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CHAPTER 1

INTRODUCTION

1.1 Motivation

The theory of functions of several complex variables is an extension of complex func-

tions of one complex variable to multi-dimensions. Some theorems are extendable

to higher dimensions, such as Cauchy’s integral formula and the maximum modulus

principle. On the other hand, some results fail on the higher dimensions. For exam-

ple, a famous result in the one variable complex analysis due to Riemann is that any

nonempty open simply connected proper subset of the complex plane is biholomorphic

to the unit disk. It turns out that the statement fails in higher dimensions. The first

counter-example was introduced by H. Poincaré. He proved that the two sets

∆2 = {(ζ, η) ∈ C2 : |ζ| < 1, |η| < 1},

and

B2 = {(ζ, η) ∈ C2 : |ζ|2 + |η|2 < 1}
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are not biholomorphic, although both domains are not only simply connected, but

both are convex.

Now let us recall the definition of a holomorphic function.

Definition: Let X ⊆ Cn (n ≥ 1) be open. A function ϕ = u + iv : X → C is

holomorphic if it is C1 smooth and for m = 1, 2, ..., n, we have

∂ϕ

∂z̄m
= 0.

Remark: ∂ϕ
∂z̄m

= 0 is equivalent to the Cauchy-Riemann equations:

uxm = vym , uym = −vxm .

Definition: Let w = (w1, ..., wn) ∈ Cn. Let Dn(w,A) := {z = (z1, ..., zn) ∈ Cn :

|zi − wi| < A, i = 1, 2, 3, ..., n} and let X ⊆ Cn (n ≥ 1) be an open set. A function

ϕ : X → C is analytic if for every w ∈ X, there is A > 0 so that D̄n(w,A) ⊆ X and

ϕ(z) =
∑

j1,...,jn≥0

aj1,...,jn(z1 − w1)
j1 · · · (zn − wn)

jn

for every z ∈ Dn(w,A).

Remark: A function is analytic if and only if it is holomorphic.

One of the main results in this field is Hartogs’ theorem on separate analyticity [1],
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which was introduced by Hartogs in 1906. The theorem states that ϕ ∈ C1 condition

can be dropped because the holmorphicity of ϕ in each variable separately ensures

that ϕ ∈ C1. In the real case, the existence of partial derivatives does not imply

continuity of the function. However, by Hartogs’ analyticity theorem, continuity is

not necessarily assumed in the definition of analyticity. This result of Hartogs is one of

the main results in the concern of complex analyticity of a function of several complex

variables.

Another important result in this concern is Forelli’s theorem.

Theorem 1.1 ([2],[3]) Let ϕ : Bn → C, where Bn is the unit ball in Cn. If we have:

• ϕ ∈ C∞(0).

• ∀ v ∈ Bn, we have ϕ(µv) is holomorphic in µ ∈ C.

Then ϕ is holomorphic.

Remark: ϕ ∈ C∞(0) means for every integer r, there is an open set Ur containing

the origin satisfying ϕ ∈ Cr(Ur).

Forelli proved his result in 1977 [2]. Later, independently, Stoll proved the same

result in 1980 in his paper on parabolic manifolds and applied it [3]. The main idea

of the proof is based on proving that the formal power series of ϕ is convergent on

a neighborhood of the origin and does not contain anti-holomorphic terms. Forelli

established a closed form for the terms of the formal power series of ϕ and worked out

to prove that this formal power series converges to the function ϕ around the origin.

The requirement that ϕ ∈ C∞(0) in Forelli’s theorem turned out to be necessary

3



and it is not possible to relax it. A counter-example is the following:

ϕ(z1, z2) =


z̄2
z̄1
zk+2
1 , if z1 ̸= 0

0, if z1 = 0

(1.1)

Then ϕ is Ck smooth, satisfying the second condition but is not holomorphic.

This suggests that the generalization of the theorem occurs in the second con-

dition. The statement that ϕ(µv) is holomorphic in the variable µ can be viewed as

covering the unit ball by disjoint lines that intersect at a single point (the origin).

In 2006, E. M. Chirka proved a general case that is valid only in C2, by considering

foliation [7]. In 2013, Joo, Kim, and Schmalz proved that it is still valid in all

dimensions with the foliation by holomorphic discs (Forelli’s case here considered as

foliation by lines intersecting at the origin) [5].

Definition: Let L be a smooth manifold, then a foliation of L is a partition

of L (an equivalence relation) into a collection of sub-manifolds that are connected.

Each sub-manifold of a foliation is called a leaf.

Theorem 1.2 ([5],[7]) Let X ⊆ Cn be a domain that has a C1 radial foliation by

holomorphic discs at x ∈ X. If ϕ : X → C satisfies the following:

• ϕ ∈ C∞(x).

• ϕ is holomorphic along the leaves.
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Then ϕ is holomorphic on X.

On the other hand, the condition that ϕ(µv) is holomorphic in µ can be viewed in

terms of vector fields as: Sϕ = 0, where

S =
k∑
j=1

zj
∂

∂zj
.

Remark: ϕ is holomorphic along the integral curves of S ⇐⇒ Sϕ = 0.

At this stage, it is natural to ask whether or not S can be replaced by other vector

fields.

In 2009, K.-T. Kim, E. A. Poletsky, and G. Schmalz proved a generalization for diag-

onal vector fields when the ratios of eigenvalues are positive (Forelli’s case is when all

eigenvalues are 1) [6]. The idea of the proof is similar in the sense that it depends on

the convergence of the formal power series.

