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The mazximum vertex-weighted matching (MVM) problem in a graph with weighted
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where the weight of a matching is calculated as the sum of the weights of the vertices
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problem can be solved both exactly and approximately in polynomial time. Additionally,
a parallel approximation algorithm using shared memory was developed to utilize multi-
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locally and remotely, continuing this process until no further such paths are found,
to achieve the approrimation. The time and message complexity using n processors
are O(A?) and O(A®n), respectively, where n is the number of vertices and A is the
maximum degree. Furthermore, we introduce a more efficient heuristic for MVM that
guarantees every remote vertex is evamined a single time. The time and message
complexity of the heuristic, using n processors, are O(A?) and O(m), respectively,
where m is the number of edges. Although the MVM problem can be addressed using
a mazximum edge weighted approzimation (MEM) algorithm, this thesis demonstrates
that solving the problem directly using the heuristic is more effective. Ezxperimental
evaluations demonstrate that our heuristic surpasses the fastest MEM approzimation

algorithm, the Suitor algorithm, in terms of both matching quality and computational

efficiency.
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CHAPTER 1

INTRODUCTION

Given a graph G = (V, E) with a set of vertices V' | and a set of edges E, a
matching M is a subset of edges such that no two edges in M meet at the same
vertex. The matching problem is a well-researched area in graph algorithms. Initially,
the problem was formulated to optimally allocate personnel to tasks [2]. Since then,
matching problems have been explored across a variety of applications. A graph
can be unweighted, edge-weighted or vertex-weighted. Hence, there are three basic
variations of the matching problem: 1- A Maximum Cardinality Matching (MCM), 2-
An Edge-Weighted Matching (MEM) and 3- A Vertex-Weighted Matching (MVM).
In this thesis, we study the MVM variant, in particular, we study distributed memory
approximation algorithms for the MVM problem. The MVM problem emerged in
many applications such as internet advertising [3], switch scheduling [4], scientific

computing [5], [6], [7] and resources allocation [8].



1.1 Motivation

To motivate the problem, we present three applications: switch scheduling, schedul-
ing training sessions, and finally addressing the problem of finding the sparsest column-
space basis.

An emerging use of MVM is in the management of network switch schedules [9],
where a switch is represented by a bipartite graph. Here U is a set of input ports
and V is set of output ports. An edge (u,v) exists when a packet from node u € U
must be forwarded to v € V. The weight of u € U corresponds to the number of
packets present at port u, while the weight of v € V indicates the number of packets
requiring delivery to v. The aim of the scheduling policy is to optimize the number
of packets transmitted in a single time slot. This is accomplished by identifying a
maximum vertex-weighted matching, wherein for each paired edge (u,v), the packet
is directed from port u to port v. It has been shown in [9] that representing network
switch scheduling as a vertex-weighted matching yields superior results compared to
an edge-weighted matching model. This is because the vertex-weighted approach
completely clears all packets from the system in the shortest time possible, assuming
no new packets are arriving. Additionally, vertex-weighted models achieve maximum
throughput efficiency.

Vertex-weighted matching is applicable for scheduling training sessions for astro-
nauts [10]. Consider 7" as a set of time intervals, R as a set of astronauts’ resource
requests, and S as a set of shared resources. Every astronaut submits a subset of

time periods during which they are available, along with a subset of required shared



resources. The aim is to schedule the maximum number of astronauts without any
conflicts over shared resources.The solution involves two main phases. During the
first phase, a graph is created with the following structure: R denotes a set of vertices
corresponding to requests, S represents a set of vertices for shared resources, and an
edge is drawn between r € R and s € S whenever there exists at least one time
slot where both r and s can be accommodated at the same time. Determining the
maximum vertex-weighted matching yields a set of matching edges and unmatched
vertices, referred to as the group G.

During the second phase, a graph is made with vertices from the sets G and T.
Here, g represents a vertex belonging to G, and ¢ represents a vertex in 7. An edge
exists between g and t if g can be assigned to time ¢. Each group in the graph is
given a vertex weight reflecting its priorities. The objective is to find a maximum
vertex-weight matching, which aligns groups with time slots in a way that maximizes
the overall weight.

Lastly, we will explore an MVM application for addressing the sparsest column-
space basis (SCB) problem [11]. Let A be a matrix with k& rows and n columns, with
n > k, and full row rank k. The maximum number of linearly independent columns
(or rows) of A is the numerical rank of A. The maximum number of non-zeroes in
a diagonal is the structural rank of A. The numerical rank of a matrix is less than
or equal to its structural rank of A. A basis for the column-space of A is a linearly
independent set of columns of maximum cardinality. A sparsest basis for the column-
space of A is a basis with the fewest non-zeroes. An SCB problem can be modeled

as an MVM problem. An n by k£ A matrix can be represented as a bipartite graph



G = (S,T,FE, ¢) with weight function ¢ : S — R>(, where set S represents the n
columns, set T represents the k rows, and there is an edge (s,t) € E if the entry
A(s,t) is nonzero. The vertex weights in S are given by ¢(s) = k + 1 — d(s), where
d(s) equals the number of nonzero elements in column s. A matching M in G is
equivalent to a subset of nonzero elements in A, such that no two nonzero elements
share a column and a row. The subset of non-zeroes that corresponds to matched
edges can be positioned on the diagonal of A by permuting the rows and columns
of A. Assuming that the numerical rank of A is equal to the structural rank of A
and based on the weights specified earlier, the sparsest basis is achieved through a

maximum vertex-weighted matching in G.

1.2 Methods for Addressing the MVM Problem

The MVM problem can be reduced to an MEM problem by assigning each edge a
weight obtained by summing the weights at its endpoints. While MEM algorithms can
be used to address the MVM problem, more efficient algorithms are achieved by tack-
ling the problem directly. The fastest exact MVM algorithm runs in O(m+/nlogn)
[12], where m is the number of edges and n is the number of vertices. Two recent
exact algorithms were proposed by Al-Herz et al. [13], [1] with a time complexity of
O(mn) and O(Amn) where A is the maximum degree. One exact algorithm is based
on searching for augmenting paths until no more augmenting path can be found. The
other exact algorithm is based on solving the maximum cardinality matching problem

then searching for increasing paths iteratively until no more increasing paths can be



found. Despite the fact that MVM problems can be solved exactly in polynomial
time, on nowadays applications which involve graphs with millions and even billions
of vertices and edges, exact algorithms are impractical and very slow. In addition,
exact algorithms are hard to parallelize, due to their complexities. Recently, many re-
searchers have been proposing approximation algorithms that provide simplicity and
high concurrency. Al-Herz et al. [13], [1] proposed approximation algorithms for
the MVM problem with approximation ratios of 1/2 and 2/3 that are based on aug-
menting and increasing paths. On a shared memory machine, parallel approximation
algorithms for vertex-weighted matching have been designed and implemented [13].
While the shared-memory approximation algorithm achieved a good speed-up, the
number of processors that can be utilized by the algorithm is limited. In this thesis,
we design a parallel algorithm that computes a 1/2 approximation for a maximum
vertex-weighted matching in distributed memory machines. The approximation algo-
rithm employs a parallel process similar to the shared memory algorithm, specifically
by continuously searching for augmenting or increasing paths until none remain. In
addition, the distributed algorithm checks a remote neighbor from some vertex u € V'
by sending a request message then waiting for a response from the remote vertex.
The algorithm terminates when one iteration does not discover any augmenting or
increasing paths from every unmatched vertex. The approximation algorithm might
result in inefficiencies because of the large volume of messages required to verify re-
mote neighbors. Despite the algorithm guaranteeing a 1/2 approximation, it is crucial
to reduce the number of messages exchanged between compute nodes in distributed

memory systems since this significantly impacts the execution time. To resolve this



issue we introduce a practical heuristic for the MVM problem. This issue is addressed
by ensuring that remote vertices are checked only once. Also, we propose an order of
operations, which is first checking for paths that end with local vertices then looking
for paths that end with remote vertices, to reduce number of messages required to be
sent between compute nodes.

In the remaining of Chapter 1, we define fundamental concepts and terms in graph

theory and matching within the specified scope.

1.3 Preliminaries

In this section we will give basic foundations of matching algorithms. We will
introduce definitions, notation, and basic theorems in matching.

Let G = (V, E) be a simple graph where V' is a set of vertices and F is a set of
edges; each edge is an unordered binary relation on V. We will use the notations
(u,v) or wv for an undirected edge with endpoints vertices u and v. The number of
vertices and edges are denoted by n and m, respectively. The degree of a vertex u is
the number of edges that are incident on u, denoted by d(u). The maximum degree
of a vertex in a graph will be denoted by A. The set of neighbors of a vertex u will be
denoted by N(u). A graph can be unweighted or weights could be associated with its
edges or vertices. Weights on vertices can be represented as ¢ : V' — R for weighted
vertices and ¢ : E' — R>( for weighted edges. A bipartite graph G = (S, T, E) is a
graph in which the set of vertices SUT can be partitioned into two disjoint sets .S and

T, such that no edge joins any two vertices in S, and no edge joins any two vertices in



T. Since edges only connect vertices in S and vertices in T, bipartite graphs do not
contain a cycle of odd length. A matching M in a graph G = (V| E) is a subset of
edges such that no two edges in the subset meet at the same vertex. A matching can
be viewed as an independent set of edges. If u is matched to v in M let Mate(u) = v
where (u,v) € M; otherwise Mate(u) = NULL. The cardinality of a matching M
is the number of edges in M and is denoted by |M|. Based on whether the graph

is weighted or not, we have three types of maximum matching problems, which are

defined below.

Definition 1.1 Given a graph G = (V, E), the Mazimum Cardinality Matching prob-

lem is to find a matching M of maximum cardinality in G.

Definition 1.2 Given a graph G = (V, E, ¢) and a weight function ¢ : E +— Rxq, we
define the weight of a matching as ) .., #(e), the sum of the weights of the matching
edges. In the Maximum FEdge-Weighted Matching problem we find a matching M of

maximum weight in G.

Definition 1.3 Given a graph G = (V, E, ¢) and a weight function ¢ : V — Rxq, we
define the weight of a matching as y_ ¢ s ..y (1) +¢(v)), the sum of the weights on
the endpoints of matching edges. The Maximum Vertex- Weighted Matching problem

is to find a matching M of mazximum vertex weight in G.

There are several variants of matching problems. A maximal matching is a match-
ing such that another edge cannot be added to it without violating the matching

constraints on the vertices. A perfect matching is a matching in which every vertex



in the graph is matched. A maximum (or minimum) weighted perfect matching is a
perfect matching with maximum (or minimum) weight. A maximal matching is not
necessarily a maximum cardinality matching but a perfect matching is always a max-
imum cardinality matching. A graph might not have a perfect matching. Note that a
maximum edge-weighted matching is not necessarily a maximum cardinality match-
ing, whereas a maximum vertex-weighted matching can be chosen to be a maximum
cardinality matching when the vertex weights are non-negative.

A path P in G is a finite sequence of distinct vertices {v;, v;11,..v;1x} such that
(vj,vj41) € E for i < j <i+4k — 1. The length of a path |P| is the number of edges
in the path. A cycle is a path with an edge joining its first and last vertices.

A subgraph induced by a subset of vertices X is the graph that includes all edges
that join vertices in X. A subgraph induced by a subset of edges F is the graph
obtained from the edges in F' and all vertices which are its endpoints. We refer to the

set of edges of a subgraph H as E(H) and similarly its set of vertices as V(H).

Definition 1.4 An alternating path P with respect to M is a path whose edges alter-

nate between edges in the matching M and edges not in the matching.

Definition 1.5 An augmenting path P with respect to M is an M -alternating path of

odd length where the first and last vertices on the M -alternating path P are unmatched.

