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ABSTRACT
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Date of Degree : April, 2024

In numerous experiments, our focus is on assessing the statistical significance of means
relative to the overall mean of the study variable, which is referred to as Analysis of Means
(ANOM). Additional linearly related covariates are occasionally recorded alongside the
primary variable data. ANOM is designed to test the independent of treatment means for
the primary variable alone, without taking into account the covariates. However, a novel
test called Analysis of Means using Covariate (ANOMC) has recently been introduced to
address the need to test the independent of treatment means for the primary variable while
considering the influence of covariates. In this study, we have introduced and proposed the
ANOMC methodology for two distinct scenarios: single fixed factor design and factorial
design. In the case of a single fixed factor design, during phase I, ANOMC was developed
to address the issue of positively skewed distributions by employing a series of ratio family
estimators. However, further investigation is necessary to explore the capabilities of
ANOMC in this context. Consequently, during phase Il, ANOMC was expanded to
incorporate an additional covariate variable using a family of ratio estimators. In the case
of a factorial design, the ANOMC test was developed using regression techniques and a
selection of ratio estimators. The performance of the proposed methods in both cases is
assessed and compared using various informative metrics, including the percentage of type
| error and power. Monte Carlo simulation techniques are employed to obtain reliable

estimates of these measures. In addition, we have used practical datasets from
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mechanical/industrial engineering and biomedical and implemented our proposed

techniques to show their application in real world/ life situations.
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CHAPTER 1

INTRODUCTION

In this chapter, we will cast some light on the principles of the Design of Experiments
(DOE) and specifically examine the statistical technique called Analysis of Means
(ANOM) and its underlying concept. The structures of hypothesis testing are also discussed
in the following sections. Furthermore, we will provide a summary of the main components

that make up the thesis.

1.1 Design of Experiments (DOE)

Envision a cost-effective and impactful methodology known as Design of Experiments
(DOE), which empowers you to identify crucial product/process parameters and establish
a functional correlation between them and the desired performance measure. This
technique allows for fine-tuning the parameter settings to bring the performance measure
precisely to the target and minimize any variability around that target. By harnessing the
potential of DOE, organizations can greatly enhance product quality while simultaneously
lowering production costs [1]. This approach originated in the early 1920s at the

Rothamsted Agricultural Station in England under the guidance of Sir R. A. Fisher. Since

1



its inception, DOE has undergone remarkable advancements, particularly in the design and
data analysis aspects. These developments have further enhanced the method's efficacy in
improving quality and fostering innovation; it stands as a powerful technique to minimize
performance measure variability and achieve targeted levels in a highly effective and
efficient manner. As schematically represented in Figure 1.1 [2], a process is a set of
connected activities in which inputs are transformed into outputs for a specific purpose [2].
Some of the process’s parameters (X;,X,,....Xy) are controllable, whereas others
(Z1,Z,,....Z) are uncontrollable (although they may be controllable during
experimentation). There is no direct control over the performance measure (response
variable) Y; in the classical cause and effect approach, it is the effect. In the world of
products and their quality, DOE involves deliberately manipulating the parameters that are
known or believed to influence the performance of a studied process. This methodology
significantly departs from the older "scientific" tradition of altering one parameter at a time.
Instead, it focuses on simultaneously examining multiple parameters to assess their

interaction effects cost-effectively. (for a brief discussion, one may see [3-5]).

1.1.1 Completely Randomized Design (CRD)

Completely Randomized Design (CRD) is a research approach where treatments are
randomly assigned to experimental units without deliberate bias or systematic pattern. This
methodology involves connecting the fundamental principles of a particular response
variable with various necessary levels, while the assignment of factors and their levels is

done through a random process [6].



Controllable Factors

Inputs > |__Outputs ;
Process y
Z ZyH Zq

Uncontrollable Factors

Figure 1. 1: The general DOE framework.

The design strategy of CRD revolves around three essential factors: f, which represents
the number of factors; t, which denotes the number of possible levels for each factor; and
n, which indicates the number of replications or experimental units. CRD effectively
addresses the inherent variability among experimental units by randomly assigning
treatments, thereby mitigating potential biases. Consequently, CRD has become an
indispensable tool in a wide range of domains, including agriculture, medicine, industrial
engineering, and quality control analysis. CRD is especially advantageous in scenarios with
limited control over external variables. By harnessing its inherent randomness, CRD
effectively neutralizes potential confounding factors. This means that each experimental
unit has an equal chance of being assigned any particular treatment, thus establishing a fair
and unbiased experimental setup. The random allocation of treatments plays a crucial role

in eliminating systematic bias and enhancing the validity of experimental findings.



I. CRD One Factor Design:

Let us consider a single factor completely randomized design (CRD) having t treatments,

each with n; observations while the total number of observations is N = ¥_, n;. The

corresponding fixed effects model can be expressed as follows:

Yl] =u+ T+ €ij ,i=1,23,.... t,j =123, .... n; (11)

where Y;; is the jt" observation of response variable for the it" treatment level, t; = p; —
u is the fixed effect of it" treatment level with respect to the overall mean y, and we
assumed that the random errors €;; 2 N (u,az).
- Data Model without Covariate
Table 1.1 illustrates a One-Factor CRD without a covariate. It displays the treatments (7,
T3,...) and their respective response values (Y;;) for each experimental unit (an).

Table 1. 1: General layout for a one-factor CRD design without Covariate.

Terms 14 75 T3 . T T,
R]_ Yll Y21 Y31 i Yil " Ytl
RZ Y12 Y22 Y32 i YiZ " Ytz
R] Y]_] Y2] Y3] Yi]' Yt]
Rni Y1n1 Y2n2 Y3n3 Yini Ytnt

- Data Model with Covariate

Table 1.2 represents a general layout for a One-Factor CRD with a covariate (X). The terms

(t1, T2, ...) denote the different treatments being studied. The rows Ry, correspond to the

different experimental units or observations in the study.



Table 1. 2: General layout for a one-factor CRD design with covariate (X).

Terms T1 T T3 T; T;
Ry Y11(X11) Y21(X21) Y31(X31) Yi1(Xin) Ytl(xtl)
R, Y12 (X12) Y22 (X22) Y32(X32) Yi2(Xiz) Yo (Xt2)
R Ys5(X15) Ya(X2) Yai(X3) e YiKe) e Yg5(Xy)
Ry, Yin,(Xin) Yan,(Xan,) Yan,(Xsn,) o Y (Xin) o Yoo (Xen,)

I1. CRD Multi-Factor Design:

Let us consider two fixed factors (say A and B) completely randomized design (CRD)
having t and k treatments, each with n; observations while the total number of observations

is N = ntk. The corresponding fixed effects model can be expressed as follows:
yijl =u + Ai + BJ + (AB)U + Eijlli = 1,2, t;j = 1,2, k,l = 1,2, ., (12)

where Y;; is the observed response when factor A is at the i*" level and factor B at the j*
level for the I replicate, u is the overall mean effect, 4; is the effect of the i*" level of the
column factor A, B; is the effect of the j*" level of the row factor B, (4B);; is the effect of
the interaction between 4; and B; and we assumed that the random errors €;; “2* N (g, 02).
Furthermore, the treatment effects are defined as deviations from the overall mean, so

,A; =0and Z?lej = 0. Similarly, the interaction effects are fixed and are defined

such that Y%, (AB);; = Y.7-1(AB);; = 0.
- Data Model without covariate

Table 1.3 represents a Two-Factor Factorial CRD. The Table showcases the two factors,
Factor A and Factor B, and their respective levels (a4, a,, ...) for Factor A, and (b4, b, ...)

for Factor B. The subscripts indicate the specific level of each factor.



Table 1. 3: General layout for a two-factor factorial CRD design without covariate.

k=123,..,n Factor A
i=123, ..t
i=123 7 a, a, as - . a
Ylll qu Y311 yl’ll y[ll
bl Yllk Yzlk Y31k Yilk Ytlk
ylln yzln y31n },iln Ytln
Yijp Yo Yap Yija Yej1
- ; : : ; :
.
g b Yijg Yo Yaje o Yo o Ve
g ; : : ; :
Yljn Yzjn Y3jn Yl’jn Ytjn
ylrl yzrl y37‘1 yirl y[’!‘l
by Yire Yo Yame oo Yo o Yeu
ylrn y2rn y3r7l Yirn y[rn

- Data Model with covariate

Table 1.4 represents a Two-Factor Factorial CRD with covariate X. The Table showcases
the two factors, Factor A and Factor B, and their respective levels (a4, a,, ...) for Factor A,
and (b4, by, ...) for Factor B. The subscripts indicate the specific level of each factor.

Table 1. 4: General layout for a two-factor factorial CRD design with covariate (X).

k=123, ..,n Factor A
i=123,..,t
J=123..r a, a, as a; a,
Ylll(Xlll) Yzll(lel) Y311(X311) Yill(xill) Y[ll(thl)
bl Yllk(Xllk) Yzlk(lek) Y3lk(x31k) Yilk(xilk) Ytlk(thk)
Yiin(X11n)  Yain(X11n)  Y31n(X310) Yiin (Xi1n) Yern(Xe1n)
Yij1 (X1j1) Y2j1(X2j1) Y31 (X3j1) Yij1 (Xij1) Yejr(Xej1)
=
£ b; Vi) Vo) Yaueap) o Vi) o YeeXeji)
Yljn(len) Yzjn(xljn) YS/n(XSjn) y[jn(xijn) Ytjn(thn)
YireX1r)  Yori(Xor1)  Yara (X3r1) Yir1 (Xir1) Yir1(Xer1)
by Vie@ar)  Yoreor)  Yareae) oo Vi) o Yere(Xern)
YlTn (Xl'r'n) YZ n (Xlrn) YST'n (XST'n) Y[TY’, (XLT",) Y[Tn (Xtr'n)




1.2  Analysis of Mean (ANOM)

The Analysis of Means (ANOM) is a graphical testing procedure that shares similarities
with Shewhart control charts and presents results in a user-friendly manner, making it
easier to interpret. It is utilized to compare multiple groups. ANOM offers several
advantages over traditional Analysis of Variance (ANOVA). However, introducing
ANOVA to individuals with limited statistical knowledge can be challenging. The concept
of partitioning the variability in data into potential sources to compare and contrast means
may seem conceptually perplexing when transitioning from one and two-sample t-tests.
Furthermore, drawing inferences on treatment means using ANOVA involves a two-stage
process. Initially, an overall F-test is conducted to determine if at least one treatment mean
significantly differs from the others. If this is confirmed, a post-hoc test is subsequently
employed to identify the specific means responsible for the observed significance [7]. A
regrettable outcome of conducting post hoc tests in ANOVA is that they may not
consistently align with the conclusion of the overall F-test. For instance, the overall F-test
may indicate rejection, while pairwise comparisons using methods like Tukey or
Bonferroni reveal no significant differences. On the other hand, ANOM is a
straightforward graphical testing procedure that simultaneously compares each individual
mean to the overall mean. The visual comparisons are designed to control the familywise
error rate and directly correspond to the overall ANOM testing procedure. The ANOM
procedure has gained increasing popularity among practitioners and data scientists due to
its incorporation of statistical inference within a visual framework. For example, ANOM
can serve as a preliminary test to assess the randomness of sampled data by plotting

systematic group means during the early stages of survey sampling problems [8].



Furthermore, ANOM has found applications in various research domains, such as

medicine, healthcare, quality management, and environmental sciences, as evidenced by

studies conducted in [7-12].

The layout of the ANOM data set is presented in Table 1.5, where the structure of the

ANOM test under the same assumptions as the model in Eq (1.1) is used to test the

following hypotheses:

Null hypothesis, Hy: gy = tp = =+ = Uy;

Alternative hypothesis, H;: at least one of the y; is different.
In a balanced design (equal sample size), the overall mean Y is calculated as Y =
Z?;'lﬂ_/t. Similarly, the overall mean square error MSEy is calculated as MSEy =

Z:leyi_ /t.

Table 1. 5: The framework of the ANOM test.

Terms T T, T3 - T - T
R, Yi1 Y, Yz; o Yo o Yy
R, Y1z Y, Y, o Yo . Yp
R; Y Yyi Y3 w Y Yy
Rni Ylnl Y2n2 Y3n3 Yini Ytn,
Y, =3y Y, Y, Y5 o Y . VY
V.=l Yy/n v, % % . ¥ . T
. =2
So=xl (Y -0) /-1 S Sk, Sh . S . Sh

In a balanced design (equal sample size), the overall mean Y is calculated as Y =

Z?;’l Y; /t. Similarly, the overall mean square error MSEy is calculated as MSEy =
Z?_ilsyi' /t. Furthermore, for an unbalanced design (unequal sample size), the overall

mean (Y) and overall mean square error (MSEy ) can be calculated using the following

expressions:



nq 171.+ np 172'+"‘+ ne ?t.

Y =
. N

(1.2)

. (n1—1)571.+ (n2—1)572.+-~-+ (nt—l)Sl—,t'

MSEy =

(1.3)

N-t
Under the balanced design (equal sample size), the lower and upper decision lines are

obtained as follows:

LDL = ¥ — h(a,t,n)(MSEz; ) /% (1.4)
UDL = ¥, + h(o, t, n)(MSEg ) | (1.5)

Similarly, under the unbalanced design (unequal sample size), the lower and upper decision

lines are obtained as follows:

N—l’li

LDL =Y. — m(a, t)(MSEy ) . (1.6)
AR
UDL = Y, + m(a, t)(MSEy ) |~ (1.7)

Where the symbols h(a,t,n) and m(a,t) denote the critical values for balanced and

unbalanced design [13].

1.3 Analysis of Means Using Covariate (ANOMC)

In practice, some linearly related covariates are recorded while collecting the information
on the main variable. ANOM is developed to test the t independent treatment means of the
main variable only without considering the covariates. However, for testing the t
independent treatment means of the main variable while keeping the effect of a covariate,
a new test called the Analysis of Means using Covariate (ANOMC) was proposed by
Mahmood, et al. [14]. This test is designed to provide more accurate and effective

analytical results compared to the previous method. Usually, the conventional ANOM test
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fails to consider concomitant variables. This can inflate the mean square error, resulting in
erroneous conclusions about potential treatment differences. Mahmood, et al. [14] found
that the ANOMC test based on the regression estimator [15-19] outperformed the
traditional ANOM in making accurate decisions. However, it was also noted that ANOMC
exhibited poor performance when applied to datasets with extremely positively skewed
distributions. To address this limitation, we need to use robust methods to reduce the

limitation and achieve a robust version of the ANOMC method.

Consider a scenario with a single-factor model with a covariate exhibiting a linear
relationship. The model includes t treatments, each with t levels, and n; observations are
collected for each level. The total number of observations is denoted as N = Y.f_; n;. This

fixed effect model expression can be rephrased as:
Yi=p+mu+BX;—X)+ €;,i=123,....t,j =123, ... n; (1.8)

The variables and parameters in Eq (1.8) have similar interpretations as in Eq (1.1), with
the following additions:
Bis

X;jisthe j th observation of covariate for the it" treatment level corresponding to Y; It

the slope indicating the relationship between Y;; and X X is the grand mean of

ij
X;j observations. In model (1.8), several assumptions are made. Firstly, we assume that the
slope B # 0, indicating a linear relationship between Y;; and X;;. Additionally, the
regression coefficients for each treatment level are assumed to be identical. Furthermore,
it is assumed that the concomitant variable X;; is not affected by treatment levels. Lastly,
the treatment effects sum to zero (i.e., Y:f_, ; = 0). The continuous covariate is considered

as explanatory variable, where r; is the i*" sample correlation, is the it" slope, the
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i*" regression mean estimator is denoted as M;, and the adjusted means are calculated using
this estimator is i*" unbiasing constant and S, is the sample standard deviation of ith

regression mean estimator. The layout of the ANOMC data set is presented in Table 1.6,
where the structure of the ANOMC test under the same assumptions as the model in Eq

(1.2) is used to test the following hypotheses:

Null hypothesis, Hy: adju, = adju, = - = adju,;
Alternative hypothesis, H;: at least one of the adjy; is different.

In a balanced design (equal sample size), the overall mean M is calculated as M =

Z?zil M; /t. Similarly, the overall mean square error MSE is calculated as MSEy =

Furthermore, for an unbalanced design (unequal sample size), the overall mean (M ) and

overall mean square error (MSEM“) can be calculated using the following expressions:

M" — nq 1\711‘+ ny 1\7\’2‘+m+ ntIVIt. (19)
MSEy = o et B (1.10)

N-t

Under the balanced design (equal sample size), the lower and upper decision lines are

obtained as follows:

LDL = i, — h*(a,t,n) (MSEy ) |~ (1.11)

UDL = M, + h*(a,t,n) (MSEyg ) |~ (1.12)
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Table 1. 6: The framework of the ANOMC test based on regression estimator.

Terms T T, T3 T T
Ry Y11(X11) Y21(X21) Y31(X31) Yi(Xia) Ytl(th)
R, le(xlz) Yzz(xzz) Y32(X32) Yi2(Xi2) YtZ(XtZ)
R; Yy5(Xyy) Y55(Xz5) Y5i(Xa) o Ya(Xe) . Yy(Xy)
Ry, Yin, Xiny) Yo, (Xomy,)  Yony(Xamy) o YiKing) o Yin,(Xen,)
Y, =31y
n; Y, (X1) Y2 (X2) Ys.(X3) Yi(Xi) Y (Xe)
X =22 Xy
V=31 Y/ o o o - oo
S 71.(X1) 7,.(X2) ¥5.(X3) v.(X:) Ve (Xe)
K=, Xy /n,
. —\2
St =32l (v-7) /-1
L= 2= Ui — h i
A= (U~ S(3) L) KGR . ) . )
St o=l (X —X) /i = D)
Sxivi. = Z;n:il (X - %)Y -7)/ (- 1) Sx, v, Sx, 1, Sk, ¥s, Sx.v; Sx. v;
7= Sxv,/ |S%,S%, T, . T3, T, Tt
b = 1;.(Sy,/Sy,) b, b, by b;. by,
M; =Y, +b.(X —X;) M, M,, M, M;, M,
ko= Ja-rd+ a/m-3) k) ko L
Si, = kibi /Iy SH, SH, SM, SH, Sw,

Similarly, under the unbalanced design (unequal sample size), the lower and upper decision

lines are obtained as follows:

LDL = M, — m*(a, t)(MSEy ) [~ (1.13)
" I
UDL = M_ + m*(a, t)(MSEy ) |~ (1.14)

Where the symbols h*(a, t,n) and m*(a,t) denote the critical values for balanced and

unbalanced design [13].

1.4 ANOMC: A Balanced Assessment of Its Advantages and Limitations

ANOMC was able to outperform the standard ANOM approach by incorporating a
continuous covariate variable during the experiment. This allowed ANOMC to consider
the uncontrollable factors that affected the experiment as covariates, providing several

advantages:
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Increased Statistical Power: ANOMC increases the ability to find meaningful
differences between the treatment means, therefore significantly increasing the
statistical power of the analysis.

Minimizes Errors: ANOMC actively minimizes the errors and confounding factors in
the analysis.

Adjusted means: the adjusted means provided by the ANOMC analysis allow to make
more informed and well-grounded inferences about the treatment's effectiveness,

accounting for relevant characteristics.

While ANOMC provides several advantages over the standard ANOM approach, it also

has some inherent limitations:

Non-Normal Environments: under non-normal environments, especially with highly
skewed distributions such as the chi-square or Cauchy distributions, the ANOMC test
may increase the error.

Minimum Sample Size Requirement: ANOMC requires a minimum sample size of four
or more observations per treatment group. With smaller sample sizes, the analysis
becomes infeasible.

Assumption Violations: ANOMC relies on several assumptions mentioned in previous
section. Violations of these assumptions can undermine the validity of the analysis.
Specifically, when the assumption of homogeneity of variance is violated, the ANOMC

test cannot adequately control the type I error rate and may increase the error.
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1.5 Comprehensive Literature Review

In the context of DOE perspectives, let us delve into a comprehensive and detailed review
of the ANOM test. We will focus on studies that aim to discover an enhanced version of
the ANOM test. Before delving into the enhanced versions of ANOM tests, it is important
to acknowledge the widely used Analysis of Variance (ANOVA) method, which relies on
the F-statistic. ANOVA is a well-established statistical technique employed to differentiate
between group means in a one-way fixed effect design [20]. However, it is crucial to note
that several other statistical techniques are utilized to compare the means of independent

groups.

Researchers have explored various approaches to enhance the ANOM test. These efforts
aim to build upon the foundations of ANOM and provide improved tools for data analysis.
Some notable alternatives to ANOVA include the James-second-order test [21], which
offers enhanced discrimination capabilities; the Welch test [22], which accounts for
unequal variances; the Alexander-Govern test [23], which addresses heteroscedasticity,
and the Brown-Forsythe test [24], which is robust to violations of the equal variance
assumption. These approaches expand the range of options available for researchers
conducting mean comparisons among independent groups. The aforementioned tests are
designed to enable the assessment of pairwise significance among treatment means.
Analysis of Covariate (ANCOVA), an extension of ANOVA, is employed to investigate
the presence of a statistically significant difference between the means of three or more
independent groups while accounting for one or more covariates [25-27]. This analysis
allows for the adjustment of the effect of covariates on the dependent variable, providing a

more accurate assessment of group differences.
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As previously discussed, the ANOM test is a statistical tool commonly utilized to evaluate
differences in treatment means relative to their grand mean. This test was originally
introduced by Ott [28] and later reproduced by Ott [29]. The ANOM test finds applications
in various fields, including environmental studies [12], medical science [8, 30],
nanomaterials [31], tourism [32], and healthcare studies [33]. Schilling [34] proposed an
extension of the ANOM test to accommodate mixed effect designs and balanced
incomplete block designs. In fact, it is a versatile graphical method that can be effectively
utilized to compare rates or proportions, as highlighted by Ramig [35]. These extensions
and applications of the ANOM test have enhanced its utility and widened its scope in
various experimental settings. Initially, the ANOM test was specifically designed to assess
the equality of means. However, Wludyka and Nelson [36] introduced an extension of the
ANOM mechanism to address the equality of variances (ANOMYV). Bernard and Wludyka
[37] and WIudyka and Sa [38] have introduced an approach to enhance the robustness of
ANOMV by combining the Fligner and Killeen test and the Levene test. This combined
method improves the reliability and stability of ANOMYV in assessing the equality of
variances across multiple groups. Furthermore, Nelson and Dudewicz [39] and Dudewicz
and Nelson [40] proposed an extension of the ANOM test under a heteroscedastic model,

known as Heteroscedastic Analysis of Means (HANOM).

A nonparametric version of the ANOM test called ANOMR was introduced by Bakir [41].
Additionally, Chang et al. conducted a comparison between the ANOM and ANOVA tests
using parametric bootstrap. Determining exact control limits for the balanced design,
where sample sizes are equal, was presented by Nelson [42]. Conversely, for the

unbalanced design, where sample sizes are unequal, the precise control limits were
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provided by Soong and Hsu [43]. Additionally, the results of the ANOM test were
presented in research papers [44-47] for studies with equal sample sizes and in papers [48,
49] for studies with unequal sample sizes. Recently, Mendes and Yigit conducted a
comprehensive analysis that compared the performance of ANOVA-F and ANOM tests
when the assumptions of normality and homogeneity of variances were violated [50]. The
study aimed to evaluate these tests' type | error rate and power under such circumstances.
The ANOM test was analyzed for its statistical properties by Guirguis and Tobias [51]
using the Fortran programming language. Pallmann and Hothorn [52] showcased the
practical implementation of the ANOM test by utilizing the R programming language.
Pallmann and Hothorn [52] presented a novel methodology for the generalized application
of ANOM by incorporating the notion of multiple contrast tests (MCTs), particular
comparisons to the overall average, and extended applications of MCTs by utilizing a linear
model with a covariate. The previous iterations of ANOM were primarily applied to the
fixed-effect model. Another investigation into the application of the ANOM test,
specifically in the context of the random effect model, was carried out by Jayalath and Ng
[53]. Additionally, Jayalath and Ng [54] put forth the ANOM test for designs involving
hierarchically nested and split-plot structures. A concise examination of the ANOM test
can be located in the reference [55]. Rao [56] proposed an individual measurement control
chart utilizing ANOM control limits. A study on the impact of measurement errors on the
effectiveness of the ANOM test proposed by Khurshid and Chakraborty [57]. Additionally,
Apley [58] presented a Bayesian graphical approach for analyzing the location parameter
of the process. Lopez-Mejia and Roldan-Valadez [59] derived the bootstrap confidence

intervals for both the ANOM and ANOVA methods. ANOM is designed to assess the
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equality of treatment means for a given variable while disregarding the influence of
covariates. Nevertheless, Mahmood, et al. [14] presented a recent test called the Analysis
of Means using Covariate (ANOMC) to assess the t independent treatment means of the
primary variable while accounting for the impact of a covariate. This test aims to deliver
more precise and efficient analytical outcomes in contrast to prior approaches. Typically,
the traditional ANOM test overlooks covariate variables, leading to an inflation of the mean
square error. As a result, misleading conclusions regarding potential disparities in treatment
may arise. Mahmood, et al. [14] discovered that the ANOMC test utilizing the regression
estimator demonstrated superior performance compared to the conventional ANOM in

making precise decisions.
1.6 Objectives of The Thesis

The utilization of covariance in the analysis of means is a crucial aspect in numerous
manufacturing experiments aimed at monitoring auxiliary variables that exhibit a linear
relationship with the target variable. In this research study, we intend to examine and
improve the effectiveness of the ANOM test by incorporating covariance. The specific
objectives of our study are as follows:
To formulate a comprehensive review of the Analysis of Means (ANOM) studies and
identify potential areas for further contribution by addressing any existing gaps.
To enhance the performance of the ANOMC test approach by incorporating ratio
estimators.
To evaluate the effectiveness of the ANOMC test when multiple auxiliary variables are
considered.

Developing and extending the ANOMC test in complex designs such as for factorial
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V.

design.

To implement the proposed methodologies to solve real-life case studies.

1.7 Outline of The Thesis

The investigation in this study has been done only under CRD. In Chapter 2, we have
introduced the proposed ANOMC test utilizing ratio family estimators named (ANOMC-
R, ANOMC-MR1, ANOMC-MR2, ANOMC-MR3, and ANOMC-MR4) to reduce the lack
of the ANOMC-Reg test when it applies to positively skewed distributions. The
performance of the aforementioned tests is evaluated using the percentage of type | errors
and the power. The findings reveal that the ANOMC, when compared to ANOMC-Reg,
demonstrates relatively superior performance when employing ratio family estimators. The
proposed methods apply to problems with mechanical/industrial engineering and medical

phenomena.

In Chapter 3, an additional covariate variable is considered in the ANOMC test to find out
the performance of the test with two auxiliary variables with a family of ratio estimators.
The proposed tests are namely ANOMC-MR6, ANOMC-MR7, ANOMC-MR8, ANOMC-
MR9, and ANOMC-MR10, and will be evaluated in terms of Type | error rate and power.
The findings reveal that the proposed tests show different performance under the
parameters considered in the study; thus, the choice of an appropriate method is contingent
upon the specific parameters selected for the study. Moreover, the proposed tests apply to

applications in biomedical and mechanical engineering.

In Chapter 4, we are expanding the scope of the ANOMC test to more complex treatment

structures, specifically factorial designs to investigate the effectiveness of factorial
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ANOMC tests in comparison to factorial ANOM tests and to enhance the performance of
the factorial ANOM test by incorporating a covariate variable. The proposed tests, known
as ANOMg, ANOMC — Regg, ANOMC — R and ANOMC — MRy and will be evaluated in
terms of Type | error rate and power. The findings reveal that the ANOMCg tests, when
compared to ANOMg, demonstrates relatively superior performance, practically when
employing a regression estimator. Additionally, in the application part, a data set taken
from the literature is analyzed to show the implementation of the methodology presented
in the study. Finally, the conclusion, summaries, and recommendations of the work are

presented in Chapter 5.
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CHAPTER 2

ON NOVEL COVARIATE BASED

COMPUTATIONAL TESTS FOR

ANALYZING MEANS

In real-life scenarios, it is often necessary to consider linearly related covariates that are
measured alongside the main variable. In such cases, the traditional ANOM approach does
not account for the influence of these covariates when assessing mean equivalence. To
address this limitation, an analysis of means using covariates (ANOMC) has been proposed
recently. The initial implementation of ANOMC, known as ANOMC-Reg, utilizes a
regression estimator. However, it has been observed that ANOMC-Reg performs
inadequately when dealing with distributions that exhibit extreme positive skewness. Thus,
this chapter aims to enhance the performance of the ANOMC test. A series of ratio

estimators are introduced in the ANOMC structure and refer to ANOMC-R, ANOMC-
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MR1, ANOMC-MR2, ANOMC-MR3, and ANOMC-MR4 tests. A simulation study
utilizing Monte Carlo simulation methodology is conducted to evaluate and compare the
performance of the existing and proposed tests. The tests are assessed based on their

percentage of type | error and power under various design parameters.

2.1 Introduction

Historically, statisticians have advocated for the incorporation of covariates as a valuable
tool to account for additional variability in a dependent variable. By doing so, the inclusion
of covariates aims to enhance the statistical power of an experiment (e.g., [60, 61]).
Usually, the conventional ANOM test fails to consider concomitant variables. This can
inflate the mean square error, resulting in erroneous conclusions about potential treatment
differences. The proposed approach ANOMC based on regression estimator (cf. section
1.3) is designed to provide more accurate and effective analytical results compared to the
previous method. However, it was also noted that ANOMC-Reg exhibited poor

performance when applied to datasets with extremely positively skewed distributions.

This chapter aims to enhance the performance of the ANOMC test using ratio family
estimators, including both classical and modified ratio estimators. The proposed tests are
referred to as ANOMC-R, ANOMC-MR1, ANOMC-MR2, ANOMC-MR3, and ANOMC-
MR4. The performance of ANOMC-Reg, ANOMC-R, ANOMC-MR1, ANOMC-MR2,
ANOMC-MR3, and ANOMC-MR4 is evaluated in terms of two measures: percentage type
| error and power of the test under normal and non-normal environments, different
correlation structures, sample sizes, heterogeneous variances, and different number of

treatments. The rest of the article is organized as follows: Section 2 consists of
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mathematical details of ANOMC-Reg, ANOMC-R, ANOMC-MR1, ANOMC-MR2,
ANOMC-MR3, and ANOMC-MR4 tests; Section 3 describes the study's parameters
design; Section 4 assesses the performance of the proposed and existing methods; Section
5 focuses on applications in mechanical/industrial engineering and medical phenomena;

Finally; in Section 6, we provide our concluding remarks for the study.

2.2 Description of Existing and Proposed Methodologies

In this section, we will provide the mathematical details of the ANOMC test based on a
regression estimator and then introduce the proposed methods. Our proposal utilizes the
ANOMC test based on ratio estimators to test adjusted means when a covariate is present.
In Chapter 1, we established the fixed effect model, as represented by Eq (1.8). In this
chapter, we utilize this model and present the structure of the test dataset, along with the
ANOMC-Reg and ANOMC-R, ANOMC-MR1, ANOMC-MR2, ANOMC-MR3, and

ANOMC-MRA4 tests in Table 2.1.

2.2.1 The ANOMC test based on the regression estimator

The analysis of means with covariate (ANOMC) based on the regression estimator is
referred to by the ANOMC-Reg test. In the ANOMC-Reg test, the continuous covariate is
considered as explanatory variable, where r; is the i*" sample correlation, b; is the i"
slope, the it" regression mean estimator is denoted as M, and the adjusted means are
calculated using this estimator, k; is i" unbiasing constant and Sy, is the sample standard
deviation of it" regression mean estimator. Under the balanced design (equal sample size)
and unbalanced design (unequal sample size), the overall mean (M) and overall mean

square error (MSEy ) can be calculated using the expressions in Table 2.2. The lower
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decision lines (LDL) and upper decision lines (UDL) can be obtained using the expressions
in Table 2.3. The symbols C(a, t, n) and C*(a, t) denote the critical values for balanced and

unbalanced design, respectively.

2.2.2 The ANOMC test based on ratio estimators

The ratio estimators can be used as an alternative to the regression estimator by treating it
as a ratio variable when testing the mean with a covariate. The ANOMC test based on the
ratio estimators is referred to ANOMC-R, ANOMC-MR1, ANOMC-MR2, ANOMC-
MR3, and ANOMC-MRA4 test. In the classical ratio (R) estimator, T(m. is the i*" ratio mean
estimator, g = n; /N is sampling fraction, r; is the i** sample correlation, Cy, and Cx, are
the i*" sample coefficients of variation of Y and X, ST, 1S the sample standard deviation

of the it" ratio mean estimator.

On the other hand, the modified ratio (MR) estimators, T(,);, T():., T(s)i. and T(sy;. are the
i*" MR means estimators, B, (x;) Is the i*" coefficient of kurtosis, S2y7,, S@ayt,» S(a)7;
and S(syr, are the sample standard deviation of the i" MR means estimators. However,
under the balanced design (equal sample size) and unbalanced design (unequal sample
size), the overall mean for R and MR estimators (T(1y, T2y, T(3., T(ay. and T(sy.) and the
overall mean square error (MSET(l)__, MSEz,, , MSEz, , MSET(4)__and MSET(S)__) can be
calculated using the expressions in Table 2.2. Furthermore, the lower decision lines (LDL)
and upper decision lines (UDL) can be obtained using the expressions in Table 2.3. The
symbols V(a, t,n), Z(a, t,n) , K(a,t,n) , P(a, t,n) and O(a, t, n) denote the critical values
for balanced design while V*(a,t), Z* (o, t), K*(a,t), P*(o, t) and O*(a, t) denote the
critical values for unbalanced design.
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2.3 Performance Measures and Simulation Procedure
In this section, we will outline the design structure of the study, which will be utilized for

conducting a simulation study using the Monte Carlo simulation technique [62].

Table 2. 1: The framework of the ANOMC test based on regression and ratio family
estimators and data layout.

Test Terms T T, T3 T; T
Rl Yll(xll) YZl(le) Y31(X31) Yll(th) Ytl(xtl)
RZ YlZ(Xlz) YZZ(XZZ) Y32(X32) le(Xlz) YtZ(XtZ)
R; Yi5(X45) Y2i(X2;) Ys5(Xs;) Yi(Xs) Yi(Xy)
Ry, Yin,Xin,)  Yon,(X2n,)  Yan,(Xan,) o Y Xin) oo Yo, (Xen,)
nj
Yo =2.Y
n; Yy (X1) Yo (X2) Y3 (X3) Yi(X) Ye (Xe)
X, = Zj:l Xij

Y, = Ejn:il Yii/my

X = Zjn;l Xij/my
Sk =52 (Y = %)/ = 1)
S§ =31, (X - %) /(- 1)

7. 7.(X) 73(Xs) S (16O - T

Si(st)  sa(sk)  si(k) - SAGSR) - Si(SR)

Sxivi. = Ejn:il (Xij - }?i.)(yij - yi.)/(”i -1 Sx.v, Sx,¥, Sx, ¥, Sx.v, Sx.v,
T =Sy, yx/ S,?i 5}%( . T2. 3. Ti. Tt
b = 1 (Sy,/Sy,) by, by, bs, b;. by,
M, =Y, +b.(X; —X) M,y M, M, M; M,
ANOMC-Reg ki= A=D1+ Q/n—3)) ki, k. ks, k; ke
S, = kiby /[y SH, S, Sw, Sw, Sw,
6;=1-g)/n; 6, 6, ‘S 6; 6,
C} =S¢ /Y? cz cz, 2, cs cz,
C} =Sk /X? cz, c, C%, 3, cz,
ANOMC-R Ty = (X /%) Ty, Taya. Tys. Ty Ty,
STy = eiyivZ [ng + C)%i - zri.CYl CXL] STan STy STy oo STy .o STaye.
Ty = 7.X. + Cx,) /(% + Cx,) T T T2)s. T Ty
X
ANOMC-MR1 ay==——-— a a a a; a
i X + CXL 1 2 3 i t
STy = ei?--z [C‘;i + C}%x aiz —2rya CYLCXL] STan. STy STes STay STaye
By(x) =
n(n; + 1) Yo (i, — X)* 3 - 1)°
- B B. B. B, (x; B.
(e — D(m; — 2)(m — 3)5}‘}[ (i —2)(m; - 3) 2 (1) 2(x2) 2(x3) 2 (x;) 2 ()
(See Subramani and Gnanasegaran [63])
Tayi = 7.(X. + Bo(x))/ (%, + Bo(x1)) T T3y, Tea)a. T Teaye.
X
ANOMC-MR2 6 =——"7"T" é. 6. 6. 8 )
OMC =X B0 1 2 3 i t
ST = 6,7? [CJE, +c 87— 213.6,Cy, Cxx] ST STap STy STy STy
Teyi. = 7. (X Bo(x;) + Cy,) /(% Bo(x;) + Cy,) - - - - ~
@i ! 2 i / LR i Teay1. Teaya. T(ay3. Teayi, Tt
ANOMC-MR3 % By(x)
w; = w ) w. w; )
"X B + Gy ! : : ' '
STy = 957?[6;‘. + szl w® = 211.0;Cy, CXL] STian STy STy STy ST
Tesyi, = ¥ (X Cy, + B2 (x:))/ (%:.Cx, + B2 (x1)) Tis)a. T(s)a. Tis)a. Ty Ts)e.
ANOMC-MR4 %G
- P = )?»Cxi ¥ B,(0) P1 P2 P3 Pi Pe
ST = 672 [CJ%L +CE o — 210Gy, CXL] STesn STy STs)s STy ST
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A set of independently and normally distributed random numbers is generated using the
Box-Muller transformation. Fleishman mechanism with four specified moments is used to
generate non-normal random numbers. For more details about the Flieshman mechanism,
see Fleishman [64]. In this study, ANOMC-Reg, ANOMC-R, ANOMC-MR1, ANOMC-
MR2, ANOMC-MR3, and ANOMC-MR4 tests are compared with respect to type I error
() and test power (1 — B). Type I error is the degree of the incorrect rejection of a true
null hypothesis (Hy: adju, = adju, = -+ = adju.), while the power of the test is the
degree of correct rejection of the false null hypothesis (H;: at least one of the adjy; is
different). Following [14], the study examines the performance of the aforementioned tests
under different experimental conditions, such as choices of distributions D = (s, kr) with
several values of skewness (s) and kurtosis (kr), for instance, the combination of (0,0)
represents a normal distribution, (0,3) represents a double exponential distribution, (2,6)
represents a Chi Square distribution, and (0,25) represents a Cauchy distribution.
Additionally, the study considers several values of correlation (p), sample size (n),
variance ratios (v), effect size (§), and number of treatments (t).

Table 2. 2: Overall mean and mean squared error regarding ratio and regression estimators
under difference designs.

Balanced design

M= Y M/t MSEg =%, S, /t
= o n;
T = Xty T/t MSEz, = Xil1 Sty /t
Ty = it T/t MSEz, = 21215‘?(2)1. /t
Ty = 2, T/t MSEz, = Z?:ilsf(g)l_ /t
— i n;
T = X, T/t MSEz,, = Xil1 St /t
— .= n;
Ts). = Zity T/t MSE7, =%, St /t
Unbalanced design
_ ny My + ny My 4+ n M, ny — DSy, + (n; — DSy, +-+ (n, — 1)Si,
g =Mt 2 My, t Mg, MSE,V,:(l )Ml (n, )Mz_ (n, )Mt_
- _ N _ N-—t
= _ M Tyr + na Tayz. + -+ 1 Teaye (n — I)ST(,), + (n, - 1)5T(,)2 ++ (e — 1)5T(,)t
Ty, = N MSEg,, = T
_ 1 Ty + 2 Tya + -+ ne Ty (g = DSz, + (12 = DSz, ++ (e — DS,
T, = MSEz, . =
(). N T(2). N—t
Foo_Mm Ty + np Tzpz + o+ 1 Tiaye. MSE. = (0 = DS7,,, + (g — DSz, ++ (e — DSg,,
@-= N T~ N—t
_ 1y Teayr, + M2 Teaya, + -+ + 1 Ty, (g = DSz, + (2 = DSz, + -+ (e — DSz,
T, = MSEz,,, =
4. N T(a). N —t
Foo_M Tisyr. + 1 Tisyo, + -+ n Tsye, MSE. = (1 = DSz, + (2 = DSz, +-+ (ne = DS,
). = N Te. — N—t
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The findings are evaluated at a significance level of 5% (a = 5%) across different
numbers of treatments. The simulation study is conducted using R software version (4.2.3),
where simulations are iterated 10,000 times, and each combination of design parameters is
outlined in Table 2.5.

Table 2. 3: Overall mean and mean squared error regarding ratio and regression estimators
under difference designs.

Balanced design

M=% M/t MSEy = X%y S, /t
— n; = — ni .
T(1).. = Zi:ll T(1)i./t MSET(l).. - Zi:llsTu)L. /t
— n; = — ni .
To). =21 T/t MSEr, =Xy Sty /t
— n; = — ni .
Te). =2l Tau/t MSET(s)_. = Zi:llsT(z)z. /t
— n; — _ n; _
Tw. =2 T/t MSET@).. = Zi:lIST(4)i. /t
— . — n;
Ts). = 27:‘1 Ty /t MSET(s).. = Zi:llsf(s)i. /t
Unbalanced design
M__ _ ny Ml_ + n, M;I + 4 ng Mt. MSEM__ - (nl - 1)51‘711_ + (nz _;)‘_S‘Mtz +oot (nf — 1)Sﬂ7it.
Fo_m Ty + naTaya + -+ ne Ty MSE. = (= DSz, + (= DSz, +-+ (e = DSy,
. = N Tw. — N-—-t
oo Ny Ty, + o Tz + o+ 1. Ty MSE. = (e = DSz, + (1 = DSz, +-+ (e = DSz,
@. = N T@. N-—t
T = ny Tgyr + 1 Tapp + -+ 0 Tiaye MSE. = (e = DSz, + (1 = DSz, +-+ (e = DSz,
@. = N T@). N—t
T = ny Tays, + 1y Taga, + 0+ ne Ty MSEs  — (= DSrp, + (= DSz, + o4 (e = DSz,
@®. = N T, — N—t
- ny Ty + 1 Tipo + -+ 0 Ty MSE. = (= DSz, + (= DSp, + -+ (e = DSz,
). = N Ts). — N-—t

The evaluation of test performance is based on two criteria: tests with a type | error
probability close to a = 0.05 and high power are considered the best. The empirical
estimation of Type I error rates for ANOMC-Reg, ANOMC-R, ANOMC-MR1, ANOMC-
MR2, ANOMC-MR3, and ANOMC-MRA4 tests was calculated by determining the number
of null hypotheses (H,) that erroneously fell outside the interval (either above the upper
decision line (UDL) or below the lower decision line (LDL)) in 10,000 simulation trials.
The calculated number was then divided by 10,000 to obtain the empirical Type | error

rate.
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Table 2. 4: Lower and upper decision lines regarding ratio estimators under balanced and
unbalanced design.

Balanced design

_ t—1 _
LDLg, = M_— C(a,t,n)(MSEy ) - UDLy, =M

+
[®]
~
=)
e
=
<
~—~
=
w
52!
=
—
-
2|
-

_ t—1 _ t—1
LDL 7, = Ty, — V(e t,n) (MSEz, ) ——  UDL7y, = Tay. + V(@ tm)(MSEr,) [——
_ t—1 _ t—1
LDL 7, = T, — Z(oy t,n) (MSEr,, ) — UDLzg, = Tay. + Z(o tm)(MSEx,,)) [~
_ t—1 _ t—1
LDL 7, = Tz, — K(a,t,n) (MSEz,, ) — UDLiy, = Tep. + Ko tm(MSEx,,) [~

_ t—1 _
LDL 7, = Ty — P, t,1) (MSETMJ-) ~ UbLru: = T+ Pl t,m)(MSEr,,, ) |——

-
=

_ t—1 _ t—1
LDL 7, = Ts). = 0(a,t,m) (MSEr, ) [~ DLy, = Tes). + O(eut, m)(MSEr,,,) [——
Unbalanced design
— N —n — N-—n
LDLy, = M_— C*(o, t)(MSEy; ) Wl UDLy, = M. — C*(e, ) (MSEyy ) i L
1 1
_ . N-—n _ . N-—n
LDL 7., = Ty, = V*(a t)(MSEr,, ) N UDL 7, = Ty, + V*(a, )(MSE7,, ) Nn;
_ . N-—n _ . N-—n
LDL 7, = T@). — Z" (e t)(MSEx,) ) N UDL 7,, = Tg). + Z" (e, t)(MSEx,) ) o
_ . N—n; _ . N —n;
LDL 7y, = Ta). — K* (@, )(MSE7,,, ) N UDL 7, = Tea). + K*(o, )(MSEx,,) ) N,
_ . N-—n _ . N—n
LDL 7, = Tigy. — P*(a, )(MSET,, ) o UDL 7, = Tea). + P*(, t)(MSE7,, ) Nn,
_ . N —n; _ . N —n;
LDL 7y, = T(s). — 0" (o, )(MSE7,) ) N UDL 7, = Ts). + 07 (0, )(MSEx,,) ) Mo,

To obtain the test power, the following steps illustrate the process:

1- The parameter space was specified according to Table 2.5.

2- Specific constant values representing the effect sizes (6 = 0.25, 0.50, 0.75, 1.00) were
added to the random numbers of one or more treatment groups. This ensured that the
means of at least one treatment group fell outside the decision lines.

3- The new datasets underwent ANOMC tests, and decision lines were calculated. This

process was repeated 10,000 times.
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4- The count of trials (j) in which the means of any of the treatments exceeded the
decision lines was recorded.

5- The test's power was obtained by dividing this count by 10,000, representing the total
number of repetitions.

Table 2. 5: Critical values against different levels of significance ().

Balanced Design

¢ ANOMC-Reg ANOMC-R ANOMC-MR 1 ANOMC-MR 2 ANOMC-MR 3 ANOMC-MR 4
C(a,t,n) V(a,t,n) Z(a,t,n) K(a,t,n) P(a,t,n) O(a,t,n)

n o 0.01
ny 11.2 10 9.99 11 9.98 9.8

3 n, 111 12.5 12.36 12.5 12.38 12.16
ns 12.65 14.7 14.7 14.5 14.54 14.51
ny 115 9.51 9.5 11.2 9.43 9.4

4 n, 11.3 12.05 12.1 12 12 11.7
ns 12.85 14.21 14.2 14.1 14.2 14
ny 11.86 9.35 9.4 12.7 9.1 9.1

5 n, 11.7 11.91 11.93 11.73 11.8 11.7
ns 12.8 14.19 141 141 14.2 13.78
n o 0.05
ny 7.67 7.39 7.36 7.52 7.38 7.25

3 n 8.59 9.652 9.55 9.58 9.62 9.54
ns 9.95 11.564 115 11.43 11.55 11.48
ny 8.04 7.23 7.23 7.4 7.16 7

4 n, 8.96 9.52 9.47 9.4 9.45 9.35
ns 10.4 11.46 11.26 11.34 11.4 11.3
ny 8.3 7.21 7.21 75 7.1 6.92

5 n, 9.33 9.56 9.52 9.4 9.47 9.32
ns 10.8 11.4 11.3 11.34 11.43 11.27

Unbalanced Design
t ANOMC-Reg ANOMC-R ANOMC-MR1 ANOMC-MR2 ANOMC-MR3 ANOMC-MR4
C*(a, t) Vi(a,t) Z* (o, t) K*(a, t) P*(a,t) 0" (o, t)

n o« 0.01
ny 12.6 11.6 11.65 14.8 115 115

3 ng 12.78 13.1 13.2 135 13.13 12.9
ng 15.65 16.1 16.05 16.55 16.26 15.6
ny 13.2 10.04 10.28 17.75 9.99 9.9

4 ng 12.6 12.4 12.34 12.64 12.1 12
ng 16.8 18.41 18.3 18.42 18.36 18.2
ny 14.3 11.76 11.8 17.86 11.48 11.4

5 ng 15.24 14.75 14.8 15.6 14.6 144
ng 18.57 19.86 19.86 19.6 19.7 19.7
n o« 0.05
ny 8.6 8.68 8.69 9.35 8.65 8.54

3 ng 9.36 10.058 10 10.1 10 9.92
ng 11.27 12.4 12.19 12.53 12.28 12.1
Ny 8.7 7.65 7.65 8.7 7.57 7.47

4 ng 9.5 9.6 9.56 9.6 9.56 9.38
ng 13.65 14.75 14.57 14.7 14.7 14.65
Ny 9.99 9.26 9.24 10.1 9.22 9

5 ns 11.8 11.85 11.75 11.9 11.8 11.7
ng 15.4 16.2 16.1 16 16.16 16.06
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2.4 Comparison Performance

To evaluate and compare the performance of ANOMC-Reg, ANOMC-R, ANOMC-MR1,
ANOMC-MR2, ANOMC-MR3, and ANOMC-MR4 tests, Tables 2.6-2.16 present the

empirical type I error rates and power tests for ANOMC tests.

2.4.1 Results of type | error rates

The relative performances for ANOMC-Reg, ANOMC-R, ANOMC-MR1, ANOMC-
MR2, ANOMC-MR3, and ANOMC-MR4 tests in terms of empirical type | error rates

under null case (6;) are given in Tables 2.6-2.11.
. Empirical type | error rate under homogeneous variances

Tables 2.6-2.8 present the results for the ANOMC-Reg, ANOMC-R, ANOMC-MR1,
ANOMC-MR2, ANOMC-MR3, and ANOMC-MR4 tests, considering both balanced and
unbalanced designs while assuming the homogeneity of variances. The performance of
these tests is evaluated using Bradley's liberal criterion [65], where values falling within
the range of 2.5% to 7.5% are considered liberal or conservative. In the case of a balanced
design, the ANOMC-Reg, ANOMC-R, ANOMC-MR1, ANOMC-MR2, ANOMC-MR3,
and ANOMC-MRA4 tests generally exhibit similar levels of type | error rates, except when
applied to the Chi-square and Cauchy distributions. Similar patterns are also observed in
the unbalanced design, but the ANOMC-Reg test shows higher than acceptable type I error
rates, specifically with the Chi-square distribution. Furthermore, it is important to note that
in all scenarios, whether the data follows a normal or non-normal distribution, the
ANOMC-Reg test displays a high percentage of type | error rates when dealing with the
direct pairing of correlations (p,).
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Table 2. 6: Choices considered for different design parameters.

Parameter space

Distribution (s, kr)

Number of treatments (t)

3

4

5

(0,0),(0,3),(2,6),(0,25)

(0,0),(0,3),(2,6), (0,25)

(0,0),(0,3),(2,6),(0,25)

Correlation (p)

P 0.5:0.5:0.5 0.5:0.5:0.5:0.5 0.5:0.5:0.5:0.5: 0.5

o 0.5:0.5:0.8 0.5:0.5:0.8:0.8 0.5:0.5:0.5:0.8:0.8

P3 0.8:0.5: 0.5 0.8:0.8:0.5:0.5 0.8:0.8:0.5:0.5: 0.5

Pa 0.8:0.8:0.8 0.8:0.8:0.8:0.8 0.8:0.8:0.8:0.8:0.8
Sample size (n)

n 5:5:5 5:5:5:5 5:5:5:5:5

n, 10:10:10 10:10:10:10 10:10:10:10:10

ng 15:15:15 15:15:15:15 15:15:15:15: 15

Ny 4:7:10 4:4:7:7 4:6:8:10:15

ng 5:10:15 5:8:10:15 5:10:15:20:25

ng 5:15:25 10:20:30:40 10:20:30:40: 50

Variance ratios (v)

Vi 1:1:1 1:1:1:1 1:1:1:1:1

vi 1:1:1.05 1:1:1: 1.05 1:1:1:1:1.05

vy 1.05:1:1 1.05:1:1:1 1.05:1:1:1: 1

vi 1:1:1.1 1:1:1:1.1 1:1:1:1:1.1

vy 1.1:1:1 1.1:1:1:1 1.1:1:1:1:1
Effect size ()

61 0:0:0 0:0:0:0 0:0:0:0:0

8, 0:0:1 0:0:0:1 0:0:0:0:1

B 0:0.25:1 0:0.50:0.50: 1 0:0.25:0.50:0.75: 1

O, 0:0.50:1 0:0.25:0.75: 1 0:0:0.25:0.75:1

05 0:0.75:1 0:0:1:1 0:0:0.25:0.25:1

[ 0:1:1 0:0.25:0.50: 1 0:0:0:1:1

8, 0.25:0:1 0.25:0:0:1 0.25:0:0:0:1

8 1:0:0.25 1:0:0:0.25 1:0:0:0:0.25

[ 0.50:0:1 0.50:0:0:1 0.50:0:0:0:1

610 1:0:0.50 1:0:0:0.50 1:0:0:0:0.50

In general, across both balanced and unbalanced designs, an increase in the number of
treatments leads to excessive type | error rates for the ANOMC-Reg test, particularly when
considering the Cauchy distribution. It is worth highlighting that unequal correlations,
whether direct or indirect, can also impact the percentage of type I error rate, deviating

from the specified value of « = 5%.
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Table 2. 7: Type | error (%) of ANOMC tests under homogeneous variances when t = 3.

Balanced Design

n p 0,0) 0,3) (2,6) (0,25) 0,0 0,3) (2,6) (0,25) (0,0) 0,3) (2,6) (0,25)
ANOMC-Reg ANOMC-R ANOMC-MR1
p1 5.09 4.81 10.25* 4.52 4.94 4.44 4.97 3.12 5.04 4.56 6.19 3.05
Pa 5.87 5.13 10.9* 4.82 5.42 4.8 5.28 3.63 5.54 4.61 6.13 3.57
M P3 531 5.04 11.35* 4.66 5.35 4.65 5.1 3.1 5.59 4.88 6.32 3.38
Pa 5.08 4.94 10.79* 4.61 4.64 4.09 4.44 3.02 5.02 4.59 5.53 2.97
p1 5.31 5.08 7.6* 5.77 5.11 4.77 511 3.89 5.08 5.12 5.35 4.26
o) 5.52 5.62 8.54* 5.57 5.23 4.72 5.6 3.8 5.34 5.42 6.45 4.6
" P3 5.4 5.54 8.68* 5.76 55 5.02 5.8 4.1 5.89 5.22 6.33 4.59
Pa 5.13 5.26 7.38 5.65 511 4.61 4.45 3.84 5.24 5.22 5.52 3.62
p1 4.89 5.1 6.78 5.58 4.68 4.77 4.98 4.15 5.31 4.65 5.65 4.41
o) 5.6 5.31 6.94 6.07 5.15 4.84 5.17 4.05 5.8 5.19 6.3 4.21
s Ps 5.23 5.59 7.03 6.37 5.27 5.47 5.65 4.64 5.89 5.03 5.87 4.91
Pa 5.08 5.35 6.75 5.31 5.17 4.78 4.44 4.12 5.01 5.04 5.37 3.68
ANOMC-MR2 ANOMC-MR3 ANOMC-MR4
p1 5.04 4.43 48 3.52 4.67 4.03 5.98 331 5.05 4.13 5.67 3.41
Pa 4.96 4.32 4.87 311 5.37 5.36 6.15 3.36 4.82 4.8 5.83 3.33
M P3 4.75 4.07 5.2 3.35 5.1 4.69 6.28 3.54 5.09 4.4 5.8 33
Pa 4.77 4.22 5.03 3.16 4.75 4.19 5.22 3.07 4.47 4.47 6.24 3.42
pP1 4.97 4.89 6.04 3.99 4.96 4.79 5.63 3.68 4.79 4.65 5.39 3.79
P2 4.63 4.78 5.73 3.67 5.09 5.01 5.95 3.99 4.84 4.48 5.65 3.56
e P3 4.95 4.72 5.77 3.99 5.24 4.98 6.22 3.9 4.95 4.66 5.46 381
Pa 4.93 4.64 5.6 3.48 4.64 4.4 5.54 3.35 5.1 4.74 5.6 4.23
p1 4.69 5.19 5.38 4.39 457 4.66 5.67 4.05 4.9 471 5.08 413
n P2 5.27 4.79 5.6 4.27 5.58 4.62 5.86 431 4.86 4.72 5.54 4.16
3 P3 4.88 5.25 5.56 432 5.2 5.26 5.54 4.45 4.89 4.48 6.04 4.27
Pa 4.74 4.95 5.73 4.19 55 4.79 5.13 4.12 4.95 4.93 5.57 4.13
Unbalanced Design
0,0) 0,3) (2,6) (0,25) 0,0 0,3) (2,6) (0,25) (0,0) 0,3) (2,6) (0,25)
ANOMC-Reg ANOMC-R ANOMC-MR1
pP1 5.22 4.52 9.39* 4.7 5.22 4.97 4.7 3.45 4.81 471 5.42 331
n P2 7 6.76 12.28* 5.99 5.58 5.27 5.81 3.39 5.83 5.23 6.57 3.33
* P3 3.95 3.37 8.18* 4.09 434 4.18 4.66 3.52 4.48 4.16 5.22 311
Pa 5.17 4.93 10.12* 4.74 5.28 4.48 4.42 3 4.73 4.22 4.95 2.74
p1 5.13 4.99 8.48* 5.09 5.22 4.53 5.42 3.49 5.06 4.42 5.73 3.74
n P2 7.69* 7.42 11.6* 7.39 5.94 5.18 5.76 3.66 6.02 5.4 6.91 3.78
s P3 3.35 3.48 6.77 3.55 431 431 4.76 3.87 4.82 4.45 5.66 3.85
Pa 4.93 5.08 8.85* 52 4.89 4.76 5.02 3.2 4.9 4.82 5.5 381
p1 5.21 4.93 7.87* 5.58 4.56 4.49 411 3.47 5.13 411 5.69 37
P, 8.34*  8.37* 11.27* 8.42* 5.79 5.43 5.06 3.62 5.58 5.12 6.03 3.86
e P3 3.17 3.06 5.99 3.33 458 4.42 4.47 3.68 5 4.34 5.64 4.16
Da 5.14 5.36 7.55* 521 48 4.48 4.73 3.29 5.12 4.67 591 3.59
ANOMC-MR2 ANOMC-MR3 ANOMC-MR4
p1 4.85 4.22 5.03 2.75 477 441 5.81 3.18 4.8 4.04 5.69 3.58
n P2 5.59 4.06 4.75 2.63 6.13 5.46 6.23 3.64 5.22 4.42 5.74 3.32
* Ps 5.77 477 5.06 2.59 477 4.44 5.4 343 4.92 4.32 5.92 3.64
Pa 5.43 4.57 5.3 2.86 4.81 4.61 5.41 3.19 4.85 4.79 5.96 3.37
p1 4.83 4.24 5.36 3.64 5.1 4.79 5.39 3.25 4.7 4.41 5.55 3.56
N P2 472 4.85 5.52 3.33 5.43 5.52 6.34 401 4.34 4.76 5.82 3.75
s Ps 5.07 4.47 591 3.52 5.19 4.58 5.62 3.78 5.02 4.62 5.52 3.45
Pa 5.12 4.6 5.6 3.87 4.93 4.69 5.96 3.52 4.6 4.28 5.77 3.93
p1 4.65 4.24 5.45 3.37 5.13 4.26 5.29 334 5.04 4.25 5.78 3.86
P2 4.92 4.14 5.29 3.29 5.86 5.34 6.54 4.45 5.4 4.74 5.83 4.1
Mo Ps 4.85 4.37 5.34 3.72 452 4.72 511 452 5.06 4.65 5.83 4.03
Pa 5.37 4.4 493 3.27 5.01 4.42 5.18 3.56 4.88 4.75 5.74 3.83

* the percentage type I error lies outside Bradley’s liberal criterion.
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Table 2. 8: Type | error (%) of ANOMC tests under homogeneous variances when t = 4.

