-Box test (p-value = 0.7782), respectively.

To set up the charts, 20 phase I samples, each of size 5, were taken from the IC data, and
an additional 10 phase II samples in the first case (Figure 5.6a) were generated under an
OOC condition with a joint minor shift of § = 0.2 in the mean and 8 = 0.75 in the variance
of the process. In the second case (Figure 5.6b) 30 additional samples were generated with
the moderate joint shifts § = 1.25and 6 = 1.25. For CAM and CUSUM charts, the
reference parameters are k; = k, = 0.5,and threholds are h; = 5.05 and h; = 3.453,
respectively. For EWMA chart, 4 = 0.2 and limit coeffecient L; = 3.036. Note that the
control limits for all of the charts are selected to achieve ARL, = 250. Since the
performance of the charts under different transformations and methods are comparable, we
have set up all charts using the popular transformation, V, ; given in equation (2) under the

Max method.

As shown in Figure 5.6, all control charts confirmed the process was IC for the first 20
samples, corresponding to the Phase I dataset, indicating no false alarms. For small shifts
in the process parameters (Figure 5.6a), the EWMA and CAM charts were the first to signal

OOC conditions at sample 45, while the CUSUM chart issued its signal at sample 48. In
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total, both the CUSUM and EWMA charts identified only two OOC samples, whereas the
proposed CAM chart detected six samples, which demonstrated its superiority in this
scenario. However, when moderate shifts were introduced in the process parameters
(Figure 5.6b), all charts issued their first alarms at sample 23 and detected the same eight

OOC conditions.

The two cases showed that the proposed charts outperform their alternatives in detecting

moderate changes in process parameters and remain competitive for small changes.

118



(@) 5=02,6=0.75
CAM

(b) 5=1.25,6=1.25
CAM

Plotting Statistic
25

I [ I
10 15 20 25

T
0 10 20 30 40 50 0
Sample number Sample number
CUSUM CUSUM

Plotting Statistic

Sample number

EWMA

- =
10 15 20 25
Sample number

EWMA

30

Plotting Statistic
06

04

0.2

Control limit

| T
0 10 20 30 40 50 0
Sample number

T T
20 25

T T
10 15
Sample number

Figure 5.6: Application of Proposed and Existing Charts on Real Data

5.6 Chapter 5 Conclusion

In this chapter, six new memory-based control charts were proposed for the joint
monitoring of process location (mean) and dispersion (variance) parameters. These charts,

referred to as CAM charts, were developed using two methods—the maximum method and
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the sum of squares method—and incorporated three different variance transformations:
chi-square transformation, three-parameter transformation, and four-parameter
transformation. The Monte Carlo simulation method was employed to evaluate the run-
length characteristics of the proposed charts. The charts' specific and overall performance
under both zero- and steady-state conditions was assessed using average run length,
conditional expected delay curves, and extra quadratic loss metrics. The findings showed
that the CAM charts are highly sensitive to all types of shifts in process parameters.
Comparative analysis showed that the CAM charts often outperformed existing
alternatives, such as joint CUSUM and EWMA schemes, especially for moderate shifts in
the process mean and/or variance. Additionally, the proposed charts have lower EQL values

than the CUSUM and EWMA charts, indicating they have better overall performance.

To demonstrate the applicability of the proposed charts, an example using real data from a
combined cycle power plant (CCPP) was provided to monitor joint shifts in a critical
variable of interest and compare the results with some competing schemes. The example
showed that the proposed charts were better than their counterparts in detecting moderate

changes in the parameters.
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CHAPTER 6

CONCLUSION

6.1 SUMMARY

Statistical Process Control (SPC) is the primary technique employed to attain process
stability and ensure the production and delivery of high-quality goods and services. Control
charts are highly effective in identifying assignable causes and are simple to implement.
This thesis has explored various charting schemes in Statistical Process Control,
specifically memory-type parametric control charts for monitoring process parameters.
Chapters 1 and 2 presented the background of the study and comprehensively reviewed
scholarly contributions on process monitoring using control charts. Chapter 3 reevaluated
the performance of the MEC chart in zero-state and steady-state scenarios. The results
through EQL and AEL measures showed that the MEC chart has good performance across
arange of shift. The chapter also provides optimal parameters for specific target shifts were
provided as a guide for quality practitioners. A practical example was used to show the
construction of the chart.

In Chapter 4, a new control chart was proposed for monitoring shifts in the process variance
using a three-parameter transformance of the sample variance. The performance of the
proposed chart was assessed in zero- and steady-state scenarios through ARL and EQL
metrics. The Chapter also provided optimal parameters of the proposed chart to aid
practitioner in setting up the proposed chart. The comparison of the proposed chart with

some existing alternatives showed that the proposed chart outperformed other in the zero-
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state and has comparable performance in the steady-state. Two examples using real and
simulated data that are included to show the practical implementation of the proposed chart.
In Chapter 5, six new control charts were developed for monitoring of process mean and
variance simultaneously using a single chart. The charts were constructed using two
methods—the maximum method and the sum of squares method—and incorporated three
different variance transformations: chi-square transformation, three-parameter
transformation, and four-parameter transformation. The chapter presented the performance
evaluation of the proposed charts and compared them with selected alternatives. The new
charts were found to outperform their competitors in detecting moderate shifts in either
one or both parameters. An example in industrial setting was provided to demonstrate the

applicability of the proposed charts.
6.2 RECOMMENDATION

In Chapter 4, the three-parameter transformation of the sample variance was employed,
further research could explore the four-parameter transformation to potentially improve the
performance of the proposed chart. Additionally, the effectiveness of other versions of the
proposed chart, such as a one-sided chart or one using untransformed sample variance,
could be assessed and compared with other charts monitoring process dispersion.

Additionally, future studies may investigate the effects of sample size and parameter
estimations on the proposed charts in Chapter 5. Also, this study assumes normal

distribution, other non-normal or distribution-free methods could be explored.
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APPENDICES

Appendix A (Distribution of CAM statistic)

The distribution of CAM; statistic conditional on CUSUM;_4, is normal.

Proof: The CAM; statistic for the negative CUSUM case is defined as:

1 1
CAMt_ = FVt + <1 - F) CAMt__l.
t t

where D; is the number of consecutive samples for which CUSUM;_; > 0. Since V;
represents one the standardized transformations in equations (5.2), (5.4), and (5.6), then V;

observations are independent and standard normal:
V:~N(0,1).

The CAM statistic is a linear combination of normally distributed random variables. By the
properties of linear combinations of normal variables, any such combination of

independent normal random variables will also follow a normal distribution.

Thus, since CAM; is a weighted average of V¢, it follows a normal distribution. Therefore,

given CUSUM;_,, CAM; follows a normal distribution:

CAM; |cusumz, ~N (cam= éam-)-
By similar reasoning, the CAM, statistic for the positive CUSUM is also normal.
Lemma A.1: Conditional Mean of CAM; given CUSUM;_; is 0.
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Proof: We begin by representing the CAM statistic as the average of the previous Dy

values of V starting from when the last CUSUM was zero:

t

1
CAM¢ |cusumy, = D= Z Vin-
Y m=t—D;+1

Next, we apply the expectation operator as f:

t

1
IE(CAMt_|CUSUMt__1) == Z E(V).
b m=t-D;+1

Substituting E(V,) = 0, yields:

1
IE(CAMt_|CUSUMt__1) == Z (0).
t

m=t—DI_(t)+1

[E(CAMt_|CU5UM{_1) =0
Lemma A.2: For a given CUSUM;_,, the conditional variance of CAM; is Di_.
t

Proof: By representing the CAM statistic as the average of the previous D; values of V

starting from when the last CUSUM was zero and applying the variance, we have:

_ 1 ;
V(cAM; |CUSUM{_1) = (D—)ZW Z m |
t

m=t—D; +1

The variance of a sum of independent random variables V;, is the sum of their variances.

Thus:
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t t

1 1
W(CAMt_|CUSUM{_1) =07 Z V() = —= Z (D.
(D(j)) m=t-D; +1 m=t—D; +1

The summation from ¢t — D, + 1 to t is performed D; times. Therefore,

V(CAMt_|CUSUM;_1) = [Df (1]

L
(Dy)?