Definition 1.6 In the context of vertex-weighted matching, a weight-increasing path
P with respect to M is an M -alternating path of even length where one endpoint is
unmatched and the other endpoint is matched such that the weight of the unmatched

vertex is heavier than that of the matched vertex.



Definition 1.7 A wvertex v on a path P is an outer vertex if the number of edges
from an unmatched vertex to v is even, and an inner vertex if the number is odd. All

unmatched vertices are considered as outer vertices.

The matching M can be augmented by matching the edges in the symmetric
difference M’ = M @& P, which is a matching of cardinality |M| + 1. Augmenting
paths may be used to find a maximum cardinality matching by repeatedly searching
an augmenting path from an unmatched vertex, if it exists. When no augmenting path
can be found with respect to M, then the cardinality of the matching is maximum.

The following theorem from Berge [14] is a cornerstone to many matching algorithms.

Theorem 1.1 A matching M in a graph G is a mazximum matching if and only if

there is no M -augmenting path in G.

Proof. If there exists an augmenting path P in G with respect to M, then the
cardinality of M can be increased by matching the edges in M @ P, and hence M
cannot be a maximum matching. Conversely, assume M is not a maximum matching
and M’ is a maximum matching. Consider the symmetric difference M & M’, which
results in M @& M’-alternating paths and even cycles. In the case of an alternating
path or an alternating cycle of even lengths, both M and M’ match the same number
of edges. Since |M'| > | M|, there must exist an M & M’-alternating path P of an odd
length such that |P N M’| > |P N M| where the first and the last edges belong to M.
Thus, P is augmenting path with respect to M in G. |

The rest of the thesis is structured as follows: In Chapter 2, a thorough literature

review is conducted, summarizing existing research in the MCM, MEM and MVM



problem. In addition, a critical evaluation of the strengths and weaknesses of previous
research is performed, with a specific emphasis on identifying gaps or limitations in the
existing literature that the thesis aims to address. In Chapter 3, we will describe the
new 1/2-approximation algorithm, and the heuristic. We will prove their time and
message complexity, and the approximation algorithm correctness. Following this,
Chapter 4 describes the experiment setup and results, providing an overview of the
methodologies employed and the subsequent analysis of obtained results, shedding
light on the heuristic and Suitor algorithm [15] performance.The concluding chapter

summarizes the findings and presents the overall conclusion for this work.
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CHAPTER 2

LITERATURE REVIEW

This chapter provides a comprehensive review of both exact and approximate al-
gorithms for the maximum vertex weighted problem. Additionally, it covers exact
and approximate algorithms for cardinality and edge weighted matching to ensure
thoroughness. It is important to note that edge weighted matching algorithms can be
adapted to address the maximum vertex weighted matching problem by transforming
the graph into an edge weighted graph, where the weights of the vertices at both ends
of an edge are summed and assigned to that edge. Historically, the focus has predom-
inantly been on the edge-weighted matching problem due to its broader applicability.
However, recent studies have demonstrated that employing specialized algorithms for

the vertex-weighted problem yields superior outcomes [13], [1], [16].

2.1 Exact Algorithms

In this section, we provide general overviews of the three varieties of maximum

matching. Additionally, we will outline the fundamental combinatorial algorithms for

11



both cardinality and vertex-weighted matching, as well as primal-dual methods for
edge-weighted matching. We omit discussions on scaling and randomized algebraic
approaches. [17], [18], [19], [20], [21], which are excluded from this discussion. Initially,
we will explore a standard bipartite maximum matching algorithm due to its simplicity,

followed by an explanation of the non-bipartite maximum matching algorithm.

2.1.1 Maximum Cardinality Matching
Bipartite Graphs

Consider a bipartite graph G = (S, T, F) with an initially empty matching M. The
procedure selects an unmatched vertex s from S and attempts to find an augmenting
path P. If such a path P is discovered, M is updated by combining it with P using the
operation P @ M. This process is repeated for every vertex in S. Should the search
fail to locate an augmenting path for any unmatched vertex, that vertex is no longer
considered in subsequent iterations. The time required to search for an augmenting
path is O(m), and with n vertices in the graph, the overall time complexity of the
algorithm is O(mn).

Hopcroft and Karp [22] introduced an approach that significantly reduces search
iterations by identifying a maximal collection of vertex disjoint shortest augmenting
paths in a single O(m) search. The strategy is to organize the searches into stages,
where in each stage, a maximal collection of shortest non-overlapping M-augmenting
paths is identified. The number of stages can be demonstrated to be limited by O(y/n).

Given that each stage requires O(m) time, the overall time complexity for this method

12



Algorithm 1 Exact Algorithm for MCM on Bipartite Graphs.
1: procedure EXAcT-MCM-BIp(G = (5,1, F))

2: M « (;

3: for all s€ .S do

4: Starting from s search for an augmenting path P;
5: if P is found then
6: M+ M & P;

in bipartite graphs is O(m+/n). For further details and proof, the reader is directed

to [22].

Non-bipartite Graphs

Determining the maximum cardinality matching in non-bipartite graphs presents
increased complexity. Utilizing the bipartite algorithm mentioned previously on a
non-bipartite graph may lead to unsuccessful searches for augmenting paths due to
the presence of odd length cycles. These odd length cycles, possessing the maximum

number of matched edges, are referred to as blossoms.

Definition 2.1 Let M be a matching in G and B be an odd set of vertices. B is a
blossom if the set of vertices in B form a cycle C' and the number of matching edges

in Cis (|B| —1)/2, that is, |C N M| = |(|B| —1)/2|.

Edmonds [23] unveiled an innovative approach to address the issues posed by
odd cycles. He proposed to compress a blossom into a single super vertex vg, and
substitute the edge set E;, which connects vertices within B, with a new set Fy =
{(vg,4)13(i,5) € Ev, i € B,j ¢ B}.

13



We can now outline the maximum matching algorithm. Consider a graph G =
(V, E) with an initially empty matching M. The algorithm selects an unmatched
vertex u and initiates a search for an augmenting path. Upon encountering a blossom,
the algorithm compresses it, updates G, and recursively continues the search for an
augmenting path starting from uv. When an augmenting path is located, the algorithm
recursively unfolds all blossoms within that path to restore the augmenting path in the
original graph. Subsequently, the matching is augmented. This process is repeated
until every vertex has been addressed.

Identifying an augmenting path requires O(m) time, similarly, modifying a graph
due to the identification of a blossom also takes O(m) time, with a maximum of O(n)
recursive shrunken blossoms possible. Consequently, each search within Edmonds’ al-
gorithm demands O(mn) time, and with n stages, the overall time complexity reaches
O(mn?). Gabow [24] enhanced the time complexity to O(n®) by circumventing the
explicit shrinking of blossoms and the reconstruction of the graph. To determine the
blossom to which a vertex is associated, a blossom membership array is utilized, and
upon the detection of a blossom, the internal vertices are added to a queue for subse-
quent searches, which also comprises the external vertices. An additional enhancement
involves the use of a union-find structure to manage blossom memberships [24]. The
process of identifying the blossom a vertex is part of requires O(ma(n, m)) per stage,
leading to a total time complexity of O(nma(n,m)), where o represents the inverse
of Ackermann’s function. By employing the incremental tree set union algorithm [25],
the cost per stage can be minimized to O(m).

Similar to the bipartite scenario, the MCM problem in non-bipartite graphs can
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Algorithm 2 Exact Algorithm for MCM on Non-Bipartite Graphs.
1: procedure ExacT-MCM(G = (V, E))

2: M « (;

3: for allu e V do

4: Search for an augmenting path P starting from u;

5: if a blossom B is found then

6: Shrink B and continue the search for an augmenting path P from u;
7 if P is found then

8: Expand all blossoms recursively that P goes through;

9: M+ Mo P;

be addressed in O(y/nm) time through O(y/n) phases [26]. Each phase involves iden-
tifying a maximal set of augmenting paths with the shortest vertex-disjoint lengths.

For an in-depth explanation, please consult [26], [27].

2.1.2 Maximum Edge-Weighted Matching

The MEM problem can be expressed as a linear programming problem, utilizing
duality theory. This section explores primal-dual approaches to the MEM problem
within both bipartite and non-bipartite graphs. For a more comprehensive exploration

of linear programming and primal-dual techniques, see [28].

Bipartite Graphs

The Hungarian method, a primal-dual approach to the MEM problem in bipartite

graphs, was initially used for the assignment problem as suggested by Harold W.
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Kuhn [2].
Consider the bipartite graph G = (S,T, E, ¢), where the weight function ¢ : £ —
R~ is defined.

The formulation of the primal-dual for the MEM problem is presented as follows:

Primal problem:

max > o(st)x(st)

steE

s.t. 0<z(st) <1 for VsteF,

Ya(st) <1 for VseS,

teT

da(st) <1 for VteT.

seS

Dual problem:

min 2 y(s) + 22 y(t)

s€S teT

s.t. y(s) +y(t) > o(st) for Vst e FE,
y(s) >0 for Vs e S,
y(t) >0 for VteT.

Each edge st € E is associated with a primal variable x(st), which can be either
1 (indicating a matching edge) or 0 (indicating a non-matching edge). Each vertex
v € SUT is allocated a dual variable y(v).

Dual variables facilitate the graph search process. Define 7(st) as a slack variable
for each edge st € E, where m(st) = y(s) + y(t) — ¢(st). An edge st is considered
tight when 7(st) = 0. The optimality of a primal-dual solution is determined if the

subsequent complementary slackness conditions are satisfied:
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1. w(st) >0, Vst € E.

2. If st is a matching edge, then m(st) = 0.

3. If s is an unmatched vertex, then y(s) = 0.

The fundamental concept of the primal-dual algorithm involves beginning with an
initial setup that adheres to conditions 1 and 2, yet breaches condition 3. Consider
this initial setup as an For each s € S, y(s) is set to the highest weight of an edge
connected to s, and for each t € T', y(t) is set to 0. This configuration meets conditions
1 and 2 but not condition 3. Throughout the algorithm’s progression, it systematically
reduces the instances where condition 3 is not met, while ensuring conditions 1 and 2
remain satisfied.

The algorithm selects an unmatched vertex s and proceeds to look for an augment-
ing path originating from s that utilizes tight edges. Should such a path be discovered,
it is used to enhance the existing matching. In the absence of tight edges, the dual vari-
ables are modified by the smallest positive slack d,,;, = min(w(st)), ensuring 7(st) > 0

for all st € E:

* Y(s) < y(s) = Omin-

© yY(t) < y(t) + min-

After the duals are adjusted, new tight edges could cause an augmenting path to be
found.
The procedure continues until vertex s is either matched or the dual variable

y(s) reaches zero. The efficiency of the algorithm depends on how the minimum
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slack 0,,i, is determined and the duals are updated. Employing a simple array
search results in a time complexity of O(n?) [29]. Utilizing a binary heap can lower
this to O(mnlogn) [30], [31], while a Fibonacci heap achieves a time complexity of
O(mn + n*logn) [32]. The most efficient known exact MEM algorithm for bipartite
graphs with integer weights, which achieves a time complexity of O(y/nmlog(W)), is

documented in [33], where W represents the maximum edge weight.