Balanced Design

n p 0,0) 0,3) (2,6) (0,25) 0,0 0,3 (2,6) (0,25) 0,0 0,3 (2,6) (0,25)
ANOMC-Reg ANOMC-R ANOMC-MR1
p1 5.17 5.14 12.63* 6.12 4.53 4.67 5.36 3.49 4.72 4.03 6.51 3.47
P2 5.51 5.63 12.81* 6.92 6.31 5.28 5.96 3.89 6.12 51 6.91 4.35
™ P3 5.87 5.7 13.09* 6.73 5.61 5.28 6.03 4.15 5.33 5.33 7.3 4.08
Pa 5.24 5.38 12.29* 5.94 4.54 4.55 4.76 4.02 4.59 4.27 6 381
p1 5.22 5.57 8.76* 7.43 4.93 4.76 5.2 4.17 5.16 4.92 6.05 4.06
P2 6.09 6.27 9.85* 8.94* 5.73 5.92 6.27 4.82 6.26 5.76 6.94 4.94
" P3 6.29 6.83 9.64* 8.64* 5.78 6.03 6.68 5.13 5.68 5.78 6.5 5.09
Pa 5.15 5.24 8.74* 7.54* 4.95 4.63 4.85 4.44 511 4.84 5.83 3.99
p1 4.94 5.49 7.51* 7.21 4.77 4.7 5.14 4.59 5.43 511 6.27 4.73
P2 6.51 6.89 8.69* 7.98* 6.24 5.53 5.87 5.1 6.14 6.41 7.33 5.87
s P3 6.25 6.61 8.21* 8.46* 5.57 5.67 6.5 5.43 6.44 6.22 7.06 5.83
Pa 4.98 52 7.24 6.84 491 472 4.67 4.4 5.06 577 5.8 4.49
ANOMC-MR2 ANOMC-MR3 ANOMC-MR4
p1 511 4.66 5.27 3.63 4.98 4.54 6.64 411 5.26 4.76 6.35 4.64
P2 4.99 4.27 5.52 3.73 5.68 5.7 6.74 4.12 4.83 51 6.51 4.41
™ P3 5.09 4.15 5.2 3.58 5.94 531 7.01 4.45 481 47 6.66 4.22
Pa 471 427 5.35 3.82 481 4.55 6.25 3.86 4.86 4.89 6.68 4.2
p1 4.63 4.88 6.08 4.29 5.35 5.13 6.41 4.57 5 4.4 6.29 4.86
P2 4.9 4.75 6.09 4.66 6.24 5.81 6.9 5.14 5.15 5.16 6.16 4.22
" P3 4.98 5.09 6.46 431 6.12 5.79 7.05 5.23 5.2 5.19 6 4.4
Pa 5.38 4.88 5.78 4.48 5.34 4.83 5.33 4.25 5.41 4.69 5.88 4.75
p1 5.17 5.35 5.48 4.87 5.45 497 5.66 4.43 5.01 4.63 6.23 4.37
P2 5.23 4.72 6.14 4.34 6.12 5.68 6.46 5.28 5.02 4.97 5.96 4.75
s P3 5.32 4.94 5.91 4.73 5.84 6.08 6.76 5.46 511 4.84 5.78 4.79
Pa 4.9 5.02 591 4.15 4.79 473 541 4.36 5.43 478 5.95 4.62
Unbalanced Design
(0,0) 0,3) (2,6) (0,25) (0,0) 0,3) (2,6) (0,25) (0,0) 0,3) (2,6) (0,25)
ANOMC-Reg ANOMC-R ANOMC-MR1
p1 5.06 5.23 12.46* 5.68 4.9 4.45 5.25 3.9 453 48 6.43 3.57
n P2 7.79* 7.43 14.77* 8.08* 6.59 6.14 6.47 4.67 6.54 6.18 8.03* 451
* P3 3.6 3.85 10.42* 4.44 5.02 5.02 5.33 3.76 4.75 4.7 6.29 4.15
Pa 5.13 4.79 12.15* 5.85 5.25 4.35 4.86 3.74 4.64 4.2 6.06 3.75
p1 51 5.23 9.61* 7 511 4.96 5.29 4.6 478 461 6.37 411
n P2 8.76*  7.99*  13.19* 10.45* 6.73 5.99 6.42 5.12 6.41 5.96 7.38 5.01
s P3 4.22 4.65 7.49 5.91 5.34 5.01 5.29 4.36 5.39 5.54 6.29 4.81
Pa 5.08 5.84 9.67* 7.24 4.8 4.61 5.35 3.85 4.45 4.21 5.62 3.77
p1 4.99 5 6.24 7.1 5.16 5.27 5.19 4.75 5.81 4.99 6.48 5.03
n P2 9.24* 9.3* 9.82* 10.38* 5.66 6.39 6.39 5.66 6.35 6.72 7.44 5.99
¢ P3 3.9 4.15 6.14 5.44 6.02 5.93 6.74 5.7 6.29 6.67 7.13 5.77
Pa 4.89 4.84 6.43 6.58 5.37 5.23 5.21 43 5.27 511 5.69 5.1
ANOMC-MR2 ANOMC-MR3 ANOMC-MR4
p1 454 4.44 3.86 2.79 5.27 491 6.49 3.77 5.58 493 5.67 4.02
n P2 5.03 411 4.02 2.6 7.43 6.4 7.81* 4.56 4.79 4.75 6.61 4.37
* P3 4.82 421 4.42 2,57 5.21 4.91 6.99 4 4.88 4.7 6.16 4.4
Pa 5.27 4.06 381 2.88 4.84 4.3 5.4 3.46 5.12 5.31 6.25 3.97
p1 4.97 4.55 5.83 43 4.47 5.06 591 4.39 5 521 6.66 4.27
n P2 4.73 4.39 5.8 3.83 6.23 5.23 7.09 4.68 5.01 4.58 5.99 4.09
s P3 5.41 4.57 5.35 4.14 5.25 5.52 6.39 4.6 4.95 4.81 6.02 4.01
Ps 5.36 4.64 5.62 4.03 4.66 4.73 5.4 3.99 4.93 4.67 6.24 4.56
p1 4.86 474 5.67 453 51 4.98 5.88 4.79 5.18 493 557 4.82
n P2 522 461 5.67 47 6.67 6.21 6.94 5.28 541 4.67 5.78 4.83
¢ P3 5.1 498 571 4.76 6.37 597 7.04 5.98 5.03 5 5.53 4.79
Ps 5.08 4.61 5.56 4.78 5.3 5.09 5.6 4.65 5.26 5.2 6.09 4.57

* the percentage type I error lies outside Bradley's liberal criterion
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Table 2. 9: Type | error (%) of ANOMC tests under homogeneous variances when t = 5.

Balanced Design

n P (0,0) 0,3) (2,6) (0,25) (0,0 0,3) (2,6) (0,25) (0,0 0,3) (2,6) (0,25)
ANOMC-Reg ANOMC-R ANOMC-MR1

P 5.35 5.84 15.1* 8.17* 5.02 471 5.11 457 4,64 4,09 71 4,08

P2 5.38 6.49 15* 8.05* 5.58 5.73 6.22 4,96 551 5.16 7.04 434

o, 5.78 6.19  14.73* 8.86* 5.91 5.59 6.71 4.86 5.82 5 7.46 479

Pa 475 5.63 14.8* 7.9% 4.26 443 5.37 432 4.16 4,07 6.23 411

P 4.92 5.45 9.8* 8.98* 4.83 5.07 5 4.68 451 484 6.36 471

02 5.62 6.64  10.42*  10.27* 6.11 5.83 6.35 5.79 5.88 5.7 6.77 5.28

L, 5.98 699  10.32* 9.87* 6.02 6.28 6.17 5.57 6.5 5.98 721 5.56

Pa 5.2 5.27 9.9% 8.62* 5.14 475 5.2 4.97 47 474 5.91 438

P 473 5.88 7.72* 9.08* 5.35 5.17 5.21 5.3 5.39 5.49 6.4 5.52

02 6.26 7.45 9.13* 9.86* 6.38 6.34 6.11 5.94 6.51 632  7.59* 5.93

s P3 5.83 6.89 9.08* 9.88* 5.98 6.15 5.88 6.19 6.56 6.84 7.41 6.54

P4 5.15 5.44 7.91* 9.01* 5.06 5.34 5.54 5.34 5.01 4.89 5.94 5.65
ANOMC-MR2 ANOMC-MR3 ANOMC-MR4

Py 472 43 5.16 3.8 5.02 457 7.09 4.67 491 4.48 6.95 475

D2 5.1 42 5.05 3.66 5.87 5.7 7.79* 5.03 469 461  7.64* 5.23

o, 4.96 4.36 5.2 3.75 6.22 5.9 7.87* 487 5.08 5.05 6.88 5.2

Pa 5.14 4.48 5.14 3.64 47 4,08 7.06 45 5.16 5.11 7.14 491

Py 491 5.29 6.55 5.09 5.22 5.28 6.4 475 474 4,99 6.61 49

P2 5.09 484 6.43 5.03 6.07 6.63  7.54* 5.47 5.09 472 6.66 5.27

2o 4.88 5.1 6.1 5.24 6.31 6.14  7.85* 5.51 5.22 5.54 6.17 4,62

P4 4.99 4.69 6.14 474 464 485 6.07 4,69 4.95 5.16 5.98 4.89

Py 5.09 476 5.45 5.32 5.09 497 5.91 477 49 5.37 5.97 5.13

n P2 4.89 4.89 6.21 48 6.12 6.04 6.79 6.11 5.32 487 6.11 4,96

p3 5.17 46 6.05 5.05 5.92 5.96 6.91 5.74 5.16 5.35 6.78 5.04

P4 468 475 6.23 4.89 433 479 5.58 497 479 5.19 5.87 497

Unbalanced Design

(0,0) 0,3) (2,6) (0,25) (0,0) 0,3) (2,6) (0,25) (0,0 0,3) (2,6) (0,25)
ANOMC-Reg ANOMC-R ANOMC-MR1

P 473 526  11.89* 8.41* 4.66 484 497 48 4.48 4.46 6.16 456

n p,  835% 854*  145* 11.44% 6.22 6.18 6.59 5.33 6.29 6.02  7.61* 5.23

* p, 3.68 412 9.64* 6.1 5.47 5.47 5.85 5.63 5.21 5.06 6.95 497

Pa 5.32 545  11.53* 7.76* 4.67 435 5.32 4.89 454 464 6.67 438

01 5.33 5.26 9.73* 8.68* 49 4.86 5.37 481 48 5.29 6.12 5.05

n p, 891*  97* 1322  11.91* 6.62 6.27 6.01 5.76 6.59 6.4 74 5.36

5 ps 3.68 468 7.28 6.62 5.44 5.61 6.44 5.67 5.77 6.17 7.43 6.01

Pa 5.38 5.65 9.57* 8.72* 4.67 48 481 4.76 4,62 5.06 5.86 5.1

P 5.32 5.16 6.76 7.64* 48 5 5.43 5.25 5.28 5.15 5.82 4.93

n p,  829%  924*  1021*  11.66* 5.89 5.83 6.23 5.26 6.11 5.94 6.84 5.83

¢ p, 4.47 473 5.79 6.1 6.4 6.49 6.68 6.27 6.33 6.86 6.8 6.54

Pa 474 5.16 6.47 7.68* 476 458 5.27 4.99 453 5.27 5.35 5.25
ANOMC-MR2 ANOMC-MR3 ANOMC-MR4

P 4.63 4.09 4.4 3.42 5.02 453 6.27 463 4.98 5.06 6.29 4.92

n P2 5 417 451 2.98 6.57 6.22  7.74* 5.06 5.18 5.43 6.63 4,96

* p, 5.54 448 453 3.63 5.51 5.52 6.69 5.39 5.27 487 6.75 5.19

D4 5.15 414 4,05 3.15 4,97 483 6.26 4.29 477 5.34 6.92 5.56

P 4.96 4.85 5.59 4.48 479 4.43 5.89 493 4.88 4.86 5.72 5.14

n 0s 5.2 472 5.66 4.28 6.5 5.78 753 5.45 474 456 5.85 5.15

5 ps 5.07 4,07 5.55 456 5.56 6.2 6.71 5.52 475 483 6.05 49

Pa 5.33 468 5.78 436 5.32 4,94 5.46 4.66 5 484 5.76 5.19

P 4.82 455 5.61 5.7 5.22 4,65 5.48 4.69 5.01 4.83 5.34 4.99

n 0, 4.99 47 5.74 5.12 6.3 6.39 6.23 6.2 4.84 487 6.1 5.09

¢ p, 5.33 5.25 5.59 5.15 6.24 6.79 6.95 6.25 5.04 4.89 5.42 4.98

Pa 5.39 483 5.61 5.29 5.02 5.22 5.29 5.31 467 484 5.78 5.17

* the percentage type I error lies outside Bradley's liberal criterion
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Table 2. 10

: Type I error (%) of ANOMC tests under heterogeneous variances when t = 3.

Balanced Design

n ) v (0,0) 0,3) (2.6) (0,25) (0,0) 0,3) (2.6) (0,25) (0,0) 0.3) (2.6) (0,25)
ANOMC-Reg ANOMC-R ANOMC-MR1
v} 6.05 6.41 11.54 7.19 6.28 6.08 63 556 6.54 573 7.87 5.66
vy 6.03 5.81 11.92 7.14 6.06 5.79 6.15 555 5.89 5.81 7.94 545
P v} 8.64 9.45 15.8 15.36 9.24 9.52 11.22 12.03 9.94 10.29 13.14 12.58
v; 8.34 9.66 14.65 15.25 954 9.91 10.81 11.99 9.85 9.91 13.47 12.19
v} 6.06 6.07 13.16 7.76 7.02 6.34 8.04 6.13 6.74 6.07 9.42 572
vy 6.56 6.71 12.52 8.07 6.85 6.31 7.02 6.64 7.34 6.99 8.46 6.44
P2 v} 10.14 10.45 18.88 18.36 11.05 11.2 14.88 15.46 10.45 10.4 16.29 15.15
v; 10.7 11.09 16.16 18.83 11.4 11.87 12.56 15.24 12.56 12.48 14.94 16.41
v} 6.49 6.74 13.06 8.44 6.68 7.07 6.83 6.56 7.16 6.77 8.49 6.66
vy 6.42 6.11 13.63 7.67 6.33 6.38 8.34 6.01 6.44 6.07 9.13 6.02
Ps v} 10.59 11.33 15.76 19.4 11.73 12.21 12.94 15.3 12,5 12.17 15.07 16.99
vy 10.07 10.3 18.78 19 10.94 10.54 15.13 15.01 10.83 11.02 16.64 15.35
v} 7.06 7.39 13.32 9.99 774 7.39 82 9.61 8.41 7.91 10.33 10.58
vy 6.74 6.96 13.7 9.56 7.92 8.36 8.19 8.97 8.03 8.38 9.63 10.36
Ps v} 13.71 14.58 21.23 27.69 17.63 19.03 20.75 28.42 17.92 19.49 23.25 30.2
vy 12.32 15.1 21.45 26.95 17.78 18.87 21.05 27.87 17.96 19.8 24.06 30.67
n ANOMC-MR2 ANOMC-MR3 ANOMC-MR4
v} 55 53 5.94 471 6.17 534 7.48 5.09 584 573 7.26 533
vy 5.41 5.47 6.02 467 5.97 5.09 7.36 5.4 6.09 5.87 7.24 5.65
P v} 8.04 7.99 9.25 10.2 9.64 9.88 12.22 12.37 9.67 10.22 11.67 12.54
vy 8.48 8.52 9.53 10.33 10.25 10.08 12.46 11.75 9.01 10.05 12.36 13
v} 5.85 5.42 6.13 5.18 5.69 6.21 8.67 5.79 6.21 5.47 7.49 5.65
vy 555 513 6.34 46 6.98 6.91 7.85 6.27 6.16 5.81 753 564
P2 v} 7.64 8.17 9.63 9.17 9.85 10.38 15.56 13.9 8.92 9.77 11.86 12.31
vy 7.79 7.89 97 9.4 11.89 11.75 14.55 15.88 9.63 10.07 11.31 11.73
v} 572 5.34 6.37 473 6.51 6.74 8.34 6.44 5.84 551 6.88 4.93
vy 576 5.62 558 478 6.07 6.09 8.66 538 6 5.86 754 5.83
Ps v} 8.83 8.66 9.04 9.79 11.62 10.87 14.33 16.08 10.07 9.79 11.55 12.09
vy 8.38 7.88 9.33 10.15 10.26 10.37 15.23 14.75 9.46 951 11.88 12.59
v} 5.64 5.27 5.83 481 7.81 8.19 9.58 8.65 6.07 5.76 773 5.25
vy 579 473 6 5.15 7.87 7.56 9.61 9.39 5.89 57 7.07 559
Ps v} 7.69 7.56 9.21 9.87 17.92 18.51 2247 27.85 8.81 9.6 11.39 11.94
vy 7.85 7.91 8.93 9.76 17.63 19.02 22.87 28.32 971 9.82 11.26 12.53
ANOMC-Reg ANOMC-R ANOMC-MR1
v} 8.13 8.84 11.59 12.46 7.86 771 8.28 7.95 7.85 8.21 978 853
vy 8.11 8.69 11.25 12.74 7.81 7.97 8.25 7.87 8.42 7.93 9.48 9.07
P v} 18.89 20.35 23 32.56 16.73 17.02 18.11 20.59 18.18 18.63 20.81 22.88
vy 18.45 20.04 23.88 31.92 16.47 17.23 19.01 20.8 17.82 18.64 21.94 22.44
v} 953 9.6 14 13.81 8.42 8.36 10.35 9.18 8.39 8.21 10.93 8.73
vy 9.36 10.61 12.16 14.78 8.97 9.09 9.12 9.76 9.09 10.11 1111 10.41
P2 v} 21.77 24,01 31.49 37.89 20.55 21.32 24.37 26.91 19.75 20.99 27.76 27.2
vy 22.7 24.94 26.16 38.23 19.98 20.64 21.22 26.34 21.82 23.03 25.02 28.56
v} 9.69 9.86 12.51 14.99 9.38 9.46 8.62 9.88 954 9.79 10.64 10.8
vy 8.67 9.59 14.56 14.34 8.33 8.44 9.91 9.58 8.37 8.85 11.81 9.37
bs v} 22.93 25.12 26.46 37.18 19.23 20.36 2113 25.86 21.78 22.45 24.44 27.43
vy 23.09 24.47 31.22 38.88 20.32 20.57 24.62 27.07 19.49 20.98 26.89 28.01
v} 11.83 13.44 15.89 19.47 12.9 12.34 12.56 15.34 12.92 13.84 15.58 18.1
vy 12.02 13.48 15.93 19.62 11.69 12.78 12.76 15.13 12.9 12.96 16.05 16.31
Pa v} 34.87 37.79 41.48 53.69 34.37 38.7 403 47.57 38.44 39.72 42,69 49.85
vy 34.6 38.73 41.92 53.65 36.88 37.34 40.39 47.28 37.55 39.7 42.4 49.93
n, ANOMC-MR2 ANOMC-MR3 ANOMC-MR4
v} 7.43 7.98 8.89 8.01 8.21 8.19 87 8.06 8.05 7.19 913 7.97
vy 791 7.14 8.95 8.79 7.92 7.68 8.97 8.3 7.66 7.8 8.61 8.15
P v} 15.7 16.89 18.71 20.41 16.3 17.27 19.76 21.48 17.39 17.59 19.34 21.11
vy 16.64 17.28 17.81 20.42 16.19 17.38 19.93 20.73 16.85 17.85 18.7 21.03
v} 7.84 7.84 8.75 7.79 7.81 7.82 10.64 8.69 7.81 76 9.15 8.35
vy 7.89 7.7 9.23 7.74 9.64 9.06 10.15 10.45 761 7.69 958 8.01
P2 v} 16.72 16.29 18.56 21.08 18.17 19.99 24.35 25.67 16.98 17.56 18.9 21.66
v; 16.66 16.04 18.78 21.22 20.47 20.47 2354 26.68 17.12 17.21 19.65 21.55
v} 7.93 7.65 8.74 757 9.02 9.04 10.3 10.17 7.23 77 9.27 8.06
vy 755 7.49 9.31 8.29 8.44 8.42 11.02 8.93 8 7.44 8.94 8.12
Ps v} 16.2 17.52 18.83 20.08 21 22.31 23.35 26.52 16.64 17.71 19.58 20.92
v; 15.9 17.53 19.06 21.07 19.74 19.82 25.11 25.69 16.87 17.22 19.04 21.58
v} 7.77 7.76 8.76 7.61 12.23 12.64 141 15.66 7.23 7.78 9.23 7.98
vy 7.77 7.38 8.73 7.62 12.36 13.37 14.02 15.32 8.05 7.35 8.79 8.11
Ps v} 16.52 17.02 18.35 214 35.42 37.63 41.34 46.89 16.79 17.73 18.67 21.18
vy 15.68 17.04 17.94 20.45 35.81 39.21 41.87 46.78 17.41 16.82 19.54 21.39
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n p v (0,0) 0.3 (2,6) (0,25) 0,0) 0.3 (2,6) (0,25) 0,0) 0,3 (2,6) (0,25)
ANOMC-Reg ANOMC-R ANOMC-MR1
vi 9.99 11.22 13.18 15.28 9.02 9.37 9.23 10.58 9.81 9.63 11.31 10.23
vy 10.92 11.72 12.32 15.77 8.7 9.29 9.8 10.09 9.91 9.98 10.6 10.87
P vi 28.49 30.94 32.86 4217 23.72 24.58 25.03 28.54 25.54 2571 275 3117
v 28.38 30.3 33 42.67 23.44 25.07 252 28.8 24.89 26.07 28.22 30.5
v 11.49 13.05 16.65 17.91 10.22 10.64 12.04 11.45 10.83 10.02 13.7 12.28
vy 12.85 13.1 14.12 18.66 11.16 11.29 10.89 12.76 10.98 12.33 12.48 13.47
P2 vi 36.14 38.07 42.05 51.05 29.85 3131 34.26 37.04 30.31 31.94 353 383
vy 34.13 37.51 37.15 48.14 28.47 28.82 29.84 353 30.3 31.05 32.46 38.01
vy 12.34 13.71 14.83 17.94 10.62 10.96 11 12.73 12.76 11.86 12.69 13.43
vy 11.97 12.23 16.3 18.44 10.34 10.59 12.21 11.66 10.25 10.25 13.18 11.73
Ps vi 344 36.71 37.43 49.67 28.19 29.78 30.11 35.33 30.3 31.86 32.06 38.56
vy 34.95 38.64 4231 50.51 30.78 31.19 34.06 38.23 29.74 31.56 35.07 37.72
v 16.66 17.74 20.65 26.63 16.78 16.77 17.41 21.42 17.29 18.32 19.84 22.7
vy 16.84 18.19 19.97 26.86 16.61 17.63 17.35 21.55 17.31 18.25 19.13 21.98
Ps vi 55.19 55.89 58.69 67.77 52.84 53.52 56.49 60.37 55.22 56.73 59.03 63.34
vy 54.88 57.43 58.74 67.48 52.17 54.13 55.27 60.78 54.7 56.11 59.59 62.28
ns ANOMC-MR2 ANOMC-MR3 ANOMC-MR4
vi 10.08 9.97 10.88 10.86 9 9.72 10.32 10.19 9.24 9.08 10.19 10.76
vy 9.76 9.52 10.86 105 9.35 9.29 10.82 10.19 9.01 9.34 10.51 10.06
vi 24.69 24.57 26.26 29.64 24.1 23.95 26.58 29.24 24.16 25.04 26.66 28.63
vy 23.45 25.1 27.44 29.56 23.66 24.03 26.8 28.68 23.97 25.39 26.56 29.04
v} 10 9.5 10.5 10.29 9.94 10.14 125 11.23 9.3 9.38 10.73 10.3
vy 9.06 9.62 10.88 10.22 10.54 11.64 11.88 12.25 9.11 9.77 10.44 10.86
P2 vi 2418 24.63 25.95 29.34 27.79 29.98 33.59 355 23.25 24.39 26.88 29.03
vy 24.7 25.84 25.85 29.85 29.1 30.58 31.68 35.95 24.07 24.45 27.36 29.47
vi 9.63 9.7 11.16 10.22 111 11.72 12.15 12.26 9.42 9.2 11.06 10.58
vy 9.46 9.71 10.18 9.72 10.22 9.83 12.15 11.08 9.17 9.75 10.19 10.36
Ps vi 24.76 25.36 26.16 30.08 29.14 29.81 30.77 35.35 2331 24.84 26.19 291
vy 24.28 24.97 26.41 29.33 27.95 29.09 33.45 356 24.12 24.96 25.41 28.74
vy 9.29 9.39 10.37 10.7 16.99 17.23 18.27 21.49 9.76 9.62 10.17 10.1
vy 9.48 9.75 10.59 10.74 15.86 17.39 18.51 20.69 9.52 9.66 10.91 10.29
Ps vi 2481 24.65 26.19 29.81 53.08 54.85 57.85 60.66 24.28 25.37 26.4 28.93
vy 24.62 25.12 25.88 28.75 53.07 53.62 56.48 60.25 24.32 25.12 26.77 29.25
Unbalanced Design
ANOMC-Reg ANOMC-R ANOMC-MR1
vy 6.31 6.72 11.45 8.87 6.8 6.74 7.63 6.55 6.68 6.57 8.81 6.76
vy 6.47 6.3 11.43 6.87 6.42 5.76 6.15 5.54 6.3 6.06 6.85 5.38
P vi 11.19 11.66 18.32 20.58 12.93 13.52 157 181 13.33 13.24 18.72 18.04
vy 10.12 10.05 15.2 14.12 10.03 10.33 10.13 10.83 10.52 10.07 11.47 11.65
vy 9.21 9.2 16.54 11.47 8.09 8.13 10.57 8.54 7.57 72 12.12 8.28
vy 9.12 8.91 13.79 10.03 7.64 7.25 7.23 6.18 8.02 7.49 8.59 7.03
P2 vi 15.58 17.43 26.84 28.09 16.01 16.35 22.82 23.37 14.84 16.06 23.61 22.44
vy 13.97 14.13 18.76 20.12 11.73 13.11 11.99 15.16 12.34 12.64 13.53 15.59
vi 5.47 5.22 9.54 7.81 7.3 7.52 8.42 7.88 712 75 9.41 8.39
vy 481 4.47 9.48 5.57 5.63 5.26 5.88 5 513 5.28 7.15 5.02
Ps vi 10.9 12.76 17.63 23.84 15.16 15.86 17.19 20.75 15.52 15.97 19.76 21.84
vy 7.49 8.54 14.61 14.52 9.53 10.69 11.27 12.91 9.06 9 12.61 11.88
vi 8.06 8.51 13.51 13.71 10.49 9.95 12.57 12.75 9.65 10.48 13.8 14.84
vy 7.27 7.61 12.76 9.12 8.42 7.78 7.55 8.61 7.7 8.27 7.85 9.15
Ps vi 20.44 22.4 29.76 38.14 27.16 28.53 34.22 39.52 27.78 29.13 36.3 41.25
vy 14.89 16.06 20.44 26.74 18.41 19.22 18.2 26.46 17.8 18.6 19.74 27.49
Ny ANOMC-MR2 ANOMC-MR3 ANOMC-MR4
vy 5.87 5.02 7.01 451 6.15 6.41 8.62 7.01 6.39 6.5 8.81 6.6
vy 6.53 5.67 493 4.1 6.49 591 6.95 5.21 6.15 5.71 6.88 522
P vi 8.68 8.58 129 10.26 12.8 13.14 16.93 17.21 12.49 13.7 18.43 17.36
vy 8.78 8.94 6.51 8.6 10.13 9.91 11.12 11.2 10.1 10.48 10.37 11.72
vy 592 5.42 7.15 4.55 7.98 7.79 10.86 7.76 6.51 6.78 9.18 7.1
vy 6.34 5.82 4.72 4.23 8.01 7.32 7.85 6.78 6.31 6.05 6.63 5.42
P v} 8.67 8.38 13.53 10.79 15.11 15.96 2354 215 12.8 13.36 18.07 18.1
vy 9.51 8.6 6.49 8.34 12.26 12.28 12.86 15.79 10.05 10.28 9.66 11.64
vy 5.94 5.02 7.45 4.25 7.23 7.26 9.09 8.01 6.46 6.5 9.49 6.89
vy 6.89 5.64 5.05 4.69 5.23 5.23 6.73 4.83 6.07 6.15 6.35 5.58
Ps v} 8.42 7.72 12.77 10.47 15.59 16.07 19.42 21.21 12.06 13.34 17.09 175
vy 9.34 8.78 6.26 8.57 9.18 9.36 11.68 12.96 10.04 10.57 10.1 113
vy 5.85 4.78 7.32 3.89 10.21 9.88 14.16 12.96 6.79 6.6 8.64 6.78
vy 6.69 5.89 4.88 45 7.84 8.06 7.87 8.5 6.43 5.54 6.93 5.26
Ps vi 8.46 8.77 12.99 10.63 27.1 28.83 35.77 39.05 12.31 12.57 17.37 16.38
vy 9.45 9.05 6.24 8.47 17.66 18.87 19.33 26.38 9.84 10.19 10.29 11.11
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n p v 0,0 0,3 (2,6) (0,25) 0,0 0,3 (2,6) (0,25) 0,0 (0,3) (2,6) (0,25)
ANOMC-Reg ANOMC-R ANOMC-MR1
vy 75 7.89 1213 1181 8.16 7.95 9.08 8.59 7.66 8.28 11.15 8.71
vy 6.94 6.68 10.73 8.91 6.97 6.59 6.54 6.13 6.73 6.87 7.79 6.68
P 2 17.25 18.76 24.35 29.92 1831 18.62 20.77 23.13 18.92 19.06 23.86 25.36
vy 13.07 1321 16.32 19.63 11.99 11.78 11.29 14.28 11.84 12.25 13.86 14.58
2 11.64 12.08 18.36 16.1 9.1 9.21 12.59 9.85 9.02 8.87 13.76 10.64
vy 10.44 10.33 13.64 11.75 8.33 7.68 7.57 8.08 8.58 7.88 9.07 7.8
P2 2 25.69 27.45 37.36 41.84 22.12 23.18 28.52 30.86 21.74 22.53 30.19 30.37
vy 18.55 19.95 21.4 26.18 14.07 151 13.17 17.22 14.93 14.74 15.99 19.42
vy 7.34 7.15 10.17 10.74 9.01 9.24 9.24 10.08 8.96 9.27 11.35 11.07
vy 5.27 5.15 9.29 7.29 5.84 6.33 6.33 5.89 6.36 6.35 7.38 5.48
bs vy 18.57 19.86 24.13 33.8 21.32 22.36 22.36 28.24 22.27 24.06 27.7 30.3
vy 10.17 11.27 16.14 18.87 12.29 12.57 12.57 16.7 11.31 12.32 13.82 15.58
2 1157 12.32 17.49 19.39 12.74 13.34 16.9 17.02 13.7 14.05 18.6 18.56
vy 8.78 9.33 12.14 11.87 9.09 8.98 7.83 10.05 9.34 8.77 8.92 10.46
Pa 2 33.93 37.92 44.4 52.64 38.52 42.2 45.69 50.97 41.03 43.56 48 52.07
vy 20.89 22.8 2477 34.32 22.08 23.79 21.86 32.36 23.53 24.88 24.79 35.23
ng ANOMC-MR2 ANOMC-MR3 ANOMC-MR4
vy 7.54 7.49 9.84 8.1 7.78 8.31 10.81 8.03 75 75 11.01 8.36
vy 6.87 6.67 5.88 5.91 7.14 6.37 7.91 5.97 6.64 6.59 7.12 5.98
P 2 15.7 16.37 21.85 21.32 17.9 18.57 23.6 231 17.94 18.61 23.47 23.6
vy 11.78 11.97 9.72 12.72 12.35 11.62 13.29 13.71 11.97 12.54 11.88 14.18
vy 7.31 7.59 10.03 7.66 8.35 8.69 13.01 10.09 7.85 7.94 10.52 8.19
vy 7.02 6.92 5.78 5.98 7.81 8.67 8.07 7 6.9 6.47 7.28 571
pe 2 15.56 16.61 20.76 20.99 21.17 22.15 28.61 28.56 17.13 18.59 23.15 23.42
vy 12.04 11.28 10.45 12.64 15.08 15.17 15.07 17.95 12.03 12.29 11.33 14.16
vy 7.56 6.86 10 7.48 8.82 8.79 10.95 10.28 7.28 7.57 10.83 8.34
vy 6.95 6.09 6.43 5.69 6.36 6.14 7.11 6.21 6.8 6.8 7.22 6.13
bs 2 15.42 15.56 21 20.56 211 23.02 274 28.9 17.45 18.52 23.17 23.07
vy 1112 1117 10.33 12.93 10.9 11.69 13.63 1451 12.14 1271 122 13.43
2 7 7.04 10.45 7.73 129 132 18.03 17.3 7.86 7.67 10.57 7.97
vy 6.48 6.45 6.3 5.81 9.13 9.01 9.1 10.22 6.74 6.09 7.25 6.46
Pa vy 15.6 16.32 20.75 19.92 39.1 41.69 47.56 50.35 17.55 18.23 22.75 22.12
vy 11.95 12.17 10.34 131 22.54 24.24 24.62 32.42 12.14 12.74 11.47 14
ANOMC-Reg ANOMC-R ANOMC-MR1
vy 9.75 10.26 13.52 14.53 9.4 9.32 1141 10.35 10.21 9.95 12.55 1154
vy 8.09 7.35 9.92 8.66 7 6.19 6.54 5.63 7.47 7.56 7.42 6.37
P~ 2 26.77 29.03 33.97 40.55 24.67 26.27 28.99 30.81 26.17 27.37 32.29 33.29
vy 14.19 14.29 17.28 18.55 11.91 12.53 11.23 13.18 13.13 13.54 135 14.95
2 15.13 15.96 22.31 21.74 10.53 10.78 14.25 12.41 11.25 114 16.63 131
vy 11.65 11.73 14.37 12.88 7.64 7.35 7.12 6.6 8.09 7.63 8.26 7.57
b2 vy 39.96 42.58 49.06 53.94 30.38 32.68 37.32 39.27 3181 32.55 38.72 40.15
vy 2171 21.66 21.49 27.75 15.09 14.74 12.84 16.77 16.38 16.33 15.29 19.37
vy 8.52 8.76 1191 12.83 1111 10.91 12.82 12.78 11.7 11.68 14.46 13.58
vy 4.52 4.8 8.23 5.99 6.03 5.95 6.18 5.99 6.1 6.46 6.59 6.25
bs vy 27.65 30.39 33.58 42.33 30.91 31.88 34.13 37.81 33.05 34.58 36.94 39.54
vy 10.62 10.97 14.68 16.98 12.09 12.42 11.7 14.32 12.34 12.64 13.65 15.23
2 16.69 17.05 22.83 25.01 17.09 17.66 213 22.84 18.17 18.61 24.39 24.45
vy 9.23 9.53 12.78 11.19 9.31 8.77 8.1 9.38 9.88 9.69 9.27 10.19
Ps 2 53.02 55.51 60.6 66.48 55.88 56.87 59.58 63.53 57.93 59.82 62.52 65.87
vy 24.13 25.57 26.24 35.82 24.22 24.4 21.24 33.19 25.43 26.7 2431 36.27
Ng ANOMC-MR2 ANOMC-MR3 ANOMC-MR4
vy 8.36 8.22 11.34 9.68 9.59 9.39 12.33 10.7 9.45 9.89 12.68 11.42
vy 6.79 6.31 5.89 5.53 7.01 6.68 6.89 5.88 7.01 6.78 7.18 6.28
s vy 20.88 22.28 28.54 28 25.25 26.06 31.29 31.05 25.95 2591 31.21 32.16
vy 12.14 124 10.11 13.35 12.58 12.54 12.6 13.24 12.53 13.48 12 14.58
vy 9.02 8.54 11.51 9.07 9.99 10.89 14.96 13.11 9.16 9.66 13.44 10.88
vy 7.06 5.95 5.85 5.29 7.82 7.96 7.84 6.81 6.76 6.97 6.52 6.64
P2 vy 21.37 23.21 28.6 28.28 29.18 3114 37.01 39.1 25.4 25.64 31.49 32.12
vy 12.46 11.19 9.77 12.68 15.27 15.62 15.1 18.16 12.71 12.38 11.02 14.6
2 7.55 7.66 1177 9.14 10.86 11.13 13.23 13.27 9.25 10.02 12.87 10.6
vy 7.09 6.1 5.82 5.7 6.14 5.9 6.8 5.7 7.09 6.92 6.46 6.49
Ps 2 21.45 21.94 27.95 27.71 30.22 31.95 35.15 36.97 25.83 25.68 31.24 31.39
vy 12.02 11.49 9.37 12.97 11.19 1171 12.74 1431 12.47 12.89 11.62 15.05
vy 8.8 8.21 1191 8.73 17.53 18.18 23.4 23.54 9.83 9.7 13.08 10.48
vy 6.47 6.03 5.72 571 9.38 9.31 8.88 9.36 6.89 6.98 7 6.28
Pa vy 20.57 22.71 27.62 27.66 55.67 56.62 60.51 63.64 26.08 26.63 30.96 32.06
vy 11.68 12.43 9.59 12.65 24.24 25.02 23.44 32.39 13.39 12.81 1141 13.89
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Table 2. 11: Type I error (% ) of ANOMC tests under heterogeneous variances when t = 4.

Balanced Design

n ) v (0,0) 0,3) (2,6) (0,25) (0,0) 0.3) (2,6) (0,25) (0,0) 0.3) (2.6) (0,25)
ANOMC-Reg ANOMC-R ANOMC-MR1
vy 5.75 6.17 13.75 8.11 6.05 574 6.21 5.16 6.05 5.82 757 5.56
vy 567 6.3 13.53 6.91 6.1 5.89 5.92 5.18 573 5.62 7.62 4.92
P v 8.28 8.85 17.18 14.76 9.26 9.03 10.41 11.01 9.09 951 12.26 11.58
vy 8.29 8.71 15.43 14.69 9.41 9.38 10.14 10.64 9.43 95 12.87 11.36
v 6.45 6.28 14.73 9.22 6.82 6.2 7.82 6.52 6.68 5.86 9.35 6.28
vy 7.16 6.6 14.42 8 8.35 8.26 8.04 752 7.79 7.69 9.36 7.99
P2 v 9.59 10.09 18.98 18.7 10.8 11.55 13.47 15.12 10.94 10.69 15.9 14.18
vy 10.92 11.45 18.31 20.15 12.87 1313 133 16.58 13.36 13.34 16.75 17.95
v 6.74 7.65 14.39 9.79 7.64 7.66 7.91 7.45 8.15 7.44 9.21 7.75
vy 6.33 6.77 14.19 8.27 6.86 6.72 8.1 6.4 5.87 5.99 9.27 6.04
bs v 11.07 12.29 18.32 2051 12.56 135 13.93 16.39 14.09 13.17 16.13 17.79
vy 8.77 10.42 18.96 18.1 10.93 11.51 13.72 15.58 10.26 10.97 15.85 14.81
v 6.62 6.71 14.65 10.71 757 7.37 7.94 8.54 752 6.89 10.02 8.33
vy 6.43 7.02 15.2 10.07 6.96 7.61 8.17 8.34 7.21 7.31 9.32 8.68
Ps v 12.56 13.56 21.23 25.98 16.73 18.06 19.38 25.45 16.76 18.55 2233 27.39
vy 11.71 13.8 21.49 26.29 16.7 19.02 19.33 25.94 17.39 18.08 21.9 27.23
n, ANOMC-MR2 ANOMC-MR3 ANOMC-MR4
v 57 5.09 6.2 5 5.89 583 76 5.47 6.39 5.88 7.44 6.03
vy 5.62 482 6.42 4.69 6.01 5.85 7.84 6.01 6.04 6.03 7.67 5.92
P v 8.04 7.73 9.19 8.95 9.42 8.88 12,57 11.21 9.6 9.61 12.3 12.13
vy 7.46 8 9.25 8.86 9.17 9.8 12.89 11.14 8.92 9.81 12.42 11.57
vy 551 5.19 5.96 4.61 6.21 6.76 8.94 6.54 6.35 5.65 7.83 5.88
vy 5.49 4.95 6.46 461 8.02 7.95 9.9 7.7 5.36 6.13 7.97 575
P2 v 8.21 71 8.97 8.58 10.2 10.9 15.84 14.71 8.84 10.02 11.81 12.18
vy 7.34 752 9.01 8.42 14.26 14.04 16.21 17.78 9.77 9.41 11.23 11.25
v 5.35 4.89 6.47 4.72 8.33 7.82 9.23 7.58 5.99 6.26 8.11 5.9
vy 5.76 5.07 6 487 6.85 6.91 9.25 6.55 5.97 5.66 7.94 6.06
Ps v 8 7.28 8.85 8.52 1351 14.1 16.64 17.72 951 9.31 11.21 11.69
vy 7.61 7.19 8.8 8.62 10.64 11.08 15.76 14.27 9.1 9.62 11.25 10.92
v 5.46 455 6.22 4.27 7.58 7.7 9.26 8.83 5.96 5.85 7.82 6.07
vy 5.37 527 6.14 4.46 7.85 7.83 9.31 8.58 6.49 5.62 7.76 5.83
Ps v 7.75 717 8.76 8.57 17.37 17.65 21.74 26.12 95 10.1 12.04 12.12
vy 7.61 6.92 9.09 853 16.31 17.79 21.4 25.73 9.92 10.19 11.68 11.46
ANOMC-Reg ANOMC-R ANOMC-MR1
v 7.91 8.69 11.89 13.16 7.29 7.46 8.23 7.77 7.86 77 9.43 7.91
vy 7.44 8.78 11.9 13.21 7.27 6.8 8.1 8.07 7.12 8.12 9.59 8.22
P v 18.94 19.78 23.62 31.91 16.15 16.5 16.65 19.32 16.04 17.12 19.25 2053
vy 18.38 20.28 22.85 31.17 15.94 157 17.47 19.65 16.9 17.29 19.27 20.12
v 9.45 11.11 14.77 15.64 8.49 8.35 9.62 8.94 8.31 8.64 10.9 8.75
vy 11.61 115 1457 17.55 10.13 103 10.44 10.98 10.32 10.82 11.86 12.08
P2 v 24.41 26.95 31.68 40.65 20.88 21.65 24.9 27.89 20.68 21.71 25.84 28.31
vy 26.09 28.32 30.17 41.22 227 23.96 23.38 29.7 245 25.28 26.95 31.27
v 10.51 11.97 14.01 16.8 10.23 10.09 10.65 10.93 10.91 10.82 11.08 11.81
vy 9.19 10.56 15.08 15.49 8.33 8.46 9.34 951 7.84 8.39 11.24 9.33
Ps v 25.61 28.64 29.22 40.77 2275 24.65 23.62 29.68 24.22 25.62 26.55 30.81
vy 23.64 27.68 31.56 40.71 21.35 2231 252 27.06 19.99 21.01 25.72 28.48
vy 11.41 12.59 15.93 20.08 11.61 11.99 1213 13.87 11.63 12.18 13.88 15.14
vy 11.52 12.36 16.32 19.88 11.63 11.81 12.07 14.56 11.89 12.97 13.72 15.12
Pa v 35.66 38.77 40.86 54.06 36.68 37.87 38.9 46.22 36.58 39 421 48.48
vy 35.8 39.45 40.96 52.82 35.87 38.44 38.22 45.45 37.97 38.93 4252 47.62
n, ANOMC-MR2 ANOMC-MR3 ANOMC-MR4
v 8.1 753 8.91 8.19 7.24 77 8.59 7.81 7.68 7.41 8.78 8.34
vy 8.08 6.98 8.74 8.05 7.44 7.19 9.52 7.74 7.65 7.28 8.71 7.93
o v 15.92 17.06 18.58 19.17 16.44 16.29 19.6 19.31 16.69 17.28 18.41 20.59
vy 16.62 16.8 18.29 20.33 16.51 17.08 18.51 19.68 16.62 18.06 18.41 205
v 76 7.47 9.33 7.85 8.08 8.4 103 8.93 7.44 7.84 9.15 8.18
vy 8 7.09 8.79 8.1 10.64 11.2 11.91 11.12 7.04 752 853 8.17
P v 15.75 16.74 17.82 19.37 211 21.69 24.14 27.35 17.03 16.96 18.96 19.62
vy 15.55 16.9 17.94 19.22 23.72 24.82 2557 30.32 16.6 17.38 18.7 19.32
v 755 7.02 8.46 8.14 10.45 10.44 11.52 11.25 7.27 7.46 8.85 8.37
vy 7.97 7.48 8.66 7.75 8.28 8.42 10.78 9.04 7.58 7.45 9.13 8.18
Ps v 16.3 16.77 18.44 19.51 23.67 24.77 26.45 29.98 16.84 18.17 19.02 19.9
vy 16.29 16.3 18.35 19.32 20.05 20.47 25.89 26.96 16.97 17.25 18.8 20.34
v 7.74 759 8.73 7.96 11.91 12.59 13.39 14.24 7.49 8.27 8.9 8.09
vy 7.68 75 8.6 78 115 12.24 12.59 145 7.24 7.66 9.25 7.95
Ps v 17.1 15.74 18.45 18.93 36.61 37.66 40.79 45.38 17.45 16.9 18.61 206
vy 15.64 17.08 18.32 19.76 365 37.47 39.51 45.74 16.71 16.1 19.17 19.69
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n p v 0,0) (0,3) (2,6) (0,25) (0,0) (0,3 (2,6) (0,25) (0,0) (0,3 (2,6) (0,25)
ANOMC-Reg ANOMC-R ANOMC-MR1
vi 9.99 11.19 13.37 15.59 8.63 9.02 9.14 9.54 10.1 9.93 11.07 9.91
vy 10.52 10.21 12.92 16.08 8.78 8.53 9.72 9.4 9.9 9.53 11.3 10.78
P v} 29.27 30.5 31.21 41.03 22.71 23.89 23.07 27.46 25.54 26.44 27.39 29.21
vy 29.26 29.71 31.45 41.89 23 22.7 23.43 27.24 24.81 26.09 27.95 30.17
vi 12.86 12.85 16.82 19.08 10.81 10.14 11.07 11.16 10.7 10.43 12.79 12.02
vy 14.27 15.59 16.53 20.63 12.15 13.1 12.88 13.7 14.41 13.64 14.59 15.4
P2 vi 39.76 42.64 44.53 55.21 32.78 32.76 34.54 38.35 33.49 34.08 37.65 40.41
vy 39.56 41.86 42.12 53.09 32.42 33.08 332 38.31 36.02 37.15 37.54 42.03
vi 14.12 15.42 16.27 20.77 12.57 12.88 12.33 14.12 14.24 13.46 14.77 15.55
vy 12.28 13.34 16.19 18.34 9.84 10.69 11.26 11.71 11.32 10.86 13.49 12.47
Ps vi 39.91 41.94 41.98 52.78 32.63 33.74 33.09 38.49 35.81 37.52 37.08 42.88
vy 39.46 42.7 44.34 54.71 31.28 32.55 34.92 385 33.58 35.08 37.12 41.46
vy 16.23 18.19 19.75 25.95 16.34 16.65 16.16 19.1 17.01 18.28 19.11 21.86
vy 16.35 17.55 18.27 25.83 15.7 16.5 16.88 19.84 17.25 18.21 18.78 20.85
Ps v} 55.33 58.85 59.05 68.31 54.66 55.05 54 60.5 56.47 58.21 59.29 62.69
vy 55.39 57.97 58.79 68.14 54.35 55.19 54.72 59.87 57.22 59.58 59.7 63.95
ng ANOMC-MR2 ANOMC-MR3 ANOMC-MR4
vy 9.52 9.6 9.74 9.49 8.86 9.2 10.51 9.47 8.96 9.46 9.9 9.72
vy 8.91 8.91 9.95 9.73 9.15 8.58 10.45 9.63 9.15 9.82 10.09 9.87
P vi 24.25 24.63 24.7 27.79 23.6 23.46 26.06 26.48 24.02 24.86 25.29 28.23
vy 23.11 23.82 24.85 28.04 22.95 23.64 25.39 27.24 24.34 25.48 25.6 28.58
vi 8.83 8.82 10.08 9.3 9.54 9.6 12.07 11.26 9 9.64 10.56 9.97
vy 8.41 9.29 10.16 9.22 12.75 13.19 13.69 14.43 8.66 9.11 10.02 9.78
P2 vi 23.54 23.81 25.3 27.48 29.89 33.14 35 37.86 24.52 234 25.59 29.13
vy 24.05 24.4 25.07 27.97 33.37 34.37 34.95 39.87 24.21 24.56 25.69 27.65
vy 8.66 8.87 9.93 9.79 12.86 13.44 13.84 14.22 9.1 8.89 10.43 10.35
vy 8.94 8.82 10.08 9.37 10.61 10.22 13.14 11.43 9.14 9.53 10.54 10.05
Ps vi 23.99 23.94 24.58 26.91 32.86 34.47 35.73 39.11 24.83 25.15 26.34 27.72
vy 23.36 24.13 25.13 27.95 30.51 31.64 34.39 36.76 24.05 24.48 26.46 27.65
vi 8.92 8.99 9.73 9.53 15.47 16.71 17.86 19.37 9.52 9.14 10.19 9.28
vy 9.12 9.55 10.06 9.59 16.78 16.46 16.96 19.22 9.01 9.14 10.16 9.5
Ps vy 231 233 24.73 26.01 54.26 54.83 56.05 60.43 24.51 25.31 25.9 28.49
vy 24.03 23.85 24.66 27.32 53.84 55.55 56.65 59.96 23.59 24.46 26.44 28.1
Unbalanced Design
ANOMC-Reg ANOMC-R ANOMC-MR1
vi 5.54 5.27 12.84 7.92 5.98 571 6.35 5.72 5.98 5.92 8.33 6.01
vy 6.13 5.91 12.86 7.39 6.12 6.06 5.83 5.01 5.91 5.53 7.5 4.8
P vi 8 8.42 16.08 15.83 10.19 10.9 12.13 13.57 10.49 11.17 14.21 14.49
vy 7.68 8.4 15.36 12.01 8.7 9.11 9.24 10.29 8.69 9.45 11.36 10.08
vy 8.14 8.74 16.9 10.71 8.15 8.44 9.03 7.78 7.52 7.02 10.61 7.26
vy 9.1 8.76 16.27 10.38 8.41 8.29 8.09 7.21 8.79 8.12 9.9 7.49
b2 vi 12.53 13.05 22.53 22.8 13.81 14.11 18.14 19.68 13.03 13.98 20.53 19.34
vy 12.02 12.66 19.38 18.85 14.05 13.46 12.47 15.41 143 14.23 16.06 16.48
vy 4.99 5.11 11.36 7.52 7.74 7.4 7.92 7.63 7.75 7.8 9.28 7.77
vy 4.48 4.84 11.42 6.17 5.38 6.02 6.79 5.2 5.72 571 7.77 5.05
Ps vi 8.73 9.68 16.65 18.35 13.94 15.01 15.7 19.23 15.13 15.18 18.47 21.06
vy 6.3 6.64 14.88 11.78 8.88 9.72 10.96 11.69 8.99 8.78 12.55 1217
vy 6.52 7.05 14.03 9.67 8.15 8.37 8.92 10.64 8.35 8.69 11.53 10.98
vy 6.22 6.23 14.19 8.13 6.97 7.15 6.94 7.17 6.8 7.12 8.81 8.12
Ps vi 13.31 14.61 231 27.96 20.48 23.19 24.91 31.48 20.99 22.87 28.5 33.14
vy 11.21 11.28 19.47 20.19 15.15 15.99 16.54 22.11 14.78 16.63 18.31 24.49
n, ANOMC-MR2 ANOMC-MR3 ANOMC-MR4
v 5.69 4.02 4.42 333 6.49 6.42 8.61 5.58 6.13 6.08 8.04 6.05
vy 5.83 5.01 4.43 3.46 6.36 6.04 7.35 5.22 6.16 5.94 7.03 5.53
P vi 6.07 5.82 7.61 5.65 10.97 11.23 14.83 14.18 10.48 10.63 13.61 13.63
vy 6.82 6.48 5.69 6.23 9.44 8.86 11.45 9.98 9.32 8.42 10.09 10.34
vy 4.8 3.88 4.74 33 8 7.84 10.56 7.29 6.51 6.02 7.98 6.51
vy 4.96 4.76 4.23 3.29 9.16 8.5 9.95 7.75 6 5.52 7.56 5.72
P2 v 6.12 5.14 6.87 6.4 13.63 13.68 20.44 19.27 10.74 10.62 13.66 13.81
vy 7.26 6.17 5.53 5.98 14.28 13.65 16.09 16.52 8.71 8.84 103 10.33
vy 5.05 4.52 4.87 2.86 7.5 8.39 9.66 8.16 6.09 6.16 8.06 6.33
vy 5.99 4.63 4.22 3.06 571 5.56 7.78 5.48 5.89 5.74 7.15 5.56
Ps vi 6.16 5.19 7.21 5.6 14.63 14.84 18.76 19.56 10.1 10.8 13.13 12.93
vy 7.17 7.04 5.78 5.5 9.15 9.59 12.43 12.36 8.95 8.69 10.34 10.26
vy 5.24 4.06 4.77 311 8.25 8.97 10.86 10.1 6.05 6.01 7.89 6.11
vy 5.75 4.57 4.45 3.46 7.31 7.4 8.8 7.62 6.17 5.57 6.87 5.4
Ps vi 6.31 5.12 73 5.2 21.15 22.03 26.69 31.42 10.27 10.05 13.77 13.2
vy 7.66 6.49 5.82 5.42 15.47 16.33 18.64 21.92 8.71 8.9 10.17 9.75

38



n ) v (0,0) 0,3) (2.,6) (0,25) (0,0) 0.3) (2.,6) (0,25) (0,0) 0.3) (2.6) (0,25)
ANOMC-Reg ANOMC-R ANOMC-MR1
vi 771 7.97 1262 1216 7.38 6.8 8.4 8.68 773 7.81 10.24 8.36
vy 6.59 7.05 11.6 9.49 6.44 6.43 6.28 573 6.63 6.74 7.61 6.02
P vy 1871 2062 2456 333 18.1 1859 2118 2279 1845 1958 2436 2362
vy 1215 1225 1708 1841  11.05  11.34 10.8 11.76 10.9 11.2 1264 1195
vi 1326 1278 1973 1901 9.59 952 1177 11.28 9.69 9.78 1363 1053
v; 1187 1112 1525 1461 8.67 8.37 8.87 8.22 9.26 8.69 10.41 871
P2 vi 2029 3138 39.9 4779 2577 2565 3073 33.6 2478 2561 3302 3345
vy 19.9 2099 2289 2873 1603 1625 1565 184 1674 1727 1835 2019
vi 7.83 8.65 1256 1422 1062 1041 1156 1129 1093 1045 1311 1206
vy 5.19 5.45 10.11 8.16 6.43 6.29 6.94 6.44 6.57 6.42 7.45 5.77
bs vy 2357 2498  20.32 39.8 2562 2641 2773 3201 28.3 2826 3031 3523
vy 1102 1117 1678 1867 1146 1218 1256  14.62 116 11.93 1438 1524
vy 1141 1305 1721 2039 1236 1289 1505  17.31 1316 1306  17.11 17.9
vy 8.32 8.67 1299 1165 8.44 7.93 8.04 8.71 7.9 8.34 8.79 95
Pr o ur 3671 4118 4532 5626 4159 4349 4567 5162 4276 4564 4917 5448
vy 2033 2091 25.2 3249 2019 2185  19.39 215 2178 2289 2303 2918
ns ANOMC-MR2 ANOMC-MR3 ANOMC-MR4
vi 7.46 6.82 9.55 7.77 7.69 7.69 9.76 8.32 7.88 7.41 10.88 8.77
vy 6.46 6.12 6.82 6.14 6.53 6.23 7.73 5.94 6.55 5.82 7.48 6.03
P vy 1629 1729 2177 2098 1749 1823 2301 2312 1873 1945 2375  24.38
v; 1114 1065 1039 1218 1048 1086 1211 1195  11.27 11 1161 12.89
vi 8.08 6.99 9.75 7.91 9.37 8.9 1276 10.37 8.19 7.9 9.78 8.53
vy 6.86 6.17 6.41 5.62 957 8.63 9.82 8.27 6.7 6.38 7.66 6.3
P2 vi 1719 1691 2092 2144 228 2521 3082 3235 1936 2012 2402  23.86
v; 1105 10.2 9.93 1138 1657 1658  17.38 188 1127 1141 1206 1282
vi 7.8 6.94 9.04 7.96 1081 1036 1277 12.1 7.68 7.65 11.41 8.96
vy 6.8 6.38 6.81 6.19 6.3 6.03 8.1 6.21 6.67 6.08 7.45 6.48
Ps vf 1645 1713 2078 2053 2649 2708  31.03 3239 1937 2027 2339  23.93
v; 1121 1066 1039 1115 1096 1173 1356 1382 1119 1103 1236 1291
v 7.21 7.32 9.52 7.46 1257 1306 1699  16.75 7.91 8.1 9.98 8.53
vy 6.55 5.75 6.52 5.72 853 7.8 8.72 8.38 6.37 6.65 7.83 6.34
P pr 1624 1606 2075 205 4027 4275 4758 5072 1837 1956 2305 2301
v; 1132 1065 10.3 11.65 20.7 2218 2256 2732 1086 1115 1199  13.05
ANOMC-Reg ANOMC-R ANOMC-MR1
vy ~ 1633 1892 1873 2434 1438 1526 1549 172 1617 1616 1831  17.77
vy 8.72 10.1 1089  11.92 8.34 8.25 7.92 8.08 9.49 8.95 9.56 9.12
Prowr 5782 6028 6158 67.13 4795 4991 4966 5268 5084 5182 5433 5482
vy 2445 2464 2614 3112 1944 1918 1878 2151 2041 2152  21.38  23.62
vf 2732 2875 3136 3744 1785  18.36 20.6 2103 1851 1875 2275  22.98
v; 1671 1701 1756 2062 1215 1125 1073 1165 12690 1251 1236 1256
P2 vy 8142 8232 8285 8519 6656 6683  67.84  69.88 6844 6893 6942 7183
vy 3871 3932 3728  47.63 26.7 2757 2674 3185 295 30.59 30.9 35.91
vy 2041 2167 228 2774 2169 2215 2294 2463 2357 2449 246 26.02
vy 8.08 7.96 1075 10.46 9.1 9.47 8.94 9.53 9.61 9.78 10.63 9.94
bs vy 6802 6872 6978 7367 6371 6458  64.43 66.6 67.86  67.94 67.5 69.2
vy 2741 2903 2017 3645 2506 2741 2565  30.44 27 2746 2813 3255
vf 3317 3524 35.9 4411 3282 3237 3455 3798 3482 3583 3759 4028
v; 1386 1491 1626 1843 1312 1367 1265 1403 1429 1468 1444 16.3
P+ »r 9091 8096 9071  9L15 8882 8866 8795  87.85 9072  89.91  89.93 89.1
vy 4724 4879 4667 5743 4377 4552 4245 5244 4705 4848 4803  56.63
ng ANOMC-MR2 ANOMC-MR3 ANOMC-MR4
vi 1447 1473 1694 1609 1516 1469 1681  16.33 14.9 1479 1737 17.04
vy 7.49 8.57 7.87 8.1 83 8.43 8.95 8.54 8.6 7.79 8.38 8.32
P~ vy 4779 4878 5046 5235 483 4783 5047 52.1 488 4958  51.08 5288
vy  19.27 20.2 1835 2214 1914 2056 1942 2178 1994 2022 1881 2258
vy 1469 1464 1679 1601 1696  17.87 2177 2022 1474 1508 1743  16.26
vy 8.22 8.09 8.15 8.65 1218 1222 1153 1201 8.53 8.4 7.97 7.98
P2 vi 478 49.4 50.82 52.1 65.32 66.7 67.26 6844 4989 4954 5078  51.84
vy 1081 1995 1727 2232 2861  29.06 27 3419 2004 2117 1863 2211
vi 1408 1447 1735 1667 2233 2191 2332 2444 1493 1527 1662  16.04
vy 9.15 8.25 8.52 8.09 8.79 94 9.35 9.31 8.49 8.41 8.39 8.36
Ps vy 4794 4934 4943 5227 6418 65.1 65.08 6685 4959 4918  50.14 5245
vy 1091 1968 19.1 2113 2607 2644 2616 2909 19093 2008 2024 2172
vy 1523 1515 1668 1638  32.04 333 36.09 3687 1463 1497 1672  16.76
vy 8.4 8.34 8.09 8.11 1352 1417 1292 15.27 7.99 8.39 8.69 8.54
P+ u+ 481 48690 5029 5181  89.71 8897  87.82  87.66  49.09 5089 5146  51.92
v; 1981 2026 1845  21.93 4437 4627 4488 5246 2025 1941 1914 2247
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Table 2. 12: Type I error (%) of ANOMC tests under heterogeneous variances when t = 5.

