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CHAPTER 1

INTRODUCTION AND

PRELIMINARIES RESULTS

Fractional calculus serves as an extension of conventional calculus, encompassing
derivatives and integrals of non-integer orders. In 1695, Leibniz initiated discussions
on the concept of fractional derivatives in correspondence with L’Ho6pital, pondering

n

L'in the expression Jon [1]. Subsequently, in a
xn

the nature of the derivative when n = 5

letter to J. Bernoulli, Leibniz further explored derivatives of arbitrary order, with ad-
ditional insights contributed by Euler, Lagrange, and others. A formal definition for
fractional derivatives was introduced by Laplace in 1812, that utilized the concept of
integrals, while Lacroix proposed an alternative definition employing the gamma func-
tion, aligning with the Riemann-Liouville fractional derivative. Fourier contributed
to the discourse in 1822 by introducing a definition of fractional derivatives based on
the Fourier transform. Later, in 1930, Liouville extended the concept of fractional

derivatives to arbitrary orders, For more information, see [2].



A class of differential equations with non-integer order derivatives are known as
Fractional Differential Equations (FDEs). The significance of fractional calculus in
various fields has drawn the attention of numerous scholars to this area of research.
Many mathematical models have been modified using derivatives of fractional order
instead of integer order, because the description of the hereditary and memory features
of various substances is made possible by fractional-order derivatives and integrals [3].
The most frequent application of fractional integral and differential operators is in
the study of viscoelasticity, where comprehensive surveys have been published [4].
Fractional derivatives have been effectively used to solve problems related to system
biology [5], physics [6], [7], [8], chemistry and biochemistry, hydrology [9], [10], [11],
and finance [12]. The exact solution to such a variety of problems is always a difficult
challenge for researchers studying fractional differential equations. Finding numerical
solution of such problems become more important when exact solution is not avail-
able. As a consequence, many researchers have tried various methods to discover
the optimal solutions to several fractional order differential equations [13]. Numer-
ous numerical techniques have been proposed to solve problems involving single term
fractional operators. For further details about time and space fractional differential
equations, see [14], [15], [16], [17] and [18], [19], [20] respectively. Fractional equa-
tions have many applications in engineering and science, including electrochemistry,
diffusion-related diffusive transport, fluid flow, probability, electromagnetic theory,
and many more. They are particularly useful in modeling mechanical systems, char-
acterizing the rheological properties of rocks, and describing real materials electrical

properties. In groundwater hydrology, for instance, we can demonstrate the mod-



ularity of tracer transfer via fluid flow by using the fractional advection-dispersion
equation [11]. Nowadays, numerical solutions to fractional differential equations is an
effective research area in finding optimal solutions for differential equations due to
the lack of a definitive and effective methods to solve general fractional differential
equations (FDEs) analytically. This deficiency motivates researchers to seek for new
and effective numerical methods [13].

The fractional Laplacian is defined by describing it in multidimensional spaces
[21], which presents a difficult non-local operator that necessitates complex analytical

and computational methods

(—A)2d(y) = cmdP.V./ Oly) = Bs) y € RY

ga |y — s|otd

In this expression, "P.V.” denotes Cauchy principal value integration. Additionally,

the normalization constant ¢, g is determined by

ot TR ()]

These formulations encapsulate the operational essence of the fractional Laplacian,
highlighting its reliance on parameters v and d, as well as the integral representation
involving Cauchy principal values.

In this framework, our primary focus lies in exploring the application of the frac-
tional Laplacian within a bounded domain. We define the commonly used definitions

of this non-local operator within such domains.



Integral Fractional Laplacian
The integral fractional Laplacian of ®(y) for y € Q C R¢ is characterized by extending

P(y) to a function in R? as follows

d(y) ifye
0 it y € Q°

where €2 represents the complement of €.

Subsequently, the conventional definition of the fractional Laplacian is applied

An alternative definition is provided through the Fourier transform
~(~A)Ra(y) = F ! (jofFd)

Regional Fractional Laplacian

This definition is derived by confining the integration domain to 2

_(_A)%cp(y) — Ca’d/ﬂwds

|y — s[otd
These distinct formulations offer diverse perspectives on the fractional Laplacian’s
behavior within bounded domains, shedding light on its various operational nuances.

Spectral Fractional Laplacian

The spectral fractional Laplacian is defined utilizing the spectral approach



N1l

—(~A)F0(y) == BN pu(y)

keN
In this case, the eigenfunctions and eigenvalues of the conventional Laplace operator
within the domain ) are represented by ¢, and Ap. A, subject to homogeneous
Dirichlet boundary conditions. Furthermore, ®; denotes the projection of ® onto the
direction ey

—App = A\, in Q,

v =10 on 0f).

1.1 Basic Definitions and Preliminaries Results

This section serves to introduce fundamental definitions and preliminary results es-
sential for the understanding of the thesis.
Definition 1. [22] The Riesz fractional operator for « values between n — 1 and n on

a bounded interval a < y < b is expressed as

[0}

Oy«

q)(yat> = (aDy + yDb) q)(y’t)v a 7é 1

_2008(%)

where

B 1 o (Y D(s,t)
aDy(I)(yut) - F(n _ Oé) ayn /a (y _ S)a+1—nd8’



(= [P B(s,t) )
yDo®(y:1) = ['(n—a)dyn /y (s — y)a+1—nd :

Definition 2. [23] Let the Laplacian (—A) has a complete set of orthonormal eigen-
functions ¢; associated with the eigenvalues \; within a bounded domain 2 under

homogeneous boundary conditions, then

;

(—A)"P if o =2n,n € Ny

(—A)%<1> = 9 (=A)27(=A)"® ifn—1<a<nnecN

Yo M@, pi)g ifa <0
\

Lemma 1. [24] For a function ®(y) defined over the entire real line, y € (—o0, 00),

we have

—(=A)2D(y) = —w (_OOD;”@(y) +y, DL ®(y)) = a;i%).

This formulation showcases the application of the fractional Laplacian operator as
a combination of the fractional derivatives of the left and right Riemann-Liouville.

This encapsulates the operator’s action on functions across unbounded domains.



The Tridiagonal Toeplitz Matrix

The symmetric tridiagonal Toeplitz matrix of size n is denoted by

Lemma 2. The tridiagonal Toeplitz matrix of the form (1.1) has the following eigen-

values and eigenvectors

A= +2
T+ qCOS(n—i—l

and

lem )

Sin( n+1

.
wil)

sin(

L 3iﬂ) , 1=1,2,...,n.

Sm(n+1

sin(%)

Proof. sce [25].
Rational Approximations

Let R,(2) represent the (a,b)-Padé approximation, which denotes the (a+b)™ order



Padé rational approximation of e™*, defined as

where
“~ (b+a—i)lal ;
Nap(2) = ZM (a(+ b)!i!(a>— i)! (=)’

b+ a—1)!b!
Daplz) = ; (a<+ b)!z’!(b)— i

Definition 3. A rational approximation R,;(z) of e* is said to be A-acceptable
if |Ra.p(2)] < 1, whenever Re(z) < 0 and L-acceptable if it is A-acceptable and,

additionally, |R,;(2)| — 0 as Re(z) = —o0
o L-acceptable whena=b—2ora=5b—1.

e A-acceptable when a = b.

1.2 Problem Description

In this thesis, we consider the following space-fractional reaction-diffusion equation

Ju(x,t)
ot

= —K(=A)Zu(x,t) + f(u, ), 1<a<2, (x,t)€Qx(0,T], (12)

u(x,0)=¥(x) x€e QCR™, m=123.

We consider the problems with homogeneous Neumann as well as homogeneous Dirich-

let boundary conditions. Where (—A)? is the fractional Laplacian of order 1 < a < 2,



() is a bounded subset of R™ ,the constant I represents the diffusion coefficient and
f(u,t) represents the non-linear reaction term. Ensuring the existence of a unique
solution of equation (1.2) under specified initial and boundary conditions requires cer-
tain assumptions. Specifically, the function f is assumed to be sufficiently smooth
with respect to both u and ¢, and for constant L > 0 its partial derivative with respect
to u must satisfies f, > —L [26].

In this thesis, we explore non-linear time-dependent Fractional Partial Differential
Equations (FPDESs) systems, which are applied in diverse fields, including mathemat-
ical modeling of chemical, physical, biological phenomena. These equations typically
include two important terms: the reaction term, which captures the interactions be-
tween different physical and biological species , and the diffusion term, which describes
the random movement of each constituent[27]. Specifically, we delve into several
reaction-diffusion models, including:

Fisher’s Equation

Fisher’s equation is a well-known reaction-diffusion model often discussed in the realm
of non-linear time-dependent fractional partial differential equations. It serves as a
classic representation of how populations spread spatially, incorporating a reaction
term that reflects logistic growth [28]. The equation, commonly expressed as

% = —K(=A)2u + ru(l — u),

where

» The population density at a given time ¢ and position z is represented by u(x, t).



o I represents the diffusion coefficient.
 r signifies the growth rate.

o The term ru(l — u) characterizes logistic growth or the reaction term.

Allen-Cahn Model
The Allen-Cahn model, established in 1958 by John E. Hilliard and John W. Cahn,
describes the behavior of phase separation and interface movement at phase transitions
[29].

% = —K(=A)*u +u — u,
It provides a mathematical framework for exploring phase separation and pattern
formation across a range of physical and chemical systems. Widely applied in fields
such as computational physics, materials science, solid-state physics, condensed matter
physics, and the analysis of microstructure evolution.
FitzHugh-Nagumo model
The FitzHugh-Nagumo model, formulated by Richard FitzHugh and J. Nagumo in
the 1960s, comprises fractional differential equations that describe dynamic processes

in excitable cells [30], [31].

% = —K(A)2u—v+u(l—u)(u—a)
0
a—: = ¢(du — v — 7).

This system provides valuable insights into the generation and propagation of action

potentials, the electrical signals crucial for neuron communication. Researchers em-

10



ploy this model to investigate phenomena such as excitability, oscillations, and wave
propagation in neurons and other excitable cells. Excitable cells, a specialized cell
type, possess the unique ability to produce and transmit electrical impulses, which
are essential for transmitting signals within the nervous system and supporting vari-

ous physiological functions.

1.3 Literature Review

Many numerical approaches for the fractional reaction-diffusion equations have been
developed [32], [33], [34], [35]. By using the finite difference approach, Tadjeran
and Meerschaert [36] were able to derive numerical solutions for the equation relat-
ing to fractional advection—dispersion flow in Caputo space. Shen et al. [37] and
Liu and Shen [38] respectively, developed some numerical solutions for the fractional
advection—dispersion equation in Riesz space and the space fractional diffusion equa-
tion.

In addition, for fractional derivatives in Riesz space, Yang et al. [24] derived numeri-
cal methods to solve fractional partial differential equations. Ding and Zhang in [39]
developed numerical solutions for the advection—dispersion equation and fractional
diffusion equation in Riesz space. Rahman et al. in [13] were able to find improved
numerical solutions for the fractional advection—dispersion equation and fractional dif-
fusion equation in Riesz space using Matrix Transform Technique (MTT) approach.
Fourth order Runge-Kutta type L-stable and A-stable schemes were developed by

Furati et al. in [40] for one dimensional and by Yousuf et al. in [41] for two di-

11



mensional problems. Fourth-order time stepping techniques with MTT approach for
space-fractional reaction-diffusion equations were derived by Alzahrani et al. [42]. Re-
cently, Yousuf and Sarwar [43] proposed a highly efficient numerical algorithm using
Gaussian quadrature pole rational approximation for inhomogeneous space variable

order fractional reaction-diffusion models.