Algorithm 3 Exact Algorithm for MEM on Bipartite Graphs.
1: procedure ExacT-MEM-BIp(G = (S,T, FE, ¢))

2: M « (;
3: Vs € S y(s) = max(¢(st));
4: YVt e T y(t) = 0;

5: for all s€ S do

6: while 7 a tight edge do
7 Search for an augmenting path P starting from s using tight edges;
8: if P is found then
9- M <« M & P,
10: break;
11: else
12: Omin <— minimum positive slack;
13: y(s) = y(s) = omin;
14: y(8) = y(t) + Omin;
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Non-bipartite Graphs

Applying the primal-dual approach of bipartite graphs to non-bipartite problems
could lead to inaccurate matchings, as the linear programming solution might include
fractional values. Consider a triangle graph and assume the weight of each edge is 1.
In this case, ) . .px(uv) = 1.5 is an optimal solution to the linear program, where
each z(uv) = 0.5. Edmonds [34] introduced a clever method to address this issue by

incorporating constraints such as

> w(uv) < (|B| - 1)/2, VB € Vou,

uw€EFE(B)

where V,4q is the set of all odd size subsets of V. The primal-dual formulation is as

follows:

Primal problem:

max > o(uv)x(uv)
uvelE
s.t. 0<z(uw) <1 for Yuve E
> z(uwd') <1 for YueV

uu'eR

> z(uw) < (|B|—=1)/2 for VB € V,gq.

uweE(B)
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Dual problem:

min 2oyluw)+ > 2B)(1B-1[)/2

ueV BeV,44
s.t. yw)+y)+ >, z2(B)>¢(uww) for Yuv € E,
BeV,gq:uveB
y(u) >0 for Yu eV,
2(B) >0 for VB € V4.

The slack is given by 7(uv) = y(u) +y(v)+ >,  2(B)— ¢(uv). The primal-
BeV,qq:uveEB
dual solution achieves optimality when the subsequent complimentary slackness con-

ditions are satisfied:

1. w(uww) >0 Vuv € E.

2. If wv is a matching edge, then 7 (uv) = 0.

3. If u is an unmatched vertex, then y(u) = 0.

4. z(B) > 0 for all shrunken blossoms.

Define Ve as the set of outer vertices (vertices at even distance from an un-
matched vertex on an alternating path) and V., as the set of inner vertices (vertices
at odd distance from an unmatched vertex on an alternating path), with V,,, =
V\ Vouter U Vipner. Also, define By, as the set of outer blossoms and Bj,per. The
procedure operates over O(n) phases. During each phase, the search for an augment-
ing path involves using tight edges. Should an augmenting path be identified, the

matching is then augmented. Upon encountering a blossom B, it is shrunk and z(B)
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is set to 0. When an inner blossom B is encountered with a dual z(B) of 0, it is
expanded. Absence of tight edges prompts an update of the dual variables by d,,;, to

facilitate a new tight edge.

Omin = min{dy, da, 93}, where

o 0; = min(m(uw)), if u € Viyter and v € V.

e 0y = min(m(uv)/2), if u,v € Viyser-

e 03 = min(z(B)), if B € Binner-

Then we update the duals as follows:

° y(u) — y(u) - 5min7 lf u € V;)utev“

° y(u) < y(“) + 6min7 1f u € ‘/z'nner'

o 2(B) + 2(B) 4 20min, if B € Boyer-

. Z(B) — Z(B) — 25m1n7 if B € Binner-

If pnin = O3 then expand all inner blossoms with z(B) = 0. If §,;,, = ;1 or 0o
then the search can be expanded or a new blossom can be identified using the tight
edges. Similarly to the bipartite algorithm, the most resource-intensive aspect involves
determining the minimum slack and modifying the dual variables. The most efficient
exact MEM algorithm for non-bipartite graphs with integer weights is presented in [33]

and has a time complexity of O(y/nmlog(nW)), where W is the maximum edge weight.
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Algorithm 4 Exact Algorithm for MEM on Non-Bipartite Graphs.

1: procedure EXACT-MEM(G = (V, E, ¢))
2: M « (;
32 VueVy(u) = max(¢(e))/2;

4: for allu eV do

5: while d a tight edge e = uv such that u € V, ., do
6: One of the following steps is done;
T: Growing a search tree step, if v € V,on;

8: Shrinking a blossom step, if v € V4., and v is matched;
9: Augmenting a path step, if v € V4., and v is unmatched;
10: Expanding a blossom step, if and v € Bjpuer and z(B) = 0;

11: if 7 a tight edge then

12: Omin < min{dy, b, d3};

13: y(u) <= y(u) — Opmin for Yu € Viyper;
14: y(u) < y(u) + dmin for Yu € Vipner;
15: 2(B) < 2(B) + dpmin for VB € Boyer;
16: 2(B) < 2(B) = dpin for VB € Binner;
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2.1.3 Maximum Vertex-Weighted Matching
Bipartite Graphs

Tabatabaee et al. [35] introduced an approach for the design of network switches.
This method involves initially calculating a maximum cardinality matching, followed
by arranging the unmatched vertices according to their weights in a descending or-
der. For each vertex in this sequence, the algorithm looks for a path that increases
the weight. If such a path is identified, the matching is updated; otherwise, the
search moves to the subsequent unmatched vertex. Computing a maximum cardinal-
ity matching requires O(m+/n) time, while the search for increasing paths demands
O(mn) time, leading to an overall time complexity of O(mn).

Dobrian et al. [36] and Halappanavar [37] introduced a method leveraging bipartite
graph structures. The approach involves arranging the vertices by decreasing weight
order and splitting the issue into two separate 'one-side-weighted’ challenges. Subse-
quently, each problem is addressed independently by identifying augmenting paths for
each vertex. These solutions are then merged into a complete matching through the
application of the Mendelsohn-Dulmage Theorem [38]. The process of determining
a maximum vertex-weighted matching in a one-side-weighted graph requires O(mn)
time, and merging these matchings into a final solution requires O(n) time. Therefore,

the overall computational complexity of this method is O(mn).
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Algorithm 5 Exact Algorithm for MVM on Bipartite Graphs (Dobrian et.

1: procedure MVM-BIr(G = (S, T, E, ¢))
2. M« 0; Mg+ 0; My + 0;
3: Q<+ S,

4: while Q # () do

5: u < heaviest(Q);
6: Q <+ Q — u;
7 Find an augmenting path P starting at u;
8: if P found then
9: Mg < Mg @ P;
10: Q<+ T;

11: while Q # () do

12: u < heaviest(Q);

13: Q<+ Q—u

14: Find an augmenting path P starting at wu;
15: if P found then

16: My < Mp @ P;

17: M <~MENDELSOHNDULMAGE(Mg, My, M);
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Non-bipartite Graphs

Spencer and Mayer [12] developed an exact algorithm for addressing the MVM
problem. They arranged the vertices by decreasing weight and converted a non-
bipartite graph into a bipartite one by shrinking all blossoms, assigning to each
condensed blossom the weight of its lightest vertex. The solution to the bipartite
weighted matching problem was then approached by treating it as two separate 'one-
side-weighted” problems. These solutions were merged according to the Mendelsohn-
Dulmage Theorem [38]. They employed a divide and conquer approach to repeatedly
divide the one-side-weighted bipartite graph into smaller segments, finding a maxi-
mum cardinality matching in each segment. This strategy segmented the graph into
logn parts, with each matching computation taking no more than O(m+/n) time,
leading to an overall time complexity for the algorithm of O(my/nlogn).

Dobrian et al. [36] and Halappanavar [37] introduced a more straightforward MVM
approach. It begins by arranging vertices in descending order based on their weights.
Initially, the algorithm works with an empty matching M and tries to pair the heaviest
unmatched vertex u. It then looks for another heavy unmatched vertex v, reachable
via an augmenting path P. If P is discovered, the matching is increased by taking the
symmetric difference between the existing matching M and P, subsequently removing
u and v from the pool of unmatched vertices. Should it not locate an augmenting
path starting from wu, u is then excluded from the unmatched vertices. The process
ends once there are no unmatched vertices left. The computational complexity of this

method is O(mn).
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Al-Herz et al. [13] designed an exact algorithm for MVM called Direct Increasing
algorithm. The algorithm has two phases, the first phase of the exact algorithm, as
shown in Algorithm 6, starts with an empty matching, then sorts the vertices in non-
increasing order of weights and inserts the vertices in a queue (). In each iteration the
algorithm attempts to match a heaviest unmatched vertex u. From u the algorithm
searches for an unmatched vertex v that it can reach via an augmenting path P. If it
finds P, then the matching is augmented by forming the symmetric difference of the
current matching M with P, and the vertices v and v are removed from the set of
unmatched vertices. If it fails to find an augmenting path from u, then v is removed
from the set of unmatched vertices and inserted into a queue ', as we need to search
for an increasing path from u in the next phase. When all the unmatched vertices have
been processed, the algorithm proceeds to the next phase. In the second phase @’ is
the set of unmatched vertices from phase one, and in each iteration, the algorithm
attempts to match a heaviest unmatched vertex u. From u, the algorithm searches for
a lightest matched vertex v it can reach by an increasing path P such that ¢(u) > ¢(v).
If it finds P, then the matching is reversed by forming the symmetric difference of the
current matching M with P, and the vertex u is removed from the set of unmatched
vertices ()'. If it fails to find an increasing path from w, then u is removed from the set
of unmatched vertices. When all the unmatched vertices in Q" have been processed,
the algorithm terminates. The time complexity of the Direct-Increasing algorithm is
O(mn + nlogn).

Another exact algorithm was proposed by Al-Herz et al. [1]. The algorithm is

based on the iterative approach where a vertex may be processed several times. The
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Algorithm 6 The Direct-Increasing Exact Algorithm for MVM.

1: procedure DIRECT-INCREASING (G = (V, E, ¢))
2: M <+ ¢;
3: Q<+ V;

4: while Q # () do

5: u < heaviest(Q);
6: Q +— Q — u;
7 Find an augmenting path P from u to an unmatched vertex v;
8: if P found then
9: M +— M & P;
10: Q<+ Q—v;
11: else
12: Q + Q' Uu;

13: while ' # () do

14: u < heaviest(Q');

15: Q +— Q — u;

16: Find an increasing path P from u reaching a lightest matched vertex v;
17: if P found then

18: M+~ M P;
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algorithm consists of two phases: in the first phase, a maximum cardinality matching
is computed, and, in the second phase, highest gain increasing paths are sought.
Phase two is repeated until no increasing path is found. In the first phase of the exact
algorithm, as shown in Algorithm 7, the algorithm processes unmatched vertices in an
arbitrary order, and in each iteration the algorithm attempts to match an unmatched
vertex u. From u, the algorithm searches for an unmatched vertex v that it can reach
by an augmenting path P. If it finds P, then the matching is augmented by forming
the symmetric difference of the current matching M with P. When all the unmatched
vertices have been processed, the algorithm proceeds to the next phase.

In the second phase the algorithm searches for increasing paths. The algorithm
processes unmatched vertices in an arbitrary order, and in each iteration it attempts to
match an unmatched vertex u. From u, the algorithm searches for a lightest matched
vertex v that it can reach by an increasing path P such that ¢(u) > ¢(v). If it finds
P, then the matching is reversed by forming the symmetric difference of the current
matching M with P, and now v becomes unmatched. The algorithm terminates when
it fails to find an increasing path during one pass over the unmatched vertices. The

time complexity of the Iterative algorithm is O(Amn).

2.2 Approximation Algorithms

An a-approximation matching algorithm finds a matching that is within a fac-
tor of o of the weight of the exact matching. If M, is a matching that is com-

puted by an a-approximation algorithm and M,y is the optimal matching, then
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Algorithm 7 The Iterative Exact Algorithm for MVM.
1: procedure ITER(G = (V, E, ¢))

2: M <+ ¢;

3: for each unmatched vertex v do

4: Find an augmenting path P from u;
5: if P found then

6: M+~ M P;

T repeat

8: done = true;

9: for each unmatched vertex u do

10: Search for an increasing path P from wu reaching a lightest matched

vertex v;

11: if P found then
12: M+ M & P;
13: done =false;
14: until not done
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Douen, @) = a2 oy d(u). Approximation algorithms are generally designed
for NP-hard problems [39], [40], [41], [42]. However, polynomial time exact matching
algorithms are very slow for applications involving massive graphs. and ones that re-
quire especially fast computations. For many applications (e.g., big data and scientific
computing) a matching needs to be computed fast on massive graphs, and the opti-
mality of the matching is not crucial. This is one motivation for the development of
fast approximation algorithms. Another motivation is the necessity for parallel algo-
rithms on massive graphs, when a processor is not able to store the graph in memory;
often the exact algorithms do not possess much concurrency but the approximation
algorithms do.

