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THESIS ABSTRACT

NAME: Dalal Ali Alzahrani
TITLE OF STUDY: Change-Point Analysis and Pattern Tracking in Data
MAJOR FIELD: Applied Statistics

DATE OF DEGREE: MAY 2024

Change point analysis is an active area of study in various domains, including statis-
tics. The main purpose of this thesis is to identify change points and estimate the
number and location of structural changes in data sets. We have developed novel sta-
tistical methods to address the limitations of existing methodologies and the challenges
associated with change point detection, helping us to understand better the nature
of the processes that underlie observable data. In the first proposed method, change
points are found and data is partitioned using an optimization approach to minimize
errors using the Euclidean Distance. Furthermore, the second proposed method pro-
vides a dynamic framework for handling changing data. It takes into account the
complicated nature of real-time data evolution and operates on a dataset regardless
of its finiteness. This thesis examines change point detection in real datasets (power

consumption) and compares the performance of local regression to global regression.
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Using advanced statistical techniques and bootstrapping by R software, the study
shows that local regression produces considerably smaller Euclidean distances than
global regression. These findings apply to a wide range of datasets. Moreover, the
data was examined using Deep Neural Networks (DNNs) in the same real data (power
consumption) to demonstrate their effectiveness in addressing the research challenge.
The neural network approach achieved a similar outcome, providing comparable ac-
curacy. This demonstrates our method’s efficacy and validity, particularly in cases

when data separating is important to improving statistical models’ performance.
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CHAPTER 1

INTRODUCTION

This chapter introduces the topics being explored, provides background for how the
problem was framed, and states the questions that will be addressed in subsequent

chapters.

1.1 Background

Changes happen everywhere in everyday life. ~ Understanding unexpected and
significant shifts is a prerequisite for comprehending the mechanics of a variety
of scientific activities. Time series data are sequential observations that show the
dynamic behavior of a system. Change point detection (CPD), which uses time series
observations to identify the time associated with a shift in the temporal development
of a system or process, may be affected by a sudden shift in the dynamics or
distribution of the underlying system/process that is producing the data. The
statistics and machine learning community has shown a great deal of interest in this

CPD challenge throughout the years due to its many applications in various sectors,



such as healthcare diagnosis [27], and climate studies [35], among others. Many
methodologies and algorithms have been developed as a result of the CPD problem:;

we provide an in-depth review of the most recent and oldest approaches in Chapter 2.

Disregarding a change point may result in possibly incorrect and misleading
results. In today’s data-driven world, the capacity to monitor and comprehend
data patterns is essential. These patterns, ranging from scatter plots to time series
data, offer critical insights into areas. As the world becomes more interconnected,
decision-makers must be able to detect and respond to shifts in data patterns.
Effective decision-making requires proficiency in spotting major data changes, such

as anomalies, trends, and seasonality [1].

Motivated by the difficulties encountered in dealing with change point detec-
tion problems and the limitations of current methodologies, we develop unique
statistical methods to solve these issues. Our methodologies are not limited by
standard time series approaches and may be used in a variety of data forms, including

scatter plots.

This thesis aims to explain the nature of processes hidden behind observable
scatter plots by introducing and critically analyzing a variety of novel statistical
techniques for change-point identification. Despite their numerous potential uses,
the purpose of these techniques is to detect unexpected shifts in data and adaptively

partition them into nearly stationary intervals of varying lengths. The ultimate



goal of this research is to improve the interpretability of specific observed scatter
plot patterns, which will allow for more perceptive analysis and meaningful data

interpretation.

1.2 Preliminaries

This section provides an overview of the key components of our research. Our primary
goal is to offer readers a thorough comprehension of the fundamental concepts and
research methods that support our argument. By delving into these fundamental
components, we want to create a solid foundation for further in-depth study and

analysis in subsequent sections.

1.2.1 Foundational Concepts

In this part, we will discuss and explain the essential concepts that will serve as the

basis for our research.

1. Scatter plot:

A scatter plot in 2D is a plot of data points on a Cartesian plane, each representing
the value of two variables. This visualization form is particularly beneficial for
identifying patterns or connections between variables, as well as locating outliers in

data.



2. Correlation

Correlation is a statistical measure that describes the relationship between the relative
changes of two variables. The points on a line or curve represent how the variables are
associated. Three scenarios are possible for demonstrating the relationship between
the two variables. 1. A positive correlation. 2. A negative correlation.
3. No Correlation. When the points on a scatter plot rise and move from left to
right, a positive correlation is seen. When the points in the scatter graph drop
as they move from left to right, it’s known as a negative correlation. There is no
correlation when it is difficult to identify whether the values are rising or falling due

to scattered points on the graph.
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Positive Correlation Negative Correlation No Correlation

Figure 1.2: Correlation

3. Time-series:

A time series is a collection of data points organized chronologically. One major
distinction between time series and other types of data sets is that they are indexed
or listed in order of occurrence. Time would always be one of the axes in a graph
constructed from the points of the time series. Time series data point graphs are

commonly used to demonstrate trends or patterns in a more accessible and natural

manner.

Time series analysis is technique of projecting future values based on past data points.
Time series data analysis allows for the extraction of valuable statistics and other
data characteristics. Economic data, temperature observations, and stock prices are

just some of the examples.



Time series analysis focuses on achieving two main objectives:
1. Understanding the behavior of a time series: This includes determining
critical parameters and characteristics that accurately represent the behavior of the
time series.
2. Forecasting future values of the time series: Using historical and present

data, this approach forecasts the time series’ future values.

Time Series Plot
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Figure 1.3: Time Series

4. Regression analysis:

Regression analysis is a statistical approach used in financial services, investment
management, and other disciplines to determine the nature and strength of a

relationship between a group of independent variables and one dependent variable,



usually denoted by Y.

Linear Regression
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Figure 1.4: Linear Regression

The goal is to determine the extent to which variations in the independent variables
correspond to modifications in the dependent variable. Linear regression is a widely
used statistical tool for forecasting and prediction. There are two main classifications

in linear regression: univariate and multivariate.

4.1 Univariate linear regression

Univariate linear regression is used to discover the association between a single inde-

pendent and dependent variable.



Simple Linear Regression
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The model for simple regression represents this:

y=a+pr+e (1.1)

It is implied that the covariable x is approximately a linear function of the
dependent variable y, where « is the independent term and [ is the slope of the
straight line. The error measures the degree of disagreement with this approximation
because there is noise in the data or an incorrect relationship between the data and
the statistical model. The ¢ represents the error in estimating the observed value y

using the linear estimator obtained from the model.



4.2 Multivariate linear regression

Numerous linear regression models are employed when there are numerous indepen-

dent or predictor variables. They are a generalization of simple linear regression. As

such, the goal of this kind of multiple regression is to look into and quantify the

relationship between one or more qualitative predictor elements and a dependent nu-

merical variable.
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The structure of a model with multiple linear regression is as follows:

Vi = a+ Brxy + Poo; + B3xzi + ...+ B + &

The independent predictors are represented by the notation zq,xo,...
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whereas the dependent variable is represented by the notation y. The fixed numbers
b1, Ba, ..., B indicate the regression coefficients. The part of the model that cannot
be explained by the independent variables is known as the error term, and it is
represented by the symbol €. This part of the model is thought to be representative

of a normal distribution.

4.3 Regression Analysis’s Least Squares Error:

The least squares approach is commonly used to estimate regression model coefficients
by minimizing the sum of squared differences (residuals) between actual and predicted
values. The difference between the regression model’s predicted and actual values is
assessed by the least squares error, often known as the sum of squared errors (SSE).
The goal of minimizing this error metric is to determine the line (or curve) that best

matches the data.

5. Clustering algorithms:

Data clustering is a common analytical technique that is gaining popularity in
domains such as statistics, data mining, and pattern recognition. Data clustering is
an exploratory as well as descriptive data analysis method. The cluster is generally
defined by its internal cohesiveness (homogeneity) and external isolation (separation).
As a result, the cluster is typically viewed as a collection of items that are similar
within the cluster but distinct from objects in other clusters. Each data point is

assigned to a single cluster using traditional partitioning and clustering techniques

10



such as K-Means and hierarchical approaches, which construct divided clusters [2].
In order to reduce the total mean square error throughout all K-regressions, the
regression at each partition operates on a selection of data that is comparable [3].

Some data clustering methods are described below:

5.1 K-Means Clustering

The partition method identifies spherically formed groups that are mutually exclusive.
It generates a specific number of disconnected clusters. Using the statistical approach,
clustered categorical data can be grouped and ranked. Rank values were assigned to
convert categorical data into numerical values. Using the K-Means approach, things
are divided into k groups. Each partition corresponds to a cluster.

Analysts begin with the original set of means and categorize situations based on
how far they are from their centers. After recalculating the cluster means with the
cases assigned to the clusters, analysts classify each case using the revised options.
Analysts will repeat this technique as long as the cluster means stays stable in the
following phases. Ultimately, analysts calculate the cluster averages again and place

the cases in their permanent clusters.

11



Scatter Plot with K-Means Clustering
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Figure 1.7: K-Means Clustering

5.2 Hierarchical Clustering

A hierarchical approach divides a given set of data items hierarchically. A tree of clus-
ters generates a diagram. Sibling clusters divide the points covered by their common
parent, and each cluster node contains child clusters.

When employing the hierarchical clustering method, researchers assign each item to a
cluster, resulting in N clusters for any given number of items. Locate the nearest pair
of clusters and unite them into a single cluster. Determine the distance between each
prior cluster and the newly created cluster. Analysts must repeat these steps until

every item has been categorized into K clusters.

12



6. Change Points Analysis:

A change point is any point in a dataset where the underlying distribution or
pattern of the data changes noticeably or suddenly. Finding structural changes or
irregularities in data required the identification of change points.

Consider a data series expressed as f(x), where z signifies the index or time point
inside the series, in the context of change points analysis. The change point problem,
which is essentially a hypothesis-testing scenario, seeks to identify one or more change

points in the dataset.

In mathematical terms, this means comparing the alternative hypothesis, Hj,
which asserts that one or more change points exist, to the null hypothesis, Hy, which
states that no change points exist. Formally, the alternative hypothesis posits that
the data series undergoes a structural shift at one or more points, whereas the null
hypothesis asserts that the data series has a single distribution throughout. Using
this method for hypothesis testing, we can statistically evaluate change point evidence

and get insight into changes or transitions in the underlying data process.

13



Change Point Detection in Time Series
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Figure 1.8: Change point

7. Trend Analysis:

In data analysis, a trend refers to the overall direction or tendency that a dataset
exhibits over time. There are three types of trends: flat (indicating stability),
downward (representing decrease), and upward (expressing increase). Trend analysis
is a method of using historical data to predict the progressive changes of future
events. Trends are estimated using a number of parametric and nonparametric
approaches. Trend analysis procedures are statistical techniques for detecting an
underlying behavioral pattern in a time series that may otherwise be masked by
noise. As illustrated in the trend estimate, trend analysis can be performed within
a typical regression analysis if the trend is assumed to be linear. Non-parametric
techniques, such as the Mann-Kendall test, a variation of the Kendall ranking

correlation coefficient, can be used to test trends with no linear structure [4].

14



Time Series Data with Trend and Change Point
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Figure 1.9: Trend Analysis

1.2.2 Overview of Techniques and Methods:

This section provides an important overview of the specific approaches and strategies
that have influenced our study methodology. Every methodological choice is care-
fully studied in terms of its suitability for analyzing complex datasets and extracting
meaningful patterns and insights. It allows us to address the specific challenges and
objectives inherent in our research. In addition to increasing comprehension, the def-
initions and explanations included here provide critical background information for

understanding how the methods are employed in our empirical investigations.

