SYle teiale e e e e e e el e o e e el e e e e

MAGNON TRANSPORT IN NON-COLLINEAR MAGNETIC

STRUCTURES. 3
%
E}%_:
BY O
%

Maryam Salem Mousa Moutan

A Thesis Presented to the
DEANSHIP OF GRADUATE STUDIES

KING FAHD UNIVERSITY OF PETROLEUM & MINERALS
DHAHRAN, SAUDI ARABIA

In Partial Fulfillment of the
Requirements for the Degree of

MASTER OF SCIENCE

In

97 el e Je o e e e S e e e e e e e cwfi%iﬁ@iﬁ@iﬁéhff@d&iﬂfﬁe&hﬂ

Physics

N/
2

AICA

t

i kil
P P P P AP P PR P PP

v

-3

S
Vg

T




KING FAHD UNIVERSITY OF PETROLEUM & MINERALS
DHAHRAN 31261, SAUDI ARABIA

DEANSHIP OF GRADUATE STUDIES

This thesis, written by MARYAM SALEM MOUSA MOUTAN under the direction
of her thesis advisor and approved by her thesis committee, has been presented
to and accepted by the Dean of Graduate Studies, in partial fulfillment of the
requirements for the degree of MASTER OF SCIENCE IN PHYSICS.

/JQ

Thesis Committee:

{kg? Dr. Acféi Abdut (Advisor)
=

Dr. Hocine %louli (Co-advisor)

Dr. Mohammad F. Al-Kuhaili

Department Chairman

.. ey l/% rnber)

Dr, Khan Alam (Membcr)

Dr. Sulaiman S. Al-Homidan

Dean of Graduate Studies X
Dr. Sabri Elatresh (Member)

Date




MAGNON TRANSPORT IN NON-COLLINEAR
MAGNETIC STRUCTURES.

Maryam Moutan

A thesis submitted in partial fulfilment of the requirements
for the degree of

Master of Science

Principal Supervisor:

Dr. Adel Abbout (KFUPM)

Co Supervisor:

Dr. Hocine Bahlouli (KFUPM)

May 2024



© Maryam Salem Mousa Moutan

2024



To my husband Ibrahim,

without you, it wouldn’t have been done.



Acknowledgments

I would like to express my deepest gratitude to my advisor, Dr. Adel Abbout, for
the continuous support of my Master’s study and related research, for his patience,
motivation, and immense knowledge. His guidance helped me all the time doing
my research and writing of this thesis. I could not have imagined having a better
advisor and mentor for my Master’s study.

I dedicate this work to ..

My dear parents, whose unwavering love and guidance have been the cornerstone
of my character. From them, I learned the virtues of kindness, perseverance, and
integrity. They have been both teachers and protectors, instilling in me the values
that define me. Their sacrifices have not gone unnoticed; every opportunity I've
had and every accomplishment I've achieved can be traced back to their support
and encouragement. They built a foundation of love and understanding that has
allowed me to navigate life’s challenges with confidence. Their example of strength
and compassion continues to inspire me every day, guiding me through both per-
sonal and academic pursuits. I owe them not just my success, but everything.
Ibrahim, who was a pillar of support when solitude was all around. His unwavering
presence during my most challenging times brought out aspects of my character I
had never recognized. Ibrahim’s insight and encouragement helped me to discover
strengths and capabilities within myself that were previously unknown to me. His
belief in my potential pushed me to strive harder and achieve more than I thought
possible. His role in my life has been transformative, making him not just a com-

panion in my journey but a fundamental part of my growth and success. You were

iv



there when no one else was and brought out in me qualities I never knew I had.
Yaman, whose presence has fortified me with strength and purpose. Who has not
only taught me the deeper meanings of resilience and joy but has also transformed
me into a better person. You infused my days with a renewed sense of wonder and
optimism, making the world appear brighter and more beautiful through. You en-
riched my spirit and motivated me to be the best version of myself.

Hadeel, Shaima, Musa, Aseel, Silaf, and Lojain, you are the hope, the strength,
and all the warm feelings in my heart. With you, I've experienced moments and
emotions that will never be repeated.

I want to thank people who shared with me this experience and make it much better:
Reem, a woman of tough times, a friend and sister whose worth was magnified dur-
ing the lean days.

Hanadi, who brought light to my life in the dorm and during those nights of solitude
which would have been unbearably dark without her presence.

Hadeel, all the discussions and debates between us have broadened my perspectives.
Alaa, Amani, and Noon, my colleagues and friends, the Master’s journey was more

beautiful with you and because of you.



Contents

Acknowledgments
Contents

List of Figures

List of Abbreviations
Abstract

Abstract Version in Arabic

1 Introduction
1.1 Motivation . . . . . . . . .

1.2 Organisation of Thesis . . . . . . . ... .. .. ... ... .. ...,

2 Advancements in Magnonic Systems
2.1 Key Studies and Contributions . . . . . . . ... .. ... ... ...

2.2 Innovative Directions in Noncollinear and Noncoplanar Magnonics . .

3 Fundamentals of Magnon Dynamics in Magnetic Structures
3.1 Magnetic Structures . . . .. ...
3.1.1 Magnetic Moments . . . . . ... ... oL
3.1.2  Types of Magnetic Material . . . . . .. .. ... .. ... ...
3.2 Bloch’s Theorem . . . . .. .. ... ... ... .. ... .
3.3 3QState . . . ..

vi

iv

vi

ix

xii

xii

xXiv



3.4 Landau-Lifshitz—Gilbert equation . . . . . . .. ... ... ... ...
3.5 Fourier Transform J(q) . . . . . . . . ... . .o
3.6 Magnons . . . . ...
3.7 The Atomistic Spin Model . . . . . . . ... ... ... ...
3.8 Holstein-Primakoff Transformations . . . . . . . ... ... ... ...
3.9 Investigation of Magnons in Magnetic Systems . . . . . . . .. .. ..

3.9.1 Magnonic Crystals for Waveguides and Logic Devices . . . . .

3.9.2  Spintronics and Magnon Spintronics . . . . . . ... ... ..

3.9.3 Quantum Information Processing with Magnons . . . . . . . .

Advanced Analytical Approaches to Magnon Dynamics

4.1 Dynamical System Analysis in Spherical Coordinates . . . . . . . ..
4.1.1 Non AFM . . . . . . .

4.2 Analysis in the Local & Coordinate System . . . . . . . .. ... ...

4.3 Additional Terms . . . . . . . . ...
4.3.1 Zeeman Energy . . . . . . ... oL
4.3.2  Anisotropy Energy . . . . ... oo
4.3.3 Dzyaloshinskii-Moriya Interaction . . . . . . . ... ... ...
4.3.4 Pseudodipolar Energy . . . . . ... ... L.
4.3.5 Four-Spin Interaction. . . . . . . . . .. ... ... ... ...
4.3.6  Oscillating Magnetic Field . . . . .. .. ... ... ... ...

4.4 Holstein-Primakoff Method for a Triangular Lattice . . . . . . . . ..

4.5 Tilted Ferromagnet . . . . . . . . . ... L

Discretization of the Schrédinger Equation

5.1 The Hamiltonian Matrix . . . . . .. .. .. ... ... ... . ....
5.2 Hermitian Hamiltonian Framework for a Lattice System . . . . . ..
5.3 Example of Ferromagnetic Spins on a Honeycomb Lattice . . . . . . .

5.3.1 Theoretical Model . . . . . . . .. ... ...

6 Numerical Analysis of Magnon Dynamics

vii

37
38
40
41
43
43
44
46
47
49
ol
23
57

61
63
67
70
70

74



6.1 Time Integration of the LLG equation . . . . .. .. ... ... ...

6.1.1 Stochastic Landau-Lifshitz-Gilbert Equation . . . . . . . . ..

6.1.2 Heun’s Method . . . . . . . . . ... .

6.2 Comparison of the Stochastic Numerical Methods with Exact Solutions 78

6.2.1 Dynamics of a Single Spin Subject to a field along the z-axis .

6.2.2 Random Spin Orientation in Ferromagnets . . . . . . . . . ..

7 Conclusion and Future Work

7.1 Conclusion . . . . . . . .

7.2 Future Work . . . . . .

Appendix A

A1 Useful Relations . . . . . . . . . . .

A.2 Some Detailed Calculations

Appendix B Source Codes

B.1 Band Gap of 2 Spins Out of Phase

B.2 Band Gap of a Honeycomb

B.3 Dynamics of a Single Spin Subject to a z-Axis Field . . . . . . .. ..

B.4 Dynamics of Ferromagnetic Subject to a z-Axis magnetic Field . . .

Bibliography

Curriculum Vitae

viil

78
81

83
83
84

86
86
87

90
90
93
100

. 104

109

116



List of Figures

Figure 3.1 Ferromagnetic spin order. . . . . . . . ... ... ... .. 13
Figure 3.2 Antiferromagnetic spin order. . . . . . .. ... L. 14
Figure 3.3 Ferrimagnetic spin order. . . . . . . . ... ... ... 15
Figure 3.4 The arrangement of magnetic spins in three dimensions
within a two-dimensional plane of atoms|[1]. . . . . . . .. 18
Figure 3.5 The row-wise antiferromagnetic structure shows alternat-

ing magnetic moments in opposite directions along each

row of atoms. This arrangement cancels out the net mag-

netization, resulting in no overall magnetic moment. . . . 19
Figure 3.6 The Brillouin zone of a triangular lattice, highlighting the

key wave vectors where the minima of the exchange inter-

action J(k) occur as the parameter o changes. Points A,

B, C, D indicate these minima. . . . . ... ... ... .. 27
Figure 3.7 Spins possess the capability to organize into different con-

figurations, a characteristic of significant relevance for

Spintronics apparatus. a. The spins are located ran-

domly throughout the material without a specific order.

b. spins are located randomely but all in same direction

(spin alignment). c. the spins are located in ordered man-

ner on a crystal lattice forming a nonmagnetic material.

d. the spins are aligned as in a magnetic material. . . . . 34

X



Figure 4.1

Figure 4.2

Figure 4.3

Figure 4.4

Figure 5.1

Figure 5.2

Schematic illustration of four spin interactions, each spin
is interacted only once: (A) only nearest neighbor hopping
shows interactions between adjacent spins, highlighting
immediate spin coupling; (B) only next nearest neighbor

hopping depicts interactions between spins separated by

one site, emphasizing longer-range spin coupling effects [2].

Lattice model for the 3Q state. a) The triangular lattice
with 4 sites unit cell. b) The local spins configuration.
All the spins are non-collinear and noncoplaner. ¢) The
four different local spins of a unit cell plotted from the

same origin. The angles between each two local spins are

thesame [3]. . . . .. ... Lo

The case study of 2 spins in one dimension titled at angles
of5 6 and -6 degrees shows two spins oriented at opposite
diagonal angles in a one-dimensional lattice. This config-

uration illustrates the interaction dynamics and angular

dependence of spin coupling in simplified systems. . . . . .

The band gap energy of a system of 2 spins titled at angles

of 45 and -45 degrees. . . . . .. ... ...

Configuration of two strips, each containing two cells,
showing a lattice structure with cells labeled 1 through 4.
Strip 1 includes Cell 1 and Cell 2, while Strip 2 comprises

Cell 3 and Cell 4, highlighting the spatial arrangement

and connectivity within the system. . . . . . .. ... ..

Unit cell with four atoms, labeled as a (red), b (blue),

¢ (yellow), and d (green), showing the basic repeating

structure in a lattice. . . . . . . . . ... ... ...

50



Figure 5.3

Figure 5.4

Figure 6.1

Figure 6.2

Figure 6.3

Schematic diagram of ferromagnetic spins on a honey-
comb lattice, illustrating the arrangement of spins in a
two-dimensional hexagonal structure where each spin is

aligned in the same direction, demonstrating ferromag-

netic order. . . . . .. L.

The band gap energy of a system of ferromagnetic spins

on a honeycomb lattice. . . . . . .. .. .. ... .. ...

Initial orientation of the magnetization vector and the ap-
plied field for the simulation, depicting the starting align-

ment of magnetic moments and the direction of the ex-

ternal magnetic field used to study the system’s response.

Time evolution of a single spin in an applied field, show-
ing the magnetization vector precessing around the x-axis

component, illustrating the dynamic behavior of the spin

under the influence of the external field. . . . . . . .. ..

Time evolution of spin orientations in a ferromagnetic sys-
tem subject to an external magnetic field, highlighting the

precessional movement and eventual alignment of spins

along the x-component. . . . . . .. ... ... ... ...

X1

79



List of Abbreviations

LLG Landau-Lifshitz—Gilbert equation
FM Ferromagnetic

AFM Antiferromagnetic

SDW Spin density waves

SSDW Superposition of spin density waves

RW-AFM Row-wise antiferromagnetic

DMI Dzyaloshinskii-Moriya interaction

Xii



Abstract

In this research, we explore the phase space of magnetic structures and investi-
gate the properties of the corresponding ground states. We use Holstein-Primakoff
transformations to find the band structure of magnons both analytically and numer-
ically. The study presents an analytical and numerical examination of magnons in
non-collinear magnetic structures, encompassing ferromagnetic or antiferromagnetic
systems in one, two, and three dimensions. Consequently, this research aspires to
provide fundamental insights into the behavior of magnetic materials at both the
microscopic and macroscopic levels, paving the way for innovative applications in

areas such as information storage, spintronics, and quantum computing.

Keywords: Magnetic Structure, Ground States, Holstein-Primakoff Transforma-
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Chapter 1

Introduction

1.1 Motivation

The thesis on "Magnon Transport in Non-Collinear Magnetic Structures” aims to
explore and understand the intricate behaviors of magnons—quanta of spin waves—
within materials that exhibit complex magnetic textures beyond the traditional
parallel alignments. This investigation is critical for advancing our knowledge in
condensed matter physics, particularly in understanding how magnons behave in
structures where spins are neither parallel nor antiparallel but arranged in more
complex patterns.

The significance of this research lies in its potential to uncover new physical phe-
nomena and mechanisms of magnon transport, which could lead to revolutionary
applications in the realms of spintronics, quantum computing, and energy-efficient
information processing. Spintronics, which leverages the spin of electrons in addition
to their charge, stands to benefit immensely from insights into magnon transport,
as magnons offer a promising pathway to transmit information with minimal energy
loss.

The thesis is inspired by foundational studies in the field, which have explored
magnonic behaviors in various settings, utilizing models such as the Landau-Lifshitz-

Gilbert equation to simulate the dynamics of magnons under different physical in-



teractions and external conditions. Despite significant advancements, the dynamics
of magnons in non-collinear and non-coplanar magnetic structures remain less un-
derstood, presenting an opportunity for ground breaking discoveries.

By employing both analytical and numerical methods to model and investigate these
complex magnetic systems, the research seeks to bridge the gap between micro-level
quantum interactions and macroscopic magnetic properties. This approach not only
aims to expand our theoretical understanding of magnonic systems but also envi-
sions the development of new technological applications that leverage the unique
properties of magnons for improved performance and functionality of future elec-
tronic devices.

In summary, we endeavor to push the boundaries of current magnonic research by
delving into the uncharted territories of non-collinear and non-coplanar magnetic
structures. Through a combination of analytical rigor and numerical analysis, it
aims to contribute valuable insights into magnon transport phenomena, opening

new avenues for innovation in technology and material science.



1.2 Organisation of Thesis

The structure of this is designed to provide a comprehensive overview of the re-
search and its context within the broader field, facilitating a clear understanding for
readers. Introduction: This initial chapter introduces the motivations behind the
study, and describes the thesis’s objectives.

Advancements in Magnonic Systems: This chapter reviews crucial studies and
contributions to magnonics, exploring innovative research directions in noncollinear
and noncoplanar magnon systems.

Fundamentals of Magnon Dynamics in Magnetic Structures: Here, the
fundamental concepts such as magnetic structures, magnetic moments, and types of
magnetic materials are discussed. The chapter further delves into Bloch’s theorem,
magnons, the atomistic spin model, the Landau-Lifshitz-Gilbert equation, the fourier
transform of Heisenberg model energy and Holstein-Primakoff transformations. It
also Explores practical applications such as magnonic crystals for waveguides and
logic devices, spintronics, and quantum information processing with magnons.
Advanced Analytical Approaches to Magnon Dynamics: Explores sophisti-
cated analytical methods to understand magnon dynamics further, including non-
AFM dynamics, Zeeman energy, anisotropy energy, Dzyaloshinskii-Moriya Interac-
tion, pseudodipolar energy, and effects of an oscillating magnetic field. It includes
a detailed examination of the dynamics of two spins out of phase.

Discretization of the Schrodinger Equation: Transitions to a mathematical
implementation of the Hamiltonian matrix on the context of a Hermitian Hamilto-
nian framework for lattice systems. Presents a theoretical model for ferromagnetic
spins on a honeycomb lattice.

Numerical Analysis of Magnon Dynamics: Focuses on the numerical tech-
niques used to integrate the LLG equation and compares these methods with exact
solutions. It includes discussions on the dynamics of single spins subject to a z-axis

field and random spin orientations in ferromagnets.



Conclusion and Future Work: The final chapter summarizes the findings and

suggests future research directions that could advance further the field of magnonics.



Chapter 2

Advancements in Magnonic

Systems

Research in the field of condensed matter physics has significantly advanced our un-
derstanding of magnonic systems, particularly through the exploration of magnetic
topological states. These studies have paved the way for revolutionary applications
in magnonics, leveraging the exotic properties of topological insulators. The unique
characteristic of these materials—unidirectional and topologically protected surface
or edge states—promises robustness against perturbations, making them ideal can-

didates for low-energy, high-coherence information carriers in spintronics.

