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ABSTRACT

Full Name : Tengku Muhammad Sofyan Astsauri

Thesis Title . Uncertainty Quantification in Reservoir Simulation with Monte Carlo

Simulation and Polynomial Chaos Expansion

Major Field : Petroleum Engineering

Date of Degree : November 2024

Reservoir simulations often face significant input uncertainties due to geological,
measurement, and modeling variations. Understanding how these uncertainties impact the
model is essential for enhancing the reliability of reservoir management decisions.
Polynomial Chaos Expansions (PCE) offer an effective regression-based, data-driven
approach to analyze the propagation of input uncertainties through the model. The PCE
represents the model's output as a polynomial based on spectral functions derived from the
probability distributions of input variables. This approach enables the calculation of
essential statistical characteristics, including the average, standard deviation, percentiles,
and the complete probability distribution. However, complex scenarios may involve more
random variables, require higher polynomial degrees and sample size to guarantee the
estimation accuracy. The increasing number of random variables, polynomial degrees, and
sample size will significantly increase the computation price. To mitigate these challenges,
this study uses PUNQ S-3 model as an example to examine how the sample size and
polynomial degree affect the performance of the PCE model especially. In addition, sobol
analysis was used to assess input parameters ’ sensitivity to reduce the number of the input
random varibales. The PCE results are validated through comparison with Monte Carlo
simulations (MCS) with 17,000 realizations, leading to some key conclusions.. First, the
PCE method provides an efficient alternative to traditional MCS, achieving over 95% of
MCS accuracy while requiring less than 1% of the computational time. Second, balancing
polynomial degree and estimation accuracy is crucial, as higher-degree polynomials
require more samples, significantly increasing computational time while offering limited

accuracy improvement.
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CHAPTER 1

INTRODUCTION

In science and engineering, decision-making often relies on predictions generated
from computational or simulation models. Although these models aim to replicate real-
world scenarios, they inherently include uncertainties stemming from diverse sources of
variability, randomness, and stochastic behavior. Evaluating risk and uncertainty has been
extensively studied in sectors like natural resources, particularly within the petroleum

industry, to enhance the likelihood of project success (Witter et al., 2019).

It is widely recognised that decisions regarding the development of petroleum fields
are complex, primarily because of challenges in accurately characterising reservoirs and
representing them in simulation models. Consequently, gaining an accurate and efficient
understanding of how this uncertainty influences the model is vital for boosting the
reliability and effectiveness of decision-making in reservoir management (Camacho et al.,

2017).

As recognised, uncertainty quantification plays a crucial role in reservoir
management processes. Therefore, to enhance the accuracy of uncertainty quantification,

this study is structured as follows:



1.1  Aim of This Study

The objective of this study is to evaluate the performance of two popular techniques
for uncertainty quantification — Monte Carlo Simulation and polynomial Chaos Expansion

— in reservoir simulations, yielding valuable insight into their effectiveness and efficiency.

1.2 Problem Statement

While Monte Carlo simulation is renowned for its simplicity, it has a major
limitation in terms of computational cost, as it demands a huge amount of realizations to
reach convergence. Alternatively, Polynomial Chaos Expansion (PCE) provides faster
convergence and delivers comparable results. However, further investigation is needed to
assess the performance of PCE models. Therefore, this study will address several key

research questions in this area:

1. The efficiency and accuracy of Polynomial Chaos Expansion (PCE) compared to
Monte Carlo simulation in the context of uncertainty quantification.

2. How degree order and sample size impact the PCE performance.

3. What is the relationship between polynomial degree and sample size in the high-

order PCE model.



1.3 Innovation of The Study

This study aims to explore the recommended number of sample for higher-order
polynomials. As higher-degree polynomials create more complex surrogate models, it is
expected that significantly more sample points will be needed. In complex systems,
especially those with nonlinear interactions or multiple interdependent variables, lower-
degree polynomials may not adequately capture the full variability or uncertainty. By
investigating this relationship, the study will provide valuable insights into how the number

of sample correlates with the polynomial degree, particularly in higher-order models.



CHAPTER 2

LITERATURE REVIEW

A comprehensive introduction to Uncertainty Quantification, emphasizing its
significance and widespread application across various fields will be discussed in this
chapter. Additionally, It will also cover two popularly used methods for uncertainty
quantification: Monte Carlo Simulation and Polynomial Chaos Expansion. Each method
will be discussed in detail, including the core concepts, advantages, disadvantages, and a

review of previous research related to their use

2.1 Uncertainty Quantification

Uncertainty quantification (UQ) involves characterizing, integrating, and
propagating the uncertainty in computational or simulation model. While these models are
intended to approximate real-world conditions, they inherently contain uncertainties due to
various sources of variability, randomness, and stochastic behavior. UQ specifically
utilizes techniques from computational statistics and applied mathematics to address and
manage uncertainties within complex computational models and simulations (J. Zhang,

2021).

The principles of uncertainty quantification have been extensively utilized in
various fields such as aerospace, manufactures, energy and environment, petroleum
engineering field, etc. This approach is driven by the aim of maximizing project success,
resulting in more efficient resource extraction, improved risk management, and optimized

operational strategies. By integrating UQ, engineers and decision-makers are better



equipped to forecast outcomes, evaluate the feasibility of different methods, and make

well-informed decisions that promote both economic and environmental sustainability.

Monte Carlo Simulation (MCS) and Polynomial Chaos Expansion (PCE) stand as
two widely embraced techniques in the realm of uncertainty quantification studies. MCS
relies on random sampling to deduce the distribution patterns of physical or mathematical
scenarios, serving as a cornerstone and simplistic approach for uncertainty analysis. This
statistical method lays the groundwork for both risk assessment and uncertainty
quantification (Cremon et al., 2020; Mehana et al., 2020a). However, To thoroughly
analyze how the objective function varies under these uncertainties, a large number of
simulations are typically needed, which may not be practical for large-scale models due to
time constraints. Polynomial Chaos Expansion (PCE) provides an alternative approach to
Monte Carlo Simulation (MCS) for uncertainty quantification, addressing MCS’s intensive
computational requirements by creating surrogate models. These surrogate models
effectively capture the nonlinear relationships between input parameters and model
responses, allowing for a substantial reduction in computational time (Jiaet al., 2016, 2018;

Naik et al., 2019).