15



1. Optimization methods:

Optimization approaches employ a diverse set of algorithms and strategies to deter-
mine the best solution to a given problem. These strategies use iterative changes
to variables or parameters inside a mathematical model to maximize or minimize an
objective function while fulfilling constraints. To improve prediction models and gain
meaningful insights from data, we use optimization methodologies in our study to

reduce inaccuracy.

2. Minimizing Errors:

This refers to minimizing the disparity between the predictions generated by the model
and the actual data. We can improve our models’ accuracy and prediction ability by
reducing their error measurements. Iteratively modifying model parameters to reduce
error and enhance model fit is a common use for optimization techniques such as

descent by gradient and least squares.

3. Definition of Norm:

A norm in mathematics is defined as a function that assigns a non-negative value
to vectors indicating their size or magnitude. Norms are key tools in machine
learning and optimization as they quantify the similarity or distance between
vectors.

Common Norms:

« Euclidean Norm (L2 Norm): The Euclidean norm, denoted as ||x||2, measures
the distance between two points in Euclidean space. For a vector x in R”, the
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Euclidean norm is defined as:

o Manhattan Norm (L1 Norm): The Manhattan norm, denoted as ||x||;, measures
the sum of the absolute differences between corresponding elements of vectors.

For a vector x in R”, the Manhattan norm is defined as:

n
Ixlh = |l
i=1

Example:
Consider a vector v = [3, —4,5] in R?.

The Euclidean norm of v is calculated as:

V]2 = /324 (—4)2 + 52 = V9 + 16 + 25 = V50 ~ 7.07

The Manhattan norm of v is calculated as:

vl =13+ | -4+ 5| =3+4+5=12
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4. Introduction to Bootstrapping Method:

The bootstrap method is a powerful statistical approach that uses a sample of data to
estimate population characteristics and features. This part provides a mathematical
explanation of the bootstrap method and its application in estimating population

parameters such as mean, variance, and correlation coefficient.

4.1 Basic Concepts

Let X4, X5, ..., X,, denote a random sample of size n drawn independently and identi-
cally distributed (i.i.d.) from a population with an unknown distribution function F.
The empirical distribution function F (x) is a step function that assigns probability %

to each observation less than or equal to z. Mathematically, it is expressed as:

where () is the indicator function.

4.2 Resampling with Replacement

Bootstrapping is a method of generating multiple bootstrap samples X7, X5, ..., X"
by resampling with replacement from the original sample X7, X5, ..., X,,, where n ob-
servations are randomly drawn from the original sample. Given an interest statistic
T calculated based on observed data, the bootstrap estimator 0 of a population pa-

rameter 0y is defined as:
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where 6(-) is a function representing the parameter of interest applied to the empirical

distribution function F.

Example: Estimating the Population Mean pu

The population mean p = [xdF(x) can be estimated using the sample mean X,

which is a functional of the empirical distribution function:

ﬂ:X:

S|

>
i=1

4.3 Bootstrap Resampling Procedure

This method is particularly effective at estimating a statistic’s sampling distribution
by repeatedly taking thousands of replacement samples from the original dataset. This
technique allows us to calculate the amount of uncertainty in our estimates and obtain

strong confidence ranges for the parameters that are important.
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2) How spread out is it?

Figure 1.10: Bootstrap resampling
Source: https://bookdown.org/jgscott/DSGI/the-bootstrap.html

The procedure of bootstrap resampling:
1. Original Dataset: To begin, prepare a dataset with n observations, which are
representative samples drawn from the target population.
2. Sampling with Replacement: Take n randomly selected observations (with
replacement enabled) from the original dataset. In this method, observations are
chosen from the dataset multiple times, with each observation having an equal
probability of being selected in each draw.
3. Repetition: Repeat the sampling method several times, typically between
hundreds and thousands of iterations. Each iteration generates an entirely new
bootstrap sample, resulting in an extensive series of resampled datasets.
4. Compute Statistic: Determine which statistic is important for each bootstrap

sample. A number of metrics, including the mean, median, and any other parameter
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related to the study matter, can be included in this statistic. A statistical distribution
is constructed by averaging these values over all bootstrap samples.

5. Estimate Sampling Distribution:To determine the statistic’s sampling distri-
bution, use the assembled set of computed statistics from the bootstrap samples. This
distribution reflects the intrinsic variability of a statistic under repeated sampling
from the original dataset.

6. Inference: Assume the population parameter based on the anticipated sample dis-
tribution. Confidence intervals, for example, can be created to provide a range with a

certain level of confidence within which the actual parameter value is predicted to fall.

In this work, bootstrap resampling allows us to analyze the stability and re-
producibility of our findings, especially in cases when more standard analytical
methods may be insufficient due to data paucity or distributional presumptions.
Bootstrap aggregating (also known as bagging) is a machine-learning ensemble
strategy that employs bootstrap sampling. It improves the stability of machine

learning systems and helps to avoid overfitting.
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5. Kolmogorov-Smirnov (KS) test:

The Kolmogorov-Smirnov (KS) test is a non-parametric statistical test that compares
an empirical cumulative distribution function (CDF) to the CDF of another sample or
a theoretical probability distribution. It is notably useful in identifying whether two

samples come from the same distribution or if a sample follows a certain distribution.

The test statistic, represented by D, the largest absolute difference between

the sample’s empirical and theoretical CDFs is calculated as:

D = max |F,(z;) — F(z;)|

where F),(x;) is the sample’s empirical CDF, F(x;) is the theoretical CDF, and (x;)

represent the sample’s ordered values.

The distribution of the test statistics under the null hypothesis, D has a known
distribution (either the two samples are from the same distribution or the sample
follows the given distribution). Numerical approaches or statistical tables can be
used to determine D’s critical values. In our research, we use the KS test to evaluate

the goodness of fit between our data and other probability distributions.
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1.3 Probability Distributions

Probability distributions serve as the foundation for statistical modeling and data
analysis, providing a mathematical framework for describing the likelihood of different
outcomes in stochastic events. These distributions enable probabilistic reasoning and
inference by capturing the probabilities associated with various values or ranges of
values for a given variable. We focus our investigation on eight popular probability
distributions from a large number of distributions. Interestingly, we will use these

distributions extensively in our subsequent section on applications.

o Normal Distribution (Gaussian Distribution): The symmetric bell-
shaped curve of the normal distribution is one of its distinguishing features,

described by the probability density function (PDF):

F(ali 0?) = ——— exp (—M)

2o 202

where p1 represents the mean and o2 represents the variance. It is commonly
employed to model data exhibiting uniformity and symmetry around a central

mean.

o Log-Normal Distribution: The log-normal distribution is utilized to model
positively skewed data whose logarithm follows a normal distribution. Its PDF
is given by:

f(@lu, 0*) =

SELLEDY

To\ 27 202
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where 1 and o2 represent the mean and variance of the natural logarithm of ,

respectively.

o Exponential Distribution: The Exponential distribution is characterized by

its probability density function (PDF) given by:
fxN)=Xxe ™, 2>0

where A is the rate parameter, controlling the rate of decay.

o« Gamma Distribution: The Gamma distribution is characterized by its flexi-

bility and is governed by the probability density function (PDF):
Flalo, ) = £ gt

where o and (3 are the shape and scale parameters, respectively, and I'(«) is the

gamma function.

o Beta Distribution: The Beta distribution is characterized by its probability

density function (PDF) given by:

afll_ B—1
22 ( 7) 0<z<1

flalo,f) =g 0

where v and /3 are shape parameters, and B(a, 3) is the Beta function.

e Uniform Distribution: The Uniform distribution is characterized by its con-
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stant probability density function (PDF) over a specified interval:

where a and b are the lower and upper bounds of the interval, respectively.

Frechet Distribution: The Frechet distribution, characterized by its heavy-

tailed behavior, is described by the PDF:

i =§(52) o (5)

where «, 3, and v represent the shape, scale, and location parameters, respec-

tively.

Generalized Extreme Value (GEV) Distribution: The GEV distribution
is employed to model the distribution of extreme values and is characterized by

its PDF"

f (x|, 0,8) =

SHE

{1 o ($ z M)}lm exp [— (1 e (x = u))%]

where pu, o, and £ represent the location, scale, and shape parameters, respec-

tively.
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1.4 Problem Statement

The need for a more comprehensive and adaptable method has been highlighted
by the constraints that arise from using time series analysis alone to track data
patterns. When working with high-dimensional and multidimensional data, it can be
challenging to capture intricate linkages and changes within a dataset if we only rely
on time series data. In response to these limitations, there is a growing trend toward

the tracking of trends inside a scatter plot.

To address the limitations of existing approaches, particularly with regard to
time series data, the problem is determining the optimal data partitioning strategy
for scatter plots, which has a substantial influence on the effectiveness and quality of
subsequent analyses. In this thesis, we want to create a method that overcomes these
constraints and may be used with larger data sets. Through this, we aim to improve
data analysis’s efficacy and extract valuable information from various statistical data

sets.

1.5 Objectives

The objectives of the thesis can be structured as follows:
1. Survey of Existing Methods:
Conduct a comprehensive evaluation of existing methods constructed particularly for

time series data partitioning, assessing their strengths and weaknesses.
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2. Introduce Our Method for Optimal Data Partitioning:

Describe our novel method for determining the best partition of data sets, discussing
its existence and practical implications, evaluating the uniqueness of partitioning
solutions, and assessing its sensitivity to the chosen optimization norm.

3. Statistics of the Optimal Points:

Investigate the joint distribution of the optimal points (ay,..., a,) acquired by our
method. Examine the individual elements’ marginal distributions within the optimal

points to gain insight into their properties.

1.6 Thesis Structure

The Introduction Chapter 1 of the thesis begins by emphasizing the significance of
real-time data tracking and change-point analysis in machine learning, statistics, and
prediction. It outlines objectives and a roadmap for upcoming chapters and highlights
the importance of flexible frameworks to manage incomplete datasets and real-time
data flow. In addition, certain fundamental concepts that are essential for under-
standing the concepts and methods discussed in subsequent chapters are covered in
this chapter.

Chapter 2 integrates an in-depth review of the literature with an analysis of current
approaches and difficulties. It looks at methods, algorithms, and statistical approaches
for tracking trends and identifying changing points in a wide range of data forms.
The Optimal Partition Identification Method is presented in Chapter 3. The theory,

mathematical foundation, and essential concepts for determining the most optimal
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partitions are discussed. It also provides a thorough theoretical investigation of the
approach, combining theory to statistical propriety by examining aspects such as the
existence and uniqueness of optimal partition locations.

In Chapter 4, the proposed real-time tracking methodology is described in depth.
Its dynamic framework for tracking continually changing datasets is demonstrated,
along with its ability to adapt to changing data distributions and patterns.
Chapter 5, In order to validate the proposed approaches, this chapter combines
comparative analysis with empirical validation. It uses real-world datasets to apply
these approaches and demonstrates how much better they’re performing than current
methods. It also performs statistical analysis to interpret the results.

Chapter 6 discusses employing Deep Neural Networks (DNNs) in regression analysis,
including its components, structure, and activation functions. It also discusses a real-
world numerical example that uses the same dataset as previous methods, enabling
an evaluation of results.

Chapter 7 summarises the thesis’s results, theoretical contributions, practical impli-

cations, and recommendations for future study.
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CHAPTER 2

LITERATURE REVIEW

In this chapter, we provide a comprehensive review of the literature on change-point
analysis and pattern tracking in data. By combining previous research and discussing
concepts and theories, we aim to provide an understanding of the current state of

knowledge in this field.

