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This dissertation concentrates on three main issues: the dynamic of a Timoshenko

beam under axial tension and torsional effect, a nonlinear Telegraph problem of

fractional order and a Timoshenko beam also of non-integer order. The questions

addressed here are the stability of the structure and the existence and uniqueness of

solutions. In contrast to the integer order problems, the Galerkin method and the

semi-group method seem not suitable to demonstrate the existence and uniqueness

of a solution for fractional problems. We have used rather the notion of resolvents.

Regarding the stability of the Timoshenko system and for the sake of economy and

simplicity of implementation, we have reduced the number of frictional dampings

in the original problem (one in each component) to only two. We kept the one in

the equation corresponding to the torsion and adopted only one in either one of
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the two equations of the Timoshenko system. The cases of effective axial loads or

non effective axial loads have been studied separately as we have found that they

present different characteristics. A new parameter has been obtained ensuring

exponential stability when it is zero and a polynomial stability when it is different
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established Mittag-Leffler and uniform stability under a lower order fractional

term and under a fractional and/or viscoelastic damping. The main tool for the

first problem is the multiplier technique. This energy method has been generalized

to the fractional frameworks to cope with our problems.
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الرسالة ملخص

الحميدان سليمان بنان الاسم:

كسرية ولعوامل للإلتواء خاضعة عوارض استقرار الدراسة: عنوان

الرياضيات قسم التخصص:

2024 ابريل العلمية: الدرجة تاريخ

غير التلغراف ومشكلة الٕتوائي، وتاثٔير محوري لتوتر خاضعة تيموشينكو نوع من عارضه ديناميكية رئيسية: قضايا ثلاث على الاطٔروحة هذه تركز

الحلول ووجود الحلول استقرار هي هنا المعالجة الاسٔئلة صحيح. الغير الترتيب ذات ائضًا تيموشينكو وعارضة الكسري الترتيب ذات الخطية

ووحدانية وجود لإثبات مناسبة غير المجموعة شبه وطريقة جاليركين طريقة انٔ يبدو الصحيحة، المشتقات ذات المسائل نقيض على ووحدانيتها.

الاقتصاد اجٔل ومن تيموشينكو نظام باستقرار يتعلق فيما المفككة. العائلات فكرة استخدمنا لقد الطرق هاذة من بدلا الكسرية. المسائل حل

بمخمد احتفظنا لقد فقط. اثنين الٕى مكون) كل في (واحد الاصٔلية المشكلة في الإحتكاك مخمدات عدد بتقليل قمنا التنفيذ، وبساطة

الحمولة بفاعلية التاثٔر حالتي دراسة تمت تيموشينكو. نظام معادلتي احٕدى في فقط واحدة واعتمدنا بالإلتواء الخاصة المعادلة في الإحتكاك

الاستقرار يضمن جديد معامل على الحصول تم انٔة كما مختلفة. خصائص لديهما انٔ لنا اتٔضح انٔة حيث منفصل بشكل عدمه من المحورية

الإنتشار سرعة تساوي عدم اؤ تساوي حالة تصبح بهذا الصفر. عن مختلفاً يكون عندما الحدود متعدد واستقرار صفراً يكون عندما الاسٔي

تاثٔير تحت ميتاج-ليفلر شكل على النظام اسٕتقرار بإثيات قمنا الترتيب، لمشكلتي بالنسبة ماسبق. من خاصة حالة تيموتشنكو نظام في المعروفة

الطاقة. تقنية هي الاؤلى المشكلة مع للتعامل الرئيسية الادٔاة مرن. لزج و/اؤ كسري تخميد وتحت الاسٔاسية الرتبة من اقٔل رتبة ذو كسري حد

مشاكلنا. لمواجهة الكسرية الاطٔر مع لتتماشي التقنية هاذه تعميم تم وقد
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CHAPTER 1

INTRODUCTION

1.1 The Problem

1.1.1 Bending Torsion Problem

In the last five decades, there has been an increasing focus on the control and

stability of different kind of beams. This is primarily driven by their significance

in various fields, including industry and medical research, such as applications in

robot arms, suspended bridges, spacecraft, and blood vessels.

The Timoshenko theory was introduced in 1921. It was about a model which

accurately captures the dynamic behavior of beams when both the rotational

inertia and transverse shear are not negligible. This gives a better description

then the well-known and commonly used Euler-Bernoulli model.

The transverse vibrations of a beam depends, in general, on its geometrical

properties, such as the, length, size and shape, cross section, moment of inertia

and shear coefficient. It also depends on its mechanical properties such as density,
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Young’s modulus and modulus of rigidity. The following model was derived in [1]


µvtt(x, t)− kAG (vxx(x, t)− ϕx(x, t)) = 0, 0 < x < L, t > 0

ρIϕtt(x, t)− EIϕxx(x, t)− kAG (vx(x, t)− ϕ(x, t)) = 0, 0 < x < L, t > 0

w(0, t) = 0, φ(0, t) = 0, t > 0

where

v(x, t) = transverse displacement,

ϕ(x, t) = rotational angle of the beam,

µ = mass density,

ρI = moment of mass inertia,

EI = rigidity coefficient,

kAG = shear modulus of elasticity,

L = length of the beam.

The problem is complemented by different kinds of boundary conditions. In

addition, several internal and boundary controllers or damping devices have been

incorporated and added to the structure to reduce the vibrations. Namely, struc-

tural damping, weak (frictional) damping, and viscoelastic damping have been

utilized. Moreover, dissipation through coupling with a heat equation has been

considered in the literature. It has been established that one of these damping

may force the whole solution to decay exponentially to the rest state in the energy

norm.

Indeed, in a bid to stabilize such structures, scientists and researchers came up
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with several means and ways. Various kinds of controls, for instance in the fom

of dampers (described by frictional, structural, viscoelastic or thermal coupling

damping) have been implemented either internally or at the boundary. In so doing,

several arguments and methods have been deployed to establish the stability of

the structures.

In this thesis, we want to shed some light on the vibration and buckling of

beams of Timoshenko type subject to bending and torsion. Vibrations refer to the

natural oscillations or wiggling of beams when disturbed, whereas buckling refers

to when they collapse or deform under pressure. When discussing beams, such as

those employed in constructions, bridges, or even common structures, the focus

is often on their ability to bend or flex when subjected to loads. However, it is

important to note that beams can also experience twisting or rotation in response

to forces. Understanding how beams behave when they are bent and twisted is

crucial for designing safe and efficient structures. For example, in tall buildings

or long bridges, these bending and torsional movements can affect stability and

performance. By studying these characteristics, engineers may have a clear idea

on how to act so that the structures can withstand the forces they will encounter

in the real world. To this end, an essential step to rely on the adopted model, is the

analytic treatment of the stability. Determining sufficient conditions under which

the system is stable is of paramount importance. Prior to this, it is natural to

ascertain the existence and uniqueness of a solution in an appropriate underlying

space.
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Our main reference is the following problem:



ρIϕtt + c3ϕt − EIϕxx − kAG(vx − ϕ)−Kψxx = 0, x ∈ (0, L), t ∈ (0,∞),

µvtt + c1vt − kAG(vxx − ϕx) + Pvxx = 0, x ∈ (0, L), t ∈ (0,∞),

−GJψxx −Kϕxx + P (Is/µ)ψxx + Isψtt + c2ψt = 0, x ∈ (0, L), t ∈ (0,∞)

(1.1)

This system has been examined in the field of mechanical engineering. In

contrast to Timoshenko beams, for which mathematicians have thoroughly inves-

tigated their dynamical behavior, providing analytical and numerical treatments,

bending-torsion problems have not been well studied by mathematicians. The

coupling of bending and torsion effects in (1.1), has remained largely unexplored

in mathematical investigations.

Taking into account the bending and torsional deformations is more realistic

since many structures, such as aircraft wings, turbine blades, and tall buildings,

experience both of these deformations simultaneously. Neglecting the coupling

between these two types of deformation can lead to inaccuracies in predicting

the structural response. By considering beams that experience both bending and

torsion, it becomes possible to make more precise estimates of the deflections,

stresses, and natural frequencies in structural components. This is especially

crucial in critical applications where accuracy is important, such as in aerospace

engineering, electrical or electronic engineering and civil engineering (the design

of buildings resistan to seismic activity).

The system (1.1) proficiently describes the vibrations of a bar (beam) tak-
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ing into account both bending and rotational deformations. Unlike the Euler-

Bernoulli model, which portrays only the bending effect, the Timoshenko model

is suitable for thick structures.

1.1.2 Fractional Problems (Telegraph and Timoshenko)

In the last four decades, fractional differential equations and systems and their ap-

plications have received significant attention by scientists and engineers. This has

resulted in a rapid progress of the theory of fractional calculus to accommodate

their use in mathematics and other fields. A fractional differential equation in-

volves derivatives of fractional order, unlike traditional differential equations that

rely only on integer-order derivatives. A derivative of fractional order expands

the concept of an integer-order derivative, connecting integer-order calculus with

complex phenomena in various fields. Such equations have attracted considerable

interest due to their capacity to represent a wide range of physical and biological

phenomena with greater accuracy compared to traditional integer-order differen-

tial equations. They are commonly employed in a wide range of fields, including

physics, engineering, biology, and economics and signal processing.

In the second chapter of this thesis, we examine two fractional problems. The

first problem is nonlinear as a nonlinear term of power type is acting directly in

the system. The model can be looked at as a generalization of the well-known

Telegraph problem. Notably the order of the (frictional) damping in the integer

order case, described by the velocity of the state, is half the order of the leading

term (which is of the second order). This characteristic is conserved here when we
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pass to the fractional case. In addition, to this lower order fractional term whose

order is half of the one of the leading term, we consider a damping of viscoelastic

type. For economy and also simplicity and easiness of implementation, only one

at a time is effective. Our main objective is to study the impact of these terms on

the dynamic of the structure despite the nonlinear factor. More details are given

a little below. The aforementioned statement applies also to the second problem.

It concerns a fractional version of the Timoshenko beam.

As explained above, fractional calculus provides a suitable platform for in-

vestigating numerous phenomena. Typically, particles spread randomly, a phe-

nomenon observed in various fields such as engineering, biology, ecology, and

medicine. They have been the subject of investigation by numerous researchers.

Various formulations of diffusion are available in the market, along with a variety

of treatment options.

For anomalous processes and disordered systems, where the Mean Squared

Displacement MSD (measure of the deflection of the actual position of a particle

as regards to a given reference position) exhibits nonlinear growth, the consid-

eration of fractional derivatives becomes highly advocated. Complex diffusion

phenomena are more accurately described in the fractional context. Indeed, it

has been witnessed by a large number of researchers that fractional derivatives

are more appropriate for disordered phenomena.

In the case of normal diffusion, the mean square displacement (MSD) exhibits

a linear growth (< v(t) > ∼t). This indicates that particles are moving in normal

mode. For subdiffusion, where (< v(t) > ∼tα, 0 < α < 1), the MSD grows slower
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than in normal diffusion, indicating slower particle movement. On the other hand,

when α = 2, the MSD corresponds to the ballistic diffusion. It is important to

note that the standard heat equation or the wave equation cannot sufficiently

describe cases other than the normal diffusion and the ballistic diffusion.

The First Fractional Problem

Our first concern is a nonlinear fractional initial boundary value problem with

an order ranging between 1 and 2 described in [2]



CD2αv(x, t) + aCDαv(x, t) + |v|γ v = ∆v(x, t)− b
∫ t
0
k(t− s)∆v(x, s)ds,

t > 0, x ∈ Ω, 1/2 < α < 1,

v(x, t) = 0, t > 0, x ∈ ∂Ω,

v(x, 0) = v0(x), v
′(x, 0) = v1(x), x ∈ Ω.

(1.2)

The type of fractional derivative we consider in this model is the Caputo fractional

derivative. In the equation of (1.2), k is a nonnegative function commonly known

as the relaxation function whilst v0(x) and v1(x) represent the initial data of the

state. The values of a and b are either 1 or 0, depending on their effectiveness in

the equation. The value of γ is positive and will be determined later.

The correlation between the heat flux vector and the temperature gradient is

well-known under the form

q = −κ∇T
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where κ represents the thermal conductivity. Having in mind the conservation of

energy

γ
∂T

∂t
= −divq

where γ represents the heat capacity, the fundamental equation for heat can be

expressed as
∂T

∂t
=
k

γ
∆T.

It is commonly acknowledged that the historical relationship between the gradient

and the flux is given by

q = − k

Γ(µ)

∂

∂t

∫ t

0

(t− s)µ−1∇T (s)ds = −k RLDµ∇T , 0 < µ < 1.

Therewithal, we are driven to the fractional heat conduction equation

CDαT = δ∆T

for 0 < α < 1 and δ > 0.

On the other hand, for a material with memory, the relationship between the

heat flux vector and the temperature gradient will incorporate a term of the form

∫ t

0

g(t− s)∇T (s)ds.
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The fractional equation

CD2αv(x, t) = ∆v(x, t),
1

2
< α < 1 (1.3)

is a fractional version that combines elements of both the heat equation and the

wave equation. This case corresponds to the ”super-diffusion”, a concept that has

been briefly discussed above. It is motivated by the observation that the mean

square displacement increases non-linearly over time (< v(t) > ∼t2α, 1 < 2α < 2)

(see [3],[4]).

To make things simpler and more convenient, we will focus on the problem



CDα
(
CDαv(x, t)

)
+ aCDαv(x, t) + |v|γ v = ∆v(x, t)− b

∫ t
0
k(t− s)∆v(x, s)ds,

t > 0, x ∈ Ω, 1/2 < α < 1,

v(x, t) = 0, t > 0, x ∈ ∂Ω,

v(x, 0) = v0(x), x ∈ Ω.

(1.4)

Because the fractional composition CDα+βv(x, t) =C Dα
(
CDβv(x, t)

)
is not cor-

rect in general, the two problems are not exactly the same. The expression in the

right hand side is often referred to as a ”sequential” fractional derivative.

The Second Fractional Problem

For beams with a non-negligible thickness and a significant deflection result-

ing from the shear, it is highly advisable to appeal to the Timoshenko model.

This particular modeling approach, with its integer-order formulation involving

second-order time derivatives, has garnered significant attention from a consider-
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able number of researchers. As a result, numerous findings related to this model

have been documented in the literature.

Due to some anomalous, chaotic, fractal and disordered considerations, the

incorporation of the balance law alongside the constitutive relationship linking

stress and strain introduces a nonlocal time-dependent term. The nonlocal term

takes into account the entire history of the state. This characteristic hints at

the suitability of fractional calculus for investigating such phenomena. There

are different kinds of fractional derivatives in the market. According to several

published investigations, a genuine fractional derivative must involve a singular

kernel in its formulation.

In normal situation (the MSD is linear), damping devices are either incorpo-

rated in the material or added artificially inside the structure or at the boundary.

These are expected to slow down vibrations or absorb shocks that could harm the

structure. Wherefore, these dampers, often called ”rotary” dampers in the market

are crucial to, help protecting the structure. Placing ourselves in the anomalous

context, we will specifically tackle the fractional problem [5]


ρ1

CDαφ − k(φx + ψ)x = 0, 0 < x < 1, t > 0, 1 < α < 2,

ρ2
CDαψ − bψxx +

∫ t
0
ω(t− s)ψxx(s)ds+ k(φx + ψ) = 0, 0 < x < 1, t > 0,

(1.5)
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with the given Dirichlet boundary conditions and initial values:


φ(0, t) = φ(1, t) = ψ(0, t) = ψ(1, t) = 0, t ≥ 0,

φ(x, 0) = φ0, φt(x, 0) = φ1, ψ(x, 0) = ψ0, ψt(x, 0) = ψ1.

(1.6)

The symbol CDα represents the Caputo fractional derivative operator (defined

below).

In fractional calculus, it is established that CDα
(
CDαφ(x, t)

)
̸=C D2αφ(x, t).

As a consequence, when we rewrite our system using the sequential forms CDα
(
CDαφ

)
and CDα

(
CDαψ

)
, additional terms would arise. The relationship between both

forms is actually expressed by

CDα
(
CDαφ(x, t)

)
=C D2αφ(x, t) +

φ′(x, 0)t1−2α

Γ(2− 2α)

where α > 1/2 (which is our case). The appearing term will not effect the stability

of the system.

We will focus on the simplified system provided by


ρ1

CDα
(
CDαφ

)
− k(φx + ψ)x = 0, 1/2 < α < 1,

ρ2
CDα

(
CDαψ

)
− bψxx +

∫ t
0
ω(t− s)ψxx(s)ds+ k(φx + ψ) = 0.

(1.7)

For 0 < x < 1 and t > 0 under the given initial and boundary conditions in

(1.6), it is evident that the two fractional derivatives are equal when φ′(x, 0) = 0.

Otherwise, in terms of stability as was already mentioned above, it will remain un-
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affected as long as 1− 2α < 0. Several alternative fractional models for describing

Timoshenko beams may be formulated under various conditions and in different

situations. The equations at hand include fractional derivatives of Caputo type.

We made this choice because of their practical suitability and convenience. These

kinds of problems have primarily been addressed from an engineering viewpoint,

focusing on aspects such as response determination, resonance, free vibrations, im-

pact on mechanical responses, parametric analyses, steady-state response, tran-

sient response and more. Several analytical and semi-analytical methods have

been utilized in the study (see [6], [7], [8]). These include Galerkin schemes,

central difference schemes, direct numerical integration schemes, averaging tech-

niques and different approximations of fractional derivatives. The methods used

were contrasted with conventional approaches, adapted to the fractional scenario,

like the Laplace transform and Fourier integral transform, which have played a

crucial role. Error estimates and computational trials have been carried out to

support the utility, efficiency, and precision of fractional models in portraying the

behavior of beams.

We recall that, Timoshenko models with integer order (featuring second-order

time derivatives of the states as primary terms) have been explored in various

research works, incorporating fractional damping (see [9], [10]). The fractional

damping can manifest as either frictional weak (characterized by a fractional

derivative of the state) damping or strong (involving a fractional derivative of

the Laplacian of the state) structural damping. In the latter scenario, it can be

interpreted as a viscoelastic damping with a singular kernel. Specifically, it is
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represented as the convolution of a singular kernel (of power type) with the time

derivative of the Laplacian of the state. The former scenario corresponds to a

distributed delay of the time derivative of the state (in the case of the Caputo

derivative).

1.2 Literature Review

In this part of the document we are expected to report on the existing works

related to our subject. Avoiding bias seems impossible without devoting several

dozens of pages in this thesis to survey the huge number of papers on the Timo-

shenko system.

1.2.1 Bending Torsion Problem

The Timoshenko model was first introduced by Timoshenko in the year 1921 in

the article [1], in the following form


EIϕxx + λCΩ(ψx − ϕ)− ρI

g
ϕtt = 0,

ρΩ
g
ψtt − λCΩ(ψxx − ϕx) = 0

(1.8)

where ϕ is the angular rotation, ψ is the displacement, EI is the flexural rigidity

of the bar, Ω is the area of cross-section, ρ
g

is the density of the material, C is the

modulus of rigidity to the material of the bar and λ is the constant characterizing

the shape of the cross-section.

Amidst all the used techniques to investigate the stability question, perhaps
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the most common ones are the multiplier technique (also known as the energy

method) and the spectral theory. In this thesis, we shall consider the latter one.

The system (1.8) has been considered by a huge number of authors see, for

instance [11] and [12]. The Timoshenko problem with two frictional dampings


ρ1utt − k(ux − ψ)x + ut = 0

ρ2ψtt − bψxx + k(ux − ψ) + ψt = 0

has been considered in [13]. The author obtained exponential decay of the solution.

Here, and below by exponential (polynomial) decay or stability we mean that

solutions are bounded by an exponentially (polynomially) decay function in an

appropriate energy norm. In addition, the involved parameters are positive con-

stants in general and are pertinent to the nature of the problem in the question.

The authors in [14], considered


ρwtt =

(
K(wx − ϕ)

)
x
,

Iρϕtt = (EIϕx)x +K(wx − ϕ)− b(x)ϕt = 0,

(1.9)

and proved the exponential stability of the system if and if we have equal speeds

of propagation. In [15], the authors examined the same system (1.9). A uniform

stability result is proven in the case of equal speeds of propagation. In the case

of nonequal speeds of propagation they showed a lack of uniform stability.
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In [16], the authors considered the Timoshenko problem


ρwtt −K(wx − ϕ)x = 0,

Iρϕtt − EIϕxx −K(wx − ϕ) = 0

with the boundary conditions



w(0, t) = 0, ϕ(0, t) = 0,

Kϕ(L, t)−Kwx(L, t) = αwt(L, t),

EIϕx(L, t) = −βϕt(L, t).

They proved a uniform stability result.

In [17] a Timoshenko beam with a locally distributed feedback has been

treated. The author proved an exponential stability result without the use of

the equal speeds of propagation assumption.

We can also mention the work in [15], which concerns the frictionally damped

system 
aϕtt − k(ϕx + ψ)x = 0,

bψtt − dψxx + k(ϕx + ψ) + h(x)ψt = 0,

where h is a continuous function and the two boundary cases

ϕ(0, t) = ϕ(1, t) = 0, ψ(0, t) = ψ(1, t) = 0, (1.10)
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ϕx(1, t) = 0, ϕ(0, t) = ψ(0, t) = ψ(1, t) = 0. (1.11)

The authors also considered the case of boundary feedback



ϕ(0, t) = ϕ(1, t) = 0,

ψx(0, t) = cψt(0, t),

ϕx(1, t) = −dϕt(1, t).

(1.12)

For the boundary conditions (1.10) and (1.11) and assuming that h ≥ h0 > 0 the

problem is uniformly stable provided that the speeds of propagation are equal,

that is a
k
= b

d
. The problem is not uniformly stable in the case a

k
̸= b

d
. For

the boundary (1.12), they proved that under the condition a
k
= b

d
the problem is

uniformly stable otherwise it is not uniformly stable.

The authors in [18], looked at the system


ρϕtt − k(ϕx + ψ)x = 0,

µψtt − dψxx + k(ϕx + ψ) +
∫ t
0
g(t− τ)(a(x)(ψx(τ))xdτ + b(x)h(ψt) = 0,

with the kernel g satisfying

g′(s) ≤ −ξ(s)g(s)

and under other conditions on the functions a, b, h. They proved that the energy

of the system is bounded above by a quantity, depending on g and h, which tends
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to zero as time goes to infinity.

The Timoshenko system with an infinite memory of the following form:


ρ1ϕtt − k1(ϕx + ψ)x = 0, x ∈ (0, L), t ∈ (0,∞)

ρ2ψtt − k2ψxx + k1(ϕx + ψ) +
∫ +∞
0

g(t− s)ψxx(s)ds = 0, x ∈ (0, L), t ∈ (0,∞)

(1.13)

has been investigated by many authors, as in [19] where the authors considered

the system (1.13) when g decays the conditions

g(t) > 0, ∃c1, c2, c3 > 0, − c1g(t) ≤ g′(t) ≤ c2g(t), |g
′′
(t)| ≤ k2g(t), ∀t ≥ 0,

k̄2 := k2 −
∫ ∞

0

g(s)ds > 0.

They studied both cases of equal and non-equal speeds of propagation. Exponen-

tial stability and polynomial stability were demonstrated, respectively.

The same problem has been addressed in [19], [20] with a kernel g satisfying

• the function g : R+ → R+ is of class C1(R+) nonincreasing such that

g0 :=

∫ ∞

0

g(s)ds ∈ (0, k2).

• There is a differentiable function h : R+ → R+ that is nonincreasing, such

that

g′(s) ≤ −h(s)g(s), ∀s ∈ R+.
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As a matter of fact, many authors have considered Timoshenko beams with a

viscoelastic damping of finite memory, that is


ρ1ϕtt − k1(ϕx + ψ)x = 0,

ρ2ψtt − k2ψxx + k1(ϕx + ψ) +
∫ t
0
g(t− s)ψxx(s)ds = 0,

(1.14)

with different assumptions on the kernel on g. Here is a brief overview of what has

been accomplished. The first to consider the Timoshenko system with memory

are the authors of [21], where the kernel is of polynomial type i.e.



0 < g(t) ≤ b0(1 + t−p),

−b1g(t)
p+1
p ≤ g′(t) ≤ −b2g(t)

p+1
p ,

−b3|g′(t)|
p+1
p+1 ≤ g

′′
(t) ≤ −b4|g′(t)|

p+2
p+1 .

Actually, exponential stability can be attained for exponentially decaying relax-

ation functions. Likewise, one can prove polynomial (power-type) stability when

the relaxation function itself is polynomially decaying. The condition k
ρ1

= b
ρ2

,

divides these two kinds of rates.

In [22], the authors assumed the following

• The function g : R+ → R+ is differentiable and

g(0) > 0, 1−
∫ ∞

0

g(s)ds = l > 0. (1.15)
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• There is a constant ξ > 0 and 1 ≤ p ≤ 3/2 such that

g′(s) ≤ −ξgp(s), ∀s ∈ R+.

They obtained exponential decay in the case that p = 1 and polynomial decay in

case p ̸= 0.

In [23], the authors made the assumption

g′(s) ≤ −h(t)g(s), ∀s ∈ R+

where h is non increasing differentiable function in addition to (1.15). They

showed exponential stability under the condition that ρ1 = ρ2 = k1 = k2 = 1.

In [24], the authors considered the condition g′(t) ≤ −H(g(t)) where H is

a function that meets certain regularity and convexity requirements. A general

stability result has been established.

In [25], the authors treated the thermoelastic system

ρ1ϕtt − k(ϕx + ψ)x = 0,

ρ2ψtt − bψxx + k(ϕx + ψ) + γθx = 0,

ρ3θt − κθxx + γψtx = 0.

In consists of a coupling of the Timoshenko model with a heat equation. Exponen-

tial stability was demonstrated, given the condition of equal speeds of propagation.
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Also, they proved that in case of non-equal speeds of propagation the system is

not exponentially stable. Fourier’s law makes an assumption that results in an

unrealistic characteristic, namely that any sudden disturbance occurring at a spe-

cific point will be instantaneously perceived throughout the entire material. To

remedy to this issue other alternatives have been proposed such as the system

below termed ”second sound” in [26]



ρ1ϕtt − σ(ϕx, ψ)x + µϕt = 0,

ρ2ψtt − bψxx + k(ϕx + ψ) + βθx = 0,

ρ3θt + γqx + δψtx = 0,

τ0qt + q + κθx = 0.

This system has also been studied by several other researchers such as in [27].

Exponential stability holds provided that

X0 =

(
τ0 −

ρ1
ρ3κ

)(
ρ2 −

bρ1
κ

)
− τ0ρ1δ

2

ρ3κ
= 0.

For the case X0 ̸= 0, there is a lack of exponential stability.

For more details on Timoshenko systems, we refer the reader to the references

[28], [29], [30], [31],[32], [33], [34], [35], [36], [37], [38], [39], [40], [41], [42], [43],

[43], [44], [45], [46], [47], [48].

The Bending–torsional dynamic response of a composite Timoshenko thin-

walled beam with closed cross-section subjected to axial loading has been inves-
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tigated in [49].

After figuring out the equations of the system, the dynamic of the structure

has been studied in case of free vibrations. In particular, a special attention was

given to the beam’s response under different types of loads. Specific example were

provided illustrating the effect of bending and twisting on the dynamic of the

beam.

Employing some known principles, the authors in [50] also derived a similar

system to (1.1). The beam in question, made of different materials, is prompted

to bending and twisting due to the architecture of its layers. The axial forces were

also taken into consideration in the model. The obtained results on the impact of

the factors have been validated by employing some numerical software. Several

other studies in the field of mechanical engineering have also addressed the system

(1.1), such as [51].

A closely related problem to (1.1) had been discussed in [52]. Namely, it was

about the system



EIθxx + kAG(wx − θ) +Kψxx − ρIθtt = 0,

kAG(wxx − θx)− ρAwtt − Pwxx = 0,

GJψxx +Kθxx − Iαψtt = 0.

(1.16)

Through numerical treatments, the authors investigated the impact of the afore-

mentioned factors on the vibration and buckling of the structure. The current

system differs slightly from the one we are considering here (1.1) observing that
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the third equation does not include the term P (Is/µ)ψxx, as is the case in (1.1).

In addition, notice that the system is undamped.

1.2.2 Fractional Problems

In contrast to the previous subject (on Timoshenko systems of integer order), we

could not find much to read about the fractional case. The difference in resources

is huge and especially in mathematical treatments.

In [53], the authors derived the fractional heat conduction equation

CDαT = δ∆T

where 0 < α < 1 and δ > 0. A subdiffusive problem has been formulated in [54]

based on the Rayleigh-Stokes problem

∂w

∂t
= (1 + γ RLDβ )∆w.

The authors indicated that the solutions of Stoke’s first problem can be seen as

a specific case of this one. Fractional calculus provides a suitable framework for

investigating numerous phenomena in engineering and science such as in [55],[56],

[57], [58], [53], [59], [60]. When dealing with a material exhibiting memory effects,

the connection between the heat flux vector and the temperature gradient will
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include a term of the following form:

∫ t

0

g(t− s)∇T (s)ds.

This, together with the balance law, leads to a viscoelastic term. On the other

hand the fractional equation

CD2αv(x, t) = ∆v(x, t) (1.17)

embraces all the orders ranging from 1 to 2 and hence interpolates the heat equa-

tion and the wave equation. It describes the super-diffusion case (see [61], [62])

when the Mean Square Displacement (MSD) grows nonlinearly in time. The im-

portance of super-diffusion is highlighted in several studies, as seen in references

such as [57], [59], [60], [63].

As mentioned earlier in the intoducation, a linear growth of the MSD corre-

sponds to the ordinary case. Subdiffusion occurs when particles move slower than

in the ordinary case, while α = 2 corresponds to the ballistic diffusion. Apart from

the normal and ballistic diffusion, the other cases cannot be adequately described

by the standard heat equation or the wave equation. In particular, the equation

CD2αv(x, t) = ∆v(x, t)− b

∫ t

0

k(t− s)∆v(x, s)ds, 1/2 < α < 1, (1.18)
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interpolates the equation encountered in heat conduction [64]

u′(t) = ∆u(t)−
∫ t

0

k(t− s)∆u(s)ds (1.19)

and the familiar viscoelastic equation [65]

w′′(t) = ∆w(t)−
∫ t

0

k(t− s)∆w(s)ds. (1.20)

Many researchers have explored the stability of these problems, treating them

as parabolic problems with memory [66], [67], and as hyperbolic problems [68],

[69], [70], [71], [72], [73].

In the viscoelastic case, researchers have found that the memory term intro-

duces a weak damping effect, which is able by itself to drive the system to rest.

The kernel plays a crucial role in determining the stability rate. Generally, the

stability will be of the same type of kernel and cannot be better. Different sta-

bility rates, such as exponential, polynomial and arbitrary, can be found in the

literature [68], [65], [66], [64], [67], [69], [70], [74], [71], [72], [73].

In [75], the following problem was investigated:

∂αt x(z, t) = ∆x(z, t) + f(z, t), z ∈ Ω, t > 0

where ∂αt is the Caputo fractional derivative of order α ∈ (1, 2). The authors in

[76] explored mild solutions to the previous problem of fractional evolution sys-

tems in Banach spaces, along with addressing the controllability problem. They
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derived a new representation of solution operators and introduced a new con-

cept of mild solutions for the target equations, employing Laplace transform and

Mainardi’s Wright-type function. Subsequently, the authors established a new

compactness result for the solution operators under the condition that the sine

family is compact. Furthermore, controllability results for mild solutions were

derived.

The authors in [77] investigated a fractional semilinear integro-differential

equation of order 1 < α < 2 given by


Dα
t (t) = Au(t) + f(t, u(t)) +

∫ t
0
q(t− s)g(s, u(s))ds, t ∈ [0, t]

u(0) +m(u) = u0 ∈ X, u′(0) + n(u) = u0 ∈ X

where X is a Banach space and A : D(A) ⊂ X → X is an operator. By employing

Krasnoselskii’s fixed-point theorem and the contraction mapping principle, they

constructed several families of operators to establish a proper definition of a mild

solution and determine conditions for the existence of such solutions.

Similar types of problems have been addressed in [78] and [79]. In [78], the

authors investigated the existence of positive mild solutions using Schauder’s fixed-

point theorem and Krasnoselskii’s fixed-point theorem. Meanwhile, in [79], the

authors studied the existence of local and global mild solutions employing the

solution operator, measure of non-compactness and various fixed-point theorems

associated with compact and non-compact semigroups.

Models of the form (1.4) are fascinating not only mathematically but also in
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terms of their applications. They describe the vibrations of viscoelastic structures

in anomalous media. Based on telegraph equation [55], [56], [74]

∂2v

∂t2
+ c

∂v

∂t
= ∆v, (1.21)

the authors in [58] demonstrated that the law of iterated Brownian motion and

the telegraph process with Brownian time can be described accurately using the

fractional telegraph equation

CD2αv(x, t) + aCDαv(x, t) = ∆v(x, t), 0 < α < 1. (1.22)

Hence, our current model (1.5) is a kind of nonlinear fractional telegraph equation

with memory.

The Telegraph equation (1.21) is obviously dissipative. This is because of

the inclusion of the first-order derivative, often referred to as frictional damping.

In actual fact, the system energy decreases exponentially towards zero. This

observation motivated us to explore whether the lower-order fractional derivative

in (1.22) serves as a dissipative component in the fractional problem (1.5) or not.

A positive answer to this question will prompt another question, namely, what

would be the rate of convergence?

One can find some research on the well-posedness for basic fractional problems

within the range of orders between 0 and 1 and also between 1 and 2. Unfortu-

nately, there are only a few papers that address the precise form of our problem
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(1.5) or even close to it. Nevertheless, three papers were identified: the paper

[80], the paper [81] (pertaining to an infinite history) and the paper [82], which

deals with abstract operators.

For problem (1.4), the case α = 1/2 corresponds to the parabolic case [64],

[67]. In case α = 1, we recover the viscoelastic problem studied extensively by

many authors [66], [60], [70], [74], [71], [72], [73].

1.3 Methodology

To prove the stability, that is the asymptotic convergence of the solutions to the

equilibrium state in the energy norm, several ways have been developed. Some

of the techniques employed are based on differential inequalities and integral in-

equalities.

The one adopted here is the so-called energy method or also known as the

multiplier technique. It is based on exhibiting a differential inequality whose

solutions decay to zero asymptotically (that is as time goes to infinity) in a certain

norm. More precisely, its strategy consists first in determining the classical energy

E(t) associated to the system. If a certain component of the system is somehow

damped then the corresponding term in the kinetic energy will appear in the

derivative of the classical energy with negative sign (this is the case, for instance,

for a frictional or a structural damping in which cases terms like −||ϕt||2, −||ψt||2,

−||vt||2, −||∇ϕt||2, −||∇ψt||2, −||∇vt||2 arise). The appearance of such terms

helps actually to decide on the dissipativeness of the system (in addition to the
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well-posedness of the problem).

Then, realizing that there is a need to have other terms with negative sign

(like the potential energy −||∇ϕ||2,−||∇v||2,−||∇ψ||2), we start putting forward

extra functionals say Vi(t), i = 1, 2, · · · ,m whose derivatives, along solutions of

the problem, will give rise to such terms. As we go along with this process, unfor-

tunately some undesirable new terms appear in the differentiation process. Often,

they are problematic and present an important challenge. This is due to difficul-

ties estimating and evaluating these terms. It is very common that new terms of

higher order (than the existing one in the energy) pop up in the calculation. They

need a clear way to get rid of them for instance by cancellation against another

suitably chosen functional. These situations have been encountered in our present

work. In some cases, one is forced to pass to higher order energy functional.

As we move forward one must keep an eye on the equivalence between the

newly constructed functional

L(t) = E(t) +
m∑
i=1

λiVi(t), λi > 0, t ≥ 0.

and the classical energy. The equivalence L(t) ∼ E(t), means that there exist two

positive constants N1 and N2, verifying

N1E(t) ≤ L(t) ≤ N2E(t), ∀t ≥ 0.

This is because, after all, it is the classical energy which needs to approach zero as
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time evoluates. In doing so, this puts several restrictions on the type of multipliers

to be utilized hence narrowing drastically the marge of manoeuvre.

The most commonly employed methods to prove existence and uniqueness of

a solution for similar problems to ours, in an appropriate underlying space, are

the Galerkin method and the semi-group method. Both are fine for the integer

order case (in addition to some fixed point theorems). However, for non-integer

problems, these methods are no longer applicable. We shall use rather the notion

of resolvent families which is the counter part of the semi-group notation.

1.4 Preliminaries

To simplify the forthcoming exposition and repetition, we gathered some identi-

ties, inequalities, facts, and definitions in this subsection.

1. Young’s Inequality. Let 1 < p, q < ∞ be such that 1
p
+ 1

q
= 1. Then, for

any ϵ > 0, we have

ab ≤ ϵap + Cϵb
q, ∀a, b > 0,

where Cϵ = 1
q(ϵp)p/q

. For p = q = 2, we have

ab ≤ ϵa2 +
1

4ϵ
b2.

2. Hölder Inequality. Assume 1 ≤ p, q ≤ ∞, such that 1
p
+ 1

q
= 1. If
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f ∈ Lp(Ω) and g ∈ Lq(Ω), then fg ∈ L1(Ω) and

∫
Ω

|fg| ≤ ∥f∥p ∥g∥q .

Cauchy-Schwarz Inequality. For p = q = 2, and according to the Hölder

inequality we recover the well-known inequality

∥fg∥L1 ≤ ∥f∥2 ∥g∥2 .

3. Poincaré Inequality. Assume that 1 ≤ p <∞ and Ω is a bounded smooth

domain in Rn. Then, there exists a positive constant C depending on Ω and

p such that

||f ||Lp(Ω) ≤ C||∇f ||Lp(Ω), ∀f ∈ W 1,p
0 (Ω) ∪W 1,p

∗ (Ω)

where the zero here in W 1,p
0 (Ω) represents the zero at the boundary and

W 1,p
∗ (Ω) :=

{
f ∈ W 1,p(Ω) :

∫
Ω

f = 0
}
.

4. Green’s Inequality. Suppose that Ω is a smooth bounded domain in Rn

with a smooth boundary. Then the following identity holds

∫
Ω

u∆vdx = −
∫
Ω

∇u.∇vdx+
∫
∂Ω

u∇v.νds, ∀u ∈ H1(Ω) and v ∈ H2(Ω)
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where ν is the outer unit normal to ∂Ω. For u ∈ H1
0 (Ω), the Green’s formula

reduces to ∫
Ω

u∆vdx = −
∫
Ω

∇u.∇vdx.

