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THESIS ABSTRACT

NAME: Alhussain Alkhunaizi

TITLE OF STUDY:  Analyticity Theorems for Functions That Are Holomor-
phic Along Vector fields

MAJOR FIELD: Mathematics

DATE OF DEGREE: 2024/05

This thesis investigates some analyticity theorems for functions of several complex
variables. We introduce Forelli’s theorem and demonstrate its generalizations. Mainly,
in the view of vector fields. The case of contracting vector fields is already resolved
and the results will be explained. An investigation of a non-contracting case will be

discussed.
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CHAPTER 1

INTRODUCTION

1.1 Motivation

The theory of functions of several complex variables is an extension of complex func-
tions of one complex variable to multi-dimensions. Some theorems are extendable
to higher dimensions, such as Cauchy’s integral formula and the maximum modulus
principle. On the other hand, some results fail on the higher dimensions. For exam-
ple, a famous result in the one variable complex analysis due to Riemann is that any
nonempty open simply connected proper subset of the complex plane is biholomorphic
to the unit disk. It turns out that the statement fails in higher dimensions. The first

counter-example was introduced by H. Poincaré. He proved that the two sets

A?={(¢,n) e C*:[¢] < 1,n] <1},

and

B* = {(¢,n) € C*: [¢]* + [n* < 1}



are not biholomorphic, although both domains are not only simply connected, but
both are convex.

Now let us recall the definition of a holomorphic function.

Definition: Let X C C" (n > 1) be open. A function ¢ = u+iv : X — C is

holomorphic if it is C* smooth and for m = 1,2, ..., n, we have

09 _

O

0.

Remark: ;7‘1’ = 0 is equivalent to the Cauchy-Riemann equations:

u-Tm = Uym7 uym = _/UiU

m*

Definition: Let w = (wy,...,w,) € C". Let D" (w,A) = {z = (21,...,2,) € C" :
|zi —wi| < Ayi=1,2,3,...,n} and let X C C" (n > 1) be an open set. A function

¢ : X — C is analytic if for every w € X, there is A > 0 so that D"(w, A) C X and

¢(2) = Z Wjy,...jn (21 = wi) - (2 = wy, )

J1ye5dn20

for every z € D™(w, A).

Remark: A function is analytic if and only if it is holomorphic.

One of the main results in this field is Hartogs’ theorem on separate analyticity [1],



which was introduced by Hartogs in 1906. The theorem states that ¢ € C! condition
can be dropped because the holmorphicity of ¢ in each variable separately ensures
that ¢ € C'. In the real case, the existence of partial derivatives does not imply
continuity of the function. However, by Hartogs’ analyticity theorem, continuity is
not necessarily assumed in the definition of analyticity. This result of Hartogs is one of
the main results in the concern of complex analyticity of a function of several complex
variables.

Another important result in this concern is Forelli’s theorem.

Theorem 1.1 ([2],[3]) Let ¢ : B" — C, where B™ is the unit ball in C". If we have:

e € C™(0).

e Vv eB", we have ¢p(uv) is holomorphic in € C.

Then ¢ is holomorphic.

Remark: ¢ € C*(0) means for every integer r, there is an open set U, containing
the origin satisfying ¢ € C"(U,.).

Forelli proved his result in 1977 [2]. Later, independently, Stoll proved the same
result in 1980 in his paper on parabolic manifolds and applied it [3]. The main idea
of the proof is based on proving that the formal power series of ¢ is convergent on
a neighborhood of the origin and does not contain anti-holomorphic terms. Forelli
established a closed form for the terms of the formal power series of ¢ and worked out
to prove that this formal power series converges to the function ¢ around the origin.

The requirement that ¢ € C*°(0) in Forelli’s theorem turned out to be necessary



and it is not possible to relax it. A counter-example is the following:

247 if 2 £0
¢(21,22) = ' (1.1)
0, if 21 = 0

Then ¢ is C* smooth, satisfying the second condition but is not holomorphic.

This suggests that the generalization of the theorem occurs in the second con-
dition. The statement that ¢(uv) is holomorphic in the variable p can be viewed as
covering the unit ball by disjoint lines that intersect at a single point (the origin).

In 2006, E. M. Chirka proved a general case that is valid only in C?, by considering
foliation [7]. In 2013, Joo, Kim, and Schmalz proved that it is still valid in all
dimensions with the foliation by holomorphic discs (Forelli’s case here considered as

foliation by lines intersecting at the origin) [5].

Definition: Let L be a smooth manifold, then a foliation of L is a partition
of L (an equivalence relation) into a collection of sub-manifolds that are connected.