1.4 Thesis Structure

In Chapter 2, we introduce highly efficient numerical schemes to solve space-fractional
differential equations on finite domains. For spatial discretization, we utilize the
fourth-order Matrix Transform Technique (MTT) to obtain the semi-discretized equa-
tion and use Exponential Time Differencing Runge-Kutta (ETDRK) type schemes to
solve it in time. The ETDRK schemes are developed by using L-acceptable Padé (1,2)
approximation and by using a single real pole rational approximation of the matrix
exponential functions. Numerical experiments are explored to verify the convergence
and stability. In Chapter 3, we extend our investigation by employing similar method-
ologies as in Chapter 2, but with a different approach for spatial discretization. Instead
of utilizing the Matrix Transform Technique (MTT), we employ the Fourier spectral
method to efficiently manage the numerical challenges posed by the non-local charac-
teristics of the fractional Laplacian operator. We conduct numerical experiments to
validate the convergence, stability, and effectiveness of the Fourier spectral approach
in achieving accurate and reliable solutions. All the calculations are performed using

an Intel iCore i7 Central Processing Unit (CPU) with 2.90GHz speed. In Chapter 4,

12



we present a comprehensive summary of the work conducted throughout the thesis.
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CHAPTER 2

THIRD-ORDERED ETD

SCHEMES WITH

HOMOGENEOUS OR

NON-HOMOGENEOUS BCS

In this chapter, third-order numerical schemes were introduced for solving space-
fractional reaction-diffusion equations, applicable to both non-homogeneous and ho-
mogeneous Boundary Conditions (BCs). We employ an enhanced version of the Matrix
Transform Technique (MTT) tailored to accommodate non-homogeneous boundary
conditions for the spatial discretization. For the temporal discretization, we com-
bine the MTT approach with Exponential Time Differencing Runge-Kutta (ETDRK)
method. Our ETDRK methods utilize a single pole third-order restricted Padé ap-

proximation and a third-order Padé (1,2) approximation for matrix exponential func-
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tions. Because of the high-frequency components in the solution, we observe that the
numerical A-stable scheme can lead to undesired oscillations. Interestingly, reduc-
ing the space-fractional derivative order helps mitigate these undesired oscillations.
To address computational efficiency, we apply the partial fraction splitting approach,
effectively reducing the computational demands of the schemes. Through numerical

experimentation, we demonstrate the scheme’s accuracy and reliability.

2.1 Matrix Transform Technique for Homogeneous

BCs

Ilic et al[23] initially introduced the matrix transform method (MTT). They dis-
cretized the spatial derivative of the fractional Laplacian (A)z using a uniformly
discretized mesh with step size h and a finite difference techniques. We consider the

classical space diffusion equation

—u(x, t)} , xe, t>0,

u(z,0) = U(x), reQCR"m=1,2,3.
subject to the homogeneous Neumann or Dirichlet BCs. Let the discrete spatial step
be denoted by h and ug(t) = u (zy,t) for k =1,2,..., M — 1, where the constant M

represents a positive integer. The spatial derivative is then approximated using the

15



following fourth-order approximation

= K | | wel),
dt h? 1+ 562

where 62up(t) = ugp_1(t) — 2ug(t) + upi1(t) represents the 2"¢ order central difference
operator.
Thus, a system of ODEs may be used to represent these finite difference approximation

as follows

duk(t) _ _E —uk_1<t) + 2uk(t) — Uk+1 (t)
dt h? %uk_l(t) + guk(t) + 1—12uk+1(t)

which can be compactly expressed in form of matrices as

() AB
dt K h? ), (2.1)

where
U(t) = [uy(£), us(t), ..., up—1 (8)]" and Uy = U(0).

The following tridiagonal matrices A and B, each of size M — 1 x M — 1, are both

16



diagonally dominant

5 L0 0 0 2 -1 0
5 2 5 0 0 -1 2 -1 0
0 5 2 &5 0 0 -1 2 -1
A= , B=
0 - 2 & 0 0 -1 2
0 0o 5 : 0 0 -1
0 0 0o 5 2 0 0 0

Based on Definition 2 in section (1.1), we can rewrite (1.2) as

Ou(w,t) 0? a1/ 0
o = Klga)t (gt + flwt)

From equation (2.1), the above equation can be expressed as

(52 (52

Let P = A7'B | where an invertible matrix E exists, allowing us to represent P as

P =FEAE~!

where the matrices representing the eigenvalues and eigenvectors of the matrix P are

denoted by A and E, respectively. From lemma 2 in section (1.1), we can defined A

17




and E for homogeneous Dirichlet BCs as

S|

52 191 192 19M—1

Em—1

where for one-dimensional problems &, and 1, are calculated as

for k =1,2,..., M — 1, and for two-dimensional problems &; and 1;; are calculated

as
4 sin? (2%) + 4 sin? (Zl—]’\})
)

sin? (577)] + [1 = 5sin® (557)]

Wl

for k,l=1,2,...,M — 1.

18



Whereas for homogeneous Neumann BCs, A and E are defined as

€o

51 190 191 ﬁM

Enr

where for one-dimensional problems & and 1, are calculated as

6 = 4cos? (1)
P %cos2 2’“—“) ’
sin (Okﬁ)
sin (i
| e |
i (1200)
for k=0,1,..., M, and for two-dimensional problems &;; and 1J;,; are calculated as
b = dcos? (£) + 4 cos? (L)
e (F)] + [L - feos? ()]

Uy = : ;

for k,01=0,1,2,..., M.

Therefore,
dU(t) K K

Ny 7 /2 _ _ a/2 ;-1 t
dt DU = =5 (BAYPET) U(H)
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and the fractional Laplacian can be approximated as follows

2.2 Matrix Transform Technique for Non-

Homogeneous Dirichlet BCs

In this section, we consider the following one-dimensional non-homogeneous space-

fractional reaction-diffusion problem

WD) K(-a)fule ) +glut), 1<a<2 ae(ed), >0,
u(z,0) =(x), c<z<d, .

u(e,t) = f(t) and u(d, t) = h(t),

where (—A)2 represents the fractional Laplacian , which is established through the
spectral decomposition methodology applied to the conventional Laplacian operator
(—A). llic et al [23] initially introduced the matrix transform method (MTT) to
approximate the fractional Laplacian using a uniformly discretized mesh with step
size h for the homogeneous BCs. In this section, we extend this approach to handle
non-homogeneous BCs. As we discussed in the previous Section (2.1) the fractional
Laplacian operator with homogeneous boundary conditions can be discretized as fol-

lows

(=A)u(z,t) =~ h"*P2u(t)
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The fractional Laplacian is represented in matrix form by using the eigenvectors and

eigenvalues of the classical Laplace operator, as follows

v

P% = EATE L,

where E represents the matrix of eigenvectors, while A represents the matrix of eigen-

values.

A= dlag <§17§27£37 s 7§M—1)7 E = (191719271937 s 719M—1)7

where & = 4sin® (£2) | and 0, = (sin (42, sin (22) sin (22),...,sin <(M—1)k7r>>T’

k=1,2,...,M —1.
Using the finite difference approach, we obtain the matrix form of the classical

Laplace operator, considering non-homogeneous BCs, as follows
(=A)u~ h™? (Pu+vif(t) + vim1h(t)).

In this context, v; represents the (i)™ standard basis vectors in R™~1. Using the

definition in (1.1), we have

~ (h—QP)%fl (h—2 (Pu 4 Vlf(t) + Vm—lh(t)))

= h P2u+ h P> (vif(t) 4+ Vi_1h(t))

using the above MTT representation of the non-homogeneous boundary conditions,

we can write (2.2) as
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R K @) v (1) + gl 1)),

where Section (2.1) defines P.

2.3 Exponential Time Differencing

For the non-linear FPDESs, after discretizing the space-fractional derivative using an
appropriate approximation methods, like finite element, spectral approach, finite dif-
ference, or another suitable approximation technique, we obtain a system of Ordinary
Differential Equations (ODEs) with respect to time. The subsequent step involves
solving these FPDEs by implementing an appropriate time-stepping method. FEx-
ponential Time Differencing (ETD) time-stepping schemes are renowned for their
efficacy in time integration, offering compatibility with various spatial discretizations
to achieve numerical solutions for semi-linear FPDEs. Exponential Time Differenc-
ing (ETD) schemes, initially introduced by Certaine [44] in the 1960s to solve partial
differential equations, stand out for their precise handling of linear terms and the
use of polynomial approximations for integral terms. This methodology significantly
enhances computational efficiency by eliminating the requirement to solve non-linear
systems at each time step. Further advancements were made by Cox and Mathews
[45], who integrated these schemes with Runge-Kutta methods and polynomial expres-
sions, thereby optimizing the approach for equations with integer-order derivatives and

streamlining the solution process.
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As mentioned in Section (2.1), the MTT approach can approximate the fractional

Laplacian in form of matrix. This leads to the following system of ODEs

@) _ K e
0 haP U(t)+ F(U,t), 03

where U(t) and U, are defined as in (2.1), while F(U,t) denotes the vector
[f (un(8),8), f (ua(t),0), f (ua(t),8) -, f (war—a(8), )]

In case of the non-homogeneous BCs,

we consider F(U,t) = 25 (vif(t) + viu_1h(t)) + G(U, t), where G(U, t) denotes the vec-
tor [g (u1(t),t), g (us(t),t), g (us(t),t), ..., g (up_1(t), t)]T and v; represents the (i)
standard basis vectors in R™~1,

Let B2 = & P2 by multiplying (2.3) by the integrating factor eBE and integrate

over t, we derive the following exact solution
(] t (]
Ut)=e B0y + / e"EIBE P (U (7)), 7)dr (2.4)
0

for the time discretization, let ¢, = nk where n € Ny and k is the time step. By
substituting ¢ with ¢ + k, and denoting 7 — ¢ as ku, we transform Equation (2.4) into

the subsequent nonlinear Fredholm integral equation as

a 1 a
Ut+k)=e™2U )+ / ke RBEU—WE (y (t 4 pk) ,t + pk) dp, (2.5)
0
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we get the recurrence formula shown below

o 1 o
U(tpir) = e 82U (t,) + / ke B2 (y (t, + pk) , t, + pk) dp. (2.6)
0

2.3.1 The Third Order ETD Scheme

The integral in equation (2.6) involves the integral of the non-linear forcing term.
Estimating the non-linear term F' (u (¢, + pk),t, + pk) is the main purpose of the
exponential time difference method. Cox and Mathews [45] introduced Runge-Kutta
type time-stepping schemes for approximating the term F (u (¢, + pk),t, + pk). The
first-order ETD scheme (ETD1) approximates F (u (t, + pk),t, + pk) using a con-

stant F, over the interval [tn, tns]-

Let

kB2 k  [(kBz\ -
Q= Po < ) U, + 5P ( ) F, (2.7)

where po(kB%) = e*#? and p,(kB%) = (—kB%)! (eka% - f)-
To obtain a higher-order approximation, we assume F (u(t, + pk),t, + pk) =~

2F (on, tn + k/2) — E, fort, <t < tn,y1. Thus, we obtain the second-order ETD
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scheme (ETD2)

where F' (an, tn, + k/2) donated as F.