In 2016, J.-C. Joo, K.-T. Kim, and G. Schmalz succeeded in proving that the conclu-

sion holds for all contracting vector fields under the same condition that the ratios

of eigenvalues are positive [4]. The idea of the proof is different from the previous

results, it is difficult to prove the convergence as the previous results. Instead, the

new approach is to use the unique continuation property to show the holomorphicity

of the function. The main goal of this thesis is to review [4] extensively and to apply

the idea of the proof to an example of a non-contracting vector field.

5



1.2 Organization

Chapter 2 is devoted to introducing some basics that will be used throughout the

next chapters.

Chapter 3 will demonstrate the main results, with a detailed proof of Theorem 3.3

and a simplified proof based on its idea to fit Theorem 3.2.

Chapter 4 is intended to provide a proof of a non-contracting case where we develop

the scheme in Theorem 3.3 to fit the case.

6



CHAPTER 2

PRELIMINARIES

2.1 Holomorphic Functions

2.1.1 Properties of Functions of Several Complex Variables

In this section, we expand the discussion of the properties of functions of several

complex variables.

Theorem 2.1 (Cauchy’s integral formula)

Let w = (w1, ..., wn) ∈ Cn. Let Dn(w,A) := {z = (z1, ..., zn) ∈ Cn : |zi − wi| <

A, i = 1, 2, 3, ..., n} and let X ⊆ Cn be an open set such that D̄n(w,A) ⊆ X, If a

function ϕ : X → C is holomorphic, then

ϕ(z) =
1

(2πi)n

∮
|ζ1−w1|=A

· · ·
∮
|ζn−wn|=A

ϕ(ζ1, ..., ζn)

(ζ1 − z1) · · · (ζn − zn)
dζn · · · dζ1

for every z ∈ Dn(w,A).
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This is an example of a result that is extended from the one variable case. On the

other hand, we will see some results that fail in higher dimensions.

In Chapter 1, we mentioned that the Riemann mapping theorem fails in higher

dimensions since ∆2 and B2 are not biholomorphic. This counter-example can be

extended in general on Cn (n ≥ 2).

Theorem 2.2 The sets ∆n and Bn are not biholomorphic for n ≥ 2.

Moreover, the set of biholomorphic equivalence classes of simply connected domains

in Cn is uncountable.

According to Picard’s theorem in one complex variable, an entire function is either

constant or assumes all points on the complex plane except at most one point. As a

consequence, if a proper subset U ⊂ C such that C − U contains a nonempty open

subset. Then U is not biholomorphic to C. The statement is not true in higher

dimensions.

Theorem 2.3 There is a proper subset U ⊂ C2 such that C2−U contains a nonempty

open subset with U is biholomorphic to C2

2.1.2 Unique Continuation Property

The unique continuation property (usually called analytic continuation), is a method

to extend the definition of a holomorphic function to a larger domain.
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Theorem 2.4 For an open set S ⊆ C, and ϕ : S → C being analytic. The set

A := {z ∈ S : ϕ(z) = 0} is totally disconnected or ϕ is constant.

Proof: If A is empty, then H is vacuously totally disconnected. Assume that H is

nonempty, and let z0 ∈ A. Then ϕ(z0) = 0. As ϕ is analytic, there is an R > 0 such

that ϕ =
∑∞

n=1 an(z − z0)
n on D(z0, R). Since ϕ(z0) = 0, it follows that a0 = 0. Let

ϕ(z) = (z − z0)
mψ(z), such that ψ(z0) ̸= 0. So ψ(z) =

∑∞
n=1 an+m(z − z0)

n. Since

ψ(z) is continuous, we can find δ > 0 such that |ψ(z)− am| < ϵ whenever |z− z0| < δ.

Taking ϵ = |am|
2

implies that |ψ(z)− am| < |am|
2

and hence ψ(z) ̸= 0 on D(z0, δ). As a

consequence, ϕ ̸= 0 on D(z0, δ). QED

Theorem 2.5 Let ϕ be an analytic function on an open nonempty set S in C and

let ψ1 and ψ2 be two analytic functions on a connected open set S ′ containing S such

that ϕ = ψ1 = ψ2 on S. Then ψ1 = ψ2 on S ′.

Proof: Let h(z) = ψ2(z) − ψ1(z). Then h(z) ≡ 0 on S. By Theorem 2.4 and the

fact that S cannot be totally disconnected, being a part of a connected set S ′. We

conclude that h(z) ≡ 0 on S ′ as it is constant and vanishes somewhere. QED

That is, an analytic function has a unique extension. In particular, if an an-

alytic function vanishes on a nonempty open connected set S, then it must be

identically zero on any open set containing S.

The result can be extended further, if two analytic functions agree on a ray L, then

they are equal on any open connected set containing L.

9



2.2 Vector Fields

For a general manifold M , a vector field can be described as an assignment to a vector

for every point in M . In our context, we are interested in the case where M = Cn.

Definition: Let G ⊆ Cn be a domain. A vector field is a vector-valued function

f : G→ Cn.

A standard way of representing a general vector field S is

S =
n∑
j=1

fj(z)
∂

∂zj
.

If each function fj is holomorphic, we say that S is a holomorphic vector field.

Definition: Let S =
∑n

j=1 fj(z)
∂
∂zj

be a vector field in Cn. A complex inte-

gral curve of S is a solution to the system

z′j(µ) = fj(z(µ)), µ ∈ C

for j = 1, 2, 3, ..., n.