Lemma A.3: By following the same approach, the distribution of CAM; statistic

conditional on the positive CUSUM}"_,, is given as:

1
CAM;—'CUSUM;_l'VN (O' D_t+>

Appendix B (Effects of the Design Parameter on the Proposed Charts)
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Table B1. (ARL, SDRL, MDR) values of the six proposed CAM charts for different shifts in the process mean (§) and variance (8). ARL, = 250 and

[
Chart 6 0.00 0.10 0.20 0.30 0.40 0.50 0.75 1.00 1.25 1.5 2.00 3.00
Max- 0.25 (3.38,0.49,3) (3.38,0.49,3) (3.38,0.49,3) (3.38,0.49,3) (3.38,0.49,3) (3.38,0.49,3) (3.36,0.48,3) (2.79,0.43,3) (2.00,0.15,2) (1.50,0.50,1) (1.00,0.00,1) (1.00,0.00,1)
3T
0.50 (6.41,1.64,6) (6.41,1.64,6) (6.41,1.64,6) (6.41,1.63,6) (6.38,1.60,6) (6.19,1.47,6) (4.40,1.07,4) (2.80,0.73,3) (1.99,0.50,2) (1.50,0.51,2) (1.01,0.11,1) (1.00,0.00,1)
0.75 (21.96,9.68,21) (21.89,9.62,21) (20.90,8.92,20) (17.27,6.93,16) (12.66,5.01,12) (9.09,3.60,9) (4.59,1.77,4) (2.84,1.04,3) (2.00,0.71,2) (1.53,0.56,1) (1.07,0.25,1) (1.00,0.00,1)
0.90 (112.50,83.53,91) (86.20,59.01,73) (41.40,23.53,38) (21.89,11.67,20) (13.42,6.86,12) (9.12,4.50,8) (4.56,2.08,4) (2.85,1.22,3) (2.02,0.82,2) (1.56,0.61,1) (1.11,0.31,1) (1.00,0.01,1)
1.00 (250.43,244.34,176) (111.51,95.75,86) (40.40,27.11,35) (20.89,12.70,19) (12.90,7.41,12) (8.87,4.87,8) (4.51,2.26,4) (2.85,1.32,3) (2.04,0.89,2) (1.58,0.65,2) (1.13,0.34,1) (1.00,0.02,1)
1.10 (60.04,51.71,46) (48.52,39.98,38) (29.39,21.69,24) (17.86,12.09,15) (11.76,7.46,10) (8.36,5.02,7) (4.42,2.40,4) (2.84,1.41,3) (2.05,0.94,2) (1.60,0.69,1) (1.16,0.37,1) (1.00,0.03,1)
1.25 (16.11,12.17,13) (15.43,11.61,13) (13.49,9.97,11) (11.01,7.87,9) (8.69,5.95,7) (6.87,4.50,6) (4.12,2.43,4) (2.78,1.49,2) (2.05,1.01,2) (1.63,0.74,1) (1.19,0.41,1) (1.00,0.06,1)
1.50 (5.61,3.91,5) (5.55,3.86,5) (5.34,3.69,4) (5.03,3.44,4) (4.65,3.13,4) (4.22,2.79,4) (3.23,2.00,3) (2.48,1.42,2) (1.97,1.04,2) (1.62,0.78,1) (1.23,0.46,1) (1.01,0.11,1)
1.75 (3.21,2.07,3) (3.19,2.05,3) (3.14,2.02,3) (3.05,1.95,3) (2.95,1.86,2) (2.82,1.76,2) (2.45,1.47,2) (2.10,1.19,2) (1.79,0.95,2) (1.56,0.76,1) (1.25,0.48,1) (1.02,0.15,1)
2.00 (2.27,1.36,2) (2.26,1.35,2) (2.24,1.33,2) (2.21,1.31,2) (2.17,1.27,2) (2.12,1.24,2) (1.96,1.10,2) (1.78,0.96,2) (1.61,0.82,1) (1.46,0.69,1) (1.23,0.48,1) (1.03,0.18,1)
Max- 0.25 (2.93,0.39,3) (2.93,0.39,3) (2.93,0.39,3) (2.93,0.39,3) (2.93,0.39,3) (2.93,0.39,3) (2.93,0.38,3) (2.70,0.46,3) (2.00,0.14,2) (1.51,0.50,2) (1.00,0.00,1) (1.00,0.00,1)
4T '
0.50 (5.86,1.75,6) (5.87,1.75,6) (5.86,1.75,6) (5.86,1.75,6) (5.84,1.72,6) (5.70,1.59,6) (4.26,1.04,4) (2.79,0.72,3) (1.99,0.50,2) (1.51,0.51,2) (1.01,0.11,1) (1.00,0.00,1)
0.75 (21.44,10.05,20) (21.36,10.03,20) (20.41,9.24,19) (16.88,7.09,16) (12.45,5.04,12) (9.01,3.59,9) (4.58,1.76,4) (2.84,1.04,3) (2.01,0.71,2) (1.53,0.56,2) (1.07,0.25,1) (1.00,0.00,1)
0.90 (110.46,83.70,90) (84.97,59.30,72) (41.05,23.58,37) (21.81,11.68,20) (13.40,6.85,12) (9.12,4.49,8) (4.57,2.08,4) (2.85,1.22,3) (2.03,0.82,2) (1.56,0.61,2) (1.11,0.31,1) (1.00,0.01,1)
1.00 (250.05,244.08,176) (111.70,96.11,86) (40.57,27.20,35) (20.92,12.73,19) (12.92,7.43,12) (8.89,4.88,8) (4.52,2.26,4) (2.86,1.32,3) (2.04,0.89,2) (1.58,0.65,2) (1.13,0.35,1) (1.00,0.02,1)
1.10 (62.24,53.38,48) (49.84,40.81,40) (29.86,21.93,25) (18.05,12.20,15) (11.84,7.51,10) (8.40,5.05,7) (4.44,2.40,4) (2.84,1.42,3) (2.05,0.95,2) (1.60,0.69,1) (1.16,0.37,1) (1.00,0.03,1)
1.25 (16.52,12.43,14) (15.81,11.86,13) (13.77,10.18,11) (11.20,8.01,9) (8.80,6.03,7) (6.93,4.55,6) (4.13,2.45,4) (2.78,1.50,2) (2.05,1.02,2) (1.63,0.74,1) (1.19,0.41,1) (1.00,0.06,1)
1.50 (5.69,3.99,5) (5.61,3.93,5) (5.41,3.77,5) (5.09,3.52,4) (4.70,3.19,4) (4.26,2.84,4) (3.24,2.02,3) (2.48,1.43,2) (1.97,1.04,2) (1.62,0.78,1) (1.23,0.46,1) (1.01,0.11,1)
1.75 (3.22,2.11,3) (3.20,2.09,3) (3.15,2.06,3) (3.06,1.99,3) (2.95,1.90,2) (2.82,1.79,2) (2.45,1.49,2) (2.09,1.20,2) (1.79,0.95,2) (1.55,0.76,1) (1.24,0.48,1) (1.02,0.15,1)
2.00 (2.27,1.38,2) (2.26,1.37,2) (2.24,1.35,2) (2.20,1.33,2) (2.16,1.29,2) (2.11,1.25,2) (1.95,1.12,2) (1.77,0.97,2) (1.60,0.82,1) (1.45,0.69,1) (1.23,0.47,1) (1.03,0.18,1)
MaZX- 0.25 (2.24,0.59,2) (2.24,0.59,2) (2.24,0.59,2) (2.24,0.59,2) (2.24,0.59,2) (2.24,0.59,2) (2.24,0.59,2) (2.17,0.53,2) (1.93,0.28,2) (1.51,0.50,2) (1.00,0.00,1) (1.00,0.00,1)
X
0.50 (5.57,2.00,5) (5.57,2.00,5) (5.57,2.00,5) (5.57,2.00,5) (5.55,1.97,5) (5.42,1.83,5) (4.13,1.14,4) (2.78,0.73,3) (2.00,0.50,2) (1.53,0.51,2) (1.01,0.12,1) (1.00,0.00,1)
0.75 (21.55,10.67,20) (21.45,10.62,20) (20.49,9.77,19) (16.90,7.46,16) (12.46,5.22,12) (9.03,3.67,9) (4.63,1.78,4) (2.87,1.05,3) (2.03,0.72,2) (1.55,0.56,2) (1.07,0.26,1) (1.00,0.00,1)
0.90 (110.31,85.58,89) (85.07,60.81,72) (41.28,24.05,37) (22.00,11.84,20) (13.54,6.93,13) (9.23,4.54,9) (4.62,2.10,4) (2.88,1.23,3) (2.05,0.83,2) (1.58,0.62,2) (1.11,0.32,1) (1.00,0.01,1)
1.00 (250.06,245.18,175) (113.46,97.56,87) (41.12,27.48,36) (21.24,12.87,19) (13.12,7.50,12) (9.01,4.92,8) (4.58,2.28,4) (2.89,1.34,3) (2.07,0.89,2) (1.60,0.66,2) (1.14,0.35,1) (1.00,0.02,1)
1.10 (66.06,56.30,51) (52.53,42.74,42) (30.97,22.55,26) (18.53,12.43,16) (12.12,7.63,11) (8.57,5.12,8) (4.50,2.43,4) (2.88,1.43,3) (2.08,0.95,2) (1.62,0.69,2) (1.16,0.38,1) (1.00,0.03,1)
1.25 (17.41,12.93,14) (16.59,12.27,14) (14.44,10.54,12) (11.65,8.26,10) (9.10,6.20,8) (7.14,4.66,6) (4.23,2.50,4) (2.82,1.52,3) (2.08,1.03,2) (1.64,0.75,2) (1.20,0.42,1) (1.00,0.06,1)
1.50 (5.93,4.12,5) (5.85,4.05,5) (5.63,3.89,5) (5.28,3.62,4) (4.86,3.28,4) (4.40,2.92,4) (3.32,2.07,3) (2.53,1.46,2) (2.00,1.06,2) (1.64,0.80,1) (1.24,0.47,1) (1.01,0.11,1)
1.75 (3.33,2.17,3) (3.31,2.16,3) (3.25,2.12,3) (3.16,2.04,3) (3.04,1.95,3) (2.91,1.84,2) (2.52,1.53,2) (2.14,1.23,2) (1.82,0.97,2) (1.57,0.77,1) (1.25,0.49,1) (1.02,0.16,1)
2.00 (2.33,1.41,2) (2.32,1.41,2) (2.30,1.39,2) (2.26,1.36,2) (2.22,1.33,2) (2.16,1.28,2) (1.99,1.15,2) (1.81,0.99,2) (1.63,0.84,1) (1.47,0.71,1) (1.24,0.48,1) (1.04,0.19,1)
SS-3T 0.25 (4.42,0.50,4) (4.36,0.49,4) (4.22,0.42,4) (4.07,0.32,4) (3.86,0.40,4) (3.47,0.50,3) (2.90,0.31,3) (2.08,0.27,2) (1.99,0.12,2) (1.53,0.50,2) (1.00,0.00,1) (1.00,0.00,1)
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[