The ETD2 can be written as
k_a ko Ao
Bo=po (5B% ) Un+ 51 (5B <2Fn - Fn> (2.8)

In addition, by using «,, and f,, defined in (2.7) and (2.8) to approximated the non-

linear forcing term by a quadratic polynomial
: T N (S T
F(u(ty + k) b+ k) ~ Eot (f — ) <4Fn —3F, - Fn>+T (Fn _9F 4 Fn> :

where Ff = F (Bn,tn + k). We arrived to the following third-order ETD scheme

(ETD3)

Uns1 =po(kB?)U, + kpy(kB?)Fy + kpa(kB?) (4131? _ 3R, - Fg)
+ dkps(kB%) (B, - 267 + )
(2.9)
=po(kBE)Up + (kp1(kB%) — 3kpa(kB%) + dkpy(kB?)) F,

+ (4kpo(kB%) — 8kps(kB%)) > + (4kps(kB2) — kpo(kB%)) E7
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where

po(kB%) = (—kB%)~? <e_k3% kB - 1) ,

a2
[ o & «@ kB§
ps(kB=) = (~kB=)~ <e’“’37 +kB% — % - z) .

Computing matrix exponential is computationally intensive. Even for matrices with
sparse representations, their exponentials may not retain the same sparsity. Partic-
ularly when dealing with a non-diagonal linear operator, direct implementation of
this scheme may encounter numerical instability, especially if B2 possesses eigenval-

ues that approach zero. This challenge arises due to the requirement of computing,

w[R

e PR PR/ (B3, (~B)72, and (~B%) ™ are needed.

This chapter proposes a modification of equation (2.9) that utilizes third-order

Padé(1,2) and single pole restricted Padé approximation for the matrix exponential

function e~ ~.

ETD-Padé(1,2) Scheme

Approximating a function by a rational function is called the Padé approximation.
It frequently produces a better representation of the function than truncating its

Taylor series. In this section, we use the Padé (1,2) approximation to approximate

e

kB2

the matrix exponential functions e=~ z ~ and e *? % The Padé (1,2) approximation is

of the third-order L-acceptable is defined by

6— 2z

B2e) = v

(2.10)
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Figure 2.1: The behavior of R;»(z) compared to e~* over the interval 0 < z < 30.

Based on definition 3 in Section (1.1), we can show that Padé (1,2) is L-acceptable by
show the behavior of R;s(z) and e * in figure (2.1) for 0 < z < 30. The approxima-
tion provided in Equation (2.10) is verified to have third-order accuracy through the

following demonstration

1
—z_ 1 _ 2 1.3 4 5
e z~|—2z % +24z + O(2°),
1
Ris(z)=1—2z+ 2z2 623+ 36z4+(’)(z5)
Then
e = Ria(2)l] = (= — —)2* + O()
e~ — == —52)2 z
1,2 24 36 ’

= 0.0138892* + O(z")

as z — 0 the approximation is of the third-order accuracy.

The modification of the third-order ETD scheme (ETD3) using Padé (1,2) approxi-
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mation to approximate e”* in (2.7)-(2.9) are obtained as

po(kB%) = Ry 5(kB?),
p1(kB%) = (=kB2)"! (Ri2(kB?%) —I)

= (61+4kB% + 1B%”) C(kBE 16r).

pa(kB%) = (—kBE) (Rio(kB%) — I + kB?) (2.11)

a a -1 a
(67 +4kB% +kB3") (kBT +31),

@ & [e] « kB% 2
p3<k‘B§> - (_le§>_3 (Rl,Q(sz) —1 + kBz — (T)>

o (o3 _1 (o]
— (121 + 8kB% +2kB8")  (kBE +21).

The advantages of using the rational approximation is not limited to approx-
imate exponential functions, but also eliminating the inverse of the matrices
(—kB2)~',(=kB2)7!, and (—kB?2)3. Rearranging the terms using the approxi-
mation discussed above in (2.11) leads to the development of the new ETD-Padé(1,2)

scheme
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where

O
)= 2 ire
and
an = Ri5(kB3)U, 4+ Uy (kB3)E,,
B, = Rio(kBE)U, + Uy (kB% ( )
where

~ 24 — 4z
B2e) = e var
~ (z+12) k
Uy(z) = — 2
)= Sy
~ (2 +6)k
alz) = 2244246

To enhance readability for readers, we replace kB2 by the variable z.

The scheme’s partial fraction splitting approach

The scheme in (2.12) still require inverting quadratic matrix polynomials.

The par-

tial fraction splitting technique was employed to address this issue. The poles and

weights below are determined using the partial fraction splitting approach and the

MAPLESOFT program
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Rip(w) = —,
12l) = T (w+01)
2 a1 Q12
) = -

1(W) (w+b1) (w+b1)7
2 2(w) _ 21 G227
@tb)  (@tb)
A a a
3(w) _ 31 32

where

a; = —1.0 + 3.53553390593273¢, as = —1.0 + 3.53553390593273: = ay,
ayn = —0.353553390593273%, a2 = 0.353553390593273¢,

ag = —1.41421356237309z, age = 1.41421356237309¢,

az1 = 0.5+ 0.3535533905932737, agze = 0.5 — 0.3535533905932731,

by = 2.0 — 1.41421356237310i, b, = 2.0 + 1.41421356237310i.

Also, the poles and weights of «,, and (,, are calculated as

~ ai as
R —
“W)(wmg+@+m’
T all 512
) —
1(w) wta) Wra)
{1“12 (w) _ a1 a2

(w+b1) (w+b_1)7
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where

a; = —2.00000000000001 + 7.071067811865481,

as = —1.99999999999999 + 7.071067811865481,

apn = 0.5 —1.41421356237310¢, a2 = 0.5 4 1.414213562373104,

a9 = 0.5 —1.41421356237310i = ay1, a9 = 0.5+ 1.41421356237310¢ = a2,

c1 = 4.0 —2.82842712474619:, ¢; = 4.0 4 2.82842712474619¢.

The modified ETD-Padé(1,2) scheme for (2.12) becomes

a Qs a1 ai2 A
U1 = + — | U, + k = "
T wEb)  (wby) (w+b)  (w+b)
a91 99 ~ Q31 a32 ~
+k + — | FY+ k — | £
(w—l—bl) (w+b1) (w—l—bl) (W+bl)
and
al ~2 all 612 ~
n= — | Up + k — | Fu,
« [(w—l—cl) (w—l—cl)} [(w—l—cl) (w—l—cl)}
a1 a2 a1 2% S A
- |\ U+ k | (262 - F).
Sl Frers R ey @b (@t h)
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The ETD-Padé(1,2) Scheme Algorithm

Below is the algorithm for the ETD-Padé(1,2) scheme

Algorithm 1 The ETD-Padé(1,2) algorithm

1: forn=1,2,...,.M =T/k do

2: Step I : Compute «,

3 Solve (kB +cil)Y = (U + ki £y ) for Y.
Compute a,, = 2Re (Y).
: Step II : Compute [,
Solve (kBT +bi1) X = (aUy + Kz (267 — £,)) for X
Compute 5, = 2Re (X).
: Step 1II : Compute U,
Solve (k:B% + bll) W = <a1Un + k (anﬁ’n + (12113’7? + a31Ff>> for W

10: Compute U, 11 = 2Re (W).
11: end for

L e > gk

ETD-Restricted Padé Scheme

A single pole third order restricted Padé approximation is a technique employed to
approximate exponential functions and make them more amenable to analysis. The

restricted Padé approximation is defined as

232 Y
Falz) =1 2+ (1+%)z 6 <2+(1+ﬁ)z>

_6(6+2v32— (1+3)2?)
6+ (3+v3)2)

(2.13)

we note that Ry(z) is a decreasing function over the interval 0 < z < co. The approx-
imation is intended to be stable throughout a wide range of z values. The stability
is determined by examining the limit of Rj(z) as z approaches infinity, guaranteeing

that the scheme remains bounded and stable Rj(co0) = 1 — /3 > —1. Comparing the
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restricted Padé approximation Rj(z) to e* the exponential decay function to deter-
mine its accuracy. It is noticed that the difference between Rj(z) and e™* is of the
order O(z?) as z approaches zero, which indicates that the scheme has a third-order

accuracy [46].

1
-2 _1_ 2 3. .4 5
e z+2z % +24z + O(2°),
1 V3
Ry(z)=1—2z+ 522 6Z3 %24 +0(2%),
-z 1 \/g 4 5
7 = Ra(a)l| = (57 = )21+ O()
= 0.0898z" + O(z°).

Figure (2.2) shows the behavior of Rj(z) compared to e* for 0 < z < 30, which
demonstrate that the restricted Padé approximation is A-acceptable. Unlike other
methods that may need complex arithmetic owing to complex conjugate roots in
the denominator, the restricted Padé approximation is fully real arithmetic. This

simplifies the implementation and lowers computational cost.
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R,(@)

-z

0.8 e

30
Figure 2.2: The behavior of Ry (z) compared to e=* over the interval 0 < z < 30.

By replacing the exponential e™* in (2.7)-(2.9) by Rp(z), we have

po(kB%) = Ry(kB?),

p1(kB%) = (—=kB?)™! (Ry(kB?) — 1)

(61+ (34 v3) k:B%‘)_2 ((12y/(3) + 18)kB% + 361

p2(kB?) = (—kB?)™* (Ry(kB?) — I + kB?) (2.14)

— (61+ (3+ v3) kB%‘)_2 ((6v/(3) +12)kB% +181) .

ps(kB%) = (—kB%)™ (Rh(k?Bg) — I+ kB% — @)

(61+ (3+v3) k:B%‘)_2 ((3v/(3)+6)kB% +61).

By using the third-order restricted Padé A-stable approximation, we found that the
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inverse of the matrices (—kB2)~', (—kB2)~!, and (—kB?2)™® are cancelled. After
rearranging the terms in (2.9) and using (2.14) , we obtained the ETD- Restricted

Padé scheme as follows

Upi1 = Ry(kB2)U, + ®,(kB?)E, + ®,(kB?)F® + &4(kB>)F”, (2.15)
where

B,(2) = 6(1 + (+v3)2)k
! (64 (3+/3)2)?

. 24k

P = G BV

Bo(2) = 6(1+ (2++3)2)k
’ 6+ (3+3)2)2

and

o = Rp(kB%)U, + W, (kB%)E,,
B, = Rp(kB%)U, + Uy (kB%) (2 o Fn> ,

where

~ (144 + 24v/32 — 6(1 + v/3)2?)

Rilz) = (124 (34+V/3)2)? ’
By() = (72 +6(3 +2v3)2)k

(12+ (3++3)2)? '
By(z) = (36 +6(3 +2v/3)2)k

64+ (3++3)2)2

for simplicity, we write the previous expressions as functions of the variable z.
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The scheme’s partial fraction splitting approach

The inverses of higher-order matrix polynomials found in the considered ETD-

Restricted Padé scheme (2.15) might lead to computational difficulties when calcu-

lating the power of these matrix polynomials, including roundoff errors and large

condition numbers. As suggested by E. Gallopoulos and Y. Saad in [47] and Khaliq

et al. in [48], the partial fraction decomposition approach was used to solve this issue.

