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This dissertation concentrates on three main issues: the dynamic of a Timoshenko
beam under azial tension and torsional effect, a nonlinear Telegraph problem of
fractional order and a Timoshenko beam also of non-integer order. The questions
addressed here are the stability of the structure and the existence and uniqueness of
solutions. In contrast to the integer order problems, the Galerkin method and the
semi-group method seem not suitable to demonstrate the existence and uniqueness
of a solution for fractional problems. We have used rather the notion of resolvents.
Regarding the stability of the Timoshenko system and for the sake of economy and
simplicity of implementation, we have reduced the number of frictional dampings
in the original problem (one in each component) to only two. We kept the one in

the equation corresponding to the torsion and adopted only one in either one of
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the two equations of the Timoshenko system. The cases of effective azial loads or
non effective azxial loads have been studied separately as we have found that they
present different characteristics. A new parameter has been obtained ensuring
exponential stability when it is zero and a polynomial stability when it is different
from zero. This covers the usual equal speeds of propagation and non-equal speeds
of propagation as a special case. For both fractional order problems, we have
established Mittag-Leffler and uniform stability under a lower order fractional
term and under a fractional and/or viscoelastic damping. The main tool for the
first problem is the multiplier technique. This energy method has been generalized

to the fractional frameworks to cope with our problems.
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CHAPTER 1

INTRODUCTION

1.1 The Problem

1.1.1 Bending Torsion Problem

In the last five decades, there has been an increasing focus on the control and
stability of different kind of beams. This is primarily driven by their significance
in various fields, including industry and medical research, such as applications in
robot arms, suspended bridges, spacecraft, and blood vessels.

The Timoshenko theory was introduced in 1921. It was about a model which
accurately captures the dynamic behavior of beams when both the rotational
inertia and transverse shear are not negligible. This gives a better description
then the well-known and commonly used Euler-Bernoulli model.

The transverse vibrations of a beam depends, in general, on its geometrical
properties, such as the, length, size and shape, cross section, moment of inertia

and shear coefficient. It also depends on its mechanical properties such as density,



Young’s modulus and modulus of rigidity. The following model was derived in [1]

Hvtt(x7t) — kAG (’Ux:c(ajat) - ¢x($at)) = 07 O<z< L7 t>0
ploy(x,t) — Elg,,(x,t) — EAG (vg(x,t) — ¢p(x,t)) =0, 0 <z < L, t >0

w(0,t) =0, ¢(0,£) =0, ¢t >0

\

where

v(z,t) = transverse displacement,

¢(z,t) = rotational angle of the beam,

4 = mass density,

pI = moment of mass inertia,

ET = rigidity coefficient,

kAG = shear modulus of elasticity,

L = length of the beam.

The problem is complemented by different kinds of boundary conditions. In
addition, several internal and boundary controllers or damping devices have been
incorporated and added to the structure to reduce the vibrations. Namely, struc-
tural damping, weak (frictional) damping, and viscoelastic damping have been
utilized. Moreover, dissipation through coupling with a heat equation has been
considered in the literature. It has been established that one of these damping
may force the whole solution to decay exponentially to the rest state in the energy
norm.

Indeed, in a bid to stabilize such structures, scientists and researchers came up



with several means and ways. Various kinds of controls, for instance in the fom
of dampers (described by frictional, structural, viscoelastic or thermal coupling
damping) have been implemented either internally or at the boundary. In so doing,
several arguments and methods have been deployed to establish the stability of
the structures.

In this thesis, we want to shed some light on the vibration and buckling of
beams of Timoshenko type subject to bending and torsion. Vibrations refer to the
natural oscillations or wiggling of beams when disturbed, whereas buckling refers
to when they collapse or deform under pressure. When discussing beams, such as
those employed in constructions, bridges, or even common structures, the focus
is often on their ability to bend or flex when subjected to loads. However, it is
important to note that beams can also experience twisting or rotation in response
to forces. Understanding how beams behave when they are bent and twisted is
crucial for designing safe and efficient structures. For example, in tall buildings
or long bridges, these bending and torsional movements can affect stability and
performance. By studying these characteristics, engineers may have a clear idea
on how to act so that the structures can withstand the forces they will encounter
in the real world. To this end, an essential step to rely on the adopted model, is the
analytic treatment of the stability. Determining sufficient conditions under which
the system is stable is of paramount importance. Prior to this, it is natural to
ascertain the existence and uniqueness of a solution in an appropriate underlying

space.



Our main reference is the following problem:

L + sty — Eldns — kAG(vy — &) — Kibyo =0, x € (0,1), t € (0, 00),
pvy + vy — kAG(Vgp — ¢p) + Puge =0, € (0,L), t € (0,00),

_Gwaz - K¢:m: + P(Is/u)wxz + [swtt + 021/}15 = 07 YIS (07 L)7 t € (07 OO)
(1.1)

This system has been examined in the field of mechanical engineering. In

contrast to Timoshenko beams, for which mathematicians have thoroughly inves-
tigated their dynamical behavior, providing analytical and numerical treatments,
bending-torsion problems have not been well studied by mathematicians. The
coupling of bending and torsion effects in (1.1), has remained largely unexplored
in mathematical investigations.

Taking into account the bending and torsional deformations is more realistic
since many structures, such as aircraft wings, turbine blades, and tall buildings,
experience both of these deformations simultaneously. Neglecting the coupling
between these two types of deformation can lead to inaccuracies in predicting
the structural response. By considering beams that experience both bending and
torsion, it becomes possible to make more precise estimates of the deflections,
stresses, and natural frequencies in structural components. This is especially
crucial in critical applications where accuracy is important, such as in aerospace
engineering, electrical or electronic engineering and civil engineering (the design
of buildings resistan to seismic activity).

The system (1.1) proficiently describes the vibrations of a bar (beam) tak-



ing into account both bending and rotational deformations. Unlike the Euler-
Bernoulli model, which portrays only the bending effect, the Timoshenko model

is suitable for thick structures.

1.1.2 Fractional Problems (Telegraph and Timoshenko)

In the last four decades, fractional differential equations and systems and their ap-
plications have received significant attention by scientists and engineers. This has
resulted in a rapid progress of the theory of fractional calculus to accommodate
their use in mathematics and other fields. A fractional differential equation in-
volves derivatives of fractional order, unlike traditional differential equations that
rely only on integer-order derivatives. A derivative of fractional order expands
the concept of an integer-order derivative, connecting integer-order calculus with
complex phenomena in various fields. Such equations have attracted considerable
interest due to their capacity to represent a wide range of physical and biological
phenomena with greater accuracy compared to traditional integer-order differen-
tial equations. They are commonly employed in a wide range of fields, including
physics, engineering, biology, and economics and signal processing.

In the second chapter of this thesis, we examine two fractional problems. The
first problem is nonlinear as a nonlinear term of power type is acting directly in
the system. The model can be looked at as a generalization of the well-known
Telegraph problem. Notably the order of the (frictional) damping in the integer
order case, described by the velocity of the state, is half the order of the leading

term (which is of the second order). This characteristic is conserved here when we



pass to the fractional case. In addition, to this lower order fractional term whose
order is half of the one of the leading term, we consider a damping of viscoelastic
type. For economy and also simplicity and easiness of implementation, only one
at a time is effective. Our main objective is to study the impact of these terms on
the dynamic of the structure despite the nonlinear factor. More details are given
a little below. The aforementioned statement applies also to the second problem.
It concerns a fractional version of the Timoshenko beam.

As explained above, fractional calculus provides a suitable platform for in-
vestigating numerous phenomena. Typically, particles spread randomly, a phe-
nomenon observed in various fields such as engineering, biology, ecology, and
medicine. They have been the subject of investigation by numerous researchers.
Various formulations of diffusion are available in the market, along with a variety
of treatment options.

For anomalous processes and disordered systems, where the Mean Squared
Displacement MSD (measure of the deflection of the actual position of a particle
as regards to a given reference position) exhibits nonlinear growth, the consid-
eration of fractional derivatives becomes highly advocated. Complex diffusion
phenomena are more accurately described in the fractional context. Indeed, it
has been witnessed by a large number of researchers that fractional derivatives
are more appropriate for disordered phenomena.

In the case of normal diffusion, the mean square displacement (MSD) exhibits
a linear growth (< v(t) > ~t). This indicates that particles are moving in normal

mode. For subdiffusion, where (< v(t) > ~t*, 0 < a < 1), the MSD grows slower



than in normal diffusion, indicating slower particle movement. On the other hand,
when a = 2, the MSD corresponds to the ballistic diffusion. It is important to
note that the standard heat equation or the wave equation cannot sufficiently
describe cases other than the normal diffusion and the ballistic diffusion.

The First Fractional Problem

Our first concern is a nonlinear fractional initial boundary value problem with

an order ranging between 1 and 2 described in [2]

(

CD2y(z,t) + a’ D (z,t) + |[v|" v = Av(z,t) — bfot k(t — s)Av(x, s)ds,
t>0,2€Q, 1/2<a<]1,

v(z,t) =0, t >0, x € 09,

v(x,0) = vo(x), v'(x,0) = vi(x), z €

\

(1.2)

The type of fractional derivative we consider in this model is the Caputo fractional
derivative. In the equation of (1.2), k is a nonnegative function commonly known
as the relaxation function whilst vg(x) and v;(z) represent the initial data of the
state. The values of a and b are either 1 or 0, depending on their effectiveness in
the equation. The value of v is positive and will be determined later.

The correlation between the heat flux vector and the temperature gradient is
well-known under the form

q=—rVT



where k represents the thermal conductivity. Having in mind the conservation of

energy

oT di
— = —div
Y ot q
where ~ represents the heat capacity, the fundamental equation for heat can be
expressed as
or k

— = —AT.
ot v

It is commonly acknowledged that the historical relationship between the gradient

and the flux is given by

ko [
=———— [ (t—s)"'VT(s)ds = —k "*D'VT 1.
q F(u)@t/o( s)HVT(s)ds VT,0<pu<

Therewithal, we are driven to the fractional heat conduction equation
“DT = §AT

for 0 <a<1landd>D0.
On the other hand, for a material with memory, the relationship between the

heat flux vector and the temperature gradient will incorporate a term of the form

/0 g(t —s)VT(s)ds.



The fractional equation

1
“D*(z,t) = Av(a, t), 5 <ac< 1 (1.3)

is a fractional version that combines elements of both the heat equation and the
wave equation. This case corresponds to the "super-diffusion”, a concept that has
been briefly discussed above. It is motivated by the observation that the mean
square displacement increases non-linearly over time (< v(t) > ~t?%, 1 < 2a < 2)
(see [3],[4]).

To make things simpler and more convenient, we will focus on the problem

D> (°D*v(z,t)) + a®D(z,t) + |v]"v = Av(z,t) — bfot k(t — s)Av(z, s)ds,

t>0,z€eQ 1/2<a<]l,

v(x,t) =0, t >0, z € 09,

v(x,0) = vo(z), = € Q.
(1.4)

Because the fractional composition “ Dy (z,t) = D* (Y DPv(z,t)) is not cor-
rect in general, the two problems are not exactly the same. The expression in the
right hand side is often referred to as a "sequential” fractional derivative.

The Second Fractional Problem

For beams with a non-negligible thickness and a significant deflection result-
ing from the shear, it is highly advisable to appeal to the Timoshenko model.
This particular modeling approach, with its integer-order formulation involving

second-order time derivatives, has garnered significant attention from a consider-



able number of researchers. As a result, numerous findings related to this model
have been documented in the literature.

Due to some anomalous, chaotic, fractal and disordered considerations, the
incorporation of the balance law alongside the constitutive relationship linking
stress and strain introduces a nonlocal time-dependent term. The nonlocal term
takes into account the entire history of the state. This characteristic hints at
the suitability of fractional calculus for investigating such phenomena. There
are different kinds of fractional derivatives in the market. According to several
published investigations, a genuine fractional derivative must involve a singular
kernel in its formulation.

In normal situation (the MSD is linear), damping devices are either incorpo-
rated in the material or added artificially inside the structure or at the boundary.
These are expected to slow down vibrations or absorb shocks that could harm the
structure. Wherefore, these dampers, often called "rotary” dampers in the market
are crucial to, help protecting the structure. Placing ourselves in the anomalous

context, we will specifically tackle the fractional problem [5]

p1 D% — k(g +9),=0,0<2<1,t>0 1<a<?2,

pa CDp — by 4 [ w(t — 8)ya(s)ds + k(g +10) =0, 0 <2 < 1, t >0,

(1.5)

10



with the given Dirichlet boundary conditions and initial values:

<P(Oat> = 90(1’t) = ¢(O’t) = ¢(17t) =0,t>0,
(1.6)

90(va> = Y0, (pt(SL’,O) = ¥1, w(xv()) = o, wt(‘ra 0) = 11.

The symbol D represents the Caputo fractional derivative operator (defined
below).

In fractional calculus, it is established that “D* (“D%p(,t)) £ D**p(x,1).
As a consequence, when we rewrite our system using the sequential forms ¢ D¢ (CDO‘go)
and ¢ D (CD"‘w), additional terms would arise. The relationship between both
forms is actually expressed by

<,0,<$, O)tl—Qa

“D* (“Dp(x,t)) =¢ D*p(x,t) + @ - 2a)

where a > 1/2 (which is our case). The appearing term will not effect the stability
of the system.

We will focus on the simplified system provided by

p1 “D* (“D*p) — k(s + 1), =0, 1/2 <a <1,

p2 CD (CDY) — by + [y w(t — 8)tuu(s)ds + k(. + 1) = 0.

For 0 < < 1 and ¢t > 0 under the given initial and boundary conditions in
(1.6), it is evident that the two fractional derivatives are equal when ¢'(x,0) = 0.

Otherwise, in terms of stability as was already mentioned above, it will remain un-

11



affected as long as 1 —2a < 0. Several alternative fractional models for describing
Timoshenko beams may be formulated under various conditions and in different
situations. The equations at hand include fractional derivatives of Caputo type.
We made this choice because of their practical suitability and convenience. These
kinds of problems have primarily been addressed from an engineering viewpoint,
focusing on aspects such as response determination, resonance, free vibrations, im-
pact on mechanical responses, parametric analyses, steady-state response, tran-
sient response and more. Several analytical and semi-analytical methods have
been utilized in the study (see [6], [7], [8]). These include Galerkin schemes,
central difference schemes, direct numerical integration schemes, averaging tech-
niques and different approximations of fractional derivatives. The methods used
were contrasted with conventional approaches, adapted to the fractional scenario,
like the Laplace transform and Fourier integral transform, which have played a
crucial role. Error estimates and computational trials have been carried out to
support the utility, efficiency, and precision of fractional models in portraying the
behavior of beams.

We recall that, Timoshenko models with integer order (featuring second-order
time derivatives of the states as primary terms) have been explored in various
research works, incorporating fractional damping (see [9], [10]). The fractional
damping can manifest as either frictional weak (characterized by a fractional
derivative of the state) damping or strong (involving a fractional derivative of
the Laplacian of the state) structural damping. In the latter scenario, it can be

interpreted as a viscoelastic damping with a singular kernel. Specifically, it is

12



represented as the convolution of a singular kernel (of power type) with the time
derivative of the Laplacian of the state. The former scenario corresponds to a
distributed delay of the time derivative of the state (in the case of the Caputo

derivative).

1.2 Literature Review

In this part of the document we are expected to report on the existing works
related to our subject. Avoiding bias seems impossible without devoting several
dozens of pages in this thesis to survey the huge number of papers on the Timo-

shenko system.

1.2.1 Bending Torsion Problem

The Timoshenko model was first introduced by Timoshenko in the year 1921 in

the article [1], in the following form

El¢u, + ACQ(th, — ¢) — Loy = 0,
(1.8)

where ¢ is the angular rotation, v is the displacement, ET is the flexural rigidity
of the bar, (2 is the area of cross-section, g is the density of the material, C'is the
modulus of rigidity to the material of the bar and A is the constant characterizing
the shape of the cross-section.

Amidst all the used techniques to investigate the stability question, perhaps

13



the most common ones are the multiplier technique (also known as the energy
method) and the spectral theory. In this thesis, we shall consider the latter one.
The system (1.8) has been considered by a huge number of authors see, for

instance [11] and [12]. The Timoshenko problem with two frictional dampings

prug — k(uy — )y +u, =0

P2t — by + k(uy — ) + 10y =0

has been considered in [13]. The author obtained exponential decay of the solution.

Here, and below by exponential (polynomial) decay or stability we mean that
solutions are bounded by an exponentially (polynomially) decay function in an
appropriate energy norm. In addition, the involved parameters are positive con-
stants in general and are pertinent to the nature of the problem in the question.

The authors in [14], considered

pwy = (K(w, — ¢))
and proved the exponential stability of the system if and if we have equal speeds
of propagation. In [15], the authors examined the same system (1.9). A uniform

stability result is proven in the case of equal speeds of propagation. In the case

of nonequal speeds of propagation they showed a lack of uniform stability.

14



In [16], the authors considered the Timoshenko problem

pwy — K(w, — @), =0,

[p(btt - EI¢:E$ - K(wx - (b) = 0

with the boundary conditions

(

w(0,1) =0, $(0,¢) =0,

Ko(L,t) — Kw,(L,t) = aw, (L, 1),

kEI¢x(L7 t) = _B¢t(La t)

They proved a uniform stability result.

In [17] a Timoshenko beam with a locally distributed feedback has been
treated. The author proved an exponential stability result without the use of
the equal speeds of propagation assumption.

We can also mention the work in [15], which concerns the frictionally damped

system

a¢tt - k(sz + ¢)x - 07

where h is a continuous function and the two boundary cases

#(0,t) = p(1,t) =0, ¥(0,t) =(1,t) =0, (1.10)

15



o:(1,t) =0, ¢(0,t) =1(0,t) =¢(1,t) = 0. (1.11)

The authors also considered the case of boundary feedback

(

¢(07t) = ¢(17t) =0,
¥,(0,1) = ey (0, 1), (1.12)

¢x(17 t) = _d¢t(17 t)'

\

For the boundary conditions (1.10) and (1.11) and assuming that A > hy > 0 the
problem is uniformly stable provided that the speeds of propagation are equal,

that is ¢ = g. The problem is not uniformly stable in the case ¢ #

% For

b
2

the boundary (1.12), they proved that under the condition ¢ = g the problem is

uniformly stable otherwise it is not uniformly stable.

The authors in [18], looked at the system

p¢tt - k(¢:c + w)x =0,

with the kernel g satisfying

g'(s) < —&(s)g(s)

and under other conditions on the functions a, b, h. They proved that the energy

of the system is bounded above by a quantity, depending on ¢ and h, which tends

16



to zero as time goes to infinity.

The Timoshenko system with an infinite memory of the following form:

P11 — k1(¢r + 1), = 0, z € (0,L), t € (0,00)

prtt - k2wmc + kl((bx + w> + f0+00 g(t - 5>¢xw(8)d8 = 07 VS (Oa L)7 te (07 OO)
(1.13)

has been investigated by many authors, as in [19] where the authors considered

the system (1.13) when g decays the conditions
g(t) >0, 3er 00,05 >0, —erg(t) < g'(t) < caglt), lg (1] < kag(t), ¥t >0,

ko = ko — / g(s)ds > 0.
0

They studied both cases of equal and non-equal speeds of propagation. Exponen-
tial stability and polynomial stability were demonstrated, respectively.

The same problem has been addressed in [19], [20] with a kernel g satisfying

o the function g : R™ — R* is of class C*(R") nonincreasing such that
90 ::/ g(s)ds € (0, k2).
0

e There is a differentiable function h : Rt — R™ that is nonincreasing, such

that

g'(s) < —h(s)g(s), VseRT.
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As a matter of fact, many authors have considered Timoshenko beams with a

viscoelastic damping of finite memory, that is

pl¢tt - k1<¢z + 1/1):;: = 07
(1.14)

oty — kathus + ki (dr + ) + [o g(t — 8)tuu(s)ds = 0,

with different assumptions on the kernel on g. Here is a brief overview of what has
been accomplished. The first to consider the Timoshenko system with memory

are the authors of [21], where the kernel is of polynomial type i.e.

Actually, exponential stability can be attained for exponentially decaying relax-
ation functions. Likewise, one can prove polynomial (power-type) stability when
the relaxation function itself is polynomially decaying. The condition p—kl = p%,

divides these two kinds of rates.

In [22], the authors assumed the following

o The function g : Rt — R* is differentiable and

g(0) >0, 1-— /OO g(s)ds =1>0. (1.15)
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o There is a constant £ > 0 and 1 < p < 3/2 such that

g (s) < —€£gP(s), VseRT.

They obtained exponential decay in the case that p = 1 and polynomial decay in
case p # 0.

In [23], the authors made the assumption

g(s) < —h(t)g(s), VseR*"

where h is non increasing differentiable function in addition to (1.15). They
showed exponential stability under the condition that p; = ps = k1 = ky = 1.

In [24], the authors considered the condition ¢'(t) < —H(g(t)) where H is
a function that meets certain regularity and convexity requirements. A general
stability result has been established.

In [25], the authors treated the thermoelastic system

P10 — k(dg +1)e =0,

P3‘9t - liezx + ’777Z)tac =0.

In consists of a coupling of the Timoshenko model with a heat equation. Exponen-

tial stability was demonstrated, given the condition of equal speeds of propagation.
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Also, they proved that in case of non-equal speeds of propagation the system is
not exponentially stable. Fourier’s law makes an assumption that results in an
unrealistic characteristic, namely that any sudden disturbance occurring at a spe-
cific point will be instantaneously perceived throughout the entire material. To
remedy to this issue other alternatives have been proposed such as the system

below termed "second sound” in [26]

;

p1¢tt - 0(¢x7 w)x + H’Qst = Oa
pﬂ/}tt - bl/’m: + k<¢m + ¢) + ﬁex - 07

p?ﬁt + VG + 5@/}7595 = 07

Toqt+q+l€0$ =0.
\

This system has also been studied by several other researchers such as in [27].

Exponential stability holds provided that

b 52
Xo = <To—i) <P2—ﬂ) _ Toh = 0.
p3k K p3k

For the case Xy # 0, there is a lack of exponential stability.

For more details on Timoshenko systems, we refer the reader to the references
28], [29], [30], [31],[32], [33], [34], [35], [36], [37], [38], [39], [40], [41], [42], [43],
[43], [44], [45], [46], [47], [48].

The Bending—torsional dynamic response of a composite Timoshenko thin-

walled beam with closed cross-section subjected to axial loading has been inves-
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tigated in [49].

After figuring out the equations of the system, the dynamic of the structure
has been studied in case of free vibrations. In particular, a special attention was
given to the beam’s response under different types of loads. Specific example were
provided illustrating the effect of bending and twisting on the dynamic of the
beam.

Employing some known principles, the authors in [50] also derived a similar
system to (1.1). The beam in question, made of different materials, is prompted
to bending and twisting due to the architecture of its layers. The axial forces were
also taken into consideration in the model. The obtained results on the impact of
the factors have been validated by employing some numerical software. Several
other studies in the field of mechanical engineering have also addressed the system
(1.1), such as [51].

A closely related problem to (1.1) had been discussed in [52]. Namely, it was

about the system

p

kAG(wey — 0,) — pAwy — Pwgy =0, (1.16)

GJ¢CC$ + Kexw - ]oﬂvbtt = 0.
\

Through numerical treatments, the authors investigated the impact of the afore-
mentioned factors on the vibration and buckling of the structure. The current

system differs slightly from the one we are considering here (1.1) observing that
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the third equation does not include the term P(Is/pu)t,,, as is the case in (1.1).

In addition, notice that the system is undamped.

1.2.2 Fractional Problems

In contrast to the previous subject (on Timoshenko systems of integer order), we
could not find much to read about the fractional case. The difference in resources
is huge and especially in mathematical treatments.

In [53], the authors derived the fractional heat conduction equation

DT = SAT

where 0 < o < 1 and § > 0. A subdiffusive problem has been formulated in [54]

based on the Rayleigh-Stokes problem

0
a—l: =(1+7v RLDﬁ)Aw.

The authors indicated that the solutions of Stoke’s first problem can be seen as
a specific case of this one. Fractional calculus provides a suitable framework for
investigating numerous phenomena in engineering and science such as in [55],[56],
[57], [58], [53], [59], [60]. When dealing with a material exhibiting memory effects,

the connection between the heat flux vector and the temperature gradient will
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include a term of the following form:

/Ot g(t —s)VT(s)ds.

This, together with the balance law, leads to a viscoelastic term. On the other

hand the fractional equation
“D*y(z,t) = Av(z,t) (1.17)

embraces all the orders ranging from 1 to 2 and hence interpolates the heat equa-
tion and the wave equation. It describes the super-diffusion case (see [61], [62])
when the Mean Square Displacement (MSD) grows nonlinearly in time. The im-
portance of super-diffusion is highlighted in several studies, as seen in references
such as [57], [59], [60], [63].

As mentioned earlier in the intoducation, a linear growth of the MSD corre-
sponds to the ordinary case. Subdiffusion occurs when particles move slower than
in the ordinary case, while & = 2 corresponds to the ballistic diffusion. Apart from
the normal and ballistic diffusion, the other cases cannot be adequately described

by the standard heat equation or the wave equation. In particular, the equation

t
“D*v(x,t) = Av(z, t) — b/ k(t — s)Av(z,s)ds, 1/2 < a < 1, (1.18)
0
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interpolates the equation encountered in heat conduction [64]

W () = Auft) — /0 k(t — 5)Au(s)ds (1.19)

and the familiar viscoelastic equation [65]
t

W (1) = Aw(t) — / k(t — 5)Aw(s)ds. (1.20)
0

Many researchers have explored the stability of these problems, treating them
as parabolic problems with memory [66], [67], and as hyperbolic problems [68],
[69], [70], [71], [72], [73].