Balanced Design

n 0 v (0,0) 0,3) (2.6) (0,25) (0,0) (0,3) (2.6) (0,25) (0,0) (0,3) (2.6) (0,25)
ANOMC-Reg ANOMC-R ANOMC-MR1
vy 5.46 6.18 15.23 9.44 555 553 6.6 5.85 517 551 8.03 5.11
vy 5.75 6.19 15.12 9.58 5.74 5.69 6.67 5.41 5.44 551 8.12 5.26
P v 8.4 8.74 17.77 15.21 8.53 8.58 9.72 10.55 8.42 8.64 11.87 10.03
vy 8.15 8.36 17.3 15.28 8.84 8.81 9.66 10.63 8.49 8.71 12.12 10.26
v 6.16 6.87 16.32 9.86 6.05 5.84 6.73 6.31 6.08 573 8.47 551
vy 6.86 7.29 17.27 10.42 7.11 6.99 7.66 7.48 6.87 7.04 9.93 6.65
P2 v 8.67 9.07 19.24 17.49 8.77 9.91 11.25 12.37 8.26 8.97 13.96 11.5
vy 10.01 11.35 20.16 19.29 12.25 11.97 13.12 14.69 12.16 11.79 15.93 15.25
v 6.8 7.64 16.32 10.57 7.56 6.91 7.64 7.14 73 6.77 9.63 7.54
vy 6.35 6.69 16.29 953 6.45 5.98 6.43 5.87 6.32 5.39 7.82 5.33
bs v 9.68 11.22 19.3 19.11 12.26 12.12 13.04 14,59 12.84 13.39 15.57 15.04
vy 8.6 96 19.52 17.53 9.74 9.49 11.27 12.03 8.46 8.9 13.49 11.23
v 6.59 7.19 16.45 11.14 6.88 6.84 7.81 8.12 6.6 6.67 9.21 8.56
vy 6.34 6.86 16.86 11.2 6.46 7.18 8.04 7.79 7.03 6.89 9.4 7.91
Ps v 11.27 13.68 21.99 258 15.32 16.86 17.56 23.39 15.34 17.54 20.32 25.01
vy 12.17 13.22 22.72 24.19 15.76 16.66 17.19 23.69 15.84 16.49 21.13 253
n, ANOMC-MR2 ANOMC-MR3 ANOMC-MR4
v 5.49 4.66 6.29 4.49 575 5.94 8.49 5.89 6.3 5.79 8.32 5.92
vy 5.36 481 5.62 453 5.84 6.13 8.27 5.23 6.17 572 8.91 6.2
P v 7.28 7.47 7.9 7.85 8.81 9.06 11.96 10.7 9.62 26 12.06 11.38
vy 6.8 6.96 7.94 7.8 9.11 9.2 12.21 10.95 9.04 2.63 12.17 11.52
vy 5.25 4.88 5.91 4.19 6.39 58 8.82 6.34 5.89 5.96 8.19 6.48
vy 5.06 443 5.89 4.48 7.68 758 10.17 7.69 58 58 8.28 6.48
P2 v 7.42 6.65 85 7.42 9.36 9.36 12.79 11.83 9.37 9.82 11.89 11.48
vy 7.18 6.42 8.03 7.61 12.55 13.18 16.22 15.47 9.24 9.2 11.54 11.51
v 5.07 4.47 5.66 4.42 8.06 7.35 10.07 7.73 5.98 5.82 7.84 6.46
vy 5.56 4.91 6.1 4.38 6.11 6.27 8.43 6.49 6.11 59 8.05 6.42
Ps v 7.26 6.47 8.26 7.82 12.86 12.68 16.38 15.66 9.18 9.2 11.88 11.38
vy 71 6.73 8.01 8.24 8.84 9.16 13.25 11.99 9.68 9.12 12.67 11.36
v 53 4.34 5.44 4.23 7.41 752 9.64 7.87 6.15 5.84 8.36 6.77
vy 5.25 4.93 55 43 7.28 7.14 9.71 8.09 5,58 6.27 8.49 6.21
Ps v 6.72 6.62 8.09 6.89 16.18 17.47 20.65 23.38 8.99 95 12.05 10.98
vy 6.81 6.45 8.42 7.06 16.43 16.81 20.49 24.38 9.34 9.66 11.67 11.1
ANOMC-Reg ANOMC-R ANOMC-MR1
v 7.44 8.19 12.41 13.64 6.94 6.78 7.39 7.47 7.15 6.95 8.55 7.62
vy 7.24 7.74 11.82 13.19 6.84 7.18 7.37 7.58 6.92 6.91 8.91 7.85
P v 17.69 18.82 21.94 30.8 15 14.82 15.59 18.08 15.86 16.03 18.2 18.77
vy 16.94 19.13 22.33 30.76 14.97 15.42 16.01 17.13 15.03 15.76 18.19 19.58
vy 8.42 9.08 13.05 14.79 7.88 751 7.88 8.21 7.18 7.01 9.22 7.75
vy 9.94 10.67 14.78 16.96 9.01 9.47 10.03 10.81 9.22 10.03 11.1 10.58
P2 v 20.46 2238 28.64 36.97 17.05 17.78 19.21 23.14 16.63 17.59 20.86 23.08
vy 22.75 25.91 27.27 37.18 21.01 21.47 21.73 26.02 21.89 22.76 24.36 26.09
v 10.22 11.05 14.9 16.95 9.88 9.43 9.87 9.66 9.49 10.18 11.47 10.67
vy 8.56 9.29 13.44 14.8 7.38 7.42 7.81 7.97 7.08 6.84 8.95 7.94
Ps v 2352 25.72 27.71 39.16 21.26 2177 2156 25.46 22.32 22.36 24.06 27.34
vy 20.22 22.72 27.58 37.74 17.66 17.6 19.05 22.24 17.45 17.22 21.74 23.37
vy 10.41 11.19 15.61 19.62 10.74 10.63 10.84 13.4 11.12 11.1 12.78 13.94
vy 11.34 12.05 15.74 20.16 10.9 11.54 11.59 13.03 10.73 11.1 13.03 13.72
Pa v 34.48 37.61 39.58 52.7 35.03 36.59 36.17 43.48 36.39 37.77 39.88 46.19
vy 34.66 37.96 39.97 52.05 35.59 36.82 36.37 43.28 36.96 38.23 39.73 46.76
n, ANOMC-MR2 ANOMC-MR3 ANOMC-MR4
v 6.74 6.49 8.81 8.11 7.49 7.49 8.46 7.78 7.82 754 8.82 8.37
vy 6.82 717 8.7 7.76 7.38 6.84 9.08 7.68 7.36 7.66 8.8 7.7
P v 16.13 16.32 17.07 17.39 15.87 15.17 17.97 18.58 16.7 16.32 18.38 19.34
vy 16.13 15.93 17.24 18.25 15.24 15.95 18.58 18.63 16.33 16.81 18.6 19.4
v 7.09 6.87 8.38 8.05 7.02 7.92 9.22 8.16 7.47 6.83 9.07 8.23
vy 7.34 75 8.55 7.47 9.78 10.72 11.63 9.97 6.72 7.48 9.05 8.42
P2 v 15.7 16.1 17.95 18.36 16.69 17.32 21.45 21.58 16.51 16.75 18.13 19.12
vy 15.56 14.88 17.52 18.23 2234 23.02 24.06 25.34 16.44 16.79 17.7 19.24
v 757 7.03 9.04 7.35 10.15 9.98 11.98 105 7.28 7.85 8.9 7.8
vy 7.01 7.08 9.17 773 7,53 7.43 9.46 8.01 7.42 7.49 8.82 7.96
Ps v 15.36 15.55 17.5 18.49 21.43 21.46 24.67 25.95 16.47 16.5 18.16 18.92
vy 15.47 15.47 17.72 17.82 17.58 17.35 20.78 21.68 15.86 16.49 18.33 19.02
v 6.79 7.54 8.55 7.68 10.86 11.39 12.64 13.63 6.72 7.59 9.2 8.37
vy 6.93 6.77 8.3 7.59 10.53 10.98 13.54 1331 7.08 7.43 8.46 8.1
Ps v 15.54 16.35 16.88 17.68 34.95 36.81 38.43 43.14 16.69 16.23 17.77 18.49
vy 16.19 15.42 17.55 17.83 34,57 36.43 38.36 43.81 16.01 16.58 18.01 18.49
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(0,0) (0,3) (2,6) (0,25) (0,0 (0,3) (2,6) (0,25) (0,0) (0,3) (2,6) (0,25)
n p v ANOMC-Reg ANOMC-R ANOMC-MR1
vy 9.37 10.06 12.27 15.24 8.69 8.82 9.59 9.65 8.92 9.78 10.49 9.64
vy 9.26 10.58 11.99 16.07 8.54 8.88 9.19 9.48 8.98 9.04 10.52 10.21
Pr vi 27.38 29.62 31.9 40.97 23.61 2331 24.11 26.83 24.36 24.47 26.32 28.11
vy 27.45 30.02 30.34 40.94 22.82 22.48 23.53 26.94 24.51 25.04 25.86 27.67
vy 10.34 12.06 14.61 17.98 9.06 9.66 10.11 10.29 9.04 9.27 119 10.6
vy 13.55 13.59 16.01 20.25 11.7 12.57 12.22 13.27 12.81 139 14.34 13.75
P2 vi 34.27 37.05 40.75 50.89 27.34 28.91 30.61 33.51 28.43 30.1 32.59 35.93
vy 36.13 39.18 38.94 50.15 29.72 30.45 30.99 35.81 32.45 33.93 35.18 38.36
vy 13.34 14.17 15.94 20.6 12.42 12.67 11.87 12.65 12.92 12.96 14 14.55
vy 10.58 11.54 14.52 18.25 8.93 9.06 9.82 9.46 9.72 9.7 11.64 10.91
Ps vi 36.74 40.68 39.35 49.68 30.82 31.58 31.07 35.4 33.82 33.88 34.92 37.29
vy 35.09 37.45 40.68 51.46 28.45 29.07 30.54 34.12 28.73 29.77 33.23 36.44
vy 15.65 17.18 19.2 23.66 15.4 15.57 15.71 18.62 15.98 16.21 17.69 19.73
vy 15.93 16.94 18.74 25.29 14.7 15.62 15.13 17.8 16.35 16.77 17.87 19.73
Pa vi 55.03 58.31 57.19 69.04 54.13 55.92 54.03 60.76 56.24 57.51 59.01 62.92
vy 55.33 57.5 58.26 68.55 53.78 55.74 55.26 59.88 56.7 57.35 57.82 63.38
n3 ANOMC-MR2 ANOMC-MR3 ANOMC-MR4
vi 8.54 8.18 9.17 9.25 8 8.35 9.58 9.1 8.82 9.54 9.71 9.82
vy 8.41 7.96 10.01 9.21 9.22 8.72 9.7 9.38 8.19 8.72 10.49 9.66
Pr vi 23.01 23.59 23.54 25.49 22.68 22.7 24.76 26.48 23.62 24.33 24.76 26.92
vy 223 23.99 24.6 26.39 225 23.07 24.01 25.57 24.19 2391 24.59 27.28
vi 8.44 8.57 9.44 9.17 8.53 9.01 10.18 9.75 8.48 8.59 10.4 10.1
vy 8.5 8.91 10.15 8.41 11.72 12.02 13.35 13.24 8.99 8.73 9.75 9.42
P2 vi 23.21 23.35 24.56 26.39 26.39 27.34 30.1 31.31 24.46 24.76 24.26 26.63
v3 23.07 23.51 23.87 26.32 30.99 31.22 32.55 35.26 23.47 24.22 25.06 26.83
vy 8.64 8.38 9.76 9.41 12.03 12.06 12.32 12.61 8.82 9.22 9.26 9.85
vy 8.42 7.94 9.59 9.25 8.4 8.47 9.9 9.57 8.72 9.22 10.16 9.56
Ps vi 23.37 22.87 23.24 26.8 30.5 3131 33.29 35.52 23.93 24.04 24.34 27.2
vy 23.24 22.72 24.98 26.78 25.9 27.26 30.73 32.19 24.08 24.75 24.78 27.32
vy 8.37 8.28 9.63 9.03 14.98 14.66 15.54 17.82 9.11 8.53 10.53 9.62
vy 8.37 8.06 9.24 9.36 14.84 15.99 16.01 17.9 8.47 8.48 9.75 9.59
Ps vi 23.27 23.31 24.21 26.22 53.53 52.84 55.03 59.39 23.47 245 25.01 27
vy 22.38 24.16 23.51 25.42 53.43 54.2 55.02 58.71 23.74 2391 24.53 26.44
Unbalanced Design
ANOMC-Reg ANOMC-R ANOMC-MR1
vy 6.88 7.18 13.26 11.72 6.69 7.66 8.13 8.32 7.23 6.89 9.85 8.25
vy 6.13 6.33 12.89 9.17 6.16 6.13 6.52 5.35 591 5.62 8.1 5.85
o vi 15.12 17.21 23.62 29.6 16.06 17.91 19.04 22.09 17.23 17.85 22.61 22.34
v3 8.74 10.06 16.5 13.47 9.47 9.81 9.22 9.24 8.65 8.65 11.26 9.78
vy 10.08 11.68 18.82 17.72 8.79 8.4 10.24 10.14 8.18 7.83 11.55 9.26
vy 10.46 11.05 17.32 13.23 8.58 8.49 8.2 7.21 8.08 8.22 10.46 7.58
P vi 22.56 25.58 34.27 41.5 20.51 22.14 25.46 28.53 20.72 22.07 28.91 29.61
vy 15.47 16.2 21.39 21.66 13.46 12.99 13.44 13.7 13.85 13.41 15.74 14.31
vy 6.04 6.29 12.66 11.82 9.8 9.62 9.9 10.71 9.75 9.46 12.3 11.73
vy 4.26 4.48 10.37 7.47 5.98 5.84 6.02 5.7 5.89 5.82 7.29 53
Ps vy 17.21 19.1 25.05 33.06 23.73 24.45 25.79 283 23.95 25.35 28.93 30.94
vy 6.48 7.41 13.51 11.78 8.82 8.88 8.87 9.47 7.97 8.02 10.78 9.81
vy 9.38 10.27 17.08 17.27 119 12.82 13.48 15.4 11.29 12.16 15.78 16.87
vy 6.91 7.59 13.82 10.71 7.62 7.23 7.32 7.04 7.36 7.54 8.65 7.65
Ps vi 31.86 36.44 41.28 51.74 40.9 43.02 43.32 49.78 43.08 44.77 47.18 52.24
vy 14.49 15.27 209 22.27 16.01 16.78 14.81 20.28 16.56 16.36 18.46 21.68
ny ANOMC-MR2 ANOMC-MR3 ANOMC-MR4
vy 5.81 5.15 6.43 4.64 6.6 7.24 9.44 8.02 7.93 7.89 9.82 8.75
vy 6.2 5.47 4.97 4.35 5.89 6.38 7.66 6.17 5.94 5.99 7.87 6.23
P~ vy 10.4 10.56 13.17 12.53 16.78 17.37 22.36 21.93 18.09 18.98 22.8 23.77
vz 9.43 7.97 7.09 7.68 9.87 9.11 10.56 9.64 9.5 9.06 10.52 10.55
vi 5.71 4.75 5.73 4.7 8.24 8.51 11.2 8.61 7.61 7.69 10.02 8.34
vy 6.58 5.22 4.85 4.64 8.34 7.91 9.5 7.69 5.88 6.36 7.42 6.08
P vy 10.02 10.95 14.02 13.13 19.96 20.53 28.57 28.45 18.18 17.98 22.33 22.05
v3 8.98 7.95 6.84 7.25 13.46 12.72 14.74 14.35 9.98 9.19 10.37 10.26
vy 5.59 4.7 6.42 4.68 9.43 9.17 12.33 10.87 7.59 8.01 10.66 8.39
123 6.44 5.69 5.39 4.71 5.82 53 7.51 5.72 6.05 6.02 7.64 6.29
Ps vi 9.89 9.8 13.93 12.74 23.62 23.7 27.44 28.8 18.5 17.81 22.48 22.64
vy 9.59 8.6 7.8 7.32 7.86 8.02 10.24 9.31 9.13 9.57 10.91 10.5
vy 5.87 4.68 6.24 4.94 12.13 12.36 14.57 15.59 7.3 7.87 10.1 8.9
vy 6.65 5.63 4.76 4.07 7.13 6.82 8.24 7.32 58 6.2 7.27 6.17
Ps vy 9.85 10.06 13.28 12.23 41.03 41.71 45.54 49.75 17.54 18.68 22 22.56
vz 9.09 8.84 7.01 7.41 15.65 15.75 17.21 20.34 9.37 9.07 10.91 9.81
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n p v (0,0) 0,3 (2,6) (0,25) 0,0 0,3 (2,6) (0,25) 0,0) (0,3) (2,6) (0,25)
ANOMC-Reg ANOMC-R ANOMC-MR1
2 10.52 11.93 14.94 17.78 10.13 9.9 10.66 1117 9.72 10.51 12.56 1177
vy 6.63 7.29 11.88 10.48 6.2 6.47 6.67 6.64 6.43 6.61 7.94 6.1
P 2 34.75 36.36 40.72 48.3 29.58 30.34 32.51 35.35 31.99 32.61 36.22 36.8
vy 131 12.88 17.2 16.58 114 11.09 11.25 11.08 11.19 11.26 13.66 11.37
2 15.67 16.58 22.13 24.79 10.34 10.49 13.6 13.58 10.69 11 146 13.03
vy 12.87 12.41 16.5 15.34 9.19 8.66 8.77 8.34 9.57 9.22 9.78 8.21
P2 2 50.82 54.13 56.87 65.97 38.56 39.03 42.15 46.34 39.48 40.74 45.45 48.07
vy 21.29 22.61 23.39 26.91 15.38 14.93 14.46 16.17 16.42 15.98 17.18 17.37
vy 11.34 12.26 15.01 18.04 14.04 13.72 15 15.49 14.72 15.37 16.8 17.34
vy 4.54 5.36 8.98 8.47 6.63 6.81 7.27 6.5 6.76 6.74 7.83 6.61
bs 2 39.62 42.65 44.37 54.04 40.06 41.48 41.69 45.9 42.31 43.19 45.59 48.12
vy 9.81 10.51 14.47 15.51 9.9 10.69 10.52 11.06 10.15 10.19 12.13 11.37
2 18.68 20.59 23.82 29.36 1931 20.42 21.6 24.64 20.26 21.34 24.02 26.85
vy 8.88 8.62 13.92 12.45 8.2 8.28 8.51 8.48 8.32 8.61 9.67 8.91
Pa 2 68.64 69.47 71.75 76.66 68.89 69.58 69.31 71.98 71 71.71 72.27 73.85
vy 21.49 22.76 24.12 30.39 21.25 20.84 19.31 25.39 22.22 23.01 22.32 26.7
ng ANOMC-MR2 ANOMC-MR3 ANOMC-MR4
2 9.51 9.26 11.63 10.58 9.8 10.24 12.14 10.59 9.92 10.09 12.02 11.86
vy 6.12 6.35 6.77 6.14 6.28 6.49 8.06 6.05 6.14 5.7 7.69 6.52
P 2 27.18 28.94 31.89 32.86 29.65 30.27 34.63 34.7 30.83 30.65 34.01 35.36
vy 112 11.06 10.93 11.26 11.17 10.46 12.42 11.29 10.52 11.02 11.87 11
vy 9.58 9.67 10.83 10.28 10.39 10.7 13.69 12.44 10.34 9.67 12.19 10.9
vy 7.05 6.06 7.15 6.56 9.07 8.83 10.03 7.79 5.96 5.84 7.3 6.45
pe 2 28.1 28.78 31.99 3331 37.28 37.74 42.86 44.85 30.55 3177 33.99 3541
vy 1114 11.26 10.37 10.78 15.82 15.89 16.44 16.68 10.75 10.82 1113 11.58
vy 9.37 9.34 1117 10.45 14.26 142 16.65 15.74 10.03 10.3 11.82 11.68
vy 6.52 6.21 6.57 6.26 6.76 6.54 7.48 6.26 6.04 5.62 7.14 6.37
Ps vy 27.49 28.43 31.08 32.99 40.94 41.71 43.28 45.89 31.26 30.72 32.54 34.91
vy 11.22 10.94 11.19 11.24 9.77 9.98 118 10.61 9.83 10.96 11.16 1161
2 9.29 9.11 10.83 9.73 19.45 20.21 21.69 24.29 10.06 9.96 12.44 11.66
vy 6.53 6.67 6.78 6.28 7.76 8.74 9.07 8.15 6.01 6.44 75 6.04
Pa vy 28.5 27.84 30.97 32.09 68.6 68.96 70.18 70.85 31.49 31 33.98 35.52
vy 11.17 10.68 10.94 11.34 21.33 2151 21.18 25.5 11.39 10.55 117 10.86
ANOMC-Reg ANOMC-R ANOMC-MR1
vy 21.03 21.09 22.73 29.17 1731 16.96 17.37 18.59 17.92 18.29 19.78 20.69
vy 8.5 9.38 10.98 12.22 7.62 7.86 7.62 7.92 8.23 8.45 8.92 8.3
P~ 2 72.65 73.35 73.98 77.13 60.39 61 61.2 61.93 62.65 62.29 63.55 65.12
vy 23.49 24.62 24.43 29 17.88 18.18 17.43 19.54 19.4 20.01 20.01 21.07
vy 30.36 32.84 34.92 40.41 19.05 18.81 20.87 22.64 19.27 194 23.29 23.77
vy 15.55 16.38 16.47 19.04 10.45 10.17 10.05 10.67 11.14 11.38 11.29 10.68
b2 vy 90.17 90.8 90.37 91.69 76.48 76.87 76.76 77.6 78.15 79.3 79.02 78.87
vy 36.06 37.15 34.67 43.54 25.01 25.06 23.69 27.48 26.49 26.57 26.73 28.6
vy 23.58 25.59 25.64 3172 23.95 24.59 25.55 27.49 25.57 25.89 27.42 27.75
vy 6.67 6.99 9.53 10.01 8.01 7.71 8.18 8.42 7.58 7.72 9.11 8.24
bs vy 78.76 79.98 80.2 81.77 72.13 72.78 73.32 73.1 74.95 74.86 75.59 76.14
vy 23.17 24.71 25 30.72 20.58 2131 20.9 23.34 20.56 21.54 21.8 23.63
2 42.19 43.46 44.7 52.99 40.76 413 40.84 43.9 42.46 42.6 43.77 46.21
vy 13.64 13.59 15.24 17.31 12.47 12.8 12.09 13.21 13.03 13.27 12.66 14.15
Pa 2 97.44 97.35 97.41 96.49 96.33 95.82 95.35 94.53 96.91 96.88 96.12 94.88
vy 46.42 47.65 44.61 55.64 42.21 44.6 41.65 49.63 44.21 46.63 44.53 52.02
ng ANOMC-MR2 ANOMC-MR3 ANOMC-MR4
2 17.54 17.91 19.54 19.37 17.02 17.52 19.68 18.61 17.31 17.54 19.18 18.82
vy 8.02 8.19 8.69 7.84 8.03 7.81 8.57 7.85 7.48 8.1 7.78 7.86
s vy 60.33 61.75 62.49 63.54 60.87 60.61 61.11 63.54 61.32 61.63 62.37 64.09
vy 19.21 18.94 18.09 20.54 18.41 18.28 18.84 20.09 18.81 18.49 18.33 20.12
vy 17.07 17.91 19.62 19.77 18.48 19.52 21.22 22.37 17.29 17.62 19.36 19.36
vy 8.44 8.01 7.59 7.78 10.78 10.3 11.34 10.5 7.92 7.86 8.01 7.52
P2 2 61.85 61.98 62.74 64.74 75.96 76.54 76.4 76.1 61.09 61.56 62.19 63.64
vy 19.11 18.38 18.82 19.92 25.59 25.19 24.93 27.63 18.25 19.35 17.46 20.05
2 17.26 17.69 19.06 18.82 24.33 24.75 25.72 27.11 17.43 17.71 18.96 19.28
vy 7.99 7.88 8.53 7.92 8.12 8.21 8.66 8.38 7.41 7.57 7.7 8.12
Ps 2 60.93 61.44 61.49 64.82 73.05 2.7 73.34 73.91 61.56 61.86 61.07 62.6
vy 19.25 19.35 17.66 19.42 19.98 20.07 21.45 22.15 18.22 19.18 17.7 19.29
vy 17.29 18.25 19.89 19.93 39.65 41.15 424 44.54 17.45 17.66 18.86 19.74
vy 8.16 8.14 8.17 8.23 12.47 12.22 12.77 13.37 7.98 7.8 8.24 7.96
Ps vy 61.6 62.08 60.71 63.24 96.26 95.76 95.7 94.26 61 61.5 61.84 63.34
vy 18.51 185 18.32 19.62 42.42 43.42 41.93 49.41 19.91 18.79 17.81 19.82
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1. Empirical type | error rate under heterogeneous variances

In Tables 2.9-2.11, it is observed that the ANOMC-MR2 test demonstrates slightly better
percentage type | error rates compared to ANOMC-Reg, ANOMC-R, ANOMC-MR1,
ANOMC-MR2, ANOMC-MR3, and ANOMC-MR4 tests. However, all the tests exceed
the level of significance (@« = 5%) due to the impact of heterogeneity. The actual type |
error rates for all the tests significantly surpass the specified level when sample sizes and
variances are inversely paired. Although improvements are observed at various levels of
heterogeneity, it is important to note that increasing the sample size leads to an increase in
type | error rates. Under both balanced and unbalanced designs, both tests are affected by
variances' heterogeneity. However, the ANOMC-MR2 test shows a relatively lower
susceptibility to heterogeneity than the other tests. Regarding the ANOMC-Reg test, it
exhibits higher type | error rates (%) when large sample sizes are associated with
substantial variances. Additionally, the ANOMC-Reg test also displays higher type | error
rates (%) in cases with an association between large sample sizes and small variances.
Conversely, the ANOMC-MRL1 test demonstrates higher type | error rates (%) when there
is an association between small sample sizes and large variances. However, in the specified
experimental conditions (cf. Table 2.5), the ANOMC-MR2 test demonstrates a slight

superiority in terms of robustness when compared to the remaining tests.

2.4.2 Results of the power test

Tables 2.12-2.17 present the comparative performances of ANOMC-Reg, ANOMC-R,
ANOMC-MR1, ANOMC-MR2, ANOMC-MR3, and ANOMC-MR4 tests across nine

distinct non-null cases (8,_1) for both balanced design (n;) and unbalanced design (n,).
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l. Empirical test power estimates under balanced design (n)
For the fixed treatment level (t = 4) with fixed correlations (p,), the results in scenarios
of non-null case &¢ reveal that under a normal distribution, the ANOMC-Reg, ANOMC-
R, ANOMC-MR1, ANOMC-MR2, ANOMC-MR3, and ANOMC-MR4 tests exhibit
power rates of 15%, 17.54%, 17.95%, 13.4%, 18.42%, and 18.7%, respectively. Under a
double exponential distribution and for a non-null case §,, the corresponding power rates
are 25.09%, 26.81%, 27.17%, 19.7%, 26.15%, and 28.32%. Furthermore, when
considering a Chi Square distribution, the ANOMC-Reg, ANOMC-R, ANOMC-MR1,
ANOMC-MR2, ANOMC-MR3, and ANOMC-MR4 tests exhibit power rates of 27.31%,
27.31%, 22.08%, 26.29%, 18.21%, 25.46%, and 25.25% for non-null case &,, respectively.
Finally, in the context of non-null case 8g under a Cauchy distribution, the ANOMC-Reg,
ANOMC-R, ANOMC-MR1, ANOMC-MR2, ANOMC-MR3, and ANOMC-MR4 tests

demonstrate power rates of 38.8%, 30.45%, 31.34%, 24.46%, 30.9%, and 32.63%.

1. Empirical test power estimates under unbalanced design (n,4)

At a fixed treatment level (t = 5) and fixed correlations (p3), for the non-null scenario &,
and in the presence of a Cauchy distribution, the ANOMC-Reg, ANOMC-R, ANOMC-
MR1, ANOMC-MR2, ANOMC-MR3, and ANOMC-MR4 tests exhibit power values of
61.17%, 49.85%, 55.04%, 28.2, 52.77%, and 47.21%, respectively. Under a double
exponential distribution, the corresponding power rates for the non-null case &, are

73.45%, 71.31%, 73.17%, 41.11%, 71.62%, and 62.13%, respectively.
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Table 2. 13: Power (%) of ANOMC tests under homogeneous variances under balanced
design (nq) when t = 3.

) 5 (0,0) (0,3) (2,6) (0,25) (0,0) (0,3) (2,6) (0,25) (0,0) (0,3) (2,6) (0,25)
ANOMC-Reg ANOMC-R ANOMC-MR1
5, 23.47 26.36 34.45 4554 25.34 28.09 3252 37.25 26.55 27.99 36.52 38.25
5, 18.8 21.98 30.07 39.46 20.68 22.47 27.03 30.91 21.94 23.15 31.37 3251
5, 17.71 20.81 28.19 37.28 19.3 21.48 2451 28.45 20.08 21.89 28.58 29.65
8 19.16 22.46 29.76 39.03 20 21.44 26.85 29.99 20.96 22.06 30.63 31.92
56 22.86 26.58 34.59 46.97 23.02 25,56 30.8 34.69 25.44 26.49 34.89 36.15
5, 18.4 21.36 29.91 40.07 20.77 22.69 26.93 30.8 21.75 2352 29.76 32.42
5 18.88 21.69 30.24 39.79 21 22.07 27.23 31.21 21.32 23.39 30.29 31.98
56 17.4 20.63 28.21 37.51 19.83 19.93 25.24 2953 20.73 21.54 28.47 3056
510 17.16 19.52 28.73 36.49 18.92 20.84 24.79 28.86 20.16 21.01 28.73 29.06
Pr ANOMC-MR2 ANOMC-MR3 ANOMC-MR4
5, 20.05 21.62 27.01 321 25.46 26.35 34.22 36.72 25.46 27.34 34.17 39
5, 17.29 17.68 222 26.31 21.36 21.25 28.69 29.85 21.95 231 28.02 33.15
5, 16.28 17.16 205 24.61 19.81 20.02 27.4 27.79 19.66 22,66 26.4 31.27
5 16.88 18.13 22.84 257 19.94 21.48 28.06 29.79 22.06 23.26 28.69 33.31
56 204 21.36 26.54 31.07 2353 25.46 33.32 34.72 26 28.68 33.89 37.99
5, 16.9 18.04 22.75 26.4 20.35 22.83 28.78 29.85 22.42 23.07 29.7 33.04
54 17.65 17.84 2231 26.29 2071 21.42 29.15 30.49 21.25 236 28.15 33.18
56 15.51 17.23 21.16 24.25 18.85 20.13 27.07 27.76 19.99 21.45 27.81 29.93
5y 15.91 16.87 20.89 24.78 19.15 20.95 27.24 28.8 20.71 21.48 26.43 3111
ANOMC-Reg ANOMCR ANOMC-MR1
5, 27.53 317 43.46 52.77 33.37 34.94 41.92 459 32.41 34.24 43.85 46.44
5, 23.38 27.08 38.13 46.1 26.75 29.06 34.72 38.6 25.94 27.63 36.91 38.64
5, 22.47 24.85 36.73 43.69 24.42 27.09 32.27 36.44 23.13 2657 34.36 36.47
55 23.44 27.15 37.19 40.15 25.25 27.89 33.06 37.59 25.69 27.27 36.21 38.07
86 28.24 32.22 42.39 52.7 29.62 32.62 38.65 43 30.91 32.36 4154 45.23
5, 23.07 26.76 38.21 46.11 26.73 28.08 35.37 39.59 24.91 27.97 38.47 38.72
54 23.01 26.25 33.65 46.71 2551 28.06 33.21 37.69 26.88 29.47 35.92 39.48
5 20.93 25.06 35.49 43.97 23.51 25.61 32.29 35.98 23.78 27.3 35.35 35.65
1o 22.05 24.3 32.34 43.72 2311 25.05 3059 33.7 24.7 25.96 34.31 36.63
Pz ANOMC-MR2 ANOMC-MR3 ANOMC-MR4
5, 20.24 21.61 25.92 30.33 29.93 31.69 41.29 4375 254 2851 3355 38.09
5, 16.2 17.48 21.9 26.86 23.94 26.52 34.91 36.6 21.39 23.29 28.45 3352
5, 15.29 16.9 19.96 24.87 21.56 23.43 32.42 34.48 19.96 21.71 26.67 32.28
8 16.04 17.54 21.97 25.82 23.79 26.46 35.3 36.15 21 23.19 29.05 32.85
5, 19.34 203 26.35 31.35 28.52 29.88 38.73 41.18 26.06 28.97 34.83 38.65
5, 16.83 18.12 21.83 26.01 24.38 25.78 35.14 37.4 21.45 23.56 28.66 33.59
54 16.27 18.18 21.66 25.88 25.63 27.37 35.07 37.81 21.82 23.86 28.15 33.21
5 15.74 16.24 20.82 23.81 22.01 24.02 32.84 32.83 20.46 21.77 26.62 31.14
5y 15.7 17.12 20.11 24.36 21.67 24.88 31.67 33.99 20.7 22.37 27.49 3151
ANOMC-Reg ANOMC-R ANOMC-MR1
5, 27.51 32.24 39.29 52.39 30.86 34.61 38.1 245 33.05 36.43 212 46.96
5, 2272 26.95 33.42 46.16 2571 2759 31.82 37.71 2758 29.25 36.52 41.15
5, 21.56 25.25 305 44.15 22.68 24.41 28.62 34.9 26.1 27.19 33.7 39.4
55 23.51 26.93 3253 46.44 24.19 25.91 30.43 36.68 27.48 29.45 34.82 40.65
5, 27.28 32.72 38.14 52.48 28.49 31.03 34.95 42.88 316 35.83 4131 476
5, 23.28 26.52 34.4 4651 25.63 27.54 32.81 37 27.05 29,61 36.14 39.77
54 23.22 26.58 37.9 46.52 26.66 29.33 35.04 39.23 26.43 27.49 36.78 39.41
5, 20.87 25.15 33.07 43.33 23.09 26.14 311 35.6 24.27 25.8 33.49 37.01
10 21.85 24.42 36.11 43.83 23.4 26.4 31.76 36.2 23.74 25.31 34.37 36.64
Ps ANOMC-MR2 ANOMC-MR3 ANOMC-MR4
5, 19.01 21.29 265 302 3121 33.48 4179 44.82 2587 28 34.19 38.24
5, 16.56 17.81 22.03 25.78 26.94 28.33 35.14 37.95 2153 23.01 27.94 329
5, 14.9 16.8 20.08 24.31 26.01 2559 31.82 35.32 20.78 22.04 26.87 31.05
55 17.18 175 22.01 25.49 26.18 27.74 34.66 38.43 21.04 24.24 28.92 33.61
86 19.26 20.78 26.13 31.18 30.16 33.28 40.09 44.68 25.78 28.11 335 40.1
5, 16.52 16.95 22.32 26.63 24.63 27.08 34.87 37.91 21.11 23.27 28.29 33.07
5 16.75 17.95 21.49 25.65 23.78 26.39 34.87 36.26 21.59 23.41 28.52 32.27
5 15.8 16.03 2037 24.66 2271 24.14 31.98 33.98 201 2211 26.57 3051
550 15.06 17.16 20.19 25.12 22.94 24.14 32.16 35.33 20.36 2171 26.58 31.32
ANOMC-Reg ANOMC-R ANOMC-MR1
5, 45.26 49.92 56.1 68.24 55.97 59.33 62.42 68.03 57.17 61.3 66.03 7052
5, 36.34 2138 295 62.61 4552 297 54.19 60.07 48.07 50.84 57.64 63.65
5, 33.09 37.73 46.43 58.89 42,63 45.93 50.36 56.87 44.17 48.05 54.4 59.58
5 35.9 42.33 49.69 62.35 4433 48.93 52.24 58.21 47.09 50.16 58.31 63.06
5, 44.25 50.54 56.99 67.72 53.23 55.87 60.65 65.8 56.17 58.66 64.51 69.53
5, 35.37 4152 48.83 61.63 4653 49.38 54.1 60.44 49.26 51.82 58.24 62.61
56 36.99 42.04 50.35 62.15 4652 48.87 53.91 61.4 47.74 51.81 58.32 64.06
5, 32.86 37.43 46.82 58.88 41.97 4481 50.11 56.5 4474 47.37 54.42 59.64
5y 34.11 39.09 45.81 59.21 41.95 44.46 50.91 55.71 44.68 47.23 54.35 60.58
Pa ANOMC-MR2 ANOMC-MR3 ANOMC-MR4
5, 18.39 203 25.49 29.54 55.04 57.78 63.56 66.94 25.73 27.76 31.68 3753
5, 15.97 16.74 20.93 24.72 46.88 48.18 55 58.89 2156 23.15 27.97 32.44
5, 15.05 15.75 19.67 2313 4154 44.74 51.35 55.68 19.89 21.74 26.43 3053
55 155 165 20.81 25.45 45.12 46.77 5451 58.51 21.82 22.42 28.44 32.93
56 18.85 20.47 2472 30.11 52.28 56.01 62.27 64.53 26.23 27.8 33.97 37.88
5, 15.63 16.48 21.43 24.59 45.46 4952 55.43 59.35 20.69 22.58 28.77 31.8
54 15.52 17.07 20.62 2557 26 4877 54.86 59.39 21.12 23.37 28.06 32.39
5 13.8 15.87 19.26 23.58 41.12 44.25 52.44 56.98 19.01 21.91 25.33 30.47
5y 14.75 16.27 19.94 22.9 41.65 43.78 52.35 56.16 19.56 20.82 25.88 3053
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In the scenario of a non-null case &;, under a normal distribution, the ANOMC-Reg,
ANOMC-R, ANOMC-MR1, ANOMC-MR2, ANOMC-MR3, and ANOMC-MR4 tests
demonstrate power percentages of 21.78%, 28.36%, 27.65%, 17.28%, 27.16%, and
26.29%, respectively. Lastly, considering the non-null case 83 within a Chi-Square
distribution, the power rates for the ANOMC-Reg, ANOMC-R, ANOMC-MR1, ANOMC-
MR2, ANOMC-MR3, and ANOMC-MRA4 tests are found to be 35.09%, 31.35%, 36.96%,

23.81%, 35.42%, and 34.05%.

In general, when examining the correlation (p,), the ANOMC-MR4 test consistently
exhibits a heightened power rate compared to the other ANOMC tests. Conversely, in cases
where the data follows a Cauchy distribution and the correlation (p3) is taken into account,
the ANOMC-Reg test demonstrates a notably higher power rate. However, ANOMC-MR2
demonstrates the lowest power rate across all correlation (p;_, ), hon-null cases (6,_1¢)
and sample size (n;,n,). Nevertheless, a comprehensive evaluation across several
scenarios reveals that the ANOMC-MRL1 test shows relatively superior performance
compared to the other ANOMC tests. It is also noteworthy that the performance of all
ANOMC tests (including ANOMC-Reg, ANOMC-R, ANOMC-MR1, ANOMC-MR2,
ANOMC-MR3, and ANOMC-MR4) improves with an increase in the correlation between

the study variable and the concomitant variable.
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Table 2. 14: Power (%) of ANOMC tests under homogeneous variances under balanced
design (nq) when t = 4.

p 3 (0,0) (0,3) (2,6) (0,25) (0,0) (0,3 (2,6) (0,25) (0,0) (0,3) (2,6) (0,25)
ANOMC-Reg ANOMC-R ANOMC-MR1
5, 20.98 25.09 3311 44.58 249 26.81 30.65 34.75 25.66 27.17 33.96 36.54
83 13.58 15.55 26.01 30.35 16.48 16.85 20.15 22.18 16.66 17.98 23.37 23.33
[ 15.18 17.53 27.31 32.49 18.05 18.36 22.08 23.89 183 19.27 26.29 25.34
[ 20.66 24.48 33.54 42.88 24.84 25.26 30.25 33.05 24.94 26.42 34.84 34.3
86 15 16.74 26.54 32.21 17.54 1791 2121 24.83 17.95 17.91 25.1 24.71
[ 17.93 21.67 30.34 39.35 2112 22.69 26.54 30.89 22.27 234 31.76 31.27
8g 18.81 20.76 30.77 38.8 211 23.14 26.82 30.45 21.98 23.46 29.69 31.34
8 17.24 19.86 27.99 37.08 20.57 21.28 25.25 28.94 213 21.76 29.17 29.34
810 174 20.6 29.05 36.03 21.31 21.65 25.64 28.68 21.19 22.2 28.57 29.56
P ANOMC-MR2 ANOMC-MR3 ANOMC-MR4
5, 18.04 19.7 24.6 28.75 24.69 26.15 33.75 34.96 26.14 28.32 33.59 37.42
[ 13.76 13.44 16.89 18.12 16.6 16.68 22.68 22.56 17.65 18.65 23.42 25.87
[ 14.56 15.37 18.21 19.81 17.64 185 25.46 24.22 19.17 20.48 25.25 27.81
[ 19.75 20.06 24.96 27.61 25.2 25.35 337 34.17 26.44 27.32 34.85 37.41
[ 134 14.04 17.13 19.51 18.42 18.15 2413 23.88 18.7 19.16 24.55 26.59
5, 16.68 181 21.78 24.99 22.72 22.78 30.48 30.09 22.78 24,51 29.45 32.68
8g 16.52 17.46 21.57 24.46 22.29 23.47 30.64 30.9 23.05 24.8 29.88 32.63
[ 16.21 16.63 20.61 233 20.77 20.95 29.02 28.92 22,04 23.28 28.05 30.72
819 16.77 16.87 20.73 22.65 20.21 215 27.53 28.19 21.76 22.88 28.42 31.57
ANOMC-Reg ANOMC-R ANOMC-MR1
5, 28.95 34.03 44.25 55.52 35.45 38.01 44.15 48.4 35.94 37.87 46.14 48.22
[ 19.62 21.22 3311 40.24 22.87 25 29.77 32,58 22.03 2371 31.96 31.86
8, 20.99 24.87 35.94 41.54 24.26 26.99 3179 35.26 24.35 25.24 34.46 33.6
[ 28.77 33.17 44.51 53.34 35.38 37.32 42.86 46.28 32.56 34.03 44.27 45.68
86 19.78 23.17 35.13 42.2 24.36 25.72 30.65 34.22 222 23.99 33.59 33.94
[ 24.33 29.53 39.62 51.31 30.62 32.77 37.03 44.37 29.86 31.65 41.19 43.58
8g 27.18 30.98 36.96 49.96 3132 33.22 37.35 43.51 33.23 34.67 40.97 45.93
8 22,58 27.09 3741 46.86 28.4 30.42 3477 40.68 27.34 29.73 39.62 39.69
810 24.71 28.2 34.94 47.43 29.51 30.97 34.23 39.83 30.68 31.44 38.58 42.1
Pz ANOMC-MR2 ANOMC-MR3 ANOMC-MR4
[ 18.21 19.06 23.59 275 34.45 37.38 45.3 46.55 25.14 27.62 31.96 36.43
83 12.85 13.05 159 18.12 22.02 22.91 3177 3117 17.55 19.35 24.28 25.84
85, 14.15 14.95 17.58 19.98 23.33 24.67 3213 32.76 19.05 20.86 25.39 27.67
[ 19.43 18.95 24.66 27.49 3211 34.51 43.55 42.78 26.3 27.65 34.97 36.3
[ 14.2 14.93 17.08 19.64 22.18 24.69 32.05 333 18.43 19.64 24.43 26.57
8, 16.36 17.74 20.69 24.27 28.88 31 39.17 415 22.95 24.82 29.23 32.78
8g 16.35 16.97 20.66 23.99 32.87 33.94 41.08 43.81 22.23 23.81 29.1 31.61
[ 15.79 16.07 19.89 22.47 2751 28.8 37.19 38.98 21.22 23.07 28.49 31.19
810 1581 15.94 20.09 22.59 29.88 31.27 37.65 39.76 22.28 22.96 28.17 30.93
ANOMC-Reg ANOMC-R ANOMC-MR1
5, 31.01 34.65 41.02 55.44 35.59 37.37 41.05 48.02 38.67 40.2 46 511
[ 18.83 22.34 29.44 39.86 21.66 23.76 26.59 3175 238 25.53 31.08 33.87
8, 21.27 24.75 3191 41.98 2422 25.49 29.5 33.82 27.48 28.65 34.58 37.52
[ 29.19 33.02 40.33 54.09 32.89 35.04 38.79 44.45 37.81 40.29 45.71 49.85
3 20.86 23.9 30.23 41.26 24.02 25.45 28.92 33.96 26.58 28.18 33.41 36.82
[ 26.93 30.66 375 50.38 30.9 33.19 36.59 43.77 33.07 35.23 41.15 44.71
8g 25.68 28.49 40.5 50.2 30.07 32.72 37.43 42.41 29.65 3212 40.85 43.59
[ 24.69 28.19 36.08 47.9 28.73 31.03 34.14 39.66 29.99 31.07 37.38 41.04
819 22.74 26.67 37.95 47.43 27.37 30.24 35.11 39.64 28.14 29.5 38.92 40.57
Ps ANOMC-MR2 ANOMC-MR3 ANOMC-MR4
[ 18.43 19.57 23.19 26.92 36.47 39.25 44.5 49.42 26.14 28.3 32.72 36.97
[ 131 13.37 16.27 18.11 23.22 2431 30.7 3291 17.26 18.12 22.81 24.93
8, 14.11 14.4 17.49 19.61 26.49 28.5 34.03 36.85 18.57 20.04 25.21 27.47
[ 18.43 19.17 23.96 26 36.81 38.37 45.42 47.93 25.95 28.61 34.09 36.93
86 12.33 13.25 17.44 19.47 26.72 26.62 32.64 36.12 18.56 19.53 24.52 26.8
8, 15.57 17.12 20.32 23.57 32.59 33.58 411 43.53 22.85 24.25 28.68 32.66
8g 16.59 17.28 20.72 23.61 29.51 31.43 39.07 40.37 22.59 22.98 28.85 32.35
[ 15.58 16.32 19.56 22.47 30.69 31.17 37.33 39.53 21.28 22.88 28.2 30.84
810 15.34 15.79 20.17 22.95 28.18 29.83 37.37 38.7 20.95 21.86 27.85 30.67
ANOMC-Reg ANOMC-R ANOMC-MR1
[ 4431 49.77 56.52 68.11 58.1 60.85 63.39 68.1 59.59 62.59 66.33 69.49
83 27.19 31.36 40.35 52.69 36.02 38.39 42.88 49.02 373 40.07 48.82 51.82
8, 29.02 33.09 43.65 54.3 38.93 41.75 46.89 51.42 40.56 43.28 50.65 54.03
[ 39.36 45.23 54.26 66.23 52.39 55.09 58.99 65 54.06 56.82 63.8 66.45
86 28.27 33.59 42.08 53.17 38.24 40.99 44.87 50.73 39.77 42.24 49.96 53.32
8, 38.02 42.64 50.77 62.9 49.74 53.54 56.14 61.37 51.66 54.87 60.68 64.98
8g 37.78 44.28 50.92 63.03 50.63 52.68 56.2 62.18 52.03 54.84 60.54 64.31
[ 35.04 39.14 46.96 59.78 45.87 47.87 52.52 58.09 47.77 50.11 56.5 60.04
S10 3351 38.43 48.42 60.15 46.62 48.17 51.89 58.56 48.3 50.88 57.04 60.31
Pa ANOMC-MR2 ANOMC-MR3 ANOMC-MR4
5, 17.19 18.88 22.78 27.07 58.58 59.93 65.21 66.3 25.33 27.35 32 35.72
[ 12.54 13.04 15.21 17.39 35.94 38.47 47.47 48.21 17.24 18.21 2297 2471
8, 13.56 13.79 17.45 194 38.93 40.62 49.48 51.01 1911 19.88 25.36 27.19
[ 17.03 19.72 24.09 26.48 52.49 55.01 61.93 63.37 24.97 28.02 34.34 36.64
86 1271 13.77 16.33 18.43 38.18 40.3 48.43 50.71 17.84 19.56 23.19 26.48
5, 15.38 16.92 21.04 233 50.65 537 58.28 62.1 23.03 239 28.56 32.01
8g 15.4 16.38 19.74 23.23 50.04 52.96 59.1 61.28 227 24 28.03 31.66
8 14.61 16.1 20 21.72 46.48 48.82 54.99 57.41 21.02 21.74 26.76 30.68
810 14.82 15.31 19.28 21.43 45.58 48.25 54.25 57.14 20.9 23 27.03 31.58
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Table 2. 15: Power (%) of ANOMC tests under homogeneous variances under balanced
design (nq) whent = 5.

p 3 (0,0) (0,3) (2,6) (0,25) (0,0) (0,3) (2,6) (0,25) (0,0) (0,3) (2,6) (0,25)
ANOMC-Reg ANOMC-R ANOMC-MR1
5, 20.03 22.7 33.01 43.03 2412 25.9 29.44 33.77 24.33 26.91 32.46 34.2
[ 13.74 14.95 25.74 28.78 15.33 16.27 18.75 20.57 15.76 164 22.22 20.28
[ 16.02 18.17 28.78 33.98 19.29 19.65 22.94 26.19 19.51 20.14 27.56 26.33
[ 16.13 18.03 28.91 35.57 18.97 20.48 23.86 27.09 20.29 20.48 27.46 27.58
[ 21.05 24.25 33.97 43.75 25.87 27.14 30.27 34.01 25.76 27.46 34.46 35.69
5, 17.99 21.17 30.17 39.27 213 22.62 26.23 29.63 22.74 23.27 30.06 30.74
[ 17.38 20.88 30.86 39.53 20.92 22.69 26.01 30.35 22.46 23.06 30.33 31.22
[ 16.82 19.45 29.53 37.17 19.65 21.91 25.39 28.03 21.15 21.83 28.8 29
810 17.44 20.02 30.02 36.9 21.46 21.83 25.23 28.22 20.66 21.6 29.13 28.96
P ANOMC-MR2 ANOMC-MR3 ANOMC-MR4
5, 16.77 17.75 21.83 23.81 24.25 26.35 32.65 33 25.76 27.61 31.62 35
[ 11.82 11.41 15.44 15.43 16.05 16.56 21.77 20.84 17.89 18.57 22.72 24.03
8, 13.75 14.74 17.88 19.03 19.26 20.58 27.6 26.38 20.96 21.22 26.49 29.61
[ 13.88 14.47 18.32 19.69 19.45 20.19 27.09 26.91 20.67 22.45 26.14 28.85
86 18.72 19.11 235 25.59 25.54 25.99 34.74 34.49 27.1 29.59 35.24 37.09
[ 15.21 16.44 19.45 22.45 22.81 2321 29.79 28.97 22.39 24.38 29.22 32.17
8g 14.72 15.37 193 21.74 2191 23.06 29.8 30.35 23.79 2453 29.52 31.26
8 14.7 15.12 18.24 20.45 22.15 22.54 28.6 27.84 21.94 23.84 28.14 31.2
810 14.58 15.68 19.72 20.72 20.85 22.54 29.28 28.41 2251 23.07 27.88 31.55
ANOMC-Reg ANOMC-R ANOMC-MR1
[ 24.46 29.67 41.6 52.07 31.26 33.45 38.16 43.13 29.67 32.25 41.94 43.5
[ 17.02 18.94 3181 36.2 19.54 20.45 24.99 26.84 18.41 18.59 27.64 25.66
[ 2041 23.25 34.94 40.93 23.72 25.49 30.18 3253 21.18 22.8 31.48 31.95
[ 19.71 23.75 35.02 44.05 23.95 25.89 30.38 34.62 22.67 24.87 33.05 34.28
[ 26 29.83 42.45 50.57 31.36 33.25 39.06 42.37 28.35 30.35 40.16 39.48
[ 23.08 26.9 37.66 48.51 27.4 29.65 34.12 39.35 26.84 28.3 38.03 38.78
8g 24.25 28.64 36.79 49.21 29.65 31.97 35.18 39.84 30.82 33.05 38.72 41.87
[ 21.29 2457 36.41 44.94 25.71 26.68 32.06 37.84 25.38 26.78 35.83 37.12
810 24.01 26.06 35.85 45.23 27.56 29.21 332 37.83 29.1 30.42 36.2 38.3
P2 ANOMC-MR2 ANOMC-MR3 ANOMC-MR4
5, 16.71 17.33 20.61 23.83 29.75 32.77 40.71 41.96 24.92 2741 31.41 35.44
[ 11.46 11.56 141 15.9 18.84 195 26.89 25.07 17.42 18.07 22.74 23.95
8, 13.81 13.86 17.97 18.76 22.24 23.03 3175 31.45 20.95 21.86 27.31 28.9
[ 133 13.52 17.59 18.89 23.78 24.86 33.32 33.65 20.56 21.72 25.79 28.46
3 17.81 18.35 22.96 25.05 28.43 30.36 39.67 38.52 27.09 28.5 34.58 37.04
[ 155 16.03 19.64 21.32 25.67 28.58 37.68 36.96 23.36 24.48 29.62 31.46
[ 15.25 14.97 19.13 22.23 3111 32.38 38.57 40.17 2291 25.09 29.02 31.87
8 14.35 15.01 17.81 20.18 2551 27.31 34.96 36.21 22.46 22.96 28.03 30.45
819 13.79 14.63 19.07 20.07 28.99 31.02 36.85 37.82 21.38 22.87 26.83 31.43
ANOMC-Reg ANOMC-R ANOMC-MR1
[ 27.65 3241 40.22 52.03 33.42 35.01 38.12 44.46 34.33 36.13 42.77 45.94
83 17.07 19.27 28.73 35.36 20.25 20.87 22.79 27.02 2271 223 27.44 29.18
8, 21.73 24.57 3321 42.69 25.7 25.77 29.04 33.84 27.82 29.03 34.73 36.31
[ 21.94 25.25 332 44.17 25.79 27.44 30.39 36.04 26.91 30.25 34.4 38.25
[ 28.19 319 41.1 53.04 33.65 35.52 39.64 44.67 37.17 39.08 45.54 47.54
8, 25.06 28.53 36.68 49.03 29.47 30.88 34.82 40.37 3113 33.14 38.17 41.64
8g 22.43 26.34 37.89 47.91 27.15 29.93 33.08 40.15 25.63 28.42 37.51 39.1
[ 23.7 27 35.39 46.39 28.24 30.03 32.33 37.63 29.02 30.26 37.54 38.97
810 21.11 24.8 36.12 45.91 25.9 26.69 32.16 37.16 25.61 26.97 35.91 36.7
P3 ANOMC-MR2 ANOMC-MR3 ANOMC-MR4
5, 15.99 16.45 20.64 24.04 34.56 36.23 41.34 44.41 25.1 26.67 32.36 35.09
83 10.74 11.36 14.75 14.97 2171 22.95 28.52 28.05 16.87 18.04 22.68 23.7
8, 13.28 13.38 17.45 18.54 27.84 28.56 34.92 35.14 20.47 21.72 27.77 29.02
[ 13.12 13.77 17.69 18.92 27.71 29.49 35.03 35.63 20.88 22.08 25.61 28.42
3 16.84 17.55 227 2431 36.82 37.84 45.49 46.93 27.37 29.06 34.68 37.16
8, 14.86 15.38 18.94 21.34 31.47 32.58 39.02 40.42 23.34 2474 28.15 31.61
8g 14.97 15.27 18.44 21.41 26.54 28.57 36.87 37.62 23.07 2453 29.09 32.43
[ 145 14.69 17.59 19.45 28.83 30.11 36.59 37.08 23.33 23.23 28.4 29.56
819 14.45 165.17 17.15 20.44 24.78 26.8 35.96 35.76 22.74 23.86 28.5 30.37
ANOMC-Reg ANOMC-R ANOMC-MR1
5, 43.97 50.41 56.51 68.46 58.51 59.48 61.73 67.23 60.71 62.66 65.87 69.32
[ 25.74 28.96 40.1 49.93 33.95 36.36 39.54 46.44 35.23 376 46.31 48.77
8, 318 34.95 45.84 57.44 43.35 45.8 48.46 53.99 44.83 47.75 52.92 57.44
[ 34.53 38.68 47.32 60.01 46.22 49.36 51.71 57.78 48.26 50.34 54.88 60.55
86 40.94 472 56.16 67.82 55.25 58.89 60.52 66.45 58.25 59.97 64.96 68.53
5, 39.57 4431 51.67 64.74 52.87 55.06 56.17 63.17 53.5 56.52 61.54 65
8g 38.17 44.01 50.91 63.56 52.76 54.17 56.21 63.25 53.26 55.6 61.03 65.62
8 35.19 39.47 49.78 61.35 48.76 50 52.66 59.52 49.46 52.52 57.34 61.47
[ 34.71 40.64 49.62 62.28 48.91 50.9 53.02 60.03 50.85 52.3 57.33 61.13
Pa ANOMC-MR2 ANOMC-MR3 ANOMC-MR4
[ 155 16.11 20.07 23.25 58.23 60.19 65.19 66.57 25.52 27.17 31.65 33.98
83 11.14 10.76 14.18 14.97 35.15 37.56 45.1 46.18 17.41 18.13 23.22 22.01
8, 12.73 13.01 16.39 18.64 43.89 45.57 52.32 54.6 21 22.27 25.96 28.67
[ 13.49 13.15 16.4 18.01 47.19 49.22 54.75 56.66 19.6 21.28 26.16 28.31
86 16.8 17.86 21.01 23.81 57.74 58.72 64.87 65.5 26.46 28.44 34.38 35.79
8, 13.42 15.02 18.26 20.26 52.96 54.78 59.53 62.61 231 24.05 27.96 30.09
8g 14.15 15.23 18.6 20.15 53.09 54.44 60.71 61.7 22.84 23.96 28.33 31.66
8 135 13.92 17.47 19.31 49.79 51.28 56.52 58.03 22.03 22.95 27.15 29.97
[ 13.25 14.36 16.94 19.82 49.7 51.15 56.39 59.64 21.93 22.67 28.18 29.9
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Table 2. 16: Power (%) of ANOMC tests under homogeneous variances under unbalanced
design (ny) when t = 3.