MATLAB is used to implement the partial fraction decomposition method to deter-

mine the following weights and poles

a1 a2
R =
h(w) aop + ((,U + b1> (w + 61)27
2 (W) = ail a12
(W‘l‘bl) (w+b1)27
2 a22
Dy(w) = ,
2() (w+ by)?
A3< ) = asi as2

where

ap = —0.7320508076, a; = 2.784609691, ay = —0.7461339179,

ayp = 0.7320508076, aj2 = —0.6602540378,

ag = 0.0000000000, age = 1.07179677,

az; = 1.000000000, asy = —1.000000000,

by = 1.267949192.
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Also, the poles and weights of «,, and (3, are calculated

~ - a a
Rp(w) = do + (w ;m + (w :51)2’
= . ar Q1o
M) )
@2@0) _ a21 + a22

~ — 2 .
(w + b2> (w + b2>
where
ap = —0.7320508076, a; = 5.569219382, a; = —2.984535672,
ayp = 1.732050808, a1 = —1.176914536,

a9 = 1.732050808 = a1, agx = —0.5884572681,

by = 2.535898385, by = 1.267949192 = b,.

The ETD-Restricted Padé scheme in (2.15) becomes

aq as a1 1,2 -
Uns1 = |ao + + U, +k + ’ F,
i [ (w+by) (w+bl)2} [<w+bl> (w+b1>2}

29 ~ a31 32 A
+k|—— | FY+ k - P
[(wbl)?} [(wbl) (w+bl)2}
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and

~ a a a a
= |G+ o + g | U+ b | e + — 2

Bn—[ao+ My ]Un+k{( i, 92 }(2&?—&).

(W+b)  (w4b)

The ETD-Restricted Padé Scheme Algorithm

Below is the algorithm for the ETD-Restricted Padé scheme

Algorithm 2 The ETD-Restricted Padé algorithm

forn=1,2,..., M =T/k do
2: Step I : Compute «,
Solve <k:B% +51]> Y =aU, + kﬁlgﬁn for Y.

4 Solve (k;B% +'511> X = aU, + kanF, +Y for X.
Compute «,, = aglU,, + X.

6: Step II : Compute 3,
Solve (kB +bi1) Y = axUy + kit (262 = F,) for Y.

8 Solve (kB +byI) X = ayU, + ktiay (2131? . Fn) +Y for X.
Compute 3, = agU, + X.
10: Step III : Compute U,
Solve (kB3 +b011) Y = asUy, + kaioF' + kagnFo + kag FP for Y.
12: Solve (k‘B% + bll) X = ayU, + kay F + kay FP +Y for X.
Compute U, 11 = agU, + X.
14: end for
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2.4 Stability Regions and Linear Error Analysis

In this section, we examine the linear stability of our proposed methods by showing
the graphs of their regions of stability, following the approach outlined in [45]. Our

focus is on the nonlinear ordinary differential equation (ODE)

up = —au + f(u).

with f(u) represents a non-linear function operating on u the complex-valued function.
Let us consider the existence of a fixed point g such that the equation —aug+ f (ug) =

0 holds. After linearizing around the fixed point wug, we derive the following

w = au + pu (2.16)

where u represents the perturbation from wg, and u = f'(ug) is the derivative of f
evaluated at ug. The fixed point w is stable for all u if the real component of (u — a)
is negative. Let x = pk and y = —ak are new variables that we declare and the
time step is indicated by k. We define the amplification factor using the A-stable
ETD-Restricted Padé and the L-stable ETD-Padé(1,2) schemes on Equation (2.16).

For the ETD-Padé(1,2) scheme in (2.12)

Upir  bsa® +bya + bz +b
R(z,y) = 7+ = s 23;6; Kl (2.17)
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where

bs =y° + 38y* + 180y + 144
by = —y* — 19y — 30y + 288y + 432
by = —y* — 16y> + 84y + 576y + 864
bo = — 2y° — 18y* — 52> + 84y* + 576y + 864
den = (2° + 4z 4—6)2 (2 +82+24).
similarly, for the ETD-Restricted Padé scheme in (2.15)

Un+1 B dgflfs + dz[EQ + dlﬂf + do

R(I7y) = Un - den

where

ds =(19440V/3 + 33696)y° + (59616v/3 + 102384)y> 4 (46656/3 + 85536)y
+ 31104,
dy =(—4104V/3 — 7128)y* + (27432V/3 + 47952)y> 4 (125712v/3 + 439344)y>
+ 1244163y + 124416,
dy =(—4104V/3 — 7128)y” + (5400V/3 + 9504)y* + (115344V/3 + 198288)y°
+ (290304v/3 + 479520)y° + (248832v/3 4 435456)y + 248832
dy = — (2376V/3 4 4104)y° — (151203 + 25920)y° — (22032V/3 + 36288)y*
+ (440643 + 77760)y> + (163296V/3 + 264384)y> + (155520V/3 + 279936)y
+ 186624,

den =(12+ (3 + V3)y)*(6 + (3 + V3)y)™.
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Figure 2.3: The absolute stability regions for the L-stable ETD-Padé(1,2) and A-
stable ETD-Restricted Padé schemes.

For different values of y, the stability region of the L-stable ETD-Padé(1,2) and A-
stable ETD-Restricted Padé schemes is displayed in Figures (2.3). This demonstrates
that as y — oo, the stability regions of the L-stable ETD-Padé(1,2) and A-stable

ETD-Restricted Padé schemes expand, thereby confirming the schemes’ stability.

2.4.1 Linear Error Analysis

In this section, we demonstrate the third-order rate of convergence of our proposed
methods. We establish that the novel approaches achieve a local truncation error of
third order in time, achieved through the linearization of F(u) with (Hu). This is
illustrated by examining the linear semi-discretized model given as

i —Bu+ Hu (2.18)
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where B and H represent matrices derived from the spatial discretization. Multiply

H

equation (2.18) by the integrating factor e, we have the exact solution

u(ty1) = B ru(t,) (2.19)

To demonstrate the third-order convergence for the ETD-Padé(1,2) scheme (2.12), we

apply the scheme to the equation (2.18)

W, 1 =((kB)*> +4kB + 61)"% x [6] — 2kB + kH] u,

+((kB)? +4kB + 61)~* [4kHa, + (K*BH + kH)3,]

where

o, =((kB)* 4 8kB +241)7* x [24] — 4kB + k*BH + 12kH| u,,
B =((kB)? + 4kB + 61)2 x [6] — 2kB] u,,

+ ((kB)*> +4kB + 61) % x [k*BH + 6kH] (20, — uy,)
Employing the Taylor series expansion technique for

1 L1 5, 1
—_— = — — —2 27— z
2 8:+24 24 720 1728 2592
1 4
O 5
s 2 (2.20)
1 115, 1,

2416 6 9 108 " &1°

_|_
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using the obtained Taylor expansions (2.20), we have

U, = |1+ (H - B)k + k2(132 — BH + 1H?) + k3(1H3 g gy 1BH?)
2 2 6 6 2 2
+k4(iB4 g lpp iBH?’) +O(k%) | u
36 8 6 72 "
(2.21)

The exact solution in equation (2.19) is reformulated using the Taylor series expansion

of e(HfB)k

H?® H’B n HB?> B?
6 2 2 6

H? B?
un+1_[l+k(H—B)+k2 (——HB+—)+k3 (—

2 2
H* H?B H?B* HB?® B*
+k (ﬂ -~ 1 ¢ * ﬂ) + O (k:5)} u,

(2.22)
Based on the derivations from equations (2.21) and (2.22), we derive the local trun-

cation error
e = [[aass — B, | = O ()
similarly, for the ETD-Restricted Padé Scheme, we apply (2.15) to (2.19)

U, =(61 4 (3+V3)kB) 2x
[6 <6] +2V3kB — (1+ \/§)k232> +6 (k:H +(1+ \/§)k2HB>} u,  (2:23)

(61 + (3 + V3)kB)2 [24kﬂan +6kH (1 + 2+ \/§)kB> Bn]
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where

a, =(121 + (3 + V3)kB) 2 x
16 (247 + 4V3KB — (14 VB B2) + 6 (12kH + (3 + 2V3)kH B) | w,
B, =(6I + (3+ v/3)kB) ™2 x (361 +12V3kB — 6(1 + \/3)1:232) i

(61 + (3+ VB)RB) 2 x [(36kH +6(3+ 2VBHB) | (20, — )

Employing the Taylor series expansion technique for

12+ (3+3)z)2 144 | 288864 576 1152
(12 +( )z)
1 5v3 1\ 4 35 5v3 1\ s
B (1152 * 10368) S (82944 * 20736) #H0(),
1 1 1 1
6+ (3++/3)2)2 36 |36108 36 72

1 5V/3)\ 4 35 5V3)\ 5
—(%ﬂL@)z +<%+32—4)2 +O(Z)

we can write (2.23) as

1 1 1 1
Wy = [I +(H - B)k + kz(%BQ = BH + S H?) + (G H* = 2B+ S B*H — %BHz)
4
_+_k4 _£_|_ i_i_ﬁ H3B — i—ﬁ HBS—£H232—£B4
20 " \22" g 24 12 6 36
+O ()] u,
(2.24)

from (2.24) and (2.22), we derive the third order convergence of the scheme

nit = [[tnss — Py, || = O (k1)
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2.5 Numerical Experiments

The numerical test problems presented in this section encompass both initial con-
ditions with irregular features and those characterized by smoothness. We solve a
one-dimensional test problem with smooth initial data, for which an exact solution
is available, to confirm the third-order accuracy of our time-stepping methods. In
order to verify our third-order accuracy, we also address several problems involving
non-smooth data. The Ly or L, norms are indicated in the following by ||.||. The Lo
norm of a vector is determined by taking the square root of the sum of the squares of
its components. In contrast, the L., norm of a vector is calculated by identifying the
maximum absolute value among its components.

The following formula determines the convergence order in both space and time, where

the spatial step size is h and the temporal step size is k.

R = log, (E(h, k))

where

|| (uewact - uh,k) H

H (uea:act - uh/2,k/2) ||

E(h, k) =

where the numerical solution is denoted as w; and the exact solution is denoted
as Uegact- 1f the exact solution is unknown, we fix h and determine the order of

convergence in time as follows

R = log, (E)
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where

| ((wnr — unow)l|

Jo
[ ((uniyz — un) |

2.5.1 A test problem with exact solution

In order to verify the third-order accuracy of our modified ETD schemes, we exam-
ine the following artificially constructed space-fractional reaction-diffusion Benchmark

equation [49]

0 o
a_?:—IC(—A)fu—i—g(u,x,t), l<a<2 0<z<l,
u(z,0) =0, 0<z<l, (2.25)

u(0,t) = u(1,t) =0, t>0,

where
g(u,z,t) = at*! sin3(27rx)+§ta {3[(2m)* + 1] sin(27z) — [(67) + 6] sin(67x) } — Ku,

and K > 0.

For problem (2.5.1), The exact solution is
u(z,t) = t*sin®(272).