In the definition of the Sobolev space Wm,p(Ω), we use the ”weak” partial deriva-

tives of the function u

Definition 1.4.1 Let u ∈ L1
loc(Ω). We say that the function u is weakly partially

differentiable with respect to xk if there exists a function v ∈ L1
loc(Ω) such that

∫
Ω

u(x)∂kϕ(x)dx = −
∫
Ω

v(x)ϕ(x)dx, ∀ϕ ∈ D(Ω).

In the remaining part of this subsection, we present several formulas and in-

equalities concerning fractional derivatives, as referenced in [83] and [84]. Addi-

tionally, we introduce the fractional product rule.

Definition 1.4.2 The Riemann-Liouville fractional integral of order α > 0 is

defined by

Iαφ(t) =
1

Γ(α)

∫ t

0

(t− s)α−1φ(s)ds, α > 0

for any measurable function φ provided that the right hand side exists. Here, Γ(α)

is the usual Gamma function.

Definition 1.4.3 ([84]) The fractional derivative of order α in the sense of Ca-
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puto is defined by

CDαφ(t) =
1

Γ(1− α)

∫ t

0

(t− s)−αφ′(s)ds, 0 < α < 1,

CDαφ(t) =
1

Γ(2− α)

∫ t

0

(t− s)1−αφ
′′
(s)ds, 1 < α < 2,

whereas the fractional derivative of order α in the sense of Riemann-Liouville is

defined by

RLDαφ(t) =
1

Γ(1− α)

d

dt

∫ t

0

(t− s)−αφ(s)ds, 0 < α < 1

provided that the right hand sides exist. Here the primes denote time differentia-

tion.

The relationship between both derivatives is

RLDαφ(t) =
φ(0)t−α

Γ(1− α)
+C Dαφ(t), 0 < α < 1, t > 0. (1.23)

Next, we recall the one-parametric and two-parametric Mittag-Leffler functions

[83]

Eα(z) :=
∞∑
n=0

zn

Γ(αn+ 1)
, ℜ(α) > 0,

and

Eα,β(z) :=
∞∑
n=0

zn

Γ(αn+ β)
, ℜ(α) > 0, ℜ(β) > 0,

resp. It is to be remarked that Eα,1(z) ≡ Eα(z).
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Proposition 1.4.4 ([85]) If φ(t) is a differentiable function satisfying

CDαφ(t) ≤ −γφ(t), 0 < α < 1, t > 0

for some γ > 0, then φ(t) ≤ φ(0)Eα(−γtα), t ≥ 0 whilst in the Riemann-Liouville

scenario, the decay is of the form tα−1Eα,α(−γtα).

Proposition 1.4.5 ([83]) For α, β > 0, the two-parametric Mittag-Leffler func-

tions enjoy the property

λtαEα,α+β(λt
α) = Eα,β(λt

α)− 1

Γ(β)
, t ≥ 0.

Proposition 1.4.6 ([83], p. 61) For µ, α, β > 0, it holds that

1

Γ(µ)

∫ t

0

(t− s)µ−1Eα,β(λs
α)sβ−1ds = tµ+β−1Eα,µ+β(λt

α), t > 0.

The next proposition deals with the permutation of the Riemann-Liouville frac-

tional derivative with the integral.

Proposition 1.4.7 ([84] p. 99) If I1−αφ(t) ∈ C1([0,∞)), 0 < α < 1 and ψ(t)

is a continuous function, then

RLDα

∫ t

0

φ(t− s)ψ(s)ds =

∫ t

0

ψ(s)RLDαφ(t− s)ds+ ψ(t) lim
t→0+

I1−αφ(t), t > 0.
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A fractional version of the well-known product rule in the integer-order case is

given next.

Proposition 1.4.8 ([86]) Let φ(t) and ψ(t) be absolutely continuous functions

on [0, T ]. Then, for t ∈ [0, T ] and 0 < α < 1, we have

φ(t)CDαψ(t) + ψ(t)CDαφ(t) =C Dα(φψ)(t)

+
α

Γ(1− α)

∫ t

0

dξ

(t− ξ)1−α

∫ ξ

0

φ′(η)dη

(t− η)α

∫ ξ

0

ψ′(s)ds

(t− s)α
.

Setting f(t) equal to g(t) will lead to the familiar inequality (instead of the standard

chain rule)

CDαf 2(t) ≤ 2f(t)CDαf(t), t ≥ 0.

The vector version also holds.

A more general fraction chain rule is provided by the proposition below.

Proposition 1.4.9 Let v(t) be a real-valued differentiable function, then for 0 <

α < 1

CDα

(
|v|ρ+2

ρ+ 2

)
≤ |v|ρ vCDαv.

Proof. The inequality results immediately by combining a result in [87]

CDα

(
|v|ρ+2

ρ+ 2

)
≤ |v|ρ+1 CDα |v|
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and another one in [88]

CDα |v| ≤ sgn (v)C Dαv.

From now on, we shall drop the letter ”C” referring to ”Caputo” in CDα, for

notation convenience. We shall use the notation

(k□v)(t) :=
∫
Ω

∫ t

0

k(t− s) |v(t)− v(s)|2 dsdx, t ≥ 0

and

Tχ(t) :=
α

2Γ(1− α)

∫ 1

0

∫ t

0

dξ

(t− ξ)1−α

(∫ ξ

0

χ′(η)dη

(t− η)α

)2

dx, t ≥ 0.

It is well-admitted and documented that there are no semi-groups for fractional

problem. The counterpart of semigroup is the concept of resolvents as defined

below (also refer to [89], [90]).

The following abstract problem has been examined in [91]


CDγU(x, t) = PU(x, t) +

∫ t
0
S(t− s)U(x, s)ds+ f(t, U(t)), 0 < γ < 1,

U(x, 0) = U0(x) ∈ X.

(1.24)

Definition 1.4.10 The family of bounded linear operators (Rγ(t))t≥0 determines

a γ-resolvent for (1.24) if

(a) The mapping Rγ(t) : [0,∞) → L(X) := L(X;X) is strongly continuous

and Rγ(0) = I.

(b) ∀z ∈ D(P), Rγ(.)z ∈ C ([0,∞);D(P)) ∩ Cγ ((0,∞);X) designates the
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space of continuous functions z such that CDγz exists and is continuous and

CDγRγ(t)z = PRγ(t)z +

∫ t

0

Q(t− s)Rγ(s)zds

= Rγ(t)Pu+
∫ t

0

Rγ(t− s)Q(s)zds, t ≥ 0.

The following family

Rγ(t) :=
1

2πi

∫
Γ

µγ−1eµt
(
µγI − P −Q^(µ)

)−1
dµ, t ≥ 0

is shown to be a γ-resolvent for a suitable path Γ := {teiθ : t ≥ r} ∪ {reiζ : −θ ≤

ζ ≤ θ} ∪ {te−iθ : t ≥ r} oriented counterclockwise where π/2 < θ < ϕ and r is

determined in the proof. An associated family to (Rγ(t))t≥0 is defined by

Sγ(t) :=
t1−γ

2πi

∫
Γ

eµt
(
µγI − P −Q^(µ)

)−1
dµ, t ≥ 0.

Before moving forward in this direction, it is worth recalling the following result

in [82] about a similar abstract problem but of order between 1 and 2 (without

transforming it into a system of two equations of half the order). Let (X, ∥.∥) be a

Banach space and M, (N(t))t≥0 be closed linear operators defined on the domains

D(M) and D(N(t)) ⊇ D(M) dense in X, respectively. We denote by ∥.∥1 the

graph norm in D(M), R(ν,M) := (νI −M)−1 and ρ(M) the resolvent of M. The
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problem

CDβv(x, t) =Mv(x, t)−
∫ t

0

N(t− s)v(x, s)ds, 1 < β < 2

with initial data (v(0) = v0, v
′(0) = 0) in D(M), admits a classical solution

v ∈ C((0,∞);D(M)) ∩C1((0,∞);X) such that t1−β

Γ(2−β) ∗ (v − v0) ∈ C2((0,∞);X)

under the following assumptions

(S1) For some 0 < θ0 ≤ π/2 and every θ < θ0, there is a constant C > 0 such

that

Σ0,βω := {ν ∈ C : ν ̸= 0, |arg(ν)| < βω} ⊂ ρ(M)

and ∥R(ν,M)∥ < C/ |ν| , ν ∈ Σ0,βω with ω = θ + π/2.

(S2) For each v ∈ D(M), N(.)v is strongly measurable on (0,∞). There ex-

ists a locally integrable function f(t) with Laplace transform f̂(ν), ℜ(ν) > 0 and

∥N(t)v∥ ≤ f(t) ∥v∥1 , t > 0, v ∈ D(M). In addition, N̂ : Σ0,π/2 → L(D(M);X)

(the space of bounded linear operators from D(M) into X) has an analytic ex-

tension Ñ to Σ0,ω verifying
∥∥∥Ñ(ν)v

∥∥∥ ≤
∥∥∥Ñ(ν)

∥∥∥ ∥v∥1 , v ∈ D(M) and
∥∥∥Ñ(ν)

∥∥∥ =

O
(

1
|ν|

)
as |ν| → ∞.

(S3) There exists a subspace S dense in (D(M), ∥.∥1) and C̃ > 0 such that

M(S) ⊆ D(M), N̂(ν)(S) ⊆ D(M),
∥∥∥MN̂(ν)v

∥∥∥ ≤ C̃ ∥v∥ , v ∈ S and ν ∈ Σ0,ω.

It is proved in [91] that (1.24) possesses a unique solution under the above

assumptions (S2), (S3) and
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(S1)’ For some π/2 < ϕ < π, there exists a constant C = C(ϕ) > 0 such that

Σ0,ϕ := {ν ∈ C : |arg(ν)| < ϕ} ⊂ ρ(P)

and ∥R(ν,P)∥ < C/ |ν| , ν ∈ Σ0,ϕ.

The function f : (0,∞) ×X → X was assumed to be continuous and locally

Lipschitz in the second variable uniformly, with respect to the first variable.

Theorem 1.4.11 ([91]) For U0 ∈ D(P), and under the condition (S1)’, (S2)

and (S3), the function

U(t) := Rγ(t)U0 ∈ C ([0,∞);D(P)) ∩ Cγ ((0,∞);X)

is a solution of (1.24) (with f ≡ 0).

In the case f ≡ 0, we have the following Theorem

Theorem 1.4.12 ([91]) For U0 ∈ D(P), and under the condition (S1)’, (S2)

and (S3), the function

U(t) := Rγ(t)U0 +

∫ t

0

(t− s)γ−1Sγ(t− s)f(s, U(s))ds

belongs to C ([0,∞);D(P))∩Cγ ((0,∞);X) and is a solution of (1.24) for T > 0.
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1.5 Results Description

1.5.1 Bending Torsion Problem

One of our main focus in this dissertation is system (1.1) describing the motion

of a beam of Timoshenko type. The main novelty in this model is the insertion of

the torsion component and coupling it with the Timoshenko system combining in

this way, bending, rotation and torsion. Although, this issue has been discussed

from the engineering point of view, we are unable to find any mathematical study

(well-posedness, stability, ...).

In addition to the aforementioned features, the presence of axial forces in the

structure brings considerable complications in the mathematical analysis. This

factor, too, is rarely studied by mathematicians. The usual methods and tech-

niques do not apply in a systematic manner even with some modifications. It

needs some drastic changes. The existence and uniqueness of a solution in an ade-

quate space has been shown using the semi-group theory. Regarding the stability

of the system, in view of the difficulties mentioned above, we have treated the

case P = 0 and P ̸= 0 separately.

We have examined the stability of the system with two dampings and deter-

mined the conditions under which exponential stability and polynomial stability

occur. Furthermore, the system well-posedness is determined by using the semi-

group theory.

In Chapter 2, we treat the case when the damping is absent in the first equa-

tion i.e. c3 = 0. In the first section of this chapter, we consider the formulation of
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the system (2.1) and also find the conditions that preserves the system’s hyperbol-

icity. We study the well-posedness of the system using the semigroup theory. We

also establish the exponential stability of the system. We consider both cases of

effective and non-effective axial load P . In the first case where P ̸= 0 we obtained

exponential stability under the condition that EI is large or small (negative) P .

This result is obtained without using the equal speeds of propagation. Moreover,

in the case when P = 0, we obtain exponential stability without any condition

on the system’s parameters. We establish this result by benefiting from the sec-

ond diffusion in the third equation. More precisely, we acquire a new Lyapunov

functional that helps us to obtain this result.

In Chapter 3, we consider the absence of the damping in the second equation,

i.e. c1 = 0. In the first section, we discuss the well-posedness of the system. In

the second section, we consider the case P ̸= 0 and we prove exponential stability

under the condition that η2 = 0 (where η2 is a relation involving the parameter

of the system) and large EI or small (negative) P . Notably, the condition η2 = 0

reduces to the equal speeds of propagation property when K = P = 0. In the case

η2 ̸= 0, we get polynomial decay. In the final section of this chapter, we focus on

the case P = 0. We obtain exponential decay in case η1 = 0. In the case η1 ̸= 0,

we find polynomial decay.

The second aim of this thesis is to consider two fractional problems discussed

in the next part.
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1.5.2 Non-Linear Fractional Telegraph Problem

In Chapter 4, we aim to investigate the effect of a nonlinear term, the impact

of a fractional lower-order term and the role of a memory term on the stability

of differential equations. We will analyze the impact of a fractional lower-order

term and the memory term separately. In the integer case, it is well-known that

having both of them simultaneously will increase the dissipation. Hence, the

difficult issue is to focus on only one of them at a time. The lower-order term

has been expressed as a fractional derivative of half-order of the leading fractional

derivative mentioned in equation (1.22). It would be intriguing, particularly from

a mathematical perspective, to consider different other orders. Below, we will

demonstrate that this term induces a dissipative behavior. In the proof, we will

demonstrate that the lower-order term alone, without considering the memory

term, is enough to ensure the Mittag-Leffler stability of the system. This means

that the solutions of the system will decay as the Mittag-Leffler function (in the

energy norm).

Nevertheless, in the absence of the lower-order fractional term, the Mittag-

Leffler stability can only be established for ”small” kernels under a viscoelastic

damping. This might not be due to a deficiency in the argument used but to the

fact that the memory term alone does not have the ability to generate a significant

amount of damping. The application of the product rule (as stated in Proposition

1.4.8 above) produces a complicated term which does not appear in the integer

case. It is characterized by three singular integrals that involve functions with in
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determined signs.

Furthermore, the stability we achieved is only of local character due to the

difficulty to control the nonlinear terms. In reality, this particular characteristic

is not exclusive to fractional problems, it is also observed in problems of integer

orders. The purpose of this chapter is to propose a solution to address these

challenges. Unfortunately, we were unable to compare our findings with previous

ones since, to the best of our knowledge, this is the first work that treats this

issue.

1.5.3 Fractional Timoshenko Beam

In Chapter 5, for problem (1.6)-(1.7), we shall first finalize the discussion on the

existence and uniqueness of a solution by using the notion of resolvents (instead

of semi-groups). Then, we will highlight the difficulty of treating the stability

for this problem. The utilization of a fractional chain rule version gives rise to

a problematic term in the fractional derivative of the “energy” functional. Even

though we found a way to control it, a smallness condition on the involved kernel

is still imposed. We obtain Mittag-Leffler- type stability provided that the kernel

itself decays somehow in a similar manner.

Additionally, we demonstrate that the memory term alone can stabilize the

system in a Mittag-Leffler fashion under the condition of equal speeds of propa-

gation, that is ρ1
k
= ρ2

b
in equation (1.7). The system exhibits Lyapunov stability

or uniform stability when considering different speeds of propagation. This is

established by passing to the second order energy.
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CHAPTER 2

BENDING TORSION

WITHOUT DAMPING IN THE

ROTATION COMPONENT

In this chapter, we consider



ρIϕtt + c3ϕt − EIϕxx − kAG(vx − ϕ)−Kψxx = 0, x ∈ (0, L), t ∈ (0,∞),

µvtt + c1vt − kAG(vxx − ϕx) + Pvxx = 0, x ∈ (0, L), t ∈ (0,∞),

−GJψxx −Kϕxx + P (Is/µ)ψxx + Isψtt + c2ψt = 0, x ∈ (0, L), t ∈ (0,∞)

(2.1)

where x is the spatial variable (the distance from the origin), t is the time variable

and L is the length of the beam. The translation of the bending in the z direction is

indicated by v(x, t). The function ψ(x, t) is the rotation of the torsion around the

x- axis. The representation of the rotation of the cross-section caused by bending

alone (or the bending-induced slope) is indicated as ϕ(x, t). We assume that there
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is a constant axial load P acting along the cross-section aligned with the x-axis.

The load P can have either a positive or negative value, in order to incorporate

tensions. The symbol ρ represents the density of the material. The second moment

of area of the beam cross-section with respect to the x-axis is I. The symbol µ

refers to the quantity of mass contained within a given length. The polar mass

moment of inertia per unit length is defined with respect to the x-axis by Is. The

(positive) constants Ci, i = 1, 2, 3 stand for the coefficients of the (frictional)

dampings of the bending, torsion and rotation components, respectively. The

coefficients EI is the bending rigidity (note that E denotes Young’s modulus)

and K is the bending torsion coupling rigidity. The symbol kGA represents the

shear rigidity of the composite beam. Moreover, A denotes the cross-sectional

area, G represents the shear modulus and the shear correction is k. The torsional

rigidity is denoted by GJ (where J stands for the polar moment of the area). We

examine system (2.1) when c3 is set to zero. This chapter is divided into four

sections. In the first section, we give the derivation of the problem and make

sure to conserve the hyperbolicity of the system. The second section addresses

the well-posedness of the system in an adequate underlying space. The third

section is dedicated to discussing the exponential stability of the system. The last

section deals with an interesting special case when no axial loading is active on

the structure. Notably, we obtain an unexpected stability result without imposing

a standard condition. All our relations below hold for t ≥ 0 and x ∈ [0, L).
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2.1 Formulation of the Model

The total energy corresponding to the system is given by

E1(t) =
1

2

∫ L

0

{
EI(ϕx)

2 − P
[
(vx)

2 + (Is/µ)(ψx)
2
]
+ 2Kϕxψx + kAG(vx − ϕ)2

+GJ(ψx)
2 + µ(vt)

2 + Is(ψt)
2 + ρI(ϕt)

2

}
dx.

For the hyperbolicity of the system we assume

P < kAG and P <
GJ

Is
µ. (2.2)

If we differentiate the above functional with respect to time t

dE1(t)

dt
=

1

2

∫ L

0

[
EI

d

dt
(ϕx)

2 − P

(
d

dt
(vx)

2 +
d

dt

[
(Is/µ)(ψx)

2
])

+ 2K
d

dt
(ϕxψx)

+ kAG
d

dt

[
(vx)

2 + (ϕ)2 − 2vxϕ

]
+GJ

d

dt
(ψx)

2 + µ
d

dt
(vt)

2 + Is
d

dt
(ψt)

2 + ρI
d

dt
(ϕt)

2

]
dx

we find

dE1(t)

dt
=

∫ L

0

{
EIϕxϕxt − P

[
vxvxt + (Is/µ)ψxψxt

]
+K

(
ϕxψtx + ϕxtψx

)
(2.3)

+ kAG(vxvxt + ϕϕt − vxtϕ− vxϕt) +GJψxψxt + µvtvtt + Isψtψtt + ρIϕtϕtt

}
dx.

The identities below are direct applications of integration by parts

EI

∫ L

0

ϕxϕxt dx = EIϕtϕx

∣∣∣∣L
0

− EI

∫ L

0

ϕtϕxx dx, (2.4)
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−P
∫ L

0

vxvxt dx = −Pvtvx
∣∣∣∣L
0

+ P

∫ L

0

vtvxx dx, (2.5)

−P (Is/µ)
∫ L

0

ψxψxt dx = −P (Is/µ)ψtψx
∣∣∣∣L
0

+ P (Is/µ)

∫ L

0

ψtψxx dx, (2.6)

K

∫ L

0

ϕxψxt dx = Kψtϕx

∣∣∣∣L
0

−K

∫ L

0

ψtϕxx dx, (2.7)

K

∫ L

0

ϕtxψx dx = Kϕtψx

∣∣∣∣L
0

−K

∫ L

0

ϕtψxx dx, (2.8)

kAG

∫ L

0

vxvxt dx = kAGvtvx

∣∣∣∣L
0

− kAG

∫ L

0

vtvxx dx, (2.9)

−kAG
∫ L

0

vxtϕ dx = −kAGvtϕ
∣∣∣∣L
0

+ kAG

∫ L

0

vtϕx dx, (2.10)

GJ

∫ L

0

ψxψxt dx = GJψtψx

∣∣∣∣L
0

−GJ

∫ L

0

ψtψxx dx. (2.11)

Having in mind the aforesaid identities (2.4), (2.5), (2.6), (2.7), (2.8), (2.9), (2.10)

and (2.11) in (2.3), we infer

dE1(t)

dt
=

∫ L

0

[
− EIϕtϕxx + P

(
vtvxx + (Is/µ)ψtψxx

)
−K

(
ψtϕxx + ϕtψxx

)
+ kAG

(
− vtvxx + ϕϕt + vtϕx − vxϕt

)
−GJψtψxx + µvtvtt + Isψtψtt + ρIϕtϕtt

]
dx

+

[
EIϕtϕx

∣∣∣∣L
0

− Pvtvx

∣∣∣∣L
0

− P (Is/µ)ψtψx

∣∣∣∣L
0

+Kψtϕx

∣∣∣∣L
0

+Kϕtψx

∣∣∣∣L
0

+ kAGvtvx

∣∣∣∣L
0︸ ︷︷ ︸

−kAGvtϕ
∣∣∣∣L
0

+GJψtψx

∣∣∣∣L
0

]
︸ ︷︷ ︸

=I

. (2.12)
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A reordering in (2.12) leads to

dE1(t)

dt
=

∫ L

0

[(
− EIϕxx −Kψxx + kAG(ϕ− vx) + ρIϕtt

)
ϕt

+

(
Pvxx + kAG

(
ϕx − vxx

)
+ µvtt

)
vt

+

(
P (Is/µ)ψxx −Kϕxx −GJψxx + Isψtt

)
ψt

]
dx+ I. (2.13)

On the account of our boundary conditions, that is

ϕ(0, t) = ϕ(L, t) = vx(0, t) = vx(L, t) = ψ(0, t) = ψ(L, t) = 0

it is evident that I = 0. We are left with the relation

dE1(t)

dt
= −c3||ϕt||2 − c1||vt||2 − c2||ψt||2, t ≥ 0.

To have an idea of the second order energy E2(t), we differentiate system (2.1)

with respect to time



ρIϕttt + c3ϕtt − EIϕxxt − kAG(vx − ϕ)t −Kψxxt = 0,

µvttt + c1vtt − kAG(vxx − ϕx)t + Pvxxt = 0,

−GJψxxt −Kϕxxt + P (Is/µ)ψxxt + Isψttt + c2ψtt = 0.

(2.14)
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Multiplying the first equation of (2.14) by ϕtt, the second equation by vtt and the

last equation by ψtt, we find



ρIϕttϕttt + c3ϕ
2
tt − EIϕttϕxxt − kAG(vx − ϕ)tϕtt −Kϕttψxxt = 0,

µvttvttt + c1v
2
tt − kAG(vxx − ϕx)tvtt + Pvxxtvtt = 0,

−GJψxxtψtt −Kϕxxtψtt + P (Is/µ)ψxxtψtt + Isψtttψtt + c2ψ
2
tt = 0.

After, integrating the above equations over (0, L) and summing them up, we

obtain

−
∫ L

0

(
c1v

2
tt + c2ψ

2
tt + c3ϕ

2
tt

)
dx =

∫ L

0

[
− EIϕttϕxxt + P

(
vttvxxt + (Is/µ)ψttψxxt

)
−K

(
ψttϕxxt + ϕttψxxt

)
+ kAG

(
− vxxtvtt − ϕxtvtt + vxtϕtt + ϕtϕtt

)
−GJψxxtψtt

+ µvtttvtt + Isψtttψtt + ρIϕtttϕtt

]
dx.

With the help of integration by parts, we can see that

−
∫ L

0

(
c1v

2
tt + c2ψ

2
tt + c3ϕ

2
tt

)
dx =

∫ L

0

[
1

2

d

dt
EIϕ2

xt − P
1

2

d

dt

(
v2xt + (Is/µ)ψ

2
xt

)
−K

d

dt

(
ϕxtψxt

)
+

1

2

d

dt
kAG(vxt − ϕt)

2 +
1

2

d

dt

(
GJψ2

xt + µv2tt + Isψ
2
tt + ρIϕ2

tt

)]
dx.

Prompted by this identity, we may define the second order energy by

E2(t) =
1

2

∫ L

0

[
EIϕ2

xt − P
[
v2xt + (Is/µ)ψ

2
xt

]
− 2K

(
ϕxtψxt

)
+ kAG(vxt − ϕt)

2 +GJψ2
xt

+ µv2tt + Isψ
2
tt + ρIϕ2

tt

]
dx, ∀t ≥ 0
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and its derivative is clearly equal to

dE2

dt
= −c1||vtt||2 − c2||ψtt||2 − c3||ϕtt||2, t ≥ 0.

Alternatively, we may compute the derivation of the energy by direct multiplica-

tion of the first equation of the system by ϕt, the second by vt and the third by

ψt. In the expression

E(t) =
1

2

[
EI||ϕx||22 − P ||vx||22 +

IsP

µ
||ψx||22 + kAG||vx − ϕ||22 +GJ ||ψx||22

+ µ||vt||22 + Is||ψt||22 + ρI||ϕt||22 + 2K

∫ L

0

ϕxψx dx

]
, t ≥ 0

the part

T (t) =
1

2

∫ L

0

[
µ(vt)

2 + Is(ψt)
2 + ρI(ϕt)

2

]
dx, t ≥ 0

is called the kinetic energy whilst the potential energy for t ≥ 0 is a equal to (the

reaming part)

U(t) =
1

2

∫ L

0

{
EI(ϕx)

2 + 2Kϕxψx +
[
GJ − P (Is/µ)

]
(ψx)

2 − P (vx)
2

+ kAG(vx − ϕ)2
}
dx.

We claim that U(t) ≥ 0, under the condition

K < GJ − P (Is/µ), K < EI. (2.15)
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To prove this claim, let us perform the decomposition

EIϕ2
x = EIδϕ2

x + EI(1− δ)ϕ2
x, 0 < δ < 1

and rewrite U(t) in the form

U(t) =
1

2

∫ L

0

[
EIδϕ2

x + 2Kϕxψx +
[
GJ − P (Is/µ)

]
ψ2
x︸ ︷︷ ︸

:=A1

+ EI(1− δ)ϕ2
x − P (vx)

2 + kAG(vx − ϕ)2︸ ︷︷ ︸
:=A2

]
dx.

The quadratic expression A1 is nonnegative provided that

△A1 = 4K2 − 4δEI[GJ − P (Is/µ)] < 0,

which is obviously the case if δ = K/EI (the choice of δ is possible) since (2.15)

holds.

For A2, we first rewrite it in a tricky way, then apply Poincaré inequality to

reach

A2 =

∫ L

0

[
EI

(
1− K

EI

)
ϕ2
x + (kAG− P )(vx − ϕ)2 − 2P (vx − ϕ)ϕ− Pϕ2

]
dx

=

∫ L

0

[
(EI −K)ϕ2

x + (kAG− P )(vx − ϕ)2 − 2P (vx − ϕ)ϕ− Pϕ2 +Mϕ2 −Mϕ2

]
dx

≥
∫ L

0

[ [
(EI −K)− (M + P )Cp

]︸ ︷︷ ︸
≥0

ϕ2
x + (kAG− P )(vx − ϕ)2 − 2P (vx − ϕ)ϕ+Mϕ2︸ ︷︷ ︸

:=A3

]
dx

for some M > 0 to be determined in an adequate fashion. Actually, we want
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to manage so as to make the first term and A3 positive. To this end, we start

imposing

(EI −K)− (M + P )Cp > 0 ⇐⇒ EI −K > MCp + PCp

that is

M <
EI −K − PCp

Cp
. (2.16)

On the other hand,

△A3 = 4P 2 − 4(kAG− P )M < 0

necessitates

M >
P 2

kAG− P
. (2.17)

Combining the conditions (2.16) and (2.17)

EI −K − PCp
Cp

> M >
P 2

kAG− P

we observe that a choice of M is possible in case

P 2Cp < (EI −K − PCp)(kAG− P ).
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Solving for P we reach the condition

P <
(EI −K)kAG

kAGCp + (EI −K)
=: P∗. (2.18)

Hence, to preserve the positivity of the energy we must assume the condition in

(2.18). Notice that the condition P < EI−K
CP

is therefore automatically satisfied.

Having in mind (2.18), it is clear that

P < P∗ < kAG. (2.19)

This implies that the conditions for the system’s hyperbolicity, as defined in (2.2)

and the condition in (2.19), can be expressed as

P < min
{
P∗,

GJ

Is
µ

}
. (2.20)
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2.2 Well-Posedness of the Problem

In this section, we use the semigroup theory to study the existence and uniqueness

of solutions for the bending torsion system (2.1) with c3 = 0, that is,



ρIϕtt − EIϕxx − kAG(vx − ϕ)−Kψxx = 0,

µvtt + c1vt −
[
kAG− P

]
(vxx − ϕx) + Pϕx = 0,

−
[
GJ − P (Is/µ)

]
ψxx −Kϕxx + Isψtt + c2ψt = 0,

ϕ(0, t) = ϕ(L, t) = vx(0, t) = vx(L, t) = ψ(0, t) = ψ(L, t) = 0,

ϕ(x, 0) = ϕ0(x), ϕt(x, 0) = ϕ1(x), v(x, 0) = v0(x), vt(x, 0) = v1(x),

ψ(x, 0) = ψ0(x), ψt(x, 0) = ψ1(x).

(2.21)

Given the Neumann boundary conditions for v, the standard practice is to make

the change of function

v̄(x, t) := v(x, t)− 1

L

∫ L

0

v(x, t)dx, x ∈ [0, L], t ≥ 0 (2.22)

so that ∫ L

0

v̄(x, t)dx = 0, t ≥ 0

and therefore, we can apply Poincaré inequality. Obviously

v̄t(x, t) = vt(x, t)−
1

L

∫ L

0

vt(x, t)dx and v̄tt(x, t) = vtt(x, t)−
1

L

∫ L

0

vtt(x, t)dx.

(2.23)

53



From the second equation in (2.21), we entail

µ

∫ L

0

vttdx = −c1
∫ L

0

vtdx+
[
kAG− P

] ∫ L

0

(vxx − ϕx)dx− P

∫ L

0

ϕxdx

= −c1
∫ L

0

vtdx+
[
kAG− P

]
(vx − ϕ)

∣∣∣∣L
0

− Pϕ

∣∣∣∣L
0

= −c1
∫ L

0

vtdx. (2.24)

If we substitute (2.23) in (2.24), it appears that

∫ L

0

vttdx = −c1
µ

∫ L

0

vtdx =
c1L

µ
(v̄t − vt).

Hence

v̄tt = vtt −
c1L

Lµ
(v̄t − vt) or vtt = v̄tt +

c1
µ
(v̄t − vt).

Consequently, the second equation of (2.21) becomes

µ
[
v̄tt +

c1
µ
(v̄t − vt)

]
+ c1vt −

[
kAG− P

]
(v̄x − ϕ)x + Pϕx = 0

or simply

µv̄tt + c1v̄t −
[
kAG− P

]
(v̄x − ϕ)x + Pϕx = 0.

For the first equation, it suffices to notice that v̄x = vx and use (2.22). This means

that the above problem (2.21) may be recast in a very similar one by merely

replacing v by v̄. To avoid a complicated presentation with the bar notation, we

shall drop the bar. We end up with the same problem with the advantage of being

able to apply Poincaré inequality to the component v.

For the sake of preparing the ground for our well-posedness, let us consider
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the Hilbert space:

H := H1
0 (0, L)× L2(0, L)×H1

∗ (0, L)× L2
∗(0, L)×H1

0 (0, L)× L2(0, L)

where

L2
∗(0, L) :=

{
ϑ ∈ L2(0, L) :

∫ L

0

ϑ(x)dx = 0

}
, H1

∗ (0, L) = H1(0, L) ∩ L2
∗(0, L)

(2.25)

and

H2
∗ (0, L) := H2(0, L) ∩H1

∗ (0, L). (2.26)

The space H is endowed with the inner product

< U, Ũ >H=

∫ L

0

[
ρIuũ+ µww̃ + Iszz̃ + EIϕxϕ̃x +

[
GJ − P (Is/µ)

]
ψxψ̃x

(2.27)

+K
[
ψxϕ̃x + ϕxψ̃x

]
+
(
kAG− P

)[
(vx − ϕ)(ṽx − ϕ̃)

]
+ Pϕϕ̃− P

(
vxϕ̃+ ϕṽx

)]
dx

and the norm

||U ||2H = ρI||u||2 + µ||w||2 + Is||z||2 + EI||ϕx||2 +
[
GJ − P (Is/µ)

]
||ψx||2

+ 2K

∫ L

0

ψxϕxdx+
(
kAG− P

)
||vx − ϕ||2 + P ||ϕ||2 − 2P

∫ L

0

vxϕdx (2.28)

for the vectors U = (ϕ, u, v, w, ψ, z)T and Ũ = (ϕ̃, ũ, ṽ, w̃, ψ̃, z̃)T ∈ H. We can

easily see that H equipped with the inner product (2.27) and the norm (2.28),
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forms a Hilbert space under the condition (2.18).

Considering U with u = ϕt, w = vt, z = ψt, we can rewrite the system in (2.21) in

the shorter and simpler form


d
dt
U(t) = AU(t), ∀t ≥ 0,

U(0) = U0 = (ϕ0, ϕ1, v0, v1, ψ0, ψ1)
T

(2.29)

where the operator A : D(A) → H is defined by

AU =



0 I 0 0 0 0

EI
ρI
D2 − kAG

ρI
0 kAG

ρI
D 0 K

ρI
D2 0

0 0 0 I 0 0

−kAG
µ
D 0 kAG−P

µ
D2 − c1

µ
0 0

0 0 0 0 0 I

K
Is
D2 0 0 0 GJ−P (Is/µ)

Is
D2 − c2

Is





ϕ

u

v

w

ψ

z



(2.30)

where D denotes the partial derivative with respect to x. That is

AU =



u

EI
ρI
ϕxx +

kAG
ρI

(vx − ϕ) + K
ρI
ψxx

w

− c1
µ
w + kAG

µ
(vx − ϕ)x − P

µ
vxx

z

K
Is
ϕxx +

GJ−P (Is/µ)
Is

ψxx − c2
Is
z



(2.31)
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with domain

D(A) :=

{
U ∈ H

∣∣ϕ, ψ ∈ H2(0, L) ∩H1
0 (0, L), v ∈ H2

∗ (0, L),

u, z ∈ H1
0 (0, L), w ∈ H1

∗ (0, L)

}
.

In our next move, we shall state and prove an existence and uniqueness theorem

for our problem. We recall here that problem (2.21) has been transformed into

a similar one with v replaced by v̄ and the bar is dropped. With that in mind,

we shall continue to refer to (2.21). Recall the conditions specified in (2.15) and

(2.20), that is

P < min
{
P∗,

GJ

Is
µ

}
, K < GJ − P (Is/µ), K < EI. (2.32)

Theorem 2.2.1 Let U0 ∈ H and the condition (2.32) holds. Then, there exists a

unique solution U ∈ C(R+,H) to the Problem (2.21). Furthermore, if U0 ∈ D(A),

then we have a unique solution U ∈ C
(
R+,D(A)

)
∩ C1

(
R+,H

)
.

Proof. Our argument relies on the use of the Lumer-Phillips Theorem [92].

To begin with, we claim that the operator A is dissipative. Indeed, for every
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U ∈ D(A), it is evident that

〈
AU,U

〉
H = ρI

∫ L

0

u

[
EI

ρI
ϕxx +

kAG

ρI
(vx − ϕ) +

K

ρI
ψxx

]
dx

+ µ

∫ L

0

w

[
− c1
µ
w +

kAG

µ
(vx − ϕ)x −

P

µ
vxx

]
dx

+ Is

∫ L

0

z

[
K

Is
ϕxx +

GJ − P (Is/µ)

Is
ψxx −

c2
Is
z

]
dx+ EI

∫ L

0

ϕxuxdx

+
[
GJ − P (Is/µ)]

∫ L

0

ψxzxdx+K

∫ L

0

[
ϕxzx + ψxux

]
dx

+
(
kAG− P

) ∫ L

0

(wx − u)(vx − ϕ)dx+ P

∫ L

0

uϕdx− P

∫ L

0

[
wxϕ+ vxu

]
dx.

After several integration by parts, our dissipativeness claim follow from

〈
AU,U

〉
H = −EI

∫ L

0

uxϕxdx+ kAG

∫ L

0

uvxdx− kAG

∫ L

0

uϕdx−K

∫ L

0

uxψxdx

− c1||w||2 − kAG

∫ L

0

vxwx + kAG

∫ L

0

ϕwxdx+ P

∫ L

0

vxwxdx−K

∫ L

0

zxϕxdx

−
[
GJ − P (Is/µ)

] ∫ L

0

zxψxdx− c2||z||2 + EI

∫ L

0

ϕxuxdx+
[
GJ − P (Is/µ)]

×
∫ L

0

ψxzxdx+K

∫ L

0

ϕxzxdx+K

∫ L

0

ψxuxdx+ kAG

∫ L

0

wxvxdx

− kAG

∫ L

0

wxϕdx− kAG

∫ L

0

uvxdx+ kAG

∫ L

0

uϕdx− P

∫ L

0

wxvxdx+ P

∫ L

0

wxϕdx

+ P

∫ L

0

uvxdx− P

∫ L

0

uϕdx+ P

∫ L

0

uϕdx− P

∫ L

0

wxϕdx− P

∫ L

0

vxudx

= −c1||w||2 − c2||z||2 ≤ 0.

Second, we show that the operator I − A is surjective, that is for all G =

(g1, g2, g3, g4, g5, g6)
T ∈ H there exists a unique U = (ϕ, u, v, w, ψ, z)T ∈ D(A),
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such that

(I −A)U = G.

Equivalently, this may be rewritten as



ϕ− u = g1,

u− EI
ρI
ϕxx − kAG

ρI
(vx − ϕ)− K

ρI
ψxx = g2,

v − w = g3,

w + c1
µ
w − kAG

µ
(vx − ϕ)x +

P
µ
vxx = g4,

ψ − z = g5,

z − K
Is
ϕxx − GJ−P (Is/µ)

Is
ψxx +

c2
Is
z = g6.

. (2.33)

For regular ϕ, v, ψ, the following holds true:



u = ϕ− g1 ∈ H1
0 (0, L),

w = v − g3 ∈ H1
∗ (0, L),

z = ψ − g5 ∈ H1
0 (0, L).