p 3 (0,0) (0,3) (2,6) (0,25) (0,0) (0,3 (2,6) (0,25) (0,0) (0,3) (2,6) (0,25)
ANOMC-Reg ANOMC-R ANOMC-MR1
5, 40.14 44.47 52.96 61.67 40.44 42.61 47.58 50.24 41.16 43.84 49.72 52.42
[ 29.18 32.72 42.23 51.04 3041 30.88 36.29 40.19 30.94 32.37 39.64 41.05
[ 23.42 26.14 36.74 41.25 23.08 24.59 29.96 32.22 24.04 24.32 33.15 34.24
85 21.17 24.52 33.98 41.07 2121 22.74 28.86 30.28 22.02 22.55 32.04 31.97
[ 24.64 271.37 37.38 44.78 24.03 25.21 31.33 33.41 23.71 25.88 34.97 35.87
5, 35.6 40.28 48.13 58.21 36.24 36.52 42.05 46.26 36.05 38.23 45.62 47.98
[ 20.42 21.27 27.05 37.13 21.13 23 26.35 29.25 35.33 22.27 27.54 30.35
[ 32.58 36.57 46.02 54.84 33.16 34.39 39.06 44.15 33.15 35.1 425 44.29
810 19.14 21.61 28.09 36.59 20.21 21.92 25.45 28.48 21.09 21.61 27.51 28.61
P ANOMC-MR2 ANOMC-MR3 ANOMC-MR4
5, 25.63 28.01 37.64 39.02 39.64 42.11 49.8 50.37 40.2 43.83 49.81 53.78
[ 18.04 19.81 29.92 29.85 29.65 31.48 38.87 39.85 31.03 32.76 40.86 42.68
8, 15.56 16.31 25.9 239 23.09 23.74 326 32.55 24.39 26.11 34.45 35.75
[ 13.25 14.58 23.78 21.84 20.91 23.42 30.82 30.59 23.38 2417 33.78 34.2
86 16.01 17.17 26.77 25.36 23.7 25.08 33.46 32.28 26.54 28.22 37.07 38.68
[ 22.09 24.58 32.82 34.78 34.62 36.43 44.45 45.57 34.86 39.07 44.85 48.88
8g 16.34 16.07 13.54 21.56 20.4 21.65 27.43 29.26 22.08 2251 23.39 3112
8 20.88 22.99 29.79 33.22 32.01 33.58 40.49 42.59 34.47 36.1 42.37 46.7
810 15.45 15.86 14.51 20.75 20.01 21.34 26.8 28.58 20.33 22.61 25.56 30.46
ANOMC-Reg ANOMC-R ANOMC-MR1
[ 53.59 58.9 65.17 723 5117 53.8 57.46 61.88 49.06 51.86 58.17 60.43
[ 40.68 45.7 55.95 61.99 38.08 40.23 46.73 50.68 36.54 38.69 47.66 49.33
85, 32.03 36.28 47.34 54 29.88 32.41 38.67 41.95 28.55 3132 40.79 42.72
[ 31.39 33.7 45.96 51.44 27.18 29.71 36.78 38.93 27.19 29.25 39.79 40.41
[ 34.36 37.8 47.87 54.88 30.18 32.58 39.53 42.38 29.82 31.29 42.05 42.95
8, 47.9 53.09 59.27 67.78 44.35 46.88 51.81 56.88 43.19 45.21 52.88 55.35
8g 28.37 29.73 34.41 47.47 24.09 26.96 30.73 36.1 43.48 2741 32.93 37.07
[ 44.98 49.03 57.49 65.22 40.44 43.56 47.83 52.4 38.86 42.9 49.62 53.74
810 27.35 29.8 36.51 47.13 2541 26.08 31.33 35.33 25.79 26.63 33.85 36.14
P2 ANOMC-MR2 ANOMC-MR3 ANOMC-MR4
5, 25.74 28.71 36.31 38.67 47.36 49.35 56.63 59.64 41.08 43.58 49.33 53.49
[ 18.42 20.16 29.92 28.71 36.04 37.99 46.45 48.38 30.78 32.73 41.01 42.49
8, 14.94 15.69 25.44 23.23 28.01 29.29 40.11 40.51 24.88 26.36 33.94 35.45
[ 14.34 15.26 25.15 21.35 26.03 27.11 37.7 38.62 22.98 245 33.22 34.89
3 16.1 16.48 27.16 25.01 28.31 30.52 39.94 41.62 26.3 27.04 36.34 37.44
[ 22.03 25.13 322 35.19 42.03 44.42 51.57 53.48 35.92 37.17 44.28 48.79
[ 16.17 16.13 136 21.28 25.7 26.98 32.63 36.17 20.99 23.36 24.82 30.55
8 20.37 233 30.82 33.68 38.01 40.77 48.41 50.18 34.39 36.33 41.56 45.49
819 14.87 15.08 14.88 20.87 24.21 25.8 324 35.64 20.83 2212 25.63 31.91
ANOMC-Reg ANOMC-R ANOMC-MR1
[ 4413 49.45 55.67 66.77 48.38 50.13 53.38 59.43 49.88 51.68 57.47 60.79
83 32.96 37.62 43.94 54.63 35.44 38.28 41.91 46.89 37.25 41.32 46.08 50.22
8, 24.59 284 34.59 46.31 27.54 29.77 34.07 38.07 30.17 31.95 38.84 40.66
[ 2291 25.97 31.84 44.59 2458 27 30.4 36.32 27.89 29.4 36.61 40.86
[ 25.69 29.05 37.22 49.28 26.47 28.29 34.27 39.64 30.62 32.83 40.73 43.27
8, 38.41 43.09 50.34 60.35 41.54 43.8 47.45 53.01 44.03 45.56 51.74 54.39
8g 20.21 22.78 29.88 40.45 24.65 26.39 315 35.47 43.78 24.63 32.51 34.68
[ 35.51 40.01 46.28 57.76 38.99 41 44.81 49.64 38.83 41.44 47.66 51.37
810 20.73 22.97 30.85 40.3 24.22 26.36 30.94 34.33 23.46 24.54 32.73 34.18
P3 ANOMC-MR2 ANOMC-MR3 ANOMC-MR4
5, 23.42 26.66 36.08 38.51 49.38 50.42 55.56 59.21 41.42 43.13 49.06 53.73
83 17.62 19.17 29.53 29.07 36.4 37.91 44.56 48.09 30.59 33.06 40.16 42.96
8, 14.2 15.09 26.35 22.18 28.15 30.53 373 38.93 24.29 26.17 34.66 35.91
[ 13.43 14.63 25.6 21.48 26.13 27.75 35.29 36.93 22.75 24.26 32.8 33.99
3 15.66 15.91 26.9 242 29.03 3117 38.83 41.13 25.35 27.89 36.91 38.42
8, 21.66 23.38 3173 34.25 41.35 44.13 49.34 52.89 36.48 37.81 44.37 48.62
8g 16.06 15.97 13.28 22.12 22.62 24.19 31.56 33.04 20.5 23.01 24.75 31.04
[ 20.27 22.94 28.61 32.44 37.83 40.18 45.84 49.78 33.66 35.84 41.65 47.07
819 14.72 15.74 138 20.85 23.03 24.44 3153 3291 21.27 22.63 25.72 31.36
ANOMC-Reg ANOMC-R ANOMC-MR1
5, 73.58 76.25 78.82 84.26 80.3 80.78 79.22 82.2 80.34 81.46 81.17 82.97
[ 57.41 62.24 68.33 74.54 65.05 66.66 68.94 73.06 65.52 66.73 70.63 74.26
8, 46.65 50.59 58.76 67.06 52.48 54.5 59.53 63.17 54.75 57.47 62.44 68.4
[ 43.29 48.14 56.78 65.31 48.47 52.08 55.73 61.82 50.41 55.14 60.54 65.36
86 48.26 53.14 61.12 69.32 54.43 57.43 61.36 66.13 55.52 58.6 64.8 69.92
5, 66.19 70.04 73.85 79.92 72.14 73.29 74.42 77.64 73.81 74.25 76.04 78.6
8g 38.39 42.99 46.68 59.94 44.05 48.93 52.3 59.42 73.98 50.49 55.62 62.14
8 63.82 65.5 70.14 77.47 68.73 70.19 72.28 75.07 70.4 71.67 73.34 77.29
819 37.53 42.28 47.94 60.28 45.02 47.87 50.93 58.11 46.29 49.07 55.56 60.87
Pa ANOMC-MR2 ANOMC-MR3 ANOMC-MR4
[ 23.67 26.41 35.32 38.15 79.08 79.02 79.75 80.36 40.99 43.61 49.66 52.4
83 17.2 19.24 28.38 28 63.23 65.26 69.79 70.9 30.26 3217 39.98 42.33
8, 14.18 15.21 25.64 22.34 5174 54.69 60.92 63.29 24.43 26.06 34.11 34.78
[ 12.84 14.14 24,01 20.88 475 51.16 57.55 61.59 22.76 25.69 33.01 33.1
86 14.49 15.95 27.07 23.47 53.12 57.62 62.19 65.63 25.43 26.94 35.96 37.59
8, 2111 23.14 31.09 33.85 71.85 73.62 73.66 76.24 35 37.9 44.76 46.85
8g 15.44 16.84 12.97 20.68 44.64 48.39 52.6 58.52 21.26 21.59 23.96 30.54
8 19.21 22.2 29.24 321 68.37 69.34 71.67 74.27 33.63 35.9 42.16 45.96
[ 14.21 15.2 13.63 19.98 43.31 47.17 52.34 58.56 2111 22.07 24.8 30.3
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Table 2. 17: Power (%) of ANOMC tests under homogeneous variances under unbalanced
design (ny) when t = 4.

p 3 (0,0) (0,3) (2,6) (0,25) (0,0) (0,3) (2,6) (0,25) (0,0) (0,3) (2,6) (0,25)
ANOMC-Reg ANOMC-R ANOMC-MR1
5, 25.32 28.92 38.35 48.59 3118 33.49 37.2 42.92 32.03 33.88 42.39 44.07
[ 1291 15.11 24.25 29.09 16.57 16.76 20.99 231 17.45 175 24.45 23.56
[ 14.53 16.67 26.41 29.21 16.8 18.23 22.44 24.23 18.09 19.66 25.98 24.74
[ 19.63 22.32 32.49 38.8 23.87 2453 29.98 32.97 25.44 26.64 35.64 35.37
[ 14.63 15.89 25.36 30.51 18.1 19.71 23.37 25.2 19.18 20.05 27.64 26.65
5, 22.08 255 35.55 45 28.6 30.02 34.26 38.28 285 31.36 38.02 38.52
[ 14.92 17.43 24.56 313 19.22 20.65 2331 26.32 19.68 20.68 26.34 27.85
[ 20.49 24.08 33.61 42.31 27.11 28.34 32.04 34.84 26.78 28.32 35.81 36.76
810 14.55 16.68 249 28.66 18.76 19.44 22.33 25.55 19.53 20.24 26.24 26.52
P ANOMC-MR2 ANOMC-MR3 ANOMC-MR4
5, 13.29 14.99 21.58 22.93 32.25 3341 42.1 41.97 32.93 34.48 39.74 43.64
[ 8.39 8.33 12.62 10.71 17.13 17.44 24.52 22.03 18.06 19.24 25.06 24.77
8, 8.87 8.78 14.55 11.93 18.39 18.97 25.37 2412 18.67 20.49 27.95 27.64
[ 11.08 11.21 18.8 17.13 25.47 26.4 34.93 33.22 26.36 274 35.77 37.34
86 8.47 8.48 13.64 11.94 18.36 19.81 26.46 25.49 19.11 19.98 26.88 27.59
[ 11.88 13.62 19.35 20.97 28.38 29.57 37.43 39.1 29.08 31.05 36.56 40.29
8g 11.39 10.9 10.46 14.26 18.39 20.79 2571 25.55 19.64 20.77 23.7 27.41
8 11.71 125 17.97 18.9 26.65 28.16 36.13 35.39 27.75 28.91 35.11 38.14
810 10.88 10.37 10.7 13.66 19.24 19.71 25.42 26.02 19.1 20.89 23.72 26.45
ANOMC-Reg ANOMC-R ANOMC-MR1
[ 39.66 44.68 53.74 64.59 46.17 48.88 53.46 58.54 45.55 48.86 57.18 59.02
[ 21.66 24.55 36.3 40.78 24.62 26.68 3242 34.34 23.39 25.04 35.02 35.19
[ 24.19 26.68 39.2 42.6 26.87 29.12 34.15 36.69 2475 26.1 374 35.65
[ 3331 36.18 48.57 54 36.36 38.82 45.71 49.29 34.4 3731 48.35 48.1
[ 23.39 26.8 38.02 44.05 27.13 28.92 34.14 36.61 26.82 27.43 37.03 38.69
5, 35.07 40.85 50.11 61.22 41.06 43.7 48.9 53.58 41.43 42.66 51.27 54.62
8g 25.94 29.14 33.45 45.24 28.74 29.73 32.94 40.13 29.87 3247 37.11 41.48
[ 32.89 36.98 49.03 57.21 37.85 40 45.08 50.68 37.37 40.29 49.81 51.66
810 24.16 26.24 3341 42.39 26.49 28.68 32.45 38.09 28.64 30.54 36.42 39.25
P2 ANOMC-MR2 ANOMC-MR3 ANOMC-MR4
5, 13.2 14.48 21.46 2321 44.52 47.49 55.1 56.64 3171 34.44 39.67 43.6
[ 8.12 8.28 12.86 10.74 2341 24.12 34.81 32.61 17.82 18.44 25.06 25.35
8, 8.01 8.97 13.86 1153 2453 26.9 36.67 34.62 18.74 19.83 26.6 27.08
[ 11.01 11.53 18.61 16.43 33.79 35.97 46.72 45.59 26.32 27.14 35.92 36.24
3 7.97 8.37 13.23 1181 25.1 27.01 35.96 35.96 19.08 20.82 25.71 27.31
[ 11.58 12.3 18.48 20.04 39.75 42.98 50.22 52.26 28.79 30.05 37.34 39.94
[ 11.4 11.07 10.73 13.45 30.05 31.85 371 40.22 19.26 20.59 22.77 27.89
8 11.74 125 16.98 19.06 36.93 39.78 48.52 49.5 27.56 28.5 34.9 37.57
819 10.66 10.49 10.45 13.69 28.81 30.03 36.78 38.53 18.55 20.24 23.23 26.38
ANOMC-Reg ANOMC-R ANOMC-MR1
[ 3272 37.02 44.03 57.54 43.62 45.35 48.74 54.08 46.24 48.51 52.84 57.41
83 15.75 18.16 24.89 34.7 21.95 23.42 2571 30.91 24.6 25.8 30.51 34.28
8, 16.53 18.53 26.1 349 23.27 25.04 28.15 31.58 26.3 27.64 33.32 36.02
[ 22.13 25.05 34.27 45.28 3143 32.57 36.7 43.11 36.84 38.06 44.91 47.18
[ 17.73 20.2 26.82 37.06 23.97 25.66 48.62 34.55 27.86 29.31 33.96 36.53
8, 28.79 33.04 40.95 53.22 38.06 40.45 44.96 50.92 40.75 44.25 47.86 53.22
8g 15.12 18.31 28.09 37.59 2478 26.92 3135 36.42 25.02 26.66 343 36.72
[ 26.01 29.81 38.49 49.81 35.71 37.81 42.25 46.61 38.15 40.14 46.36 49.29
810 15.99 17.76 28.48 35.12 24.26 26 30.45 35.89 25.56 2551 3171 35.59
P3 ANOMC-MR2 ANOMC-MR3 ANOMC-MR4
5, 11.96 13.06 20.26 21.96 45.09 47.04 52.81 55.87 3171 33.37 40.53 43.24
83 8.03 7.75 1241 10.74 24.74 249 30.61 32.88 17.48 17.87 24.05 25.15
8, 7.69 7.91 13.63 10.95 25.1 26.72 32.96 33.81 18.43 19.47 26.98 27.28
[ 10.4 1111 18.27 16.7 36.04 37.28 44.23 46.77 2571 27.11 34.42 35.63
3 7.92 8.51 1331 11.16 27.01 27.91 33.75 36.09 19.24 20.34 26.53 27.87
8, 10.58 11.97 18.46 18.38 40.58 43.19 48.26 50.53 28.83 30.81 36.3 39.24
8g 10.64 10.42 10.06 13.87 24.38 26.03 32.95 34.47 19.43 20.77 22.84 27
[ 11.04 10.65 16.82 17.64 37.46 38.98 45.08 47.81 26.17 28.73 34.6 37.04
819 11.06 1119 10.93 12.36 2331 25.59 31.63 34.49 18.79 20.14 23.42 26.73
ANOMC-Reg ANOMC-R ANOMC-MR1
5, 53.25 59.53 64.64 75.22 70.92 71.29 72.18 75.55 72.42 72.92 75.4 77.58
[ 26.34 30.05 42.16 50.06 37.56 40.45 44.83 49.98 38.86 41.38 50.21 54.15
8, 27.37 30.33 42.16 51.09 39.81 42.11 48.02 52.14 40.39 45.03 51.86 55.52
[ 39.23 43.26 53.42 63.22 53.75 56.43 60.41 65.13 55.87 59.18 64.63 67.8
86 28.35 32.96 43 53.78 41.58 44.78 48.74 54.42 44.45 47.09 535 57.38
5, 46.17 52.28 60.34 70.24 64.78 65.48 67.24 71.22 65.3 67.97 70.3 72.62
8g 29.4 35.25 40.61 53.91 43.26 47.61 49.25 56.36 44.92 48.82 53.84 59.64
8 43.55 48.26 56.87 66.53 59.1 61.02 63.01 69.04 60.93 63.61 67.47 69.76
[ 28.38 3178 39.99 516 40.85 44.73 47.86 53.45 41.85 45.97 52.49 57.02
Pa ANOMC-MR2 ANOMC-MR3 ANOMC-MR4
[ 12.39 12.81 19.87 21.37 70.67 71.34 73.75 74.77 3112 33.99 38.61 42.23
83 7.54 7.2 1258 10.26 38.27 40.28 49.1 49.79 17.13 17.89 24.41 24.37
8, 7.99 7.7 13.34 10.81 39.96 43.13 515 52.26 18.21 20 27.02 26.51
[ 9.72 10.37 1753 15.15 54.29 56.66 62.85 66.21 2414 2751 35.09 36.22
86 8.47 7.91 12.96 11.26 42.45 45.18 52.45 53.96 18.71 20.08 25.27 27.65
8, 11.4 11.45 1751 19.07 64.51 65.22 69.05 70.76 27.65 30.15 36.67 39.53
8g 11.34 11.04 10.45 13.85 44.19 45.72 52.41 56.31 19.19 19.7 23.33 27.54
8 10.72 11.53 16.6 17.31 59.45 60.62 65.4 67.75 25.97 28.94 34.16 37.58
[ 10.53 9.82 10.38 1321 41.54 44.09 50.56 53.62 18.07 19.96 22.83 26.16
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Table 2. 18: Power (%) of ANOMC tests under homogeneous variances under unbalanced
design (ny) when t = 5.

p 8 (0,0) (0,3) (2,6) (0,25) (0,0) (0,3 (2,6) (0,25) (0,0) (0,3) (2,6) (0,25)
ANOMC-Reg ANOMC-R ANOMC-MR1
5, 64.94 68.42 7175 79.51 60.83 62.29 63.4 67.73 63.6 64.13 67.39 67.78
83 24.58 27.42 35.48 422 22.97 23.97 27.4 29.86 24.73 24.43 3119 29.48
[ 36.04 39.21 46.77 56.41 34 35.71 39.25 42.96 35.82 37.12 42.64 43.45
85 47.78 51.72 56.97 66.54 45.77 46.04 47.72 52.33 46.66 47.54 52.19 54.12
[ 44.87 48.98 56.61 65.59 45.73 45.9 47.87 52.71 45.85 47.07 53.27 54.07
5, 62.23 65.31 70.05 76.66 57.84 59.43 60.91 64.36 59.72 60.96 65.54 64.61
8 20.08 22.58 27.22 34.78 21.33 2271 239 26.92 2213 22.14 26.51 26.83
8y 58.67 63.3 66.98 74.89 54.93 56.57 57.81 62.37 56.61 57.65 61.59 62.38
S1o 221 24.18 30.34 37.41 24.24 24.63 26.54 29.3 24.39 25.15 30.36 28.8
P ANOMC-MR2 ANOMC-MR3 ANOMC-MR4
8, 41.86 45.74 52.72 54.04 61.19 62.51 65.45 65.92 64.53 66.14 68.74 69.57
83 14.97 15.26 22.78 20.15 22.48 23.79 29.67 282 28.33 28.41 34.56 34.54
[ 20.86 225 30.34 28.43 34.73 34.59 4151 40.29 37.56 39.77 45.53 47.56
85 28.68 30.97 38.85 39.23 43.53 44.49 50.69 51.03 47.8 49.45 54.32 55.94
86 27.16 28.61 36.52 38.46 44.89 44.66 51.37 51.67 48.34 49.58 54.2 56.96
8, 39.97 42.66 48.99 519 57.21 58.17 61.85 61.58 62.62 62.8 65.8 66.79
8g 16.89 16.79 14.46 18.66 20.91 21.97 25.03 25.4 21.43 21.98 24.25 27.65
8y 38.18 40.41 46.66 48.47 53.58 55.42 60.58 59.34 58.77 60.43 62.74 64.94
810 16.85 17.27 16.81 19.17 23.71 24.16 28.34 28.28 24.58 25.23 28.84 30.27
ANOMC-Reg ANOMC-R ANOMC-MR1
[ 84.84 85.33 86.41 89.57 78.95 78.67 77.54 79.83 78.68 78.56 79.53 79.42
83 38.61 40.54 52.19 57.77 3221 33.64 37.59 39.98 30.42 32.15 40.44 39.6
[ 53.11 57.06 64.42 71.23 45.77 47.25 51.58 55.33 44.17 46.64 53.37 53.38
[ 67.11 71.03 73.93 81.01 59.86 60.23 61.7 66.07 59.26 60.58 65.05 66.21
86 63.28 66.64 73.52 78.78 57.09 58.45 61.05 64.86 54.14 55.94 61.63 62.69
8, 81.97 83.25 84.27 88.78 74.65 74.66 74.67 77.12 74.91 76.14 77.35 76.94
8 32.88 34.72 36.97 50.07 29.09 29.59 32.57 36.99 29.2 31.26 34.7 38.09
8y 79.59 81.55 83.14 86.7 70.82 71.25 7241 74.93 72.56 72.94 74.68 75.55
810 33.84 36.79 42.59 52.83 30.75 31.56 34.74 38.44 30.94 31.64 38.41 40.44
P2 ANOMC-MR2 ANOMC-MR3 ANOMC-MR4
8, 4311 46.16 51.84 54.32 76.02 7711 78.63 7727 64.75 65.5 67.62 68.44
83 15.61 15.54 23.22 19.79 29.67 29.95 37.69 37.04 26.96 27.59 35.21 337
8, 20.61 21.91 30.02 29.16 41.96 43.62 51.24 523 38.29 40.11 44.99 46.64
85 28.89 30.64 37.89 39.91 56.82 58.87 63.56 63.97 49.53 50.21 53.99 55.97
3 26.86 28.11 36.49 36.78 51.16 53.39 60.35 59.76 48.17 48.95 55.5 56.77
[ 40.18 42.33 48.73 51.33 72.67 72.33 75.44 74.45 60.78 64.5 66.12 66.08
8 17.68 17.11 14.25 18.65 29 30.54 34.9 36.48 21.58 22.79 247 27.81
8 37.73 39.26 46.79 48.57 69.56 69.92 7291 72.15 60.12 60.46 63.14 64.43
810 17.74 17.37 16.91 195 29.96 31.62 36.83 37.29 24.95 25.29 28.85 30.76
ANOMC-Reg ANOMC-R ANOMC-MR1
[ 75.16 75.98 78.76 83.11 73.61 74.34 74.1 75.85 76.08 75.81 77.8 78.48
83 25.55 29.41 35.09 45.75 28.31 29.66 3135 34.75 316 32.47 36.96 38.58
[ 39.96 44.64 49.13 61.17 4271 44.15 45.05 49.85 47.44 46.97 52.26 55.04
[ 54.85 58.98 62.91 72.14 55.99 56.6 57.27 61.93 59.53 60.07 62.96 65.28
[ 51.84 56.56 61.25 70.87 55.45 57.24 58.26 63.3 59.73 60.7 63.99 65.85
8, 7111 73.45 76.77 81.15 69.82 7131 70.73 73.03 72.35 73.17 74.79 75.55
8g 19.81 2221 28.45 38.41 24.96 26.24 29.35 3233 23.81 25.88 30.77 32.65
8y 67.53 69.87 73.75 79.41 66.74 67.85 69.11 71.48 68.87 70.23 7147 73.47
810 21.78 25.29 3178 42.07 28.36 29.66 3221 36 27.65 28.68 34.19 36.31
P3 ANOMC-MR2 ANOMC-MR3 ANOMC-MR4
5, 40.66 43.22 49.39 53.6 74,01 74.45 75.2 75.59 64.98 66.29 67.05 69.66
83 14.94 14.2 23.81 19.37 29.69 31.48 35.42 36.37 26.85 28.45 34.05 34.04
8, 20.18 21.36 29.24 28.2 45.54 45.5 49.84 52.77 36.93 39.48 44.75 47.21
[ 27.78 29.73 3741 39.25 57.63 58.04 60.24 61.59 41.7 50.14 54.15 55.46
3 25.73 27.06 36.17 36.88 57.19 58.83 62.05 63.74 48.58 49.97 54.39 56.61
8, 37.92 4111 47.35 50.67 70.42 71.62 7275 7273 62.39 62.13 66.32 66.64
8g 17.08 16.26 13.89 18.62 23.84 2478 29.74 30.99 2191 222 23.84 27.69
[ 35.99 39.25 45.38 48.18 67.48 66.1 69.61 70.8 58.87 59.47 63.62 63.37
819 17.28 17.34 16.86 19.66 27.16 27.89 33.19 34.28 26.29 25.72 28.93 30.64
ANOMC-Reg ANOMC-R ANOMC-MR1
8, 96.23 95.5 95.57 95.12 96.75 96.24 94.55 93.29 97.36 96.76 95.14 93.87
[ 51.35 54.21 62.32 68.92 54.86 56.55 58.68 61.56 58.18 58.83 62.98 65.88
8, 69.9 72.86 76.93 82.05 7391 74.49 74.06 76.98 76.12 76.27 79.09 80.19
[ 84.93 87 87.06 89.02 87.44 87.04 85.7 85.76 89.19 89.13 87.29 87.43
86 80.5 82.46 85.05 89.11 85.59 85.15 83.49 85.86 86.67 86.72 85.87 86.5
8, 94.74 94.33 94.55 94,51 95.77 95.02 92.7 92.03 96.4 95.69 94.01 93.24
8g 432 46.43 48.27 63.27 49.67 52.49 53 60.83 51.95 52.95 56.7 60.96
8 92.97 92.08 93.17 93.43 94.14 92.72 91.69 90.74 94.85 94.02 92.78 91.76
819 45.02 48.2 5175 65.21 52.74 54.65 56.77 62.24 52.59 56.88 60.29 64.07
P4 ANOMC-MR2 ANOMC-MR3 ANOMC-MR4
[ 40.63 41.95 50.46 51.99 96.61 95.59 95.11 92.55 65.43 65.5 67.81 69.79
83 14.63 14.97 2251 18.43 54.56 56.64 61.91 60.93 26.87 27.63 33.62 33.55
8, 19.26 21.01 29.18 27.97 73.43 739 75.58 76.5 38.13 39.81 44.6 45.95
[ 27.27 29.57 36.14 37.88 87.04 86.57 86.21 85.45 48.81 49.81 53.24 55.61
[ 24.42 27.37 34.81 35.97 83.84 84.11 83.7 84.38 48.02 50.02 53.5 55.76
8, 37.74 39.95 47.49 49.37 95.39 94.47 93.6 91.37 61.92 62.39 64.5 66.61
8g 16.79 16.08 14.23 18.15 48.55 51.16 54.78 58.9 21.92 22.95 23.62 27.25
8y 35.48 37.7 44.74 47.35 93.58 92.97 92.14 90.3 57.75 60.25 62.57 65.31
[ 16.98 17.46 16.68 18.97 52.11 53.77 58.32 60.4 24.66 26.07 28.1 30.2
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2.5 lllustrative Examples

To evaluate the performance of our proposed methods, as well as existing method, that
utilize auxiliary information through the analysis of means using covariate (ANOMC), we
provide real-life examples that compare the means while considering the auxiliary variable.
This illustration is based on real manufacturing industry and medical science data. The
ANOMC-Reg, ANOMC-R, ANOMC-MR1, ANOMC-MR2, ANOMC-MR3, and

ANOMC-MR4 methods were implemented for analysis in balanced and unbalanced cases.

2.5.1 An example of the balanced case (equal sample size)

The mechanical manufacturing problem dataset [66] was utilized to implement the
ANOMC methods for a balanced case with equal sample sizes. Dultta, et al. [66] conducted
an experimental study on the effects of electrical discharge machine (EDM) parameters on
machining time and surface roughness for machining Inconel 800. They utilized an (EDM)
and investigated the impact of pulse current, pulse-on-time, and pulse-off-time. The EDM
process employed a negatively polarized brass wire with a diameter of 0.25mm and a
tensile strength of 500N/mm as the electrode. Deionized water was used as dielectric fluid
to facilitate insulation and material removal. Samples with dimensions of 25mm X
25mm X 5mm were cut using the Electronic 4-axis CNC sprint cut wire electrical
discharge machine. Machining time (in minutes) and surface roughness (in pm) were
recorded while varying the pulse current (amp), which was one of the manipulated

parameters.

In this example, the focus is on studying two variables: surface roughness (Y) as the study

variable and machining time (X) as the concomitant variable. These variables are reported
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at different levels of pulse current (amp). The relationship between surface roughness and
machining time is considered to be linear based on ten experiments, excluding the first and
seventh experiments. Hence, 10 observations (n = 10) correspond to three levels (t = 3)
of pulse current, namely 210um, 220um, and 230um. The ANOMC methods (ANOMC-
Reg, ANOMC-R, ANOMC-MR1, ANOMC-MR2, ANOMC-MR3, and ANOMC-MR4)
are applied for testing the means of surface roughness considering machining time with a
significance  level (a) of 5%. Moreover, the estimator's mean
(M;, Teayir Tayis Tiayio Teayi. and Tis);.) are calculated for each pulse current level, and the
critical values are presented in Table 2.4. Furthermore, Figure 2.1 illustrates the graphical

depiction of the ANOMC tests performed with a balanced design.

ANOMC-Reg involves calculating the overall mean (M) as 3.073646 and the overall
mean square error (MSEy ) as 0.071436. The individual regression means (M, ) are plotted

against the decision interval, with the critical value C(a, t,n) = 8.59, the lower decision
limit (LDL) set at 2.915205, and the upper decision limit (UDL) at 3.232086. For

ANOMC-R, the overall mean (T(l)_,) is determined as 3.084764, and the overall mean
square error (MSEr ) is calculated as 0.312417. Using the critical value V(o,t,n) =
9.652, the decision interval is established with the LDL at 2.306178, and the UDL at
3.863351, and it is plotted against the individual modified ratio means (T(l)i.). ANOMC-
MR involves calculating the overall mean (T(Z)_.) as 3.077092 and the overall mean square
error (MSExz ,, ) as 0.296145. The critical value Z(a, t,n) = 9.55 is used to determine the

decision interval, resulting in the LDL of 2.346857 and the UDL of 3.807328, and it is

plotted against the individual modified ratio means (T(Z)i_). In ANOMC-MRZ2, the overall
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mean (T(3)__) is calculated as 3.07224, and the overall mean square error (MSET@") S

determined as 0.017299. The individual modified ratio means (Tsy;) are plotted against

the decision interval. By utilizing the critical value K(a, t,n) = 9.58, the decision interval
is established with the LDL at 3.02945 and the UDL at 3.115031. In ANOMC-MR3, the

overall mean (T(4)__) is calculated to be 3.084763, and the overall mean square error

(MSET@)") is determined as 0.31011109.
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Figure 2. 1: The performance of ANOMC methods for EDM problem.

The critical value P(a,t,n) = 9.62 is utilized to establish the decision interval. The
individual modified ratio means (T@)i,) are plotted against this decision interval, resulting

in the lower decision limit (LDL) of 2.314484 and the upper decision limit (UDL) of
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3.855042. Finally, in ANOMC-MR4, the overall mean (T(S)_,) is found to be 3.071949, and

the overall mean square error (MSET(S)") is determined as 0.01894093. The critical value

O(a,t,n) = 9.54 is used to establish the decision interval. The individual modified ratio
means (T(S)i_) are plotted against this decision interval, with the lower decision limit (LDL)

set at 3.025294 and the upper decision limit (UDL) set at 3.118605.

2.5.2 An example of an unbalanced case (unequal sample size)
In the field of medical science, a dataset related to sexual desire (libidos) applies ANOMC
methods in an unbalanced case with unequal sample sizes. Where the effects of three
different dosages of Viagra on both participants' and their partners' libidos are recorded.
The dataset [67], consists of three treatment groups corresponding to different Viagra
dosages. The first treatment group represents the placebo (no Viagra), including 9
participant and partner libidos samples. The remaining two treatment groups represent low
and high dosages of Viagra, with 8 and 13 samples of participant and partner libidos,
respectively. In this analysis, the number of participant libidos was considered as the study
variable (), while the number of partner libidos served as a covariate (X). Figure 2.2
illustrates the graphical depiction of the ANOMC tests performed with an unbalanced

design.

The ANOMC methods (ANOMC-Reg, ANOMC-R, ANOMC-MR1, ANOMC-MR?2,
ANOMC-MR3, and ANOMC-MR4) are applied for testing the means of participant libidos
considering partner libidos served with a significance level (a) of 5%. Moreover, the
estimators mean  (M;, Tyi, Teyir Tayis Taayi and T(sy;) are  calculated for each

participant's libidos level.
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Figure 2. 2: The performance of ANOMC methods for Viagra dosage problem.

ANOMC-Reg involves the computation of the overall mean (M ) as 4.641178 and the
overall mean square error (MSEy; ) as 0.393557. The individual regression means (M;)
are plotted against the decision interval using the critical value C*(a, t) = 8.73. The lower
decision limit (LDL) is set at (3.682991;3.600950;3.923855), and the upper decision limit
(UDL) is set at (5.599366;5.681406;5.358502). For ANOMC-R, the overall mean (T(l)._)

is determined as 4.98926, and the overall mean square error (MSET(l)__) is calculated as

0.505509. Using the critical value V*(a, t) = 9.74, the decision interval is established with

the LDL at (3.616115;3.498546;3.961289) and the UDL at

(6.362404,6.479973;6.017230). The individual modified ratio means (T(l)i.) are plotted
against this interval. ANOMC-MRL1 involves calculating the overall mean (T(Z)") as
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4.769833 and the overall mean square error (MSEx,, ) as 0.292333. The critical value
Z*(a,t) =9.743is used to determine the decision interval, resulting in the LDL of
(3.975752; 3.907763; 4.175364) and the UDL of (5.563914; 5.631904; 5.364302). The
individual modified ratio means (T(z)i_) are plotted against this interval. In ANOMC-MR2,
the overall mean (T(3)_) is calculated as 4.369636, and the overall mean square error
(MSET(S)__) is determined as 0.2433905. The individual modified ratio means (T(3)i.) are
plotted against the decision interval, established using the critical value K*(a, t) = 9.72.
The LDL IS (3.709859;3.653368;3.875710), and the UDL IS
(5.029414;5.085904,4.863562). ANOMC-MR3 involves calculating the overall mean
(T@)_,) as 4.989049, and the overall mean square error (MSET(4)__) is determined as
0.419637. The critical value P*(a, t) = 9.7 is utilized to establish the decision interval,
resulting in the LDL of (3.853844;3.756647;4.139206) and the UDL of
(6.124253;6.221450;5.838891). The individual modified ratio means (T(4)i.) are plotted
against this interval. Finally, in ANOMC-MR4, the overall mean (T(S)_,) is found to be
4.368331, and the overall mean square error (MSEr ) ) is determined as 0.241897. The
critical value O* (o, t) = 9.67 is used to establish the decision interval. The individual
modified ratio means (T(S)i,) are plotted against this interval, with the LDL set at

(3.715975;3.660120;3.879961) and the UDL set at (5.020687;5.076542;4.856701).

2.6 Summary and Concluding Remarks

The ANOM test compares means within the main variable; however, the ANOMC test
represents an improved version of the ANOM test, incorporating the influence of

covariates. This study expands upon the ANOMC test, utilizing ratio estimators instead of
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the regression estimator. In this context, the extension ANOMC test is denoted as
ANOMC-Reg, while the proposed ANOMC is presented as ANOMC-R, ANOMC-MR1,
ANOMC-MR2, ANOMC-MR3, and ANOMC-MR4. The ANOMC tests (namely,
ANOMC-Reg, ANOMC-R, ANOMC-MR1, ANOMC-MR2, ANOMC-MR3, and
ANOMC-MR4) work under a set of assumptions, such as normality, linearity, and
homogeneity. The impact of these assumptions, as well as considerations like sample sizes
(equal or unequal), different treatments, and the formulation of null and non-null
hypotheses, is meticulously assessed concerning the ANOMC tests. This evaluation
compares the tests' performance in terms of the test's percentage type | error and percentage
power. At the end of this simulation, the study showed that in case of homogeneity of
variances with the null case, the ANOMC-Reg is not as robust as the ANOMC based on
ratio family (ANOMC-R, ANOMC-MR1, ANOMC-MR2, ANOMC-MR3, and ANOMC-
MR4) under both Chi-square and Cauchy distributions. Furthermore, it is observed that
when unequal correlations, pairing (direct or indirect) of correlations are considered may
lead to a change in the percentage type error rate from pre-specified (a = 5%). In the
presence of heterogeneity of variances with the null case, regardless of the distribution
shape and sample size combinations, the aforementioned ANOMC tests are affected. Still,
the ANOMC-R, ANOMC-MR1, ANOMC-MR2, ANOMC-MR3, and ANOMC-MR4 tests
exhibit less susceptibility to the effects compared to the ANOMC-Reg test, particularly the
ANOMC-MR2 test, in both balanced and unbalanced design under normal and non-normal
distribution. ANOMC-Reg is affected when large sample sizes are associated with more
substantial variances. On the other hand, the ANOMC-MR1 test shows higher rates of type

| error when there is an association between small sample sizes and large variances.
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As anticipated, the power values of the ANOMC tests (ANOMC-Reg, ANOMC-R,
ANOMC-MR1, ANOMC-MR2, ANOMC-MR3, and ANOMC-MR4) vary based on the
effect size, sample size, and distribution environment. ANOMC, when compared to
ANOMC-Reg, demonstrates relatively superior performance when employing ratio family
estimators. However, it is important to note that the specific experimental conditions
significantly determine the outcomes. Furthermore, the effectiveness of the ANOMC tests
improves as the correlation between the study variable and the concomitant variable

increases.
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CHAPTER 3

GRAPHICAL MEANS TESTING

APPROACH USING TWO

COVARIATES

In real-world applications, it is frequently necessary to account for covariates that exhibit
linear relationships with the main variable. However, in such cases, the conventional
ANOM approach fails to consider the impact of these covariates when assessing the
equivalence of group means. In the previous chapter, we proposed a new ANOMC methods
that adjusts for one covariate. Use of the ANOMC test is not sufficient; more investigations
should be conducted on its utility in experiments where there are multi-covariates involved.
Therefore, in this chapter, we aim to find out the performance of the ANOMC test with
two auxiliary variables with a family of ratio estimators. The proposed test is namely
ANOMC-MR6, ANOMC-MR7, ANOMC-MR8, ANOMC-MR9, and ANOMC-MR10
and will be evaluated in terms of Type I error rate and the power of the test. In order to

evaluate and compare performance, a Monte Carlo simulation was conducted. The tests are
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assessed based on their percentage of type | error and power under various design

parameters.

3.1 Introduction

Historically, statisticians have placed significant emphasis on utilizing covariates as
valuable tools for minimizing unwanted variability in a dependent variable. Nonetheless,
further research and exploration are required to comprehensively investigate the role of
multiple covariates in reducing errors and obtaining accurate and reliable results,
particularly in experimental settings. Recent studies have discussed and focused on the
effectiveness of two auxiliary information (covariates) used in control charts, and
generally, they show promising results [68-73]. In addition, ratio estimators have been
recognized as trustworthy estimators in many diverse areas, such as control charts, and
have exhibited outstanding influence [70, 72, 74]. As proven by Hussain, et al. [74],
Jayalath and Ng [54], Khan, et al. [75], and Noor-ul-Amin, et al. [76], the aforementioned
estimators performed well with the applications of control charts. The application of ratio
estimators using two auxiliary variables conducted by Yan and Tian [77], Kadilar and
Cingi [78], and Lu [79] indicates that the ratio estimators are powerful in a wide variety of
areas, however within the Design of Experiments (DOE) arena, the application of ratio
estimators, in particular when involving two auxiliary variables, has in fact been quite
Infrequent.

Though ratio estimators have demonstrated their utility in applications of control charts, in
the DOE field, their expectable values and effectiveness in ANOMC test, which makes use
of auxiliary information, are thus far less known. Therefore, the prime objective of the

current study is to evaluate the effectiveness of the ANOMC test with multiple auxiliary
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variables using ratio estimators. The proposed tests, referred to as ANOMC-MRS,
ANOMC-MR7, ANOMC-MR8, ANOMC-MR9, and ANOMC-MR10, will be assessed in
terms of two measures: the percentage of Type | error and the power of the test. The
evaluation will be conducted under different distributions, covariance structures, sample
sizes of the treatments, heterogeneous variances, and different number of treatments.

The remaining part of the chapter is organized as follows: Section 2 consists of
mathematical details of ANOMC-MR6, ANOMC-MR7, ANOMC-MR8, ANOMC-MR9,
and ANOMC-MR10 tests; Section 3 describes the study's parameters design; Section 4
assesses the performance of the proposed methods; Section 5 focuses on applications in
biomedical and mechanical engineering; Finally; In Section 6, we provide our concluding,

remarks for the study.

3.2 Proposed Approach

In this section, we will introduce the mathematical derivations and details of the ANOMC
test, specifically focusing on the inclusion of two auxiliary variables. Our proposal involves
utilizing the ANOMC test based on ratio estimators to test adjusted means when two

covariates are present.

3.2.1 The fixed-effect model

Let us consider a completely randomized design (CRD) with a single factor and two linearly
related covariates X and Z with t treatment levels, each with n; observations while the total
number of observations is N = Y.‘_, n;. The corresponding fixed effects model can be

expressed as follows:

Yi=p+ 1 +BXy;—X)+ B (Zy;—Z)+ €;,i =123, ....t,j =1,23,..... n;  (3.1)
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Where Y;; is the j th observation of response variable for the it" treatment level, T; = u; —
u is the fixed effect of it" treatment level with respect to the overall mean y, and we
assumed that the random errors ¢;; “:¢ N(u,az), X;jis the j* observation of covariate for

the i*" treatment level corresponding to Y;;, B is the slope indicating the relationship

between Y;; and X;

i X is the grand mean of X;j observations. Z;; is the j* observation

of covariate for the it" treatment level corresponding to Y;j, B* is the slope indicating the

relationship between Y;; and Z;;, Z_ is the grand mean of Z;; observations.

ij
In model (3.1), several assumptions are made. Firstly, we assume that the slope B and B*
is not equal to zero, indicating a linear relationship between Y;; and X;; and between Y;;
and Z;;. Additionally, it is assumed that the observations for each treatment level are not
identical. Furthermore, it is assumed that the concomitant variables X;; and Z;; are not
affected by treatment levels. Moreover, X;; and Z;; are assumed to have the same effect on
Y;; Which implies equal slopes for these concomitant variables. Lastly, the treatment
effects sum to zero (i.e., Y.f_, 7; = 0). The structure of the test dataset and ANOMC-MRS,
ANOMC-MR7, ANOMC-MR8, ANOMC-MR9, and ANOMC-MR10 tests, is reported in

Table 3.1.

3.2.2 The ANOMPC test based on ratio estimators

A class of generalized ratio-type estimators is employed, treating it as a ratio variable for
the purpose of testing the meanwhile incorporating the two covariates. The ANOMC test
based on the ratio estimators considering two covariates is referred to ANOMC-MRG6,

ANOMC-MR7, ANOMC-MR8, ANOMC-MR9, and ANOMC-MR10 tests.
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Table 3. 1: The framework of the ANOMC test based on ratio family estimators and data layout.

Test Terms T4 Ty T3 T; T,
Rl Yll(Xllr‘ Yz1(X21-Zu) Y31(X31) Yll(Xll) Ytl(th)
RZ Y12(X12~ YZZ(XZZIZZZ) YSZ(X32) le(xlz) YtZ(XtZ)
R; Yii(Xap 2 Y5(Xaj, Z55) Y3i(X3) o Yi(Xg) Y5(Xg)
Rnl Yl'r't1 (Xln an7 (inyzzn;) Y3n;(X3n;'Z3n;) Yini(Xinerinl Ytn[(th,thn[)
Y, =5y,
X = Zinz‘lxij Y, X, Z Yy (X3,Z,) Y; (X3, 23) Y (Xi,Z;) Y. (Xe, Z¢)
{1 =31 7
L= Y/
X = Zinz'l Xij/my N,z Y%X..Z,) Vs (X3,25) Y.(X:,Z;) Y (X, Z:)

Z =31 Xiy/n
N =1\2
St =3 (Y —%) /-1

N = \2
sto=xl (X - %) /- 1) Stk SE(SELSE)  SE(SRLSE) - SR(SE.SE) . SR(SE.SE)
N = \2
Sz =3 (2 -2) /(u -1
Syox, = Zimy (Y = V) (X = %)/ (i = D) Sy, x, Sy, x, Sy, X, Sy.x, Sy, x,
N (Y- K-.)(Zi,- -Z)/(—1) Sy, z,. Sv, 2, Sy, 25, Sy,z, Sy,2,
Sxiz. = Ejn:i1 (Xij - Xll)(zij - Zi.)/(ni -1 Sx, 7, Sx,2, Sx, 2, Sx,z, Sx,z,
6, =1-g)/n 0, 0, 05 0, 0,
CE =S¢ /X? cz, cZ, C3, cz, cz
CE =3 /X? c, cz C%, C%, c:
C% =Sz /7? C3, 3, cz, C3, s,
s, o722 |1- Pyx + Pyx — 2PyxPysPxz
Wi it by 1-p2, ST(x)l ST(x)z. ST(x)z ST(X)E ST(W-
Where K = 6,7,8,9,10
Cy,; (Pxy—=PyzPxz) Cy; (Pxy=PyzPxz)
v Rayi="E T Rei = RuuRe  RwzRee Rays R w RowR@i . RwoRe
'E Cx; (1-p3z) Cz; (1=p3z)
O - _
= - D S AN - 7 T T T
] Tey. =¥, ( z YR == )R UGH Te)2. UGE Ty Tee.
3 i Zi,
Z
) $ami = 7o o, s Sani = Tecs Saovéa Sanzéan: S0z a3 v Saniani o Saneane
E. Cy; (Pxy—=PyzPxz) Cy; (Pxy=PyzPxz)
LE) Jayi = {(u)lcx (1 pﬂ)J(z)i = {hz)lcz G-rZ) JovJas JwzJ@)2 JwsJ@s JwiJ@i JayeJoe
o
z Ty =7, ( z )"” ( )’“)‘ T Ty, T(7ya. Ty Ty
Xi, Cy,
By(x;) = . B
n(n; + 1) XL, (i, — X)* __30u-— 1)? B,(x1) B,(x,) By(x3) B, (x;) B, (x;)
(n; — D(n —2)(; = 3)Sy,  (n; —2)(n; — 3)
By(z;) =
n(n + DX (2~ Z)* 3(n - 1)°
— iy z < By(z,) By(2,) By(z3) By (z:) By(z,)
(i — D —2)(n; —3)Sz, (i —2)(n; — 3)
) (See [63])
X Z
f(zx)i = m ) f(zz)i = m f(z;c)l-f(: f(z;c)z-f(zz)z f(z;c)3'f(2z)3 f(zx)i'faz)i f(Zx):'f(Zz):
~N Cy,; (Pxy—=PyzPxz) _ Gy (Pxy=PyzPxz)
€ Jui= EmrCr (2" @ = T Co gt Jovley  Jwzle@e JwsJ@s v v Jae @
O
= - X+ By(x:1) Z,+ By(z) = 7 - - -
T Jai Ji T, T T Tes)i T
% ®.=Y; ( % 1B, (Xl)) (Zi T Bz(zi_)) @)1 (8)2. (8)3. (8)i. ®)t.
_ _ XBy(xi) __ZBy(z)
§ f(Sx)i =% B,(x)+Cx, ’ f(sz)i = ZB,()+C, f(sx)l;f(s f(sx)z;f@z)z {(3;{)3:{(32)3 §(3x)ir§(3z)i f(sx)trf(sz)t
Cy; (Pxy=PyzPxz) Cy; (Pxy=PyzPxz)
= = Sulemey = Sulpooy .
g Jayi {(Xx)icxx(l_p’%z)v](z)l E iz, (1) Jyr @ Jw2J@)2 JsJ2)3 Jil@i Jwelee
Trovi
S @i
e o ~ - - ~ -
= _ (X By(x;) + Cx, Yo (Z By(z;) + Cy, Y Ty, Tioya. Tioys. Teoy: Teoye.
e Bz(’ﬂ)‘*’@( 7;By(z:) + Cy,
ZCz,
2 $ani = Xox, +BZ(X 3 Sani = TG, B2 S e Sun $ax3 $(azy3 v SaniSani o Sann€ane
Cy, (Pxy—PyzPxz) Cy; (Pxy=PyzPxz)
= = Sulboympyaben) | G (Pxymhy .
E ]_(m SO, (-2 D = F iy Jovder JwzJer Jws e e JweJe e Jweder
o T(10)
2 = - ~ ~ - -
= -, (X__c,(i +B() Z.Cy + By(2) )i Tao Taoyz. Ty, Taoy Taoy
L% Cy, + By(x;) ZCy, + By(z;)
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The modified ratio (MR) estimators with two covariates were proposed by Gupta and
Shabbir [72], denoted as (Ts)i, T(7)i. T(s)ir T(oyi. and Ty ), are also referred to as
(Ym(r) Ym(sD)r Ym(sk)» Ym(us1) and Vi (us2)), respectively. These estimators represent the
i*" MR means estimators. B,(x; ) and B,(z;) represent the i*" coefficient of kurtosis for
the variables X and Z, respectively. The sampling fraction is denoted as g = n; /N,
Cy,, Cx,and C, denote the it" sample coefficients of variation for the variables Y, X, and
Z, respectively. S, represents the sample standard deviation of the it" MR means
estimators, where r = 6,7,8,9, and 10. Furthermore, p,, p,,, and p,, represent the
correlation coefficients between Y and X, Y and Z, and X and Z, respectively. These
correlations can be calculated as p,,, = cov(Y,X) /Sy, Sx, , Py, = cov(Y,Z)/Sy, Sz, and
Pxz = cov(X,Z)/Sx, Sz, Where Sy, Sy, and Sz, represent the population stranded
deviation of the i*" X, Y and Z, respectively. It is to be noted that under the balanced design
(equal sample size) and unbalanced design (unequal sample size), the overall mean for MR

estimators  (T(s)., T(7)., T(s)., T(9y. and T(30y.) and the overall mean square error
(MSET(G)“, MSEr, , MSEg , MSET(g)__and MSET(lo)__) can be calculated using the

expressions given in Table 3.2. Furthermore, the lower decision lines (LDL) and upper

decision lines (UDL) can be obtained using the expressions in Table 3.3.

Table 4 provides a comprehensive list of the critical values for both balanced and
unbalanced designs. The critical values for balanced designs are denoted by V(a,t, n),
Z(a,t,n) , K(o,t,n) , P(a,t,n) and O(a,t,n), while the critical values for unbalanced

designs are represented by V*(a, t), Z*(a, t), K*(a, t), P*(a, t) and O* (o, t).
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Table 3. 2: Overall mean and mean squared error regarding ratio estimators under balanced
and unbalanced design.

Balanced design

* ni 5 - — ni =
Te. = Lili Tiopi/t MSEr, = Eili St /t
— i T —_ g
Ty = Sty Tyl t MSEz,, =XiliS7,, /t
* n; 5 - — ni =
Te). = Li2a T/t MSEzq, = Zids St /t
T i P - g
T(o. = Z?:l T(9)i-/t MSET(Q) =Xidt ST(Q)L /t
o i - — Y ¢
Taoy. = 2ty Taoyi/t MSEz, = EiliSTap /t
Unbalanced design
_ 11 Teyr + 12 Tgyz, + -+ 1 Ty (= DSz, + (2 = DSg, +-+ (. = DSz,
T = MSE7 =
(6). N () N-—-t
_ N Ty + M2 Tz + o+ 1 Ty (n = DSz, + (np — DSz, ++ (e = D7,
i MSEz,, =
(7)- N ). N-—t
_ Ny Tgyr + 2 Tgyz + - + 1 Tgye (n = DSz, + (np = DSz, ++ (0 — DS,
Ty, = MSE;_ =
. N (®) N-—-t
_ ny Ty, + 1z Toya. + -+ 1, Taye, (ny = DSz, + (12 = DSp,, ++ (n. — DSz,
Tgy = MSE7,, =
9).. N (9). N-—t
~ 11 Taoyr. + 12 Taoye. + =+ ne Taope (= D7, + iz = DSq,,, + -+ (e = DSz,
Tag), = MSE7, =
e N (10). N — t

3.3 Performance Measures and Simulation Procedure

In this section, We will highlight the study's design structure, which will be utilized to
conduct a simulation study using the Monte Carlo simulation technique [80]. For the
simulations, the trivariate samples (Y,X,Z) are generated from multivariate normal
(MVN), multivariate t (MVT), and multivariate log normal (MVLN) distributions. The
sample mean in the study is assumed to be 5. Consequently, the sample mean vector is u =
(5,5,5)T, while several scenarios of covariance choice are evaluated to exhibit different

correlation structures among the main or covariates variables as follows:

Case I: When all covariances are the same (All variables have same correlation):

1 05 05
=[05 1 05| (3.2)
05 05 1

Case II: The covariance between X and Z is changed (the covariates are highly correlated):
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1 05 05
¥ =105 1 08| (3.3)
05 08 1
Case III: The covariance between Y and X is changed (the covariate (X) is highly
correlated with the response variable (Y)):
1 08 05
¥ =108 1 05|, (3.4)
05 05 1
Case IV: When all covariances are the same (All variables have the same strong
correlation):
1 08 0.8
2, =(08 1 0.38| (3.5)
08 08 1
It is important to note that we did not investigate the scenario where the covariance gets

changed in Y and Z for the sake of brevity, as it would yield the same results as Case IlI.

In this study, ANOMC-MR6, ANOMC-MR7, ANOMC-MR8, ANOMC-MRY9, and
ANOMC-MR10 tests are compared with respect to type I error () and test power (1 —
B). The degree of incorrect rejection of a true null hypothesis (Hy: adju, = adju, = -+ =
adju.) is known as a type I error, whereas the degree of correct rejection of the false null
hypothesis (H;: at least one of the adj y; is different) is known as the power of the test.
Besides the aforementioned distributions, the study examines the performance of the
aforementioned tests under different experimental conditions such as covariance between
variables (X), sample size (n), variance ratios (v), effect size (8), and number of

treatments (t).
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Table 3. 3: Lower and upper decision lines regarding ratio estimators under balanced and unbalanced
design

Balanced design

_ t—1 _
LDL 7, =T = V(@ tn) (MSEr,, ) -~ UDL 7, = Tgy. + V(@ tm)(MSEx,,) [~

EHEN

- t-1 - -1
LDL7,, = Ti. = Zotn) (MSEx,, ) [=—  UDLr, = To. + Z(eu t m)(MSEr,)) |[——

t
N

UDL7,, = Tg). + K(ot,n)(MSEg,, ) -

Gl
-

LDL 7., = Teg). = K(a,t,n) (MSEx,, )

LDL 7., = Teo). = Pet,n) (MSEr,, ) UDL7,, = T, + P(e,t,m)(MSEx, )

N

-
L] =l
- -
=
T =z
2" ‘»—n
[

- t—1 -
LDL 7., = Tao). — O, t,n) (MSEr,,, ) —  UDLry,, = Tao.+ O(at,m)(MSEx,,,)

Unbalanced design

LDL 7, = Tie. — V(e t)(MSEr,, )

=
Z|
Z|3
2|7
=
=

UDL 7, = Tee). + V' (e )(MSEr,,))

N
_ ; N-—n _ . N—n;
LDL 7, =Tz = Z (o, t)(MSETm) Nn; UDL7,, = Tz + Z (a,t)(MSETm) Nn,
_ ; N-—n; — ; N-—n
LDL 7. =T, — K (a, t)(MSET(E)) Nm, UDL 7, = Te.+ K (a, t)(MSET(m) Nn;
_ ; N-—n _ . N-—n
LDL 7, =Ty — P (a, t)(MSETm) Nn; UDL 7,, = To).+ P (a,t)(MSET(q}) Nn,
_ N N—n; _ ; N-n
LDL 7., = Ti10). = 0*(a, t)(MSET(m)) N—n, UDL 7. = Tao). + 0*(a, t)(MSET(m) Nn,

To visually represent the effects of the different covariance choices (£, — X,) under
different distributions, mean, variance, and covariance changes are portrayed in Figure 1.
In the case of all variables in the study (Y, X, and Z) following MV N distribution, the mean
and variance remain constant at 5 and 1, respectively. However, the covariance may vary
and might not remain at 0.5. On the other hand, under MVT distribution, the mean remains
consistent at 5, but the variance and covariance will vary and may not remain at 1 and 0.5,
respectively. In the case of MVLN distribution, the mean remains the same as before, while
the variance and covariance may fluctuate. The findings of ANOMC-MR6, ANOMC-
MR7, ANOMC-MR8, ANOMC-MR9, and ANOMC-MR10 tests are evaluated at a

significance level of 5% (a = 5%) across different numbers of treatments.
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Figure 3. 1: Descriptive properties of the distributional data.

The simulation study is conducted using R software version (4.2.3), where simulations are

iterated 10,000 times, and each combination of design parameters is outlined in Table 3.5.

The evaluation of test performance is based on two criteria: tests with a type | error
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probability close to a = 0.05 and high power are considered the best. The empirical
estimation of Type | error rates for ANOMC tests was calculated by determining the
number of null hypotheses (H,) that erroneously fell outside the interval (either above the
upper decision line (UDL) or below the lower decision line (LDL)) in 10,000 simulation
trials. The calculated number was then divided by 10,000 to obtain the empirical Type |

error rate.

Table 3. 4: Critical values against different levels of significance (a)

Balanced Design
ANOMC-MR6 ~ ANOMC-MR7  ANOMC-MR8 ANOMC-MR9  ANOMC-MR10

V(e t,n) Z(a,t,n) K(a,t,n) P(a,t,n) O(a,t,n)
n  a 1% 5% 1% 5% 1% 5% 1% 5% 1% 5%
ny 204 11.8 19.15 1158 305 12.3 205 11.58 21.6 11.7
3 ny 17.1 12 16.18 11.54 16.5 11.6 16.3 11.57 16.5 11.55
ns 18.2 13.48 17 12.9 17.25 12.9 17.2 129 17.22 12.9
ny 19.95 1238 1955  11.92  40.33 131 19.35 121 23 12.28
4 n, 17 12.20 15.7 11.65 16 11.68 16.3 11.66 15.85 11.65
ns 18.25 13.65  17.25 13 17.23 1302 17.38 13 17.25 13
ny 20.65 12.9 20.83 1262 50.25 13.95 20.7 12.63 24 12.87
5 n, 17 12.4 16.1 11.82  16.35 11.9 16.65 11.84 16.2 11.85
ns 18.23 13.8 16.6 13.14 17.1 13.16 17 13.15 17.26 13.17

Unbalanced Design
ANOMC-MR6 ~ ANOMC-MR7  ANOMC-MR8 ANOMC-MR9  ANOMC-MR10

V(a, t) Z*(a, t) K*(e, t) P*(a, t) 0*(a, t)
n  a 1% 5% 1% 5% 1% 5% 1% 5% 1% 5%
ny 19.5 12.56 18.9 12.35 42 13.25 19.2 12.33 19.65 12.48
3 n 19.3 13.55 18.6 13.17 20 13.4 18.65 132 18.58 13.2
ns 225 16.75 21.75 1622  23.85 16.5 2215 1626  22.48 16.3
n, 20.95 12,75  20.85 12.6 60 1485 2075 1257 2375 12.8
4 n, 185 13.18  18.05 1268  18.75 12.9 1822  12.65 18.3 12.75
ns 24.3 18.46 225 17.65 23 17.65 2285 17.63 22.8 17.63
ny 20.1 1345 1892 1295 40.4 1372 1942 1293 20.1 131
5 n, 19.95 1534 1935  14.65 19.7 14.85 1955  14.65 19.36 14.68
ns 25.75 20.1 245 19.15 245 19.18 24.55 19.16 24.35 19.15

To obtain the test power, the following steps illustrate the process:

1- The parameter space was specified according to Table 3.5.