The Benchmark problem has been selected to verify that our modified methods demon-
strate third-order temporal accuracy and fourth-order spatial accuracy. Figure (2.4)

illustrates the solutions obtained up to 7' =1 for £ = 1, £k = h = 0.01, and various
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Graphs of Numerical and Exact Solutions Graphs of Numerical and Exact Solutions

u(x,1)
u(x,1)

o 0.2 04 06 08 1 o 0.2 04 06 08 1

X X
(a) The exact solution vs. ETD-Padé(1,2) (b) The exact solution vs. ETD-
scheme. Restricted Padé scheme.

Figure 2.4: Problem 2.5.1: The L-stable and A-stable schemes compared to the exact
solution.

a values, using the L-stable ETD-Padé(1,2) and A-stable ETD-Restricted Padé nu-
merical schemes compared to the exact solution. Figure (2.5) show the time evolution
solutions obtained for K = 1, h = k = 0.01, and o = 1.4, using the A-stable ETD-
Restricted Padé and L-stable ETD-Padé(1,2) schemes. Table (2.1) shows The Ly
errors, convergence orders in space for the Padé (1,2) scheme. The convergence orders
for Ly and L, errors for a series of temporal steps for ETD-Restricted Padé scheme,
beginning with k£ = 0.025, with each subsequently halved are represented in table (2.2)
and table (2.3) with CPU time. In the same manners, the convergence orders for L,
and L errors for ETD-Padé(1,2) scheme are represented in table (2.4) and table (2.5)
with CPU time. From the tables, the ETD-Restricted Padé scheme required less CPU
time compared to the ETD-Padé(1,2) scheme. whereas the ETD-Padé(1,2) scheme

converge to the third- order accuracy faster than the ETD-Restricted Padé scheme.

47



u(x,t)
u(x,t)

(a) Time evolution solution using ETD- (b) Time evolution solution using ETD-
Padé(1,2) scheme. Restricted Padé scheme.

Figure 2.5: Problem 2.5.1: The time evolution solution using both of the L-stable and
A-stable schemes.

Table 2.1: Problem 2.5.1: L, Convergence results in space for the L-stable scheme.

o h k error order-Lo | CPU Time
1.4 0.10000 | 0.0010 | 9.5003e-03 — 0.0577
0.05000 | 0.0010 | 5.9109e-04 | 4.0065 0.0839
0.02500 | 0.0010 | 3.6008e-05 | 4.0370 0.1568
0.01250 | 0.0010 | 2.2348e-06 | 4.0101 0.4102
0.00625 | 0.0010 | 1.3812e-07 | 4.0161 1.4686
1.6 0.10000 | 0.0010 | 1.1060e-02 — 0.0577
0.05000 | 0.0010 | 6.8672e-04 | 4.0095 0.0838
0.02500 | 0.0010 | 4.1826e-05 | 4.0370 0.1571
0.01250 | 0.0010 | 2.5949e-06 | 4.0106 0.4192
0.00625 | 0.0010 | 1.5950e-07 | 4.0241 1.4811

Table 2.2: Problem 2.5.1: Ly Convergence results in time and for the A-stable scheme.

Q h k error order-Lo | CPU Time
1.4 0.01250 | 0.02500 | 1.5031e-04 - 0.0290
0.00625 | 0.01250 | 3.2057e-05 | 2.2292 0.0235
0.00313 | 0.00625 | 5.5964e-06 | 2.5181 0.0599
0.00156 | 0.00313 | 8.5137e-07 | 2.7166 0.3998
1.6 0.01250 | 0.02500 | 1.9279¢-04 - 0.0278
0.00625 | 0.01250 | 4.7699e-05 | 2.0150 0.0204
0.00313 | 0.00625 | 9.4872e-06 | 2.3299 0.0440
0.00156 | 0.00313 | 1.5936e-06 | 2.5737 0.2963
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Table 2.3: Problem 2.5.1: L., Convergence results in time for the A-stable scheme.

o h k error order-L, | CPU Time
1.4 0.01250 | 0.02500 | 1.5031e-04 - 0.0261
0.00625 | 0.01250 | 3.2057e-05 | 2.2292 0.0170
0.00313 | 0.00625 | 5.5964e-06 | 2.5181 0.0432
0.00156 | 0.00313 | 8.5137e-07 | 2.7166 0.1943
1.6 0.01250 | 0.02500 | 1.9279e-04 - 0.0262
0.00625 | 0.01250 | 4.7699e-05 | 2.0150 0.0156
0.00313 | 0.00625 | 9.4872e-06 | 2.3299 0.0398
0.00156 | 0.00313 | 1.5936e-06 | 2.5737 0.1911

Table 2.4: Problem 2.5.1: Ly Convergence results in time for L-stable scheme.

o h k error order-Ly | CPU Time
1.4 0.01000 | 0.10000 | 1.5278e-03 - 0.0315
0.01000 | 0.05000 | 3.1273e-04 | 2.2885 0.0221
0.01000 | 0.02500 | 5.3277e-05 | 2.5533 0.0307
0.01000 | 0.01250 | 6.7471e-06 | 2.9812 0.0584
1.6 0.01000 | 0.10000 | 1.6249e-03 - 0.0308
0.01000 | 0.05000 | 3.9027e-04 | 2.0578 0.0210
0.01000 | 0.02500 | 7.2507e-05 | 2.4283 0.0311
0.01000 | 0.01250 | 1.0459e-05 | 2.7933 0.0616

2.5.2 A Biochemistry Problem

We consider the following one-dimensional space fractional Enzyme Kinetics problem

ou o U

— = -K(=A)zu — <<l 1l<a<?2
ot (=4)>u 14+u’ v ’ “=%
u(z,0) =1, 0<x<,

u(0,t) = u(l,t) =0, t>0,



Table 2.5: Problem 2.5.1: L., Convergence results in time for the L-stable scheme.

« h k error order-L, | CPU Time
1.4 0.01000 | 0.10000 | 2.4268e-04 - 0.0317
0.01000 | 0.05000 | 5.4707e-05 | 2.1493 0.0211
0.01000 | 0.02500 | 9.9975e-06 | 2.4521 0.0315
0.01000 | 0.01250 | 9.5897e-07 | 3.3820 0.0597
1.6 0.01000 | 0.10000 | 2.4263e-04 - 0.0322
0.01000 | 0.05000 | 6.2520e-05 | 1.9564 0.0217
0.01000 | 0.02500 | 1.2673e-05 | 2.3026 0.0303
0.01000 | 0.01250 | 1.5840e-06 | 3.0001 0.0600

The above problem exhibits a discontinuity between its boundary and initial condi-
tions. Figures (2.6) and (2.7) show the time evolution solutions using both of the
A-stable ETD-Restricted Padé and L-stable ETD-Padé(1,2) methods for L = 1,k =
h = 0.01 and different « values over the interval ¢ € [0,1]. The convergence orders
for Ly and Ly, errors for ETD-Restricted Padé scheme are represented in table (2.6)
and table (2.7) with CPU time. In the same manners, The convergence orders for
Ly and L, errors for ETD-Padé(1,2) scheme are represented in table (2.8) and table
(2.9) with CPU time. When employing the A-stable scheme, undesired oscillations
become apparent near the boundaries at « values of 2,1.8, and 1.6. As the fractional
order diminishes to o = 1.4, the undesired oscillations decrease. Conversely, solutions
obtained through the L-stable numerical scheme show no oscillations and consistently

maintains the expected third-order temporal accuracy, irrespective of the « value.
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(a) ETD-Padé(1,2) scheme for a = 1.4 (b) ETD-Restricted Padé scheme for a =
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(c) ETD-Padé(1,2) scheme for « = 1.6 (d) ETD-Restricted Padé scheme for a =
1.6

Figure 2.6: Problem 2.5.2: The numerical schemes solutions for a = 1.4, 1.6.

Table 2.6: Problem 2.5.2: LyConvergence results in time for the A-stable scheme.

o h k error order-Lo | CPU Time

1.4 0.01250 | 0.02500 | 2.1710e-04 - 0.0060
0.01250 | 0.01250 | 2.7450e-05 | 2.9835 0.0040
0.01250 | 0.00625 | 3.4581e-06 | 2.9887 0.0050
0.01250 | 0.00313 | 4.6054e-07 | 2.9086 0.0120

1.6 0.01250 | 0.02500 | 4.0043e-04 - 0.0074
0.01250 | 0.01250 | 3.3028e-05 | 3.5998 0.0038
0.01250 | 0.00625 | 4.1231e-06 | 3.0019 0.0051
0.01250 | 0.00313 | 5.1488e-07 | 3.0014 0.0117
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(c) ETD-Padé(1,2) scheme for « =2  (d) ETD-Restricted Padé scheme for oo =
2
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Figure 2.7: Problem 2.5.2: The numerical schemes solutions for v = 1.8, 2.

Table 2.7: Problem 2.5.2: L., Convergence results in time for the A-stable scheme.

o h k error order-Lo, | CPU Time

1.4 0.01250 | 0.02500 | 3.3121e-05 - 0.0058
0.01250 | 0.01250 | 4.2957e-06 | 2.9468 0.0034
0.01250 | 0.00625 | 5.4025e-07 | 2.9912 0.0047
0.01250 | 0.00313 | 7.1936e-08 | 2.9088 0.0110

1.6 0.01250 | 0.02500 | 2.0428e-04 - 0.0064
0.01250 | 0.01250 | 5.2251e-06 | 5.2889 0.0036
0.01250 | 0.00625 | 6.5227e-07 | 3.0019 0.0045
0.01250 | 0.00313 | 8.1453e-08 | 3.0014 0.0109
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Table 2.8: Problem 2.5.2: L, Convergence results in time for the L-stable scheme.

o h k error order-Ly | CPU Time
1.4 0.01250 | 0.02500 | 4.3276e-06 - 0.0392
0.01250 | 0.01250 | 5.3844e-07 | 3.0067 0.0693
0.01250 | 0.00625 | 6.6232e-08 | 3.0232 0.1393
0.01250 | 0.00313 | 8.1164e-09 | 3.0286 0.2883
1.6 0.01250 | 0.02500 | 2.6681e-06 - 0.0396
0.01250 | 0.01250 | 3.3285e-07 | 3.0029 0.0713
0.01250 | 0.00625 | 4.0649¢-08 | 3.0336 0.1376
0.01250 | 0.00313 | 4.8570e-09 | 3.0651 0.2812

Table 2.9: Problem 2.5.2: L., Convergence results in time for the L-stable scheme.

o h k error order-L., | CPU Time
1.4 0.01250 | 0.02500 | 6.8436e-07 - 0.0392
0.01250 | 0.01250 | 8.5146e-08 | 3.0067 0.0692
0.01250 | 0.00625 | 1.0474e-08 | 3.0232 0.1377
0.01250 | 0.00313 | 1.2835e-09 | 3.0286 0.2783
1.6 0.01250 | 0.02500 | 4.2188e-07 - 0.0395
0.01250 | 0.01250 | 5.2629e-08 | 3.0029 0.0730
0.01250 | 0.00625 | 6.4273e-09 | 3.0336 0.1422
0.01250 | 0.00313 | 7.6797e-10 | 3.0651 0.2854

2.5.3 Fisher’s equation

Consider the two-dimensional space-fractional Fisher’s problem

% = —K(-A)u+u—u? (z,y) € (0,1) x (0,1)

™

u(z,y,0) = sin <7y)

with homogeneous Dirichlet boundary condition and I = 1. The issue of mismatched
boundary and initial conditions arises in this problem. The solution profiles in figure
(2.8) computed with A = 0.5,k = 0.0125 at "= 1 for @« = 1.4,1.8. The convergence

orders for Ly and L, errors for ETD-Restricted Padé scheme are represented in table
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(c) ETD-Padé(1,2) scheme for « = 1.8 (d) ETD-Restricted Padé scheme for oo =
1.8

Figure 2.8: Problem 2.5.3: The L-stable and A-stable schemes solutions for a =
1.4,1.8.