The literature can be classified into five categories:
. Background on Change Point Detection.

. Change-Point Analysis Methodologies.

. Pattern Tracking Techniques.

. Applications in Different Domains.

. Challenges and Limitations.
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2.1 Background on Change Point Detection

The problem of change point identification is attracting a lot of attention from the
academic community. In recent years, there has been a significant increase in interest
in change point detection, which has applications in a variety of fields, including
technology and science, finance, economy, climate science, and health [5],[6]. Since
the 1950s, researchers have been interested in identifying change points in statistical
analysis [7].

The "change-point problem” refers to the process of identifying areas in a dataset
where the underlying distribution or data behavior changes abruptly and dramat-
ically. To put it another way, it involves identifying the points in the data series

where a major shift occurs, causing the pattern or trend to diverge.

The following is a formal definition of the change-point problem:

Given a sequence of observations or data points X = {x1,zs,...,x,}, the objective
is to determine the locations ti,1%s, ..., where the data distribution or statistical
properties undergo a distinct change. These change points divide the dataset into
segments or regimes, each distinguished by distinct statistical characteristics or
behaviors.

The most difficult part of the change-point problem is distinguishing real shifts
from noisy or random fluctuations in the data. To overcome this challenge, a range
of statistical techniques, machine learning algorithms, and optimization tactics are

utilized to pinpoint change points precisely.
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Change point detection methods may generally be divided into two categories: online
and offline [8]. The offline changing point approach includes approaches that allow
for the study of the entire dataset. In contrast, the online change point framework
does analysis step by step as new data becomes available. More subsequent studies
deal with more complex circumstances, encompassing both offline and online change
point detection issues [9].

The objective of change point analysis is to identify one or more statistically significant
locations where changes occur by fitting count data with a number of methods. It is
possible to identify an appropriate number of change points for estimation. According
to Chen and Gupta’s research [10] there are two significant challenges in statistical
inference regarding change points. The first challenge is to detect the presence of a

change, and the second is to figure out the number and location of these change points.

2.2 Change-Point Analysis Methodologies

In the review of the existing methods section, several approaches that are relevant to
change point and trend methods that are applied depending on the type of data have
been examined [7]. The initial change point detection research, reaching back to the
1950s, aims to find a shift in the average of independent and identically distributed
(iid) data for industrial applications [7]. In 1954, a frequentist framework was created
to address change-point issues. In this research [7], he proposed an online framework

for identifying changepoints in time series parameters. Recommend utilizing moving

31



averages to resemble the mean of the time series and hypothesis testing to evaluate
if a CP occurred. In the initial research of CPD, frequentist methods were used to
estimate the abundance of CPs across time. Yao (1988) [11] and Lee (1995) [12]
proposed employing a penalized least-squares estimate to determine the number of

CPs in a time series.

Parametric change point

Parametric change points are common techniques that assume prior knowledge of
the distribution pattern before and after the change point and use fixed unidentified
parameters. The likelihood function considerably aids the identification of change
points in diverse scenarios. Chen and Gupta provide an overview of identifying points
of change in normal systems via a range of methods, including the Bayes method and

the likelihood ratio approach [13].

The Gaussian, gamma, exponential, and other continuous distributions belong
to the exponential family. Using a likelihood ratio test, Siegmund established
confidence intervals for a variation point of variables that were independent of an
exponential family [14]. In order to identify change points in log-linear structures,
[15] employed likelihood ratio testing. These findings were used to determine the
test’s power and range of confidence for the change point. O’Brien used an optimal
categorization technique to determine the number and location of change points.
This divided the continuous variable of explanation into distinct parts to clarify the

response amount from the distribution of exponential families [16].
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Similar methods can be used to identify changes in the parameter values of discrete
distributions (such as Poisson and binomial). The simplest scenario in change point
identification is identifying a single changing point. The most common technique is
the likelihood ratio.

e Maximum likelihood estimation

There are numerous maximum likelihood approaches in the literature on change point
detection. Hinkley (1970) first proposed the likelihood ratio test for change point
models [17]. Detecting single change points is a hypothesis testing that compares the

null hypothesis (no changing points) to the alternative (a single changing point).

The likelihood ratio test was used to detect change points in data under vari-
ous circumstances. Hinkley (1970) applied this method to normally distributed data
[17]. Haccou (1987) applied the test to exponentially distributed data to find changes
in a rate parameter [18]. Kim and Siegmund (1989) applied the test to regression

analysis to find changes in the slope and intercept [19].

They generalize a variety of cost functions and models, such as scaling and
mean shifts in normally distributed data [20]. As a rule, the signal that has been
observed y = {y1,...,yr} is made up of independent random variables when using

the estimation of maximum likelihood for change detection such as

Yp ~ Zf('|9z') (ti <t <tiy1) (2.1)
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Change point indexes are represented by ¢;, whereas probability density functions are
represented by f(+|6;). In this case, if the entire cost equals the negative log-likelihood,
change point tracking is equivalent to the estimation of maximum probability [21]. The

cost function for a parametric distribution family is defined as

Ciid(Yas) = —sup » _ log f(y:|6) (2.2)

t=a+1

e Piecewise linear regression
A linear relationship is present between a response variable and covariates, which
might vary rapidly at unexpected periods. The determined y signal follows a piecewise

linear model with change points at ;.

Vt, <t <tiy1, Y= T+ 20+ g (2.3)

To identify change points, use a linear regression to each segment of data. This is
accomplished by ensuring that the total cost and squared residuals are equal. The

cost function, Cipear, 18 defined as follows

b
Clinear(ya..b) = min Z (yt — U + Ztv)2 (24)

t=a+1
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Bayesian Detection Methods

A Bayesian technique includes prior knowledge about the position of the change point
in the model by considering it. A number of researchers used Bayesian approaches to

study change points in a variety of scenarios.

Cherno and Zacks (1964), Broemeling (1972, 1974), and Smith (1975) proposed early
Bayesian approaches to the single change-point problem. The researchers examine
cases when the distributional kinds of segments prior to and after the transition point
are unknown or just one has been determined [22],[23],[24]. Barry and Hartigan’s
(1992) study on Product Partition Models (PPMs) was especially notable since it

served as a foundation for subsequent groundbreaking advances in CPD [25].

Diniz applied Bayesian estimation to fit a segmentation linear regression model
with non-homogeneous error variance [26]. Tiwari developed the Bayesian method
selecting techniques for estimating the quantity and position of change points [27].
In order to discover points of change in Bernoulli data, Steward used segmented

regression using a Bayesian [28].

Non-parametric change point

Non-parametric change point studies consider the case when prior distributional
knowledge fails to exist, i.e., when there is no prior knowledge of the data or data
following the change. It is the most useful for a variety of reasons, particularly when
dealing with experimental data. Orv’ath and Kokoszka examined both the right and
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left continuations of the non-linear function to detect change points in non-parametric
regression methods [29].[30] has developed a non-parametric empirical likelihood ratio
(ELR) approach to estimate change points using binary data. Matteson and James
examined non-parametric methods to determine the number of change points and
where they are found in multivariate data that has been grouped [31]. One crucial

approach is covered here, which is kernel estimation.

Kernel-based detection

Harchaoui and Cappe have proposed a kernel-based method for carrying out change
point identification in a non-parametric setting [32]. The original signal, y, is assigned
to reproduce the Hilbert space in order to accomplish this. This is the definition of

the corresponding cost function, or cyernel-

b
Ckernel(ya..b> - Z H¢(yt) - ﬂab”?{ (25)

t=a+1

Regression analysis change point

Data patterns can change at random times. These change points split the data into
numerous segments, each with its own model. Several papers have conducted in-depth
studies on the change point problem associated with single linear regression models.
In order to estimate the joinpoints between two segments of the linear regression
models, Blischke assumed a continuous join point and used least squares estimators
[33]. In multiple linear regression models, there might be one or more identified or

unknown change points. In various studies related to the multiple linear regression
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model, Ferreira used a Bayesian technique to analyze variance in a regression model
with a known number of regimes [34].

e Segmented linear regression analysis

In order to find one or more statistically significant modification points, segment
analysis fits data points with different linear models. As shown in Figure 2.1 [35],
when using segmented regression, a new segment will start at the exact moment the
previous segment ends. This is due to the fact that possible trends are fixed during
specific intervention times. Ansari claims that split linear regression is an effective
and reliable method for determining how interventions affect alterations [36]. Zhang
employed bootstrapping and delta approaches to perform segmentation regression on
time series datasets and compute confidence intervals for the relative changes in the

output variable [37].
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Figure 2.1: Segmented regression model

e Change point in spline regression models
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Jiang calculated the knot spots and then found the deterioration change points
using a spline function [38]. The cubic regression spline was employed by Curtis and

Simpson to model ecological data from time series [39)].

We go beyond single-change point detection to multi-change point detection.
Ideally, we should assess every conceivable combination of change points and their
locations. However, the process requires a great deal of processing power. Two
methods that are efficient in terms of computation have been developed: Binary

segments and Dynamic programming are discussed.

Binary segments

The Binary Segmentation (BS) technique was initially introduced by Scott and
Knott (1974) and Vostrikova (1981) [40],[41]. It is used to indicate different changing
points in a range of works. Starting the general binary segmentation process entails
defining the interval boundaries based on a test statistic that depends on the time
series that might be a change point and a threshold. Ideal threshold is determined
by the length of the time series and the particular change point test statistic. The
point of change test is applied for both subseries preceding and succeeding the change
point. Continue doing this until you find no more change points. Change point
identification is carried out in a stepwise manner by BS, which significantly reduces

computing complexity.
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Dynamical programming

Dynamic programming is a different approach that is often used in multiple changing
point detection. By solving an optimization problem for segments that are based on
a chosen cost function for each segment, the objective is to minimize the overall cost.
The residual sum of squares and negative log-likelihood are two preferred options for
cost functions. To estimate multiple change points, Hawkins (2001) and Maboudou-
Tchao and Hawkins (2013) propose employing dynamic programming with likelihood-

based segmentation [42], [43].

2.3 Pattern Tracking Techniques

In data analysis, the ability to recognize patterns is crucial to understanding the
situation and making wise choices. In this section, we review popular techniques for

pattern recognition, with a focus on machine learning algorithms such as recurrent

neural networks (RNNs) and hidden Markov models (HMMs).

Machine learning algorithms have gained popularity recently because of their
ability to quickly and accurately detect complex patterns in sequential data. Of
these, recurrent neural networks (RNNs) have emerged as a powerful tool for
temporal data processing, enabling the modeling of dependencies and interactions
over time steps. Similar to this, hidden Markov models (HMMs) offer a probabilistic
framework for capturing latent states and transitions inside sequential data, making

them well-suited for tasks like sequence labeling and anomaly detection.
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2.4 Applications in Different Domains

Applications for change point detection include monitoring medical conditions, detect-
ing climate change, and analyzing human behavior. When modeling and forecasting
time series, it is useful. Data mining, statistics, and computer science all have been
examined in CPD within the past few decades. This problem covers many real-world
concerns. Here are a few inspiring instances:

e Monitoring of medical conditions:

Trend detection in physiological variables such as heart rate, electrocardiogram, and
electroencephalogram is required for continuous patient health monitoring. Studies
investigate change point detection for particular medical diseases, including epilepsy,
problems with sleep, MRI interpretation, and comprehension of brain activity [44].
CPD appears to be useful for independent patient monitoring in medical applications.
Patients may get real-time supervision by monitoring physiological parameters such
as heart rate and ECG [45].

e Climate change identification:

In recent decades, the possibility of climate change and the increase in greenhouse gas
concentrations in the atmosphere have made change point detection-based methods
for studying, monitoring, and predicting climate change more significant [44].