2.1 Key Studies and Contributions

Historical Foundations

1. Felix Bloch (1930s): Introduced the concept of quantized spin waves in
ferromagnetic materials, which laid the groundwork for the modern under-

standing of magnons [4].

2. Theodore Holstein and Henry Primakoff (1940s): Developed a trans-
formation that is foundational in magnon theory, allowed to quantitatively

describe the collective excitations in a spin system [5].
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3. T. Nagamiya, K. Yosida, and R. Kubo (1950s): Extended magnon
concepts into complex spin arrangements like antiferromagnets and helimag-
nets, which enhanced the understanding of magnon dispersion relations and

interactions [6].
Key Theoretical Advances
Technological Applications and Modern Research

1. Magnonic Crystals (2000s-present): Research into magnonic crystals has
shown how these structures can manipulate magnon flow, leading to potential

applications in wave-based computing and data storage technologies [7].

2. Quantum Magnonics (2010s-present): Investigates the interaction be-
tween magnons and quantum systems, such as qubits, to develop quantum

information technologies [8].

Latest Innovations

Several pivotal studies have explored magnons dynamics within various systems,

employing the Landau-Lifshitz-Gilbert (LLG) equation:

1. Exploration of Ferromagnetic Spins: In 2016, X. S. Wang, Ying Su,
and X. R. Wang explored the nearest-neighbor ferromagnetic spins on a two-
dimensional honeycomb lattice. They described the system by a classical
Hamiltonian, which encompasses various interaction terms, including exchange
interactions, anisotropy energy the pseudodipolar exchange interaction, and
Zeeman energy introduced by an external magnetic field B along the z direc-
tion. The magnons dynamics were obtained by considering small deviations

of the magnetic moments and applying the LLG equation [9].

2. DMI Interaction and Spin Waves: Building on their previous work, X.
S. Wang, H. W. Zhang, and X. R. Wang in 2017 studied again the ferromag-

netic spins in a (2D) honeycomb lattice using the (LLG) equation focusing
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on the Dzyaloshinskii-Moriya Interaction (DMI) and pseudodipolar interac-
tion from spin-orbit coupling. They unveiled that the bulk spin waves of
this system possess nontrivial Chern numbers, which give rise to spin waves
that are topologically protected, and have gapless edge states that propagate

unidirectionally in a plane perpendicular to the magnetization direction [10].

. Topological Magnon Insulators: Andreas Riickriegel, Arne Brataas, and
Rembert A. Duine studied the topological magnon insulators and investigated
their spin transport properties [11]. They calculated the electronic spin cur-
rent through a normal metal in the presence and absence of random lattice
defects. They also explored the effects of temperature, random lattice defects,
and Gilbert damping on the spin current [11]. A topological magnon insulator
described by the Hamiltonian living on a honeycomb lattice. Their Hamilto-
nian takes into account the nearest-neighbors exchange interaction, the next
nearest-neighbors DzyaloshinskiiMoriya interaction (DMI) , and the Zeeman
energy by a z-direction external magnetic field to stabilizes the ferromagnetic

ground state [11].

. Spin-Wave Propagation in Hexagonal Lattices: The research by S.
Mamica and M. Krawczyk on cylindrical cobalt inclusions arranged in a hexag-
onal lattice. They studied the impact of external magnetic field and squeezing
on the magnons within this hexagonal lattice-based structure, to understand
how these factors affect the spin-wave spectrum and magnonic band gaps.
They used the LLG equation with exchange field, static external magnetic
field, magnetostatic field, and a damping term described by a Gilbert damp-

ing parameter to study the dynamics of the magnons in their system [12].

. Classical J;—J; Heisenberg Antiferromagnet: In 2019, Tokuro Shimokawa,
Tsuyoshi Okubo, and Hikaru Kawamura explored the classical J; —J; honeycomb-
lattice Heisenberg antiferromagnet [13]. Utilizing Monte Carlo simulations,

mean-field analysis, and low-temperature expansion techniques to explore the



emergence of multiple-q states under moderate temperatures and magnetic
fields. The investigation reveals a phase diagram in the temperature-magnetic
field plane, showcasing various ordered states and transitions. The analysis is
supported by specific heat measurements, which identify transition points cor-
responding to the emergence of different ordered states, such as the ring-liquid
paramagnetic state and various double-q states. The findings shed light on
the intricate behavior of frustrated spin systems, particularly in the context

of classical Heisenberg spin systems on a honeycomb lattice [13].

. Multiply Periodic States and Skyrmion Crystals: A.O. Leonov and
M. Mostovoy’s research into anisotropic frustrated magnets revealed distinct
multiply periodic states, including skyrmion crystals. Their research identi-
fied five distinct multiply periodic states, including the skyrmion crystal, and
elucidated the mechanisms behind their stabilization. The findings suggest
potential observations of these states through magnetic resonance and electric
polarization measurements [14]. They discussed magnetic skyrmions, empha-
sizing their topological significance and practical applications in skyrmionics.
The study delves into the stabilization mechanisms of these states, particu-
larly focusing on the role of magnetic anisotropy. By exploring a frustrated
triangular magnet, the research uncovers eight different phases, with a sig-
nificant portion occupied by the skyrmion crystal. The results indicate that
frustrated magnets can host skyrmions with distinct properties, provided spe-
cific conditions are met [14]. These conditions include spiral spin ordering,
symmetry axes, commensurate wave vectors, and magnetic anisotropy. The
study suggests potential candidates for observing incommensurate magnetic
orders and discusses the tunability of magnetocrystalline anisotropy in certain

materials [14].



2.2 Innovative Directions in Noncollinear and Non-

coplanar Magnonics

Despite these significant advancements, previous studies have not extensively ad-
dressed the dynamics of noncollinear and noncoplanar magnonic systems. We in-
troduce a novel approach by employing local coordinates system that is more useful
to the non collinear types of structures , which allows for an in-depth exploration of
such complex magnetic structures. This innovative methodology not only enriches
the theoretical framework of magnonics but also opens new pathways for the exper-
imental realization and manipulation of magnons in noncollinear and noncoplanar
configurations.

Our contribution fills a critical gap in the field by extending the study of magnonic
systems to encompass noncollinear and noncoplanar states, offering new perspectives

on spin dynamics and topological phenomena in condensed matter physics.



Chapter 3

Fundamentals of Magnon

Dynamics in Magnetic Structures

3.1 Magnetic Structures

Magnetic structures refer to the spatial arrangement of magnetic moments within a
material, reflecting the distribution of magnetic domains and their interactions. At
the atomic level, magnetic moments arise from the intrinsic spin of electrons, giving
rise to a magnetic dipole. These dipoles can align parallel or antiparallel to each
other, resulting in different magnetic structures. Ferromagnetism, for instance, is
characterized by parallel alignment of magnetic moments, leading to strong over-
all magnetization [15]. Antiferromagnetic materials exhibit antiparallel alignment,
causing cancellation of macroscopic magnetic moments. Ferrimagnetism, a com-
bination of ferro- and antiferromagnetic characteristics, is found in materials with
distinct magnetic sublattices. The arrangement of magnetic domains, regions with
uniform magnetization, plays a crucial role in determining a material’s macroscopic
magnetic behavior. Understanding magnetic structures is essential for various tech-
nological applications, such as data storage, sensors, and magnetic materials design,
as it allows for the manipulation and control of magnetic properties for specific func-

tionalities. Advanced techniques, including neutron diffraction, magnetic resonance
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imaging, and scanning tunneling microscopy, enable the detailed investigation of

magnetic structures at the atomic and nanoscale levels [15].

3.1.1 Magnetic Moments

Magnetic moments refer to the property of a particle, that gives rise to a magnetic
field. This property is associated with the intrinsic angular momentum or spin of
the particle. Particles have an intrinsic angular momentum, and their spin is asso-
ciated with a magnetic moment. The magnetic moment is a vector quantity. The
magnetic moment is aligned with the axis of rotation or spin of the particle. The
magnitude of the magnetic moment is proportional to the magnitude of the spin.
The interactions between magnetic moments play a crucial role in determining the
magnetic behavior of materials, leading to phenomena such as ferromagnetism, an-
tiferromagnetism, or ferrimagnetism.

The magnetic moment is a vector quantity that represents the magnetic strength
and orientation of a magnet or other object that produces a magnetic field. It is a
fundamental property of particles such as electrons, atomic nuclei, and molecules,
and it is also a property of larger objects like planets or pieces of magnetic materials
[16].

For a particle, the magnetic moment is usually associated with its intrinsic spin and
orbital angular momentum. For example, electrons have a magnetic moment both
because they spin and because they orbit the nucleus in an atom. The combination
of these movements generates a tiny magnetic field, which is characterized by the
magnetic moment.

The magnetic moment p is commonly given by:

— g7 3.1.1
n=95 - (3.1.1)

where: J is the total angular momentum vector (combining both spin and orbital

angular momentum), ¢ is the charge of the particle, m is the mass of the particle, g

11



is the g-factor, which is a dimensionless quantity that differs between particles and
accounts for differences in their magnetic properties (for an electron in an atom, this
is known as the Landé g-factor) [16].

The unit of the magnetic moment in the International System of Units (SI) is the
ampere-square meter (A - m?), but it is often also expressed in terms of the Bohr
magneton (up) for atomic scale magnetic moments.

We can define a quantity, called the magnetization M, which is the magnetic moment

per unit volume V of a solid, hence [17]:

m:/VM av (3.1.2)

3.1.2 Types of Magnetic Material

Ferromagnetic Materials

Ferromagnetic spin order refers to the alignment of magnetic moments, or spins, in
a material where neighboring spins align parallel to each other as seen in figure 3.1,
resulting in a net magnetization even in the absence of an external magnetic field (a
spontaneous magnetic moment). In a ferromagnetic material, the individual mag-
netic moments interact strongly with each other, leading to a collective alignment
of spins that persists over macroscopic distances.

At the microscopic level, ferromagnetic order arises primarily due to the exchange in-
teraction between neighboring magnetic moments, which energetically favors parallel
alignment of spins. This interaction is influenced by quantum mechanical principles,
including those encapsulated by the Pauli exclusion principle and Coulomb interac-
tions, which are reflected in Hund’s rules within individual atoms. Hund’s rules con-
tribute to maximizing the total spin of electrons in partially filled orbitals, producing
significant atomic magnetic moments. When these moments in a material interact
via the exchange interaction, they tend to align parallel to each other, leading to a

macroscopically ordered ferromagnetic state below the Curie temperature[18].
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Ferromagnetic materials exhibit a spontaneous magnetization below the Curie tem-
perature, above which thermal energy disrupts the ordered spin arrangement, caus-
ing the material to lose its magnetic properties. Below the Curie temperature, the
ferromagnetic material forms magnetic domains, each with its own uniform spin ori-
entation. The alignment of these domains contributes to the overall magnetization

of the material [18].

1o0000
(N
Peoo0

Figure 3.1: Ferromagnetic spin order.

Antiferromagnetic Materials

Antiferromagnetic spin order refers to a magnetic ordering in which neighboring
magnetic moments align antiparallel to each other as seen in figure 3.2, resulting in
a vanishing net magnetization. In an antiferromagnetic material, adjacent spins pair
up and point in opposite directions, canceling out each other’s magnetic moments.
At the microscopic level, antiferromagnetic spin order arises from the exchange
interaction between neighboring magnetic moments, which tends to align them an-
tiparallel to each other. Unlike ferromagnetic materials, where neighboring spins
align parallel, in antiferromagnetic materials, neighboring spins align antiparallel,
leading to a cancellation of the magnetization.

Antiferromagnetic materials typically have a Néel temperature below which they

13



exhibit antiferromagnetic order. Below this temperature, the spins within the ma-
terial form antiferromagnetic domains, where adjacent spins align antiparallel to
each other within each domain. However, neighboring domains may have opposite

orientations, resulting in a zero net magnetization for the entire material [19].
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Figure 3.2: Antiferromagnetic spin order.

Ferrimagnetic Materials

Ferrimagnetic spin order is a type of magnetic ordering in which neighboring mag-
netic moments align antiparallel to each other, but unlike antiferromagnetic order-
ing, there is a net magnetization due to the unequal magnitude of the magnetic
moments as seen in figure 3.3. In ferrimagnetic materials, two or more sublattices
of magnetic ions or atoms are present, and these sublattices have different magnetic
moments. As a result, even though the neighboring spins align antiparallel, the un-
equal magnitudes of the moments lead to a net magnetic moment for the material.
This unequal magnitude of magnetic moments arises due to different types of ions
or atoms in the sublattices, resulting in different magnetic moments for each sublat-
tice. The antiparallel alignment of neighboring moments contributes to a cancella-
tion effect, but because the magnitudes are different, there remains a net magnetic
moment.

Ferrimagnetic materials exhibit spontaneous magnetization below a characteristic
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temperature known as the Curie temperature. Above this temperature, thermal en-
ergy disrupts the ordered magnetic alignment, leading to loss of ferrimagnetic order

120].
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Figure 3.3: Ferrimagnetic spin order.

3.2 Bloch’s Theorem

Bloch’s theorem in quantum mechanics and solid-state physics describes a funda-
mental property of the wavefunction of the electrons moving through a regular lattice
of atoms -a crystal. According to this theorem, the wave functions v (r) of electrons
in a periodic lattice can be expressed as the product of a plane wave and a function
that has the same periodicity as the crystal lattice. Considering a solid with the
periodic potential V (r + R) = V(7). Bloch’s theorem states that the wavefunctions
of the one electron Hamiltonian H = — (h?/2m) V* 4 V(r) can be chosen to have

the form of a plane wave times a function with the periodicity of the lattice:

wnk("') = eik'Tunk(r) (323)

where

Unk (T + R) = uni(r) (3.2.4)
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and where the subscript n refers to the nth state associated with the wavevector k,
which is the wavevector associated with the electron, r is the position vector, e
is the plane wave component, which describes the free part of the electron’s motion,
unk(r) is a function with the periodicity of the lattice [21].

Bloch’s theorem implies that electrons in a crystal do not move entirely freely
but are modulated by the periodic potential of the lattice. This modulation leads
to the formation of energy bands and band gaps in solids, which are crucial for
understanding the electronic properties of materials, including their conductivity,

semiconducting behavior, and insulating properties.

We may also state Bloch’s theorem in an alternate (but equivalent) form !

V(1 + R) = ™ Fap(r) (3.2.5)

Two key points that emerge from Bloch’s theorem are discussed below:

1. Variation in Electron Density Within a Unit Cell: In a crystal, where atoms
are arranged periodically, periodically the density of electrons [t,x(7)| varies from
one point to another within the unit cell. This is because u,(r) is not a constant

but periodic.

i () = |7 [ty (7)* = Jutt () (3.2.6)

Moreover, due to the periodicity of the wu,; the electron density at a given position
r in a unit cell is the same as at a position r + R in different unit cell.

2. Empty Lattice Model: For empty space (i.e. zero potential), electron waves move
freely. According to Bloch’s theorem, the wavefunctions are plane waves 1, = ¥
with energy E = h?k?/2m. This concept helps us understand how electrons would
behave in a perfectly periodic, but empty, structure. Bloch’s theorem suggests that
in a crystal, electrons behave as if they are both being influenced by the crystal’s

periodic structure and moving freely at the same time [22].

Bloch’s theorem is a versatile principle that applies to a wide range of excitations

IThe proof of Bloch’s theorem can be found in several texts such as Ashcroft and Mermin.
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within a crystal, including electrons, phonons (vibrations of the crystal lattice), and
other forms of excitations. This means that not only the behavior of electrons mov-
ing through the periodic potential of a crystal lattice can be described by Bloch’s
theorem, but also the collective movements and vibrations of atoms within the lattice
(phonons), as well as other quasiparticles or disturbances that propagate through
the solid’s periodic structure. Bloch’s theorem provides a unified framework to un-
derstand how these various types of excitations exhibit wave-like properties and are
modulated by the periodicity of the crystal, leading to the formation of distinctive
bands of allowed and forbidden energies, which are crucial for understanding the

physical properties of materials [23].

3.3 3Q State

The 3Q state is of considerable interest in condensed matter physics because it repre-
sents a compromise between different magnetic interactions and can host interesting
phenomena such as chiral magnetic states and skyrmions, which are topologically
stable configurations that have potential applications in the fields of magnetic mem-
ory and spintronic devices.

The 3Q state, is a noncollinear magnetic structure that can emerge inn a two-
dimensional triangular lattice due to competing exchange interactions among itin-
erant electron spins as demonstrated in figure 3.4. This kind of magnetic ordering is
notable because the interactions do not favor a simple parallel or antiparallel align-
ment of spins as seen in ferromagnetic or antiferromagnetic orders, respectively.
Instead, the 3Q state is characterized by the superposition of three spiral spin-
density waves (SSDWs), each with a distinct finite wave vector, denoted as Q® for
1 = 1,2,3. These vectors describe the periodicity and direction of the spirals in
reciprocal space. The superposition of these three SSDWs results in a complex spin
texture where the spins are spatially modulated in a way that does not give rise to
any net spin magnetization across the lattice [24].

The absence of net magnetization means that, while locally spins might exhibit a
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Figure 3.4: The arrangement of magnetic spins in three dimensions within a two-
dimensional plane of atoms|1].

complex ordered pattern, the overall magnetic moments cancel out when averaged
over the entire lattice. Such a state is energetically favorable in some systems where
the competition between different magnetic interactions prevents the spins from
aligning in a simple ferromagnetic or antiferromagnetic order, leading to what is
known as magnetic frustration [24].