(2.34)

Hence it suffices to solve for ϕ, v, ψ. Taking into account (2.34) in (2.33), leads to



ϕ− g1 − EI
ρI
ϕxx − kAG

ρI
(vx − ϕ)− K

ρI
ψxx = g2,

v − g3 +
c1
µ
(v − g3)− kAG

µ
(vx − ϕ)x +

P
µ
vxx = g4,

ψ − g5 − K
Is
ϕxx − GJ−P (Is/µ)

Is
ψxx +

c2
Is
(ψ − g5) = g6.
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The forthcoming weak formulation is a direct consequence of Green’s formula



ρI
∫ L
0
ϕϕ̃dx+ EI

∫ L
0
ϕxϕ̃xdx− kAG

∫ L
0
(vx − ϕ)ϕ̃dx+K

∫ L
0
ψxϕ̃xdx

= ρI
∫ L
0
g1ϕ̃dx+ ρI

∫ L
0
g2ϕ̃dx, ∀ϕ̃ ∈ H1

0 (0, L),

µ
∫ L
0
vṽdx+ c1

∫ L
0
vṽdx+ kAG

∫ L
0
(vx − ϕ)ṽxdx− P

∫ L
0
vxṽxdx

= (µ+ c1)
∫ L
0
g3ṽdx+ µ

∫ L
0
g4ṽdx, ∀ṽ ∈ H1

∗ (0, L),

Is
∫ L
0
ψψ̃dx+K

∫ L
0
ϕxψ̃xdx+

[
GJ − P (Is/µ)

] ∫ L
0
ψxψ̃xdx+ c2

∫ L
0
ψψ̃dx

= (Is + c2)
∫ L
0
g5ψ̃dx+ Is

∫ L
0
g6ψ̃dx, ∀ψ̃ ∈ H1

0 (0, L).

The problem consists in finding (ϕ, v, ψ) ∈ H1
0 (0, L) × H1

∗ (0, L) × H1
0 (0, L) such

that for all (ϕ̃, ṽ, ψ̃) ∈ H1
0 (0, L)×H1

∗ (0, L)×H1
0 (0, L) the following holds

B
(
(ϕ, v, ψ), (ϕ̃, ṽ, ψ̃)

)
= F (ϕ̃, ṽ, ψ̃) (2.35)

where B : [H1
0 (0, L)×H1

∗ (0, L)×H1
0 (0, L)]

2 −→ R is the bilinear functional defined

by

B
(
(ϕ, v, ψ), (ϕ̃, ṽ, ψ̃)

)
:= ρI

∫ L

0

ϕϕ̃dx+ EI

∫ L

0

ϕxϕ̃xdx+K

∫ L

0

ψxϕ̃xdx

+ kAG

∫ L

0

(vx − ϕ)(ṽx − ϕ̃)dx+K

∫ L

0

ϕxψ̃xdx+ Is

∫ L

0

ψψ̃dx+
[
GJ − P (Is/µ)

]
×
∫ L

0

ψxψ̃xdx+ c2

∫ L

0

ψψ̃dx+ µ

∫ L

0

vṽdx+ c1

∫ L

0

vṽdx− P

∫ L

0

vxṽxdx.
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In particular

B
(
(ϕ, v, ψ), (ϕ, v, ψ)

)
= ρI||ϕ||2 + EI||ϕx||2 + kAG||vx − ϕ||2 + 2K

∫ L

0

ϕxψxdx

+ Is||ψ||2 +
[
GJ − P (Is/µ)

]
||ψx||2 + c2||ψ||2 + µ||v||2 + c1||v||2 − P ||vx||2.

The linear form F : H1
0 (0, L)×H1

∗ (0, L)×H1
0 (0, L) −→ R represents the expression

F (ϕ̃, ṽ, ψ̃) := ρI

∫ L

0

g1ϕ̃dx+ ρI

∫ L

0

g2ϕ̃dx+ (µ+ c1)

∫ L

0

g3ṽdx+ µ

∫ L

0

g4ṽdx

+ (Is + c2)

∫ L

0

g5ψ̃dx+ Is

∫ L

0

g6ψ̃dx.

Set

||(ϕ, v, ψ)||2H1
0×H1

∗×H1
0
= ||ϕ||2 + ||ϕx||2 + ||ψ||2 + ||ψx||2 + ||v||2 + ||vx||2 + ||vx − ϕ||2

= ||ϕ||2H1
0 (0,L)

+ ||v||2H1
∗(0,L)

+ ||ψ||2H1
0 (0,L)

+ ||vx − ϕ||2.

One of the requirements of the method is to prove that the operator B is contin-

uous

∣∣B((ϕ, v, ψ), (ϕ̃, ṽ, ψ̃))∣∣ ≤ ρI

∫ L

0

|ϕ||ϕ̃|dx+ EI

∫ L

0

|ϕx||ϕ̃x|dx+ kAG

×
∫ L

0

|(vx − ϕ)||(ṽx − ϕ̃)|dx+K

∫ L

0

∣∣ψxϕ̃x + ϕxψ̃x
∣∣dx+ Is

∫ L

0

|ψ||ψ̃|dx

+
[
GJ − P (Is/µ)

] ∫ L

0

|ψx||ψ̃x|dx+ c2

∫ L

0

|ψ||ψ̃|dx+ µ

∫ L

0

|v||ṽ|dx

+ c1

∫ L

0

|v||ṽ|dx− P

∫ L

0

vxṽxdx.
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The upcoming estimation results form direct utilization of Cauchy-Schwarz in-

equality

∣∣B((ϕ, v, ψ), (ϕ̃, ṽ, ψ̃))∣∣ ≤ c||ϕ||||ϕ̃||+ c||vx − ϕ||||ṽx − ϕ̃||

+ c
(
||ψx||+ ||ϕx||

)(
||ϕ̃x||+ ||ψ̃x||

)
+ c||v||2||ṽ||2 + c||vx||||vx||

≤ c
(
||ϕ||H1

0
+ ||ψ||H1

0
+ ||v||H1

∗ + ||vx − ϕ||
)
+
(
||ϕ̃||H1

0
+ ||ψ̃||H1

0
+ ||ṽ||H1

∗ + ||ṽx − ϕ̃||
)

≤ c||(ϕ, v, ψ)||H1
0×H1

∗×H1
0
||(ϕ̃, ṽ, ψ̃)||H1

0×H1
∗×H1

0

where c > 0 is a generic constant which may take different values at different

occurrences and (ϕ, v, ψ), (ϕ̃, ṽ, ψ̃) ∈ [H1
0 (0, L) × H1

∗ (0, L) × H1
0 (0, L)]

2. Next, we

show the continuity of F again by employing Cauchy-Schwarz inequality

|F (ϕ̃, ṽ, ψ̃)| ≤ ρI

∫ L

0

|g1||ϕ̃|dx+ ρI

∫ L

0

|g2||ϕ̃|dx+ (µ+ c1)

∫ L

0

|g3||ṽ|dx

+ µ

∫ L

0

|g4||ṽ|dx+ (Is + c2)

∫ L

0

|g5||ψ̃|dx+ Is

∫ L

0

|g6||ψ̃|dx

≤ ρI||g1||||ϕ̃||+ ρI||g2||||ϕ̃||+ (µ+ c1)||g3||||ṽ||+ µ||g4||||ṽ||

+ (Is + c2)||g5||||ψ̃||2 + Is||g6||||ψ̃||

≤ c

(
||g1||H1

0
+ ||g2||+ ||g3||H1

∗ + ||g4||+ ||g5||H1
0
+ ||g6||

)(
||ϕ̃||H1

0
+ ||ṽ||H1

∗ + ||ψ̃||H1
0

)
≤ c||(ϕ̃, ṽ, ψ̃)||H1

0×H1
∗×H1

0
.

Now that we are done with the continuity of B and F , we turn to the coercivity

of B. For this purpose, we notice that from the definition of B, it is easy to see
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that

B
(
(ϕ, v, ψ), (ϕ, v, ψ)

)
= ρI||ϕ||2 + EI||ϕx||2 + kAG||vx − ϕ||2 + 2K

∫ L

0

ϕxψxdx

+ Is||ψ||2 +
[
GJ − P (Is/µ)

]
||ψx||2 + c2||ψ|||2 + µ||v||2 + c1||v||2 − P ||vx||2

≥ a1||(ϕ, v, ψ)||2H1
0×H1

∗×H1
0

where a1 ≥ 0, (ϕ, v, ψ) ∈ H1
0 (0, L)×H1

∗ (0, L)×H1
0 (0, L) and under the condition

(2.18) which we recall here

P <
(EI −K)kAG

kAGCp + (EI −K)
.

Our objective is achieved. By virtue of Lax-Milgram Lemma (see [93]), there

exists

(ϕ, v, ψ) ∈ H1
0 (0, L)×H1

∗ (0, L)×H1
0 (0, L)

and in view of (2.34), it is clear that

(ϕ, u, v, w, ψ, z) ∈ (H1
0 )

2 × (H1
∗ )

2 × (H1
0 )

2.

Furthermore, if (ϕ̃, ṽ, ψ̃) ≡ (0, ṽ, 0) ∈ H1
0 ×H1

∗ ×H1
0 , then (2.35), reduces to

kAG

∫ L

0

(vx − ϕ)ṽxdx+ µ

∫ L

0

vṽdx+ c1

∫ L

0

vṽdx− P

∫ L

0

vxṽxdx

= (µ+ c1)

∫ L

0

g3ṽdx+ µ

∫ L

0

g4ṽdx
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and therefore

− kAG

∫ L

0

vxxṽdx+ kAG

∫ L

0

ϕxṽdx+ (µ+ c1)

∫ L

0

vṽdx+ P

∫ L

0

vxxṽdx

= (µ+ c1)

∫ L

0

g3ṽdx+ µ

∫ L

0

g4ṽdx.

With the help of the second equation of (2.34), it appears that

[
kAG− P

] ∫ L

0

vxxṽdx =

∫ L

0

[
kAGϕx + (µ+ c1)(v − g3)− µg4

]
ṽdx

=

∫ L

0

[
kAGϕx + (µ+ c1)w − µg4

]
ṽdx, ∀ṽ ∈ H1

∗ .

(2.36)

Moreover, for any f1 ∈ C1
∗(0, L) ⊂ H1

∗ (0, L), it holds that

[
kAG− P

] ∫ L

0

vxxf1dx =

∫ L

0

[
kAGϕx + (µ+ c1)w − µg4

]
f1dx, ∀f1 ∈ H1

∗ .

This implies

[
kAG− P

]
vxx = kAGϕx + (µ+ c1)w − µg4 ∈ L2(0, L)

which solves the fourth equation of (2.33). Hence, by the elliptic regularity theory,

we are lead to

v ∈ H2
∗ (0, L).
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Similarly, if (ϕ̃, ṽ, ψ̃) ≡ (ϕ̃, 0, 0) ∈ H1
0 ×H1

∗ ×H1
0 , then (2.35), becomes

ρI

∫ L

0

ϕϕ̃dx+ EI

∫ L

0

ϕxϕ̃xdx− kAG

∫ L

0

(vx − ϕ)ϕ̃dx+K

∫ L

0

ψxϕ̃xdx

= ρI

∫ L

0

g1ϕ̃dx+ ρI

∫ L

0

g2ϕ̃dx

or

ρI

∫ L

0

(
ϕ− g1 − g2)ϕ̃dx− EI

∫ L

0

ϕxxϕ̃dx− kAG

∫ L

0

vxϕ̃dx+ kAG

∫ L

0

ϕϕ̃dx

−K

∫ L

0

ψxxϕ̃dx = 0.

Appealing to the first equation of (2.34), we attain

EI

∫ L

0

ϕxxϕ̃dx =

∫ L

0

[
ρI(ϕ− g1 − g2)− kAG(vx − ϕ)−Kψxx

]
ϕ̃dx

=

∫ L

0

[
ρI(u− g2)− kAG(vx − ϕ)−Kψxx

]
ϕ̃dx, ∀ϕ̃ ∈ H1

0 . (2.37)

Hence (passing to C1
0 functions)

EIϕxx = ρIu− ρIg2 − kAG(vx − ϕ)−Kψxx (2.38)

solves the second equation of (2.33). Likewise, if (ϕ̃, ṽ, ψ̃) ≡ (0, 0, ψ̃) ∈ H1
0 ×H1

∗ ×
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H1
0 , then (2.35), gives

K

∫ L

0

ϕxψ̃xdx+ Is

∫ L

0

ψψ̃dx+
[
GJ − P (Is/µ)

] ∫ L

0

ψxψ̃xdx+ c2

∫ L

0

ψψ̃dx

= (Is + c2)

∫ L

0

g5ψ̃dx+ Is

∫ L

0

g6ψ̃dx.

Wherefore

−K

∫ L

0

ϕxxψ̃dx−
[
GJ − P (Is/µ)

] ∫ L

0

ψxxψ̃dx+ (Is + c2)

∫ L

0

(ψ − g5)ψ̃dx

= Is

∫ L

0

g6ψ̃dx

and according to the third equation of (2.34), we end up with

[
GJ − P (Is/µ)

] ∫ L

0

ψxxψ̃dx =

∫ L

0

[
(Is + c2)(ψ − g5)−Kϕxx − Isg6

]
ψ̃dx

=

∫ L

0

[
(Is + c2)z −Kϕxx − Isg6

]
ψ̃dx, ∀ψ̃ ∈ H1

0 . (2.39)

Thereupon, as above

[
GJ − P (Is/µ)

]
ψxx = (Is + c2)z −Kϕxx − Isg6 (2.40)

which solves the sixth equation of (2.33). Combining (2.38) and (2.40), gives rise

to

[
GJ − P (Is/µ)−

K2

EI

]
︸ ︷︷ ︸

̸=0

ψxx = (Is+c2)z−Isg6−
ρIK

EI
u+

ρIK

EI
g2+

KkAG

EI
(vx−ϕ) ∈ L2(0, L).
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Employing the elliptic regularity theory, we reach

ψ ∈ H2(0, L) ∩H1
0 (0, L).

Hence, we can derive from (2.38) the following

ϕ ∈ H2(0, L) ∩H1
0 (0, L)

under the condition that EIGJ − EIP (Is/µ) > K2, it is worth noting that this

condition is already fulfilled by (2.15).

We conclude that there exists a unique U = (ϕ, u, v, w, ψ, z)T ∈ D(A), and A

is the infinitesimal generator of a C0 semigroup of contractions on H. With this,

the theorem’s proof is complete.

2.3 Exponential Decay Result

In this section, we study the asymptotic behavior for the Timoshenko system

(2.21) subject to torsional and axial effects. It should be recalled here that adding

(unnecessary) damping means putting ourselves in a more comfortable situation

from a mathematics point of view. From the physical and engineering point

of view, this entails more complication and the procedure will be more costly.

Therefore, the more interesting and challenging situation is when we seek the

least possible damping and therefore the more economic one. This is our main

objective in the subsequent results. We removed one (frictional) damping and
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kept only two at time.

We shall associate to the system (2.21) the energy E(t)

E(t) =
1

2

∫ L

0

{
EI(ϕx)

2 + 2Kϕxψx +
[
kAG− P

]
(vx − ϕ)2 − 2Pvxϕ+ Pϕ2

+
[
GJ − P (Is/µ)

]
(ψx)

2 + µ(vt)
2 + Is(ψt)

2 + ρI(ϕt)
2

}
dx.

Our strategy consists in constructing a number of functionals to be added to E(t)

with certain weights. They are chosen in such a way that some targeted terms

appear and at the same time some undesired terms that arise in the computation

can be controlled by their derivatives. Therewithal, they will assist us in drawing

a conclusion by attaining an appropriate differential inequality.

In this section and the rest of this dissertation, Cp will designated the Poincaré

constant. Also, all our estimations are valid for all t ≥ 0.

To maintain the hyperbolic character of the system, we assume that

kAG > P and GJ > P (Is/µ) and EI > K and GJ − P (Is/µ) > K. (2.41)

The derivative of the energy, along solutions of our system, is equal to

dE(t)

dt
= −c1||vt||2 − c2||ψt||2. (2.42)

Let us start now the process of modifying further the classical energy. In due

course of time, cleverly chosen functionals are put forward. We begin with the
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rather standard functional

V1(t) := −ρI
∫ L

0

ϕϕtdx.

Lemma 2.3.1 The functional V1(t) satisfies

dV1(t)

dt
≤ −ρI||ϕt||2 +

(
EI +

kAGCp
2

+
K

2

)
||ϕx||2 +

K

2
||ψx||2 +

kAG

2
||vx − ϕ||2

for all t ≥ 0.

Proof. By utilizing the first equation (2.21) and employing integration by parts,

we can derive

dV1(t)

dt
= −ρI

∫ L

0

ϕ2
tdx−

∫ L

0

ϕ

[
EIϕxx + kAG(vx − ϕ) +Kψxx

]
dx

= −ρI||ϕt||2 + EI||ϕx||2 − kAG

∫ L

0

ϕ(vx − ϕ)dx+K

∫ L

0

ϕxψxdx.

Combining Poincaré inequality and Young’s inequality results in

dV1(t)

dt
≤ −ρI||ϕt||2 + EI||ϕx||2 +

kAGCp
2

||ϕx||2 +
kAG

2
||vx − ϕ||2 + K

2
||ϕx||2

+
K

2
||ψx||2, t ≥ 0. (2.43)
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Lemma 2.3.2 The functional

V2(t) := −µ
∫ L

0

vt

∫ x

0

ϕ(t, y)dydx+ µ

∫ L

0

vvtdx+
c1
2

∫ L

0

v2dx

fulfills

dV2(t)

dt
≤
[
(µ2 + c21)

4ϵ
+ µ

]
||vt||2 +

L2

2
ϵ||ϕt||2 + Cp

[
ϵ+

P 2

2[kAG− P ]

]
||ϕx||2

−
[
kAG− P

2

]
||vx − ϕ||2, ϵ > 0, t ≥ 0. (2.44)

Proof. In view of the second equation of (3.35), we infer

dV2(t)

dt
= −µ

∫ L

0

vt

∫ x

0

ϕt(t, y)dydx−
∫ L

0

[
− c1vt +

(
kAG− P

)
(vxx − ϕx)− Pϕx

]
×
∫ x

0

ϕ(t, y)dydx+ µ||vt||2 +
∫ L

0

v

[
− c1vt +

(
kAG− P

)
(vxx − ϕx)− Pϕx

]
dx

+ c1

∫ L

0

vvtdx

=− µ

∫ L

0

vt

∫ x

0

ϕt(t, y)dydx+ c1

∫ L

0

vt

∫ x

0

ϕdydx+
(
kAG− P

) ∫ L

0

ϕ(vx − ϕ)dx

− P ||ϕ||2 + µ||vt||2 −
(
kAG− P

) ∫ L

0

vx(vx − ϕ)dx+ P

∫ L

0

ϕ(vx − ϕ)dx+ P ||ϕ||2.

By virtue of Young’s inequality, Poincaré inequality and the fact that

∫ L

0

(∫ x

0

ϕtdy

)2

dx ≤
∫ L

0

(∫ x

0

1dy

)(∫ x

0

ϕ2
tdy

)
dx

≤
(∫ L

0

ϕ2
tdy

)∫ L

0

xdx =
L2

2

∫ x

0

ϕ2
tdydx (2.45)

70



we can see that

dV2(t)

dt
≤ µ2

4ϵ
||vt||2 +

L2

2
ϵ||ϕt||2 +

c21
4ϵ
||vt||2 + ϵCp||ϕx||2 −

(
kAG− P

)
||vx − ϕ||2

+ µ||vt||2 + ϵ2||vx − ϕ||2 + P 2

4ϵ2
||ϕ||2, ϵ, ϵ2 > 0.

Choosing ϵ2 := kAG−P
2

completes the proof.

Lemma 2.3.3 The functional

V3(t) := Is

∫ L

0

ψψtdx+
c2
2

∫ L

0

ψ2dx− ρI

∫ L

0

ψϕtdx+
Is(EI −K)

GJ − P (Is/µ)

∫ L

0

ψtϕdx

verifies the estimate

dV3(t)

dt
≤

{
Is +

(ρI)2

4ϵ
+

[
(EI −K)

]2
4ϵ
[
GJ − P (Is/µ)

]2(I2s + c22

)}
||ψt||2

−
[GJ − P (Is/µ)−K

2

]
||ψx||2 + 2ϵ||ϕt||2 +

(kAG)2Cp

2
[
GJ − P (Is/µ)−K

] ||vx − ϕ||2

−

{
K(EI −K)

GJ − P (Is/µ)
− ϵCp

}
||ϕx||2, ϵ > 0, t ≥ 0. (2.46)

Proof. Direct computation, with the help of the first and the third equation

(2.21), leads to

dV3(t)

dt
= Is||ψt||2 +

∫ L

0

ψ

{[
GJ − P (Is/µ)

]
ψxx +Kϕxx − c2ψt

}
dx+ c2

∫ L

0

ψψtdx

− ρI

∫ L

0

ψtϕtdx+

∫ L

0

ψ

[
− EIϕxx − kAG(vx − ϕ)−Kψxx

]
dx+

Is(EI −K)

GJ − P (Is/µ)

×
∫ L

0

ψtϕtdx+
EI −K

GJ − P (Is/µ)

∫ L

0

ϕ

{[
GJ − P (Is/µ)

]
ψxx +Kϕxx − c2ψt

}
dx.
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The identity to come is derived from integrating by parts

dV3(t)

dt
= Is||ψt||2 −

[
GJ − P (Is/µ)

]
||ψx||2 −K

∫ L

0

ψxϕxdx− ρI

∫ L

0

ψtϕtdx

+ EI

∫ L

0

ψxϕxdx− kAG

∫ L

0

ψ(vx − ϕ)dx+K||ψx||2 +
Is(EI −K)

GJ − P (Is/µ)

∫ L

0

ψtϕtdx

− (EI −K)

∫ L

0

ϕxψxdx−
K(EI −K)

GJ − P (Is/µ)
||ϕx||2 −

c2(EI −K)

GJ − P (Is/µ)

∫ L

0

ϕψtdx

and the next one from an application of Poincaré and Young’s inequality

dV3(t)

dt
≤ Is||ψt||2 −

[
GJ − P (Is/µ)

]
||ψx||2 +

(ρI)2

4ϵ
||ψt||2 + ϵ||ϕt||2

+
(kAG)2

4ϵ3
||vx − ϕ||2 + ϵ3Cp||ψx||2 +K||ψx||2 +

[
Is(EI −K)

]2
4ϵ
[
GJ − P (Is/µ)

]2 ||ψt||2 + ϵ||ϕt||2

− K(EI −K)

GJ − P (Is/µ)
||ϕx||2 +

[
c2(EI −K)

]2
4
[
GJ − P (Is/µ)

]2
ϵ
||ψt||2 + ϵCp||ϕx||2, ϵ, ϵ3 > 0, t ≥ 0.

Choosing ϵ3 := GJ−P (Is/µ)−K
2Cp

leads to the desired result.

Define

M1 :=
GJ − P (Is/µ)−K

GJ − P (Is/µ)
, M2 :=

kAG− P

kAG
(2.47)

and assume

C2
pP

2 < 2M1M
2
2K(EI −K). (2.48)

Before presenting the main results in this section, we recall the conditions specified

in (2.15) and (2.20), that is

P < min
{
P∗,

GJ

Is
µ

}
, K < GJ − P (Is/µ), K < EI. (2.49)
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Theorem 2.3.4 Let (ϕ, v, ψ) be the solution of system (2.21) subject to the con-

ditions (2.49) and (2.48). Then, the functional E(t) (and thereafter the classical

energy) decays exponentially as time goes to infinity, that is there are two positive

constants C and ξ independent of the initial data and t such that

E(t) ≤ CE(0)e−ξt, ∀t ≥ 0.

Remark 2.3.5 It should be noticed that the system is exponentially stable regard-

less of the sign of P.

Proof. To begin with, it is practical to construct the functional

L(t) := NE(t) +
3∑
i=1

λiVi(t)

where N and λi, i = 1, 2, 3 will be determined in the course of the demonstration.

Having in mind the previous Lemmas 2.3.1, 2.3.2, and 2.3.3, it appears that

dL(t)
dt

≤ A1||vt||2 + A2||ψt||2 + A3||ϕt||2 + A4||ϕx||2 + A5||ψx||2 + A6||vx − ϕ||2

− ϵ1||vx||2 + ϵ1||vx − ϕ+ ϕ||2 − ϵ2||ϕ||2 + ϵ2||ϕ||2

≤ A1||vt||2 + A2||ψt||2 + A3||ϕt||2 + A4||ϕx||2 + A5||ψx||2 +
(
A6 + 2ϵ1c

)
||vx − ϕ||2

−
(
ϵ2 − 2ϵ1c

)
|ϕ||2 − ϵ1||vx||2 + ϵ2||ϕ||2
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where

A1 := −c1N +

[
(µ2 + c21)

4ϵ
+ µ

]
λ2,

A2 := −c2N +

{
Is +

(ρI)2

4ϵ
+

[
(EI −K)

]2
4ϵ
[
GJ − P (Is/µ)

]2(I2s + c22

)}
λ3,

A3 := −ρIλ1 +
L2

2
ϵλ2 + 2ϵλ3,

A4 :=

[
EI +

kAGCp
2

+
K

2

]
λ1 + Cp

[
ϵ+

P 2

2(kAG− P )

]
λ2

−

{
K(EI −K)

GJ − P (Is/µ)
− ϵCp

}
λ3,

A5 :=
K

2
λ1 −

[
GJ − P (Is/µ)−K

2

]
λ3,

A6 :=
kAG

2
λ1 −

[
kAG− P

2

]
λ2 +

(kAG)2Cp

2
[
GJ − P (Is/µ)−K

]λ3.
Taking N large enough in A1, A2 allows ϵ to be chosen as small as we wish.

Consequently, the coefficient A3 is negative. For the other coefficients (to be

negative), we need to select the different involved parameters in such a manner

that 

[
EI + kAGCp

2
+ K

2

]
λ1 + Cp

P 2

2[kAG−P ]
λ2 <

K(EI−K)
GJ−P (Is/µ)

λ3,

Kλ1 <
[
GJ − P (Is/µ)−K

]
λ3,

kAGλ1 +
(kAG)2Cp[

GJ−P (Is/µ)−K
]λ3 < (kAG− P

)
λ2.
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Clearly, λ1 may be picked small enough and hence we need to focus only with


CpP 2

2[kAG−P ]
λ2 <

K(EI−K)
GJ−P (Is/µ)

λ3,

(kAG)2Cp

GJ−P (Is/µ)−Kλ3 <
(
kAG− P

)
λ2.

The above system of inequalities necessitates

(
CpP

2

2[kAG− P ]

)(
(kAG)2Cp[

GJ − P (Is/µ)−K
]) < (kAG− P )

(
K(EI −K)

GJ − P (Is/µ)

)

which may be rewritten in the form

C2
pP

2 < 2

(
GJ − P (Is/µ)−K

GJ − P (Is/µ)

)(
kAG− P

kAG

)2

K(EI −K). (2.50)

Recalling (2.47), that is

M1 :=
GJ − P (Is/µ)−K

GJ − P (Is/µ)
and M2 :=

kAG− P

kAG

the condition in (2.50), becomes

C2
pP

2 < 2M1M
2
2K(EI −K).

Finally, it is notable that for large EI or small P , we get the needed result.

Remark 2.3.6 In the case P < 0, we note that M1M
2
2 is bigger than in the case

P > 0. Hence the condition takes place (range is bigger).
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2.4 Special Case: Absence of Axial Load

This section deals with the absence of axial forces and any kind of damping in the

first component. Namely, of interest is the problem



ρIϕtt − EIϕxx − kAG(vx − ϕ)−Kψxx = 0,

µvtt + c1vt − kAG(vxx − ϕx) = 0,

−GJψxx −Kϕxx + Isψtt + c2ψt = 0,

ϕ(0, t) = ϕ(L, t) = vx(0, t) = vx(L, t) = ψ(0, t) = ψ(L, t) = 0,

ϕ(x, 0) = ϕ0(x), ϕt(x, 0) = ϕ1(x), v(x, 0) = v0(x), vt(x, 0) = v1(x),

ψ(x, 0) = ψ0(x), ψt(x, 0) = ψ1(x).

(2.51)

The energy functional we shall adopt (classical energy) is

E(t) =
1

2

∫ L

0

[
EI(ϕx)

2 + 2Kϕxψx + kAG(vx − ϕ)2 +GJ(ψx)
2 + µ(vt)

2 + Is(ψt)
2

+ ρI(ϕt)
2

]
dx. (2.52)

In order to conserve the positivity of the energy, we make the following assump-

tions:

K < EI and K < GJ. (2.53)

Recall the result already found in (2.13)

dE(t)

dt
= −c1||vt||2 − c2||ψt||2. (2.54)

76



We introduce the new functional (notice the difference with the previous one)

V1(t) := −ρI
∫ L

0

ϕϕtdx+ µ

∫ L

0

ϕ

(∫ x

0

vt(t, y)dy

)
dx, ∀t ≥ 0. (2.55)

Lemma 2.4.1 The functional V1(t) satisfies, along solutions of our problem, the

relation

dV1(t)

dt
≤ −

(
ρI − ϵ

)
||ϕt||2 +

(
EI + ϵCp +

K

4ϵ1

)
||ϕx||2 +Kϵ1||ψx||2 +

L2

4ϵ

(
µ2 + c21

)
||vt||2

where ϵ, ϵ1 > 0 and t ≥ 0.

Proof. The rate of change of V1(t) may be expressed by

dV1(t)

dt
= −ρI

∫ L

0

ϕ2
tdx−

∫ L

0

ϕ

(
EIϕxx + kAG(vx − ϕ) +Kψxx

)
dx+ µ

∫ L

0

ϕt

×
(∫ x

0

vt(t, y)dy

)
dx+

∫ L

0

ϕ

{∫ x

0

[
− c1vt(t, y) + kAG(vxx − ϕx)(t, y)dy

]}
dx

= −ρI||ϕt||2 + EI||ϕx||2 − kAG

∫ L

0

ϕ(vx − ϕ)dx+K

∫ L

0

ϕxψx dx+ µ

∫ L

0

ϕt

×
(∫ x

0

vt(t, y)dy

)
dx− c1

∫ L

0

ϕ

∫ x

0

vt(t, y)dydx+ kAG

∫ L

0

ϕ(vx − ϕ)dx.

The next relation is a simple consequence of Young’s inequality and Poincaré

inequality

dV1(t)

dt
≤ −ρI||ϕt||2 + EI||ϕx||2 +

K

4ϵ1
||ϕx||2 +Kϵ1||ψx||2 +

(
µ2

4ϵ
+
c21
4ϵ

)
∫ L

0

(∫ x

0

vt(y)dy

)2

dx+ ϵ||ϕt||2 + ϵCp||ϕx||2 (2.56)
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where ϵ > 0 and with the help of Cauchy-Schwarz inequality, it is obvious that

∫ L

0

(∫ x

0

vt(y)dy

)2

dx ≤
∫ L

0

[(∫ x

0

1dy
)(∫ x

0

v2t dy
)]
dx

≤
∫ L

0

xdx

∫ x

0

v2t dydx ≤ L

∫ L

0

v2t dx

∫ L

0

1dx ≤ L2||vt||2. (2.57)

Merging (2.57) and (2.56) finishes the demonstration.

Lemma 2.4.2 The functional

V2(t) := Is

∫ L

0

ψψtdx+
c2
2

∫ L

0

ψ2dx− ρI

∫ L

0

ψϕtdx+
Is(EI −K)

GJ

∫ L

0

ψtϕdx, ∀t ≥ 0

verifies the estimate

dV2(t)

dt
≤

{
Is +

1

4ϵ

[
(ρI)2 +

(EI −K)2

(GJ)2
(
I2s + c2

)]}
||ψt||2 −

(
GJ −K − Cpϵ2

)

× ||ψx||2 + 2ϵ||ϕt||2 +
(kAG)2

4ϵ2
||vx − ϕ||2 −

[
K(EI −K)

GJ
− Cpϵ

]
||ϕx||2 (2.58)

where ϵ, ϵ2 > 0 and t ≥ 0.

Proof. Imitating exactly the same steps as in the proof of Lemma 2.4.1, it is
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evident that

dV2(t)

dt
= Is||ψt||2 +

∫ L

0

ψ

(
GJψxx +Kϕxx − c2ψt

)
dx+ c2

∫ L

0

ψψtdx

− ρI

∫ L

0

ψtϕtdx+

∫ L

0

ψ

(
− EIϕxx − kAG(vx − ϕ)−Kψxx

)
dx

+
Is(EI −K)

GJ

∫ L

0

ψtϕtdx+
EI −K

GJ

∫ L

0

ϕ

(
GJψxx +Kϕxx − c2ψt

)
dx

= Is||ψt||2 −GJ ||ψx||2 −K

∫ L

0

ψxϕxdx− ρI

∫ L

0

ψtϕtdx

+ EI

∫ L

0

ψxϕxdx− kAG

∫ L

0

ψ(vx − ϕ)dx+K||ψx||2 +
Is(EI −K)

GJ

∫ L

0

ψtϕtdx

− (EI −K)

∫ L

0

ϕxψxdx−
K(EI −K)

GJ
||ϕx||2 −

c2(EI −K)

GJ

∫ L

0

ϕψtdx

and

dV2(t)

dt
≤ Is||ψt||2 −GJ ||ψx||2 +

(ρI)2

4ϵ
||ψt||2 + ϵ||ϕt||2 +

(kAG)2

4ϵ2
||vx − ϕ||2

+ ϵ2Cp||ψx||2 +K||ψx||2 +
[
Is(EI −K)

]2
4ϵ(GJ)2

||ψt||2 + ϵ||ϕt||2 −
K(EI −K)

GJ
||ϕx||2

+

[
c2(EI −K)

]2
4(GJ)2ϵ

||ψt||2 + ϵCp||ϕx||2

where ϵ > 0 and t ≥ 0.

Remark 2.4.3 A close look at the proof shows that the exponential stability de-

pends on the correct use of the bending torsion coupling rigidity K, which dispenses

us from the equal speeds of propagation assumption. If K = 0, we cannot get ||ϕx||2

with negative sign from V2(t), and we will be forced to assume equal speeds of prop-

agation to get it. This is not surprising because, without coupling, we are left with

the usual Timoshenko system which, as is well known, requires equal speeds of
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propagation for the exponential stability.

In preparation of our next functional, we invoke the problem


ω(x, t) = −

∫ x
0
ϕ(y, t)dy,

ω(0, t) = 0, x ∈ (0, L).

(2.59)

Lemma 2.4.4 The functional

V3(t) := µ

∫ L

0

vtωdx+ µ

∫ L

0

vvtdx+
c1
2

∫ L

0

v2dx, ∀t ≥ 0

complies with the relation

dV3(t)

dt
≤
[
1

4ϵ

(
µ2 + c21

)
+ µ

]
||vt||2 + L2ϵ||ϕt||2 + ϵCp||ϕx||2 − kAG||vx − ϕ||2

(2.60)

where ϵ > 0 and t ≥ 0.

Proof. On account of the second equation of (2.51), a mere differentiation of

V3(t) gives

dV3(t)

dt
= µ

∫ L

0

vtωtdx+

∫ L

0

ω

[
− c1vt + kAG(vxx − ϕx)

]
dx

+ µ

∫ L

0

v2t dx+

∫ L

0

v

[
− c1vt + kAG(vxx − ϕx)

]
dx+ c1

∫ L

0

vvtdx

=µ

∫ L

0

vtωtdx− c1

∫ L

0

ωvtdx+ kAG

∫ L

0

ϕ(vx − ϕ)dx+ µ||vt||2

− kAG

∫ L

0

vx(vx − ϕ)dx.
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Poincaré inequality and Young’s inequality yield

dV3(t)

dt
≤ µ2

4ϵ
||vt||2 + L2ϵ||ϕt||2 +

c21
4ϵ
||vt||2 + ϵCp||ϕx||2 − kAG||vx − ϕ||2 + µ||vt||2

where ϵ > 0 and t ≥ 0. In the last step we profited from Cauchy-Schwarz inequal-

ity to derive the estimation

∫ L

0

ω2
t dx =

∫ L

0

(
−
∫ x

0

ϕt(y, t)dy

)2

dx ≤
∫ L

0

[(∫ x

0

1dy
)(∫ x

0

ϕ2dy
)]
dx

≤
∫ L

0

xdx

∫ x

0

ϕ2
tdydx ≤ L

∫ L

0

ϕ2
tdx

∫ L

0

1dx ≤ L2||ϕt||2. (2.61)

The proof is now complete.

Theorem 2.4.5 Under the condition (2.53), the functional E(t) (and subse-

quently the classical energy) of system (2.51) decays exponentially as time goes to

infinity, that is there are two positive constants C and ξ independent of the initial

data and t such that

E(t) ≤ CE(0)e−ξt, ∀t ≥ 0.

Proof. The functional we will rely on is

L(t) := NE(t) +
3∑
i=1

λiVi(t), t ≥ 0

where N and λi, i = 1, 2, 3 will be determined in the course of the proof. Com-

81



bining the previous Lemmas 2.4.1, 2.4.2 and 2.4.4, we effortlessly find

dL(t)
dt

≤ A1||vt||2 + A2||ψt||2 + A3||ϕt||2 + A4||ϕx||2 + A5||ψx||2 + A6||vx − ϕ||2

with

A1 := −c1N +
L2

4ϵ

(
µ2 + c21

)
λ1 +

(
µ2 + c21

4ϵ
+ µ

)
λ3,

A2 := −c2N +

{
Is +

1

4ϵ

[
(ρI)2 +

(EI −K)2

(GJ)2
(
I2s + c2

)]}
λ2,

A3 := −
(
ρI − ϵ

)
λ1 + 2ϵλ2 + ϵL2λ3,

A4 :=

(
EI + ϵCp +

K

4ϵ1

)
λ1 −

[
K(EI −K)

GJ
− ϵCp

]
λ2 + ϵCpλ3,

A5 := Kϵ1λ1 −
(
GJ − ϵ2Cp −K

)
λ2,

A6 :=
(kAG)2

4ϵ2
λ2 − kAGλ3.