¢ Analysis of human activity:

Change point identification is the process of determining activity transitions or break-
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points using characteristics of observed sensor data from smart homes or mobile de-
vices. Utilizing these transition points can help with activity classification, minimiz-
ing social interaction, providing activity-aware services, and spotting behavioral shifts

that could indicate a person’s health [44].

2.5 Challenges and Limitations

Change-point analysis and pattern-tracking approaches have potential, but there
are a number of difficulties and restrictions [46], especially when managing different
kinds of data structures and working with scatter plot data. A significant drawback
is that the majority of research to date has been done on time series data, which
may not adequately represent the intricate dynamics of data found in scatter plot
data. Traditional change-point analysis techniques designed for time series data are
challenged by the diverse patterns and structures that scatter plot data frequently

display, such as non-linear correlations and heterogeneous distributions.

Furthermore, because fluctuations in data density and distribution can have a
substantial impact on the identification of change points, the assumption of homo-
geneity in data distribution over time may not hold in the case of data in scatter
plots. Furthermore, there is a vast range in the length and type of data sequences,
from brief, sparse observations to lengthy, heavily sampled datasets. Change-point
analysis techniques become more complex due to data variability, necessitating

flexible and reliable methodologies that can handle various data structures.
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CHAPTER 3

PROPOSED METHODOLOGY:

CHANGE POINT ANALYSIS

3.1 Introduction

In the field of complex scatter plots, where the relationship between variables is not a
standard function and displays clusters with distinct tendencies, accurate prediction,
and meaningful insights are hard to come by. Imagine an instance where (X, Y)
naturally clusters, making it impervious to a global regression model. Let’s examine

the following example in order to assist in illustrating the idea.

The first figure (Figure 3.1) effectively illustrates the intricate structure of the data
by highlighting the differences in trends and patterns across data points. The visual
representation serves as a concrete illustration of the complexities that we aim to
address. It draws attention to the necessity of an elaborate strategy and provides us

with the opportunity to look into the optimal segmentation.
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Figure 3.1: Multimodal scatter plot.
Finding the underlying structure in the data is the aim, and it should be noted that
a one-size-fits-all regression approach may overlook certain important deviations. By
carefully partitioning the scatter plot into clusters, we may more effectively address

local trends and patterns.
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Figure 3.2: The point x = 200 is the best cut-off point.

It is clear from the examination that two potential cut-off positions, 100 and 200, have
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been proposed as shown in Figure 3.2. However, using the methods discussed
later in this chapter, it becomes clear that the optimal cut-off point is
200 . This decision is based on our methodology, which promotes error minimiza-
tion. A turning point in our work is indicated by this graphic signal, which tells

us to use linear regression inside specific clusters in a customized and efficient manner.

So, the question is: Which partitioning strategy would maximize the perfor-
mance of linear regression inside each cluster? Beyond simply division, the ideal
partitioning seeks to achieve a balance between consistency and precision.

The objective is to identify the clusters where linear regression produces the best
representation, with each subset significantly enhancing the overall predictive power.
We must first find hidden structures in the data and then try to understand the
intricate relationships that are there in it in order to properly employ linear regression

in a locally effective way.

Our research aims to, in essence, identify the partitions that allow predic-
tive modeling to perform to its best ability when faced with complex, clustered

scatter plots.

3.2 The Method

Before diving into our data tracking method, we must investigate critical metrics that

improve our understanding of the approach.
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3.2.1 Measurement of Error using Euclidean Distance

In order to measure the discrepancy between actual y and predicted values f(x),
we used the Euclidean distance metric in our study. The difference between
corresponding vector elements is measured by the Euclidean distance metric, which

sums squared differences. The following formula is used to express this metric:

Euclidean Distance = Z ly; — f(z;)]?

J

This formula provides a complete assessment of the overall error by encapsulating
the squared discrepancies between the observed and predicted values. We are able
to assess our predictions’ accuracy throughout the dataset by applying the Euclidean

distance.

Remark 1 For p > 1, we can consider ) |y; — f(z;)|". However, p = 2 is better

when seeking minima (differentiability)

3.2.2 Tracking the change of the patterns using optimal par-
titions

Consider the data collection (X,Y"), where X = (z;) and Y = (y;) (with the indexation
set omitted for simplicity). Let .# denote a family of real-valued functions, referred
to as approximators. For a fixed value of n, let ', = {(ay,..,a,) € X" | min X <

a; < -+ < a, < max X}. The objective is to delve into the minimum of the function
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defined on I',, as follows:

I, — R,
n+1
) — f o,y
enlar, .., Zfe}I(IXIk s f)

Here, I, represents the set of n-tuples within X satisfying the condition
minX < a; < --- < a, < maxX. The function ¢, maps these n-tuples to
non-negative real numbers by considering the sum of infima over certain subsets
defined by I. The infimum is taken over functions f belonging to the family .%#
specifically those defined on the restricted domain X;,. This investigation aims to
unravel the characteristics and properties associated with the minimum values of ¢,
shedding light on the interplay between the data structure and the approximating
functions within the family .#. Where I}, = {j | ; € [ax—1,ax[}, with conventions
ap = min X and any; = maxX. Let .#(X|;,) represent the set of restrictions of

functions in 7 to Xr,. Additionally, define ©,(Y|r,, f) = >_.c; |y;— f(x;)|P for p > 1.

In essence, the aim is to identify wvalues aq,...,a,_1 for which the function
¢p(ay,...;an—1) is minimized. This involves considering the sum of infimum over
the subsets defined by I;, where the infimum is taken over functions f in .7 (X|;,).
The term ®,(Y|;,, f) quantifies the discrepancy between the observed data and the
approximation provided by f for the elements in I;. The investigation aims to
reveal the optimal configuration of aq,...,a,_1 that minimizes the overall functional

expression (.
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3.2.3 Example

In this part, we use a particular dataset and a family of approximation functions to
demonstrate how to use our method. The dataset consists of a time interval [0, 7] and
is represented by the function f = 141}, where 141y is an indicator function equal to
1 on the set {0, 1}.

We analyze the function ¢(a) in our framework, which is the total of the distances
between the family of constant functions .%# and the observed function f. Constant
functions, which are functions with no variation throughout their domain, comprise
the family .%.

To demonstrate the application of our framework, consider the dataset [0,7] =

0,1,2,3 and the function f = 14 ;. For n = 1,We have

(,0(&) = diSt(f|{07m7a}, QO/\) + diSt(f‘{a+17,,,73}, ﬁ)

The framework yields ¢(1) =0 and ¢(2) = (1 —2)* + (1 — 2) + (0 — 2)* + 0.
So 1 is the point where we break down the [0, 7']. This demonstrates the effectiveness
of our framework in detecting meaningful patterns and transitions in the given dataset.
Finally, the example that was provided demonstrates how our method may be used in
practice to analyze and identify transitions in time-dependent datasets. This approach
offers insightful information about how the observed functions behave within the given
approximation function family.

In the context of our analysis, we establish an important property regarding the

construction of ®,(Y|s, f), which will play a crucial role in the subsequent discussions.
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Lemma 1 The construction of ®,(Ys, f) is additive. In other words, if INJ =0,

then

CIDP(Y]],f) + q)p(Y\JUf) = (I)p(YIIuJ; f)

Proof.

Given I N J = (.
We have <I> YI, Z lyi — f(zs)
el
and @,(Ys, f Z |y —
JjeJ
Then, ®,(Yjr, f) + @p(Yis /) = D |y = F@)l” + > |y — f

el jeJ

Since I NJ = (), we can combine the sums:

= i = f@)l” = @p(Yirus f)

ielUJ

Therefore, the equality holds, confirming the additivity property:

(I)P(Yllvf) + q)p(y\bf) = (I)p(YIIuJ; f)
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The theoretical foundation for Error Reduction and Optimization

Proposition 3.1 The accuracy of function approximations has been shown to increase
with an increase in a single cutoff point using empirical validation. This improvement

is supported by the following proof, which defines the function p(a)as follows:

Proof.

a

N
o) =3 inf Iy = f@E+ 3 it - S0

= Z(y — fi(z)* + Z (y — f2(2))* (at some fi, fo)
<3l ful@) + X = fu@) = Y- f@)? v

Applying inf for both sides,

It is proved that fine-tuning the function approximation, particularly modifying a
single cutoff point, improves accuracy and reduces the error rate when compared to

the global error.

Remark 2 One can now understand why the definition of ®,(Y|r, f) is given by

> jer ly; — f(x;)|P rather than (/Z]EI ly; — f(z;)|P. The choice of the former form is

intentional to make the previous proposition work.
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When combining contributions from various sets, the additivity feature plays a crucial

role. Examine the later amount: </ > jer [yj — f(z;)[P. Unfortunately, this form does

not preserve the desired property to get inequality i.e

S lyi = flapl+ o>y = flapl £ )y — flag)lP.

jel jed jeluJ

This characteristic makes it easier to analyze data in a straightforward way, which
is consistent with our general methodology for comprehending and modifying error

terms within the framework of the approximation process.

Theorem 1 The infinimum of ¢, (a1, ..,a,) is non increasing in terms of n.

We find an important theorem that explains the relationship, in our investigation
for function approximation accuracy, between the number of parameters, n, and the
infimum of ¢, (ay,...,a,). This theorem gives a clear explanation of the intricate
dynamics of error functions and offers significant insights into how the complexity of

our models influences minimal error.
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Proof. We have

n+2

90n+1(a1,~,an+1)zz inf  ®,(Yy,, f)

£ feF(Xp1,)

n+2

= inf O,(Y,, f)+ inf &,V f) +Z inf @, (Y, f)

feé?(Xul) fe%“(X| fe/ (X1 k

n+2

CI)P<Y]IU fl) + (I)p(}/Uza f1> + Z CI)P<YV\IM f’f)
k=3
n+2

= ®,(Yinun, f1) + Z S, (Vs fr)
k=3
n+1

=0,V f1) + Y @p(Yis: fu).
k=2
n+1

= Z (I)P(Yle )

k=1

Therefore

n+1

SonJrl(al: <0y an+1> < Z ;an (I)p(Yv\Jm f) = @n(bla 0y bn)
o €7 (X)

and by applying the inf on both sides we get infy, 1 <infyp,. |
Notes:

1. It is important to note that the points ay,...,a, that minimize ¢, could not be

identical with those that minimize ¢, 1.

2. The problem’s continuous version is remarkably comparable. Simply said, we use

integrals rather than sums. That is

n+1
o(a, ..., @p_1) mf/ ) — x)Pdt

fe/
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where I, = [ag_1,ax] with the convention ap = 0 and a,,; = T. The difference
between continuous and discrete is that we can differentiate p(ay,...,a,_1) to track

the minimizing points.

It is crucial for regression analysis to comprehend how approximation errors

behave at various intervals. The following lemma quantifies this behavior:

Lemma 2 Let I be a subset of J. Then

nf »_(f(t:) —2w)” < inf p (f(t;) =)
el JjeJ

Proof. First, we have

then we obtain the inequality by applying infsc # again. |
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Regression analysis is significantly impacted by this lemma. It emphasizes how
crucial it is to take localized subsets of data into account when creating regression
models. We can capture more localized trends and possibly increase model accuracy
by concentrating on subsets. Significantly, it emphasizes that if a single regression
function is applied during the whole interval, more data may result in more errors.
Furthermore, the lemma directs the choice of model by highlighting the advantages of
dividing the dataset into smaller intervals and fitting regression models to each subset
independently. This approach may result in enhanced prediction efficacy and a more
thorough comprehension of the data dynamics.