A comprehensive review of approximation algorithms for various types of maximum
matching problems (including cardinality, edge-weighted matching, vertex-weighted
matching, and b-matching) as well as associated minimum edge cover problems (car-
dinality, edge-weighted, and b-edge cover) is documented in [16]. An earlier review
focusing on cardinality and edge-weighted matching approximation algorithms can be
found in [43]. This section will provide a concise overview of the latest advancements

in approximation algorithms for both edge- and vertex-weighted matching.

2.2.1 Edge-Weighted Matching

Avis [44] introduced a straightforward 1/2-approximation method for solving the
maximum edge-weighted matching problem. In a graph G = (V, E, ¢), where ¢ :
E — R is the weight function, the edges are evaluated in descending order of their
weights.
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The method selects the heaviest edge not yet in the matching M and incorporates
it. Subsequently, it removes all edges connected to the vertices of the newly added
edge. This procedure is iterated until no edges remain unexamined. Sorting the edges
incurs a cost of O(mlogn), resulting in an overall computational time of O(mlogn +

m).

Algorithm 8 The Greedy 1/2-Approximation Algorithm for MEM.
1: procedure GREEDY(G = (V, E, ¢))

2: M « 0,

3: while F # () do

4: Pick a heaviest edge uv € FE;
5: M «— M U uv;
6: Delete all edges incident on vertices v and v;

The locally-dominant-edge approximation algorithm, introduced by Preis [45], en-
sures a 1/2-approximation for maximum edge-weighted matching and operates in lin-
ear time O(m). For a graph G = (V, E, ¢) where ¢ : E — R> is the weight function,
this algorithm selects an arbitrary non-matching edge uv € E and examines the edges
adjacent to u and v. An edge uv qualifies as locally-dominant if it is heavier or equal
in weight compared to any other adjacent edges of v and v. If a heavier adjacent edge
uz (or vy) is discovered, where ¢(uz) > ¢(uv) (or ¢p(vy) > ¢(uv)), the algorithm shifts
focus to uzx (or vy) and continues recursively until it identifies a locally-dominant edge,
which it then includes in the current matching. Subsequently, it eliminates all edges
connected to the matched edge. This process is repeated until no edges remain. The
algorithms runs in linear time if depth first search is used for locating and removing
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dominating edges [16]. Nonetheless, depth-first search is not suitable for a parallel
algorithm, so a straightforward alternative that simply inspects the neighboring ver-
tices is employed. This approach runs in O(mlog A), provided that the neighbors of

each vertex are sorted.

Algorithm 9 The Locally Dominant Edge 1/2-Approximation Algorithm for MEM.
1: procedure LocAaL-DoMm(G = (V, E, ¢))

2: M <+ 0;

3: while F # () do

4: Pick an arbitrary edge uv € F;

5: if wv is locally dominant edge then

6: M +— M Uuv;

7 Delete all edges incident on u and v;

8: else

9: Searching from u and v, find a locally dominant edge xy € E;
10: M +— M U zy;
11: Delete all edges incident on x and y;

Hoepman [46] and Manne et al. [47] designed distributed memory parallel algo-
rithm version of the locally-dominant-edge approximation algorithm.

Drake and Hougardy [48] introduced a more straightforward algorithm utilizing
the concept of expanding a path within a graph. This path-growing algorithm ensures
a 1/2-approximation for the maximum edge-weighted matching. The procedure is as
follows: Consider a graph G = (V, E, ¢), where ¢ : E +— R>( is the weight function,
and M; and M, are two initially empty matching sets. The algorithm initiates by
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selecting a random unmatched vertex wu.

The procedure identifies the heaviest edge uv € E connected to u and incorporates

it into the matching set M;. Subsequently, it removes u and its connected edges from

G.

The method then moves to vertex v, applying similar operations but adds the

heaviest edge vw € FE to the set M,. This pattern of alternately adding edges to M,

and M, continues. Once all edges are removed, the larger of the two matchings, M; or

Mo, is selected as the final result. The computational complexity of this path-growing

algorithm is O(m), as it scans each vertex’s adjacent edges once.

Algorithm 10 The Path Growing 1/2-Approximation Algorithm for MEM.

1:

2:

10:

11:

12:

13:

procedure PG(G = (V, E, ¢))
M <+ 0;
My = 0; My < 0;
while F # () do
1=1;
Pick an arbitrary vertex u € V' of degree at least 1;
while u has degree at least 1 do
Let uv be a heaviest neighbor of u;
M; +— M; U uv;
Delete all edges incident on w;
u = v;
1=3—1

M + max {M;, M},

Dynamic programming can be applied to identify the best matching edges for each
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path developed using the Drake-Hougardy algorithm. Another 1/2-approximation
method, known as the Global Paths algorithm (GPA), was introduced by Maue and
Sanders [49]. This algorithm arranges the edges in a descending order based on their
weights. It forms groups of paths and cycles with even lengths by evaluating the
edges in descending weight order. For each path and cycle, it calculates an optimal
weight matching through dynamic programming, removes the matched edges and
their neighboring edges. This procedure is repeated until no edges remain. The
computational complexity of the GPA is O(mlogn).

Another 1/2-approximation method, known as the Suitor algorithm [15], utilizes
a proposal-driven technique akin to the traditional stable matching algorithm [50].
In this approach, each vertex u makes a proposal to the heaviest vertex v which has
not yet received a superior proposal. If v has previously received a weaker proposal
from another vertex w, v rejects this earlier proposal and accepts the one from wu.
Subsequently, the rejected vertex w must seek a new partner. A match is established
when both involved vertices mutually propose to each other. The computational
complexity of the Suitor algorithm is O(Am) in the worst-case scenario. The Suitor
algorithm’s run time improves to O(mlog A) when the neighbors of each vertex are
initially sorted.

Two methods have been implemented to surpass approximation ratios of 1/2. The
initial method utilizes short augmenting paths and cycles continuously until meeting
a particular threshold. The other method relies on the primal-dual schema. We will
outline two (2/3 — €)-approximation algorithms that are based on the first method.

Following this, a (1 — €)-approximation algorithm utilizing the primal-dual approach
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Algorithm 11 The Suitor 1/2-Approximation Algorithm for MEM.

1: procedure SUITOR(G = (V, E, ¢))

2:

10:

11:

12:

13:

14:

15:

16:

17:

18:

19:

20:

21:

22:

M «+ 0,
suitor(u) <~ NULL Yu € V;
ws(u) < 0 Vu € V;
for each u € V do
r = u;
done = False;
while not done do
partner = suitor(z);
heaviest = ws(x);
for each v € N(z) do
if ¢(vx) > heaviest and ¢(vx) > ws(v) then
partner = v;
heaviest = ¢(vx);
done = True;
if heaviest > 0 then
y = suitor(partner);
suitor(partner) = x;
ws(partner) = heaviest,;
if y # NULL then
T =y;

done = False;
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will be described.

To describe the (2/3 — €)-approximation algorithms, we need to explain a 2-
augmentation on vertex u. An arm associated with u can be either an edge {u,v} or
a path {u,v,v'}, with (u,v) being a non-matching edge and (v,v’) a matching edge.
The gain from an arm is determined by subtracting the weight of the matching edge
from the weight of the non-matching edge; if the arm consists only of a non-matching
edge, its gain is equal to the weight of that edge. Two cases need to be addressed:
Case 1) If u is unmatched, identify an arm of u that yields the highest positive gain.
Case 2) If u is matched to v, ascertain the highest positive gain by evaluating the
gains from the following paths or cycles: (1) Alternating cycles of length four that
incorporate the edge (u,u'). (2) Alternating paths: this involves locating two vertex
disjoint arms of u, with the highest gains P and P’, followed by finding an arm of u’
with the highest gain Q. If P and @ are vertex disjoint, then P U (u, ') U@ forms the
highest gain alternating path; otherwise, P U (u,u') U@ is selected as the highest gain
alternating path. We now turn our attention to the (2/3 — ¢)-approximation algo-
rithms. The random matching algorithm (RAMA) [51] selects a vertex u at random
and conducts a 2-augmentation at u targeting the maximum gain. This process is
executed k = nilnt times. The random ordered matching algorithm (ROMA) [49]
randomizes the sequence of vertices, and each vertex u in this new sequence under-
takes a 2-augmentation aimed at achieving the highest gain at u. This is carried out
over k = %ln% phases. The algorithm concludes if no additional enhancements are
found at the end of a phase. Hovland [52] designed and implemented shared-memory

parallel ROMA algorithm.
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The same technique has been used to achieve (3/4 — €)-approximation [53], [54] by

extending the length of augmentations.

Algorithm 12 The Random (2/3 — €)-Approximation Algorithm for MEM.
1: procedure RAMA (G = (V. E, ¢), k)

2: M <« () (or initialized with any matching);
3: for =1 to k do
4: Randomly pick a vertex u € V/;

5: M + M@ 2-augmentation(u);

Algorithm 13 The Random Ordered (2/3 — €)-Approximation Algorithm for MEM.
1: procedure ROMA(G = (V, E, ¢),k)

2: M < () (or initialized with any matching);

3: fori=1to k do

4: Permute the order of vertices;

5: for each u € V in the permuted order do
6: M <+ M& 2-augmentation(u);

7 if there is no improvement then

8: break;

A (1 — €)-approximation algorithm has been introduced [55], [53], utilizing the
scaling method, the primal-dual approach to the problem, along with relaxed feasi-
bility and complementary slackness conditions. Define W as the maximum weight of
an edge, set € = O(e), & = W/, 6; = 60/2", ¢i(e) = §;|p(e)/d;], and v = log1/e.
A root blossom refers to a blossom that is not part of a larger blossom. The dual

variables y are assigned to vertices and z to blossoms. The edge variable yz for an
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edge e = uv is defined as

yz(e) = y(w) +y(v) + Y «B),

uw€EE(B)

where B represents a blossom.
The approximation method is composed of logW + 1 levels. For each level i, the

conditions of relaxed feasibility and complementary slackness are maintained:

1. z(B) is a non-negative multiple of ¢; VB € V,4; and y(u) is a non-negative

multiple of §;/2 Vu € V.
2. z(B) > 0 for all root blossoms.
3. yz(e) > ¢i(e) — 6;, Ve € E.

4. yz(e) < ¢;(e) + (6; — 9;), Ve € M, where e becomes a matching edge in scale j

and j < 1.

At each scale only eligible edges are considered. At scale ¢ an edge e is eligible if at

least one of the following hold:

e ¢ isin a blossom.

o« If e is a matching edge, yz(e) — ¢;(e) is a non-negative integer multiple of ¢;,
and log ¢(e) > i — 7.
o If e is a non-matching edge, yz(e) = ¢;(e) — 6; and log p(e) > i — .

The algorithm starts with an empty matching and sets g = ¢ W and y(u) =
W /2 — §y/2 for every u € V. During the i-th scale, the algorithm executes four main
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actions: it identifies and augments a maximal set of non-overlapping augmenting paths
using eligible edges; it shrinks found blossoms and resets their dual values to zero; it
updates the dual values of vertices and blossoms that are attained by unmatched
vertices during the search; and it expands internal blossoms with dual values of zero.
These steps are carried out repeatedly until the duals of unmatched vertices reach
W /2772 — §;/2, or becoming zero in the final scale. Following each scale i, except for
the last, the dual values of all vertices increase by d;/2. The time complexity of this

algorithm is O(me ! loge™1).