In the viscoelastic case, researchers have found that the memory term intro-
duces a weak damping effect, which is able by itself to drive the system to rest.
The kernel plays a crucial role in determining the stability rate. Generally, the
stability will be of the same type of kernel and cannot be better. Different sta-
bility rates, such as exponential, polynomial and arbitrary, can be found in the
literature [68], [65], [66], [64], [67], [69], [70], [74], [71], [72], [73].

In [75], the following problem was investigated:
oyw(z,t) = Ax(z,t) + f(z,t), z€Q, t >0

where 0f is the Caputo fractional derivative of order o € (1,2). The authors in
[76] explored mild solutions to the previous problem of fractional evolution sys-

tems in Banach spaces, along with addressing the controllability problem. They
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derived a new representation of solution operators and introduced a new con-
cept of mild solutions for the target equations, employing Laplace transform and
Mainardi’s Wright-type function. Subsequently, the authors established a new
compactness result for the solution operators under the condition that the sine
family is compact. Furthermore, controllability results for mild solutions were
derived.

The authors in [77] investigated a fractional semilinear integro-differential

equation of order 1 < a < 2 given by

Dg(t) = Au(t) + f(t,u(t)) + [5 a(t — s)g(s,u(s))ds, t € [0,]

u(0) + m(u) =up € X, v'(0) +n(u) =ug € X

where X is a Banach space and A : D(A) C X — X is an operator. By employing
Krasnoselskii’s fixed-point theorem and the contraction mapping principle, they
constructed several families of operators to establish a proper definition of a mild
solution and determine conditions for the existence of such solutions.

Similar types of problems have been addressed in [78] and [79]. In [78], the
authors investigated the existence of positive mild solutions using Schauder’s fixed-
point theorem and Krasnoselskii’s fixed-point theorem. Meanwhile, in [79], the
authors studied the existence of local and global mild solutions employing the
solution operator, measure of non-compactness and various fixed-point theorems
associated with compact and non-compact semigroups.

Models of the form (1.4) are fascinating not only mathematically but also in
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terms of their applications. They describe the vibrations of viscoelastic structures

in anomalous media. Based on telegraph equation [55], [56], [74]

= = Av, (1.21)

the authors in [58] demonstrated that the law of iterated Brownian motion and
the telegraph process with Brownian time can be described accurately using the

fractional telegraph equation

“D*v(z,t) + a®D*(z,t) = Av(x,t), 0 < a < 1. (1.22)

Hence, our current model (1.5) is a kind of nonlinear fractional telegraph equation
with memory.

The Telegraph equation (1.21) is obviously dissipative. This is because of
the inclusion of the first-order derivative, often referred to as frictional damping.
In actual fact, the system energy decreases exponentially towards zero. This
observation motivated us to explore whether the lower-order fractional derivative
in (1.22) serves as a dissipative component in the fractional problem (1.5) or not.
A positive answer to this question will prompt another question, namely, what
would be the rate of convergence?

One can find some research on the well-posedness for basic fractional problems
within the range of orders between 0 and 1 and also between 1 and 2. Unfortu-

nately, there are only a few papers that address the precise form of our problem
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(1.5) or even close to it. Nevertheless, three papers were identified: the paper
[80], the paper [81] (pertaining to an infinite history) and the paper [82], which
deals with abstract operators.

For problem (1.4), the case a = 1/2 corresponds to the parabolic case [64],
[67]. In case a = 1, we recover the viscoelastic problem studied extensively by

many authors [66], [60], [70], [74], [71], [72], [73].

1.3 Methodology

To prove the stability, that is the asymptotic convergence of the solutions to the
equilibrium state in the energy norm, several ways have been developed. Some
of the techniques employed are based on differential inequalities and integral in-
equalities.

The one adopted here is the so-called energy method or also known as the
multiplier technique. It is based on exhibiting a differential inequality whose
solutions decay to zero asymptotically (that is as time goes to infinity) in a certain
norm. More precisely, its strategy consists first in determining the classical energy
E(t) associated to the system. If a certain component of the system is somehow
damped then the corresponding term in the kinetic energy will appear in the
derivative of the classical energy with negative sign (this is the case, for instance,
for a frictional or a structural damping in which cases terms like —||&;||%, —||¢||?,
—[Jvel 2, =|IV@el?, —||Vs||?, —||[Vv||* arise). The appearance of such terms

helps actually to decide on the dissipativeness of the system (in addition to the
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well-posedness of the problem).

Then, realizing that there is a need to have other terms with negative sign
(like the potential energy —||V ||, —||Vv||?, —||V||?), we start putting forward
extra functionals say V;(t),i = 1,2,--- ,m whose derivatives, along solutions of
the problem, will give rise to such terms. As we go along with this process, unfor-
tunately some undesirable new terms appear in the differentiation process. Often,
they are problematic and present an important challenge. This is due to difficul-
ties estimating and evaluating these terms. It is very common that new terms of
higher order (than the existing one in the energy) pop up in the calculation. They
need a clear way to get rid of them for instance by cancellation against another
suitably chosen functional. These situations have been encountered in our present
work. In some cases, one is forced to pass to higher order energy functional.

As we move forward one must keep an eye on the equivalence between the

newly constructed functional
L(t) = E(t)+ Y _AVi(t), A >0, t>0.
i=1

and the classical energy. The equivalence L(t) ~ E(t), means that there exist two

positive constants Ny and Ns, verifying
N1E(t) < L(t) < NaE(t), Vt>0.
This is because, after all, it is the classical energy which needs to approach zero as
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time evoluates. In doing so, this puts several restrictions on the type of multipliers
to be utilized hence narrowing drastically the marge of manoeuvre.

The most commonly employed methods to prove existence and uniqueness of
a solution for similar problems to ours, in an appropriate underlying space, are
the Galerkin method and the semi-group method. Both are fine for the integer
order case (in addition to some fixed point theorems). However, for non-integer
problems, these methods are no longer applicable. We shall use rather the notion

of resolvent families which is the counter part of the semi-group notation.

1.4 Preliminaries

To simplify the forthcoming exposition and repetition, we gathered some identi-

ties, inequalities, facts, and definitions in this subsection.

1. Young’s Inequality. Let 1 < p,q < co be such that i + é = 1. Then, for

any € > (0, we have

ab < ea’ + Cb?, Va,b> 0,

where C, = For p = ¢ = 2, we have

gp)P/ q

1
ab < ea® + —b*.
4e

2. Holder Inequality. Assume 1 < p,q < oo, such that 1%4—% =1 1If
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feLP(Q)and g € LYQ), then fg € L'(Q) and

/ ol <1171, lall, -
Q

Cauchy-Schwarz Inequality. For p = ¢ = 2, and according to the Holder

inequality we recover the well-known inequality
gl < A £l Mlglls -

. Poincaré Inequality. Assume that 1 < p < oo and 2 is a bounded smooth
domain in R™. Then, there exists a positive constant C' depending on €2 and

p such that
£ 1oy < CUV flliry, Yf € WoP(Q) UWEP(Q)
where the zero here in VVO1 P(Q)) represents the zero at the boundary and

wlr(Q) .= {f c WHP(Q) : /Qf = o}.

. Green’s Inequality. Suppose that {2 is a smooth bounded domain in R"

with a smooth boundary. Then the following identity holds

/uAvdm = —/ Vu.Vudz +/ uVov.vds, Yu € H'(Q) and v € H*(Q)
Q Q o0
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where v is the outer unit normal to Q. For u € Hj (), the Green’s formula

reduces to

/uAvdx: —/Vu.Vvdx.
Q Q

In the definition of the Sobolev space WP (), we use the "weak” partial deriva-

tives of the function u

Definition 1.4.1 Let u € L} .(Q). We say that the function u is weakly partially

loc

differentiable with respect to xy, if there exists a function v € L} () such that

loc

/Qu(x)ak¢(x)dx = —/v(m)¢(m)d:€, Vo € D(Q).

Q

In the remaining part of this subsection, we present several formulas and in-
equalities concerning fractional derivatives, as referenced in [83] and [84]. Addi-

tionally, we introduce the fractional product rule.

Definition 1.4.2 The Riemann-Liouville fractional integral of order a > 0 1is

defined by

I%(t) = —/0 (t — ) Lp(s)ds, a >0

for any measurable function @ provided that the right hand side exists. Here, I'(c)

is the usual Gamma function.

Definition 1.4.3 ([84]) The fractional derivative of order « in the sense of Ca-
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puto is defined by
c 1 '
Dp(t) = t—s)" ' (s)ds, 0 1,
A1) = ey | (=9 s 0 <

1 ! "
“DY(t) = m/o (t—8)"% (s)ds, 1 < a <2,

whereas the fractional derivative of order o in the sense of Riemann-Liouville is

defined by

1 d

RLDep(t) = ma/o (t—s)"%(s)ds, 0 <a<1

provided that the right hand sides exist. Here the primes denote time differentia-

tion.

The relationship between both derivatives is

RL N« g0<0)t_a C Nna
D%%(t) = ——— D%(t), 0 <a<1,t>0. 1.23
Next, we recall the one-parametric and two-parametric Mittag-Leffler functions

[33]

>0
gl“om—k (o) ’

and

)= 2 Tan sy M@ >0 R >0,

n=0

resp. It is to be remarked that E, 1(2) = E,(2).
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Proposition 1.4.4 ([85]) If p(t) is a differentiable function satisfying
“D¥(t) < —yp(t), 0 <a <1, t>0

for some v > 0, then p(t) < @(0)E,(—7t*), t > 0 whilst in the Riemann-Liouville

scenario, the decay is of the form t* ' E, ,(—~t*).

Proposition 1.4.5 ([83]) For «, 5 > 0, the two-parametric Mittag-Leffler func-

tions enjoy the property

1
M Baass(N) = Bas(M®) = [, 120

Proposition 1.4.6 ([83], p. 61) For u,«, 5 > 0, it holds that

1 t
T (1) / (t = 5)" ' Bap(As®)s" Hds = 77 By s (M7), £ > 0.
0

The next proposition deals with the permutation of the Riemann-Liouville frac-

tional derivative with the integral.

Proposition 1.4.7 ([84] p. 99) If I'™¢p(t) € C'([0,00)), 0 < a < 1 and (t)
is a continuous function, then

t t
RLDO‘/ ot — s)(s)ds = / V(s) L Dp(t — s)ds + ¥ (t) lim I'"*p(t), t > 0.
0 0 t—0+

—0
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A fractional version of the well-known product rule in the integer-order case is

given next.

Proposition 1.4.8 ([86]) Let ¢(t) and ¥(t) be absolutely continuous functions

on [0,T]. Then, fort e [0,T] and 0 < a < 1, we have

() DY) + (1) D¥p(t) =7 D* () (1)
a boode S@(n)dn [* Y (s)ds
i I'(l-a) /0 (t—é)l‘“/o (t —mn) /0 (t—s)>

Setting f(t) equal to g(t) will lead to the familiar inequality (instead of the standard

chain rule)

CDYfA(t) < 2f(H)°Df(t), t > 0.

The vector version also holds.
A more general fraction chain rule is provided by the proposition below.

Proposition 1.4.9 Let v(t) be a real-valued differentiable function, then for 0 <

a<l

c ’U’p+2 p,C
D~ 2 < |v|" v~ D%.
p

Proof. The inequality results immediately by combining a result in [87]

C Nna |U|p+2 +1 C N«
D* | —— | < |v["™ "D*v]

p+2
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and another one in [8§]

D |v| < sgn (v)° D.

From now on, we shall drop the letter "C” referring to "Caputo” in ¢D®, for

notation convenience. We shall use the notation

(kOv)(t) = /Q/O k(t —s)|v(t) —v(s)|” dsdz, t >0

and
w0 ) s () ) an ez

It is well-admitted and documented that there are no semi-groups for fractional
problem. The counterpart of semigroup is the concept of resolvents as defined

below (also refer to [89], [90]).

The following abstract problem has been examined in [91]

DV (x,t) = PU(z,t) + [, St — s)U(w,s)ds + f(t,U(t)), 0 <~ <1,
U(z,0) = Uy(x) € X.
(1.24)

Definition 1.4.10 The family of bounded linear operators (R,(t)),-, determines

>0
a y-resolvent for (1.24) if

(a) The mapping R (t) : [0,00) — L(X) = L(X;X) is strongly continuous
and R,(0) = I.

(b) Vz € D(P), R,(.)z € C([0,00); D(P)) N C7((0,00); X) designates the
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space of continuous functions z such that © D7z exists and is continuous and

“D'R,(t)z = PR, (t)z + /t Q(t — s)R,(s)zds

¢
=R, (t)Pu+ / R.(t —s)Q(s)zds, t > 0.
0

The following family

1 ~ .
Ry(t):= o [ e ()01~ P~ Q () du, t >0
211 r
is shown to be a y-resolvent for a suitable path T' := {te® : t > r} U {re : —0 <
¢ <0yU{te ™ .t > r} oriented counterclockwise where /2 < 6 < ¢ and r is

determined in the proof. An associated family to (R, (t)),., is defined by

t>0

S, (t) == ?;TZ Fe“t (WI—-P— QA(,U))_I du, t > 0.
Before moving forward in this direction, it is worth recalling the following result
in [82] about a similar abstract problem but of order between 1 and 2 (without
transforming it into a system of two equations of half the order). Let (X, ||.||) be a
Banach space and M, (N(t)),5, be closed linear operators defined on the domains

D(M) and D(N(t)) 2 D(M) dense in X, respectively. We denote by |||, the

graph norm in D(M), R(v, M) := (vI — M)~" and p(M) the resolvent of M. The
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problem
¢
“DPu(z,t) = Mo(x,t) —/ N(t—s)v(x,s)ds, 1 < <2
0

with initial data (v(0) = v, v'(0) = 0) in D(M), admits a classical solution
1-5
v € C((0,00); D(M)) N C*((0,00); X) such that =z * (v —vy) € C*((0,00); X)
under the following assumptions
(S1) For some 0 < 0y < 7/2 and every 0 < 6, there is a constant C' > 0 such

that

Yope ={reC:v#0,larg(v)| < fw} C p(M)

and ||R(v, M)|| < C/|v|, v € oo With w =0 + /2.

(S2) For each v € D(M), N(.)v is strongly measurable on (0,00). There ex-
ists a locally integrable function f(t) with Laplace transform f(v), R(v) > 0 and
IN(#)o| < f@t)[[olly, t > 0, v € D(M). In addition, N : ¥ ./5 — L(D(M); X)
(the space of bounded linear operators from D(M) into X) has an analytic ex-
tension N to ¥, verifying HN(V)UH < HN(V)H |v|l;, v € D(M) and HN(V)H =
@) (ﬁ) as |v| — oc.

(S3) There exists a subspace S dense in (D(M), ||.||,) and C > 0 such that

M(S) € D(M), N(v)(S) € D(M),

MN(I/)UH < Clv|l,ve Sandve Sy,

It is proved in [91] that (1.24) possesses a unique solution under the above

assumptions (S2), (S3) and

37



(S1)’ For some 7/2 < ¢ < 7, there exists a constant C' = C'(¢) > 0 such that
S0 = {v € C: [arg(v)| < 6} C p(P)

and |R(v,P)|| < C/|v|, v € Ep 4.
The function f : (0,00) x X — X was assumed to be continuous and locally

Lipschitz in the second variable uniformly, with respect to the first variable.

Theorem 1.4.11 ([91]) For Uy € D(P), and under the condition (S1)’, (S2)

and (S3), the function
U(t) == Ry(t)Up € C([0,00); D(P)) N C7 ((0, 00); X)

is a solution of (1.24) (with f =0).
In the case f = 0, we have the following Theorem

Theorem 1.4.12 ([91]) For Uy € D(P), and under the condition (S1)’, (S2)

and (S3), the function

U(t) == R,(t)Uy + /0 (t—s)71S,(t —s)f(s,U(s))ds

belongs to C ([0,00); D(P))NC7((0,00); X) and is a solution of (1.24) for T > 0.
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1.5 Results Description

1.5.1 Bending Torsion Problem

One of our main focus in this dissertation is system (1.1) describing the motion
of a beam of Timoshenko type. The main novelty in this model is the insertion of
the torsion component and coupling it with the Timoshenko system combining in
this way, bending, rotation and torsion. Although, this issue has been discussed
from the engineering point of view, we are unable to find any mathematical study
(well-posedness, stability, ...).

In addition to the aforementioned features, the presence of axial forces in the
structure brings considerable complications in the mathematical analysis. This
factor, too, is rarely studied by mathematicians. The usual methods and tech-
niques do not apply in a systematic manner even with some modifications. It
needs some drastic changes. The existence and uniqueness of a solution in an ade-
quate space has been shown using the semi-group theory. Regarding the stability
of the system, in view of the difficulties mentioned above, we have treated the
case P =0 and P # 0 separately.

We have examined the stability of the system with two dampings and deter-
mined the conditions under which exponential stability and polynomial stability
occur. Furthermore, the system well-posedness is determined by using the semi-
group theory.

In Chapter 2, we treat the case when the damping is absent in the first equa-

tion i.e. ¢3 = 0. In the first section of this chapter, we consider the formulation of

39



the system (2.1) and also find the conditions that preserves the system’s hyperbol-
icity. We study the well-posedness of the system using the semigroup theory. We
also establish the exponential stability of the system. We consider both cases of
effective and non-effective axial load P. In the first case where P # ( we obtained
exponential stability under the condition that E1 is large or small (negative) P.
This result is obtained without using the equal speeds of propagation. Moreover,
in the case when P = 0, we obtain exponential stability without any condition
on the system’s parameters. We establish this result by benefiting from the sec-
ond diffusion in the third equation. More precisely, we acquire a new Lyapunov
functional that helps us to obtain this result.

In Chapter 3, we consider the absence of the damping in the second equation,
i.,e. ¢ = 0. In the first section, we discuss the well-posedness of the system. In
the second section, we consider the case P # 0 and we prove exponential stability
under the condition that 7y = 0 (where 7 is a relation involving the parameter
of the system) and large FT or small (negative) P. Notably, the condition 75 = 0
reduces to the equal speeds of propagation property when K = P = 0. In the case
Ny # 0, we get polynomial decay. In the final section of this chapter, we focus on
the case P = 0. We obtain exponential decay in case n; = 0. In the case 7, # 0,
we find polynomial decay.

The second aim of this thesis is to consider two fractional problems discussed

in the next part.
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1.5.2 Non-Linear Fractional Telegraph Problem

In Chapter 4, we aim to investigate the effect of a nonlinear term, the impact
of a fractional lower-order term and the role of a memory term on the stability
of differential equations. We will analyze the impact of a fractional lower-order
term and the memory term separately. In the integer case, it is well-known that
having both of them simultaneously will increase the dissipation. Hence, the
difficult issue is to focus on only one of them at a time. The lower-order term
has been expressed as a fractional derivative of half-order of the leading fractional
derivative mentioned in equation (1.22). It would be intriguing, particularly from
a mathematical perspective, to consider different other orders. Below, we will
demonstrate that this term induces a dissipative behavior. In the proof, we will
demonstrate that the lower-order term alone, without considering the memory
term, is enough to ensure the Mittag-Leffler stability of the system. This means
that the solutions of the system will decay as the Mittag-Leffler function (in the
energy norm).

Nevertheless, in the absence of the lower-order fractional term, the Mittag-
Leffler stability can only be established for "small” kernels under a viscoelastic
damping. This might not be due to a deficiency in the argument used but to the
fact that the memory term alone does not have the ability to generate a significant
amount of damping. The application of the product rule (as stated in Proposition
1.4.8 above) produces a complicated term which does not appear in the integer

case. It is characterized by three singular integrals that involve functions with in
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determined signs.

Furthermore, the stability we achieved is only of local character due to the
difficulty to control the nonlinear terms. In reality, this particular characteristic
is not exclusive to fractional problems, it is also observed in problems of integer
orders. The purpose of this chapter is to propose a solution to address these
challenges. Unfortunately, we were unable to compare our findings with previous
ones since, to the best of our knowledge, this is the first work that treats this

issue.

1.5.3 Fractional Timoshenko Beam

In Chapter 5, for problem (1.6)-(1.7), we shall first finalize the discussion on the
existence and uniqueness of a solution by using the notion of resolvents (instead
of semi-groups). Then, we will highlight the difficulty of treating the stability
for this problem. The utilization of a fractional chain rule version gives rise to
a problematic term in the fractional derivative of the “energy” functional. Even
though we found a way to control it, a smallness condition on the involved kernel
is still imposed. We obtain Mittag-Leffler- type stability provided that the kernel
itself decays somehow in a similar manner.

Additionally, we demonstrate that the memory term alone can stabilize the
system in a Mittag-Leffler fashion under the condition of equal speeds of propa-
gation, that is £- = £2 in equation (1.7). The system exhibits Lyapunov stability

or uniform stability when considering different speeds of propagation. This is

established by passing to the second order energy.
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CHAPTER 2

BENDING TORSION

WITHOUT DAMPING IN THE

ROTATION COMPONENT

In this chapter, we consider

/

PI¢tt + C3¢t - E]¢$I - kAG(Uz - ¢) - vaz)cnm - 07 T e (07 L)7 te (07 00)7

pvg + 10y — kAG (Vg — ¢p) + Py =0, 2 € (0,L), t € (0,00),

_ij:m: - K¢mz + P(L@/,u)l/}:m: + ]swtt + 02¢t — O, x e (0, L), t € (0, OO)
(2.1)

where z is the spatial variable (the distance from the origin), ¢ is the time variable
and L is the length of the beam. The translation of the bending in the z direction is
indicated by v(z,t). The function ¢ (z,t) is the rotation of the torsion around the
x- axis. The representation of the rotation of the cross-section caused by bending
alone (or the bending-induced slope) is indicated as ¢(x,t). We assume that there
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is a constant axial load P acting along the cross-section aligned with the z-axis.
The load P can have either a positive or negative value, in order to incorporate
tensions. The symbol p represents the density of the material. The second moment
of area of the beam cross-section with respect to the x-axis is I. The symbol p
refers to the quantity of mass contained within a given length. The polar mass
moment of inertia per unit length is defined with respect to the x-axis by I,. The
(positive) constants C;, i = 1,2,3 stand for the coefficients of the (frictional)
dampings of the bending, torsion and rotation components, respectively. The
coefficients E1 is the bending rigidity (note that E denotes Young’s modulus)
and K is the bending torsion coupling rigidity. The symbol kG A represents the
shear rigidity of the composite beam. Moreover, A denotes the cross-sectional
area, G represents the shear modulus and the shear correction is k. The torsional
rigidity is denoted by G'J (where J stands for the polar moment of the area). We
examine system (2.1) when c3 is set to zero. This chapter is divided into four
sections. In the first section, we give the derivation of the problem and make
sure to conserve the hyperbolicity of the system. The second section addresses
the well-posedness of the system in an adequate underlying space. The third
section is dedicated to discussing the exponential stability of the system. The last
section deals with an interesting special case when no axial loading is active on
the structure. Notably, we obtain an unexpected stability result without imposing

a standard condition. All our relations below hold for t > 0 and = € [0, L).
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2.1 Formulation of the Model

The total energy corresponding to the system is given by

2 /OL {E[(¢x)2 — P[(vx)2 + (Is/u)(%ﬁ)z} Kbty + RAG(0, — 6)?

G + (4 L0+ p1(60? b
For the hyperbolicity of the system we assume

GJ

P <kAG and P < 7H- (2.2)

If we differentiate the above functional with respect to time ¢

dEy(t) 1 (F[_.d . d, o, d 2 d
df ) _ 5/0 [EIE(@) —P(E(vm) 2 [/ ) () }) + 2K (0xa)
d d d d d
+kAG— [(U$)2 + (¢)? — zw} + GJE(%V + “E<”t)2 + JSE@W + PI%(@y dx

we find

L
dEC’llt(t) - /0 {EI¢$¢zt - P |:U93Uxt + (Is/ﬂ)w$¢$t + K(qﬁx@bm + ¢zt¢$) <23)

+ kAG(0p05 + ¢Pr — Vg — V101) + GIVVthas + pogvy + Lshtby + P]¢t¢tt}d$-

The identities below are direct applications of integration by parts

L L L
Ef/ G2ar dx = Eldips| — El/ G1Pae di, (2.4)
0 0 0
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L

L L
—P/ VeV dx = —Puv,| + P/ ViUgy AT, (2.5)
0 0

0

L L L
0

L L L
K / both dz = Kibydy| — K / ibes d, (2.7)
0 0 0
L L L
K / bty dr = Koups| — K / brtbes d, (2.8)
0 0 0
L L L
kAG/ VpUp dx = kAGUv,| — kAG/ ViUyy dix, (2.9)
0 0 0
L L L
—k;AG/ U dx = —kAGui¢| + kAG/ vy d, (2.10)
0 0 0
L L L
G.J / it d = G| — G / Vit dr. (2.11)
0 0 0

Having in mind the aforesaid identities (2.4), (2.5), (2.6), (2.7), (2.8), (2.9), (2.10)

and (2.11) in (2.3), we infer

L
14 0

+ kAG( = ViUpe + OO + V1p — Ux¢t) — GJ Yy + pogvy + L0y + pI¢t¢tt:| dx

L L L L L L
+ |:Ej¢t¢w - Pvtvx - P(IS/M)¢th + Kwtqu + Kgbt,lvbcc + kAGUtUJJ
R 0 0 0 0 0 OJ
L L
0 0
=1
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A reordering in (2.12) leads to

d%t(t) - /0 L

+ (Pva;m + kAG (¢x - Uacm) + ,U/vtt) Ut

On the account of our boundary conditions, that is

gb(o,t) = gb(L,t) = Ux(O’t) = Ux(Lvt) = ¢(07t) = ¢(L7t) =0

it is evident that I = 0. We are left with the relation

dE\ (t)

L — el = eallul P = callual 7, ¢ 2 0.

To have an idea of the second order energy FEs(t), we differentiate system (2.1)

with respect to time

p

pLlow + csdy — Eldyy — kAG(vy — @)y — Kby = 0,

Ly + vy — kKAG (Ve — Gp)t + Py = 0, (2.14)

\ —G IVt — Kot + P(Ls/ 1)zt + Isth + cotby = 0.