2.2.1 Contracting Vector Fields

In this section, we introduce the normal form of contracting vector fields proved by

Poincaré and Dulac. For more details, the reader is invited to read [10].

10



Definition: Let S =
∑n

j=1 hj(z)
∂
∂zj

be a holomorphic vector field and let h(z) =

(h1(z), ..., hn(z)). If

• hj(0) = 0 for j = 1, 2, ..., n.

• All eigenvalues of Jh(0) (the Jacobian matrix of h) have positive real parts.

Then we say that S is contracting at the origin.

Based on the theory of vector fields, all contracting vector fields can be repre-

sented by the Poincaré-Dulac normal form. We give a brief introduction to the

Poincaré-Dulac theorem.

Definition: Let κ1, ..., κn be the eigenvalues of a matrix T . The eigenvalues are

said to be resonant If there is some j ∈ {1, 2, 3, ..., n} satisfying κj =
∑n

t=1mtκt for

some integers m1, ...,mn ≥ 0 with m1 + · · · + mn ≥ 2. Such a relation is called a

resonance.

Lemma 2.1 Let ρ be a non-trivial vector valued polynomial such that ρ(0) = ρ′(0) =

0. Then the equation z′ = Tz can be transformed into ζ ′ = Tζ + v(ζ) + R by the

change of variables ζ = z+ρ(z), where v(ζ) = ∂ρ
∂ζ
Tζ−Tρ(ζ) and R denotes the terms

of higher orders.

Definition: Let LTρ := ∂ρ
∂z
Tz − Tρ(z). The homological equation associated with

the linear operator T is given by the equation

LTρ = v,

11



where ρ is the unknown vector field and v is the known vector field.

Lemma 2.2 If the eigenvalues of T are non-resonant, then LTρ = v is solvable in

the class of formal power series for every vector field v with no constant term or a

linear part at the origin. Moreover, if there is no resonance of order k, then LTρ = v

is solvable for any homogeneous polynomial vector field of degree k in the class of

homogeneous polynomial vector fields of degree k.

Theorem 2.6 Let ζ ′ = Tζ + vr(ζ) +R(ζ), where R(ζ) represents the terms of higher

order. If the eigenvalues of T are non-resonant, then the equation can be reduced to

the form y′ = Ty.

Proof: By Lemma 2.2, the equation LTρr = vr is solvable for each r ≥ 2. By

Lemma 2.1 and the substitution y = ζ − ρr(ζ), we get ζ ′ = y′ + ∂ρr
∂ζ
ζ ′, which implies

that

y′ = −∂ρr
∂ζ

ζ ′ + ζ ′

= −∂ρr
∂ζ

ζ ′ + Tζ + vr(ζ) + R(ζ)

= −∂ρr
∂ζ

(Tζ + vr(ζ) + R(ζ)) + Tζ + vr(ζ) + R(ζ)

= −∂ρr
∂ζ

Tζ + T (y + ρr(ζ)) + vr(ζ) + R1(ζ),

where R1(ζ) = R(ζ)− ∂ρr
∂ζ
vr(ζ)− ∂ρr

∂ζ
R(ζ), which are all of order more than r. Finally,

we get

y′ = Ty − LTρr(ζ) + vr(ζ) + R1(ζ)

12



= Ty +R1(ζ)

= Ty +R2(y).

This annihilates terms of degree r as R2(y) contains only terms of higher orders.

Successive substitutions in the same way annihilate the terms of orders 2, 3, ..., so the

remaining part is the linear part. QED

This is the case when eigenvalues are non-resonant. Next, we describe the general

case when we possibly have resonant relations.

Let κ1, ..., κn be resonant. Let ef be an element of the eigenbasis corresponding to

the eigenvalues κ1, ..., κn. In the coordinates xi with respect to the basis ei, we define

xm = xm1
1 · · · xmn

n to be a monomial in terms of the coordinates xi.

Definition: The monomial xmef is said to be resonant if κf =
∑n

t=1mtκt for

some integers m1, ...,mn ≥ 0 with m1 + · · ·+mn ≥ 2.

Definition: Let κ = (κ1, ..., κn) ∈ Cn. The convex hull of κ is the intersection of

all convex sets containing the points κ1, ..., κn in the complex plane.

Definition: κ = (κ1, ..., κn) ∈ Cn belongs to the Poincaré domain if the convex

hull of κ1, ..., κn in the complex plane does not contain the origin.

Now we are ready to introduce the Poincaré-Dulac theorem.

Theorem 2.7 If the eigenvalues of a holomorphic vector field belong to the Poincaré

domain at a singular point. Then on a neighborhood of that point, the field is equivalent

to a polynomial vector field by a biholomorphic change of variables. Moreover, The

monomials of degree greater than one are resonant.

13



It can be shown that when the eigenvalues are in the Poincaré domain, the

number of resonant terms is finite. The non-resonant terms can be annihilated as in

Theorem 2.6. The main idea relies on these two facts, the rest is finding the suitable

change of variables.

Since the eigenvalues of Jh(0) have positive real parts for a contracting vector field,

it follows that the convex hull of the eigenvalues cannot contain the origin and hence

it satisfies the hypothesis of Poincaré-Dulac theorem. Therefore, every contracting

vector field can take the following form on a neighborhood of the origin:

Definition: Let S be a vector field that is contracting at the origin, then S can

be transformed by a biholomorphic change of coordinates near zero into the following

form, called the Poincaré-Dulac normal form [10]:

S =
n∑
j=1

(κjzj + gj(z))
∂

∂zj
,

such that each gj(z) is a polynomial satisfying gj(0) = 0 depending only on z1, ..., zj−1.