(2.10) and table (2.11) with CPU time. The convergence orders for Ly and L., er-
rors for ETD-Padé(1,2) scheme are represented in table (2.12) and table (2.13) with
CPU time. As we observed in the first numerical experiment the A-stable scheme

demonstrated lower CPU time requirements compared to the L-stable scheme.
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Table 2.10: Problem 2.5.3: Ly Convergence results in time for the A-stable scheme.

o h k error order-Ly | CPU Time

1.4 0.1000 | 0.05000 | 4.5758e-03 - 0.0145
0.1000 | 0.02500 | 6.7392e-04 | 2.7634 0.0110
0.1000 | 0.01250 | 9.2840e-05 | 2.8598 0.0131
0.1000 | 0.00625 | 1.2296e-05 | 2.9166 0.0205

1.8 0.1000 | 0.05000 | 4.4843e-03 - 0.0144
0.1000 | 0.02500 | 6.7401e-04 | 2.7340 0.0118
0.1000 | 0.01250 | 9.7620e-05 | 2.7875 0.0160
0.1000 | 0.00625 | 1.3707e-05 | 2.8322 0.0257

Table 2.11: Problem 2.5.3: L., Convergence results in time for the A-stable scheme.

o h k error order-L, | CPU Time

1.4 0.10000 | 0.05000 | 5.2391e-03 - 0.0177
0.10000 | 0.02500 | 7.5852e-04 | 2.7881 0.0134
0.10000 | 0.01250 | 1.0331e-04 | 2.8762 0.0157
0.10000 | 0.00625 | 1.3597e-05 | 2.9256 0.0248

1.8 0.10000 | 0.05000 | 5.5303e-03 - 0.0138
0.10000 | 0.02500 | 8.3450e-04 | 2.7284 0.0115
0.10000 | 0.01250 | 1.2055e-04 | 2.7912 0.0144
0.10000 | 0.00625 | 1.6917e-05 | 2.8332 0.0251

Table 2.12: Problem 2.5.3: Ly Convergence results in time for the L-stable scheme.

o h k error order-Ly | CPU Time

1.4 0.10000 | 0.05000 | 2.4662e-04 - 0.0129
0.10000 | 0.02500 | 3.3802e-05 | 2.8671 0.0154
0.10000 | 0.01250 | 4.4503e-06 | 2.9251 0.0298
0.10000 | 0.00625 | 5.7199e-07 | 2.9598 0.0615

1.8 0.10000 | 0.05000 | 9.0929¢-05 - 0.0128
0.10000 | 0.02500 | 1.2834e-05 | 2.8247 0.0156
0.10000 | 0.01250 | 1.7224e-06 | 2.8975 0.0297
0.10000 | 0.00625 | 2.2401e-07 | 2.9428 0.0607
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Table 2.13: Problem 2.5.3: L., Convergence results in time for the L-stable scheme.

« h k error order-L, | CPU Time
1.4 0.10000 | 0.05000 | 3.1070e-04 - 0.0161
0.10000 | 0.02500 | 4.2570e-05 | 2.8676 0.0197
0.10000 | 0.01250 | 5.6039e-06 | 2.9253 0.0376
0.10000 | 0.00625 | 7.2022e-07 | 2.9599 0.0720
1.8 0.10000 | 0.05000 | 1.1482¢-04 - 0.0132
0.10000 | 0.02500 | 1.6206e-05 | 2.8247 0.0163
0.10000 | 0.01250 | 2.1749e-06 | 2.8975 0.0299
0.10000 | 0.00625 | 2.8286e-07 | 2.9428 0.0618
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2.5.4 Allen-Cahn Problem

We experiment the Allen-Cahn problem with non-homogeneous BCs by converting the
problem into homogeneous BCs and solve the problem using the proposed numerical
L-stable ETD-Padé(1,2) and A-stable ETD-Restricted Padé schemes. We examine

the one-dimensional non-homogeneous space-fractional Allen-Cahn problem

2—7: = —K(=A)*u+u(l —u?), (x,t)€[-1,1]x[0,100], 1 < a <2
u(z,0) = 0.47sin(—1.57x) 4+ 0.53x
u(—1,t) = —1,

u(l,t) =1

The graph of the initial condition represented in figure (2.9(a)). By applying the linear

transformation technique, we obtained a homogeneous BCs as in figure (2.9(b)). The

Figures (2.10) and (2.11) illustrate the behavior of the numerical solutions using L-

stable and A-stable schemes for various values of o and k = 1, h = 0.05 respectively.
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Figure 2.9: Problem 2.5.4: The graph of the IC and modified IC.
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Figure 2.10: Problem 2.5.4: The solution using ETD-Padé(1,2) Scheme.
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Figure 2.11: Problem 2.5.4: The solution using ETD-Restricted Padé scheme.

2.6 Conclusion

The difficulties presented by space-fractional reaction-diffusion equations have spurred
the development of two novel third-order numerical schemes. The proposed numeri-
cal L-stable ETD-Padé(1,2) and A-stable ETD-Restricted Padé schemes are obtained
by employing the forth-order MTT approach for space discretization and ETD for
temporal discretization. It was found that the A-stable approach might exhibit un-
wanted spurious oscillations, especially when dealing with non-smooth initial data.

The L-stable approach, on the other hand reliably preserves its expected third-order
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accuracy across all valuse of a. Furthermore, through numerical experimentation, it
has been observed that the ETD-Padé(1,2) scheme requires more computational time

compared to the ETD-Restricted Padé schemes.
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CHAPTER 3

FOURIER SPECTRAL

THIRD-ORDERED ETD

SCHEMES

In this chapter, the main goal is to combine the power of Fourier spectral methods
with the advantages of the restricted Padé rational approximations to develop a ro-
bust framework for characterizing complex phenomenon arising in space fractional
reaction-diffusion systems. The fractional Laplacian operator has a diagonal repre-
sentation when Fourier spectral approach is applied. This approach can easily be
extended to address multi-dimensional problems in the same way that it can solve
one-dimensional problems and make it possible to achieve spectral convergence for
multidimensional cases. Highly efficient time stepping schemes are developed using
third order single pole Restricted Padé and padé (1,2) rational approximations to

the exponential matrix functions. Efficiency of the proposed schemes is further en-
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hanced by applying powerful mathematical tools, namely discrete sine and cosine
transforms. Algorithms are developed to easily implement the methods on one and
multidimensional systems with homogeneous Dirichlet as well as homogeneous Neu-
mann boundary conditions. Computational efficiency, reliability and effectiveness of
the proposed methods is demonstrated through numerical experiments. Convergence

results are computed to support the theoretical findings.

3.1 Space Discretisation

To formulate a spatial fractional reaction-diffusion equation, we can substitute the
standard Laplace operator with its fractional counterpart. Consider the following
problem

ov(x,t)
ot

= —K(=2)0(x,t) + F(u,t), t€[0,T], 1<a<2 (3.1

v(x,0) = ¢(x), x€0

with homogeneous Dirichlet as well as homogeneous Neumann boundary conditions.
where €2 is contained within the d-dimensional real space and d = 1,2, 3. In order to
understand the fractional Laplacian, spectral decomposition is essential tool, see [24]
and [50]. The fractional Laplacian (—A)®/2 has the same spectral decomposition as the
classical Laplace operator (—A), which is the eigenvalues of (—A) raised to the power
of (a/2) [51]. Based on definition 2 in Section (1.1) for the spectral decomposition,

we can extend it to 3-dimensional space. Given a bounded region Q C R, Let the
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Laplacian (—A) possess a complete set of orthonormal eigenfunctions, denoted as
Ui, Vi1, OF Yy, in accordance with standard boundary conditions. Correspondingly,

it is associated with eigenvalues py, fir1, O Ll p-

(=A)be = prthr, ifd=1,

(=A)Yrs = e ¥ry, if d =2,

(=A)Yrin = MrinWrin, ifd=3,
for k,l,n=0,1,2,..., on €. Let

o0 o0

v = Z@kwk, O = (v1, Yi) Z 0] || < o0,
k=0 k=0
o [o@) (0@ o

Vg = Z Z@k,ﬂﬁk,l, Opom = (Va, Vi) ’@k,z|2 1" < o0,
k=0 1=0 k=0 1=0

oo o0 o0

oo o0 oo
U3 = Z Z Z @k,z,n¢k,z,n, @k,l,n = <US, ¢k,l,n> ) Z Z Z |@k,l,n’2 ’,Uk,l,n|a < oQ.
k=0 1=0 n=0

Then,

N1

(—A)2v; = Z@kﬂg%,
=0

[S S ENe o]

E : 52
v ,lﬂk,ﬂ/)k,ly

o0

—~
|
s
w|R
=

[}
I

k,l,n/’tk l nwk,l,n
k=0 =0 n=0

The specified boundary conditions determine the eigenvalues and eigenvectors of the
classical Laplace operator. For the dimension d = 1,2,3 and x € Q = (a, b)¢, we have

the eigenvalues and eigenvectors under the homogeneous Dirichlet BCs are given by
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m=k1
7\ . ((m+ )7 (2, —a)
Uky, kg = — Hsm — ki=0,1,2,...,
m=k1

and the eigenvalues and eigenvectors under the homogeneous Neumann BCs are given

by

hd mm 2
b= 3 (b_a)

m=k1

d
2 i mm (T — a)
wkl,...,kd = b—a H COSs ? ,ki :0,1,2,...
m=k1

If we restrict our analysis to a finite number of orthonormal trigonometric eigenfunc-

tions 1, the fractional Laplacian can be estimated using a truncated series

(Ao~ Y Dt (3.2)

To outline the foundational basis of the technique, let’s focus on considering the one-
dimensional space problem of (3.1) in Fourier space for some z € [a,b]. Using the
Fourier transform and the definition of the fractional Laplacian in Section (1.1), we
obtain

% Flo(a,t)] = —KMFu(z, )] + FIF (v, 1)
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where M = K (12)*"*.
For the homogeneous Dirichlet BCs, the eigenvalues are computed as

Mi:%

L
for :L"i:a—i-ih, h:m

and for the homogeneous Neumann BCs, the eigenvalues are computed as
1— 1)
Y
L
h L
for z;, =a+(i—1)h+ -, h=—
Where L = b—a and ¢ = 1,2,--- , N,, where the spatial step size is represented
by h, and the number of spatial mesh points is indicated by N,. Discrete Cosine or
Sine transforms and their inverses are efficient methods we employ to compute the
coefficients 0,, and carry out the inverse reconstruction of v in physical space. These

techniques depend on the given homogeneous BCs [52], [53].