The 3Q state can also be defined as a complex, three-dimensional arrangement of
spins where each of the surface’s unit cells, composed of four identical atoms, dis-
plays noncollinear spin orientation. This intricate spin configuration is constructed
as a linear superposition of three separate RW-AFM ? structures, each corresponding
to one of the three distinct Q° wave vectors located at the M points of the Brillouin
zone. These RW-AFM components are mutually orthogonal in the spin space, which
means that they combine in such a way that their spin directions are perpendicular

to one another, creating a rich tapestry of spin textures across the lattice [1].

2Row-wise antiferromagnetic (RW-AFM) order is a specific type of magnetic ordering observed
in certain crystalline materials. In this arrangement, the magnetic moments of the atoms are
aligned antiparallel to each other within a single row, meaning that each spin points in the op-
posite direction to its immediate neighbors along that row. Adjacent rows maintain the same
antiferromagnetic alignment, creating a regular pattern of alternating spins when viewed along the
rows as shown in figure 3.5 [25].



The wave vectors associated with these SDWs typically have the same magnitude
but point in different directions that are usually related by the symmetry of the
underlying lattice. For example, in a hexagonal lattice, the three wave vectors could

be separated by 120 degrees in the reciprocal space.

Figure 3.5: The row-wise antiferromagnetic structure shows alternating magnetic mo-
ments in opposite directions along each row of atoms. This arrangement cancels out
the net magnetization, resulting in no overall magnetic moment.

Talking about 3Q) state it is important to incorporate the discussion the role of four-
spin interactions in the context of the Landau-Lifshitz—Gilbert (LLG) equation and
their impact on complex magnetic states such as the 3QQ state. One must consider
the delicate interplay between various energy contributions within the system. The
3Q state is notable for its enlarged unit cell in reciprocal space, a manifestation of
competing interactions and reduced symmetry within the magnetic system. The
emergence of this state is a direct consequence of the intricate balance between
exchange interaction, magnetic anisotropy, and, crucially, higher-order interactions
like four-spin exchanges [26, 27].

In antiferromagnetic systems, these four-spin interactions can be especially signif-
icant. They often come into play in scenarios where the conventional pairwise ex-

change interactions fail to determine a unique ground state due to magnetic frus-
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tration [28]. Here, the four-spin terms can relieve degeneracy by selecting nontrivial
orders, potentially giving rise to multifaceted phenomena such as multiferroicity or
spin-driven electrical polarization, which have been observed in various antiferro-
magnetic materials [29].

These higher-order interactions are also sensitive to the geometry of the lattice and
can be influenced by the spin-orbit coupling within the material, affecting both
the electronic structure and the stability of complex magnetic configurations [30].
This sensitivity underlines the necessity for a comprehensive understanding of the
material’s underlying physical properties when considering the effects of four-spin

interactions on its magnetic states.

3.4 Landau—Lifshitz—Gilbert equation

The LLG equation is a semi-classical equation that is used to describe the dynamics
of classical spins that are described by the unit vectors. The LLG equation is
used to study the dynamics of magnetization for many materials and structures.
Materials acquire magnetization if they are subjected to a nearby a magnetic field.
The behavior of local moments is influenced by various interactions, such as spin-spin
exchange, magnetocrystalline anisotropy, applied magnetic field, and other weak
interactions [31].

The LLG equation was first introduced in 1935 by Landau and Lifshitz and later
in 1954, Gilbert developed it further. It takes into account relativistic interactions
such as spin orbit coupling effect and includes a damping term, LLG equation is

given by [32]:
dmi
dt

dm;
= —% (Her x m;) + @ (mi X ;;l ) (3.4.7)

where m; = m;(t) is the atom’s magnetic moment at site i within the lattice, and
H.¢ is the total effective field felt by the local moments due to the different fields

like the anisotropy field, external field, demagnetization field, and « is a damping
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parameter. The H.g is given by:

Hp=—— 2" (3.4.8)

where H is the Hamiltonian.

The LLG equation is a partial differential equation, and its solutions provide insights
into the behavior of magnetization as it relaxed to the ground state or responds to
external stimuli. The LLG equation is particularly important in the study of mag-
netic switching and relaxation processes, as well as in the design of magnetic devices
such as magnetic memories and sensors [33].

The first term resembles the equation that describes how a free spinning object be-
haves in a magnetic field. The interaction between particles can be described as
there is a magnetic field affecting them. This concept is quite useful and has been
used a lot in the study of quantum physics in materials [34].

The second term describes how a system returns back to its stable state.
Furthermore, the equation is of special relevance because it solved some important
problems in the field of magnetism. Firstly, it helped to figure out how a magnet
reacts to changes in an applied magnetic field. This is a problem that is typically
treated with linear response theory, and by studying it, scientists predicted a spe-
cific frequency at which magnets vibrate and how fast these vibrations fade away.
These vibrations were predicted earlier by Bloch in 1930, but Landau and Lifshitz’s
approach made it easier to understand how things like magnetic ground state or-
ders and the surrounding magnetic field affect these vibrations[34]. Secondly, the
Landau-Lifshitz equation was applied to understand how domain walls move. A do-
main wall is a boundary separating different magnetic domains where the direction
of magnetization changes significantly. By considering relaxation in the equation, we
could figure out how these domain walls move when influenced by an outside force,
and how fast they move. This equation became really important for understanding

magnetic structures like solitons, which are localized waves of magnetization that
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move around [34].

3.5 Fourier Transform J(q)

In this section, we apply the Fourier Transform J(q) to analyze a magnetic system,
which are fundamental to understanding the behavior of magnetic domains in ma-
terials science. The motivation for this study stems from the importance of getting
the ground state of the system using fourier transform. The Fourier Transform, with
its ability to break down these waveforms into simpler, analyzable components, pro-
vides a critical tool in our analysis.

Let us consider the system of spins on a triangular lattice with antiferromagnetic
interactions, described by the following Hamiltonian, which is a purely classical spin

Hamiltonian:

NN

NNN

where NN denotes the sum over nearest-neighbor pairs of sites. NNN denotes the
sum over next-to-nearest-neighbor pairs of sites. S; are the spins at lattice sites. J
is the nearest-neighbor exchange interaction. « is the ratio of next-nearest-neighbor
exchange interaction to the nearest-neighbor exchange interaction o = ‘% This only
works classically because for spin operators such a transform breaks the spin algebra
and S; would not be a spin operator. It is convenient to use the Fourier transform

of both terms:

1 )
Si=—— ) Spefik (3.5.10)
N zk:

The inverse Fourier transform would be:

1 .
Sy = —— ) S;eiftik 3.5.11
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where N is the total number of spins.

For the NN term:

H = Z S, - Si Z Ji7j€i(k.Ri+k’-Rj)

kK i
= E Sk - Sk E Jijefikl'(Riij) E R (k+K')
kK i i

= J(k)Sk- Sy
k
Where J(k) is given by :
Jk) =3 et (R ) (3.5.12)
2%

R, — Rj = d;;, wherei =1, 2, 3

For a triangular lattice, we will have three NN vectors 01, d9, 63 and six NNN vectors,
which are linear combinations of the NN vectors. For simplicity, we are using only
three NNN vectors, assuming the lattice has a symmetry that allows us to simplify
the NNN sum. In a triangular lattice, each lattice site is surrounded by six next-
nearest neighbors (NNN) which form a hexagon around it, taking the lattice constant

a =1.
NN Interaction

The NN vectors §,, for the triangular lattice are:

9 = (1,0)

V3

52:(‘ 7)

53:(1,£>
2° 2

Using the Fourier transform of the exchange interaction:

N | —
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3

Tan(k) = J ) ek

n=1

We plug in the vectors 9,, into the formula :

. kg - V3ky kg - V3ky
JNN(k):J<eZk“”+e e 4 ele e >

For each vector, we calculate the exponential term in the Fourier transform:
e = cos(k - 6,) + isin(k - 6,)

rewriting the equation and notice that the momentum sum have both positive and
negative k and H is symmetric under k and —k, hence J(k) will contain only the

cosines.
J\] \]( ) = J (C()S(ka:) COS <_2 + \/g_y> + CcOSs (_x \/g y))

NNN Interaction

For NNN, we would sum the contributions over vectors that connect a site to its
next-to-nearest neighbors. These vectors are linear combinations of the 9, vectors.
For example, NNN vectors could include 6; — s, 2 + d3, and d3 + 6;. We use the

combinations of NN vectors to define the NNN vectors dnnn,, :

b, = 62+ 3 = (0,V3)

3 V3
ONNN, = 03 + 01 = ( )

272
3 —V3
ONNNg = 01 — 02 = <§, T)

24



JNNN (k) = aJ Z eik-NNN vector

NNN vectors

Again, we would apply Euler’s formula and focus on the cosine terms after plug-

ging in the NNN vectors.

. 3ky . V3ky . 3kg . V/3ky

Iann (k) = J <ei‘/§ky +ez e Fez e )

Using the NNN vectors and the same process:

k k
Jxnn (k) = o) (cos (\/§ky) + cos @km + \/z y) + cos (gkx n \/g y))

Combine NN and NNN Contributions

We combine the two results to get the full expression for J(k):
J(k) - JNN(k) + JNNN(k)

Now we simplify using trigonometric identities where needed. This involves using

the angle sum and difference identities for cosine:

cos(a + ) = cos(a) cos(B) F sin(a) sin(f)

Applying these identities we get

J(k) = cos (k) + 2cos <%> cos (

cos (k,V/3) + 2cos (%) cos (@;/ﬁ)] ,

k,V/3
2

(3.5.13)

+«

From eq. 3.5.9 we can notice that for small alpha (o < 1/8), the energy minima

are at the corners of the hexagonal Brillouin zone, such as point A in figure 3.6.
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These correspond to the 120° Neel structure due to the favorable nearest-neighbor
antiferromagnetic interactions, typical of the 3Q state with its triple-Q structure
reflecting three magnon condensates with equal intensity.

As alpha increases but remains less than 1, the minima move to the centers of the
faces of the Brillouin zone (like point B). Here, the corresponding wave vectors re-
flect a different kind of ordering, but still within the 3Q state framework, with a
different orientation of the spins than the small alpha configuration.

When alpha becomes greater than 1, the minima move away from the boundary of
the Brillouin zone, indicating a transition away from the 3Q state to incommensu-
rate spirals, suggesting the ground state’s sensitivity to changes in alpha. The wave
vectors for these states are on the lines connecting the origin to the middle of the
faces (like point C), which signifies a phase transition in the system as it deviates
from the 3Q configuration.

The ground states as a function of alpha thus display a complex interplay of geomet-
ric frustration and spin interactions, where the 3Q) state serves as a representative of
the intricate magnetic ordering occurring in the system. The semiclassical analysis
of the Hamiltonian provides insights into these ground states starting from the 3Q
state and considering quantum corrections, which reflect the nontrivial aspects of

spin configurations and their evolution with alpha.

3.6 Magnons

Magnons are quanta of elementary magnetic excitations in magnetic materials. They
are collective excitations of the spin orientation of electrons in a magnetic solid, akin
to how photons are quantized excitations of electromagnetic radiation. In simpler
terms, magnons are like "particles” representing the collective behavior of magnetic
spins [35].

When a magnetic material is subjected to an external perturbation, such as a mag-
netic field or a temperature change, the individual spins within the material can

change orientation in certain way to create a wave. These aligned spins can then
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Figure 3.6: The Brillouin zone of a triangular lattice, highlighting the key wave vectors
where the minima of the exchange interaction J(k) occur as the parameter o changes.
Points A, B, C, D indicate these minima.

collectively oscillate or precess, creating a wave-like disturbance known as magnons.
Magnons can be described as wave packets, each carrying a certain amount of energy
and momentum. Their properties, such as energy, momentum, and spin, depend
on the specific characteristics of the magnetic material and its crystal structure.
Magnons energy are given by hwy. From quantum mechanical principles, the mag-
netic moment of a system is determined by the negative gradient of its energy with
respect to an applied magnetic field. Therefore, a magnon’s magnetic moment is

defined by the equation:
. 8hwk

T (3.6.14)
where H represents the external magnetic field. This concept enables the analysis
of magnetic system perturbations as the dynamics of a magnon gas, providing in-
sightful explanations for various thermodynamic phenomena [36].

The microscopic theory implies that the exchange interaction between neighbor lo-

calized spins is dominant in determining the magnetic ground state order of crystals.
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The interaction’s nature, ferromagnetic or antiferromagnetic, is dictated by the sign
of the exchange integral, while its magnitude influences the phase transition temper-
ature. The vast diversity of solids displaying different types of magnetic order, such
as ferromagnets and antiferromagnets, underscores the rich complexity of magnetic
systems [37].

Bloch’s theorem, which is applicable to electrons, phonons, and magnons, states
that the wavefunction of particles in a periodic potential can be written as a prod-
uct of a plane wave modulated by a function with the periodicity of the lattice as
given in equation 3.2.5. This implies that for magnons, the collective excitations in
a periodic solid, the probability density is expected to be periodic within the unit
cell but can vary across different points within the cell. The theorem allows for
understanding of the behavior of magnons in various magnetic materials, including
ferromagnets, ferrimagnets, and antiferromagnets [23].

Magnons are also recognized for obeying Bose-Einstein statistics, with experiments
indicating that the Stokes line in light scattering becomes more intense as the
magnon energy approaches or falls below thermal energy [38]. This observation
contributed to evidence supporting Bose-Einstein condensation of magnons in dif-
ferent magnetic materials[38].

Understanding magnons is crucial in the study of magnetic materials and their be-
havior, including phenomena like magnetic phase transitions, magnetic ordering,
and magnetic dynamics. They play a central role in various fields such as con-
densed matter physics, spintronics, and magnonics, where they are exploited for

applications ranging from data storage to information processing.

3.7 The Atomistic Spin Model

The foundation of the atomistic spin model lies in a discrete representation of mag-
netism that describes and investigates the magnetic properties of materials at the
atomic level wherein each atom possesses a localized magnetic moment or spin [39].

The Heisenberg spin model is a model that describes a magnetic substance at the
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atomic scale for some systems. The dynamics of a system comprising interacting
atomic moments are described by a spin Hamiltonian. A standard spin Hamilto-
nian, denoted as H, which encompasses Heisenberg exchange, anisotropy term, and

interaction with an externally applied magnetic field, is expressed as [40]:

H=— Z Jijm; - mj — kZ(mZ ‘n;)? — Z,uimi -B (3.7.15)
i<j i i

The first term is the Heisenberg exchange, it accounts for the quantum mechani-
cal exchange interaction between two neighbouring electrons with overlapping wave
functions, where J;; is the exchange interaction between spins, i is the local atomic
site, m; is the magnetic moment on atomic site i, m; is on a neighboring atomic
site j. k on the other hand is the uniaxial anisotropy constant on site i, n; is a
unit vector giving the magnetic easy axis for site i, and B is the external applied
magnetic (Zeeman) field.
In atomistic spin models, the exchange interaction, which typically tends to be 2-4
orders of magnitude stronger than other interactions, plays a pivotal role in aligning
atomic spins. In ferromagnets, characterized by positive exchange values (J;; > 0),
this strength is evident in the creation of magnetic domains, leading to well-known
macroscopic magnetic properties. Conversely, in antiferromagnets with negative
exchange values (J;; < 0), atomic spins assume antiparallel order. Consequently,
under the influence of weak external fields, the overall magnetization remains zero.
In many cases, the most crucial aspect is the ability of a material to maintain its
magnetic state without easily losing or changing it. This stability is influenced by
the magnetic moments of the material to align itself along specific crystallographic
directions, a characteristic often referred to as magnetocrystalline anisotropy or mag-
netic anisotropy energy (MAE). The most basic type of anisotropy is uniaxial, where
one particular magnetic axis is favored over all others. This uniaxial anisotropy is

modeled through a parameter k. [41].
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3.8 Holstein-Primakoff Transformations

Holstein and Primakoff introduced a transformation that takes advantage of the

highly convenient second quantization notation. This transformation is significant

in interactions between magnons. The spin raising and lowering operators can be

used to express the exchange term. For the 5% spin site,

aT-aj 2
Sj:Sf%—iS?:\/Qs 1— és a;

J s

1

t 2
- qu . o t ajaj
S; =§j —ZS?;— V2sa; [1—2—]

z _ T
Sj—S—a
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(3.8.16)

These equations are called the Holstein—Primakoff transformation. For the case of

low-temperature approximation and if the spins have classical ground state con-

figuration, then the total number of spins that are flipped is relatively small in

comparison with the total number of spins in the system, if the ground state is with

t
(l]-(l

2

all the spins along the positive, i.e. <

using binomial expansion:

1
Sj =V2s (aj — Zsa}ajaj)

S, = \/%(CLT. — iatataj)

J J 4SJJ

_ T
S; =8 —ajay

Keeping lowest order terms yields,

S;_ = \/%aj
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sj > 1, then eq. 3.8.11 can be modified

(3.8.17)

(3.8.18)



z _ T
Sj—S—ajaj

To diagonalize the exchange Hamiltonian, Fourier transform can be used. The

operators a; and ay, to create and annihilate a magnon of wavevector k, respectively

[42]:
]j \/_ Z elk TJCL
ap = L Z e kg, (3.8.19)
N
Such that:

la;, al] = 6,

la;, a;] = [aT aT] 0

177

The Heisenberg Hamiltonian accordingly can be written as:

H=—J) 88 (3.8.20)
1<j

=—J)  |8iSi+ - (8:7S; +878T) (3.8.21)
1<J

3.9 Investigation of Magnons in Magnetic Sys-

tems

In magnetic structures the collective oscillation of magnons can be used to transfer
and process information, offering a novel and potentially more efficient approach
compared to traditional electronic systems. These systems can significantly im-
pact various fields such as computing, where they might allow for faster and more
energy-efficient processing; data storage, enhancing capacities while reducing energy
use; and healthcare, improving diagnostic imaging technologies. Each application

leverages the unique properties of magnons to improve performance and efficiency
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in technologies that are integral to modern life.