2.2  Monte Carlo Simulation

Monte Carlo simulation is the most widely utilized method for assessing
uncertainty, appearing in 63% of the 43 quantitative studies and 52% of all 107 papers
reviewed (Grenyer et al., 2021). As shown in Figure 1, Monte Carlo is a prevalent
technique applied across various fields for uncertainty propagation analysis. The Monte
Carlo Simulation (MCS) approach is extensively applied in design, analysis, and

optimization challenges that involve uncertainty, largely due to its non-intrusive nature.
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Figure 2.1. Proportion of MCS for uncertainty quantification (Grenyer et al., 2021)

Figure 2.2 depicts a standard flowchart of Monte Carlo-based Uncertainty
Management and Design Optimization (UMDO). In a simple way, MCS produces multiple
samples of input random variables based on their probability distributions, solving
deterministic problems through simulations or computational models. The resulting output
data from these samples are then aggregated to statistically evaluate the variability within
the random system (Zhang, 2021). Through repeated sampling and simulations, MCS
utilizes the Law of Large Numbers along with other statistical inference techniques to
thoroughly describe the system's statistical behavior, thereby capturing various quantities
of interest (figure 2.3). This approach allows for the analysis of system performance while

accounting for the impact of uncertain variables.
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Despite of simple and straightforward behaviour of MCS, to achieve dependable

and convergent outcomes, it usually necessitates a significant number of forward

simulations, due to its slow convergence rate of O (N ~'/2), where N represents the number

of function evaluations (Zhang, 2021). This becomes the primary disadvantage of monte
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carlo simulation, as it demand high-performance numerical simulation framework and
considerable computational power, especially when dealing with complex models that
require extensive geological detail. According to Kroese & Rubinstein (2012) The

convergence rate of this method is influenced by:

1) The count of stochastic series used.
2) The quantity of generated random values.
3) The probability distribution assigned to each uncertain variable.

4) The dependency level among the generated random variables (Mostafa, 2015)

Due to its impartiality at any accuracy level, Monte Carlo Simulation (MCS) can
be used as a reference for evaluating the effectiveness of other methods (Hu et al., 2016).
For instance, uncertainty analysis results are frequently expressed using the first moment,
or the mean, though this generally does not convey the full structure of m. The simplest
MCS algorithm entails sampling directly from the distribution function of x. An empirical
estimate of the statistical properties r can be derived through ideal Monte Carlo sampling

as described below:

=—%i, wif(x®) (2.1)
where N is random samples, {X®;i =1, ..,N}, that distributed independently and
generated with quadrature weights {w;;i = 1,...,N}. Nearly certain convergence is

achieved when N —» oo,

The Monte Carlo simulation model has seen widespread use, with numerous
researchers advocating for incorporating uncertain parameters in the Monte Carlo approach

(figure 1). Since the initial studies on the method's relevance to the oil industry emerged in



the mid-1960s (Stoian, 1965), the Monte Carlo method has been applied across various
areas of petroleum research.For instance, Dong et al (2013) combined Monte Carlo
methods with an analytical reservoir simulator to evaluate the original gas in place (OGIP),
technically recoverable resources (TRR), and recovery factor (RF) in shale gas reservoirs
characterized by high uncertainty and risk. This model is expected to mitigate the
limitations of the existing method such as decline curve analysis and volumetric method to
be used in the early stage of production. Dai et al (2014) integrated a multi-phase reservoir
simulator with geological and statistical models to assess reservoir heterogeneity and
quantify uncertain parameters. This approach uses a Monte Carlo simulation framework in
conjunction with modeling the flow and transport of CO-, oil, and water. Using the Monte
Carlo result as an input, the author successfully estimated the sensitive parameter during
the CO2-EOR implementation. Cremon et al (2020) analyzed the convergence behavior of
Monte Carlo Simulation (MCS) on three-dimensional, three-phase reservoirs with
significant heterogeneity, using actual field data. Their findings confirm that the
convergence of target quantities adheres to a square-root law across the 10,000 realizations
tested. They concluded that, as the number of realizations grows, the sample results
increasingly align with the expected value, demonstrating a square-root rate of
convergence. Mehana et al (2020) succeed in integrating decline curve analysis and the
Monte Carlo Simulation Method to probabilistically estimate the EUR in a shale reservoir
based on, as in this reservoir the Arps equation gives an unphysical exponent and leads to
over-estimation. The result showed that the Monte Carlo Simulation required more than
100000 to reach the convergence state. Quosay et al (2020) introduced a novel uncertainty-

based approach for optimising hydraulic fracturing in shale gas reservoirs. The authors



started by assigning a probabilistic distribution for the considered parameter and applying
Monte Carlo simulation on the basic analytical equation to identify the most sensitive
factors in designing the hydraulic fracturing process. Afanasyev et al (2023) aim to account
for the relevant physical phenomena during CO2 plumes in horizontal and sloping aquifers.
For this purpose, the author employs the Monte Carlo method, along with several hundred
detailed 3-D reservoir simulations to simulate a wide range of scenarios by introducing
randomness, which helps capture the complex behaviour of CO. migration. Wang et al
(2023) utilized stochastic Monte Carlo simulations with an extensive ensemble of 10,000
forward models to effectively evaluate the distinct effects of various uncertain parameters
on the outcomes of a geothermal project in the Netherlands. The authors mentioned that
the monte carlo can achieve the convergence state with approximately minimum 3000
realizations. Meanwhile, Palacios et al (2024) simulated 20000 iterations of monte carlo
simulation to produce the minimum and maximum power potential/capacity (MWe) for 12

hot springs Geothermal energy in Mexico.

Although MCS is widely acknowledged as a simple approach for uncertainty
quantification, the studies mentioned above consistently highlight the significant
computational burden associated with Monte Carlo simulation. This high computational
cost becomes a major drawback of this method, particularly when dealing with complex

reservoir models

10



2.3 Polynomial Chaos Expansion

Among various surrogate modeling techniques, Polynomial Chaos Expansion
(PCE) emerges as an alternative to Monte Carlo Simulation (MCS) for uncertainty
quantification, offering a solution to the high computational demand of MCS by developing
surrogate models. This method is particularly notable for its ability to model highly
complex systems with minimal training costs (Zhou & Zhang, 2019), and accurately
approximate the nonlinear responses of simulation models to input parameters,
significantly reducing computational time (Jia et al., 2016, 2018; Naik et al., 2019)

PCE models the target problem by using a linear combination of orthogonal
polynomials of different degrees, enabling the direct application of regression-based
methods like least-squares for model training and PCE coefficient estimation (Filomeno
Coelho et al., 2011). The process of addressing stochastic and uncertainty quantification
(UQ) problems using Polynomial Chaos Expansion (PCE) involves two key steps. First,
the implicit relationship between parameters and outputs is approximated by an explicit
polynomial function, a process known as polynomial approximation. Next, this polynomial
is used to calculate the probability distributions of the system's outputs (Shen et al., 2020).
Figure 6 presents the general workflow for constructing a PCE model for uncertainty

quantification.

11
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Polynomial Chaos Expansion (PCE) has become a viable alternative to Monte
Carlo Simulation (MCS) for uncertainty quantification, addressing the high computational
demands associated with MCS. PCE achieves this by creating surrogate models that
effectively approximate the nonlinear responses of simulation models to varying input
parameters, thereby significantly reducing the required computational time (Jia et al., 2016,
2018; Naik et al., 2019). The statistical moments of the output are determined through the
projected polynomial expansion. To develop a Polynomial Chaos Expansion (PCE) model,
one begins by assuming a physical model y = model (x), where x = {x,,...,xy}T €
RM,M > 1 is a vector of input parameter, y = {y;, ..., yx}* € RN,N > 1 is a vector of

output parameters. If the parameter vector x is uncertain is uncertain and described by a
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probability density function (PDF), then each model output y; € Y is expected to be a
random variable. Given that a particular model output yyy has a finite variance, it can be

expressed through the following Polynomial Chaos Expansion.

y=Mx) = ayB, + XL, a;By(x;) + Y Yher By (xj, %) +

Yty Yhet Bho1 @enBs (%) xp x) + - (2.1)

In this representation, the a's are the coefficients and the B's are multivariate polynomials

basis functions that are orthogonal with respect to joint PDF of x.