Chart 6 0.00 0.10 0.20 0.30 0.40 0.50 0.75 1.00 1.25 1.5 2.00 3.00
Max- . (3.38,0493) (3.38,0.49,3) (3.38,049,3)  (3.38,0.49,3)  (3.38,049,3)  (3.38,0.49,3) (3.36,0.48,3) (2.79,0.43,3) (2.00,0.15,2) (1.50,0.50,1) (1.00,0.00,1) (1.00,0.00,1)
3T
050  (8.19,1.87,8) (8.01,1.83,8) (751,1.71,7)  (6.81,1.55,7)  (6.03,1.37,6)  (5.26,1.19,5) (3.71,0.84,4) (2.69,0.62,3) (2.07,0.44,2) (1.69,0.47,2) (1.05,0.22,1) (1.00,0.00,1)
0.75 (26.29,10.67,25)  (24.31,9.86,23) (19.61,7.75,19) (14.88,5.69,14) (11.21,4.18,11) (8.58,3.12,8) (4.89,1.69,5) (3.19,1.05,3) (2.30,0.73,2) (1.79,0.58,2) (1.18,0.38,1) (1.00,0.01,1)
0.90 (112.59,80.14,93) (77.60,51.41,66) (38.56,20.78,35) (22.16,10.95,21) (14.36,6.74,13) (10.10,4.55,9) (5.25,2.19,5) (3.32,1.30,3) (2.37,0.88,2) (1.82,0.67,2) (1.23,0.42,1) (1.00,0.03,1)
1.00 (249.74,237.18,178) (106.90,87.51,83) (41.51,26.09,37) (22.50,12.79,20) (14.31,7.64,13) (10.00,5.08,9) (5.20,2.41,5) (3.31,1.43,3) (2.36,0.96,2) (1.82,0.72,2) (1.25,0.44,1) (1.00,0.04,1)
1.10 (57.33,46.18,46)  (45.32,34.65,37) (28.21,19.29,24) (18.04,11.33,16) (12.35,7.29,11) (9.00,5.04,8) (4.93,2.49,5) (3.22,1.50,3) (2.33,1.02,2) (1.81,0.75,2) (1.26,0.46,1) (1.00,0.06,1)
1.25 (16.18,11.35,14)  (15.28,10.66,13) (13.10,8.94,11) (10.65,7.01,9) (8.52,5.39,7)  (6.88,4.18,6) (4.30,2.37,4) (2.99,1.51,3) (2.24,1.05,2) (1.78,0.79,2) (1.28,0.48,1) (1.01,0.09,1)
1.50  (5.80,3.80,5) (5.72,3.73,5) (5.46,3.54,5)  (5.08,3.26,4)  (4.652.93,4) (4.20,2.59,4) (3.22,1.87,3) (2.51,1.36,2) (2.02,1.02,2) (1.68,0.79,2) (1.28,0.49,1) (1.02,0.14,1)
1.75  (3.33,2.04,3) (3.32,2.03,3) (3.25,1.983)  (3.15191,3) (3.01,1.81,3) (2.86,1.70,2) (2.46,1.40,2) (2.10,1.13,2) (1.80,0.91,2) (1.57,0.74,1) (1.26,0.49,1) (1.03,0.17,1)
200  (2.36,1.36,2) (2.35,1.35,2) (2.33,1.33,2)  (2.29,1.30,2)  (2.23,1.26,2)  (2.17,1.22,2) (1.99,1.08,2) (1.79,0.93,2) (1.61,0.80,1) (1.46,0.67,1) (1.23,0.47,1) (1.04,0.19,1)
SS-4T 0.25  (3.67,0.53,4) (3.63,0.53,4) (3.52,052,4)  (3.36,0.49,3)  (3.19,040,3)  (3.05,0.29,3) (2.47,0.50,2) (2.02,0.13,2) (1.93,0.25,2) (1.32,0.47,1) (1.00,0.00,1) (1.00,0.00,1)
050  (7.47,1.99,7) (7.32,1.95,7) (6.91,1.82,7)  (6.32,1.64,6)  (5.65,1.44,6) (4.98,1.25,5) (3.57,0.87,4) (2.62,0.63,3) (2.04,0.44,2) (1.66,0.48,2) (1.05,0.22,1) (1.00,0.00,1)
0.75 (25.69,11.04,24)  (23.80,10.20,22) (19.27,7.97,18) (14.65,5.83,14) (11.06,4.25,11) (8.49,3.16,8) (4.86,1.70,5) (3.17,1.06,3) (2.29,0.74,2) (1.78,0.58,2) (1.18,0.38,1) (1.00,0.01,1)
0.90 (111.49,80.85,91) (76.71,51.57,65) (38.26,20.92,35) (22.04,11.00,20) (14.30,6.76,13) (10.06,4.56,9) (5.24,2.19,5) (3.32,1.30,3) (2.36,0.88,2) (1.82,0.67,2) (1.23,0.42,1) (1.00,0.03,1)
1.00 (249.68,237.17,177) (106.84,87.51,83) (41.55,26.11,37) (22.54,12.80,20) (14.32,7.64,13) (10.01,5.09,9) (5.21,2.42,5) (3.31,1.43,3) (2.37,0.96,2) (1.83,0.72,2) (1.25,0.44,1) (1.00,0.04,1)
1.10  (58.95,47.36,47)  (46.34,35.28,38) (28.65,19.50,24) (18.22,11.41,16) (12.45,7.32,11) (9.06,5.06,8) (4.96,2.50,5) (3.23,1.51,3) (2.34,1.02,2) (1.82,0.75,2) (1.27,0.46,1) (1.00,0.06,1)
1.25 (16.54,11.58,14)  (15.59,10.84,13) (13.35,9.08,11) (10.83,7.12,9) (8.655.47,8) (6.95,4.22,6) (4.34,2.39,4) (3.00,1.52,3) (2.25,1.06,2) (1.79,0.79,2) (1.28,0.48,1) (1.01,0.09,1)
1.50  (5.85,3.88,5) (5.76,3.81,5) (5.50,3.60,5)  (5.12,3.32,4)  (4.68,2.98,4)  (4.23,2.63,4) (3.24,1.89,3) (2.52,1.37,2) (2.02,1.02,2) (1.69,0.79,2) (1.28,0.50,1) (1.02,0.14,1)
1.75  (3.32,2.08,3) (3.29,2.06,3) (3.23,2.01,3)  (3.13,1.94,3)  (3.00,1.84,3)  (2.85,1.72,2) (2.46,1.42,2) (2.09,1.14,2) (1.80,0.92,2) (1.57,0.75,1) (1.26,0.49,1) (1.03,0.17,1)
200  (2.33,1.37,2) (2.32,1.36,2) (2.30,1.35,2)  (2.26,1.32,2)  (2.21,1.28,2)  (2.15,1.23,2) (1.97,1.09,2) (1.78,0.94,2) (1.61,0.80,1) (1.45,0.67,1) (1.23,0.47,1) (1.04,0.19,1)
ssz- 05 (2830673) (2.81,0.66,3) (2.76,0.65,3)  (2.68,0.62,3)  (2.57,0.60,3)  (2.45,0.57,2) (2.12,0.44,2) (1.88,0.35,2) (1.62,0.49,2) (1.19,0.39,1) (1.00,0.00,1) (1.00,0.00,1)
X
050  (7.07,2.27,7) (6.94,2.22,7) (6.57,2.07,6)  (6.04,1.85,6)  (5.43,1.62,5) (4.81,1.39,5) (3.49,0.95,3) (2.59,0.67,3) (2.02,0.48,2) (1.65,0.49,2) (1.05,0.23,1) (1.00,0.00,1)
0.75 (25.88,11.66,24)  (23.96,10.72,23) (19.37,8.35,18) (14.72,6.06,14) (11.11,4.40,11) (8.53,3.26,8) (4.89,1.74,5) (3.20,1.08,3) (2.31,0.75,2) (1.80,0.59,2) (1.19,0.39,1) (1.00,0.01,1)
0.90 (112.63,82.95,92) (77.21,52.64,65) (38.46,21.24,35) (22.22,11.20,21) (14.43,6.87,13) (10.17,4.64,10) (5.30,2.23,5) (3.36,1.32,3) (2.39,0.89,2) (1.84,0.67,2) (1.24,0.43,1) (1.00,0.03,1)
1.00 (250.23,238.27,178) (107.44,87.87,84) (41.87,26.27,37) (22.81,12.93,21) (14.51,7.73,13) (10.15,5.16,9) (5.28,2.44,5) (3.35,1.44,3) (2.39,0.97,2) (1.84,0.72,2) (1.26,0.45,1) (1.00,0.05,1)
1.10 (61.91,49.43,50)  (48.20,36.51,40) (29.48,19.86,25) (18.65,11.57,16) (12.70,7.42,11) (9.22,5.12,8) (5.04,2.53,5) (3.28,1.52,3) (2.37,1.03,2) (1.84,0.76,2) (1.28,0.47,1) (1.00,0.07,1)
1.25 (17.29,11.94,15)  (16.27,11.18,14) (13.87,9.33,12) (11.18,7.28,10) (8.88,5.56,8)  (7.12,4.29,6) (4.42,2.43,4) (3.05,1.54,3) (2.28,1.07,2) (1.80,0.80,2) (1.29,0.49,1) (1.01,0.10,1)
1.50  (6.08,3.98,5) (5.98,3.91,5) (5.71,3.71,5)  (5.30,3.40,5)  (4.83,3.06,4)  (4.35,2.69,4) (3.31,1.93,3) (2.56,1.39,2) (2.05,1.04,2) (1.71,0.80,2) (1.29,0.50,1) (1.02,0.14,1)
1.75  (3.43,2.14,3) (3.41,2.12,3) (3.33,2.07,3)  (3.23,1.99,3)  (3.09,1.88,3)  (2.93,1.76,3) (2.51,1.45,2) (2.13,1.16,2) (1.83,0.93,2) (1.59,0.76,1) (1.27,0.50,1) (1.03,0.17,1)
2.00  (2.40,1.41,2) (2.39,1.40,2) (2.37,1.38,2)  (2.32,1.352)  (2.27,131,2) (2.21,1.26,2) (2.01,1.12,2) (1.81,0.96,2) (1.63,0.82,1) (1.47,0.69,1) (1.24,0.48,1) (1.04,0.20,1)
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Table B2. (ARL, SDRL, MDR) values of the six proposed CAM charts for different shifts in the process mean (§) and variance (8). ARL, = 250 and