47



Multiplying the first equation of (2.14) by ¢y, the second equation by vy and the

last equation by 1, we find

(

P]¢tt¢ttt + C3¢?t - E1¢tt¢mt - k’AG(U:c - ¢)t¢tt - K¢tth1‘t =0,

UV Ve + Clvtzt - kAG(Um - ¢x)tvtt + Puggvy = 07

\ —G IVt — Kbgarbu + P(Ls/ 1) VuwtVre + Lstpethye + 02@/11:2,: = 0.

After, integrating the above equations over (0, L) and summing them up, we

obtain

L L
- / (Clvft + 02¢1;2t + C3¢§t) dx = / |: - E]¢tt¢xxt + P ('Uttvxxt + (]S/N)wtt¢xxt)
0 0
- K (wttﬁbmt + ¢tt¢mt) + k'AG( — VgtV — PutVst + Vgt Pr + ¢t¢tt) -GJ VoatWu

+ poe Ve + Lty + pl ¢ttt¢tt:| dzx.

With the help of integration by parts, we can see that

L 2 2 2 L 1 d 2 1 d 2 2
- ; C1Vy + 021% + C3¢tt dr = ; éaE[(éxt - Pﬁa(vxt + (IS/:U) xt)

1d

d 1d
- K% (ﬁbxtht) + §£kAG(U:Bt - ¢t>2 + s <GJ% + :U’Ut2t + fswft + P[(b?t)} dz.

2dt

Prompted by this identity, we may define the second order energy by

L
Es(t) = 5 /0 {Ehb?:t - P[U?zt + (Ls/n) :%t] - 2K(¢xt1/1xt) + kAG vy — 1) + G I3,

+ vy, + Ly, + p]gzﬁft] dz, ¥Vt >0
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and its derivative is clearly equal to

dEs

S = —allual P = calldl P = csllowl P, 2 0,

Alternatively, we may compute the derivation of the energy by direct multiplica-
tion of the first equation of the system by ¢,, the second by v; and the third by

Y. In the expression

1 I.P
E(t) = 5| E1ll6:]z = Pllva|ls + THMIIE +kAG|vs = 93 + G [¢all3

L
+u||vt||§+Is||¢tl|§+pl||¢tl|§+2K/ OIN dm}, t>0
0

the part

1

10 =3 [ [t + 10007+ ot 120

is called the kinetic energy whilst the potential energy for t > 0 is a equal to (the

reaming part)

1

00 =5 [ {67+ K60+ (G - UL ) — P

+ kAG (v, — ¢)2}dx.
We claim that U(t) > 0, under the condition

K <GJ—-P(l/n), K<EIL (2.15)
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To prove this claim, let us perform the decomposition
El¢2 = EI§¢2 + EI(1—6)¢2, 0 << 1
and rewrite U(t) in the form

L
U(t) = _/0 {:Ej(s(pg + 2K ¢pth, + [GJ — P(IS/M)W%

=Aq

+ EI(1 = 08)¢; — P(v,)” + kAG(v, — ¢)° |du.

=As

The quadratic expression A; is nonnegative provided that
Ay, =4K? —46FEI[GJ — P(I,/p)] < 0,

which is obviously the case if § = K/FEI (the choice of ¢ is possible) since (2.15)
holds.
For A,, we first rewrite it in a tricky way, then apply Poincaré inequality to

reach

L K
Ay = / [E[(l — E) ¢ + (kAG — P) (v, — ¢)* — 2P (v, — ¢)¢ — P¢2] dx
0
L
— / [(EI — K)¢2 + (KAG — P)(v, — ¢)* — 2P(v, — ¢)¢p — P¢* + M¢? — Mﬂ dx
0

> /0 [ [(BI = K) = (M + P)C,] ¢ + (kAG — P)(vs — ¢)* — 2P (v, — 9) + Mgzﬁj da

~
>0 :=A3g

for some M > 0 to be determined in an adequate fashion. Actually, we want
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to manage so as to make the first term and As positive. To this end, we start

imposing

(EI —K)— (M +P)C, >0 < EI - K > MC, + PC,

that is

M B [ép_ PGy (2.16)
On the other hand,
Ay, =4P? — 4(kAG — P)M < 0
necessitates
M > —kAéﬂ— 5 (2.17)

Combining the conditions (2.16) and (2.17)

EI - K — PC, P
C, kAG — P

we observe that a choice of M is possible in case

P?C, < (EI — K — PC,)(kAG — P).
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Solving for P we reach the condition

(EI — K)KAG

P
= kAGC, 1 (EI — K)

= P,. (2.18)

Hence, to preserve the positivity of the energy we must assume the condition in
(2.18). Notice that the condition P < % is therefore automatically satisfied.

Having in mind (2.18), it is clear that
P < P, < kAG. (2.19)

This implies that the conditions for the system’s hyperbolicity, as defined in (2.2)

and the condition in (2.19), can be expressed as

P < min{ﬂ,?u}. (2.20)

52



2.2 Well-Posedness of the Problem

In this section, we use the semigroup theory to study the existence and uniqueness

of solutions for the bending torsion system (2.1) with c3 = 0, that is,

ploy — Elgp,, — kAG(v, — ¢) — Kb, = 0,
Ut + vy — [k’AG - P] (wa - (bx) + P(bac = 0,
- [G‘] - P(IS/M)}wzz - K¢x:c + ]sq/)tt + 021/}15 =0,
(2.21)

¢(07t) = (b(L’t) = Ux(ovt) = U:E(L7t) = 1/1(07@ = w(Lvt) = 07

¢($,O) = (bo(l'), gbt(:E,O) = ¢1($)7 U(ZE,O) = UO(:E): Ut(xv()) = Ul(x)7

P(,0) = Po(x), Yz, 0) = i (x).

\

Given the Neumann boundary conditions for v, the standard practice is to make

the change of function

o(x,t) == v(x,t) — % /OLv(m,t)dx, rel0,L], t>0 (2.22)

so that

L
/ v(x,t)de =0, t>0
0

and therefore, we can apply Poincaré inequality. Obviously

1 [t 1 [t
Uz, t) = vy(x,t) — E/ vy(z, t)de and vy (x,t) = vy(x,t) — z/ vz, t)dz.
0 0

(2.23)
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From the second equation in (2.21), we entail

L L L L
,u/ vpdr = —cl/ vdx + [/{:AG — P} / (Vg — Pp)dx — P/ ¢ dx
0 0 0 0
L

_P¢
0

L

L L
= —cl/ vedx + [/{;AG — P} (v — @) = —cl/ vpda. (2.24)
0 0

0

If we substitute (2.23) in (2.24), it appears that

L L
L
/ Uttdx == —C—l/ Utde’ = 01—(1_)15 — ’Ut).
0 HJo H

Hence

_ al,_ - c1,
Uyt = Vg — 1—(Ut — V) OF Uy = Uy + —1(Ut — ).

Ly

Consequently, the second equation of (2.21) becomes
c
,U[’l_)tt + ;1</Dt — 'Ut)] + vy — [kAG — P} (’l_}g; — (b)x + P(bx =0

or simply

oy + 10 — [kAG — P] (0, — @)z + P, = 0.

For the first equation, it suffices to notice that v, = v, and use (2.22). This means
that the above problem (2.21) may be recast in a very similar one by merely
replacing v by v. To avoid a complicated presentation with the bar notation, we
shall drop the bar. We end up with the same problem with the advantage of being
able to apply Poincaré inequality to the component v.

For the sake of preparing the ground for our well-posedness, let us consider
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the Hilbert space:
H := H)(0,L) x L*(0,L) x H}(0, L) x L*(0,L) x Hy(0, L) x L*(0, L)
where

L2(0,L) := {0 € L*(0,L) : /Lﬁ(x)dg; = 0}, H0,L) = H*(0,L) N L(0, L)

(2.25)
and
H?*(0,L) := H*(0,L)N HX(0, L). (2.26)
The space H is endowed with the inner product
~ L ~ ~
<UU >y= / plut + pww + 1522 + Elo, ¢, + [GJ — P(Is/u)]%%
0
(2.27)

K |ty + Gus| + (RAG = P) (02 = 0)(4, = 0)| + Po6 — P(v.6+ 67) | da
and the norm

U113 = pIllul® + pllw]* + L[|2]]* + E||al* + [GT = P(Ls/ )] 1t

L L
+ QK/ Udod + (KAG — P)|us — 8|I° + Pll6|” - zp/ vddr  (2.28)
0 0

for the vectors U = (¢,u,v,w,v,z)T and U = (é,a,f;,w,&,z)T € H. We can

easily see that H equipped with the inner product (2.27) and the norm (2.28),
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forms a Hilbert space under the condition (2.18).
Considering U with u = ¢y, w = vy, 2 = 14, we can rewrite the system in (2.21) in
the shorter and simpler form

4U(t) = AU(t), Vt=>0,

(2.29)
U(O) = UO = <¢07 ¢17 Vo, V1, w(b wl)T
where the operator A : D(A) — H is defined by
0 1 0 0 0 0 )
I kAG kAG K
aD* =5 0 SFD 0 oD 0 l]u
0 0 0 I 0 0 v
AU = (2.30)
_kA_GD O kAG*PD2 Cc1 O 0 W
n T
0 0 0 0 0 1 WY
GJ—P(I, e
K p? 0 0 0 “EWpr _e )|,
where D denotes the partial derivative with respect to x. That is
u
%¢$$ + ]C?_[G(Ux - ¢) + %ﬂ’azw
w
AU = (2.31)
—%w + kATG(vm — @)y — %vm
z

K GJ—P(I,/p)
E‘bx:}c + Ts wmz - %Z
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with domain

D(A) = {U € H|¢,v € H*(0,L) N Hy(0,L), v € HZ(0,L),

u,z € Hy(0,L), w € Hj(o,L)}.

In our next move, we shall state and prove an existence and uniqueness theorem
for our problem. We recall here that problem (2.21) has been transformed into
a similar one with v replaced by v and the bar is dropped. With that in mind,
we shall continue to refer to (2.21). Recall the conditions specified in (2.15) and

(2.20), that is

GJ
P < min {P*, T

S

u}, K <GJ— P(I,/u), K <EI (2.32)

Theorem 2.2.1 Let Uy € H and the condition (2.32) holds. Then, there exists a
unique solution U € C(R*,H) to the Problem (2.21). Furthermore, if Uy € D(A),

then we have a unique solution U € C(R*,D(A)) N C*(RT, H).

Proof.  Our argument relies on the use of the Lumer-Phillips Theorem [92].

To begin with, we claim that the operator A is dissipative. Indeed, for every
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U € D(A), it is evident that

L TEI EAG K
<AU, U>7-t = pl/o u [ﬁ¢zm + —(Um - Qb) + p_]¢m:| dx

pl
L A P
—f—u/ w{—ﬂw—kk G(vx—qﬁ)x——vm}da:
0 2 2 2
L' TK GJ — P(I, L
+ IS/ z {—qﬁm + ( /mwm - @Z} dx + EI/ Qptzdx
0 Is [s [s 0

L L
+ [GJ — P([s/p)]/o Vpzedr + K/O [quzx + wxux}dx

L L L
+ (kAG — P) /0 (wy — u) (v, — @)dx + P/O updx — P/o [wxqb + Uxu} dx.

After several integration by parts, our dissipativeness claim follow from

L L L L
<AU, U>H = —EI/ UpDpdr + k:AG/ uvydr — k:AG/ updr — K/ Uppd
0 0 0 0
L L L L
— el |w|* — k;AG/ VpWy + k;AG/ owdr + P/ VpWydx — K/ 2pGpdx
0 0 0 0
L L
— [GJ — P(I,/w)] / Zethedr — col|2||* + EI/ Gouzdr + [GJ — P(Iy/ )]
0 0

L L L L
X / Wy Zedr + K/ O 2zdr + K/ Vpuzdr + kAG/ Wy dT
0 0 0 0

L L L L L
— k;AG/ wepdr — k’AG/ wv,dr + k’AG/ updr — P/ WV dr + P/ Wwypdx
0 0 0 0 0

L L L L L
+ P/ v dr — P/ updx + P/ updr — P/ wypdr — P/ vpudx
0 0 0 0 0

= —ci|lwl]* — caf|2]]* < 0.

Second, we show that the operator I — A is surjective, that is for all G =

(91,92, 93,94, G5, 96) € H there exists a unique U = (¢, u,v,w,v,2)T € D(A),
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such that

(I - AU =g.

Equivalently, this may be rewritten as

(

d)_u:gla

EI kAG K
U = ﬁ¢mﬁ - T(U:c - ¢) - ﬁwx:c = 92,

VvV —w = gs,
(2.33)
w + %w - %(UI - ¢)x + %Uxx = 04,
w — 2 = gs,
\Z - %¢xm - GJ—?EIS/M)¢xx + %Z = Je-
For regular ¢, v, 1, the following holds true:
(
u=¢—g € Hy(0,L),
w=v—g3€ H(0,L), (2.34)

z=1—gs € H}0,L).
\

Hence it suffices to solve for ¢, v, 1. Taking into account (2.34) in (2.33), leads to

.

¢ — 91— %¢zx - k;:‘_IG(U:c - ¢) - %¢xw = 92,

U—gs + %(U - 93) - %(Ux - (b)m + gvx:p = 04,
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The forthcoming weak formulation is a direct consequence of Green’s formula

pl [\ 6¢dx + EI [ ¢ppdr — KAG [ (v, — @)bda + K [ tydpda
= ol [\ giédz + pl [} goddw, Vo € H(0,L),
L - L - L ~ L ~
p fy vode + ¢ [y vide + kAG [, (v, — ¢)0,dx — P [ vy0,dx
= (u+c1) fy gsida + p [ gavdw, Vo € HL0, L),

I, [iFbdde + K [ ¢pbpda + [GT — P(L/ )] fiF bathuda + ¢ [ Yibda

= (Is+ ) fOL gsthdz + I, fOL getbdz, Y € H}(0, L).

The problem consists in finding (¢, v,v) € H}(0,L) x H(0, L) x H3(0, L) such

that for all (¢,v,v) € Hj(0, L) x H}(0,L) x Hg(0, L) the following holds

B((¢,v,9),(6,9,9)) = F($,7,9) (2.35)

where B : [H}(0, L) x H}(0, L) x H}(0, L)]> — R is the bilinear functional defined

by

_ 5 L 5 L 5 L 5
B((é,0.0), (6,5, 8)) = pl /0 oode + EI /0 buGds + K /0 rade

L 5 L 5 L 5
+ RAG /0 (00— O)(6s — P)do + K /0 buthade + I, /0 Yihd + [GJ - P(L/w)]

L B L L L L
X / Yphpda + o / Ppde + p / vodr + ¢ / vodr — P / VU d.
0 0 0 0 0
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In particular

L
B((¢,v,9), (6,v,9)) = pI||6||* + EIl|¢|* + kAG||ve — ¢l + QK/O Gutad

+ LI[W|P + [GT = P(L/ )] [l * + cal[0]]* + pllvll* + el Jv][* — Pllva||*.

The linear form F': H}(0, L) x H}(0, L) x H} (0, L) — R represents the expression

L L L L
P(6.6.0) = ol | bt pl | gudde+ (nvcr) [ guvde s [ grida
0 0 0 0

L L
+ (Is + 62)/ gsdx + Is/ gedz.
0 0

Set

10 0, sy = 1017 + all® + [P + [l + [[0]1* + [Jva]|* + [lve — ol

= H¢H§{01(0,L) + [[v] ?{,}(O,L) + |W||§{3(0,L) + [[v. — 0%

One of the requirements of the method is to prove that the operator B is contin-

uous

- - L B L ~
|B((¢,v, ), (6,7, ))Ism/ |¢||gb|dm+El/ ||| b |dc + KAG
0 0
L L L
x ~r_~d K m~r :c~zd Is ~d
< [ o= 0= Ao+ K [ |oude+ odildo v 1. [ olldlde

L R L ~ L
+ (67 = PUL/w)] [ alleldz+ e [ olliide + [ lolilds

L L
+c / |v||0|dx — P/ U Updix.
0 0
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The upcoming estimation results form direct utilization of Cauchy-Schwarz in-

equality

|B((¢,0,9). (6,0,9))| < cllgll[|d]] + cllva — ¢lll|5; — Jl]
(Il + [1all) (11621 + 1192]]) + ellol 18112 + el fva ]z

< (1l + 11¥llm + 10|

w1+ 1ve = 0ll) + (9llag + 19 ]1mg + 19]

i+ |0 = 9l)

< CH(¢> v, ¢)’|ngngHgH(G3, v, 7vE>HH01><H,}><H(}

where ¢ > 0 is a generic constant which may take different values at different
occurrences and (¢,v,v), (¢,7,1) € [HL(0,L) x HY0,L) x HL(0, L)]?. Next, we

show the continuity of F' again by employing Cauchy-Schwarz inequality

L

L L
F(,5,9)| < pI / 16l + pI / 0ol Bl + (1 + 1) / PRI
0 0 0

L

L L
o / galldlde + (I + e2) / sl + 1. / g6/l
0 0 0
< pIllg 111 + pTllgal 11 + (e + eDllgalllal] + allgalll3]]
(L + e lgs NP + Lllgsll9]

< c(ugln% T 1lgall + llgsl

wi + ||gall + 1lgs| |y + Hga\l) (gl ag + [0l + [[¥]]3)

< CH(& v, 1;)’|H3xH*le3‘

Now that we are done with the continuity of B and F', we turn to the coercivity

of B. For this purpose, we notice that from the definition of B, it is easy to see
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that

L
B((6,v,9),(¢,v,7)) :pf||gz5||2+E]||¢x||2+/€AG||vx—¢||2+2K/0 Grad
+ L[ + [GT = P(Le/ i) |1 I* + coll0 117 + plv]|* + eal[o]|* = Pllva||*

> a1||<¢7 v, w)”l%léxHixHé

where a; > 0, (¢,v,v) € H}(0,L) x H}(0,L) x H(0, L) and under the condition

(2.18) which we recall here

(EI — K)kAG

P .
= KAGC, + (EI - K)

Our objective is achieved. By virtue of Lax-Milgram Lemma (see [93]), there
exists

(¢,v,%) € Hy(0,L) x HX(0,L) x Hy(0, L)

and in view of (2.34), it is clear that

(6, u,v,w,,2) € (Hy)* x (Hy)* x (Hy)*.

*

Furthermore, if (¢,7,v) = (0,9,0) € H} x H! x H}, then (2.35), reduces to

L L L L
kAG/ (v — @)Ud + u/ vodr + ¢ / vodr — P/ VUpdx
0 0 0 0

L L
= (p+c1) / g30dzx + pu / 9gaUdz
0 0
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and therefore

L L L L
= kAG/ Vg Udx + kAG/ G 0dx + (p + 1) / vodx + P/ V0T
0 0 0 0

L L
=(u+cp) / g3vdx + u/ gavdx.
0 0

With the help of the second equation of (2.34), it appears that

L L
[kAG — P] / VppDdx = / [kAqux +(u+er)(v—gs) — ugd odx
0 0
L
:i/ FAG@A%u+cﬁw—u%kM@ Vo e H.
0

(2.36)

Moreover, for any f; € C1(0,L) C H}(0, L), it holds that
L L
kAG — P] / Ve ol = / [kAGG, + (u+ e)w — pgu fude, V1 € HL.
0 0
This implies
[kAG — Plug, = kAG¢, + (u+ c1)w — pgs € L*(0, L)

which solves the fourth equation of (2.33). Hence, by the elliptic regularity theory,

we are lead to

v e H20,L).
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Similarly, if (¢, ,1) = (4,0,0) € H} x H! x H}, then (2.35), becomes

pl / oddz + EI / bobudr — KAG / o)dr + K / Uotpdr

L L
ol / dde + pI / e
0 0

or

L L L L
I — g1 — qo)bdr — EI etdr — kEAG Lodr + kAG hd
p/0(¢ 01— g2)dde /0¢¢x /Ov¢x+ /0¢¢:c

- K/OL Vpwdpdr = 0.

Appealing to the first equation of (2.34), we attain

L L
EI | ¢peodr = pl(p— g1 — g2) — kAG(vy — ¢) — Kty | Gl
0 0

L
— [ ot - g~ 0AG(r — 0) - o] b, voemy (231
0
Hence (passing to C} functions)
Elp,, = plu — plgs — kAG(v, — @) — Kby, (2.38)

solves the second equation of (2.33). Likewise, if (¢, ,1) = (0,0,) € H} x H! x
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H;, then (2.35), gives

L L L L
K /0 buthpdr + I, /0 Ypdr + [GT — P(I,/ )] /0 Vpthudr + o /0 Yipdz

L L
= (I, + 02)/ gsdx + Is/ gedx.
0 0

Wherefore

L L L 3
— K/O Gupthdr — [GJ — P(I,/p)] /0 Upptdr + (I + 02)/0 (¥ — g5)dx

L ~
1, / godda
0

and according to the third equation of (2.34), we end up with

(GI =P/ [ s = [ [+ @) = ) = Kb0s = L]

L
_ / [([s te)z — Ky — Isgﬁ} bdr, Vi € HY. (2.39)
0
Thereupon, as above
(G — P(L/1)|¢hee = (Is + ¢2)2 — Kby — Ligs (2.40)

which solves the sixth equation of (2.33). Combining (2.38) and (2.40), gives rise

to

K2 plK  plIK KEAG
- P(L/p) = &7 = (I,4c2)2—I,g5— n n
GJ ( s/:u) T ¢mx ( s CZ)Z s96 El U El 92 I

(ve—¢) € L*(0,L).

(.

-~

#0
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Employing the elliptic regularity theory, we reach

v € H*(0,L)N Hy(0,L).

Hence, we can derive from (2.38) the following

¢ € H*(0,L)N Hy(0,L)

under the condition that EIGJ — EIP(I,/u) > K?, it is worth noting that this
condition is already fulfilled by (2.15).

We conclude that there exists a unique U = (¢, u, v, w, ¥, 2)T € D(A), and A
is the infinitesimal generator of a Cy semigroup of contractions on H. With this,

the theorem’s proof is complete. |

2.3 Exponential Decay Result

In this section, we study the asymptotic behavior for the Timoshenko system
(2.21) subject to torsional and axial effects. It should be recalled here that adding
(unnecessary) damping means putting ourselves in a more comfortable situation
from a mathematics point of view. From the physical and engineering point
of view, this entails more complication and the procedure will be more costly.
Therefore, the more interesting and challenging situation is when we seek the
least possible damping and therefore the more economic one. This is our main

objective in the subsequent results. We removed one (frictional) damping and
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kept only two at time.

We shall associate to the system (2.21) the energy E(t)

L
E(t) = - /0 {E[(%)Q 2K i)y + [kAG — P} (vy — )% — 2Pu, + P

+ [GJ — P([s/u)] (V) + (v + L) + pI(¢t)2}d:z:.

Our strategy consists in constructing a number of functionals to be added to E(t)
with certain weights. They are chosen in such a way that some targeted terms
appear and at the same time some undesired terms that arise in the computation
can be controlled by their derivatives. Therewithal, they will assist us in drawing
a conclusion by attaining an appropriate differential inequality.

In this section and the rest of this dissertation, C, will designated the Poincaré
constant. Also, all our estimations are valid for all ¢ > 0.

To maintain the hyperbolic character of the system, we assume that
kAG > P and GJ > P(I;/p) and EI > K and GJ — P(Is/pu) > K. (2.41)

The derivative of the energy, along solutions of our system, is equal to

dE(t
PO — el ~ ealfuel” (2.42)

Let us start now the process of modifying further the classical energy. In due

course of time, cleverly chosen functionals are put forward. We begin with the
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rather standard functional

L
Vilt) i= —pl /0 poyd

Lemma 2.3.1 The functional Vi(t) satisfies

dvi(t kAGC, K k:AG
L < ot + (B1+ 225% 4 Lol + Sl + 5% e, - ol
for allt > 0.

Proof. By utilizing the first equation (2.21) and employing integration by parts,

we can derive

dV1

= —,0]/ Prdx — / {Elqu + kAG (v, — ¢) + Kz/)m} dx

L L
—pl||p||* + EI||¢.||> — k:AG/ (v, — @)dw + K/ bpthpde.
0 0

Combining Poincaré inequality and Young’s inequality results in

Vi (t k:AGO kAG K
30 <l + Bloul + L5 6l + L = ol + Tl
K

5l >0 (2.4
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Lemma 2.3.2 The functional

L x L o L
t) = —M/ vt/ o(t,y)dydx + u/ vudr + —/ vidx
0 0 0 2 Jo

fulfills
dVs(t) (0* +¢c}) , , L 2 i 2
< N
A0 < (D sl + Sl + e+ s ol
kAG — P
—{ G2 ]Ilvm—¢\|2,e>0,t20. (2.44)

Proof. In view of the second equation of (3.35), we infer

de

:_M/ /gbttydydx—/ [—clvt—i—(/{:AG—P)(Um—%)—P%]

/ o(t, y)dydx + | |vg||* + / v[— c1vy + (k‘AG - P)(UM — ¢z) — Pgbx} dz
0

L
+cl/ vupdx
:—,u/ /gbttydydm—I—q/ /gzﬁdydx—i— k:AG P / (v,

— P||o|* + pl|ve] | — (KAG — P)/ Vg (Vg dx—i—P/ o(ve — ¢)dz + P||8||*.

0

By virtue of Young’s inequality, Poincaré inequality and the fact that

[ ([ o) o< [ [ ran) () )
< ( /O ’ qsfdy) /0 e = %2 /0 ’ P2dyda (2.45)
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we can see that

d‘/g() 2 2 C2
20 < I+ el + Lol + Collnl P — (RAG — P)lJos — oI

P2
+ pllod* + e2lfv. — ¢|I* + @||¢||2, ¢, €2 > 0.