Each sub-manifold of a foliation is called a leaf.

Theorem 1.2 ([5],[7]) Let X C C" be a domain that has a C' radial foliation by

holomorphic discs at x € X. If ¢ : X — C satisfies the following:
e p€C™(x).

e ¢ is holomorphic along the leaves.



Then ¢ is holomorphic on X.

On the other hand, the condition that ¢(uv) is holomorphic in p can be viewed in

terms of vector fields as: S¢ = 0, where

G
S = sz%'
j=1 !

Remark: ¢ is holomorphic along the integral curves of S <= S¢ = 0.

At this stage, it is natural to ask whether or not S can be replaced by other vector
fields.
In 2009, K.-T. Kim, E. A. Poletsky, and G. Schmalz proved a generalization for diag-
onal vector fields when the ratios of eigenvalues are positive (Forelli’s case is when all
eigenvalues are 1) [6]. The idea of the proof is similar in the sense that it depends on
the convergence of the formal power series.
In 2016, J.-C. Joo, K.-T. Kim, and G. Schmalz succeeded in proving that the conclu-
sion holds for all contracting vector fields under the same condition that the ratios
of eigenvalues are positive [4]. The idea of the proof is different from the previous
results, it is difficult to prove the convergence as the previous results. Instead, the
new approach is to use the unique continuation property to show the holomorphicity
of the function. The main goal of this thesis is to review [4] extensively and to apply

the idea of the proof to an example of a non-contracting vector field.



1.2 Organization

Chapter 2 is devoted to introducing some basics that will be used throughout the
next chapters.

Chapter 3 will demonstrate the main results, with a detailed proof of Theorem 3.3
and a simplified proof based on its idea to fit Theorem 3.2.

Chapter 4 is intended to provide a proof of a non-contracting case where we develop

the scheme in Theorem 3.3 to fit the case.



CHAPTER 2

PRELIMINARIES

2.1 Holomorphic Functions

2.1.1 Properties of Functions of Several Complex Variables

In this section, we expand the discussion of the properties of functions of several

complex variables.

Theorem 2.1 (Cauchy’s integral formula)
Let w = (wy,...,w,) € C". Let D"(w, A) := {2z = (21,...,2n) € C" : |z, —wy| <
Aji =1,2,3,...,n} and let X C C" be an open set such that D™(w,A) C X, If a

function ¢ : X — C is holomorphic, then

1 ¢(Cl77<n)
- dc, - d
) = Gy fg| 7i| G =) (G =y

for every z € D"(w, A).



This is an example of a result that is extended from the one variable case. On the

other hand, we will see some results that fail in higher dimensions.

In Chapter 1, we mentioned that the Riemann mapping theorem fails in higher
dimensions since A% and B? are not biholomorphic. This counter-example can be

extended in general on C"* (n > 2).
Theorem 2.2 The sets A™ and B™ are not biholomorphic for n > 2.

Moreover, the set of biholomorphic equivalence classes of simply connected domains

in C” is uncountable.

According to Picard’s theorem in one complex variable, an entire function is either
constant or assumes all points on the complex plane except at most one point. As a
consequence, if a proper subset U C C such that C — U contains a nonempty open
subset. Then U is not biholomorphic to C. The statement is not true in higher

dimensions.

Theorem 2.3 There is a proper subset U C C? such that C?—U contains a nonempty

open subset with U is biholomorphic to C?

2.1.2 Unique Continuation Property

The unique continuation property (usually called analytic continuation), is a method

to extend the definition of a holomorphic function to a larger domain.



Theorem 2.4 For an open set S C C, and ¢ : S — C being analytic. The set

A:={z€S5:¢(z) =0} is totally disconnected or ¢ is constant.

Proof: If A is empty, then H is vacuously totally disconnected. Assume that H is
nonempty, and let zp € A. Then ¢(z9) = 0. As ¢ is analytic, there is an R > 0 such
that ¢ = > " an(z — 20)" on D(zp, R). Since ¢(z) = 0, it follows that ag = 0. Let
d(z) = (2 — 20)™P(z), such that ¥(z) # 0. So () = > 7, anym(z — 20)". Since

¥(z) is continuous, we can find 0 > 0 such that |1(2) — a,,| < € whenever |z — zy| < 9.

Taking € = ‘“;”' implies that |¢(2) — a,,| < |a§”| and hence 1(z) # 0 on D(z9,0). As a

consequence, ¢ # 0 on D(zy, ). QED

Theorem 2.5 Let ¢ be an analytic function on an open nonempty set S in C and

let 11 and 1o be two analytic functions on a connected open set S’ containing S such

that ¢ = 11 = 1py on S. Then P, = 1hy on S’.