3.2 Time Discretisation

Using the aforementioned Fourier spectral method, the following ordinary differential
equations system (ODEs) is established, considering homogeneous boundary condi-

tions
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%}"[U(a:,t)] = —MFlv(x,t)] + F[F(v,1)]

let © = Flv(x,t)] and F(0,t) = F[F(v,t)], then the ODEs system can be expressed
as
dv

- =M+ F(b,t) (3.3)

t

By multiplying Equation (3.3) by the integrating factor ™! and integrating over ¢,

we derive the following exact solution

t
o (t) = e Mty + / e MEDE (b (1), 1) dr (3.4)
0

Therefore, the solution satisfied the recurrence formula
1 A
O (the1) = e Mo (t,) + / ke *MU=1) B (5 (t, + pk) , t, + pk) du (3.5)
0

Cox and Mathews formulated time-stepping schemes that offer higher-order approx-
imations schemes of Runge-Kutta type [45]. Let 6(t,) = 0, and F(d(t,), tn) = Fp.

Within this framework, our attention is directed towards the ETDRK3 scheme

bps1 = e Mo, + k(—kM)7 (M — 1) F,

+ h(—kM)™2 (e — [ + kM) (—3Fn F4Fe Ff) (3.6)

M fn
+ dk(—kM) (e‘kM—]Jrk:M—( 2) ) <Fn—2F§+Ff>,
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where

By =e "M, + k(—kM)™ (e — 1)) (2 - Fn) ;

and

A

F, = F(0p,ty),
Fe = F(ap,t, +k/2),
08— F (B, tn + k).
For further details on the scheme’s derivation, see to section (2.3.1).
Computing the matrix exponential of sparse matrix representations don’t necessarily
result in a sparse form. This chapter suggests modifying equation (3.6) for the ma-

trix exponential function e™* by using the third-order Restricted Padé and Padé(1,2)

approximations.

3.2.1 ETD-Padé(1,2) Scheme

The Padé (1,2) approximation (2.10) is of the third-order L-acceptable approximation.

M

The exponential matrix functions e="2" and e *M are approximated using the Padé

(1,2) approximation. Approximating e *¥ is given by
Ryo(kM) = (K*M? + 4kM + 61)7* (61 — 2kM) (3.7)
Therefor, the ETD scheme in (3.6) becomes

Bpi1 = Rig(kM)d, + @1 (kM) E, + Oo(kM)ES + O3(kM)EL, (3.8)
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where

Oy (kM) = k(K*M? + 4kM + 61)~
Dy (kM) = 4k(K*M? + 4kM + 61)~
Dy (kM) = k(k*M? + 4kM +61)" (kM + 1)

and

— Ryo(kM)o, + Uy (kM)E,,
By = Ry o(kM)i, + Us(kM) ( )

where

Ryo(kM) = (K2M? + 8kM + 241) (241 — 4kM)
Uy (kM) = k(k2M? 4 8kM + 241)~* (kM + 121)

Uy(kM) = k(k*M? + 4kM + 61)~". (kM + 61)
3.2.2 ETD-Restricted Padé Scheme

The Restricted Padé approximation is of the third-order A-acceptable approximation.

The approximation of e ** using-Restricted Padé approximation is defined as

Ri(kM) =6 (6+ (3+ V3) kM ) - (67 +2v3kM — (14 V3) k2M2)  (3.9)
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Approximating the exponential matrix functions exp(—*%) and e ** in (3.6) and

rearranging terms, we obtain the following third-order ETD-Restricted Padé Scheme

o1 = Ru(kM3? )b, + &y (kM)E, + Oy (kM)ES + dy(kM)E?, (3.10)

where
O, (kM) = 6k(6 + (3 + V3)kM) (I + (1 + V3)kM)
Dy (kM) = 24k(61 + (3 + V/3)kM) ™2
Oy(kM) = 6k(61 + (3 + V3)kM) (I 4 (2 + V/3)kM)
and
a, = Ry(kM)b, + Uy (M) E,,
B, = R(kan—i—\Ifsz( )
where

Ru(kM) = 6(121 + (3 + v/3)kM) 2 (241 4VBEM — (1 + \/§)k2M2) ,
Uy (kM) = 6k(121 + (3 + V3)kM)~2(121 + (3 + 2V/3)kM),

Uy (kM) = 6k(61 + (34 V3)kM)2(61 + (3 + 2V3)kM).
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3.3 The Third-Order ETD Algorithms

The algorithms for the modified numerical schemes, the L-stable ETD-Padé(1,2) and

A-stable ETD-Restricted Padé schemes is presented below

Algorithm 3 Three-Dimensional ETD-Padé(1,2) Algorithm for Neumann BCs

Initialize: grid points Nox = Ny = Nz, h = IE—;, time step k, T,KC, «, initial
condition v.
for:=1,2,---,N, do

/2
3: Calculate p; = ((%)2 + (%)2 + (%)j ;
Calculate @;,y;, 2z as a+ (1 — 1)h + 2.
end for
6: Calculate A; = ((kKp)? + 4kKp + 6) and Ay = ((kKp)? + 8kKp + 24) .
for n =1 to round(7'/k) do
Transform v to discrete cosine space: vdct = dctn(v).
9: Update time: t = nk.
Calculate a,, = idctn [(24 — 4kKp) - vdet + k(EKp + 12) - detn(F),)/ As).
Calculate (3, = idctn[(6 — 2kKu) - vdet + k(EKu + 6) - detn(2F> — F,,)/ A4].
Update v using discrete cosine transforms:
12: v = idetn ((detn((6 — 2kKu) - vdet) + k - detn(F,). + 4k - detn(F)
+(kKp+ 1) - detn(F7))/Ar).
end for

For problems with homogeneous Dirichlet BCs, the computation of ;1 becomes

() () ()

Furthermore, the grid spacing h is changed to ]\l,’;fl Instead of idctn and dctn,

the functions idstnl and dstn are used, respectively. These are the Discrete Co-
sine/Sine Transforms for one- and two-dimensional situations. Moreover, the notations
dctn/dstn indicate the Discrete Cosine/Sine Transforms for arbitrary n dimensions,

whereas idctn/idstn denote their inverse.
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Algorithm 4 Three-Dimensional ETD-Restricted Padé Algorithm for Neumann BCs

Initialize: grid points Nx = Ny = Nz, h = bN“, time step k, T,K, «, initial
condition v.
fori=1,2,--- N, do

Calculate p; = (((1—_1)”) ( > <(Z e >2)a/2
Hi b—a 7

4: Calculate z;,y;, 2; as a + (i — 1)h + %
end for
Calculate A; = (6 + (3 + \/g)leu)Q and Ay = (124 (3 + \/§)k/C,u)2
for n =1 to round(7'/k) do
8: Transform v to discrete cosine space: vdet = detn(v).
Update time: t = nk.
Calculate o, = idetn [(24 + 4kv/3Kp — (1 + v3) (k}Cp)?) - vdct
+6k(12 4 (3 4 2v3)kKp) - detn(F,)/As].
12:  Caleulate 8, = idetn [6(6 + 2kv/3Ku — (1 + v/3)(k}Cu)?) - vdet
+6k(6 + (3 +2V3)kKp) - detn(2FS — F,)/A4].
Update v using discrete cosine transforms:
v = idetn ((detn(6(6 + 2kv/3Ku — (1 + V3)(k}Kp)?) - vdet + (1 + (1 + V3kKp) - detn(F,)
16: 44k - detn(F2) + 6k(1 + (2 + V3)kKp) - detn(F?))/Ay).
end for

3.4 The Stability Regions and Linear Error Anal-
ysis

To investigate the linear stability of the suggested approaches, detailed in section

(2.4). We begin with the fundamental non-linear ordinary differential equation

u = —au + f(u)

with f(u) represents a non-linear function operating on u the complex-valued function.
After establishing a fixed point ug such that —aug+ f(ug) = 0, we proceed to linearize
around wug, obtaining u; = au + Au, with A\ = f’(ug) which indicates the derivative

of f evaluated at ug. For the stability analysis, we introduce new variables y = —ak
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and x = Ak, for time step k, facilitating the expression of the amplification factor
through the Exponential Time Differencing (ETD) techniques, namely the L-stable
ETD-Padé(1,2) and A-stable ETD-Restricted Padé schemes. The amplification factor

for each method is delineated as follows

o The L-stable ETD-Padé(1,2) scheme:

The amplification factor is defined as

by 4 bex® + b b
R(l’,y): 3.Z‘+ 2$+ 1$‘|—0

den

where the coefficients b3, by, by, and by are defined by the scheme’s parameters

and den signifies the denominator, as in section (2.4).

¢ The A-stable ETD-Restricted Padé scheme:

Similarly, the amplification factor is

d31’3 + d2$2 + dll' + do
den

R(x,y) =

with ds, ds, dy, and dy representing coefficients unique to the Restricted Padé

method and den the corresponding denominator, see section (2.4).

The depiction of stability regions in figure (2.3) for both the L-stable ETD-Padé(1,2)
and A-stable ETD-Restricted Padé methods reveals that as y — oo, their stability
regions broaden, affirming the robustness of these approaches.

In demonstrating the third-order convergence rate of our novel methods, we first
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established the local truncation error as third-order in time by linearizing F(u) with

(Hu).

d
d—‘t‘ — —Mu+ Hu (3.11)

The numerical solution, represented by Equation (2.21) and (2.23) for both of the
L-stable ETD-Padé(1,2) and A-stable ETD-Restricted Padé methods and the exact
solution, given by Equation (2.19). As in section (2.4), the local truncation error was

computed to be

a1 = =, = O (1)

We conclude that, both schemes are of the third-order convergence.

3.5 Numerical Experiments

In this section, we apply our new methods to some well-known test problems to
discuss and compute the numerical solutions. First, we solve a one dimensional test
problem whose exact solution is available. The second problem we considered is a
two-dimensional Allen-Cahn problem with an initial condition that is not smooth.
Using absolute errors between the successive iterations, the order of convergence is

calculated as

where the error F(k) is computed as the difference between the solutions at time steps
2k and k, represented as |u(2k) — u(k)|. This method calculates the order of conver-

gence in cases where analytical solutions are not available, as discussed in [41], [54].
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Convergence errors are determined using both the L, and L., norms. The conver-
gence tables provide information on the new method’s computational efficiency, which
is demonstrated by keeping track of CPU time during each iteration. As observed,

the CPU time remains small even with a high number of time steps.

3.5.1 A test problem with exact solution

The exact solution of the following reaction-diffusion problem from Zhai et al. [49] is
available. This test problem is being used to show the convergence order of the new

modified methods.

M KA+ fnt), () e01)x(00), 1<a<2
u(z,0) =1, 0<z<l,

u(0,t) =0, wu(l,t)=0, t >0,

flu,z,t) = at* ' sin®(3wx) + %to‘ (3[1 + (2m)*] sin(27x) — [1 + (67)*] sin(67x)) — Ku

For problem (3.5.1), The exact solution is
u(z,t) = t*sin’(27x). (3.12)

Problem (3.5.1) has been solved for various values of . Graph of the numerical and
exact solutions are shown in the figure (3.1) for both the L-stable ETD-Padé(1,2) and
A-stable ETD-Restricted Padé methods. Since exact solution contains t*, therefore
graphs of the exact solution will vary depending on the value of o for T' # 1. For

T = 0.5, we have calculated numerical solutions for several values of a to demonstrate
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Graphs of Numerical and Exact Solutions for =1.8 5 Graphs of Numerical and Exact Solutions for =1.8
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(a) Problem 3.5.1: Graph of numerical (b) Problem 3.5.1: Graph of numerical
and exact solutions at 1" = 1 for ETD- and exact solutions at 7" = 1 for ETD-
Padé(1,2) scheme. Restricted Padé scheme.