[
Chart 6 0.00 0.10 0.20 0.30 0.40 0.50 0.75 1.00 1.25 1.5 2.00 3.00
Max- 0.25 (3.49,0.51,3) (3.49,0.51,3) (3.49,0.51,3) (3.49,0.51,3) (3.49,0.51,3) (3.49,0.51,3) (3.48,0.50,3) (2.84,0.40,3) (2.01,0.15,2) (1.57,0.49,2) (1.00,0.00,1) (1.00,0.00,1)
3T
0.50 (6.55,1.66,6) (6.56,1.66,6) (6.56,1.66,6) (6.56,1.66,6) (6.52,1.63,6) (6.33,1.49,6) (4.51,1.08,4) (2.86,0.74,3) (2.02,0.50,2) (1.54,0.51,2) (1.02,0.13,1) (1.00,0.00,1)
0.75 (33.28,25.11,26) (33.15,25.01,25) (30.66,22.53,24) (22.10,14.21,18) (13.93,7.11,12) (9.38,4.01,9) (4.66,1.78,4) (2.89,1.05,3) (2.04,0.72,2) (1.56,0.57,2) (1.08,0.27,1) (1.00,0.00,1)
0.90 (355.36,347.78,249) (237.68,230.90,167) (82.52,76.00,59) (29.90,23.87,23) (14.92,9.68,13) (9.42,5.09,9) (4.62,2.08,4) (2.90,1.22,3) (2.06,0.83,2) (1.59,0.62,2) (1.12,0.32,1) (1.00,0.01,1)
1.00 (249.89,246.50,174) (153.66,149.70,108) (59.39,54.56,43) (25.61,20.81,19) (13.95,9.63,12) (9.07,5.38,8) (4.56,2.25,4) (2.90,1.32,3) (2.07,0.89,2) (1.61,0.66,2) (1.14,0.35,1) (1.00,0.02,1)
1.10 (64.32,61.08,46) (53.16,49.75,38) (33.16,29.40,24) (19.39,15.60,15) (12.20,8.67,10) (8.46,5.35,7) (4.46,2.37,4) (2.88,1.41,3) (2.09,0.95,2) (1.63,0.70,2) (1.17,0.38,1) (1.00,0.04,1)
1.25 (16.21,13.32,12) (15.42,12.54,12) (13.37,10.52,11) (10.87,8.12,9) (8.60,6.01,7) (6.82,4.46,6) (4.14,2.39,4) (2.82,1.49,3) (2.09,1.02,2) (1.65,0.75,2) (1.20,0.42,1) (1.00,0.06,1)
1.50 (5.54,3.75,5) (5.46,3.69,5) (5.28,3.53,4) (4.97,3.28,4) (4.60,2.99,4) (4.20,2.67,4) (3.25,1.94,3) (2.51,1.41,2) (2.00,1.04,2) (1.65,0.79,1) (1.24,0.47,1) (1.01,0.11,1)
1.75 (3.22,2.01,3) (3.20,1.99,3) (3.15,1.95,3) (3.07,1.89,3) (2.96,1.81,3) (2.83,1.71,2) (2.48,1.44,2) (2.13,1.18,2) (1.82,0.95,2) (1.58,0.77,1) (1.26,0.49,1) (1.03,0.16,1)
2.00 (2.30,1.34,2) (2.29,1.33,2) (2.27,1.32,2) (2.24,1.29,2) (2.20,1.26,2) (2.14,1.22,2) (1.98,1.10,2) (1.81,0.96,2) (1.63,0.83,1) (1.48,0.70,1) (1.24,0.49,1) (1.04,0.19,1)
Max- 0.25 (2.99,0.35,3) (2.99,0.35,3) (2.99,0.35,3) (2.99,0.35,3) (2.99,0.35,3) (2.99,0.35,3) (2.99,0.34,3) (2.79,0.41,3) (2.01,0.14,2) (1.58,0.49,2) (1.00,0.00,1) (1.00,0.00,1)
4T '
0.50 (5.99,1.77,6) (5.99,1.77,6) (5.99,1.77,6) (5.99,1.77,6) (5.97,1.74,6) (5.82,1.60,6) (4.37,1.05,4) (2.86,0.73,3) (2.03,0.50,2) (1.54,0.51,2) (1.02,0.13,1) (1.00,0.00,1)
0.75 (31.02,23.67,24) (30.82,23.46,24) (28.73,21.32,22) (21.20,13.77,17) (13.63,7.03,12) (9.30,3.99,9) (4.67,1.77,4) (2.90,1.05,3) (2.05,0.72,2) (1.56,0.57,2) (1.08,0.27,1) (1.00,0.00,1)
0.90 (285.63,278.91,200) (205.36,198.98,144) (78.89,72.47,57) (29.61,23.58,23) (14.90,9.67,13) (9.42,5.08,9) (4.63,2.08,4) (2.91,1.22,3) (2.07,0.83,2) (1.59,0.62,2) (1.12,0.33,1) (1.00,0.01,1)
1.00 (250.56,247.63,174) (154.48,150.20,109) (59.85,55.07,43) (25.70,20.88,20) (14.00,9.66,12) (9.10,5.39,8) (4.58,2.26,4) (2.90,1.32,3) (2.08,0.89,2) (1.61,0.66,2) (1.15,0.36,1) (1.00,0.02,1)
1.10 (68.12,64.91,48) (55.75,52.37,40) (34.17,30.40,25) (19.70,15.90,15) (12.31,8.77,10) (8.50,5.37,7) (4.47,2.38,4) (2.89,1.41,3) (2.09,0.96,2) (1.63,0.70,2) (1.17,0.39,1) (1.00,0.04,1)
1.25 (16.82,13.92,13) (15.95,13.06,12) (13.80,10.93,11) (11.11,8.33,9) (8.73,6.13,7) (6.89,4.52,6) (4.15,2.40,4) (2.82,1.49,3) (2.09,1.02,2) (1.65,0.75,2) (1.20,0.42,1) (1.00,0.06,1)
1.50 (5.63,3.86,5) (5.56,3.80,5) (5.36,3.63,5) (5.04,3.37,4) (4.65,3.06,4) (4.24,2.73,4) (3.26,1.97,3) (2.51,1.42,2) (2.00,1.05,2) (1.64,0.79,1) (1.24,0.47,1) (1.01,0.11,1)
1.75 (3.23,2.05,3) (3.22,2.04,3) (3.17,2.00,3) (3.08,1.93,3) (2.97,1.85,3) (2.84,1.75,2) (2.47,1.47,2) (2.12,1.19,2) (1.81,0.96,2) (1.57,0.77,1) (1.25,0.49,1) (1.03,0.16,1)
2.00 (2.29,1.36,2) (2.28,1.36,2) (2.26,1.34,2) (2.23,1.32,2) (2.19,1.28,2) (2.13,1.24,2) (1.97,1.12,2) (1.79,0.97,2) (1.62,0.83,1) (1.47,0.70,1) (1.24,0.48,1) (1.04,0.19,1)
MaZX- 0.25 (2.30,0.60,2) (2.30,0.60,2) (2.30,0.60,2) (2.30,0.60,2) (2.30,0.60,2)  (2.30,0.60,2) (2.30,0.60,2) (2.24,0.55,2) (1.95,0.26,2) (1.61,0.49,2) (1.00,0.00,1) (1.00,0.00,1)
X
0.50 (5.71,2.03,6) (5.71,2.03,6) (5.71,2.03,6) (5.71,2.03,6) (5.69,2.00,6) (5.56,1.86,5) (4.27,1.15,4) (2.86,0.74,3) (2.05,0.50,2) (1.57,0.50,2) (1.02,0.14,1) (1.00,0.00,1)
0.75 (30.58,23.87,23) (30.45,23.79,23) (28.49,21.67,22) (21.20,14.12,17) (13.69,7.19,12) (9.37,4.07,9) (4.74,1.79,5) (2.95,1.06,3) (2.08,0.73,2) (1.59,0.57,2) (1.09,0.28,1) (1.00,0.00,1)
0.90 (232.08,226.91,163) (180.42,174.94,127) (77.59,71.46,56) (29.98,23.90,23) (15.13,9.75,13) (9.59,5.14,9) (4.72,2.11,4) (2.96,1.24,3) (2.10,0.84,2) (1.61,0.63,2) (1.13,0.34,1) (1.00,0.01,1)
1.00 (250.39,247.14,175) (158.64,154.79,111) (61.94,56.96,45) (26.51,21.51,20) (14.33,9.82,12) (9.30,5.46,8) (4.67,2.29,4) (2.96,1.34,3) (2.11,0.90,2) (1.63,0.67,2) (1.15,0.37,1) (1.00,0.02,1)
1.10 (76.14,72.81,54) (61.49,57.88,44) (36.64,32.61,27) (20.67,16.69,16) (12.76,9.06,11) (8.74,5.50,8) (4.57,2.42,4) (2.94,1.43,3) (2.12,0.97,2) (1.65,0.70,2) (1.18,0.39,1) (1.00,0.04,1)
1.25 (18.16,15.04,14) (17.19,14.09,13) (14.72,11.67,12) (11.74,8.81,10) (9.13,6.39,8) (7.16,4.68,6) (4.27,2.46,4) (2.88,1.52,3) (2.13,1.04,2) (1.68,0.76,2) (1.21,0.43,1) (1.00,0.07,1)
1.50 (5.92,4.03,5) (5.84,3.96,5) (5.62,3.78,5) (5.29,3.51,5) (4.86,3.18,4) (4.41,2.82,4) (3.37,2.03,3) (2.58,1.45,2) (2.04,1.07,2) (1.67,0.81,1) (1.25,0.48,1) (1.01,0.12,1)
1.75 (3.36,2.13,3) (3.34,2.11,3) (3.29,2.07,3) (3.20,2.00,3) (3.08,1.91,3) (2.94,1.80,3) (2.55,1.51,2) (2.17,1.23,2) (1.85,0.98,2) (1.60,0.79,1) (1.27,0.50,1) (1.03,0.16,1)
2.00 (2.36,1.41,2) (2.35,1.40,2) (2.34,1.39,2) (2.30,1.36,2) (2.25,1.32,2) (2.20,1.28,2) (2.03,1.15,2) (1.84,1.00,2) (1.65,0.85,1) (1.49,0.72,1) (1.25,0.50,1) (1.04,0.19,1)
SS-3T 0.25 (4.25,0.44,4) (4.24,0.43,4) (4.19,0.41,4) (4.05,0.39,4) (3.72,0.48,4) (3.31,0.47,3) (2.81,0.40,3) (2.04,0.19,2) (1.97,0.18,2) (1.39,0.49,1) (1.00,0.00,1) (1.00,0.00,1)