2- Specific constant values representing the effect sizes (6 = 0.25, 0.50, 0.75, 1.00) were
added to the random numbers of one or more treatment groups. This ensured that the
means of at least one treatment group fell outside the decision lines.

3- The new datasets underwent ANOMC tests, and decision lines were calculated. This

process was repeated 10,000 times.
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4- The count of simulation trials (j) in which the means of any of the treatments exceeded

the decision lines was recorded.

5- The test's power was determined by dividing this count by 10,000, representing the

total number of repetitions.

Table 3. 5: Choices considered for different design parameters.

Parameter space

Distribution

Number of treatments (t)

3 4

5

MVN; MVT; MVLN  MVN; MVT; MVLN

MVN; MVT; MVLN

Sample size (n)
ng
n;
n3
n,
ng
ng
Variance ratios (v)
Vi
\23
\£)
vi
V3
Effect size (8)
8,
8,
83
8,
85
86
8;
8g
89
810

5:5:5 5:5:5:5
10:10:10 10:10:10: 10
15:15:15 15:15:15:15

4:7:10 4:4:7:7
5:10:15 5:8:10: 15
5:15:25 10:20:30: 40

1:1:1 1:1:1:1
1:1:1.05 1:1:1: 1.05
1.05:1:1 1.05:1:1:1

1:1: 1.1 1:1:1: 11

1.1:1:1 1.1:1:1:1

0:0:0 0:0:0:0

0:0:1 0:0:0:1
0:0.25:1 0:0.50:0.50: 1
0:0.50: 1 0:0.25:0.75: 1
0:0.75:1 0:0:1:1

0:1:1 0:0.25:0.50: 1
0.25:0:1 0.25:0:0:1
1:0:0.25 1:0:0:0.25
0.50:0:1 0.50:0:0:1
1:0:0.50 1:0:0: 0.50

5:5:5:5:5
10:10:10:10:10
15:15:15:15:15
4:6:8:10: 15
5:10:15:20: 25
10:20:30:40:50

1:1:1:1:1
1:1:1:1:1.05
1.05:1:1:1: 1
1:1:1:1: 1.1
1.1:1:1:1:1

0:0:0:0:0
0:0:0:0:1
0:0.25:0.50:0.75:1
0:0:0.25:0.75:1
0:0:0.25:0.25:1
0:0:0:1:1
0.25:0:0:0: 1
1:0:0:0: 0.25
0.50:0:0:0: 1
1:0:0:0: 0.50

3.4 Comparison Performance

To evaluate and compare the performance of ANOMC-MR6, ANOMC-MR7, ANOMC-

MR8, ANOMC-MR9, and ANOMC-MR10 tests, Tables 3.6-3.12 present the empirical

type | error rates and power tests for ANOMC tests.
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3.4.1 Results of type | error rates

The performance of ANOMC-MR6, ANOMC-MR7, ANOMC-MR8, ANOMC-MRY, and
ANOMC-MRI10 tests is evaluated using Bradley's liberal criterion [65], where values
falling within the range of 2.5% to 7.5% are considered liberal or conservative. The relative
performances for ANOMC tests in terms of empirical type | error rates under null case (6;)

is given in Tables 3.6-3.9.

. Empirical type | error rate under homogeneous variances

Table 3.6 presents the results for the ANOMC-MR6, ANOMC-MR7, ANOMC-MRS,
ANOMC-MR9, and ANOMC-MRI10 tests, considering both balanced and unbalanced

designs while assuming the homogeneity of variances.

The ANOMC-MR6, ANOMC-MR7, ANOMC-MR8, ANOMC-MR9, and ANOMC-
MR10 tests generally exhibit similar levels of type | error rates under £; and Z, in
covariance ratio. However, ANOMC-MR6 stands out as it effectively controls the type I
error under ¥; and X, but shows weaknesses in X; and X,. When using the MVT
distribution, the test slightly fails to control the type I error. Moreover, ANOMC-MR?7,
ANOMC-MR8, ANOMC-MR9, and ANOMC-MR10 follow a similar pattern. Under
Bradley's liberal criterion, except for X; with a small number of treatments and small
sample size, these tests demonstrate robustness in effectively controlling the type I error.
However, as the number of treatments and sample size increase, ANOMC-MR7, ANOMC-
MR8, ANOMC-MR9, and ANOMC-MR10 become less effective in controlling the type I
error, but they remain strong tests in £, and Z,. In general, ANOMC-MR7, ANOMC-MRS,

ANOMC-MR9, and ANOMC-MR10 still exhibit acceptable rates in X,, indicating their
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overall robustness except in Z5. It is crucial to highlight that under Z5, the results of all the
distributions and tests in the study are significantly impacted when the covariance between
the response variable (Y) and the auxiliary variable (X or Z) deviates from the specified
value of @ = 5%. This emphasizes the sensitivity of the results to changes in the covariance
parameter. Furthermore, it is noteworthy to mention that the type of design used in the
study does not have an impact on the results. The observed effects on the results are
primarily driven by the deviation in the covariance between the response variable and the

auxiliary variable, rather than the specific design employed in the study.
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Table 3. 6: Type | error (%) of ANOMC tests under homogeneous variances.

Distribution MVN MVT MVLN MVN MVT MVLN MVN MVT MVLN MVN MVT MVLN MVN MVT MVLN
Test ANOMC-MR6 ANOMC-MR7 ANOMC-MR8 ANOMC-MR9 ANOMC-MR10
n z Balanced Design

%, 5.22 5.45 5.39 5.22 5.42 5.18 5.19 5.34 4.22 5.23 541 5.18 5.28 5.44 4.89
z, 5.8 6.37 5.51 3.12 343 291 3.37 3.77 2.77 3.13 341 291 3.17 3.61 2.76
™ 23 7.21 8.5* 7.07 16.4* 18.1* 16.8* 15* 16.1* 15.56* 16.4* 18.1* 16.82* 16.2* 17.3* 17.43*
DA 17.2* 18.4* 17.3* 6.71 6.7 7.43 6.56 6.94 5.89 6.73 6.7 7.44 6.76 6.95 6.54
PN 5.27 5.46 4.84 5.05 5.38 4.77 5.06 5.46 4.57 5.02 5.33 4.66 5.09 5.46 4.65
%, 6.64 7.23 6.65 2.68 2.53 2.54 251 2.57 2.22* 2.4* 2.46* 2.2* 2.45* 2.61 2.27*
2 23 8.29* 8.82* 8.07* 20* 21.3* 20.2* 19.5* 21.1* 20.04* 19.8* 21.2* 20.5* 19.7* 21.15* 20.29*
2, 23.5* 26.7* 24.7* 5.27 6.55 5.96 5.28 6.66 6.09 5.24 6.48 6.27 53 6.67 6.19
%, 4.93 6.11 5.16 4.82 6.13 5.05 4.83 6.21 5.27 4.83 6.13 5.24 4.83 6.17 5.27
" 2, 6.86 8.09* 6.74 2.36* 2.55 2.06* 2.3* 2.6 2.06* 2.35* 2.54 2.06* 2.31* 2.56 2.06*
3y, 817 9.04* 8.24* 20.9* 23* 21* 21.2* 22.9* 20.86*  20.9* 23.1*  21.01* 21* 22.88*  20.84*
3,  27.1* 28.9* 26.9* 5.68 6.08 5.6 5.69 6.28 5.6 5.67 6.09 5.67 5.66 6.25 5.6
Unbalanced Design
%, 4.98 6.26 4.61 4.95 6.23 4.77 5.25 6.09 4.04 5 6.27 5.19 5.06 6.36 4.88
%, 5.7 7.12 5.76 2.59 3.02 2.77 3.18 3.59 25 2.6 3.06 2.87 2.74 3.24 2.73
T 23 7.82* 8.73* 7.57* 17.93* 18.5* 18.3* 16.1* 16.55* 15.53* 18.1* 18.6* 18.4* 17.4* 18.08* 17.61*
DA 20.3* 21.6* 19.5* 6.94 7.24 6.51 6.84 7.28 5.89 7 7.32 6.93 6.9 7.31 6.45
Z 5.08 5.63 491 5.05 5.45 5.32 5.16 5.56 4.59 5.04 5.35 4.83 5.15 5.64 4.79
X, 6.1 6.9 6.49 2.58 2.8 2.27* 2.39% 3.18 2.17* 2.23* 2.8 2.31* 2.29* 2.92 2.29*
s N 7.74* 8.73* 7.89* 19.59* 19.8* 19.1* 18.7* 18.84* 18.57* 19.6* 19.8* 19.56* 19.2* 19.23* 19.36*
z, 21.9* 23.3* 22.6* 5.64 6.35 6.18 5.58 6.58 5.77 5.56 6.3 6.21 5.78 6.55 5.96
A 511 5.54 4.96 4.78 5.65 5.06 4.98 5.77 4.63 4.74 5.57 4.93 4.79 5.64 4.87
" 2, 6.95 7.24 6.23 2.33* 2.62 1.98* 2.47* 271 1.86* 2.3* 2.55 2.06* 2.35* 2.68 2.05*
° 3, 767 8.55% 7.89* 18.91*  18.8* 19.8* 185*  18.36*  1841* 18.8* 18.7* 19.36* 18.6*  18.66*  19.01*
3, 22.7* 24.2* 22.6* 6.09 6.35 6.06 5.97 6.46 5.73 6.07 6.23 6.08 6.14 6.43 5.94
n P Balanced Design
PN 5.26 5.23 4.54 5.33 5.62 51 52 5.63 3.83 5.16 53 5.05 5.24 5.43 4.73
X, 55 5.81 5.34 3.2 3.54 3.12 3.24 4.03 278 3.09 3.38 3.22 3.05 3.57 3.12
™ 23 7.43 7.44 7.29 17.32* 17.3* 18.0* 14.3* 14.22* 14.53* 16.7* 16.8* 18.06* 16.1* 16.25* 16.84*
DA 17.2* 18.71* 17.5* 6.79 7.62* 7.81 6.52 7.04 5.95 6.52 7.26 6.95 6.32 7.46 6.5
PN 491 5.18 4.74 4.85 5.37 4.86 4.93 5.59 5.09 4.84 5.36 5.19 4.87 5.59 5.12
3, 6.35 6.81 6.57 2.19* 2.35% 25 2.18* 2.52 2.31* 2.19* 2.35% 2.35* 2.17* 2.38* 2.32*
Ttz ,  8.04* 8.89* 7.87* 20.41* 22* 21.4* 20.4*  22.09* 21.08*  20.4* 22* 21.74*  205*  22.08*  21.23*
%, 27.1* 2842  275* 5.74 7.14 6.04 5.83 7.22 6.01 571 7.09 6.14 5.85 7.19 6.02
A 5.01 5.79 4.74 5.22 5.85 4.78 5.21 5.86 4.68 5.22 5.84 471 5.24 5.85 471
n 2, 6.7 7.15 6.6 2.01* 2.19* 1.88* 1.91* 2.19* 2.11* 2* 2.19* 2.2* 1.94* 2.16* 2.16*
33, 873 8.99* 8.5* 22.03*  235*  22.5* 22* 23.11*  2241*  22.1*  23.4* 2269 22.1*  23.18*  22.53*
¥, 287* 3178%  29.2* 5.08 6.31 5.63 5.13 6.34 5.76 5.06 6.32 5.82 5.17 6.34 5.8
4 Unbalanced Design
3z, 5.43 4.73 5.24 5.2 4.75 5.08 5.65 5.16 3.02 5.25 4.75 4.9 5.35 5.09 4.65
z, 5.42 5.9 5.39 293 3.46 3.07 4.1 4.84 2.5* 2.98 3.45 2.72 3.13 3.73 26
T 23 7.61* 8* 7.87* 16.81* 17.2* 18.5* 12.4* 12.7* 11.8* 16.9* 17.4* 18.32* 16.3* 16.69* 17.18*
DA 18.1* 19.59* 18* 7.15 6.84 7.21 6.75 7.22 51 7.21 6.9 6.82 7.33 7.1 6.52
X, 52 4.48 4.48 4.98 4.84 4.46 4.94 5.05 4.49 5.03 4.87 4.96 5 4.84 4.72
2, 6.11 6.78 5.77 2.56 2.62 2.19* 2.6 3.06 2.23* 2.57 2.61 2.26* 2.53 2.74 2.24*
s PN 7.7 8.7* 7.94 19.22*  21.3* 20* 18.4*  20.26*  19.46* 195 215 2115 18.9*  20.53*  20.05*
%, 246* 25.14* 25* 5.91 6.42 6.54 5.9 6.93 5.48 5.99 6.46 6.09 6.01 6.76 5.66
PN 52 5.4 5.09 5.06 5.67 5.22 5.06 5.76 541 5.09 5.71 5.44 5.09 5.78 5.44
2, 6.93 7.97 6.62 1.83* 2.2% 1.84* 1.86* 2.3* 1.9* 1.83* 222 1.93* 1.84* 2.29* 1.92*
s . 831* 8.96* 8.13* 2072 217 21.3* 20.8*  21.88* 21.9* 20.8*  21.9*  22.05* 209 21.97* 22.01*
%, 27.7*  29.52*  27.9* 5.29 5.94 5.34 5.42 6.09 5.37 5.31 5.98 5.37 5.45 6.04 5.4
n ) Balanced Design
3z, 5.36 4.78 4.59 5.12 4.84 4.82 5.16 5.07 3.58 5.08 4.83 4.92 5.11 5.06 4.63
X, 5.6 5.61 491 3.24 3.1 3.12 3.83 4 2.46* 3.26 3.12 3.06 3.32 3.41 294
™ 23 7.38 7.83 7.72 16.57* 16.5* 17.7* 13.7* 13.82* 12.59* 16.6* 16.6* 17.35* 15.8* 15.72* 15.82*
z, 17.9* 19.08* 17.7* 6.89 6.97 7.39 6.63 7.18 6.25 6.89 6.94 7.27 6.77 6.81 6.97
X, 5.03 5.2 5.16 4.86 5.01 5.1 4.87 5.23 4.92 4.81 4.97 5.01 4.87 513 5.06
2, 6.74 7.22 6.28 2.7 2.81 2.4* 2.23* 2.84 2.06* 2.23* 2.79 2.13* 2.31* 2.8 2.14*
Ttz Z,  8.29* 9.23* 8.9* 21.3* 236*  23.0* 20.9*  2328* 21.93* 21.1* 235* 22.4* 21.2*  23.35* 22.3*
%, 28.6* 29.81* 29* 6.05 6.65 6.1 6.02 6.89 6.04 6 6.61 6.2 6.06 6.77 6.19
P 511 5.31 4.96 53 5.28 4.84 5.31 5.38 4.65 53 5.26 4.71 5.27 5.26 4.64
2, 6.7 7.35 6.45 1.88* 1.93* 1.64* 1.89* 1.89* 1.66* 1.88*  1.93* 1.66* 1.87* 1.85* 1.66*
s X3 8.93* 9.4* 8.41* 23.34* 25.4* 24.2* 23.3* 25.09* 25.83* 23.3* 25.4* 25.88* 23.2* 25.05* 25.73*
3,  3L7*  3446*  32.1* 5.08 6.4 5.53 5.19 6.44 5.48 5.04 6.37 5.53 5.13 6.44 5.45
Unbalanced Design
PN 4.67 4.95 4.74 4.68 5.19 4.94 4.94 5.36 4.01 4.72 5.25 4.92 4.56 5.28 4.58
z, 5.85 6.01 5.33 281 2.53 2.26* 3.21 3.44 2.29* 2.45* 2.43* 2.43* 2.49* 2.51 2.34*
T N 8.5* 8.39* 8.39* 20.41* 20.3* 21.1* 18.5* 18.27* 17.27* 20.6* 20.5* 21.08* 20.0* 19.5* 19.88*
I, 243* 2495*  243* 7.09 6.38 6.75 6.99 6.76 5.96 7.15 6.41 6.95 7.04 6.61 6.77
P 4.67 5.18 4.81 4.7 5.56 5.31 4.62 5.59 429 4.71 5.57 4.69 4.75 5.62 4.63
2, 6.63 7.28 6.08 2.2 2.11* 1.69* 2.19* 2.4* 1.88* 2.19* 2.1* 1.96* 2.19* 2.23* 1.92*
s PN 8.7* 9.36* 8.66* 22.4* 233*  22.8* 21.8% 2275  22.09* 22.4*  233* 2353* 22.2*  23.25%  22.86*
%, 285* 30.02*r  28.8* 5.24 6.2 5.67 5.28 6.42 5.91 5.27 6.2 6.18 5.47 6.35 6.14
N 4.94 5.31 4.93 5.02 5.42 5.04 5.06 5.45 493 5 5.38 4.93 5.09 5.47 5
ng z, 6.9 7.18 6.82 1.51* 1.75* 1.78* 1.51* 1.87* 1.69* 1.51* 1.75* 1.68* 1.47* 1.83* 1.71*
23 8.55* 9.16* 8.33* 22.43* 23.8* 22.8* 22.5* 23.59* 22.77* 22.4* 23.8* 22.91* 22.6* 23.65* 22.86*
3,  315* 3247  30.8* 5.18 5.92 5.24 5.16 6.02 5.6 5.16 5.91 5.71 5.13 6.1 5.67

* the percentage type I error lies outside Bradley's liberal criterion
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Table 3. 7: Type | error (%) of ANOMC tests under heterogeneous variances when t = 3.

Distribution MVN MVT MVLN MVN MVT MVLN MVN MVT MVLN MVN MVT MVLN MVN MVT MVLN
n P v ANOMC-MR6 ANOMC-MR7 ANOMC-MR8 ANOMC-MR9 ANOMC-MR10
vy 6.52 6.5 7.2 6.48 6.84 8 5.57 5.67 5.54 6.49 6.85 7.59 6.48 6.83 7.32
5 vy 6.47 7.19 7.31 6.33 7.32 7.6 5.46 6.37 55 6.34 7.35 7.73 6.36 7.35 7.49
! v 9.68 10.07 1391 9.73 10.23 14.82 7.67 8.41 11.16 9.73 10.25 15.43 9.64 10.28 14.86
vy 9.93 9.2 14.16 10.17 9.27 14.56 8.18 7.72 11.09 10.17 9.32 146 9.97 9.19 14.13
vi 7.09 7.6 7.92 4.14 4.22 4.85 3.86 4.35 3.58 4.33 4.23 4.87 4.32 4.32 4.64
vy 6.99 7.68 7.95 3.91 4.33 5.03 3.94 3.98 3.66 4.09 4.01 5.15 413 4.22 4.92
Z2 vy 1034 10.46 14.55 6.83 6.97 11.43 6.47 5.99 8.16 7.76 6.95 10.82 7.58 6.88 10.4
n, vy  10.02 10.01 13.93 7.12 6.26 10.71 6.01 5.8 8.26 7.28 6.72 11.05 7.09 6.72 10.78
vy 9.96 10.25 12.41 19.31 20.19 23.84 16.04 16.53 17.47 19.7 20.87 22.6 18.98 20.03 21.74
5 v,  10.04 10.95 11.54 195 20.63 23.04 15.35 17.06 17.82 19.45 21.38 22.68 18.86 20.75 21.95
3 vy 1617 16.12 24.6 26.95 26.75 36.25 2211 21.46 29.6 26.79 26.16 36.77 26.06 25.35 35.95
vy 1647 15.24 2451 27.75 26.23 37.18 22.46 21.24 30.02 27.14 26.23 36.9 26.39 25.28 36
vy 2033 21.38 20.69 9.58 9.44 10.12 7.75 8.31 8.21 9.55 9.85 10.7 9.55 9.86 10.18
5 v; 2045 221 20.64 9.35 10.27 10.65 7.95 8.43 8.48 9.66 9.47 1115 9.73 9.56 10.73
* vy 2757 28.25 31.33 17.16 16.61 21.45 14.47 13.87 16.21 17.82 16.95 21.13 17.56 16.5 20.43
vy  27.05 28.17 30.36 18.09 15.86 20.75 14.16 12.9 16.2 17.52 15.53 21.02 17.07 154 20.42
vy 9.19 8.54 1171 9.34 8.95 12.56 9.22 8.82 12.24 9.24 8.86 12.47 9.32 8.81 12.47
vy 8.64 8.57 12.52 8.94 8.72 13.08 8.9 8.73 12.59 8.91 8.64 12.75 8.94 8.81 1271
5 vy  19.32 17.46 35.2 20.34 18.7 38.73 20.06 18.67 37.34 20.18 18.63 37.48 20.3 18.78 37.7
vy  19.89 16.96 34.97 20.87 17.62 38.07 20.51 173 36.31 20.66 17.52 36.59 20.69 17.62 36.65
vy 10.63 10.55 1351 5.25 5.12 8.11 5.29 5.4 7.61 5.24 5.23 7.75 5.35 5.36 7.74
5 v, 1053 9.94 1351 5.26 4.84 7.96 5.42 511 7.48 5.46 5.09 7.57 5.55 5.14 7.6
2 vy 2028 17.83 33.87 15.19 12.66 29.86 15.37 12.76 30.69 15.43 12.81 30.92 15.53 12.86 31.09
n, vy  20.58 18.14 33.47 15.23 12.63 30.6 15.47 12.96 29.71 15.54 12.89 29.91 15.65 13.01 30.09
vy 1578 14.65 22.47 27.44 27.18 35.74 28.05 26.89 34.59 28.31 27.13 34.89 28.29 27.01 34.87
vy 15.4 1473 22.43 27.49 27.53 35.93 27.83 26.05 34.02 28.14 26.5 34.33 28.15 26.24 34.37
% vi 35.2 30.32 60.27 47.07 42.68 65.63 46.6 40.96 65.69 46.88 41.23 66.04 46.83 41.15 65.98
vy 36 30.18 60.2 45.8 40.85 66.36 46.76 41.79 66.4 47.27 42.09 66.76 47.11 42.09 66.69
vy 3324 33.41 33.47 15.19 13.49 17.06 14.32 12.81 17.36 14.36 12.73 17.57 145 12.88 17.56
5 v, 3211 32.89 33.69 14.82 132 17.03 14.55 13.29 16.85 14.57 13.18 17.19 14.66 13.42 17.07
* vy 49.48 45.83 55.84 41.83 33.48 51.82 41.36 32.94 51.13 41.56 32.97 51.6 41.78 33.06 51.56
vy 5075 46.23 55.96 41.28 32.94 51.32 41.64 32.13 50.98 41.86 32.15 51.16 42.05 325 51.33
vy 1137 10.59 17.37 11.41 11.29 18.71 11.46 11.32 18.58 114 11.3 18.56 11.45 11.31 18.58
vy 1174 10.68 17.17 12.52 11.15 18.67 12.53 11.2 18.07 12.53 11.13 18.05 12.49 11.18 18.07
= vy 3067 24.1 55.11 33.24 26.37 59.59 33.2 26.38 58.21 33.24 26.38 58.29 33.19 26.38 58.21
vy  30.82 24.06 54.29 33.35 25.95 58.21 33.24 25.97 58.79 33.34 25.94 58.93 33.21 25.93 58.8
vy  12.86 12.19 17.97 6.75 6.17 11.75 6.92 6.34 115 6.88 6.27 11.49 6.89 6.31 1151
5 v, 1321 1251 18.87 7.33 6.23 11.72 7.58 5.58 11.69 7.48 5.49 11.76 7.58 5.55 11.68
2 vy 3014 25.87 52.29 26.6 20.01 53.49 26.21 18.65 52.96 26.14 18.65 52.98 26.23 18.65 52.96
ng vy  30.63 24.27 52.05 26.02 19.29 53.33 25.4 19.13 51.88 25.45 19.24 51.95 25.42 19.1 51.89
vy 20.65 18.57 32.48 33.78 31.08 44.55 32.8 31.05 44.16 33 31.07 44.22 32.85 31.02 44.15
5 v; 2115 18.7 324 33.48 31.02 44.1 32.93 3154 45.39 32.87 31.87 45.38 32.98 3157 45.37
3 vy 5316 42.6 82.21 61.39 52.87 81.93 59.81 51.17 82.02 60.07 51.26 81.98 59.8 51.21 82.02
vy 5323 41.24 81.75 60.43 51.32 81.84 60.67 52.11 81.84 60.92 52.13 81.96 60.68 52.07 81.86
vy 3862 38.24 41.96 21.14 17.68 25.43 21.94 17.93 25.19 21.93 17.89 25.27 21.95 17.89 25.17
. v, 3875 38.16 42.27 21.61 17.72 25.19 213 17.46 25.08 21.09 17.13 25.1 21.27 17.38 25.08
* vy 6354 56.08 70.99 64.09 48.76 74.86 62.69 47.59 74.49 63.05 47.29 74.64 62.68 47.58 745
vy  63.96 54.92 70.5 63.09 47.66 74.37 63.2 48.49 74.61 63.33 48.6 74.74 63.18 48.46 74.61
vy 8.58 8.93 10.63 8.48 8.88 10.74 8.15 8.51 8.91 8.52 8.91 111 8.62 9.07 10.64
5 vy 5.9 6.9 6.86 6.14 6.43 7.23 5.95 6.3 5.49 6.18 6.46 6.9 6.08 6.47 6.56
' vi 18.7 16.35 29.69 18.65 15.97 30.85 17.16 14.66 26.91 18.69 16.01 31.47 18.52 15.9 30.82
vy 9.09 8.59 124 9.27 8.77 133 8.31 8.3 10.67 9.33 8.79 13.39 9.1 8.65 1271
vy 9.09 9.96 11.89 5.17 5.64 7.31 5.54 5.12 5.82 5.4 4.9 6.86 5.54 5.01 6.7
5 vy 6.61 7.63 7.56 3.34 3.51 4.03 4.04 4.12 3.28 3.86 3.53 4.17 3.77 3.57 4.04
2 vy 1871 16.77 29.74 14.16 11.66 25.76 12.73 10.49 21.49 14.39 11.27 25.52 141 11.23 24.96
ng vy 9.95 9.58 13.33 6.01 5.53 9.09 5.39 5.66 7.38 5.74 5.4 9.14 5.68 5.48 8.64
vy 1419 14.09 19.45 25.17 24.52 30.43 22.04 21.95 27.89 24.63 24.21 31.65 24.19 23.49 30.93
vy 9.2 10.09 1151 21.07 21.36 23.32 17.64 19.04 19.86 20.61 21.61 23.82 19.46 20.55 22.58
%5 vy 3226 27.27 53.09 40.31 35.35 58.35 36.71 32.64 54.4 40.12 35.35 57.99 40 35.06 57.79
vy 1456 13.76 21.81 27.06 25.98 35 22.93 22.22 28.7 27.11 26.03 34.21 25.84 24.41 32.57
vy 2719 27.02 28.8 13.82 12.97 15.79 12.73 12.12 13.71 13.92 12.77 16.06 14.18 13.16 15.89
. v,  20.83 23.86 22.58 8.43 8.23 9.57 7.65 8.09 8.01 8.82 8.77 9.97 8.42 8.45 9.17
B vy  43.04 39.16 48.3 35.77 28.83 43.92 33.46 27.19 40.09 36.56 29.45 44.54 36.79 29.75 44.13
vy 2877 27.88 31.26 15.48 13.6 18.16 12.3 12.67 14.57 14.52 14.19 18.39 13.78 13.6 17.2
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vy  12.05 11.25 16.78 11.73 11.19 1751 117 112 15.93 11.62 11.07 16.44 12 11.42 16.69
5 vy 5.94 6.34 7.58 5.85 6.79 7.85 5.63 6.67 7.13 5.77 6.72 7.6 5.87 6.76 7.53
! vy 29.46 23.9 49.99 30.86 24.59 51.92 30.49 24.33 517 30.66 24.47 5251 31.36 25.04 52.93
vy 8.83 9.06 14.47 9.26 9.49 15.75 8.98 9.11 13.74 9.23 9.47 14.83 9.1 9.32 14.47
vy 1313 12.38 17.29 7.71 7.21 11.92 7.15 6.69 1112 7.19 6.71 11.56 7.42 6.97 11.79
5 vy 6.96 7.88 8.76 2.85 341 4.32 2.9 3.46 3.79 2.8 3.17 4.13 2.81 3.27 4.04
2 vi 2873 24.39 48.09 25.44 19.75 48.68 25.4 19.14 47.68 25.63 19.18 48.48 26.02 19.71 48.87
vy  10.26 10.11 15.68 5.34 5.07 9.69 5.34 5.18 9.59 5.69 5.25 10.15 5.53 5.2 10
ng vy 2024 18.12 29.25 29.5 27.92 39.65 29.74 27.98 38.21 30.11 28.12 38.63 30.4 28.26 39.05
5 vy 10.2 10.32 12.84 22.52 22.38 25.02 20.72 21.06 24.39 21.78 223 25.8 21.35 21.65 25.26
3 vy 49.5 38.88 76.9 54.1 45.23 74.65 53.98 45.27 74.03 54.03 45.13 74.19 54.65 46 74.68
vy 1575 15.75 26.52 29.39 27.67 39.23 27.87 26.32 37.26 29.33 27.95 39.29 28.48 27.05 38.44
vy 3413 32.28 36.28 20.08 17.54 23.86 20.23 17.02 22.27 19.9 16.51 22.71 20.61 175 2311
5 v,  25.03 26.55 25.28 8.54 9.05 10 7.94 8.54 9.08 8.48 8.6 9.78 8.17 8.55 9.54
* vy  56.49 49.15 64.2 58.35 43.85 68.34 58.26 43.51 67.98 58.17 43.26 68.1 59.28 44.54 68.85
vy 3244 32.26 36.02 16.25 14.99 21.27 15.26 13.93 19.41 16.24 14.79 21.07 15.97 1441 2041
vy 16.02 131 25.27 17.03 13.39 26.71 171 13.49 26.02 16.88 13.19 26.57 17.3 13.55 26.61
5 vy 6.05 6.16 7.01 6.15 6.52 7.37 5.79 6.38 6.45 6.07 6.41 6.95 5.85 6.46 6.69
! vy 4584 33.07 73.31 48.23 34.38 75.93 47.87 34.1 75.04 48.1 34.26 75.56 48.57 34.71 75.8
vy 8.62 8.58 13.49 9 8.55 13.67 8.46 8.11 13.13 8.93 8.49 13.94 8.61 8.34 13.61
vy 1715 14.78 24.76 11.84 9.32 20.45 11.76 9.4 19.95 11.76 9.24 20.43 11.97 9.56 20.55
5 vy 7.38 7.72 8.53 2.79 2.9 3.69 2.63 2.96 3.45 25 2.89 3.8 2.49 291 3.73
2 v} 42.8 32.91 69.14 43.94 30.14 75.9 43.09 29.7 75.31 43.61 30.05 76.03 43.96 30.35 76.26
vy 9.78 10.41 13.44 4.95 4.59 8.22 4.45 4.15 7.47 4.71 4.14 8.08 4.59 4.09 7.88
ng vy 2825 21.95 43.53 36.17 31.06 48.87 36.01 30.13 48.56 35.9 29.99 48.84 36.34 30.66 49.3
5 vy 9.85 10.18 12.18 21.27 21.03 23.93 20.16 19.88 22.7 21.21 20.93 23.91 20.55 20.41 23.22
3 vy 6844 53.33 92.72 69.44 55.05 88.4 67.85 55.93 87.82 67.58 55.55 87.82 68.35 56.54 88.11
vy 1485 13.96 22.82 27.78 25.71 35.3 26.16 24.43 328 27.77 25.78 34.63 26.75 24.68 33.67
vy 39.83 35.04 43.69 30.63 22.61 36.88 31.49 24.89 37.26 3111 23.96 37.17 31.91 25.2 38
5 v;  25.02 26.14 26.52 8.18 8.16 9 7.26 7.2 8.39 7.82 7.33 8.99 7.45 7.06 8.54
* vy 69.9 58.82 77.31 80.43 61.64 88.78 79.89 62.09 88.65 79.92 61.81 88.56 80.44 62.95 89.12
vy 3081 30.23 33.26 14.72 12.94 18.3 13.17 11 16.93 14.33 11.52 18.44 13.58 11.13 17.54

Empirical type | error rate under heterogeneous variances

In Tables 3.7-3.9, for both balanced and unbalanced designs, it is expected that the rates
will be affected due to the heterogeneity of variances. The observations indicate that the
ANOMC-MR6 and ANOMC-MRS8 tests demonstrate slightly better percentage type | error
rates (%) compared to ANOMC-MR7, ANOMC-MR9, and ANOMC-MR10. It is noted
that as the number of treatments increases, the rates also increase. Furthermore, under the
MVLN distribution, the rates exhibit higher type | error rates, while under the MVN
distribution, the impact is less pronounced. This effect becomes more prominent with an
increase in the variance ratio (v3, v3). In general, ANOMC-MR6, ANOMC-MR7,

ANOMC-MR8, ANOMC-MR9, and ANOMC-MR10 show similar rates in X;.

However, the actual type | error rates for all the tests significantly exceed the specified
level when sample sizes and variances are inversely paired. Although improvements are
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observed at various levels of heterogeneity, it is important to note that increasing the
sample size leads to an increase in type | error rates. Regarding the ANOMC-MRG6 test, it
exhibits higher type I error rates under X, suggesting that this particular configuration may
result in inflated type I error rates compared to the other cases (Z,_3). It is worth noting
that under £; when the assumption of variance is satisfied, all the tests (ANOMC-MRG,
ANOMC-MR7, ANOMC-MR8, ANOMC-MR9, and ANOMC-MR10 struggle in
controlling Type | error rates. However, when the assumption of variance is violated,

ANOMC-MR5 is less affected compared to the other tests.

3.4.2 Results of the power test

Tables 3.10-3.12 display the empirical outcomes regarding the test powers of the ANOMC-
MR6, ANOMC-MR7, ANOMC-MR8, ANOMC-MR9, and ANOMC-MR10 tests under
the specific experimental conditions examined. These tables provide the rates of the test
powers across nine different non-null cases (6,_1). For brevity, we examine the outcomes

for both a balanced design (n;) and an unbalanced design (n,).

l. Empirical test power estimates under balanced design (n)
For the fixed treatment level (t = 3) with X, the results in scenarios of non-null case &,
reveal that under MVN distribution, the ANOMC-MR6, ANOMC-MR7, ANOMC-MRS,
ANOMC-MR9, and ANOMC-MR10 tests exhibit power rates of 22.4%, 23.12%, 20.97%,
23.12% and 22.76%, respectively. Under MVT distribution and for a non-null case &, the
corresponding power rates are 24.27%, 25.42%, 23.22%, 25.43% and 25.07%. Finally, in
the context of non-null case &g under MVLN distribution, the ANOMC-MR6, ANOMC-
MR7, ANOMC-MR8, ANOMC-MR9, and ANOMC-MR10 tests exhibit power rates of

44.49%, 45.38, 41.66%, 46.45% and 45.63%.
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1. Empirical test power estimates under unbalanced design (n,)

At a fixed treatment level (t = 5) and considering Z,, for the non-null scenario 5, and in
the presence of MVN distribution, the ANOMC-MR6, ANOMC-MR7, ANOMC-MRS,
ANOMC-MR9, and ANOMC-MR10 tests exhibit power values of 77.99%, 82.4%,
79.89%, 82.1% and 82.38%, respectively. Under MVT distribution, the corresponding
power rates for the non-null case &< are 83.53%, 91.35%, 89.82%, 91.25% and 91.07%,
respectively. Lastly, In the scenario of a non-null case §;, under MVLN distribution, the
ANOMC-MR6, ANOMC-MR7, ANOMC-MR8, ANOMC-MR9, and ANOMC-MR10
tests demonstrate power percentages of 70.93%, 68.74%, 63.07%, 68.58% and 67.68%,
respectively. The analysis of the power values reveals that there are similarities between
the power values under the MVN and MVT distributions when there is no change in
covariance (Z,) or a change between the auxiliary variables (¥,). However, the power of
the tests is influenced by differences in sample size. When examining the effect of sample
size on test power, it is observed that the power of the tests is impacted by variations in
sample size. In general, when conducting experiments under X, the ANOMC-MR?7 test
consistently exhibits higher power rates compared to the other ANOMC tests. On the other
hand, in scenarios where the data follows a MVLN distribution, all ANOMC tests
demonstrate notably higher power rates. However, a comprehensive evaluation across
multiple scenarios reveals that the ANOMC-MR7 test shows relatively superior
performance compared to the other ANOMC tests. It is also worth noting that the
performance of all ANOMC tests (ANOMC-MR6, ANOMC-MR7, ANOMC-MRS,
ANOMC-MR9, and ANOMC-MR10 tests) improves with a higher covariance between the

study variable and the concomitant variables.
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Table 3. 8: Type I error (%) of ANOMC tests under heterogeneous variances when t = 4.

Distribution MVN MVT MVLN MVN MVT MVLI MVN MVT MVLN MVN MVT MVLN MVN MVT MVLN
n P \Y% ANOMC-MR6 ANOMC-MR7 ANOMC-MR8 ANOMC-MR9 ANOMC-MR10
2 6.17 6.14 6.56 6.54 6.37 6.97 5.81 6.19 5.55 6.15 6.07 6.89 6.11 6.24 6.51
5 vy 5.72 5.74 6.32 6.01 6.08 6.79 5.45 5.82 5.57 571 5.79 7.1 5.83 5.95 6.64
* 2 8.65 8.21 11.68 9.25 8.93 13.25 8.13 8.31 9.89 8.88 8.58 12.39 8.87 8.6 11.84
vy 8.29 8.58 12.23 8.91 8.95 13.56 7.66 8.08 9.63 8.5 8.62 12.44 8.3 8.54 118
vy 6.92 6.57 6.79 4.4 3.83 4.63 3.61 4.39 3.5 3.38 3.66 4.17 3.5 3.72 3.97
5 vy 6.71 6.73 6.71 3.91 4.18 4.7 3.76 4.27 3.32 3.89 3.7 4.12 3.93 3.97 3.93
2 2 9.23 8.92 12.24 6.42 6.25 9.34 6.48 5.46 7.39 6.74 5.08 8.92 6.69 5.25 8.58
ny vy 9.07 8.95 11.97 6.13 6.21 9.14 5.84 5.97 6.69 6.21 5.62 8.37 5.99 5.7 7.98

2 9.92 9.38 11.25 19.82 19.75 23.24 16.87 17.01 17.99 19.63 19.45 22.27 18.75 18.39 211
vy 9.06 9.36 10.99 194 20.12 21.76 15.73 16.65 17.25 18.99 19.08 21.56 18.01 18.22 20.38

% vy  14.64 13.65 21.69 26.35 24.64 35.13 22.33 20.77 28.78 25.69 24.33 3451 24.85 23.25 32.89
vy 1424 13.55 22 26.08 25.61 35.26 21.34 21.02 27.63 24.93 24.46 32.92 24.12 23.26 31.63

vy 2091 21.03 20.96 9.7 9.31 10.22 8.24 8.82 8.19 9.23 8.8 9.8 9.03 8.86 9.35

5, v, 2017 20.57 20.69 9.35 9.06 10.26 8.21 8.2 8.27 8.83 8.56 9.9 8.95 8.56 9.31
v 2618 25.54 28.69 16.49 14.65 19.28 13.26 13.39 15.53 15.25 14.46 18.77 14.87 14.32 17.86
vy 2597 25.92 28.47 16.39 15.37 19.06 13.74 13.77 15.13 15.25 14.99 18.29 14.62 14.65 17.52
vy 7.79 7.93 10.49 7.71 8.23 11.35 7.73 8.4 10.97 7.7 8.2 11.18 7.75 8.4 1113

5, vy, 8.3 7.73 10.64 8.76 7.75 11.8 8.77 7.89 11.12 8.74 7.71 11.29 8.8 7.85 11.2
vy  17.58 16.09 31.75 19.14 17 35.26 19.14 16.98 3351 19.1 16.97 33.77 19.24 17.06 33.78
vy 1813 15.17 32.27 19.12 16.44 35.11 19.08 16.46 3434 19.06 16.38 34.52 19.16 16.6 34.53

vy 9.63 9.52 11.69 4.49 4.52 6.22 4.45 45 6.51 4.44 4.32 6.59 4.45 4.42 6.6

5 vy 9.5 9.11 11.62 4.56 4.1 6.34 4.74 3.99 6.46 4.67 3.93 6.5 4.69 3.95 6.51
2 vy 1857 17.23 3151 13.62 11.72 28.08 14.2 11.22 27.23 14.23 11.08 274 14.28 11.22 27.46
n, vy 1921 16.37 31.06 14.23 11.29 28.15 13.47 11.57 27.03 13.49 11.34 27.26 13.56 11.57 27.24

2 143 13.86 20.37 27.71 28.07 35.47 28.11 27.14 35.08 28.14 27.4 35.57 28.11 27.24 35.32
5 v, 1487 13.37 21.04 29.34 27.65 35.92 27.28 27.67 35.25 27.57 27.64 35.65 27.43 27.72 35.43
3 vi  33.04 28.09 57.69 46.64 41.49 66.1 47.08 41.06 65.45 47.29 41.49 65.79 47.27 41.25 65.67

vy 3342 28.04 58.15 46.94 41.84 65.99 46.8 41.26 65.83 47.17 41.6 66.04 47.06 41.36 66.02

v 34.62 34.46 3551 12.87 12.72 15.27 1311 12.3 15.98 13.07 12.22 16.13 132 12.39 16.19

5 v; 3353 33.42 35.83 13.75 11.75 15.43 13.46 12.54 16.18 133 12.42 16.3 135 12.66 16.3
* vy 5048 47.07 57.52 39.03 31.47 49.48 39.3 30.8 48.75 39.5 30.61 49.2 39.4 30.84 49.12
vy  50.59 46.74 56.39 39.47 30.99 49.05 39.81 30.22 48.72 39.8 30.23 48.92 39.96 30.23 49.01
vy 9.49 9.64 14.52 9.89 10.04 16.27 9.92 10.09 16.48 9.9 10.03 16.62 9.94 10.11 16.58
5 v, 1038 9.21 154 10.92 9.51 16.55 10.92 9.61 16.76 10.92 9.52 16.85 10.92 9.62 16.89
vy  28.06 22.04 51.64 30.36 2391 56.7 30.2 23.88 56.74 30.38 23.96 56.95 30.33 23.94 56.89
vy 2793 21.98 51.53 30.99 23.84 56.47 30.84 23.75 56.43 31 23.86 56.69 31.05 238 56.59

v 11.29 11.52 16.1 5.38 5.47 9.95 5.94 5.18 9.7 6 5.14 9.78 5.95 5.19 9.82
5, v, 1184 11.08 16.63 6.2 5.06 10.07 6.18 5.17 10.38 6.15 5.19 10.5 6.2 5.18 10.49
vy 2845 22.46 48.59 24.03 17.67 49.63 233 17.34 50.42 23.4 17.38 50.75 23.44 17.39 50.7
n3 vy  27.67 233 49.72 23.7 17.32 50.91 23.98 17.34 50.85 23.97 17.35 51.11 24.07 17.42 51.02
vy 18.35 17.55 29.53 343 31.61 45.52 34.28 32.14 44.65 34.44 32.33 44.95 34.41 32.23 44.79
5 vy 193 16.62 30.03 34.86 32.69 44.74 34.15 32.79 44.44 34.39 32.97 44.7 34.27 32.89 44.51
3 vy 5113 39.43 80.67 61.66 5221 82.54 60.55 52.21 83 60.74 52.47 83.09 60.7 52.32 83.11
vy  51.02 39.7 81.18 61.85 51.87 82.56 60.73 51.93 82.36 61.01 52.36 82.62 60.87 52.04 82.48
vy 40.58 39.98 43.15 18.17 15.57 23.34 19.1 14.71 23.83 19.09 14.74 24.09 19.19 14.79 23.98

5 vy 411 39.03 44.1 19.3 15.49 223 19.17 15.98 22.62 19.23 15.82 22.73 19.22 16.04 22.7
* vi  64.44 56.62 71.47 61.43 45.54 74.64 61.8 45.22 74.44 61.97 45.49 74.56 61.91 45.37 74.56
v;  63.88 56.01 72.4 61.75 45.6 74 61.91 45.63 74.08 62.1 45.64 74.27 62.05 45.85 74.19

2 7.09 6.16 8.06 6.78 6 7.5 6.38 5.87 4.66 6.82 6.08 7.63 6.86 6.25 7.2

5, vy 5.43 6.07 6.22 5.29 6 6.43 5.08 6.14 3.83 5.33 6.06 5.86 5.33 6.11 5.47
vy 1116 10.01 16.55 11.03 9.72 17.24 8.68 8.14 10.13 11.13 9.8 17.28 10.9 9.92 16.25

vy 8.14 7.58 9.98 8.15 7.61 10.35 7.02 7.75 6.32 8.22 7.71 10.48 8.1 7.78 9.75

vy 7.61 6.8 7.75 4.48 3.6 4.87 4.6 4.89 3.61 3.89 3.99 4.97 3.94 4.32 4.77

5, vy 6.09 6.64 6.81 3.4 3.95 3.9 4.44 4.98 3.31 3.59 3.94 4.04 3.7 4.05 3.87
vy  11.64 10.65 16.52 7.9 6.72 12.08 6.6 6.27 7.67 8.24 6.48 12.05 8.07 6.58 11.39

Ny vy 8.66 8.22 10.79 5.74 4.97 7.37 5.19 5.86 5.45 5.59 524 7.54 5.48 5.37 7.1
v 1122 10.33 13.07 19.98 20.48 24.69 15.28 15.35 16.37 21.05 20.84 24.54 20.22 19.98 2331
5 vy 8.64 9.37 10.46 18.59 19.59 21.78 13.73 14.79 1431 19.03 20.11 21.47 17.85 18.83 20.28
3 vy  19.87 17.77 32.33 29.89 275 42.78 23.56 20.71 31.2 31.72 28.15 42.84 30.65 26.93 41.61
vy  13.66 12.92 175 23.81 23.62 30.48 16.61 16.7 20.93 23.43 22.43 31.22 22.29 21.27 29.19
vy 2312 22.29 23.64 10.43 9.65 11.18 8.59 8.55 7.79 10.5 9.93 10.9 10.3 10.11 10.45

5 v, 1973 2177 20.21 8.22 8.89 9.15 7.88 7.49 6.61 8.65 8.06 9.45 8.66 7.91 8.85
* vy  33.05 30.74 36.37 20.53 1751 25.85 15.99 13.94 16.95 21.44 18.17 25.24 21.02 18.21 241
vy 2493 25.17 26.74 13.97 12.58 15.01 10.16 10.49 10.4 12.65 12.47 15.06 12.33 125 14.13
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vy 1137 10.05 15.86 11.64 10.01 17.21 11.52 10.27 16.05 1171 10.04 16.92 11.64 10.24 16.71

5, vy 5.75 6.06 6.19 5.84 5.96 6.76 5.74 6.13 6.5 5.88 6.03 7.05 5.79 5.98 6.74
vi  29.59 22.9 52.32 3181 23.87 56.21 31.08 23.72 55.06 32.02 23.95 56.38 32.01 24.26 56.09

vy 8.4 7.67 11.62 8.67 7.84 12.55 8.33 7.67 11.41 8.7 7.94 12.37 8.45 7.63 12
vy 1281 11.47 16.96 75 6.46 11.95 7.72 6.78 10.89 7.83 6.58 11.44 7.73 6.75 11.29

5 vy 6.88 7.63 7.51 3.11 297 3.45 3.02 3.27 3.55 2.97 3.03 3.77 2.87 291 3.63
? vy 29.94 23.15 49.57 26.62 19.11 51.19 26.53 19.53 49.45 27.09 19.58 50.98 26.95 19.74 50.63
vy 9.44 9.13 12.24 5.22 4.98 .77 4.91 5.14 7.18 4.98 511 7.75 4.76 4.92 7.37
ng vy 2063 17.39 30.34 49.06 28.18 40.9 31.63 28.6 40.88 32.28 29.05 41.6 32.1 29.04 41.47
5 vy 9.79 10.28 1114 43.56 22.66 25.14 20.98 21.71 23.77 22.21 23.16 25.61 2131 22.25 24.62
3 vy  51.84 39.61 79.94 68.57 48.4 79.04 57.31 48.4 77.85 58.09 48.64 78.46 58 48.96 78.39
vy 1471 13.62 21.91 50.59 27.47 37.49 26.58 25.92 35.22 28.4 27.95 37.63 27.21 26.41 36.18
vy 36.04 33.13 38.36 20.91 16.14 24.65 20.85 17.8 24.08 20.75 17.15 2453 21.19 17.82 24.69

5, v, 2574 28.16 27.35 8.09 8.28 9.43 7.76 8.37 8.07 8.1 8.47 9.08 7.88 8.4 8.34
vy  60.25 5111 67.63 61.97 46.09 7173 61.66 46.2 71.6 62.15 46.29 72.3 62.27 46.67 723
vy  33.08 32.18 3421 14.73 131 175 13.66 12.56 16.35 14.73 13.19 17.85 14.03 12.48 16.93
vy 2765 20.07 46.41 29.53 21.8 50.05 29.75 22.15 51.03 29.58 21.81 50.86 29.79 22.18 51.13

5 vy 5.34 5.81 7.18 5.76 5.83 7.61 5.78 5.9 7.51 5.78 5.89 7.57 5.8 5.88 7.55
* vy  74.04 55.96 96.66 77.97 59.43 97.63 78.2 59.74 97.51 78.03 59.54 97.48 78.27 59.79 97.52
vy 8.96 8.03 15.07 9.63 8.56 16.82 9.54 8.59 16.79 9.69 8.6 171 9.51 8.55 16.85
vy 2821 20.88 45.04 24.18 15.79 45.82 23.17 16.15 46.06 23.09 15.92 45.99 23.28 16.13 46.16

5 vy 7.31 8.18 8.81 2.14 2.46 3.3 2.34 2.49 3.26 2.32 2.46 3.32 2.29 2.45 3.3
2 vi  69.97 53.57 94.04 77.68 56.84 98.3 77.83 56.39 98.53 77.75 56.12 98.51 77.91 56.48 98.54
vy 1051 9.88 16.23 4.55 3.86 9.86 5.13 3.98 9.74 5.21 4.03 9.85 5.16 3.94 9.81
ng v 46.23 34.81 73.44 5351 44.04 72.66 54.18 44.2 74.19 53.44 43.36 73.73 54.22 44.19 74.23
5 v, 1028 10.45 13.56 23.9 24.23 28.11 24.11 23.96 27.52 24.63 24.38 28.09 24.2 24.03 27.62
3 vy  92.88 79.48 99.9 90.91 79.4 99.35 911 79.58 99.33 90.84 79.12 99.37 91.12 79.65 99.34
vy 1845 16.44 32.83 33.57 31.78 49.13 33.6 30.22 47.91 34.46 31.09 48.72 33.68 30.22 48.08
vy 56.43 48.54 64.09 55.9 39.82 65.27 56.91 40.45 66.7 56.19 39.92 66.17 56.97 40.52 66.79

5 v, 3167 31.65 32.99 7.64 7.56 8.84 7.45 7.84 9.04 7.62 8.04 9.38 7.46 7.87 9.13
* vi  90.82 79.79 95.25 98.37 89.75 99.7 98.52 89.31 99.73 98.44 89.09 99.71 98.53 89.32 99.74
vy 4103 39 46.15 18.39 15.05 24.64 17.72 14.34 23.68 18.23 14.75 24.42 17.8 14.26 23.74
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Table 3. 9: Type | error (%) of ANOMC tests under heterogeneous variances when t = 5.

Distribution MVN MVT MVLN MVN MVT MVLN  MVN MVT MVLN MVN MVT MVLN MVN MVT MVLN
n P v ANOMC-MR6 ANOMC-MR7 ANOMC-MR8 ANOMC-MR9 ANOMC-MR10
vy 5.96 5.76 5.87 5.95 5.79 6.33 5.63 5.75 453 5.94 5.78 6.33 6.05 5.98 5.85
5, vy 5.43 5.58 5.94 5.4 5.37 6.14 5.28 5.96 4.58 5.4 5.38 6.38 5.42 5.56 5.92
vy 7.96 7.08 10.86 7.96 7.4 11.38 7.25 7.14 7.75 7.99 7.43 10.48 7.72 741 9.79
vy 8.69 6.9 10.64 8.13 7.16 11.32 7.44 7.33 8.27 8.11 7.13 11.09 7.93 7.15 10.51
vy 6.77 6.26 6.39 4.02 3.68 4.05 3.87 4.69 3.31 3.49 3.7 4.16 3.69 3.88 3.88
5, vy 6.65 6.23 6.58 3.98 3.64 3.96 4.24 4.47 3.45 3.93 3.52 4.09 3.98 3.63 3.89
vy 8.37 7.93 112 5.21 4.99 7.92 5.18 5.39 5.89 5.45 4.94 7.39 5.36 4.84 7.01
n; vy 8.96 7.8 10.8 6.07 5.13 7.7 5.49 5.49 6.24 5.77 5.32 8.15 5.73 5.4 7.71
vy 6.77 6.26 10.76 18.52 18.09 21.91 15.61 14.48 15.81 19 17.78 20.76 18.01 16.77 19.41
5, vy 6.65 6.23 10.32 18.36 17.72 21.23 14.4 15.21 15.94 18.14 17.9 21.32 16.76 17.05 19.83
vy 8.37 7.93 20.48 24.15 22.98 32.28 19.35 19.16 24.35 23.72 235 31.64 22.54 22.15 29.73
vy 8.96 7.8 19.91 23.19 23.22 32.14 20.03 19.14 24.67 23.97 23.14 31.24 23.13 22.01 29.58
vy 211 20.33 21.42 9.07 8.71 10.15 7.9 7.91 7.92 8.91 8.03 9.9 8.74 8.08 9.18
5 v, 2022 19.78 20.23 8.32 8.2 9.09 7.98 8.27 7.76 8.56 8.61 9.51 8.69 8.67 8.95
* vy 2612 25.14 28.34 14.26 12.71 17.08 12.26 11.63 13.08 14.62 13.24 16.51 143 12.92 15.75
vy  26.28 25.51 27.46 1491 12.79 17.17 12.37 11.68 13.02 1451 13.2 16.54 13.97 13.22 15.69
vy 7.63 6.89 9.39 7.81 7.33 10.16 7.71 7.4 9.95 7.72 7.33 10.17 7.69 7.34 10.09
5 v, 8.13 7.48 9.86 8.42 7.86 10.61 8.32 7.91 9.41 8.36 7.82 9.62 8.4 7.9 9.64
' vy 16.54 14.43 28.82 17.83 15.47 32.64 17.47 15.29 32.18 17.77 15.37 32.67 17.66 15.29 32.55
vy  16.49 14.13 29.15 17.92 15.19 32.77 17.75 14.95 31.52 17.86 15.01 31.93 17.95 15.01 31.84
vy 9.04 8.41 10.34 4.4 3.93 5.53 4.13 431 5.72 411 4.14 5.87 4.04 4.15 5.83
5 vy 9.77 9.24 11.25 4.76 4.23 5.81 4.78 4 5.72 4.76 3.89 5.89 4.78 3.91 5.86
2 vy 17.39 15.6 29.77 12.57 10.31 25.21 12.92 10.34 24.76 13.06 10.27 25.26 13.08 10.38 25.16
n, vy  17.46 15.51 28.68 12.19 10.1 25.34 12.37 9.88 24.71 12.67 9.95 25.16 12.63 9.95 25.1
vy 141 13.12 18.82 28.71 28.03 35.41 28.12 27.74 34.02 28.47 28.24 34.43 28.45 27.98 34.39
5 v, 1476 13.29 19.04 28.79 27.47 35.88 28.44 27.94 34.72 28.64 28.32 35.39 28.72 28.17 35.2
3 vy 3176 26.77 55.92 46.44 41.19 65.72 46.13 40.11 64.86 46.72 40.76 65.39 46.52 40.53 65.15
vy 3203 26.24 55.67 46.8 40.83 66.03 46.26 41.11 65.62 46.42 41.32 65.93 46.61 41.28 65.88
vy 36.06 35.47 36.92 11.85 11.46 15 12.63 11.71 14.26 125 115 14.65 12.73 11.72 1452
5 v, 3528 35.44 37.2 12.95 11.88 14.49 12.23 11.97 14.46 12.2 11.65 15.02 12.34 12.07 14.72
* vy 5091 47.6 57.83 37.73 29.04 47.17 36.8 29.59 45.99 37.17 29.55 46.73 37.06 29.76 46.5
vy 50.7 46.48 57.04 37.16 28.37 46.64 36.76 29.39 46.57 37.23 29.3 47.13 37.05 29.51 46.93
vy 9.45 8.77 13.95 10.1 9.4 15.15 10.06 9.53 14.67 10.08 9.4 14.77 10.01 9.43 14.66
5, vy 9.36 8.44 13.58 10.28 8.74 14.78 10.21 8.79 14.72 10.25 8.71 14.78 10.16 8.68 14.69
vy 2661 20.61 49.5 29.36 22.6 54.17 29.2 22.42 54.67 29.28 22.56 54.84 29.08 22.34 54.59
vy 26,57 20.95 50.17 28.99 22.64 55.07 28.97 22.53 53.48 28.9 22.58 53.71 28.87 22.44 53.36
vy 11.65 10.8 15.32 5.21 4.91 9.1 5.19 4.63 8.69 5.22 4.67 8.77 5.19 4.58 8.68
5, v, 1104 10.33 15.29 5.31 4.4 8.79 5.43 4.68 8.76 5.42 4.54 8.82 5.38 4.59 8.74
vy 27.3 21.21 47.53 22.93 15.68 48.73 22.47 15.81 48.81 22.47 15.75 48.83 22.42 15.7 48.69
ng vy 2721 2171 47.35 22.45 16.31 49 21.95 16.43 48.85 21.96 16.41 48.89 21.89 16.31 48.78
vy 18.42 16.63 29.37 35.22 32.67 46.39 34.63 33.24 45.56 34.69 33.49 45.7 34.59 33.03 45.48
5 v, 17.95 16.54 28.68 35.04 33.22 45.12 35.54 32.59 45.07 35.8 3271 45.24 35.45 32.54 45
3 vy 49.44 38.34 80.28 61.14 52.88 82.76 60.29 52.28 82.76 60.15 52.04 82.82 60.22 52.11 82.74
vy 4931 37.89 80.31 61.51 52.54 82.96 60.87 51.78 82.73 60.96 51.82 82.99 60.8 51.67 82.7
v 4283 41.07 45.86 17.92 15.23 22.23 18.23 15.33 22.02 18.21 15.21 22.06 18.15 15.21 21.95
5 v, 4203 41.42 45.28 18.29 14.78 21.69 18.11 15.17 21.98 18.2 15.01 22.21 18.05 15.09 21.93
* vy 6551 57.26 72.78 60.13 44.5 72.8 59.77 43.72 73.22 59.91 43.56 73.24 59.7 43.62 731
vy  64.63 58.33 72.81 59.59 44.39 73.47 60.04 43.76 72.17 60.12 43.52 72.31 59.95 43.66 72.11
vy 10.95 9.87 14.98 11.07 10.2 15.93 10.58 9.85 13.49 1113 10.24 16.03 11.01 10.41 15.52
5 vy 5.55 5.77 5.37 5.59 5.9 6.01 5.52 6.38 4.77 5.63 5.96 6.24 5.57 5.97 5.81
' vy 29.39 22.09 51.92 31.44 231 54.41 28.61 2171 49.32 31.55 23.14 54.27 31.2 23.16 53.74
vy 7.78 7.06 9.08 8.03 7.29 9.66 7.32 7.36 8.24 8.1 7.31 10.18 7.79 7.36 9.64
vy 1178 10.86 15.84 7.08 6.2 10.77 7.36 6.57 9.58 7.52 6.3 11.37 7.47 6.41 10.94
5 vy 6.55 6.53 6.65 3.21 2.81 3.53 35 4.34 2.87 3.14 3.42 3.58 3.08 3.48 3.34
2 vy 29.07 22.26 48.94 25.42 18.25 50.68 22.16 17.34 43.87 24.76 18.87 49.2 24.39 18.92 48.39
Ny vy 8.54 8.28 9.89 5.13 4.37 6.09 5.04 5.08 5.53 4.85 4.5 6.48 4.84 4.6 6.27
vy 19.65 17.39 28.88 313 28.76 41.74 28.97 26.69 38.16 31.88 29.29 41.47 31.55 28.91 41.2
5 vy 9.53 9.29 10.65 21.65 22.28 24.55 18.59 18.65 20.21 21.71 21.47 24.37 20.6 20.51 22.84
3 vy 5116 38.53 78.87 57.75 48 78.39 55.49 45 75.35 57.77 47.49 77.99 57.81 47.74 77.74
vy 1327 11.66 17.15 26.16 25.57 32.01 22.42 21.99 26.28 25.82 25.73 31.65 244 24.14 29.8
v 3595 33.32 38.59 19.72 16.86 23.47 18.97 15.69 20.98 20.43 15.81 23.38 20.56 16.66 23.23
5 v,  25.65 25.81 26.53 7.79 7.76 8.76 7.34 8.06 7.64 8.05 8.08 9 7.74 7.91 8.34
* vy 60.94 50.19 68.22 61.47 44.86 71.94 57.18 42.98 67.02 60.66 45.33 70.79 60.87 45.8 70.66
v;  29.63 29.14 30.81 12.77 1151 14.37 11.24 10.54 12 12.74 11.58 14.46 12.03 11.04 13.58
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vy 17.19 14.18 28.48 18.54 14.87 30.89 18.21 15.04 30.22 18.57 14.85 31.01 18.62 15.22 3115

5, vy 5.41 5.49 5.69 5.66 5.75 5.7 5.67 5.89 5.91 5.66 5.77 6.22 5.7 5.81 6.14
vy 5218 36.89 82.53 56.24 39.85 85.49 55.67 39.44 85.46 56.2 39.81 86.03 56.49 40.12 86.04

vy 6.31 6.75 9.08 6.77 7.04 9.47 6.47 7.05 9.32 6.77 7.06 10 6.71 6.93 9.71

vy 18.02 15.35 28.25 12.58 9.89 24.66 1321 10.13 23.61 13.35 9.92 24.46 13.49 10.13 24.59

5 vy 6.79 7.46 6.97 2.44 2.34 2.64 2.62 2.6 2.65 2.5 2.3 2.87 2.48 2.32 2.78
2 vy 5031 36.38 78.12 52.89 34.64 85.92 52.02 35.56 86.1 52.81 36.02 86.64 53.06 36.22 86.74
vy 7.99 8.23 10.18 3.36 3.51 5.15 3.64 3.82 4.79 3.69 3.62 5.08 3.66 3.68 4.94

ng vy 3135 25.2 51.84 42.22 37.41 57.84 43.25 36.97 58.95 43.75 3731 59.23 44.01 37.62 59.62
5 vy 9.74 9.52 10.7 23.69 24.36 25.37 22.79 23.54 24.45 23.81 2417 25.74 23.47 24.02 25.37
3 vy  78.36 60.16 97.34 79.2 65.51 95.18 78.9 65.69 94.85 79.02 65.78 95.05 79.27 66.39 95.04
vy 12,66 1191 17.18 27.41 27.18 34.52 26.65 26.66 32.46 28.18 28.14 34.55 27.59 27.41 335

v 47.95 43.58 53.02 35.93 26.93 44.35 37.02 27.06 42.16 36.88 26.62 42.69 37.74 27.58 43.27

5, v, 3011 314 30.91 7.3 7.13 7.31 6.67 6.71 7.21 6.97 6.7 7.81 6.8 6.76 7.42
vy  80.07 67.49 87.13 89.25 71.16 95.43 88.89 71.43 94.95 89.06 71.54 95.23 89.21 71.9 95.23

vy 3408 33.95 36.2 10.67 10.2 13.63 10.3 9.99 12.28 11.06 10.29 13.43 10.65 10.08 12.66

v 3361 24.2 59.28 36.29 26.06 63.5 36.4 26.24 62.74 36.22 26.06 62.53 36.59 26.32 62.91

5 vy 5.24 5.13 6.07 5.53 5.56 6.38 5.44 5.55 5.75 5.52 5.53 5.85 55 5.56 5.82
' vy  85.08 66.22 99.39 88.45 70.25 99.7 88.52 70.34 99.63 88.45 70.19 99.63 88.6 70.52 99.64
vy 7.19 6.58 10.62 7.49 6.87 11.34 7.34 6.78 11.85 7.47 6.86 12.05 7.39 6.81 11.98

vy 334 25.65 55.57 304 20.04 60.44 30.64 20.21 59.57 305 19.94 59.44 30.76 20.22 59.72

5 vy 7.21 6.92 8.56 178 1.75 25 1.92 211 2.56 2.01 213 2.61 1.95 211 2.55
2 vy 80.81 62.68 98.29 89.08 68.51 99.91 89.85 68.86 99.78 89.75 68.63 99.78 89.92 68.98 99.78
vy 9.08 8.89 11.75 3.15 2.84 5.75 3.06 2.89 5.78 3.14 29 5.92 311 2.86 5.87

ng vy 56.57 42.28 83.44 61.62 50.35 82.21 62.25 51.84 82.78 61.87 51.45 82.62 62.39 52.03 82.83
5 vy 9.54 9.35 10.91 24.67 24.87 27.25 24.72 23.85 26.65 25.05 24.27 27.07 24.87 23.94 26.77
3 vy  97.83 87.52 99.98 96.33 87.73 99.86 96.17 87.46 99.87 96.14 87.26 99.88 96.19 87.46 99.87
vy 14.9 13.23 24.02 31.82 30.05 43.57 30.24 28.69 41.83 30.83 29.35 42.67 30.36 28.81 42.02

vy 6574 56.25 7177 68.53 49.37 77.26 68.67 50.49 78.86 68.27 49.55 78.29 68.76 50.53 78.93

5, v, 3316 32.91 34.44 6.75 6.66 7.56 5.95 591 7.3 6.03 5.96 7.47 5.95 5.88 7.36
vy 9591 86.85 98.45 99.72 95.59 99.96 99.84 95.32 99.99 99.83 95.27 99.99 99.84 95.34 99.99

v;  40.36 38.44 42.97 13.48 11.38 17.21 12.82 11.22 16.44 13.38 11.55 17.06 12.86 11.32 16.57
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Table 3. 10: Power (%) of ANOMC tests under homogeneous variances under balanced &

unbalanced design nq & ng when t = 3.