Choosing €, := ’“AGT_P

completes the proof. |

Lemma 2.3.3 The functional

t) = I, /OL¢¢tdx+ / de:U—pI/ Voudr + a7 E[P K) / Yydda

verifies the estimate

2 e

a6 - Py
- [P v 2l + g g Bl = ol

Proof. Direct computation, with the help of the first and the third equation

(2.21), leads to

dVi(t “ -

I(EI - K)
GJ - P(Is/:u)

L
0 0

g EI-K g
x /0 Vibude + o /0 ¢{ (G = PL/) | s + Ko — czwt}d:c
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The identity to come is derived from integrating by parts

AV (t g g
SO _ Ll ~ [0~ P Il - | o=t [ ot

s(FI — K)
+E1/ mxdas—kAG/ D(vs — G+ K|l + o i /wt budz

K(EI - K) (BT — K)
B0 ) [ o — g E B g o / i

and the next one from an application of Poincaré and Young’s inequality

dvi i
20 < Ll = [67 = P/ el + 2l + el

kAG)? I(EI - K))?
%Hvx—¢>||2+630p||%||2+KI|%||2+ Ll ) 2|16l * + ellge
5 de [GJ - P(Is/u)]
K(EI - K) [eo(ET - K)]?

2 H’l/}tH2 + GCP‘|¢$H27 €, €3 > 07 t Z 0.

_ ||| |2
GJ = P(I/p) 4[GJ - P(Is/u)] €

Choosing €3 W leads to the desired result. |
Define
My = GJGJP(P(/ iu) = My %—f (247)
and assume
C2P* < 2MM;K(EI — K). (2.48)

Before presenting the main results in this section, we recall the conditions specified

n (2.15) and (2.20), that is

P < min {P*, %u}, K <GJ—-P(ly/n), K<EI (2.49)

72



Theorem 2.3.4 Let (¢,v,1)) be the solution of system (2.21) subject to the con-
ditions (2.49) and (2.48). Then, the functional E(t) (and thereafter the classical
energy) decays exponentially as time goes to infinity, that is there are two positive

constants C' and & independent of the initial data and t such that
E(t) < CE(0)e™®,  Vvt>0.
Remark 2.3.5 [t should be noticed that the system is exponentially stable regard-

less of the sign of P.

Proof. To begin with, it is practical to construct the functional
3
L(t)=NE(t)+ > AVi(t)
i=1

where N and );, ¢ = 1,2, 3 will be determined in the course of the demonstration.

Having in mind the previous Lemmas 2.3.1, 2.3.2, and 2.3.3, it appears that

dL(t
LY < ALl + A4l + Al 600 + Aulloul P+ Aol + Aol — 61
—e||v)? + e1l|ve — ¢+ 9|* — eal|o]]? + e |6]]?

< Allonll? + Asl el 12+ Aslidell2 + Adllall2 + Asllnll? + (As + 2610) [lvs — 6112

— (&2 = 2e10) [lI* — ex[va||” + e[|
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where

2 2
+c
(,u ” 1) +M:| )\2’

= ¢y (p1)? [(EI_K)}Q 2 2 } 5
Ay : N+{Is+ - +46[GJ—P(IS/M)]2<IS+ 2) Xs,

Al = —01N+ |:

L2
Ag = —pI)\l + 76)\2 + 26)\3,

Ay = {EI + kAg;Cp + %1 A+ G, {e + 20{%2_13)} Ao
_ {Gf(f](f_?;&f;;) _ ecp}Ag,
A e %Al B [GJ— P(;s/#) - K}A&
_ 2
e[

Taking N large enough in A;, Ay allows € to be chosen as small as we wish.
Consequently, the coefficient As is negative. For the other coefficients (to be
negative), we need to select the different involved parameters in such a manner

that

kAGC, K P2 K(FEI-K)
[EI +="t ?} M A Cosac=r 2 < Gr—p(, /%

KA < [GJ ~ P(L/p) — K] Xs,

RAGA + 84D\ < (KAG — P) ).
|GI—P(L/u)-K

\
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Clearly, A; may be picked small enough and hence we need to focus only with

CpP? K(EI-K)
SRAG_ P2 < G P/

kAG)
—GJ<P(I ey < (RAG — P) .

The above system of inequalities necessitates

C, P2 (KAG)2C, K(EI - K)
(a1 (G — P(LJu) — K] ) < ac - (GJ - P(Is/m)

which may be rewritten in the form

C2p? < 2(GJG}P(P(/ } ) ) (kAki(_; P>2K(EI - K). (2.50)

Recalling (2.47), that is

GJ - P(LJp) — K  KAG-P
GI—P(Lp) M M=

Ml =

the condition in (2.50), becomes

CIP? <2M M;K(EI — K).

Finally, it is notable that for large E'I or small P, we get the needed result. |

Remark 2.3.6 In the case P < 0, we note that M, M3 is bigger than in the case

P > 0. Hence the condition takes place (range is bigger).
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2.4 Special Case: Absence of Axial Load

This section deals with the absence of axial forces and any kind of damping in the

first component. Namely, of interest is the problem

pl¢tt - EI¢$$ - kAG(U:c - Qb) - sza: = 07
oy + vy — kAG (Vg — @) = 0,

_GJI/);E;E - K¢zm + -[sl/}tt + 021/}15 - 07

(2.51)
¢(O>t) = ¢(L>t) = Ua:(07t) = UI(L’ t) = @0(0,75) = w(Lvt) =0,
&(z,0) = ¢o(x), di(x,0) = d1(z), v(z,0) =vo(x), vi(x,0) = v1(2),
¢(I7 0) = 7700(1‘)7 wt(xv 0) = ¢1(9€)
The energy functional we shall adopt (classical energy) is
1 L
Bt) =5 / [EI(@)Q + 2K ¢othy + kAG (v — ¢)? + GJ(Ur)* + p(vy)? + L(¢y)?
0
+ p[(gbt)ﬂ dz. (2.52)

In order to conserve the positivity of the energy, we make the following assump-

tions:

K < EI and K < GJ. (2.53)

Recall the result already found in (2.13)

dE(t
B — el ~ eallinl P (254)
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We introduce the new functional (notice the difference with the previous one)

L L T
Vi(t) = —p]/o qbqﬁtdx—i—u/o ¢</O vt(t,y)dy>dx, vt > 0. (2.55)

Lemma 2.4.1 The functional Vi (t) satisfies, along solutions of our problem, the

relation
dViy(t K L?
D < (ot = o+ (BI+ o 1 V6l + Kealll P+ 2 (32 + )l

where €, € >0 andt > 0.

Proof. The rate of change of V;(t) may be expressed by

Vi (t t t !
(;;):_p]/o ¢gdg;_/0 ¢(Ef¢xx+kAG(vx—¢)+K¢xx>dx+u/0 o1

« ( /0 Ut(t,y)dy)dx—i— /0 ’ ¢>{ /0 ’ [—clvt(t,y)+k:AG(vm—¢x)(t,y)dy}}dx

L L L
— —pI||u|? + EI||gu] 2 — kAG / O(v, — d)dz + K / buty d + / b

T L T L
< ( / w(@y)dy)da:—cl | o [ wttmdts+ 4G [ o0, =0y

The next relation is a simple consequence of Young’s inequality and Poincaré

inequality
dVi(t) 2 2 K 2 2 H2 C%
< —pl Elllo, — ||y K - — =
< ol + B + ol P+ Keallul P+ (5 + 2
L T 2
/ ( / vt(y)dy> 4o+ ell] P + €Cyllel? (2.56)
0 0
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where € > 0 and with the help of Cauchy-Schwarz inequality, it is obvious that

/OL</0xvt(y)dy>2da:§/oL {(/0 1dy></oxvfdy>}dx

L @ L L
< xdx/ vidydr < L/ Utzdl’/ ldz < L?||ve] . (2.57)
0 0 0 0

Merging (2.57) and (2.56) finishes the demonstration. |

Lemma 2.4.2 The functional

L L L B L
Vlt) = 1 [ wvda+ 2 [ itda—pt [ voda+ MEL-R) | e, iz o

verifies the estimate

d‘gt(t) < {]s+4l€[(,01)2+%(13+@)] }H?/)tIIZ _ (GJ—K—CpeQ>

(EAG)?
462

K(EI - K)

X [l + 2ell0ul* + —

H%—¢W—[ —q@u%w (2.58)

where €,65 > 0 and t > 0.

Proof. Imitating exactly the same steps as in the proof of Lemma 2.4.1, it is
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evident that

L L
T Ll 4 [ (Gt + Ko vt [ v

L L
_p[/ 1/1t¢tdx+/ @D(—EIQSM—/{AG(UQC—QS)—me)daj

1, EI K) ElI—-K [*
0

GJ

L L
:Is tQ_GJ :p2_K zxd —pl ttd
Il = GI1 | /“w¢x ol [ s

IEI - K) (F
B / babaddr — KAG / (s — ) + K+ HELZ T /0 Yebeds

K EI K S(FI — K) [*

and
dVs(t kAG
20 < b~ G+ C e+ el + L2 o, — g
I,(EI — K Fl - K
el + Kl B e e - KL=y o
EI - K))
e o + ol
where € > 0 and ¢ > 0. |

Remark 2.4.3 A close look at the proof shows that the exponential stability de-
pends on the correct use of the bending torsion coupling rigidity K , which dispenses
us from the equal speeds of propagation assumption. If K = 0, we cannot get ||d,||?
with negative sign from Va(t), and we will be forced to assume equal speeds of prop-
agation to get it. This is not surprising because, without coupling, we are left with

the usual Timoshenko system which, as is well known, requires equal speeds of
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propagation for the exponential stability.

In preparation of our next functional, we invoke the problem

W(ZL‘, t) == fox ¢(y> t)dy,
(2.59)

w(0,t) = 0, z € (0,L).

Lemma 2.4.4 The functional

L L e
V3(t) == ,u/ vwdx + u/ vudx + E/ vidz, Yt >0
0 0 0

complies with the relation

dVs(t 1
< [@ (12 +¢3) +u} el + L2l + eCollul — KAl — ol

(2.60)

where € > 0 and t > 0.

Proof. On account of the second equation of (2.51), a mere differentiation of
V3(t) gives
dVs(t)
dt

L L L
+ u/ vidr + / v { — vy + kAG (v — gbw)} dr + ¢, / vudx
0 0 0

L L
= ILL/ /Utu}tdx + / w [ — C1V¢ + kAG(v.TLL‘ - ¢£D):| dx
0 0

L L L
:u/ vy dr — ¢y / wupdr + kAG/ d(vy — @)dx + pu|ve]|*
0 0 0

— EAG /L vz (v, — @)dz.
0
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Poincaré inequality and Young’s inequality yield

dVs(t) _
dt

I:

—||vt||2 + Leel|gn||* + illvtll2 +€Cyl|do|]* — RAG||ve — oI + ol vr]|*

where € > 0 and ¢t > 0. In the last step we profited from Cauchy-Schwarz inequal-

ity to derive the estimation

/OLw?dx=/L<—/z¢t<y,t>dy) [ 1) ( [ o dy)]

g/ xdx/ gzﬁtdydx<L/ ¢tdx/ lde < L&) (261)

The proof is now complete. |

Theorem 2.4.5 Under the condition (2.53), the functional E(t) (and subse-
quently the classical energy) of system (2.51) decays exponentially as time goes to
infinity, that is there are two positive constants C' and & independent of the initial
data and t such that

E(t) < CE(0)e ™S,  Vvt>0.

Proof. The functional we will rely on is

L(t) = NE(®t)+ > AVit), t >0

i=1

where N and )\;, ¢ = 1,2,3 will be determined in the course of the proof. Com-
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bining the previous Lemmas 2.4.1, 2.4.2 and 2.4.4, we effortlessly find

dL(t
EL < Al -+ Al -+ A 0] + Aulloul P+ Asl sl -+ Aol — o]

with

L? 24+
Al = —C1N+ E(MZ‘FC%))\l + ('u de ! +/L)>\3,

As = —oN + {IS + i l(pm L %(ﬁ + CQ)] }AQ,

As = —(p[ — 6))\1 + 2e)o + €L\,

K K(EI - K
A4 (E[ + EC + 4—> )\1 [(T) - GCp:| )\2 + ECP)\3,

A5 = K€1)\1 - <GJ - EQOP - K) )\2,

(kAG)?
€2

AG =

A2 — KAG 3.

Observe that a large value of N in A;, As allows us to ignore € at this stage. On
the same occasion, we postpone dealing with Az (as we can manage to have it

negative). Regarding the remaining conditions

p
(EI+ ﬁ) A < EI 1) )\2,

Keh < (GJ — el — K> Ao,

it is clear that we can pick A\; small and then A3 large. The latter observation
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opens the door for €5 to be small. The fact that K < FI and K < GJ permits

us to conclude. I
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CHAPTER 3

BENDING TORSION

PROBLEM WITHOUT

DAMPING IN THE BENDING

COMPONENT

In this chapter, we shall delve into a new situation where there is no damping in the
second component. This means we omit the frictional damping which was active
in the bending component in the originally derived model. After formulating the
problem in an abstract setting and invoking an existence and uniqueness result,

we center our goal towards the stability of the system.
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3.1 Well-Posedness of the Problem

Here, in this section we investigate the existence and uniqueness of solutions to a
Timoshenko beam subject to torsional as well as axial effects. The original model

(1.1) is released from the damping in the bending component, namely

;

plow + e3¢y — El¢ry — kAG(v, — ¢) — Ktpyy = 0,
MUy — [kAG - P} (U:m - gbx) + P¢x = 07
- [GJ - P(Is/,u)} wx:p - K(b:mc + [swtt + Cth = 07
(3.1)
¢(0vt> = ¢(Lvt) = Ua:(ovt> = Uac(L7t) = ¢(0>t) = w(L’t) = 07
¢(z,0) = ¢o(), du(z,0) = ¢1(z), v(z,0)=1vo(z), ve(x,0) =vi(z),

¢(x70) = ¢0($)a lbt(%o) = 7,/)1(ZE)

For this purpose, the instrumental tool is the semi-group theory. Beforehand (as

in the previous problem), we make the change of function

o(x,t) = v(z,t) — %/DLv(x,t)dx, z €[0,L],t >0. (3.2)

The advantage of this new function is that its mean is equal to zero, i.e

L
/ O(z,t)dr =0, t>0.
0
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Effortlessly, one can check that this new function satisfies the same equation and

the whole system (3.1) remains unchanged. Proceeding as previously, we recall

H := Hy(0,L) x L*(0, L) x H}(0, L) x L*(0,L) x H}(0, L) x L*(0, L)

as in (2.25), (2.26) which we equip with the inner product (2.27) and the norm
(2.28). For the vector U = (¢, u, v, w, 1, 2)T, with u = ¢y, w = v, 2 = 1y, we can

remodel problem (3.1) as

4U(t) = AU(t), WVt >0,

dt

(3.3)
U<O) = UO = (¢07 ¢17 Vo, V1, w07 wl)T~
The operator A takes the form
0 I 0 0 0 0 ¢
EI kAG c kAG K
a D =SE - D0 G 0 f]u
0 0 0 1 0 0 v
AU =
_kAG 0 EAG=P )2 0 0 w
7 p
0 0 0 0 0 I | |v
GJ—P(I, .
K p? 0 0 0 elp? —e o
(3.4)
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that is

u

_[C,_S}Qst + %¢xw + IC?_IG(UJC - ¢) + p_lgwxx

AU = (3.5)

%Qsmm + GJ?I;S(IS/“) bea: - %wt

with domain

D(A) = {U € M|,y € H*(0,L) N Hy(0,L), v e HZ(0,L),

u,z € Hy(0,L), w € Hj(o,L)}.

Recall, the condition (2.49), that is

GJ

P <min< P,, —
mln{ ]S

u}, K < GJ—P(I,/p), K < EI (3.6)

Our existence and uniqueness result reads as follows

Theorem 3.1.1 Let Uy € H and (3.6) holds, then there exists a unique solution
U e C(RT,H) to the problem (3.1). Furthermore, if Uy € D(A), then we have a

unique solution U € C(R*,D(A)) N C*(RT, H).

The proof is similar to that of Theorem 2.2.1.
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3.2 Stability of the Structure

In this section, we focus our attention on the stability of system (3.1), and the
decay rate of the energy associated with the system. Our main tool is the mul-
tiplier method. We achieve stability enjoying an exponential speeds in the case

1o = 0 where

_(EI kAG—-P\(GJ—-P(,/p) kAG—-P K?

P\ I [ I [ pIl,
This condition reminds us of a similar condition found in the literature [27]. In
case K = 0 (no coupling of the system with the torsional equation), we recover

the conventional equal speeds of propagation assumption.

3.2.1 Exponential Stability

As usual, selecting an appropriate Lyapunov functional relies on a careful choice
of the multipliers. Actually, this is the essence of the energy method. In this
subsection, we shall build such a Lyapunov functional with the aim to reach an
exponential decay of the energy functional (modified classical energy). We begin

with the functional

E\(t) = % /0 {EI(@)Q + 2K ¢,1h, + (KAG — P)(vz — ¢)* — 2P, + P’
n [GJ - Pus/m] (o) + u0)? + L) + pf(ast)?}dx. (3.7
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Owing to (2.13), we see that

dE, (t)
dt

= —csllen|® — ol [0ul?, >0, (3.8)

||2. For that we introduce our

Our first target is coming up with the term —||¢,

first functional

_p[/ ¢¢tda:+—/ $2dz — kﬁgAGm /L¢(/Oxvt(t,y)dy)dx, Vit > 0.

Lemma 3.2.1 The functional Vi(t) satisfies, along solutions of our problem, the

relation
dvi(t) 12 (kAG)? , (EI PkAGC, - )
< [ _—
i = | ggac— e |1 (7~ rag—p)ledl T 2EJH¢’“"“
eL?
+ el (3.9)

where e > 0 and t > 0.
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Proof. [t is straightforward to come up with the identity

L
D = ot + [ 0| = st Blows + BAG(0, - 0) + K| o
0

L L x
ukAG
+c/ ¢>¢dw——/ ¢></ t,ydy)da:
o kAG—POtOt()
kAG

N W—_P/ qb/m (kAG - P) (Uacx - ¢z)(t7y)dy - P%(t,y)dy] dx

= pI||é||* — E]||¢x||2+kAG/ d(v, dx—K/ Gpbpde

kAG (" v PEAG
—M’fG—_P/O ¢(/0 m(t,y)dy)dx—kAG/o Ovs = Bz + 18I

The assistance of Young’s inequality and Poincaré inequality, ensures that

dVi(t) 9 , FKEI 9 9
< —
2 2 L T 2
12(AG) ) / / PEAGC,
T aekac — pe oI e [, vwldy e gl e

(3.10)

This relation (3.10) together with the fact below

L x 2 L x z
ve(y dy) dxg/ [ / 1dy / vidy ]dm
[ (o MYRDIVELD)
L x L L LQ
§/ m/ vfdydxg/ vfda:/ wdr < —||v|)?
0 0 0 0 2

(3.11)

guarantees the sought estimation (3.9) in the statement of the lemma |
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Lemma 3.2.2 The functional
L
Vo(t) == —u/ vodr, Yt>0
0

enjoys the property

dVa(t)
dt

3kAG — 2P

< —pllvel* + 5

Proof. Multiple use of integration by parts leads to

dVa(t)
dt

— | — /OLU [(kAG — P)(vy — ) — qum} dx

L
— sl = [ oo
0

L L
= —Iu||vt||2_|_ (k}AG—P)/ Um(vx—gﬁ)dl‘—P/ v dx
0 0

LAG
Jve — B> + TH%W — P||¢||*, t > 0.

(3.12)

L L
:_uuvtuu(mg—zﬂ)/ (Um—¢+¢)(vz—¢)dx—13/ (Vs — 6 + B)éda
0 0

L
= —pllve| P + (KAG — P)|jv, — ¢[|* + (KAG — P) /O (v, — ¢)da

L
—PA(w—@mm—mww

followed by Young’s inequality and Poincaré inequality, we may arrive at

dVa(t kAG — P)C.
o) < o+ (£AG = P)llos — ol + EAT= DNy
EAG — P P PC
4GP o, = 61 + P = o1 + 21— Pl
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The coming lemma is valid under the assumption

i <EI k;AG—P> (GJ—P(IS/M) - kAG—P> LS (313

ol I, 1 P,

To avoid a cumbersome presentation, we incorporate the notation

]G4 ) (25

and

I (EI KAG - P
M, = ( &)

K\pl

Lemma 3.2.3 Assuming that (3.13) is met, the functional

L L L L
VEJ,(t) L= —A (/Ux — ¢)¢td$ — /(; ¢3ﬂ)tdx + MS/O wxvtdx + M4/(; (/Ux - ¢)¢td$

possesses the property

dVs(t) 3 9 kEAG , P | M| 9
< = _ _
< el = (S =26 = ol + 2 (14 Yol

P|M
ML 2+

1
2p

i del?

M (12 + c3) 4] (3.14)

where € >0, t > 0.

Some immediate remarks are in order.
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Remark 3.2.4 1. From the condition (3.13), we must have that

kAG — — —
G-P_GJ P(I/p) . KAG—P _BI
I I p pl

as supported by the numerical example in the paper [49] or

kAG — — —
G-P _GJ P(I/p) . KAG—P _BL
It I, It pl

2. If K =0, then we infer from the condition ny = 0 in (3.13), that either

El  kAG-P
pl 7
(we recover therefore the equal speeds of propagation for the classical Tim-

oshenko system wused in the already published papers to show exponential

stability) and/or
KAG — P GJ— P(I/p)
wo I

meaning that the second and third equations in (3.1) have equal speeds of
propagation. Remarkably, it is not necessary that the speeds of propagation
of the first and the third equation be the same unless both terms in (3.13)

vanish in which case all speeds of propagation are identical.

Proof. [Proof of Lemma 3.2.3] On account of system (3.1) we can easily see
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that

v g L
)= [ oo [T = 0)] - ot Elo + kAG(: ~ 0

L L
+ me} dx — /0 GpUpdr — %/0 o [(k‘AG — P)(vy — ¢)y — Pgbx} dx

I EI  kAG — P\ (GJ — P(I,/p) K1 [*

crier Gr ) () [ e
1 EI  kAG— P\ [(GJ— P

s - () - [

I, (BT kAG — P
X l(k:AG — P)(vy — @) — szﬁw] dx + 7 ( i . ) /0 (vy — @)¢thydx

. 1 (EI kKAG-P
K\ pI "

) /OL@I —9) [(GJ =PI,/ 1)) s + K s — th} .

Therefore
dVs(t L

;p:_/o vurtnda + ||| — 1/ (v, tdx——/ b (vs— 6

kAG K kAG — P
B —IH v ¢||2 T ( - d))wifitdq; + / thva:tdx + / ¢xm

p 0 0 H 0
9 ] ﬂ_kAG—P GJ — P(l/p) _5

(v = 0o+ [ - IcAG—PKp] - P .

L EI  kAG — P\ (GJ — P(I,/p) K1 [*
< J vias = Kp—f ) ] vt o
P EI  kAG — P\ (GJ — P(I,/p) K1 [*
‘kAG—PKp_f‘ i >( K )‘EM Paudt

I, (EI kAG-P L I, (EI kAG-P L
w (G = H) [ e = (G =) [ s

GJ - P(I,/p) (EI kAG — P\ [* EI kAG - P
i K (pf o )/me(%—¢)dx+(ﬁ— o )

L EI  kAG - P\ [*
X /0 Gpa (Ve — @)dx — e (ﬁ - 0 ) /0 (Ve — @) Yydx
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or, after arranging things

L
2 C3 kAG 2 P 2

-, - t - 7 td - —— ||V — || Pz

1] p/0< — )ouda = <l lvs = 0P + —llon]

m EI kAG — P\ (GJ — P(I,/n) K
~me—r G ) () - ]
I, (EI kAG—-P L
(G T

P EI  kAG — P\ (GJ — P(I,/p) K1 [*
“mr G (R ) ] [ e

I, (EI kAG - P\ [* EI kAG - P\ [*
(G =) [ w2 (5 - ) [ e

It is readily seen that the evaluation below is true

dVs(t 2 kAG P

58 < Yo + o + elex = ol = 2o, = ol + o
PM P|M. I, (EI kAG — P\1?
R T e o e e | N
1 [ey (EI  KAG—P , ,

E[E(ﬁ T)] 2 + el —

where € > 0 for ¢ > 0 and profiting from 7, = 0. Some simple elementary oper-
ations show that the aforementioned expression is actually our 7, defined before

the Lemma 3.2.3, in (3.13) i.e.

EI kAG—P\[GJ—P(I,/u) kAG—P K?
M=\ —F— - — .
pl It I It pl1;

Our next functional will supply —||¢.||*.
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Lemma 3.2.5 The functional

L L
Vi(t) := [s/ Ynhpda + %/ vide, YVt >0
0 0
verifies the estimate

avi(t) GJ = P(L/p)

2 2 K 2
e R e L e P LCURRED

(3.15)

Proof. A simple application of integration by parts and Young’s inequality

yields for ¢t > 0

dv - ’

L
— LIl = [GJ — P(L/p)] |[s]? — K / rrada

< Ll = (67 = P/l + | ST Z 0

KZ
[GJ o P(Is/,u)

2
+3 plloaP

Theorem 3.2.6 Assume that ny = 0 and (3.6) holds. Then we have exponential

decay of the energy provided that 2K > FEI. When 2K < EI, we assume further

that

kAGEIT

P < siace, +Br
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Proof.  Assembling the previously introduced four functionals together with

E;(t) in one functional as
4
Li(t) = NE((t) + > AVi(t) (3.16)
i=1

where N and \;, ¢+ = 1,2, 3,4 will be determined as we go along with the proof

and utilizing the previous relations (3.9), (3.12), (3.14) and (3.15), we obatin

AL (1)
dt

< Aullel]” + Azl [vel|* + Asllve]|* + Aal@all* + Asllvo]|* + Asllve — lI* — Po|o|[*

where

12 (kAG)?
1e(kAG — P)?