128



Chart 6 0.00 0.10 0.20 0.30 0.40 0.50 0.75 1.00 1.25 1.5 2.00 3.00
Max- . (3.49,0513) (3.49,0.51,3) (3.49,051,3)  (3.49,0.51,3)  (3.49,0.51,3) (3.49,0.51,3) (3.48,0.50,3) (2.84,0.40,3) (2.01,0.15,2) (1.57,0.49,2) (1.00,0.00,1) (1.00,0.00,1)
3T
050  (7.96,1.86,8) (7.88,1.86,8) (7.56,1.85,7)  (6.86,1.76,7)  (5.93,1.50,6) (5.08,1.22,5) (3.57,0.82,4) (2.60,0.61,3) (2.02,0.43,2) (1.63,0.49,2) (1.04,0.19,1) (1.00,0.00,1)
0.75 (39.56,29.75,30)  (37.27,27.84,29)  (29.71,21.67,23) (19.25,12.54,16) (12.21,6.42,11) (8.62,3.73,8) (4.74,1.70,5) (3.09,1.04,3) (2.23,0.72,2) (1.73,0.58,2) (1.15,0.36,1) (1.00,0.01,1)
0.90 (367.57,359.96,258) (226.59,219.62,159) (78.83,72.10,57) (29.90,23.47,23) (15.42,9.71,13) (9.96,5.15,9) (5.05,2.16,5) (3.21,1.27,3) (2.29,0.87,2) (1.77,0.66,2) (1.20,0.40,1) (1.00,0.02,1)
1.00 (250.03,246.03,175) (152.84,148.31,107) (59.71,54.36,43) (26.30,20.97,20) (14.62,9.76,12) (9.66,5.50,9) (4.97,2.35,5) (3.19,1.39,3) (2.29,0.94,2) (1.77,0.70,2) (1.22,0.43,1) (1.00,0.04,1)
1.10 (60.63,56.85,43)  (49.62,45.79,36) (31.10,27.10,23) (18.62,14.62,14) (12.06,8.33,10) (8.57,5.24,7) (4.70,2.41,4) (3.09,1.45,3) (2.26,0.99,2) (1.76,0.74,2) (1.24,0.44,1) (1.00,0.06,1)
1.25 (15.16,12.10,12)  (14.34,11.36,11)  (12.31,9.43,10) (9.98,7.24,8)  (7.98,5.42,7) (6.42,4.07,6) (4.08,2.26,4) (2.87,1.45,3) (2.17,1.02,2) (1.73,0.77,2) (1.25,0.46,1) (1.01,0.08,1)
1.50  (5.33,3.49,5) (5.25,3.41,4) (5.03,3.25,4)  (4.71,2.99,4)  (4.33,2.70,4) (3.94,2.39,3) (3.06,1.74,3) (2.41,1.29,2) (1.96,0.98,2) (1.64,0.76,1) (1.26,0.48,1) (1.02,0.13,1)
1.75  (3.15,1.89,3) (3.13,1.87,3) (3.07,1.83,3)  (2.97,1.76,3)  (2.86,1.68,2) (2.73,1.58,2) (2.36,1.31,2) (2.03,1.08,2) (1.75,0.88,2) (1.53,0.72,1) (1.24,0.47,1) (1.03,0.16,1)
200 (2.27,1.27,2) (2.26,1.27,2) (2.24,1.252)  (2.20,1.23,2)  (2.15,1.19,2) (2.10,1.15,2) (1.92,1.03,2) (1.75,0.90,2) (1.58,0.77,1) (1.43,0.65,1) (1.22,0.46,1) (1.03,0.18,1)
SS-4T 0.25  (3.53,0.53,4) (3.51,0.53,3) (3.46,0.52,3)  (3.32,0.48,3)  (3.14,0.37,3) (2.99,0.31,3) (2.35,0.48,2) (2.01,0.10,2) (1.87,0.33,2) (1.22,0.41,1) (1.00,0.00,1) (1.00,0.00,1)
050  (7.26,1.97,7) (7.19,1.97,7) (6.91,1.94,7)  (6.33,1.81,6)  (5.54,1.53,5) (4.81,1.26,5) (3.44,0.85,3) (2.54,0.62,2) (1.99,0.45,2) (1.60,0.50,2) (1.04,0.18,1) (1.00,0.00,1)
0.75 (36.98,27.94,28)  (34.87,26.27,27) (28.01,20.53,22) (18.51,12.11,15) (11.95,6.36,11) (8.50,3.73,8) (4.70,1.72,4) (3.08,1.05,3) (2.23,0.73,2) (1.73,0.58,2) (1.15,0.36,1) (1.00,0.01,1)
0.90 (304.60,297.79,213) (198.69,192.02,140) (74.44,67.77,54) (29.26,22.92,22) (15.30,9.63,13) (9.93,5.16,9) (5.05,2.17,5) (3.21,1.28,3) (2.29,0.87,2) (1.77,0.66,2) (1.20,0.41,1) (1.00,0.02,1)
1.00 (250.26,246.22,175) (152.86,148.38,107) (59.93,54.52,43) (26.43,21.11,20) (14.64,9.77,12) (9.70,5.52,9) (4.99,2.35,5) (3.20,1.39,3) (2.29,0.94,2) (1.78,0.70,2) (1.23,0.43,1) (1.00,0.04,1)
1.10  (64.24,60.57,46)  (52.00,48.17,37) (32.08,28.04,24) (19.00,14.96,15) (12.25,8.47,10) (8.67,5.30,8) (4.73,2.42,4) (3.11,1.45,3) (2.27,0.99,2) (1.77,0.74,2) (1.24,0.45,1) (1.00,0.06,1)
1.25 (15.73,12.67,12)  (14.82,11.79,12)  (12.69,9.79,10) (10.23,7.47,8)  (8.13,5.55,7) (6.53,4.16,6) (4.12,2.28,4) (2.89,1.46,3) (2.18,1.03,2) (1.74,0.77,2) (1.26,0.46,1) (1.01,0.08,1)
1.50  (5.40,3.58,5) (5.32,3.52,5) (5.10,3.33,4)  (4.76,3.06,4)  (4.37,2.76,4) (3.97,2.45,3) (3.08,1.78,3) (2.43,1.30,2) (1.97,0.99,2) (1.65,0.77,1) (1.26,0.48,1) (1.02,0.13,1)
1.75  (3.15,1.93,3) (3.13,1.91,3) (3.07,1.87,3)  (2.98,1.80,3)  (2.86,1.71,2) (2.73,1.61,2) (2.37,1.34,2) (2.03,1.09,2) (1.75,0.89,2) (1.54,0.72,1) (1.25,0.48,1) (1.03,0.16,1)
200  (2.25,1.30,2) (2.24,1.29,2) (2.22,1.27,2)  (2.19,1.252)  (2.14,1.21,2) (2.08,1.17,2) (1.91,1.04,2) (1.74,0.90,2) (1.57,0.77,1) (1.43,0.65,1) (1.22,0.46,1) (1.03,0.18,1)
ssz- 05 (2750.663) (2.74,0.66,3) (2.71,0653)  (2.64,0.64,3)  (2.52,0.60,3) (2.39,0.56,2) (2.07,0.42,2) (1.85,0.37,2) (1.56,0.50,2) (1.14,0.35,1) (1.00,0.00,1) (1.00,0.00,1)
X
050  (6.90,2.26,7) (6.83,2.25,7) (6.58,2.20,6)  (6.05,2.02,6)  (5.35,1.70,5) (4.67,1.40,5) (3.39,0.93,3) (2.52,0.66,2) (1.98,0.48,2) (1.60,0.50,2) (1.04,0.20,1) (1.00,0.00,1)
0.75 (36.69,28.26,28)  (34.61,26.53,27) (27.96,20.88,22) (18.56,12.39,15) (12.02,6.50,11) (8.58,3.83,8) (4.76,1.76,5) (3.12,1.07,3) (2.26,0.74,2) (1.75,0.59,2) (1.16,0.37,1) (1.00,0.01,1)
0.90 (260.25,254.03,183) (179.82,173.79,127) (72.62,66.31,52) (29.33,22.99,22) (15.45,9.70,13) (10.07,5.22,9) (5.13,2.20,5) (3.26,1.30,3) (2.33,0.88,2) (1.79,0.67,2) (1.22,0.42,1) (1.00,0.02,1)
1.00 (249.86,245.77,174) (155.47,150.72,109) (61.33,55.90,44) (26.98,21.51,21) (14.94,9.93,13) (9.89,5.60,9) (5.08,2.39,5) (3.25,1.41,3) (2.33,0.95,2) (1.80,0.71,2) (1.24,0.44,1) (1.00,0.04,1)
1.10 (70.55,66.72,50)  (56.35,52.39,40) (33.98,29.80,25) (19.79,15.58,15) (12.62,8.70,11) (8.90,5.41,8) (4.83,2.46,4) (3.17,1.48,3) (2.31,1.01,2) (1.80,0.75,2) (1.26,0.45,1) (1.00,0.06,1)
1.25 (16.78,13.54,13)  (15.78,12.57,12) (13.37,10.32,11) (10.72,7.82,9) (8.43,5.74,7) (6.73,4.26,6) (4.22,2.32,4) (2.94,1.49,3) (2.22,1.04,2) (1.76,0.78,2) (1.27,0.47,1) (1.01,0.09,1)
1.50  (5.65,3.71,5) (5.56,3.63,5) (5.31,3.45,5)  (4.953.17,4)  (4.53,2.84,4) (4.11,2.52,4) (3.16,1.81,3) (2.48,1.33,2) (2.01,1.01,2) (1.67,0.78,2) (1.27,0.49,1) (1.02,0.13,1)
1.75  (3.27,1.98,3) (3.24,1.97,3) (3.18,1.92,3)  (3.08,1.85,3)  (2.96,1.76,3) (2.81,1.65,2) (2.43,1.37,2) (2.08,1.11,2) (1.79,0.90,2) (1.56,0.73,1) (1.26,0.49,1) (1.03,0.17,1)
200  (2.32,1.33,2) (2.31,1.33,2) (2.29,1.31,2)  (2.251.28,2)  (2.20,1.24,2) (2.14,1.20,2) (1.96,1.07,2) (1.77,0.92,2) (1.60,0.79,1) (1.45,0.67,1) (1.23,0.47,1) (1.04,0.19,1)

129



Table B3. (ARL, SDRL, MDR) values of the six proposed CAM charts for different shifts in the process mean (§) and variance (8). ARL, = 250 and