Figure 3.1: Problem 3.5.1: The L-stable and A-stable schemes compared to the exact
solution.

the accuracy of our numerical approach. The figure (3.2) displays the graphs of both
the numerical and exact solutions. Reliability of the numerical scheme for 0 < ¢ <1
is shown by plotting the time evolution graph in figure (3.3). The convergence orders
for L., errors for different temporal steps are represented in table (3.1) with CPU

time. The A-stable time stepping method is observed to require less computational

time than the L-stable method.
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Graphs of Numerical and Exact Solutions at T=0.5 Graphs of Numerical and Exact Solutions at T=0.5
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(a) Problem 3.5.1: Graphs of numerical (b) Problem 3.5.1: Graphs of exact and
and exact solutions at T" = 0.5 for ETD- numerical solution at 7' = 0.5 for ETD-
Padé(1,2) scheme. Restricted Padé scheme.

Figure 3.2: Problem 3.5.1: Graphs of the exact solution and L-stable and A-stable
numerical schemes at 17" = 0.5 for various values of «.

Time evolution solution profile for o=1,8 Time evolution solution profile for o=1,8

(a) Problem 3.5.1:Time evolution graph (b) Problem 3.5.1:Time evolution graph
for L-stable ETD-Padé(1,2) scheme. for  A-stable ETD-Restricted Padé
scheme.

Figure 3.3: Problem 3.5.1: Time evolution solution of the L-stable and A-stable
schemes.

76



Table 3.1: Problem 3.5.1: L. Convergence results for the L-stable and A-stable
numerical schemes for o = 1.5.

Method h k error order-L., | CPU Time

ETD-Padé(1,2) | 0.01000 | 0.01000 | 2.4756e-04 - 0.0102
0.00500 | 0.00500 | 3.0991e-05 | 2.9979 0.0003
0.00250 | 0.00250 | 3.8753e-06 | 2.9995 0.0003
0.00125 | 0.00125 | 4.8446e-07 | 2.9999 0.0006
0.00063 | 0.00063 | 6.0559e-08 | 3.0000 0.0051

ETD-Restricted | 0.01000 | 0.01000 | 2.4756e-04 - 0.0163
Padé 0.00500 | 0.00500 | 3.0991e-05 | 2.9979 0.0004
0.00250 | 0.00250 | 3.8753e-06 | 2.9995 0.0003
0.00125 | 0.00125 | 4.8446e-07 | 2.9999 0.0003
0.00063 | 0.00063 | 6.0559¢-08 | 3.0000 0.0032

3.5.2 Allen Cahn Equation with Nonsmooth Data

The Allen-Cahn equation (3.13) serves as a reaction-diffusion model for capturing the
phase segregation dynamics within multi-component alloy systems. This includes de-
tailing the movements of boundaries between phases and the formation of microstruc-

tural patterns.

o KA —u 1), () e )x (0.1, e[0T, (3.13)
?y(l—2®)(1—-vy), 0<z<05 0<y<l1
u(r,y,0) =

Lry(l—az)(1—y), 05<z<1, 0<y<l
u(.,t) = 0, (z,y)€0,1]x1[0,1], t>0,

Handling nonsmooth initial data within the Allen-Cahn equation framework poses
numerous computational difficulties. This type of data may obstruct the achievement
of numerical stability and accuracy, especially in regions near interfaces where there are

abrupt changes in the solution’s gradient. In the context of the Allen-Cahn equation
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Initial Condition
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Figure 3.4: Problem 3.5.2: The Initial condition (left) and solution using L-stable
scheme with 10 time steps only (right).

with nonsmooth initial conditions, it is noteworthy that L-stable schemes often provide
solutions more expeditiously compared to A-stable schemes , see figures (3.4) and
(3.5). This efficiency is attributed to the inherent attributes of L-stable methods,

which prioritize stability while ensuring relatively swift convergence, particularly in

scenarios involving nonsmooth data.
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Figure 3.5: Problem 3.5.2: Numerical solution using A-stable method with 10, 20, 40,

and 80 time steps.
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3.5.3 3D Fisher’s Equation

Consider the three-dimensional space-fractional Fisher’s problem

%:—K(—A)gu—i—u—uQ, (r,y,2) €Q, 1<a <2

with the initial condition
u(z,y,2,0) = sin (7y) sin (72)

with homogeneous Dirichlet boundary condition.

Where 2 = (0,1) x (0,1) x (0,1) and £ = 1/5. The issue of mismatched boundary
and initial conditions arises in this problem. The numerical solutions obtained by the
L-stable scheme computed with £ = 0.1,h = 0.0125 at T" =1 for « = 1.4,1.8 are
shown in figures (3.6) and (3.7), respectively. In the same manners, the numerical
solutions obtained by the A-stable scheme for v = 1.4,1.8 are shown in figures (3.8)
and (3.9), respectively. When employing the A-stable scheme, undesired oscillations
for appears o = 1.8,. As the fractional order diminishes to o = 1.4, the undesired
oscillations decrease. Additionally, in Figure (3.10), it can be observed that reducing
the time step to £ = 0.05 for @« = 1.8 further decreases the undesired oscillations.
However, this reduction in time step results in an increase in CPU time to 12.832983

seconds, compared to 6.515076 seconds for k£ = 0.1.
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Figure 3.6: Problem 3.5.3: The L-stable scheme solutions for v = 1.4.

ETD-Padé(1,2) scheme ETD-Padé(1,2) scheme

Figure 3.7: Problem 3.5.3: The L-stable scheme solutions for v = 1.8.

ETD-Restricted Padé scheme ETD-Restricted Padé scheme

Figure 3.8: Problem 3.5.3: The A-stable scheme solutions for a = 1.4.
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Figure 3.9: Problem 3.5.3: The A-stable scheme solutions for oo = 1.8.
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Figure 3.10: Problem 3.5.3: The A-stable scheme solutions for k£ = 0.05 and o = 1.8.
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3.5.4 Fitzhugh—Nagumo model

The FitzHugh-Nagumo reaction-diffusion model is an extension of the basic
FitzHugh—Nagumo model. This model is used to account for the spatial dynamics,
particularly diffusion, in addition to temporal dynamics. The behavior of excitable
media such as chemical reactions or the propagation of action potentials in excitable

tissues like neurons are described by this model [30], [31].

% = —KolA)2u—v+u(u—a)(l —u),
ov
W~ d(pu—v0),

where the parameters values taken are: K =107%, a =0.1, e=0.01, y=1, 3=0.5
and 0 = 0. The problem (3.5.4) is solved on the spatial domain [0,2.5] x [0, 2.5] with
homogeneous Neumann boundary conditions.We perturb the initial state (u,v) =
(0,0) by assigning v = 1 to the lower-left quarter of the spatial domain and v = 0.1
to the upper half part. This perturbation will cause the initial condition to curve
and rotate clockwise and generate the spiral waves. Figure (3.11) and (3.12) show the

graphs of the numerical solutions of both v and u computed for various values of «.
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Figure 3.11: Problem 3.5.4: Numerical solutions of Fitzhugh-Nagumo model using
ETD-Restricted Padé scheme for various values of «
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Figure 3.12: Problem 3.5.4: Numerical solutions of Fitzhugh-Nagumo model using
ETD-Padé (1,2) scheme for various values of «

85



3.5.5 Allen Cahn Equation for Phase Separation Phenomena

In this problem, we consider the two=dimensional Allen-Chan equation starting from
a random initial configuration. Phase separation can occur, for instance, between
domains with different magnetizations in a ferromagnet, or in mixtures of ice and
water, [55]. It also occurs in mixtures of two substances with different properties, such
as metals in certain alloys, water and oil, or oil and vinegar in mayonnaise missing
egg yolk. However, the Allen-Cahn equation does not conserve the total amount of
each phase, which is why other equations, such as the Cahn-Hilliard equation are
used. Figure (3.13) shows the contour plot and 3-dimensional plot of the random
initial condition. The patterned dynamics of Allen-Cahn model for different values
of a using ETD-Restricted Padé scheme shown in the figure (3.14) are computed at

T = 20. Phase change phenomena is further explored and shown in the figures (3.15).

% = K (A2 —uw?-1), (z,y)€Q, 0<t<T, (3.14)
u(z,y,0) = [=0.1Random(N)+ 0.1Random(N)]/2

u(,t) = 0, (xz,y)eQ, t>0,

where Q = [—1,1] x [-1, 1]
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Figure 3.13: Problem 3.5.5: Initial condition contour plot (left) and 3-Dimensional
plot (right) with random noise.

Solution profile for a=1.25 Solutlon profile for a=1.5

Figure 3.14: Problem 3.5.5: Solution profiles at ¢ = 20 for various values of «
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Figure 3.15: Problem 3.5.5: Solution profiles at ¢ = 50, ¢ = 200, and ¢t = 1000 for
various values of «
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3.6 Conclusion

Two highly efficient methods, characterized as A-stable and L-stable, have been de-
veloped to solve nonlinear fractional reaction-diffusion systems. These schemes utilize
the Fourier spectral approach for spatial discretization and the Exponential Time Dif-
ferencing (ETD) approach for temporal discretization. Additionally, a novel approach
utilizing a single Gaussian quadrature pole rational approximation of the matrix expo-
nential function has been introduced. Through analytical proof and numerical verifica-
tion, the third-order convergence of these methods has been established. Furthermore,
solution profiles have been plotted to illustrate the impact of order of diffusion in some

two-dimensional problems.
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CHAPTER 4

CONCLUSION AND FUTURE

WORK

In our study, we introduced two highly efficient numerical schemes designed for solving
nonlinear fractional reaction-diffusion problems on finite domains with either homoge-
neous Neumann or homogeneous Dirichlet boundary conditions. These schemes com-
bine the Matrix Transform Technique (MTT) for spatial discretization with Exponen-
tial Time Differencing Runge-Kutta (ETDRK) approach to solve the semi-discretized
equations. Furthermore, we extended our study to include the solution of problems
involving non-homogeneous Dirichlet boundary conditions. Additionally, we devel-
oped a new time-stepping numerical scheme based on real poles rational approxima-
tion of matrix exponential functions, comparing it with the Padé (1,2) approximation
method which involves complex arithmetic poles. To enhance computational effi-
ciency, we employed the partial fraction splitting approach. Moreover, we utilized

the Fourier Spectral approach for space discretization, which can be extended to solve
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multi-dimensional problems in the same manner as it solves one-dimensional problems,
thereby enabling spectral convergence for multidimensional cases. We thoroughly dis-
cussed the convergence and stability of the schemes and conducted numerical exper-
iments to illustrate their accuracy, reliability, and efficiency. Our study underscores
the significance of selecting appropriate numerical schemes, as the A-stable approach
may exhibit unwanted spurious oscillations, especially with non-smooth initial data,
while the L-stable approach consistently maintains its expected third-order accuracy.
As future work, it would be beneficial to explore the impact of different boundary con-
ditions on the performance and accuracy of the numerical schemes. This investigation
could involve analyzing how variations in boundary conditions, such as mixed or time-
dependent boundary conditions, influence the stability and convergence properties of
the schemes. By conducting such an analysis, valuable insights can be gained into
optimizing the schemes for a broader range of practical applications and boundary

conditions.
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