Proof: Let h(z) = 12(2) — ¢1(2). Then h(z) = 0 on S. By Theorem 2.4 and the
fact that S cannot be totally disconnected, being a part of a connected set S’. We

conclude that h(z) =0 on S’ as it is constant and vanishes somewhere. QED

That is, an analytic function has a unique extension. In particular, if an an-
alytic function vanishes on a nonempty open connected set S, then it must be
identically zero on any open set containing S.

The result can be extended further, if two analytic functions agree on a ray L, then

they are equal on any open connected set containing L.



2.2 Vector Fields

For a general manifold M, a vector field can be described as an assignment to a vector
for every point in M. In our context, we are interested in the case where M = C".
Definition: Let G C C" be a domain. A wector field is a vector-valued function

f:G—Cn
A standard way of representing a general vector field S is

& 9,
S=> fj(Z)g‘
j=1 J

If each function f; is holomorphic, we say that S is a holomorphic vector field.

Definition: Let S = > 7, fi(2)2Z be a vector field in C". A complex inte-

2j

gral curve of S is a solution to the system
Z(p) = fi(z(w),n € C
for j=1,2,3,...,n.

2.2.1 Contracting Vector Fields

In this section, we introduce the normal form of contracting vector fields proved by

Poincaré and Dulac. For more details, the reader is invited to read [10].

10



Definition: Let S = )" hj(z)a%j be a holomorphic vector field and let h(z) =

(h1(2), oo hn(2)). If

e hj(0)=0forj=1,2,...,n.
 All eigenvalues of Jh(0) (the Jacobian matrix of h) have positive real parts.

Then we say that S is contracting at the origin.

Based on the theory of vector fields, all contracting vector fields can be repre-
sented by the Poincaré-Dulac normal form. We give a brief introduction to the
Poincaré-Dulac theorem.

Definition: Let kq, ..., k, be the eigenvalues of a matrix 7. The eigenvalues are
said to be resonant If there is some j € {1,2,3,...,n} satisfying x; = >, | myr, for
some integers mq,...,m, > 0 with m; +--- + m, > 2. Such a relation is called a

resonance.

Lemma 2.1 Let p be a non-trivial vector valued polynomial such that p(0) = p'(0) =
0. Then the equation z' = Tz can be transformed into ¢’ = T¢ +v(¢) + R by the
change of variables ( = z+ p(z), where v(¢) = ggT{ —Tp(C) and R denotes the terms

of higher orders.

Definition: Let Lpp := %TZ —Tp(z). The homological equation associated with

the linear operator T is given by the equation

LTP =,

11



where p is the unknown vector field and v is the known vector field.

Lemma 2.2 [f the eigenvalues of T' are mnon-resonant, then Lpp = v is solvable in
the class of formal power series for every vector field v with no constant term or a
linear part at the origin. Moreover, if there is no resonance of order k, then Lrp = v
is solvable for any homogeneous polynomial vector field of degree k in the class of

homogeneous polynomial vector fields of degree k.

Theorem 2.6 Let (' = T(¢+v,.(¢) + R(C), where R(C) represents the terms of higher
order. If the eigenvalues of T are non-resonant, then the equation can be reduced to

the form vy = Ty.

Proof: By Lemma 2.2, the equation Lyp, = v, is solvable for each r > 2. By

Lemma 2.1 and the substitution y = ¢ — p,(¢), we get (' = ¢ + %—”g(’, which implies

that

,_ _Opr
_9pr

=~ SEC + TC+ Q) + (O
apy

== (T¢ + v.(¢) + R(C)) + TC +v.(¢) + R(C)
_ 9
=~

¢+

T¢+T(y + pr(Q)) +0r(€) + Ba(C),

where R;(¢) = R(¢) — %v,(¢) — %= R(C), which are all of order more than r. Finally,

we get

y' =Ty — Lrp(¢) +v,(¢) + Ri(C)

12



=Ty + Ri(C)

This annihilates terms of degree r as Ry(y) contains only terms of higher orders.
Successive substitutions in the same way annihilate the terms of orders 2, 3, ..., so the
remaining part is the linear part. QED
This is the case when eigenvalues are non-resonant. Next, we describe the general
case when we possibly have resonant relations.

Let ki, ..., kn, be resonant. Let ey be an element of the eigenbasis corresponding to
the eigenvalues k1, ..., k,,. In the coordinates z; with respect to the basis e;, we define

m

™ =y -2 to be a monomial in terms of the coordinates z;.
Definition: The monomial z™ey is said to be resonant if Ky = Y 1 mur; for
some integers myq, ..., m, > 0 with m; +--- +m,, > 2.