In practice, the Polynomial Chaos Expansion (PCE) is truncated to include only a finite
number of basis functions. The number of the terms N, in the expansion depends on this

truncation.

_ (M+a)!
Ne= S (2.1)

In this context, M indicates the number of model inputs (length of x) and d represents the

maximum degree of the polynomial basis functions. The choice of polynomial basis

functions is determined by the distribution of the input random variables (as shown in

Figure 2.5).
Z Distribution Orthogonal Basis Functions
Gaussian Hermite Polynomials
Gamma Laguerre Polynomials
Beta Jacobi Polynomials
Uniform Legendre Polynomials
Poisson Charlier Polynomials
Binomial Krawtchouk Polynomials
Hypergeometric Hahn Polynomials

Figure 2.5. PCE basis functions for each type distribution (Camacho et al., 2017)
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The foundation of Polynomial Chaos Expansion (PCE) theory was established in
1938, when Wiener introduced the concept of homogeneous chaos (Wiener, 1938). In his
paper, Wiener expanded Birkhoff's ergodic theorem from a single variable to
multidimensional truncated Hermite functions, demonstrating that Brownian motion
theory could model stochastic processes by representing random variables with Gaussian
distributions. Despite this early development, practical applications of PCE emerged much
later, nearly sixty years afterward, with the groundbreaking work of Ghanem and Spanos
(1991), who utilized PCE to address uncertainty quantification in mechanical engineering.
Xiu & Karniadakis (2003) later broadened Wiener’s approach, applying it to various
families of orthogonal polynomials, thereby providing an effective method for representing

non-Gaussian processes.

Polynomial Chaos Expansion (PCE) has been widely used as a surrogate model in
the field of stability and control, solid mechanics, electronic circuits or computational fluid
dynamics (Naik et al., 2019). Sarma et al (2005) were likely among the pioneers in applying
Polynomial Chaos Expansion (PCE) for real-time optimization and uncertainty
management in reservoir simulations. They introduced a closed-loop approach that utilized
Karhunen-Loéve (KL) expansion and Bayesian inversion techniques for real-time history
matching. The methodology was enhanced in the petroleum sector by Sarma et al (2011)
through non-intrusive spectral projection. In this study, Sarma introduced Non-instrusive
spectral projection (NISP) as an alternative to the issues of probabilistic collocation method
(PCM) — which the number of simulations needed to construct the PCE directly depends

on the number of terms in the expansion, growing exponentially with both the PCE order
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and the number of random variables. This significantly restricts the applicability of the
PCE method for large-scale problems. Oladyshkin et al (2011) proven the effectiveness of
Polynomial chaos expansion for stochastic modelling and uncertainty quantification in the
existence of finite number of moments, and lack of information or even existence of the
probability densitiy function of the parameter. This result confirms that the data-driven
PCE approach provides a novel method for defining parameter uncertainty in stochastic
analysis, eliminating the subjectivity involved in assigning theoretical probability
distributions. Hosder et al (2007) examined the accuracy and computational efficiency of
Point-Collocation Non-Intrusive Polynomial Chaos (NIPC) across various sampling
methods, including random, Latin hypercube, and Hammersley sampling. They observed
that all three sampling methods performed similarly in terms of accuracy and
computational efficiency. Furthermore, they found that using twice the minimum required
number of collocation points improved the statistical approximation at each polynomial
degree. Y. Zhang & Sahinidis (2013) introduced mixed-integer optimization (MIP)
methods to systematically select coefficients in polynomial expansions, leading to a more
straightforward and accurate surrogate model with the same level of input-output data.
They argued that this approach effectively captures interactions between low- and high-
order polynomial terms, setting it apart from traditional PCE techniques that rely on
forward selection or backward elimination. Jia et al (2016) & Jia et al (2018) applied PCE
models to reduce the computational cost and minimizing the lost of accuracy during the
uncertainty quantification study for carbon sequestration project. In this study, the authors
suggest that the performance of PCE reduced order model using 50 sample data gain a

competitive accuracy with monte carlo result with 1000 sample used.
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Many enhancements have been suggested for the traditional PCE method. In high-
dimensional problems, estimating expansion coefficients is computationally intensive due
to the exponential growth in the number of coefficients as the number of variables
increases, Camacho et al (2017) demonstrated that Smolyak quadrature can efficiently
estimate polynomial coefficients with a relatively small number of simulations.
Importantly, they showed that the required number of evaluations remains independent of
the expansion’s degree. Naik et al (2019) firstly introduced the use of PCE-Proxy model to
calibrate flow physics model of surfactant-polymer flooding process. In this study, the
authors incorporate krigging model (PCE-Krigging) to estimate the probable error
associated with the predicted values of the proxy model. Tarakanov & Elsheikh (2019)
introduced an effective method for estimating PCE coefficients by integrating Elastic Net
regularization with a data-driven approach for feature ranking. This approach tackles error

minimization in calculating PCE coefficients within high-dimensional models.

Hosder et al (2007) already suggest that the number of sample N, used in model

simulations to develop a surrogate Non-intrusive polynomial chaos (NIPC) model should
be double the number of polynomial terms N, in the expansion. The value of N, itself can
be calculated using the equation 2. This becomes foundation for many research for defines
the number of sample for the PCE model. However, to the best of our knowledge, all of

the studies that has been reviewed use relatively low polynomial degree 2 > P < 5.

In some conditions, when the model is very complex and the non-linearity is very
high, higher order polynomial is need to assign in the PCE model. This situation will add
the complexity in the model and more data points will be needed. Hence, in this study, the
relationship between the increase in polynomial degree and used sample points will be
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investigated to determine the recommended sample points that need to be used when

dealing with higher order polynomial model
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CHAPTER 3

METHODOLOGY

This chapter provides a detailed explanation of the methods and procedures applied
in this study, including a description of the reservoir model used for the simulation, as well
as the procedures and mathematical foundations of Monte Carlo simulation, Polynomial
Chaos Expansion, and sensitivity analysis using the Sobol method. Figure 10 illustrates the

overall workflow of the study.

Data acquisition | Reservoir simulation model
(Static and dynamic data} v (Black-oil model)
A 4
Sensitivity analysis study
(Sobol analysis)
A 4
Uncertainty quantification
— S —
maodelling
Sampling and simulation Proxy polynomial
A4 A4
Statistics Sampling and simulation
A4 A4
Moments Cocflicient calculation
v
Moments
» Result and discussion <

Figure 3.1. The overall workflow of the study
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3.1 Reservoir Model Description

This study will use the open-source PUNQ S-3 industrial reservoir engineering
model. The PUNQ (Production Uncertainty Quantification) project, financed by the EU,
delved into history matching and uncertainty quantification research, involving various
research institutions and oil companies throughout Europe. As part of this initiative, several
reservoir engineering models were crafted to explore different history-matching
methodologies. One such model, the S3, was released for usage by other research entities

within this field and has seen extensive application.