2
Al::—63N—|—{p]—|— }/\14-[ % +1+e}>\3,

ie(pI)?

1
A2 = —CQN + @MZ (182 + Cg))\g + Is/\4,

s

el?
As = 7)\1 — [z,

K2

)\47

EI  PkAGC, kAG P(
2

Py— M3
A4._—<2 —kAG_P>A1+ 7 et (14 )A3+2[

K? PMs; GJ — P(I/p)
3kAG — 2P
fy = BRAGZ2D) ) (RAG o,
2 pl

We realize that for a considerably large value of N, permitting € to be small, the
coefficients A; and A, may be made negative. Consequently, the coefficient Aj

may be considered negative as well. For the other coefficients (to be negative),
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we need to select the parameters there in a way that

kAG y P14 M)y _K* o EBI _ PRAGG, |y
2 2+u( + 2) 3+2|:GJ7P(IS/,U,)j| 4 D) LAG—P 1,

2 _
zKﬁ)‘l =+ sz\;fg Az < {GJ PQ(IS/M‘)] A4,

(skac—2p)
e

kAG
Aoy < T/\g

A quick glimpse at these inequalities reveals that taking A\, small enough will

simplify them to

P14 M)y K2 EI _ PEAGGy |
u( 3 3+2[GJ_P(IS/M)] 1< | 3 KAG—P |\

B\ + By < [GT — P(I/m)] M

Another brief glance show that for A3 small enough the system is simplified to

K? EI PEAGC,
K (B AP
2[GI-P(I./p)] 4 (2 kAGP) b

Erh < [GT = P(L/m)] .
which are possible if

K4
2EI[GJ — P(I,/p)

EI PkAGC’p}

] < [GJ - P(1,/p)] {7 — a0 p

or

K*(kAG — P) < EI[GJ — P(I,/w)]*[EI(kAG — P) — 2PkAGC,)].
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Bearing in mind the fact that K? < [GJ—P(I,/p)] ? it suffices that the inequality
K*(kAG — P) < EI|EI(kAG — P) — 2PkAGC,)| (3.17)

holds. Clearly, the condition (3.17) is fulfilled for negative P. Now for positive P,
we need

EI(kAG — P) — 2PKAGC, > 0

that is

kAGEI

P .
= 2kAGC, + EI

(3.18)

This condition is to be compared with one we assumed previously to keep the

energy positive in (2.18), namely

(EI — K)kAG
kAGC, + (EI — K)

P <

« If 2K < EI, then

EI(KAG)*C, < 2(El — K)C,(kAG)?

or after adding EI(EI — K)kAG to both sides

kAGEI[kAGC, + (EI — K)] < (EI — K)kAG[2kAGC,, + EI]
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leading to

RAGEI  _ (EI - K)kAG
2kAGC, + EI ~ kAGC, + (EI — K)’

Hence to obtain exponential decay in this case it is enough to assume

EAGEI

P < siace, + &1

o If 2K > FEI, then

(EI - K)KAG  _  kAGEI

P .
< KAGC, + (EI - K) — 2kAGC, + EI

which means that the condition in (3.18), is already guaranteed by the one

n (2.18) (the condition on P that makes the energy nonnegative).

Under condition (3.18) and for large E'1 or small (or negative) P, all the coefficients

A;, i=1,2,,---,6 are negative suggesting that

< —CE\(t), ¥t>0 (3.19)

for some positive constant C'. In order to pass to £1(t) and subsequently to F(t)
to conclude the exponential decay for Fi(t), we need to show the equivalence

Ei(t) ~ L£41(t). From the definition of Vi(¢), it is not difficult to demonstrate that

11k AGS,
EAG — P

ukAGL?
85, (KAG — P)

pl c
Vi@ < pIoulloll + - llodl® + Il + =5 Il + el I

(3.20)
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where 01,9, > 0 are the constants which stem from Young’s inequality. Likewise,

for Va(t), V3(t) and V4(t), we find

Va(t)] < {02 4 sl [u][> < Loyl |2 + 2005C, |[ve — || + 2185C,| |1
453 453

(3.21)

1 1 | M|
Vs(t)] < 54||vz—¢||2+—H<bt||2+55||¢xl|2+4—55Hvt||2+ | M3 |06 9021 + 453 [l

|M4\

v — SII” + [ Ma] oz le (3.22)

and

C,
=22 4| (3.23)

I,C
Vi)l < S5l l” + Lol +

for any 6; > 0, for ¢ = 3,4,5,6,7,8. Assembling (3.7), (3.20), (3.21), (3.22) and

(3.23) in

Ly(t) = NE(t +Z)\M, vt > 0 (3.24)
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steers us directly to

L) < [%EH K) +55A3} 162l + [%GJ— P(L,/u) + K) + | Myléos

ISCp O CQ 2 N ’ 4‘
( TR )m} 1l + b(l-«AG— P) + 28,y + (04 + 5 s
kAG.
o =l + NPl + [ NP+ 2ussCy i + (o1 + 2+ L42EL ) o
Np pkAGL? ft (M| 1 >
A A — A
i { > T RLGAG—P) " a5 2T < 15, | 15, ) s lludl
NI, NpI  pI 1
+ { 5 T | My |07 3 + 1358>\4} || | + {Tp + :—&Al + 4—54>\3] e 2.
This already ascertain the following part of the equivalence
Li(t) < N1 E(t), Vt>0 (3.25)

where NV, is a positive constant. On the flip side, the relations

ukAGo, uk AGL*

1 c
S _ 2 PL 2, 2y 2 2 2
Vilt) = =l l0lf = Sl + SN0l — 55 01 — gl
(3.26)
where 01,05 > 0.
Va(t) = —ﬁ\\vtl\z = 2005Cy||ve — OII* — 213G, ||9]]%, 05 > 0 (3.27)
3
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|M3|

1 1
Valt) 2 —dullve = o112 = 2 l6d? = 356l = 7l = Vsl — L2
M. .
= B, = 0P = ALl 6> 0, =4 T (3.28)
and
2 2 002 2
Vilt) 2 S0 il - S, a0 (3.29)

are able to demonstrate the other relation between £;(t) and E;(t). Indeed, re-

calling that

Li(t) = NEy(t +ZA%, V>0 (3.30)

=1

we obviously have

£a(0) 2 [ (81 = ) = 0uda] ol + | (G = PUL/) = ) = Mt

1,C C N 2003C' M.
- (B Tl + |5 eac - P) - 250 (o, B o, - g

405 2 407

N c ukAGH
- Gl | 5P = Poa) = (o1 = % 4 LEEE Aol

+{ 2 T ERRAG—P) T 15 <45 10, )As v

Npl I 1
. Lk
4

 [8ldra — Lo I+ | 27— 22

For large N (or small lambdas \;, ¢ = 1,---4) and any values of \;, i = 1,---4
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we can see that
Li(t) > NaEi(t), Vt>0 (3.31)

for some N, positive. Combining both (3.25) and (3.31), we achieve the equiva-
lence

NoEr(t) < La(t) < NUEi (1), Vit > 0.

Finally, recalling (3.19), the right side of the equivalence yields the exponential
decay of £;(t). This property is inherited by E;(t) through the left hand side of

the equivalence. |

3.2.2 Polynomial Stability

In this subsection, we discuss with the case 1y # 0. Passing to the second order

energy we could prove a polynomial stability

Theorem 3.2.7 Suppose no # 0 and (3.6) holds. Then, the energy E;(t) decays
polynomially, more precisely there is positive constant C' independent of the initial

data such that

E1(0) + E5(0)

m@gc( t

), Vit >0

for some E5(0) > 0 determined in the proof.
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We start by preparing the ground for the proof. Differentiating the equations in

(3.1) with respect to time, it is evident that

(

pLlou + csdy — Eldyyr — KAG (Vg — 1) — Kthyyy =0

WUt — [kAG — P] (wa — ¢a¢)t + P¢y =0, (332)

— [GJ - P(IS/,LL):| Vaeat — K Qpot + LDy + oty = 0,

\

where (z,t) € (0,L) x (0,+00). To discuss the case 1y # 0, we define the second

order modified energy by

L
Ey(t) == E\(t, ¢y, v, ;) = % /0 {El(%f + 2K Guitbes + (KAG — P) (v, — ¢)?

— 2Pvg ¢ + Pﬁb? [GJ P(Is/p )} (%ct) + H(Utt)z + Is(?/ftt)Q + ,0[(¢tt)2}d33

It is not difficult to achieve

dEs(t)

dt = —C3||¢mt||2 - C2||¢tt||2, t>0. (3.33)

Proof. The right functional to count on is

L(t) = N(2E\(t) + Es(t +ZAV

Profiting from what we achieved earlier, we may build on to notice that there
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exists a positive constant C' such that

dLo(t
20 < 0B, (1) — oMl — eaV Il — sV |l — eV o
L
— A3 [ Yugde. (3.34)

The last term on the right-hand side of (3.34) may be treated as follows:

L L L
- 772/ Yrvgdr = —772/ Uy (vy — @)ydx — 772/O Yipdx

= —772—/ Uy (vy — @)dx + 1y /t Yy (Ve — @)dx — 1 /OL Yigrd.

Next, soliciting Young’s inequality, we reach the inequality

—m/wme m(/% M+”@wW+Ww)ﬂmePﬂww

where € > 0. The above prompt us to address the new functional

Ls(t) = +772)\3/ Yy (v, — ¢)dx, t > 0.

From the relation (3.34), it is clear that

dLs(t)
dt

2
1
+ 22 (10l + 110P ) + lle = ol + el 2 0,

< —CoEr(t) — esN||¢e| | — coN|[¢e|]? = esN||dul]* — coN|[0oul?
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For small enough ¢ and large N, we see that

dLs(t)
dt

< —CgEl(t), Cg > 0.

It suffices now to integrate the above relation over (0,t), keeping in mind that

E;(t) is not increasing, to remark that
t
0

Finally, we conclude that

E1(0) + E5(0)

Ey(t) < C( .

),Vt>0, C > 0.

3.3 Special Case: Absence of Axial Load

In this subsection, we shall also place ourselves in a more economic and less
complicated situation by disposing of the frictional damping in the bending com-
ponent. In addition, we examine the case where there is no axial loading. The
torsion equation will consequently be coupled only with the rotation caused by

the bending. We study the Timoshenko system (2.1), with P = 0 and ¢; = 0 that
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is

pI¢tt + 63¢t - E[¢mc - kAG(“:E - ¢) - wa:c = 07
KUt — kAG(”zm - ¢x) = 07
_ijxx - K¢CEI + [s"vbtt + Cth = 07
(3.35)
¢(07t) = ¢(L7t) = Ux(0>t) = Uw(Lﬂ t) = 1/}(07 t) = 1/J<L7t) = 07
¢(QS,O) = ¢0($), gbt(x,O) = qbl(x)? U(QS,O) = Uo(l‘), Ut(xvo) = Ul(x)>

U(,0) = Po(x), Ye(z,0) =t (x).

By virtue of the above assumption, the load P is equal to zero and thereupon the

energy functional Fi(t) in (3.7) reduces to

L
Ey(t) = % / [Ef(%)? + 2K ¢utby + kAG vy — 0)% + GJ (1) + pi(vy)?
0
+ Iy (y)? + p[(¢t)2] dz, t > 0. (3.36)

Remember, the condition (2.53) that keeps the positivity of the energy, that is

K < EI and K < GJ. (3.37)

Subsequently from (2.13), it appears that

dE, (t)
dt

= —as|len|® = cal [nl?, >0, (3.38)
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Prior to stating and proving the result of this section, we shall prepare a number

of lemmas where we introduce suitable functionals and estimate their derivatives.

Lemma 3.3.1 For the functional

. [" o [* L I(EI - K) [T
) =1, /D did + 2 /0 Y2de — pl /0 vouda + LD /0 iz, £ >0

the estimate below holds

i) {fﬁi[(pm (] }HW
kAG

—(GJ—K—eCp—kAGC’pQ)Hl/JmHQJr(26—!— )||¢t||2+—||x lls

- {K(E[ ~ K)

a7 — Cpe} 02|, €,€2 >0, t>0. (3.39)

Proof. With the first equation and the third equations of problem (3.35) in

mind, it is readily seen that

L ]S(EI - K)

o L

L L L
:IS tQ_GJ $2_K xa:d —pl ttd td
[6l2 = G T[4 /w . p/ow x+c3/0 bl
I, (EI - K) [*
B / Yrbud — KAG / wle — O)da + K| P+ ZEL ) /0 bupudz

o L
w-w) [ @%dm—%uw 2B [Conan
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Thanks to Young’s inequality and Poincaré inequality, we immediately secure the

estimation
dVi(t) 2 o, (pD)? 2 2, G 2 2
< _ N -
L2 < L = GNP+ Ll + ellol B+ 216l + eyl
2
KAG , ) o, [L(EI - K)] 2 2
+ e e = Ol + RAGEC Il + Kl + il + el
2
K(EI - K) 2 [C2(EI— K)} 2 2
— |0 Col|os]7, 0, t>0.
a7l + e W+ <Gl € >
To end the proof, it suffices to arrange the terms. |

The second functional is crucial as it compensates the lack of damping we inten-

tionally disposed of without affecting negatively the overall computation.

Lemma 3.3.2 The functional
L
Vo(t) := —p/ vodz, YVt >0
0

possesses the property below

3kAG
2

dVa(t)
dt

kAGC,
[lve — &l[* + Tpl|¢x||2, €>0,1>0. (3.40)

< —pllvell* +

Proof.  For solutions of our system and in particular in view of the second

equation of (3.35), using Young’s inequality and Poincaré inequality, , it is visible
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that

dVa(t)
dt

L
— —/L||’Ut||2 — / v {kAG(vx — qﬁ)x] dzx
0
L
= —pl|ve||? + kAG/ V(v — @)dx
0

L
= —ulfodl? + kAG[v, — ][> + KAG / O(vs — @)dz
0

3kAG kAGC
< —pllod P+ ——Ilve = 9II° + ——16:11".

The third functional is of great help as it supplies us with —||v, — ¢||*. In point of
fact, such a term can be obtained by a multiplier acting on the first equation rather
than the second equation as is our present strategy. Nevertheless, several attempts
have proved fruitless by force of newly appearing terms difficult to control and
sometimes higher order terms. The reader will certainly remark the wise choice
of the different weights carefully chosen in order to dispose with a number of

undesirable terms.

Lemma 3.3.3 For solutions of our problem, the rate of change of the functional

N L u  (GJEI GJ
Va(t) : = —/0 (v, — ¢)dx —/0 vipdr + [p]kAG( i K> — 7}
L

kEAGI, pEI L
_ — >
X /o vpdr + < K ) (p[k:AG 1) /0 i (vy — d)dx, YVt >0
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and under the condition

A EI kA K?
e (G _RAGY (EL_RAGH K7, (3.41)
I, Ju pl @ IipI

obeys the relation

dVs(t) 3 ) kAG )
< 1 Y -
17 (EI EAG\? LEI kAGI\?
+—|Sl=-—) + — |42 (3.42)
de | K%\ pI W Kpl Ku

where € >0 and t > 0.

Remark 3.3.4 1. Observe that by virtue of the condition n; = 0, we must

have

which case is supported by the numerical example in the paper [49] or

kAG  GJ kAG FEI
< and —— <

poo I po =l

2. If K =0, then the condition my in (3.41) reminds us of the equal speeds of
propagation property. The equal speeds of propagation property is between
the first and the second equations. Here it does not necessarily involves the

first and the second equation in the system. A close look shows that it can
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be between the second and the third equation delineating the torsion i.e.

o1
kAG — GJ

Actually, when K = 0, the third equation becomes completely independent

of the first two equations.

3. If K =0, the choice of V3(t) would not be possible because of the division by

K in the calculation.

Proof. [Proof of Lemma 3.3.3] On the account of the first and the second

equation in (3.35), we may write

d%,(): L[*

|: - C3¢t + E[(bmc + kAG(U:t - ¢) + mec:| (Uz - ¢>dl‘

ol ),
.

/ $u(0s — B)ud — ’“ATG 0= o Joude — [ vbnds
+EZ L[:AG (S8 =5) =G [ 1= onus
! LI:AG (Gfl - ) - % / vty

g

1 (kKAGI, uET
! Z( K > (pIkAG - {GJ Ve & K = Cﬂbt] (ve — ¢)da

)

0
kAGI, uEI L

N ( Kpu )(pIkAG - 1)/0 pels =
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Then, making use of integration by parts, reveals that

dV kAG
3 = c3/ (bt dlll'——/ ¢xx (% dm_—IH T ¢H2
p
L
- _/ ¢:m:( (% diL‘ - / ¢tvxtdx + H¢tH2 ( Uy — ¢)¢xwdw + / 'U:ct(thkE
pl Jo 0 0
GJEI K kAGGJ " GJEI GJ
-|(%7 - ﬁ) el DAL me( oK) - %
L EAGGJ nEI kAG
kT / @kAG nwET /
— -1
8 (pIkAG > Gaz(vz — ¢)dz ( Ki ) \pIkAG Yilve -

KAGL ([ pEI KAGL\ [ uEI
\ 1 dz.
i ( Ky ) <pfkrAG ) / Pt = ( > (plk‘AG ) /0 vt

Therefore,

kAG

dV ET k:AG EI kEAG
ol g
kEAG 2 K GJEI K k:AGGJ GJE[ kAGGJ
e O el B r I
pl pl Kpl pl K pl K Kpu

EI  ckAGY [*

_ pJEI Kpu N GJ | LEI EAGI, /L byvunde
plkAK ' pIkAG = K = pIK et

(3.43)

N

1n1=0
ILEI  LkAG L
_ S _ S d

(pkaG K )/o vt
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and thus

dVs(t) 2 ) , kAG ) , 1 [cEl  ¢kAG\’
< _ _ _ - _
I _4<p])2€ll¢tll + €l[ve — 9| i 1oz = I + {1l " + - K~ Kp
ILEI kAGI,

1 2
P + elos = ol + 5 ) P + o, €0, ¢

Kpl K
In (3.43), we assumed that

uGJEL | Kp  GJ | LEI kAGIL _

“okAGK T omkac T K Yok T kp Y

which is equivalent to

= 0.

 GJ(EI kAG\ kAG(EI kAG\ K?
T\ T p \pl  p pll,

Now, we are ready to state and prove the result of this subsection.

Theorem 3.3.5 Let 1 = 0 and (3.37) holds. The functional Ey(t) (and hence
the classical energy) decays exponentially as time goes to infinity, that is, there

are two positive constants C' and & independent of the initial data and t such that

E\(t) < CE(0)e™,  Vvt>0.
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Proof. First we present our reference functional

Li(t) = NEi(t) + > \Vi(t)

where N and \;, i = 1,2, 3 will be determined as we go along the proof. Invoking

the previous relations (3.39), (3.40) and (3.42) we end up with the shorter form

AL (1)
dt

< il * + Aol[Wel[* + Asllvell* + Aalléo]]* + As|[al|* + Asllvs — o]

where

c2 c2
Ay = —c3N + <2e+—3)/\1+ { 3 —|—e+1])\3,

4e A(pl)%e

_ 1T, o, (BI-K? ., L[G (EI_kAGY®
Ay i= —cyN + {IS + 4e |:(pl) + (GJ)Q (Is +62) At de | K2 pf 1%

L (LEL _KAGI, ? \

Kpl ~ Kp i
Az = —p,
K(EI - K) FAGC

A4 ::_{T—Opﬁ])\l‘l' 9 p)\27

A5 = (GJ — K — ECp - kAGCPOEQ) )\1,

EAG 3kAG
Ag = A Aoy — | —— — 2¢ | As.
6 1e, ! + 5 2 ( ol 6) 3

Proceeding with the selection of the involved parameters, it can be noticed that

considering N large enough in A, Ay releases the limitation on € > 0. Regarding
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the rest of the coefficients we need to ascertain that

(

kAGC,
2

K(EI-K) Al

Ay < =7

K + kAGCye, < G,

L)\1 + g)\g < %/\3

4eg

Clearly, A3 may be picked large enough and in the same opportunity e, small

enough (recall that K < GJ). Moreover, A\ may be selected small. The rest of

the proof is similar to the one of Theorem 3.2.6.

Absence of Axial Loading: Case of Non-Equal Speeds of Propagation

As is customary for Timoshenko beams, we shall imitate the same procedure and

upgrade the energy to the second order. This can be performed by differentiating

the equations (with respect to time) of the original system and employing suitable

multipliers. Our reference system becomes

;

To discuss the case 1, # 0, we define the second order energy

pl(bttt + C3¢tt - El¢mmt - kAG(Umt - ¢t) - szxt - 07
MUttt — k’AG(Umt - ¢xt) =0,

—GIVgut — Kpor + Isthu + cotpy = 0.

(3.44)

L
Eg(t) = El (t, ¢t7 V¢, ¢t> = % / |:E](¢zt)2 + 2K¢gxt¢$t —+ kAG(Uzt — gbt)Q
0

I + (o) + L) + pf(qstt)?] dv, >0
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Then, it is not difficult to see that

dEs(t)
dt

= _03”¢tt|’2 - 02H¢tt|’2, t>0. (3.45)

Theorem 3.3.6 In case n; # 0 and under the condition (3.37), the energy F1(t)
decays polynomially, namely there is constant C' independent of the initial data

such that

£,(0) + E5(0)
t

Ei(t)<C , vt > 0.
()

Proof. The rate of change we shall examine is the one of the functional
Lo(t) == N(2E\(t) + Es(t +Z)\ Vi(t), t > 0.

As usual, here N and \; > 0 will be fixed later. From the above argument 7, = 0

we know that there exists a positive constant C' such that

dLy(t
20 < 0, (1) — o NIl — x|l — sVl — eV o
L
+ 771)\3 'th/Uxtd.T. (346)

Using the second equation of (3.44), we now treat the last term on the right-hand

side of (3.46) as follows:

771/ YpUgedr = 771/ (v )ed + 7}1/ Viprdx
= 771—/ V(v — @)dr — 771/0 Uy (vy — @)dx + m /OL Yrdpda.
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With the assistance of Young’s inequality and imitating the steps resulting in use

of the Cauchy-Schwarz inequality and

(L oo [ [ ] )
/ / ¢tdydx</ gbtd:p/ xd:p<—||gbt||2 (3.47)

It holds that

/ Govmde < L / v, - @)da + 1 (||wtt||2+||wt||2)+e||vw oIl + ell ]

where € > 0. A new functional is in order

L3(t) = 771>\3/ Uy (vy — @)dx, t > 0.

Effortlessly, we find

dLs(t)
dt

2
n
+ 4_2<||¢tt||2 + ||77Z)t||2) + €||lve — 9|| + €||¢t||2, t>0.

< —CoEq(t) — esN||¢x||” — coN|[ee||* = esN||du]]* — coN|[0ouel|?

Choosing N large enough and e small, the estimation reduces to

It suffices now to integrate the previous relation over (0,t) and utilize the fact
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that Ej(t) is nonincreasing to infer that

which means
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CHAPTER 4

STABILITY OF A NONLINEAR

FRACTIONAL TELEGRAPH

PROBLEM

In this chapter, we examine a fractional equation with an order ranging from 1
to 2. This equation can be seen as an interpolation of the heat equation and the
wave equation. The problem is characterized by a nonlinearity since it involves
a power type term. Our objective is to shed some light on the impact of the
lower order derivative and the viscoelastic term on the stability of the system.
More precisely, we explore the potential of stabilizing the system using either a
lower-order fractional term or a memory term that involves the Laplacian. We
demonstrate a global Mittag-Leffler stability result in case a fractional frictional
damping is active. We also prove a local Mittag-Lefler stability result when the

material is viscoelastic in case of ”"small” relaxation functions. In contrast to the
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problems involving integer-order, remarkably the present case presents additional
significant challenges. As a matter of fact, they are expected as they are intrinsic
to the fractional derivative nature. Notably, one is faced with many difficulties
caused by their non-local character, in addition to the invalidity of some crucial
properties known in the integer case, such as the product role. We use several
properties in fractional calculus. Furthermore, we introduce new Lyapunov-type
functionals in this chapter in the multiplier technique framework.

We consider the problem (see [2])

(

“D* (“Dv(z,t)) + a®D(z,t) + |v]"v = Av(z, t) — bfot k(t — s)Av(z, s)ds,
t>0, €, 1/2<a<l,

v(z,t) =0, t >0, x € 0,

kU(JU,O) =vo(z), © € Q.
(4.1)

Our assumptions on the kernel k are:

(Ky) k € L. (R") is a nonnegative continuous function satisfying k(\) = O (|)\|71)

loc

and I'~“k(t) € C'(]0, 00)),
FEDk(t) < —Cik(t), t >0

and

k= / k(s)ds <1
0
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for some positive constant CY.

To deal with the nonlinearity we need to assume that

(Ky) 0<y<:L5—-1=-2ifn>3andy>0ifn =12

This assumption will allow us to use the embedding H}(Q) C LY(Q) when 2 <
g <2n/(n—2)ifn >3 and ¢ > 2if n = 1,2. For the kernel function, it is easy

to see from Proposition 1.4.4 that
k(t) < Kt* ' Eq o(=Cit®), t >0 (4.2)

for some K > 0. In addition, Proposition 1.4.5 and Proposition 1.4.6 imply that

such kernels are summable and
t t
/ k(s)ds < K / By o (—Cls®)ds = Kt9Ey qur(—Cot®) < K /Ch, £ > 0.
0 0

In fact, this family of functions t*'E, ,(—Cjt*) satisfies (K;). It is also worth

noting that the arguments below are valid for initial data in H} ().

4.1 Well-Posedness of the Problem

It is evident that equation (4.1) can be reformulated as a system of two equations

of order «

CDo(x,t) = w(x,t),

CDw(x,t) = Av(z,t) — aw(x,t) — bfot k(t — s)Av(z, s)ds — |v|"v.
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This is an advantage of using rather the sequential form of the fractional derivative.