Definition: Let k = (K1, ..., k,) € C". The convezr hull of k is the intersection of
all convex sets containing the points k1, ..., K, in the complex plane.

Definition: x = (k1,...,k,) € C" belongs to the Poincaré domain if the convex

hull of k1, ..., Kk, in the complex plane does not contain the origin.

Now we are ready to introduce the Poincaré-Dulac theorem.

Theorem 2.7 If the eigenvalues of a holomorphic vector field belong to the Poincaré
domain at a singular point. Then on a neighborhood of that point, the field is equivalent
to a polynomial vector field by a biholomorphic change of variables. Moreover, The

monomials of degree greater than one are resonant.

13



It can be shown that when the eigenvalues are in the Poincaré domain, the
number of resonant terms is finite. The non-resonant terms can be annihilated as in
Theorem 2.6. The main idea relies on these two facts, the rest is finding the suitable

change of variables.

Since the eigenvalues of Jh(0) have positive real parts for a contracting vector field,
it follows that the convex hull of the eigenvalues cannot contain the origin and hence
it satisfies the hypothesis of Poincaré-Dulac theorem. Therefore, every contracting
vector field can take the following form on a neighborhood of the origin:

Definition: Let S be a vector field that is contracting at the origin, then S can
be transformed by a biholomorphic change of coordinates near zero into the following

form, called the Poincaré-Dulac normal form [10]:

n

(9
S = Z Kizj + g;(2 8z~’
j=1 J

such that each g;(z) is a polynomial satisfying ¢;(0) = 0 depending only on z1, ..., zj_1.

A special class of contracting vector fields that will be considered in our discussion
is the aligned type. Therefore, it would be appropriate to give a definition.

Definition: Let S be a contracting vector field at the origin. Then we call S an
aligned vector field if the ratios of eigenvalues are positive.

Remark: Since :—J > 0, we can write r; = r;e” for some § € R and r; > 0, for

j =1,...,n. Therefore, taking ¢’ as a common factor, we may assume that s > 0 for

14



every k=1,...,n.

15



CHAPTER 3

MAIN RESULTS

We begin with a discussion of a formal power series A that satisfies SA = 0, where S is
an aligned vector field. We use standard multi-index symbols, i.e, for z = (z1, ..., z,) €
C", a = (ai,...,ap) € N,

ZOL

=21t 20 and o = a4 -+ ap.
In [4], we have the following result that will be used in the proofs of Theorem 3.2 and

Theorem 3.3:

Proposition 3.1 ([4]) Let S =377, (k;z; +9;(2))5= be a contracting vector field. If
A=A, 3278 is a formal power series such that SA =0, then A, 5 = 0 whenever

5] > 0.

Proof: For pi,....8,.1 = 0 and B, F# 0, consider the term of degree
(1, ey O, P, -y B) in SA. Let W, = kyz, + g4(2), then the components can be
expressed as Wt%. For t < n, the terms must contain z; and the term g, also con-
tains z; terms. Hence the coefficient of the desired term is , 3,44 3, which is zero if

and only A, 3 =0 as S is contracting and 3, # 0.

16



We complete the proof by induction with respect to the lexicographical ordering de-
fined by

f<pf = Ft:B,=0,Vk<tand 5 < f,.

The base step (0, ..., 5,) is done. Assume that A, = 0 for all 8 < [/, we show that
A,z =0.

Consider the term of degree (ay, ..., ay, 5, ..., 5). Assume that 8, # 0 and 5y = 0
for k < t. The g term in Wk% with k > ¢ has terms that contain z, with k < ¢ or
increase the order in Z;, ..., Z,. In both cases, they cannot produce terms with degree

(1, .oy, B, -y BL). Therefore, the required coefficient is given by

(Fefi + -+ + Finfp) A

Again, this coefficient vanishes if and only if A, g = 0 as S is contracting. QED

In general, this result is not sufficient to conclude about the holomorphicity of
a smooth function ¢ from the fact that its formal power series does contain anti-
holomorphic terms. However, if we assume that ¢ is real-analytic, then it has a power

series representation and we can conclude about the function itself.

Theorem 3.1 ([4]) If ¢ : B® — C is real-analytic and S¢ = 0 at every point for a

contracting vector field S, then ¢ is holomorphic.

17



3.1 Diagonal Vector Fields

Definition: Let S be a vector field such that any function ¢ : B — C that is of
C*(0) and satisfying S¢ = 0 is holomorphic around the origin. Then we will say

that S is a Forelli vector field.