A special class of contracting vector fields that will be considered in our discussion

is the aligned type. Therefore, it would be appropriate to give a definition.

Definition: Let S be a contracting vector field at the origin. Then we call S an

aligned vector field if the ratios of eigenvalues are positive.

Remark: Since κi
κj
> 0, we can write κj = rje

iθ for some θ ∈ R and rj > 0, for

j = 1, ..., n. Therefore, taking eiθ as a common factor, we may assume that κk > 0 for

14



every k = 1, ..., n.
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CHAPTER 3

MAIN RESULTS

We begin with a discussion of a formal power series A that satisfies SA = 0, where S is

an aligned vector field. We use standard multi-index symbols, i.e, for z = (z1, ..., zn) ∈

Cn, α = (α1, ..., αn) ∈ Nn.

zα := zα1
1 · · · zαn

n and |α| := α1 + · · ·+ αn.

In [4], we have the following result that will be used in the proofs of Theorem 3.2 and

Theorem 3.3:

Proposition 3.1 ([4]) Let S =
∑n

j=1(κjzj + gj(z))
∂
∂zj

be a contracting vector field. If

A =
∑
Aα,βz

αz̄β is a formal power series such that SA = 0, then Aα,β = 0 whenever

|β| > 0.

Proof: For β1, ..., βn−1 = 0 and βn ̸= 0, consider the term of degree

(α1, ..., αn, β1, ..., βn) in SA. Let Wt = κtzt + gt(z), then the components can be

expressed as W̄t
∂
∂z̄t

. For t < n, the terms must contain z̄t and the term ḡn also con-

tains z̄t terms. Hence the coefficient of the desired term is κnβnAα,β, which is zero if

and only Aα,β = 0 as S is contracting and βn ̸= 0.

16



We complete the proof by induction with respect to the lexicographical ordering de-

fined by

β < β′ ⇐⇒ ∃ t : βk = β′
k ∀ k < t and βt < β′

t.

The base step (0, ..., βn) is done. Assume that Aα,β = 0 for all β < β′, we show that

Aα,β′ = 0.

Consider the term of degree (α1, ..., αn, β
′
1, ..., β

′
n). Assume that βt ̸= 0 and βk = 0

for k < t. The gk term in W̄k
∂
∂z̄k

with k ≥ t has terms that contain z̄k with k < t or

increase the order in z̄t, ..., z̄n. In both cases, they cannot produce terms with degree

(α1, ..., αn, β
′
1, ..., β

′
n). Therefore, the required coefficient is given by

(κtβ
′
t + · · ·+ κnβ

′
n)Aα,β′ .

Again, this coefficient vanishes if and only if Aα,β′ = 0 as S is contracting. QED

In general, this result is not sufficient to conclude about the holomorphicity of

a smooth function ϕ from the fact that its formal power series does contain anti-

holomorphic terms. However, if we assume that ϕ is real-analytic, then it has a power

series representation and we can conclude about the function itself.

Theorem 3.1 ([4]) If ϕ : Bn → C is real-analytic and Sϕ = 0 at every point for a

contracting vector field S, then ϕ is holomorphic.
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3.1 Diagonal Vector Fields

Definition: Let S be a vector field such that any function ϕ : Bn → C that is of

C∞(0) and satisfying Sϕ = 0 is holomorphic around the origin. Then we will say

that S is a Forelli vector field.

Theorem 3.2 ([6])

Let S =
∑n

j=1 κjzj
∂
∂zj

, where κ1, ..., κn are complex numbers satisfying κi
κj

> 0.

Then S is a Forelli vector field.

The original approach proves the convergence of the power series. However, we

will present here a simplified proof of Theorem 3.3 to fit our case to compare the

complexity of domains in both cases.

Let H := { µ ∈ C : Re(µ) > 0}. We will call a sequence (µk) ⊆ H an admissible

sequence if

lim
k→∞

e−κjRe(µk) = 0

for every j = 1, 2, 3, ..., n. It is clear that a sequence is admissible if and only if

Re(µk) → ∞.

Proposition 3.2 Let ϕ be bounded and holomorphic on H and let κ1, ..., κn be positive

real numbers. If

lim
k→∞

|ϕ(µ)|eκj lRe(µk) = 0

18



for j = 1, ..., n, an integer l ≥ 0, and an admissible sequence (µk). Then ϕ ≡ 0 on H.

Proof: If the statement is proved for any fixed κj, it is easy to see that the argument

is valid for others, so let ψl(µ) := ϕ(µ)eκ1l(µ).

Claim 1: ψl is bounded on H for every l.

Assume to the contrary that |ψl(µk)| → ∞ for some integer l ≥ 0 and a sequence

(µk) ⊆ H. Since ϕ is bounded, it follows that eκ1lRe(µk) → ∞, so e−κ1lRe(µk) → 0 and

hence (µk) is admissible. A contradiction as |ψl(µk)| → 0 for any admissible sequence.

Claim 2: There is a constant δ0 > 0 such that e−κ1lRe(µk) > δ0 on ∂H.

This is obvious as ∂H = {µ ∈ C : Re(µ) = 0} .

Let

M := sup
µ∈H

|ϕ(µ)|,

and

C :=
1

δ0
.

Then

|ψl(µ)| ≤MC l

for µ ∈ ∂H. As each ψl is bounded and holomorphic on H, by the maximum modulus

principle for unbounded domains (known as Phragmén–Lindelöf principle), we have

|ψl(µ)| ≤MC l
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on H. Let Γ be a connected open subset of H such that Γ ⊆ { µ ∈ H : e−κ1Re(µk) < 1
2C

} .