Alternatively, in matrix form we obtain

DU = AU~ [} As(t — s)U(s)ds + f(t,U(t)), Vt>0.

(4.3)
U(t) = (v, w)(t)
where the operator Ay, A and f(¢,U(t)) is defined by
0 I 0 0 0
A = ; As = and f(t,U(t)) =
A —al bk(t —s)A 0 —|v|" (x, t)v(x, t)

Note that, if v/(¢) is continuous nearby zero then w(0) =¢ D% (0) = 0.
From Theorem (1.4.12), there exists a unique local solution, to our problem,

in the space

H:={weC(0,T),DA))NC" ([0,T),Hy(Q)) : t > xw, € C* ([0,T),L*()) },

D(A1) = D(Ay) := H*(Q) N H(R).

In the present situation our operator is the well-known Laplacian which fortu-
nately satisfies the above conditions in an appropriate space. Therefore, we can

profit from this result to ensure the well-posedness of our problem (4.1).
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4.2 Stability Under an Active Lower Order Term

In this section, we present and prove our first stability result. It concerns the case
a =1 and b = 0. That is we shall examine the case when the only actor is the
lower order term. Trying in this way to have an idea on its effect on the dynamic

)i 2 ’

by comparison with the conventional classical energy in the integer order case.

With the help of (4.1) and integration by parts, we obtain

Do) = [ Drept (D)~ gy | / = 6> (/ Ui?—(nvﬁ;dnfdx
2

D~ d—
/VU Voudzx l—oz//t—l‘)‘/

1
o Y42
+ mD o512

1_a// o )

From Proposition 1.4.8, it appears that

D*En(t) < ~[|D*lf* - // = ==

1
— || D%|? —I—TDC“ Jo(t) |72 /\UP vD%vdx

* [Vu(n)] dn
" /0 (t —mn)~

2
] dz.

X
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for t > 0. We will make the assumption that our initial data (v, v;) belongs to the
space (H; (Q))2 and begin the process of searching for an appropriate functional to
utilize in order to achieve our stability result. In the following lemma, we introduce
a functional whose fractional derivative is capable of supplying two missing terms

to come up with the full expression of Ey(t) in the right hand side of (4.4).

Lemma 4.2.1 For the functional
Vo(t) == / vD%dz, t >0
Q
it holds that

D%a(t) < (14 2 ) 107" = 5 190l = (o)

v+2
o [t de
+2r<1—a>/9/0 GRS

- /5 [Vo(s)] ds 2+ ( /E [D%(s)]'ds)Z "
"1Jo o (t—s9)°
where C,, is the Poincaré constant and t > 0.

(t =)

Proof. As D%v is absolutely continuous, we may apply Proposition 1.4.8 to

derive, for t > 0

D*Vy(t) = ||D%H2+/QUDO‘(D°‘v)dx—ﬁ/ﬁ/ﬂt$ </0£<2;(—n—);l)z>
¢ [Dv(s)] ds
([T

= [|D%||* — [|Vol* - / vDvdz — |[u(t) |71

y+2
Q

“mra e () ()55 »
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This leads to

D%alt) < (14 ) 107" = 5 190l = (o)
e e o e (1))

C,
8 (t —s)e
for t > 0, which completes the demonstration. |

Theorem 4.2.2 The problem (4.1) with a = 1 and b = 0 is Mittag-Leffler stable.
This means that there are positive constants By (which depends on Ey(0)) and vy
such that

E(](t) < B()Ea(—l/gta), t> 0.

Proof. Let

Lo(t) := NEy(t) + AVp(t), t >0
for certain positive constants A and N to be determined. Therefore, in view of

Proposition 1.4.9, we can write

C A
D*a(t) < =N ID*0l + 3 (14 ) D%l = 5 170l = Ao

i e [ e e

(e ] o
o [ e | [ ([,
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Hence

Do£o(t) < |3 (14 ) = N] 1Dl - 5 1Vl - Aol

1_@// t_déla[c)\ ) /05%2
e (/0 #) }dx (4.5)

for t > 0. To obtain —C' Ey(t) with some positive constant C; in the right hand

side of (4.5), we need

Clearly, all three conditions are fulfilled for

N > maX{Cp,l—i- %})\.

Consequently

D°Lo(t) < —CLEo(t), t >0

for some positive constant C; and as Ly(t) and Ey(t) are equivalent (for some

values of \), we obtain
DLo(t) < —ColLo(t), t >0

for some positive constant Cs. The conclusion can be reached from Proposition
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1.4.4 and the equivalence of Ly(t) and Ey(t). |

4.3 Stability Under an Active Viscoelastic Damp-
ing

In addition, to the questions raised above on whether the lower order term plays
the role of an efficient damper or not, one might ask another question. Namely,
we might ask the same questions for a viscoelastic term. A priori this seems to

be not straightforward to answer.

4.3.1 A Fractional Energy-Like Functional

Before beginning the discussion of this matter, the same material should be pre-

pared.

Proposition 4.3.1 If I'"*k(t) € C'([0,0)), 0 < a < 1, then the identity stated

below holds for all reqular functions v (differentiable H' functions)

/QD"‘VU. /Otk(t — 5)Vu(s)dsdr = % {(RLD%DVU) - (/Otk:(s)ds) D~ ||Vv||2}

_ Code S Ry [ [IVee)P)ds 1,
QF(l—a)/o(t—f)l‘“/o (t—n)a/g G—sp a3l ROV

v L e [ 5

« (/0 k(s — T)VU(T)dT>/ds] do. t> 0.

129



Proof. By virtue of Proposition 1.4.8 and the identity

(kOVv)( // (t— ) |Vo(t) — Vv(s)|2dsdx:|\Vv\|2/tk(t—s)ds
—i—/o k(t —s) || Vo(s)|? ds—Q/Vv/ (t — s)Vu(s)dsdx

it is evident that

DY(kOV)(t) = (Da /Otk(t - s)ds) |Vo|® + (/Otk(t — s)ds) D% ||V

Ca [ de [ k(pdy [ IIVe(s)]°] ds
r<1—a>/o <t—s>1a/o <t—n>a/o (t—s)

+Da/0t (t—s) [Vols)|? ds—2/ DV, /tk(t—s)Vv( \dsda

/VUDO‘/ k(t — s)Vu(s )dsdx—l— 1—a //
x/o W. (/Og(t—s)_a (/0 k(s — 7)Vo(r)dr ) ds) dr. (46

In addition, notice that

t
(FLD* kOV)(t) = | Vol / RLDO (t — s)ds + / RLDO k(t — s) [ Vo(s)| ds
0

- 2/ V. / BL D k(t — s)Vu(s)dsdx. (4.7)
Also, by Proposition 1.4.7, we see that

t t
DO‘/ k(t — s)ds :/ BLDY k(t — s)ds + lim I'"k(t). (4.8)
0 0

t—0t
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Again, using Proposition 1.4.7 and the summability of k, we infer that

D‘“/0 k(t —s)||[Vou(s)| ds

_ RLpo /Otk:(t— $) V()| ds — mt—_aa) </0tk:(t— 5) ||Vv(s)||2ds>

t
_ / RLD® k(t — 5) [ Vo (s)|* ds + [ Vo) lim 1'-2k(t) (4.9)
0 t—

t=0

and

/QVU.DO‘ /Ot k(t — s)Vu(s)dsdx

¢
= / Vv./ RLD k(t — s)Vo(s)dsdz + ||Vo(t)||* lim T'k(t). (4.10)
Q 0 t—0t

Combining the previous relationships (4.8)-(4.10) with (4.6), we obtain

D*(Ov)(0) = [0l [ RLDY (1 s)ds + (/ k(- S
R ey e
x/ [”V?_S ['ds _ /D"Vv/ (t — 5)Vo(s)dsda
—2/vv/ D k(1 ) Vu(s)dsde + s // t_dgla

Moreover, considering the relationships (4.7) and (4.11), we can derive the follow-
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ing identity for t > 0

DY(kOV)(t) = (F*FD* kOVv) + (/Ot k(s)ds) D*||Vu|?

“wah e o), [“V?(—)lﬂ’
—2/ DO‘VU/ (t —s)Vu(s) dsdx—i— T

x/o W. (/:(t—s)—a (/O k(s — 7)Vo(r)dr ) ds) dr. (412)

The multiplications of the equation in (4.1) by D*v (when a = 0 and b = 1) yields

/ D*vD* (D) dx + / [v]” vD%vdx
0 0

t
—/ DaVv.Vvdx—i-/ DaVv./ k(t — s)Vu(s,x)dsdz, t >0 (4.13)
Q Q 0

and by the above Proposition 1.4.8 , we see that

1 t
/ D% D®* (D%v) d:v+/ |v\vaavdx+/ D*Vv.Vudr — §Da HVUH2/ k(s)ds
Q Q Q 0

+ %D”(k;DVv)(t) - %(RLD%DVU) - 3 10‘_ 3 /0 t (t _dg — /0 6 (]Zf (17);71)770‘
FE Oy
X /OS k(s —1)Vo(r )dT) ds] dx, t > 0. (4.14)
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This identity motivated and justified our choice of energy-like functional
1 «a ! 2 1 Y+2
Ei(t) = 5 | [ D]+ k(s)ds | [[Vol"+(R0OV) (@) |+ —= ()]} 45, t =
2 0 Yy + 2

4.3.2 Stability Driven by the Memory Term

Here, in the absence of the fractional damping, only the viscoelastic term is active

on the system. Without loss of generality, we pick b = 1.

Lemma 4.3.2 The functional F:(t), satisfies along the solutions of (4.1), for

t >0, the following estimation

DUB(0) < §(DUEVY) — 11k Vol - 5 [ [ t_dfm

X(/o [D‘Jt‘_(—)]/dn)de 4F1—a// t—¢ 1a/0%
Td—a) // t_dgla /g(t—s) “(/0 k(S—T)VU(T)dT>/dS

[\]

dx.
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Proof. It is evident that appealing to Proposition 1.4.8, we find

301l + (1= [ Keas ) 19 + 0090 0]

L pe 42
p lo()[[545

S R A [Davw;dnfdx
—i—(l—/otk:(s)ds) |:/QVUD (Vv)dx — T —a)
[ ] (o [ o )”W” +zma— ) / <t—d§>1a

¢ o(s) 121 ds 3 2
X (/0 Vo)) d )/ ) +%D°‘ (kOV0) (t>+%D°‘ lo@I75 -

(t =) o (t=m)°

DaEl( ) =

Also, owing to

(D“ /0 tk(s)ds) = (RLD“ /0 tk;(s)ds) = I""%k(t) (4.15)

and equation (4.14), we can write

DBy ( ||Ddx /DVde+/DV
/ S e ([ iy,
(1= [ o >[/v P P(l—oo/ﬂ/o(t—s

| [ et ‘ }——f () [0 +2m“_a> / (t_df)l_a
|

é[st O |
(i) s o

« 2
D [lo(t)II} -
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Employing the Proposition 4.3.1, again results in

1 1 1
DBy (1) = 5 ("*DUOV) = 51k [ Vel + — D @71

/!UPUD%dx_ 1_a// t_dgla(/jw)gdx

0 (t—n)
x/o W UO@— )a(/osk(s—T)w( )dT) ds]dx,tz().

We conclude the desired result using Proposition 1.4.9 and the evaluation

[ = () ([ ([ e ar)o
ST o / = dn‘ o +// I
« /:(t—s)o‘ </08k(s—T)Vv( dr ) ds

dx.

The last term in the estimation of D®FE(t) needs to be controlled somehow. This
term does not appear in the integer order case (second order) and, whatever
evaluation we come up with, its weight is going to be considerable with compared
with the functional with which we shall perturb E;(t). To remedy to this issue,

we suggest a new functional in the next lemma.
Lemma 4.3.3 For the functional

W)= [

2

t
/ k(t — s)Vu(s)ds| dz, t >0
0
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it hold that

DYVi(t) < 26112/9 (/Ot k(t — s)|Vo(s)|” ds) dx + g(\RLD“k\ OVw)(t)

R [ e

[ ([ w=rvoieir) an

forer >0, t>0.

X dx

Proof. Relying on Proposition 1.4.8, we can write

DVi(t) = 2/Q (/Otk(t — s)Vv(s)ds) .D~ (/Ot k(t — S)Vv(s)ds) de
_ ﬁ/g}/ot 0 _dg)la /Og(t —n)"" (/Onkr(n — T)VU(T)dT)/dn

and with the help of (1.23), we can derive the following

DV (1) :2/9 (/Otk:(t—s)Vv(s)ds)
‘. {RLD& (/Otk(t - S)Vv(s)ds) do — r(%@ (/Ot Kt — S)Vv(s)ds)

t:J dx
_ﬁ/ﬂf(ﬁ# /j(t—n)o‘ (/Onk(n—f)wu)dT)/df

dx.

2
dx
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Furthermore, the integrability of k£ and Proposition 1.4.7 lead to

DAV (1) = 2/ (/Otk(t—s)Vv(s)ds) Uot RLDog(t — 5) [Vo(s) — Vo(t)] ds

Q

t
+ Vo(t) / BLDek(s)ds + Vo(t) lim Il—ak(t)]dx
0 t—0+

“wra e Lo ([ omo ) o

. /Q ( /0 k(t—s)Vv(s)ds) | /0 " RLpak( — 5) [Vo(s) — Vo(t)] dsdz

+ 21 k(1) /Q ( / tk:(t — s)Vv(s)ds) Vo(t)dz

For €; > 0, utilizing Young’s inequality, we see that

DVi(t) < 2611%/Q (/Otk;(t —5) |VU(S)|2ds) dx + é (/Ot | Dk | (s)ds>

RL pa L) boode
Qo w0 + S B - s | e

/Of(t —n)"° (/On k(n— T)VU(T)dT),dU 2

da. (4.16)
The relation below is a direct applications of Proposition 1.4.6 and (4.2)

2

dx

2

dx.

X

Ik(r) = ﬁ /0 (t — 5)*h(s)ds
K / a—1 ) —« o «
< mo/(t—s) Fan(—Cilt — $))sds = KEa(~Cit®).  (4.17)
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Hence

/0 ‘RLDO‘/?(S)‘ ds = —/0 D[lfak(s)ds _ [[kak(s)]é

= I"k(0) — I"*k(t) < K. (4.18)
To derive the next evaluation, it suffices to employ (4.17) and (4.18) in (4.16)

DV (t) §261k/ (/Otk(t—s)Wv( )| ds) da:+ ]RLD%]DW t)

Q
[KEQ(—C'ktO‘)] d&
+ B2 O oy - S //t_la
£ Ui
_ )« k(in—7)V d dn| d
<|[a-n (/ () v<>7> n| do
where ¢; > 0 and t > 0. |

The next lemma introduces the second functional.

Lemma 4.3.4 The fractional rate of change of the functional
Vo(t) := / vD%dx, t >0
Q
is in accordance with

DVa(t) < [ D*|” = (1 = e2) [ Vo]l — [lo($) 1733

v+2

f (/tk(t—sﬂw )|2d8)dx+ “f?fa // t_dgla
4€3F1—Oé // t_dgl a(/j%) dz
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for ez, e3 > 0 and t > 0, where C,, is the Poincaré constant.

Proof. Proposition 1.4.8 and integration by parts, imply that

DVy(t) = || D||* + / vD® (D) da

“racal, / G d; (/g @%n) </£ %) o

— HD%H%F/U{AU—/ k(t—s)Av(s)ds—]vPv}dx

0

- L e ) ()

t
_ ||D”‘v||2—||Vv||2—|—/QVU./O k(t — 5)Vo(s)dsdz — [o(t)][72

742
st fol e O ) () o

Moreover, a direct use of Young’s inequality and Poincaré inequality, leads to

DVy(t) < || D> — ||WH“’+62||W|12+4%/Q </Otk(t—s)|Vv(s)|2ds> dx

-l e [ [ | [
Qo t S D(s)] ds 2

+zxe:),ru—a)/gz/o (t —d§>1—a (/ [D@—(gad) o

where €5,¢3 > 0 and t > 0.

2

Lemma 4.3.5 For the functional

Vi(t) ;:/O k(t— s) [Vo(s)|ds, t > 0
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the estimation to come is true
D*V3(t) < —CyV5(t) + (lir(gr Il_o‘k(t)> |Vol[?, t > 0.
t—
Proof. By Proposition 1.4.5 and (K7), it is straightforward to entail that

DVy(t) == Da(/ot k(t —s)||[Vu(s)|? ds)
-/ DR — ) [[Vo(s) s + (Jim k@) 190l

t
< —ck/ k(t — 8)[|Vo(s)|[2ds + (m(% Ilak(t)) Vol
0 t—

As we have removed the lower-order fractional term (considered in the previous
case), which we found acts as genuine damper and was responsible for the appear-
ance of the nice term — ||[D*v||*, we need to find a way to fill this gap. The next

suggested functional will take care of this matter.

Lemma 4.3.6 If the exponent vy obeys condition (Kz), then for the given func-

tional

Vi(t) = —/QD%/O k(t — 8) [0(t) — v(s)] dsda, t > 0,
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we have, along solutions of problem (4.1)

Daw)s%nwuu%(fuﬁﬂ)<va )@+ (e ’“°)||D ol

+eCLE] (1) — %( L DRIV ) th //

X(/og —sa> I'(1—a) (/ —)adn) dx
H i) /Q/O (t_@l—a |

X (/Og(f —s5)° (/Osk’(s —7) [v(s) — v(T)] dT),ds> dr,

where ¢, >0, 1 =4,5,6,7, t >ty >0 and ky = f k(s)ds for some tq > 0.

Proof. Differentiating V,(t) with the help of Proposition 1.4.8, it holds that

/D Dv/t — ) [u(#) — v(s)] dsdz
/DUD/ s+ a//
x(/o W) (/j(t—sw(/o k(s — 7) [o(s) — ()]dT)d)dx.

Along solutions of (4.1), we find

DaV4(t):—/Q [Av—/otk:(t—s)Av(s)ds—|U|7v} /Otk:(t—s)[v(t)

V] dsda — /D [ ( p )ds) _pe /Otk(t—s)v(s)ds} da
< ([t
« (/0 (t— 5)° (/0 k(s — 7) [u(s) — v(7) dT)/dS) dz.
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Next, we apply Proposition 1.4.7

vt = [ [(1= [ wopas) vor [ k=) ote) - ot a5

<[ k=9 [9010) = Vot dsds
L)L
AL / — o(s)] dsda

a —%w ([ )

([ ([ Ko -np6 i) o)

Hence

DVy(t) (1 k ds)/Vv/ )] dsdx
0

dx —i—/ lv]” /t (t—s)[v(t) —v(s)] dsdx

/D [D( / )ds)—/RLDk:( )()d]dx
e k(O/ R // (/ @ "gad”)
X U;(t—s)—a (/0 k(s — 1) [u(s) —v(7)] dT) ds } da. (4.19)

Working out each term separately, an application of Proposition 1.4.8 guarantees

I'l—a) Jo

+ k(t — s) [Vu(t) — Vu(s)] ds
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the identity

D* (v(t) /Otk:(t - s)ds) = (/Otk(s)ds) D%v(t) + v(t) {/Ot BLDk(t — s)ds
eronwo)] - o [ (o) ([ 7o)

Therefore, utilizing integration by parts, we obatin

/DUD( / )dx_—/QUDUU RLDk(t — s)ds
+ I k(O)]dm (/Otk( )HD ol + / /
() (725

< — [ vD% / BLDk(t — s)dsdx — I'~*k(0) / vD*vdx
Q 0 Q
1

([ ras) 1Dmel? + eoiprol®+ i [ [ [ =%

- |
([ ) [ o8

where €4 > 0, ¢ > 0. The Cauchy-Schwarz inequality can be utilized on the last

d
)

J
/0é k(n

)
(t—n

term in equation (4.20) as follows

L= ) ([ 725)] =

t € W (s)ds \
<), [/ ( —d§>1a </ = ) I —d§>1a = ]‘”
S/o %(/ <'§<—)ff>a) // (t —d§>1a (/ <t(—8)$> -

In view of assumption (K;), (4.17), Proposition 1.4.6 and the fact that
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Eo(—Cyt*) < Cot~@ (for some positive constant Cy) away from zero

=1 <§(f)§?a)2 <R tGe | s

«

t
< K°T*(1 — a)Eg(—tha)E < O3B, (—Cyt™),

for t >ty > 0 where C3 := K?I'*(1 — a)Cy /. Then, we end up with the following

—/QD%D"‘ (v(t) /Otk(s)ds) dr < — (/Otk(s)ds> 1D

¢
- / vDav/ BLDL(t — s)dsdx + e4 | Dv||> — T'k(0) / vD%dx
Q 0 Q

* M// g </£ 5’@51)2@, 2

for ¢4 > 0, t > tg > 0 where Cy = aC3/4T'*(1 — a). Furthermore, we can easily see

that

/ Vo. / k(t — ) [Vo(t) — Vo(s)] dsdz < e |Vl + ﬁ(kDVv)(t) (4.22)
Q 0 5

where €5 > 0 and the embedding mentioned above (Hj(2) C L) when 2 < ¢ <

2n/(n —2)if n >3 and ¢ > 2 if n = 1, 2) insure that

. _
/ v]" v / k(t — s) [u(t) — v(s)] dsdx < €g / w20 g 4 k—Cp(kDVv)(t)
Q 0 Q deg
y+1 7 7
< 6601(/ |Vv|2d:£) + k—Op(k‘DVU)(t) < egCLETT () + IZ—CZ’(I{:DVU)(t)
Q

4eg €6

(4.23)
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where €5 > 0 and C is the embedding constant. Notice that employing (4.18), it

appears that

t
/D“v/ RL Dkt — dsd:v—/vDa / BLD(t — s)dsdx
Q 0

_ / D% / "RLDak(E — ) (u(t) — o(s)) dsdi

||D‘“ 12 +QC]C (/0 \RLD%}(s)ds)(|RLD%|DW)(75)

< 20 ||D°“ I1? - ip I'k(0)(FF DEOVY)(t)
K
< ko | D> — ﬁ(RLD%DW)(t). (4.24)
2 2ko
Finally

] == (L) [fo-o
< ([ k=7 00) - vloar ) as] s
= 67/ / | t —dg o ( /05 [D(C;U_(ngi;dnfdﬂf (4.25)

2

4// o [/6@—8)“ (/Osfds—ﬂ [v(s)—vm]dr)'ds} o

where ¢; > 0. Gathering all the previous relations (4.21)-(4.25) in (4.19), it is
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clear that

(1 G, k
DVi(t) < e | Vol + & <4 t o 1) (kOV)(t) + (e4 — —0) [D*]|?
6
K o
_WCP(RLD%DW)@)+6601E¥“(t) GO0 / / t d€1 o
) -

X(/fg’@gi)g ] g(%) .
4e7F 1—a // t_d£1 a{/g(t—S) a(/o k(S—T)[U(S)_"U<T)]dT>/d8:| dx

where t > t5 > 0 |
Another term has emerged that also requires control. To address this new issue,

we introduce the functional

2

Vs(t) ::/Q(/Otk(t—s) [v(t)—v(s)]ds) dz, t > 0.

Lemma 4.3.7 The functional V5(t) mentioned above satisfies

DVi(t) < e || D)% + C, [ € E+E+M (kOV) (1)
P = P\ NI
2
CoK |/ nr Cs5Eo(—Cit®) dé /5 v'(s)ds
Dk|O d
+— | | VU ) // t— 1“(0(15—8)0‘ X

Il-a) // t_dgla{/g(t—s) a(/o k(S—T)[v(s)—U(T)]ch)ldsrdq;

where €g, €9, €19 > 0 and t > 0.

146



Proof. First, we a— differentiate V5(t)

DVA(H) = 2/Q </Otk:(t — 8) Jo(t) — v(s)] ds> De </Otk:(t — 8) Jo(t) — v(s)] ds> dz
~ ﬁ/ﬂ/ot ; _dgl_a (/Og(t_s)—a (/Osk;(s_f) [w(s) — o(r)] dT)/ds)zdx.

Then, in view of Proposition 1.4.5 and Proposition 1.4.6, it is evident that

Moreover

pvao) =2 ([ woias) [ 0wty ([ Ko=) )~ o)) e
+ 2/Q (/Ot k(t —s)[v(t) — v(s)] ds) v(t) Uot BLDOk(t — s)ds + Il—ak(())} dx
~rea [, ([ Hesbo—wone) [ ([ 6 2)
X (/0§ (";@j)i) dz — 2/Q (/Otk:(t— s) [u(t) — v(s)] ds)
([ oo ] foo
/ .

x ( Osk(s—f) [v(s) — v(7)] dT) ds] dz.
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From (4.9), it is clear that

pvae =2 | tk(s)ds) / Dt ([ bt =) ot0) — () s ) da
S S
e (o s ([ 120
([ 5y (- )

< (0 [ sputopts oo w0 ) e - s [
9 [ [e=o ([ k-0 - o) ds)/dsrda:

Furthermore, utilizing Proposition 1.4.5, Young’s inequality and Poincaré inequal-

ity, results in

a a, .12 ]%SCP
DVs(t) < es || D" + p (kOVw) (1)
8

+ 2/Q (/Ot k(t —s)[v(t) —v(s)] ds) /Dt RLDk(t — 8) [u(t) — v(s)] dsdx

ey I / (/ HE= 0 = el ds) / I (/0 )
€0

A= ) el [0

X (/0 s—1) [v( > ds} dx (4.26)
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where eg > 0. In addition, we can evaluate

2/ (/t k(t — ) [v(t) — v(s)] ds) /Ot RLDk(t — s) [u(t) — v(s)] dsdx
<69k:// (t—s) (s)]? dsdx
+ o (/O \RLDak(s)\ds> // |FEDk(t — s)| [v(t) — v(s)]” dsdx

< G (40v0) () + 2 ([ 0] ds) (7D 090) (0
9

The inequality to come is a straightforward application of (4.18)

o [ ([ 1=t - tsias) [ D0k = ) o) = o(5) s

< eokC,, (KOVW) (t) + Cé’—K (| Dk| OVY) (1). (4.27)

At this stage the relations (4.27) in (4.26), imply that

1530 .
DV5(t) < eg HD%H + —2L (kOV) (t) + €okC,, (kOV0) ()
€3

(|"*Dk| OV) (t) — %/ﬂ(/Otk(t—s)[v(t)—v(s)]ds)
X/o o (o) (a5 s ] o

2

X {/Og(t—s)_“ (/Osk(s—f) [v(s) — v(7)] df)lds] dx

where €g,€9 > 0, t > 0. Finally, similar argument to the one in (4.21), brings a

CK
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Cs = F(Oi??’a) such that

DVs(t) < s || D> 4+ C 12:+E+M (kOV) (t)
= v P s I'(1—a) Y

O on - SELGE) [ [ ([,

2

—ﬁ/ﬂ/ot#(/j(t—s)_a (/0 k’(S—T)[U(S)—U(T)]dT)/dS) do

for t > 0. |

The following is the main result of this part of the thesis showing the local Mittag-

Leffler stability of the system.