To summarize, the lemma is a fundamental concept in regression analysis that offers a
valuable understanding of the trade-offs between approximation accuracy and dataset
granularity. Researchers and practitioners can make better decisions in regression

modeling by comprehending and putting this theory to use.

3.3 Existence of Regression Minimizer in Function
Family .#

For regression analysis, it is crucial to determine if a function in a particular family .%#
minimizes the difference between the observed data points and the model predictions.
This difference is an essential indicator of the model’s accuracy and is frequently
measured using an appropriate error metric like the sum of squared differences or the

absolute differences.
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Consider the set of all potential error values that can be found by applying
the observed data points to each function f € .%. This set is a subset of the real line
and is represented as > . |y; — f(z;)|P | f € #. This set is notable because it admits

an infimum since it is bounded below and non-empty.

To express it in mathematics, there is a function fu;,, € &% such that fu;, in-
curs the smallest error of all the functions in .%#. However, unless further restrictions,

such convexity or linearity, are imposed on %, the uniqueness of f;, is not assured.

As an illustration, if .# is a vector space or a convex set, then fu;, is the
unique minimizer. This is true because convex sets exhibit a few desirable
minimization-related characteristics, namely global optimality and the existence of

unique closest points.

Theorem 2 Distance to a Closed Convexr Set: Let H be a Hilbert space, and K a
closed non-empty convexr subset of H. Then, for every h € H, there exists a unique

kn, € K minimizing the distance of h to K.

This theorem’s classical proof can be found in most textbooks on functional analysis.

Here, we list the essential steps that are involved:

o Consider H as the set of functions from the input space X to the output space

Y.

e Assume that K = .%, where .% is the set of potential functions from which the
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regression model is chosen. A possible model for approximating the relationship

between the input and output variables is provided by each function f in .%.

o Define the inner product between two functions f and g as < f,g >=
Y sex f(@)g(x). The inner product between functions f and g over the do-
main X assesses their similarity or correlation. Consequently, the corresponding
norm (squared) of a function f is || f|> =< f,f >= Y_,cx f(x)?, representing

the squared Euclidean distance of f from the origin in the function space.

3.4 Algorithm: Data Partitioning and Change

Point Detection

This section explains the algorithm that was applied to partition the data and find
the change point. As we discuss in the method’s section, our method works on a set

of all approximation functions.

3.4.1 Overview

The algorithm seeks to determine the change point, or point at which the underlying
pattern shifts, and to partition the data into segments. The data must be finite, and
the number of segments must be predetermined. The data structure also influences
the function type selection. Due to time constraints, we concentrate on the linear case

here, but the technique can be expanded to other function types in the future.
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3.4.2 Algorithm Steps
1. Input: Data set D, number of segments k, n observations.
2. Starting Point: Set up variables and parameters.
3. Partitioning: The data collection D should be divided into k£ segments.
4. Segmentation: For each segment, fit a linear approximation function.

5. Change Point Detection: Determine the change point based on the differ-

ences between adjacent segments.

3.4.3 Linear Approximation Function

The selection of a linear approximation function is impacted by time limitations.
Future iterations of the method could, however, expand to include other function

types, such as exponential or quadratic functions.

3.4.4 Building the R Code for Change Point Detection

Two cases are shown by the R code in the appendix: one is made to find a single
change point, while the other is made to find two change points. It is important to
highlight that the number of partitions must be predetermined and that the dataset
must be limited. Below is an explanation of the key steps involved in constructing the

code.
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Input

o Data: A dataset with input variables x and output variables y.

Output

o Change Point: The detected change point in the dataset.

Steps

1. Prepare Data:

e Open the dataset.

o Make sure the data is finite.

o Specify how many divisions there are.

2. Compute Linear Regression:

e Determine the slope and intercept of a linear regression.

o Compute the sum of squared errors.

3. Detect Change Point:

o Find the best partitioning by going over the dataset iteratively.

e Determine the point of change at which the error is minimized.

Use this phi(x, y) to detect a change point with our algorithm.

This presented algorithm simplified the approach for using linear regression to find

change points in a dataset. It is important to remember that the analysis can be made

57



more flexible by adjusting the regression function selection according to the features

of the data.

Ilustrative Examples of Change Point Analysis

To demonstrate the effectiveness and context sensitivity of our algorithm, we
performed an experiment using synthetic data that simulated alternating upward
and downward trends. When we used our approach to this dataset, we discovered
remarkable findings that shed light on the importance of change points and their

consequences for regression analysis.

In the first scenario (a), our algorithm found the point of change at 10.42, di-
viding the data into segments with separate trends. Figure 3.3 shows the segmented

data with two regression lines fitted to every segment.

$, Cutoff Point: 10.42

Figure 3.3: (a)

In contrast, in the second Scenario (b), the identified change point occurs at the
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end of the observation period. Figure 3.4 shows that this change point makes no
substantial contribution to data segmentation. In such circumstances, a single

regression line can accurately depict the underlying trend.

s . Cutoff Point

Figure 3.4: (b)

Note: Comparison with Spline and Piecewise Regression:

Our approach provides a systematic and objective way of data segmentation, unlike

traditional methods like piecewise regression and spline interpolation.

Piecewise Regression: Piecewise regression depends on manually defined
breakpoints, which are frequently visually inspected and judged subjectively. This

significantly depends on human judgment and may produce inconsistent outcomes.

Spline Interpolation: The locations of the knots serve as breakpoints for

spline interpolation, which fits smooth curves to the data. Despite being flexible it
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can have complexity and overfitting problems, particularly when there are a lot of

knots.

Our Approach: By using an algorithmic framework, our method reduces the
dependence on subjective judgment and maximizes breakpoint detection. We specify
criteria, such as minimizing error or maximizing model fit, and then use statistical
methods and optimization algorithms to systematically find breakpoints. Compared
to manual breakpoint selection or spline interpolation, this method guarantees more

effective and consistent outcomes.

3.5 Statistical Analysis of Optimal Points (a4, ..., a,)

In this section, we do a statistical analysis of the optimal points produced by our
algorithm for data partitioning. The optimal points, denoted as (a4, ..., a,), are crit-
ical for segmenting the dataset and detecting change points. We aim to understand
the behavior and relevance of these ideal points in data analysis using a variety of
statistical measurements and distributions.

We begin our investigation by examining the scenario when n = 1, focusing on specific
scatter plot distributions to provide a thorough analysis of the most optimal points
in various contexts.

The procedure involves generating variables y from standard distributions, including
Standard Normal, Uniform, Beta, Gamma, and Exponential distributions.

Subsequently, x is expressed in terms of sorted y.
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Simulation Setup

We use our algorithm in conjunction with linear regression to find the optimal points to
partition the data in order to assess the efficacy of our approach. For each distribution,
we run 1000 iterations of simulations to guarantee robustness. This gives us a vector

of cutoff points, a, which serve as random variables.

Analysis

Since we have the cutoff point vector in hand, we can examine its statistical
characteristics. The mean and the cumulative distribution function (CDF) are the
two main metrics that we pay attention to.

By showing the average cutoff point value over several simulations, the mean offers
a measure of central tendency. We can learn more about the optimal partitioning

points’ typical locations and how they vary amongst distributions by examining the

mean.
Distribution Mean of Distribution | Mean of Cutoff Point Vector
Standard Normal 0 0.01007411
Uniform 0.4761584 0.4875203
Beta 0.2934083 0.2891979
Gamma 1.620334 1.526254
Exponential 0.5912789 0.5366055

Table 3.1: Mean values for the distribution and cutoff point vector across different
distributions.

As can be seen in Table 3.1, the empirical average of the cutoff points nearly
matches the average of each distribution. It’s not a given that sampling from a dis-
tribution would produce cutoff points that match the distribution’s average. Precise
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alignment between cutoff points and the distribution’s average is not guaranteed by
sampling alone. Our investigation reveals a correlation between the two averages,

indicating a relationship that goes beyond random variation.

Remark 3 The observed relationship between the empirical average of cutoff points

and the average of each distribution is not necessarily intuitive.

Consider the following counter-example, which shows that the mean of the minimum

statistic is not always equal to the mean of the underlying uniform distribution.

To calculate the mean of the minimum statistic for a uniform distribution from 0 to
1, first derive the probability density function (PDF) of the minimum statistic
T = min(Xy, Xo, X3, Xy), where X; are independent and identically distributed

random variables following a uniform distribution.

For a uniform distribution U(0,1), the PDF f(t) is constant throughout the
interval (0,1), that is, f(t) = 1 for 0 < t < 1. The CDF F(t) is defined as F(t) =t
for 0 < t < 1. Now, compute the PDF of the minimum statistic 7. The minimum

statistic 7" is the minimum of four independent random variables, each with a uniform

distribution U(0,1).

The PDF of T is given by:

fr(t) =n-(1=F@®)"" - f(t)
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Substituting the values, we get:

Jrlt)=4-(1—1)*-1

Now, to compute the mean of T', integrate t - fr(t) over its support (0, 1):

1
Mean ofT:/ t-4(1 —t)*dt
0

Upon computation, we obtain Mean of T = g

When comparing this to the mean of the uniform distribution, which is
%, we see that they are not comparable. This indicates that the mean of the minimum

statistic is not always equal to the mean of the underlying uniform distribution.

The cumulative distribution function (CDF) is important because it measures
the probability that a random variable (in this case, the cutoff points) would have a
value less than or equal to a specific point. This attribute is critical because it allows
us to evaluate the probability distribution of the cutoff points and understand their
variation over simulations. Additionally, studying the CDF allows us to find patterns
and trends in the distribution of optimal points, which is useful for decision-making

and model selection.

To further understand the behavior of the cutoff points, we calculated the cu-

mulative distribution function (CDF) for each of the five distributions, as shown at
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the end of this chapter in Figures 3.5,3.6,3.7,3.8,3.9. Using the inversion method, we
produced random variables from these distributions to approximate the cutoff points’
distribution and variability. The inversion method selects random values and
uses the inverse CDF to find their corresponding points.

To demonstrate the inversion approach for the exponential distribution, consider
generating random variables from an exponential distribution with a rate parameter
of A =2.

The exponential distribution’s probability density function (PDF) is as follows:

fz) = Xe

where A is the rate parameter and z > 0.

The CDF for the exponential distribution is:

Flz)=1—¢™

Now, let’s use the inversion method to generate random variables from this distri-

bution:

1. Generate a random variable u from a uniform distribution ranging from 0 to 1.

2. To calculate the value of x, use the exponential distribution’s inverse CDF. The

CDF is monotonically growing, hence its inverse can be calculated as:

r=——In(l—u)
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3. The generated value of x follows the exponential distribution with the specified

rate parameter.

For example, consider generating a random variable from an exponential distribu-

tion with A\ = 2:
1. Generate a random value u = 0.567 (randomly chosen).

2. Calculate the corresponding value of x:

1
7= —3 (1~ 0.567) ~ 1.099

3. The produced value of x is approximately 1.099, based on an exponential dis-

tribution with an exponential rate parameter of 2.

This method can be repeated to generate many random variables from the expo-
nential distribution, allowing us to simulate and examine cutoff point behavior using

the underlying distribution.

3.5.1 Purpose of Statistical Analysis for Cutpoints

Traditionally, a scatterplot is segmented into two sections using a simple approach:
randomly selecting a cutpoint from the data points, denoted as a ~ Uni(xy, ..., zy).
However, our research goes beyond randomness by attempting to find the precise

cutpoint, even if it demands more computational resources.