The PUNQ-S3 scenario originates from an actual field study conducted by EIf
Exploration Production, characterized as a compact industrial reservoir engineering model.
The field features an oil reservoir with a gas cap and a functioning aquifer. The description

of the reservoir is presented in figure 3.2 and table 3.1

Permeability | (md) 1967-01-01

Figure 3.2. 3D reservoir model (PUNQ-S3 model)
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Table 3.1. Brief Reservoir description PUNQ-S3

Parameter Value Unit
Grid top 2340 m
Grid bottom 2443 m
Grid structure 19x28x5
Bulk volume 5.75%10’ m3
Reservoir pressure 23446 kPa
HC. pore volume 25489 m?
Reservoir oil in place 1.9972x108 m3
Total grid number 2660 Grid block
Grid size area 180%180 m?

The numerical model is structured into 19 x 28 x 5 grid blocks, each measuring
180x180 square meters, with 1761 of these blocks being operational. The reservoir is
exploited using 10 production wells that are opened progressively every two months and
are named as follows: PRO-1, PRO-4, PRO-5, PRO-11, PRO-12, PRO-15, PRO-23, PRO-
24, PRO-29, and PRO-50. The reservoir is bordered by faults to the east and south while it
shares connectivity with a substantial aquifer to the north and south, eliminating the need
for injector wells. The spatial arrangement of these wells within the reservoir's porosity

framework is illustrated in the subsequent Figure 3.2.

The reservoir simulation model is defined to have 10 uncertain parameters, each

adhering to a truncated normal distribution and log normal distribution for KRG, KRO,
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KRW, MULTIPERI and MULTIPERMK parameter. The specifics of these parameters are

outlined in Table 2.

Table 3.2. Statistic information of the random input parameters used

No Parameter Min. value Max. value Mean Std
1 CPOR 3.375E-06  5.625E-05 4.5E-06 4.835E-07
2 KRG 0.375 0.625 0.5 0.0537310
3 KRO 0.375 0.625 0.5 0.0537310
4 KRW 0.15 0.25 0.2 0.0214924
5 NG 2.24904 3.7484 2.99872  0.322249
6 NW 1.64871 2.74785 2.19828 0.236239
7  MULTIPERMI 0.75075 1.25125 1.001 0.107566

oo

MULTIPERMK  0.75075 1.25125 1.001  0.1075696

9 MULTIPOR 0.75075 1.25125 1.001  0.1075696

10 SORW 0.075 0.15 0.1 0.0107462

The uncertain parameters in this reservoir simulation model are described next:

CPOR Rock compressibility, a value used in the whole model

KRG Maximum gas relative permeability.
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KRO Maximum oil relative permeability.
KRW Maximum water relative permeability.
NG Corey exponent of gas relative permeability
NW Corey exponent of water relative permeability
MULTIPOR Porosity multiplier.
MULTIPERMI Horizontal permeability multiplier.
MULTIPERMK Vertical permeability multiplier.
SORW Residual oil saturation to water
SORW Residual oil saturation to water
1e5 CPOR KRG
8
& 7
6
[
= z°
2 2,
&4 &
3
2 2
1
¢ 30 35 40 45 5.0 5.5 6.0 e 0.40 045 050 055 0.60 065
Value Value
KRO Tel KRW
8 2.00
6 1.50
z° 5,1.25
% 4 % 1.00
[=] [=]
3 0.75
2 0.50
1 0.25
0 T T T 0.00 T T T
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Figure 3.3. Probability density plot of random input parameters

Generally, adding more parameters can slightly enhance accuracy but at the cost of
increased computational demands. In this study, we will conduct a sensitivity analysis to
address this. This preliminary step is often conducted using Sobol analysis, a method
introduced by (IM Sobol, 1993), which falls under the category of variance-based
sensitivity analysis. The core concept of these methods involves evaluating how much each

input variable contributes to the overall variance of the output. Within a probabilistic
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framework, the Sobol method breaks down the output variance into segments that
correspond to each input (Saltelli et al., 2010). For instance, in a model with two inputs
influencing one output, it might be found that 60% of the variance in the output is due to
the first input, 30% to the second, and the remaining 10% arises from their interaction.

These figures are then used to gauge the sensitivity of the model to changes in its inputs.

3.2 Sensitivity Analysis

In this study, we will conduct a sensitivity analysis to address this. This preliminary
step is often conducted using Sobol analysis, a method introduced by (IM Sobol, 1993),
which falls under the category of variance-based sensitivity analysis. The core concept of
these methods involves evaluating how much each input variable contributes to the overall

variance of the output.

Suppose, we have a model function f which maps f: X —» Y, Where X = (X1, X, ... X,,)T is
the model input vector and and Y = f(X) is the model output response. Sobol indices

(rank) can then be calculated as

_ VxilEx~i(YIXp]
Si = Rz (3.1)

where the terms of functional decomposition are expressed in terms of conditional expected
values E. The sum of all Sobol indices, called total Sobol indices S/, can then be estimated

as follows:

ST = St S = DX (32)
Within a probabilistic framework, the Sobol method breaks down the output
variance into segments that correspond to each input (Saltelli et al., 2010). For instance, in

a model with two inputs influencing one output, it might be found that 60% of the variance
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in the output is due to the first input, 30% to the second, and the remaining 10% arises from
their interaction. These figures are then used to gauge the sensitivity of the model to

changes in its inputs.

3.3  Monte Carlo Simulation

In the mathematical setting, the MC method approximates the expected value of a
random variable such as s = E[Y]. In general, we generate values of y,,...,y,
independently and randomly from the distribution of Y and take their average as the

estimate of s.

S =220 Vi (3.3)

In the setting of independent and identically distributed (i.i.d.) sampling, $,, is a random

variable and the mean of S, is

E[S,) = 3L, Elvl = (34)
The MC estimator is unbiased since the expected value of S, is equal to s. According to
the strong law of large numbers, the average converges almost surely to the true expected

value

[P’(lim 1S, — S| = o) =1 (3.5)

n—oo

provided that the variance of the individual terms V[Y] is bounded (Kroese & Rubinstein,

2012). Suppose that V[Y] = 02 < oo, we have

V[S.] = ElGs - )% = 2 (3.6)
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and the root mean square error (RMSE) of §,, is o/v/n, which means the error of MC
estimtor is of order n=1/2 and we typically write RMSE = 0(n~1/2), where O(-) notation

allows us to focus on the rates of convergence as n — oo.

One of the strengths of the MC method is that the sample values can be used for error

estimation. The most commonly used estimates of o2 are

=T (i - $)° (3.7)

n

2

¢ =-3r (vi—Sn) (3.8)

and the estimator in Equation (5) is unbiased since E[¢(?] = a2 for n > 2. From the central
limit theorem, the error $,, — S has approximately a normal distribution with mean 0 and

variance a2 /n. Therefore, we can estimate confidence intervals around the estimate $,,.