Theorem 3.2 ([6])
Let S = Z?Zl szja%j, where Ky, ..., k, are complex numbers satisfying == > 0.

Kj

Then S is a Forelli vector field.

The original approach proves the convergence of the power series. However, we
will present here a simplified proof of Theorem 3.3 to fit our case to compare the
complexity of domains in both cases.

Let H := { u € C: Re(u) > 0}. We will call a sequence () € H an admissible
sequence if

lim e "iRel) =
k—o0

for every j = 1,2,3,...,n. It is clear that a sequence is admissible if and only if

Re(ug) — oo.

Proposition 3.2 Let ¢ be bounded and holomorphic on H and let K, ..., k, be positive

real numbers. If

lim [(a) ") = 0

k—o00

18



for j =1,...,n, an integer | > 0, and an admissible sequence (ux). Then ¢ =0 on H.

Proof: If the statement is proved for any fixed &j, it is easy to see that the argument
is valid for others, so let 1, (1) := ¢(u)e! ).

Claim 1: ®; is bounded on H for every [.

Assume to the contrary that |i;(ur)| — oo for some integer [ > 0 and a sequence
(px) € H. Since ¢ is bounded, it follows that e®Reln) 5 oo g0 e 1!Relr) 5 () and
hence (py) is admissible. A contradiction as |¢;(uy)| — 0 for any admissible sequence.
Claim 2: There is a constant dy > 0 such that e~ "1Re(u) > 5, on OH.

This is obvious as OH = {y € C: Re(u) = 0} .

Let
M= igg!sb( )l
and
1
C = 5
Then
[u(p)| < MC!

for u € OH. As each v, is bounded and holomorphic on H, by the maximum modulus

principle for unbounded domains (known as Phragmén—Lindelof principle), we have

[u(p)] < MC!

19



on H. Let I" be a connected open subset of H such that I' C { € H : e—mRe(ur) %} .

Hence we have

on I'. Finally, we have ¢(u) = 0 on I' and the unique continuation property implies
that ¢ =0 on H. QED

Proof of Theorem 3.2: Assume that all eigenvalues are negative and take the form —&;,
where k; > 0. Let V be an open neighborhood around the origin that is sufficiently
small such that ¢ € C2. We consider the complex flow curve that passes through

6 = (ﬂla "'7611)'

The flow curve is given by

= 2(B, 1),

such that

2 (B, p) = Bje” "

Since S is contracting, we can find an open neighborhood of the origin V/ C V' such
that for any 5 € V’ we have the image of z(f3,t), t > 0 is contained in V.
Let (B, p) := ¢(2(8, ). By hypothesis, 1 is holomorphic in p in the region H. Let

Bo = (B1,.-,Bn) € V' —{0} be fixed. Since ¢ € C*(V), we get

ﬁ(a_w)_i(a_@/’)_o
op\ag;) 9B \on/)

for each j = 1,...,n. Therefore, gg—_ is a bounded holomorphic function in the variable
J

20



4 on H.

By the chain rule, we have

aw — e*”ﬂﬂ%
Py, 0%y

The formal power series of ¢ contains no z terms by Proposition 3.1. Therefore, the

function 88—;; is C*°(0) with a trivial formal power series. Thus,

1

as z — 0 for every [ > 0 and j = 1,...,n. Since e "R is bounded on H by some

C > 0. We have
a 3@6 - 3 “
‘3;{1 (:“k> |Zj(ﬁ07,ulc) l| S C‘_azn(z(ﬁovﬁ%)) |Zj(ﬁovﬂk) l|

for any admissible sequence () in H. Hence the function % satisfies the hypothesis

of Proposition 3.2 and so 0 = % = e*“”ﬁaa?‘ﬁ, and so

% = 0 over the flow
{2(Bo, 1) : o € H} . Repeating the process for z,_1, ..., z1 yields that d¢ = 0. Since Sy

is arbitrary on V', it follows that ¢ is holomorphic on V’'. QED

Bi is not a positive real number, the unique continuation prop-

Ky

Conversely, if

erty fails and a counter-example can always be constructed.

Example: Let k; = 14+ i and ko = 1 —1¢. Let § = /ﬁzl% + mgz%%. S is

contracting as Re(k;) = Re(ka) = 1 > 0, but not aligned. We will construct a

21



counter-example for which the unique continuation property fails.

The flow is given by (Ce"#, CyeH).

Let D(ki,k2) = {p € C : |e"™# < 1,]e ™" < 1} . For p = x + iy, we have
Re(k1) = x —y and Re(ka) =z +y.