Hence we have

|ϕ(µ)| ≤ M

2l
→ 0

on Γ. Finally, we have ϕ(µ) = 0 on Γ and the unique continuation property implies

that ϕ ≡ 0 on H. QED

Proof of Theorem 3.2: Assume that all eigenvalues are negative and take the form −κj,

where κj > 0. Let V be an open neighborhood around the origin that is sufficiently

small such that ϕ ∈ C2. We consider the complex flow curve that passes through

β = (β1, ..., βn).

The flow curve is given by

µ→ z(β, µ),

such that

zj(β, µ) = βje
−κjµ.

Since S is contracting, we can find an open neighborhood of the origin V ′ ⊆ V such

that for any β ∈ V ′ we have the image of z(β, t), t ≥ 0 is contained in V.

Let ψ(β, µ) := ϕ(z(β, µ)). By hypothesis, ψ is holomorphic in µ in the region H. Let

β0 = (β1, ..., βn) ∈ V ′ − {0} be fixed. Since ϕ ∈ C2(V ), we get

∂

∂µ̄

(
∂ψ

∂β̄j

)
=

∂

∂β̄j

(
∂ψ

∂µ̄

)
= 0

for each j = 1, ..., n. Therefore, ∂ψ
∂β̄j

is a bounded holomorphic function in the variable
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µ on H.

By the chain rule, we have
∂ψ

∂βn
= e−κnµ̄

∂ϕ

∂z̄n
.

The formal power series of ϕ contains no z̄ terms by Proposition 3.1. Therefore, the

function ∂ϕ
∂z̄n

is C∞(0) with a trivial formal power series. Thus,

∣∣∣∣ ∂ϕ∂z̄n (z)
∣∣∣∣|z−lj | → 0

as z → 0 for every l ≥ 0 and j = 1, ..., n. Since e−κnRe(µ) is bounded on H by some

C > 0. We have

∣∣∣∣ ∂ψ∂β̄n (µk)
∣∣∣∣|zj(β0, µk)−l| ≤ C

∣∣∣∣ ∂ϕ∂z̄n (z(β0, µk))
∣∣∣∣|zj(β0, µk)−l| → 0

for any admissible sequence (µk) in H. Hence the function ∂ψ
∂βn

satisfies the hypothesis

of Proposition 3.2 and so 0 = ∂ψ
∂βn

= e−κnµ̄ ∂ϕ
∂z̄n

, and so ∂ϕ
∂z̄n

= 0 over the flow

{z(β0, µ) : µ ∈ H} . Repeating the process for zn−1, ..., z1 yields that ∂̄ϕ = 0. Since β0

is arbitrary on V ′, it follows that ϕ is holomorphic on V ′. QED

Conversely, if κi
κj

is not a positive real number, the unique continuation prop-

erty fails and a counter-example can always be constructed.

Example: Let κ1 = 1 + i and κ2 = 1 − i. Let S = κ1z1
∂
∂z1

+ κ2z2
∂
∂z2

. S is

contracting as Re(κ1) = Re(κ2) = 1 > 0, but not aligned. We will construct a
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counter-example for which the unique continuation property fails.

The flow is given by (C1e
κ1µ, C2e

κ2µ).

Let D(κ1, κ2) = {µ ∈ C : |e−κ1µ| < 1, |e−κ1µ| < 1} . For µ = x + iy, we have

Re(κ1) = x− y and Re(κ2) = x+ y.

So we have D(κ1, κ2) = {µ ∈ C : e−(x−y) < 1, e−(x+y) < 1} = {µ ∈ C : x − y >

0, x+ y > 0}. A sequence (µj) is admissible ⇐⇒ xj − yj → ∞, xj + yj → ∞.

Consider the function ϕ(µ) = e−µ
2
= e−(x2−y2)−2ixy. So for an admissible sequence

(µj) we have

el(xj−yj)|ϕ(µj)| = e−(x2j−y2j )+l(xj−yj) = e(xj−yj)(l−(xj+yj)) → 0,

and similarly

el(xj+yj)|ϕ(µj)| = e−(x2j−y2j )+l(xj+yj) = e(xj+yj)(l−(xj−yj)) → 0.

However ϕ(µ) ̸≡ 0 and hence the unique continuation fails.

3.2 Contracting Vector Fields

Theorem 3.3 ([4])

Let S be an aligned contracting vector field. Then S is a Forelli vector field.

While the region that is considered in the previous theorem is just a half plane, the

case here is more complicated as we have polynomials with possible singularities when
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defining the region without the appropriate restrictions on the domain. We will first

set up the domains carefully depending on the behavior of the polynomials inside the

region. Let P1, ..., Pn be nontrivial polynomials in the single variable µ. Let κ1, ..., κn

be positive real numbers.

Consider the region

D(P, κ) := { µ ∈ C : |Pj(µ)|e−κjRe(µ) < 1, j = 1, 2, 3, ..., n} .

A sequence (µk) will be called admissible if

lim
k→∞

|Pj(µk)e−κjµk | = 0

for j = 1, ..., n.

Let Er := { µ ∈ R : µ > r}. For a given D(P, κ), we can find a sufficiently large r

such that Er ⊆ D(P, κ). Let D∗(P, κ) be the connected component that contains Er.