3.4 Polynomial Chaos Expansion (PCE)

3.4.1 PCE Coefficient Calculation

The coefficients for the polynomial function, as described in equation 3.9 can be
ascertained through two methods: an intrusive method or a non-intrusive method. In this
instance, we adopt the Least Square Minimization method to identify these coefficients. A
key benefit of this technique is its flexibility, allowing the use of any set of points that
accurately reflect the true probability distribution, f(X), of the input variables for the
determination of the coefficients.

_ .1 gNs @) _ oY)
Yo = argmin stizl (P(X ) ZaeA yalpa(X )) (3-9)

Y aeRPbasic
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N represents the aggregate count of experimental design points, which are derived
from the probability distribution of the input variables, with £ = (X®,x® _ xNs)
constituting the input vector. The method of latin hypercube sampling (LHS) is employed
for generating these sample points. Various research indicates that LHS offers a superior
rate of convergence compared to the Monte Carlo Sampling (MC) technique, particularly
in scenarios involving multiple dimensions (Aistleitner et al., 2012). The computational
model undergoes evaluation at each of these points. To address equation 3.9 the Ordinary
Least Square (OLS) method, which aims to minimize the sum of squared residuals, is

applicable (Yaghoubi et al., 2017)
Yo = (ATA)TATY (3.10)

Y = (yW,y@ .. yNs) represents the responses of the output model, calculated at the Ni-
sized input vector, while A denotes the experimental design matrix. This matrix
encompasses the orthonormal bases for all N and is defined as A;; = ¢;€@,i =

1.Ngj=1..p—1.

Given that equation 3.10 presents a least square minimization challenge,
augmenting the count of experimental design points, N, aids in reducing the truncation
error, thereby enhancing the reliability and precision of the PCE-proxy model.
Nonetheless, conducting simulations across an extensive array of experimental design
points incurs significant computational resources, making it crucial to accurately assess
errors in the PCE's subsequent predictions to ascertain the most effective number of model

evaluations
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3.4.2 PCE Posterior Error Estimation

The posterior error of the Polynomial Chaos Expansion (PCE) can be precisely
evaluated through the error derived from least square minimization, often referred to as the
relative generalization error, £g.,,. A specific form of this error, termed the normalized
empirical error, &.,,,,,, effectively measures the PCE's capability to accurately mimic the
output response at the experimental design points, Z, as indicated in reference (Maly &

Sudrety, 2017).

_ L (e ®)-pPo(x )’
Eemp = Var (Y)

(3.11)

2
Where Var (Y) = %5, <P(X ©) — =%, P(X (i))> is variance of model output
S

response of Y and and the Polynomial Chaos Expansion (PCE) is formulated using every

point within the experimental design set (PP¢(X)).

3.4.3 Moment of PCE: Mean and Variance

The moments of the Polynomial Chaos Expansion (PCE) can be determined
analytically and are known to converge to the actual response of the output model.
Specifically, the first two moments, the mean and variance, of the PCE are solely dependent
on its coefficients. It is demonstrated that the mean of the PCE (upcr) is determined by the

first coefficient, which corresponds to the constant basis term W, = 1 i.e.

Hpce = Y1 (3.12)

The variance of the PCE (o3.) is calculated by summing the squares of all its coefficients,

with the exception of the first one (y;) i.e.
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3.4.4 Moment of Stochastic Approach (LHS): Mean and Variance

For n independent and identically distributed (iid) samples (X = (X, X, ...Xn))
drawn from a particular distribution, the mean of that distribution, denoted as I,,, can be
estimated through the Central Limit Theorem (CLT), provided that the variance V,, of the
distribution is defined. According to the CLT, as the number of samples n approaches
infinity (n — o), the sample mean of any given distribution will converge towards a

normal distribution centered around the mean:

1

=30, P(X;) » N (E[PCOL-VIPX)])  (313)
Where E[.] is the expectation of PCE and V][.] is the variance of PCE.

The variance of the distribution, denoted as V,,, can subsequently be estimated as follows:

=230 (P(X) — 1) (3.14)
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CHAPTER 4

RESULT AND DISCUSSION

4.1 Monte Carlo Simulation

This study uses the open-source PUNQ S-3 industrial reservoir engineering model
with a model comprising 19x28x5 grid blocks, with cumulative oil production set to be the
main objective function. Monte Carlo simulation for cumulative oil production was already
computed based on the 17000 realizations of the reservoir model. The probability density
curve, cumulative probability are constructed, and the statistical properties of the resulting
cumulative oil production data obtained from monte carlo simulation are presented in
figure 4.1 and table 4.1Following this, a convergence plot is constructed to evaluate the
stability of the Monte Carlo model as a function of the addition of new realizations. In the
convergence plot, each colored line represents a moving average of the plotted data. As
new data points (realizations) are added, the average is recalculated. Upon completing the
analysis for one subset, the data set is shuffled randomly, and the process is repeated with
a new arrangement of the data to generate another colored line. This is done 500 times for
each data set, enhancing the visualization of the variability across different computations.
Based on Figure 15, it appears that the Monte Carlo simulation results stabilize once the
number of realizations exceeds 17,000. This indicates that obtaining stable and reliable
information from Monte Carlo simulations requires a large number of realizations, which

can be extremely time-consuming for complex models.
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Figure 4.1. Monte Carlo Simulation result for cumulative oil production

Following this, a convergence plot is constructed to evaluate the stability of the
Monte Carlo model as a function of the addition of new realizations. In the convergence
plot, each colored line represents a moving average of the plotted data. As new data points
(realizations) are added, the average is recalculated. Upon completing the analysis for one
subset, the data set is shuffled randomly, and the process is repeated with a new
arrangement of the data to generate another colored line. This is done 500 times for each
data set, enhancing the visualization of the variability across different computations. Based
on Figure 4.2, it appears that the Monte Carlo simulation results stabilize once the number
of realizations exceeds 17,000. This indicates that obtaining stable and reliable information
from Monte Carlo simulations requires a large number of realizations, which can be

extremely time-consuming for complex models:
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Table 4.1. Summary statistic Monte Carlo simulation result

Parameter Cumulative oil production (m?3)
Mean 1634352.984
P90 1660318.36
P50 1636817.75
P10 1604414.24
Variance 471503656.858

leb
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Figure 4.2. Convergence plot for each statistical properties of MCS
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Furthermore, sensitivity analysis using the Sobol method was conducted on 10
random parameters, revealing that the porosity multiplier, horizontal permeability
multiplier, and rock compressibility exhibit the highest sensitivity to cumulative oil
production, with sensitivity factors of 57%, 40%, and 2.3% consecutively. This result is
important to use for reducing the dimensionality of parameters in the PCE study. As high
random input parameter will lead to the high polynomial parameter , so it is important to
select and use the high correlation input parameter to the objective function (cumulative

oil production).
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Figure 4.3. Sobol sensitivity analysis — main effect of the input parameters
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Table 4.2. Top 3 significant random parameters

Parameter Name Main Effects  Interaction Effects
Porosity Multiplier 0.571136 0.000527133
Permeability | Multiplier 0.403256 0.00117459
CCPOR 0.0220957 0.0018804

4.2  Polynomial Chaos Expansion

The Polynomial Chaos Expansion (PCE) model was constructed using the three
most influential parameters: porosity multiplier, horizontal permeability multiplier, and
rock compressibility. The Hermite polynomials serve as the foundation for the set of
orthogonal functions. This study evaluates the PCE’s performance under two key
scenarios. In the first scenario, the degree of the polynomial model is varied to analyze its
impact. In the second scenario, the number of samples is adjusted while maintaining a
constant polynomial degree. Both scenarios aim to provide deeper insights into the model's

accuracy and robustness across different parameter configurations.