2.2.2 Vertex-Weighted Matching

Dobrian et al. [36], [37] introduced a 2/3-approximation algorithm for MVM on
bipartite graphs. This method involves sorting vertices by decreasing weight and
splitting the problem into two problems where only one side has weights. Each prob-
lem is addressed separately by limiting augmenting paths to a maximum length of
three. Subsequently, the two solutions are merged into a single matching using the
Mendelsohn-Dulmage Theorem. The computational complexity of this approach is
O(m + nlogn).

In [13], the first 2/3-approximation algorithm for non-bipartite graphs, named
the direct approximation algorithm, was presented. Described in Algorithm 16, this
method organizes vertices by descending weight and places them into a queue Q).
Starting with an empty matching, the algorithm tries to match vertices from () in
the order they appear. It removes each unmatched vertex u from (), and from vertex

u, it looks for the heaviest vertex v that can be reached via an augmenting path
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Algorithm 14 (1 — ¢)-Approximation Algorithm for MEM.

1: procedure SCALING(G = (V, E, ¢),¢)

2:

w

10:

11:

12:

13:

14:

15:

16:

17:

18:

19:

M + 0;
do < €W; // W is the maximum edge weight, and ¢ = O(¢)
y(u) <~ W /2 —06¢/2 for all u € V;

for Scale i =0 to logWW do

while there are unmatched vertices u with y(u) > W /272 -6, /2 or (y(u) #

0 and i = log W) do

Find a maximal set &2 of vertex-disjoint augmenting paths using eligible

M+ Mo 2,
Shrink blossoms found in step 6;
z(B) < 0 for all blossoms B found in step 6;
Update the duals:
y(u) < y(u) — 6;/2 for all u € Vyper;
y(u) < y(u) + 6;/2 for all u € Viypers;
2(B) < z(B) + ; for all B € B,y and B is a root blossom;
2(B) « z(B) — §; for all B € By and B is a root blossom;

Expand all inner root blossoms whose z(B) = 0;
if i <logW then
Oit1 < 0i/2;

y(u) < y(u) + 6,41 for all u € V;
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Algorithm 15 2/3-Approximation Algorithm for MVM on Bipartite Graphs.

1: procedure 2/3-MVM-BIp(G = (S,T,E, ¢))
2. M« 0; Mg+ 0; My + 0;
3: Q<+ S;

4: while Q # () do

5: u < heaviest(Q);
6: Q <+ Q — u;
T Find a shortest augmenting path P of length at most 3 starting at u;
8: if P found then
9: Mg < Mg @ P;
10: Q<+ T,

11: while Q # () do

12: u < heaviest(Q);

13: Q<+ Q — u;

14: Find a shortest augmenting path P of length at most 3 starting at w;
15: if P found then

16: My < My @ P;

17: M <~MENDELSOHNDULMAGE(Mg, My, M);
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no longer than three. If such a path is discovered, the matching is updated with
the path leading to the heaviest vertex v, which is then also removed from Q. If
an augmenting path of length at most three is not found, the search continues with
the next heaviest unmatched vertex, despite the possibility of longer paths being
available. The process ends once every vertex has been processed. The approximation
algorithm operates with a time complexity of O(mlogA + nlogn). Limiting the
length of augmenting paths to one results in a 1/2-approximate matching, with a

time complexity of O(m + nlogn).

Algorithm 16 The Direct 2/3-Approximation Algorithm for MVM.
1: procedure 2/3-DIr(G = (V, E, ¢))

2: M + 0,
3: Q<+ V,;

4: while Q # () do

5: u < heaviest(Q);
6: Q + Q — u;
7 Let v denote a heaviest unmatched vertex reachable from u by an

augmenting path P of length at most three;
8: if P is found then

9: M~ M&P;, Q<+ Q—uv;

Al-Herz et al. [1] proposed another 1/2-approximation algorithm referred to as
the iterative approximation algorithm. Initially, the algorithm either begins with no
matching or uses a pre-computed one. It repeatedly executes the following steps
as long as it identifies either an augmenting or increasing path. The vertices are
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processed in a random sequence. For each unmatched vertex u, the algorithm looks
for an adjacent unmatched vertex v. If such a vertex v is found, they are matched.
Otherwise, the search extends to finding an increasing path of length two leading to
the vertex v with the least weight. Upon discovering such a path, the matching is
adjusted by inverting this path. The computational complexity of the approximation
algorithm is O(Am), where A represents the highest degree. Limiting the lengths of
augmenting and increasing paths to 3 and 4, respectively, results in a 2/3-approximate
matching. This iterative approach was also applied in the development of a shared
memory parallel algorithm that attains 1/2 and 2/3-approximation ratios [1]. A more

comprehensive description of this parallel algorithm will be discussed in chapter 3.
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Algorithm 17 The Initialized Iterative 1/2-Approximation Algorithm for MVM.

1: procedure 1/2-ITE(G = (V, E, ¢))
2: M « (;

3: for each v € V do

4: Find from » an unmatched neighbor v;
5: if v is found then
6: M +— M U (u,v);
T repeat
8: done = true;
9: for each u € V do
10: if uw ¢ M then
11: Find from » an unmatched neighbor v;
12: if v is found then
13: M <« MU (u,v);
14: done = false;
15: else
16: Find a highest gain increasing path P’ from u s.t. |P/| = 2;
17: if P is found then
18: M+ Mo P
19: done = false;
20: until not done
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Table 2.1: Approximation algorithms for Vertex (MVM) and Edge (MEM) weighted

matching.
Algorithm Problem | Approx. Time Complexity Parallel
ratio
Direct MVM 1/2 O(m + nlogn) NO
Direct MVM 2/3 O(mlog A + nlogn) NO
Iterative MVM 1/2 O(Am) shared memory
Iterative MVM 2/3 O(A%m) shared memory
Greedy MEM 1/2 O(mlogn) NO
Locally Dominant MEM 1/2 O(mlogA) shared and distributed
memory
Path Growing MEM 1/2 O(m) NO
Global Paths algorithm | MEM 1/2 O(mlogn) NO
Suitor MEM 1/2 O(mlogA) shared and distributed
memory
RAMA and ROMA MEM 2/3-¢ O(mloge 1) shared memory
Scaling MEM 1-¢ O(me tloge™) NO
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2.3 Gap analysis

Upon examining existing literature which is summarized in Table 2.1, it was dis-

covered that:

1. Although distributed memory parallel MEM approximation algorithms exist for
addressing the MVM problem, none specifically tackle the problem by leveraging
the structure of the vertex-weighted graph. Furthermore, it is unknown whether

such a targeted algorithm would yield better practical results.

2. No existing distributed memory parallel MEM or MVM approximation algo-

rithms can achieve an approximation ratio greater than 1/2.

3. There are no MEM or MVM approximation algorithms capable of achieving a

1/2-approximation ratio in O(mlog A) without the need to sort edges or vertices.

This thesis proposes to resolve the first issue by developing a new distributed memory
parallel algorithm that directly addresses the MVM problem. Furthermore, a more
effective heuristic is suggested to provide a sub-optimal solution to the MVM problem.
Moreover, the practical effectiveness of this heuristic will be assessed by implementing
it and experimentally comparing its execution time and matching weights with those

of the Suitor algorithm.
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CHAPTER 3

PARALLEL 1/2
APPROXIMATION
ALGORITHM AND HEURISTIC

FOR MVM

In this chapter we will describe the shared memory approximation algorithm, then
introduce the new distributed memory approximation algorithms, and demonstrate
its time and message complexity as well as its correctness. Lastly, we will present a

heuristic for vertex weighted matching and establish its time and message complexity.

3.1 Shared Memory 1/2 Approximation Algorithm [1]

In this section, the shared memory approximation algorithm will be described.

First, as shown in Algorithm 18, the algorithm starts with an empty matching. The
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algorithm iterates over the unmatched vertices repeatedly in parallel until in one
iteration no augmenting or increasing paths are found. Once a thread finds one such
path, it locks vertices on the path such that no other thread should augment or update
the matching on these vertices since augmenting and increasing paths discovered by
two threads could overlap. If a thread cannot acquire all locks needed, then it releases
all locks and proceeds to search from other unmatched vertices. There is an implicit
synchronization barrier across all threads at the end of each iteration of the for loop.
Now we discuss how the test and set locks are employed in the parallel algorithm.
The lock is free if its value is zero and, not free otherwise. If a thread reads a value
of zero for a lock, then it has atomic access to the lock variable and can set it to a
nonzero value. If a thread reads a nonzero value for a lock, then it is unavailable.
We allow an augmenting path joining the vertices u and v to augment the matching
only if u < v, and in this way we prevent two threads from attempting to acquire
locks and augmenting the same path from opposite directions. For matching an edge
(u,v) on an augmenting path, we lock its lower-numbered endpoint and then the other
endpoint; for an increasing path with edges (u,v;) and (v;,v;), we need to lock w first

then the lower-numbered endpoint of the matching edge (v;, v;).

3.2 Distributed Memory 1/2 Approximation Algo-

rithm for MVM

In this section, we will present and describe our new distributed memory parallel

algorithm, derived from Algorithm 18.
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Algorithm 18 Shared Memory Parallel 1/2-Approximation Algorithm for MVM.

1: procedure SHARED-MEMORY 1/2-APPROX(G = (V, E, ¢))

2: M + 0,

3: repeat
4: done = true;
5: for all unmatched v € V do in parallel
6: find an aug. path P of length 1;
7 if P is found and u < v then
8: if LOCK(P,u) = true then
9: M < M & P; done = false;
10: release all locks;
11: else
12: continue;
13: else
14: find a increasing path P’ of length 2;
15: if P’ is found then
16: if LOCK(P',u) = true then
17: M < M @ P’; done =false;
18: release all locks;
19: else
20: continue;
21: until done = true
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Algorithm 19 Locking procedure.

1: procedure LOCK(P,u)

2:

10:
11:
12:
13:
14:
15:
16:
17:
18:
19:
20:
21:
22:
23:

if lock(u)=0 then
lock(u)=1;
if P is an augmenting path then
if lock(v)=0 then
lock(v)=1;
else
release any locks;

return false;

let e = (v;,v;) be a matching edge on P’

min_ v = min(v;, vj);
if lock(min v)=0 then
lock(min_ v)=1;
else
release any locks;

return false;

if P has not changed then
return true;
else
release any locks;
return false;
else

return false;
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The initial step of the algorithm involves the distribution of the input graph G' =
(V, E, ) among the compute nodes. Each compute node manages a local sub-graph
G' = (V',E',¢). The set of vertices V' is composed of two sets: Vj, representing the
vertices that are local, and V., representing the vertices that are remote. The set V,
is not exhaustive; instead, it includes vertices that are neighbors to the local vertices
in a compute node. This selective subset of remote vertices called ghost vertices. The
edges in the local node denoted by E’ and ¢ corresponds to the weights function.

In the distributed memory 1/2-approximation algorithm, communication between
compute nodes is facilitated by exchanging messages. We have four types of mes-
sages: 1) request for matching (REQM), 2) request for unmatching (REQU), 3) accept
matching (ACC), 4) reject matching (REJ).