kz = 1
5
Chart 6 0.00 0.10 0.20 0.30 0.40 0.50 0.75 1.00 1.25 1.5 2.00 3.00
Max- 0.25 (3.40,0.50,3) (3.40,0.50,3) (3.40,0.50,3) (3.40,0.50,3) (3.40,0.50,3) (3.40,0.50,3) (3.39,0.49,3) (2.80,0.42,3) (2.00,0.14,2) (1.52,0.50,2) (1.00,0.00,1) (1.00,0.00,1)
3T
0.50 (6.57,1.93,6) (6.57,1.93,6) (6.58,1.94,6) (6.57,1.93,6) (6.53,1.87,6) (6.29,1.63,6) (4.43,1.08,4) (2.81,0.73,3) (1.99,0.50,2) (1.51,0.51,2) (1.01,0.11,1) (1.00,0.00,1)
0.75 (65.07,59.29,47) (64.42,58.51,46) (58.39,52.55,42) (38.29,32.72,28) (19.28,14.33,15) (10.69,6.38,9) (4.60,1.84,4) (2.84,1.04,3) (2.01,0.71,2) (1.54,0.56,2) (1.07,0.25,1) (1.00,0.00,1)
0.90 (542.59,538.71,377) (350.96,347.32,244) (123.86,119.65,87) (42.71,38.66,31) (18.78,15.02,14) (10.47,7.07,9) (4.58,2.18,4) (2.85,1.21,3) (2.03,0.82,2) (1.57,0.61,2) (1.11,0.31,1) (1.00,0.01,1)
1.00 (250.38,247.38,175) (168.39,165.46,118) (73.03,69.83,52) (31.85,28.60,23) (16.28,13.13,12) (9.84,6.91,8) (4.52,2.36,4) (2.85,1.31,3) (2.05,0.88,2) (1.59,0.65,2) (1.13,0.35,1) (1.00,0.02,1)
1.10 (66.98,64.59,47) (56.44,53.90,40) (36.76,34.13,26) (21.72,19.01,16) (13.34,10.67,10) (8.90,6.40,7) (4.42,2.48,4) (2.84,1.40,3) (2.06,0.94,2) (1.61,0.69,2) (1.16,0.37,1) (1.00,0.03,1)
1.25 (16.97,14.78,13) (16.11,13.91,12) (13.91,11.72,10) (11.24,9.08,9) (8.80,6.70,7) (6.88,4.88,6) (4.08,2.44,4) (2.77,1.47,2) (2.05,1.01,2) (1.63,0.73,1) (1.19,0.41,1) (1.00,0.06,1)
1.50 (5.49,3.90,5) (5.41,3.83,4) (5.21,3.65,4) (4.90,3.37,4) (4.53,3.04,4) (4.13,2.70,4) (3.18,1.92,3) (2.47,1.38,2) (1.97,1.02,2) (1.63,0.78,1) (1.23,0.46,1) (1.01,0.11,1)
1.75 (3.16,1.99,3) (3.14,1.97,3) (3.09,1.94,3) (3.01,1.87,3) (2.91,1.79,3) (2.78,1.69,2) (2.43,1.42,2) (2.09,1.16,2) (1.79,0.93,2) (1.56,0.75,1) (1.25,0.48,1) (1.02,0.15,1)
2.00 (3.40,0.50,3) (3.40,0.50,3) (3.40,0.50,3) (3.40,0.50,3) (3.40,0.50,3) (3.40,0.50,3) (3.39,0.49,3) (2.80,0.42,3) (2.00,0.14,2) (1.52,0.50,2) (1.00,0.00,1) (1.00,0.00,1)
Max- 0.25 (2.94,0.38,3) (2.94,0.38,3) (2.94,0.38,3) (2.94,0.38,3) (2.94,0.38,3) (2.94,0.38,3) (2.94,0.37,3) (2.72,0.45,3) (2.00,0.14,2) (1.52,0.50,2) (1.00,0.00,1) (1.00,0.00,1)
4T '
0.50 (5.98,1.97,6) (5.98,1.97,6) (5.98,1.98,6) (5.97,1.97,6) (5.95,1.92,6) (5.78,1.71,6) (4.29,1.05,4) (2.80,0.72,3) (2.00,0.50,2) (1.51,0.51,2) (1.01,0.12,1) (1.00,0.00,1)
0.75 (52.59,47.48,38) (52.25,47.08,38) (48.41,43.22,35) (34.02,28.84,25) (18.37,13.53,14) (10.51,6.24,9) (4.61,1.83,4) (2.85,1.04,3) (2.02,0.71,2) (1.54,0.56,2) (1.07,0.26,1)
0.90 (394.89,390.95,275) (283.62,279.27,198) (115.35,111.26,81) (41.91,37.90,30) (18.65,14.87,14) (10.48,7.07,9) (4.59,2.18,4) (2.86,1.21,3) (2.03,0.82,2) (1.57,0.61,2) (1.11,0.31,1) (1.00,0.01,1)
1.00 (250.39,247.90,174) (168.90,166.25,118) (73.44,70.16,52) (31.94,28.66,23) (16.32,13.15,12) (9.86,6.92,8) (4.54,2.36,4) (2.86,1.31,3) (2.05,0.88,2) (1.59,0.65,2) (1.14,0.35,1) (1.00,0.02,1)
1.10 (71.07,68.93,50) (59.38,56.97,42) (37.97,35.33,27) (22.15,19.44,16) (13.47,10.80,10) (8.94,6.42,7) (4.43,2.48,4) (2.84,1.40,3) (2.06,0.94,2) (1.61,0.69,2) (1.16,0.38,1) (1.00,0.03,1)
1.25 (17.74,15.56,13) (16.78,14.62,12) (14.39,12.21,11) (11.50,9.34,9) (8.95,6.85,7) (6.96,4.97,6) (4.11,2.46,4) (2.77,1.48,2) (2.06,1.01,2) (1.63,0.74,1) (1.19,0.41,1) (1.00,0.06,1)
1.50 (5.59,4.02,5) (5.51,3.95,5) (5.30,3.76,4) (4.98,3.47,4) (4.59,3.13,4) (4.17,2.77,4) (3.20,1.96,3) (2.47,1.40,2) (1.97,1.03,2) (1.62,0.78,1) (1.23,0.46,1) (1.01,0.11,1)
1.75 (3.18,2.04,3) (3.15,2.02,3) (3.10,1.98,3) (3.02,1.92,3) (2.92,1.82,2) (2.79,1.72,2) (2.43,1.44,2) (2.09,1.17,2) (1.79,0.94,2) (1.55,0.75,1) (1.25,0.48,1) (1.02,0.15,1)
2.00 (2.25,1.34,2) (2.25,1.34,2) (2.23,1.32,2) (2.20,1.30,2) (2.15,1.26,2) (2.10,1.22,2) (1.94,1.09,2) (1.77,0.95,2) (1.60,0.82,1) (1.45,0.69,1) (1.23,0.48,1) (1.03,0.18,1)
MaZX- 0.25 (2.27,0.59,2) (2.27,0.59,2) (2.27,0.59,2) (2.27,0.59,2) (2.27,0.59,2) (2.27,0.59,2) (2.27,0.59,2) (2.21,0.54,2) (1.94,0.27,2) (1.56,0.50,2) (1.00,0.00,1) (1.00,0.00,1)