Distribution MVN MVT MVLN  MVN MVT MVLN  MVN MVT MVLN  MVN MVT MVLN  MVN MVT MVLN
z 8 ANOMC-MR6 ANOMC-MR7 ANOMC-MR8 ANOMC-MR9 ANOMC-MR10
[ 30.36 25.57 54.14 31.63 26.54 51.08 28.57 24.31 48.58 31.62 26.57 53.77 31.08 26.28 52.91
83 25.63 22.27 44.54 26.76 22.89 45.45 23.94 20.98 41.5 26.74 22.9 46.38 26.4 22.62 45.49
A 22.4 20.85 39.18 23.12 21.69 411 20.97 20.09 35.82 23.12 21.71 40.56 22.76 21.73 39.66
8 24.1 21.32 40.22 24.54 217 40.06 22.44 19.92 37.22 24.53 21.71 42.12 24.17 21.45 41.13
% 3 27.28 24.27 46.38 28.89 25.42 43 25.85 23.22 43.63 28.91 25.43 48.72 28.36 25.07 47.81
87 25.37 23.38 43.89 26.89 23.75 44.36 24.34 22.04 42.13 26.89 23.8 47.45 26.32 23.47 46.64
Sy 25.11 22.98 44.49 26.18 23.95 45.38 23.34 21.71 41.66 26.18 23.95 46.45 25.63 23.48 45.63
8y 22.51 20.53 39.88 23.39 21.05 41.08 211 19.14 36.99 23.4 211 41.82 231 20.91 41.04
810 24.22 20.8 38.97 25.06 21.29 415 22.49 19.46 37.87 25.07 21.34 4226 24.58 21.01 41.54
8, 29.36 25.65 50.41 26.91 2221 44.68 23.86 20.52 45.68 26.49 22.6 50.67 26.07 22.26 49.38
83 25.65 22.44 42.75 221 18.23 37.51 20.13 17.02 37.01 22.25 18.56 41.96 22 18.45 40.94
[ 22.78 214 38.59 19.07 17.14 34.19 17.57 16.61 31.34 19.69 17.74 36.12 19.28 17.62 35.46
Ss 23.24 21.38 39.37 19.47 16.85 32.72 16.55 15.84 30.79 18.68 171 35.33 18.47 16.82 35.8
z, 3 27.12 24.67 43.99 23.27 20.1 35.42 20.53 17.8 37.25 23.28 19.95 42.34 22.94 19.81 41.61
8, 25.13 22.82 42.65 21.92 19.27 37.47 18.95 16.83 35.74 21.24 18.47 40.78 20.88 18.3 39.76
8g 25.13 22.81 42.46 21.45 19.16 38.27 19.32 17.38 36.79 21.93 19.03 41.52 2141 18.81 40.4
8y 22.95 20.94 37.49 18.78 16.3 33.64 17.05 15.21 31.75 18.74 16.59 35.96 18.58 16.61 35.26
ny 810 23.81 21.13 37.76 19.99 16.52 34.63 17.05 15.28 3241 19.2 16.61 36.7 18.86 16.41 35.56
[ 49.84 43.28 79.63 57.41 50.84 79.73 54.41 45.77 75.96 58.24 49.58 79.28 57.09 50.23 78.28
83 43.13 36.69 70.7 51.76 45.82 72.52 48.06 43.12 69.93 51.88 46.62 73.62 51.74 46.24 72.27
A 39.19 34.55 64.69 49.25 44.25 69.28 45.1 40.39 65.07 48.89 43.48 68.95 48.6 44.27 68.69
85 41 35.27 65.65 51.31 45.86 71.02 45.54 42.37 66.44 49.8 46.06 70.31 50.19 44.96 69.45
T3 3 47.39 40.92 72.11 57.12 49.64 76.08 52.04 47.12 71.9 55.94 50.86 75.23 56.86 50 75.49
8, 43.85 38.29 70.96 52.9 46.06 72.19 48.16 43 69.84 51.8 46.95 73.48 51.2 45.81 72.06
Sy 42.73 37.99 71.55 52.28 46.41 73.57 48.19 42.61 68.33 51.69 46.54 72.17 51.59 45.17 7241
[ 39.37 34.41 65.28 49.19 43.61 69.04 45.5 40.33 66.54 49.65 44 70.18 48.53 43.81 68.71
810 40.21 35.45 63.72 50.25 44.56 68.77 45.61 41.02 65.77 49.56 45.06 69.53 49.28 43.73 68.94
8, 58.43 52.58 68.47 58.59 48.51 76.72 53.97 4477 64.61 58.62 48.9 69.72 58 47 69.22
83 53.9 47.86 62.2 50.51 42.05 69.23 46.09 38.97 56.02 50.08 42.33 61.11 50.47 42.76 60.56
84 50.7 46.76 57.11 45.51 39.36 63.71 42.21 36.43 50.9 46.51 39.26 55.75 45.48 38.63 54.97
8s 52.62 48.29 58.45 47.55 40.44 61.38 42.14 36.79 511 46.58 40.1 56.01 45.86 40.22 55.53
I 3 58.38 52.7 63.67 54.73 46.09 65.56 49.07 42.26 58.08 53.68 46.05 63.25 54.55 45.59 62.29
87 53.08 49.57 61.84 51.17 43.02 67.84 46.45 39.48 56.15 51.1 42.74 60.84 50.2 41.88 60.7
8g 52.45 48.77 60.45 50.94 42.76 69.06 47.11 38.24 56.44 51.07 41.72 61.26 50.07 41.78 60.61
8y 50.57 46.42 56.86 46.09 38.45 63.56 42.62 36.29 51.18 46.77 39.53 55.99 46.22 37.7 54.71
810 51.32 47.01 58.24 46.29 39 64.78 42.31 35.67 514 46.55 38.63 56.35 45.3 38.59 5431
[ 66.83 52.84 92.96 68.84 53.99 76.78 64.43 50.3 91.09 68.9 54.03 93.22 68.44 54.06 92.93
83 53.63 42.38 82.67 55.22 43.68 64.99 51.07 40.28 79.61 55.26 43.78 83.76 54.95 43.56 83.25
A 40.05 33.05 65.85 40.88 335 52.38 37.39 3117 62.03 41.02 33.54 67.3 40.79 337 66.78
85 314 26.43 50.28 3175 26.97 41.98 29.1 24.6 46.07 31.84 27.04 51.18 31.84 27.14 50.73
% 86 27.15 23.32 41.04 27.92 23.43 37.62 24.84 21.28 37.55 27.98 23.56 43.15 27.83 23.66 42.49
8, 60.46 47.99 89.09 62.05 48.48 71.41 57.65 44.79 85.85 62.19 48.54 88.92 62.01 48.52 88.61
8g 17.95 16.73 31.16 18.93 17.12 37.35 16.47 15.09 28.57 19 17.23 345 18.37 16.65 33.12
8y 54.96 43.16 82.83 56.04 44.09 65.67 51.84 40.33 79.79 56.15 44.2 83.75 55.66 44.04 83.23
810 19.31 18.39 33.89 20.21 18.6 36.95 17.46 16.34 29.91 20.3 18.68 35.48 19.68 18.29 34.45
8 62.47 50.03 90.35 66.22 50.61 76.9 61.05 46.22 92.42 66.33 50.26 94.75 65.8 50.1 94.54
83 50.18 41.15 78.53 51.05 39.11 62.19 46.45 34.9 79.28 51.36 38.11 83.68 50.86 38.23 83.22
8y 38.77 32.74 62.95 36.75 28.82 46.04 33.01 25.43 59.48 36.82 28.09 65.58 36.57 28.15 64.94
85 30.38 26.54 48.9 25.87 21.41 34.71 23.32 19.73 40.56 26.17 21.69 45.8 25.97 21.79 45.2
z, 86 27.31 24.38 40.46 214 17.79 29.18 18.71 16.43 29.62 21.34 18.38 34.73 21.01 18.46 34.21
87 57.47 45.88 85.16 59.51 44.8 69.8 52.99 41.19 86.98 58.17 45.65 90.2 57.64 45.18 89.83
8g 18.49 17.19 30.92 14.28 12.74 29.26 12.8 11.23 22.77 14.63 12.28 27.73 14.34 12.16 26.59
8y 52.37 41.65 79.27 52.41 39.4 62.35 46.7 36.05 79.7 51.88 40.46 84.24 51.35 40.1 83.55
n 810 20.2 18.67 32.73 15.07 13.25 28.45 13.35 12.47 24.01 15.63 13.65 29.37 15.11 13.44 28.24
+ [ 87.98 7451 99.36 85.55 74.73 97.18 83.47 72.86 96.38 85.16 75.14 97.12 85.38 75.19 97.07
[ 77.71 63.3 97.06 75.86 65.46 92.32 73.14 62.74 91.12 75.89 65.48 92.51 75.79 65.32 92.46
8y 63.22 51.52 89.26 65.15 56.22 84.35 62.17 54.07 82.06 64.89 56.9 84.48 65.03 56.81 84.36
85 49.95 41.9 74.87 57.49 49.69 75.23 54.22 47.24 72.41 57.25 50.07 75.42 56.99 50 75.31
T3 86 44.64 37.99 66.33 54.27 49.6 71.73 51.34 46.43 68.24 55.11 49.78 72.06 54.79 49.45 71.67
8, 83.73 69.55 98.66 81 70.16 95.19 79.18 67.81 94.82 81.49 70.84 95.61 81.43 70.68 95.6
Sg 31.68 28.68 55.57 43.99 39.28 63.28 39 35.66 56.84 44.66 40.52 63.48 42.98 38.79 62.24
[ 78.46 65.01 97.58 77.77 67.47 93.46 74.79 64.68 91.68 77.33 67.94 92.96 77.34 67.92 92.97
810 34.68 30.51 58.51 46.79 42.03 65.36 41.03 37.82 60.94 46.85 42.46 66.76 45.3 41.6 65.58
8 86.43 75.87 93.64 94.73 82.98 95.39 93.21 79.92 97.53 94.66 82.76 98.1 94.56 82.62 98.13
83 78.49 67.06 86.07 86.27 71.22 88.94 83.58 68.83 91.26 86.2 72.04 92.78 86.19 72.21 92.83
A 68.08 59.6 75.7 71.87 57.21 77.99 68.46 54.44 78.57 71.82 56.92 81.73 71.9 57.45 81.7
8 60.12 53.82 64.75 57.59 46.87 65.53 53.98 45.01 60.95 57.47 47.63 65.42 57.38 48.49 65.32
T 3 57.78 52.85 62.34 49.53 41.08 58.31 45.49 37.98 51.45 49.64 40.78 55.54 49.66 41.46 55.25
87 83.08 72.25 90.48 91.29 77.96 92.99 89.48 75.17 95.28 91.88 78.36 96.35 91.62 78.42 96.31
8 46.34 43.43 52.59 35.94 3115 59.83 314 27.64 39.1 36.69 31.82 46.07 35.27 30.7 44.38
8y 79.4 69.55 86.49 87.38 73.67 89.8 85.02 70.34 92.22 87.78 73.97 93.94 87.6 73.95 94
810 49.32 45.46 54.91 40.1 33.57 57.98 35.48 30.24 42.35 41.09 34.63 48.83 39.99 34.15 47.68
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Table 3. 11: Power (%) of ANOMC tests under homogeneous variances under balanced &
unbalanced design ny & ng when t = 4.

Distribution MVN MVT MVLN MVN MVT MVLN MVN MVT MVLN MVN MVT MVLN MVN MVT MVLN
P 8 ANOMC-MR6 ANOMC-MR7 ANOMC-MR8 ANOMC-MR9 ANOMC-MR10
[ 26.63 22.78 47.47 28.68 24.39 50.93 24.19 20.8 43.5 27.75 23.55 50.51 27.1 23.22 49.15
83 18.14 16.03 30.98 19.79 17.44 33.64 16.44 15.14 25.97 18.88 16.75 31.38 18.52 16.48 30.18
A 20.69 18.29 34.36 22.17 19.72 37.87 18.39 17.01 30.44 21.43 18.94 36.56 20.82 18.77 35.25
85 28.61 245 47.6 30.71 26.57 51.89 25.31 22.32 42.86 29.65 25.56 50.4 28.82 25.03 49.04
I 3 19.65 17.2 32.98 21.16 18.83 35.68 17.36 15.74 29.57 20.3 18.09 35.43 19.87 17.83 34.38
8, 24.29 20.69 41.62 25.92 22.03 45.73 21.49 18.86 36.91 24.94 21.26 43.63 24.3 20.91 42.31
Sy 23.98 20.6 42.43 25.95 22.29 45.86 21.91 18.93 37.33 25.09 21.41 44.21 24.45 20.94 42.95
8y 22.94 20.17 38.71 25.24 21.49 42.69 20.79 18.44 34.64 24.34 20.71 41.27 23.53 20.43 39.91
810 22.86 19.82 39.63 24.46 21.18 42.77 20.46 18.46 35.53 23.62 20.47 42.32 22.84 20.16 40.97
[ 26.31 22.35 435 23.91 20.19 45.45 19.44 16.88 38.01 22.86 18.81 44.78 22.21 18.56 43.44
83 18.38 16.29 28.85 14.9 12.69 26.8 12.49 114 21.34 14.22 12.37 26 13.95 12.23 25.07
[ 20.16 191 33.47 174 14.89 30.61 14.73 1251 24,52 17 13.84 29.35 16.71 13.79 28.31
Ss 28.05 2477 46.07 24.6 21.34 44.82 19.85 18.4 36.64 23.05 20.61 43.27 22.43 20.28 41.9
3z, 86 19.95 17.74 31.79 16.68 147 29.88 13.17 12.95 24.48 15.29 1453 29.63 14.74 14.37 28.48
8, 24.21 21.07 40.9 21.58 17.98 40.99 17.77 15.74 32.83 20.36 17.66 39.2 19.81 17.37 37.91
8g 24.45 20.53 40.25 21.46 17.58 40.09 17.8 15.05 31.66 20.74 17.04 38.2 20.06 16.75 36.93
8y 22.89 19.88 38.02 19.75 16.59 37.09 16.36 14.42 29.82 18.58 16.16 35.26 18.13 15.98 34.04
ny 810 23.01 195 37.95 19.83 16 37.12 16.6 14.34 29.65 19.26 15.99 35.55 18.68 15.73 34.42
[ 46.12 38.63 74.82 55.36 48.13 77.86 48.11 42.96 71.56 53.53 47.6 76.72 52.25 46.7 75.68
83 31.76 27.6 54.16 45.48 41.24 63.98 38.39 34.41 56.84 44.19 39.61 63.18 42.9 38.22 61.85
8y 35.52 31.95 58.46 49.7 44.12 69.74 42.77 38.45 61.98 48.87 43.45 68.42 47.63 42.31 67.36
85 48.87 42.21 75.75 62.01 54.94 82.89 54.26 48.35 76.46 60.08 54.14 8151 58.91 52.83 80.79
Z; 3 34.81 30.28 57.33 47.78 41.82 66.94 40.3 37.29 59.67 45.72 41.93 65.98 44.48 40.9 64.83
8, 41.99 35.15 69.51 52.64 46.2 73.94 46.25 40.05 68.06 51.69 45.02 73.69 50.48 44 72.68
Sy 42.09 3531 69.52 52.71 46.06 74.37 45.33 40.53 67.81 50.64 45.34 73.24 49.82 44.43 72.29
8y 40.21 34.46 66.06 52.98 46.44 72.68 44.57 39.8 66.73 50.13 45.28 72.49 48.84 43.74 71.25
810 39.85 34.45 66.29 51.74 46.07 73.56 46 40.13 67.11 51.35 45.7 72.81 50.37 44.36 7171
8, 56.06 49.76 65.02 54.99 44.79 66.05 47.81 40.03 58.67 53.7 44.52 65.55 52.47 43.71 64.26
83 45.88 42.05 51.43 38.72 32.81 46.23 322 27.85 39.36 37.22 31.54 45.46 36.4 31.08 44.33
84 49.08 46.58 56.02 42.64 37.35 51.49 36.23 31.53 43.17 41.34 35.8 49.79 40.39 35.18 48.33
8s 61.93 57.11 68.92 57.65 50.21 67.79 50.79 42.66 58.18 57.47 47.93 65.57 56.21 47.18 64.4
Z, 3 47.45 43.19 54.38 42.11 3471 50.16 35.73 30.41 43.18 40.87 34.11 49.47 40.12 33.55 48.17
8, 52.86 47.4 61.03 50.65 41.72 60.04 42.66 36.36 53 48.46 40.42 60.23 47.41 39.99 58.67
8 53.64 46.85 61.63 50.64 40.97 60.8 42.93 36.04 52.83 48.29 40.08 59.44 47.35 39.33 58.21
8y 52.27 48.48 59.62 48.76 40.88 57.98 41.8 34.36 49.33 47.6 38.87 56.25 46.48 38.41 54.89
810 52.24 47.99 59.92 47.98 39.2 57.52 40.29 34.44 50.75 45.69 38.85 57.38 44.54 38.12 55.94
[ 4171 33.33 71.4 42.86 33.72 72.79 31.85 26 56.94 43.02 33.87 72.39 41.98 33.25 70.98
83 21.36 18.76 37.13 21.74 18.66 38.67 15.98 14.19 26.03 21.88 18.79 39.05 21.39 18.55 37.81
A 22.79 19.62 36.71 22.78 20 38.2 16.82 14.6 26.73 23 20.11 38.8 22.41 19.94 37.69
5 85 30.35 27.06 49.26 313 27.61 49.79 22.01 19.75 35.62 31.47 27.82 51.3 30.62 27.38 49.99
* 86 24.82 22.16 43.94 25.06 21.98 44.94 18.52 16.87 30.22 25.14 22.14 44.22 24.6 21.87 42.84
8, 37.48 30.83 67.11 38.44 31.22 68.21 28.84 23.24 52.05 38.57 3141 67.47 37.61 30.76 65.89
8g 18.31 16.73 31.16 18.55 16.82 32.34 14.06 13.28 21.95 18.72 16.89 318 18 16.47 30.56
8y 35.6 29.41 61.57 36.24 29.19 63.43 26.52 21.92 47.49 36.5 29.34 64.04 35.57 28.8 62.47
[ 19.02 17.16 32.15 19.92 1751 33.38 14.44 13.58 23.48 20.1 17.66 34.76 19.2 17.19 33.38
8, 39.72 33.13 68.14 37.17 29.44 70.09 26.36 20.45 52.81 36.92 28.13 69.89 36.2 27.59 68.54
83 21.49 19.62 36.13 16.66 14.43 32.64 12.56 1211 20.95 17.61 15.46 31.45 17.27 15.32 30.51
A 22.92 20.03 36.3 17.75 14.6 31.89 13.26 11.69 21.66 18.5 15.09 32.55 17.89 14.87 31.76
85 29.67 26.54 47.89 24.32 20.65 43.09 17.86 15.39 30.07 25.12 20.82 44.16 24.42 20.76 42.75
z, 3 25.07 22.75 41.56 20.24 17.33 38.74 14.75 13.08 26.1 20.27 17.24 38.43 19.71 17.01 37.02
8, 36.23 30.27 61.92 33.14 26.46 63.54 22.94 19.03 47.35 32.93 26.45 64.4 32.06 25.92 62.82
8g 18.15 16.87 29.86 1451 12.97 27.39 12.06 10.96 18.16 15.25 12.87 27.16 14.88 12.84 26.01
8y 34.39 28.71 59.24 30.76 24.17 59.2 21.07 17 41.72 29.94 23.15 58.62 29.01 22.82 56.85
n 810 18.98 17.39 32.16 14.9 13.03 27.94 1157 10.55 18.18 15.05 12.88 28.1 14.54 12.77 26.66
o [ 67.15 55.27 93.79 69.72 59.72 90.71 59.15 49.73 83.4 69.56 60.13 90.26 69.23 59.4 89.7
83 38.24 32.66 63.66 49.09 41.78 67.38 38.57 34.36 57.01 48.66 43.22 68.26 47.68 42.5 67.51
A 39.72 34.03 63.95 49.96 45.36 70.14 39.47 35.89 58.72 49.52 45.54 70.64 49.01 45.11 69.77
8 53.33 45.61 78.31 61.42 55.51 82.84 49.58 43.21 7153 61.85 54.26 82.05 61.07 5351 81.39
Z; 86 44.29 37.72 71.69 52.07 45.62 73.4 41 37.03 61.5 52.2 46.26 72.97 51.33 45,51 721
8, 62.34 51.2 91.24 67.05 56.89 87.93 56.28 46.96 79.54 66.95 58.1 87.37 65.88 56.91 86.7
Sg 31.68 28.1 53.15 43.24 38.22 61.91 3174 29.31 48.57 43.23 38.55 62.4 41.35 37.11 60.72
8y 58.73 49.22 88.15 65.17 55.98 86.34 54.29 45.07 77.73 65.39 55.9 86.73 64.5 54.79 86.05
S10 33.87 29.37 56.78 45.75 40.31 66.42 34.11 29.89 51.98 45.58 40.2 65.66 43.95 38.76 64.06
8 71.99 63.01 82.13 75.96 62.29 87.06 63.47 49.93 75.78 75.85 60.77 86.88 74.83 60.1 85.71
83 50.4 46.77 57.03 43.8 35.73 53.41 34.22 28.62 41.15 44.68 36.08 54.17 43.85 35.92 53.24
8y 53.7 48.53 59.57 44.45 36.95 52.89 33.77 28.77 39.3 44.83 36.8 53.01 44.1 36.66 51.87
8 66.26 59.2 71.61 58.94 50.43 67.56 45.07 39.1 52.92 58.38 49.84 67.27 57.58 49.62 66.27
Z, 3 55.88 50.38 61.82 50.33 40.6 59.43 38.88 31.22 45.36 50.09 39.62 59.78 49.16 39.45 58.35
8, 69.43 61.36 79.94 72.07 57.7 82.99 58.98 46.87 7111 72.07 57.63 83.97 71.19 57.03 82.93
8g 44.59 41.21 50.46 36.04 30.6 44.68 26.91 23.57 32.05 36.78 31.47 44.17 35.32 30.45 42.58
8y 67.13 59.71 75.95 67.39 55.54 80.15 55.19 43.73 66.46 69.04 55.77 79.61 67.87 54.87 78.63
810 47.64 43.88 53.48 38.47 32.29 46.85 28.35 24.23 332 38.97 32.45 46.86 37.82 31.52 44.8
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Table 3. 12: Power (%) of ANOMC tests under homogeneous variances under balanced &

unbalanced design nq & ng when t = 5.

Distribution MVN MVT MVLN MVN MVT MVLN MVN MVT MVLN MVN MVT MVLN MVN MVT MVLN
P [ ANOMC-MR6 ANOMC-MR7 ANOMC-MR8 ANOMC-MR9 ANOMC-MR10

[ 24.29 20.56 43.66 25.1 214 45.83 21.18 18.46 36.36 25.07 21.35 45.01 24.44 20.77 42.94

83 17.8 15.56 27.78 18.14 15.72 29.25 15.04 13.81 22.99 18.11 15.68 29.84 17.68 15.53 28.41

A 21.79 18.77 35.97 22.4 19.1 37.88 185 16.66 28.86 22.34 19.13 37.41 21.65 18.63 35.65

5 Ss 20.54 17.43 34.79 21.06 18 36.81 17.65 15.19 30.29 21.02 17.88 37.6 20.4 174 36.04

' 3 28 24.93 47.78 28.8 25.54 50.42 23.89 21.87 40.63 28.77 25.46 50.29 27.69 2478 48.4

8, 23 19.33 39.48 23.74 19.74 41.54 19.69 17.16 339 23.72 19.73 41.79 229 19.27 40.21

8g 22.58 19.26 39.03 23.39 19.49 41.49 19.27 16.69 34.02 23.37 19.45 42.13 224 19.2 40.49

8y 22.28 19.13 38.5 22.93 19.8 40.37 19.08 17.24 32.39 22.89 19.78 40.63 221 19.35 39.15

810 22.56 1851 37.98 23.2 19.08 40.14 19.06 16.27 31.89 23.19 18.99 39.95 22.15 18.73 38.53

[ 24.06 20.37 39.52 20.83 17.19 39.45 16.55 14.99 32.23 20.04 17.06 40.63 194 16.82 39.04

83 18.16 16.18 29.02 13.69 11.78 24.74 116 10.1 18.76 13.69 1151 2441 13.25 11.34 23.17

A 21.73 19.09 33.7 17.21 15.03 30.41 13.97 13.61 243 16.76 15.4 31.54 16.33 15.17 30.09

85 19.94 17.85 33.08 16.68 14.14 31.35 13.83 12.25 25.11 16.82 14.01 32.22 16.39 13.72 30.81

3z, 3 28.06 24.84 46.66 23.39 20.49 43.2 19.92 16.54 34.46 24.4 19.5 43.29 233 19.11 41.53

8, 22.45 18.95 37.13 19.45 15.61 35.97 16.45 13.63 28 20.17 15.92 35.1 19.32 15.65 33.72

8y 21.82 19.32 37.57 18.86 15.79 36.39 15.84 14.04 28.2 18.98 16.22 35.89 18.22 15.75 34.46

[ 21.97 19.12 35.27 17.96 15.38 32.37 15.81 14.44 25.96 18.93 16.15 32.41 18.3 15.91 30.87

ny 810 22.69 18.6 35.31 19.11 15.11 33.36 15.22 12.9 26.61 18.16 15.01 33.83 17.62 14.91 32.43

8, 43.17 36.21 72.03 51.64 4518 78.35 43.92 37.68 67.48 5111 4426 74.88 49.57 42.9 73.68

83 31.26 27.6 49.99 44.19 39.48 67.56 35.95 33.22 53.48 43.29 39.77 62.01 41.9 38.33 60.29

A 38.09 33.02 62.05 5045 4432 75.7 41.43 37.45 62.34 49.57 4432 70.65 47.77 42.71 68.91

8s 36.46 3172 61.28 47.04 4114 72.23 39.83 34.86 59.73 4729 4134 67.39 45.88 40.08 65.89

I3 3 49.09 43.08 76.85 59.55 53.74 86.77 51.77 44.7 76.37 60.47 52.51 83.83 58.64 50.87 82.37

8, 40.35 33.96 67.66 49.69  43.44 75.17 42.2 36.76 64.41 49.13 42.9 71.84 47.56 41.61 70.4

8 39.89 34.04 67.46 50 42.68 75.29 42.04 37.09 63.81 48.98  43.06 71.67 47.75 41.49 70.15

8y 39.09 33.62 65.67 49.96  44.35 75.8 42.75 36.57 64.89 49.8 43.36 72.54 48.29 41.45 71.33

810 39.47 32.92 65.39 49.78  43.23 75.73 42.49 37.5 64.07 50.07 4391 72.26 48.36 42.47 70.49

[ 54.04 47.54 62.82 5022 4148 61.36 43.27 36.29 53.1 50.77  42.02 61.89 49.38 41.07 60.05

83 46.24 43.04 51.13 34.95 30.61 42.73 29.32 25.53 34.99 35.73 30.38 42.24 34.74 29.84  40.72

84 52.96 48.15 58.09 44.2 37.23 51.73 36.38 31.57 43.4 43.53 36.76 52.28 42.12 36.17 50.5

85 49.24 44.81 56.62 42.88 35.52 52.74 36.53 30.04  43.56 42.56 34.41 52.19 41.58 33.93 50.52

Z, 86 63.38 57.46 70.17 56.19 4831 66.49 48.21 40.83 56.88 56.26  47.67 65.95 54.65 46.47 64.2

8, 52.35 45.99 59.63 46.72 38.45 56.76 39.41 33.3 47.96 46.32 38.26 57.03 44.79 37.6 55.18

Sy 51.75 46.45 59.74  47.05 37.64 57.33 39.28 32.2 48.79 46.11 37.76 57.25 44.78 36.59 55.38

8y 51.9 47.85 59.35 46.03 38.33 55.7 38.68 32.45 46.03 45.24 38.01 55.02 44.05 37.13 5331

[ 52.75 47.47 59.02 46.26 37.69 55 37.78 325 46.49 44.81 37.81 55.48 4351 37.03 53.82

8 89.94 74 99.72 91.89 76.64 99.8 90.3 74.28 99.78 91.93 76.68 99.84 91.76 76.52 99.84

83 47.29 36.6 75.34 50.07 38.46 7131 46.31 36.63 74.29 50.19 38.53 78.01 49.94 3871 77.54

A 64.52 49.5 90.78 67.48 52.31 92.53 63.94 49.25 90.22 67.6 52.39 92.42 67.41 52.45 92.18

5 85 79.19 62.09 98.41 82.16 64.71 98.62 79.59 62.1 98.12 82.26 64.82 98.66 82 64.82 98.57

! 3 71.16 57.61 95.41 74.08 60.35 96.56 69.45 56.46 94.47 74.14 60.42 96.41 73.8 60.37 96.2

8, 88.11 72.32 99.74 90.3 75.46 99.76 88.39 7257 99.62 90.35 75.55 99.77 90.13 75.35 99.76

8g 17.34 16.15 28.45 18.34 17.36 31.32 16.52 15.74 26.83 18.41 17.41 31.52 17.98 16.92 30.28

8y 86.25 70.22 99.56 88.65 73.26 99.68 86.5 70.77 99.42 88.69 733 99.6 88.51 73.05 99.59

810 29.6 24.64 49.1 31.94 25.74 52.87 28.47 23.65 46.64 32.05 25.81 52.43 31.63 25.76 51.36

[ 86.15 70.65 99.44 92.44 75.86 99.96 90.71 73.51 99.93 92.87 76.53 99.98 92.54 76.35 99.98

83 45.68 36.33 72.47 44.5 32.59 77.01 41.43 30.07 72.94 45.08 3291 77.46 44.73 32.83 76.76

A 61.64 47.86 87.63 64.06  46.51 92.49 58.07 43.41 90.61 6234  46.79 93.03 61.93 46.53 92.7

8 75.08 58.89 96.83 82.02 62.4 99.23 78.72 58.73 98.71 82.24 62.13 99.2 81.86 61.99 99.13

z, 86 69.01 56.14 9251 69.66 53.82 95.68 63.71 49.34 94.29 68.62 53.26 96.25 67.86 52.8 95.96

8, 84.03 68.54 99.33 90.91 73.95 99.91 89.13 70.33 99.85 91.4 73.38 99.92 91.07 73.11 99.92

8g 17.83 16.77 27.69 13.65 12.64 24.14 12.9 11.65 20.32 14.18 12.56 241 13.77 12.28 23.26

8y 82.5 67.13 98.93 89.12 71.78 99.8 86.27 68.33 99.7 88.82 7171 99.87 88.61 71.55 99.87

[ 29.94 24.87 46.93 24.97 19.29 44.07 21.17 17.42 38.11 23.78 19.19 43.95 2351 18.93 42.74

s 8 98.83 91 100 97.39 90.5 99.97 96.93 89.38 99.83 97.35 90.29 99.89 97.41 90.48 99.86

83 72.14 58.34 95.46 75.48 65.38 93.92 73.24 62.85 90.7 75.53 64.71 91.94 75.58 65.12 91.91

8y 87.46 73.24 99.46 86.86 7 98.67 85.93 74.92 97.74 87.47 77.18 98.09 87.84 7741 98.1

8 95.65 83.57 99.98 93.15 83.18 99.59 91.76 82.1 99.1 92.72 83.52 99.34 92.76 83.54 99.27

Z; 3 93.24 82.32 99.91 93.77 84.43 99.71 92.42 82.94 99.22 93.68 84.84 99.4 93.75 84.96 99.43

8, 98.52 90.79 100 97.13 89.71 99.88 96.44 88.01 99.84 96.9 89.33 99.91 96.86 89.33 99.87

8g 31.23 27.82 55.19 4544 4168 71.48 41.8 37.78 60.01 46.92 4217 66 45.46 40.77 64.71

8y 98.05 88.73 99.99 96.72 88.55 99.86 95.89 87.46 99.74 96.61 88.76 99.81 96.5 88.74 99.76

810 51.14 42.18 79.68 62.36 54.47 87.09 57.03 49.19 79.06 61.61 53.37 82.72 60.76 52.68 81.99

[ 97.45 90.43 99.63 99.88 96.81 99.99 99.85 95.9 99.98 99.88 96.62 99.99 99.89 96.41 99.99

83 77.99 68.78 84.31 82.4 66.89 89.96 79.89 64.27 88.83 82.1 66.96 90.51 82.38 67.81 90.44

A 89.27 79.21 93.84 94.26 81.45 98.07 92.93 80.32 97.63 94.36 82.42 98.28 94.23 82.75 98.24

8 93.97 83.53 97.81 98.94 91.35 99.77 98.54 89.82 99.72 98.82 91.25 99.79 98.88 91.07 99.81

%, 86 94.59 87.78 97.52 97.9 89.3 99.47 97.17 86.99 99.17 98.1 89.29 99.45 97.99 89.34 99.46

87 97.17 89.48 99.33 99.83 96.3 100 99.77 95.09 99.97 99.82 95.98 99.98 99.83 95.92 99.97

Sg 48.94 45.55 55.64 35.09 31.44 43.13 30.9 27.76 37.74 35.2 30.73 43.2 34.16 30.2 41.86

8y 96.56 88.72 99.14 99.7 95.17 99.98 99.58 94.46 100 99.71 95.47 100 99.66 95.38 100

810 64.96 57.84 70.93 59.17 4813 68.74 54.67 43.88 63.07 59.26  47.05 68.58 58.68 47.22 67.68
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3.5 Real-life Applications

To demonstrate the implementation of the proposed methods, we provide real-life
examples that compare the means of the response variable while considering the two
auxiliary variables. This illustration is based on biomedical and mechanical engineering
data. The ANOMC-MR6, ANOMC-MR7, ANOMC-MR8, ANOMC-MR9, and ANOMC-

MR10 methods were implemented for analysis in balanced and unbalanced cases.

3.5.1 An example of balanced case (equal sample size)

In the field of biomedical applications, microchannels play a significant role and are
frequently created using the laser ablation technique. However, microchannels produced
through laser processing often encounter significant challenges, such as the heat-affected
zone (HAZ), dimensional inaccuracies, and subpar surface quality. Abdo, et al. [81]
conducted a study on pulsed Nd:YAG laser micro-milling to explore the impact of key
parameters of the laser process on the precision of dimensions and the quality of the surface
of micro-channels fabricated on zirconia dental material. The machining process took into
account parameters such as the speed of laser scanning, frequency of pulses, and intensity
of pulses, each with four different levels. The experiment considered the following
performance criteria: accuracy of channel dimensions (deviation in-depth, deviation in top
width, and taper angle), surface roughness and the extent of the heat-affected zone (HAZ).
In this particular study, we examined the Nd:YAG laser micro-channeling data using the
ANOMC-MR6, ANOMC-MR7, ANOMC-MR8, ANOMC-MR9, and ANOMC-MR10
methods. It is noted that the surface roughness is affected by the laser scanning and

intensity of pulses; therefore, the investigation focused on the surface roughness (Y) as the
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variable of interest. Additionally, we considered laser scanning (X) and intensity of pulses

(Z) as concomitant variables.

All variables were analyzed across different levels of frequency of pulses (kHz). The
frequency of pulses was divided into four levels (¢t = 4): 5kHz, 8kHz, 11kHz, and 14kHz,
and within each frequency level, 16 observations were recorded, resulting in a total of 16
observations (n; = 16) for each treatment group. The ANOMC-MR6, ANOMC-MR?7,
ANOMC-MR8, ANOMC-MR9, and ANOMC-MR10 are applied for testing the means of
surface roughness (Y) considering laser scanning (X), the intensity of pulses (Z) with a
significance  level (a) of 5%. Moreover, the estimator's mean
(Teoyi Te7yin Teayis Toyi. and Ty ) is calculated for each frequency of pulse level.
Furthermore, Figure 3.2 illustrates the graphical depiction of the ANOMC tests performed
with a balanced design. In the ANOMC-MR6 method, the overall mean (T(é)_) was
calculated to be 4.156406. The individual modified ratio means (T(G)i_) were then plotted
against the decision interval, with the critical value V(a, t,n) set at 13.93. The lower and
upper decision limits (LDL, UDL) were determined to be 4.026005 and 4.286807,
respectively. For the ANOMC-MR7, ANOMC-MR8, ANOMC-MR9, and ANOMC-

MR10 methods, the overall means (T(7)., T(s)., T(o). and T(;¢y.) were found to be 4.15642.

In the ANOMC-MRY7 test, the critical value Z(a,t, n) was used, resulting in lower and
upper decision limits (LDL, UDL) of 4.032839 and 4.279973, respectively. Similarly, the
ANOMC-MRS test utilized the critical value K(a,t,n), leading to LDL and UDL of
4.032371 and 4.280441. In the ANOMC-MRO test, the critical value P(a,t,n) was
employed, resulting in LDL and UDL of 4.032839 and 4.279973. Finally, for the ANOMC-
MR10 method, the critical value O(a,t,n) was used, and the lower and upper decision

87



limits (LDL, UDL) were determined as 4.03209 and 4.280722, respectively. The decision
lines are plotted against the individual modified ratio means (T(r)i_) and the overall mean
square error (MSET(T)") is calculated as 0.043237 where r = 6,7,8,9,10. It is worth noting
that ANOMC tests did not demonstrate significant performance in assessing the response

of accuracy of channel dimensions (deviation in-depth, deviation in top width, and taper

angle) and the extent of the heat-affected zone (HAZ).
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Figure 3. 2: The implementation of ANOMC methods for pulsed Nd: YAG laser problem.

3.5.2 An example of unbalanced case (unequal sample size)

The Carbon-Fiber Reinforced Epoxy Composite (CEC) has gained wide recognition as a

structural material in various spheres. The drilled holes are essential in the assembly of
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composite material components. In order to accomplish improved surface quality and
integrated drilled structures to avoid serious problems, such as damage and thermal
expansion, an experimental investigation by Rao, et al. [82] was carried out employing
three samples of carbon-fiber-reinforced epoxy composite (CEC). The samples studied
were classed as follows: clean CEC, CEC loaded with the disulfide molybdenum (MoS,),
and CEC filled with hexagonal-boron nitride (h-BN). In addition, the investigation
examined the impact of particular input parameters, which are the supply, spindle speed,
filler concentration, and drill diameter, on the drilling responses of the CEC samples on
each of the drilling responses, including delamination factor, surface roughness, thrust
force, and temperature.

In this work, we investigated the drilling response of Carbon Fabric data using the
ANOMC-MR6, ANOMC-MR7, ANOMC-MR8, ANOMC-MR9, and ANOMC-MR10
approaches. It is recognized that the thrust force is governed by drill diameter and feed;
consequently, the main focus of the investigation focused on the thrust force (Y) as the
variable of interest. While the main critical elements, such as drill diameter (X) and feed
(Z) were deemed concurrent variables under the specimen of MoS, reinforced CEC. The
investigation was done across multiple levels of spindle speed (rpm), which were divided
into three categories: 1000rpm,3250rpm, and 5500rpm. Each speed level had a
different number of observations: 5 observations under 1000rpm, 10 observations under

3250rpm, and 5 observations under 5500rpm.
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Figure 3. 3: The implementation of ANOMC methods for the Drilling Response of Carbon
Fabric problem.

The ANOMC-MR6, ANOMC-MR7, ANOMC-MR8, ANOMC-MR9, and ANOMC-
MR10 are applied for testing the means of thrust force (Y) considering drill diameter (X),
feed (Z) with a significance level (a) of 5%. Moreover, the estimator's mean
(Teeyin Teryio Tesyin Teoyi. and Tagyi ) is calculated for each frequency of speed level.
Furthermore, Figure 3.3 illustrates the graphical depiction of the ANOMC tests performed

with an unbalanced design.

In the ANOMC-MR6 method, the overall mean (T(G),_) was determined to be 20.05246.

The lower decision limits (LDL) were computed as (14.14062; 15.31244; 14.14062), while

the upper decision limits (UDL) were calculated as (25.96430; 24.79247; 25.96430) with
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a critical value V*(a,t) set at 12.25. For the ANOMC-MR7, ANOMC-MR8, ANOMC-
MR9, and ANOMC-MR10 methods, the overall means (T(7)., T(g)., T(o). and T(10y.) Were
obtained as (21.14291; 21. 15757; 21.14578; 21.15803), respectively. The ANOMC-MR7
test used a critical value Z*(a,t) of 11.8, with lower decision limits (LDL) of (15.44824;
16.57702; 15.44824) and upper decision limits (UDL) of (26.83758; 25.70881; 26.83758).
In the same way, the critical value K*(a, t) for the ANOMC-MRS test is 11.82, and the
lower decision limits (LDL) are estimated as (15.45324 16.58393 15.45324) and upper
decision limits (UDL) as (26.86189; 25.73120; 26.86189). Furthermore, the critical value
P*(a,t) for the ANOMC-MR9 approach is 11.8, and the lower decision limits (LDL)
computed as (15.45111 16.57989 15.45111) and upper decision limits (UDL) as (26.84045
25.71167 26.84045). Finally, the critical value 0*(a, t) for the ANOMC-MR10 approach
is 11.78, and the lower decision limits (LDL) are estimated as (15.47301; 16.59988;
15.47301) and upper decision limits (UDL) as (26.84305; 25.71619; 26.84305). The

decision lines are plotted against the individual modified ratio means (T(r)i_) and the overall

mean square error (MSET(T)N) is calculated as 1.730449 given r = 6,7,8,9,10.

3.6 Summary and Concluding Remarks

The ANOM test compares the means of the main variable with respect to different
treatments; however, the ANOMC test represents an improved version of the ANOM test,
incorporating the influence of covariates. This study introduces and evaluates the
effectiveness of the ANOMC test with multiple auxiliary variables using ratio estimators.
The proposed ANOMC is presented as ANOMC-MR6, ANOMC-MR7, ANOMC-MRS,
ANOMC-MR9, and ANOMC-MR10. The ANOMC tests (namely, ANOMC-MR®,

ANOMC-MR7, ANOMC-MR8, ANOMC-MR9, and ANOMC-MR10) work under a set

91



of assumptions, such as normality, linearity, and homogeneity. The impact of these
assumptions, as well as considerations like sample sizes (equal or unequal), different
treatments, the formulation of null and non-null hypotheses, and the difference scenarios
in covariance ratio between the variables in the study, is meticulously assessed concerning
the ANOMC tests. This evaluation focuses on comparing the tests' performance in terms
of the test's percentage type | error and percentage power. At the conclusion of this
simulation, the study revealed that when considering the homogeneity of variances in the
null case, the ANOMC-MR6 test demonstrated less robustness compared to the ANOMC-
MR7, ANOMC-MR8, ANOMC-MR9, and ANOMC-MR10 tests across all distributions,
particularly in scenarios where the covariance changes in all variables (Z,). Additionally,
when the covariance changes between the response variable and the auxiliary variable (Z5),
all ANOMC tests exceeded the pre-specified nominal level of Type | error rate (& = 5%).
Indeed, it is worth noting that the type of design and sample size used did not have any
impact on the findings mentioned above. In the presence of heterogeneity of variances with
the null case, regardless of the distribution shape and sample size combinations, the
ANOMC mentioned above tests are affected. Still, the ANOMC-MR6 and ANOMC-MR8
tests exhibit less susceptibility to the effects compared to the ANOMC-MR7, ANOMC-
MR9, and ANOMC-MR10 tests, in both balanced and unbalanced designs under all the
distributions. Under the MVLN distribution, the rates show higher type I error rates, while
under the MVN distribution, the impact is less pronounced. Heterogeneity of variances has
a more prominent effect with an increase in the variance's ratio (v, v3). Furthermore, all
tests significantly exceed the specified level of Type | error rates when sample sizes and

variances are inversely paired. As anticipated, the power values of the ANOMC tests
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(ANOMC-MR6, ANOMC-MR7, ANOMC-MR8, ANOMC-MR9, and ANOMC-MR10)
vary based on the effect size, sample size, and distribution environment and the important
one, the covariance ratio between the variables. The ANOMC-MRY7 test consistently and
relatively exhibits higher power rates compared to the other ANOMC tests. Moreover, in
scenarios where the data follows a MVLN distribution, all ANOMC tests demonstrate
notably higher power rates. However, it is important to note that the specific experimental
conditions significantly determine the outcomes. Furthermore, the effectiveness of the
ANOMC tests improves as the correlation between the study variable and the concomitant
variables increases. This implies that when there is a strong relationship between the
response variable and the auxiliary variables, the power of the tests increases for all the
ANOMC tests. This study is designed to investigate a specific set of parameters, including
a limited number of treatments, choices of sample size, covariance between variables, and
the limited number of distributions. It is important to note that these limitations constrain
the study's scope, but there is potential for future extensions to broaden the range of
distributions considered. Furthermore, the current study utilizes the ANOMC method, with
a primary focus on examining fixed factor effects. However, an interesting avenue for
future research would be to extend the application of the ANOMC approach to more
complex experimental designs to enhance the robustness of the method. Finally, we have
implemented the ANOMC tests to biomedical and mechanical engineering
datasets. The analysis shows that under balanced design, all of the ANOMC tests displayed
a significant level of performance. However, when examining the unbalanced design, we
observed that ANOMC-MRG6 did not demonstrate a statistically significant level of

performance.
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CHAPTER 4

ANALYSIS OF MEANS UNDER

FACTORIAL DESIGN

In order to conduct experiments in fields such as mechanical engineering and industrial
engineering, it is important to take into account more than one factor that impacts the
experiment. In previous chapters, we focused on ANOMC tests involving only one fixed
factor and covariate variables. Now, we are expanding the scope of the test to more
complex treatment structures, specifically factorial designs. This chapter aims to examine
the effectiveness of factorial ANOMC tests compared to factorial ANOM tests and to
improve the performance of the factorial ANOM test by incorporating a covariate variable.
The initial implementation of ANOMC is referred to as ANOMC — Regg, ANOMC — Rg
ANOMC — MR1;, ANOMC — MR2;, ANOMC — MR3; and ANOMC — MR4; utilizes
regression and ratio estimators to compare it with the traditional factorial ANOM, known

as ANOMg.
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4.1 Introduction

When we are interested in studying more than one factor, the ANOM procedure is a suitable
method for analyzing data from completely randomized designs with factorial treatment
structures. ANOM has well-developed techniques for analyzing the fixed effects within the
factorial structure. Suppose we are interested in studying the effects of time and
temperature on the yield of a chemical process. If we believe that the effect of time is the
same across different temperatures, a common but inefficient approach is to study the
effects of time and temperature separately. This approach is known as a one-factor-at-a-
time design. In this design, you would conduct three separate experiments. First, the
temperature is fixed, and the effects of time are studied with three observations. Then,
fixing time, one might study two temperatures using three observations for each
temperature. With these 15 total observations, we can estimate the average yield at a
particular temperature and at a particular time. The uncertainty in the average yield for a
fixed temperature would be less than that for a fixed time because more observations were
taken (nine versus six). A much more efficient way to study the two factors is to study them
together. Taking two observations for each time-temperature combination would require
only 12 total observations but would provide estimates for both the average yield at a
particular temperature and the average yield at a particular time [83]. Thus, one can obtain
better information with fewer observations by studying the two factors together. The
simplest experimental designs for studying two or more factors are complete layouts,

known as Complete Multifactor design.

In previous chapters, we explored the ANOMC test, which focused on analyzing data with

a single fixed factor. Now, we are expanding the scope of the test to more complex
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treatment structures, specifically factorial designs. This study aims to investigate the
effectiveness of factorial ANOMC tests in comparison to factorial ANOM tests and to

enhance the performance of the factorial ANOM test by incorporating a covariate variable.

4.2 Factorial Treatment Structure of ANOM

The ANOM procedure can be used to analyze data from completely randomized designs
with factorial treatment structures. The analysis of the fixed effects in the factorial structure
is well-developed in ANOM and can be found in Jayalath and Ng [84]. Consider a complete
experimental design with two fixed factors, denoted as A and B, within a factorial treatment

structure. The model consists of | levels of factor A and J levels of factor B:

Yig =u+A;+ B+ (AB)+e, i=12,..6j=12,..k1=12,..n, (4.1)
where Yj; is the observed response when factor A is at the it" level and factor B at the jt*
level for the I replicate, u is the overall mean effect, 4; is the effect of the it" level of the
column factor A, B; is the effect of the j*" level of the row factor B, (4B);; is the effect of
the interaction between A; and B; and we assumed that the random errors would be
normally distributed with mean 5, constant variance and N = ntk. Furthermore, the
treatment effects are defined as deviations from the overall mean, so %, 4; = 0 and

?lej = 0. Similarly, the interaction effects are fixed and are defined such that
i=1(AB);; = ?zl(AB)ij = 0. The layout of the ANOM data set is presented in Table
4.1, where the structure of the ANOM test under the same assumptions as the model in Eq
(4.1) is used to test the following hypotheses:
Null Hypothesis:

Hocay: A; = 0 for all i; factor A has no effect.
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Hoyy: Bi = 0 for all j; factor B has no effect.
Hoapy: AB;j = 0 for all (i,j); thereis no AB interaction.
Testing the hypothesis Ho4p) is the primary step as subsequent analyses depend
whether an interaction is present.
Alternative Hypothesis:
Hy(a): Factor A has an effect.
H,y(p): Factor B has an effect.
Hyap): There is an interaction effect between factor A and factor B.

Table 4. 1: General layout for a Two-Factor Factorial CRD design for ANOM test.

on

Factor A
k=123,..,n
i=123,..,t a, a; a; Y, =%Vt
j=123,..,r
Vi Y1 Ye1q
by Yigk Yiik Yerk
Yiin Yiin Ye1n
Yir. = k=1 Yir/m Yy Y, Yer, Y.
Yija Yija Yiju
o H H H
= b; Yiji Yijk Yk
S H H
&
Yijn Yijn Yijn
71‘]‘. =Ykt Yijk/n }711: Vu VU-. }7;
lel yiTl YtTl
b, Yiri Yirke Yerk
ern Yirn y[rn
Vir, = Yi=1Yir/n i, Vi, Ve, 7r.
Y. = E?:1 Y_'[j./r Y1 Y. Y. Y.

Assume one of the factors contains only two levels. To assess the interaction effect, we

plot the slopes alongside the decision lines for levels of factor A (i.e. a = 2) and factor B
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at any level (i.e. b > 2). The slopes are D;1) = Y;; — ¥,; , and plot along with the

following decision limits where D, = Yi=1Dj2)-

LDL = Dy, —S(a, r,2r(n — 1))(\/ MSE?...)\’ t(:;l)
UDL = 5.12 + S(a; r, ZT'(TL - 1))(\/ MSE?)\I t(:;ll)

If the observed interaction between the factors is not statistically significant, it is

(4.2)

appropriate to proceed with testing the main effects. In this case, we can create plots that
show the mean estimator values for i*" levels of the factor A and another plot for j levels
of the factor B along with the decision limits in Eq (4.3). Where ¥ = Zf=12§=1 Y /tris

(Yijr—Yij)22

the grand mean, MSEy =X, ¥, Yoy p—

. The symbols S(a, f,tr(n- 1))

denote the critical values used in the general form for assessing the interaction between
Factor A and Factor B, the effect of Factor A, and the effect of Factor B in the ANOM test.
Here, f represents the number of levels for the factor of interest, such as Factor A or Factor
B. The critical values can be found in Table 4.2.

In case is the interaction is significant, one can continue to test the I x ] treatment
combinations where we can plot the mean estimator for ij*" levels of the factor A and

factor B along with the following decision limits where in thiscase f =1 X J:

LDL = Y —S(a,f, tr(n- 1))(\/1‘/153?...)\/%
(4.3)
UDL = ¥ —S(a,f,tr(n- 1))(\/1"1557__.)\/%

4.3 Factorial Treatment Structure of ANOM With Covariate (ANOMC)

Suppose we utilize the ANOM procedure to examine completely randomized designs
(CRD) with factorial treatment structures, while incorporating the covariate variable X. In
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this scenario, we focus on a complete experimental design with two fixed factors A and B
along with an auxiliary variable X. The model consists of I levels of factor A, J levels of
factor B and the covariate X and considered within the framework of a factorial treatment
structure:

Yiji=p+A4;+B+AB);+B(Xi; +X )+ eui=12..6j=12,.kl=12.n (44)
where Y, is the observed response when factor A is at the i" level and factor B at the jt*
level for the I*" replicate, u is the overall mean effect, 4; is the effect of the i*" level of the
column factor A, B; is the effect of the jt" level of the row factor B, (AB); ; is the effect of
the interaction between A; and B;, f is the slope of i" level of factor A and j*" level of
factor B, X;; is the covariate observation for the it" and jt" treatment levels, X is the
overall mean over all X;; and we assumed that the random errors is normally distributed
with mean 5 and constant variance 62 = 1 and N = ntk. Furthermore, the treatment
effects are defined as deviations from the overall mean, so > ; A4; = 0 and Z?=1 B; = 0.
Similarly, the interaction effects are fixed and are defined such that }i_;(AB);; =

?zl(AB)ij = 0. In model (4.4), several assumptions are made. Firstly, we assume that the
slope B # 0, indicating a linear relationship between Y;; and X;;. Additionally, the
regression coefficients for each treatment level are assumed to be identical. Furthermore,
it is assumed that the concomitant variable X;;; is not affected by treatment levels. The
structure of the test dataset along with ANOMC — Regg, ANOMC — Rg , ANOMC — MR1g,
ANOMC — MR2g, ANOMC — MR3; and ANOMC — MR4y. tests are reported in Table 4.2.
Further, where the structure of the ANOMC test under the same assumptions as the model

in Eq (4.4) is used to test the same hypotheses in ANOM test.
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4.3.1 The ANOMC test based on the regression estimator

The factorial analysis of means with covariate (ANOMC) based on the regression estimator
is referred to by ANOMC — Regp: test. In the ANOMC — Regy test, the continuous covariate
is considered as explanatory variable. For each (i*",j**) combination of Factor A and
Factor B levels, the test utilizes the sample correlation 7;; and slope b;; values. The
regression mean estimator M;;_is then calculated, and adjusted means are derived based on
this estimator. The unbiasing constant k;; and the sample standard deviation of the

regression mean estimator Si,; are important components of the test.
Under the complete design (equal sample size), the overall mean M_ = Z§=12§=1 M;; /tr

and overall mean square error MSEy = Xi_;Xj_1Sw, /tr. The symbols

I(a, f,2r(n — 1)) denote the critical values used in the general form for assessing the
interaction between Factor A and Factor B, the effect of Factor A, and the effect of Factor
B in the ANOMC — Regp test. Here, f represents the number of levels for the factor of
interest, such as Factor A or Factor B. The critical values can be found in Table 4.2.