Observe that a large value of N in A1, A2 allows us to ignore ϵ at this stage. On

the same occasion, we postpone dealing with A3 (as we can manage to have it

negative). Regarding the remaining conditions



(
EI + K

4ϵ1

)
λ1 <

K(EI−K)
GJ

λ2,

Kϵ1λ1 <
(
GJ − ϵ2Cp −K

)
λ2,

(kAG)2

4ϵ2
λ2 < kAGλ3,

it is clear that we can pick λ1 small and then λ3 large. The latter observation
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opens the door for ϵ2 to be small. The fact that K < EI and K < GJ permits

us to conclude.
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CHAPTER 3

BENDING TORSION

PROBLEM WITHOUT

DAMPING IN THE BENDING

COMPONENT

In this chapter, we shall delve into a new situation where there is no damping in the

second component. This means we omit the frictional damping which was active

in the bending component in the originally derived model. After formulating the

problem in an abstract setting and invoking an existence and uniqueness result,

we center our goal towards the stability of the system.
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3.1 Well-Posedness of the Problem

Here, in this section we investigate the existence and uniqueness of solutions to a

Timoshenko beam subject to torsional as well as axial effects. The original model

(1.1) is released from the damping in the bending component, namely



ρIϕtt + c3ϕt − EIϕxx − kAG(vx − ϕ)−Kψxx = 0,

µvtt −
[
kAG− P

]
(vxx − ϕx) + Pϕx = 0,

−
[
GJ − P (Is/µ)

]
ψxx −Kϕxx + Isψtt + c2ψt = 0,

ϕ(0, t) = ϕ(L, t) = vx(0, t) = vx(L, t) = ψ(0, t) = ψ(L, t) = 0,

ϕ(x, 0) = ϕ0(x), ϕt(x, 0) = ϕ1(x), v(x, 0) = v0(x), vt(x, 0) = v1(x),

ψ(x, 0) = ψ0(x), ψt(x, 0) = ψ1(x).

(3.1)

For this purpose, the instrumental tool is the semi-group theory. Beforehand (as

in the previous problem), we make the change of function

v̄(x, t) := v(x, t)− 1

L

∫ L

0

v(x, t)dx, x ∈ [0, L], t ≥ 0. (3.2)

The advantage of this new function is that its mean is equal to zero, i.e

∫ L

0

v̄(x, t)dx = 0, t ≥ 0.
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Effortlessly, one can check that this new function satisfies the same equation and

the whole system (3.1) remains unchanged. Proceeding as previously, we recall

H := H1
0 (0, L)× L2(0, L)×H1

∗ (0, L)× L2
∗(0, L)×H1

0 (0, L)× L2(0, L)

as in (2.25), (2.26) which we equip with the inner product (2.27) and the norm

(2.28). For the vector U = (ϕ, u, v, w, ψ, z)T , with u = ϕt, w = vt, z = ψt, we can

remodel problem (3.1) as


d
dt
U(t) = AU(t), ∀t ≥ 0,

U(0) = U0 = (ϕ0, ϕ1, v0, v1, ψ0, ψ1)
T .

(3.3)

The operator A takes the form

AU =



0 I 0 0 0 0

EI
ρI
D2 − kAG

ρI
− c3

ρI
kAG
ρI
D 0 K

ρI
D2 0

0 0 0 I 0 0

−kAG
µ
D 0 kAG−P

µ
D2 0 0 0

0 0 0 0 0 I

K
Is
D2 0 0 0 GJ−P (Is/µ)

Is
D2 − c2

Is





ϕ

u

v

w

ψ

z


(3.4)
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that is

AU =



u

− c3
ρI
ϕt +

EI
ρI
ϕxx +

kAG
ρI

(vx − ϕ) + K
ρI
ψxx

w

kAG
µ

(vx − ϕ)x − P
µ
vxx

z

K
Is
ϕxx +

GJ−P (Is/µ)
Is

ψxx − c2
Is
ψt



(3.5)

with domain

D(A) :=

{
U ∈ H

∣∣ϕ, ψ ∈ H2(0, L) ∩H1
0 (0, L), v ∈ H2

∗ (0, L),

u, z ∈ H1
0 (0, L), w ∈ H1

∗ (0, L)

}
.

Recall, the condition (2.49), that is

P < min
{
P∗,

GJ

Is
µ

}
, K < GJ − P (Is/µ), K < EI. (3.6)

Our existence and uniqueness result reads as follows

Theorem 3.1.1 Let U0 ∈ H and (3.6) holds, then there exists a unique solution

U ∈ C(R+,H) to the problem (3.1). Furthermore, if U0 ∈ D(A), then we have a

unique solution U ∈ C
(
R+,D(A)

)
∩ C1

(
R+,H

)
.

The proof is similar to that of Theorem 2.2.1.
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3.2 Stability of the Structure

In this section, we focus our attention on the stability of system (3.1), and the

decay rate of the energy associated with the system. Our main tool is the mul-

tiplier method. We achieve stability enjoying an exponential speeds in the case

η2 = 0 where

η2 :=

(
EI

ρI
− kAG− P

µ

)(
GJ − P (Is/µ)

Is
− kAG− P

µ

)
− K2

ρIIs
.

This condition reminds us of a similar condition found in the literature [27]. In

case K = 0 (no coupling of the system with the torsional equation), we recover

the conventional equal speeds of propagation assumption.

3.2.1 Exponential Stability

As usual, selecting an appropriate Lyapunov functional relies on a careful choice

of the multipliers. Actually, this is the essence of the energy method. In this

subsection, we shall build such a Lyapunov functional with the aim to reach an

exponential decay of the energy functional (modified classical energy). We begin

with the functional

E1(t) =
1

2

∫ L

0

{
EI(ϕx)

2 + 2Kϕxψx +
(
kAG− P

)
(vx − ϕ)2 − 2Pvxϕ+ Pϕ2

+

[
GJ − P (Is/µ)

]
(ψx)

2 + µ(vt)
2 + Is(ψt)

2 + ρI(ϕt)
2

}
dx. (3.7)
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Owing to (2.13), we see that

dE1(t)

dt
= −c3||ϕt||2 − c2||ψt||2, t ≥ 0. (3.8)

Our first target is coming up with the term −||ϕx||2. For that we introduce our

first functional

V1(t) := ρI

∫ L

0

ϕϕtdx+
c3
2

∫ L

0

ϕ2dx− µkAG

(kAG− P )

∫ L

0

ϕ

(∫ x

0

vt(t, y)dy

)
dx, ∀t ≥ 0.

Lemma 3.2.1 The functional V1(t) satisfies, along solutions of our problem, the

relation

dV1(t)

dt
≤
[
ρI +

µ2(kAG)2

4ϵ(kAG− P )2

]
||ϕt||2 −

(
EI

2
− PkAGCp
kAG− P

)
||ϕx||2 +

K2

2EI
||ψx||2

+
ϵL2

2
||vt||2 (3.9)

where ϵ > 0 and t ≥ 0.
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Proof. It is straightforward to come up with the identity

dV1(t)

dt
= ρI||ϕt||2 +

∫ L

0

ϕ

[
− c3ϕt + EIϕxx + kAG(vx − ϕ) +Kψxx

]
dx

+ c3

∫ L

0

ϕϕtdx−
µkAG

kAG− P

∫ L

0

ϕt

(∫ x

0

vt(t, y)dy

)
dx

− kAG

kAG− P

∫ L

0

ϕ

∫ x

0

[(
kAG− P

)
(vxx − ϕx)(t, y)dy − Pϕx(t, y)dy

]
dx

= ρI||ϕt||2 − EI||ϕx||2 + kAG

∫ L

0

ϕ(vx − ϕ)dx−K

∫ L

0

ϕxψxdx

− µkAG

kAG− P

∫ L

0

ϕt

(∫ x

0

vt(t, y)dy

)
dx− kAG

∫ L

0

ϕ(vx − ϕ)dx+
PkAG

kAG− P
||ϕ||2.

The assistance of Young’s inequality and Poincaré inequality, ensures that

dV1(t)

dt
≤ ρI||ϕt||2 − EI||ϕx||2 +

EI

2
||ϕx||2 +

K2

2EI
||ψx||2

+
µ2(kAG)2

4ϵ(kAG− P )2
||ϕt||2 + ϵ

∫ L

0

(∫ x

0

vt(y)dy

)2

dx+
PkAGCp
kAG− P

||ϕx||2, ϵ > 0.

(3.10)

This relation (3.10) together with the fact below

∫ L

0

(∫ x

0

vt(y)dy

)2

dx ≤
∫ L

0

[(∫ x

0

1dy
)(∫ x

0

v2t dy
)]
dx

≤
∫ L

0

x

∫ x

0

v2t dydx ≤
∫ L

0

v2t dx

∫ L

0

xdx ≤ L2

2
||vt||2

(3.11)

guarantees the sought estimation (3.9) in the statement of the lemma.
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Lemma 3.2.2 The functional

V2(t) := −µ
∫ L

0

vtvdx, ∀t ≥ 0

enjoys the property

dV2(t)

dt
≤ −µ||vt||2 +

3kAG− 2P

2
||vx − ϕ||2 + kAG

2
||ϕx||2 − P ||ϕ||2, t ≥ 0.

(3.12)

Proof. Multiple use of integration by parts leads to

dV2(t)

dt
= −µ||vt||2 − µ

∫ L

0

vttvdx

= −µ||vt||2 −
∫ L

0

v

[(
kAG− P

)
(vx − ϕ)x − Pϕx

]
dx

= −µ||vt||2 +
(
kAG− P

) ∫ L

0

vx(vx − ϕ)dx− P

∫ L

0

vxϕdx

= −µ||vt||2 +
(
kAG− P

) ∫ L

0

(vx − ϕ+ ϕ)(vx − ϕ)dx− P

∫ L

0

(vx − ϕ+ ϕ)ϕdx

= −µ||vt||2 +
(
kAG− P

)
||vx − ϕ||2 +

(
kAG− P

) ∫ L

0

ϕ(vx − ϕ)dx

− P

∫ L

0

(vx − ϕ)ϕdx− P ||ϕ||2

followed by Young’s inequality and Poincaré inequality, we may arrive at

dV2(t)

dt
≤ −µ||vt||2 +

(
kAG− P

)
||vx − ϕ||2 +

(
kAG− P

)
Cp

2
||ϕx||2

+

(
kAG− P

)
2

||vx − ϕ||2 + P

2
||vx − ϕ||2 + PCp

2
||ϕx||2 − P ||ϕ||2.
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The coming lemma is valid under the assumption

η2 :=

(
EI

ρI
− kAG− P

µ

)(
GJ − P (Is/µ)

Is
− kAG− P

µ

)
− K2

ρIIs
= 0. (3.13)

To avoid a cumbersome presentation, we incorporate the notation

M3 :=
µ

kAG− P

[(
EI

ρI
− kAG− P

µ

)(
GJ − P (Is/µ)

K

)
− K

ρI

]

and

M4 :=
Is
K

(
EI

ρI
− kAG− P

µ

)
.

Lemma 3.2.3 Assuming that (3.13) is met, the functional

V3(t) : = −
∫ L

0

(vx − ϕ)ϕtdx−
∫ L

0

ϕxvtdx+M3

∫ L

0

ψxvtdx+M4

∫ L

0

(vx − ϕ)ψtdx

possesses the property

dV3(t)

dt
≤
[

c23
4ϵ(ρI)2

+ 1 + ϵ

]
||ϕt||2 −

(
kAG

ρI
− 2ϵ

)
||vx − ϕ||2 + P

µ

(
1 +

|M3|
2

)
||ϕx||2

+
P |M3|
2µ

||ψx||2 +
1

4ϵI2s
M2

4

(
I2s + c22

)
||ψt||2 (3.14)

where ϵ > 0, t ≥ 0.

Some immediate remarks are in order.
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Remark 3.2.4 1. From the condition (3.13), we must have that

kAG− P

µ
>
GJ − P (Is/µ)

Is
and kAG− P

µ
>
EI

ρI

as supported by the numerical example in the paper [49] or

kAG− P

µ
<
GJ − P (Is/µ)

Is
and kAG− P

µ
<
EI

ρI
.

2. If K = 0, then we infer from the condition η2 = 0 in (3.13), that either

EI

ρI
=
kAG− P

µ

(we recover therefore the equal speeds of propagation for the classical Tim-

oshenko system used in the already published papers to show exponential

stability) and/or
kAG− P

µ
=
GJ − P (Is/µ)

Is

meaning that the second and third equations in (3.1) have equal speeds of

propagation. Remarkably, it is not necessary that the speeds of propagation

of the first and the third equation be the same unless both terms in (3.13)

vanish in which case all speeds of propagation are identical.

Proof. [Proof of Lemma 3.2.3] On account of system (3.1) we can easily see
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that

dV3(t)

dt
= −

∫ L

0

(vx − ϕ)tϕtdx−
1

ρI

∫ L

0

(vx − ϕ)

[
− c3ϕt + EIϕxx + kAG(vx − ϕ)

+Kψxx

]
dx−

∫ L

0

ϕxtvtdx−
1

µ

∫ L

0

ϕx

[
(kAG− P )(vx − ϕ)x − Pϕx

]
dx

+
µ

kAG− P

[(
EI

ρI
− kAG− P

µ

)(
GJ − P (Is/µ)

K

)
− K

ρI

] ∫ L

0

ψxtvtdx

+
1

kAG− P

[(
EI

ρI
− kAG− P

µ

)(
GJ − P (Is/µ)

K

)
− K

ρI

] ∫ L

0

ψx

×
[
(kAG− P )(vx − ϕ)x − Pϕx

]
dx+

Is
K

(
EI

ρI
− kAG− P

µ

)∫ L

0

(vx − ϕ)tψtdx

+
1

K

(
EI

ρI
− kAG− P

µ

)∫ L

0

(vx − ϕ)

[(
GJ − P (Is/µ)

)
ψxx +Kϕxx − c2ψt

]
dx.

Therefore

dV3(t)

dt
= −

∫ L

0

vxtϕtdx+ ||ϕt||2 −
c3
ρI

∫ L

0

(vx − ϕ)ϕtdx−
EI

ρI

∫ L

0

ϕxx(vx − ϕ)dx

− kAG

ρI
||vx − ϕ||2 − K

ρI

∫ L

0

(vx − ϕ)ψxxdx+

∫ L

0

ϕtvxtdx+
kAG− P

µ

∫ L

0

ϕxx

× (vx − ϕ)dx+
P

µ
||ϕx||2 −

µ

kAG− P

[(
EI

ρI
− kAG− P

µ

)(
GJ − P (Is/µ)

K

)
− K

ρI

]
×
∫ L

0

ψtvxtdx−
[(

EI

ρI
− kAG− P

µ

)(
GJ − P (Is/µ)

K

)
− K

ρI

] ∫ L

0

ψxx(vx − ϕ)dx

− P

kAG− P

[(
EI

ρI
− kAG− P

µ

)(
GJ − P (Is/µ)

K

)
− K

ρI

] ∫ L

0

ψxϕxdx

+
Is
K

(
EI

ρI
− kAG− P

µ

)∫ L

0

ψtvxtdx−
Is
K

(
EI

ρI
− kAG− P

µ

)∫ L

0

ϕtψtdx

+
GJ − P (Is/µ)

K

(
EI

ρI
− kAG− P

µ

)∫ L

0

ψxx(vx − ϕ)dx+

(
EI

ρI
− kAG− P

µ

)
×
∫ L

0

ϕxx(vx − ϕ)dx− c2
K

(
EI

ρI
− kAG− P

µ

)∫ L

0

(vx − ϕ)ψtdx
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or, after arranging things

dV3(t)

dt
= ||ϕt||2 −

c3
ρI

∫ L

0

(vx − ϕ)ϕtdx−
kAG

ρI
||vx − ϕ||2 + P

µ
||ϕx||2

−
{

µ

kAG− P

[(
EI

ρI
− kAG− P

µ

)(
GJ − P (Is/µ)

K

)
− K

ρI

]
− Is
K

(
EI

ρI
− kAG− P

µ

)}∫ L

0

ψtvxtdx

− P

kAG− P

[(
EI

ρI
− kAG− P

µ

)(
GJ − P (Is/µ)

K

)
− K

ρI

] ∫ L

0

ψxϕxdx

− Is
K

(
EI

ρI
− kAG− P

µ

)∫ L

0

ϕtψtdx−
c2
K

(
EI

ρI
− kAG− P

µ

)∫ L

0

(vx − ϕ)ψtdx.

It is readily seen that the evaluation below is true

dV3(t)

dt
≤ ||ϕt||2 +

c23
4ϵ(ρI)2

||ϕt||2 + ϵ||vx − ϕ||2 − kAG

ρI
||vx − ϕ||2 + P

µ
||ϕx||2

+
P |M3|
2µ

||ϕx||2 +
P |M3|
2µ

||ψx||2 +
1

4ϵ

[
Is
K

(
EI

ρI
− kAG− P

µ

)]2
||ψt||2 + ϵ||ϕt||2

+
1

4ϵ

[
c2
K

(
EI

ρI
− kAG− P

µ

)]2
||ψt||2 + ϵ||vx − ϕ||2

where ϵ > 0 for t > 0 and profiting from η2 = 0. Some simple elementary oper-

ations show that the aforementioned expression is actually our η2 defined before

the Lemma 3.2.3, in (3.13) i.e.

η2 =

(
EI

ρI
− kAG− P

µ

)[
GJ − P (Is/µ)

Is
− kAG− P

µ

]
− K2

ρIIs
.

Our next functional will supply −||ψx||2.

95



Lemma 3.2.5 The functional

V4(t) := Is

∫ L

0

ψψtdx+
c2
2

∫ L

0

ψ2dx, ∀t ≥ 0

verifies the estimate

dV4(t)

dt
≤ Is||ψt||2 −

[
GJ − P (Is/µ)

2

]
||ψx||2 +

K2

2
[
GJ − P (Is/µ)

] ||ϕx||2, t ≥ 0.

(3.15)

Proof. A simple application of integration by parts and Young’s inequality

yields for t ≥ 0

dV4(t)

dt
= Is||ψt||2 +

∫ L

0

ψ

[(
GJ − P (Is/µ)

)
ψxx +Kϕxx − c2ψt

]
dx+ c2

∫ L

0

ψψtdx

= Is||ψt||2 −
[
GJ − P (Is/µ)

]
||ψx||2 −K

∫ L

0

ψxϕxdx

≤ Is||ψt||2 −
[
GJ − P (Is/µ)

]
||ψx||2 +

[
GJ − P (Is/µ)

2

]
||ψx||2

+
K2

2
[
GJ − P (Is/µ)

] ||ϕx||2.

Theorem 3.2.6 Assume that η2 = 0 and (3.6) holds. Then we have exponential

decay of the energy provided that 2K ≥ EI. When 2K < EI, we assume further

that

P <
kAGEI

2kAGCp + EI
.
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Proof. Assembling the previously introduced four functionals together with

E1(t) in one functional as

L1(t) := NE1(t) +
4∑
i=1

λiVi(t) (3.16)

where N and λi, i = 1, 2, 3, 4 will be determined as we go along with the proof

and utilizing the previous relations (3.9), (3.12), (3.14) and (3.15), we obatin

dL1(t)

dt
≤ A1||ϕt||2 + A2||ψt||2 + A3||vt||2 + A4||ϕx||2 + A5||ψx||2 + A6||vx − ϕ||2 − Pλ2||ϕ||2

where

A1 := −c3N +

[
ρI +

µ2(kAG)2

4ϵ(kAG− P )2

]
λ1 +

[
c23

4ϵ(ρI)2
+ 1 + ϵ

]
λ3,

A2 := −c2N +
1

4ϵI2s
M2

4

(
I2s + c22

)
λ3 + Isλ4,

A3 :=
ϵL2

2
λ1 − µλ2,

A4 := −
(
EI

2
− PkAGCp
kAG− P

)
λ1 +

kAG

2
λ2 +

P

µ

(
1 +

M3

2

)
λ3 +

K2

2
[
GJ − P (Is/µ)

]λ4,
A5 :=

K2

2EI
λ1 +

PM3

2µ
λ3 −

[
GJ − P (Is/µ)

2

]
λ4,

A6 :=

(
3kAG− 2P

)
2

λ2 −
(
kAG

ρI
− 2ϵ

)
λ3.

We realize that for a considerably large value of N , permitting ϵ to be small, the

coefficients A1 and A2 may be made negative. Consequently, the coefficient A3

may be considered negative as well. For the other coefficients (to be negative),
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we need to select the parameters there in a way that



kAG
2
λ2 +

P
µ

(
1 + M3

2

)
λ3 +

K2

2
[
GJ−P (Is/µ)

]λ4 < (EI
2
− PkAGCp

kAG−P

)
λ1,

K2

2EI
λ1 +

PM3

2µ
λ3 <

[
GJ−P (Is/µ)

2

]
λ4,(

3kAG−2P
)

2
λ2 <

kAG
ρI
λ3.

A quick glimpse at these inequalities reveals that taking λ2 small enough will

simplify them to


P
µ

(
1 + M3

2

)
λ3 +

K2

2
[
GJ−P (Is/µ)

]λ4 < (EI
2
− PkAGCp

kAG−P

)
λ1,

K2

EI
λ1 +

PM3

µ
λ3 <

[
GJ − P (Is/µ)

]
λ4.

Another brief glance show that for λ3 small enough the system is simplified to


K2

2
[
GJ−P (Is/µ)

]λ4 < (EI
2
− PkAGCp

kAG−P

)
λ1,

K2

EI
λ1 <

[
GJ − P (Is/µ)

]
λ4,

which are possible if

K4

2EI
[
GJ − P (Is/µ)

] < [GJ − P (Is/µ)
][EI

2
− PkAGCp
kAG− P

]

or

K4(kAG− P ) < EI
[
GJ − P (Is/µ)

]2[
EI(kAG− P )− 2PkAGCp

]
.
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Bearing in mind the fact that K2 <
[
GJ−P (Is/µ)

]2
, it suffices that the inequality

K2(kAG− P ) < EI
[
EI(kAG− P )− 2PkAGCp

]
(3.17)

holds. Clearly, the condition (3.17) is fulfilled for negative P . Now for positive P ,

we need

EI(kAG− P )− 2PkAGCp > 0

that is

P <
kAGEI

2kAGCp + EI
. (3.18)

This condition is to be compared with one we assumed previously to keep the

energy positive in (2.18), namely

P <
(EI −K)kAG

kAGCp + (EI −K)
.

• If 2K < EI, then

EI(kAG)2Cp < 2(EI −K)Cp(kAG)
2

or after adding EI(EI −K)kAG to both sides

kAGEI
[
kAGCp + (EI −K)

]
< (EI −K)kAG

[
2kAGCp + EI

]
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leading to
kAGEI

2kAGCp + EI
<

(EI −K)kAG

kAGCp + (EI −K)
.

Hence to obtain exponential decay in this case it is enough to assume

P <
kAGEI

2kAGCp + EI
.

• If 2K ≥ EI, then

P <
(EI −K)kAG

kAGCp + (EI −K)
≤ kAGEI

2kAGCp + EI
.

which means that the condition in (3.18), is already guaranteed by the one

in (2.18) (the condition on P that makes the energy nonnegative).

Under condition (3.18) and for large EI or small (or negative) P , all the coefficients

Ai, i = 1, 2, , · · · , 6 are negative suggesting that

dL1(t)

dt
≤ −CE1(t), ∀t ≥ 0 (3.19)

for some positive constant C. In order to pass to L1(t) and subsequently to E1(t)

to conclude the exponential decay for E1(t), we need to show the equivalence

E1(t) ∼ L1(t). From the definition of V1(t), it is not difficult to demonstrate that

|V1(t)| ≤ ρIδ1||ϕ||2 +
ρI

4δ1
||ϕt||2 +

c2
2
||ϕ||2 + µkAGδ2

kAG− P
||ϕ||2 + µkAGL2

8δ2(kAG− P )
||vt||2

(3.20)
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where δ1, δ2 > 0 are the constants which stem from Young’s inequality. Likewise,

for V2(t), V3(t) and V4(t), we find

|V2(t)| ≤
µ

4δ3
||vt||2 + µδ3||v||2 ≤

µ

4δ3
||vt||2 + 2µδ3Cp||vx − ϕ||2 + 2µδ3Cp||ϕ||2

(3.21)

|V3(t)| ≤ δ4||vx − ϕ||2 + 1

4δ4
||ϕt||2 + δ5||ϕx||2 +

1

4δ5
||vt||2 + |M3|δ6||ψx||2 +

|M3|
4δ6

||vt||2

+
|M4|
4δ7

||vx − ϕ||2 + |M4|δ7||ψt||2 (3.22)

and

|V4(t)| ≤
IsCp
4δ8

||ψx||2 + Isδ8||ψt||2 +
Cpc2
2

||ψx||2 (3.23)

for any δi > 0, for i = 3, 4, 5, 6, 7, 8. Assembling (3.7), (3.20), (3.21), (3.22) and

(3.23) in

L1(t) = NE(t) +
4∑
i=1

λiVi, ∀t ≥ 0 (3.24)
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steers us directly to

L1(t) ≤
[
N

2

(
EI +K

)
+ δ5λ3

]
||ϕx||2 +

[
N

2

(
GJ − P (Is/µ) +K

)
+ |M3|δ6λ3

+
(IsCp
4δ8

+
Cpc2
2

)
λ4

]
||ψx||2 +

[
N

2

(
kAG− P

)
+ 2µδ3Cpλ2 +

(
δ4 +

|M4|
4δ7

)
λ3

]
× ||vx − ϕ||2 +NP ||vx||2 +

[
NP + 2µδ3Cpλ2 +

(
ρIδ1 +

c2
2
+

µkAGδ2
kAG− P

)
λ1

]
||ϕ||2

+

[
Nµ

2
+

µkAGL2

8δ2(kAG− P )
λ1 +

µ

4δ3
λ2 +

( |M3|
4δ6

+
1

4δ5

)
λ3

]
||vt||2

+

[
NIs
2

+ |M4|δ7λ3 + Isδ8λ4

]
||ψt||2 +

[
NρI

2
+
ρI

4δ1
λ1 +

1

4δ4
λ3

]
||ϕt||2.

This already ascertain the following part of the equivalence

L1(t) ≤ N1E1(t), ∀t ≥ 0 (3.25)

where N1 is a positive constant. On the flip side, the relations

V1(t) ≥ −ρIδ1||ϕ||2 −
ρI

4δ1
||ϕt||2 +

c2
2
||ϕ||2 − µkAGδ2

kAG− P
||ϕ||2 − µkAGL2

8δ2(kAG− P )
||vt||2

(3.26)

where δ1, δ2 > 0.

V2(t) ≥ − µ

4δ3
||vt||2 − 2µδ3Cp||vx − ϕ||2 − 2µδ3Cp||ϕ||2, δ3 > 0 (3.27)
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V3(t) ≥ −δ4||vx − ϕ||2 − 1

4δ4
||ϕt||2 − δ5||ϕx||2 −

1

4δ5
||vt||2 − |M3|δ6||ψx||2 −

|M3|
4δ6

||vt||2

− |M4|
4δ7

||vx − ϕ||2 − |M4|δ7||ψt||2, δi > 0, i = 4, · · · , 7 (3.28)

and

V4(t) ≥ −IsCp
4δ8

||ψx||2 − Isδ8||ψt||2 −
Cpc2
2

||ψx||2, δ8 > 0 (3.29)

are able to demonstrate the other relation between L1(t) and E1(t). Indeed, re-

calling that

L1(t) = NE1(t) +
4∑
i=1

λiVi, ∀t ≥ 0 (3.30)

we obviously have

L1(t) ≥
[
N

2

(
EI −K

)
− δ5λ3

]
||ϕx||2 +

[
N

2

(
GJ − P (Is/µ)−K

)
−M3δ6λ3

−
(IsCp
4δ8

+
Cpc2
2

)
λ4

]
||ψx||2 +

[
N

2

(
kAG− P

)
− 2µδ3Cp

λ 2
−
(
δ4 +

|M4|
4δ7

)
λ3

]
||vx − ϕ||2

− NP

2δ9
||vx||2 +

[
N

2
(P − Pδ9)−

(
ρIδ1 −

c2
2
+

µkAGδ2
kAG− P

)
λ1

]
||ϕ||2

+

[
Nµ

2
− µkAGL2

8δ2(kAG− P )
λ1 −

µ

4δ3
λ2 −

( |M3|
4δ6

+
1

4δ5

)
λ3

]
||vt||2

+

[
NIs
2

− |M4|δ7λ3 − Isδ8λ4

]
||ψt||2 +

[
NρI

2
− ρI

4δ1
λ1 −

1

4δ4
λ3

]
||ϕt||2.

For large N (or small lambdas λi, i = 1, · · · 4) and any values of λi, i = 1, · · · 4
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we can see that

L1(t) ≥ N2E1(t), ∀t ≥ 0 (3.31)

for some N2 positive. Combining both (3.25) and (3.31), we achieve the equiva-

lence

N2E1(t) ≤ L1(t) ≤ N1E1(t), ∀t ≥ 0.

Finally, recalling (3.19), the right side of the equivalence yields the exponential

decay of L1(t). This property is inherited by E1(t) through the left hand side of

the equivalence.

3.2.2 Polynomial Stability

In this subsection, we discuss with the case η2 ̸= 0. Passing to the second order

energy we could prove a polynomial stability

Theorem 3.2.7 Suppose η2 ̸= 0 and (3.6) holds. Then, the energy E1(t) decays

polynomially, more precisely there is positive constant C independent of the initial

data such that

E1(t) ≤ C

(
E1(0) + E2(0)

t

)
, ∀t > 0

for some E2(0) > 0 determined in the proof.
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We start by preparing the ground for the proof. Differentiating the equations in

(3.1) with respect to time, it is evident that



ρIϕttt + c3ϕtt − EIϕxxt − kAG(vxt − ϕt)−Kψxxt = 0,

µvttt −
[
kAG− P

]
(vxx − ϕx)t + Pϕxt = 0,

−
[
GJ − P (Is/µ)

]
ψxxt −Kϕxxt + Isψttt + c2ψtt = 0,

(3.32)

where (x, t) ∈ (0, L) × (0,+∞). To discuss the case η2 ̸= 0, we define the second

order modified energy by

E2(t) := E1(t, ϕt, vt, ψt) =
1

2

∫ L

0

{
EI(ϕxt)

2 + 2Kϕxtψxt +
(
kAG− P

)
(vx − ϕ)2t

− 2Pvxtϕt + Pϕ2
t +

[
GJ − P (Is/µ)

]
(ψxt)

2 + µ(vtt)
2 + Is(ψtt)

2 + ρI(ϕtt)
2

}
dx.

It is not difficult to achieve

dE2(t)

dt
= −c3||ϕtt||2 − c2||ψtt||2, t ≥ 0. (3.33)

Proof. The right functional to count on is

L2(t) := N
(
2E1(t) + E2(t)

)
+

4∑
i=1

λiVi(t).

Profiting from what we achieved earlier, we may build on to notice that there
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exists a positive constant C such that

dL2(t)

dt
≤ −CE1(t)− c3N ||ϕt||2 − c2N ||ψt||2 − c3N ||ϕtt||2 − c2N ||ψtt||2

− η2λ3

∫ L

0

ψtvxtdx. (3.34)

The last term on the right-hand side of (3.34) may be treated as follows:

− η2

∫ L

0

ψtvxtdx = −η2
∫ L

0

ψt(vx − ϕ)tdx− η2

∫ L

0

ψtϕtdx

= −η2
d

dt

∫ L

0

ψt(vx − ϕ)dx+ η2

∫ t

0

ψtt(vx − ϕ)dx− η2

∫ L

0

ψtϕtdx.

Next, soliciting Young’s inequality, we reach the inequality

−η2
∫ L

0

ψtvxtdx ≤ −η2
d

dt

∫ L

0

ψt(vx − ϕ)dx+
η22
4ϵ

(
||ψtt||2 + ||ψt||2

)
+ ϵ||vx − ϕ||2 + ϵ||ϕt||2

where ϵ > 0. The above prompt us to address the new functional

L3(t) := L2(t) + η2λ3

∫ L

0

ψt(vx − ϕ)dx, t ≥ 0.

From the relation (3.34), it is clear that

dL3(t)

dt
≤ −C2E1(t)− c3N ||ϕt||2 − c2N ||ψt||2 − c3N ||ϕtt||2 − c2N ||ψtt||2

+
η22
4ϵ

(
||ψtt||2 + ||ψt||2

)
+ ϵ||vx − ϕ||2 + ϵ||ϕt||2, t ≥ 0.
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For small enough ϵ and large N , we see that

dL3(t)

dt
≤ −C3E1(t), C3 > 0.

It suffices now to integrate the above relation over (0, t), keeping in mind that

E1(t) is not increasing, to remark that

tE1(t) ≤
∫ t

0

E1(s)ds ≤ C3

(
L3(0)− L3(t)

)
≤ C3L3(0).

Finally, we conclude that

E1(t) ≤ C

(
E1(0) + E2(0)

t

)
, ∀t > 0, C > 0.

3.3 Special Case: Absence of Axial Load

In this subsection, we shall also place ourselves in a more economic and less

complicated situation by disposing of the frictional damping in the bending com-

ponent. In addition, we examine the case where there is no axial loading. The

torsion equation will consequently be coupled only with the rotation caused by

the bending. We study the Timoshenko system (2.1), with P = 0 and c1 = 0 that
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is



ρIϕtt + c3ϕt − EIϕxx − kAG(vx − ϕ)−Kψxx = 0,

µvtt − kAG(vxx − ϕx) = 0,

−GJψxx −Kϕxx + Isψtt + c2ψt = 0,

ϕ(0, t) = ϕ(L, t) = vx(0, t) = vx(L, t) = ψ(0, t) = ψ(L, t) = 0,

ϕ(x, 0) = ϕ0(x), ϕt(x, 0) = ϕ1(x), v(x, 0) = v0(x), vt(x, 0) = v1(x),

ψ(x, 0) = ψ0(x), ψt(x, 0) = ψ1(x).

(3.35)

By virtue of the above assumption, the load P is equal to zero and thereupon the

energy functional E1(t) in (3.7) reduces to

E1(t) =
1

2

∫ L

0

[
EI(ϕx)

2 + 2Kϕxψx + kAG(vx − ϕ)2 +GJ(ψx)
2 + µ(vt)

2

+ Is(ψt)
2 + ρI(ϕt)

2

]
dx, t ≥ 0. (3.36)

Remember, the condition (2.53) that keeps the positivity of the energy, that is

K < EI and K < GJ. (3.37)

Subsequently from (2.13), it appears that

dE1(t)

dt
= −c3||ϕt||2 − c2||ψt||2, t ≥ 0. (3.38)
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Prior to stating and proving the result of this section, we shall prepare a number

of lemmas where we introduce suitable functionals and estimate their derivatives.

Lemma 3.3.1 For the functional

V1(t) := Is

∫ L

0

ψψtdx+
c2
2

∫ L

0

ψ2dx− ρI

∫ L

0

ψϕtdx+
Is(EI −K)

GJ

∫ L

0

ψtϕdx, t ≥ 0

the estimate below holds

dV1(t)

dt
≤

{
Is +

1

4ϵ

[
(ρI)2 +

(EI −K)2

(GJ)2
(
I2s + c22

)]}
||ψt||2

−
(
GJ −K − ϵCp − kAGCpϵ2

)
||ψx||2 +

(
2ϵ+

c23
4ϵ

)
||ϕt||2 +

kAG

4ϵ2
||vx − ϕ||2

−
[
K(EI −K)

GJ
− Cpϵ

]
||ϕx||2, ϵ, ϵ2 > 0, t ≥ 0. (3.39)

Proof. With the first equation and the third equations of problem (3.35) in

mind, it is readily seen that

dV1(t)

dt
= Is||ψt||2 +

∫ L

0

ψ

(
GJψxx +Kϕxx − c2ψt

)
dx+ c2

∫ L

0

ψψtdx− ρI

∫ L

0

ψtϕtdx

+

∫ L

0

ψ

(
c3ϕt − EIϕxx − kAG(vx − ϕ)−Kψxx

)
dx+

Is(EI −K)

GJ

∫ L

0

ψtϕtdx

+
(EI −K)

GJ

∫ L

0

ϕ

(
GJψxx +Kϕxx − c2ψt

)
dx

= Is||ψt||2 −GJ ||ψx||2 −K

∫ L

0

ψxϕxdx− ρI

∫ L

0

ψtϕtdx+ c3

∫ L

0

ψϕtdx

+ EI

∫ L

0

ψxϕxdx− kAG

∫ L

0

ψ(vx − ϕ)dx+K||ψx||2 +
Is(EI −K)

GJ

∫ L

0

ψtϕtdx

− (EI −K)

∫ L

0

ϕxψxdx−
K(EI −K)

GJ
||ϕx||2 −

c2(EI −K)

GJ

∫ L

0

ϕψt dx.
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Thanks to Young’s inequality and Poincaré inequality, we immediately secure the

estimation

dV1(t)

dt
≤ Is||ψt||2 −GJ ||ψx||2 +

(ρI)2

4ϵ
||ψt||2 + ϵ||ϕt||2 +

c23
4ϵ
||ϕt||2 + ϵCp||ψx||2

+
kAG

4ϵ2
||vx − ϕ||2 + kAGϵ2Cp||ψx||2 +K||ψx||2 +

[
Is(EI −K)

]2
4ϵ(GJ)2

||ψt||2 + ϵ||ϕt||2

− K(EI −K)

GJ
||ϕx||2 +

[
c2(EI −K)

]2
4(GJ)2ϵ

||ψt||2 + ϵCp||ϕx||2, ϵ > 0, t ≥ 0.

To end the proof, it suffices to arrange the terms.

The second functional is crucial as it compensates the lack of damping we inten-

tionally disposed of without affecting negatively the overall computation.

Lemma 3.3.2 The functional

V2(t) := −µ
∫ L

0

vtvdx, ∀t ≥ 0

possesses the property below

dV2(t)

dt
≤ −µ||vt||2 +

3kAG

2
||vx − ϕ||2 + kAGCp

2
||ϕx||2, ϵ > 0, t ≥ 0. (3.40)

Proof. For solutions of our system and in particular in view of the second

equation of (3.35), using Young’s inequality and Poincaré inequality, , it is visible
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that

dV2(t)

dt
= −µ||vt||2 −

∫ L

0

v

[
kAG(vx − ϕ)x

]
dx

= −µ||vt||2 + kAG

∫ L

0

vx(vx − ϕ)dx

= −µ||vt||2 + kAG||vx − ϕ||2 + kAG

∫ L

0

ϕ(vx − ϕ)dx

≤ −µ||vt||2 +
3kAG

2
||vx − ϕ||2 + kAGCp

2
||ϕx||2.

The third functional is of great help as it supplies us with −||vx−ϕ||2. In point of

fact, such a term can be obtained by a multiplier acting on the first equation rather

than the second equation as is our present strategy. Nevertheless, several attempts

have proved fruitless by force of newly appearing terms difficult to control and

sometimes higher order terms. The reader will certainly remark the wise choice

of the different weights carefully chosen in order to dispose with a number of

undesirable terms.