X
0.50 (5.71,2.21,5) (5.71,2.22,5) (5.71,2.22,5) (5.70,2.21,5) (5.68,2.17,5) (5.53,1.96,5) (4.19,1.15,4) (2.82,0.73,3) (2.03,0.50,2) (1.55,0.51,2) (1.02,0.13,1) (1.00,0.00,1)
0.75 (47.84,43.42,35) (47.60,43.10,34) (44.75,40.24,32) (32.76,28.02,24) (18.26,13.57,14) (10.59,6.30,9) (4.69,1.85,4) (2.90,1.05,3) (2.05,0.72,2) (1.57,0.57,2) (1.08,0.27,1) (1.00,0.00,1)
0.90 (283.43,280.02,198) (227.02,223.80,158) (109.37,105.39,77) (42.36,38.31,31) (19.05,15.20,14) (10.70,7.19,9) (4.68,2.21,4) (2.91,1.22,3) (2.07,0.83,2) (1.60,0.62,2) (1.12,0.33,1) (1.00,0.01,1)
1.00 (250.43,248.13,174) (173.45,171.01,121) (77.07,73.73,54) (33.35,29.98,24) (16.89,13.61,13) (10.14,7.09,8) (4.64,2.40,4) (2.91,1.33,3) (2.09,0.90,2) (1.61,0.66,2) (1.15,0.36,1) (1.00,0.02,1)
1.10 (80.51,78.00,57) (66.61,64.14,47) (41.36,38.64,30) (23.58,20.74,17) (14.11,11.34,11) (9.25,6.64,8) (4.54,2.53,4) (2.90,1.42,3) (2.10,0.95,2) (1.64,0.70,2) (1.17,0.39,1) (1.00,0.04,1)
1.25 (19.43,17.12,14) (18.36,16.06,14) (15.61,13.33,12) (12.32,10.04,9) (9.45,7.26,7) (7.28,5.18,6) (4.23,2.53,4) (2.84,1.51,3) (2.10,1.03,2) (1.66,0.75,2) (1.21,0.42,1) (1.00,0.06,1)
1.50 (5.90,4.24,5) (5.83,4.18,5) (5.59,3.96,5) (5.24,3.64,4) (4.81,3.27,4) (4.35,2.88,4) (3.31,2.02,3) (2.54,1.43,2) (2.01,1.05,2) (1.65,0.80,1) (1.25,0.47,1) (1.01,0.12,1)
1.75 (3.31,2.12,3) (3.29,2.10,3) (3.23,2.06,3) (3.15,1.98,3) (3.03,1.89,3) (2.89,1.79,2) (2.51,1.49,2) (2.14,1.21,2) (1.83,0.97,2) (1.58,0.77,1) (1.26,0.50,1) (1.03,0.16,1)
2.00 (2.33,1.38,2) (2.32,1.38,2) (2.30,1.36,2) (2.27,1.34,2) (2.23,1.30,2) (2.17,1.26,2) (2.00,1.13,2) (1.82,0.98,2) (1.64,0.84,1) (1.48,0.71,1) (1.24,0.49,1) (1.04,0.19,1)
SS-3T 0.25 (4.12,0.33,4) (4.11,0.33,4) (4.09,0.32,4) (4.01,0.36,4) (3.74,0.50,4) (3.28,0.46,3) (2.65,0.48,3) (2.02,0.12,2) (1.92,0.27,2) (1.25,0.43,1) (1.00,0.00,1) (1.00,0.00,1)
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Chart 6 0.00 0.10 0.20 0.30 0.40 0.50 0.75 1.00 1.25 1.5 2.00 3.00
Max- . (3.40,0.50,3) (3.40,0.50,3) (3.40,0.50,3) (3.40,0.50,3)  (3.40,0.50,3)  (3.40,0.50,3) (3.39,0.49,3) (2.80,0.42,3) (2.00,0.14,2) (1.52,0.50,2) (1.00,0.00,1) (1.00,0.00,1)
3T
050  (7.77,2.09,7) (7.71,2.09,7) (7.52,2.09,7) (7.06,2.08,7)  (6.20,1.92,6)  (5.19,1.55,5) (3.47,0.86,3) (2.52,0.61,2) (1.96,0.44,2) (1.56,0.50,2) (1.02,0.15,1) (1.00,0.00,1)
0.75 (83.52,76.60,60)  (77.42,70.86,56)  (58.35,52.57,42) (33.22,28.26,25) (17.02,12.54,13) (9.96,5.91,8) (4.66,1.82,4) (2.99,1.04,3) (2.16,0.72,2) (1.67,0.58,2) (1.12,0.33,1) (1.00,0.00,1)
0.90 (560.60,554.38,390) (346.86,342.07,242) (122.98,118.66,86) (43.58,39.16,32) (19.41,15.31,15) (11.00,7.24,9) (4.92,2.25,5) (3.09,1.26,3) (2.21,0.85,2) (1.71,0.65,2) (1.17,0.38,1) (1.00,0.02,1)
1.00 (250.35,247.44,174) (167.98,164.71,117) (73.96,70.37,52) (32.62,29.06,24) (16.87,13.41,13) (10.31,7.07,8) (4.83,2.44,4) (3.07,1.37,3) (2.21,0.92,2) (1.71,0.69,2) (1.20,0.40,1) (1.00,0.03,1)
1.10 (63.33,60.75,45)  (53.06,50.48,38)  (34.49,31.73,25) (20.78,17.96,15) (13.06,10.27,10) (8.86,6.23,7) (4.57,2.49,4) (2.98,1.43,3) (2.18,0.97,2) (1.71,0.72,2) (1.21,0.42,1) (1.00,0.05,1)
1.25 (15.67,13.42,12)  (14.84,12.60,11)  (12.71,10.52,10)  (10.26,8.13,8)  (8.10,6.05,6)  (6.43,4.48,5) (3.96,2.31,3) (2.77,1.43,3) (2.10,1.00,2) (1.68,0.75,2) (1.23,0.44,1) (1.01,0.08,1)
1.50  (5.19,3.59,4) (5.12,3.53,4) (4.90,3.34,4) (4.57,3.07,4)  (4.20,2.76,4)  (3.83,2.44,3) (2.96,1.74,3) (2.34,1.27,2) (1.90,0.95,2) (1.60,0.74,1) (1.24,0.46,1) (1.01,0.12,1)
1.75  (3.03,1.86,3) (3.01,1.84,3) (2.96,1.80,3) (2.87,1.73,2)  (2.76,1.65,2)  (2.63,1.55,2) (2.29,1.29,2) (1.97,1.05,2) (1.71,0.85,2) (1.50,0.70,1) (1.22,0.46,1) (1.02,0.15,1)
200  (2.19,1.24,2) (2.18,1.23,2) (2.16,1.22,2) (2.13,1.19,2)  (2.09,1.16,2)  (2.03,1.12,2) (1.87,1.00,2) (1.70,0.87,1) (1.54,0.74,1) (1.40,0.63,1) (1.20,0.44,1) (1.03,0.17,1)