Initially, the minimum number of samples for each degree is calculated based on a

(M+d)!

specific equation N, = VTR

where M is the number of parameter used, d is the highest

degree of polynomial model, and N is the total coefficient. The minimum recommended
number of sample Ns used to build the polynomial model is twice the number of coefficient
Nt Hosder et al (2007). Table 4.3 presented the number of coefficient and number of

samples used for each degree polynomial
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Table 4.3. Coefficient and parameter number for each PCE degree

Maximum Degree  Number of Coefficient Number of samples

3 20 50
5 56 120
7 120 250
9 220 450
11 364 750

Table 4.3 provides the recommended sample size for each polynomial degree. For
each degree, a random subset of samples is drawn from the latin hypercube 17,000 Monte
Carlo Simulations (MCS) realizations, with the remaining samples set aside as the
evaluation dataset to test the performance of the polynomial model. The samples used to
build the surrogate model are referred to as the "training data,” while those used to assess
the model's accuracy are the "evaluation data.” Various evaluation metrics, including the
coefficient of determination, empirical error, etc, are applied to gauge the model's
performance on each dataset. The uses of several evaluation metrics in this study to gain

unbiased interpretation of the model performance.

There is a subtle distinction between the training and evaluation datasets in this
process. When the model is used to predict outputs for the training set, it tends to
overestimate because no cross-validation is applied during the construction of the surrogate
model. Simply put, if a point like X;; is used to build the PCE model and then the same
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model is used to predict the output for X;,, it will provide a perfect prediction. To avoid
this overfitting, a leave-one-out method is employed. In this approach, the PCE is built
using all data points except one (PP¢~¥(§)), and the excluded point is used to evaluate the
model's performance, estimating the R2 and error called Leave-one-out (LOO) error. Then
the PCE model is applied to predict outcomes in the evaluation dataset. Finally, the

empirical error for the evaluation set is calculated, as shown in Equation 3.11.
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Figure 4.4. Summary PCE performance for all PCE model

Figure 4.4 illustrates the performance of PCE models with varying polynomial
degrees (3, 5, 7, 9, and 11) in predicting cumulative oil production. The results show a
strong coefficient of determination (R?) as the polynomial degree increases from 3 to 5,
with R2 values exceeding 0.95 for both training and evaluation datasets. This indicates that
the model fits the training data well and generalizes effectively to unseen data with the
assigned number of sample. However, starting with degree 7, a significant drop in
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performance is observed, with R2 values decreasing dramatically compared to lower-
degree models (3 and 5). This decline continues and worsens with higher degrees, as
evident in the results for degrees 9 and 11, which show very low R2 values for both the
training and evaluation sets. This poor performance is further supported by Table 4.4,
Figure 4.5 and Figure 4.6 where model errors increase sharply as the polynomial degree
rises. For example, the training error jumps to 24% at degree 7, 249% at degree 9, and an

astonishing 4380% at degree 11.

Table 4.4. Error evaluation for all PCE degree model

Sample LOO Empirical L, mean L, variance
3 1.71E-02 1.04E-02 7.60E-05 1.19E-02
5 9.62E-03  4.34E-02 1.89E-04 1.47E-02
7 3.97E-01 2.42E-01 1.10E-04 1.68E-01
9 2.25E+00 2.49E+00 6.16E-04 2.55E+00

11 2.00E+01 4.83E+01 5.09E-04 4.90E+01

This phenomenon exemplifies the bias-variance tradeoff, where increasing model
complexity with higher-degree polynomials reduces bias but drastically raises variance.
This heightened variance makes the model overly sensitive to noise, preventing it from
generalizing effectively to unseen data. While higher-degree polynomials can capture more
intricate patterns, they also increase the risk of overfitting, which harms the model's
generalizability. Overfitting causes the model to fit noise in the data, explaining the sharp
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drop in RZ and the dramatic increase in variance at higher polynomial degrees. The error

variance between the MCS dataset and the PCE results escalates significantly, reaching

16% for degree 7, 250% for degree 9, and a staggering 4900% for degree 11.
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Since it has been established that higher-order polynomial models require more

data samples to achieve optimal accuracy in terms of R2, mean and variance errors, the next

section will examine the performance of polynomial degrees 5, 7, 9, and 11 under varying

sample sizes. Referring to Table 4.5, several sample sizes based on the number of

coefficients (N;) for each degree will be tested. Multiplier factors (n,) will be applied to

(N;) to determine the minimum number of samples required for optimal performance at

each polynomial degree. By multiplying (N;) by these factors, the resulting value will

represent the sample size used for testing each polynomial model. The goal is to draw solid

conclusions and provide insights into the relationship between polynomial degree and

sample size for improved model performance.
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Table 4.5. Varying number of samples for each polynomial degree

Maximum
N; n, =3 n, =4 n, =5 n, =6 n, =7
Degree
5 56 120 168 224 280 336
7 120 250 360 480 600 720
9 220 450 660 880 1100 1320
11 364 750 1092 1456 1820 2184

4.2.1 PCE Degree 5 - Varying Sample

The evaluation of the PCE model with degree 5, as shown in figures 4.7,
consistently demonstrates strong R? values across all sample sizes. This is expected, as the
PCE model has already performed well with twice the minimum recommended number of
samples. The results indicate that the model improves in both bias and variance as the
sample size increases. Moreover, the relative L, errors for mean, variance typically
decrease with larger datasets. Additionall parameter such as P10, P50, and P90 are
introduced to compare the MCS and PCE performance. The results also shows an improve
with the PCE model as the number of sample increase. This suggests that the PCE model
becomes progressively more robust and reliable in approximating the system’s behavior as
more training data is introduced. These findings are consistent with statistical principles,
which state that increasing the sample size improves the model’s generalization ability and

helps reduce overfitting.
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Figure 4.7. Summary PCE degree 5 performance for all varying sample

Table 4.6. Error evaluation PCE model degree 5 for all sample variations

Sample L, mean L, variance L, P90 L, P50 L, P10
168 1.02E-04  2.29E-02 1.81E-04 1.82E-04 3.41E-05
224 1.21E-04  9.49E-03 5.10E-05 1.98E-04 1.37E-04
280 1.25E-04  7.88E-03 2.59E-06 1.96E-04 1.49E-04
336 9.69E-05  2.75E-03 2.17E-06 1.59E-04 7.44E-05
392 5.73E-05  6.25E-03 5.42E-05 1.34E-04 4.51E-05
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Figure 4.8. Error evaluation PCE model degree 5 for all sample variations