The lower decision lines (LDL) and upper decision lines (UDL) can be determined using
the expressions provided in Table 4.3. In cases where one factor has only two levels (a =
2) and the other factor has at least two levels (b > 2), the ANOMC — Regy procedure test
for interaction by comparing the slopes of these lines. The b slopes are Z;;,) = M, —
M,;. and plot along with the decision limits where Z ;, = Yj=1Zj(12)- Then, proceed to

check the significance of the interaction. This can be done using a similar process as

described in section 4.2, utilizing the expression provided in Table 4.4.
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Table 4. 2: The framework of the ANOMC test based on regression, ratio and modified ratio
estimators and data layout.
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ANOMC- __x
Q= —— ] ) .
MR1 V=% ¥, a; a;; a;
STy = 0,72 [Ci;u. + C,%U._aijz = 2r;a;;Cy,; CXU] STy STy STyt
Bz(xii.) =
n(n+ PGy —X)* 3(n—-1)°
——— B, (x4 B,(x; B,(x,
(m-Dn-2)(n-3)Si, (n—-2)(n-3) (1) () ()
(See Subramani and Gnanasegaran [63])
Tayij. = ¥ij. (K. + Bo(xi;)) [ (%ij. + B (x:) Ty, Ty, Tayes
ANOMC- X.
§j=—"F— 8 8y 8¢j
MR2 X +By(xy) v Y i
STy, = eif}_,3 [C;u + C,EU_(?UZ - Zri/-‘sifcyu Cxuz] STy STes)ij. STyt
Ty, = 71j.(X B (xy) + Cxi,)/(’?i} By(x;) + Cxy) Teanj. Tayij Teayes
ANOMC- X.B(x;;)
W= W, ;j ,
MR3 Y X By(xi) + €y, v Y N
STy, = ef}'ymz [C}zil + C’?x,' wilz - Zri}»wifcyil CX[;] ST . STy, . STayej.
Ty, = yij.()?...cx% + B, (x;; ))/(fu.cxu, + By (x;)) Ty, Tisyi. Tes)ij
X.Cy.
ANOMC- X
Q= 1) i Pej
MR4 X.Cyy + By(xi;)
Sty = 8572 [Cyzu +Cy 07— ZTif.‘!’uCyU.Cxu] ST STy ST,
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4.3.2 The ANOMPC test based on the ratio estimators
The ratio estimators can be used as an alternative to the regression estimator by treating it
as a ratio variable when testing the mean with a covariate. The factorial analysis of means
based on the ratio estimators is referred to ANOMC —Rg , ANOMC — MR1g,
ANOMC — MR2, ANOMC —MR3p and ANOMC — MR4p test. For each
(i, j*™) combination of Factor A and Factor B levels, the classical ratio estimator [4],
T(l)i]-_ is the ratio mean estimator, g = n /N is sampling fraction and the sample correlation
is 3., further, CYu. and CXij. are the sample coefficients of variation of Y and X, STum. 5
the sample standard deviation of the classical ratio mean estimator.
On the other hand, for each (i, j**) combination of Factor A and Factor B levels, the
modified ratio (MR) estimators, Tyyij, T(3yij. Teayij. And T(sy;;. are the MR means
estimators, B, (xl-j_) [s the coefficient of kurtosis, ST STy STy, and ST s)i;.8r€ the
sample standard deviation of the MR means estimators. However, the overall mean for R
and MR estimators (T(yy. , Tz)... T(3)., Tay..and T(s).) and the overall mean square error
(MSET(D___, MSET(Z)___, MSET(3)___, MSET(4)___ and MSET(S)___) can be calculated as T(l)_,_ =
Y1 X Tayij/tr, Ty = Tici Xici Tyij/try Tsy.. = Biey Dier Ty /try Ty =
Y1 Xy Taayij/tr and T(sy = Xy X, T(sy;./tr. Furthermore, the overall mean
square error can be determined by MSEz,, = Zf=125=157(1)u /tr, MSEz, =
§=1 Z§=1ST(2)U, /tr, MSET(g)___ = §=1 Z;=15T(3)ij_ /tr, MSET(4)___ = f=1 Z§=1ST(4)U_ /tr
and MSEz, = i=1 Z;zls'f(s)”_ /tr. Additionally, the lower decision lines (LDL) and

upper decision lines (UDL) can be obtained using the expressions in Table 5.3.
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The  symbols Z(a,f, 2r(n — 1)), M(a, f,2r(n — 1)), K(a, f,2r(n — 1)),
E(a,f,2r(n — 1)) and P(a, f,2r(n — 1)) denote the critical values used in the general
form for assessing the interaction between Factor A and Factor B, the effect of Factor A,
and the effect of Factor B in the ANOMC — Rg, ANOMC — MR1g, ANOMC — MR2g,
ANOMC — MR3g and ANOMC — MR4y. tests, respectively. Here, f represents the number
of levels for the factor of interest, such as Factor A or Factor B. These critical values can
be referenced in Table 4.2.

In cases where one factor has only two levels (a = 2) and the other factor has at least two
levels (b > 2), the ANOMC — Rg, ANOMC — MR1z, ANOMC — MR2g, ANOMC — MR3g
and ANOMC — MR4y procedure tests for interactions by comparing the slopes of these
lines. The b slopes are 012y = Tay1j. — Tayz2j. Qjaazy = Ty1j. — T2y2j Hicaz) =
Ty — Teyzis Viaz = Tayj. — Ty and Ujazy = Tisyrj. — Tsyzj. and plot along with
the decision lines of ANOMC — Rg, ANOMC — MR1z, ANOMC — MR2g, ANOMC — MR3¢
and ANOMC — MR4 respectively where 01, = X7_; 0j12y, Q12 = Xj=1 Qjcazy, Hiz =
Yi=1Hj12), Vi = Yj=1Vjaz and Ui = Yj=1Uja12y- Then, proceed to check the
significance of the interaction. This can be done using a similar process as described in

section 4.2, utilizing the expression provided in Table 4.4.
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Table 4. 3: Critical values against different levels of significance () when t = 2.

a =0.01 a = 0.05
Levels of
The Factor 2 3 5 2 3 5 2 3 5 2 3 5
S(a f,2r(n — 1))
2.07 2 2.13 2.02
n=>5 2.02 2.34 n=10 1.93 2.37 n=5 | 2.08 25 n=10 2 2.42
1.98 2.42 1.89 25 2.03 2.67 1.99 2.61
1(a f,2r(n — 1))
5.2 6.2 5.7 6.9
n=>5 5.47 6.2 n=10 6.5 8.4 n=5 | 567 6.92 n=10 | 685 8.24
5.36 7.38 6.44 8.95 5.6 7.68 6.85 9.04
Z(a,f, 2r(n — 1))
5.97 7.6 5.97 7.68
n=>5 5.63 6.96 n=10 7.22 8.15 n=5 | 563 6.96 n=10 725 875
5.33 7.56 6.34 9 5.33 7.56 6.94 9.46
M(zx,f,Zr(n — 1))
5.88 7.35 6.02 7.6
n=>5 536 6.78 n=10 | 6.89 854 n=5 | 564 7.06 n=10 | 713 878
5.12 7.37 6.65 9.28 5.34 7.65 6.86 9.45
K(a f,2r(n — 1)
7.08 8.12 7.25 8.32
n=>=5 6.84 8.76 n=10 7.76 9.54 n=5 | 7.07 9 n=10 791 9.75
6.8 9.5 7.42 10.53 7.05 10.86 7.64 10.71
E(a,f,2r(n — 1))
5.88 7.47 6.02 7.72
n=>5 5.4 6.95 n=10 | 6.77 8.62 n=5 | 565 7.03 n=10 | 727 88
5.12 7.28 6.92 9.46 5.34 7.6 6.96 9.5
P(a,f, 2r(n — 1))
7.2 8.25 7.12 8.32
n=>5 6.27 828 n=10 | 7.81 9.68 n=5| 67 858 n=10 | 7.88 9.68
6.68 9.28 7.45 10.23 6.38 9.48 7.59 10.6

4.4 Performance Measures and Simulation Procedure

In this section, we will outline the design structure of the study, which will be utilized for

conducting a simulation study using the Monte Carlo simulation technique [62]. A set of

independently and normally distributed random numbers is generated using the Box-

Muller transformation. Fleishman mechanism with four specified moments is used to

generate non-normal random numbers. For more details about the Flieshman mechanism,

see Fleishman [64]. In this study, ANOMg, ANOMC — Regr, ANOMC — Rg, ANOMC —

MR1g, ANOMC — MR2g, ANOMC — MR3; and ANOMC — MR4y. tests are compared with

respect to type I error («) and test power (1 — ). In the context of a factorial design with

Factor A and Factor B, there are three main null hypotheses: the null hypothesis for Factor
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A, the null hypothesis for Factor B, and the null hypothesis for the interaction between the

factors (for more details, see Section 4.3).

Table 4. 4: Lower and upper decision lines regarding regression, ratio and modified ratio
estimators.

Interaction between Factor A and Factor B

LDLy, = Z gz — (a7, 2r(n — 1))(@)\/@ DLy, = Za +I(ar,2r(n — 1))(¢m)J@
LDLy,, =02 —Z(ar,2r(n — 1))( /MSET(U) €y UDLr,,, =0z + Z(ar,2r(n - 1))( MSET(U ) “T D)
LDLrg,, =0z —M(a,r,2r(n — 1))( /MSET(H) “:;” UDLr,, = Quz +M(a,r,2r(n - 1))( MSEz,, ) tr-y
LDLry,, = Huz — K(ar,2r(n — 1))( /MSETm) . UDLr,, = Hz + K(ar,2r(n - 1)) ,MSET“) el

t(r-1) = tr-1
( MSE%) — UDLy,, = Vg + E(a,r,2r(n- 1))< /MSETM >

= t(r-1) = t( 1)
LDLyy, = Uz —P(ar,2r(n - 1))( ,MSETG)_) —:n UDLy,, = Uz + P(a,r,2r(n- 1))( ’MSET(S) ) L

Main effects; Factor A or Factor B

LDLyy,, =Vaz —E(ar,2r(n — 1)

LDLy,; = M_—1I(a, f,tr(n- D)( /MSE,;,___)\/? LDLy,; = M_+1(a f,tr(n- D)( /MSE,WH)\/%

_ -1 = -1

LDLy, = Tay. — Z(a,f,tr(n- 1))( ,MSETU)_) = ULy, = Tay. +Z(a f,tr(n - 1))( ’MSET(U_> =
f-1 = f-1

( MSET(Z)H> -~ UDLy,, = Ty + M(a f,tr(n - 1))< /MSE%) -~

-1 _

LDLyy, = T@). — K(a f,tr(n- 1))( /MSETm) fT UDLry, = T +K(a f tr(n- 1)

_ f-1 T
LDLyo,, = Twy. — E(a,f, tr(n- 1))( /MSET“)») - UDLr,,; = Tw. +E(a,f,tr(n- 1))< /MSETW

MSET(S)_) -~ UDLry, = T+ Pa f,tr(n- 1)

LDLyy,, = Ty — M(a f,tr(n- 1)

LDLry,, = Ts)..— P(a f,tr(n - 1)

The Type | error in a factorial design refers to the probability of erroneously rejecting any
of the null hypotheses. In other words, it represents the likelihood of falsely concluding
that there is a significant effect or interaction between the factors when, in reality, there is
no true effect or interaction. Conversely, the power of a test in a factorial design
corresponds to the probability of correctly rejecting the null hypothesis when it is false. It
quantifies the test's ability to accurately detect a true effect or interaction between the
factors. Following [13], the study examines the ANOM and the ANOMC test under

different experimental conditions, such as choices of distributions D = (s, kr) with several
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values of skewness (s) and kurtosis (kr), for instance, the combination of (0,0) represents
a normal distribution, (0,3) represents a double exponential distribution, (2,6) represents a
Chi Square distribution, and (0,25) represents a Cauchy distribution. Additionally, the
study considers several values of correlation (p), sample size (n), variance ratios (v),
effect size (6), and the number of treatments in factor B, while keeping a fixed number of

treatments in factor A (t = 2).

The findings are evaluated at a significance level of 5% (a = 5%) across different
numbers of treatments. The simulation study is conducted using R software version (4.2.3),
where simulations are iterated 10,000 times, and each combination of design parameters is
outlined in Table 4.5. The evaluation of test performance is based on two criteria: tests with
a type | error probability close to @ = 0.05 and high power are considered the best. The
empirical estimation of Type | error rates for ANOMg, ANOMC — Regr, ANOMC — Rg,
ANOMC — MR1z, ANOMC — MR2g, ANOMC — MR3; and ANOMC — MR4y tests was
calculated by determining the number of null hypotheses (H,) that erroneously fell outside
the interval (either above the upper decision line (UDL) or below the lower decision line
(LDL)) in 10,000 simulation trials. The calculated number was then divided by 10,000 to

obtain the empirical Type | error rate.

To obtain the test power, the following steps illustrate the process:

1- The parameter space was specified according to Table 5.5.
2- Specific constant values representing the effect sizes (6 = 0.25, 0.50, 0.75, 1.00) were
added to the random numbers of one or more treatment groups. This ensured that the

means of at least one treatment group fell outside the decision lines.
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3- The new datasets underwent ANOMC tests, and decision lines were calculated. This
process was repeated 10,000 times.

4- The count of trials (j) in which the means of any of the treatments exceeded the decision
lines was recorded.

5- The test's power was obtained by dividing this count by 10,000, representing the total

number of repetitions.

Table 4. 5a: Choices considered for different design parameters

Parameter space Number of treatments in Factor A and B (i, j)
(2,2) 23) (2,5)
Distribution (s, kr)  (0,0),(0,3),(2,6),(0,25)  (0,0),(0,3),(2,6), (0,25) (0,0),(0,3),(2,6),(0,25)
Correlation (p)
P 0.5:0.5:0.5:0.5 0.5:0.5:0.5:0.5:0.5:0.5  0.5:0.5:0.5:0.5:0.5:0.5:0.5: 0.5:0.5: 0.5
P2 0.5:0.5:0.8:0.8 0.5:0.5:0.5:0.8:0.8:0.8  0.5:0.5:0.5:0.5:0.5:0.8:0.8:0.8:0.8: 0.8
p3 0.8:0.8:0.5: 0.5 0.8:0.8:0.8:0.5:0.5:0.5  0.8:0.8:0.8:0.8:0.8:0.5:0.5: 0.5: 0.5: 0.5
Pa 0.8:0.8:0.8:0.8 0.8:0.8:0.8:0.8:0.8: 0.8 0.8:0.8:0.8:0.8:0.8:0.8: 0.8:0.8: 0.8: 0.8
Sample size (n)
ny 5:5:5:5 5:5:5:5:5:5 5:5:5:5:5:5:5:5:5:5
ny 10:10:10:10 10:10:10:10:10:10 10:10:10:10:10:10:10:10:10:10
Variance ratios (v)
vy 1:1:1:1 1:1:1:1:1:1 1:1:1:1:1:1:1: 1
vy 1:1:1.05:1.05 1:1:1:1:1.05: 1.05 1:1:1:1:1:1:1.05: 1.05: 1.05: 1.05
vy 1.05:1.05:1: 1 1.05:1.05:1:1:1:1 1.05:1.05:1.05:1.05:1: 1: 1: 1: 1: 1
vi 1:1:1.1:1.1 1:1:1:1:1.1: 1.1 1:1:1:1:1:1:1.1: 1.1: 1.1: 1.1
vz 1.1:1.1:1:1 1.1:1.1:1:1: 101 1.1:1.1:1.1:1.1:1:1: 1010 101

Table 4. 5b: Patterns of Effect size (8) for 2-way factorial Design.

bfr‘:ﬂ’;;ﬁf No.of Pattern & 22 23) 25) True Effect
3 1 61 0:0:0:0 0,0,0,0,0,0 0:0:0:0:0:0:0:0:0:0 A, B, AB
0 2 5, 0:0:1:0 0,0,0,0,1,1 0,0,0,1,1,0,1,1,1,0 None
0 3 83 0:0.25:0.5:1 0,0.25,0.5,1,0,1 0:0.25:0.5:0:0:1:0:1:1:0.5 None
0 4 8, 0:0.25:0:0.75 0,0.25,0,0.75,0,1  0:0.25:0:1:0.75::0.75:0:1:0.5:0.25 None
0 5 85 1:0:0:0.5 1:0:1:0:0.25:0.5 1:0:1:0.5:0:0:0.25:0.5:0.75:0 None

Note: Pattern 1 for Type I error rate and pattern 2 — 5 for statistical power.

4.5 Comparison Performance

To evaluate and compare the performance of ANOMg, ANOMC — Reggr, ANOMC — Rg,

ANOMC — MR1g, ANOMC — MR2g, ANOMC — MR3y and ANOMC — MR4y, tests, Tables
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4.6-4.9 present the empirical type | error rates, and Figure 4.1-4.6 present the power of

ANOM and ANOMC tests.

4.5.1 Results of type I error rates
The relative performances for ANOMg, ANOMC — Regg, ANOMC — R, ANOMC — MR1g,
ANOMC — MR2g, ANOMC — MR3; and ANOMC — MR4, tests in terms of empirical type
| error rates under null case (6;) are given in Tables 4.6-4.9.

. Empirical type | error rate under homogeneous variances

Tables 4.6 and 4.7 present the results for the ANOMg, ANOMC — Regr, ANOMC — Rg,
ANOMC — MR1g, ANOMC — MR2g, ANOMC — MR3; and ANOMC — MR4j tests,
assuming the homogeneity of variances. The performance of these tests is evaluated using
Bradley's liberal criterion [65], where values falling within the range of 2.5% to 7.5% are

considered liberal or conservative. The findings of the results are listed below:

1- In the ANOME test, regardless of the scenarios considered in the study, similar levels
of Type I error rates were observed, and the type of distribution did not have an impact
on these rates.

2- For the ANOMC — Regg test, except for the Chi-square and Cauchy distributions, the
test exhibited a percentage around 5% for the Type | error rate. However, with the chi-
square and Cauchy distributions, as the sample size increased, the Type | error rates
approached the upper value in the Bradley range (7.5%). Furthermore, the Type | error
rates increased with an increase in the number of levels in factor B. Notably, in factor
A, when the correlation (p;, p4) was equal, and the test was able to control the Type I

error rate.
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Regarding the ANOMC — R test, except for the Cauchy distribution, the test showed
similar levels of Type | error rates around 5% in all scenarios. However, with a small
correlation (p;) and a direct pairing of correlations (p,) under the chi-square
distribution, the test encountered difficulties and could not effectively control the error.
Focusing on the ANOMC — MR1gtest, except in the condition of equal small
correlation (p,), the test exhibits difficulties in regulating the Type | error rates across
all the explored scenarios. Furthermore, in the equal small correlation (p;) scenario,
elevating the levels of factor B leads to an increase in the Type | error rates.

With regards to the ANOMC — MR2, except for the Cauchy distributions, the test
exhibited a percentage around 5% for the Type | error rate.

Considering the ANOMC — MR3g, apart from the Cauchy distribution, in the scenario
of direct pairing of correlations (p,), increasing the levels of factor B results in the
Type I error rate climbing above the upper end of the Bradley range (7.5%).

In the ANOMC — MR4y test, the Type | error rates varied across different scenarios,
ranging from 2.5% to 7.5%. However, with a high correlation (p,), the test exhibited
lower Type | error rates around 1%.

1. Empirical type I error rate under heterogeneous variances

In Tables 4.8 and 4.9, as expected, the tests are affected by variances' heterogeneity,
particularly in factor A and it is observed that the ANOMC — MR1y and
ANOMC — MR4 tests demonstrate better percentage type | error rates and relatively
lower susceptibility to heterogeneity compared to ANOMg, ANOMC — Regp,
ANOMC — Rg, ANOMC — MR2r and ANOMC — MR3 tests. However, all the tests

exceed the level of significance (¢ = 5%) due to the impact of heterogeneity. The
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actual type I error rates for all the tests significantly surpass the specified level when
sample sizes and variances are inversely paired. Although improvements are observed
at various levels of heterogeneity, it is important to note that increasing the sample size
leads to an increase in type | error rates. Furthermore, increasing the levels of factor B
will also increase the type | error rates. In the interaction and factor B in the case of
(i,)) = (2,2), except for Chi-square , Cauchy distribution and ANOMC — MR1g, all
the tests were not affected by the heterogeneous. However, in the specified
experimental conditions (cf. Table 4.5), under the high correlation (p,), ANOMC —
MR4g is less effected due to the impact of heterogeneity, on the other hand under the
small correlation (p;), ANOMC — MR1g is less effected due to the impact of
heterogeneity. Regarding the ANOMC — Regg. test, it exhibits higher type | error rates
(%) when large sample sizes are associated with substantial variances. Additionally,
the ANOMC — Regp test also displays higher type | error rates (%) in cases with an
association between large sample sizes and small variances. Conversely, the
ANOMC — Ry test demonstrates higher type | error rates (%) when there is an
association between small sample sizes and large variances in the interaction and factor

B rates.
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Table 4. 6: Type | error (%) of ANOM and ANOMC tests under homogeneous variances and
n,.

(s, kr) 0,0) 0,3) (2,6) (0,25) (0,0) 0,3) (2,6) (0,25) (0,0) 0,3) (2,6) (0,25)
t=2r=2 t=2,r=3 t=2r=5
ANOM;
p Factor A
P1 4.94 4.72 4.39 4.1 5.2 4.8 5.4 5.7 4.92 4.65 4.5 4.16
P2 5.3 4.6 4.38 3.4 5.2 4 4.3 4.9 5.19 4.65 4.85 4.66
P3 5.48 4.61 4.55 3.95 4.8 4.5 5.4 3.9 4.94 4.67 5.11 4.69
Pa 4.88 4.64 4.9 3.69 5.3 4.6 5.7 3.2 5.05 4.93 4.99 4.3
Interaction
pP1 4.99 4.98 4.63 4.11 4.99 4.75 491 3.9 5 4.74 5.4 5.54
P2 4.83 4.96 4.52 3.87 5.2 4.71 4.72 3.83 4.78 5.2 5.01 5.11
P3 4.7 4.78 4.38 3.87 4.95 4.76 4.73 3.88 5.17 4.73 4.92 5.16
Pa 5.27 4.84 4.68 3.73 4.92 4.64 4.71 3.63 5.35 5.04 4.92 5.01
Factor B
P1 4.76 4.6 4.32 3.9 5.32 4.86 4.68 3.77 5.15 5.04 5.13 4.95
P2 5.1 4.8 4.65 3.78 4.92 4.77 4.76 4.01 4.9 5.19 5.24 4.98
D3 5.31 4.58 4.72 3.95 5.4 4.44 4.54 3.6 4.77 5.04 5.19 5.21
P4 4.81 4.46 4.48 3.8 5.27 4.68 4.19 4.05 4.86 5.02 5.43 4.78
ANOMC — Regy
Factor A
P1 4.97 5 9.05* 7.97* 4.7 5.17 10.69* 8.68* 4.73 5.22 12.46* 8.8*
P2 5.93 5.95 10.48* 9.36* 5.46 6.38 11.57* 9.93* 5.53 6.2 12.56* 10.36*
P3 5.74 5.79 9.97* 9.6* 5.86 6.23 11.58* 9.32* 5.3 5.81 13.17* 9.82*
D4 5.24 5.48 9.84* 8.63* 4.67 5.45 10.53* 8.25*% 5.18 5.43 12.44* 9.03*
Interaction
P1 5.37 5.28 10.04* 8.32* 5.39 5.63 12.66* 10.13* 5 5.44 16.98* 12.94*
P2 5.4 5.88 9.67* 8.83* 5.28 5.8 12.26* 10.11* 5.61 6.29 16.97* 13.35*
p3 5.4 5.75 9.94* 8.69*% 5.61 5.47 12.52* 10.19* 5.63 6.49 17.4* 12.99*
Py 5.5 5.38 10.04* 8.31* 5.11 5.43 12.84* 9.4* 4.76 5.47 17.17* 13.01*
Factor B
P1 4.93 5.19 9.38* 8.47* 5.09 5.59 12.53* 9.84* 5.22 5.69 16.67* 12.53*
P2 6.06 5.9 10.24* 9.14* 5.23 5.89 12.96* 9.9* 5.7 6.3 16.81* 13.59*
P3 5.83 5.94 9.74* 8.56* 5.43 5.46 12.61* 10.03* 5.6 6.55 17.35* 13.61*
Da 5.13 5.04 9.94* 8.51* 5.03 5.14 12.51* 9.44* 4.89 5.51 17.37* 12.95*
ANOMC — Rg
Factor A
p1 4.74 6.02 7.5 13.09* 4.8 6.33 7.13 14.12* 5.1 6.73 7.35 15*
02 6.11 7.98*% 8.41* 14.91* 5.95 7.71% 8.42*% 15.79*% 6.35 7.37 8.38* 15.69*
P3 4.44 5.37 5.9 9.99* 4.77 5.64 5.95 11.73* 4.09 5.5 6.74 12.61*
Pa 5.09 5.67 6.07 10.43* 4.87 5.26 6.07 11.32* 4.39 5.68 6.91 12.06*
Interaction
P 5.22 6.46 7.32 12.96* 5.21 7.3 8.43* 17.92* 5.09 7.64* 9.75* 22.06*
P2 6.08 7.36 7.91* 15.36* 6.37 8.58* 9.57* 18.52* 6.68 9.05* 10.59* 22.47*
D3 4.4 5.27 5.53 10.13* 4.68 5.59 6.64 14.29* 4.21 5.91 8.2*% 17.69*
Da 5.35 5.53 5.7 10.25* 4.93 6.09 7.02 13.68* 4.72 6.44 7.9% 17.21%
Factor B
n1 4.97 6.21 6.8 12.95* 4.89 7.07 8.12* 17.52* 4.85 7.38 9.88* 21.77*%
P2 6.25 7.5 8.33* 15.51* 6.04 8.37* 9.6* 18.64* 6.34 9.28* 10.62* 22.99*
P3 4.55 5.55 5.4 9.95* 4.56 5.78 6.09 13.66* 4.14 6.46 7.82* 17.59*
Pa 5.16 5.66 5.97 10.8* 4.88 6.08 7.03 13.32* 4.56 6.6 7.65* 17.13*
ANOMC — MR1¢
Factor A
P1 4.94 6.56 6.91 13.37* 4.97 6.59 7.2 14.87* 4.97 7 6.82 15.32*
P2 9.69* 12.02* 12* 18.88* 10.1* 11.76* 11.84* 20.38* 9.84* 11.81* 11.29* 20.93*
pP3 8.19* 9.39* 9.69* 16.41* 8.01* 9.51* 8.95* 16.28* 7.73* 9.58* 9.57* 18*
Pa 16.3* 17.35* 17.63* 23.96* 15.83* 17.47* 17.22* 23.84* 15.32* 17.39* 16.98* 25.36*
Interaction
p1 5.31 6.3 7.08 12.86* 5.04 6.87 8.01* 18.76* 5.09 8.46* 8.1* 21.73*
P2 9.4* 11.8* 11.63* 18.92* 10.75* 13.78* 13.85* 23.97* 11.9* 15.73* 14.66* 29.72*
P3 7.77* 9.45* 9.79* 15.34* 8.76* 10.93* 11.41* 20.45* 9.03* 12.2* 12.31* 25.39*
Pa 16.77* 17.35* 17.65* 23.48* 19.65* 21.37* 20.44* 29.39* 22.29* 24.4* 23.58* 35.96*
Factor B
P1 4.97 6.8 6.99 13.37* 4.96 7.06 8.11* 17.93* 4.9 7.8* 7.93* 22.43*
02 9.5*% 12.41* 12% 19.12* 11.03* 13.59* 13.56* 24.06* 11.78* 15.35% 14.64* 29.28*
pP3 7.82* 9.63* 9.36* 16.07* 8.86* 11.02* 10.99* 20.03* 8.87* 12.25* 12.07* 25.26*
Pa 16.11* 17.13* 17.56* 23.86* 19.01* 21.97* 21.4* 29.18* 21.93* 24.77* 23.86* 35.73*
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ANOMC — MR2¢

Factor A
p1 4.77 5.63 6.41 11.28* 4.93 5.31 5.52 11.38* 4.96 5.2 5.2 11.15*
P2 5.92 5.92 6.66 10.93* 5.59 5.7 6.03 11.5* 5.49 5.81 5.43 11.19*
pP3 5.06 5.27 6.05 10.6* 4.97 5.47 5.64 10.59* 491 5.29 5.49 10.67*
Pa 5.05 5.76 6.4 10.89* 5.09 5.23 6.18 10.95* 4.99 5.64 5.48 11.25*
Interaction
P1 4.84 5.71 6.25 11.03* 4.99 5.2 5.89 12.68* 491 5.21 5.53 13.07*
P2 5.24 5.85 6.53 10.97* 5.5 5.85 6.49 12.99* 5.66 6.05 5.24 13.26*
P3 4.92 5.31 6.17 10.81* 5.05 5.43 6.33 13.1* 4.92 5.09 5.01 13.39*
Pa 5.2 5.81 6.04 10.83* 5.45 5.49 6.49 12.13* 5.5 5.61 5.76 13.26*
Factor B
P1 4.95 5.6 5.93 11.07* 5.03 5.41 5.81 13.25* 5.06 5.35 5.15 12.69*
P2 5.59 6.19 6.53 11.12* 5.65 5.79 6.66 12.93* 5.79 6.04 5.57 13.63*
pP3 5.14 5.55 6.03 10.98* 5.22 5.34 6.13 12.45* 4.84 5.44 5.22 13.09*
Pa 5.21 5.65 5.98 10.88* 5.67 5.55 6.36 12.44* 5.52 5.97 5.49 13.57*
ANOMC — MR3§
Factor A
P1 4.71 5.93 7.52* 12.83* 4.82 6.25 7.39 14.19* 5.09 6.63 7.78* 15.13*
P2 5.99 7.92* 8.43* 14.73* 6 7.59* 8.57* 15.9* 6.29 7.45 8.76* 15.66*
ps 4.41 5.26 5.94 9.9% 4.77 5.66 6.06 11.87* 4.13 5.65 6.98 12.68*
Pa 491 5.68 6.05 10.46* 4.73 5.26 6.14 11.29* 4.52 5.81 7.08 12.15*
Interaction
P1 5.16 6.48 7.5 12.98* 5.13 7.16 8.61* 17.71* 5.2 7.61* 10.23* 22.08*
P2 6.06 7.24 8* 15.3* 6.13 8.29* 9.8* 18.34* 6.69 9.13* 10.94* 22.46*
pP3 4.53 5.34 5.61 10.12* 4.65 5.6 6.69 14.02* 4.28 5.99 8.23* 17.67*
Pa 5.28 5.47 5.68 9.98* 4.98 6.02 6.88 13.71* 4.71 6.51 7.88* 17.17*
Factor B
P1 4.8 6.07 6.85 13* 4.75 6.85 8.2* 17.23* 4.83 7.42 10.23* 21.75*
P2 6.2 7.63* 8.72* 15.22* 5.92 8.21* 9.71* 18.48* 6.47 9.23* 11.21* 22.75*
pP3 4.72 5.52 5.6 9.97* 4.59 5.68 6.11 13.63* 4.16 6.31 8.24* 17.54*
Pa 5.07 5.55 5.9 10.64* 4.7 6.08 6.96 13.26* 4.72 6.68 7.61* 17.15*
ANOMC — MR4
Factor A
p1 4.69 5.78 6.81 12.25* 5.07 6.29 6.57 13.45* 5.05 6.56 6.74 13.96*
P2 2.89 4.14 4.24 8.98* 3.04 3.93 4.2 10.27* 3.39 4.23 4.15 10.05*
P3 2.85 3.55 3.91 7.79* 3.03 3.95 3.9 9.07* 3.13 3.81 4.55 10*
P4 1.16* 1.67* 1.71* 4.68 1.16* 1.6* 1.8* 5.23 1.2* 1.66 1.87 5.97
Interaction
p1 491 5.9 6.55 12.02* 4.88 6.44 6.64 15.33* 5.21 6.9 8.2 19.36*
P2 2.96 3.92 3.99 9.58* 2.92 4.2 4.52 11.34* 2.79 4.26 4.54 13.18*
P3 2.81 3.39 3.66 7.77* 2.81 3.88 3.98 10.4* 2.98 3.75 4.92 12.9*
Da 1.14* 1.47* 1.6% 4.6 1.11* 1.68* 1.72* 5.52 1.11* 1.66* 1.85* 6.81
Factor B
p1 5.05 5.9 6.05 12.01* 5.01 6.4 6.82 15.59* 4.93 6.72 8.21* 19.44*
02 2.86 3.92 3.91 9.6* 2.98 4.05 4.34 11.01* 2.97 4.36 4.66 13.47*
P3 2.73 3.6 3.63 7.69* 2.75 3.58 3.88 10.25* 2.77 3.59 4.68 13.03*
Pa 1.3* 1.51* 1.5* 4.99 1.08* 1.4* 1.76* 5.55 1.08* 1.77* 1.93* 6.87

* the percentage type I error lies outside Bradley's liberal criterion
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ANOMC — MR2¢

Factor A
P 4.74 5.82 6.73 10.73* 491 5.91 6.17 10.91* 4.53 6.56 6.65 11.77*
P2 5.25 6.17 6.61 10.46* 4.66 5.34 6.64 10.63* 5.38 6.1 6.27 11.58*
P3 4.88 5.93 6.5 10.72* 5.11 6.22 7.4 11.28* 5.16 6.2 6.43 11.28*
Pa 4.93 5.56 6.5 10.51* 5.18 5.33 5.91 10.58* 4.96 5.79 6.37 10.84*
Interaction
P1 4.94 6.01 6.17 10.5* 5.27 6.09 7.66 13.57* 4.84 6.78 7.87 16.23*
P2 5.04 5.86 6.63 10.25* 4.99 6.07 6.94 12.76* 4.9 6.15 7.31 16.04*
p3 4.89 6 6.15 10.53* 5.05 6.27 7.7 13.55* 5.02 6.5 7.61 16.11*
P4 4.83 5.54 6.73 10.09* 5.14 6.36 7.16 12.69* 4.9 6.48 6.92 15.77*
Factor B
P1 5.1 5.64 6.34 10.55* 5.32 6.87 7.52 13.44* 5.05 6.47 7.8* 17.1*
P2 5.08 6.16 6.49 9.43* 4.79 6.09 7.02 13.38* 5.38 6.57 7.43 16.05*
P3 4.93 5.82 6.39 10.8* 5.07 6.42 7.92 14.18* 5.13 6.89 7.48 16.05*
P4 5 5.56 6.27 9.85* 5.27 5.92 6.91 13.16* 4.75 6.74 7.11 15.21*
ANOMC — MR3g
Factor A
P1 4.72 6.07 6.28 11.03* 461 5.85 6.79 10.86* 5 6.47 7.02 11.89*
P2 6.19 7.13 7.62* 11.79* 5.83 6.59 7.39 12.16* 5.55 6.56 7.62* 12.7*
P3 4.45 5.14 5.97 8.04* 4.19 5.55 5.89 9.06* 4.53 5.41 6.07 9.64*
P4 4.95 5.34 6.2 8.87* 4.83 5.69 5.82 9.02* 5.05 5.48 5.75 9.44*
Interaction
P1 4.76 6.14 6.23 11.05* 5.54 6.18 7.83* 14.21* 4.78 6.65 8.73* 17.85*
P2 5.76 6.43 8.19* 11.78* 6.09 7.43 8.76* 15.89* 5.68 8.13* 9.94* 19.72*
p3 4.92 5.06 5.73 8.27* 4.83 6.05 6.36 11.43* 4.36 5.84 6.7 14.77*
Pa 4.58 4.75 5.67 9.02* 5.45 6.19 6.47 11.59* 4.77 6.59 7.31 14.64*
Factor B
P1 491 6.2 6.49 10.86* 4.69 6.45 7.99* 14.22* 5.11 7.57* 8.9* 17.76*
P2 5.75 6.97 7.19 12.27* 5.84 7.07 9.06* 15.62* 6.03 8.24* 9.99* 19.91*
P3 4.64 4.99 5.49 7.78* 4.73 5.62 6.84 11.13* 4.56 6.28 6.76 15.04*
P4 4.83 5.03 5.89 8.26* 4.85 6.48 6.57 11.5* 4.72 6.34 6.93 14.56*
ANOMC — MR4¢
Factor A
P1 4.46 5.89 6.21 10.97* 4.69 6.2 6.5 11.35* 4.92 6.13 6.82 12.31*
P2 2.48* 3.33 3.49 7.23 2.55 3.04 3.15 7.7 2.28* 3.01 3.7 7.78*
pP3 2.55 2.97 3.48 6.18 2.47* 3.36 34 7.14 2.38* 3.23 3.38 7.53*
D4 0.58* 0.81* 1.07* 3.17 0.53* 0.87* 1* 3.2 0.57* 1* 0.94* 3.26
Interaction
pP1 4.53 6.08 5.66 10.96* 5.44 6.56 7.14 14.24* 4.59 6.73 7.75* 17.12*
P2 2.49* 3.24 3.76 7.33 2.26 2.93 3.2 9.14* 1.85* 3.24 3.75 11.4*
P3 2.63 3.16 3.18 6.03 2.43 3.32 4.02 8.13* 2.12* 3.04 3.64 10.69*
P4 0.54* 0.82* 0.98* 2.87 0.38* 0.72* 0.97* 3.59 0.2* 0.6* 0.84* 4.31
Factor B
P1 5.23 5.93 6.07 11.1 4.69 6.2 7.12 14.14* 4.93 7.21 8.08* 17.13*
P2 2.42* 3.47 3.68 7.5 2.11* 2.76 3.43 8.84* 1.86* 2.95 3.56 11.12*
pP3 2.31* 2.73 3.18 5.78 2.43* 3 4.1 8.11* 2.06* 2.9 3.33 10.68*
D4 0.61* 0.9* 0.88* 2.72 0.4* 0.65* 0.99* 3.77 0.4* 0.52* 0.71* 4.07

* the percentage type I error lies outside Bradley's liberal criterion
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Table 4. 8: Type I error (%) of ANOM and ANOMC tests under heterogeneous variances and n;.

(s, kr) (0,0 0,3) (2,6) (0,25) (0,0) (0,3) (2,6) (0,25) (0,0) 0,3 (2,6) (0,25)
t=2,r=2 t=2,r=3 t=2r=5
ANOM;
p Factor A
vy 7.76 7.64 7.92 9.82 8.3 6.2 7.3 9.5 10.33 9.92 10.23 11.33
vy 7.85 8.23 8.06 9.28 6.1 5.3 85 7 10.53 10.76 11.12 11.83
P v} 17.18 17.66 17.79 23.25 14.2 12.6 12.4 16.1 26.95 26.38 27.36 31.13
vy 17.06 18.2 16.97 23.02 13.2 14 13.2 17 25.28 26.92 27.55 30.58
vy 7.68 8.34 7.78 9.03 6.95 6.9 6.62 7.55 10.42 9.87 10.66 119
vy 7.96 8.35 7.97 9.59 7.35 6.98 7.31 6.83 9.95 10.34 10.33 11.56
Pz vi 16.67 18.24 17.92 23.66 13.35 131 13.47 16.29 25.53 26.69 26.9 30.74
vy 16.73 18.01 17.59 23.17 13.11 13.33 12.9 16.54 25.91 25.78 26.4 31.9
vi 7.81 8.31 7.73 8.57 6.78 7.46 6.99 7.53 10.02 9.81 9.9 11.45
vy 7.72 8.19 8 9.26 7.43 7.19 6.74 7.33 10.48 10.34 10.75 11.67
Ps vi 16.9 18.39 17.08 2341 13.22 13 13.53 16.92 26.92 27.02 27.44 30.94
vy 17.13 18.2 18.17 23.92 13.07 13.28 13.88 16.66 26.88 27.42 26.72 31.65
vy 7.85 7.98 8.11 9.24 6.4 6.8 7.2 9 10.68 10.73 9.93 11.56
vy 7.85 8.25 7.84 8.5 6.7 6.4 7.3 8.4 10.16 10.31 10.79 11.58
Pa v} 15.95 18.04 17.48 23.12 137 133 11.9 16.1 26.14 26.86 26.4 31.36
vy 17.09 18.21 17.24 22.67 13 14.7 12.9 15.7 26.49 27.33 26.85 31.23
Interaction
vi 5.05 5 4.67 4.15 5.73 5.5 5.56 5.06 5.77 5.29 5.57 6.13
vy 5 4.88 4.45 3.91 5.99 5.2 5.19 4.77 5.54 5.5 5.44 5.53
P vi 4.92 4.92 4.33 3.78 7.74 7.26 7.23 7.85 7.28 6.86 6.87 7.77
vy 5.18 4.93 4.54 3.7 7.62 7.36 7.01 7.93 7.32 7.11 6.81 7.61
v} 5.19 4.76 4.47 3.94 5.89 5.54 5.37 48 5.66 5.32 6.11 5.91
vy 4.77 4.45 4.69 4.15 5.52 55 5.45 45 5.59 5.66 5.35 5.85
P2 v} 4.98 5.2 4.48 3.86 7.78 7.98 7.25 7.87 6.58 6.91 6.9 7.48
V3 4.92 4.71 4.12 3.84 7.92 7.55 7.54 7.8 7.1 7.02 7.11 7.61
vy 4.75 4.62 4.8 3.49 5.04 5.18 55 4.77 541 6.1 5.72 5.86
vy 5.2 4.2 5.2 4.07 5.3 5.49 5.52 4.73 5.77 5.57 5.4 5.55
Ps v} 4.99 4.52 4.32 3.73 7.46 7.71 7.18 7.84 6.78 7.31 7.16 7.51
v; 4.92 5.25 4.83 3.53 7.18 7.39 7.56 7.75 6.52 6.91 7.17 8.06
vi 5.2 4.36 471 4.03 5.77 5.87 5.41 5.25 5.55 5.55 5.56 5.62
vy 511 4.94 4.62 3.88 5.04 5.18 5.61 5.57 5.4 5.18 5.5 5.95
Pa vy 5.37 4.71 4.75 3.82 7.62 .77 6.81 7.78 7.01 6.64 7.38 7.63
V3 5.1 4.47 4.67 3.67 7.82 7.89 7.95 7.71 7.26 7.29 6.94 7.46
Factor B
vy 4.74 4.65 431 3.86 5.75 5.82 5.55 5.05 5.56 5.52 5.57 5.64
P vy 5.16 491 453 3.93 5.35 5.49 5.66 471 5.26 5.42 5.65 5.62
v} 5.16 4.83 4.76 37 8.19 7.44 7.37 7.58 6.94 7.2 7.12 7.91
v; 5 4.41 4.24 3.63 7.83 7.23 7.13 7.45 7.15 7.19 7.01 8.01
v} 4.53 4.83 4.52 3.65 5.31 5.92 5.22 5.13 5.29 5.57 5.38 6.02
vy 4.96 4.81 4.55 3.94 5.84 5.62 4.99 5.22 5.59 5.61 5.47 5.23
Pz v 5.15 4.86 4.41 3.91 7.73 7.8 7.29 8.13 7.25 6.83 6.86 7.77
vy 4.85 4.69 4.45 3.64 7.52 7.99 7.43 7.81 7.18 6.87 7.02 7.43
v} 4.88 4.48 4.48 3.71 6 5.37 5.35 4.63 5.37 5.33 5.64 5.66
vy 4.88 44 4.36 39 5.71 5.21 5.74 4.76 6.03 5.45 5.32 5.42
Ps v} 4.42 4.9 4.63 4.06 7.39 7.7 7.62 8.08 7.43 7.3 7 7.65
vy 4.95 4.68 4.84 3.61 7.5 8.15 7.66 8.33 7.3 6.8 7.24 7.71
vy 5.02 4.66 4.28 3.87 5.58 5.38 5.39 5.1 5.23 5.97 5.48 5.75
vy 4.56 4.52 4.64 3.88 5.71 5.52 5.39 4.76 5.38 55 5.55 5.79
Pa v} 4.56 4.75 4.58 3.83 7.47 7.67 7.35 7.92 6.71 7 6.98 7.68
v; 5 5.06 5.01 3.82 7.65 7.66 7.18 8.01 6.98 7.24 6.84 7.39
ANOMC — Regy
Factor A
vi 7.9 7.93 13.05 15.66 6.33 7.21 12.86 13.37 9.46 9.83 17.83 18.12
vy 7.79 8.61 135 16.01 7.02 7.52 13.43 13.28 9.15 10.86 17.22 18.09
P1 v} 16.11 18.39 22.93 32.24 12.29 13.88 19.69 24.7 23.96 26.7 32.54 40.8
vy 16.51 18.08 23.94 33.04 12.23 13.4 19.51 24.31 23.56 27.44 32.48 40.97
vy 9.65 10.49 17.47 19.28 7.78 9.01 16.04 15.66 12.52 13.18 2231 23.07
vy 9.68 11.27 14.1 19.32 8.77 8.94 14.43 15.74 12.47 13.37 18.59 22.26
Pz v} 21.73 25.25 323 40.9 16.2 185 26.31 31.11 3131 35.34 43.11 50.95
vy 21.12 24.02 25.93 39.97 16 17.64 21.17 30.24 32.85 34.25 37.97 49.76
vi 9.83 10.28 13.09 18.84 8.24 8.99 13.54 15.71 11.94 12.98 18.47 22.02
vy 10.11 11.21 18.13 19.67 8.52 9 16.25 16.04 12.35 13.8 23.09 2241
Ps vy 21.31 24.09 25.57 40.24 15.6 17.62 21.25 30.96 32.44 34.77 38.71 49.32
vy 21.76 25.93 33.26 40.77 16.61 18.61 27.05 31.15 32.94 35.59 42.1 50.49
vi 11.35 12.09 17.34 23.13 8.29 9.67 15.49 17.6 15.3 17.17 236 27.22
vy 1112 12.49 16.72 22,51 9.43 9.63 16.25 17.68 14.89 16.7 23.65 26.75
Pa v} 28.04 33.48 37.78 51.03 20.73 23.59 29.54 38.97 4371 47.92 52.66 64.64
vy 29.17 33.58 37.14 50.55 2117 233 29.37 38.62 43.97 47.98 52.04 63.04
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Interaction

vy 5.31 5.32 10.09 8.34 5.75 6.52 13.42 11.45 5.22 5.96 17.64 13.89
vy 4.96 5.57 9.21 8.43 5.37 6.05 12.49 11 5.27 6.2 16.7 13.58
P1 v} 4.89 5.23 9.61 8.47 7.5 7.56 14.64 14.96 6.43 7.42 19.03 15.33
vy 5.54 5.45 10.25 8.35 7.29 7.46 15.52 14.81 5.98 7 18.89 15.55
v3 5.4 5.31 9.76 8.63 6.14 6.18 12.79 11.69 6.19 6.53 18.46 14.07
vy 5.44 5.52 10.22 8.61 6.21 6.66 14.01 11.72 5.99 7.23 17.7 14.51
Pz vi 5.61 5.86 9.89 8.36 8.63 9.34 16.77 17.89 6.87 8.35 19.95 17.43
vy 5.83 5.96 10.03 8.92 8.83 9.5 17.07 17.78 7.5 9.07 20 18.37
vi 5.91 5.73 10.13 8.83 6.41 6.37 13.69 12.03 6.08 6.85 18.6 14.87
vy 5.44 5.51 10.21 8.73 6.18 6.44 13.29 11.65 6.11 7.58 18.46 15.3
Ps vi 5.6 6.03 10.01 8.89 8.65 9.12 16.78 17.63 7.78 8.36 20.27 18.81
vy 5.54 5.82 10.69 8.85 8.13 9.37 16.76 17.39 7.24 8.31 20.31 18.24
vy 5.16 5.54 10.02 8.82 6.15 7.11 13.94 12.37 5.53 6.58 17.44 14.19
vy 5.27 5.36 8.98 8.44 5.95 6.9 13.47 12.12 5.47 6.71 18.57 14.56
Pa v} 4.9 5.66 9.81 8.04 9.57 10.78 19.15 20.85 8.1 8.8 21.39 19.92
vy 5.54 5.69 10.25 8.12 9.98 10.79 19.2 20.21 7.9 9 20.54 19.35
Factor B
vi 5.01 5.19 9.36 8.43 5.67 6.1 13.16 10.88 5.62 5.88 16.96 13.65
vy 5.82 5.4 9.59 8.64 5.47 6.17 13.18 11.03 5.51 5.97 16.73 13.69
P1 vy 5.35 5.52 9.66 8.2 7.47 7.77 14.9 14.34 6.73 7.64 18.78 16.11
V3 5.08 5.15 10.06 8.5 7.25 7.7 15.22 14.57 5.97 7.07 18.95 15.56
vy 5.59 5.44 9.93 8.85 5.97 6.8 13.01 12.02 5.46 6.98 18.01 14.03
vy 5.43 5.81 10.38 8.79 6.1 7.31 14.01 12.38 5.74 7.21 17.68 13.76
Pz v} 5.12 5.95 9.71 8.17 8.68 9.18 16.93 18.07 7.12 8.42 19.92 17.81
vy 5.61 5.79 10.53 8.68 8.8 10.03 16.57 18.03 7.65 8.69 19.86 18.03
vi 5.54 5.83 10.12 8.31 6.46 6.85 14.63 11.85 6.07 7.09 18.06 13.72
vy 5.56 528 10.31 8.4 6.18 6.74 13.46 11.48 5.95 6.9 18.52 14.55
Ps vi 5.31 6.07 10.43 8.89 8.96 9.92 17.11 17.15 7.67 8.35 20.61 18.54
vy 5.73 5.52 10.37 8.53 8.31 9.65 16.63 17.2 7.04 8.52 19.9 17.51
v} 5.25 5.56 10.1 8.58 6.42 6.68 13.36 11.78 5.11 6.74 17.57 14.61
vy 4.92 4.82 9.24 8.81 6.08 6.62 12.94 11.73 5.6 6.48 18.26 14.41
Pa v} 4.96 5.35 9.89 7.92 9.84 10.67 18.34 20.83 7.85 9.29 21.12 19.54
vy 5.19 5.22 9.75 8.49 9.88 10.83 18.43 20.07 8.02 9.48 20.92 18.81
ANOMC — Rg
Factor A
vy 75 9.17 9.98 17.57 6.18 8.14 9.18 16.94 9.41 11.14 12.45 20.88
vy 7.81 9.66 113 17.77 6.56 8.25 9.83 17.31 9.02 11.29 13.25 21.39
P1 vy 14.81 17.71 19.04 28.84 11.51 13.79 15.07 24.67 21.42 24.33 27.15 36.72
vy 15.37 17.44 20.49 29.09 11.77 13.12 16.15 24.22 21.07 24.46 27.72 37.06
v} 9.78 11.73 13.85 21.35 7.86 9.97 11.61 19.6 11.01 13.31 16.43 24.73
vy 9.99 11.67 12.31 21.94 8.41 9.85 11.41 19.55 11.95 14.7 15.36 24.3
Pz v} 20.79 24.19 27.99 36.9 15.66 18.39 20.88 30.12 28.15 31.56 35.53 44.69
vy 20.8 23.01 24.97 35.68 15.37 17.89 19.25 29.66 28.7 32.44 34.73 44.66
vy 8.07 9.25 9.17 16.2 6.31 8.16 8.1 15.03 9.73 12.04 12.06 21.69
vy 7.98 9.36 12.19 16.46 6.9 7.51 9.74 14.97 9.41 11.2 14.74 20.05
Ps v} 17.39 19.26 19.89 30.59 13.04 14.84 15.6 25.05 26.32 28.97 30.51 40.06
vy 17.77 21 24.79 31.34 13.08 14.99 19.16 25.43 25.44 28.93 32.38 39.25
v} 10.67 12.41 13.2 21.22 8.17 9.62 10.13 17.99 14.05 16.34 17.2 24.97
vy 10.91 12.2 14.18 21.35 8.6 9.8 11.72 17.64 13.6 16.64 18.25 24.16
Pa vi 27.11 30.39 32.92 43.67 19.93 22.49 23.63 33.37 39.47 42.07 46.18 52.4
vy 27.17 31.27 33.86 43 19.65 21.8 25.14 32.39 38.77 42.48 45.25 51.31
Interaction
vy 5.19 6.33 7.36 12.85 5.53 7.85 9.06 18.78 5.61 7.96 10.17 22.55
n vy 5.22 6.24 6.96 13.89 5.76 7.8 8.78 18.31 5.37 8.25 9.78 21.52
v} 4.84 6.43 6.59 12.8 7.38 9.31 10.64 20.52 5.89 9 11.43 23.74
vy 5.55 6.57 6.9 12.73 7.26 9.42 10.62 21.19 6.63 9.16 11.52 24.35
vy 5.79 7.51 8.42 14.76 6.84 9.2 9.81 20.34 6.77 9.7 11.37 23.93
P2 vy 6.22 7.55 8.48 15.04 7.07 9.4 10.68 20.24 6.6 10.11 11.13 23.56
vi 5.65 7.06 8.38 15.62 9.02 11.88 135 24.23 8.36 11.47 132 26.35
vy 6.18 7.89 8.93 15.71 9.67 12.43 13.28 25.19 8.14 11.83 12.95 26.27
v} 4.85 5.15 5.44 9.86 4.91 6.45 7.78 15.1 45 6.93 8.66 19.52
D3 vy 4.36 5.27 5.72 9.88 4.88 6.63 6.6 14.18 4.26 6.86 7.87 19.21
vy 4.57 5.6 6.18 10.44 6.96 8.63 9.89 17.65 6.17 8.35 10.14 20.81
vy 4.5 5.6 5.66 10.42 7.11 8.87 9.96 19.36 5.7 8.27 8.98 20.93
vy 4.77 5.76 5.89 10.2 5.99 7.2 8.33 1591 5.31 7.47 8.59 17.72
vy 5.08 5.52 6.18 10.23 6.32 7.62 8.2 16.42 5.63 8.11 8.56 18.42
Pa v} 4.83 5.37 6.03 10.9 9.05 11.58 12.92 21.18 6.81 10.22 11.74 22.11
vy 4.93 6.24 6.51 10.99 9.65 11.6 12.55 2247 7.62 9.97 10.98 22.97
Factor B
vi 4.89 6.09 6.71 12.85 5.4 7.7 8.99 18.44 5.32 7.63 10.24 22.77
vy 51 6.38 7.1 13.44 5.84 7.67 9.28 18.4 5.23 8.06 10.13 22.77
P1 vy 4.89 6.48 6.44 12.7 7.54 9.33 10.51 20.71 6.51 8.9 11.77 24.07
vy 5.59 6.15 7.15 13.12 7.02 9.51 11.69 20.78 5.99 9.51 11.51 24.37
vy 5.9 7.64 8.28 14.82 6.54 9.9 10.08 20.8 6.55 9.95 11.55 23.83
vy 6.21 7.73 8.19 14.87 7.22 9.75 10.97 20.05 6.78 10.17 10.68 23.19
Pz v} 6.22 7.5 8.11 15.02 9.81 11.6 13.63 23.79 8.5 11.04 12.96 27.24
vy 6.41 7.57 8.74 15.43 9.33 12.21 13.55 25.27 7.93 12.17 14.28 26.68
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vy 45 5.13 5.97 9.78 4.96 6.58 7.61 14.95 431 7.42 8.48 19.16
vy 4.67 5.04 5.75 10.34 5.31 6.75 7.94 14.44 4.44 6.78 8.19 18.47
Ps v} 4.51 5.63 5.98 9.99 6.96 8.47 9.92 17.89 6.09 8.11 10.3 21.15
vy 4.67 5.32 5.47 9.87 7.09 9.36 11.01 19.47 6.02 8.25 10.67 21.01
vy 4.34 5.62 6.02 10.88 6.03 7.25 8.41 15.13 4.99 7.6 8.28 17.72
vy 4.92 557 5.57 10.2 6.38 7.42 8.7 16.65 5.48 7.59 8.94 18.62
Pa vi 4.98 5.65 5.97 10.69 8.96 11.74 12.98 21.53 7.24 9.76 11.88 22.26
vy 5.08 5.9 6.45 10.77 10.01 11.29 13.92 22.24 8.01 9.8 12.34 22.77
ANOMC — MR1;
Factor A
vy 4.89 6.55 6.91 13.35 4.96 6.56 7.2 14.92 4.99 6.99 6.8 15.34
vy 5.06 6.9 6.89 13.21 5.55 6.68 6.65 14.79 5.34 6.81 6.79 15.34
P vi 5.32 6.29 6.97 14.04 5.12 6.79 6.57 14.04 4.83 6.73 7.12 15.63
vy 5.33 6.2 7.02 13.48 4.99 6.39 7.18 14.26 4.8 6.8 7.38 15.12
v 9.15 1191 11.45 19.03 9.17 12.04 11.43 19.73 9.79 12.22 11.6 21.15
vy 9.07 114 11.94 18.9 9.82 11.14 11.68 18.78 10.07 11.76 11.3 20.15
Pz vi 9.88 11.6 12.28 19.81 10.08 11.98 12.23 19.71 9.82 12.33 11.64 20.84
vy 9.83 115 12.42 18.36 9.27 11.36 11.12 19.38 8.75 11.92 11.78 19.75
vi 7.73 9.07 9.68 15.74 7.23 8.99 9.9 16.19 7.22 9.7 9.5 18.25
vy 7.52 9.4 9.91 15.61 8.17 9.99 9.34 15.92 8.15 9.5 9.94 18.05
Ps vy 7.38 9.49 9.37 15.59 7.32 9.08 9.52 15.94 7.79 9.06 9.35 17.89
vy 8.25 9.55 9.88 16.13 7.91 9.88 9.68 17.41 7.72 10.93 9.78 17.35
vy 15.87 16.85 18.1 24.05 15.71 17.43 16.77 23.82 15.9 17.61 16.41 2421
vy 15.73 17.42 17.58 23.42 15.45 17.45 16.74 24.95 15.58 18.04 17.11 24.56
Pa v} 15.86 17.66 17.75 23.67 14.88 18.03 17.3 24.29 16.04 17.56 17.22 25.03
vy 15.84 18.62 17.87 23.08 15.71 17.34 16.76 23.76 15.75 17.51 17.46 24.85
Interaction
vi 5.25 6.21 7.02 12.86 5.03 6.89 7.98 18.71 5.09 8.45 8.11 217
P1 vy 4.89 6.83 7.05 134 4.84 7.13 7.9 17.18 5 8.35 7.77 21.65
vy 5 6.41 6.9 12.95 5.04 7.03 7.92 17.37 5.31 8.05 8.51 21.93
V3 5.47 6.16 7.15 13.72 5.07 7.23 7.71 17.31 5.16 7.96 8.24 21.49
v} 9.53 11.97 11.86 18.44 10.45 13.52 13.39 24.14 11.35 15.63 14.92 29.96
vy 9.22 10.85 12.14 18.07 10.41 13.12 13.39 24.28 11.19 15.44 14.88 27.93
P2 v} 9.81 1171 1251 19.97 11.23 13.31 14.62 23.81 11.8 15.59 15.97 30.62
vy 9.24 11.19 12.01 18.14 10.77 13 13.62 22.94 10.62 15.57 14.68 28.63
vy 7.45 9.09 9.92 15.17 7.44 10.12 10.98 19.95 8.16 12.07 11.47 25.95
vy 7.83 8.97 10.75 15.22 8.18 11.17 10.96 19.27 8.7 12.47 12.36 25.19
Ps vy 7.42 9.06 9.67 15.44 7.81 10.68 10.96 19.84 8.55 11.48 1151 25.53
v; 7.89 9.58 9.51 16.23 8.47 1141 11.16 20.82 8.64 12.83 12.45 25.71
vi 16.08 17.35 17.83 23.35 19.07 21.38 21.18 29.55 21.48 2541 23.02 35.25
vy 16.49 17.74 17.28 23.52 18.31 21.43 21 30.05 21.62 25.88 23.24 35.66
Pa vy 15.46 17.39 18.1 23.97 18.36 21.55 21.48 29.83 21.29 24.54 23.83 35.34
vy 16.06 18.31 17.28 23.77 19.73 21.86 212 29.15 21.6 24.95 23.71 35.59
Factor B
vy 4.89 6.68 7 13.36 4.91 7.02 8.09 17.9 4.93 7.77 7.95 22.37
vy 4.8 7.26 7.14 13.25 5.2 7.26 7.46 17.66 4.98 7.94 7.76 21.35
Py v} 4.69 6.61 6.59 13.69 5.09 7.16 7.29 16.97 5.29 8.17 7.98 21.93
vy 4.98 6.65 7.24 1341 5.13 7.51 7.96 17.15 5.25 8.14 8.16 21.68
v} 9.16 11.77 12.16 19.21 10.39 13.84 13.54 23.57 12.1 15.57 15.04 30.5
vy 9.23 11.18 11.59 18.66 10.63 13.28 13.38 23.27 10.95 15.57 14.45 28.35
Pz vy 9.87 11.97 12.31 19.41 11.16 13.38 14.84 23.88 12.07 15.7 14.98 30.81
vy 9.78 11.49 12.13 18.2 10.63 13.35 13.63 23.19 11.2 15.32 14.73 28.39
v} 7.82 8.98 9.55 15.35 7.79 10.69 11.01 19.88 8.34 12.08 12.11 26.38
vy 8.11 9.49 9.75 16.01 8.78 10.91 10.72 20.04 8.52 12.33 12.85 25.48
Ps v} 7.21 8.92 9.8 15.47 7.79 10.64 10.59 19.63 8.76 11.64 11.55 24.49
vy 8.06 10.04 10.02 15.72 8.88 10.98 11.78 20.64 9.21 13.07 12.19 25.32
vy 15.84 17.06 17.14 23.64 19.39 21.35 20.95 29.81 21.35 249 2321 35.33
vy 15.71 17.84 16.89 23.39 19.29 21.26 20.95 29.72 21.44 25.47 23.43 35.61
Pa v} 15.97 17.69 17.56 24.21 18.97 22.16 21.9 29.22 20.29 24.46 23.75 35.57
v; 16.4 17.38 18.06 23.25 20.04 21.52 21.46 29.08 21.37 25.2 23.36 36.09
ANOMC — MR2;
Factor A
vi 6.43 7.73 6.53 14.73 5.96 6.87 5.24 13.49 6.86 7.69 6.27 15.55
vy 5.71 7.01 10.3 139 5.81 6.26 8.28 12.72 6.57 7.42 9.1 14.77
P1 v} 11.54 13.32 10.25 23.05 9.33 10.31 8.6 19.61 12.81 14.46 13.07 26.48
vy 10.33 11.69 16.46 21.22 7.53 8.77 12.74 17.7 10.71 13.64 16.79 24.46
vy 7.11 8.34 6.33 14.45 6.21 7.38 6.21 12.89 7.94 7.6 6.84 15.93
vy 6.07 6.63 10.08 14.18 5.56 6.79 8.5 12.76 6.7 7.69 9.21 14.34
Pz v} 12.03 13.66 10.79 23.62 9.56 10.11 8.85 18.96 13 15.12 13 26.68
vy 9.89 11.6 16.36 22.13 7.72 9.12 12.77 18.31 12.14 1341 16.69 25.2
vi 6.5 7.94 5.93 13.65 5.45 6.83 5.16 12.55 6.84 7.73 6.14 15.76
vy 5.49 6.44 10.06 141 5.35 5.94 7.67 12.14 6.43 7.16 9.14 14.56
Ps vy 10.75 13.04 10.22 22.47 8.39 10.24 7.98 18.02 12.67 14.21 12.88 25.61
vy 9.43 11.21 16.27 21.72 7.88 8.69 12.78 17.79 11.48 13.69 16.59 24.86
vi 7.37 7.67 6.36 13.97 6.25 6.68 6 1271 7.44 8.57 6.49 15.08
vy 6.39 7.55 9.58 14.06 5.61 6.35 8.47 12.95 6.58 7.91 9.12 14.26
P4 v} 10.95 13.27 10.24 23.61 9.16 10.66 8.59 19 12.69 14.98 12.68 26.04
V3 9.46 12.04 16 21.68 7.85 9.84 12.76 18.68 12.27 13.41 17.25 25.65
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Interaction