3.9.1 Magnonic Crystals for Waveguides and Logic Devices

Magnonic crystals are structures with a repeating pattern of magnetization. This
allows them to have a similar effect on spin waves as a crystalline lattice would have
for electrons. For instance, it may create band gaps that can affect the propaga-
tion of magnons. Just as photonic crystals control the flow of light with periodic
variations in the refractive index, magnonic crystals use variations in magnetization
to manipulate spin waves—ripples in the magnetization that can carry energy and
information. These properties make magnonic crystals useful for guiding spin waves
in waveguides and for processing information in logic devices, contributing to the
field of spintronics where spin waves, instead of electrical current, are used for in-
formation processing tasks [43].

There’s a surge of interest in understanding how spin waves move in magnonic
crystals due to their promise for tech applications like wave-based computing and
communication. Interesting examples of applications can be found in microwave res-
onators, filters and spin wave logic devices. Magnonic crystals, which can be lines of
magnetized wires or 2D patterns with magnetic properties, help manage spin waves.
They can now be build with incredible precision, allowing for innovative magnetic
structures and the ability to fine-tune their properties for use in tiny devices that
operate at the micro or even nanoscale [44].

Magnonic crystals are gaining attraction because they might be key to innovative
magnetic-based computing. Techniques like broadband ferromagnetic resonance
(FMR) spectroscopy, which measures microwave absorption, are vital for studying
their dynamic behavior. These methods offer in-depth insights into how magnetic
structures switch and behave under different conditions. The field is moving toward
using these magnetic properties for computing, where spin waves, domain walls,
and nanomagnet networks can perform logic operations. With continued research,

magnonic crystals could lead to advanced, on-chip magnetic devices, blending logic
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functions with data storage and processing [45].

The fabrication of magnonic crystals hinges on advanced nanofabrication techniques
that manipulate matter at the atomic or molecular scale. These methods include
electron beam lithography, which allows for the precise patterning of nanoscale
features by focusing a beam of electrons to shape or change the properties of a ma-
terial. Another method is focused ion beam milling, which uses ions to precisely
etch materials. Additionally, techniques like molecular beam epitaxy and chemical
vapor deposition enable the controlled growth of crystal structures. The materials
commonly used in these processes range from yttrium iron garnet, known for its ex-
cellent magnetic properties, to alloys like permalloy, which have desirable magnonic
behaviors. The choice of material and fabrication technique directly influences the
magnonic crystal’s ability to manipulate spin waves for applications in waveguides

and logic devices [46].

3.9.2 Spintronics and Magnon Spintronics

Spintronics, a blend of spin-based electronics, utilizes electron spin controlled by ex-
ternal magnetic fields to polarize electrons, thus manipulating electric current. This
field aims to create semiconductors that can manage electron magnetism, enhancing
future electronics with greater functionality. Originating in the late ’80s with the
discovery of the giant magnetoresistance effect, Spintronics could usher in devices
with advanced electrical and optical characteristics, including improved memory and
sensors. In traditional electronic devices, data is stored and transferred through the
movement of electrons, with binary codes represented by the presence or absence
of these particles. Spintronics, however, uses the electron’s spin—intrinsic angular
momentum of electron that points either up or down—to encode this information.
Spins generally are randomly oriented, hence an external magnetic field is applied
to align the spins. This method enables a novel form of data storage, where binary
zeros and ones are depicted by the direction of electron spins. The concept emerged

from the invention of the spin valve, a layered material structure that changes elec-
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trical resistance with applied magnetic fields to control current flow [47].

Figure 3.7: Spins possess the capability to organize into different configurations, a
characteristic of significant relevance for Spintronics apparatus. a. The spins are
located randomly throughout the material without a specific order. b. spins are
located randomely but all in same direction (spin alignment). c. the spins are
located in ordered manner on a crystal lattice forming a nonmagnetic material. d.
the spins are aligned as in a magnetic material.

Since the 1970s, electronic components have become significantly smaller, advanc-
ing from the first integrated circuits to modern chips with billions of transistors.
However, we're nearing a limit where shrinking these components further will be
impossible due to the fundamental laws of quantum physics. Issues such as elec-
tricity leakage, increased power consumption, and heat generation become more
problematic as transistors get tinier and more densely packed on chips. As elec-
tronic devices shrink, we’re beginning to encounter the strange world of quantum
mechanics, where electrons exhibit wave-like behavior. Spintronics, combined with
nanotechnology, appears to be a promising solution to the challenges of miniatur-
ization, exploring the realm of extremely small scales, much thinner than a strand
of human hair. This approach could address issues like electric current leakage and

excessive heat generation by leveraging the quantum properties of electron spin [48].
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3.9.3 Quantum Information Processing with Magnons

The fields of spintronics and quantum information science are merging to create
new ways of processing information using solid-state platforms. This merger al-
lows for exploring quantum phenomena and accomplishing various quantum tasks.
Traditionally, there was a divide between spintronics, which deals with classical
magnetization, and quantum information science, which operates with quantum
bits (qubits). Recent years have seen this gap close due to advancements in utilizing
magnons for information encoding and processing, along with better understanding
and creation of entangled quasi-particles, high-quality qubits, and photonic cavities.
This convergence has given rise to the field of quantum magnonics. Quantum
magnonics is a groundbreaking field that brings together the world of magnon
spintronics with the realm of quantum information science. It’s where the study
of magnons meets with the advanced principles of quantum mechanics, like en-
tanglement and superposition, used in quantum computing. This area combines
traditional spintronics—which is all about manipulating the spin of electrons for
electronics—with the understanding of magnons from magnonics, the control and
use of light in quantum optics, and the futuristic concepts of quantum comput-
ing and information science [49]. This overview looks into the latest on magnons’
quantum states and their integration with established quantum systems. Topics in-
clude the basics of magnons and entanglement, how to create and control magnonic
quantum states like single-magnon and squeezed states, and quantum many-body
phenomena such as Bose-Einstein condensation leading to spin superfluidity [50].
As we mentioned magnons are the fundamental excitations of the spin structure in
magnetically ordered materials. They can be visualized as collective oscillations of
electron spin alignments in a crystal lattice, behaving much like particles in quan-
tum mechanics. This wave-particle duality makes them suitable for quantum appli-
cations, as they can carry spin information across a magnetic material without the
movement of charge [51].

Quantum information processing aims to exploit the principles of quantum mechan-
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ics, such as superposition and entanglement, to perform tasks that are impossible or
highly inefficient for classical systems [52]. Magnons, with their inherent quantum
nature, offer a unique pathway to manipulate quantum states of spin. By control-
ling magnon excitations, it’s possible to encode, process, and transfer information

in ways that leverage their quantum mechanical properties.
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Chapter 4

Advanced Analytical Approaches

to Magnon Dynamics

In the realm of condensed matter physics, the study of magnetic systems occupies
a pivotal role, offering profound insights into the fundamental properties of matter.
Among the myriad configurations that magnetic systems can realize, non-collinear
and non-coplanar structures represent a particularly intriguing class.

The focus of this investigation is on elucidating the mathematical underpinnings
and physical implications of such arrangements. A case in point is the so-called 3Q
state, a specific arrangement wherein each unit cell comprises four spins, with each
spin engaging with 2z = 6 neighbors. This configuration epitomizes the antiferro-
magnetic principle that the vector sum of the spins within a defined neighborhood—
specifically, (z + 1) vectors—equates to zero. This condition is emblematic of the
antiferromagnetic order, wherein opposing magnetic moments balance each other,
resulting in no net magnetization at the macroscopic level.

To advance our understanding of these complex magnetic structures, we embark
on a methodical analysis, beginning with foundational definitions and progressing
towards the derivation of equations that accurately describe the energetics and dy-
namics of non-collinear, non-coplanar antiferromagnets.

In this study, we will employ two distinct methodologies to conduct our investi-
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gation. The initial approach employs spherical coordinates for analysis, while the

subsequent approach leverages the coordinate & for examination as detailed below.

4.1 Dynamical System Analysis in Spherical Co-

ordinates

Considering a small deviation from the ground state the magnetic moment can be
written as:

m; = mf —i—(5ml

The LLG equation (3.4.7) becomes after taking the damping factor a = 0 and

Heﬂ‘ = Zi;ﬁp my:

dt
it
b (4.1.1)
:—(mp+(5mp <25m1—2m>
i#p
For the case of AFM, we have )., m{ = —2my, gives
d5m
P = _m X Zalp6m1 (412)

Where a;, = 146;, ( 6 is the kronecker delta). This takes into account the fact that
we have 2my.
Next, multiplying by eg, to get the component along eq,. Note that ey, and ey, are

the spherical coordinates

dep = —egp . (IIIIO) X Z aipémi)
= — Z al-pémi . (egp X m;) (413)

=+ Z ozipémi . e¢p
7
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using dm = dbfley + doey we can write explicitly

o, _Z% (461 (en - e4,) + 6 (e, - €5,) )

(4.1.4)

Similarly multiplying 4.1.2 by e4, and defining d¢ = sinfd¢ to get d¢ component

ng; = — Z ocz-pémi . egp
Which can be written explicitly as

=- Z Qip (dei (eq, - €g,) + do; (eg,

Using
ot — d; + idg;
Z V2
df and d¢ given by
+ - + -
do— UV s W=y
V2 iv2
. . o egp+ie¢p
Hence we can write using £, where §, = -t

om; = d@iegi + dgEi%i

=& + U7,

e 7 dipt
Substituting for df and d¢ to get =7

d d . _
%(Smp ey (w;r‘sp + 1, £p)

o
= —m,° X E Q01
i

Dot product with &, from the right
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(4.1.5)

(4.1.6)

(4.1.7)

(4.1.8)

(4.1.9)

(4.1.10)



duTt
;/)t 7 Z iy (dbiey, + ddiey, ) (e, — ies,)

- 52“%’1) (0 +o7) e —1 (U5 —47) ey,) (es, —ieg,) (4.1.11)

- _% Z Qp {wj (eﬁi - ie¢>i) + w: (eei + ie¢i)} (69P + ie¢p)

.
U N, (U6, U6, (41.12)

dwp

Similarly for

dw—

=

Z% (Vi &6 +ures) (4.1.13)
using i = i elRimwt) gy~ — g~ ikRi—w) o got

by = 2 e {UIEE + i &6}
| (4.1.14)
wiy = = Do (V€& + U7 &gy "

where we defined Ry = R; — Ry, which are used to define the vectors connecting

neighbors.

4.1.1 Non AFM

In the case of the presence of a non-zero net magnetization vector, denoted as
(>°m; = M), this introduces an additional term in our mathematical formulation.

Then the exchange term in the LLG equation will be written as:

— (m} + dm,) x 2M (4.1.15)

In the equilibrium state, the net torque exerted on each spin must be nullified, indi-

cating that the cross product of the equilibrium magnetization vector, my, with the
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total magnetization vector, M, equals zero: m) x M = 0. This condition underscores
the fundamental principle of torque equilibrium in magnetic systems. We can get 6

and ¢ components by:

— (m§ + dmy,) x 2M - 5, = —eg, ((my + dmy,) x 2M)

=-2M- (egp X (m; + 6mp))

(4.1.16)
= +2M - e, — 20m, - (M X eg,)
— (m; + 5mp) X 2M-ey = —2M - ey, — 20m, - (M X ed)p)
Hence we can write 1 as:
,d@b; i 4.1.17
i :2M-§p—215mp-(Mx§p) (4.1.17)
using omy, = €5+ €,
d@/);_ — M WM * "M * (4 1 18)
v dt =2 '€p_22¢p '(ngEp)_QMZ)p '(spxép) o

using (ép X €p) = 0 and (mg XM=0=M-§, = 0) yields an additional term to

the previous result:

a0 (M)
dcfpt_ (4.1.19)
i =2y (M ey,

4.2 Analysis in the Local £ Coordinate System

Taking a general Hamiltonian H, the LLG equations gives:

dfl_tm = —(m° + ém) x (H° + 0H)

= —m° x H° —m° x 6H — 0m x H° — ém x ¢H (4.2.20)

~ -—m° X 0H — om x H°
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In the approximation step, the cross-product term dm x 0H is dropped, assuming
it is of second order and thus negligible for small perturbations. This simplification
assumes linear response theory, where only first-order terms are considered. More-
over, we used the fact that the torque at equilibrium vanishes. (m; x H® = 0)
Given dm, = € + ¢, we derive:

COE g = my X GH - (5 g X (4.2.21)
Dot product of (eq. 4.2.21) with £ from right gives:
CWTE g = mx TH g - (VTE SO xH e (1222)
Using £-€ =0, &£ =1, we simplify:

diy
dt

=-—m’ x6H, - &, — & x H) - €, — v €, x Hy - €, (4.2.23)
Now using & x m = i¢ and & x H° - £ = H° - (—ie,)

iy 0
= df =6H, &, - ¢;Hp ey, (4.2.24)

Similarly, to get the equation for 1", we multiply (eq. 4.2.21) by £* from right, after

some calculations we get:

= i% —H & — ¢ H e (4.2.25)

Now considering the Hamiltonian as representative of the exchange energy,the un-

derlying dynamics of the system:
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Example 4.1 : For the case of exchange interaction,

we have 0Hy* = J 3 omg=J ) ¥ & + 1 &,
Substituting into 4.24 yields:

d¢+ —+ &% — + 1o
=i =J | D Ui+ vE, | & —vH e,

q

d,[l)—i_ + e* — —+1xyo
ZW =J <§ :¢q £q€p+¢q £Q£p> _w Hp.erp
a#p

Similarly substituting into 4.25 to get the equation of ¢~ gives:

id;”tp _ (; e+ %_SQEZ) T -,

4.3 Additional Terms

This section introduces and discusses several key energy contributions that play
pivotal roles in the dynamics and stability of magnetic systems. Each of these
energy terms contributes uniquely to the overall behavior of magnetic materials,
influencing their properties under various special conditions, First we will consider
each term separately to derive the corresponding LLG equation. Then we will

combine different terms to study some systems.

4.3.1 Zeeman Energy

The Zeeman energy, which results from the interaction between a magnetic moment

and an external magnetic field is given by the formula:

Hoeman = —m - B (4.3.26)

where m is the magnetic moment of the atom and B is the external magnetic field.
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The negative sign indicates that the energy is minimized when the magnetic moment
aligns with the magnetic field.

The LLG equation of the zeeman inte are expressed as:

m; X B=(m; +Jdm;) xB
=m; x B4+dm; x B where, m; =¢"& +97°¢ (4.3.27)

hence, H° = E , OH=0

U
This yields,
Ay 1y o
T e & ey, (4.3.28)
=1/ B e,
diy 1
Ny Zp — - B,
e ’1‘ (4.3.29)

Which can be written in a matrix form as:

. d %Jf 1 -B- erp 0 ¢;

i— = —

at ¢I; a 0 B €, 1/]];

These equations describe the wavefunctions resulting from considering the Zeeman

interaction in the LLG equation. As we can see we have only the onsite potential.

4.3.2 Anisotropy Energy

In our exploration of the anisotropy energy within a general framework, we express

the anisotropy term as follows:

TLL . s
H=—k> (0 -m)°, 10 =ne+— (Mg +e g, 4.3.30
Ejj( ) mer+ 7 (€78 &) (4.3.30)

where k represents the anisotropy constant, n; is a unitary vector that denotes the

anisotropy direction, and m; stands for the magnetization vector at site 7. The
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anisotropy direction is further decomposed into radial and perpendicular compo-
nents relative to a chosen reference frame. Upon calculating the gradient of the
Hamiltonian with respect to the magnetization, we obtain the effective field result-

ing from anisotropy contributions:

1 0H 2k

Substituting these expressions into equations 4.2.24 and 4.2.25, where

. 2k 2k » _
H, = ? (m, -my)n,, OH, = 7 (, - omy)m,,  Om, = w;rgp +U, € (4.3.32)

we obtain the following equation:

Ayt 2k . B 2%k
Z% T [w;’r («Spnp) (Epnp) + ¥ (Spnp)Q] a _¢p+ (”p : erp)Q
' . (4.3.33)
k2 + — 2i¢n 2k + 9 o
:“.—i_;nl[wp—i_wpe ]_;wpnrp
and similarly,
4" - —2ig, _
i = kL [gy e 4 2k, (4.3.34)

the equation can be cast into a form as bellow

+ 2 _ 2 2 2ip +
d |, kni — 2kng kn? e**¥n Y,
i— = ,

dt %— o lmi e—2ipn (lm’i — 2kn3p> w;

with the relations:

n
2 2 2 2 2 -1 ©
n —l—nr, n —TLG—’—TZ(‘O, gon—tan (—ne) .

45



or for numerical purposes, it can be useful to rewrite the equation in the following
form:

d d’; % (EZ ) nP) <€p ) nP) (Ep ) nP) (Ep ) nP) %j

71— =

Wlwy | P (€ m) (€ m) — (& m) (€ m) | | v

2
_% (nP ’ erp) 0 w;_
2 _
a 0 - (np ) erp) 1/}17

using this equation we can get the effective magnetic field that is resulted from

anisotropy interaction in any direction.