The residual for all sample variations are generally distributed around zero,
suggesting minimal error. However, each residual plot contains some outliers. As the
sample size of the PCE model increases, these outliers become less prominent, indicating

an improvement in the PCE model's performance with a larger sample size. It concludes
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that larger sample sizes help the model to balance the trade-off between bias and variance,

leading to more accurate predictions that better match the true distribution of the data.
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4.2.2 PCE Degree 7 & 9 — Varying Sample

Figure 4.10 and 4.11 provided the R? scores for both the training and evaluation
datasets using a Polynomial Chaos Expansion (PCE) model of degree 7 and 9, with an
increasing number of samples. The results demonstrate a significant improvement in R? as
the number of samples increases compared to the base case, where the R? values were so
much low. The most striking feature of these results is how the R? values increase as the
increase the number of samples. It can be understood as a high order (etc. order 7,9, 11,...)
polynomial introduces a higher level of complexity, allowing the model to fit highly
intricate nonlinear relationships in the data. This degree can be beneficial for capturing
subtle patterns but also carries a significant risk of overfitting. Hence, a larger dataset is
essential to ensure optimal performance, particularly for models with higher complexity

like PCE.

For instance, for degree 7, initially 240 sample points (n,, = 2) is used. However,
this sample is not sufficient to construct an optimal PCE model as it yield very bad R? of
0.601 and 0.758 for training and evaluation data respectively. However, when n,, increase
to 3, the R? is signifantly increase to 0.984 and 0.933 for both training and evaluation data.
Though more consistent R? is achieved when the higher number of sample is used. This
result is indicating that the minimum of sample that required to construct very good and

consistent PCE model for degree 7 is at n,, = 4.
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Figure 4.10. Summary PCE degree 7 performance for all varying sample

Table 4.7. Error evaluation PCE model degree 7 for all sample variation

Sample L, mean L, variance L, P90 L, P50 L, P10
168 6.62E-06  6.03E-02 7.54E-06 2.98E-04 1.91E-04
224 1.32E-05 1.73E-02 1.12E-04 1.29E-04 6.17E-06
280 8.38E-05 1.05E-04 6.77E-05 1.46E-04 5.02E-06
336 7.83E-05 4.06E-03 4.68E-05 1.67E-04 4.21E-05
392 3.78E-05  1.27E-03 6.40E-06 4.61E-05 3.73E-05
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Figure 4.11. Summary PCE degree 9 performance for all varying sample

Additionally, for degree 9, it can be conluded that the 450 number of sample (n, =
2) is very lack to construct good PCE model, as it yield very bad R? of -1.25 and-1.486 for
training and evaluation data during the initial study. It start to give good R? when the Ny
increase to 3. However, this number of sample is still considere to be less sufficient, as it
gives inconsistency R? for training and evaluation data. It only start to give consistent good

score when the n, =5 is used

Table 4.8. Error evaluation PCE model degree 9 for all sample variation

Sample L, mean L, variance L, P90 L, P50 L, P10

168 2.37E-04  2.25E-01 2.30E-04 4.62E-05  3.64E-04

224 7.23E-05 4.26E-02 1.26E-04 1.60E-05 1.21E-04
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280 7.37E-05  2.63E-02 9.64E-05 8.70E-06 1.56E-05
336 6.28E-05  1.82E-02 1.36E-04 9.54E-06  3.03E-06
392 1.25E-05 1.01E-03 4.31E-05 1.61E-05  9.67E-05

Generally all of the PCE model degree 7 and 9 for all varying sample shown very
low error, indicating robust performance for both model (table 4.7 and 4.8). If we look at
the figure 20, the error score is quite fluctuative for all varying sample. Same condition
also occure for PCE model 9 (figure 4.13), in which the error pattern quite shown
fluctuative. However, is not really becomes a concern, since the general trend is shown
downward and the range of error is considerable low, especially if we compare to the base
case model (PCE model 3) which result satifstying performance for all of the aspect R?

score, error score during the initial study.
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Examining the residual plots of the PCE models with degrees 7 and 9 for all sample

and residuals.
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variations confirms that the PCE models can accurately estimate cumulative oil production.
This is evident from the general distribution of residuals around zero, reflecting strong
model performance and low error values. Although there are some outliers, they are
acceptable, as their number is small compared to the total sample size of 17,000. Moreover,
the outliers consistently decrease as the sample size increases, indicating improved
performance of the PCE models. These findings align with the R? scores for both models,

where a smaller sample size results in the lowest R? score and the highest number of outliers
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4.2.3 PCE Degree 11 — Varying Sample

The results presented in Figure 4.16 provide an analysis of the R2 scores for the

PCE model with degree 11, evaluated on both the training and evaluation datasets using

different sample sizes. At sample 1092 (n, = 3), the result indicating massive

improvement from the initial study when 728 (n,, = 2) of sample were used. Despite of

this increase, the model still need to be refine as the R? still yield negative score for both

training and evaluation. As the others high polynomial orders, the performance of this PCE

model improve as the sample number increase. The satisfying score R? can be only achieve

when the 2548 (n, = 7) sample used, as this give consistent score above 0.9 for both
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training and evaluation data. Additionally, all of the error metrics also show decreasing as

the sample numbers increase. It is again indicated that a larger dataset is essential to ensure

optimal performance, particularly for models with higher order which posses high

complexity.
R? Training
1.0
[ ] 0 3’34
0.889 '
o853
[ )
0.749
& 05
[ ]
0.371
0.0 — : ; ; ;
1092 1456 1820 2184 2548

Degree

(@) R? summary for training PCE

model degree 11

10

R? Testing

D.495

0.844

0.883 0.914

0.0 —
1092

1456 1820
Degree

2184 2548

(b) R? summary for testing PCE

model degree 11

Figure 4.16. Summary PCE degree 11 performance for all varying sample

Table 4.9. Error evaluation PCE model degree 11 for all sample variation

Sample L, mean L,variance L, P90 L, P50 L, P10
1092 4.32E-04  1.85E+00 7.33E-05 4.40E-05 4.52E-05
1456 2.88E-04  8.79E-01 7.71E-05 1.58E-06 9.07E-05
1820 5.79E-05 1.93E-01 8.59E-05 5.77E-05 1.37E-04
2184 4.04E-05 1.43E-01 3.75E-05 6.40E-05 8.61E-05
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The residual plot reveals that the magnitude of the residuals is extremely high. For
instance, in the residual plots for 1,092 and 1,456 sample points, the residual magnitudes
reach 2 million and 1 million basis points, respectively, indicating very poor performance
from the PCE model. This result aligns with the very low R? scores from this model.
However, as the number of samples increases, the outliers consistently decrease,
suggesting an improvement in the PCE model’s performance. Although the residual plot
for 2,548 samples (n,, = 7) still shows high residual magnitudes compared to other models
(PCE degree 5, 7, 9), it is sufficient to conclude that the minimum sample size needed for
PCE degree 11 to yield good results is around 2,548 samples (n,, = 7). Therefore, the

investigation concludes here, as the objective of determining the minimum sample size has

been achieved.
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Figure 4.18. Residual PCE model degree 11 for all sample variation