So we have D(ki, k) = {p € C:e W < 1@ <« 1} ={pecC:2—y >
0,z +y > 0}. A sequence (;) is admissible <= z; —y; = 00, z; +y; — 0.
Consider the function ¢(u) = e = e~ (**=v")=22y_ So for an admissible sequence

(p;) we have

el(xj_yj)|¢(,uj)| — o~ @y —y) — o(zi—u)(=(5+y;) _y 0,

and similarly

el(xj+yj)|¢(,uj)| — o~ @Yty — oty (=(2-y) _y ().

However ¢(u) # 0 and hence the unique continuation fails.

3.2 Contracting Vector Fields

Theorem 3.3 ([4])

Let S be an aligned contracting vector field. Then S is a Forelli vector field.

While the region that is considered in the previous theorem is just a half plane, the
case here is more complicated as we have polynomials with possible singularities when
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defining the region without the appropriate restrictions on the domain. We will first
set up the domains carefully depending on the behavior of the polynomials inside the
region. Let P, ..., P, be nontrivial polynomials in the single variable u. Let k1, ..., K,
be positive real numbers.

Consider the region

D(P,k) :={ p€C:|Py(p)le "W < 1,j=1,2,3,..,n} .

A sequence (py) will be called admissible if

lim [P, (ju)e™""] = 0
k—o0

for j=1,...,n.
Let E, :={ p€R:pu>r} Foragiven D(P, k), we can find a sufficiently large r

such that F, C D(P, k). Let D*(P, k) be the connected component that contains FE,.

Proposition 3.3 ([4])

If ¢ is a bounded holomorphic function on D(P, k) and

Hlu)e™ ™ | _

for every nonnegative integer | and for any admissible sequence whose members are

different from zeros of Py, ..., Py, then ¢ =0 on D*(P, k).
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Proof: We may assume that ¢ is continuous on the boundary of D(P, k) by mul-
tiplying each polynomial P; with C' > 1 to extend the region.
There are € > 0 and A > 0 such that |P;| > € for all 4 € C with Re(u) > A.

Let D(P,k,A) := D(P,k)N{ ne€ C:Re(u) > A} . By re-ordering, we may write

deg(Py) > deg(Pj)

K1 Rj

for all j = 1,2,3,...,n. For sufficiently large u, there are constants Cj, C’j'- such that

for d; = deg(P;) we have
Cjlul™ < [Pi(p)] < Clul™,
so we have

K4 55 K Ky
<|P1|6*H1RB(N))ﬁ > Clm ’M’dlﬁe*lﬁjf{e(u) > Clm é’ﬂ(ﬂ)’eﬁjRe(“)-
J
For an admissible sequence (u;) € D(P, k, A), we have Re(ux) — oo since |P;| > e.
This means that whenever

| Py (g,) |e~™1Be) — 0, we have | P;(uy,) e~ 1Bewr) — 0 for j =1,...,n.

Let wl(u) = (ﬁ(u) 12:(1:;[
Then ), is holomorphic on D(P, k, A).
Claim 1: 1), is bounded on D(P, , A) for every integer [ > 0.

Assume to the contrary that there is an admissible sequence (uy) in D(P, k, A) and
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[ > 0 such that ¢;(ug) — oo as k — 0o. Then as ¢ is bounded, we have

. ef1Re(u)
im ——— = o0,
koo | Py(puk )|

which means

lim |y (e R0) = 0.
k—o0

Therefore, () is admissible and so by hypothesis we have [i;(ux)| — 0. A contra-
diction.

Claim 2: Thereis dy > 0such that |Py(uy)|e ™ 1ReMx) > 6, for any u € OD(P, k)N p €
C: Re(u) > A} .

If limy o0 | P1 (1) [e "1 R0) = 0 for some admissible sequence (1) € OD(P,k)N{ p €
C : Re(p) > A} . Then as Pj(u) has no zeros whenever Re(n) > A, we conclude that

Re(py) — 00. So we have
Tim (e 70) = 0
for j = 1,...,n. However, by definition of D(P, k), we have
1P, ()R = 1

for some j since uy € OD(P, k). A contradiction.

Now we have

|Pr(pg) et Re0m) > el
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for each € D(P,k) N{ p€ C:Re(u) = A} .

Let
M := sup |o(u)l,
pneD(P,k)

and

1 -1 k1A

C:=max{—,e "} .

do

Then
i (p)| < MC"

for p € OD(P,k,A). As each 1) is bounded and holomorphic on D(P,k, A), by

maximum modulus principle for unbounded domains, we have

[a(p)] < MC!

on D(P,k, A).