While the exact approach may be computationally expensive, it has a major
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benefit over random selection. Although knowing the distribution of a does not
provide the same level of precision as the precise procedure, it does outperform blind
random selection. Randomly picked cutpoints tend to cluster in the middle of the
data, however understanding the distribution of a allows for selection closer to the

true optimal point, on average.

Using the cumulative distribution function (CDF), we gain useful insights about the
empirical distribution of the data. This knowledge enables us to produce cutpoints
that are consistent with the observed data distribution, improving the accuracy of

scatterplot segmentation and analysis.

Empirical Cumulative Distribution Function (CDF) for phi results
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Figure 3.5: CDF Plot: Standard Normal
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Figure 3.6: CDF Plot: Uniform
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Figure 3.7: CDF Plot: Exponential
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Figure 3.8: CDF Plot: Gamma
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Figure 3.9: CDF Plot: Beta
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CHAPTER 4

PROPOSED METHODOLOGY:

REAL-TIME TRACKING

In this chapter, we challenge typical data clustering approaches that need particular
intervals and the entire dataset. Real-world scenarios usually comprise continuously
generated or incomplete data, demanding a more adaptable strategy. We provide a
dynamic framework for processing dynamic data and producing continuous intervals.
Unlike conventional methodologies, our methodology takes into account the dynamic
nature of real-time data streams. This chapter delves into the theoretical basis of
this dynamic framework. This study enhances the field of dynamic data clustering by
proposing an adaptable approach that considers the complexities of data evolution in

the real world.
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4.1 The Method: Real Time Tracking

Assume a scatter plot (X,Y), as usual. Define the following series of random
times, with £ a positive integer. Every time step ¢ adds a new data point to the
scatter plot, demonstrating the dataset’s dynamic character. Using an incremental
technique, where ¢ regulates the granularity of temporal updates, patterns and trends
in real-time data can be investigated. When striving to capture the nuances of
data evolution and gain insight into the changing interactions between factors, the

dynamic scatter plot proves to be an effective tool.

In our study, we present a dynamic approach for assessing a changing scatter
plot (X,Y). We generate a random time series, 17, where j represents the iteration.
These times record when the error function ®, surpasses a specific threshold ¢ in

subsets of the dataset. The recursive definition of the series is shown below:

17 = inf{1 <n < N|®,(Yi(a1,...0n}: f) = €}
szE = 1Ilf{1 + T1 <n< N|(I)p<YI{I1+T1 77777 Tn}s f) > 8}

T§ = lnf{l + T2 S n S N‘¢p<K{II+T27~~~7$n}7 f) Z 8}

7}8 = 1nf{n Z 1 + j—jj—l S n S N|(pp<}/‘{$1+Tj_1,...,In}7 f) Z 6}'

This dynamic sequence reveals the temporal evolution of the error function, allowing
us to identify important points when the dataset changes significantly.

Using this method, we may examine the scatter plot adaptively over time and detect
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trends that a static analysis might miss.

We note that our method allows us to effectively examine the evolving scatter
plot (X,Y) regardless of whether the dataset is finite or infinite. This method
provides useful insights into real-time data patterns and trends by gradually updating
the scatter plot with new data points. One of the significant advantages of our
method is its ability to automatically identify the number of segments
inside the dataset depending on the selected error threshold, eliminating
the need to specify this parameter initially. By defining the error threshold from the
start, we ensure exact error handling. Furthermore, the approach offers both
the change points and the number of segments as output, boosting its

applicability in real applications.

4.1.1 Error Threshold Determination

In our method, we determine the error threshold, €, as the maximum absolute dif-
ference between consecutive observations divided by the total number of observations
(n). This approach ensures that the error threshold is proportional to the variability
of the data, facilitating robust analysis of the scatter plot (X,Y). We choose the

following error ¢ :

_ max(|yit1 — Yi|)
n

Where y; and y;,1 are consecutive observations, and n is the total number of
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observations in the collection. This method gives a standardized measure for detecting

significant changes in the scatter plot, which improves the accuracy of our results.

4.2 Analysis of Dynamic Data Evolution

In this section, we delve into the complexities of dynamic data evolution, proposing
and thoroughly demonstrating two essential principles that illuminate the temporal

dynamics of datasets.
Proposition 1 The number of random times is at most %

Proposition 1 provides a loose boundary on the occurrence of random times (7)) during

dynamic data analysis. It states that the greatest number of random times observed

N+1

does not exceed 5

, where N is the dataset’s size. This proposition sheds light on the
temporal evolution of datasets, imposing a quantitative constraint on the frequency

of important changes across time.

Proof: Let T}, denote the last random time. We can observe that:

kn
N_lszN -1 :Z(Tj_Tj—l) 22(kN_1)’

=2

which implies ky < % +1= % Thus, the number of random times is at most

N+1
5

Proposition 2 In terms of €, the random time T} is non-increasing.

Proposition 2 investigates the impact of random times (7)) on the error threshold (¢).
It asserts that as the error threshold is reduced, random times either remain constant
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or drop in value. This discovery emphasizes the association between error thresholds
and large changes in the dataset, providing useful insights into its dynamic character.

Proof: Consider 6 <e. If ®,(Y(z,,...0n}, f) = €, then ®,(Yj(z,,..2.}, f) = §, implying:

{]‘ S n S N | (I)p(}/\{cc1,...,xn}7f) Z 5} C {1 S n S N | ®p(}/|{1’1,---7xn}7 f) 2 5}

Taking the infimum yields T? < 7%, and similarly, Tf < T;. Thus, the random times

exhibit a non-increasing trend concerning the error threshold.

According to the preceding proposition, reducing the error threshold leads to
more frequent occurrences of random times. In essence, decreasing the error threshold
increases the probability of meeting substantial changes in the dataset. Through
careful analysis and rigorous demonstration of these principles, we acquire deeper
insights into the dynamic evolution of datasets, paving the path for better knowledge

and future research in this area.

4.3 Algorithm: Real-Time Tracking for Dynamic

Data Analysis

This section describes the algorithm for real-time tracking, which allows for dynamic

data analysis by recognizing change points and segmenting the dataset.
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4.3.1 Overview

The real-time tracking algorithm works on a dataset D, enabling dynamic analysis
regardless of whether the data is finite or not. Using an error threshold ¢, the algorithm

detects change points and splits the dataset accordingly.

4.3.2 Algorithm Steps

Input: Dataset D with error threshold e.
o Initialization: Initialize the parameters and variables.

« Compute Error Function Calculate the error function ®, for each data

point with the chosen model f.

o Detect Change Points: Identify instances where the error function ex-

ceeds the threshold € to determine change points.

e Segmentation: Divide the dataset into segments depending on the dis-

covered change points.

e Output: Number of segments and change points.

4.3.3 Flexibility of Model Selection

While our approach is designed to accept various families of functions, such as linear,
quadratic, or exponential functions, for the purpose of simplicity and time restrictions,

we concentrate on the linear approximation function in this implementation.
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4.3.4 R Code Implementation

The appendix contains R code that demonstrates the implementation of the real-time
tracking approach for dynamic data analysis. The code shows how to discover change

points, segment the dataset, and derive useful insights from the analysis in real-time.
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CHAPTER 5

APPLICATION AND

STATISTICAL ANALYSIS

In this chapter, we apply the methodologies introduced in previous chapters to real-
world datasets. We conduct statistical analyses to assess the proposed algorithms’
performance and effectiveness in real-world circumstances. In addition, we investigate
the distribution and features of detection findings in order to get insights into the

algorithms’ behavior across diverse datasets and conditions.

5.1 Data Description

The considered dataset contains real power consumption data obtained from a
nuclear power facility. It is made up of a time series of power consumption figures in
megawatts (MW), ranging from 203.2208 to 216.4605 MW. A total of 744 samples
were collected from real observations of electricity use at the nuclear power plant.

Given the nature of this time series dataset, the variables were sampled hourly for an
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entire duration of 744 hours.
Source: The data on power consumption were obtained from the Kaggle dataset

available at Electric Power Consumption by Nuclear Power Plant.

To explore the dataset further, we visualize the power consumption data using
two different plots: a time series plot and a scatter plot.

The time series plot shows the changes in power use over time, revealing any
underlying trends or patterns. This visualization shows how power usage varies
throughout the duration of the dataset, allowing us to discover any recurring trends

or anomalies.

Time Series Plot of Power
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Figure 5.1: Time Series Plot

Meanwhile, the scatter plot depicts the relationship between the input factors
(such as the time index) and the resulting power consumption numbers. This plot

allows us to evaluate the applicability of our method to the dataset by studying the
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distribution and dispersion of data points. Analyzing the scatter plot allows us to
acquire a better understanding of how power consumption fluctuates with regard to
different input variables, potentially revealing any nonlinear correlations or clusters

in the data.

Scatterplot of Power vs Hours
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Figure 5.2: Scatterplot

Both visualizations are useful tools for evaluating data distribution and identifying
potential patterns that may affect the implementation of our approach. Furthermore,
the scatter plot provides useful insights into the power usage pattern, allowing us to

make informed judgments on how to implement and optimize our method.

5.2 Comparison with Global Regression Model

In this part, we compare the performance of our change point detection approaches
against a global regression model applied to the dataset. The comparison attempts
to assess the efficacy and accuracy of our methods for detecting localized trends and
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change points.

5.2.1 Global Regression Model

We start by fitting a global regression model to the entire dataset using the linear
regression method. This model is used as a baseline for comparison with our segmented

regression approach.

Methodology

To fit a single regression line to the dataset, we use the linear regression procedure.
Linear regression is a statistical approach for modeling the connection between a
dependent variable and one or more independent variables. In our case, we use linear
regression to find the best-fitting regression line that depicts the overall trend in the
dataset without breaking it down into separate components. The linear regression

model is represented as follows:

y=00+pB1-x+e

In the linear regression model, y is the dependent variable (power consumption),
while z is the independent variable (time). The intercept 3y reflects the value of the
dependent variable when the independent variable is zero, whereas 3 is the slope of
the regression line, which indicates the rate of change in the dependent variable for a
one-unit change in the independent variable. Finally, € accounts for the discrepancy

between observed and predicted values, reflecting variability that cannot be explained
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by the model.

The linear regression model aims to determine the values of 5y and £ that minimize
the sum of squared residuals, representing a linear relationship between the dependent
and independent variables.

We describe the fitted model and show the estimated coefficients and values. The

fitted linear regression model is provided by:

§=00+ P -x (5.1)

Where ¢ is the estimated dependent variable (power consumption) and z is the in-
dependent variable (time). Bo denotes the estimated intercept of the regression line,
while Bl represents the estimated slope. Using this approach, our fitted linear regres-

sion model is as follows:

Power = 206.4 4+ 0.01107 - Hours (5.2)

In our study, the estimated intercept of 206.4 represents the baseline power consump-
tion at zero time, while the slope of 0.01107 represents the rate of change in power

consumption per unit increase in time.

Results

The following are the results obtained by fitting the global regression model.
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Fitted Line Plot
Power = 206.4 + 0.01107 Hours
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Figure 5.3: Fitted Line

« Euclidean Distance = >, |y; — f (z;)]>. For the global regression model is

2954.514

« Mean Squared Error (MSE): The MSE measures the average squared dif-
ference between the observed and predicted values. The formula for calculating
Mean Squared Error (MSE) is:

1 < )
i=1
Where n is the number of data points, y; is the observed value of the dependent

variable, and f(z;) is the predicted value of the dependent variable. For the

global regression model, the MSE is 3.98.