4.3.3 Dzyaloshinskii-Moriya Interaction

The Dzyaloshinskii-Moriya Interaction (DMI) represents a pivotal extension to the
Heisenberg model, introducing an asymmetry in the exchange interaction that stems
from spin-orbit coupling. This interaction is crucial for understanding complex non-
collinear spin textures such as chiral magnetic skyrmions. The impact of DMI
on magnon dynamics—quasiparticle excitations in magnets—is profound, leading
to nonreciprocal magnon dispersion relations and the stabilization of topological
magnonic phases [53].

The DMI energy, represented by H = — > Dj; - (my; X m;), accounts for noncollinear
spin arrangements. This is due to the nature of the interaction, which depends on the
cross product of neighboring magnetic moments m; and m;, modulated by the DMI
vector Dj;. The effective field generated by this interaction, H = %Zj(mj x Dy;),
and its variation, 0H = flLZ ;(0m; x D;;), depend on the cross products involving
the DMI vectors and magnetic moment changes.

Decomposing the DMI vector D,q into parallel (||) and perpendicular (L) com-
ponents relative to a reference frame allows us to express it as a combination of
alignment along the radial direction (e;,) and a component that involves the spin

orientation variables &, and &, modulated by the angle ¢pq,
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Dyq = Djq - €, + DT% ((etiPmg) +e7img,)).

A
Hp e, = " Z (er, X Dpq) - €rp
q

\ (4.3.35)
= 0 Z er, * (Dpq X ep)
q
A
6H, = . > " (9my x Dyy)
\ ! (4.3.36)
= ;Z(ﬂgg; x Dpq + 1, €, * Dyq)
q
Now using 4.2.24 and 4.2.25 yields,
iy A . _
! dtp - .”+/_LZ(¢;_€Q XDPQ"*'quq XDP‘I) '£p
) ] (4.3.37)
— U er, - (Dpq X erp)
U
Ay, A - |- .
v dtp = _;Z <¢q§q Xqu‘f‘;@Z};fq Xqu) &,
y (4.3.38)

A
+ ;wzjerq : (qu X erp)

In matrix form we find:

. d 2/1;_ A 6; X qu : €p €q X qu : €p w;_

I — = —

Al oy | B~ xDpg- & —€, x Dy & | | v

A 2 e (Dpq x €rp) 0 by

H 0 - Zq €y (qu X erp) Yy

The above equations provide insight into how the wave functions of the system

evolve over time when the system is affected by the DMI.

4.3.4 Pseudodipolar Energy

Pseudodipolar energy refers to an energy term that arises in certain magnetic sys-

tems, particularly those with complex, non-collinear magnetic structures. Unlike the
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classical dipolar energy, which originates from the magnetic dipole-dipole interac-
tions and depends on the inverse cube of the distance between magnetic moments,
pseudodipolar energy often emerges from often quantum mechanical, interactions
within the system [54].

Pseudodipolar often emerging from superexchange and atomistic spin-orbit inter-
actions. This form of energy is pivotal in understanding materials where the ori-
entation and interaction of atomic spins play a crucial role. Superexchange is a
mechanism where magnetic interactions occur indirectly through an intermediary;,
non-magnetic atom, leading to either ferromagnetic or antiferromagnetic ordering.
Atomistic spin-orbit interaction, on the other hand, involves the coupling between
an electron’s spin and its orbital motion around the nucleus, influencing magnetic
anisotropy and the overall magnetic properties of the material [55].

The psedodipolar energy is: Hpseudo = F (m; - €;;) (m; - €;;), where F' is the interac-
tion strength.

Below we find expression for H, and 0 H,, for this type of Hamiltonian. These results

are subsequently used in Eq. (4.2.24) and (4.2.25),

o o b i) ¢* b —i
H,"” = epq (mq ' epq) , OHp = epq (0my - €pq), €y = (a, _26 ¢€q7 Ee ¢£q> :

Where e is the direction between spins p and g.

For different projections of the total effective field H and its variation 6 H we find

F F
Hyrer, = m Z (er, - €pa) (€r, "€pq) , OHE, = m Z ((¢;£Z + @/);Eq) ~epq) (€, €pq) -

q q

Hence zp; and 1, are determined by the following dynamic equations:

Ay r b b g b i «, b
¢ di —"';g(ﬁe @¢;+E6@wq>(agp'eq+ﬁe@£p'£q+ﬁe @gp'£Q)

F
I Z 2/’;; (epq : erp) (epq : erp) )
' (4.3.39)
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dwp___i ifi + RPN ! — * ifi * iz * gk
i— = q ( ey + e%q) (aép erq+\/§e ‘P€p£q+\/§€“’€p éq)

a
(4.3.40)
or for numerical purposes the equations could be rewritten as:
= S ) (o) S (6916 ) 6 )
(4.3.41)
z% -t % zq: (er, - €pq) (€r, - €pq) — %Zq: (7€, +UFED) - epq) (€5 - epq) -
(4.3.42)

For the pseudodipoloar interaction the equation can be cast into the following matrix

form:

d ; _ E Z (5; : epq) (ép : epq) (£q : epq) (fp : epq) w;
g

dt » - (52 : epq) (EZ : epq) - (5«1 : epq) (5;; : epq) by
+E — (eq " €pq) (€p - €pq) 0 Uy
a 0 (eq - €pq) (€p - €pq) ([

These equations give the dynamic equations of a system under the influence of

pusedodipolar interaction.

4.3.5 Four-Spin Interaction

The four-spin interaction can be analyzed through its contribution to the pertur-
bation in the Hamiltonian, 6 H;, which is demonstrated for a plaquette p and spins
located at vertices ¢, k, and [ forming the plaquette. The interaction is modulated
by a coupling constant K over the magnetic moment p, reflecting the interplay be-
tween multiple spin sites within the system.

The four spin system is demonstrated in figure 4.1 below:
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Figure 4.1: Schematic illustration of four spin interactions, each spin is interacted
only once: (A) only nearest neighbor hopping shows interactions between adjacent
spins, highlighting immediate spin coupling; (B) only next nearest neighbor hopping
depicts interactions between spins separated by one site, emphasizing longer-range
spin coupling effects [2].

—1 0Hyspin K
Haspin = _KZ(mp'mq) (m -m;) = — _qu (my - my),
pakl H 8mp © qkl

K (o] o]
H, +0H, = — Z (m; + 5mq) ((my 4+ dmy) - (m; + dmy)),
qkl

where H) = % 2w Mg (my - my) represents the unperturbed Hamiltonian due to
four-spin interaction, and 0H, encapsulates the perturbation resulting from fluctu-

ations in spin orientations:

SH, = > (9my (m - mf) -+ (m - my) -+ (G - )
qkl
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For all the neighbors we have:

€ =~ 3 [0 65 &) en ) 07 (6 &)y )

qkl

it (en, - €)) (€ - ex) + Uf (e, - €,) (& - ) (4.3.43)

+ %Jr(erq ' £p)(erk : 57) + @Z’l_(erq ' gp)(el'k : El) ?

where dm,, m;, and m; are the fluctuations and equilibrium magnetizations at
sites ¢, k, and [, respectively. &, &, and &, are the corresponding coordinates. This
four-spin interaction influences the time evolution of the magnon modes, which can

be described through the following matrix equation:

1 — = —

d w;— K Z (EZ ’ £p)(er1 ’ el‘]) (éq ’ ép) (erl ’ el‘l) 1/};_
dt — % T - . o L X _
77Z)p %kl (Sq €p> (erl el'l) (Eq Ep) (erl el‘l) ¢q

| e g)E ) e &6 e | [ (4.3.44)
~(en )€1 en) (e €)(Ecen) | 07
| g &) e g | [
i _(erq ' 5;)(erl ' 5;) _<e1‘q : E;)(erl . El) %_

The equations describe how the components w; and 1, evolve over time through
interactions with neighboring states indexed by ¢, k, and [. It is capturing the
influence of neighboring states on the current state. The diagonal elements describe
direct effects on the same component, while off-diagonal elements represent cross-
coupling between the two components. The summation over indices indicates that

the time evolution of a state is affected by interactions with neighboring states.

4.3.6 Oscillating Magnetic Field

An oscillating magnetic field is a magnetic field that varies in time. It’s commonly
used in various scientific and industrial applications, including magnetic resonance

imaging (MRI) in medicine, where it helps in generating detailed images of organs
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and tissues in the body. In the context of magnetic systems and spin dynamics, an
oscillating magnetic field can influence the behavior of magnetic moments or spins,
leading to phenomena like resonance or changes in the state of the system. This dy-
namic interplay between the oscillating field and magnetic moments is fundamental
to understanding and manipulating the properties of magnetic materials for techno-
logical applications.

To understand the influence of oscillating magnetic field on the dynamics of the

system, we begin with the Hamiltonian:

H = (mp” + omy) x (h(t))

(4.3.45)
=m,° x h(t) + dm, x h(t)
o 1
Hy = —;h(t), 0H, =0 (4.3.46)
6H, &, =0 (4.3.47)
o 1
Hy e == h(t) e, (4.3.48)

Note that we Take the parallel part of the oscillating magnetic field. Subse-
quently, we derive the dynamical equations for ¢ and ¢, reflecting the influence

of the oscillating field on the magnetic system’s state, as illustrated below:

by
i == uh(b) e, (4.3.49)
i% = RC(t) - ey (4.3.50)

These equations give the Schrodinger equation equation in which the Hamiltonian
includes the oscillating magnetic field, as we can see we have only the onsite potential

and there is no hopping term.
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4.4 Holstein-Primakoff Method for a Triangular

Lattice

To properly describe the system using the Holstein-Primakoff transformation in a
triangular lattice with four sites per unit cell as given in figure 4.2, it is essential to
specify that the system is in the 3Q) state. This state configuration plays a critical
role in the spatial arrangement and interactions within the unit cell.

The Hamiltonian for spin exchange interactions on a triangular lattice is given by:

FAYAYAYAYAVAYAYAYAVAYA

VaVaVaVaVaVaVAVAVLVLY,

FAYAYAYAYAVAYAVAYAYAYS
WA AT a VAV AV ATV, T,

Figure 4.2: Lattice model for the 3Q state. a) The triangular lattice with 4 sites
unit cell. b) The local spins configuration. All the spins are non-collinear and
noncoplaner. ¢) The four different local spins of a unit cell plotted from the same
origin. The angles between each two local spins are the same [3].

H=-J > S Y S (4.4.51)

p<{a,b,c,d} qEp+96

where J represents the exchange interaction strength, (a, b, ¢, d) are the spins’ sites
of the unit cell, delta represents the distance to the nearest neighbor, S, and S, are
the spin vectors at sites p and q, respectively, and o denotes the nearest neighbor
vectors.

Considering the Holstein-Primakoff transformation to delve into the intricacies of
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magnon interactions within a magnetically ordered system, let’s define interaction
term Sy, - Sq the interaction 7,

Note that S, is given by:

Sx
Sp=1Sy
S,
where
S+ — Sx + ZS 5
Y (4.4.52)
S_ =8y —iSy
This gives, Sx = # and Sy = s+;is_

using lowest order approximation discussed in section 3.8, hence I can be represented

as:

a+al b+bt
vase [ yasest
I = 1/23% . ,/stgzb* (4.4.53)

s—a'a s —blb

This gives (Note that here we have non vanishing value of the dot product between

different unit vectors because each corresponds to different site ):

= ((a+aN)(b+1) (e, - e,) — (a = a)(b— 1) (e, - €s,)
+ (s* — s(ata + b'b))(e,, - e,,)
+ = (((1 + a*)(b — bT)(eea . e¢b) + (CZ — CLT)(b + bT)(e% . egb)) (4454)

_|_

2 (0t al)(en, o) — ila — a)es, -er)

+(b+bY)(e,, -eg,) —i(b—bT)(e,, - €g,))

for the term of the order sv/2s, we will need to do the calculations for all the pairs
that consider the nearest neighbor vectors i.e. for (a,b), (a, ), (a,d) and all the other
rotations for different atoms b,c,d. This will lead to terms like (a + al) (eq, (.ex, + €, + €5,)) =

(a+al) (e, - (—ey,)) = 0, this is because we have AFM, hence cancelling terms of
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the order sy/s yields:

Hence:
g (ab+a'b! — ab' — a'b) (ey, - €5,)
N (82 — safa — sb'b) (ey, - e,) (4.4.55)
+ z (ab — a'bl — ab’ + a'b) (es, - €5,)
+ Z (ab—a'b" + ab' — a'b) (e, - €5,) .
we find:
I=+ % (ab+ a'd") (ey, - €y, — €y, - €5,)
+ § (ab' + a'b) (eq, - €q, + €4, - €4,)
1 (52— sala — sbid) (e,, - e,) (4.4.56)
+ % (ab—a'd') (e, - €4, + €4, - €9,)

— 55 (ab —ab) (s, - €4, — ey, -es,)

collecting the similar terms

I =+ - (ab) (e, - €, — ey, - €4, —i(eq, - €4 + €4, -€g))

+

a'bl) (eq, - eq, — €, - €4, +1(eg, - €5, + €4, - €5,))

+

ab') (eg, - €5, + €y, - €4, +1(eg, - €5, — €5, - €4,)) (4.4.57)

o N

Nl N ® N ®» [\DIC/J

a'b) (eg, - €9, + €4, - €y, —i(eq, - €4, — €y, - €5,))

+
—~

[Va)
[\

— 3 (CLTG + bTb)) (era ’ el‘b)

writing the vectors in terms of different £’s

I=+s(ab) (€ - &) + s(alt)) (€, - &)
+s(ab) (€ - &) + s(a) (€, - &) (4:4.58)

+ (s* — s(a'a + b'b)) (e, - e,,) .

We need to do the same calculation for the couples (a, b),(a, c),(a, d),(b, a),(b,
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c),(b, d),(c, a),(c, b),(c

, d),(d, a), (d, b), (d, ¢). The last term in equation 4.4.60 for
the NN of atom a lead:

(32 — s (a'a) ) (era . <erb + e, + erd>> — s(bTb (er, - €,) +cle(

era : erc) + de (era ' erd) )
(52 — s (a'a) ) — s(bTb (er, -€,) +clc(e, -e,) +did(e, -e,)

(4.4.59)
where we used the following relation to simplify equations:

(era : erb + era ’ erc + era ’ erd> - <era ' (erb + erc + efd)) - era : (_era) = _1

here we expand the last term in equation 4.4.60 for the atoms b, ¢, and d we get

—45> + 25 (ala + b'b + cfc + d'd)) (4.4.60)

after these calculations the interaction I can the be written as

I =—4s>+ 25 (aTa +bb+ cfe+ dfd))

s Y Y (& -€)+ (1) (& &) + () (& &) + (1) (&, €) )
pE(a,b,c,d) ge(a,b,c,d),q#p

= —45> + 2s (aTa + b0+ cfe+ de))

+53 > +{(pa) (&-€) + (P'd") (& &) + (

peEC g&(

') (& &) + (P'a) (& - €3) } dpa

(4.4.61)
with ¢ = {a, b, ¢, d} Since the operators are Bosons, we have [a, aT] = 1 and therefore

2aa’ = aa’ + a'a + 1. We therefore put 2aa’ inside the sum (Epf = ¢1¢l =0 and
Epéjj = 1) and get:

=48 +4s+ 53 > 1(pa) (& - &) + (Pd') (&, - &) + (pa') (&5 -&,) + (PTa) (&, €3) )

where 0,, is taken out since p =

q is allowed in the sum let us define a vector
operator: p = p€&’ the interaction I becomes:
P

I= A58 0 5 Ty Ve ((00) + () + (00) + (1)) (4462
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The above equation means that now, we can reduce the unit cell and that the

result is universal and depends only on the lattice.

4.5 Tilted Ferromagnet

Exploring the dynamics of 1D magnons we will investigate the case involving two
tilted spins per unit, each oriented at angles of # and —@ respectively, shown in

figure 4.3 below:

o e 6/9

Figure 4.3: The case study of 2 spins in one dimension titled at angles of5 6 and -0
degrees shows two spins oriented at opposite diagonal angles in a one-dimensional
lattice. This configuration illustrates the interaction dynamics and angular depen-
dence of spin coupling in simplified systems.

The spin Hamiltonian is given by, note that this Hamiltonian leads to the above

order
HZ—JZmi-mj—k‘Z(mi-ez)2—ZBi-mi, (4.5.63)
ij i ;

where J denotes the exchange interaction strength, k is a constant describing the

strength of an anisotropic spin spin interaction, and B; is the external magnetic
field.

The effective field, Hog, derived from H and taking p = 1 is, by using equation 3.4.8
Heg=J) m;+2ke. (m;-e.)+ B (4.5.64)
ij

with H, -e,, = 2Jcos20 + 2kcos* 0 + Bcosf = A. (4.5.65)
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For magnon dynamics, we find

dw(—; + &k — * +

i = (W &g + U E.8) + AU (4.5.66)
b

dwt: — ¢k =+ * +

i =) (€L + U Eu&) — AV (4.5.67)

b

Note that this is the LLG equation with the damping constant is zero.

Introducing magnon wavefunctions as
w—&— _ 1/};—6i(k.ra—wt)7 1/}— _ 77b;e—i(k-m—wt)? (4568)

We can see that equations have the form of a Schrodinger equation for a spinor
Y = (¢+,47). Although it has the form of a Schrodinger equation this is a classical
dynamic equation.