Let I' be a connected open set such that:

« T C{pe D(Pr A):|Py()leReln) < L}

e Ep:={ueR:pu>B} CT} for some B > A.

Thus, for every p € I', we have

Hence the unique continuation property implies that ¢ = 0 on D*(P, k). QED

26



Proof of Theorem 3.3: Let V' be an open neighborhood around the origin that
is sufficiently small such that ¢ € C2.

For a contracting aligned vector field, we have

n

3
S = Z Kjzj + gj 5,
7=1

J

we may assume without loss of generality that x; > 0 for every j = 1,...,n. With the

following;:
e D<K <... <Ky
o gj(eTMH L ey = eT i gi (2L )

For every j = 1,...,n. The complex flow curve that passes through g = (5, ..., Bn)

can be written as

1= z(B, 1) = (2108, 1), ey 20 (B 1))

such that

Zj(ﬁv :u) = e_ﬁju(ﬁj + hj(ﬁv ILL))
where h; is a holomorphic polynomial in the variables 3, ;1 and for every j =1,...,n
b hl =0.

h](670) =

e h;(., ) depends only on By, ..., 5_1.
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Since S is contracting, we can find an open neighborhood of the origin V/ C V' such
that for any 5 € V' we have the image of z((,t), t > 0 is contained in V.

Let ¥(5, 1) :== ¢(2(B, ). By hypothesis, ¥ is holomorphic in g in the region Dg :=
D(Pg, k). Where

Pﬁ() = (ﬁl + gl(ﬁ? ')7 7571 + gn(ﬁa ))

Let Bo = (B1, ..., Bx) € V' — {0} be fixed. Since ¢ € C*(V), we get

3(%)_i(3_¢)_0
op \ag;) 9B \on/)

for each j =1, ...,n. Therefore, gg—_ is a bounded holomorphic function in the variable
J

pon Dag.

By the chain rule, we have

aw — e_’inﬁ%
B, 0z,

The formal power series of ¢ contains no z terms by Proposition 3.1. Therefore, the

function % is C*°(0) with a trivial formal power series. Thus,
9¢ 1
a—zn(z) |z;'] =0

as z — 0 for every [ > 0 and j = 1,...,n. Since e ¢ is bounded on Dg, by some

C > 0. We have
0 9¢ Bo, —
‘é%ﬁn( k) |Zj(50”uk)_l| = C’aZn <z(/307:uk)) |zﬂ( 0> k)_l| 0
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for any admissible sequence () in Dg,. Hence the function % satisfies the
hypothesis of Proposition 3.3 and so 0 = 5861% = e‘“”ﬂ%, and so %‘i = 0 over the flow

{ 2(Bo, i) : p € D}, where Dj  is the unbounded component of Dg, that contains
the positive real line. Repeating the process for z,_1, ..., 21 yields that d¢ = 0. Since

By is arbitrary on V', it follows that F' is holomorphic on V’'. QED

The unique continuation property fails in the diagonal case when the alignedness

condition is dropped and so it is meaningless to ask about the general contracting case.

To summarize, a contracting holomorphic vector field S is a Forelli vector field if

and only if S is aligned. This gives a full classification of contracting vector fields.
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CHAPTER 4

AN EXAMPLE OF

NON-CONTRACTING VECTOR

FIELD CASE

4.1 Non-Contracting Case

If the vector field is not contracting, we do not have a nice form such as the Poincaré-
Dulac normal form and we have no results in this direction. Indeed, if S is non-
contracting, it usually fails to be a Forelli vector field.

Example: Let S = z% — w%, then S is not contracting. The integral curves are
o1 = Cie* and g9 = Che™ .

The function ¢(z,w) = wZ is not holomorphic. However, S¢ = 0 as zw = C,Cy =

Constant.

The proof of Theorem 3.3 could be modified to fit some vector fields that are not
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contracting. In the next section, we will try to simulate the main ideas to fit a very

specific non-contracting vector field.

4.2 Special Case Proof

Let S = 22% + w%. Then S is a non-contracting vector field.

In this section, we will show that S is indeed a Forelli vector field. First, we

observe that the integral curves of S are:

1
Cpt R

01

09 = Koe M.
We need to develop a formal power series analysis similar to Proposition 3.1.

Proposition 4.1 Let S = zZ% + w%. If A= Ay gapz®wPzwb is a formal power

series such that SA =0, then Anpap =0 whenever a+b> 0.