The algorithm is presented in Algorithm 20. While the algorithm is hybrid (shared
and distributed) in the description we will omit calling locking procedure to avoid
repetitions. The algorithm starts with an empty matching. The following steps are
repeated as long as the matching is updated in one iteration. For each unmatched
local vertex u, the algorithm searches for an augmenting path of length one or an
increasing path of length two. If the augmenting path end is local then the edge is
matched. Furthermore, if the increasing path end, say v, is local, then the matching
is updated by reversing the increasing path. If the augmenting path end is a remote
vertex then the algorithm creates a REQM message, sends it to the remote node and
waits for a response. If an accept message is received then it matches u with v. If it
is a reject message then the algorithm proceeds to examine the next neighbor. Lastly,

if the increasing path that ends with a remote vertex v, then the algorithm updates
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the matching, generates a REQU message, and sends it to the remote node. If a node
receives a REQM message with a ghost vertex u (source) and a local v (destination),
then if v is unmatched then (u,v) is matched and sends an ACC message to the remote
node. If u, v, Mate(v) is an increasing path and Mate(v) is local, then the algorithm
unmatches Mate(v), matches (u,v) and sends an ACC message to the remote node.
If u,v, Mate(v) is an increasing path and Mate(v) = v’ is a ghost vertex, then the
algorithm unmatches v, matches (u, v) and sends an ACC message to the remote node
and a REQU message to the node having v'. If u, v, Mate(v) is not an increasing path
then the algorithm sends a REJ message to the remote node. If the received message
is a REQU message with a ghost vertex u (source) and a local v (destination), then
the algorithm unmatches v.

The algorithm terminates when in one iteration no augmenting paths or increasing

paths can be found and all attempts to match a ghost vertex are rejected.

Time Complexity

Theorem 3.1 The time complexity of the distributed memory approximation algo-

rithm using n processors is O(A?), where A is the mazimum degree.

Proof. In each iteration of the for loop, each processor chooses an unmatched vertex
u and examine all neighbors of u to find an augmenting path or increasing path. Thus,
for a vertex u, the algorithm examines at most a number of vertices equal to d(u).
Since a vertex can be unmatched at most O(A) times and d(u) is upper bounded by

A, a total of O(A?) vertices are searched in parallel.

52



Algorithm 20 Distributed Memory 1/2 Approximation Algorithm for MVM

1: procedure DISTRIBUTED MEMORY 1/2 APPROX.(G' = (V' | E', ¢))

2: M « (;

3: repeat
4: done = true;
5: for unmatched u € V; in parallel do
6: find v (an end of aug. or inc. path P)
7 if v is local unmatched neighbor then
8: M <+ M & P;
O: else if v is a local end of an increasing path then
10: M+ M P;
11: else if v is a remote neighbor then
12: send a REQM message to the node having v;
13: if an ACC message is received then
14: M+ M & P;
15: else if a REJ message is received then
16: continue;
17: else if v is a remote end of an increasing path then
18: send a REQU message to the node having v;
19: M+ M & P;
20: if a message m is received then
21: HANDLE_MSG_PROC(m);
22: if M is updated then
23: done = false;
24: until done = true
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Algorithm 21 Procedure for handling a received message
1: procedure HANDLE MSG_PROC(m)

2: let u be the remote vertex and v the local vertex in m;

3: if m is a REQM message then

4: if v is unmatched then

5: M+~ M P;

6: send an ACC message

7: else if v is matched and Mate(v) is lighter than u then
8: if Mate(v) is a remote vertex then

9: send a REQU message to the node having Mate(v);
10: M+~ M P;

11: send an ACC message

12: else if v is matched and Mate(v) is heavier than u then
13: send a REJ message;

14: else if m is a REQU message then

15: unmatch v

Message complexity

Theorem 3.2 The number of messages transmitted by n processors when employing

the distributed 1/2-approzimation algorithm is O(A%n).

Proof. FEach processor is assigned a vertex u, and for each neighbor that needs to
be examined the processor sends a request for matching message. Therefore, in each
iteration of the for loop, each processor sends at most O(d(u)) request messages or
O(d(u)) reject messages. Since a vertex can be unmatched at most O(A) times and
d(u) is upper bounded by A, the total number of transmitted messages is O(A%n) by

T, Processors. I
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Proof of Correctness

In this sub-section, we will prove that the distributed approximation algorithm

computes 1/2-approximation for MVM.

Lemma 3.1 Let M,, be an optimal matching and M, be an approzimate matching
in a graph G = (V, E, @) such that there does not exist an augmenting path of length
one and an increasing path of length two with respect to M. For every M -unmatched
vertex u that is matched in Moy, there is one distinct M-matched vertex that is at

least as heavy as u.

Proof. Let O be the set of vertices that are matched in M,,, but unmatched in My4.
Consider the symmetric difference of the two matchings M, © M4, which consists of
vertices with degrees 0, 1 or 2. Hence this subgraph is a union of alternating paths
and alternating cycles. In each alternating cycle all vertices are matched in both M,
and M 4; hence we need consider only alternating paths. Each vertex u € U has degree
one in the subgraph, and therefore must be an end point of an alternating path. Since
there does not exist an augmenting path of length one, the length of each alternating
path is at least two. Since there are no weight-increasing paths of length two, the
vertex at distance two from u on the symmetric difference path must be at least as
heavy as u. Note that the symmetric difference paths are vertex disjoint, and, thus,
for every unmatched vertex u, we have found one distinct matched vertex in M4 that

are at least as heavy as u. |

Theorem 3.3 Let G = (V,E,¢) be a graph and ¢ : V — Ry a weight function.
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Then the distributed approximation algorithm computes a 1/2- approximation for the

mazimum vertex-weighted matching problem on G.

Proof. Let M4, M,, and O all be as defined in the Lemma 3.1, and consider paths
in the symmetric difference between M, and M,,. Each vertex u € O must be an

endpoint of an alternating path in the symmetric difference. Thus
$(Mop) <O(Ma) + 6(0).
By Lemma 3.1, we have ¢(O) < ¢(My). Hence,

¢(M0pt) < ¢(MA) + ¢(MA)

= 9(Ma) > S6(Mop).
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3.3 A Heuristic for MVM

In this section, we will present and describe our new distributed memory parallel
heuristic. To surpass the performance of distributed memory parallel MEM approxi-
mation algorithms, it is essential to utilize the matching on a vertex-weighted graph.
It is important to note that for the weights of two neighboring vertices to contribute
to the matching weight, these vertices must be matched, though the specific matching
edge involved is not important. Therefore, our approach prioritizes the order in which
neighbors are considered, focusing first on local vertices followed by remote vertices.
Additionally, to enhance the algorithm’s efficiency, remote vertices are examined and
checked a single time.

Like the 1/2-approximation algorithm, the initial step of the algorithm is dis-
tributing the input graph G = (V, E, ¢) among the nodes. Each node manages a local
sub-graph G' = (V', E', ¢).

As in the distributed memory 1/2-approximation algorithm, communication be-
tween compute nodes is facilitated by exchanging messages, however, sending messages
is done in batches rather than individually. Each compute node maintains separate
buffers for sending (SB) and receiving (RB) messages from neighboring compute nodes.
We have two types of messages: 1) request for matching (REQ), 2) reject matching
(REJ).

In each compute node, we have a queue () that has the local vertices in arbitrary
order and an empty queue (' to maintain vertices that are unmatched during one

iteration to be processed again in the next iteration. When Q' is empty at the end of
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an iteration, the algorithm terminates.

The heuristic is presented in Heuristic 22. The heuristic is hybrid (shared and dis-
tributed) in the description we will omit calling locking procedure to avoid repetitions.
The heuristic starts with an empty matching. The following steps are repeated as long
as ()’ is not empty. For each unmatched vertex u in @, the heuristic searches for an
augmenting path of length one that ends with a local vertex v of a heaviest weight. If
it is found, then u and v are matched. If not, then it searches for an increasing path
of length two that reaches a local lightest vertex v. If an increasing path is found,
then the matching is updated by reversing the increasing path and v is inserted in
Q'. If no augmenting path or increasing path within local vertices are found, then
the heuristic looks for an augmenting path of length one that reaches a heaviest ghost
neighbor v and if it is found it updates the matching and generates a REQ message,
and adds it to the appropriate send buffer SB. Lastly, if no ghost neighbor is found,
then the heuristic looks for an increasing path that ends with a lightest ghost vertex
v, and if it is found it updates the matching and generates a REJ message, and adds
it to the appropriate send buffer SB. Once all vertices in ) have been processed, the
heuristic dispatches all collected messages from the iteration to their corresponding
remote nodes. Note that in Algorithms 18 and 20, an augmenting or increasing path
is sought by examining the neighboring vertices sequentially from the first neighbor
until one such path is discovered, each time a vertex become unmatched, however, in
an efficient distributed algorithm we cannot afford checking remote vertices repeat-
edly. So, the heuristic will check remote neighbors only one time while local neighbors

are checked repeatedly.
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Afterward, the compute node remains idle until it gets incoming messages stored
in the receive buffer RB from any of the remote nodes. Once it receives an incoming
message from a remote node, it begins processing the message immediately. For a
REQ message containing a ghost vertex u (source) and a local vertex v (destination),
if v is currently unmatched, then (u,v) becomes a matched edge. Otherwise, if the
path u, v, Mate(v) is an increasing path, then the heuristic unmatches Mate(v), adds
it to @), and matches (u,v). If the path u,v, Mate(v) is not an increasing path, then
the heuristic creates a REJ message and places it in the send buffer. For a received
REJ message with a ghost vertex u (source) and a local vertex v (destination), the

heuristic unmatches v and adds it to @Q)’.

Time Complexity

Theorem 3.4 The time complexity of the heuristic using n processors is O(A?), where

A is the maximum degree.

Proof. In each iteration of the for loop, each processor chooses an unmatched vertex
u and examines all neighbors of u. Once a remote neighbor is selected as an end of a
potential augmenting or increasing path it will not be examined again in the future.
Since a vertex can be unmatched at most O(d(u)) times, a total of ng) i = 0(d(u)?)

which is upper bounded by O(A?). |

Message complexity

Theorem 3.5 The number of messages transmitted by n processors when employing

the heuristic is O(m).
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Algorithm 22 Heuristic for MVM

1: procedure MVM HEURISTIC(G' = (V', E', 9))

2:

10:
11:
12:
13:
14:
15:
16:
17:
18:
19:
20:
21:
22:
23:
24:

M+ 0; Q«+ Vi; Q + 0;
all buffers are initially empty;
while (Q) # 0 do
for unmatched u € @ in parallel do
find v (an end of aug. or inc. path P) in the following order
1- a heaviest local unmatched neighbor
2- a lightest increasing path that ends in a local vertex
3- a heaviest unmatched ghost neighbor
4- a lightest increasing path that ends in a ghost vertex
if v is local unmatched neighbor then
M+ M & P;
else if v is a local end of an increasing path then
add v to Q;
M+ M & P;
else if v is a remote neighbor then
M+ M & P;
add a REQ message to the send buffer SB;
else if v is a remote end of an increasing path then
M <+ M & P;
add a REJ message to the send buffer SB;
REM__MSG_PROC(SB, RB,Q');
Q< Q
Q 0
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Algorithm 23 Procedure for remote messaging
1: procedure REM__MSG_PROC(SB, RB, Q")

2: for all neighboring nodes r do
3: send messages from buffer SB to node r;
4: for all messages m € RB do

5: let u be the remote vertex and v the local vertex in m;

6: if m is a REQ message then

7 if v is unmatched then

8: M+ M & P;

9: else if v is matched and Mate(v) is lighter than v then
10: add Mate(v) to @’
11: M+ M P;
12: else if v is matched and Mate(v) is heavier than u then
13: add a REJ message to the send buffer SB;
14: else if v is an end of increasing path then
15: unmatch v add it to @’
16: else if m is a REJ message then
17: unmatch v and add it to @’

Proof.  Each processor is assigned a vertex u, and each one sends at most d(u)
request messages and d(u) reject messages. Hence, the total number of transmitted

messages is ) .\, 2d(u) = 4m = O(m). |
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CHAPTER 4

EXPERIMENTS AND RESULTS

4.1 Experimental Setup

Machine Specifications

We conducted experiments using ALFAHD high performance computing machines
which use Intel Xeon CPU E5-2680 v4 — 14 Cores @ 2.40GHz (Dual-processor). We
had an access to maximum five nodes. The nodes in this system use a CPU architec-
ture with 2 x 14 cores, forming a multicore processor setup. Each core has its own
cache levels with a 32 KB L1 cache for quick access to frequently used data. The
second tier consists of a 256 KB L2 cache per core to enhance data retrieval efficiency.
Additionally, there is a shared L3 cache of 35 MB per socket, which serves all the

cores in the CPU.