Theorem 4.3.8 Assume that k satisfies (Ky) and v satisfies (Ky). Then, the
solution to problem (4.1) (with a = 0) is locally Mittag-Leffler stable, that is (for

certain values of the initial data) there exist positive constants C and & such that
Ei(t) < CEL(—=&tY), t >0

for small K (or alternatively large Cy).

Proof. We construct the functional
5
Li(t) == NEi(t)+ Y _A\Vi(t), t >0
i=1

for some positive constants N, \;, ¢ = 1,...,5 to be determined later. The eval-

uations obtained in Lemma 4.3.3 to Lemma 4.3.7 with N; = N, guarantee the
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relation

DRL(E) < Au Vol + A3 D% + AsVa(t) = Xa (D733 + MG BT (1)

+ AL (PED*EOVY)(t) + As (KOV) () + A6—4P loz_ ) /Q/O (t _d§)1—a

x ( 0 ’7731;‘1”> dz + A; / / t_dfl - /0 5 [W(m]/d"rdx (4.28)

(t—n)-

+ Ay l—a /Q/O UO (t—s)” a(/Osus—f)[v(s)—vm]dT)/ds] dx

where

KE,(—Cyt®)]?
Aljz[ (E i )] N—(1—62)/\2+K/\3—|—€5)\4,
1

ko
Ay =X+ (64— 5) Ay + €8s,

- k
Ag .= 261]€N + 4—)\2 - Ck>\3,

N KN KC,. CK

Aji= -2 ey Ty
4 2 €1 Qko 4 €9 b
As:=k S ) ke (e B a0
= — — € —
> 465 466 * b ’ 8 F(]- - Oé) "
A6 = —2N + & + 467)\4,
€3
0% (4630 /\2 - N) 04)\4 05)\5
Ay = P C, B, (—Cyt® :
! A0(1 — «) T CpBa(=Cut") €4 " €10
Ag = & - 4)\5
€7

The approach involves selecting the parameters in such a way that it results in
the appearance of the term —CF,(t), C > 0, in addition to egAsCyE] T (t), on

the right-hand side of (4.28). Notice that as F,(—Cxt*) approaches zero, we can
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disregard this term by selecting a sufficiently large t5. Additionally, we can also
disregard €4 and €19. Let €; = 1, €5 = 1/2 and recall that k< K /Cf. Therefore,
for small values of K (or large values of C}) and consequently small €5,¢g, €3, €9, it

is enough to request that

2 4 der )y < 2N,
4€3Cp>\2 S N,

k
)\2 < )\470,

A <Y,

€7 —

Choose €3 = €7 = 1/4, As = Ay, A2 = 24 and N > Aymax {C,% ko + 1} . In
the end, we reverse our approach and choose the remaining (skipped and ignored)

parameters in order to guarantee the fractional inequality

DLy (t) < —CsEr(t) + MyCLET T (t), t >t

for some Cs > 0. Owing to the equivalence of £;(t) and FE;(t)

DLy (t) < —CoLy(t) + Cs LI (1), O, Cs, t > 1.

Let t,w > 0 be real numbers (we can assume that tq < ¢) such that £;(ty) < w

and CsL](t) <w < Cq7, 0 <t <t so that
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Clearly

El(t) S El(to)Ea(— (07 — w) (t — to)a), to S t S t_

Assume that there exists to < t; < ¢ such that £,(t;) = w, then as

Eo(=(Cr —w) (t—t0)") <1,

we must have

w=L1(t1) < L1(to)Ea(— (x —w) (t1 — t0)”) < w.

This is a contradiction. Starting from ¢, we can continue the process as long as

we desire. The proof is complete. |
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CHAPTER 5

FRACTIONALLY AND

VISCOELASTICALLY

DAMPED FRACTIONAL

TIMOSHENKO BEAM

This chapter is concerned with a fractional Timoshenko system of order between
one and two. We address the question of well-posedness in an appropriate space
when the rotational component is viscoelastic or subject to a viscoelastic con-
troller. To this end we use the notion of alpha-resolvent. Moreover, we prove that
the memory term alone may stabilize the system in a Mittag-Leffler fashion. The
system is Lyapunov stable or uniformly stable in the case of different speeds of

propagation.
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We will consider the system (see[5])

(

p1 D (OD%¢) — k(ps + 1), =0, 1/2 <a <1,

p2 CD (CDY) — by + [y w(t — 8)tuu(s)ds + k(s + 1) =0, )
5.1

(p(o,t) = 90(17t) = %D(Oat) = ¢(1’t) =0,1>0,

90(37,0) = o, QOt(QZ,O) = 1, w(x70) = w07 %(%0) = wl'

\

5.1 Well-Posedness of the Problem

In this section, we complete the analysis of existence and uniqueness issues. We
shall assume that our initial data satisfy Uy € D(A;) (this is defined below and
involves the knowledge of fractional derivatives of the states at zero). Our problem
(5.1) may be rewritten as a system of fractional order «, 1/2 < o < 1. As a matter

AT -
of fact, letting U = <gp, o, 1/),@[1) , ¢ =Y DY, 1p =Y D% it is evident that

DU = AU~ [ As(t — s)U(s)ds

(5.2)
. N\T
U<0) = UO = (9007 ©o, 77Z}Cl7 77Z}0)
where the operator A; and A, defined as
0 1, 0 0 0 0 0 0
kO/pr 0O kO, /p1 0 0 0 0 0
-Al = and .AQ(t) =
0 0 0 1, 00 0 0
—kO,/ps O bD%/py—kly/ps O 0 0 w(t)d2/ps 0
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We set

H = H;(0,1) x L*(0,1) x Hy(0,1) x L*(0,1)
and

D(A1) = D(A;) = {U _ (go, @,w,i))T eH b€ HX(0,1) N HL0,1), 5,9 € HL(0, 1)} .

From Theorem 1.4.11, we can see that if we assume that Uy € D(A,), it follows

that we have a classical solution
U e C(R*,D(.Al)) N Cl(Rﬂ”H)

satisfying t=% * ¢, € C* ((0,00), L?(0,1)) and ¢t~ % 1, € C* ((0, 00), L?(0,1)).
Bearing in mind that, in our case, the Laplacian is the infinitesimal generator

of an analytic semigroup, the conditions (S1)’, (S2) and (S3) are fulfilled.

5.2 Mittag-Lefller and Uniform Stability

The kernel w is assumed to satisfy the following condition:
(W) The kernel w : (0,00) — (0, 00) is a nonnegative continuous function satis-

fying I'~*w(t) € C([0,00)),

BLDYy(t) < —Cuw(t), t >0
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and

o0
W= / w(s)ds < b
0
for some positive constant C.,.

Proposition 5.2.1 Assuming (W), we have
w(t) <Ot By o(—Cut®),t >0

and

for some & > 0.

Proof. The proofs follow by a direct application of Propositions 1.4.4-1.4.6. |

Before addressing the stability issue, we need to prove two identities.

5.2.1 A Useful Functional

We recall the proposition 4.3.1

Proposition 5.2.2 If I'™w(t) € C*([0,00)), 0 < a < 1 and v € H}(0,1) is a
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differentiable function, then the identity stated below holds

/ Do, / (t — s)ve(s)dsdr = 5 {(RLDavax) n ( /0 tw(s)ds) D Hvx\F}

e e [ [T
o e ]

/0 =9 ([ uts=munte )dT),ds]dx, (>0 5.3

Proposition 5.2.3 For functions v and w that are absolutely continuous, with

I'"2w, where 0 < o < 1 is also absolutely continuous, the following holds fort > 0

pe /Otw(t — 6 [o(t) — v(s)] ds = /Ot RE Dot — 8) (u(t) — v(s)) ds
’ (fot“’(s)ds) D) = 7 = / — (/5 G @)7%1) (/5 g(—S)sCi)i) |

Proof. It is evident, based on Propositions 1.4.7 and 1.4.8, that we can have

D~ /Otw(t — $)[u(t) — v(s)]ds = D* (v(t) /Otw(t - s)ds) — D° /Otw(t — $)u(s)ds
= (/Otw(s)ds) D%u(t) + v(t) {/Ot BLD*y(t — s)ds + Il‘%(o)}
st e () ) O )

— /t BLDew(t — s)v(s)ds — v(t) I *w(0), t > 0.

In the next proposition, we define the energy and we find its derivative.
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Proposition 5.2.4 Differentiate the energy functional

Bi(t) = [y 1D + po | D +( -/ w(s)ds) 1ol + K lpw + v

l\)l»—

(Wl )(t), t >0

l\:JI»—

we attain

I“‘()

DB, (t) < —

Il = S w000 + s [ [ e
« (/Og(t—s)_‘” </Osw(s—7')¢m(7')d > ds> da

b
— T pl8) = 02T ) — KTpuesl) = T3 0), 12 0. (5.4)
Proof. Having in mind (5.3), we have along the solutions of (5.1)

1 1
DE(t) = p1 | D6D* (D) d = piToma(t) 4 pa [ DP6D" (D) di = piToeu (1)
0 0

_%(Da [ wtsris) ol + 5 (- /Otw@ds) Dauw
A SRS T

/0 P ) D (s + ) dr — KTy ey (8) + %(RLDawD%)(t)
(

( )
+ /Otw(t—s)ds> D ||, |)? t_dgl a/o t_)dn
/Os[&)_—t;]aldsd —/ D%px/ (t = ) (s)dsd + 1 // t_dgl a
: (/o [(Z@jﬁa ) (/j(t_s)_a (/OSMS—T)%(T)OZT) ds) dx.

+k
1
2
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It is easy to see that from (5.1), we can derive

1 1 1
o / DD (D) di + py / DeYD* (D) dz = —k / (e + 1) D% (i, + ) da
0 0 0

- b/o1 W, D%Ydx + /01 D%y, /Otw(t — ), (s)dsdx.

Moreover,

D) = — /Otw<> )wan + SO E) — 01T (8) — Tt
o= ([ G2 [f oo

« (/Osw(s—f)%( d ) ds]dx £ 0. (5.5)

Since the final expression in equation (5.5) can be estimated by

(/ é(i”i’)ff”) /0 (- < /O SW(S_T)@/}x(T)dT)/dsdx

)nm
/ / t—dgl a{/g (=) (/OSW(S_T)?/)x(T)dT)Ids]de

it is evident that, for ¢ > 0,

= 0T, (1) = KT g0 (t)

1—a

[la()

DYEq(t) < — lell® — —( (ipa) (t) = p1TDeo(t) = p2TDeys(£) = KT 445(1)

- 5T+ 1_a// o
< /j(t—sw(/o (s — T)a(r)d )dsrdw (5.6)
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where the assumption (W) has been employed. We do not know the sign of the

right-hand side of (5.6), therefore this is a sensitive situation. |

5.2.2 Equal Speeds of Propagation

This section will introduce several functionals and their fractional derivatives,
with which we will modify our energy functional.

We introduce the first functional

[ ot = spatsras

Lemma 5.2.5 The functional Vi(t) satisfies, along solutions of our problem, the

2

Vi(t) == ’ +/0 w(t — s) |[¢a(s)||* ds, t > 0.

relation

DVi(t) < —%

[t =) Ll P ds + (0] D 1)
%%M;;W )nwmu i ==
. Uj(t—m-a ([ tn=matr ) }dx,tzo.

Proof. By the Proposition 1.4.8, we derive

Davl<t>=2/01(/t (t — 5)6a(5) ) [/Owt—wx }
“raza | g ([ ([ o) a) e

+Da/tw(t—s) I (s)| ds, ¢ > 0.
0
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The relation between the Riemann-Liouville fractional derivative and the Caputo

fractional derivative yields

pe (/Otw(t _ s)@/)x(s)ds) _RL po (/Otw(t _ s)@bm(s)ds) da

s ([t = opuatsgas)

Furthermore, the summability of w and Proposition 1.4.7 result in

t=0

DVi(t) =2 /01 </tw(t — s)wz(s)ds> Vot RLDY(t — s)p(s)ds + 1, (t) lim Il—%(t)} da

t—0+
2

“mrsa e (om0 ([ w)

+/ FED w(t = 5) [9a()[1” ds + | ()] 1im I~ w(?).
0 t—0

According to the definition of the Riemann-Liouville fractional derivative and

Young’s inequality, it can be deduced that

v < 2 | 1 Ji REDOu(E ) [ (s) — i (6)] ds + B0 e

L ey A =
<[ [e-me ([low- T)wx(T)dT),dnrdrv ~au [t P as

21 11—« > . .
I (O] lim I w(t), ¢ >0 (5.7)
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Benefiting from Proposition 1.4.6, we get

I'%w(t) <

and using

P2(s) < 2[a(s) — u(t)]” + 202(1),

the equation (5.2.14) results in

DVi(t) < —~

w

L2 / D - 5)| s ) / / 72 DPut - 5)| [ha(5) — s (0)] dsdn

2

N 1—a// t—¢ 1a(/ (t_”)a(/on (n _T)¢m(7)d7>/dn) d

where t > 0. The stated estimate is derived by observing that

[Catt =) oo ds + (2"" el ) +@) el

0< /Ot | Dw(s)| ds = I'*w(0) — I'*w(t) < @. (5.9)

Our objective is achieved. |

The following lemma presents our second functional.

Lemma 5.2.6 The functional

1
Vo(t) == —/ (p1pD%p + potb D*¢)dx, t > 0,
0
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fulfills

t
DVa(t) < ~pu ID*IF = o |00l 4 ks 1P+ (b0 [ wtelds) o
0

+ 4—62(0‘15%«)( )+ 201 T (t) + (201 + p2) Ty, (t) + p1TDay(t) + p2Tpey(t)

where €5 > 0, and t > 0.

Proof. Differentiating with respect to a the functional V5(t), leads to

-tz | e ([ 28)
" (/ W) o+l + P = 1D+ (0= [ wto)as) ol
/%/ (t = 8) [alt) — v(5)] dsda
] ] fla(/o o) ([ 55 e o

After that we have the estimations

/0 e / lt = 5) [ult) = a(s) dsdo < [0 + - (@T)(0), €2 >0,

i [ s 70 ([ 7)<

and

i s (1) ([ )
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Taking into account the previous estimations, we can see that (5.10) becomes

t
DVy(t) < —p1 [ D)1 = p2 [|DGI* + K | ox + 0|1 + (b - / uJ(S)dS> el
0

w

el +

(W) (£) + p1 [To(t) + Toep(t)] + p2 [T (t) + Toey (8)], £ 2 0.
Finally, due to the relation
To(t) < T, (1) < 2T, 10(t) + 27Ty, (1) (5.11)

it appears that

t
DVa(t) < —py [D°0|> = pa 1D + & 0w + ¢]1* + ( s [ w<s>ds) e
0

+4i€2(w|:|¢x)(t) + 2p17<dpz+1p(t) -+ (2p1 —+ p2) nz(t) —+ plTDo‘so(t) + pQTDO‘d)(t), t Z 0.

Our third functional is defined below.

Lemma 5.2.7 If

Vi(t) == —po /01 Doy /Otw(t ) (0(t) — (s)) dsdz, ¢ >0,
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then, fort >ty > 0,

2ceq

B DwI® + b 24k ol
e wo) 1D + bes [+ ez e + 9

DVi(t) < po ( n

pQOQEae(—th )7;(25)

(1+’i4—+2b) (@O)(E) ~ T2 (D)0 +

a
+ paesTpay(t) p2

o (/j(t—n)-a (/ w1 — ) (V1) — (s >>d) dn)zdx,

where wy = fo s)ds and ¢; > 0,1 =1,2,3.

Proof. Applying the operator D to V3(t) and (5.1), we get

DoVt :—p/Dw/ — 4(s)) dsda

—b/ / ) ds dx+/01 (/Otw(t—s)l/zm(s)ds)

< / o(t =) (0(0) = V() dsda + & [ (r+0) [t =) (010) = (s) dsde

wz / / [ / (/O"wznsw(n)¢<s>>ds)/dn}
bty
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Multiple use of integration by parts and Proposition 5.2.3, result in

DVi(t) = —ps /1Daw [ Dttt =) o) - vt st — s [ wtoras)
25l “¢/ o (G )(0 )
+/</ ol — ) () — ) # (o= [ wton)
/%/ (t —s) (i (t) — ))dsdx + k / (pz + )

x / olt = ) (W(1) — ¥(5)) dsd + 0

(e ([ o1 )' )( fo”—? )

(5.12)

x ||Dy|* tr

l—a

Studying each term separately and using assumption (W), the relation (5.9) and

Applying Young’s inequality, we reach

1 t
/D%/ FEDw(t — 5) [(t) — ¥(s)] dsda < e || Dy t |RLD%!D% t)

w
< e || D" - i — ("D, (t), € >0, (5.13)

/O %/0 w(t—5) (2(t) = a(s)) dsdz < € ||¢z\|2+4%(w5¢x)(t)y € >0, (5.14)

/01 Uotw(t —5) (a(t) = Va(5)) ds] 2 dz < w(wli,)(t), (5.15)

/O(soﬁw)/o w(t —s) (Y(t) —¥(s)) dsdx

w
< e llo. + 9| + 1o, W) (), €2 > 0, (5.16)
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w2 e (R

< Froay 10l (5.17)
T U o </§ 5@5@ (/6 Eﬁf)‘i)} ez
and

M/J{l t (6 )(/géi )} |
i [A ([ 'y (o %) e
S/ot 5 (/ <t(—);l>z) Tlt)

Subsequently, by noting that E,(—C,t*) < C1t~® (where (] is a positive con-

stant) for values far from zero, we obtain

[ o (/E (C:(j)v;l)z) S

< CoEo(—Cut®), t > tg >0

where Cy := C1T'?(1 — a) /a. Moreover (5.17), becomes

i, ? w/ o ([ ) () =

(6751 2 CQ ( O t )
<

Ty(t), t > to > 0. (5.18)
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For the last term, we see that

i [ e ([ (et @ - v as) an)
U = R A e T

<( e ([ o= w00 - w<s>>ds)/dn)2dx, 6>0. (5.19)

The equations (5.13)-(5.19), when substituted into (5.12), result in

20€ to
D*V3(t) < py (62 * 1 ) _/ W(SWS) |Dp|1* + bex [|va]® + ke [l 0w + 9|
0

I'l— o«

k+b

+ @ (1 + 1 pZC2Ea(_th )

€1

) @O0 - L2000 + A0

€9

QP2 df
p26sToey(t) + 2€3F1—Oz// (t—6)ra
2

<|f e ([ =50 - ¢(8))d8)/dn] dr, t> tg > 0.

Our fourth function is responsible for controlling the last term in the computation

of D*V;5(t). Define

vty = [ ([ wte— o0 - vis) ds)zdx, i>0

Lemma 5.2.8 The fractional derivative of the functional Vy(t) mentioned above
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satisfies

2ceq
I'l—a)

C’E(61 Tt i a//

X (/Og(t — ) (/Onw(n —8) () — ¢(s>)ds) dn) dz, €1,65> 0, t >ty > 0.

DYV, (t) < ey \|Dw\l2+w(1+a’+ )(ww) ) + & (| Dw| Oy (t)

Proof. A fractional differentiation of order o leads to

v =2 [ ([ wte -6~ visnas)
xD“(/Otw(t—s)[@/)(t)— )da: i a//
x (/:(t—n)‘“ ([t - vts >>d) dn) dr.

Considering Proposition 5.2.3, it is clear that

eon- (-
« () dsdx+2/0( ) ( )
/M “raca </ )/
([ 72 (o) - //
([ ([[et=9 0 - v >>ds) dn) i (5.20)

This identity (5.20) can be evaluated using Young’s inequality and a similar ar-
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gument as for equation (5.18) mentioned earlier, in the following manner

w 207
D* D* 14 —4+=—
Vilt) < e | D0 + & (+ b

C2Ea( C ) / /
+ €1 T () 1 — ) t—

. (/j(t—n)-a (/O"wm—s) (W) —¢<s>>ds) dn)Qd:v, s> 0, £ 1> 0

)(WD%) ) + & (| Dw| Oy (t)

The fractional differentiation of our fifth functional results in the term — ||, + ||” .

Lemma 5.2.9 For the functional

1
=p2/ Do(pu + 0 d:c+—/ 0 D*pda
0

1 ¢
- &/ Dagp/ w(t — s)(s)dsdz, t >0
k Jo 0

we have the following result, for es, €3 > 0

DVs(t) < — [¢2(1) + ¢3(0)] —M!%+¢H + p | D] + B2 1z Ba(=Cut®) I

12 [ k2
~ a a o b
¥ leo BB (~Cut)] 1Dl + L2 (|% D] D) (1) + (%—pg)

bp

1
. / Dawxwm—( 1)+ paTomolt) + p2Toveut) + 2T, (1)
0

4

) 2
(bwz / (t — )il ) (wa /Otwu—sm(s)ds) <o>]
cme s [ [ ([ |

77 /
{ w(n — S)wx(S)ds} dn) dz, t > 0.
0
Proof. Evidently, as stated in Proposition 1.4.8 and the equations of the system,
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we reach

DoVs(t) = /lw ) [w —/t (t = 5 (s)ds — (i, +w>]

o o e [ [t ([ e
x(/o “0(“/’))() )d +bp/Dngpdx+ /w (6o + )ads
ol [ e () )+
_%/(¢+w/' dw__/pr/ ooz
i [ ([ [ )
Ty,

It easy to see that by integration by parts, we obtain

DVa(0) = [ (b0 | tw(t—sm(s)ds)]l—knsa S + o | Do

(——p)/D@ngodx——/DapD/ A (s)
%o [ e (/€<—ad”) ([ <“”>(8) ?) i
s () (] )
b a// (/0£ Uonww—sm(s)ds]/dn)
e

dsdx

abp
kF 1 —a)
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Young’s inequality, help in writing

k
DVs(t) < 75 [#2(1) + #2(0)] —kllx + 0l + p2 [| D

b
(ﬂ - P2) / D%, D*pdx + Pz’ﬁvw( )+ pzfpx+¢( )
3

+7 (b% —/ w(t—s)¢$(s)ds)2(1)+ (wa —/0 w(t—s)wm(@ds)z(o)]

n %7:#1( ) bpl TDQ ( ) 101 A Danga/(; w(t — S)wx(s)dew

k
(/ (t—mn)" Uonw(n - 8)%(8)d8}/dn>

kT 1 — )
DD[
y ( / M) i
0 (t —s)°
Thereupon

/ DopDe / (t — s) () dsdx

= Dw { /O t RLED y(t — s)1y(s)ds 4 U4 (t) lim Il_“w(t)} dz

k‘ 0 t—0+
pkl D"‘gp {/t RED> (t — 5) (y(s) — ha(t)) ds + @/Jx(t)ll_“w(t)] dx
0
< e || D% |* + S (| DOw]| Oy () + @ Ea(—Cut®) || D[

4l<:2

pie a
+ B B (=t
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and

kF(Olépi a) /01 /Ot (t _df T (/g(t —n)" [/Onw(n - s)wx(s)ds]ldn)
()= Byt

2/5”116_3@ // t_dgl a (/gt—ﬂ)_“ Uonw(n—s)%(s)ds]/dn) dz.

Moreover

k
DVs(t) < — [¢2(1) + ¢2(0)] —kllwx+¢ll + 2 |0 P + 212 4

b
| Oa)(0) + (%—pg)

+ [e2 + OEo(—Cut®)] | D]

4

bp1

1
‘ / Do, Do + P ( 1)+ paToealt) + 2 Tovst) + 2T, (1)
0

)
43 (b% ot — $)iu(s ) (wa <t—s>wx<s>ds)2<o>]
o= ([«

2

Qap1€3 - /
b [ o | [ etn= syuatoyis| o) o
(5.21)
for eg, €5 > 0. |

In order to address the boundary terms in the relation (5.21), the following func-

tional is required

= s /0 1 m(z) D (wa(t) . /0 tw(t - s)wx(s)ds> dz, t >0,

with m(z) = 2 — 4a. It is clear that m(0) = —m(1) = 2.
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Lemma 5.2.10 The functional Vs(t) satisfies along solutions of equation (5.1)

pvitt <~ (.- [ ot - 8>%<3>d3>2 - (b | ol sm(s)ds)Q )
+ | i ROt Il + 28 e+ ) i + 01

T [2bps + €3 + DEA(—~Cut®)] | D0 + (4 T Qi) (WO ()

# Z(RED| D)) + T 0) g (14 ) Toms 1)

2

- 2;{)2_63@) /01 /Ot (t _df)u (/05“ —s)" (/OSW(S - T)%(T)d7>/ds> dx

fort >0 ande; >0, 1 =2,3,4.