The analysis reveals that, regardless of the coefficient determination score across
all sample variations tested for each degree of the PCE model (5, 7, 9, and 11), all models
deliver results that are closely comparable to the outcomes of a converged Monte Carlo
simulation with 17,000 realizations. This conclusion is supported by evaluating the mean,
variance, and P10, P50, and P90 errors, all of which exhibit minimal discrepancies.
Furthermore, as depicted in Figure 4.19, the average runtime for each PCE model is
remarkably efficient, taking less than one second. In contrast, achieving convergence with
the MCS model requires approximately 10,493 seconds. These findings suggest that PCE
models are a viable alternative to MCS models, offering competitive accuracy while

dramatically reducing computational time.
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4.3  Novel Correlation for Degree — Sample Relationship

Based on the finding above, it is important to note that the sample size plays a
crucial role in mitigating the adverse effects of increasing polynomial degree. The study
reveals that higher-degree polynomials require much larger datasets to maintain their
performance and reduce overfitting. For instance, while a degree 3 and 5 PCE model
performs well with a sample size roughly 2—3 times the number of coefficients N;. Higher-
degree models, such as degree 7, 9 and 11, require at least 4-7 times N, to reach acceptable
accuracy. Without this increase in sample size, these higher-order models produce poor R2

values and fail to align their predicted histograms with the true data distribution.

Looking into the Polynomial Chaos Expansion (PCE) model performance in this
study, it is clear that the reference-based recommendation for the minimum number of
samples—typically twice the number of coefficients—does not always correct, especially
for higher-degree polynomials. Our results demonstrate that the required sample size

increases significantly as the polynomial degree rises. For instance, while lower-degree
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models (such as degree 3 and 5) perform well with twice the number of coefficients, higher-
degree models like degree 7, 9, and 11 require larger multipliers, ranging from three to
seven times the number of coefficients. This correlation suggests that more complex
models need a greater sample size to avoid overfitting and capture the data distribution

accurately.

Hence, a generalized formula to estimate the minimum number of samples for any

polynomial degree (higher than 5) is proposed as follows:

Ng=n, XN, (2

Inwhichthe n, = (1 + [E]), is the multiplier factors, and N, = (M+d)!, is the total number
2 M'd!

of coefficients. An addition of interger “1” in n,, is to ensures the sample size is always

more conservative by always using slightly more samples.

Hence the final formula will be written as:

d (M+d)!

Ny = (1 + [ED X MJ.Ird! (4.1)
This formula provides a more flexible and accurate guideline for determining the
appropriate sample size for PCE models, ensuring robust performance even at higher

degrees.

To validate these recommendations, we proceeded to construct several new PCE
models with degrees 6, 8, and 10. The sample size for each polynomial model is determined

based on our earlier recommendation (equation 20). Thus, the corresponding n,, values for
constructing the PCE models are n, =4,n, =5,and n, =6, respectively. For

comparison, we also investigated how the model's performance is affected when n, is
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decreased by 1 to 2 factor point for each degree. The summary of sample that will be used

for each PCE model is presented in table 4.10.

Table 4.10. Scenario number of sample used for PCE model degree 6, 8, and 10

Sample 1 Sample2  Sample 3

Maximum
N¢
Degree (n, — 2) (n,—1) (n,=n,)
6 64 168 252 336
8 165 495 660 825
10 286 1144 1430 1716

Figures 4.19 to 4.20 show the R? scores for the PCE models with degrees 6, 8, and

10. As anticipated, the best results for all PCE models come from using the n,, values

derived from the recommended equation. For example, in the PCE model with degree 6
(Figure 26), equation 19 indicates that n,, = 4 (336 samples) is the minimum required
sample size to achieve good model performance. When n,, is reduced by 1 or 2 points, such
as n, — 1 (252 samples) and n,, — 2 (168 samples), the PCE model yields lower R2 scores.
While n,, — 1 (252 samples) seems to perform well for PCE degree 6 and 8, the same does
not hold for PCE degree 10, where n,, — 1 (1,430 samples) results in an R2 score below 0.9
for both training and testing. Due to this inconsistency, the previous formula includes the
addition of "1" to n, to ensure the sample size is always slightly larger and more

conservative.
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The proposed recommendation for achieving good performance for each PCE
degree has been successfully applied to all new PCE models with degrees 6, 8, and 10.
Using the sample size derived from equation 20 consistently provides satisfying results for

each PCE model.
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Figure 4.20. Cross-plot PCE model degree 6 for all sample variation
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Figure 4.22. Cross-plot PCE model degree 10 for all sample variation



CHAPTER S

CONCLUSION AND FUTURE WORK

5.1 Conclusion

This study investigates the performance of Polynomial Chaos Expansion (PCE)
models in predicting cumulative oil production using various polynomial degrees (3, 5, 7,
9, and 11) and different sample sizes. Several key insights emerge from the analysis,
highlighting the importance of balancing both polynomial degree and sample size in

constructing robust and accurate PCE models.

1. The Polynomial Chaos Expansion (PCE) method offers a highly efficient
alternative to traditional Monte Carlo Simulation (MCS) for uncertainty
quantification, achieving comparable accuracy with significantly fewer samples
than converged MCS which required 17000 realization. For example, a degree 3
and 5 PCE model achieves an R? of above 0.95 and error below 1% for the first two
moments (mean and variance) using only 50 and 120 samples respectively. Even
the higher degree used in this study (d = 11) only required 2548 samples to get R2
> 0.9, whereas MCS requires 17000 of realizations to reach the convergence.
Additionally, The PCE model achieves convergence in less than a second, whereas
Monte Carlo simulation requires over two hours to complete\

2. PCE model performance is strongly influenced by both sample size and polynomial
degree. Lower-degree polynomials (e.g., degree 3 and 5) can achieve high accuracy

with fewer samples, but higher-degree models (e.g., degrees 7, 9, and 11) require a
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5.2

. The recommended equation from this study, Ny = (1 + B]) X

much larger sample size to avoid overfitting and capture the data’'s complexity. For
example, degree 7 requires at least 3 times N, for acceptable accuracy. Similarly,

degree 9 and 11 needs 5 times and 7 times N, respectively for good R2 scores.

(M+d)!
Mid!

, is found to

be valid to search the minimum number of sample that should be used to yield good

performance on PCE model, balancing the number of sample and PCE degree

properly.

Future Works

This study successfully presents a novel approach to identify the minimum sample

size needed to optimize the performance of a higher-degree Polynomial Chaos Expansion

(PCE) model. As the PCE degree and the input random variables increase, the model’s

coefficients grow exponentially, which in turn requires more samples and raises

computational costs. Therefore, it is essential to develop a new method that can

automatically determine the sensitivity of PCE coefficients at higher degrees to enhance

the model's efficiency.
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