The dispersion relation of these magnons, given by the frequency w, is determined
through their coupling in the lattice, characterized by the displacement vectors 9,

the dispersion relation at site a is given by:

wipd = e®0 (U EL + Uy £,8,) + AU

)

wiby ==Y e (Y €,8 +UTEE) — Ay

0

(4.5.69)

For the magnons at site b, the frequency is also w, with dispersion relations:

wibt = eT* (OFEE + s €4E,) + AU,

)

wihy ==Y ™ (Y 6,60 +UTEEL) — AYy

1

(4.5.70)

Note that > ;e %0 = 3" e = 2 cos ka, because § = +a, —a
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we can represent them in a matrix form as:

Ve A &€, 0 §.8 | [¥a

+ * +

w " | =2coska &b A &k ’ b
(o 0 —&& A —&&| | Y.

vy —ge 0 —gg —A |\

The graph in figure 4.4 illustrates the dispersion relation of magnons in a two-spin
system on a honeycomb lattice. The plot displays a variety of bands, each repre-
sented by a different color, indicating the existence of multiple magnon energy bands
in the system.

A key feature observable in the graph is the existence of a band gap, an energy in-
terval where magnon states are absent. The depicted graph illustrates a set of bands
that exhibit symmetrical behavior about the energy axis. One curve ascends from
negative to positive energy values with increasing wave vector k, while its counter-
part descends symmetrically. This symmetry suggests a correspondence between a
magnon and its antimagnon within the system—akin to the relationship between
an electron and a hole in electronic systems.

The curve representing the magnon (ascending curve) shows how the energy of these
quasiparticles increases with their momentum. Conversely, the symmetrically de-
scending curve, representing the antimagnon, indicates an energy decrease as the
momentum increases. This band reflects the energy state of the system when a
magnon is annihilated or reabsorbed, leading to the recovery of the ordered spin
state.

Note that if we compare the magnon energies in this case with the ones that appear
as excitations in the Holstein primakoff Hamiltonian, we can see that the energies
here can be negative. However, in the Holstein Primakoff case negative energy ex-
citations would be a problem. This is because magnons are bosons and negative
energy excitations in bosonic systems like magnons would imply that the ground

state of the system is not stable because adding more bosons to these states would
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indefinitely lower the energy of the system. According to Bose-Einstein statistics:

If e <O, thenE:Znie%—ooasni—)oo

7

where € is the excitation energy and n; is the number of bosons in state 7.

Eigenvalues as a Function of k

1.5 1

1.0 1

0.5 1

0.0 1

Eigenvalues

—0.5 1

—1.0 A

_1.5 -

Figure 4.4: The band gap energy of a system of 2 spins titled at angles of 45 and -45
degrees.
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Chapter 5

Discretization of the Schrodinger

Equation

The Schrodinger equation is a fundamental equation in quantum mechanics that
provides a way to predict the behavior and characteristics of particles at the quantum
level. It describes the wave function of the system and how it evolves over time,
essentially offering a mathematical model for the texture of quantum states within
a quantum system governed by a specific Hamiltonian. This equation comes in
two forms: time-dependent, which describes how the quantum state changes over
time, and time-independent, which focuses on the stationary states and their energy
levels of the system. Through the Schrodinger equation, one can determine the
probabilities of finding particles in various states or locations [56]. In this section
we aim to map the Schréodinger equation onto an effective tight binding model.

Considering the time-independent Schrédinger equation in one dimension:

1

h@i’(m,t) B 5_202\I/(x,t)

ot 2u 02 + V(2)¥(z,1), (5.0.1)

where p is the effective mass, V(x) is the potential energy, 7 is the imaginary number,
h is the Planck constant and ¥ (x,t) is the wave function.
To discretize this equation, we introduce a spatial grid with points z; = jAxz, where

Ax is the grid spacing and j is an integer. The first derivative of the wavefunction
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1 with respect to x can be approximated as follows:

0% _ (e + Ax) — (a)
Oz Az (5.0.2)

The second derivative can be approximated as:

z+Az)—Y(x z)—Y(z—Ax
82¢Nw(+A;¢()_¢()Z(m )

ox2 Az
_ V(@) = 20 (25) + ¢ (3-1) (5.0.3)
(Ax)? :

Substituting these approximations into the Schrédinger equation yields:

dv; > 1
) 1
dt 241 a?

(Wj1(t) = 29;(2) + W;-1(2)) + V3 ¥,(t) (5.0.4)
where for a step a, ¢;(t) = ¥ (ja,t) [57].

To derive the parameter t from the discretized Schrodinger Hamiltonian, we need
to focus on the kinetic part of the Hamiltonian. The parameter ¢’ represents the
hopping parameter in the tight-binding model, which is a measure of the quantum
mechanical tunneling probability between adjacent lattice sites.

In the discretization process, the continuous Hamiltonian’s kinetic energy term,
which involves second-order partial derivatives, is approximated by finite differ-
ences on a lattice. The hopping parameter t is related to the kinetic energy op-

erator in the continuous case of one dimensional Shrodinger equation —%A2 =

B2 (i) =2¢(z) Hb(xj
2u (a)?

), this gives the hopping parameter ¢/,

ﬂ—#
© 2ua?

(5.0.5)

This expression shows that ¢ scales with the inverse of the mass and the square
of the lattice spacing, meaning that heavier particles or larger lattice spacing will
result in a smaller hopping parameter, and thus a lower probability for tunneling

between lattice sites.
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5.1 The Hamiltonian Matrix

In this section we want to obtain the Hamiltonian matrix for different systems, and

then identify a general form of these matrices.

Hamiltonian Matrix for Hopping and On-Site Potentials Between Cells

and Strips

We start with the Hamiltonian matrix for hopping and on site potential between
cells as well as between a strip and another strip as demonstrated in figure 5.1.
The Hamiltonian below is demonstrating the magnons hopping on the lattice, which

is given by:

Strip 1 Strip 2
Figure 5.1: Configuration of two strips, each containing two cells, showing a lattice
structure with cells labeled 1 through 4. Strip 1 includes Cell 1 and Cell 2, while Strip
2 comprises Cell 3 and Cell 4, highlighting the spatial arrangement and connectivity
within the system.
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1 [ e —t 0 —t 0 --- o --- 0 0O --- 0 0O --- 0 0 ]

Vo ~t ¢ -t 0 0 O -~ 0 —t O -~ 0 -~ 0 0 0

U3 0 -t e -t 0 —t 0 -~ 0 -+ 0 —t --- 0 0 0

(N

@Z)S —t 0 0 € —t ... 0 0 0 0 0 0 —t

Ve o 0 0 -t € -t 0O -t 0O -~ 0 0 --- 0 0 0

7

vs| |0 0 0 -~ 0 —t 0 —t ¢ 0 -~ 0 - 0 0 0
? Yo o =t 0 0 0 - 0 0 € —t 0 —t 0 -~ 0 0

Y10

Y11 o 0 0 -~ 0 0 -~ 0 0 —-t e —t 0 —t 0 0

Y12 o 0 -t 0 -+ 0 -+ 0 -t 0 —t € -t 0 0 0

13

Y14 o 0 0 -~ 0 0 -+ 0 -+ 0 -t 0 —t € —t 0

15 0 0 0 - 0 0 - 0 0 - 0 0 - —t ¢ —t

16 o 0 o0 -~ 0 0 -t 0 -~ 0 -+ 0 —t 0 —t €

The diagonal terms e represent the on-site energy, while the off-diagonal terms -t
correspond to the hopping energy, indicating the likelihood of a particle moving

between neighboring sites.

Governing Equations for Hopping Terms Between Atoms in a Unit Cell

Now consider a unit cell of four atoms given by figure 5.2, the governing equations
for

the hopping terms between atoms a and b are given by:

Ava te e - 5.1.6
it =D UG ) UL (5.1.6)

Let w;r — wiei(krafwt% 1/]; — w;ei(krafwt)
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Figure 5.2: Unit cell with four atoms, labeled as a (red), b (blue), ¢ (yellow), and d
(green), showing the basic repeating structure in a lattice.

Ui = ¢I—)i-ei(krb—wt)7 v = wb—ei(krb—wt)
hence, the equations for wave functions a and b are given by:
wipy = —J Y e — 1Y e*Otag,
5 5
Wit =T R + T My b,
’ ’ (5.1.7)

wip =Y eTMPTEE + T e Y 68,
1 4

wipy =—J Y e ®rger — T eyt
) )

where J is the exchange interaction constant, 6 = r, — r,
Similarly, we can find the equations of atoms ¢ and d. Accordingly all these equations
can be summarized in the following matrix:

A I ethogre, 0 IS etkdere, 0 I etRig,g, 0 IS ethig ey ]
I e ogEs A I e kg E; 0 I e kg8, 0 I et
0 X etkogse. A I etkige. 0 I em kg g 0 I etkog 8.
I e *iguen 0 J e kog e A I3 ek0eaEy 0 I e H0eEy 0
0 —J Y eikdgrer 0 —J Y ehogner A —J Y eRig gy 0 —J YR g
—J Y emkogen 0 —J Y etkiger 0 —J Y ehoere, A —J e, 0
0 —J Y etkigper 0 —J Y eRiger 0 —J Y eRogre. A J Y etRoge.
| —I S ekiggen 0 —J S etkiger 0 —J Y ekengy 0 DI HF 0 |
(5.1.8)

where A is a constant representing the onsite potential.
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From the above matrices, we can see that generally the Hamiltonian matrix has the

following form:

Jaa Joa Jea Jaa * Yaa Gba Gea 9da

Jab Job Jeb Jao  + Gab Gob Geb Gdb

Jac Joe Jee Jae  * Gac Gbe Gece Gde

Jad Jod Jed Jada  Gad Gbd Ged 9dd
Y40 ~9ba ~Y9ea ~Yia * “Jia S —Ji@ —Ji
G —9% —9n —Y9w» - —Ju —fu —fh —Ta
~Yac —Yhe —9oe —Yie - —fae —fh —fo i

i “Yad ~Ypa —Yea —Yaa - —Jea —tea —Sl —Jia |

Here f and g are functions that gives the hopping and onsite potential between
different atoms. It is clear that f, = f*(¢p) and g, = ¢, This shows that the

total matrix can be written as:

H v
—~t —HT

where T is the transpose of the matrix, H is the onsite potential matrix and ~ is the
hoping potential matrix.

The matrix that describe the onsite potential for atom a alone is given by:

b A0 vy
Ya 0 A Va

Hopping matrix from atom a to atom b (a — b)

by &y s N
Vo —JEE TS Uy
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Hopping matrix from atom b to atom a (b — a)

vy &8 J&abs Ve

w —_=

Uy —J&E —JEE Vo

5.2 Hermitian Hamiltonian Framework for a Lat-

tice System

In exploring the dynamics of lattice systems, the Hamiltonian framework plays a

pivotal role, encompassing on-site energy interactions and directional hopping phe-

nomena. We introduce a Hamiltonian, denoted by H, to capture on-site interactions

within a lattice system. Additionally, we define 7 and 7’ as the hopping parameters

between nearest neighbor cells in distinct directions. The overall energy expression

is given by:

E:H+76ik6+7/€_ik6.

The matrix of on site and hopping matrices:

Vg Tab  Tac 0 0
Y1 Toa  Ub 0
w ¢n Tea (% 0 = E
7wanrl 0
: vy,

77Dn—1
Un
wnJrl

(5.2.9)

Specifically, if the onsite potential of all the strips is the same i.e. (v, = v, =+ =

H) and the hoping between any 2 strips is 7 or 7/ (it is 7 if it is from a to b and

7’ from b to a and so on), we can express the energy of a system involving hopping
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from site n to its nearest neighbors as:

H 7 0 0 0
Yn_1 7 H 1 0 -+ 0 Vn—1
il o, o 7 H 7 0 -|=FE] v,
VYnt1 5 : oeT 0 VYot
: 0 0 7 H :

If we take a component of the matrix it gives,

7—/wnfl + H¢n + T¢n+1 = Ewn (5210)

where 7 and 7’ represent the hopping parameters, H denotes the onsite Hamiltonian,
and 1, is the wave function at site n.
Upon introducing the wave vector k and angular frequency w, we represent the wave

functions as phase-shifted across different sites:

wn — wei(nkfwt)’

leading to a refined expression for the energy:

E=H+r1e® 4+ 7/e* (5.2.11)

where E here represents the eigenvalues of the right handed part of equation 5.2.11.
However, this formulation challenges the Hermitian property of the Hamiltonian.
Since we use Kwant (which is dealing only with Hermitian matrices), we want to
make this matrix Hermitian. This will be done by employing an extended Pauli

matrix o,, ensuring a Hermitian construct:
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o, 0 0
0 o, -+ 0
0, = , (5.2.12)
0 0 o,
1
with o, = denoting the z-component of Pauli spin matrices. This for-
0 -1

mulation introduces ,E" [58], where E’ is manifestly Hermitian, reconciling the
non-Hermitian discrepancy. Note that this procedure is valid only when 7 and 7/

are related like in the case:
5.E =5, [HH + Feit 47t e_ik‘s] , (5.2.13)
where 7 = 0,7
% ik~ o—in] ] i ~t —ik ik . s
[HH + 7€ +Tle “} =Hyg+7'e™ + 716 , l.eis Hermitian.

Incorporating the Hermitian Hamiltonian matrix within the framework of Kwant,
a computational software designed for quantum transport simulations. Kwant’s ar-
chitecture is particularly tuned to handle Hermitian matrices.

By leveraging the Hermitian Hamiltonian matrix constructed through the 7, exten-
sion, we can utilize Kwant to accurately simulate the quantum dynamics of various
lattice configurations. Diagonalization of the Hamiltonian matrix within Kwant fa-
cilitates the precise determination of energy eigenvalues across the Brillouin zone,
revealing the band gap of the system. One of the primary objectives of such simula-
tions is to find the band structure of the material, a critical factor in understanding
its electronic properties and potential applications in semiconductor physics, topo-
logical insulators, and beyond [59]. Now we want to implement this theoritical

framework for Ferromagnetic Spins on a Honeycomb Lattice.
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5.3 Example of Ferromagnetic Spins on a Honey-

comb Lattice

The honeycomb lattice, a two-dimensional lattice structure realized in graphene,
exhibits fascinating electronic properties due to its unique topology and symmetry.
When considering ferromagnetic ordering within such a lattice, spins align uniformly
across the lattice sites, which can lead to interesting magnetic properties and elec-
tronic band structures. In this section, we explore the configuration of ferromagnetic

spins on a honeycomb lattice, and the resulting band gap energies.

5.3.1 Theoretical Model

Our theoretical framework begins with the construction of a tight-binding Hamilto-
nian that accounts for the exchange interactions between adjacent spins, the Zeeman
energy, the pseudodipolar energy, and the anisotropy. The lattice is modeled us-
ing the kwant toolkit, which allows for the explicit definition of lattice vectors and
sublattice positions, enabling a precise representation of the honeycomb structure

as shown in figure 5.3.
Hamiltonian Formulation

The spin Hamiltonian for the system is given by

(5.3.14)

where J is the exchange coupling constant, F(m;, m;, ;) = F'(m; - ej;)(m; - €;5) where
F is the interaction strength, K is the anisotropy constant, B is the external mag-
netic field, and m; represents the spin on site 7. This Hamiltonian captures the

essential physics of ferromagnetic ordering in the system, where the first term de-

70



scribes the nearest-neighbor ferromagnetic interaction, the second term represents
the pseudodipolar energy, the third term is the anisotropy energy, and the last term

corresponds to the Zeeman energy in an external magnetic field.
The LLG equation
This is the LLG equation corresponding to the Hamiltonian above equation (5.3.14)

ami

T =—m; X sz:mj—l—FZj:(mj'eij)eij

(5.3.15)
+Km;.e, + Be,],

Figure 5.3: Schematic diagram of ferromagnetic spins on a honeycomb lattice, illus-
trating the arrangement of spins in a two-dimensional hexagonal structure where
each spin is aligned in the same direction, demonstrating ferromagnetic order.

This system is a long graphene strip. We analyzed the system’s Hamiltonian and
identified the associated Landau-Lifshitz-Gilbert (LLG) equation. To simulate it,
we used KWANT. We applied our derived equations for exchange, anisotropy, pseu-

dodipolar, and Zeeman interactions. Since these equations are not Hermitian, we
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used the method outlined in Section 5.1 to ensure the matrices are Hermitian.
KWANT helped us set up the system, identify its nearest neighbors, and deter-

mine the band gap.

Eigenvalues as a function of k
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Figure 5.4: The band gap energy of a system of ferromagnetic spins on a honeycomb
lattice.

Figure 5.4 displays the eigenvalue spectrum as a function of the wave vector k. The
plot showcases a series of colorful bands representing the eigenvalues across differ-
ent values of k, which spans symmetrically from negative to positive values. The
presence of multiple bands suggests a system with multiple energy levels. We used
the following values for the constants J=0.1, k=0.4, F=0.5, the magnetic field and
the anisotropy are both along the z-axis.

Crucially, the plot reveals a band gap: a region where no eigenvalues exist, indicat-
ing an energy range where no electronic states can be occupied. This band gap is
most noticeable around k£ = 0, where the upper and lower bands diverge, leaving
a clear band separation between them. The existence of a band gap is a defining

characteristic of semiconductors and insulators and determines the electronic and
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optical properties of the material.