Code Specifications

The code for the experiments was developed using C++. Intel® MPI was used for
inter-node communication, while OpenMP was used for intra-node multi-threading.
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Table 4.1: Input graphs for evaluating the algorithms

Graph Vertices Edge Max degree | Average degree
shipsec8 114919 3269240 131 56.90
fe ocean 143437 409593 6 5.71
tx2010 914231 2228136 121 4.87
kron_ gh00logn21 | 2097152 | 91040932 213,904 117.92
rgg n_ 2 23 s0 | 8388608 | 63501393 40 15.14
nlpkkt200 16240000 | 215992816 27 26.60
hugebubbles-00010 | 19458087 | 29179764 3 2.99
europe 50912018 | 54054660 13 2.12

We used the mpich-4.0.0 compiler with -03 -OpenMP flags. The operating system is
Red Hat Enterprise Linux Server release 7.3 (Maipo) — kernel 3.10.0514.el7.x86_ 64.
We set the stack size for each OpenMP thread to 16 megabytes. We controlled the
allocation of threads and pinning a thread to a core by setting KMP__AFFINITY
to fine and compact and KMP_HW__SUBSET to 1t. This parameter means that
threads are distributed across the available cores compactly and each thread is pinned
to one core. This parameter directly affects performance by determining how threads

are assigned to cores.

Problems Specifications:

Our experiment involved eight graphs from the Suite Sparse Matrix Collection?,
and the problems we used for the experiments are listed in Table 4.1. The maximum

vertex count is around 50 million and the maximum edge count is roughly 215 million.
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For each graph, we list the maximum, average vertex degrees. The average vertex
degrees range from 2.12 to 117.92. Therefore, the graphs exhibit a variety of degree
distributions. Integer weights of vertices were generated uniformly at random in the
range [1,1000]. We partition a graph by a straightforward partitioning method. Each
partition contains |V'|/np vertices, and processor i owns the ith |V'|/np vertices, where
np is the number of compute nodes. Table 4.2 shows the percentage of edges that are
between compute nodes where the number of nodes is 10. The percentages range from
0.17% to 100%, so the partitions are various with respect to the number edges that

connect remote vertices.

Table 4.2: Percentage of edges that are between compute nodes where the number of

compute nodes is 10

Graphs (edges between compute nodes/|E|)*100
shipsec8 12.73%
fe ocean 17.43%
tx2010 2.78%
kron_ g500logn21 90.00%
rgg n_ 2 23 s0 0.17%
nlpkkt200 100.00%
hugebubbles00010 13%
europe 8.13%
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Experiment Specifications

In our research, we conducted multiple experiments to compare between the new
distributed memory heuristic for MVM and Suitor algorithm. The new 1/2-approximation
algorithm was excluded from the comparison because its high message complexity
which negatively impacts the overall execution time.

To assess the algorithms’ performance, we used a varying number of nodes and
processors across different experiments. For instance, we used a range of nodes from
2 to 10 to distribute vertices over 28, 42, 56, 70, 84 98, 112, 126 and 140 processors.
The results reported were gathered by executing 7 trials on each graph, recording the

minimum, maximum, and average time, as well as the matching weight and cardinality.

4.2 Distributed Memory Heuristic and Suitor Al-

gorithms Results

In this section, we compare our distributed memory heuristic for MVM with the
Suitor algorithms, which is considered the fastest approximation algorithm for MEM
problem, in term of running time [16]. We compare the algorithms’ running time and
scalability. Also, we compare weights and the matching edges cardinality.

Overall, the new heuristic outperforms the Suitor algorithm on every graph except
nlpkkt200, where their performances are comparable. From this point onward, the
average running times will be used in the comparisons of the running time. The

results are shown in Tables 4.3-4.10. On fe_ocean graph, the MVM heuristic runs 2.4
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times faster than the Suitor algorithm on average across all core counts, and 4.1 times
faster when using 28 cores. On the nlpkkt200 graph, the new heuristic outperforms
by being 1.01 times faster on average, and its speed advantage extends to 1.1 times
when utilizing 70 cores. In the case of the tx2010 graph, the running time is 1.8 times
faster on average, peaking at a 3.2 times improvement with 56 cores. Additionally, for
the kron_ g500-logn21 graph, the new heuristic exhibits a 4.0 times faster performance
across all core counts, reaching a 4.5 times faster execution compared to the Suitor
algorithm when 28 cores are employed. The new heuristic shows a 1.5 times speed
improvement on average and is 1.8 times faster than the Suitor algorithm on the europe
graph when utilizing 28 cores. On the rgg n 2 23 s0 graph, the new algorithm is
9.1 times faster on average and achieves a 16.4 times speed increase on 28 cores. For
the Shipsec8 graph, the heuristic obtains matchings 2.4 times faster on average and
3.8 times faster with 56 cores. Finally, in the case of the hugebubbles-00010 graph, the
new algorithm demonstrates an average speed improvement of 1.1 times and achieves a
1.4 times increase in performance when utilizing 28 cores. The new heuristic recorded
a maximum execution time of 127 seconds on the nlpkkt200 graph, while the Suitor
algorithm took 139 seconds on the same graph. The high running times can be
attributed to the vast number of edges in the graph, with each edge connecting two
remote vertices, thereby increasing the number of transmitted messages. The heuristic
reaches a minimum execution time of 0.001 seconds on the fe_ocean graph, while the
Suitor algorithm has a minimum time of 0.01 seconds on the same graph. Referring
to tables 4.11 and 4.12, on average, the new heuristic transmits 0.63 fewer messages

than the Suitor algorithm when using 10 nodes which contributes to the heuristic’s
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improved speed. Additionally, the frequency of nodes initiating communications is
lower by 0.93 times with the Suitor algorithm.

Based on the recorded running times, the new heuristic outperforms the Suitor
algorithm, one reason for the fast running time is that the heuristic matches local ver-
tices first then the remote vertices if no local neighbors are available for matching. On
the other hand, Suitor algorithm sends a proposal to the heaviest available neighbor,
regardless of whether that neighbor is local or remote.

Now we will discuss scalability of the new heuristic. Although the MVM algorithm
is faster on all graphs, it did not scale up to 140 cores very well on most of the graphs.
The speedup is measured as the running time using 28 cores over the running time
using 140 cores. The data shows that the new heuristic scaled better on large graphs.
On nlpkkt200 graph, the heuristic achieved a speedup of 3.3 and Suitor achieved a
speedup of 3.6, where the ideal speedup is 5. Suitor performed slightly better in
term of scalability on most graphs and the biggest gap is on rgg n_ 2 23 s0 graph
where Suitor speedup was 3.6 and the MVM heuristic was 1.6. In addition, the
largest speedup was 3.6 on graph rgg n_ 2 23 s0 which was obtained by Suitor
algorithm. Both algorithms, on fe ocean and tx2010, exhibited slower performance
when executed with 140 cores.

Next, we proceed to compare the matching weights and cardinalities when utilizing
140 cores. As shown in Table 4.11, the new heuristic obtained a higher matching
weights and cardinality on all graphs with the exception of nlpkkt200, which showed
marginal differences favoring the Suitor algorithm. On average, the new heuristic

achieved a 1.7% greater matching weight and a 4.2% increase in cardinality compared

67



to the outcomes obtained by the Suitor algorithm. For the nlpkkt200 graph, the
Suitor algorithm achieved 99.5% and 97.7% of the optimal weight and cardinality,
respectively, whereas the heuristic algorithm reached 99.4% and 97.3% of the optimal
weight and cardinality. In euro graph, the most significant difference can be shown,
which benefits the new heuristic, is approximately 5% in terms of weight and 11%
in terms of the number of edges. On average across all graphs, the new heuristic
algorithm attained 97.2% of the optimal weight and 95.0% of the optimal cardinality,
whereas the Suitor algorithm achieved 95.6% and 91.3% of the optimal weight and

cardinality, respectively.
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Table 4.3: Running time in seconds using different number of cores on shipsec8 graph

Figure 4.1: Average running time in seconds using different number of cores on shipsec8

graph
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Cores Statistics | 28 42 56 70 84 98 112 126 140
min 0.014 | 0.013 | 0.011 | 0.017 | 0.027 | 0.032 | 0.029 | 0.032 | 0.034
max 0.074 | 0.044 | 0.026 | 0.040 | 0.059 | 5.666 | 9.738 | 8.309 | 14.802
New Heuristic
avg 0.027 | 0.022 | 0.017 | 0.027 | 0.026 | 0.037 | 0.034 | 0.039 | 0.037
stdev 0.022 | 0.011 | 0.005 | 0.008 | 0.004 | 0.008 | 0.016 | 0.005 | 0.008
min 0.070 | 0.059 | 0.057 | 0.053 | 0.052 | 0.059 | 0.056 | 0.052 | 0.061
max 0.082 | 0.077 | 0.071 | 0.078 | 0.065 | 0.074 | 0.070 | 0.070 | 0.077
Suitor Algorithm
avg 0.073 | 0.068 | 0.065 | 0.063 | 0.060 | 0.067 | 0.061 | 0.062 | 0.070
stdev 0.004 | 0.007 | 0.005 | 0.009 | 0.004 | 0.006 | 0.004 | 0.006 | 0.006
shipsec8




Table 4.4: Running time in seconds using different number of cores on fe _ocean graph

Cores Statistics | 28 42 56 70 84 98 112 126 140
min 0.002 | 0.005 | 0.004 | 0.008 | 0.008 | 0.061 | 0.026 | 0.016 | 0.016
max 0.004 | 0.006 | 0.013 | 0.021 | 0.019 | 0.094 | 0.092 | 0.094 | 0.085
New Heuristic
avg 0.003 | 0.006 | 0.009 | 0.014 | 0.014 | 0.078 | 0.068 | 0.068 | 0.067
stdev 0.001 | 0.001 | 0.003 | 0.005 | 0.004 | 0.014 | 0.022 | 0.027 | 0.026
min 0.008 | 0.009 | 0.011 | 0.011 | 0.022 | 0.068 | 0.055 | 0.059 | 0.052
max 0.013 | 0.015 | 0.058 | 0.028 | 0.138 | 0.117 | 0.098 | 0.139 | 0.094
Suitor Algorithm
avg 0.010 | 0.012 | 0.029 | 0.019 | 0.084 | 0.084 | 0.071 | 0.095 | 0.072
stdev 0.002 | 0.002 | 0.018 | 0.007 | 0.041 | 0.017 | 0.018 | 0.027 | 0.014
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0.100

0.080
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0.040

Runtime in seconds

0.020

0.000
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Figure 4.2: Average running time in seconds using different number of cores on

fe _ocean graph
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Table 4.5: Running time in seconds using different number of cores on tx2010 graph