Lemma 3.3.3 For solutions of our problem, the rate of change of the functional

V3(t) : = −
∫ L

0

ϕt(vx − ϕ)dx−
∫ L

0

vtϕxdx+

[
µ

ρIkAG

(
GJEI

K
−K

)
− GJ

K

]
×
∫ L

0

vtψxdx+

(
kAGIs
Kµ

)(
µEI

ρIkAG
− 1

)∫ L

0

ψt(vx − ϕ)dx, ∀t ≥ 0
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and under the condition

η1 :=

(
GJ

Is
− kAG

µ

)(
EI

ρI
− kAG

µ

)
− K2

IsρI
= 0 (3.41)

obeys the relation

dV3(t)

dt
≤
[

c23
4(ρI)2ϵ

+ ϵ+ 1

]
||ϕt||2 −

(
kAG

ρI
− 2ϵ

)
||vx − ϕ||2

+
1

4ϵ

[
c22
K2

(
EI

ρI
− kAG

µ

)2

+

(
IsEI

KρI
− kAGIs

Kµ

)2]
||ψt||2 (3.42)

where ϵ > 0 and t ≥ 0.

Remark 3.3.4 1. Observe that by virtue of the condition η1 = 0, we must

have
kAG

µ
≥ GJ

Is
and kAG

µ
≥ EI

ρI

which case is supported by the numerical example in the paper [49] or

kAG

µ
≤ GJ

Is
and kAG

µ
≤ EI

ρI

2. If K = 0, then the condition η1 in (3.41) reminds us of the equal speeds of

propagation property. The equal speeds of propagation property is between

the first and the second equations. Here it does not necessarily involves the

first and the second equation in the system. A close look shows that it can
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be between the second and the third equation delineating the torsion i.e.

µ

kAG
=

Is
GJ

.

Actually, when K = 0, the third equation becomes completely independent

of the first two equations.

3. If K = 0, the choice of V3(t) would not be possible because of the division by

K in the calculation.

Proof. [Proof of Lemma 3.3.3] On the account of the first and the second

equation in (3.35), we may write

dV3(t)

dt
= − 1

ρI

∫ L

0

[
− c3ϕt + EIϕxx + kAG(vx − ϕ) +Kψxx

]
(vx − ϕ)dx

−
∫ L

0

ϕt(vx − ϕ)tdx−
kAG

µ

∫ L

0

[
(vx − ϕ)x

]
ϕxdx−

∫ L

0

vtϕtxdx

+
kAG

µ

[
µ

ρIkAG

(
GJEI

K
−K

)
− GJ

K

] ∫ L

0

[
(vx − ϕ)x

]
ψxdx

+

[
µ

ρIkAG

(
GJEI

K
−K

)
− GJ

K

] ∫ L

0

vtψtxdx

+
1

Is

(
kAGIs
Kµ

)(
µEI

ρIkAG
− 1

)∫ L

0

[
GJψxx +Kϕxx − c2ψt

]
(vx − ϕ)dx

+

(
kAGIs
Kµ

)(
µEI

ρIkAG
− 1

)∫ L

0

ψt(vx − ϕ)tdx.
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Then, making use of integration by parts, reveals that

dV3(t)

dt
=
c3
ρI

∫ L

0

ϕt(vx − ϕ)dx− EI

ρI

∫ L

0

ϕxx(vx − ϕ)dx− kAG

ρI
||vx − ϕ||2

− K

ρI

∫ L

0

ψxx(vx − ϕ)dx−
∫ L

0

ϕtvxtdx+ ||ϕt||2 +
kAG

µ

∫ L

0

(vx − ϕ)ϕxxdx+

∫ L

0

vxtϕtdx

−
[(

GJEI

KρI
− K

ρI

)
− kAGGJ

µK

] ∫ L

0

(vx − ϕ)ψxxdx−
[

µ

ρIkAG

(
GJEI

K
−K

)
− GJ

K

]
×
∫ L

0

vxtψtdx+

(
kAGGJ

Kµ

)(
µEI

ρIkAG
− 1

)∫ L

0

ψxx(vx − ϕ)dx+

(
kAG

µ

)
×
(

µEI

ρIkAG
− 1

)∫ L

0

ϕxx(vx − ϕ)dx−
(
c2kAG

Kµ

)(
µEI

ρIkAG
− 1

)∫ L

0

ψt(vx − ϕ)dx

+

(
kAGIs
Kµ

)(
µEI

ρIkAG
− 1

)∫ L

0

ψtvxtdx−
(
kAGIs
Kµ

)(
µEI

ρIkAG
− 1

)∫ L

0

ψtϕtdx.

Therefore,

dV3(t)

dt
=
c3
ρI

∫ L

0

ϕt(vx − ϕ)dx+

[
− EI

ρI
+
kAG

µ
+
EI

ρI
− kAG

µ

] ∫ L

0

ϕxx(vx − ϕ)dx

− kAG

ρI
||vx − ϕ||2 +

[
− K

ρI
− GJEI

KρI
+
K

ρI
+
kAGGJ

µK
+
GJEI

ρIK
− kAGGJ

Kµ

]
×
∫ L

0

ψxx(vx − ϕ)dx+ ||ϕt||2 −
(
c2EI

ρIK
− c2kAG

Kµ

)∫ L

0

ψt(vx − ϕ)dx

+

[
− µJEI

ρIkAK
+

Kµ

ρIkAG
+
GJ

K
+
IsEI

ρIK
− kAGIs

Kµ

]
︸ ︷︷ ︸

η1=0

∫ L

0

ψtvxtdx (3.43)

−
(

IsEI

ρIkAG
− IskAG

Kµ

)∫ L

0

ψtϕtdx
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and thus

dV3(t)

dt
≤ c23

4(ρI)2ϵ
||ϕt||2 + ϵ||vx − ϕ||2 − kAG

ρI
||vx − ϕ||2 + ||ϕt||2 +

1

4ϵ

(
c2EI

ρIK
− c2kAG

Kµ

)2

× ||ψt||2 + ϵ||vx − ϕ||2 + 1

4ϵ

(
IsEI

KρI
− kAGIs

Kµ

)2

||ψt||2 + ϵ||ϕt||2, ϵ > 0, t ≥ 0.

In (3.43), we assumed that

− µGJEI

ρIkAGK
+

Kµ

ρIkAG
+
GJ

K
+
IsEI

ρIK
− kAGIs

Kµ
= 0

which is equivalent to

η1 =
GJ

Is

(
EI

ρI
− kAG

µ

)
− kAG

µ

(
EI

ρI
− kAG

µ

)
− K2

ρIIs
= 0.

Now, we are ready to state and prove the result of this subsection.

Theorem 3.3.5 Let η1 = 0 and (3.37) holds. The functional E1(t) (and hence

the classical energy) decays exponentially as time goes to infinity, that is, there

are two positive constants C and ξ independent of the initial data and t such that

E1(t) ≤ CE1(0)e
−ξt, ∀t ≥ 0.
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Proof. First we present our reference functional

L1(t) := NE1(t) +
3∑
i=1

λiVi(t)

where N and λi, i = 1, 2, 3 will be determined as we go along the proof. Invoking

the previous relations (3.39), (3.40) and (3.42) we end up with the shorter form

dL1(t)

dt
≤ A1||ϕt||2 + A2||ψt||2 + A3||vt||2 + A4||ϕx||2 + A5||ψx||2 + A6||vx − ϕ||2

where

A1 := −c3N +

(
2ϵ+

c23
4ϵ

)
λ1 +

[
c23

4(ρI)2ϵ
+ ϵ+ 1

]
λ3,

A2 := −c2N +

{
Is +

1

4ϵ

[
(ρI)2 +

(EI −K)2

(GJ)2
(
I2s + c22

)]}
λ1 +

1

4ϵ

[
c22
K2

(
EI

ρI
− kAG

µ

)2

+

(
IsEI

KρI
− kAGIs

Kµ

)2]
λ3,

A3 := −µλ2,

A4 := −
[
K(EI −K)

GJ
− Cpϵ

]
λ1 +

kAGCp
2

λ2,

A5 := −
(
GJ −K − ϵCp − kAGCpϵ2

)
λ1,

A6 :=
kAG

4ϵ2
λ1 +

3kAG

2
λ2 −

(
kAG

ρI
− 2ϵ

)
λ3.

Proceeding with the selection of the involved parameters, it can be noticed that

considering N large enough in A1, A2 releases the limitation on ϵ > 0. Regarding
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the rest of the coefficients we need to ascertain that



kAGCp

2
λ2 <

K(EI−K)
GJ

λ1

K + kAGCpϵ2 < GJ,

1
4ϵ2
λ1 +

3
2
λ2 <

1
ρI
λ3.

Clearly, λ3 may be picked large enough and in the same opportunity ϵ2 small

enough (recall that K < GJ). Moreover, λ2 may be selected small. The rest of

the proof is similar to the one of Theorem 3.2.6.

Absence of Axial Loading: Case of Non-Equal Speeds of Propagation

As is customary for Timoshenko beams, we shall imitate the same procedure and

upgrade the energy to the second order. This can be performed by differentiating

the equations (with respect to time) of the original system and employing suitable

multipliers. Our reference system becomes



ρIϕttt + c3ϕtt − EIϕxxt − kAG(vxt − ϕt)−Kψxxt = 0,

µvttt − kAG(vxxt − ϕxt) = 0,

−GJψxxt −Kϕxxt + Isψttt + c2ψtt = 0.

(3.44)

To discuss the case η1 ̸= 0, we define the second order energy

E2(t) := E1(t, ϕt, vt, ψt) =
1

2

∫ L

0

[
EI(ϕxt)

2 + 2Kϕxtψxt + kAG(vxt − ϕt)
2

+GJ(ψxt)
2 + µ(vtt)

2 + Is(ψtt)
2 + ρI(ϕtt)

2

]
dx, t ≥ 0.
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Then, it is not difficult to see that

dE2(t)

dt
= −c3||ϕtt||2 − c2||ψtt||2, t ≥ 0. (3.45)

Theorem 3.3.6 In case η1 ̸= 0 and under the condition (3.37), the energy E1(t)

decays polynomially, namely there is constant C independent of the initial data

such that

E1(t) ≤ C

(
E1(0) + E2(0)

t

)
, ∀t > 0.

Proof. The rate of change we shall examine is the one of the functional

L2(t) := N
(
2E1(t) + E2(t)

)
+

3∑
i=1

λiVi(t), t ≥ 0.

As usual, here N and λi > 0 will be fixed later. From the above argument η1 = 0

we know that there exists a positive constant C such that

dL2(t)

dt
≤ −CE1(t)− c3N ||ϕt||2 − c2N ||ψt||2 − c3N ||ϕtt||2 − c2N ||ψtt||2

+ η1λ3

∫ L

0

ψtvxtdx. (3.46)

Using the second equation of (3.44), we now treat the last term on the right-hand

side of (3.46) as follows:

η1

∫ L

0

ψtvxtdx = η1

∫ L

0

ψt(vx − ϕ)tdx+ η1

∫ L

0

ψtϕtdx

= η1
d

dt

∫ L

0

ψt(vx − ϕ)dx− η1

∫ t

0

ψtt(vx − ϕ)dx+ η1

∫ L

0

ψtϕtdx.
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With the assistance of Young’s inequality and imitating the steps resulting in use

of the Cauchy-Schwarz inequality and

∫ L

0

(∫ x

0

ϕt(y, t)dy

)2

dx ≤
∫ L

0

[(∫ x

0

1dy
)(∫ x

0

ϕ2
tdy
)]
dx

≤
∫ L

0

x

∫ x

0

ϕ2
tdydx ≤

∫ L

0

ϕ2
tdx

∫ L

0

xdx ≤ L2

2
||ϕt||2. (3.47)

It holds that

η1

∫ L

0

ψtvxtdx ≤ η1
d

dt

∫ L

0

ψt(vx − ϕ)dx+
η21
4ϵ

(
||ψtt||2 + ||ψt||2

)
+ ϵ||vx − ϕ||+ ϵ||ϕt||2

where ϵ > 0. A new functional is in order

L3(t) := L2(t)− η1λ3

∫ L

0

ψt(vx − ϕ)dx, t ≥ 0.

Effortlessly, we find

dL3(t)

dt
≤ −C2E1(t)− c3N ||ϕt||2 − c2N ||ψt||2 − c3N ||ϕtt||2 − c2N ||ψtt||2

+
η21
4ϵ

(
||ψtt||2 + ||ψt||2

)
+ ϵ||vx − ϕ||+ ϵ||ϕt||2, t ≥ 0.

Choosing N large enough and ϵ small, the estimation reduces to

dL3(t)

dt
≤ −C2E1(t), t ≥ 0.

It suffices now to integrate the previous relation over (0, t) and utilize the fact
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that E1(t) is nonincreasing to infer that

tE1(t) ≤
∫ t

0

E1(s)ds ≤
1

C

(
L3(0)− L3(t)

)
≤ L3(0)

C

which means

E1(t) ≤
1

C

(
E1(0) + E2(0)

t

)
, ∀t > 0.
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CHAPTER 4

STABILITY OF A NONLINEAR

FRACTIONAL TELEGRAPH

PROBLEM

In this chapter, we examine a fractional equation with an order ranging from 1

to 2. This equation can be seen as an interpolation of the heat equation and the

wave equation. The problem is characterized by a nonlinearity since it involves

a power type term. Our objective is to shed some light on the impact of the

lower order derivative and the viscoelastic term on the stability of the system.

More precisely, we explore the potential of stabilizing the system using either a

lower-order fractional term or a memory term that involves the Laplacian. We

demonstrate a global Mittag-Leffler stability result in case a fractional frictional

damping is active. We also prove a local Mittag-Leffler stability result when the

material is viscoelastic in case of ”small” relaxation functions. In contrast to the
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problems involving integer-order, remarkably the present case presents additional

significant challenges. As a matter of fact, they are expected as they are intrinsic

to the fractional derivative nature. Notably, one is faced with many difficulties

caused by their non-local character, in addition to the invalidity of some crucial

properties known in the integer case, such as the product role. We use several

properties in fractional calculus. Furthermore, we introduce new Lyapunov-type

functionals in this chapter in the multiplier technique framework.

We consider the problem (see [2])



CDα
(
CDαv(x, t)

)
+ aCDαv(x, t) + |v|γ v = ∆v(x, t)− b

∫ t
0
k(t− s)∆v(x, s)ds,

t > 0, x ∈ Ω, 1/2 < α < 1,

v(x, t) = 0, t > 0, x ∈ ∂Ω,

v(x, 0) = v0(x), x ∈ Ω.

(4.1)

Our assumptions on the kernel k are:

(K1) k ∈ L1
loc(R

+) is a nonnegative continuous function satisfying k̂(λ) = O
(
|λ|−1)

and I1−αk(t) ∈ C1([0,∞)),

RLDαk(t) ≤ −Ckk(t), t > 0

and

k̄ :=

∫ ∞

0

k(s)ds < 1
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for some positive constant Ck.

To deal with the nonlinearity we need to assume that

(K2) 0 < γ < n
n−2

− 1 = 2
n−2

if n ≥ 3 and γ > 0 if n = 1, 2.

This assumption will allow us to use the embedding H1
0 (Ω) ⊂ Lq(Ω) when 2 ≤

q ≤ 2n/(n − 2) if n ≥ 3 and q ≥ 2 if n = 1, 2. For the kernel function, it is easy

to see from Proposition 1.4.4 that

k(t) ≤ Ktα−1Eα,α(−Cktα), t ≥ 0 (4.2)

for some K > 0. In addition, Proposition 1.4.5 and Proposition 1.4.6 imply that

such kernels are summable and

∫ t

0

k(s)ds ≤ K

∫ t

0

sα−1Eα,α(−Cksα)ds = KtαEα,α+1(−Cktα) ≤ K/Ck, t > 0.

In fact, this family of functions tα−1Eα,α(−Cktα) satisfies (K1). It is also worth

noting that the arguments below are valid for initial data in H1
0 (Ω).

4.1 Well-Posedness of the Problem

It is evident that equation (4.1) can be reformulated as a system of two equations

of order α


CDαv(x, t) = w(x, t),

CDαw(x, t) = ∆v(x, t)− aw(x, t)− b
∫ t
0
k(t− s)∆v(x, s)ds− |v|γv.
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This is an advantage of using rather the sequential form of the fractional derivative.

Alternatively, in matrix form we obtain


CDαU = A1U−

∫ t
0
A2(t− s)U(s)ds+ f(t, U(t)), ∀t ≥ 0.

U(t) = (v, w)(t)

(4.3)

where the operator A1, A2 and f(t, U(t)) is defined by

A1 =

 0 I

∆ −aI

 , A2 =

 0 0

bk(t− s)∆ 0

 and f(t, U(t)) =

 0

− |v|γ (x, t)v(x, t)

 .

Note that, if v′(t) is continuous nearby zero then w(0) =C Dαv(0) = 0.

From Theorem (1.4.12), there exists a unique local solution, to our problem,

in the space

H :=
{
w ∈ C ([0, T ),D(A1)) ∩ C1

(
[0, T ), H1

0 (Ω)
)
: t−α ∗ wt ∈ C1

(
[0, T ), L2(Ω)

)}
,

D(A1) = D(A2) := H2(Ω) ∩H1
0 (Ω).

In the present situation our operator is the well-known Laplacian which fortu-

nately satisfies the above conditions in an appropriate space. Therefore, we can

profit from this result to ensure the well-posedness of our problem (4.1).
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4.2 Stability Under an Active Lower Order Term

In this section, we present and prove our first stability result. It concerns the case

a = 1 and b = 0. That is we shall examine the case when the only actor is the

lower order term. Trying in this way to have an idea on its effect on the dynamic

of the structure. Let

E0(t) :=
1

2

(
∥Dαv∥2 + ∥∇v∥2

)
+

1

γ + 2
∥v(t)∥γ+2

γ+2 , t ≥ 0

by comparison with the conventional classical energy in the integer order case.

With the help of (4.1) and integration by parts, we obtain

DαE0(t) =

∫
Ω

DαvDα(Dαv)dx− α

2Γ(1− α)

∫
Ω

∫ t

0

dξ

(t− ξ)1−α

(∫ ξ

0

[Dαv(η)]′ dη

(t− η)α

)2

dx

+

∫
Ω

∇v.Dα∇vdx− α

2Γ(1− α)

∫
Ω

∫ t

0

dξ

(t− ξ)1−α

∣∣∣∣∫ ξ

0

[∇v(η)]′ dη
(t− η)α

∣∣∣∣2 dx
+

1

γ + 2
Dα ∥v(t)∥γ+2

γ+2

= −∥Dαv∥2 + 1

γ + 2
Dα ∥v(t)∥γ+2

γ+2 −
∫
Ω

|v|γ vDαvdx

− α

2Γ(1− α)

∫
Ω

∫ t

0

dξ

(t− ξ)1−α

[(∫ ξ

0

[Dαv(η)]′ dη

(t− η)α

)2

+

∣∣∣∣∫ ξ

0

[∇v(η)]′ dη
(t− η)α

∣∣∣∣2
]
dx.

From Proposition 1.4.8, it appears that

DαE0(t) ≤ −||Dαv||2 − α

2Γ(1− α)

∫
Ω

∫ t

0

dξ

(t− ξ)1−α

×

[(∫ ξ

0

[Dαv(η)]′ dη

(t− η)α

)2

+

∣∣∣∣∫ ξ

0

[∇v(η)]′ dη
(t− η)α

∣∣∣∣2
]
dx (4.4)
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for t ≥ 0. We will make the assumption that our initial data (v0, v1) belongs to the

space (H1
0 (Ω))

2 and begin the process of searching for an appropriate functional to

utilize in order to achieve our stability result. In the following lemma, we introduce

a functional whose fractional derivative is capable of supplying two missing terms

to come up with the full expression of E0(t) in the right hand side of (4.4).

Lemma 4.2.1 For the functional

V0(t) :=

∫
Ω

vDαvdx, t ≥ 0

it holds that

DαV0(t) ≤
(
1 +

Cp
2

)
∥Dαv∥2 − 1

2
∥∇v∥2 − ∥v(t)∥γ+2

γ+2

+
α

2Γ(1− α)

∫
Ω

∫ t

0

dξ

(t− ξ)1−α

[
Cp

∣∣∣∣∫ ξ

0

[∇v(s)]′ ds
(t− s)α

∣∣∣∣2 + (∫ ξ

0

[Dαv(s)]′ ds

(t− s)α

)2
]
dx

where Cp is the Poincaré constant and t ≥ 0.

Proof. As Dαv is absolutely continuous, we may apply Proposition 1.4.8 to

derive, for t ≥ 0

DαV0(t) = ∥Dαv∥2 +
∫
Ω

vDα (Dαv) dx− α

Γ(1− α)

∫
Ω

∫ t

0

dξ

(t− ξ)1−α

(∫ ξ

0

v′(η)dη

(t− η)α

)
×
(∫ ξ

0

[Dαv(s)]′ ds

(t− s)α

)
dx

= ∥Dαv∥2 − ∥∇v∥2 −
∫
Ω

vDαvdx− ∥v(t)∥γ+2
γ+2

− α

Γ(1− α)

∫
Ω

∫ t

0

dξ

(t− ξ)1−α

(∫ ξ

0

v′(η)dη

(t− η)α

)(∫ ξ

0

[Dαv(s)]′ ds

(t− s)α

)
dx.
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This leads to

DαV0(t) ≤
(
1 +

Cp
2

)
∥Dαv∥2 − 1

2
∥∇v∥2 − ∥v(t)∥γ+2

γ+2

+
α

2Γ(1− α)

∫
Ω

∫ t

0

dξ

(t− ξ)1−α

[
Cp

∣∣∣∣∫ ξ

0

[∇v(s)]′ ds
(t− s)α

∣∣∣∣2 + (∫ ξ

0

[Dαv(s)]′ ds

(t− s)α

)2
]
dx

for t ≥ 0, which completes the demonstration.

Theorem 4.2.2 The problem (4.1) with a = 1 and b = 0 is Mittag-Leffler stable.

This means that there are positive constants B0 (which depends on E0(0)) and ν0

such that

E0(t) ≤ B0Eα(−ν0tα), t ≥ 0.

Proof. Let

L0(t) := NE0(t) + λV0(t), t ≥ 0

for certain positive constants λ and N to be determined. Therefore, in view of

Proposition 1.4.9, we can write

DαL0(t) ≤ −N ∥Dαv∥2 + λ

(
1 +

Cp
2

)
∥Dαv∥2 − λ

2
∥∇v∥2 − λ ∥v(t)∥γ+2

γ+2

− αN

2Γ(1− α)

∫
Ω

∫ t

0

dξ

(t− ξ)1−α

[(∫ ξ

0

[Dαv(η)]′ dη

(t− η)α

)2

+

∣∣∣∣∫ ξ

0

[∇v(η)]′ dη
(t− η)α

∣∣∣∣2
]
dx

+
αλ

2Γ(1− α)

∫ t

0

dξ

(t− ξ)1−α

[
Cp

∣∣∣∣∫ ξ

0

[∇v(s)]′ ds
(t− s)α

∣∣∣∣2 + (∫ ξ

0

[Dαv(s)]′ ds

(t− s)α

)2
]
dx.
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Hence

DαL0(t) ≤
[
λ

(
1 +

Cp
2

)
−N

]
∥Dαv∥2 − λ

2
∥∇v∥2 − λ ∥v(t)∥γ+2

γ+2

+
α

2Γ(1− α)

∫
Ω

∫ t

0

dξ

(t− ξ)1−α

[
(Cpλ−N)

∣∣∣∣∫ ξ

0

[∇v(s)]′ ds
(t− s)α

∣∣∣∣2
+ (λ−N)

(∫ ξ

0

[Dαv(η)]′ dη

(t− η)α

)2 ]
dx (4.5)

for t ≥ 0. To obtain −C1E0(t) with some positive constant C1 in the right hand

side of (4.5), we need 
λ
(
1 + Cp

2

)
< N,

Cpλ ≤ N,

λ ≤ N.

Clearly, all three conditions are fulfilled for

N > max
{
Cp, 1 +

Cp
2

}
λ.

Consequently

DαL0(t) ≤ −C1E0(t), t ≥ 0

for some positive constant C1 and as L0(t) and E0(t) are equivalent (for some

values of λ), we obtain

DαL0(t) ≤ −C2L0(t), t ≥ 0

for some positive constant C2. The conclusion can be reached from Proposition
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1.4.4 and the equivalence of L0(t) and E0(t).

4.3 Stability Under an Active Viscoelastic Damp-

ing

In addition, to the questions raised above on whether the lower order term plays

the role of an efficient damper or not, one might ask another question. Namely,

we might ask the same questions for a viscoelastic term. A priori this seems to

be not straightforward to answer.

4.3.1 A Fractional Energy-Like Functional

Before beginning the discussion of this matter, the same material should be pre-

pared.

Proposition 4.3.1 If I1−αk(t) ∈ C1([0,∞)), 0 < α < 1, then the identity stated

below holds for all regular functions v (differentiable H1 functions)

∫
Ω

Dα∇v.
∫ t

0

k(t− s)∇v(s)dsdx =
1

2

{
(RLDαk□∇v) +

(∫ t

0

k(s)ds

)
Dα ∥∇v∥2

}
− α

2Γ(1− α)

∫ t

0

dξ

(t− ξ)1−α

∫ ξ

0

k(η)dη

(t− η)α

∫ ξ

0

[
∥∇v(s)∥2

]′
ds

(t− s)α
− 1

2
Dα(k□∇v)(t)

+
α

Γ(1− α)

∫
Ω

∫ t

0

dξ

(t− ξ)1−α

∫ ξ

0

[(∇v) (η)]′ dη
(t− η)α

.

[∫ ξ

0

(t− s)−α

×
(∫ s

0

k(s− τ)∇v(τ)dτ
)′

ds

]
dx, t ≥ 0.
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Proof. By virtue of Proposition 1.4.8 and the identity

(k□∇v)(t) =
∫
Ω

∫ t

0

k(t− s) |∇v(t)−∇v(s)|2 dsdx = ∥∇v∥2
∫ t

0

k(t− s)ds

+

∫ t

0

k(t− s) ∥∇v(s)∥2 ds− 2

∫
Ω

∇v.
∫ t

0

k(t− s)∇v(s)dsdx

it is evident that

Dα(k□∇v)(t) =
(
Dα

∫ t

0

k(t− s)ds

)
∥∇v∥2 +

(∫ t

0

k(t− s)ds

)
Dα ∥∇v∥2

− α

Γ(1− α)

∫ t

0

dξ

(t− ξ)1−α

∫ ξ

0

k(η)dη

(t− η)α

∫ ξ

0

[
∥∇v(s)∥2

]′
ds

(t− s)α

+Dα

∫ t

0

k(t− s) ∥∇v(s)∥2 ds− 2

∫
Ω

Dα∇v.
∫ t

0

k(t− s)∇v(s)dsdx

− 2

∫
Ω

∇v.Dα

∫ t

0

k(t− s)∇v(s)dsdx+ 2α

Γ(1− α)

∫
Ω

∫ t

0

dξ

(t− ξ)1−α

×
∫ ξ

0

(∇v)′ (η)dη
(t− η)α

.

(∫ ξ

0

(t− s)−α
(∫ s

0

k(s− τ)∇v(τ)dτ
)′

ds

)
dx. (4.6)

In addition, notice that

(RLDα k□∇v)(t) = ∥∇v∥2
∫ t

0

RLDα k(t− s)ds+

∫ t

0

RLDα k(t− s) ∥∇v(s)∥2 ds

− 2

∫
Ω

∇v.
∫ t

0

RLDα k(t− s)∇v(s)dsdx. (4.7)

Also, by Proposition 1.4.7, we see that

Dα

∫ t

0

k(t− s)ds =

∫ t

0

RLDα k(t− s)ds+ lim
t→0+

I1−αk(t). (4.8)
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Again, using Proposition 1.4.7 and the summability of k, we infer that

Dα

∫ t

0

k(t− s) ∥∇v(s)∥2 ds

= RLDα

∫ t

0

k(t− s) ∥∇v(s)∥2 ds− t−α

Γ(1− α)

(∫ t

0

k(t− s) ∥∇v(s)∥2 ds
)∣∣∣∣

t=0

=

∫ t

0

RLDα k(t− s) ∥∇v(s)∥2 ds+ ∥∇v(t)∥2 lim
t→0+

I1−αk(t) (4.9)

and

∫
Ω

∇v.Dα

∫ t

0

k(t− s)∇v(s)dsdx

=

∫
Ω

∇v.
∫ t

0

RLDα k(t− s)∇v(s)dsdx+ ∥∇v(t)∥2 lim
t→0+

I1−αk(t). (4.10)

Combining the previous relationships (4.8)-(4.10) with (4.6), we obtain

Dα(k□∇v)(t) = ∥∇v∥2
∫ t

0

RLDα k(t− s)ds+

(∫ t

0

k(t− s)ds

)
Dα ∥∇v∥2

+

∫ t

0

RLDα k(t− s) ∥∇v(s)∥2 ds− α

Γ(1− α)

∫ t

0

dξ

(t− ξ)1−α

∫ ξ

0

k(η)dη

(t− η)α

×
∫ ξ

0

[
∥∇v(s)∥2

]′
ds

(t− s)α
− 2

∫
Ω

Dα∇v.
∫ t

0

k(t− s)∇v(s)dsdx

− 2

∫
Ω

∇v.
∫ t

0

RLDα k(t− s)∇v(s)dsdx+ 2α

Γ(1− α)

∫
Ω

∫ t

0

dξ

(t− ξ)1−α

×
∫ ξ

0

[(∇v) (η)]′ dη
(t− η)α

.

(∫ ξ

0

(t− s)−α
(∫ s

0

k(s− τ)∇v(τ)dτ
)′

ds

)
dx. (4.11)

Moreover, considering the relationships (4.7) and (4.11), we can derive the follow-
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ing identity for t ≥ 0

Dα(k□∇v)(t) = (RLDα k□∇v) +
(∫ t

0

k(s)ds

)
Dα ∥∇v∥2

− α

Γ(1− α)

∫ t

0

dξ

(t− ξ)1−α

∫ ξ

0

k(η)dη

(t− η)α

∫ ξ

0

[
∥∇v(s)∥2

]′
ds

(t− s)α

− 2

∫
Ω

Dα∇v.
∫ t

0

k(t− s)∇v(s)dsdx+ 2α

Γ(1− α)

∫
Ω

∫ t

0

dξ

(t− ξ)1−α

×
∫ ξ

0

[(∇v) (η)]′ dη
(t− η)α

.

(∫ ξ

0

(t− s)−α
(∫ s

0

k(s− τ)∇v(τ)dτ
)′

ds

)
dx. (4.12)

The multiplications of the equation in (4.1) by Dαv (when a = 0 and b = 1) yields

∫
Ω

DαvDα (Dαv) dx+

∫
Ω

|v|γ vDαvdx

= −
∫
Ω

Dα∇v.∇vdx+
∫
Ω

Dα∇v.
∫ t

0

k(t− s)∇v(s, x)dsdx, t ≥ 0 (4.13)

and by the above Proposition 1.4.8 , we see that

∫
Ω

DαvDα (Dαv) dx+

∫
Ω

|v|γ vDαvdx+

∫
Ω

Dα∇v.∇vdx− 1

2
Dα ∥∇v∥2

∫ t

0

k(s)ds

+
1

2
Dα(k□∇v)(t) = 1

2
(RLDαk□∇v)− α

2Γ(1− α)

∫ t

0

dξ

(t− ξ)1−α

∫ ξ

0

k(η)dη

(t− η)α

×
∫ ξ

0

[
∥∇v(s)∥2

]′
ds

(t− s)α
+

α

Γ(1− α)

∫
Ω

∫ t

0

dξ

(t− ξ)1−α

∫ ξ

0

[(∇v) (η)]′ dη
(t− η)α

.

[ ∫ ξ

0

(t− s)−α

×
(∫ s

0

k(s− τ)∇v(τ)dτ
)′

ds

]
dx, t ≥ 0. (4.14)
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This identity motivated and justified our choice of energy-like functional

E1(t) :=
1

2

[
∥Dαv∥2+

(
1−
∫ t

0

k(s)ds

)
∥∇v∥2+(k□∇v) (t)

]
+

1

γ + 2
∥v(t)∥γ+2

γ+2 , t ≥ 0.

4.3.2 Stability Driven by the Memory Term

Here, in the absence of the fractional damping, only the viscoelastic term is active

on the system. Without loss of generality, we pick b = 1.

Lemma 4.3.2 The functional E1(t), satisfies along the solutions of (4.1), for

t ≥ 0, the following estimation

DαE1(t) ≤
1

2
(RLDαk□∇v)− 1

2
I1−αk(t) ∥∇v∥2 − α

2Γ(1− α)

∫
Ω

∫ t

0

dξ

(t− ξ)1−α

×
(∫ ξ

0

[Dαv(η)]′ dη

(t− η)α

)2

dx− α

4Γ(1− α)

∫
Ω

∫ t

0

dξ

(t− ξ)1−α

∣∣∣∣∫ ξ

0

[∇v(η)]′ dη
(t− η)α

∣∣∣∣2 dx
+

α

Γ(1− α)

∫
Ω

∫ t

0

dξ

(t− ξ)1−α

∣∣∣∣∫ ξ

0

(t− s)−α
(∫ s

0

k(s− τ)∇v(τ)dτ
)′

ds

∣∣∣∣2 dx.
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Proof. It is evident that appealing to Proposition 1.4.8, we find

DαE1(t) =
1

2
Dα

[
∥Dαv∥2 +

(
1−

∫ t

0

k(s)ds

)
∥∇v∥2 + (k□∇v) (t)

]
+

1

γ + 2
Dα ∥v(t)∥γ+2

γ+2

=

∫
Ω

DαvDα (Dαv) dx− α

2Γ(1− α)

∫
Ω

∫ t

0

dξ

(t− ξ)1−α

(∫ ξ

0

[Dαv(η)]′ dη

(t− η)α

)2

dx

+

(
1−

∫ t

0

k(s)ds

)[∫
Ω

∇v.Dα (∇v) dx− α

2Γ(1− α)

∫
Ω

∫ t

0

dξ

(t− ξ)1−α

×
∣∣∣∣∫ ξ

0

[∇v(η)]′ dη
(t− η)α

∣∣∣∣2 dx]− 1

2

(
Dα

∫ t

0

k(s)ds

)
∥∇v∥2 + α

2Γ(1− α)

∫ t

0

dξ

(t− ξ)1−α

×

(∫ ξ

0

[
∥∇v(s)∥2

]′
ds

(t− s)α

)∫ ξ

0

k(η)dη

(t− η)α
+

1

2
Dα (k□∇v) (t) + 1

γ + 2
Dα ∥v(t)∥γ+2

γ+2 .

Also, owing to

(
Dα

∫ t

0

k(s)ds

)
=

(
RLDα

∫ t

0

k(s)ds

)
= I1−αk(t) (4.15)

and equation (4.14), we can write

DαE1(t) = −
∫
Ω

|v|γ vDαvdx−
∫
Ω

Dα∇v.∇vdx+
∫
Ω

Dα∇v.

×
∫ t

0

k(t− s)∇v(s, x)dsdx− α

2Γ(1− α)

∫
Ω

∫ t

0

dξ

(t− ξ)1−α

(∫ ξ

0

[Dαv(η)]′ dη

(t− η)α

)2

dx

+

(
1−

∫ t

0

k(s)ds

)[∫
Ω

∇v.Dα (∇v) dx− α

2Γ(1− α)

∫
Ω

∫ t

0

dξ

(t− ξ)1−α

×
∣∣∣∣∫ ξ

0

[∇v(η)]′ dη
(t− η)α

∣∣∣∣2 dx]− 1

2
I1−αk(t) ∥∇v∥2 + α

2Γ(1− α)

∫ t

0

dξ

(t− ξ)1−α

×

(∫ ξ

0

[
∥∇v(s)∥2

]′
ds

(t− s)α

)∫ ξ

0

k(η)dη

(t− η)α
+

1

2
Dα (k□∇v) (t) + 1

γ + 2
Dα ∥v(t)∥γ+2

γ+2 .
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Employing the Proposition 4.3.1, again results in

DαE1(t) =
1

2
(RLDαk□∇v)− 1

2
I1−αk(t) ∥∇v∥2 + 1

γ + 2
Dα ∥v(t)∥γ+2

γ+2

−
∫
Ω

|v|γ vDαvdx− α

2Γ(1− α)

∫
Ω

∫ t

0

dξ

(t− ξ)1−α

(∫ ξ

0

[Dαv(η)]′ dη

(t− η)α

)2

dx

− α

2Γ(1− α)

∫
Ω

∫ t

0

dξ

(t− ξ)1−α

∣∣∣∣∫ ξ

0

[∇v(η)]′ dη
(t− η)α

∣∣∣∣2 dx+ α

Γ(1− α)

∫
Ω

∫ t

0

dξ

(t− ξ)1−α

×
∫ ξ

0

[(∇v) (η)]′ dη
(t− η)α

.

[ ∫ ξ

0

(t− s)−α
(∫ s

0

k(s− τ)∇v(τ)dτ
)′

ds

]
dx, t ≥ 0.

We conclude the desired result using Proposition 1.4.9 and the evaluation

∫
Ω

∫ t

0

dξ

(t− ξ)1−α

(∫ ξ

0

[∇v(η)]′ dη
(t− η)α

)
.

(∫ ξ

0

(t− s)−α
(∫ s

0

k(s− τ)∇v(τ)dτ
)′

ds

)
dx

≤ 1

4

∫
Ω

∫ t

0

dξ

(t− ξ)1−α

∣∣∣∣∫ ξ

0

[∇v(η)]′ dη
(t− η)α

∣∣∣∣2 dx+ ∫
Ω

∫ t

0

dξ

(t− ξ)1−α

×
∣∣∣∣∫ ξ

0

(t− s)−α
(∫ s

0

k(s− τ)∇v(τ)dτ
)′

ds

∣∣∣∣2 dx.

The last term in the estimation of DαE1(t) needs to be controlled somehow. This

term does not appear in the integer order case (second order) and, whatever

evaluation we come up with, its weight is going to be considerable with compared

with the functional with which we shall perturb E1(t). To remedy to this issue,

we suggest a new functional in the next lemma.

Lemma 4.3.3 For the functional

V1(t) :=

∫
Ω

∣∣∣∣∫ t

0

k(t− s)∇v(s)ds
∣∣∣∣2 dx, t ≥ 0
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it hold that

DαV1(t) ≤ 2ϵ1k̄

∫
Ω

(∫ t

0

k(t− s) |∇v(s)|2 ds
)
dx+

K

ϵ1
(
∣∣RLDαk

∣∣□∇v)(t)

+
[KEα(−Cktα)]2

ϵ1
∥∇v∥2 − α

Γ(1− α)

∫
Ω

∫ t

0

dξ

(t− ξ)1−α

×
∣∣∣∣∫ ξ

0

(t− η)−α
(∫ η

0

k(η − τ)∇v(τ)dτ
)′

dη

∣∣∣∣2 dx
for ϵ1 > 0, t ≥ 0.