Proposition 3.3 ([4])

If ϕ is a bounded holomorphic function on D(P, κ) and

lim
k→∞

∣∣∣∣ϕ(µk)eκj lµkP l
j(µk)

∣∣∣∣ = 0

for every nonnegative integer l and for any admissible sequence whose members are

different from zeros of P1, ..., Pn, then ϕ ≡ 0 on D∗(P, κ).
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Proof: We may assume that ϕ is continuous on the boundary of D(P, κ) by mul-

tiplying each polynomial Pj with C > 1 to extend the region.

There are ϵ > 0 and A > 0 such that |Pj| > ϵ for all µ ∈ C with Re(µ) > A.

Let D(P, κ,A) := D(P, κ) ∩ { µ ∈ C : Re(µ) > A} . By re-ordering, we may write

deg(P1)

κ1
≥ deg(Pj)

κj

for all j = 1, 2, 3, ..., n. For sufficiently large µ, there are constants Cj, C ′
j such that

for dj = deg(Pj) we have

Cj|µ|dj ≤ |Pj(µ)| ≤ C ′
j|µ|dj ,

so we have

(|P1|e−κ1Re(µ))
κj
κ1 ≥ C

κj
κ1
1 |µ|d1

κj
κ1 e−κjRe(µ) ≥ C

κj
κ1
1

1

C ′
j

|Pj(µ)|e−κjRe(µ).

For an admissible sequence (µk) ⊆ D(P, κ,A), we have Re(µk) → ∞ since |Pj| > ϵ.

This means that whenever

|P1(µk)|e−κ1Re(µk) → 0, we have |Pj(µk)|e−κ1Re(µk) → 0 for j = 1, ..., n.

Let ψl(µ) := ϕ(µ) e
κ1lµ

P1(µ)l
.

Then ψl is holomorphic on D(P, κ,A).

Claim 1: ψl is bounded on D(P, κ,A) for every integer l ≥ 0.

Assume to the contrary that there is an admissible sequence (µk) in D(P, κ,A) and
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l ≥ 0 such that ψl(µk) → ∞ as k → ∞. Then as ϕ is bounded, we have

lim
k→∞

eκ1Re(µk)

|P1(µk)|
= ∞,

which means

lim
k→∞

|P1(µk)|e−κ1Re(µk) = 0.

Therefore, (µk) is admissible and so by hypothesis we have |ψl(µk)| → 0. A contra-

diction.

Claim 2: There is δ0 > 0 such that |P1(µk)|e−κ1Re(µk) > δ0 for any µ ∈ ∂D(P, κ)∩{ µ ∈

C : Re(µ) ≥ A} .

If limk→∞ |P1(µk)|e−κ1Re(µk) = 0 for some admissible sequence (µk) ⊆ ∂D(P, κ)∩{ µ ∈

C : Re(µ) ≥ A} . Then as Pj(µ) has no zeros whenever Re(µ) > A, we conclude that

Re(µk) → ∞. So we have

lim
k→∞

|Pj(µk)|e−κjRe(µk) = 0

for j = 1, ..., n. However, by definition of D(P, κ), we have

|Pj(µk)|e−κjRe(µk) = 1

for some j since µk ∈ ∂D(P, κ). A contradiction.

Now we have

|P1(µk)|e−κ1Re(µk) ≥ ϵe−κ1A

25



for each µ ∈ D(P, κ1) ∩ { µ ∈ C : Re(µ) = A} .

Let

M := sup
µ∈D(P,κ)

|ϕ(µ)|,

and

C := max{ 1

δ0
, ϵ−1eκ1A} .

Then

|ψl(µ)| ≤MC l

for µ ∈ ∂D(P, κ,A). As each ψl is bounded and holomorphic on D(P, κ,A), by

maximum modulus principle for unbounded domains, we have

|ψl(µ)| ≤MC l

on D(P, κ,A).

Let Γ be a connected open set such that:

• Γ ⊆ {µ ∈ D(P, κ,A) : |P1(µk)|e−κ1Re(µk) < 1
2C

} .

• EB := {µ ∈ R : µ > B} ⊆ Γ} for some B > A.

Thus, for every µ ∈ Γ, we have

|ϕ(µ)| ≤ M

2l
→ 0.

Hence the unique continuation property implies that ϕ ≡ 0 on D∗(P, κ). QED
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Proof of Theorem 3.3: Let V be an open neighborhood around the origin that

is sufficiently small such that ϕ ∈ C2.

For a contracting aligned vector field, we have

S =
n∑
j=1

(κjzj + gj(z))
∂

∂zj
,

we may assume without loss of generality that κj > 0 for every j = 1, ..., n. With the

following:

• 0 < κ1 < ... < κn

• gj(e
−κ1µ, ..., e−κj−1µ) = e−κj−1µgj(z1, ..., zj−1)

For every j = 1, ..., n. The complex flow curve that passes through β = (β1, ..., βn)

can be written as

µ→ z(β, µ) = (z1(β, µ), ..., zn(β, µ))

such that

zj(β, µ) = e−κjµ(βj + hj(β, µ))

where hj is a holomorphic polynomial in the variables β, µ and for every j = 1, ..., n

• h1 ≡ 0.

• hj(β, 0) = 0.

• hj(., µ) depends only on β1, ..., βj−1.
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Since S is contracting, we can find an open neighborhood of the origin V ′ ⊆ V such

that for any β ∈ V ′ we have the image of z(β, t), t ≥ 0 is contained in V .

Let ψ(β, µ) := ϕ(z(β, µ)). By hypothesis, ψ is holomorphic in µ in the region Dβ :=

D(Pβ, κ). Where

Pβ(.) = (β1 + g1(β, .), ..., βn + gn(β, .)).