SS-4T 0.25  (3.37,0.49,3) (3.36,0.49,3) (3.32,0.48,3) (3.26,045,3)  (3.13,0.40,3)  (2.92,0.40,3) (2.23,0.42,2) (2.00,0.08,2) (1.77,0.42,2) (1.13,0.33,1) (1.00,0.00,1) (1.00,0.00,1)
050  (7.07,2.14,7) (7.02,2.14,7) (6.85,2.13,7) (6.45,2.09,6)  (5.73,1.90,5)  (4.87,1.54,5) (3.34,0.88,3) (2.46,0.61,2) (1.93,0.46,2) (1.53,0.50,2) (1.02,0.15,1) (1.00,0.00,1)
0.75 (66.95,60.84,48)  (62.60,56.63,45)  (48.87,43.54,36) (29.71,24.99,22) (16.12,11.83,13) (9.68,5.74,8) (4.62,1.81,4) (2.98,1.04,3) (2.15,0.72,2) (1.67,0.58,2) (1.12,0.33,1) (1.00,0.00,1)
0.90 (421.97,417.17,294) (283.26,279.59,198) (111.77,107.61,79) (41.86,37.57,30) (19.08,15.04,15) (10.90,7.18,9) (4.91,2.26,5) (3.10,1.26,3) (2.21,0.85,2) (1.71,0.65,2) (1.17,0.38,1) (1.00,0.02,1)
1.00 (249.45,246.82,173) (168.01,164.91,117) (73.95,70.56,52) (32.74,29.12,24) (16.92,13.42,13) (10.34,7.10,8) (4.85,2.44,4) (3.08,1.37,3) (2.22,0.92,2) (1.72,0.69,2) (1.20,0.41,1) (1.00,0.03,1)
1.10 (67.19,64.66,47)  (55.84,53.21,40)  (35.80,33.01,26) (21.30,18.43,16) (13.30,10.49,10) (8.99,6.34,7) (4.60,2.50,4) (3.00,1.44,3) (2.19,0.97,2) (1.72,0.72,2) (1.22,0.42,1) (1.00,0.03,1)
1.25 (16.37,14.13,12)  (15.44,13.20,12)  (13.17,10.99,10)  (10.56,8.42,8)  (8.28,6.23,7)  (6.55,4.57,5) (4.01,2.35,4) (2.79,1.44,3) (2.11,1.00,2) (1.69,0.75,2) (1.23,0.45,1) (1.01,0.08,1)
1.50  (5.28,3.71,4) (5.20,3.63,4) (4.97,3.45,4) (4.64,3.16,4)  (4.27,2.84,4)  (3.87,2.50,3) (2.99,1.78,3) (2.36,1.29,2) (1.91,0.96,2) (1.61,0.75,1) (1.24,0.46,1) (1.01,0.12,1)
1.75  (3.05,1.91,3) (3.03,1.89,3) (2.97,1.84,3) (2.88,1.77,2)  (2.77,1.69,2)  (2.64,1.59,2) (2.29,1.32,2) (1.98,1.07,2) (1.71,0.86,2) (1.50,0.70,1) (1.23,0.46,1) (1.02,0.15,1)
200  (2.18,1.26,2) (2.17,1.26,2) (2.16,1.24,2) (212,1.22,2)  (2.08,1.18,2)  (2.02,1.14,2) (1.86,1.01,2) (1.70,0.88,1) (1.54,0.75,1) (1.40,0.64,1) (1.20,0.44,1) (1.03,0.17,1)
ssz- 05 (266,0.653) (2.65,0.65,3) (2.63,0.65,3) (2.57,0.64,3)  (2.47,061,2)  (2.33,0.56,2) (2.01,0.40,2) (1.80,0.41,2) (1.47,0.50,1) (1.09,0.29,1) (1.00,0.00,1) (1.00,0.00,1)
X
050  (6.72,2.40,6) (6.68,2.40,6) (6.53,2.38,6) (6.16,2.30,6)  (5.51,2.06,5)  (4.73,1.66,5) (3.30,0.96,3) (2.45,0.66,2) (1.92,0.49,2) (1.54,0.50,2) (1.03,0.17,1) (1.00,0.00,1)
0.75 (60.88,55.53,44)  (57.24,52.05,41)  (45.72,40.92,33) (28.86,24.41,21) (16.01,11.82,12) (9.74,5.80,8) (4.69,1.86,4) (3.02,1.07,3) (2.19,0.74,2) (1.70,0.58,2) (1.14,0.34,1) (1.00,0.01,1)
0.90 (321.99,318.10,225) (235.39,231.57,164) (105.51,101.53,74) (41.66,37.44,30) (19.26,15.17,15) (11.08,7.28,9) (5.00,2.29,5) (3.15,1.28,3) (2.26,0.87,2) (1.74,0.65,2) (1.19,0.39,1) (1.00,0.02,1)
1.00 (249.66,246.98,174) (171.28,168.25,120) (76.60,73.20,54) (33.85,30.12,25) (17.42,13.86,13) (10.59,7.25,9) (4.96,2.49,5) (3.14,1.39,3) (2.26,0.94,2) (1.75,0.70,2) (1.21,0.42,1) (1.00,0.04,1)
110 (74.92,72.20,53)  (61.77,58.99,44)  (38.60,35.73,28) (22.51,19.55,17) (13.83,10.91,11) (9.28,6.51,8) (4.71,2.55,4) (3.07,1.46,3) (2.23,0.99,2) (1.75,0.73,2) (1.23,0.44,1) (1.00,0.05,1)
1.25 (17.75,15.37,13)  (16.70,14.37,12)  (14.10,11.80,11) (11.16,8.96,9)  (8.67,6.51,7)  (6.81,4.75,6) (4.12,2.39,4) (2.85,1.47,3) (2.15,1.02,2) (1.72,0.76,2) (1.25,0.45,1) (1.01,0.08,1)
1.50  (5.54,3.88,5) (5.46,3.81,5) (5.21,3.60,4) (4.85,3.30,4)  (4.44,2.94,4) (4.02,2.59,3) (3.08,1.82,3) (2.41,1.31,2) (1.95,0.98,2) (1.63,0.76,1) (1.25,0.47,1) (1.02,0.12,1)
1.75  (3.16,1.96,3) (3.14,1.95,3) (3.08,1.90,3) (2.98,1.83,3)  (2.86,1.74,2)  (2.73,1.63,2) (2.36,1.35,2) (2.02,1.09,2) (1.74,0.88,2) (1.53,0.72,1) (1.24,0.47,1) (1.03,0.16,1)
200  (2.25,1.30,2) (2.25,1.29,2) (2.22,1.28,2) (2.18,1.25,2)  (2.14,1.21,2)  (2.08,1.17,2) (1.91,1.04,2) (1.73,0.90,2) (1.57,0.77,1) (1.42,0.65,1) (1.21,0.45,1) (1.03,0.18,1)
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