81



« Percentage error is a measure used to assess how accurate an estimate or
prediction is. To represent it as a percentage, calculate the absolute difference
between the actual value y; and what was predicted ¢, divide that difference
by the observed value, and multiply the result by 100. The percentage error
formula is:

~

Yy —Yy
Yi

x 100%

Percentage Error =

For the global regression model is 2.575236.

These results provide insights into the global regression model when applied to the

dataset.

5.2.2 Change Point Detection Methods

We use our change point detection methods to partition the dataset and then fit
regression lines to each segment. The approaches were introduced and addressed
in Chapters 3 and 4. We evaluate the performance of these methods in the global
regression model.

To assess the performance of change point detection algorithms, we use metrics
such as mean squared error (MSE), Euclidean distance error, and percentage error.
These measurements reveal differences in the accuracy and explanatory power of seg-
mented regression models vs the global regression model.

In the following sections, we provide the results of the change point detection methods
as well as their implications.
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5.2.3 Method 1: Tracking the change of the patterns using
optimal partitions

The aim of the algorithm is to partition the data into segments and determine the point
at which the underlying pattern shifts. It needs finite data and a predetermined

number of segments.

Example 1: Single Change Point

Consider a dataset (D) of 744 observations and a segment (k = 1). We use this method
to find a single change point in the data set. Figure 5.4 depicts the findings. The

algorithm recognized a change point at x = 200.

Example 2: Two Change Points

Consider the same dataset D with n = 744 observations and k£ = 2 segments. We use
the method to find two change points in the data set. Figure 5.5 depicts the findings.

We discovered that the program identified the change sites at * = 3 and = = 200.
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Figure 5.5: Two Change Points
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Results and Interpretation

After applying our change point identification technique to the practical example
dataset, we examined the regression lines that emerged. Figure 5.5 shows that
the first regression line is not clear. This observation is consistent with our
prior discussion in Chapter 3, which emphasized that cutoff points at the
beginning or end of a period may not be good. In the case of the practical

example under discussion, a single point is sufficient for our needs.

In the case of a single change point, we obtained two fitted line models reflecting

segmented regression analysis:

Model 1 Fitted Line:

Power = 205.6366 + 0.004134994 - Hours (5.3)

Model 2 Fitted Line:

Power = 210.7248 + 0.003167302 - Hours (5.4)

To evaluate the performance of each model, we use error measures such as Mean
Squared Error (MSE), percentage error, and Euclidean distance. These metrics pro-

vide insight into the accuracy and goodness of fit of each regression model.
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lated the Euclidean distance, which came out to be 1458.267. Notably, this value is
significantly less than the Euclidean distance of the global error, which was found to
be 2954.514. This stark distinction provides substantial evidence in support of our
method’s efficacy, as mentioned in Chapter 3, displaying improved error minimization
performance when compared to the global approach. Furthermore, when we calcu-
lated the Mean Squared Error (MSE) for each model, we consistently found that the

MSE values were lower than the global MSE. Similarly, the percentage error for each

Table 5.1: Performance Metrics for Two Models

Model | Euclidean distance | MSE | Percentage error
Model 1 1458.267 1.140012 1.767903%
Model 2 2.165701 1.95915%

After applying our method to identify the single change point at 200, we calcu-

model was found to be less than the global regression error in every case.

Percentage Error for Part 1

Scatter Plot of X1 vs Percentage Error for Part 1

Scatter Plot of X2 vs Percentage Error for Part 2

Percentage Error for Part 2

As illustrated in Figure 5.6, we examined the percentage error for two distinct

Figure 5.6: Percentage Error
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components: Part 1 and Part 2. In Part 1, which corresponds to the regression model,
our investigation found that the majority of errors fall below 1%. This indicates that
the regression model is highly accurate in predicting outcomes, with little variations
from actual values. In contrast, in Part 2, displayed in the second plot, we found that
the percentage error remains primarily below 1.5%. Although the errors in Part 2
are significantly greater than those in Part 1, they remain reasonably low, showing
that the model performed satisfactorily in this environment. Overall, these findings
highlight both models’ ability to collect and predict underlying patterns in data, with

minimal discrepancies between projected and actual values.

5.2.4 Method 2: Real Time Tracking

The real-time tracking method attempts to dynamically partition the data into seg-
ments and determine the change point at which the underlying pattern shifts. Unlike
existing methods, our methodology does not place constraints on the finite-
ness of the data. However, the error threshold must be specified before
starting. This allows the algorithm to detect significant changes in the data in real-

time, resulting in effective pattern identification and segmentation.

Error Calculation

Before starting with our method, we need to calculate the error, represented by €. The
chosen error calculation helps to determine the granularity of temporal updates and

the effects of data partitioning. The error is calculated with the following formula:
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_ maX(|yi+1 - yz|)
n

where n is the total number of observations, and y; and y;,; are consecutive data
points. This error value is an important element in our approach since it guides the
dataset segmentation and makes it easier to identify change points.
For the given dataset with n = 744, y; = 207.29325, and y;1 = 207.84, the error can
be calculated as follows:

max(|207.84 — 207.29325|)

€= i = 0.0007356559

This error amount is used as a threshold to detect substantial changes in the dataset

during real-time tracking.
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Power Consumption Over Time
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Figure 5.7: Real Time Tracking

Results and Interpretation

Implementing the real-time approach on the practical example dataset yielded eight
segments, represented by nine clusters with regression lines. While examining the
data, Figure 5.6 revealed that the clarity of the first three regression lines had been
compromised. This finding is consistent with our previous discussion, where we
noted that cutoff points positioned at the beginning or end of the period may not be

important for accurate segmentation.

In the practical scenario under examination, we have nine models resulting

from the clustering procedure. Using the same approach as the first method,
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we evaluated and compared these models to the global regression. This
comparative study allows us to evaluate the effectiveness of the real-time algorithm

in capturing the underlying patterns and trends in the dataset.

5.2.5 Statistical Analysis

Once real-time tracking methods were implemented, eight discrete cutoff points
were noted: 2, 5, 11, 23, 47, 95, 191, and 383. We used the bootstrap resam-
pling technique to thoroughly analyze these cutoff points statistically. By repeatedly
sampling from the observed data with replacement, Bootstrap resampling is
an effective method that enables robust inference. By using this method, we can
assess statistics’ variability and make inferences about the underlying population

distribution.

The Bootstrap Method, which was first introduced in Chapter 1, is now used
to investigate the variability of observed cutoff points. This section describes the

implementation steps and visualizes the Bootstrap distribution.

Bootstrap Method Implementation

We used the R software environment and the statistical package boot to perform the

Bootstrap analysis. The following steps were taken to conduct the analysis:
1. To do Bootstrap resampling in R, we first loaded the boot library.

2. Then, we created a dataset called original data with the observed cutoff
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points for variables a and b during real-time tracking.

3. For each bootstrap sample, the mean of variables a and b was computed using

a statistic function.

4. We set the number of bootstrap samples to be generated.

5. To evaluate the variability of observed cutoff points, bootstrap resampling was

done on the original data using the boot function

6. We visualized the Bootstrap distribution of the mean of variable a using a his-

togram.

Bootstrap Distribution
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Figure 5.8: Bootstrap Distribution

Figure 5.8’s Bootstrap distribution visualization allowed us to see a lengthy, heavy

tail to the right, which suggested possible extreme values.
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Following bootstrapping, we evaluated the effectiveness of the maximum likeli-
hood estimator (MLE) for three distributions: generalized extreme value (GEV),
log-normal, and Frechet distribution. With R’s (nlm) function, we conducted this

evaluation on several sample sizes: 100, 500, 1000, 1500, and 2000.

Following the Kolmogorov-Smirnov (KS) test, we obtained corresponding p-
values that indicated the degree of concordance between the observed data and the
fitted distribution for each distribution (log-normal, GEV, and Fréchet) across various
sample sizes (100, 500, 1000, 1500, and 2000). While a higher p-value indicates a
more appropriate fit, a low p-value indicates a significant difference between the

empirical and theoretical distributions, indicating an inadequate match.

The p-values for the KS test for each distribution at various sample sizes are
shown in Table 5.2 below. Across a range of bootstrap sizes, the Fréchet and GEV

distributions typically have higher p-values than the log-normal distribution.

Bootstrap Size | Fréchet Distribution | GEV Distribution | Log-Normal Distribution
100 0.2876 0.8603 0.05425
500 0.3419 0.7897 0.0005809
1000 0.0069 0.2167 4.346e-08
1500 0.04527 0.2082 2.979e-07
2000 0.03751 0.4555 2.684e-10

Table 5.2: KS Test p-values for Different Distributions and Bootstrap Sizes

Following that, in order to visually evaluate each distribution’s degree of fit to
the observed data, we showed the cumulative distribution function (CDF) for the
log-normal, GEV, and Fréchet distributions across a range of sample sizes.
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(a) Sample Size 100 (b) Sample Size 500

(c) Sample Size 1000 (d) Sample Size 1500
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(e) Sample Size 2000

Figure 5.9: CDF Plots for Different Sample Sizes

The bootstrapping used in this work provides two key purposes. First of all, it
is used to increase the sample size, allowing for a more thorough investigation of
various distributions for the optimal values. By increasing the sample size through
bootstrapping, we essentially enlarge the dataset accessible for analysis, improving
statistical power and allowing for a more robust identification of the underlying

distribution of the optimal values.
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Secondly, bootstrapping is used to validate our results by demonstrating their
reproducibility. This includes demonstrating that our findings are not dependent
on a specific dataset but are applicable to other datasets. By resampling from the
original dataset, we demonstrate that our conclusions remain reliable and consistent
even when applied to different datasets with a comparable data generation process,

strengthening the credibility of our research results.

5.3 Application of Bayesian Change Point Analysis

In this section, we extend our investigation into change point identification by per-
forming Bayesian Change Point Analysis on the same dataset that was previously
studied using optimization-based approaches. Our examination aims to determine
the effectiveness and reliability of Bayesian approaches in identifying changes in both

the mean and variance of time series.

Detection of Changes in Mean

Bayesian Change Point Analysis is used to detect changes in the mean of a time series.
This method divides the data into segments, each with a distinct mean, and uses
Bayesian inference techniques to determine the probable locations of change points.
Using the bcp function from the bep package in R, the following change points were
identified in the mean: Change Point 1: 35, Change Point 2: 199, Change
Point 3: 225, Change Point 4: 260, Change Point 5: 529, Change Point 6:

535, and Change Point 7: 696, as illustrated in Figure 5.10.
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Detection of Changes in Variance

Similarly, Bayesian Change Point Analysis is used to detect changes in the variance
of the time series. By assuming that variance varies across segments, the approach
predicts the posterior distribution of change points, indicating large changes in obser-
vational variability. Using the changepoint or bcp packages in R, the analysis found
the following change points in the variance: Change Point 1 at 200, Change Point

2 at 276, and Change Point 3 at 744, as shown in Figure 5.11.
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Figure 5.10: Plot illustrating the identified change points in the mean
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Figure 5.11: Plot illustrating the identified change points in the variance

Comparative Analysis

When we compared the results of Bayesian Change Point Analysis to those of our
optimization-based approaches, we discovered significant disparities. Specifically, the
quantity and position of identified change spots differed between the two methodolo-
gies. Furthermore, due to its sensitivity to errors, our optimization-based method may
generate more change points than the Bayesian method. As a result, it is expected
that our method will discover more change points than the Bayesian approach. The
discrepancy is attributable to the essence of both approaches. Ours is not dependent

on point distribution, whereas the others are based on data set statistics.
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CHAPTER 6

REGRESSION WITH DEEP

NEURAL NETWORKS

In this chapter, we delve into neural networks, specifically Deep Neural Networks
(DNNs) for regression analysis. We present an overview of neural networks, empha-
sizing their significance and the evolution that led to the emergence of deep learning.
We delve into the fundamentals and structure of DNNs, defining crucial concepts
such as neurons, activation functions, and layers. Furthermore, we discuss different

forms of activation functions and their implications for model training.