Let β0 = (β1, ..., βn) ∈ V ′ − {0} be fixed. Since ϕ ∈ C2(V ), we get

∂

∂µ̄

(
∂ψ

∂β̄j

)
=

∂

∂β̄j

(
∂ψ

∂µ̄

)
= 0

for each j = 1, ..., n. Therefore, ∂ψ
∂β̄j

is a bounded holomorphic function in the variable

µ on Dβ0 .

By the chain rule, we have
∂ψ

∂β̄n
= e−κnµ̄

∂ϕ

∂z̄n
.

The formal power series of ϕ contains no z̄ terms by Proposition 3.1. Therefore, the

function ∂ϕ
∂z̄n

is C∞(0) with a trivial formal power series. Thus,

∣∣∣∣ ∂ϕ∂z̄n (z)
∣∣∣∣|z−lj | → 0

as z → 0 for every l ≥ 0 and j = 1, ..., n. Since e−κnRe(µ) is bounded on Dβ0 by some

C > 0. We have

∣∣∣∣ ∂ψ∂β̄n (µk)
∣∣∣∣|zj(β0, µk)−l| ≤ C

∣∣∣∣ ∂ϕ∂z̄n (z(β0, µk))
∣∣∣∣|zj(β0, µk)−l| → 0
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for any admissible sequence (µk) in Dβ0 . Hence the function ∂ψ
∂β̄n

satisfies the

hypothesis of Proposition 3.3 and so 0 = ∂ψ
∂β̄n

= e−κnµ̄ ∂ϕ
∂z̄n

, and so ∂ϕ
∂z̄n

= 0 over the flow

{ z(β0, µ) : µ ∈ D∗
β0
} , where D∗

β0
is the unbounded component of Dβ0 that contains

the positive real line. Repeating the process for zn−1, ..., z1 yields that ∂̄ϕ = 0. Since

β0 is arbitrary on V ′, it follows that F is holomorphic on V ′. QED

The unique continuation property fails in the diagonal case when the alignedness

condition is dropped and so it is meaningless to ask about the general contracting case.

To summarize, a contracting holomorphic vector field S is a Forelli vector field if

and only if S is aligned. This gives a full classification of contracting vector fields.
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CHAPTER 4

AN EXAMPLE OF

NON-CONTRACTING VECTOR

FIELD CASE

4.1 Non-Contracting Case

If the vector field is not contracting, we do not have a nice form such as the Poincaré-

Dulac normal form and we have no results in this direction. Indeed, if S is non-

contracting, it usually fails to be a Forelli vector field.

Example: Let S = z ∂
∂z

− w ∂
∂w

, then S is not contracting. The integral curves are

σ1 = C1e
µ and σ2 = C2e

−µ.

The function ϕ(z, w) = w̄z̄ is not holomorphic. However, Sϕ = 0 as z̄w̄ = C̄1C̄2 =

Constant.

The proof of Theorem 3.3 could be modified to fit some vector fields that are not
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contracting. In the next section, we will try to simulate the main ideas to fit a very

specific non-contracting vector field.

4.2 Special Case Proof

Let S = z2 ∂
∂z

+ w ∂
∂w

. Then S is a non-contracting vector field.

In this section, we will show that S is indeed a Forelli vector field. First, we

observe that the integral curves of S are:

σ1 =
1

µ+ κ1

σ2 = κ2e
−µ.

We need to develop a formal power series analysis similar to Proposition 3.1.

Proposition 4.1 Let S = z2 ∂
∂z

+w ∂
∂w

. If A =
∑
Aα,β,a,bz

αwβ z̄aw̄b is a formal power

series such that SA = 0, then Aα,β,a,b = 0 whenever a+ b > 0.

Proof: The same argument in Proposition 3.1 is applicable here. If a+ b > 0, consider

the term of degree (α, β, a, b) in SA. Its coefficient has to be (a + b)Aα,β,a,b, which is

zero if and only if Aα,β,a,b = 0. QED

Theorem 4.1 If ϕ : B2 → C is real analytic and Sϕ = 0 at every point for S =

z2 ∂
∂z

+ w ∂
∂w

, then ϕ is holomorphic.
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Next, we define the appropriate region that will be used throughout the proof:

Let D = {µ ∈ C :

∣∣∣∣ 1
µ+κ1

∣∣∣∣ < 1, |κ2e−µ| < 1}.

Remark: D = {µ ∈ C :

∣∣∣∣ 1
µ+κ1

∣∣∣∣ < 1}∩{µ ∈ C : |κ2e−µ| < 1} = (C−D̄(−κ1, 1))∩{µ ∈

C : Re(−µ) > ln(|κ2|)} if κ2 ̸= 0 and D = C − D̄(−κ1, 1) if κ2 = 0. Geometrically,

D is a half-plane minus a closed disc or the whole plane minus a closed disc. In both

cases, D is connected.

Definition: Let (µk) be a sequence in D, we say that (µk) is an admissible

sequence if limk→∞

∣∣∣∣ 1
µ+κ1

∣∣∣∣ = limk→∞ |κ2e−µ| = 0.

It is obvious that limk→∞

∣∣∣∣ 1
µ+κ1

∣∣∣∣ = 0 ⇐⇒ µk → ∞ and limk→∞ |κ2e−µ| = 0

⇐⇒ Re(µk) → ∞. Therefore, a sequence is admissible if and only if Re(µk) → ∞.