Cores Statistics 28 42 56 70 84 98 112 126 140
min 0.008 | 0.007 | 0.006 | 0.008 | 0.009 | 0.021 | 0.011 | 0.033 | 0.019
max 0.084 | 0.043 | 0.020 | 0.028 | 0.022 | 0.180 | 0.464 | 0.247 | 0.178
New Heuristic
avg 0.025 | 0.018 | 0.010 | 0.015 | 0.015 | 0.109 | 0.223 | 0.155 | 0.117
stdev 0.027 | 0.012 | 0.004 | 0.007 | 0.005 | 0.063 | 0.165 | 0.087 | 0.069
min 0.032 | 0.025 | 0.025 | 0.019 | 0.027 | 0.032 | 0.027 | 0.059 | 0.031
max 0.051 | 0.050 | 0.045 | 0.032 | 0.059 | 0.341 | 0.771 | 0.359 | 0.325
Suitor Algorithm
avg 0.037 | 0.032 | 0.032 | 0.026 | 0.033 | 0.204 | 0.240 | 0.205 | 0.194
stdev 0.006 | 0.008 | 0.007 | 0.004 | 0.011 | 0.130 | 0.254 | 0.107 | 0.121
tx2010
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Figure 4.3: Average running time in seconds using different number of cores on tx2010

graph
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Table 4.6: Running time in seconds using different number of cores on kron_ g500-logn21 graph

Cores Statistics 28 42 56 70 &4 98 112 126 140

min 0.543 | 2.897 | 2.884 | 2.818 | 2.532 | 2.455 | 2.350 | 2.277 | 2.087

max 3.717 | 4.125 | 4.036 | 3.349 | 2.897 | 3.151 | 2.622 | 2.576 | 2.414

New Heuristic
avg 2.362 | 3.322 | 3.310 | 3.048 | 2.777 | 2.751 | 2.486 | 2.370 | 2.240

stdev 0972 | 0412 | 0.424 | 0.185 | 0.128 | 0.265 | 0.093 | 0.111 | 0.131

min 9.879 | 11.853 | 11.542 | 11.172 | 10.329 | 9.935 | 9.254 | 9.098 | 8.682

max 11.859 | 14.158 | 13.193 | 12.573 | 12.287 | 11.165 | 10.542 | 9.870 | 9.870

Suitor Algorithm
avg 10.561 | 13.212 | 12.507 | 11.987 | 11.288 | 10.712 | 10.067 | 9.478 | 9.107

stdev 0.656 | 0.960 | 0.677 | 0.536 | 0.611 | 0.455 | 0.546 | 0.258 | 0.473
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Figure 4.4: Average running time in seconds using different number of cores on

kron_ g500-logn21 graph
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Table 4.7: Running time in seconds using different number of cores on rgg n_ 2 23 s0 Graph

Cores Statistics | 28 42 56 70 84 98 112 126 140

min 0.082 | 0.060 | 0.048 | 0.038 | 0.046 | 0.036 | 0.041 | 0.031 | 0.039

max 0.100 | 0.092 | 0.091 | 0.149 | 0.142 | 0.099 | 0.112 | 0.216 | 0.072

New Heuristic
avg 0.088 | 0.084 | 0.067 | 0.081 | 0.099 | 0.081 | 0.066 | 0.097 | 0.055

stdev 0.007 | 0.011 | 0.016 | 0.037 | 0.037 | 0.026 | 0.024 | 0.082 | 0.016

min 1.192 | 0.903 | 0.623 | 0.584 | 0.493 | 0.419 | 0.383 | 0.373 | 0.322

max 1.709 | 1.065 | 1.096 | 0.827 | 0.744 | 0.662 | 0.559 | 0.495 | 0.488

Suitor Algorithm
avg 1.446 | 0.984 | 0.868 | 0.686 | 0.618 | 0.523 | 0.507 | 0.435 | 0.398

stdev 0.198 | 0.058 | 0.199 | 0.088 | 0.092 | 0.077 | 0.062 | 0.056 | 0.051
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Figure 4.5: Average running time in seconds using different number of cores on

rgg n_2 23 s0 Graph
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Table 4.8: Running time in seconds using different number of cores on nlpkkt200 graph

Cores Statistics 28 42 56 70 84 98 112 126 140
min 85.726 | 95.790 | 75.675 | 46.613 | 48.106 | 47.431 | 39.474 | 42.537 | 35.135
max 127.141 | 100.094 | 82.627 | 68.289 | 57.772 | 49.635 | 44.511 | 42.884 | 36.912
New Heuristic
avg 117.531 | 98.082 | 79.646 | 62.309 | 55.524 | 48.613 | 43.328 | 42.691 | 36.272
stdev 14.563 1.726 2.865 | 7.950 | 3.655 | 0.772 | 1.750 | 0.123 | 0.655
min 119.095 | 90.095 | 75.697 | 56.350 | 53.675 | 49.040 | 39.734 | 39.808 | 33.740
max 139.329 | 104.153 | 84.417 | 84.410 | 59.460 | 54.705 | 51.595 | 42.282 | 37.065
Suitor Algorithm
avg 126.683 | 94.907 | 78.474 | 67.058 | 55.436 | 50.965 | 43.601 | 40.952 | 35.362
stdev 8.010 5.082 3.007 | 10.035 | 1.948 | 2.120 | 4.150 | 0.855 | 1.402
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Figure 4.6: Average running time in seconds using different number of cores on nlp-

kkt200 graph
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Table 4.9: Running time in seconds using different number of cores on hugebubbles-00010

graph

Cores Statistics 28 42 56 70 84 98 112 126 140

min 1.612 | 2.335 | 2.203 | 2.218 | 2.175 | 1.970 | 1.956 | 1.825 | 1.753

max 1.996 | 2.736 | 2.938 | 2.861 | 2.527 | 2.448 | 2.320 | 2.382 | 1.991

New Heuristic
avg 1.769 | 2.542 | 2.621 | 2.553 | 2.373 | 2.278 | 2.125 | 2.069 | 1.849

stdev 0.133 | 0.135 | 0.233 | 0.236 | 0.108 | 0.165 | 0.121 | 0.230 | 0.075

min 2.125 | 2.464 | 2.332 | 2.479 | 2.404 | 2.043 | 2.029 | 2.027 | 1.623

max 2.910 | 2.912 | 3.027 | 3.445 | 2.653 | 2.626 | 2.334 | 2.267 | 2.234

Suitor Algorithm
avg 2.502 | 2.683 | 2.750 | 2.794 | 2.530 | 2.341 | 2.176 | 2.157 | 1.977

stdev 0.266 | 0.162 | 0.239 | 0.361 | 0.088 | 0.220 | 0.125 | 0.097 | 0.199

hugebubbles-00010

1.5

Runtime in seconds
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Figure 4.7: Average running time in seconds using different number of cores on

hugebubbles-00010 graph
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Table 4.10: Running time in seconds using different number of cores on europe graph

Cores Statistics 28 42 56 70 84 98 112 126 140
min 0.654 | 0.583 | 0.447 | 0.434 | 0.485 | 0.416 | 0.436 | 0.397 | 0.396
max 1.188 | 0.800 | 0.721 | 0.735 | 0.642 | 0.649 | 0.601 | 0.795 | 0.591
New Heuristic
avg 0.818 | 0.654 | 0.616 | 0.582 | 0.543 | 0.536 | 0.523 | 0.523 | 0.503
stdev 0.185 | 0.074 | 0.092 | 0.112 | 0.058 | 0.086 | 0.050 | 0.128 | 0.067
min 1.183 | 0.958 | 0.806 | 0.659 | 0.681 | 0.532 | 0.534 | 0.441 | 0.530
max 2.000 | 1.153 | 2.003 | 0.929 | 1.008 | 1.013 | 0.813 | 0.746 | 0.636
Suitor Algorithm
avg 1.477 | 1.031 | 1.248 | 0.813 | 0.795 | 0.736 | 0.648 | 0.626 | 0.571
stdev 0.262 | 0.075 | 0.453 | 0.092 | 0.106 | 0.162 | 0.116 | 0.105 | 0.041
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Figure 4.8: Average running time in seconds using different number of cores on europe

graph
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Table 4.11: Percentage of obtained matching weight and cardinality with respect to

the optimal results

New Heuristic New Heuristic Suitor Algorithm| Suitor Algorithm
Graph
matching weight|cardinality percentage| matching weight |cardinality percentage

shipsec8 99.98% 99.45% 99.95% 98.89%
fe ocean 99.35% 96.87% 97.73% 91.76%
tx2010 96.08% 90.79% 93.59% 86.49%
kron_ g500logn21 87.24% 86.05% 85.92% 84.31%
rgg n_2 23 s0 99.90% 98.99% 99.44% 96.15%
nlpkkt200 99.39% 97.34% 99.47% 97.74%
hugebubbles00010 97.78% 93.93% 95.59% 88.42%
europe 97.86% 96.26% 93.24% 86.42%

Table 4.12: Number of communications initiated by nodes when nodes number is 10

Graph New Heuristic | Suitor Algorithm
shipsec8 15979 12748
fe_ocean 3418 2202
tx2010 4803 5979
kron_ g500-logn21 227561 339858
rgg n_2_ 23 s0 6505 4413
nlpkkt200 9034 11408
hugebubbles-00010 3911 2494
europe 3428 2202
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Table 4.13: Number of messages exchanged by nodes when nodes

number is 10

Graph New Heuristic | Suitor Algorithm
shipsec8 242470 832345
fe ocean 4906387 8018432
tx2010 71794 112057
kron_ g500-logn21 28498309 45247114
rgg n_2 23 s0 65085 207329
nlpkkt200 472864539 419890646
hugebubbles-00010 18954198 22483696
europe 4906261 8018432
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CHAPTER 5

CONCLUSION

We have designed the first distributed memory parallel 1/2 approximation algo-
rithm for vertex-weighted matching and prove its time and message complexity, and
correctness. Our algorithm is an extension of the shared memory 1/2-approximation
algorithm. The new approximation algorithm searches for either an augmenting path
of length one or an increasing path of length two. If a path is found and the other
end of the path is local then update the matching. If the other end of the path is a
remote vertex then send a message to the remote node and wait for either an accept
message or a reject one. Termination of the algorithm occurs when one iteration fails
to find any augmenting or increasing path from all unmatched vertices. The algorithm
time complexity is O(A?) and the message complexity is O(A?n) using n processors
which is considerable. Given that the approximation algorithm sends a large number
of messages, we introduce a more efficient heuristic for the MVM problem. In a dis-
tributed memory environment, it is crucial to reduce inter-node communications for
faster execution. The new heuristic accomplishes this by ensuring that a request from

a vertex u is sent to a remote neighbor v only once. Also, we propose an order of
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operations, which is first checking for paths that end with local vertices then looking
for paths that end with remote vertices, to decrease the number of messages required
to be sent among nodes. The proposed ordering gives advantage over using an MEM
approximation algorithm to solve the MVM problem. The heuristic time complexity
is O(A?) and the message complexity is O(m) using n processors.

We have implemented and compared the new heuristic with the Suitor algorithm,
using eight graphs with various numbers of vertices, edges, average and max degrees.

With the exception of a few instances, our heuristic demonstrates superior perfor-
mance compared to the Suitor algorithm across all examined graphs when utilizing 28
to 140 cores on 10 nodes, delivering markedly improved results. This highlights the
algorithm’s superiority when working in parallel and confirms the advantage of solving
the problem directly. In particular, the new heuristic could be 16.4 times faster than
Suitor algorithm on one graph. The new heuristic scaled better on large graphs with
more than 91 millions edges while on smaller graph it did not scale well.

Next, we outline future work and pathways stemming from our findings and limi-

tations.

e One limitation of our work is the limited number of cores. We would like to see

the performance of the new heuristic using higher number of cores.

« Investigate the possibility of designing an efficient distributed memory 2/3-

approximation algorithm for MVM problem.

o In this thesis we used straightforward method for partitioning graphs. We will
consider more advanced method to minimize the crossing edges and evaluate
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the performance.
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