Proof. Relying on Proposition 1.4.8, we can write

DαV1(t) = 2

∫
Ω

(∫ t

0

k(t− s)∇v(s)ds
)
.Dα

(∫ t

0

k(t− s)∇v(s)ds
)
dx

− α

Γ(1− α)

∫
Ω

∫ t

0

dξ

(t− ξ)1−α

∣∣∣∣∫ ξ

0

(t− η)−α
(∫ η

0

k(η − τ)∇v(τ)dτ
)′

dη

∣∣∣∣2 dx
and with the help of (1.23), we can derive the following

DαV1(t) = 2

∫
Ω

(∫ t

0

k(t− s)∇v(s)ds
)

× .

[
RLDα

(∫ t

0

k(t− s)∇v(s)ds
)
dx− t−α

Γ(1− α)

(∫ t

0

k(t− s)∇v(s)ds
)∣∣∣∣

t=0

]
dx

− α

Γ(1− α)

∫
Ω

∫ t

0

dξ

(t− ξ)1−α

∣∣∣∣∫ ξ

0

(t− η)−α
(∫ η

0

k(η − τ)∇v(τ)dτ
)′

dη

∣∣∣∣2 dx.
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Furthermore, the integrability of k and Proposition 1.4.7 lead to

DαV1(t) = 2

∫
Ω

(∫ t

0

k(t− s)∇v(s)ds
)
.

[ ∫ t

0

RLDαk(t− s) [∇v(s)−∇v(t)] ds

+∇v(t)
∫ t

0

RLDαk(s)ds+∇v(t) lim
t→0+

I1−αk(t)

]
dx

− α

Γ(1− α)

∫
Ω

∫ t

0

dξ

(t− ξ)1−α

∣∣∣∣∫ ξ

0

(t− η)−α
(∫ η

0

k(η − τ)∇v(τ)dτ
)′

dη

∣∣∣∣2 dx
= 2

∫
Ω

(∫ t

0

k(t− s)∇v(s)ds
)
.

∫ t

0

RLDαk(t− s) [∇v(s)−∇v(t)] dsdx

+ 2I1−αk(t)

∫
Ω

(∫ t

0

k(t− s)∇v(s)ds
)
.∇v(t)dx

− α

Γ(1− α)

∫
Ω

∫ t

0

dξ

(t− ξ)1−α

∣∣∣∣∫ ξ

0

(t− η)−α
(∫ η

0

k(η − τ)∇v(τ)dτ
)′

dη

∣∣∣∣2 dx.
For ϵ1 > 0, utilizing Young’s inequality, we see that

DαV1(t) ≤ 2ϵ1k̄

∫
Ω

(∫ t

0

k(t− s) |∇v(s)|2 ds
)
dx+

1

ϵ1

(∫ t

0

∣∣RLDαk
∣∣ (s)ds)

(
∣∣RLDαk

∣∣□∇v)(t) + [I1−αk(t)]
2

ϵ1
∥∇v∥2 − α

Γ(1− α)

∫
Ω

∫ t

0

dξ

(t− ξ)1−α

×
∣∣∣∣∫ ξ

0

(t− η)−α
(∫ η

0

k(η − τ)∇v(τ)dτ
)′

dη

∣∣∣∣2 dx. (4.16)

The relation below is a direct applications of Proposition 1.4.6 and (4.2)

I1−αk(t) =
1

Γ(1− α)

∫ t

0

(t− s)α−1k(s)ds

≤ K

Γ(1− α)

t∫
0

(t− s)α−1Eα,α(−Ck(t− s)α)s−αds = KEα(−Cktα). (4.17)
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Hence

∫ t

0

∣∣RLDαk(s)
∣∣ ds = −

∫ t

0

DI1−αk(s)ds = −
[
I1−αk(s)

]t
0

= I1−αk(0)− I1−αk(t) ≤ K. (4.18)

To derive the next evaluation, it suffices to employ (4.17) and (4.18) in (4.16)

DαV1(t) ≤ 2ϵ1k̄

∫
Ω

(∫ t

0

k(t− s) |∇v(s)|2 ds
)
dx+

K

ϵ1
(
∣∣RLDαk

∣∣□∇v)(t)

+
[KEα(−Cktα)]2

ϵ1
∥∇v∥2 − α

Γ(1− α)

∫
Ω

∫ t

0

dξ

(t− ξ)1−α

×
∣∣∣∣∫ ξ

0

(t− η)−α
(∫ η

0

k(η − τ)∇v(τ)dτ
)′

dη

∣∣∣∣2 dx
where ϵ1 > 0 and t ≥ 0.

The next lemma introduces the second functional.

Lemma 4.3.4 The fractional rate of change of the functional

V2(t) :=

∫
Ω

vDαvdx, t ≥ 0

is in accordance with

DαV2(t) ≤ ∥Dαv∥2 − (1− ϵ2) ∥∇v∥2 − ∥v(t)∥γ+2
γ+2

+
k̄

4ϵ2

∫
Ω

(∫ t

0

k(t− s) |∇v(s)|2 ds
)
dx+

αϵ3Cp
Γ(1− α)

∫
Ω

∫ t

0

dξ

(t− ξ)1−α

∣∣∣∣∫ ξ

0

∇v′(s)ds
(t− s)α

∣∣∣∣2 dx
+

α

4ϵ3Γ(1− α)

∫
Ω

∫ t

0

dξ

(t− ξ)1−α

(∫ ξ

0

[Dαv(s)]′ ds

(t− s)α

)2

dx
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for ϵ2, ϵ3 > 0 and t ≥ 0, where Cp is the Poincaré constant.

Proof. Proposition 1.4.8 and integration by parts, imply that

DαV2(t) = ∥Dαv∥2 +
∫
Ω

vDα (Dαv) dx

− α

Γ(1− α)

∫
Ω

∫ t

0

dξ

(t− ξ)1−α

(∫ ξ

0

v′(η)dη

(t− η)α

)(∫ ξ

0

[Dαv(s)]′ ds

(t− s)α

)
dx

= ∥Dαv∥2 +
∫
Ω

v

[
∆v −

∫ t

0

k(t− s)∆v(s)ds− |v|γv
]
dx

− α

Γ(1− α)

∫
Ω

∫ t

0

dξ

(t− ξ)1−α

(∫ ξ

0

v′(η)dη

(t− η)α

)(∫ ξ

0

[Dαv(s)]′ ds

(t− s)α

)
dx

= ∥Dαv∥2 − ∥∇v∥2 +
∫
Ω

∇v.
∫ t

0

k(t− s)∇v(s)dsdx− ∥v(t)∥γ+2
γ+2

− α

Γ(1− α)

∫
Ω

∫ t

0

dξ

(t− ξ)1−α

(∫ ξ

0

v′(η)dη

(t− η)α

)(∫ ξ

0

[Dαv(s)]′ ds

(t− s)α

)
dx.

Moreover, a direct use of Young’s inequality and Poincaré inequality, leads to

DαV2(t) ≤ ∥Dαv∥2 − ∥∇v∥2 + ϵ2 ∥∇v∥2 +
k̄

4ϵ2

∫
Ω

(∫ t

0

k(t− s) |∇v(s)|2 ds
)
dx

− ∥v(t)∥γ+2
γ+2 +

αϵ3Cp
Γ(1− α)

∫
Ω

∫ t

0

dξ

(t− ξ)1−α

∣∣∣∣∫ ξ

0

∇v′(s)ds
(t− s)α

∣∣∣∣2 dx
+

α

4ϵ3Γ(1− α)

∫
Ω

∫ t

0

dξ

(t− ξ)1−α

(∫ ξ

0

[Dαv(s)]′ ds

(t− s)α

)2

dx

where ϵ2, ϵ3 > 0 and t ≥ 0.

Lemma 4.3.5 For the functional

V3(t) :=

∫ t

0

k(t− s) ∥∇v(s)∥2 ds, t ≥ 0
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the estimation to come is true

DαV3(t) ≤ −CkV3(t) +
(

lim
t→0+

I1−αk(t)

)
∥∇v∥2 , t ≥ 0.

Proof. By Proposition 1.4.5 and (K1), it is straightforward to entail that

DαV3(t) := Dα

(∫ t

0

k(t− s) ∥∇v(s)∥2 ds
)

=

∫ t

0

RLDαk(t− s)||∇v(s)||2ds+
(

lim
t→0+

I1−αk(t)

)
∥∇v∥2

≤ −Ck
∫ t

0

k(t− s)||∇v(s)||2ds+
(

lim
t→0+

I1−αk(t)

)
∥∇v∥2 .

As we have removed the lower-order fractional term (considered in the previous

case), which we found acts as genuine damper and was responsible for the appear-

ance of the nice term −∥Dαv∥2 , we need to find a way to fill this gap. The next

suggested functional will take care of this matter.

Lemma 4.3.6 If the exponent γ obeys condition (K2), then for the given func-

tional

V4(t) := −
∫
Ω

Dαv

∫ t

0

k(t− s) [v(t)− v(s)] dsdx, t ≥ 0,

140



we have, along solutions of problem (4.1)

DαV4(t) ≤ ϵ5 ∥∇v∥2 + k̄

(
1

4ϵ5
+
Cp
4ϵ6

+ 1

)
(k□∇v)(t) +

(
ϵ4 −

k0
2

)
∥Dαv∥2

+ ϵ6C1E
γ+1
1 (t)− KCp

2k0
(RLDαk□∇v)(t) + C4Eα(−Cktα)

ϵ4

∫
Ω

∫ t

0

dξ

(t− ξ)1−α

×
(∫ ξ

0

v′(s)ds

(t− s)α

)2

dx+
αϵ7

Γ(1− α)

∫
Ω

∫ t

0

dξ

(t− ξ)1−α

(∫ ξ

0

[Dαv(η)]′ dη

(t− η)α

)2

dx

+
α

4ϵ7Γ(1− α)

∫
Ω

∫ t

0

dξ

(t− ξ)1−α

×
(∫ ξ

0

(t− s)−α
(∫ s

0

k(s− τ) [v(s)− v(τ)] dτ

)′

ds

)2

dx,

where ϵi > 0, i = 4, 5, 6, 7, t ≥ t0 > 0 and k0 =
∫ t0
0
k(s)ds for some t0 > 0.

Proof. Differentiating V4(t) with the help of Proposition 1.4.8, it holds that

DαV4(t) = −
∫
Ω

Dα (Dαv)

∫ t

0

k(t− s) [v(t)− v(s)] dsdx

−
∫
Ω

DαvDα

∫ t

0

k(t− s) [v(t)− v(s)] dsdx+
α

Γ(1− α)

∫
Ω

∫ t

0

dξ

(t− ξ)1−α

×
(∫ ξ

0

[Dαv(η)]′ dη

(t− η)α

)(∫ ξ

0

(t− s)−α
(∫ s

0

k(s− τ) [v(s)− v(τ)] dτ

)′

ds

)
dx.

Along solutions of (4.1), we find

DαV4(t) = −
∫
Ω

[
∆v −

∫ t

0

k(t− s)∆v(s)ds− |v|γ v
] ∫ t

0

k(t− s)
[
v(t)

− v(s)
]
dsdx−

∫
Ω

Dαv

[
Dα

(
v(t)

∫ t

0

k(t− s)ds

)
−Dα

∫ t

0

k(t− s)v(s)ds

]
dx

+
α

Γ(1− α)

∫
Ω

∫ t

0

dξ

(t− ξ)1−α

(∫ ξ

0

[Dαv(η)]′ dη

(t− η)α

)
×
(∫ ξ

0

(t− s)−α
(∫ s

0

k(s− τ) [v(s)− v(τ)] dτ

)′

ds

)
dx.
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Next, we apply Proposition 1.4.7

DαV4(t) =

∫
Ω

[(
1−

∫ t

0

k(s)ds

)
∇v +

∫ t

0

k(t− s) [∇v(t)−∇v(s)] ds
]

× .

∫ t

0

k(t− s) [∇v(t)−∇v(s)] dsdx

−
∫
Ω

Dαv

[
Dα

(
v(t)

∫ t

0

k(t− s)ds

)
−
∫ t

0

RLDαk(t− s)v(s)ds− v(t)I1−αk(0)

]
dx

+

∫
Ω

|v|γ v
∫ t

0

k(t− s) [v(t)− v(s)] dsdx

+
α

Γ(1− α)

∫
Ω

∫ t

0

dξ

(t− ξ)1−α

(∫ ξ

0

[Dαv(η)]′ dη

(t− η)α

)
×
(∫ ξ

0

(t− s)−α
(∫ s

0

k(s− τ) [v(s)− v(τ)] dτ

)′

ds

)
dx.

Hence

DαV4(t) =

(
1−

∫ t

0

k(s)ds

)∫
Ω

∇v.
∫ t

0

k(t− s) [∇v(t)−∇v(s)] dsdx

+

∫
Ω

∣∣∣∣∫ t

0

k(t− s) [∇v(t)−∇v(s)] ds
∣∣∣∣2 dx+ ∫

Ω

|v|γ v
∫ t

0

k(t− s) [v(t)− v(s)] dsdx

−
∫
Ω

Dαv

[
Dα

(
v(t)

∫ t

0

k(t− s)ds

)
−
∫ t

0

RLDαk(t− s)v(s)ds

]
dx

+ I1−αk(0)

∫
Ω

vDαvdx+
α

Γ(1− α)

∫
Ω

∫ t

0

dξ

(t− ξ)1−α

(∫ ξ

0

[Dαv(η)]′ dη

(t− η)α

)
×
[∫ ξ

0

(t− s)−α
(∫ s

0

k(s− τ) [v(s)− v(τ)] dτ

)′

ds

]
dx. (4.19)

Working out each term separately, an application of Proposition 1.4.8 guarantees
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the identity

Dα

(
v(t)

∫ t

0

k(t− s)ds

)
=

(∫ t

0

k(s)ds

)
Dαv(t) + v(t)

[ ∫ t

0

RLDαk(t− s)ds

+ I1−αk(0)

]
− α

Γ(1− α)

∫ t

0

dξ

(t− ξ)1−α

(∫ ξ

0

k(η)dη

(t− η)α

)(∫ ξ

0

v′(s)ds

(t− s)α

)
.

Therefore, utilizing integration by parts, we obatin

−
∫
Ω

DαvDα

(
v(t)

∫ t

0

k(s)ds

)
dx = −

∫
Ω

vDαv

[ ∫ t

0

RLDαk(t− s)ds

+ I1−αk(0)

]
dx−

(∫ t

0

k(s)ds

)
∥Dαv∥2 + α

Γ(1− α)

∫
Ω

Dαv

∫ t

0

dξ

(t− ξ)1−α(∫ ξ

0

k(η)dη

(t− η)α

)(∫ ξ

0

v′(s)ds

(t− s)α

)
dx

≤ −
∫
Ω

vDαv

∫ t

0

RLDαk(t− s)dsdx− I1−αk(0)

∫
Ω

vDαvdx

−
(∫ t

0

k(s)ds

)
∥Dαv∥2 + ϵ4 ∥Dαv∥2 + α2

4ϵ4Γ2(1− α)

∫
Ω

[ ∫ t

0

dξ

(t− ξ)1−α

×
(∫ ξ

0

k(η)dη

(t− η)α

)(∫ ξ

0

v′(s)ds

(t− s)α

)]2
dx (4.20)

where ϵ4 > 0, t ≥ 0. The Cauchy-Schwarz inequality can be utilized on the last

term in equation (4.20) as follows

∫
Ω

[∫ t

0

dξ

(t− ξ)1−α

(∫ ξ

0

k(η)dη

(t− η)α

)(∫ ξ

0

v′(s)ds

(t− s)α

)]2
dx

≤
∫
Ω

[∫ t

0

dξ

(t− ξ)1−α

(∫ ξ

0

k(η)dη

(t− η)α

)2 ∫ t

0

dξ

(t− ξ)1−α

(∫ ξ

0

v′(s)ds

(t− s)α

)2
]
dx

≤
∫ t

0

dξ

(t− ξ)1−α

(∫ ξ

0

k(η)dη

(t− η)α

)2 ∫
Ω

∫ t

0

dξ

(t− ξ)1−α

(∫ ξ

0

v′(s)ds

(t− s)α

)2

dx.

In view of assumption (K1), (4.17), Proposition 1.4.6 and the fact that

143



Eα(−Cktα) ≤ C2t
−α (for some positive constant C2) away from zero

∫ t

0

dξ

(t− ξ)1−α

(∫ ξ

0

k(η)dη

(t− η)α

)2

≤ [KΓ(1− α)Eα(−Cktα)]2
∫ t

0

dξ

(t− ξ)1−α

≤ K2Γ2(1− α)E2
α(−Cktα)

tα

α
≤ C3Eα(−Cktα),

for t ≥ t0 > 0 where C3 := K2Γ2(1−α)C2/α. Then, we end up with the following

−
∫
Ω

DαvDα

(
v(t)

∫ t

0

k(s)ds

)
dx ≤ −

(∫ t

0

k(s)ds

)
∥Dαv∥2

−
∫
Ω

vDαv

∫ t

0

RLDαk(t− s)dsdx+ ϵ4 ∥Dαv∥2 − I1−αk(0)

∫
Ω

vDαvdx

+
C4Eα(−Cktα)

ϵ4

∫
Ω

∫ t

0

dξ

(t− ξ)1−α

(∫ ξ

0

v′(s)ds

(t− s)α

)2

dx, (4.21)

for ϵ4 > 0, t ≥ t0 > 0 where C4 = αC3/4Γ
2(1−α). Furthermore, we can easily see

that

∫
Ω

∇v.
∫ t

0

k(t− s) [∇v(t)−∇v(s)] dsdx ≤ ϵ5 ∥∇v∥2 +
k̄

4ϵ5
(k□∇v)(t) (4.22)

where ϵ5 > 0 and the embedding mentioned above (H1
0 (Ω) ⊂ Lq(Ω) when 2 ≤ q ≤

2n/(n− 2) if n ≥ 3 and q ≥ 2 if n = 1, 2) insure that

∫
Ω

|v|γ v
∫ t

0

k(t− s) [v(t)− v(s)] dsdx ≤ ϵ6

∫
Ω

|v|2(γ+1) dx+
k̄Cp
4ϵ6

(k□∇v)(t)

≤ ϵ6C1

(∫
Ω

|∇v|2dx
)γ+1

+
k̄Cp
4ϵ6

(k□∇v)(t) ≤ ϵ6C1E
γ+1
1 (t) +

k̄Cp
4ϵ6

(k□∇v)(t)

(4.23)
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where ϵ6 > 0 and C1 is the embedding constant. Notice that employing (4.18), it

appears that

∫
Ω

Dαv

∫ t

0

RLDαk(t− s)v(s)dsdx−
∫
Ω

vDαv

∫ t

0

RLDαk(t− s)dsdx

= −
∫
Ω

Dαv

∫ t

0

RLDαk(t− s) (v(t)− v(s)) dsdx

≤ k0
2
∥Dαv∥2 + Cp

2k0

(∫ t

0

∣∣RLDαk
∣∣ (s)ds) (

∣∣RLDαk
∣∣□∇v)(t)

≤ k0
2
∥Dαv∥2 − Cp

2k0
I1−αk(0)(RLDαk□∇v)(t)

≤ k0
2
∥Dαv∥2 − KCp

2k0
(RLDαk□∇v)(t). (4.24)

Finally

∫
Ω

∫ t

0

dξ

(t− ξ)1−α

(∫ ξ

0

[Dαv(η)]′ dη

(t− η)α

)[∫ ξ

0

(t− s)−α

×
(∫ s

0

k(s− τ) [v(s)− v(τ)] dτ

)′

ds

]
dx

≤ ϵ7

∫
Ω

∫ t

0

dξ

(t− ξ)1−α

(∫ ξ

0

[Dαv(η)]′ dη

(t− η)α

)2

dx (4.25)

+
1

4ϵ7

∫
Ω

∫ t

0

dξ

(t− ξ)1−α

[∫ ξ

0

(t− s)−α
(∫ s

0

k(s− τ) [v(s)− v(τ)] dτ

)′

ds

]2
dx

where ϵ7 > 0. Gathering all the previous relations (4.21)-(4.25) in (4.19), it is
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clear that

DαV4(t) ≤ ϵ5 ∥∇v∥2 + k̄

(
1

4ϵ5
+
Cp
4ϵ6

+ 1

)
(k□∇v)(t) +

(
ϵ4 −

k0
2

)
∥Dαv∥2

− KCp
2k0

(RLDαk□∇v)(t) + ϵ6C1E
γ+1
1 (t) +

C4Eα(−Cktα)
ϵ4

∫
Ω

∫ t

0

dξ

(t− ξ)1−α

×
(∫ ξ

0

v′(s)ds

(t− s)α

)2

dx+
αϵ7

Γ(1− α)

∫
Ω

∫ t

0

dξ

(t− ξ)1−α

(∫ ξ

0

[Dαv(η)]′ dη

(t− η)α

)2

dx

+
α

4ϵ7Γ(1− α)

∫
Ω

∫ t

0

dξ

(t− ξ)1−α

[∫ ξ

0

(t− s)−α
(∫ s

0

k(s− τ) [v(s)− v(τ)] dτ

)′

ds

]2
dx

where t ≥ t0 > 0

Another term has emerged that also requires control. To address this new issue,

we introduce the functional

V5(t) :=

∫
Ω

(∫ t

0

k(t− s) [v(t)− v(s)] ds

)2

dx, t ≥ 0.

Lemma 4.3.7 The functional V5(t) mentioned above satisfies

DαV5(t) ≤ ϵ8 ∥Dαv∥2 + Cp

(
ϵ9k̄ +

k̄3

ϵ8
+

ϵ10αk̄

Γ(1− α)

)
(k□∇v) (t)

+
CpK

ϵ9

(∣∣RLDαk
∣∣□∇v

)
(t) +

C5Eα(−Cktα)
ϵ10

∫
Ω

∫ t

0

dξ

(t− ξ)1−α

(∫ ξ

0

v′(s)ds

(t− s)α

)2

dx

− α

Γ(1− α)

∫
Ω

∫ t

0

dξ

(t− ξ)1−α

[∫ ξ

0

(t− s)−α
(∫ s

0

k(s− τ) [v(s)− v(τ)] dτ

)′

ds

]2
dx

where ϵ8, ϵ9, ϵ10 > 0 and t ≥ 0.
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Proof. First, we α− differentiate V5(t)

DαV5(t) = 2

∫
Ω

(∫ t

0

k(t− s) [v(t)− v(s)] ds

)
Dα

(∫ t

0

k(t− s) [v(t)− v(s)] ds

)
dx

− α

Γ(1− α)

∫
Ω

∫ t

0

dξ

(t− ξ)1−α

(∫ ξ

0

(t− s)−α
(∫ s

0

k(s− τ) [v(s)− v(τ)] dτ

)′

ds

)2

dx.

Then, in view of Proposition 1.4.5 and Proposition 1.4.6, it is evident that

∫
Ω

Dα

(∫ t

0

k(t− s) [v(t)− v(s)] ds

)
dx

=

∫
Ω

Dα

(
v(t)

∫ t

0

k(t− s)ds

)
dx−

∫
Ω

Dα

(∫ t

0

k(t− s)v(s)ds

)
dx

=

(∫ t

0

k(s)ds

)
Dαv(t) + v(t)

[∫ t

0

RLDαk(t− s)ds+ I1−αk(0)

]
− α

Γ(1− α)

∫ t

0

dξ

(t− ξ)1−α

(∫ ξ

0

k(η)dη

(t− η)α

)(∫ ξ

0

v′(s)ds

(t− s)α

)
−
∫
Ω

Dα

(∫ t

0

k(t− s)v(s)ds

)
dx.

Moreover

DαV5(t) = 2

(∫ t

0

k(s)ds

)∫
Ω

Dαv(t)

(∫ t

0

k(t− s) [v(t)− v(s)] ds

)
dx

+ 2

∫
Ω

(∫ t

0

k(t− s) [v(t)− v(s)] ds

)
v(t)

[∫ t

0

RLDαk(t− s)ds+ I1−αk(0)

]
dx

− 2α

Γ(1− α)

∫
Ω

(∫ t

0

k(t− s) [v(t)− v(s)] ds

)∫ t

0

dξ

(t− ξ)1−α

(∫ ξ

0

k(η)dη

(t− η)α

)
×
(∫ ξ

0

v′(s)ds

(t− s)α

)
dx− 2

∫
Ω

(∫ t

0

k(t− s) [v(t)− v(s)] ds

)
Dα

(∫ t

0

k(t− s)v(s)ds

)
dx− α

Γ(1− α)

∫
Ω

∫ t

0

dξ

(t− ξ)1−α

[ ∫ ξ

0

(t− s)−α

×
(∫ s

0

k(s− τ) [v(s)− v(τ)] dτ

)′

ds

]2
dx.
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From (4.9), it is clear that

DαV5(t) = 2

(∫ t

0

k(s)ds

)∫
Ω

Dαv(t)

(∫ t

0

k(t− s) [v(t)− v(s)] ds

)
dx

+ 2

∫
Ω

(∫ t

0

k(t− s) [v(t)− v(s)] ds

)
v(t)

[∫ t

0

RLDαk(t− s)ds+ I1−αk(0)

]
dx

− 2α

Γ(1− α)

∫
Ω

(∫ t

0

k(t− s) [v(t)− v(s)] ds

)∫ t

0

dξ

(t− ξ)1−α

(∫ ξ

0

k(η)dη

(t− η)α

)
×
(∫ ξ

0

v′(s)ds

(t− s)α

)
dx− 2

∫
Ω

(∫ t

0

k(t− s) [v(t)− v(s)] ds

)
×
(
RLDα

∫ t

0

k(t− s)v(s)ds+ v(t)I1−αk(0)

)
dx− α

Γ(1− α)

∫
Ω

∫ t

0

dξ

(t− ξ)1−α

×

[∫ ξ

0

(t− s)−α
(∫ t

0

k(t− s) [v(t)− v(s)] ds

)′

ds

]2
dx

Furthermore, utilizing Proposition 1.4.5, Young’s inequality and Poincaré inequal-

ity, results in

DαV5(t) ≤ ϵ8 ∥Dαv∥2 + k̄3Cp
ϵ8

(k□∇v) (t)

+ 2

∫
Ω

(∫ t

0

k(t− s) [v(t)− v(s)] ds

)∫ t

0

RLDαk(t− s) [v(t)− v(s)] dsdx

− 2α

Γ(1− α)

∫
Ω

(∫ t

0

k(t− s) [v(t)− v(s)] ds

)∫ t

0

dξ

(t− ξ)1−α

(∫ ξ

0

k(η)dη

(t− η)α

)
×
(∫ ξ

0

v′(s)ds

(t− s)α

)
dx− α

Γ(1− α)

∫
Ω

∫ t

0

dξ

(t− ξ)1−α

[ ∫ ξ

0

(t− s)−α

×
(∫ s

0

k(s− τ) [v(s)− v(τ)] dτ

)′

ds

]2
dx (4.26)
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where ϵ8 > 0. In addition, we can evaluate

2

∫
Ω

(∫ t

0

k(t− s) [v(t)− v(s)] ds

)∫ t

0

RLDαk(t− s) [v(t)− v(s)] dsdx

≤ ϵ9k̄

∫
Ω

∫ t

0

k(t− s) [v(t)− v(s)]2 dsdx

+
1

ϵ9

(∫ t

0

∣∣RLDαk(s)
∣∣ ds)∫

Ω

∫ t

0

∣∣RLDαk(t− s)
∣∣ [v(t)− v(s)]2 dsdx

≤ ϵ9k̄Cp (k□∇v) (t) + Cp
ϵ9

(∫ t

0

∣∣RLDαk(s)
∣∣ ds)(∣∣RLDαk

∣∣□∇v
)
(t).

The inequality to come is a straightforward application of (4.18)

2

∫
Ω

(∫ t

0

k(t− s) [v(t)− v(s)] ds

)∫ t

0

RLDαk(t− s) [v(t)− v(s)] dsdx

≤ ϵ9k̄Cp (k□∇v) (t) + CpK

ϵ9

(∣∣RLDαk
∣∣□∇v

)
(t). (4.27)

At this stage the relations (4.27) in (4.26), imply that

DαV5(t) ≤ ϵ8 ∥Dαv∥2 + k̄3Cp
ϵ8

(k□∇v) (t) + ϵ9k̄Cp (k□∇v) (t)

+
CpK

ϵ9

(∣∣RLDαk
∣∣□∇v

)
(t)− 2α

Γ(1− α)

∫
Ω

(∫ t

0

k(t− s) [v(t)− v(s)] ds

)
×
∫ t

0

dξ

(t− ξ)1−α

(∫ ξ

0

k(η)dη

(t− η)α

)(∫ ξ

0

v′(s)ds

(t− s)α

)
dx− α

Γ(1− α)

∫
Ω

∫ t

0

dξ

(t− ξ)1−α

×
[∫ ξ

0

(t− s)−α
(∫ s

0

k(s− τ) [v(s)− v(τ)] dτ

)′

ds

]2
dx

where ϵ8, ϵ9 > 0, t ≥ 0. Finally, similar argument to the one in (4.21), brings a
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C5 =
αC3

Γ(1−α) such that

DαV5(t) ≤ ϵ8 ∥Dαv∥2 + Cp

(
ϵ9k̄ +

k̄3

ϵ8
+

ϵ10αk̄

Γ(1− α)

)
(k□∇v) (t)

+
CpK

ϵ9

(∣∣RLDαk
∣∣□∇v

)
(t) +

C5Eα(−Cktα)
ϵ10

∫
Ω

∫ t

0

dξ

(t− ξ)1−α

(∫ ξ

0

v′(s)ds

(t− s)α

)2

dx

− α

Γ(1− α)

∫
Ω

∫ t

0

dξ

(t− ξ)1−α

(∫ ξ

0

(t− s)−α
(∫ s

0

k(s− τ) [v(s)− v(τ)] dτ

)′

ds

)2

dx

for t ≥ 0.

The following is the main result of this part of the thesis showing the local Mittag-

Leffler stability of the system.

Theorem 4.3.8 Assume that k satisfies (K1) and γ satisfies (K2). Then, the

solution to problem (4.1) (with a = 0) is locally Mittag-Leffler stable, that is (for

certain values of the initial data) there exist positive constants C and ξ such that

E1(t) ≤ CEα(−ξtα), t ≥ 0

for small K (or alternatively large Ck).

Proof. We construct the functional

L1(t) := NE1(t) +
5∑
i=1

λiVi(t), t > 0

for some positive constants N, λi, i = 1, ..., 5 to be determined later. The eval-

uations obtained in Lemma 4.3.3 to Lemma 4.3.7 with N1 = N, guarantee the
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relation

DαL1(t) ≤ A1 ∥∇v∥2 + A2 ∥Dαv∥2 + A3V3(t)− λ2 ∥v(t)∥γ+2
γ+2 + ϵ6λ4C1E

γ+1
1 (t)

+ A4(
RLDαk□∇v)(t) + A5 (k□∇v) (t) + A6

α

4Γ(1− α)

∫
Ω

∫ t

0

dξ

(t− ξ)1−α

×
(∫ ξ

0

[Dαv(η)]′ dη

(t− η)α

)2

dx+ A7

∫
Ω

∫ t

0

dξ

(t− ξ)1−α

∣∣∣∣∫ ξ

0

[∇v(η)]′ dη
(t− η)α

∣∣∣∣2 dx (4.28)

+ A8
α

4Γ(1− α)

∫
Ω

∫ t

0

dξ

(t− ξ)1−α

[∫ ξ

0

(t− s)−α
(∫ s

0

k(s− τ) [v(s)− v(τ)] dτ

)′

ds

]2
dx

where

A1 : =
[KEα(−Cktα)]2

ϵ1
N − (1− ϵ2)λ2 +Kλ3 + ϵ5λ4,

A2 : = λ2 +

(
ϵ4 −

k0
2

)
λ4 + ϵ8λ5,

A3 : = 2ϵ1k̄N +
k̄

4ϵ2
λ2 − Ckλ3,

A4 : =
N

2
− KN

ϵ1
− KCp

2k0
λ4 −

CpK

ϵ9
λ5,

A5 : = k̄

(
1

4ϵ5
+
Cp
4ϵ6

+ 1

)
λ4 + k̄Cp

(
ϵ9 +

k̄2

ϵ8
+

ϵ10α

Γ(1− α)

)
λ5,

A6 : = −2N +
λ2
ϵ3

+ 4ϵ7λ4,

A7 : =
α (4ϵ3Cpλ2 −N)

4Γ(1− α)
+ CpEα(−Cktα)

(
C4λ4
ϵ4

+
C5λ5
ϵ10

)
,

A8 : =
λ4
ϵ7

− 4λ5.

The approach involves selecting the parameters in such a way that it results in

the appearance of the term −CE1(t), C > 0, in addition to ϵ6λ4C1E
γ+1
1 (t), on

the right-hand side of (4.28). Notice that as Eα(−Cktα) approaches zero, we can
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disregard this term by selecting a sufficiently large t0. Additionally, we can also

disregard ϵ4 and ϵ10. Let ϵ1 = 1, ϵ2 = 1/2 and recall that k̄ ≤ K/Ck. Therefore,

for small values of K (or large values of Ck) and consequently small ϵ5,ϵ6, ϵ8, ϵ9, it

is enough to request that



λ2
ϵ3

+ 4ϵ7λ4 ≤ 2N,

4ϵ3Cpλ2 ≤ N,

λ2 < λ4
k0
2
,

λ4
ϵ7

≤ 4λ5.

Choose ϵ3 = ϵ7 = 1/4, λ5 = λ4, λ2 = k0λ4
4

and N ≥ λ4 max
{
Cp

k0
4
, k0 + 1

}
. In

the end, we reverse our approach and choose the remaining (skipped and ignored)

parameters in order to guarantee the fractional inequality

DαL1(t) ≤ −C6E1(t) +M4C1E
γ+1
1 (t), t > t0

for some C6 > 0. Owing to the equivalence of L1(t) and E1(t)

DαL1(t) ≤ −C7L1(t) + C8Lγ+1
1 (t), C7, C8, t > t0.

Let t̄, ω > 0 be real numbers (we can assume that t0 < t̄) such that L1(t0) < ω

and C8Lγ1(t) ≤ ω < C7, 0 ≤ t ≤ t̄ so that

DαL1(t) ≤ − (C7 − ω)L1(t), t0 ≤ t ≤ t̄.
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Clearly

L1(t) ≤ L1(t0)Eα(− (C7 − ω) (t− t0)
α), t0 ≤ t ≤ t̄.

Assume that there exists t0 ≤ t1 ≤ t̄ such that L1(t1) = ω, then as

Eα(− (C7 − ω) (t− t0)
α) ≤ 1,

we must have

ω = L1(t1) ≤ L1(t0)Eα(− (χ− ω) (t1 − t0)
α) < ω.

This is a contradiction. Starting from t̄, we can continue the process as long as

we desire. The proof is complete.
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CHAPTER 5

FRACTIONALLY AND

VISCOELASTICALLY

DAMPED FRACTIONAL

TIMOSHENKO BEAM

This chapter is concerned with a fractional Timoshenko system of order between

one and two. We address the question of well-posedness in an appropriate space

when the rotational component is viscoelastic or subject to a viscoelastic con-

troller. To this end we use the notion of alpha-resolvent. Moreover, we prove that

the memory term alone may stabilize the system in a Mittag-Leffler fashion. The

system is Lyapunov stable or uniformly stable in the case of different speeds of

propagation.
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We will consider the system (see[5])



ρ1
CDα

(
CDαφ

)
− k(φx + ψ)x = 0, 1/2 < α < 1,

ρ2
CDα

(
CDαψ

)
− bψxx +

∫ t
0
ω(t− s)ψxx(s)ds+ k(φx + ψ) = 0,

φ(0, t) = φ(1, t) = ψ(0, t) = ψ(1, t) = 0, t ≥ 0,

φ(x, 0) = φ0, φt(x, 0) = φ1, ψ(x, 0) = ψ0, ψt(x, 0) = ψ1.

(5.1)

5.1 Well-Posedness of the Problem

In this section, we complete the analysis of existence and uniqueness issues. We

shall assume that our initial data satisfy U0 ∈ D(A1) (this is defined below and

involves the knowledge of fractional derivatives of the states at zero). Our problem

(5.1) may be rewritten as a system of fractional order α, 1/2 < α < 1. As a matter

of fact, letting U =
(
φ, φ̃, ψ, ψ̃

)T
, φ̃ =C Dαφ, ψ̃ =C Dαψ it is evident that


CDαU = A1U−

∫ t
0
A2(t− s)U(s)ds

U(0) = U0 =
(
φ0, φ̃0, ψ0, ψ̃0

)T (5.2)

where the operator A1 and A2 defined as

A1 =



0 Id 0 0

k∂2x/ρ1 0 k∂x/ρ1 0

0 0 0 Id

−k∂x/ρ2 0 b∂2x/ρ2 − kId/ρ2 0


and A2(t) =



0 0 0 0

0 0 0 0

0 0 0 0

0 0 ω(t)∂2x/ρ2 0


.
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We set

H = H1
0 (0, 1)× L2(0, 1)×H1

0 (0, 1)× L2(0, 1)

and

D(A1) = D(A2) =

{
U =

(
φ, φ̃, ψ, ψ̃

)T
∈ H : φ, ψ ∈ H2(0, 1) ∩H1

0 (0, 1), φ̃, ψ̃ ∈ H1
0 (0, 1)

}
.

From Theorem 1.4.11, we can see that if we assume that U0 ∈ D(A1), it follows

that we have a classical solution

U ∈ C(R+,D(A1)) ∩ C1(R+,H)

satisfying t−α ∗ φt ∈ C1 ((0,∞), L2(0, 1)) and t−α ∗ ψt ∈ C1 ((0,∞), L2(0, 1)) .

Bearing in mind that, in our case, the Laplacian is the infinitesimal generator

of an analytic semigroup, the conditions (S1)’, (S2) and (S3) are fulfilled.

5.2 Mittag-Leffler and Uniform Stability

The kernel ω is assumed to satisfy the following condition:

(W) The kernel ω : (0,∞) → (0,∞) is a nonnegative continuous function satis-

fying I1−αω(t) ∈ C1([0,∞)),

RLDαω(t) ≤ −Cωω(t), t > 0
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and

ω̄ :=

∫ ∞

0

ω(s)ds < b

for some positive constant Cω.