In other words, κ2e−µ determines the admissible sequences.

Proposition 4.2 If ϕ is a bounded holomorphic function on D and

lim
k→∞

∣∣∣∣ ϕ(µk)σl1(µk)

∣∣∣∣ = lim
k→∞

∣∣∣∣ ϕ(µk)σl2(µk)

∣∣∣∣ = 0

for any admissible sequence whose members are different from zeros of σ1, σ2. Then

ϕ ≡ 0 on D.

Proof: The function ψl = κ2ϕ(µ)e
lµis holomorphic on D.
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Claim 1 : ψl is bounded for every integer l.

If ψl is unbounded, then there is an admissible sequence such that

limk→∞ |κ2elµk | = ∞, then limk→∞ |e−lµk | = 0 so (µk) is admissible and hence

ψl → 0. A contradiction.

Claim 2 : There is a constant δ0 > 0 such that |κ2|e−Re(µ) > δ0 on ∂D.

If such δ0 does not exist, then there is a sequence (µk) ⊆ ∂D such that |κ2|e−Re(µk) → 0

and so limk→∞

∣∣∣∣ 1
µ+κ1

∣∣∣∣ = 0 also. The definition of the boundary implies that at least

one of the two limits is 1. A contradiction.

Let M = sup |ϕ(µ)| on D and C = 1
δ0

. Then |ψl(µ)| ≤ MC l on ∂D. By the

maximum modulus principle of unbounded domains, the inequality holds on D.

Let Γ be a connected open set such that

Γ ⊆ { µ ∈ D : |κ2e−µ| <
1

2c
} .

Therefore, for every µ ∈ Γ we have |ϕ(µ)| ≤ M
2l

→ 0 as l → ∞ and hence ϕ ≡ 0 on Γ.

Finally, by the unique continuation property, we conclude that ϕ ≡ 0 on D.

QED

33



Now we are ready to complete the proof.

Let g(µ, κ) := ϕ(κ1e
−µ, 1

µ+κ2
) = ϕ(w, z), then the flow is given by β = (β1, β2) =

(κ1,
1
κ2
). So g(µ, β) := ϕ(β1e

−µ, 1
µ+ 1

β2

) = ϕ(w, z).

For an open neighborhood V around 0 such that ϕ ∈ C2 and a fixed nonzero β =

(β1, β2) ∈ V , we have

∂

∂µ̄

(
∂g

∂β̄

)
=

∂

∂β̄

(
∂g

∂µ̄

)
= 0

=⇒ ∂g
∂β̄

is holomorphic in µ.

∂g

∂β̄2
=
∂ϕ

∂z̄

∂z̄

∂β̄2
+
∂ϕ

∂z̄

∂z̄

∂β̄2
+
∂ϕ

∂w

∂w

∂β̄2
+
∂ϕ

∂w̄

∂w̄

∂β̄2
=

−β2
2

(β2µ+ 1)2
∂ϕ

∂z̄
.

On the region D, we have
∣∣∣∣ 1
µ+ 1

β2

∣∣∣∣ ≤ C for some C > 0 and so

∣∣∣∣ β2
2

(β2µ+ 1)2

∣∣∣∣ ≤ C2.

The formal power series of ϕ contains no ζ̄ terms by Proposition 4.1. There-
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fore, the function ∂ϕ
∂z̄

is C∞(0) with a trivial formal power series. Thus,

∣∣∣∣∂ϕ∂z̄ (ζ)
∣∣∣∣|z−l| → 0

and ∣∣∣∣∂ϕ∂z̄ (ζ)
∣∣∣∣|w−l| → 0

as ζ → 0. So we have

∣∣∣∣ ∂g∂β̄1 (µk)
∣∣∣∣|z(κ, µk)−l| ≤ C2

∣∣∣∣∂ϕ∂z̄ (ζ(β0, µk))
∣∣∣∣|z(κ, µk)−l| → 0,

and ∣∣∣∣ ∂g∂κ̄1 (µk)
∣∣∣∣|w(κ, µk)−l| ≤ C2

∣∣∣∣∂ϕ∂z̄ (ζ(β0, µk))
∣∣∣∣|w(κ, µk)−l| → 0.

Note that we can find t > 0 such that z(β, t) is contained in V , and so on D, we

apply Proposition 4.2 to get
∂g

∂κ̄1
=
∂ϕ

∂z̄
= 0.

Finally, we have

0 =
∂g

∂µ̄
=
∂ϕ

∂z

∂z

∂µ̄
+
∂ϕ

∂z̄

∂z̄

∂µ̄
+
∂ϕ

∂w

∂w

∂µ̄
+
∂ϕ

∂w̄

∂w̄

∂µ̄
= −β1e−µ̄

∂ϕ

∂w̄
.

QED
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4.3 Future Work

We have seen that S = z2 ∂
∂z

+ w ∂
∂w

is a Forelli vector field by modifying the proof of

Theorem 3.3.

The main step is to establish the unique continuation property for the integral curves

of S. The main feature that is common between S and contracting aligned vector

fields is the existence of a representative over the integral curves that determine the

admissible sequences.

It is worth mentioning that the alignedness condition in Theorem 3.3 is used to show

the existence of a representative. This suggests that a main question that would open

new doors toward a general result is to determine a condition that guarantees the

existence of a representative, and investigate whether all vector fields that have a

representative are necessarily Forelli vector fields?

There are normal forms that could apply to some classes of non-contracting vector

fields. The suggested direction is to decide on the applicability of the scheme in

Theorem 3.3.
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