Proof. A straight forwarded applications of applying Proposition 1.4.8 yields

DVa(t) = 2 | (@)D" (D) (ww -/ (i swx(s)ds) dz
ton [ w0 (50%0) = 07 [t = opints)is)
“Fioa / () / T (/5 [D;w—(%];dn>

« (/Oé(t _ sy <b¢x(s) _ /Osw(s _ a)wz(a)da)/ds) dz,
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and utilizing the second equation in our system, we get

DV < [ () (bine— | e Poucls)ds ) (b= [t = yuuterts )

- k/1 m(x)(pz + 1) (b% - /OtW(t - S)%(S)dS) dx + bps /01 m(x) DY D"y (t)dx

/ () D DO / Wt — $)iby(s)dsdz + pobTo, () + 4po (1 n é) Thes(t)

2

(/ (t—s)@ (/Osw(s - T)%(T)m)/ds) dz

(5.22)

04/)263
I'l—a)

where €3 > 0, t > 0. Next, employing (5.2.3) and (5.9), integrations by parts and

Young’s inequality, we attain

o [ m@DwD [ wlt = opiuts)dsia
= P2 /01 m(xz) D) {/Ot BLD® (t — )1, (8)ds + (1) tl_i)r(% Il"‘w(t)} dx
| () D [ / CRED (1 — 8) (1) — (1)) ds + m)ﬂ—w)] da

~ 02
w ~ « «@
< e |[DWI + ZER( D | Q) (1) + BEa(~Cut®) (1D + 53 1)

(5.23)

/01 m(z)(¢a + ) (bwr - /Otw(t - S)¢x(8)ds) dz

b? »
<2(a+e) lor + ¥+ o [l + = @Ov) O, (5:24)
4 €2
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/‘ @b—/‘ —m%@w)@%—ét s
—— (b= [t —s>¢w<s>ds)2<1>— (S 2
X

—-/m (o= fotom) o [ttt -vna]
< = (= [t =pintorts) @)= (b [t = s)ulopis

+ A6 (| ||* + 40 (WD) (1), (5.25)

and

1/t d
/m t)der = — /m (D% de
dx

S - —/ m/( ) dx < 2| DY . (5.26)

Using the earlier estimations (5.23)-(5.25) in (5.26) yields the subsequent result

for €; > 0, where i ranges from 2 to 4

Dt <~ (v - | ot - 5)%(5>d3)2 - (b | e s>wx<s>ds)2 0)
[ 5 4 (-t Wl + 2k et ) o 40 (44 )

x (W) () + [2bps + € + B Eo(—Clt®)] || D +°""2 (|*D wmw )(t)

2(” )TM ) Sa//
x{/og(t—s)_o‘</osw(s— )¢(>d7> d] dr 1> 0.
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The derivative of the following functional gives us the boundary terms necessary

to regulate the remaining boundary terms mentioned in Lemma 5.2.9. Let

1
Va(t) == pl/ m(z)p. D%pdx, t > 0.
0

Lemma 5.2.11 The functional Vz(t) satisfies

DVi(t) < 2p1 | D0|” = k [02(1) + ©2(0)] + 6k || ps + ||

+ Tk ([t ||® 4 801 T, () + 81T () + 4p1 Tpay(t), t > 0.

Proof. Following a similar approach to the previous Lemma 5.2.9, it is clear

that

DV4(t) /m gmeo‘godx%—pl/ m(x)p, D (D%p) dx

“miZe [ | e () (525 »

1

1
<P (@) (D) d + k / m(2)¢a(pe + V)adr + 401 To, (1) + 401 They (1)
0

or

k
DVH(t) < 21 D]+ [ ——/m P2z + k[

+ k| ul” 4+ 401 T, (8) + 4p1 Tpey(t), t > 0.
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Having in mind the inequality ||¢,]|* < 2|l¢s + ¥|° + 2 |00 ||%, we ential

DV4(t) < 2p1 || D%0|” — k [2(1) + 2(0)] + 6k [|g + > + Tk |||

+ 801 T 40(t) + 81Ty, (t) + 4p1 Tpay(t), t > 0.

For our coming functional, we shall need solutions of the problem

—Wge = wcm VS (07 1)7

w(0) =w(l) =0.

The last functional is

1
Va(t) = / (prwD%p + pop D*p)dz, t > 0.
0

Lemma 5.2.12 The functional Vi(t) above fulfills the following for €5, €5 > 0 and

t>0

« (e p (0% w
DVs(t) < (pres + po) [ D*0||* + ﬁ ID¢l* + 4—€2<wmwx><t>

tla-(o- tw(s)ds)] [all2 + (o1 + 2) T (8) + 91T (8) + pa T (2).
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Proof. With the help of Proposition 1.4.8, we infer that

1 1
D*V4(t) = ,01/ D® wDa@daH—pl/ wD® (D%p)dx + py | Y DY(D%Y)dx
0

oo g [ ([ ) (] )
e e ) ([

Given the solutions of equation (5.1), one can write

1
DUVA(t) < pids |0l + P ID I + & [l + 0o
1 t
+ p2 |\Da¢|\2+/ w{bwm—/ W(t = 8)tha(s)ds — k(pz + )| dz
0 0

+ 01 Tw(t) + prTpe(t) + paTy(t) + p2Tpey(t).

Since | Dw||*> < ||[D*¢||* (by performing the operation D® on both sides, multi-

plying by D®w and then integrating by parts), it can be concluded that

1
DVA(t) < s | DI + £ D - / el + )z + pa | D
0

o ' Kb— / tw(g)ds) vt [ (t — ) (1) — haa(s)) ds — klips + )| d

+ (P14 p2) Ty, () + prTpey(t) + paTpay(t).
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Moreover,

DVi(t) < (s + pa) DI + - 1D

_ /01% Kb— /Otw(S)ds) Uy +/Otw(t — ) (o (t) — thy(s)) ds| da

+ (p1 + p2) Ty, (t) + p1Tpay(t) + p2Tpay(t).

Hence

o a P o w
D*Vs(t) < (pres + p2) | DG + = [ D |* + = (w0a) (1)
465 462

e (= [ 605 ) | Il + 01+ ) T 00+ 1T+ Tt

where €5, €5 > 0. |

We are now ready to present and proof our first theorem.

Theorem 5.2.13 Assume that the initial data satisfy Uy € D(A;) and w sat-
isfies assumption (W). If Bt = £2 then the solution of (5.1), goes to rest in a
Mittag-leffler manner provided that & is small enough, i.e., there exist two positive

constants C and & (depending on E1(0)) such that
B\(f) < CEo(—€1%), t >0

Proof. First, we present our reference functional

Ly(t) == NEy(t) + Y \Vi(t), t >0,

=1
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where N and \; are positive constants to be defined later. Having in mind all
the previous lemmas above, we calculate D*L;(t). The proof aims to derive a

fractional differential inequality of the form

DOLi(t) < —CyLa(t), t >ty > 0. (5.27)

Proposition 1.4.4 enables one to derive the estimation in the theorem but only on
(to,0). By utilizing a continuity argument, we derive a comparable one on the
interval [0, to]. First, note that by increasing the time ¢y, we may make the terms
in E,(—C,t*) as small as we like. As a result, ¢; may be ignored for the time
being. For small @, hence small €,

ALy (1)
dt

< Aul[tha]* + Al D" + A3l |[D*Y* + Adll s + ¥I* + AsTpep(t)

+ A Tpay(t) + ArTp, 40 (t) + ATy, (t)

o [ e (e

< ([ wtn=9 @ - o) ds>,dn>2dx #u| (v [ e s)sz(s)ds)Q 1)

+ (b% - /0 i - %(S)ds)g <0>} + Aw [@(1) + ¢;(0)]
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where
,  kb?
Al = (b—wg)/\g—l— 4b —f—? /\6+7k’)\7—b)\8,
4
P1
Ay = —p1 A+ 2p1 A7 + 4—)\8,
€5
Ag 1= —pady — Wopads + pads + 2bpade + (pres + p2)As,
Ay = kg — kX5 + 2keghg + 6k A7,

1
As == —p1N + p1As + % (b + e_) As +4p1A7 + piis,
3

1
Ag = —paN + padg + paezs + pads + 4po (1 + e_> A6 + P28,
3

A7 = —kN + 2p1)\2 + p2/\5 + 8p1)\7,

b b
Ag = _QN + (2p1 + p2) A2 + ﬁ)% + p2b* X6 + 8p1 A7 + (1 + p2) s,

k

N p1€3 P2€3

Ag = — — = =
9 2 AL+ 2k>\5+ 2)\6,

Ay = 2/)—2)\3 - )\4,

€3

3
Apy = E)\S — A6,

k
A12 = E)\5 — k)\7

We realize that for a considerable large value of N, the parameter €3, may be
large, the coefficients As, Ag, A7 and Ag may be rendered negative. Consequently,
the coefficient A1y may be considered negative. Taking \; = %, will make Ag

negative. For the other coefficients to be negative (note that the coefficients

A11, Ao, can be zero not necessarily negative) we need to select the parameters
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there in a way that

(b — wo))\g + (4b2 + %) Ae + TkA; < b)\g,
20107 + 4PTI5)\8 < p1Ag,
P25 4 2bpads + (pr€s + p2)As < pada + Wop2As,

ko + 2keshg + 6kNy < ks, (5.28)

p_2)\3 < )\4,

2e3

3Xs < Ae,

Pick Ay = %, g = 205 ¢, = % and Ay = ’l\—g There remains

b—w 7k 51b2
[ 40+E+T] As < DAs,

5l

A5
<3

)

3 (All + %) )\5 + <%€5 + 1) /\8 < (,UQ/\g,

23
|5 <

Choosing a large value of €3, we are left with

7

—w 2
[b4°+%+%]A5<bAS,

)‘_<>‘5

€5 37

3+ 2) d+ (26 +1) s < woks
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After that, for a large value of A3 such that the second relation is satisfied (with

e5 being large), only the following remains:

b—wy Tk 51b?
1 E + T )\5 < b)\g

For a large Ag or small enough A5, we get the needed result. |

5.2.3 Non-Equal Speeds of Propagation

In real-world, the rates of propagation may not be identical. Therefore, it is
not physically sound to assume equal speeds of propagation. We will need the

following result for the basic fractional differential equation:

D%x(t) = f(t, x(t))

with 0 as an equilibrium. Let I be the class of strictly increasing continuous

functions h : [0, +00) — [0, +00) satisfying h(0) = 0.

Proposition 5.2.14 [94] Assume that f is a nonnegative bounded function such

that I*f, 0 < a < 1 is also bounded. Then, liminf, ., f(t) = 0.

Proposition 5.2.15 [95] If there exist a Lyapunov function Z(xz(t),t) and two
functions ¥1(.) and V5(.) in K such that, for all x # 0, V1(||z(t)]]) < Z(z(t),t) <

Yo(||z(t)]|) and D*Z(z(t),t) < 0, 0 < a < 1, then the equilibrium is Lyapunov

uniformly stable.
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Theorem 5.2.16 Assume that Uy € D(A;) and the speeds of propagation are not
necessarily equal. Then, we have that liminf,_, ., F1(t) = 0. If 1,(0) = 0, then the

system is Lyapunov uniformly stable for small values of @.

We must find a Lyapunov function with a fractional derivative that is not positive.
Revisiting the previous proof, we start from the stage where we neglected the term

(by assuming equal speeds of propagation)

b 1
(ﬂ —Pz) / D4, D pda
g )

in V5(t), that is
« bpl ' o @
D £1<t> < —C4E1(t) + >\5 7 — P2 / D Q/JwD gOdJ,’, t >ty > 0.
0

Due to this higher order term, we need to pass to energy of higher order. We
express E(t) as E1(t) = Ei(t,¢,1) to incorporate the influence of ¢ and v and

we introduce the energy referred to as the '2n a-order’ energy
Ex(t) := Ey(t, D%, D*), t > 0.

Thus
1 t
Balt) = 3 | |D* (D) 4 o |9 (00 + (o= [ wlsras ) 107

D" (gt )| + <wDDa¢w><t>], 150
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The fractional derivative of Fy(t) is given by

1 1
DEs(t) = pi / D" (D°g) D* [D° (D°¢)] da + ps / D° (D) D° [D° (D)) da
1 —« « 2 ! ' o o' «a
ST | D (b—/o w(s)ds)/o Do, D (D™,) da
1
[ D (eat ) D (D (gt )] da + 5 D OD )
(b - / w(s )dS) Tpe(p,) — P1TDa(Dag) — p2Tpa(pay) = KTpa(p,+y)

) (2

Making use of (5.1), we see that

1—a

DeBy(t) = —k / D® (D) D (6, + )z — b / D® (D) D° (1, )da

/ D* (D*,) D ( / (t—swx(s)dx)dx—k /0 D* (D*9) D*(, + ¥)da
= 3wty 1Dl + (b= [wtoyts) [ DD () i
k[ DGt ) DD ()] 3D OD)()

t
(b - / w(s )d8> Tpe(p,) = P1TDe(Deg) = P2 Do (Do) — K TDex(p44p)

1_@ / / t_dél i (/0 t(—>7;l)77) </Oé [(Dagfx_):()?}’ds) "
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Having in mind Proposition 5.2.2, we infer that

SO0 ) = 5 (DO ) 1)

/ D™ (D%, / w(t — ) Dy (s)dsdx +% (/Otw(t — s)ds> D% || D%, ||?

- dé € win)dn (& [IID.(s)]]*] ds
2r<1—a /0< 5) / <t—n>a/o (t—s)°
: / (D) ()] dny

1_04 o Jo (t— (t —mn)~

x(/ (t—s) (/Ows_prx() )ds)dx

The coming relation is found by utilizing Young’s inequality

=

~ ~—

D"Ex(t) < 5("DWOD )(E) ~ 51 "w(®) DVl + (c0 =) Tom,

l\')l»—t

— P1Tpe (Do) = P2Tpe (Do) — KT Do, +0)

it 25 ([ ([ o)

where €5 > 0, t > 0.

(5.29)

2

dx

Proposition 5.2.17 Suppose that k and f are two continuous functions defined

on the interval (0, +00) such that

I'k(t), ' f(t) € C*([0, 0)).
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Then,

(/Ot k(S)ds> Df(t) = /Ot k(t — s) [DYf(t) — D f(s)] ds

‘1/tm”f%<t—snfu»—fwnds+fPHMﬂfa>—JXMILﬂk@»—k@ﬂ*ﬂf®>

0

where t > 0.

Proof. We can easily see that

Ak@—QWWw—DW@WBjAmﬂ%@—@ﬁ@—ﬂ%%
- ( /0 k:(s)ds) Dof(t) — /0 k(t — $)D*f(s)ds — [I"k(t) — I'°k(0)] f(1)

—I—/O RLDok (t — 5) f(s)ds.

By Proposition (1.4.7), it can be deduced that

RL Do /Ot k(t —s)f(s)ds = /0 BLD® k(t — 5)f(s)ds + f(t)I'k(0),

and conversely, the connection between the two derivatives provides

RL D /Ot k(s)f(t—s)ds = /0 k(s) LD f(t — s)ds + k(t) ' f(0)

_ /0 k(t— s) {DO‘ f(s)+1f(_1a]i “{N ds + k(£) 1" £(0)

% /0 k(s)(t — 8)~ds + k(£) '~ £(0)

= /Ot k(t — s)Df(s)ds +

— /0 t k(t — s)Df(s)ds + fO)T""k(t) + k()T f(0).
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Moreover,

/0 "hLpo k(t — s)f(s)ds + f(£)I'=K(0) = /0 t k(t — s)Df(s)ds + f(0)I""k(t)

+ k()1 £(0),

and

| k=) () = D)) ds = [ Dk 6= ) ) = 1(5) ds

0

- ( /0 k(s)ds) DO F(t) — I'k(t)f(£) + FO)T'=k(t) + k()= £(0). (5.30)

|
By multiplying the equation (5.30) by ¢(t), integrating over the interval (0, 1),

and utilizing Young’s inequality, we derive the following result.

Corollary 5.2.18 Let us suppose that k and f are both continuous functions on

the interval (0,400) such that
I'k(t), f(t) € C*(0,00)

and f, D*f and g are all in L*(0,1). Hence

(/Otk:(s)ds) /Olg(t) (D*f) dx < 2 ||lg()|]> + % (/Ot k:(s)ds) (kOD* f)(t)

+2 (/O |**Dk| ds) X (|" Dk Df)(#) + é [ k@] 111 + é [1=k(t)] | £(0)]

£

+ i/~c2(t) |12 £(0)]]*, t > 0.

4e
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In the case that g = D f, this corollary gives the following:

Corollary 5.2.19 Suppose that k and f are both continuous functions on (0, +00)

with the property that I'=*k(t) and f(t) belong to C'(0,00). Then,

(/ (s)ds - SILE] t Hs)ds ) (DD (0 + £ ( / e pe ds)

(DK DA + = (1K) I+ 2 (RO IO + 450 77750

where t > 0.

We recommend using the new functional, to control the last term in the energy

Es(t)

2

Vo(t) == + / w(t — s) | DYy (s)|* ds, t > 0.
0

[ wti=spnias

Lemma 5.2.20 The functional Vy(t) verifies

Dan()<__/ (t = 5) [ D*a(s)]* ds +4 (["* Dw|OD)(2)
+(4w[w aé:cwt“” +@> 1D / / =
) Uj@_")_a (/Onw(n—T)D“%(T) ) dn} dr, t > 0.

The proof is similar to the one of Lemma 5.2.9.

Proof. [Proof of Theorem 5.2.16] Combining the estimations of (5.29) and D*V
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with the above corollaries, for
Lo(t) := N (By(t) + Ey(t +Z>\ Vit
assuming a large value of N, we get
D*Ly(t) < =C5B:(t) + Co [Ba(=Cut ™) [12(0)[I*, ¢ >ty > 0

for small @ and large ty for some C5,Cs > 0. Applying the operator I“ to both

sides results in

1

Lo(t) — L2(0) = T(a) /o O(t —5)* D Ly(s)ds + ﬁ /t (t —8)* 'D*Ly(s)ds

F(a)/o (t — 5)* ' D*Ly(s)ds

s [ (B BT IO

It should be noted that due to the continuity of D*Ls(s) (where all constants C;,

i=17,...,12 are positive),

to to
/ (t —8)* 'DLy(s)ds < / (to — 8)* 1 |DLy(s)| ds < Crt™.
0 0

Hence
O7t0

CsIp B (t) < L2(0) + F( )

+ CoI® [Ea(—Cut™)]? [|12(0) |17,
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and according to Proposition 1.4.6, for ¢ > ¢y, we have

I [Bo(—Cut™)]? < I [Cst B (—Cut™)] < CoEn(—Ct™) < Cho.

Thus,

Cul(t) + Ip Ei(t) < Cha.

The first conclusion follows from Proposition 5.2.14 and the second one from

Proposition 5.2.3.
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CHAPTER 6

CONCLUSION AND FUTURE

WORK

6.1 Conclusion

In this dissertation, we considered a mechanical engineering problem that occurs
often in applications. It consists of a beam with a significant rotation effect due to
bending. It is adequately delineated by a Timoshenko type model. This structure
is also subject to a considerable torsion. This latter factor is described by a cou-
pling of the Timoshenko system with a new (third) equation. The derived model
has been discussed by relatively few researchers treating rather the “engineering”
side. However, we are unable to locate a mathematical analysis for such systems.
In addition, the model takes into account the possibility of axial forces acting on
the structure. This brings considerable mathematical difficulties and regrettably
they are not frequently (or systematically) investigated in mathematics papers.

We first established an existence and uniqueness result in a suitable underlying
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space with the helps of the semi-group theory. Then we turned to the stability
issue focusing in particular on specifying the rate of decay. In this regards, we
obtained sufficient conditions ensuring exponential and polynomial stability.

Notably, we came up with a condition resembling very much the equal speeds
of propagation condition often encountered in the study of Timoshenko system.
In a point of fact, this newly obtained condition comprises the equals speeds of
propagation condition as a special case. Unfortunately, it was shown that this
condition in not practically reasonable and therefore the one we obtained too. It
was therefore pivotal to investigate the rather plausible situation in the absence
of this condition. To this end, we have been inclined to pass to the second order
energy to accommodate some higher order terms. The price to pay is a polynomial
rate instead of an exponential one. In order to have a further insight on the system,
we explored also the case of axial loading. The main methods used in all our proofs
is the energy method. Due to the aforementioned features of the problem it was
not a straightforward task to come up with appropriate functionals.

Remarkably, we found that (when ignoring P) the equal speeds of propagation
condition does not concern necessarily the first two equations but may involve the
second and third equation therefore allowing the speeds of propagation of the
rotation component to be free and independent of the other two.
Non-Integer Fractional Damping and Viscoelastic Term

A derivative that is half the order of the leading term has been observed to have
the ability to bring the system to rest. The rate achieved and anticipated follows

the Mittag-Leffler pattern, which is a characteristic of fractional derivatives. The
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stability is global in time. Moreover, this term functions as a damping term,
similar to its integer-order counterpart. When dealing with a memory term in a

viscoelastic material, a significant challenge arises in assessing the expression

2

/Jf% (/j(t—n)—a (/Osus—ﬂ |Vv(¢)|d7>/d77> da

present in the derivative of the energy. In response to this situation, a new func-
tional V;(t) has been introduced. In terms of nonlinearity, we have made addi-
tional assumptions on the exponent of the nonlinearity in order to take advantage
of an embedding result. Regrettably, the fractional inequality derived is not the
same as the one associated with the lower-order fractional term. To extract some
information about the concerned functional we needed to examine small kernels
and employ a strategy to address the resulting nonlinearity. The price to pay is
a stability of local character only.
Fractional Timoshenko

In this thesis, we considered the dynamics of a Timoshenko beam operating in
anomalous media. The model is obtained from the classical Timoshenko model
by substituting the integer-order derivatives with fractional derivatives ranging
from one to two. In fact, sequential fractional derivatives are more appropriate
for the multiplier technique. It has been demonstrated that a viscoelastic damp-
ing mechanism affecting the rotational part can lead the structure to a state of
equilibrium at a rate described by a Mittag-Leffler function when the propagation

speeds are equal and the relaxation function meets a fractional inequality whose
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solutions are limited by Mittag-Leffler functions. This extends a comparable in-
stance of exponential stability observed in the classical (integer-order) case. The
case when the speeds of propagation are not equal, the situation is much more
complicated and differs from the classical situation. We have achieved uniform

Lyapunov stability without a specific rate.

6.2 Future Work

Viscoelastic Effect

In this thesis, we have reduced the number of frictional dampings from three to
only two. One in any of the two components of the Timoshenko beam and one
in the torsional component. It is natural to ask whether it would be possible to
weaken further the damping mechanisms by considering viscoelastic damping in

one of the component, like

(

p]¢tt - Elgbxx - kAG(UJ? - Qb) - K¢:ca: = 07

g + [y g(t — )0 (T)dT — (KAG — P)(vy0 — b2) + P, = 0,

- [G‘] - P(IS/M)} ¢mx - Kgbxw + Isd)tt + CQ@Z)t - O,

\

(

P+ [ g(t — T)un(T)dT — Elpyy — kKAG(0y — @) — Khyy = 0,

[0y — [kAG . P] (Vge — &2) + Py = 0,

k_ |:G<] - P(IS/M)] wacz - K¢x:v + ]swtt + 02¢t =0
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and

(

pvy — (kAG — P) (Vg — ¢2) = 0,

\

Thermal Coupling Effect
Another kind of weaker damping than the frictional one consists in considering
a thermoelastic bending-torsion beam. This consists in coupling the Timoshenko

beam with a heat equation, like

(

plgbtt - Elgbzx - kAG(”x - gb) - K¢a:a; + 0-‘936 = 07
WU — (k'AG - P)(sz - ¢x) + P¢:}: = 07

- [G‘] - P(IS/M)] wac;r - Kgbxw + ]s¢tt + CQ@Z)t = O,

plet - p291x + U¢xt = 0.
\

The coupling here is with the first component. Theoretically, we might also exam-

ine the coupling with the second or even the third component. Another coupling
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is the second sound type of the form

ploy — Bl — kAG(vy — @) — Ky + 00, =0,
MU — (kAG - P) (Ua:a: - (bx) + P(ba: = 07
- [GJ - P<[S/,u)] wmz - K‘b:m: + [swtt + CZwt = 07

aby + q; + 0y = 0,

bg: +aq+ 0, =0.
\

Also, to avoid the infinite speeds of propagation, one might consider the ther-

moleastic problem of type III

.
plow — El¢y, — kAG(vy — ¢) — Kihy + 0, =0,

MU — (kAG - P)(Uxac - ¢x) + P¢ac = 07

- [G‘] - p<[S/u>]wmz - K¢xaz + Iswtt + ngt = O,

aett - bezz + 6¢ttax + ’76)tx;t =0.
\

In addition, for these problems and the ones studied in this thesis, it is inter-
esting to investigate the corresponding nonlinear case by replacing the frictional
damping ¢, v; and ¥ by h(¢:), h(vi) or h(¢y). Of course, the time dependent
context f(t)h(¢s), f(t)h(vy) or f(t)h(¢), is also worthy of investigation as it ap-
pears often in applications. The competition between a nonlinear source in one of
the components with the existing dampings offers a different venue of interesting

investigations as well.
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Fractional Problems
The investigation of the kind of fractional problems addressed here is in its infancy
stage. It is quite challenging and therefore any contribution in this regards would

certainly be welcome. It is in our intention to look at the following cases:

« Different relationships between the lower order and the leading order. That

is, the case when the lower order is not exactly half of the leading order

DY(Du(t, z)) +° DPu(t,z) + |u|"u = Au(t,z) — b/t k(t — s)Au(s,x)ds.

o The fractional thermoleastic models.
« The case of nonlinear fractional damping f(¢)h(D%u(t,x)).

e The case of viscoelastic damping is still on open problem. It deserves to be

revisited.

o The arguments developed in this work to prove the stability are versatile in
the sense that they apply to many evolution fractional problems. However,
the question of well-posedness needs to be fixed first. This seems to be also

a challenging issue.

o The bending-torsion problem would be more interesting and more challeng-

ing in the fractional framework.
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o All the aforementioned issues may be addressed for others kinds for frac-

tional derivatives.
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