The lower bands, which are tightly packed and approach each other near the edges of
the plot, might correspond to the valence band of the material, indicating the range
of energy levels that are filled with electrons. Above the band gap, the sparsely
separated lines represent the conduction band, which dictates the energy levels that

electrons can occupy when the material is doped or when energy is applied.
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Chapter 6

Numerical Analysis of Magnon

Dynamics

6.1 Time Integration of the LLG equation

Time integration of the LLG equation is a critical procedure in computational mi-
cromagnetics, allowing for the simulation of magnetic dynamics over time. This
process typically involves discretizing the LLG equation temporally and solving it
iteratively, with the aim of understanding how magnetic moments in materials evolve
under various conditions, including the presence of magnetic fields, thermal fluctu-
ations, and material anisotropies. Common numerical methods for this purpose
include the Euler method, Runge-Kutta methods, and more sophisticated schemes
designed to conserve the magnitude of the magnetic moment vector and adhere to

the constraints of the LLG equation.

6.1.1 Stochastic Landau-Lifshitz-Gilbert Equation

An interesting model to consider for magnetic systems is the so-called Brown-Kubo-
Hashitsume model. In the Brown-Kubo-Hashitsume model, we begin with a formula
that describes how a magnetic moment m, moves in a random manner [60]. This

formula is known as the stochastic Gilbert equation. it is adjusted to fit the clas-
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sic Landau-Lifshitz framework, creating what is known as the stochastic Landau-
Lifshitz-Gilbert equation, , we are using this method to simulate the LLG equation

[60]. The stochastic LLG equation is given by:

= _ﬁ [S; x Hig+ AS; x (S; x Hiy)] (6.1.1)

where S; symbolizes the direction of a magnetic spin at site i, v represents the
gyromagnetic ratio, and H'sz denotes the effective magnetic field acting on each
spin, it is derived from the negative gradient of the spin Hamiltonian with respect

to the spin S;, highlighting the role of the local spin moment in shaping this field.

. 1 OH -

= ——— + H} 6.1.2
ff L3 asz th ( )
When considering thermal effects, it is essential to adopt Langevin Dynamics, es-
pecially for modeling temperature-induced fluctuations. This method introduces a
thermal field represented by a Gaussian white noise term, which grows with tem-

perature, affecting the magnetic behavior of the system.

INkpT
Vs Al

(6.1.3)

The Langevin Dynamics approach integrates a thermal field into the LLG equation
to mimic the influence of temperature on spin dynamics. The technique assumes
that at each timestep, every spin experiences an instantaneous thermal field based
on a Gaussian distribution. This incorporation of thermal effects allows for a more
comprehensive simulation of spin dynamics across various temperature conditions
[61].

These equations are necessary to study the time evolution of a system of spins
numerically. Different integration schemes can be used provided that during the
simulations the moment vector m; has to be normalized after each new integration

step to assure the conservation of the magnetic moment [62]. The Heun method,
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known for enabling larger time step usage due to its predictor-corrector algorithm,

will be employed here.

6.1.2 Heun’s Method

To simulate the LLG equation we use Heun’s method, which is a numerical tech-
nique used to solve ordinary differential equations (ODEs). It is a type of predictor-
corrector method that improves upon the basic Euler method by making a prelim-
inary step (the predictor) and then using this to make a more informed final step
(the corrector). The Heun method begins by predicting a new direction for each
spin, S}, using the initial spin S; and the effective magnetic field H’;; through an
initial Euler step:

S, = S; + ASAt, (6.1.4)

we are solving an LLG equation with a step, this step AS, is defined as:

f)/

AS=—1T%

This process doesn’t maintain the magnitude of the spin, necessitating normalization
after both the initial prediction and the final correction to ensure the spin remains
a unit vector. Following the prediction, the effective field is recalculated due to the
altered spin positions, though the random thermal field remains constant. The next
position of the spin, S'Z?*At, is determined with a correction step that averages the

initial and updated changes in spin:
1
SIHAl — G, + 5 [AS + AS'] At, (6.1.6)

where AS’ is calculated similarly to AS but using the predicted spin S, and the

updated effective field Hf;ff:

! Y / 3/ / / '
AS = — g[8 Hy o+ 0] x (8] x Heff)] . (6.1.7)
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This process is applied sequentially to each spin before updating the entire system.
The Heun method, while designed for equations with stochastic noise, simplifies to
a conventional second-order Runge-Kutta method in noise-free scenarios.

In certain scenarios, employing spherical coordinates simplifies the computation.
For these instances, it is advantageous to represent the change in spin, AS, using
spherical coordinates for ease of analysis and calculation.

Starting from 6.1.5, absorbing the factor ﬁ in the time variable. Then, we write:

0S;  do . do
5~ + sin Qd—te¢ (6.1.8)

By multiplying the whole equation with ey, we get:
o
dt

—ey - [Si X Héff] —€p- P‘Si X (Si X Hiff)]

= H; - ey + AH; - (e X S;)

=H ey + A\Hy - e
By multiplying the same equation with ey, we get:

do

dt —€y - [Sz‘ X Hiff] — €y P‘Si X (Si X Hiff)}

= _Héff' [e¢ X Sz} - (SZ X Hiff) . [e¢ X )\SZ]
= —Hi; ey — Neg - (S; x Hiy) (6.1.10)

= - i:ff "€y — AHiff' (eg X S;)

= —H; e+ AHyy - ey
If we use our usual variables ¢ and &, we find:

W _

L (- H & (6.1.11)
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6.2 Comparison of the Stochastic Numerical Meth-

ods with Exact Solutions

6.2.1 Dynamics of a Single Spin Subject to a field along the

Z-axis

This section explores the dynamics of a single spin initially aligned along the x-
axis within a ferromagnetic system, subject to an external magnetic field directed
along the z-axis as given in figure 6.1[63]. Here again we are using Kwant library to
construct the lattice for mathematical operations. The Hamiltonian of this system

can be written as

H=-J) Si-8-Y B-S§ (6.2.12)

where J is the exchange interaction and B is the external magnetic field. We are
simulating the time evolution of the spins through the application of the Landau-
Lifshitz-Gilbert (LLG) equation, considering both exchange interactions and the
influence of an external magnetic field.

For the specific case where a single spin is initially aligned with the x-axis and

subject to a field along the z-axis, the predicted time evolution can be described as

B M H ~vH
Sz(t) = sech (1 n )\275) cos (1 n /\2t)
B MY H ) vH
Sy(t) = sech (1 n )\Qt) sin (1 n )\Qt) (6.2.13)
AMYH
S, (t) = tanh (1 n )\Qt)

The mathematical framework provided predicts the behavior of the spin components

follows [63]:

over time, capturing the essence of their dynamical evolution due to the applied field.
Specifically, the equations outline how the x and y components of the spin undergo a
damping and precessional motion, while the z component exhibits a change in mag-

nitude, illustrating the spin’s alignment or misalignment with the field over time.

78



In our simulation, we initialize the magnetic moments to align along the x-axis. The
effective field acting on each spin is computed by summing contributions from neigh-
boring spins and the external magnetic field. The LLG equation’s integration over
time is achieved through a predictor-corrector method, ensuring the conservation of
the magnitude of each magnetic moment while accurately capturing the dynamics
of the system.

Figures included visually complement the theoretical predictions by showcasing the
initial setup of the magnetization vector relative to the applied field, and graphically
representing the temporal evolution of the spin’s x-component. This simulation re-
sults not only validates the stochastic numerical methods employed but also offers
an intuitive understanding of the spin dynamics under the influence of an external
magnetic field. Through this comparison, we aim to underscore the reliability and
accuracy of the Heun’s method approach in replicating complex quantum mechani-

cal behaviors.

~

X

Figure 6.1: Initial orientation of the magnetization vector and the applied field for the
simulation, depicting the starting alignment of magnetic moments and the direction
of the external magnetic field used to study the system’s response.

Figure 6.2 illustrates a remarkable congruence between the simulation results and

the analytical solution, demonstrating an exact match in their trajectories.
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Comparison of Sx Over Time
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Figure 6.2: Time evolution of a single spin in an applied field, showing the magne-

tization vector precessing around the x-axis component, illustrating the dynamic
behavior of the spin under the influence of the external field.

In simulations, we used lattice of spins because this allows us to model more accu-
rately the real conditions in a magnetic material where no spin exists in isolation.
Each spin on the lattice influences and is influenced by its neighbors, leading to a
more realistic representation of magnetic behaviors. Each spin in a lattice is influ-
enced by an effective field resulting from the sum of external magnetic fields and
the fields due to neighboring spins. This makes the behavior of any single spin de-
pendent on the state and alignment of other spins in the lattice, effectively linking
each spin’s dynamics to the lattice as a whole. In simulations, especially those aim-
ing to understand magnetic properties and reactions to external fields or stochastic
elements, treating a spin in isolation would yield inaccurate results. Thus, when we
speak about the time evolution of a single spin as part of a lattice, we are essentially

zooming in on one part of a much larger, interconnected system where the collective

behavior and interactions dominate the dynamics observed.

We can see that the equations and the solution are only valid for a single spin with-
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out any interactions. On the other hand, if we consider a lattice with neighbor
interactions, and an initial value where all the spins are parallel to each other, we
will get the same result because s; will be constantly the same as s; and therefore

SiXSjZO.

6.2.2 Random Spin Orientation in Ferromagnets

This subsection explores the dynamic behavior of spins within a ferromagnetic sys-
tem characterized by random initial orientations. Utilizing the Kwant library, we
construct a lattice-based simulation to analyze how individual spins evolve over time
under the influence of various interactions such as exchange, anisotropic, and exter-
nal magnetic fields. The core of our approach is to numerically solve the stochastic
Landau-Lifshitz-Gilbert (LLG) equation, which governs the precessional motion and
damping of magnetic moments.

Our simulation begins with the initialization of magnetic moments in random direc-
tions to mimic the disordered state of spins. We apply a uniform external magnetic
field along the z-axis, alongside considering the effects of anisotropy and exchange
interactions among neighboring spins. Through iterative application of the LLG
equation, we track the evolution of these spins, focusing on the x-component as a
measure of the magnetization’s dynamic response as shown in figure 6.3.

The process involves a predictor-corrector method to ensure the accurate integration
of spins’ trajectories over time while maintaining their magnitudes constant. This
method allows us to observe the transition from random orientations towards a more
ordered state, underpinning the complex interplay between thermal fluctuations and

magnetic interactions within ferromagnetic materials.

The precessional behavior of spin observed in the graph is indicative of the rotational
motion of the spin vector under the influence of an effective magnetic field. This
behavior is characterized by the periodic oscillations in the S, component of the

spin, which result from the spin’s motion around the axis of the magnetic field. The
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Figure 6.3: Time evolution of spin orientations in a ferromagnetic system subject
to an external magnetic field, highlighting the precessional movement and eventual
alignment of spins along the x-component.

amplitude and frequency of these oscillations provide insights into the strength of
the magnetic interactions and the damping effects within the system, characterized
by the parameter \ in the LLG equation.

The total effective magnetic field that each spin experiences is the sum of the ex-
change field, the external field, and the anisotropy field. The effective field deter-
mines the torque that acts on each spin, causing the spins to precess. This precession
is evident from the oscillations in S, over time, reflecting the periodic change in the
projection of the spin vector onto the x-axis as it rotates around the effective field

direction.
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Chapter 7

Conclusion and Future Work

7.1 Conclusion

In this thesis, we have delved into the intricate world of magnonic systems and
dynamics, exploring key studies, fundamental principles, advanced analytical ap-
proaches, and numerical analysis techniques. Our journey has led us to unravel the
complexities of magnon dynamics in magnetic structures, from Bloch’s theorem to
the Holstein-Primakoff transformations. We have also discussed the application of
magnonic systems in various domains such as waveguides, spintronics, and quantum
information processing.

Through our exploration of advanced analytical approaches, including discretization
of the Schrodinger equation and numerical integration methods, we have gained
deeper insights into the behavior of magnons in different configurations and under
varying physical conditions. By comparing stochastic numerical methods with ex-
act solutions, we have enhanced our understanding of the dynamics of magnetic

systems, both at the level of single spins and within ferromagnetic materials.
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7.2 Future Work

While our study has shed light on many aspects of magnonic systems, there remain
several avenues for future exploration and research. One promising direction is the
development of more efficient numerical techniques for simulating magnon dynam-
ics, especially in complex systems, is essential for advancing our understanding and
to enable practical utilization of magnonic devices. Integrating of theoretical mod-
els with experimental validations will also be crucial for bridging the gap between
theoretical predictions and real-world applications. For example, simulating LLG
equation in spherical coordinates with reduced memory usage is one of the promising
avenues for future research. It involves the development of efficient numerical meth-
ods for simulating the Landau-Lifshitz-Gilbert (LLG) equation in spherical coordi-
nates. By employing only two variables, azimuthal and polar angles, instead of the
traditional Cartesian coordinates, memory usage can be significantly reduced while
maintaining accuracy. This approach could enable simulations of larger systems
and longer time scales, facilitating the exploration of complex magnonic phenom-
ena. Moreover, another important aspect of future work is the inclusion of four-spin
interactions in simulation codes. While current models often consider pairwise in-
teractions, incorporating higher-order interactions, such as the four-spin interaction,
can lead to a more comprehensive understanding of magnonic systems. By captur-
ing the collective behavior of multiple spins, these interactions may reveal emergent
phenomena and exotic phases that are inaccessible in pairwise interaction models.
Despite significant progress, several deep questions remain unanswered in the field
of magnonics. One such question pertains to the precise mechanisms governing
magnon transport and relaxation in complex magnetic structures. Understanding
how magnons interact with defects, interfaces, and nonuniform magnetic fields is
essential for optimizing the performance of magnonic devices.

Additionally, the quest for efficient methods of magnon manipulation and control

poses a significant challenge. While magnonic devices hold promise for various ap-
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plications, such as information processing fast and efficient computing, realizing
their full potential requires the development of reliable techniques for manipulating
magnon currents, switching magnetization states, and modulating magnon proper-
ties with high precision and energy efficiency.

Furthermore, the exploration of exotic magnonic states, such as topological magnon
insulators and skyrmion-mediated magnon transport, presents exciting opportuni-
ties for both fundamental research and technological innovation. Unraveling the
underlying physics of these states and harnessing their unique properties could lead
to transformative advancements in magnonics and spin-based technologies.

In summary, future research in magnonics should focus on developing efficient simu-
lation techniques, incorporating higher-order interactions, and addressing deep un-
resolved questions in the field. By tackling these challenges, we can advance our
understanding of magnonic phenomena and pave the way for groundbreaking dis-

coveries and technological breakthroughs.
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Appendix A

A.1 Useful Relations

The variable £ is employed as a local coordinate to characterize each spin configu-

ration. Furthermore, £ is subject to the following relationships:

&-& =0
e X & =0
& & =1

en Sk =¢ey § =0

S X & = —i(eg, X e4,) = —iey,
Sk = ien X &k

& - & = ey, - (& X &)

& b = den - (& X &)

& - S = tey - (§k X &)

Consider the differential equation describing the dynamics of the system, given by:
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A.2 Some Detailed Calculations

The following is the detailed calculations of equation 4.1.11 :
d .
Ewp = —m, X Zozipémi &
= — Z ipdm; - (€, X my)
=—i Z ipdm; - &, (using &, x my = i¢,)
= —§ ; a;p (dbieg, + dpiey,) (%) (e, +ieg,) (substituting &)

1 -
= E E Qip (d@iegi -+ dgbie%> (e¢p — iEQP)
1 - (W —y7) : - ;
=3 E g (UF + ;) eg, + e (s, — i€g,) (substituting df; and d¢;)

1 . _ . . .
=3 Z iy {0 (e, — iey,) + U; (e, +iey,)} (€4, —i€g,) (rearranging terms)

=—iY ap (U +17&) & (substituting € and &)
1 (A.2.1)

Here, ¢, = \/Li(egp + ieg,) represents the complex spin vector, and £* denotes its

complex conjugate.

'_ei(k'Ri —wt

Incorporate substitutions for ¢;" = ¢ e!FFi=t) and ¢, = 1);

), and derive

the corresponding time evolution equation. Consider:

- w¢;€i(k~Rp—wt) _ Z Qip {¢j§:€; + ¢;§Z§p} ei(kRi—wt)’
i (A.2.2)
wiy =Dy {UTEE + &6} e where Ry, = R — R,
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Defining the expressions for ;" and v; :

w+:d9i+id<ﬁi’

Z V2
__ df; —idg,
% —Ta
g = Y Un
=

v v

dp; = ————
' 2\/§

Utilizing these expressions, the differential change in @/J; over time can be derived

as follows:
dl/J;_ 1 d
— = ——(do 1 dQ
dt \/§dt( p 1 SOp),

= % (Z Qip (dei(eei -€g,) + dpi(e, - 6%)))

—1 (Z aip (dbi(eq, - e4,) + ddi(eg, - eep))) : (A2.3)

d
- s (Z i (07 97 e, — 8657 = ¥7)e) (e, - >) |
- _%% Z@ip (%Jr( —iey,) +1; (eq, + ie%)) (eq, + i€y, ).