Throughout this chapter, we aim to provide readers with a comprehensive un-
derstanding of DNNs and their application in regression analysis. Furthermore, we
will demonstrate these concepts using a practical case, comparing our discussion with
the approaches explored previously in this thesis. This example demonstrates the

efficacy of Deep Neural Networks in regression problems.
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6.1 Brief Overview of Neural Networks

Neural networks are a type of machine learning algorithm based on the structure
and function of the human brain. These computational models are made up of in-
terconnected nodes, or neurons, these neurons are grouped into input, hidden, and
output layers. Each neuron gets input signals that are weighted according to their
connection strength. These weighted inputs are processed with an activation func-
tion to generate output signals. During training, the network changes these weights
to reduce the discrepancies between expected and observed outputs, hence boosting
data-driven learning. The structure allows for the effective detection of complicated
patterns via interactions between neurons across layers. Weights in artificial neural
networks (ANNs) represent the strength of neurons’ connections, which is critical for

the effective recognition of patterns and learning [47].

6.1.1 Significance of neural networks

o Neural networks are capable of modeling complicated data patterns.

e They can identify intricate patterns in data without relying on established re-

lationships or assumptions.

o Neural networks perform at image recognition, natural language processing, and

predictive analytics due to their flexibility.

o Neural networks can generalize and draw conclusions from previously learned

patterns, allowing them to deliver significant insights and predictions.
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6.1.2 Deep Neural Networks (DNNs)

Deep Neural Networks (DNNs) are neural networks with numerous hidden layers that
excel in learning hierarchical data representations by abstracting higher-level charac-
teristics from raw input. Their depth allows them to handle large, high-dimensional
data and extract valuable insights, making them useful in various applications [48].
This thesis focuses on DNNs due to their superior performance and versatility in

modeling complex data structures.

Input Layer Hidden Layer 1 Hidden Layer 2 Output Layer

Figure 6.1: Deep neural network architecture

In regression analysis with neural networks, the mathematical formula represents
the relationship between input features x to each layer and predicted output y from

the same layer.

y=b+W'z (6.1)
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In this equation 6.1, y represents the projected output and b represents the bias
term. The coefficients (weights) w for each input characteristic x; and the number of

input items n are represented.

Evolution and Background History

Deep neural networks (DNNs) as we know them today were developed with significant
contributions from the historical development of neural network research. An outline
of neural network theory’s development is provided in this section, starting with Mc-
Culloch and Pitts’ foundational work in the 1940s [49]. The 1980s saw a rebirth of
neural networks due to the development of backpropagation, a crucial multi-layer per-
ceptron training approach [50]. Deep neural networks emerged in the 21st century,

driven by breakthroughs in computer power and big datasets [51].

6.1.3 Activation functions

Activation functions are critical components of neural networks that introduce
nonlinearity into the network’s output. This nonlinearity enables neural networks
to simulate complicated interactions between inputs and outputs, allowing them to
learn and represent highly nonlinear patterns in data. Without activation functions,
the network would return to a linear regression model, greatly limiting its expressive
ability. Three of the most widely used activation functions in neural networks are

Rectified Linear Unit (ReLU), sigmoid, and hyperbolic tangent.
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The ReLU activation function is described as:

f(z) = max(0,x)

ReLU is common because it is simple and effective in addressing the problem of

vanishing gradients that might occur during deep neural network training.

Sigmoid activation function is defined as:

The sigmoid function limits input values to the range [0, 1], making it appropriate
for binary classification problems that require the output to be interpreted as a

probability.

Tanh’s activation function is defined as follows:

Tanh produces values between -1 and 1, which makes it symmetric around the origin.

Tanh is helpful in identifying non-linearities in the data, both positive and negative.
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The choice of an activation function is determined by the task’s specific features and

the network architecture, each function having advantages and limits.

6.2 Numerical Example

In this section, we provide a practical case study to demonstrate deep neural network
concepts using the power consumption dataset. We discuss our findings considering
the results of the previous method discussed in this thesis.

This example demonstrates the effectiveness of deep neural networks in addressing

regression difficulties.

In the numerical example, we used an organized strategy consisting of the

following steps:

o Data preparation: The dataset was divided into two sets: 70% for training
and 30% for testing. This division enabled us to train the model on a subset of

the data while evaluating its performance on previous data.

o Neural Network Architecture:. Our neural network was methodically de-
signed, with a focus on depth and complexity. We used a pyramid structure
across 6 hidden layers, starting with 64 neurons in the first layer and then
halving the neuron count for each subsequent layer (64, 32, 16,...). This
design decision looked to gradually extract and abstract aspects from the input

data as it moved deeper into the network.
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« Activation function: (ReLU) activation function was used throughout the
neural network. This non-linear activation function provides nonlinearity into

the network, allowing it to describe complicated relationships within the data.

o Implementation: The neural network model was created using built-in Python
functions and packages from PyTorch library. This library offers complete tools

for rapidly designing, training, and assessing neural network models.

6.3 Discussion

This section discusses the results from our numerical example, including the predic-

tions made by the neural network.
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Figure 6.2: Predictions Made by Neural Network
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Mean Squared Error (MSE) of Testing Data

The MSE of the testing data was found to be 2.9. Figure 6.3 illustrates the plot of

absolute error for the testing data.
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Figure 6.3: Absolute Error for Testing Data

Mean Squared Error (MSE) of Training Data

In the same way, 2.28 was determined to be the MSE of the set used for training.

Figure 6.4 displays the training data’s relative error plot.

Interpretation

o It’s worth noting that our approach of partitioning the data, which focuses on
minimizing error, yielded an MSE of 1.14 for part 1 and 2.1 for part 2,

for a total of 3.24, which is less than the MSE of the global regression (3.98).
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Figure 6.4: Relative Error for Training Data
Furthermore, the neural network approach produced similar findings, resulting
in comparable accuracy. This demonstrates our method’s effectiveness and le-
gitimacy, especially in scenarios where data partitioning is critical to enhancing

model performance.

The use of neural networks serves as a validation tool for our proposed
method. By obtaining similar findings using the neural network methodology, we
demonstrate our method’s credibility and efficiency in addressing the underlying

problem.

Another significant fact is that neural networks perform better on larger
datasets. Our results show that the neural network method performed simi-
larly to our approach, implying that the neural network model thrives
when confronted with a large amount of data.
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CHAPTER 7

CONCLUSION AND FUTURE

WORKS

In this concluding chapter, we summarize the thesis’s main objectives, findings, and
contributions to capture the essence of our research. In addition, we make recom-
mendations for future work and areas of investigation in the discipline to encourage

further advanced.

7.1 Summary of findings

Everywhere in daily life, there are always changes. It is essential to understand
unexpected and major changes in everyday life in order to understand scientific
discoveries and decision-making. Decision-makers need to recognize and respond
to data patterns, including anomalies, trends, and seasonality, as the world grows
more interconnected. Unique statistical methods have been developed to address the

limits of existing methodologies and challenges with change point detection. This
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thesis provides and critically evaluates novel statistical techniques for change-point
identification with the aim of explaining processes hidden behind observable scatter

plots.

The first proposed method focuses on utilizing an optimization approach to
identify change points and partition data in order to minimize errors using the
Euclidean distance. When working with complex, clustered scatter plots, predictive
modeling performs better because it is applicable to all approximation functions.
Additionally, the second proposed approach offers a dynamic framework for handling
changing provided data and generating continuous intervals. It operates on a dataset,
regardless of finiteness, and considers the complex nature of real-time data evolution.
To ensure effective local trends and patterns, the method uses an error threshold ¢ to

detect change points and partition the dataset accordingly.

The application chapter uses methods for finding change points in real data
sets (power consumption) and determining the Euclidean distance of local regression
which is substantially less than the Euclidean distance of the global regression. For
statistical purposes, the bootstrapping approach is employed, and the R software
environment and statistical package are used for bootstrap analysis, from this
approach, which involves proving that our findings are relevant to different datasets
and do not depend on a specific one. When we applied Bayesian Change Point
Analysis to the same data set at the end of the application chapter, we found several

significant differences. More specifically, there were differences between the two
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techniques in the number and location of detected change spots. Additionally, our
optimization method may result in more change points than the Bayesian method

because of its sensitivity to errors.

Using the same dataset, we evaluated findings in a real-world numerical exam-
ple by utilizing Deep Neural Networks (DNNs), which we also discussed in the

previous chapter.

7.2 Future works

As discussed in Chapters 3 and 4, our methods were designed to promote a variety
of approximation families. Future studies could expand the algorithm’s capacity to
handle various function types and investigate alternate partitioning methods. Due
to time restrictions, our current implementation focuses on linear approximation
functions. However, future iterations may widen the scope to cover other function

types such as exponential or quadratic functions.

Based on the results of the neural network in Chapter 6, future research di-

rections could include studying alternative activation functions or improving the

network architecture to improve performance further.
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APPENDIX A

R CODES - FIRST METHOD

One point

Linear <- function(x, y) {

a = cov(x, y) / var(x)

b

mean(y) - a * mean(x)
return(norm(y - (a * x + b), type = "2")"2)}

phi <- function(x, y) {

A cbind ()

1

length(x)

for (i in 2:(1 - 2)) {

=

= cbind(A, c(x[i], Linear(x[1:i], y[1:i])

+

Linear (x[(4 + 1):1], y[@l + 1):11)))}

oo
Il

t(h)
min_error = min(B[, 2])

cutoff point = Blwhich.min(B[, 2]), 1]

109



X1 = x[1:which.min(B[, 21)]

Y1 = y[1:which.min(B[, 2])]

X2 = x[(which.min(B[, 2]) + 1):1]
Y2 = y[(which.min(B[, 2]) + 1):1]
al = cov(X1, Y1) / var(X1)

bl = mean(Y1) - al * mean(X1)

a2 = cov(X2, Y2) / var(X2)

b2 = mean(Y2) - a2 * mean(X2)

phi(x, y)}

Two points

Linear <-function(x,y){

x=sort (x)

a=(var(x) !=0) *cov(x,y) /var (x) +0* (var (x)==0)

b=mean (y)-a*mean (x)

return(norm(y-(a*x+b) ,type="2"))

#print (norm(y-(a_s*x+b_s) ,type = "")"2/(1+a_s"2))}
phi<-function(x,y){

x=sort(x)

A=cbind ()

1=length(x)

for (i in 3:(1-4)) {

for(j in (i+1):1-2) {
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A=cbind(A,c(x[i],x[j],Linear(x[1:i-1],y[1:i-1])+Linear(x[i:j],y[i:j1)+
Linear(x[(j+1):11,y[(j+1):11))) } }

B=na.omit (t(A))

k=which.min(B[,3])

print(c(B[k,1],B[k,2],B[k,3]))}
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APPENDIX B

R CODES - SECOND METHOD

e <- 0.0007 # value error
d <- 0 # Initial value of d
# Define the Linear function
Linear <- function(x, y) {
a = cov(x, y) / var(x), b = mean(y) - a * mean(x)
return(norm(y - (a * x + b), type = "2"))}
cutoff <- function(x, y, e) {
1 = length(x),j =1

cutoff_points <- c(), while (j < 1) {

while (d < e && i < 1) {

[oN
Il

Linear(x[j:i], y([j:i1) }, j =3 + 1
cutoff _points <- c(cutoff points, x[i - 1])}
return(cutoff points)}
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