Proposition 5.2.1 Assuming (W), we have

ω(t) ≤ ω̃tα−1Eα,α(−Cωtα), t ≥ 0

and

∫ t

0

ω(s)ds ≤ ω̃

∫ t

0

sα−1Eα,α(−Cωsα)ds = ω̃tαEα,α+1(−Cωtα) ≤ ω̃/Cω, t > 0

for some ω̃ > 0.

Proof. The proofs follow by a direct application of Propositions 1.4.4-1.4.6.

Before addressing the stability issue, we need to prove two identities.

5.2.1 A Useful Functional

We recall the proposition 4.3.1

Proposition 5.2.2 If I1−αw(t) ∈ C1([0,∞)), 0 < α < 1 and v ∈ H1
0 (0, 1) is a
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differentiable function, then the identity stated below holds

∫ 1

0

Dαvx

∫ t

0

w(t− s)vx(s)dsdx =
1

2

{
(RLDαw□vx) +

(∫ t

0

w(s)ds

)
Dα ∥vx∥2

}
− α

2Γ(1− α)

∫ t

0

dξ

(t− ξ)1−α

∫ ξ

0

w(η)dη

(t− η)α

∫ ξ

0

[
∥vx(s)∥2

]′
ds

(t− s)α
− 1

2
Dα(w□vx)(t)

+
α

Γ(1− α)

∫ 1

0

∫ t

0

dξ

(t− ξ)1−α

∫ ξ

0

[(vx) (η)]
′ dη

(t− η)α

[
∫ ξ

0

(t− s)−α
(∫ s

0

w(s− τ)vx(τ)dτ

)′

ds

]
dx, t ≥ 0. (5.3)

Proposition 5.2.3 For functions v and ω that are absolutely continuous, with

I1−αω, where 0 < α < 1 is also absolutely continuous, the following holds for t ≥ 0

Dα

∫ t

0

ω(t− s) [v(t)− v(s)] ds =

∫ t

0

RLDαω(t− s) (v(t)− v(s)) ds

+

(∫ t

0

ω(s)ds

)
Dαv(t)− α

Γ(1− α)

∫ t

0

dξ

(t− ξ)1−α

(∫ ξ

0

ω(η)dη

(t− η)α

)(∫ ξ

0

v′(s)ds

(t− s)α

)
.

Proof. It is evident, based on Propositions 1.4.7 and 1.4.8, that we can have

Dα

∫ t

0

ω(t− s) [v(t)− v(s)] ds = Dα

(
v(t)

∫ t

0

ω(t− s)ds

)
−Dα

∫ t

0

ω(t− s)v(s)ds

=

(∫ t

0

ω(s)ds

)
Dαv(t) + v(t)

[∫ t

0

RLDαω(t− s)ds+ I1−αω(0)

]
− α

Γ(1− α)

∫ t

0

dξ

(t− ξ)1−α

(∫ ξ

0

ω(η)dη

(t− η)α

)(∫ ξ

0

v′(s)ds

(t− s)α

)
−
∫ t

0

RLDαω(t− s)v(s)ds− v(t)I1−αω(0), t ≥ 0.

In the next proposition, we define the energy and we find its derivative.
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Proposition 5.2.4 Differentiate the energy functional

E1(t) =
1

2

[
ρ1 ∥Dαφ∥2 + ρ2 ∥Dαψ∥2 +

(
b−

∫ t

0

ω(s)ds

)
∥ψ∥2 + k ∥φx + ψ∥2

]
+

1

2
(ω□ψx)(t), t ≥ 0

we attain

DαE1(t) ≤ −I
1−αω(t)

2
∥ψx∥2 −

Cω
2
(ω□ψx)(t) +

α

bΓ(1− α)

∫ 1

0

∫ t

0

dξ

(t− ξ)1−α

×
(∫ ξ

0

(t− s)−α
(∫ s

0

ω(s− τ)ψx(τ)dτ

)′

ds

)2

dx

− ρ1TDαφ(t)− ρ2TDαψ(t)− kTφx+ψ(t)−
b

2
Tψx(t), t ≥ 0. (5.4)

Proof. Having in mind (5.3), we have along the solutions of (5.1)

DαE1(t) = ρ1

∫ 1

0

DαφDα (Dαφ) dx− ρ1TDαφ(t) + ρ2

∫ 1

0

DαψDα (Dαψ) dx− ρ2TDαψ(t)

− 1

2

(
Dα

∫ t

0

ω(s)ds

)
∥ψx∥2 +

1

2

(
b−

∫ t

0

ω(s)ds

)
Dα ∥ψx∥2

+
α

2Γ(1− α)

∫ 1

0

∫ t

0

dξ

(t− ξ)1−α

∫ ξ

0

ω(η)dη

(t− η)α

∫ ξ

0

[
(ψx)

2 (s)
]′
ds

(t− s)α
dx

+ k

∫ 1

0

(φx + ψ)Dα (φx + ψ) dx− kTφx+ψ(t) +
1

2
(RLDαω□ψx)(t)

+
1

2

(∫ t

0

ω(t− s)ds

)
Dα ∥ψx∥2 −

α

2Γ(1− α)

∫ 1

0

∫ t

0

dξ

(t− ξ)1−α

∫ ξ

0

ω(η)dη

(t− η)α∫ ξ

0

[
(ψx)

2 (s)
]′
ds

(t− s)α
dx−

∫ 1

0

Dαψx

∫ t

0

ω(t− s)ψx(s)dsdx+
α

Γ(1− α)

∫ 1

0

∫ t

0

dξ

(t− ξ)1−α

×
(∫ ξ

0

[ψx(η)]
′ dη

(t− η)α

)(∫ ξ

0

(t− s)−α
(∫ s

0

ω(s− τ)ψx(τ)dτ

)′

ds

)
dx.
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It is easy to see that from (5.1), we can derive

ρ1

∫ 1

0

DαφDα (Dαφ) dx+ ρ2

∫ 1

0

DαψDα (Dαψ) dx = −k
∫ 1

0

(φx + ψ)Dα(φx + ψ)dx

− b

∫ 1

0

ψxD
αψxdx+

∫ 1

0

Dαψx

∫ t

0

ω(t− s)ψx(s)dsdx.

Moreover,

DαE1(t) = −1

2

(
Dα

∫ t

0

ω(s)ds

)
∥ψx∥2 +

1

2
(RLDαω□ψx)(t)− ρ1TDαφ(t)− ρ2TDαψ(t)

− bTψx(t)− kTφx+ψ(t) +
α

Γ(1− α)

∫ 1

0

∫ t

0

dξ

(t− ξ)1−α

(∫ ξ

0

[ψx(η)]
′ dη

(t− η)α

)[∫ ξ

0

(t− s)−α

×
(∫ s

0

ω(s− τ)ψx(τ)dτ

)′

ds

]
dx, t > 0. (5.5)

Since the final expression in equation (5.5) can be estimated by

∫ 1

0

∫ t

0

dξ

(t− ξ)1−α

(∫ ξ

0

[ψx(η)]
′ dη

(t− η)α

)∫ ξ

0

(t− s)−α
(∫ s

0

ω(s− τ)ψx(τ)dτ

)′

dsdx

≤ bΓ(1− α)

2α
Tψx(t)

+
1

b

∫ 1

0

∫ t

0

dξ

(t− ξ)1−α

[ ∫ ξ

0

(t− s)−α
(∫ s

0

ω(s− τ)ψx(τ)dτ

)′

ds

]2
dx

it is evident that, for t > 0,

DαE1(t) ≤ −I
1−αω(t)

2
∥ψx∥2 −

Cω
2
(ω□ψx)(t)− ρ1TDαφ(t)− ρ2TDαψ(t)− kTφx+ψ(t)

− b

2
Tψx(t) +

α

bΓ(1− α)

∫ 1

0

∫ t

0

dξ

(t− ξ)1−α

×
[ ∫ ξ

0

(t− s)−α
(∫ s

0

ω(s− τ)ψx(τ)dτ

)′

ds

]2
dx (5.6)
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where the assumption (W) has been employed. We do not know the sign of the

right-hand side of (5.6), therefore this is a sensitive situation.

5.2.2 Equal Speeds of Propagation

This section will introduce several functionals and their fractional derivatives,

with which we will modify our energy functional.

We introduce the first functional

V1(t) :=

∥∥∥∥∫ t

0

ω(t− s)ψx(s)ds

∥∥∥∥2 + ∫ t

0

ω(t− s) ∥ψx(s)∥2 ds, t ≥ 0.

Lemma 5.2.5 The functional V1(t) satisfies, along solutions of our problem, the

relation

DαV1(t) ≤ −Cω
2

∫ t

0

ω(t− s) ∥ψx(s)∥2 ds+
4ω̃2

Cω
(
∣∣RLDαω

∣∣□ψx)(t)
+

(
4ω̄ [ω̃Eα(−Cωtα)]2

Cω
+ ω̃

)
∥ψx∥2 −

α

Γ(1− α)

∫ 1

0

∫ t

0

dξ

(t− ξ)1−α

×
[ ∫ ξ

0

(t− η)−α
(∫ η

0

ω(η − τ)ψx(τ)dτ

)′

dη

]2
dx, t ≥ 0.

Proof. By the Proposition 1.4.8, we derive

DαV1(t) = 2

∫ 1

0

(∫ t

0

ω(t− s)ψx(s)ds

)
Dα

[∫ t

0

ω(t− s)ψx(s)ds

]
dx

− α

Γ(1− α)

∫ 1

0

∫ t

0

dξ

(t− ξ)1−α

(∫ ξ

0

(t− η)−α
(∫ η

0

ω(η − τ)ψx(τ)dτ

)′

dη

)2

dx

+Dα

∫ t

0

ω(t− s) ∥ψx(s)∥2 ds, t ≥ 0.
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The relation between the Riemann-Liouville fractional derivative and the Caputo

fractional derivative yields

Dα

(∫ t

0

ω(t− s)ψx(s)ds

)
=RL Dα

(∫ t

0

ω(t− s)ψx(s)ds

)
dx

− t−α

Γ(1− α)

(∫ t

0

ω(t− s)ψx(s)ds

)∣∣∣∣
t=0

.

Furthermore, the summability of ω and Proposition 1.4.7 result in

DαV1(t) = 2

∫ 1

0

(∫ t

0

ω(t− s)ψx(s)ds

)[∫ t

0

RLDαω(t− s)ψx(s)ds+ ψx(t) lim
t→0+

I1−αω(t)

]
dx

− α

Γ(1− α)

∫ 1

0

∫ t

0

dξ

(t− ξ)1−α

(∫ ξ

0

(t− η)−α
(∫ s

0

ω(s− τ)ψx(τ)dτ

)′

dη

)2

dx

+

∫ t

0

RLDα ω(t− s) ∥ψx(s)∥2 ds+ ∥ψx(t)∥2 lim
t→0

I1−αω(t).

According to the definition of the Riemann-Liouville fractional derivative and

Young’s inequality, it can be deduced that

DαV1(t) ≤
2ω̄

Cω

∫ 1

0

[∫ t

0

RLDαω(t− s) [ψx(s)− ψx(t)] ds+ ψx(t)I
1−αω(t)

]2
dx

+
Cω
2

∫ t

0

ω(t− s) ∥ψx(s)∥2 ds−
α

Γ(1− α)

∫ 1

0

∫ t

0

dξ

(t− ξ)1−α

×
[ ∫ ξ

0

(t− η)−α
(∫ η

0

ω(η − τ)ψx(τ)dτ

)′

dη

]2
dx− Cω

∫ t

0

ω(t− s) ∥ψx(s)∥2 ds

+ ∥ψx(t)∥2 lim
t→0

I1−αω(t), t ≥ 0. (5.7)
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Benefiting from Proposition 1.4.6, we get

I1−αω(t) ≤ ω̃

Γ(1− α)

∫ t

0

(t− s)α−1Eα,α(−Cω(t− s)α)s−αds = ω̃Eα(−Cωtα) ≤ ω̃,

(5.8)

and using

ψ2
x(s) ≤ 2 [ψx(s)− ψx(t)]

2 + 2ψ2
x(t),

the equation (5.2.14) results in

DαV1(t) ≤
−Cω
2

∫ t

0

ω(t− s) ∥ψx(s)∥2 ds+

(
2ω̄ [ω̃Eα(−Cωtα)]2

Cω
+ ω̃

)
∥ψx∥2

+
4ω̄

Cω

(∫ t

0

∣∣RLDαω(t− s)
∣∣ ds)∫ 1

0

∫ t

0

∣∣RLDαω(t− s)
∣∣ [ψx(s)− ψx(t)]

2 dsdx

− α

Γ(1− α)

∫ 1

0

∫ t

0

dξ

(t− ξ)1−α

(∫ ξ

0

(t− η)−α
(∫ η

0

ω(η − τ)ψx(τ)dτ

)′

dη

)2

dx

where t ≥ 0. The stated estimate is derived by observing that

0 ≤
∫ t

0

∣∣RLDαω(s)
∣∣ ds = I1−αω(0)− I1−αω(t) ≤ ω̃. (5.9)

Our objective is achieved.

The following lemma presents our second functional.

Lemma 5.2.6 The functional

V2(t) := −
∫ 1

0

(ρ1φD
αφ+ ρ2ψD

αψ)dx, t > 0,
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fulfills

DαV2(t) ≤ −ρ1 ∥Dαφ∥2 − ρ2 ∥Dαψ∥2 + k ∥φx + ψ∥2 +
(
ϵ2 + b−

∫ t

0

ω(s)ds

)
∥ψx∥2

+
ω̄

4ϵ2
(ω□ψx)(t) + 2ρ1Tφx+ψ(t) + (2ρ1 + ρ2) Tψx(t) + ρ1TDαφ(t) + ρ2TDαψ(t)

where ϵ2 > 0, and t ≥ 0.

Proof. Differentiating with respect to α the functional V2(t), leads to

DαV2(t) = −ρ1 ∥Dαφ∥2 + αρ1
Γ(1− α)

∫ 1

0

∫ t

0

dξ

(t− ξ)1−α

(∫ ξ

0

φ′(η)dη

(t− η)α

)
×
(∫ ξ

0

[Dαφ(s)]′ ds

(t− s)α

)
dx+ k ∥φx + ψ∥2 − ρ2 ∥Dαψ∥2 +

(
b−

∫ t

0

ω(s)ds

)
∥ψx∥2

+

∫ 1

0

ψx

∫ t

0

ω(t− s) [ψx(t)− ψx(s)] dsdx

+
αρ2

Γ(1− α)

∫ 1

0

∫ t

0

dξ

(t− ξ)1−α

(∫ ξ

0

ψ′(η)dη

(t− η)α

)(∫ ξ

0

[Dαψ(s)]′ ds

(t− s)α

)
dx. (5.10)

After that we have the estimations

∫ 1

0

ψx

∫ t

0

ω(t− s) [ψx(t)− ψx(s)] dsdx ≤ ϵ2 ∥ψx∥2 +
ω̄

4ϵ2
(ω□ψx)(t), ϵ2 > 0,

α

Γ(1− α)

∫ 1

0

∫ t

0

dξ

(t− ξ)1−α

(∫ ξ

0

φ′(η)dη

(t− η)α

)(∫ ξ

0

[Dαφ(s)]′ ds

(t− s)α

)
dx ≤ Tφ(t) + TDαφ(t)

and

α

Γ(1− α)

∫ 1

0

∫ t

0

dξ

(t− ξ)1−α

(∫ ξ

0

ψ′(η)dη

(t− η)α

)(∫ ξ

0

[Dαψ(s)]′ ds

(t− s)α

)
dx ≤ Tψ(t)+TDαψ(t).

164



Taking into account the previous estimations, we can see that (5.10) becomes

DαV2(t) ≤ −ρ1 ∥Dαφ∥2 − ρ2 ∥Dαψ∥2 + k ∥φx + ψ∥2 +
(
b−

∫ t

0

ω(s)ds

)
∥ψx∥2

+ ϵ2 ∥ψx∥2 +
ω̄

4ϵ2
(ω□ψx)(t) + ρ1 [Tφ(t) + TDαφ(t)] + ρ2 [Tψ(t) + TDαψ(t)] , t ≥ 0.

Finally, due to the relation

Tφ(t) ≤ Tφx(t) ≤ 2Tφx+ψ(t) + 2Tψx(t) (5.11)

it appears that

DαV2(t) ≤ −ρ1 ∥Dαφ∥2 − ρ2 ∥Dαψ∥2 + k ∥φx + ψ∥2 +
(
ϵ2 + b−

∫ t

0

ω(s)ds

)
∥ψx∥2

+
ω̄

4ϵ2
(ω□ψx)(t) + 2ρ1Tφx+ψ(t) + (2ρ1 + ρ2) Tψx(t) + ρ1TDαφ(t) + ρ2TDαψ(t), t ≥ 0.

Our third functional is defined below.

Lemma 5.2.7 If

V3(t) := −ρ2
∫ 1

0

Dαψ

∫ t

0

ω(t− s) (ψ(t)− ψ(s)) dsdx, t ≥ 0,
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then, for t > t0 > 0,

DαV3(t) ≤ ρ2

(
ϵ2 +

2αϵ1
Γ(1− α)

− ω0

)
∥Dαψ∥2 + bϵ2 ∥ψx∥2 + kϵ2 ∥φx + ψ∥2

+ ω̄

(
1 +

k + b

4ϵ2

)
(ω□ψx)(t)−

ω̃ρ2
4ϵ2

(RLDαω□ψx)(t) +
ρ2C2Eα(−Cωtα)

ϵ1
Tψ(t)

+ ρ2ϵ3TDαψ(t) +
αρ2

2ϵ3Γ(1− α)

∫ 1

0

∫ t

0

dξ

(t− ξ)1−α

×
(∫ ξ

0

(t− η)−α
(∫ η

0

ω(η − s) (ψ(η)− ψ(s)) ds

)′

dη

)2

dx,

where ω0 =
∫ t0
0
ω(s)ds and ϵi > 0, i = 1, 2, 3.

Proof. Applying the operator Dα to V3(t) and (5.1), we get

DαV3(t) = −ρ2
∫ 1

0

DαψDα

∫ t

0

ω(t− s) (ψ(t)− ψ(s)) dsdx

− b

∫ 1

0

ψxx

∫ t

0

ω(t− s) (ψ(t)− ψ(s)) dsdx+

∫ 1

0

(∫ t

0

ω(t− s)ψxx(s)ds

)
×
∫ t

0

ω(t− s) (ψ(t)− ψ(s)) dsdx+ k

∫ 1

0

(φx + ψ)

∫ t

0

ω(t− s) (ψ(t)− ψ(s)) dsdx

+
αρ2

Γ(1− α)

∫ 1

0

∫ t

0

dξ

(t− ξ)1−α

[ ∫ ξ

0

(t− η)−α
(∫ η

0

ω(η − s) (ψ(η)− ψ(s)) ds

)′

dη

]
×
(∫ ξ

0

[Dαψ(s)]′ ds

(t− s)α

)
dx.
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Multiple use of integration by parts and Proposition 5.2.3, result in

DαV3(t) = −ρ2
∫ 1

0

Dαψ

∫ t

0

RLDαω(t− s) (ψ(t)− ψ(s)) dsdx− ρ2

(∫ t

0

ω(s)ds

)
× ∥Dαψ∥2 + αρ2

Γ(1− α)

∫ 1

0

Dαψ

∫ t

0

dξ

(t− ξ)1−α

(∫ ξ

0

ω(η)dη

(t− η)α

)(∫ ξ

0

ψ′(s)ds

(t− s)α

)
dx

+

∫ 1

0

(∫ t

0

ω(t− s) (ψx(t)− ψx(s)) ds

)2

dx+

(
b−

∫ t

0

ω(s)ds

)
×
∫ 1

0

ψx

∫ t

0

ω(t− s) (ψx(t)− ψx(s)) dsdx+ k

∫ 1

0

(φx + ψ)

×
∫ t

0

ω(t− s) (ψ(t)− ψ(s)) dsdx+
αρ2

Γ(1− α)

∫ 1

0

∫ t

0

dξ

(t− ξ)1−α(∫ ξ

0

(t− η)−α
(∫ η

0

ω(η − s) (ψ(η)− ψ(s)) ds

)′

dη

)(∫ ξ

0

[Dαψ(s)]′ ds

(t− s)α

)
dx.

(5.12)

Studying each term separately and using assumption (W), the relation (5.9) and

Applying Young’s inequality, we reach

∫ 1

0

Dαψ

∫ t

0

RLDαω(t− s) [ψ(t)− ψ(s)] dsdx ≤ ϵ2 ∥Dαψ∥2 + ω̃

4ϵ2
(
∣∣RLDαω

∣∣□ψx)(t)
≤ ϵ2 ∥Dαψ∥2 − ω̃

4ϵ2
(RLDαω□ψx)(t), ϵ2 > 0, (5.13)

∫ 1

0

ψx

∫ t

0

ω(t−s) (ψx(t)− ψx(s)) dsdx ≤ ϵ2 ∥ψx∥2+
ω̄

4ϵ2
(ω□ψx)(t), ϵ2 > 0, (5.14)

∫ 1

0

[∫ t

0

ω(t− s) (ψx(t)− ψx(s)) ds

]2
dx ≤ ω̄(ω□ψx)(t), (5.15)

∫ 1

0

(φx + ψ)

∫ t

0

ω(t− s) (ψ(t)− ψ(s)) dsdx

≤ ϵ2 ∥φx + ψ∥2 + ω̄

4ϵ2
(ω□ψx)(t), ϵ2 > 0, (5.16)

167



α

Γ(1− α)

∫ 1

0

Dαψ

∫ t

0

dξ

(t− ξ)1−α

(∫ ξ

0

ω(η)dη

(t− η)α

)(∫ ξ

0

ψ′(s)ds

(t− s)α

)
dx

≤ αϵ1
Γ(1− α)

∥Dαψ∥2 (5.17)

+
α

4ϵ1Γ(1− α)

∫ 1

0

[∫ t

0

dξ

(t− ξ)1−α

(∫ ξ

0

ω(η)dη

(t− η)α

)(∫ ξ

0

ψ′(s)ds

(t− s)α

)]2
dx, ϵ1 > 0

and

α

2Γ(1− α)

∫ 1

0

[∫ t

0

dξ

(t− ξ)1−α

(∫ ξ

0

ω(η)dη

(t− η)α

)(∫ ξ

0

ψ′(s)ds

(t− s)α

)]2
dx

≤ α

2Γ(1− α)

∫ 1

0

[∫ t

0

dξ

(t− ξ)1−α

(∫ ξ

0

ω(η)dη

(t− η)α

)2 ∫ t

0

dξ

(t− ξ)1−α

(∫ ξ

0

ψ′(s)ds

(t− s)α

)2
]
dx

≤
∫ t

0

dξ

(t− ξ)1−α

(∫ ξ

0

ω(η)dη

(t− η)α

)2

Tψ(t).

Subsequently, by noting that Eα(−Cωtα) ≤ C1t
−α (where C1 is a positive con-

stant) for values far from zero, we obtain

∫ t

0

dξ

(t− ξ)1−α

(∫ ξ

0

ω(η)dη

(t− η)α

)2

≤ [Γ(1− α)Eα(−Cωtα)]2
∫ t

0

dξ

(t− ξ)1−α

≤ C2Eα(−Cωtα), t > t0 > 0

where C2 := C1Γ
2(1− α)/α. Moreover (5.17), becomes

α

2Γ(1− α)

∫ 1

0

Dαψ

∫ t

0

dξ

(t− ξ)1−α

(∫ ξ

0

ω(η)dη

(t− η)α

)(∫ ξ

0

ψ′(s)ds

(t− s)α

)
dx

≤ αϵ1
Γ(1− α)

∥Dαψ∥2 + C2Eα(−Cωtα)
2ϵ1

Tψ(t), t > t0 > 0. (5.18)
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For the last term, we see that

α

Γ(1− α)

∫ 1

0

∫ t

0

dξ

(t− ξ)1−α

(∫ ξ

0

(t− η)−α
(∫ η

0

ω(η − s) (ψ(η)− ψ(s)) ds

)′

dη

)
×
(∫ ξ

0

[Dαψ(s)]′ ds

(t− s)α

)
dx ≤ ϵ3TDαψ(t) +

α

2ϵ3Γ(1− α)

∫ 1

0

∫ t

0

dξ

(t− ξ)1−α

×
(∫ ξ

0

(t− η)−α
(∫ η

0

ω(η − s) (ψ(η)− ψ(s)) ds

)′

dη

)2

dx, ϵ3 > 0. (5.19)

The equations (5.13)-(5.19), when substituted into (5.12), result in

DαV3(t) ≤ ρ2

(
ϵ2 +

2αϵ1
Γ(1− α)

−
∫ t0

0

ω(s)ds

)
∥Dαψ∥2 + bϵ2 ∥ψx∥2 + kϵ2 ∥φx + ψ∥2

+ ω̄

(
1 +

k + b

4ϵ2

)
(ω□ψx)(t)−

ω̃ρ2
4ϵ2

(RLDαω□ψx)(t) +
ρ2C2Eα(−Cωtα)

ϵ1
Tψ(t)

+ ρ2ϵ3TDαψ(t) +
αρ2

2ϵ3Γ(1− α)

∫ 1

0

∫ t

0

dξ

(t− ξ)1−α

×
[∫ ξ

0

(t− η)−α
(∫ η

0

ω(η − s) (ψ(η)− ψ(s)) ds

)′

dη

]2
dx, t > t0 > 0.

Our fourth function is responsible for controlling the last term in the computation

of DαV3(t). Define

V4(t) :=

∫ 1

0

(∫ t

0

ω(t− s) [ψ(t)− ψ(s)] ds

)2

dx, t ≥ 0.

Lemma 5.2.8 The fractional derivative of the functional V4(t) mentioned above
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satisfies

DαV4(t) ≤ ω̄ϵ2 ∥Dαψ∥2 + ω̄

(
1 +

ω̄

ϵ2
+

2αϵ1
Γ(1− α)

)
(ω□ψx) (t) + ω̃(

∣∣RLDαω
∣∣□ψx)(t)

+
C2Eα(−Cωtα)

ϵ1
Tψx(t)−

α

Γ(1− α)

∫ 1

0

∫ t

0

dξ

(t− ξ)1−α

×
(∫ ξ

0

(t− η)−α
(∫ η

0

ω(η − s) (ψ(η)− ψ(s)) ds

)′

dη

)2

dx, ϵ1, ϵ2 > 0, t > t0 > 0.

Proof. A fractional differentiation of order α leads to

DαV4(t) = 2

∫ 1

0

(∫ t

0

ω(t− s) [ψ(t)− ψ(s)] ds

)
×Dα

(∫ t

0

ω(t− s) [ψ(t)− ψ(s)] ds

)
dx− α

Γ(1− α)

∫ 1

0

∫ t

0

dξ

(t− ξ)1−α

×
(∫ ξ

0

(t− η)−α
(∫ η

0

ω(η − s) (ψ(η)− ψ(s)) ds

)′

dη

)2

dx.

Considering Proposition 5.2.3, it is clear that

DαV4(t) = 2

∫ 1

0

(∫ t

0

ω(t− s) [ψ(t)− ψ(s)] ds

)∫ t

0

RLDαω(t− s)

× (ψ(t)− ψ(s)) dsdx+ 2

∫ 1

0

(∫ t

0

ω(t− s) [ψ(t)− ψ(s)] ds

)
dx

(∫ t

0

ω(s)ds

)
×
∫ 1

0

Dαψ(t)dx− 2α

Γ(1− α)

∫ 1

0

(∫ t

0

ω(t− s) [ψ(t)− ψ(s)] ds

)∫ t

0

dξ

(t− ξ)1−α

×
(∫ ξ

0

ω(η)dη

(t− η)α

)(∫ ξ

0

ψ′(s)ds

(t− s)α

)
dx− α

Γ(1− α)

∫ 1

0

∫ t

0

dξ

(t− ξ)1−α

×
(∫ ξ

0

(t− η)−α
(∫ η

0

ω(η − s) (ψ(η)− ψ(s)) ds

)′

dη

)2

dx. (5.20)

This identity (5.20) can be evaluated using Young’s inequality and a similar ar-
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gument as for equation (5.18) mentioned earlier, in the following manner

DαV4(t) ≤ ω̄ϵ2 ∥Dαψ∥2 + ω̄

(
1 +

ω̄

ϵ2
+

2αϵ1
Γ(1− α)

)
(ω□ψx) (t) + ω̃(

∣∣RLDαω
∣∣□ψx)(t)

+
C2Eα(−Cωtα)

ϵ1
Tψx(t)−

α

Γ(1− α)

∫ 1

0

∫ t

0

dξ

(t− ξ)1−α

×
(∫ ξ

0

(t− η)−α
(∫ η

0

ω(η − s) (ψ(η)− ψ(s)) ds

)′

dη

)2

dx, ϵ1, ϵ2 > 0, t > t0 > 0.

The fractional differentiation of our fifth functional results in the term −∥φx + ψ∥2 .

Lemma 5.2.9 For the functional

V5(t) = ρ2

∫ 1

0

Dαψ(φx + ψ)dx+
bρ1
k

∫ 1

0

ψxD
αφdx

− ρ1
k

∫ 1

0

Dαφ

∫ t

0

ω(t− s)ψx(s)dsdx, t ≥ 0

we have the following result, for ϵ2, ϵ3 > 0

DαV5(t) ≤
k

12

[
φ2
x(1) + φ2

x(0)
]
− k ∥φx + ψ∥2 + ρ2 ∥Dαψ∥2 + ρ21ω̃

4k2
Eα(−Cωtα) ∥ψx∥2

+ [ϵ2 + ω̃Eα(−Cωtα)] ∥Dαφ∥2 + ρ21ω̃

4ϵ2k2
(
∣∣RLDαω

∣∣□ψx)(t) + (bρ1
k

− ρ2

)
×
∫ 1

0

DαψxD
αφdx+

ρ1
k

(
b+

1

ϵ3

)
TDαφ(t) + ρ2TDαψ(t) + ρ2Tφx+ψ(t) +

bρ1
k

Tψx(t)

+
3

k

[(
bψx −

∫ t

0

ω(t− s)ψx(s)ds

)2

(1) +

(
bψx −

∫ t

0

ω(t− s)ψx(s)ds

)2

(0)

]

+
αρ1ϵ3

2kΓ(1− α)

∫ 1

0

∫ t

0

dξ

(t− ξ)1−α

(∫ ξ

0

(t− η)−α
[∫ η

0

ω(η − s)ψx(s)ds

]′
dη

)2

dx, t ≥ 0.

Proof. Evidently, as stated in Proposition 1.4.8 and the equations of the system,
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we reach

DαV5(t) =

∫ 1

0

(φx + ψ)

[
bψxx −

∫ t

0

ω(t− s)ψxx(s)ds− k(φx + ψ)

]
dx

+ ρ2

∫ 1

0

DαψDα(φx + ψ)dx− αρ2
Γ(1− α)

∫ 1

0

∫ t

0

dξ

(t− ξ)1−α

(∫ ξ

0

[Dαψ(η)]′ dη

(t− η)α

)
×
(∫ ξ

0

(φx + ψ)′(s)ds

(t− s)α

)
dx+

bρ1
k

∫ 1

0

DαψxD
αφdx+

b

k

∫ 1

0

ψxk(φx + ψ)xdx

− αbρ1
kΓ(1− α)

∫ 1

0

∫ t

0

dξ

(t− ξ)1−α

(∫ ξ

0

[ψx(η)]
′ dη

(t− η)α

)(∫ ξ

0

[Dαφ(s)]′ ds

(t− s)α

)
dx

− 1

k

∫ 1

0

k(φx + ψ)x

∫ t

0

ω(t− s)ψx(s)dsdx−
ρ1
k

∫ 1

0

DαφDα

∫ t

0

ω(t− s)ψx(s)dsdx

+
αρ1

kΓ(1− α)

∫ 1

0

∫ t

0

dξ

(t− ξ)1−α

(∫ ξ

0

(t− η)−α
[∫ η

0

ω(η − s)ψx(s)ds

]′
dη

)
×
(∫ ξ

0

[Dαφ(s)]′ ds

(t− s)α

)
dx.

It easy to see that by integration by parts, we obtain

DαV5(t) =

[
φx

(
bψx −

∫ t

0

ω(t− s)ψx(s)ds

)]1
0

− k ∥φx + ψ∥2 + ρ2 ∥Dαψ∥2

+

(
bρ1
k

− ρ2

)∫ 1

0

DαψxD
αφdx− ρ1

k

∫ 1

0

DαφDα

∫ t

0

ω(t− s)ψx(s)dsdx

− αρ2
Γ(1− α)

∫ 1

0

∫ t

0

dξ

(t− ξ)1−α

(∫ ξ

0

[Dαψ(η)]′ dη

(t− η)α

)(∫ ξ

0

(φx + ψ)′(s)ds

(t− s)α

)
dx

− αbρ1
kΓ(1− α)

∫ 1

0

∫ t

0

dξ

(t− ξ)1−α

(∫ ξ

0

[ψx(η)]
′ dη

(t− η)α

)(∫ ξ

0

[Dαφ(s)]′ ds

(t− s)α

)
dx

+
αρ1

kΓ(1− α)

∫ 1

0

∫ t

0

dξ

(t− ξ)1−α

(∫ ξ

0

(t− η)−α
[∫ η

0

ω(η − s)ψx(s)ds

]′
dη

)
×
(∫ ξ

0

[Dαφ(s)]′ ds

(t− s)α

)
dx.
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Young’s inequality, help in writing

DαV5(t) ≤
k

12

[
φ2
x(1) + φ2

x(0)
]
− k ∥φx + ψ∥2 + ρ2 ∥Dαψ∥2

+

(
bρ1
k

− ρ2

)∫ 1

0

DαψxD
αφdx+ ρ2TDαψ(t) + ρ2Tφx+ψ(t)

+
3

k

[(
bψx −

∫ t

0

ω(t− s)ψx(s)ds

)2

(1) +

(
bψx −

∫ t

0

ω(t− s)ψx(s)ds

)2

(0)

]

+
bρ1
k

Tψx(t) +
bρ1
k

TDαφ(t)−
ρ1
k

∫ 1

0

DαφDα

∫ t

0

ω(t− s)ψx(s)dsdx

+
αρ1

kΓ(1− α)

∫ 1

0

∫ t

0

dξ

(t− ξ)1−α

(∫ ξ

0

(t− η)−α
[∫ η

0

ω(η − s)ψx(s)ds

]′
dη

)
×
(∫ ξ

0

[Dαφ(s)]′ ds

(t− s)α

)
dx.

Thereupon

ρ1
k

∫ 1

0

DαφDα

∫ t

0

ω(t− s)ψx(s)dsdx

=
ρ1
k

∫ 1

0

Dαφ

[∫ t

0

RLDα ω(t− s)ψx(s)ds+ ψx(t) lim
t→0+

I1−αω(t)

]
dx

≤ ρ1
k

∫ 1

0

Dαφ

[∫ t

0

RLDα ω(t− s) (ψx(s)− ψx(t)) ds+ ψx(t)I
1−αω(t)

]
dx

≤ ϵ2 ∥Dαφ∥2 + ρ21ω̃

4ϵ2k2
(
∣∣RLDαω

∣∣□ψx)(t) + ω̃Eα(−Cωtα) ∥Dαφ∥2

+
ρ21ω̃

4k2
Eα(−Cωtα) ∥ψx∥2 ,
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and

αρ1
kΓ(1− α)

∫ 1

0

∫ t

0

dξ

(t− ξ)1−α

(∫ ξ

0

(t− η)−α
[∫ η

0

ω(η − s)ψx(s)ds

]′
dη

)
×
(∫ ξ

0

[Dαφ(s)]′ ds

(t− s)α

)
dx ≤ ρ1

kϵ3
TDαφ(t)

+
αρ1ϵ3

2kΓ(1− α)

∫ 1

0

∫ t

0

dξ

(t− ξ)1−α

(∫ ξ

0

(t− η)−α
[∫ η

0

ω(η − s)ψx(s)ds

]′
dη

)2

dx.

Moreover

DαV5(t) ≤
k

12

[
φ2
x(1) + φ2

x(0)
]
− k ∥φx + ψ∥2 + ρ2 ∥Dαψ∥2 + ρ21ω̃

4k2
Eα(−Cωtα) ∥ψx∥2

+ [ϵ2 + ω̃Eα(−Cωtα)] ∥Dαφ∥2 + ρ21ω̃

4ϵ2k2
(
∣∣RLDαω

∣∣□ψx)(t) + (bρ1
k

− ρ2

)
×
∫ 1

0

DαψxD
αφdx+

ρ1
k

(
b+

1

ϵ3

)
TDαφ(t) + ρ2TDαψ(t) + ρ2Tφx+ψ(t) +

bρ1
k

Tψx(t)

+
3

k

[(
bψx −

∫ t

0

ω(t− s)ψx(s)ds

)2

(1) +

(
bψx −

∫ t

0

ω(t− s)ψx(s)ds

)2

(0)

]

+
αρ1ϵ3

2kΓ(1− α)

∫ 1

0

∫ t

0

dξ

(t− ξ)1−α

(∫ ξ

0

(t− η)−α
[∫ η

0

ω(η − s)ψx(s)ds

]′
dη

)2

dx

(5.21)

for ϵ2, ϵ3 > 0.

In order to address the boundary terms in the relation (5.21), the following func-

tional is required

V6(t) = ρ2

∫ 1

0

m(x)Dαψ

(
bψx(t)−

∫ t

0

ω(t− s)ψx(s)ds

)
dx, t ≥ 0,

with m(x) = 2− 4x. It is clear that m(0) = −m(1) = 2.
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Lemma 5.2.10 The functional V6(t) satisfies along solutions of equation (5.1)

DαV6(t) ≤ −
(
bψx −

∫ t

0

ω(t− s)ψx(s)ds

)2

(1)−
(
bψx −

∫ t

0

ω(t− s)ψx(s)ds

)2

(0)

+

[
4b2 +

kb2

2ϵ4
+ ρ22ω̃Eα(−Cωtα)

]
∥ψx∥2 + 2k (ϵ4 + ϵ2) ∥φx + ψ∥2

+ [2bρ2 + ϵ2 + ω̃Eα(−Cωtα)] ∥Dαψ∥2 + ω̄

(
4 +

k

2ϵ2

)
(ω□ψx)(t)

+
ω̃ρ22
ϵ2

(
∣∣RLDαω

∣∣□ψx)(t) + ρ2b
2Tψx(t) + 4ρ2

(
1 +

1

ϵ3

)
TDαψ(t)

+
αρ2ϵ3

2Γ(1− α)

∫ 1

0

∫ t

0

dξ

(t− ξ)1−α

(∫ ξ

0

(t− s)−α
(∫ s

0

ω(s− τ)ψx(τ)dτ

)′

ds

)2

dx

for t ≥ 0 and ϵi > 0, i = 2, 3, 4.