This set of equations collectively encapsulates the time-dependent dynamics of the

system, articulated through complex vector components and their interactions.

dyr o d

th T dt Z aip (V&6 + i &) (A.2.4)
Ay, d

= LS e vies) (A.25)
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Anisotropy Energy

The dynamics of anisotropy energy are governed by the following set of equations,

which delineate the interactions and effects within the system:
w+ ny WPn ¥ —1pn + * — ny 1Pn ¢ —1Pn
dt =2k n’“perp + E (6 gp te §P> ’ (1/}17 gp + wp gp) ) nTperp + E (6 lgp te gp) ’ gp
— 2kt ((nr e 4+ L (e + e )) e, )2,
p P Tp \/§ D p P
— 9%k (_elQOn,w 4+ ny —z¢nw+) (n_J-ei(pn) _ ka;—nrp (nrp)

V2 V2 V2
2
2k( Leeny +”Lw+> — 2k},

= kn? (f + €%y, ) = 2kn? o,

which gives:

d¢+ + 21

dt = kn? (77/1 + 7, ) 2k:n (A.2.6)
d¢17_ — —k 2 — —2ipn,, |+ k 2 - (A 2 7)
Ya T L(%’—i—e ¢p)+2nrp¢p' -

The terms n,, and n, represent the radial and perpendicular components of the
anisotropy vector, respectively. The complex exponentials e and e~*" reflect
phase shifts due to the anisotropy in different spatial dimensions. The equation
clearly shows the coupling between the anisotropy’s directional components and the

spinor fields, influencing the time evolution of w; and ¥, .
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Appendix B

Source Codes

B.1 Band Gap of 2 Spins Out of Phase

import numpy as np
from scipy.linalg import eigvals
import matplotlib.pyplot as plt

import math

Cﬁ
def spherical_to_cartesian(theta_a, phi_a):

tx_a = math.cos(theta_a) * math.cos(phi_a)

ty_a math.cos(theta_a) * math.sin(phi_a)

tz_a - math.sin(theta_a)

return tx_a, ty_a, tz_a

def spherical_to_cartesian_c(theta_b, phi_b):

px_b = - math.sin(phi_b)

py_b math.cos(phi_b)
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return p

theta_a = np

x_b, py_b

.pi/4

phi_a = 3x(np.pi)/2

theta_b = -np.pi/4

phi_b = (np.pi)/2

tx_a, ty_a, tz_a = spherical_to_cartesian(theta_a, phi_a)
tx_b, ty_b, tz_b = spherical_to_cartesian(theta_b, phi_b)
px_a, py_a = spherical_to_cartesian_c(theta_a, phi_a)
px_b, py_b = spherical_to_cartesian_c(theta_b, phi_b)

vector_ta =
vector_tb =
vector_pa =

vector_pb =

xi_a (vect

xi_b (vect

dot_productl
dot_product?2
dot_product3

dot_producté4

np.array ([tx_a, ty_a, tz_al)
np.array([tx_b, ty_b, tz_bl)
np.array([px_a, py_a, 0])

np.array ([px_b, py_b, 0])

or_ta + 1j * vector_pa) / np.sqrt(2)

or_tb + 1j * vector_pb) / np.sqrt(2)

np.dot(np.conjugate(xi_a), xi_b)

np.dot ((xi_a), xi_b)
= np.dot(xi_a, np.conjugate(xi_b))

= np.dot(np.conjugate(xi_a), np.conjugate(xi_b))
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num_values = 80

k_values = np.linspace(-np.pi, np.pi, num_values)
eigenvalues_list = []
def matrix M(k):

for

ka = 0.1
theta = np.pi/4
A = 2*xnp.cos(2*theta) + 2*ka*np.cos(theta)**2 + np.cos(theta
= )
M = np.array ([
[A, dot_producti* np.cos(k), 0, dot_product2 * np.cos(k)
= 1,
[dot_product3 * np.cos(k), A, dot_product2 * np.cos(k),
— 0],
[0, -dot_product4 * np.cos(k), -A, -dot_product3 * np.
— cos(k)],
[-dot_product4 * np.cos(k), 0, -dot_productl * np.cos(k)
— ,-A]
D

return M

k in k_values:

M = matrix_M(k)

eigenvalues = eigvals (M)
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eigenvalues_list.append(eigenvalues)

eigenvalues_array = np.array(eigenvalues_list)

for i in range(eigenvalues_array.shape[1]):

plt.plot(k_values, eigenvalues_arrayl[:, i])

plt.xlabel ("k")
plt.ylabel ("Eigenvalues")
plt.legend ()

plt.title("Eigenvalues as a Function of k")

plt.show ()

B.2 Band Gap of a Honeycomb

import numpy as np
import kwant
from numpy import sqrt
from matplotlib import pyplot as plt
def magnitude(x, y, z):

return np.sqrt(x*x*2 + y**x2 + z*x2)
def to_spherical(x, y, z):

radius = magnitude(x, y, z)
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def

def

def

def

def

def

theta = np.arctan2(y, x)

phi = np.arccos(z / radius)
return radius, theta, phi
to_cartesian_r (theta,phi):

x = np.sin(theta) * np.cos(phi)

y = np.sin(theta) * np.sin(phi)

z = np.cos(theta)

return x,y,z

to_cartesian(radius, theta, phi):

x = radius * np.cos(theta) * np.cos(phi)
y = radius * np.cos(theta) * np.sin(phi)
z = -radius * np.sin(theta)

return x, y, z

to_cartesian_c (theta, phi):

X -np.sin(phi)

y = np.cos(phi)

return x, y

get_vector_t (theta, phi):

X, y, z = to_cartesian(l, theta, phi)
return np.array([x, y, z])
get_vector_p(theta, phi):

X, y = to_cartesian_c(theta, phi)

return np.array([x, y, 0])

get_xi(theta, phi):

vector_t get_vector_t (theta, phi)

vector_p get_vector_p(theta, phi)

xi = (vector_t + 1j * vector_p) / np.sqrt(2)

return xi

theta = np.arccos(-1/3.)
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phi = np.pi / 4.
ml = np.array([1/2. * np.sin(theta), -sqrt(3)/2. * np.sin(theta)

<~ , np.cos(theta)])

m2 = np.array([1/2. * np.sin(theta), sqrt(3)/2. * np.sin(theta),
— np.cos(theta)])

m3 = np.array ([0, 0, 1])

m4 = np.array([-np.sin(theta), O, np.cos(theta)])

def get_xi_from_M(m):
(radius, theta, phi) = to_spherical (*m)
xi = get_xi(theta, phi)
return xi

def get_e_r_from_M(m):
(radius, theta, phi) = to_spherical (*m)
e_r = to_cartesian_r (theta,phi)
return e_r

M = [ml, m2, m3, m4]

lat=kwant.lattice.honeycomb ()

sublattices = lat.sublattices
a, b = sublattices
M=[m3,m3]

XI = [get_xi_from_M(m) for m in M]
n = [0,0,1]
def get_m(sublattice, M):

return M[sublattices.index(sublattice)]

system=kwant .Builder ()
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s
size=35
for i in range(-size,size):
for j in range(-size,size):
for sub in sublattices:

system[sub(i, j)] = np.eye(2)

def get_Epq(sitel,site2):
e_pq = np.array(site2.pos) - np.array(sitel.pos)
norm=np.linalg.norm(e_pq)

—

return np.array([e_pq[0],e_pql[1],0])/norm

def onsite(site,J,k,B _field,s,n, F):

family = site.family

i = sublattices.index(family)

xi = XI[il

e r = M[i]

A = np.dot(np.conjugate(xi),n)*np.dot(xi,n)
B = np.dot(xi,n)*np.dot(xi,n)

C = (np.dot(n,e_r))**2

anisotropy = np.array([[A - C,B],

[np.conjugate(B), np.conjugate(A) - Cl])

Field=np.array([[np.dot(s,e_r),0 1,

[0,np.dot(s,e_r)1]1)

Neighbors=system.neighbors(site)
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field=np.array([0,0,0])

value = 0

for site2 in Neighbors:
family = site2.family
j = sublattices.index(family)
m2 = M[j]

value += np.dot(m2,M[i])

for site2 in Neighbors:
e_pq=get_Epq(site,site2)
family = site2.family
j = sublattices.index(family)
m2 = M[j]

A+=np.dot (m2,e_pq)*np.dot(e_r,e_pq)

def get_exchange_hop(xil, xi2):
A=np.dot(xil.conj () ,xi2)
B=np.dot(xi2,xil)

return np.array([[A,B],[B.conj(),A.conj()1]1)

def get_pseudo_hop(xil, xi2, epq):
A=np.dot(xil.conj(),epq)*np.dot(xi2,epq)
B=np.dot(xil,epq)*np.dot(xi2,epq)

return np.array([[A,B],[B.conj(),A.conj()1]1)

def Hopl(sitel, site2, J,k,B_field,s,n, F):
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family1l sitel.family
family2 = site2.family
il = sublattices.index(family1)

xil = XI[i1]

i2 = sublattices.index(family?2)

xi2 XI[i2]

epq get_Epq(sitel,site2)

return J * get_exchange_hop(xil, xi2) + F * get_pseudo_hop(

— xil,xi2,epq)

for i in range(-size,size):
for j in range(-size,size):
for sub in sublattices:
system[sub(i, j)] = onsite

system[lat.neighbors(1)] = Hopl

sys=system.finalized ()

sites=system.finalized () .sites

sitesl=[sys.id_by_site[site] for site in sites if site.tagl[0]==

— and (abs(site.tag[1])<(size-2)) ]

sites2=[sys.id_by_site[site] for site in sites if site.tagl[0]==

— and (abs(site.tagl[1])<(size-2)) ]

kwant .plot(system)
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params=dict(J=.1,k=0.4,B_field=0.2,s=np.array([0,0,1]) ,n=np.
— array ([0,0,1]), F=0.5)

ham=sys.hamiltonian_submatrix(from_sites=sitesl, to_sites=sitesl
< ,params=params)

tau=sys.hamiltonian_submatrix (from_sites=sitesl, to_sites=sites2
— ,params=params)

n,_=ham. shape

S = np.kron(np.eye(n//2), np.array([[1, 0], [0, -111))

def Hk(k):

mat = ham + tau * np.exp(lj * k) + tau.T.conj() * np.exp(-1j

— * k)

eigenvalues = np.linalg.eigvals(np.dot(S, mat))

return np.sort(eigenvalues.real)

momenta = np.linspace(-np.pi, np.pi,300)

eigenvalues_list = []

for k in momenta:

eigenvalues = Hk(k)

eigenvalues_list.append(eigenvalues)

eigenvalues_array = np.array(eigenvalues_list)

for i in range(eigenvalues_array.shape[1]):
plt.plot (sqrt (3)*momenta/(2*np.pi), eigenvalues_arrayl[:, il)
plt.ylim([0.95,1.4])

plt.xlabel('k"')
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plt.ylabel('Eigenvalue')
plt.title('Eigenvalues as a function of k')
plt.legend ()

plt.show ()

B.3 Dynamics of a Single Spin Subject to a z- Axis
Field

import kwant
import numpy as np
from numpy import sqrt

import matplotlib.pyplot as plt

lat = kwant.lattice.general ([(2, 0), (2x0.5, 2*sqrt(3)/2)],

[Co, 0), (1/2, sqrt(3)/2), (1, 0), (3/2, sqrt(3)/2)])

sublattices = lat.sublattices
a, b, ¢, d = sublattices
gamma = 1

dt = 0.01

lamda = 0.3

num_steps = 2000
def SHAPE (pos):
X, y = pos

return abs(x) < 5 and abs(y) < 5

sys = kwant.Builder ()

sys[lat.shape (SHAPE, (0, 0))] = 0
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N = len(sites)

# Initialize magnetic moments (one spin along the x-axis)
M = np.zeros((N + 1, 3))
M[:] = np.array([1, O, 0]) # Spin initially along x-axis

M[-1] = np.array([0, O, 0]) # Fictitious sites with zero M.

Neighbors=[list(sys.neighbors(site)) for site in sites ]
#overwriting the Neighbours to write them in terms of their id
Neighbors=[[sysf.id_by_site[site] for site in liste] for 1liste

<~ in Neighbors]

#This is to always have neighbors of 6 (square matrix)
Neighbors=[item+(6-1len(item))*[N] for item in Neighbors]
# the rank of the ficticious site is N

#This is to define the neighbors of the ficticious site.

Neighbors=Neighbors+[6*[N]]

sysf=sys.finalized ()

sites=list(sysf.sites)

def normalize(vector):
norm = np.linalg.norm(vector)
if norm == O:
return vector

else: return vector / norm
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def normalize matrix(matrix):

norms = np.linalg.norm(matrix, axis=1)

norms [norms == 0] = 1

return matrix / norms[:, np.newaxis]

H = np.array((N + 1) * [[0, O, 1]11)

—

H[-1] = np.array ([0, 0, 0])

(ﬁ

def effective_field(M, Neighbors):

—

return np.sum(M[Neighbors], axis=1) + H

Sx_values = []

time_values = []

for step in range(num_steps):

Heff = effective_field(M, Neighbors)

D = np.cross(M, Heff)

S_predictor = M + dt * (-gamma / (1 + lamdax**2)) * (D +

<~ lamda * np.cross(M, D))
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S_predictor = normalize_matrix(S_predictor)

Heff = effective_field(S_predictor, Neighbors)

R = np.cross(S_predictor, Heff)
S_corrector = 0.5 * M + 0.5 * S_predictor + 0.5 *x dt * (-
— gamma / (1 + lamda**2)) * (R + lamda * np.cross(

< S_predictor, R))

S _corrector _normalized = normalize matrix(S_corrector)

M = S_corrector_normalized

Sx_values.append (M[0O, 0])
(%

time_values.append(step * dt)

t_analytical = np.linspace(0, num_steps * dt, num_steps)
H_magnitude = 1
Sx_analytical = (1 / np.cosh(lamda * gamma * H_magnitude x*
< t_analytical / (1 + lamdax*x*2))) * \
np.cos(gamma * H_magnitude * t_analytical / (1 +

< lamdax**2))
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plt.plot(time_values, Sx_values, label='Simulation')

plt.plot(t_analytical, Sx_analytical, label='Analytical',

< linestyle='--")

plt.xlabel ('Time')

plt.ylabel('Sx')

plt.title('Comparison of Sx Over Time')
plt.legend ()

plt.show ()

B.4 Dynamics of Ferromagnetic Subject to a z-

Axis magnetic Field

import kwant
import numpy as np
from numpy import sqrt

import matplotlib.pyplot as plt

lat = kwant.lattice.general ([(2, 0), (2x0.5, 2*xsqrt(3)/2)],
[co, 0), (1/2, sqrt(3)/2), (1, 0),

— (8/2, sqrt(3)/2)1)

sublattices = lat.sublattices
a, b, ¢, d = sublattices
gamma = 1
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dt = 0.01
lamda = 0.3

num_steps = 2000
def SHAPE (pos):

X, y = pos

return abs(x) < 5 and abs(y) < 5
sys = kwant.Builder ()
sys [lat.shape (SHAPE, (0, 0))] = 0
sys[lat.neighbors()] = 1

N = len(sites)

# Initialize magnetic moments with random directions

=
I

np.random.rand(N + 1, 3) # Generate random vectors

=
I

normalize matrix(M) # Normalize each vector to have unit
— length
M[-1] = np.array([0, O, 0]) # Keep the fictitious site with

<> zZero magnetization

Neighbors=[list(sys.neighbors(site)) for site in sites ]
Neighbors=[[sysf.id_by_sitel[site] for site in liste] for liste
< in Neighbors] #overwriting the Neighbours to write them in

< terms of their number (id)

#This is to always have neighbors of 6 because we have to have a

<~ square matrix
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‘Neighbors=[item+(6—1en(item))*[N] for item in Neighbors]

—

>
(%

Neighbors=Neighbors+[6x[N]]

sysf=sys.finalized ()

sites=1list(sysf.sites)

def normalize(vector):
norm = np.linalg.norm(vector)
if norm == O:
return vector

else: return vector / norm

def normalize matrix(matrix):
norms = np.linalg.norm(matrix, axis=1)
norms [norms == 0] = 1

return matrix / norms[:, np.newaxis]

H_ext = np.array((N + 1) * [[0, 0, 111)
—

H_ext[-1] = np.array ([0, 0, 0])
—

H_anisotropy = np.zeros(N)

def effective_field(M, Neighbors, K_anisotropy=0.1, J = 1.0):
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# Anisotropy field (assuming uniaxial anisotropy along z-
— axis)

#[:, np.newaxis] turns M[:, 2] into a column vector,
< resulting in each element of M[:, 2]

#being multiplied by the anisotropy field vector [0, O, 1],
< aligning with the z-axis.

H_anisotropy = (2 * K_anisotropy)* M[:, 2][:, np.newaxis] x*

< np.array ([0, 0, 1])

# Total effective field including exchange, external, and
— anisotropy contributions

Heff = - J * np.sum(M[Neighbors], axis=1) + H_ext +
— H_anisotropy

return Heff

# Lists to store Sx and time values for plotting
Sx_values = []

time_values = []

# Perform the simulation steps
for step in range(num_steps):
# Calculate effective field

Heff = effective_field(M, Neighbors)

# Predictor step for S
D = np.cross(M, Heff)
S_predictor = M + dt * (-gamma / (1 + lamda**2)) * (D +

<> lamda * np.cross(M, D))

# Normalize the predictor

S_predictor = normalize_matrix(S_predictor)
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plt

plt
plt
plt

plt

Heff effective_field(S_predictor, Neighbors)

R np.cross (S_predictor, Heff)

S_corrector 0.5 * M + 0.5 *x S_predictor + 0.5 *x dt * (-
< gamma / (1 + lamda**2)) * (R + lamda * np.cross(

R))

— S_predictor,

S_corrector_normalized normalize_matrix(S_corrector)

S_corrector_normalized

Sx_values.append (M[0, 0])
(%

time_values.append(step * dt)

.plot(time_values, Sx_values, label='Simulation')
.xlabel('Time"')

.ylabel('Sx"')

.legend ()

.show ()
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