Proof: The same argument in Proposition 3.1 is applicable here. If a+b > 0, consider
the term of degree (o, 3,a,b) in SA. Its coefficient has to be (a + b) Ay 5,4, Which is

zero if and only if A, pqp = 0. QED

Theorem 4.1 If ¢ : B> — C is real analytic and S¢ = 0 at every point for S =

222 4w, then ¢ is holomorphic.
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Next, we define the appropriate region that will be used throughout the proof:

1
ptr1

Let D={peC: <1, |koe™ " < 1}.

1
ptr1

Remark: D ={p € C: <13n{p e C: |rke ™| <1} = (C—D(—ky,1))N{p €

C : Re(—p) > In(|k2|)} if ko # 0 and D = C — D(—+y, 1) if ko = 0. Geometrically,
D is a half-plane minus a closed disc or the whole plane minus a closed disc. In both

cases, D is connected.

Definition: Let (u;) be a sequence in D, we say that (ug) is an admissible

sequence if limy_, o = limy_,o |Koe ] = 0.

_1
ptr1

It is obvious that limy_ .o =0 <= u — oo and limg o |Kee "] = 0

1
ptrK1
<= Re(ur) — o0o. Therefore, a sequence is admissible if and only if Re(u;) — oo.

In other words, koe™ determines the admissible sequences.

Proposition 4.2 If ¢ is a bounded holomorphic function on D and

for any admissible sequence whose members are different from zeros of o1,05. Then

op=0onD.

Proof: The function 1, = ka¢(u)e!*is holomorphic on D.
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Claim 1 : ¢, is bounded for every integer [.

If ¢, is unbounded, then there is an admissible sequence such that
limy ;o0 [Koe| = oo, then limy_,o |e | = 0 so (uz) is admissible and hence

¥y — 0. A contradiction.

Claim 2 : There is a constant d; > 0 such that |rg|e 8" > §; on OD.

If such &y does not exist, then there is a sequence (y,) € 0D such that |ry|e ReW) — 0

and so limy_, . = 0 also. The definition of the boundary implies that at least

1
ptr1

one of the two limits is 1. A contradiction.

Let M = sup|o(p)| on D and C = %. Then |¢(p)] < MC' on dD. By the

maximum modulus principle of unbounded domains, the inequality holds on D.

Let I' be a connected open set such that
_ 1
IF'C{peD:|ke “|<2—}.
c

Therefore, for every p € I' we have |¢(p)| < % — 0 as ! — oo and hence ¢ =0 on I'.

Finally, by the unique continuation property, we conclude that ¢ = 0 on D.

QED
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Now we are ready to complete the proof.

Let g(p, k) := ¢(Kk1e™H, ;ﬁm) = ¢(w, 2z), then the flow is given by 5 = (1, ) =
(’ila ,.%2) SO g(“?ﬁ) = qb(ﬁlei'ua ﬁ) = ¢(w7 Z)

For an open neighborhood V' around 0 such that ¢ € C? and a fixed nonzero 3 =

(1, 52) € V, we have

o ()2 ()
op\op) oB\on)
99

= 55 is holomorphic in p.

g 000 o00s ooow veon B
352 0z 832 0z 852 ow 852 ow 862 (62“ + 1)2 0z’

1
S

- < C for some C > 0 and so
B2

On the region D, we have

’5—3 SC’Q.

(Bap + 1)2

The formal power series of ¢ contains no ¢ terms by Proposition 4.1. There-
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fore, the function % is C*°(0) with a trivial formal power series. Thus,

-0
and
S| 0

as ¢ — 0. So we have

\j—glw 2. 1)1 < €| 2280 )0, 1)) = 0.
and

0 0

) )1 < €GB . )] 0.

Note that we can find ¢t > 0 such that z((,t) is contained in V', and so on D, we

apply Proposition 4.2 to get

g _ 00 _
ok, 0z

Finally, we have

= —516_’]%-

_ 09 _ 990z, 090z 990w 06 du
B

0=%i= 0:00 ozon  owop owon

QED
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4.3 Future Work

We have seen that S = 22% + wa% is a Forelli vector field by modifying the proof of
Theorem 3.3.

The main step is to establish the unique continuation property for the integral curves
of S. The main feature that is common between S and contracting aligned vector
fields is the existence of a representative over the integral curves that determine the
admissible sequences.

It is worth mentioning that the alignedness condition in Theorem 3.3 is used to show
the existence of a representative. This suggests that a main question that would open
new doors toward a general result is to determine a condition that guarantees the
existence of a representative, and investigate whether all vector fields that have a
representative are necessarily Forelli vector fields?

There are normal forms that could apply to some classes of non-contracting vector
fields. The suggested direction is to decide on the applicability of the scheme in

Theorem 3.3.
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