Proof. A straight forwarded applications of applying Proposition 1.4.8 yields

DαV6(t) = ρ2

∫ 1

0

m(x)Dα (Dαψ)

(
bψx(t)−

∫ t

0

ω(t− s)ψx(s)ds

)
dx

+ ρ2

∫ 1

0

m(x)Dαψ

(
bDαψx(t)−Dα

∫ t

0

ω(t− s)ψx(s)ds

)
dx

− αρ2
Γ(1− α)

∫ 1

0

m(x)

∫ t

0

dξ

(t− ξ)1−α

(∫ ξ

0

[Dαψ(η)]′ dη

(t− η)α

)
×
(∫ ξ

0

(t− s)−α
(
bψx(s)−

∫ s

0

ω(s− σ)ψx(σ)dσ

)′

ds

)
dx,
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and utilizing the second equation in our system, we get

DαV6(t) ≤
∫ 1

0

m(x)

(
bψxx −

∫ t

0

ω(t− s)ψxx(s)ds

)(
bψx −

∫ t

0

ω(t− s)ψx(s)ds

)
dx

− k

∫ 1

0

m(x)(φx + ψ)

(
bψx −

∫ t

0

ω(t− s)ψx(s)ds

)
dx+ bρ2

∫ 1

0

m(x)DαψDαψx(t)dx

− ρ2

∫ 1

0

m(x)DαψDα

∫ t

0

ω(t− s)ψx(s)dsdx+ ρ2b
2Tψx(t) + 4ρ2

(
1 +

1

ϵ3

)
TDαψ(t)

+
αρ2ϵ3

2Γ(1− α)

∫ 1

0

∫ t

0

dξ

(t− ξ)1−α

(∫ ξ

0

(t− s)−α
(∫ s

0

ω(s− τ)ψx(τ)dτ

)′

ds

)2

dx

(5.22)

where ϵ3 > 0, t ≥ 0. Next, employing (5.2.3) and (5.9), integrations by parts and

Young’s inequality, we attain

ρ2

∫ 1

0

m(x)DαψDα

∫ t

0

ω(t− s)ψx(s)dsdx

= ρ2

∫ 1

0

m(x)Dαψ

[∫ t

0

RLDα ω(t− s)ψx(s)ds+ ψx(t) lim
t→0+

I1−αω(t)

]
dx

= ρ2

∫ 1

0

m(x)Dαψ

[∫ t

0

RLDα ω(t− s) (ψx(s)− ψx(t)) ds+ ψx(t)I
1−αω(t)

]
dx

≤ ϵ2 ∥Dαψ∥2 + ω̃ρ22
ϵ2

(
∣∣RLDαω

∣∣□ψx)(t) + ω̃Eα(−Cωtα)
(
∥Dαψ∥2 + ρ22 ∥ψx∥

2) ,
(5.23)

∫ 1

0

m(x)(φx + ψ)

(
bψx −

∫ t

0

ω(t− s)ψx(s)ds

)
dx

≤ 2 (ϵ4 + ϵ2) ∥φx + ψ∥2 + b2

2ϵ4
∥ψx∥2 +

ω̄

2ϵ2
(ω□ψx)(t), (5.24)
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∫ 1

0

m(x)

(
bψxx −

∫ t

0

ω(t− s)ψxx(s)ds

)(
bψx −

∫ t

0

ω(t− s)ψx(s)ds

)
dx

= −
(
bψx −

∫ t

0

ω(t− s)ψx(s)ds

)2

(1)−
(
bψx −

∫ t

0

ω(t− s)ψx(s)ds

)2

(0)

− 1

2

∫ 1

0

m′(x)

[(
b−

∫ t

0

ω(s)ds

)
ψx +

∫ t

0

ω(t− s) (ψx(t)− ψx(s)) ds

]2
dx

≤ −
(
bψx −

∫ t

0

ω(t− s)ψx(s)ds

)2

(1)−
(
bψx −

∫ t

0

ω(t− s)ψx(s)ds

)2

(0)

+ 4b2 ∥ψx∥2 + 4ω̄(ω□ψx)(t), (5.25)

and

∫ 1

0

m(x)DαψDαψx(t)dx =
1

2

∫ 1

0

m(x)
d

dx
(Dαψ)2 dx

=
1

2

[
m(x) (Dαψ)2

]1
0
− 1

2

∫ 1

0

m′(x) (Dαψ)2 dx ≤ 2 ∥Dαψ∥2 . (5.26)

Using the earlier estimations (5.23)-(5.25) in (5.26) yields the subsequent result

for ϵi > 0, where i ranges from 2 to 4

DαV6(t) ≤ −
(
bψx −

∫ t

0

ω(t− s)ψx(s)ds

)2

(1)−
(
bψx −

∫ t

0

ω(t− s)ψx(s)ds

)2

(0)

+

[
4b2 +

kb2

2ϵ4
+ ρ22ω̃Eα(−Cωtα)

]
∥ψx∥2 + 2k (ϵ4 + ϵ2) ∥φx + ψ∥2 + ω̄

(
4 +

k

2ϵ2

)
× (ω□ψx)(t) + [2bρ2 + ϵ2 + ω̃Eα(−Cωtα)] ∥Dαψ∥2 + ω̃ρ22

ϵ2
(
∣∣RLDαω

∣∣□ψx)(t)
+ ρ2b

2Tψx(t) + 4ρ2

(
1 +

1

ϵ3

)
TDαψ(t) +

αρ2ϵ3
2Γ(1− α)

∫ 1

0

∫ t

0

dξ

(t− ξ)1−α

×
[ ∫ ξ

0

(t− s)−α
(∫ s

0

ω(s− τ)ψx(τ)dτ

)′

ds

]2
dx, t ≥ 0.
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The derivative of the following functional gives us the boundary terms necessary

to regulate the remaining boundary terms mentioned in Lemma 5.2.9. Let

V7(t) := ρ1

∫ 1

0

m(x)φxD
αφdx, t ≥ 0.

Lemma 5.2.11 The functional V7(t) satisfies

DαV7(t) ≤ 2ρ1 ∥Dαφ∥2 − k
[
φ2
x(1) + φ2

x(0)
]
+ 6k ∥φx + ψ∥2

+ 7k ∥ψx∥2 + 8ρ1Tφx+ψ(t) + 8ρ1Tψx(t) + 4ρ1TDαφ(t), t ≥ 0.

Proof. Following a similar approach to the previous Lemma 5.2.9, it is clear

that

DαV7(t) = ρ1

∫ 1

0

m(x)DαφxD
αφdx+ ρ1

∫ 1

0

m(x)φxD
α (Dαφ) dx

− αρ1
Γ(1− α)

∫ 1

0

m(x)

∫ t

0

dξ

(t− ξ)1−α

(∫ ξ

0

[φx(η)]
′ dη

(t− η)α

)(∫ ξ

0

[Dαφ(s)]′ ds

(t− s)α

)
dx

≤ −ρ1
2

∫ 1

0

m′(x) (Dαφ)2 dx+ k

∫ 1

0

m(x)φx(φx + ψ)xdx+ 4ρ1Tφx(t) + 4ρ1TDαφ(t)

or

DαV7(t) ≤ 2ρ1 ∥Dαφ∥2 + k

2

[
m(x)φ2

x

]1
0
− k

2

∫ 1

0

m′(x)φ2
xdx+ k ∥φx∥2

+ k ∥ψx∥2 + 4ρ1Tφx(t) + 4ρ1TDαφ(t), t ≥ 0.
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Having in mind the inequality ∥φx∥2 ≤ 2 ∥φx + ψ∥2 + 2 ∥ψx∥2, we ential

DαV7(t) ≤ 2ρ1 ∥Dαφ∥2 − k
[
φ2
x(1) + φ2

x(0)
]
+ 6k ∥φx + ψ∥2 + 7k ∥ψx∥2

+ 8ρ1Tφx+ψ(t) + 8ρ1Tψx(t) + 4ρ1TDαφ(t), t ≥ 0.

For our coming functional, we shall need solutions of the problem


−wxx = ψx, x ∈ (0, 1),

w(0) = w(1) = 0.

The last functional is

V8(t) :=

∫ 1

0

(ρ1wD
αφ+ ρ2ψD

αψ)dx, t ≥ 0.

Lemma 5.2.12 The functional V8(t) above fulfills the following for ϵ2, ϵ5 > 0 and

t ≥ 0

DαV8(t) ≤ (ρ1ϵ5 + ρ2) ∥Dαψ∥2 + ρ1
4ϵ5

∥Dαφ∥2 + ω̄

4ϵ2
(ω□ψx)(t)

+

[
ϵ2 −

(
b−

∫ t

0

ω(s)ds

)]
∥ψx∥2 + (ρ1 + ρ2) Tψx(t) + ρ1TDαφ(t) + ρ2TDαψ(t).
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Proof. With the help of Proposition 1.4.8, we infer that

DαV8(t) = ρ1

∫ 1

0

DαwDαφdx+ ρ1

∫ 1

0

wDα (Dαφ) dx+ ρ2

∫ 1

0

ψDα(Dαψ)dx

+ ρ2 ∥Dαψ∥2 − αρ1
Γ(1− α)

∫ 1

0

∫ t

0

dξ

(t− ξ)1−α

(∫ ξ

0

[w(η)]′ dη

(t− η)α

)(∫ ξ

0

[Dαφ(s)]′ ds

(t− s)α

)
dx

− αρ2
Γ(1− α)

∫ 1

0

∫ t

0

dξ

(t− ξ)1−α

(∫ ξ

0

[ψ(η)]′ dη

(t− η)α

)(∫ ξ

0

[Dαψ(s)]′ ds

(t− s)α

)
dx.

Given the solutions of equation (5.1), one can write

DαV8(t) ≤ ρ1δ5 ∥Dαw∥2 + ρ1
4δ5

∥Dαφ∥2 + k

∫ 1

0

w(φx + ψ)xdx

+ ρ2 ∥Dαψ∥2 +
∫ 1

0

ψ

[
bψxx −

∫ t

0

ω(t− s)ψxx(s)ds− k(φx + ψ)

]
dx

+ ρ1Tw(t) + ρ1TDαφ(t) + ρ2Tψ(t) + ρ2TDαψ(t).

Since ∥Dαw∥2 ≤ ∥Dαψ∥2 (by performing the operation Dα on both sides, multi-

plying by Dαw and then integrating by parts), it can be concluded that

DαV8(t) ≤ ρ1δ5 ∥Dαψ∥2 + ρ1
4δ5

∥Dαφ∥2 − k

∫ 1

0

wx(φx + ψ)dx+ ρ2 ∥Dαψ∥2

+

∫ 1

0

ψ

[(
b−

∫ t

0

ω(s)ds

)
ψxx +

∫ t

0

ω(t− s) (ψxx(t)− ψxx(s)) ds− k(φx + ψ)

]
dx

+ (ρ1 + ρ2) Tψx(t) + ρ1TDαφ(t) + ρ2TDαψ(t).
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Moreover,

DαV8(t) ≤ (ρ1δ5 + ρ2) ∥Dαψ∥2 + ρ1
4δ5

∥Dαφ∥2

−
∫ 1

0

ψx

[(
b−

∫ t

0

ω(s)ds

)
ψx +

∫ t

0

ω(t− s) (ψx(t)− ψx(s)) ds

]
dx

+ (ρ1 + ρ2) Tψx(t) + ρ1TDαφ(t) + ρ2TDαψ(t).

Hence

DαV8(t) ≤ (ρ1ϵ5 + ρ2) ∥Dαψ∥2 + ρ1
4ϵ5

∥Dαφ∥2 + ω̄

4ϵ2
(ω□ψx)(t)

+

[
ϵ2 −

(
b−

∫ t

0

ω(s)ds

)]
∥ψx∥2 + (ρ1 + ρ2) Tψx(t) + ρ1TDαφ(t) + ρ2TDαψ(t)

where ϵ2, ϵ5 > 0.

We are now ready to present and proof our first theorem.

Theorem 5.2.13 Assume that the initial data satisfy U0 ∈ D(A1) and ω sat-

isfies assumption (W). If ρ1
k

= ρ2
b
, then the solution of (5.1), goes to rest in a

Mittag-leffler manner provided that ω̃ is small enough, i.e., there exist two positive

constants C and ξ (depending on E1(0)) such that

E1(t) ≤ CEα(−ξtα), t ≥ 0.

Proof. First, we present our reference functional

L1(t) := NE1(t) +
8∑
i=1

λiVi(t), t ≥ 0,
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where N and λi are positive constants to be defined later. Having in mind all

the previous lemmas above, we calculate DαL1(t). The proof aims to derive a

fractional differential inequality of the form

DαL1(t) ≤ −C3L1(t), t > t0 > 0. (5.27)

Proposition 1.4.4 enables one to derive the estimation in the theorem but only on

(t0,∞). By utilizing a continuity argument, we derive a comparable one on the

interval [0, t0]. First, note that by increasing the time t0, we may make the terms

in Eα(−Cωtα) as small as we like. As a result, ϵ1 may be ignored for the time

being. For small ω̃, hence small ϵ2

dL1(t)

dt
≤ A1||ψx||2 + A2||Dαφ||2 + A3||Dαψ||2 + A4||ϕx + ψ||2 + A5TDαφ(t)

+ A6TDαψ(t) + A7Tφx+ψ(t) + A8Tψx(t)

+ A9
α

Γ(1− α)

∫ 1

0

∫ t

0

dξ

(t− ξ)1−α

(∫ ξ

0

(t− s)−α
(∫ s

0

ω(s− τ)ψx(τ)dτ

)′

ds

)2

dx

+ A10
α

Γ(1− α)

∫ 1

0

∫ t

0

dξ

(t− ξ)1−α

(∫ ξ

0

(t− η)−α

×
(∫ η

0

ω(η − s) (ψ(η)− ψ(s)) ds

)′

dη

)2

dx+ A11

[(
bψx −

∫ t

0

ω(t− s)ψx(s)ds

)2

(1)

+

(
bψx −

∫ t

0

ω(t− s)ψx(s)ds

)2

(0)

]
+ A12

[
φ2
x(1) + φ2

x(0)
]
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where

A1 := (b− ω0)λ2 +

(
4b2 +

kb2

2ϵ4

)
λ6 + 7kλ7 − bλ8,

A2 := −ρ1λ2 + 2ρ1λ7 +
ρ1
4ϵ5

λ8,

A3 := −ρ2λ2 − ω0ρ2λ3 + ρ2λ5 + 2bρ2λ6 + (ρ1ϵ5 + ρ2)λ8,

A4 := kλ2 − kλ5 + 2kϵ4λ6 + 6kλ7,

A5 := −ρ1N + ρ1λ2 +
ρ1
k

(
b+

1

ϵ3

)
λ5 + 4ρ1λ7 + ρ1λ8,

A6 := −ρ2N + ρ2λ2 + ρ2ϵ3λ3 + ρ2λ5 + 4ρ2

(
1 +

1

ϵ3

)
λ6 + ρ2λ8,

A7 := −kN + 2ρ1λ2 + ρ2λ5 + 8ρ1λ7,

A8 := − b
2
N + (2ρ1 + ρ2)λ2 +

bρ1
k
λ5 + ρ2b

2λ6 + 8ρ1λ7 + (ρ1 + ρ2)λ8,

A9 :=
N

b
− λ1 +

ρ1ϵ3
2k

λ5 +
ρ2ϵ3
2
λ6,

A10 :=
ρ2
2ϵ3

λ3 − λ4,

A11 :=
3

k
λ5 − λ6,

A12 :=
k

12
λ5 − kλ7.

We realize that for a considerable large value of N , the parameter ϵ3, may be

large, the coefficients A5, A6, A7 and A8 may be rendered negative. Consequently,

the coefficient A10 may be considered negative. Taking λ1 = 2N
b
, will make A9

negative. For the other coefficients to be negative (note that the coefficients

A11, A12, can be zero not necessarily negative) we need to select the parameters
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there in a way that



(b− ω0)λ2 +

(
4b2 + kb2

2ϵ4

)
λ6 + 7kλ7 < bλ8,

2ρ1λ7 +
ρ1
4ϵ5
λ8 < ρ1λ2,

ρ2λ5 + 2bρ2λ6 + (ρ1ϵ5 + ρ2)λ8 < ρ2λ2 + ω0ρ2λ3,

kλ2 + 2kϵ4λ6 + 6kλ7 < kλ5,

ρ2
2ϵ3
λ3 < λ4,

3
k
λ5 ≤ λ6,

k
12
λ5 ≤ kλ7.

(5.28)

Pick λ2 = λ5
4
, λ6 =

3λ5
k
, ϵ4 =

k
26

and λ7 =
λ5
12

. There remains



[
b−ω0

4
+ 7k

12
+ 51b2

k

]
λ5 < bλ8,

λ8
ϵ5
< λ5

3
,

3
(
1
4
+ 2b

k

)
λ5 +

(
ρ1
ρ2
ϵ5 + 1

)
λ8 < ω0λ3,

ρ2λ3
2ϵ3

< λ4.

Choosing a large value of ϵ3, we are left with



[
b−ω0

4
+ 7k

12
+ 51b2

k

]
λ5 < bλ8,

λ8
ϵ5
< λ5

3
,

3
(
1
4
+ 2b

k

)
λ5 +

(
ρ1
ρ2
ϵ5 + 1

)
λ8 < ω0λ3.
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After that, for a large value of λ3 such that the second relation is satisfied (with

ϵ5 being large), only the following remains:

[
b− ω0

4
+

7k

12
+

51b2

k

]
λ5 < bλ8.

For a large λ8 or small enough λ5, we get the needed result.

5.2.3 Non-Equal Speeds of Propagation

In real-world, the rates of propagation may not be identical. Therefore, it is

not physically sound to assume equal speeds of propagation. We will need the

following result for the basic fractional differential equation:

Dαx(t) = f(t, x(t))

with 0 as an equilibrium. Let K be the class of strictly increasing continuous

functions h : [0,+∞) → [0,+∞) satisfying h(0) = 0.

Proposition 5.2.14 [94] Assume that f is a nonnegative bounded function such

that Iαf, 0 < α < 1 is also bounded. Then, lim inft→∞ f(t) = 0.

Proposition 5.2.15 [95] If there exist a Lyapunov function Z(x(t), t) and two

functions ϑ1(.) and ϑ2(.) in K such that, for all x ̸= 0, ϑ1(∥x(t)∥) ≤ Z(x(t), t) ≤

ϑ2(∥x(t)∥) and DαZ(x(t), t) ≤ 0, 0 < α ≤ 1, then the equilibrium is Lyapunov

uniformly stable.
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Theorem 5.2.16 Assume that U0 ∈ D(A1) and the speeds of propagation are not

necessarily equal. Then, we have that lim inft→∞E1(t) = 0. If ψx(0) = 0, then the

system is Lyapunov uniformly stable for small values of ω̃.

We must find a Lyapunov function with a fractional derivative that is not positive.

Revisiting the previous proof, we start from the stage where we neglected the term

(by assuming equal speeds of propagation)

(
bρ1
k

− ρ2

)∫ 1

0

DαψxD
αφdx

in V5(t), that is

DαL1(t) ≤ −C4E1(t) + λ5

(
bρ1
k

− ρ2

)∫ 1

0

DαψxD
αφdx, t > t0 > 0.

Due to this higher order term, we need to pass to energy of higher order. We

express E1(t) as E1(t) = E1(t, φ, ψ) to incorporate the influence of φ and ψ and

we introduce the energy referred to as the ’2n α-order’ energy

E2(t) := E1(t,D
αφ,Dαψ), t ≥ 0.

Thus

E2(t) :=
1

2

[
ρ1 ∥Dα (Dαφ)∥2 + ρ2 ∥Dα (Dαψ)∥2 +

(
b−

∫ t

0

ω(s)ds

)
∥Dαψx∥2

+ k ∥Dα (φx + ψ)∥2 + (ω□Dαψx)(t)

]
, t ≥ 0.
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The fractional derivative of E2(t) is given by

DαE2(t) = ρ1

∫ 1

0

Dα (Dαφ)Dα [Dα (Dαφ)] dx+ ρ2

∫ 1

0

Dα (Dαψ)Dα [Dα (Dαψ)] dx

− 1

2
I1−αω(t) ∥Dαψx∥2 +

(
b−

∫ t

0

ω(s)ds

)∫ 1

0

DαψxD
α (Dαψx) dx

+ k

∫ 1

0

Dα (φx + ψ)Dα [Dα (φx + ψ)] dx+
1

2
Dα(ω□Dαψx)(t)

−
(
b−

∫ t

0

ω(s)ds

)
TDα(ψx) − ρ1TDα(Dαφ) − ρ2TDα(Dαψ) − kTDα(φx+ψ)

+
α

Γ(1− α)

∫ 1

0

∫ t

0

dξ

(t− ξ)1−α

(∫ ξ

0

ω(η)dη

(t− η)α

)(∫ ξ

0

[
(Dαψx)

2 (s)
]′
ds

(t− s)α

)
dx.

Making use of (5.1), we see that

DαE2(t) = −k
∫ 1

0

Dα (Dαφx)D
α(ϕx + ψ)dx− b

∫ 1

0

Dα (Dαψx)D
α(ψx)dx

+

∫ 1

0

Dα (Dαψx)D
α

(∫ t

0

w(t− s)ψx(s)dx

)
dx− k

∫ 1

0

Dα (Dαψ)Dα(ϕx + ψ)dx

− 1

2
I1−αω(t) ∥Dαψx∥2 +

(
b−

∫ t

0

ω(s)ds

)∫ 1

0

DαψxD
α (Dαψx) dx

+ k

∫ 1

0

Dα (φx + ψ)Dα [Dα (φx + ψ)] dx+
1

2
Dα(ω□Dαψx)(t)

−
(
b−

∫ t

0

ω(s)ds

)
TDα(ψx) − ρ1TDα(Dαφ) − ρ2TDα(Dαψ) − kTDα(φx+ψ)

+
α

Γ(1− α)

∫ 1

0

∫ t

0

dξ

(t− ξ)1−α

(∫ ξ

0

ω(η)dη

(t− η)α

)(∫ ξ

0

[
(Dαψx)

2 (s)
]′
ds

(t− s)α

)
dx.
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Having in mind Proposition 5.2.2, we infer that

1

2
Dα(ω□Dαψx) =

1

2
(RLDαω□Dαψx)(t)

−
∫ 1

0

Dα (Dαψx)

∫ t

0

ω(t− s)Dαψx(s)dsdx+
1

2

(∫ t

0

ω(t− s)ds

)
Dα ∥Dαψx∥2

− α

2Γ(1− α)

∫ t

0

dξ

(t− ξ)1−α

∫ ξ

0

ω(η)dη

(t− η)α

∫ ξ

0

[
∥Dαψx(s)∥2

]′
ds

(t− s)α

+
α

Γ(1− α)

∫ 1

0

∫ t

0

dξ

(t− ξ)1−α

∫ ξ

0

[(Dαψx) (η)]
′ dη

(t− η)α

×
(∫ ξ

0

(t− s)−α
(∫ s

0

ω(s− τ)Dαψx(τ)dτ

)′

ds

)
dx

The coming relation is found by utilizing Young’s inequality

DαE2(t) ≤
1

2
(RLDαω□Dαψx)(t)−

1

2
I1−αω(t) ∥Dαψx∥2 + (ϵ6 − b) TDαψx

− ρ1TDα(Dαφ) − ρ2TDα(Dαψ) − kTDα(φx+ψ) (5.29)

+
α

2ϵ6Γ(1− α)

∫ 1

0

∫ t

0

dξ

(t− ξ)1−α

(∫ ξ

0

(t− s)−α
(∫ s

0

ω(s− τ)Dαψx(τ)dτ

)′

ds

)2

dx

where ϵ6 > 0, t ≥ 0.

Proposition 5.2.17 Suppose that k and f are two continuous functions defined

on the interval (0,+∞) such that

I1−αk(t), I1−αf(t) ∈ C1([0,∞)).
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Then,

(∫ t

0

k(s)ds

)
Dαf(t) =

∫ t

0

k(t− s) [Dαf(t)−Dαf(s)] ds

−
∫ t

0

RLDαk (t− s) [f(t)− f(s)] ds+ I1−αk(t)f(t)− f(0)I1−αk(t)− k(t)I1−αf(0)

where t ≥ 0.

Proof. We can easily see that

∫ t

0

k(t− s) [Dαf(t)−Dαf(s)] ds−
∫ t

0

RLDαk (t− s) [f(t)− f(s)] ds

=

(∫ t

0

k(s)ds

)
Dαf(t)−

∫ t

0

k(t− s)Dαf(s)ds−
[
I1−αk(t)− I1−αk(0)

]
f(t)

+

∫ t

0

RLDαk (t− s)f(s)ds.

By Proposition (1.4.7), it can be deduced that

RLDα

∫ t

0

k(t− s)f(s)ds =

∫ t

0

RLDα k(t− s)f(s)ds+ f(t)I1−αk(0),

and conversely, the connection between the two derivatives provides

RLDα

∫ t

0

k(s)f(t− s)ds =

∫ t

0

k(s) RLDα f(t− s)ds+ k(t)I1−αf(0)

=

∫ t

0

k(t− s)

[
Dαf(s) +

s−αf(0)

Γ(1− α)

]
ds+ k(t)I1−αf(0)

=

∫ t

0

k(t− s)Dαf(s)ds+
f(0)

Γ(1− α)

∫ t

0

k(s)(t− s)−αds+ k(t)I1−αf(0)

=

∫ t

0

k(t− s)Dαf(s)ds+ f(0)I1−αk(t) + k(t)I1−αf(0).
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Moreover,

∫ t

0

RLDα k(t− s)f(s)ds+ f(t)I1−αk(0) =

∫ t

0

k(t− s)Dαf(s)ds+ f(0)I1−αk(t)

+ k(t)I1−αf(0),

and

∫ t

0

k(t− s) [Dαf(t)−Dαf(s)] ds−
∫ t

0

RLDαk (t− s) [f(t)− f(s)] ds

=

(∫ t

0

k(s)ds

)
Dαf(t)− I1−αk(t)f(t) + f(0)I1−αk(t) + k(t)I1−αf(0). (5.30)

By multiplying the equation (5.30) by g(t), integrating over the interval (0, 1),

and utilizing Young’s inequality, we derive the following result.

Corollary 5.2.18 Let us suppose that k and f are both continuous functions on

the interval (0,+∞) such that

I1−αk(t), f(t) ∈ C1(0,∞)

and f , Dαf and g are all in L2(0, 1). Hence

(∫ t

0

k(s)ds

)∫ 1

0

g(t) (Dαf) dx ≤ 2ε ∥g(t)∥2 + 1

ε

(∫ t

0

k(s)ds

)
(k□Dαf)(t)

+
1

ε

(∫ t

0

∣∣RLDαk
∣∣ ds)× (

∣∣RLDαk
∣∣□f)(t) + 1

ε

[
I1−αk(t)

]2 ∥f∥2 + 1

ε

[
I1−αk(t)

]2 ∥f(0)∥2
+

1

4ε
k2(t)

∥∥I1−αf(0)∥∥2 , t ≥ 0.
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In the case that g = Dαf , this corollary gives the following:

Corollary 5.2.19 Suppose that k and f are both continuous functions on (0,+∞)

with the property that I1−αk(t) and f(t) belong to C1(0,∞). Then,

(∫ t

0

k(s)ds− 2ε

)
∥Dαf∥2 ≤ 1

ε

(∫ t

0

k(s)ds

)
(k□Dαf)(t) +

1

ε

(∫ t

0

∣∣RLDαk
∣∣ ds)

× (
∣∣RLDαk

∣∣□f)(t) + 1

ε

[
I1−αk(t)

]2 ∥f∥2 + 1

ε

[
I1−αk(t)

]2 ∥f(0)∥2 + 1

4ε
k2(t)

∥∥I1−αf(0)∥∥2

where t ≥ 0.

We recommend using the new functional, to control the last term in the energy

E2(t)

V9(t) :=

∥∥∥∥∫ t

0

ω(t− s)Dαψx(s)ds

∥∥∥∥2 + ∫ t

0

ω(t− s) ∥Dαψx(s)∥2 ds, t ≥ 0.

Lemma 5.2.20 The functional V9(t) verifies

DαV9(t) ≤ −Cω
2

∫ t

0

ω(t− s) ∥Dαψx(s)∥2 ds+
4ω̃2

Cω
(
∣∣RLDαω

∣∣□Dαψx)(t)

+

(
4ω̄ [ω̃Eα(−Cωtα)]2

Cω
+ ω̃

)
∥Dαψx∥2 −

α

Γ(1− α)

∫ 1

0

∫ t

0

dξ

(t− ξ)1−α

×
[ ∫ ξ

0

(t− η)−α
(∫ η

0

ω(η − τ)Dαψx(τ)dτ

)′

dη

]2
dx, t ≥ 0.

The proof is similar to the one of Lemma 5.2.9.

Proof. [Proof of Theorem 5.2.16] Combining the estimations of (5.29) and DαV
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with the above corollaries, for

L2(t) := N (E1(t) + E2(t)) +
9∑
i=1

λiVi(t),

assuming a large value of N , we get

DαL2(t) ≤ −C5E1(t) + C6 [Eα(−Cωtα)]2 ∥ψx(0)∥2 , t > t0 > 0

for small ω̃ and large t0 for some C5,C6 > 0. Applying the operator Iα to both

sides results in

L2(t)− L2(0) =
1

Γ(α)

∫ t0

0

(t− s)α−1DαL2(s)ds+
1

Γ(α)

∫ t

t0

(t− s)α−1DαL2(s)ds

≤ 1

Γ(α)

∫ t0

0

(t− s)α−1DαL2(s)ds

+
1

Γ(α)

∫ t

t0

(t− s)α−1
{
−C5E1(t) + C6 [Eα(−Cωtα)]2 ∥ψx(0)∥2

}
ds.

It should be noted that due to the continuity of DαL2(s) (where all constants Ci,

i = 7, ..., 12 are positive),

∫ t0

0

(t− s)α−1DαL2(s)ds ≤
∫ t0

0

(t0 − s)α−1 |DαL2(s)| ds ≤ C7t0
α.

Hence

C5I
α
t0
E1(t) ≤ L2(0) +

C7t0
α

Γ(α)
+ C6I

α [Eα(−Cωtα)]2 ∥ψx(0)∥2 ,
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and according to Proposition 1.4.6, for t ≥ t0, we have

Iα [Eα(−Cωtα)]2 ≤ Iα
[
C8t

−αEα(−Cωtα)
]
≤ C9Eα(−Cωtα) ≤ C10.

Thus,

C11E1(t) + Iαt0E1(t) ≤ C12.

The first conclusion follows from Proposition 5.2.14 and the second one from

Proposition 5.2.3.
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CHAPTER 6

CONCLUSION AND FUTURE

WORK

6.1 Conclusion

In this dissertation, we considered a mechanical engineering problem that occurs

often in applications. It consists of a beam with a significant rotation effect due to

bending. It is adequately delineated by a Timoshenko type model. This structure

is also subject to a considerable torsion. This latter factor is described by a cou-

pling of the Timoshenko system with a new (third) equation. The derived model

has been discussed by relatively few researchers treating rather the ”engineering”

side. However, we are unable to locate a mathematical analysis for such systems.

In addition, the model takes into account the possibility of axial forces acting on

the structure. This brings considerable mathematical difficulties and regrettably

they are not frequently (or systematically) investigated in mathematics papers.

We first established an existence and uniqueness result in a suitable underlying

194



space with the helps of the semi-group theory. Then we turned to the stability

issue focusing in particular on specifying the rate of decay. In this regards, we

obtained sufficient conditions ensuring exponential and polynomial stability.

Notably, we came up with a condition resembling very much the equal speeds

of propagation condition often encountered in the study of Timoshenko system.

In a point of fact, this newly obtained condition comprises the equals speeds of

propagation condition as a special case. Unfortunately, it was shown that this

condition in not practically reasonable and therefore the one we obtained too. It

was therefore pivotal to investigate the rather plausible situation in the absence

of this condition. To this end, we have been inclined to pass to the second order

energy to accommodate some higher order terms. The price to pay is a polynomial

rate instead of an exponential one. In order to have a further insight on the system,

we explored also the case of axial loading. The main methods used in all our proofs

is the energy method. Due to the aforementioned features of the problem it was

not a straightforward task to come up with appropriate functionals.

Remarkably, we found that (when ignoring P ) the equal speeds of propagation

condition does not concern necessarily the first two equations but may involve the

second and third equation therefore allowing the speeds of propagation of the

rotation component to be free and independent of the other two.

Non-Integer Fractional Damping and Viscoelastic Term

A derivative that is half the order of the leading term has been observed to have

the ability to bring the system to rest. The rate achieved and anticipated follows

the Mittag-Leffler pattern, which is a characteristic of fractional derivatives. The
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stability is global in time. Moreover, this term functions as a damping term,

similar to its integer-order counterpart. When dealing with a memory term in a

viscoelastic material, a significant challenge arises in assessing the expression

∫
Ω

∫ t

0

dξ

(t− ξ)1−α

(∫ ξ

0

(t− η)−α
(∫ s

0

k(s− τ) |∇v(τ)| dτ
)′

dη

)2

dx

present in the derivative of the energy. In response to this situation, a new func-

tional V1(t) has been introduced. In terms of nonlinearity, we have made addi-

tional assumptions on the exponent of the nonlinearity in order to take advantage

of an embedding result. Regrettably, the fractional inequality derived is not the

same as the one associated with the lower-order fractional term. To extract some

information about the concerned functional we needed to examine small kernels

and employ a strategy to address the resulting nonlinearity. The price to pay is

a stability of local character only.

Fractional Timoshenko

In this thesis, we considered the dynamics of a Timoshenko beam operating in

anomalous media. The model is obtained from the classical Timoshenko model

by substituting the integer-order derivatives with fractional derivatives ranging

from one to two. In fact, sequential fractional derivatives are more appropriate

for the multiplier technique. It has been demonstrated that a viscoelastic damp-

ing mechanism affecting the rotational part can lead the structure to a state of

equilibrium at a rate described by a Mittag-Leffler function when the propagation

speeds are equal and the relaxation function meets a fractional inequality whose
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solutions are limited by Mittag-Leffler functions. This extends a comparable in-

stance of exponential stability observed in the classical (integer-order) case. The

case when the speeds of propagation are not equal, the situation is much more

complicated and differs from the classical situation. We have achieved uniform

Lyapunov stability without a specific rate.

6.2 Future Work

Viscoelastic Effect

In this thesis, we have reduced the number of frictional dampings from three to

only two. One in any of the two components of the Timoshenko beam and one

in the torsional component. It is natural to ask whether it would be possible to

weaken further the damping mechanisms by considering viscoelastic damping in

one of the component, like



ρIϕtt − EIϕxx − kAG(vx − ϕ)−Kψxx = 0,

µvtt +
∫ t
0
g(t− τ)vxx(τ)dτ −

(
kAG− P

)
(vxx − ϕx) + Pϕx = 0,

−
[
GJ − P (Is/µ)

]
ψxx −Kϕxx + Isψtt + c2ψt = 0,



ρIϕtt +
∫ t
0
g(t− τ)ϕxx(τ)dτ − EIϕxx − kAG(vx − ϕ)−Kψxx = 0,

µvtt −
[
kAG− P

]
(vxx − ϕx) + Pϕx = 0,

−
[
GJ − P (Is/µ)

]
ψxx −Kϕxx + Isψtt + c2ψt = 0
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and



ρIϕtt − EIϕxx − kAG(vx − ϕ)−Kψxx = 0,

µvtt − (kAG− P )(vxx − ϕx) = 0,

−
[
GJ − P (Is/µ)

]
ψxx −Kϕxx + Isψtt −

∫ t
0
g(t− τ)ψxx(τ)dτ = 0.

Thermal Coupling Effect

Another kind of weaker damping than the frictional one consists in considering

a thermoelastic bending-torsion beam. This consists in coupling the Timoshenko

beam with a heat equation, like



ρIϕtt − EIϕxx − kAG(vx − ϕ)−Kψxx + σθx = 0,

µvtt −
(
kAG− P

)
(vxx − ϕx) + Pϕx = 0,

−
[
GJ − P (Is/µ)

]
ψxx −Kϕxx + Isψtt + c2ψt = 0,

ρ1θt − ρ2θxx + σϕxt = 0.

The coupling here is with the first component. Theoretically, we might also exam-

ine the coupling with the second or even the third component. Another coupling
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is the second sound type of the form



ρIϕtt − EIϕxx − kAG(vx − ϕ)−Kψxx + σθx = 0,

µvtt −
(
kAG− P

)
(vxx − ϕx) + Pϕx = 0,

−
[
GJ − P (Is/µ)

]
ψxx −Kϕxx + Isψtt + c2ψt = 0,

aθt + qt + δϕxt = 0,

bqt + αq + θx = 0.

Also, to avoid the infinite speeds of propagation, one might consider the ther-

moleastic problem of type III



ρIϕtt − EIϕxx − kAG(vx − ϕ)−Kψxx + αθx = 0,

µvtt −
(
kAG− P

)
(vxx − ϕx) + Pϕx = 0,

−
[
GJ − P (Is/µ)

]
ψxx −Kϕxx + Isψtt + c2ψt = 0,

aθtt − bθxx + δϕttx + γθtxx = 0.

In addition, for these problems and the ones studied in this thesis, it is inter-

esting to investigate the corresponding nonlinear case by replacing the frictional

damping ϕt, vt and ψt by h(ϕt), h(vt) or h(ψt). Of course, the time dependent

context f(t)h(ϕt), f(t)h(vt) or f(t)h(ψt), is also worthy of investigation as it ap-

pears often in applications. The competition between a nonlinear source in one of

the components with the existing dampings offers a different venue of interesting

investigations as well.

199



Fractional Problems

The investigation of the kind of fractional problems addressed here is in its infancy

stage. It is quite challenging and therefore any contribution in this regards would

certainly be welcome. It is in our intention to look at the following cases:

• Different relationships between the lower order and the leading order. That

is, the case when the lower order is not exactly half of the leading order

Dα(Dαu(t, x)) +C Dβu(t, x) + |u|γ u = ∆u(t, x)− b

∫ t

0

k(t− s)∆u(s, x)ds.

• The fractional thermoleastic models.

• The case of nonlinear fractional damping f(t)h(Dαu(t, x)).

• The case of viscoelastic damping is still on open problem. It deserves to be

revisited.

• The arguments developed in this work to prove the stability are versatile in

the sense that they apply to many evolution fractional problems. However,

the question of well-posedness needs to be fixed first. This seems to be also

a challenging issue.

• The bending-torsion problem would be more interesting and more challeng-

ing in the fractional framework.
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• All the aforementioned issues may be addressed for others kinds for frac-

tional derivatives.
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