vy 4.81 5.7 6.24 11.01 5.26 5.57 6 13.13 4.99 5.39 5.56 13.43
vy 4.88 5.61 6.81 10.93 5.42 5.7 5.57 13.67 5.37 5.57 4.72 12.96
P1 v} 5.03 5.48 6.29 10.64 6.22 7.28 7 15.61 5.3 5.76 5.44 14.31
vy 5.19 5.79 6.13 11.06 5.99 6.64 5.69 15.37 5.3 5.82 5.07 14.51
v3 5.26 6.15 5.85 11.18 5.52 6.17 6.31 137 6.04 5.99 5.43 139
vy 5.23 5.99 6.58 11.06 5.55 6.7 5.97 13.53 6.05 6.51 5.14 13.27
Pz vi 5.45 6.01 6.48 11.54 6.47 7.19 6.97 14.76 6.2 6.41 6.11 14.59
vy 5.19 5.84 6.28 11.56 6.66 7.71 6.39 15.85 6.51 6.7 5.53 14.42
vi 5.23 5.48 6.4 10.44 4.84 5.51 6.02 13.42 5.46 5.37 5.48 13.85
vy 4.83 4.98 6.4 10.71 4.97 6.08 5.65 12.85 5.34 5.57 4.69 13.25
Ps vi 4.83 5.22 6.05 10.56 5.56 6.93 6.67 14.31 5.6 5.83 5.86 14.09
vy 4.94 5.67 6.42 10.53 6.31 7.13 5.92 15.76 5.52 6.21 5.32 14.58
vy 5.55 5.32 6.58 10.35 5.55 6.47 6.49 14.06 5.58 6.38 5.26 13.17
vy 5.59 6.09 6.02 10.85 5.42 6.44 5.94 14.28 5.47 7.01 5.47 137
Pa v} 5.32 5.85 6.45 10.95 6.34 7.14 6.67 15.23 6.26 6.46 6.35 14.53
vy 5.29 5.99 6.75 11.02 6.7 7.83 6.38 15.13 6.34 6.6 5.27 14.48
Factor B
vi 4.96 5.59 5.94 10.96 5.27 5.94 5.86 13.97 5.15 5.53 5.39 13.19
vy 5.08 5.72 6.63 11.26 5.33 5.31 7.45 12.83 5.12 5.39 5.58 13.04
P1 vy 5.25 5.7 6.23 10.93 6.37 6.86 6.65 14.77 5.26 6.17 5.55 14.85
vy 4.82 5.61 5.99 11.32 5.38 5.91 9.09 14.86 4.97 5.59 7.27 14.39
vy 5.29 5.74 6.33 111 5.3 6.34 6.55 13.14 6.02 6.31 5.67 13.62
vy 5.33 5.82 6.41 11.06 5.42 6.19 7.57 134 5.77 5.97 6.18 13.34
Pz v} 5.77 6.07 6.37 11.24 6.73 7.04 7.55 14.82 6.14 6.53 5.91 15.11
vy 5.54 5.64 6.42 11.11 5.79 7.09 9.28 15.46 5.95 6.25 6.96 14.18
vi 4.99 5.33 5.91 10.28 4.68 6.01 5.97 13.07 5.42 5.65 5.23 13.66
vy 5.02 553 6.38 11.07 4.72 5.56 7.33 12.74 5.02 4.93 5.54 13.05
Ps vi 4.58 4.99 5.75 10.23 5.73 6.46 6.29 14.71 5.82 5.88 5.76 14.24
vy 4.93 5.12 6.07 10.85 5.25 6.4 9.36 14.89 5.23 6.06 6.91 14.38
v} 5.88 5.46 6.25 10.21 5.33 6.57 6.62 133 5.86 6.27 5.52 131
vy 5.52 5.93 6 10.65 5.14 6.11 7.62 13.82 5.24 6.21 6.18 13.13
Pa v} 4.99 6.03 6.31 10.94 6.38 7.58 7.05 15.1 6.06 6.32 6.16 14.54
vy 5.12 6.39 6.85 11.18 5.9 6.84 8.92 14.92 6.35 5.94 6.97 14.44
ANOMC — MR3g¢
Factor A
vy 7.47 9.2 10.45 17.4 6.2 8.1 9.42 16.87 9.47 11.37 12.8 21
vy 7.55 9.61 11.63 17.56 6.63 8.38 10.17 17.24 9.15 11.38 13.59 21.37
P1 vy 14.68 17.54 19.5 28.65 11.38 13.73 15.49 24.64 21.57 245 27.77 36.74
vy 15.16 17.16 20.73 28.71 11.69 13.18 16.35 24.22 20.99 24.65 28.33 37.14
v} 9.14 10.94 13.62 20.85 7.7 10.14 11.85 18.45 10.78 12.88 16.27 24.54
vy 10.3 11.97 13.17 22.01 8.56 10.32 11.7 19.77 12.37 15.14 16.15 24.41
Pz v} 19.48 22.72 27.14 35.79 15.73 17.21 2111 28.85 26.96 30.55 35.16 44.26
vy 21.39 23.73 26.01 36 16.25 19.38 20.81 29.88 29.68 3341 36.21 45.31
vy 8.33 9.68 9.76 16.28 7.11 8.37 8.04 15.36 10.46 12.48 12.62 221
vy 75 8.58 12.01 16.02 6.14 7.58 9.65 14.77 9.08 10.83 14.6 19.87
Ps v} 18.31 20.07 20.77 30.81 13.49 15.59 16.88 25.04 27.47 29.94 3171 40.43
vy 16.49 19.64 23.86 30.68 12.71 14.4 18.86 25.25 24.48 28.06 31.94 38.55
v} 10.59 12.23 133 20.99 8.46 10.12 10.5 17.58 14.06 16.22 17.3 24.96
vy 10.73 12.05 14.37 21.15 8.12 9.84 11.57 17.9 13.62 16.54 18.25 24.18
Pa vy 27.02 30.35 32.85 43.24 19.84 22.24 2435 33.58 39.48 42.29 46.03 52.33
vy 27.06 30.91 33.77 42.33 20.1 22.33 24.84 33.61 39.18 42.58 45.06 51.21
Interaction
vy 5.25 6.46 7.47 12.86 55 7.7 9.21 18.63 5.62 8.07 10.59 22.58
vy 5.1 6.09 7.14 13.76 5.5 7.87 9.03 18.23 5.35 8.38 10.04 21.42
Py v} 5 6.37 6.74 12.66 7.42 9.15 10.85 20.48 5.9 8.97 11.83 23.74
vy 5.48 6.25 7.08 12.71 6.96 9.51 10.83 20.96 6.69 9.14 11.64 24.16
vy 5.76 7.42 8.55 14.47 6.76 8.83 9.75 19.98 6.65 9.53 11.57 23.64
vy 6.2 7.53 8.84 15.08 6.93 9.33 11.04 20.07 6.77 10.26 11.33 23.74
Pz vy 5.51 6.71 8.39 15.14 8.51 11.69 13.34 23.48 7.93 11.13 13.2 25.8
vy 6.44 8.15 9.3 15.62 9.68 12.43 13.84 25.15 8.57 12.17 13.79 26.88
v} 4.81 5.3 5.64 9.82 5.02 6.36 8.06 14.93 4.64 7.12 8.93 195
vy 4.19 5.14 5.79 9.54 4.71 6.44 6.73 138 4.3 6.79 7.91 18.91
Ps vy 4.89 5.9 6.7 10.7 7.15 8.78 10.07 17.8 6.6 8.79 10.82 21.16
vy 4.4 5.38 5.4 9.96 6.85 8.47 9.59 18.88 5.44 8.04 8.88 20.69
vy 4.71 5.76 5.76 10.15 5.8 7.27 8.26 15.63 5.33 7.57 8.67 17.63
vy 4.91 5.49 6.02 10.32 6.13 7.32 7.95 16.44 5.62 8.04 8.51 18.32
Pa v} 4.82 5.5 6.17 10.94 8.93 11.38 12.74 211 6.93 10.36 11.86 21.95
vy 4.74 6.08 6.5 10.9 9.54 11.32 12.32 22.06 7.55 9.79 10.95 22.71
Factor B
vi 4.83 6.05 6.9 12.87 5.47 7.41 9.06 18.19 5.23 7.65 10.53 229
vy 5.04 6.46 7.3 13.57 5.66 7.53 9.45 18.23 5.38 7.99 10.47 22.65
P1 vy 4.81 6.41 6.74 12.78 7.3 9.3 11.01 20.58 6.45 8.87 12.05 24.12
vy 5.6 6.06 7.25 13.08 6.85 9.43 11.74 20.7 6.12 9.42 11.92 24.29
vy 5.61 7.38 8.45 14.75 6.29 9.64 10.14 20.46 6.32 9.7 11.51 23.69
vy 6.11 7.72 8.55 14.78 7.14 9.6 11.36 19.8 6.9 10.38 11.31 23.61
Pz v} 5.92 7.29 8.2 14.63 9.36 11.26 13.48 23.24 8.05 10.7 12.91 26.93
vy 6.44 7.75 9.32 15.42 9.46 12.32 14.07 25.31 8.53 12.48 14.81 27.11
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vy 4.65 5.32 5.97 9.88 4.96 6.65 7.77 14.83 4.61 7.63 8.75 19.35
vy 4.51 5.01 5.76 10.19 5.12 6.7 7.79 14.27 434 6.7 8.11 18.12
Ps v} 4.68 5.69 6.17 10.14 7.34 8.8 10.38 17.81 6.54 8.49 10.94 21.29
vy 4.57 5.01 5.43 9.52 6.67 8.87 10.64 19.04 5.84 7.97 10.51 20.86
vy 4.32 5.58 6.11 10.73 6.16 7.15 8.34 15.1 5.11 7.74 8.22 17.89
vy 4.93 537 5.67 10.24 6.15 7.18 8.88 16.46 5.46 7.51 9 18.62
Pa vi 4.97 5.69 6.11 10.58 8.89 11.68 12.78 21.31 7.35 9.88 11.93 22.29
vy 4.97 5.71 6.48 10.66 9.82 11.2 13.81 22.05 7.96 9.67 12.2 22.83
ANOMC — MR4¢
Factor A
vy 6.79 8.43 8.15 16.27 6.65 8.1 7.22 15.99 8.61 10.15 10.29 20.04
vy 6.58 8.7 11.13 16.43 6.22 7.36 9.55 16.15 8.03 10 12.24 19.98
P vi 137 15.67 14.27 26.46 11.05 131 11.43 23.35 18.2 21.27 22.15 33.46
vy 12.76 15.07 18.43 26.44 9.82 11.91 15.1 22.42 17.62 20.87 24.59 33.96
v 5.03 5.87 5.8 13.22 4.39 5.55 5.36 12.22 5.84 7.05 8.08 16.56
vy 5.12 6.35 7.21 13.65 4.41 5.32 6.56 1251 6.53 8.15 8.78 16.21
Pz vi 10.55 12.61 131 23.96 7.98 9.5 10.15 20.02 15.27 17.98 19.98 31.88
vy 11.13 12.76 15.22 24.29 8.34 11.14 12.43 20.54 16.45 19.85 22.24 32.63
vi 55 6.35 5.11 12.23 4.84 5.76 4.62 121 6.47 7.85 7.46 17.47
vy 4.4 5.13 8.15 12.73 3.98 4.88 6.45 11.81 5.58 6.81 9.79 15.72
Ps vy 11.37 13.74 115 24.32 8.63 10.9 9.37 20.2 17.4 20.31 19.92 33.83
vy 9.31 11.56 16.18 23.51 7.22 8.82 12.91 20.05 1491 18.48 22.07 32.09
vy 2.99 3.53 351 8.96 2.61 2.68 3 8.54 417 5.55 5.17 1291
vy 2.67 3.52 4.61 9.67 2.44 3.22 3.78 8.54 3.79 5.3 6.51 12.54
Pa v} 7.83 10.2 10.02 22.41 5.66 7.2 7.52 16.94 12.96 16.64 18.12 31.89
vy 7.35 10.03 11.59 22.33 5.4 1.47 8.92 17.02 13.15 16.73 18.84 31.25
Interaction
vi 4.9 5.8 6.4 11.96 5.72 7.11 6.79 16.31 5.65 7.09 8.68 19.85
vy 4.98 6.13 6.58 13.04 5.77 7.38 7.16 15.75 5.26 7.61 7.51 18.88
P1 vy 5.14 5.82 6.24 12.04 7.26 8.68 8.25 17.96 6.03 7.99 9.67 20.45
vy 5.27 5.91 6.15 11.97 6.44 8.81 7.99 19.13 6.39 8.15 8.7 20.6
v} 2.6 3.92 4.01 8.92 3.15 4.48 4.36 11.85 3.17 4.39 4.79 14.58
vy 3 41 4.38 9.7 3.26 4.61 4.83 12.15 3.47 4.76 4.92 14
P2 v} 291 37 4.05 9.38 411 5.56 5.85 13.96 351 4.87 5.43 15.2
vy 3.04 4.14 4.71 9.88 4.42 6.13 6.03 15.67 4.1 5.57 5.64 15.74
vy 3.14 3.79 3.8 7.78 3.12 4.25 4.17 11.6 2.82 4.21 4.95 14.64
vy 291 3.19 3.93 7.52 3.2 4.13 3.25 10.49 3 4 4.28 13.56
Ps vy 3.05 3.65 4.12 8.33 4.08 5.28 53 13.73 3.93 5.55 5.73 15.81
v; 3.02 3.35 3.6 7.91 3.84 5.41 4.41 13.86 4.04 5.26 4.45 15.6
vi 121 1.49 17 4.47 1.35 1.8 1.66 6.67 1.27 1.87 1.94 7.44
vy 1.33 1.6 18 4.54 1.53 2.02 1.85 6.5 1.23 2.03 1.98 8.25
Pa vy 1.13 1.62 1.77 4.95 2.17 3.44 2.96 9.52 1.76 2.63 2.82 9.75
V3 1.05 1.82 1.77 5.1 2.08 3.32 2.77 9.51 1.89 2.45 2.31 9.71
Factor B
vy 5.02 5.93 5.94 11.82 5.41 7.08 6.93 16.38 5.26 7.07 8.33 20.05
vy 4.87 6.48 6.41 12.44 5.35 6.7 8.38 16.43 5.15 7.11 8.29 19.37
Py v} 4.84 5.82 6.28 11.62 7.17 8.62 8.41 18.07 6.19 7.95 9.43 20.99
vy 5.33 6.02 6.06 12.47 6.07 7.96 10.35 18.33 6.05 7.99 10.25 20.76
v} 2.92 3.62 4.12 9.02 3.21 4.82 4.35 12.47 3.31 454 4.85 13.87
vy 3.09 4.19 4.16 9.26 3.33 4.46 5.14 11.49 3.18 4.85 4.68 137
Pz vy 2.94 3.49 3.98 9.17 4.17 523 5.92 14.17 3.69 4.84 5.41 16.31
vy 2.98 3.88 4.53 9.46 4.51 6.01 6.52 15.39 3.92 5.42 6.6 15.64
v} 3.17 3.55 3.73 7.61 3.36 4.04 4.49 11.49 291 423 5.17 14.08
vy 2.86 3.31 3.86 7.78 2.9 3.6 4.96 10.81 3.13 434 4.97 13.49
Ps v} 2.65 3.64 4.09 8.16 4.41 5.28 5.56 13.77 3.97 5.62 5.88 16.02
vy 2.92 3.38 3.52 7.75 3.6 5.03 7.09 13.94 3.27 4.89 6.49 15.37
vy 1.16 1.35 18 453 14 1.71 1.91 6.38 1.22 1.96 1.82 7.17
vy 1.45 1.67 1.44 4.65 1.33 1.75 2.25 6.36 1.09 1.96 2.34 8.1
Pa v} 1.25 157 1.86 5.13 2.3 3.17 2.78 9.31 1.54 2.59 2.73 9.68
v; 1.28 1.62 1.68 4.96 2.11 2.94 4.04 9.27 1.78 2.03 2.75 9.8
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Table 4. 9: Type I error (%) of ANOM and ANOMC tests under heterogeneous variances and n,.

(s, kr) (0,0 0,3) (2,6) (0,25) (0,0) 0,3) (2,6) (0,25) (0,0) (0,3) (2,6) (0,25)
t=2,r=2 t=2,r=3 t=2r=5
ANOM;
p Factor A
vy 11.44 12.23 12.16 14.18 9.16 9.99 9.77 10.04 16.05 16.65 16.71 17.75
vy 12.27 12.53 12.32 13.89 9.48 9.61 10.38 10.78 16.54 16.09 16.62 17.97
P v} 31.25 31.74 33.04 38.02 2351 23.77 23.58 27.72 47.52 48.35 49.12 50.12
vy 30.73 31.72 32.64 37.58 23.72 23.56 23.87 27.6 47.85 49.15 48.55 50.74
vy 11.07 11.52 12.02 14.2 9.26 9.79 9.68 10.65 17.11 16.14 17.05 184
vy 117 11.78 11.63 13.89 10.13 10.12 9.62 11.13 16.51 16.29 15.92 174
Pz vi 31.52 324 32.94 37.64 23.14 24.44 23.69 26.54 46.64 48.15 47.53 50.42
vy 31.38 31.97 33.2 38.27 23.68 24.12 23.52 26.71 47.19 47.23 48.65 51.52
vi 11.47 124 11.97 13.81 9.48 9.94 9.37 10.27 16.05 16.37 16.21 17.56
vy 12.18 12.08 11.93 14.52 9.66 10.21 9.67 10.5 16.32 15.78 16.09 18.28
Ps vi 3141 32.48 32.15 37.47 23.95 24.43 24.8 27.82 47.41 49.04 48.38 51.3
vy 30.97 32.29 33.06 37.88 23.61 24.15 23.85 27.37 47.02 48.01 49.09 50.63
vy 11.82 11.92 11.94 13.78 9.89 10.12 9.6 10.75 16.25 16.73 16.65 17.63
vy 1231 11.99 11.81 13.68 9.94 9.61 9.32 10.75 16.13 16.67 17.06 17.22
Pa v} 31.35 323 32.28 37.25 23.13 23.23 24.02 27.04 47.84 48.28 49.47 50.5
vy 30.7 33.24 32.34 37.63 23.72 24.12 23.19 27.67 47.19 47.7 47.92 50.5
Interaction
vi 5.22 5.28 4.46 4.39 6.47 6.21 6.47 5.86 6.09 6.34 6.02 6.01
vy 4.97 4.82 4.97 4.46 6.48 6.28 6.04 5.88 6.03 6.02 6.59 6.16
P1 vy 5.17 5.19 4.66 4.63 10.86 10.71 10.57 11.83 9.42 9.71 9.61 10.16
vy 5.21 4.82 4.46 4.75 10.48 11.45 10.61 11.94 9.4 9.4 9.37 10.02
v} 5.46 4.95 4.85 4.18 6.19 6.28 6.34 6.16 6.3 5.91 6.18 6.41
vy 5.02 5.13 4.48 431 6.56 6.22 6.28 5.99 5.72 6.11 6.08 6.14
Pz vy 5.24 537 4.89 4.19 10.87 10.7 10.45 11.75 9.43 9.67 9.5 10.01
vy 4.93 5.12 4.83 4.48 10.57 9.83 10.75 11.15 9.4 9.36 9.69 10.05
vy 5.04 5.5 4.83 4.18 6.64 6.14 6.57 6.1 6.23 6.25 6.22 6.3
vy 4.9 4.75 5.08 4.62 6.53 6.35 6.45 6.23 6.04 6.36 6.08 6.64
Ps v} 4.72 4.95 4.87 4.58 10.99 104 10.98 11.6 9.38 9.54 9.68 10.84
v; 5.32 5.26 5.25 4.71 10.74 10.14 11.23 11.97 8.38 9.9 10.1 10.58
vi 5.14 5.01 454 4.38 6.42 5.84 6.22 6.22 6.2 5.67 5.86 5.87
vy 5.2 4.67 5.03 4.41 6.35 6.32 6.14 6.35 5.52 6.15 6.04 5.95
Pa vi 5.07 5.03 5.24 4.27 10.6 10.7 10.36 12.04 9.1 9.32 9.41 10.07
vy 5.36 5.4 5.08 4.65 10.77 10.77 10.69 11.74 9.54 9.29 9.65 10.05
Factor B
vy 5.32 5.02 4.66 4.52 6.33 6.22 6.01 6.5 6.17 6.07 5.98 6.23
P vy 5.32 5.32 4.72 4.55 6.13 5.84 6.19 5.97 6.17 6.35 5.88 6.04
v} 5.05 5.18 4.98 4.43 10.98 10.87 10.91 11.65 9.27 9.79 9.08 10.52
v; 5.28 4.88 4.73 4.43 10.79 10.8 10.48 11.83 9.07 9.66 9.33 10.48
v} 5.67 5.04 5.04 4.33 6.04 6.44 6.13 6.14 6.13 6.31 5.86 6.48
vy 4.95 4.87 4.87 4.58 6.16 6.06 6.26 5.81 5.86 5.96 6.05 6.47
Pz vi 5.04 5.29 4.69 451 10.1 10.13 10.67 12.13 8.99 9.65 9.91 10.39
vy 5 5.28 5.08 4.54 10.38 11.22 11.37 119 9.56 9.22 9.58 10.55
v} 4.97 5.27 5.18 4.53 6.76 6.5 5.71 6.38 6.35 5.94 6.24 6.19
vy 5.15 5.21 5.04 4.42 6.1 6.05 6.11 6.1 5.66 5.55 5.82 6.47
Ps v} 5.06 5.09 4.79 4.53 10.73 11.12 10.88 11.88 9.42 9.76 9.53 10.11
V3 4.87 5.07 4.79 441 10.67 11.2 10.85 11.7 9.35 9.44 9.61 10.22
vy 5.28 4.94 4.98 4.38 6.55 6.16 5.93 6.23 5.84 6.06 6 6.48
vy 5.38 4.96 4.84 4.44 6.34 6.33 5.59 5.64 6.04 6.42 5.96 6.28
Pa v} 5.06 4.97 4.77 4.64 10.19 11.49 10.39 117 10.01 9.31 9.48 10.42
v; 5.58 5.04 4.74 4.53 10.52 10.98 10.48 11.97 9.85 8.77 9.09 9.89
ANOMC — Regy
Factor A
vi 12.58 145 15.82 21.34 9.89 11.49 13.15 16.53 17.65 19.74 22.12 27.38
vy 13.58 14.35 16.83 21.39 10.08 11.24 13.48 16.45 18.67 19.79 22.63 27.91
P1 v} 36.25 38.13 41.39 50.91 27.68 29.09 30.94 39.31 54.22 56.77 58.16 64.8
vy 35.28 38.28 40.42 51.15 27.15 28.42 31.37 40.29 53.91 57.08 58.62 65.63
vy 16.66 18.44 22.93 28.2 13.56 14.65 18.75 21.42 24.9 25.57 30.5 355
vy 16.64 18.65 18.02 28.11 13.63 1471 15.23 20.95 23.34 26.04 26.57 345
Pz v} 48.03 49.89 53.69 62.24 35.84 38.42 41.6 49.39 67.98 70.31 70.32 76.7
vy 47.2 49.51 50.34 61.39 35.81 37.94 38.52 48.9 66.13 68.26 71.19 76.27
vi 16.69 18.48 18.21 27.35 13.51 14.53 14.7 21.2 24.3 26.04 27.22 34.56
vy 17.31 19.17 2291 27.59 13.51 15.32 18.83 21.28 24.27 25.97 30.01 35.41
Pa vi 47.37 49.53 49.77 60.96 36.2 37.94 38.72 49.18 67.8 69.67 70.89 76.12
vy 46.4 49.7 54.16 62.17 35.39 38.48 41.43 49.03 67.43 70.14 71.09 76.03
vi 2212 24.18 26.13 34.86 16.81 17.97 20.8 26.15 32.66 35.64 38.03 44.83
vy 22.59 24.52 25.91 34.86 16.63 18.18 20.28 26.19 32.13 355 37.42 44.07
Pa v} 63.85 67.03 67.36 74.06 48.55 50.76 53.19 61.98 84.2 85.55 86.12 89.05
vy 63.7 66.47 67.59 74.23 48.55 51.95 53.57 63.1 84.36 85.47 86.16 89.12
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Interaction

vy 4.78 5.38 6.03 6.74 7.1 7.17 9.91 11.17 6.13 7.24 10.84 13.29
vy 4.98 5.25 6.97 6.53 7.1 7.57 10.29 11.18 5.88 7.33 11.48 12.74
P1 v} 5.57 5.25 6.82 6.84 12.19 13.54 15.56 20.71 9.84 11.44 16.46 19.77
vy 4.98 5.03 6.96 6.91 12.13 13.35 16.67 20.36 9.81 11.59 15.54 19.88
v3 5.42 5.76 7.76 6.98 7.72 8.9 11.04 13.09 7.02 8.23 12.41 14.66
vy 5.05 5.54 6.75 7.17 8.08 8.65 11.52 12.77 7.2 8.41 12.41 14.27
Pz vi 5.11 5.53 7.14 6.84 16.59 17.53 20.32 26.37 12.98 14.91 18.94 24.42
vy 5.39 5.89 7.12 75 15.3 16.77 20.82 25.74 13.25 14.74 20.57 24.83
vi 5.1 6.18 6.84 6.81 8.61 8.75 11.61 13.32 7.38 8.73 12.36 15.36
vy 5.05 5.18 7 7.23 7.86 8.53 11.43 13.05 7.16 8.1 12.17 15.08
Ps vi 5.46 5.99 7.06 7.01 15.91 18.17 20.24 26.55 13.31 15.15 19.38 25.34
vy 5.18 5.62 6.83 6.75 15.6 17.15 20.87 26.12 12.5 14.98 19.63 24.4
vy 5.11 53 7.02 6.58 8.59 9.46 12.55 14.84 7.52 8.28 12.57 15
vy 5.2 4.97 6.44 6.72 8.88 9.72 12.47 14.71 6.96 8.81 13.23 15.34
Pa v} 4.85 4.96 6.74 6.57 20.29 22.68 25.74 34.57 17.71 19.04 24.24 31.06
vy 5.23 5.29 7.03 6.66 20.16 22.28 26.29 34.04 17.4 19.61 24.94 31.2
Factor B
vi 4.9 5.29 6.47 6.81 6.96 7.52 9.32 11.41 6.41 7.24 10.51 12.73
vy 5.1 5.42 6.78 6.91 7.1 7.15 9.71 11.25 6.39 7.16 11.06 13.11
P1 vy 5.06 4.96 6.99 6.81 12.63 13.81 16.3 20.49 10 11.27 15.36 19.86
V3 5.11 5.15 7.06 6.35 11.88 13.18 16.15 20.36 9.54 11.55 15.77 19.61
vy 5.51 531 7.21 6.77 7.83 8.72 11.67 12.75 6.87 8.44 12.04 14
vy 5.4 5.37 6.9 7.64 8.05 8.93 11.51 12.36 7.05 8.36 12.19 15.27
P2 v} 4.72 5.22 7.16 7.32 15.59 17.05 209 27.16 12.78 14.84 19.91 24.66
vy 5.69 5.93 7.53 7.57 16.04 17.43 20.75 26.71 12.86 14.27 20.04 25.03
vi 5.15 6.04 7.26 6.95 8.53 8.95 11.22 13.36 7.6 8.56 12.08 15.01
vy 5.04 5.6 7.57 6.84 8.06 8.54 11.45 12.67 7.22 7.95 11.52 15.11
Ps vy 5.46 5.83 7.51 7.1 16.32 17.54 20.99 27.11 13.35 14.88 20.09 25.09
vy 5.04 5.26 6.97 6.83 15.46 17.69 205 25.94 13.05 15.2 19.59 24.65
v} 5.29 5.27 6.62 6.47 8.49 9.47 12.32 15.55 7.17 9.16 13.07 15.38
vy 4.96 5.37 6.56 6.7 8.86 9.65 12.45 14.78 7.35 8.34 13.24 15.44
P4 vy 5.19 5.19 7 6.94 20.48 22.22 25.16 34.56 17.74 19.95 25.91 31.89
vy 5.09 5.05 6.87 6.88 20.47 22.76 26.72 34.05 17.1 19.09 25.13 31.01
ANOMC — Rg
Factor A
vy 10.42 12.54 13.26 18.93 8.58 10.14 11.07 17.06 14.93 16.71 18.14 24.07
vy 11.56 12.17 14.06 19.27 9.43 10.64 11.68 17.14 14.5 16.62 18.38 24.67
P1 vy 28.27 29.96 32.74 39.43 21.87 23.6 24.65 31.54 42.62 44.76 47.31 52.06
vy 28.71 29.38 32.51 38.27 212 23.33 25.1 3151 42.06 45.08 47.26 51.97
v} 15.23 16.87 19 25.09 11.35 13.25 14.9 20.31 19.41 20.97 23.65 29.99
vy 1391 16.23 16.54 24.4 117 12.88 13.24 19.61 19.4 222 23.01 30.93
P2 v} 39.98 415 4391 49.78 29.54 31.19 34.47 40.46 56.75 57.98 59.62 63.02
vy 38.27 40.22 40.96 49.06 28.34 31.02 32.08 39.44 55.44 57.21 59.72 63.67
vy 12.32 13.95 13.41 19.63 10.26 11.3 11.05 17.24 18.77 19.46 20.36 25.97
vy 13.67 14.56 16.48 19.69 10.07 11.58 1331 16.58 17.92 19.23 21.83 26.71
Ps v} 35.69 37.46 38.38 44.69 27.02 28.51 28.74 35.42 54.87 55.81 57.84 58.53
vy 36.74 38.63 41.89 45.86 25.97 28.84 30.95 35.63 53.73 54.6 57.75 57.39
v} 19.78 20.86 2211 28.09 14.78 15.67 17.33 21.16 28.1 30.24 3174 35.55
vy 20.3 21.16 21.74 27.98 14.85 16.32 17.11 20.87 28.3 30.24 30.94 35.35
Pa vi 57.98 58.75 59.34 60.86 42.23 42.86 44.84 49.27 77.05 76.91 77.47 73.94
vy 56.58 57.8 59.27 60.88 42.42 43.31 45.6 48.62 77.89 76.46 77.14 74.49
Interaction
vy 4.78 6.22 5.85 10.8 6.86 7.84 9.14 16.07 5.46 7.65 9.38 19.52
n vy 5.07 6 7.25 10.44 6.76 8.01 9.05 17.09 5.74 8.14 9.42 20.18
v} 5.45 5.81 6.81 10.23 10.16 13.26 13.51 217 7.86 10.8 12.26 23.57
vy 5.27 5.61 6.57 10.76 10.79 13.23 13.51 2131 8.01 11.79 12.36 23.63
vy 5.56 6.45 7.91 12.52 7.62 9.97 11.16 18.82 6.96 9.64 11.19 21.29
P2 vy 6.12 6.72 6.84 125 7.84 9.71 11.15 19.46 6.7 9.79 10.91 22.18
vi 5.42 6.09 6.63 11.62 13.91 16.4 18.29 26.68 111 14.64 15.62 27.28
vy 5.79 7.16 7.36 12.75 13.62 16.35 17.46 26.03 11.03 14.43 15.94 27.58
v} 4.02 5.33 5.44 8.25 6.51 7.87 8.5 14.12 5.41 7.24 8.2 16.18
D3 vy 4.53 4.89 5.18 8.25 6.55 7.7 8.18 13.75 5.34 7.47 8.44 16.95
vy 4.56 5.08 5.55 8.02 11.46 13.19 13.72 20.73 8.78 11.39 12.56 22.38
vy 4.25 5.4 5.55 8.61 12.14 13.3 14.48 21.58 9.22 11.6 12 21.82
vy 4.87 5.66 5.71 8.51 8.04 9.55 10.7 15.69 6.63 8.53 9.64 17.24
vy 4.96 5.35 5.73 8.86 8.38 9.51 9.82 16.16 6.81 9.07 9.13 17.73
Pa v} 5.07 5.1 5.59 8.58 17.8 19.69 20.93 28.81 14.54 16.25 17.51 26.03
vy 4.9 5.3 6 8.84 18 10.78 21.23 28.07 13.8 16.7 17.74 27.16
Factor B
vi 5.01 6.21 6.4 10.85 6.54 7.99 8.96 16.44 5.73 8.46 9.98 19.59
vy 5.17 6.13 6.68 10.69 6.34 7.49 9.56 16.53 5.81 7.55 9.76 19.46
P1 vy 4.99 5.73 6.17 9.8 10.59 12.78 13.35 21.21 8.37 11.04 11.95 23.68
vy 5.27 5.54 6.8 9.98 10.31 12.66 14.15 22.96 8.17 10.97 12.86 23.34
vy 5.56 6.56 7.54 12.34 7.58 10.03 11.42 18.61 6.98 10.27 10.96 21.01
vy 5.45 6.46 7.16 12.83 7.95 9.29 10.73 18.75 6.61 9.53 11.02 22.27
Pz v} 5.17 6.33 7.26 11.91 13.74 16.26 18.4 26.78 11.42 14.64 16.17 27.86
vy 5.7 7.26 7.46 12.97 13.97 15.98 17.92 26.77 11.05 14.05 16.05 27.89
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vy 4.3 5.37 5.79 8.13 6.51 7.66 8.83 147 5.57 7.52 7.9 16.24
vy 4.58 5.28 5.53 8.25 6.52 7.47 8.98 13.13 5.54 7.21 8.29 16.57
Ps v} 4.09 5.45 5.68 8.09 11.98 13.35 14.36 20.67 9 11.56 13.21 21.99
vy 4.61 5.2 5.55 8.03 11.38 13.75 15.43 21.71 9.1 11.38 13.98 22.73
vy 49 55 5.69 8.81 8.28 9.52 9.81 16.19 6.8 8.48 9.85 17.11
vy 47 5.73 5.6 9.22 8.54 9.41 10.49 15.7 6.66 8.65 10.04 17.38
Pa vi 5.26 5.03 5.72 8.22 18.22 19.39 20.59 28.81 14.39 17.19 17.86 26.23
vy 5.18 5.43 5.9 9.04 17.92 19.38 21.24 28.21 14.08 16.95 18.64 27.17
ANOMC — MR1;
Factor A
vy 431 5.99 6.82 12.18 4.72 6.25 6.6 12 5.32 6.37 6.56 12.26
vy 5.32 6.59 6.67 11.36 5.08 6.1 7.1 12.55 4.65 6.61 6.99 12.69
P vi 5.42 6.37 6.56 11.46 4.9 6.55 6.92 12.16 4.92 6.35 6.61 12.27
vy 5.46 5.93 6.9 11.56 5.18 6.14 6.47 12.04 4.85 5.82 6.77 12.39
v 10.58 12.15 12.38 17.02 10.36 11.79 12.29 17.21 9.84 11.44 11.88 17.74
vy 9.73 11.25 11.08 16.94 10.03 11.12 11.54 17.46 9.79 11.36 11.02 18.16
Pz vi 10.82 11.42 12.11 17.54 10.85 11.75 12.34 17.89 10.4 11.89 12.04 18.2
vy 9.56 11.44 11.61 16.85 10.33 11.28 11.38 17.72 9.21 11.53 10.94 17.88
vi 8.56 10.1 9.95 13.37 8.73 9.54 10.43 15.33 8.51 9.5 9.84 14.29
vy 8.81 10.37 10.11 14.84 9.31 10.59 10.22 14.93 9.31 10.32 10.02 15.69
Ps vy 8.34 9.42 9.86 14.32 9.02 9.95 10.09 14.64 8.47 9.77 9.44 14.95
V3 8.97 10.73 11.54 15.7 9.72 10.5 10.8 15.44 9.49 10.81 10.29 15.45
vy 18.66 19.59 19.55 23.73 19.16 20.33 19.52 23.12 18.56 19.33 19.36 24.2
vy 18.95 19.99 19.23 23.63 19.54 19.67 19.26 23.66 18.84 19.3 19.11 23.32
Pa v} 19.52 19.35 19.58 23.58 18.03 19.21 19.26 23.34 18.48 19.81 19.32 23.24
vy 18.54 20.07 19.79 23.32 18.79 19.61 19.14 23.58 19 20.55 18.99 24.24
Interaction
vi 4.79 6.31 6.53 12.19 4.93 6.47 7.32 14.75 4.95 7.3 7.51 18.53
1 vy 4.84 6.18 6.6 114 5.13 6.82 7.22 15.21 4.82 7.54 8.01 18.68
vi 5.03 5.93 6.43 11.16 4.79 6.93 7.2 15.02 51 7.21 7.36 18.63
V3 5.21 6.04 7.08 11.2 5.06 7.13 7.06 14.55 4.61 7.46 7.63 19.02
v} 10.32 1113 12.26 174 11.77 13.19 14.82 22.32 13 16.59 16.39 28.14
vy 9.61 1113 11.35 16.74 11.42 13.56 14.16 21.89 12.36 15.93 15.43 29.41
Pz v} 10.63 12.21 11.96 17.28 11.94 14.04 14.43 22.61 13.54 16.2 16.19 28.51
vy 9.84 11.17 11.17 16.74 11.47 13.38 13.88 21.81 11.49 15.75 14.45 27.02
vy 8.82 9.95 9.64 14.09 9.83 11.2 12 19.04 10.37 12.79 12.89 23.42
vy 8.78 10.65 10.44 13.98 10.44 12.73 12.22 18.47 11.43 13.83 13.66 25.05
Ps vy 8.16 9.68 10.06 14.04 9.36 11.09 11.44 18.22 9.76 13.33 129 23.08
v; 9.73 10.55 10.87 15.13 10.45 12.87 12.39 19.13 11.71 14.38 13.98 24.03
vi 18.8 20.08 19.73 23.29 24.13 24.94 25.3 30 28.55 30.38 30.23 37.26
vy 18.45 19.74 18.71 23.57 24.55 25.22 25.46 29.58 28.64 305 28.6 37.27
Pa vy 185 19.55 19.44 22.95 23.39 24.48 2481 30.85 29.15 30.33 29.64 35.89
vy 18.91 19.77 19.18 23.5 23.71 24.99 25.15 29.84 28.17 31.03 29.52 37.18
Factor B
vy 4.94 6.44 6.7 11.4 4.89 6.82 7.73 14.77 5.01 7.44 7.73 18.57
vy 4.88 6.28 6.67 11.48 4.86 6.26 74 15.74 4.86 7.35 7.84 18.71
Py v} 5.12 6.06 6.39 114 4.95 7.2 7.18 14.76 452 7.24 7.43 19.12
vy 5.2 5.94 6.28 11.28 5.45 6.47 6.97 14.6 4.92 7.56 7.59 18.69
v} 10.59 11.86 12.53 17.24 11.49 13.95 14.6 22.53 12.74 16.54 15.7 27.33
vy 9.28 11.25 11.69 16.93 10.6 1321 13.98 22.25 12.21 16.06 14.98 28.34
Pz vy 10.63 12.04 11.68 17.08 11.68 14.07 15.11 22,51 13.56 16.66 16.34 28.05
vy 9.48 11.75 11.12 16.75 10.83 13.35 13.95 21.46 12.1 14.68 15.37 27.85
v} 8.46 10.26 8.65 9.77 9.69 11.25 11.67 18.98 9.98 12.72 12.66 22.97
vy 8.97 10.58 8.5 9.03 10.01 12.13 12.64 18.94 10.53 1411 13.43 24.02
Ps v} 8.29 9.49 8.97 10.41 9.31 11.05 11.63 18.14 10.19 13.09 12.41 23.14
vy 9.21 8.76 9.59 9.87 10.47 12.16 12.5 19.3 10.93 13.59 14.56 24.11
vy 10.46 14.48 18.62 19.48 23.76 25.25 25.05 30.52 28.53 30.81 29.23 37.11
vy 10.47 15.32 18.32 19.48 24.27 26.02 24.99 29.61 28.54 30.11 28.87 37.48
Pa v} 10.15 1491 18.56 20 22.78 25.35 24.8 31.16 28.16 30.16 28.79 36.48
vy 14.23 19.28 19.59 20.02 23.98 25.14 24.52 30.24 28.51 30.93 29.24 37
ANOMC — MR2;
Factor A
vi 1111 12.46 9.87 19.56 8.65 10.17 8.83 17.16 13.25 16.28 143 23.69
vy 9.54 10.77 15.78 17.64 7.56 8.85 12.63 16.59 12.75 14.06 18.73 23.59
P1 v} 26.94 28.61 26.95 38.51 20.55 22.25 19.67 31.29 37.62 40.06 40.83 49.01
vy 24.07 26.28 31.68 36.56 18.16 19.64 23.97 29.77 36.28 40.25 43.29 48.37
vy 11.2 12.34 9.84 19.09 8.59 9.96 8.96 16.54 14.39 15.4 14.27 23.75
vy 9.01 10.6 14.83 16.74 7.95 9.45 12.34 15.6 12.42 13.76 16.73 2211
Pz v} 27.47 28.52 26.14 38.01 20.12 21.83 194 29.87 36.64 39.87 39.68 48.55
vy 23.78 26.56 31.36 36.55 18.26 19.96 24.08 29.42 36.33 38.76 42.81 48.93
vi 10.48 12.76 9.74 19.14 9 10.22 8.72 16.76 13.78 15.56 14.35 23.23
vy 8.98 11.14 15.19 18.3 7.53 9.51 12.4 15.94 12.42 14 17.84 23.69
Pa vi 26.45 28.95 26.68 38.43 19.95 22.16 19.93 31.32 37.34 40.27 41.06 50.17
vy 23.89 26.97 32.59 37.63 17.7 20.24 24.39 29.12 35.85 39.46 43.62 48.75
vi 11.39 12.69 9.47 18.92 9.46 10.64 8.65 16.19 13.95 15.89 141 22.67
vy 9.44 10.55 14.67 17.31 7.96 8.78 12.09 16.08 12.53 14.48 18.06 21.92
P4 v} 26.91 28.77 26 37.79 19.49 21.6 19.12 30.58 37.04 41.16 40.66 48.6
vy 24.23 27.47 31.25 36.94 17.86 19.53 237 28.39 35.68 38.53 41.66 48.46
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Interaction

vy 4.9 6 6.24 10.36 6.48 7.35 8.24 15.2 5.74 7.68 8.36 17.3
vy 4.97 6.14 6.84 10.7 6.66 7.87 6.67 15.2 6.46 7.43 7.52 18.08
P1 v} 5.01 6.12 6.33 10.35 9.89 11.43 11.08 20.32 7.76 10.07 10.54 20.91
vy 5.23 5.4 6.54 10.31 9.77 12.04 9.73 21.14 7.86 10.4 8.19 21.54
v3 5.15 5.71 6.72 9.96 6.28 7.41 8.01 14.88 6 7.43 7.99 16.98
vy 4.8 6.08 6.21 10.48 6.48 7.65 6.73 14.75 5.69 7.86 6.77 17.59
Pz vi 4.83 5.66 6.4 9.68 10.03 11.19 10.59 20.1 8.06 10.04 9.62 20.44
vy 5.05 6.26 6.12 10.82 10.23 11.58 9.06 20.63 8.57 10.73 8.3 20.64
vi 4.54 6.08 6.8 10.17 6.64 7.01 7.69 15.91 5.92 7.17 7.87 16.23
vy 4.63 6.12 7.43 10.16 6.59 7.99 7.19 15.31 6.1 7.74 7.24 18.56
Ps vi 4.74 5.78 6.79 10.11 9.78 11.51 10.81 20.15 8.15 10.22 11.31 21.08
vy 5.25 5.74 6.69 11.02 10.16 11.71 9.72 20.88 7.97 10.68 8.57 21.26
vy 4.95 5.69 6.52 9.98 6.4 7.32 8.17 14.58 5.67 7.38 7.7 16.42
vy 4.81 5.78 6.39 10.48 6.75 7.69 7.11 14.82 6.08 7.24 6.68 17.39
Pa v} 5.25 5.54 6.55 9.46 9.07 11.22 10.91 20.33 7.78 9.87 9.94 20.01
vy 5.24 6.13 6.6 10.32 10.39 11.33 9.46 20.69 8.15 10.62 8.24 21.06
Factor B
vi 5.1 5.57 6.36 10.52 6.19 7.91 7.94 15.9 5.72 7.2 8.14 18.04
vy 5.18 6.39 6.36 9.94 5.53 6.53 10.35 15.1 5.47 6.74 9.96 17.94
P1 vy 5.16 5.52 6.47 10.54 10.15 11.84 11.68 20.63 7.77 10.4 105 212
vy 5.03 5.7 6.74 10.52 8.81 10.01 14.83 20.38 6.36 9.16 13.18 20.42
vy 5.27 5.76 6.85 10.35 5.99 7.83 8.01 14.74 6.01 7.61 7.67 17.34
vy 4.73 5.42 6.32 10.45 5.57 6.93 9.77 15.02 5.04 6.58 8.69 17.26
P2 v} 4.87 5.81 6.19 9.99 9.07 11.28 10.95 19.99 7.55 9.52 9.46 20.65
vy 4.79 6 6.25 10.53 7.52 9.95 14.61 19.74 6.87 9.04 12.96 20.14
vy 4.87 5.87 6.75 10.01 6.51 7.6 7.37 16.16 5.73 6.78 8.15 17.51
vy 5.11 6.09 6.6 10.65 5.56 6.73 10.35 14.91 454 6.51 9.63 16.97
Ps vy 4.85 6.22 6.65 10.21 9.84 11.61 11.23 20.59 7.97 10.57 10.47 20.16
vy 4.7 6.09 6.6 11.1 7.85 10.71 14.86 19.88 6.71 9.53 135 20.95
v} 5.08 5.7 6.85 9.85 6.53 7.54 7.68 14.94 5.87 7.04 7.6 17.39
vy 5.24 6.13 6.3 10.51 5.6 6.74 9.4 138 5.54 6.78 8.67 17.58
Pa vy 5.16 55 6.51 10.64 8.96 11.71 10.01 20.3 7.69 9.79 9.82 19.9
V3 5.57 5.77 6.65 10.83 7.94 9.91 14.25 19.24 7.23 9.1 13.01 19.83
ANOMC — MR3¢
Factor A
vy 10.49 12.52 13.55 18.85 8.55 10.17 11.22 16.99 14.92 16.58 18.29 23.99
vy 11.6 12.34 14.24 19.19 9.37 10.46 11.9 16.97 14.42 16.48 18.62 24.67
P vi 28.16 29.94 33.04 39.16 2177 23.7 24.99 31.67 42.8 44,57 477 52.12
vy 28.32 29.55 32.74 37.98 21.12 23.32 25.42 3141 42.12 44.92 47.47 51.93
v} 14.41 16.21 18.74 24.35 10.82 12.92 14.65 19.74 18.7 20.51 23.28 29.38
vy 14.49 16.67 17.35 24.59 12.12 13.26 13.89 19.86 19.99 22.88 23.58 31.28
P2 v} 38.15 39.98 42.45 48.73 28.37 30.31 34.02 39.8 55.45 56.85 58.58 62.45
vy 39.73 40.95 42.18 49.76 29.51 31.8 33.13 39.97 56.59 58.29 60.53 63.74
vy 13.05 14.34 13.99 20.28 10.66 11.74 11.62 17.64 19.35 20.04 21.03 26.16
vy 12.73 13.64 15.89 18.97 9.57 11.18 13.06 16 17.31 18.77 21.4 26.3
Ps v} 36.96 38.55 39.85 45.32 27.93 29.44 30.04 36.04 55.69 56.58 58.8 59.01
vy 35.02 37.19 40.63 44.68 24.84 27.85 29.99 34.9 52.65 53.66 57.14 57
v} 19.53 20.85 21.89 27.87 14.81 15.58 17.27 21.14 27.98 30.25 31.47 35.19
vy 20.01 20.96 21.6 27.74 14.67 16.13 17.01 21.08 28.26 30.14 30.73 35.02
Pa vi 57.67 58.2 58.72 60.61 41.99 42.69 44.72 49.18 77.1 76.79 77.02 73.93
vy 56.3 57.61 58.88 60.76 42.53 43.5 45.33 48.34 77.81 76.6 76.8 74.59
Interaction
vy 4.77 6.1 6.21 10.91 6.53 7.78 9.23 16.05 5.53 7.68 9.69 19.51
vy 5 6.07 7.35 10.43 6.75 7.86 9.11 16.91 5.63 8.15 9.67 19.97
Py v} 5.41 5.73 6.87 10.24 10.1 13.15 13.8 21.63 8.03 10.77 12.42 23.61
vy 5.1 5.45 6.6 10.74 10.65 13.04 13.76 21.21 7.86 11.69 12.51 23.66
vy 5.32 6.22 7.92 12.31 7.28 9.82 10.98 18.34 6.96 9.41 10.92 20.69
vy 6.08 6.88 7.2 12.61 7.98 9.8 11.7 19.29 6.86 9.95 11.27 2231
Pz vy 4.97 5.78 6.56 11.14 13.19 15.69 17.97 26.11 10.4 13.78 14.99 26.57
vy 6 7.44 7.83 12.94 13.95 16.57 18.3 26.33 11.61 14.89 16.99 28.27
v} 4.28 5.32 5.6 8.44 6.58 7.93 8.75 14.21 5.54 7.29 8.43 16.3
vy 4.44 4.69 5.14 8.11 6.41 7.54 8.16 135 5.19 7.05 8.23 16.7
Ps vy 4.95 5.36 5.76 8.38 12 13.6 14.47 211 9.52 12.1 13.3 22.71
vy 3.93 5 5.3 8.34 11.43 12.65 13.99 21.04 8.62 10.76 11.51 21.27
vy 4.9 5.53 5.73 8.49 8.01 9.52 10.61 15.63 6.55 8.32 9.54 17.24
vy 4.9 5.15 5.72 8.66 8.28 9.4 9.73 16.01 6.83 8.97 8.86 17.58
Pa v} 5 5.15 5.7 8.64 17.78 19.7 20.79 28.67 14.61 16.24 17.46 26.14
vy 4.88 5.27 5.86 8.75 17.68 19.48 21.04 27.94 13.65 16.56 17.67 26.99
Factor B
vi 4.92 6.18 6.47 10.78 6.52 7.9 9.08 16.48 5.93 8.5 10.13 19.34
vy 5.08 5.99 6.77 10.56 6.28 7.38 9.66 16.36 5.81 7.58 10.02 19.47
P1 vy 4.98 5.86 6.31 9.75 10.43 12.84 13.75 21.01 8.46 11.05 12.2 23.69
vy 5.13 5.56 6.8 9.91 10.13 12.58 14.41 22.62 8.06 11.06 13.2 23.27
vy 5.31 6.47 7.55 11.93 7.4 9.75 11.42 18.29 6.87 10.14 10.88 20.68
vy 5.69 6.62 7.4 13.12 8 9.54 11.13 18.74 6.89 9.8 11.39 22.49
Pz v} 4.9 6.02 7.13 11.59 132 15.59 18.13 26.07 10.73 13.88 15.52 27.42
vy 6 7.56 7.9 13.15 14.31 16.41 18.81 27.02 11.77 14.7 16.87 28.39
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vy 4.31 5.46 6.07 8.18 6.59 7.7 9.18 14.67 5.83 7.58 8.21 16.19

vy 431 5.15 5.38 8.02 6.29 7.3 8.88 12.85 5.33 6.98 8.05 16.37
Ps v} 45 5.72 5.93 8.27 12.46 13.71 149 21.12 9.75 12.15 14.01 22.19
vy 4.3 4.93 5.21 7.76 10.77 13.05 14.82 21.11 8.48 10.71 13.38 21.96
vy 5.01 5.38 5.67 8.79 8.22 9.55 9.78 16.01 6.74 8.42 9.69 17.02
vy 4.77 5.62 5.57 9.13 8.36 9.33 10.48 15.76 6.59 8.55 9.87 17.31
Pa vi 5.28 511 5.55 8.37 18.35 194 20.44 28.41 14.36 17.27 17.92 26.27
vy 5.06 5.51 5.8 9.01 17.7 19.17 2131 28.03 13.82 16.79 18.45 27.2
ANOMC — MR4¢
Factor A
vy 10.28 12.17 10.2 18.82 8.93 10.61 9.48 17.16 13.95 15.94 15.83 2431
vy 10.73 11.74 15.15 18.26 8.65 9.53 12.34 16.86 13.35 15.52 18.08 2411
P vi 26.68 28.68 28.35 39.25 21.15 23.19 21.78 31.58 40.04 42.47 43.42 51.25
vy 27.76 27.36 32.12 37.38 19.23 21.41 25.05 30.95 38.81 41.86 45.29 51.3
vy 7.48 9.08 8.33 15.52 55 6.83 7.04 12.73 10.34 11.29 12.27 20.71
vy 7.05 8.85 10.12 16.38 5.98 7.14 8.28 12.96 10.55 12.99 14.02 21.95
Pz vi 23.32 24.64 26.55 35.84 16.01 17.97 19.84 28.61 37.08 40.11 41.9 49.82
vy 23.67 26.69 28.07 36.67 17.05 19.02 20.98 28.28 38.97 41.62 44.33 51.59
vi 8.22 9.59 7.67 15.65 6.34 7.43 6.39 14.32 12.21 13.13 12.74 217
vy 6.27 8.06 10.75 14.39 4.61 5.88 8.78 12.22 9.2 11.77 14.34 21.8
Ps vy 2452 27.24 25.99 37.92 18.17 20.49 18.24 29.88 39.98 43.18 43.82 52.12
vy 24.74 24.96 305 37.32 14.96 18.39 22.04 28.07 35.48 39.86 44.19 49.54
vy 4.24 5.32 4.78 11.03 3.01 3.67 3.63 8.82 6.5 9.13 9.29 17.3
vy 351 4.75 5.9 11.75 2.39 3.43 451 8.47 6.34 8.41 9.62 17.35
Pa v} 19.55 22.38 234 35.66 11.75 14.52 15.27 26.04 35.27 39.85 42.04 515
vy 20.19 22.74 25.27 35.95 12.06 14.14 16.62 26.02 35.15 39.09 42.59 51.22
Interaction
vi 4.65 6.03 5.64 10.98 6.92 7.94 7.94 16.03 53 7.6 8.37 18.38
vy 4.93 6.15 6.67 10.97 6.83 7.67 7.47 16.59 5.79 7.97 7.99 19.11
P1 vy 5.17 6 6.17 10.7 10.43 12.55 11.84 21.74 7.81 10.09 11.03 22.38
vy 5.05 5.74 6.14 11.26 10.47 12.16 10.72 20.79 7.6 10.66 9.69 22.75
v} 2.34 2.89 3.63 7.49 2.96 4.26 4.43 11.08 2.48 3.64 3.88 11.63
vy 2.72 3.2 3.09 7.9 3.36 4.41 471 11.19 2.24 3.99 3.57 12.55
Pz v} 2.16 2.84 3.28 6.7 5.31 7.3 7.87 15.8 3.96 5.78 5.52 15.06
vy 2.25 3.64 3.57 8.24 6.36 8.03 7.9 16.05 4.73 6.21 6.04 16.27
vy 2.31 3.23 3.44 6.28 3.52 4.46 4.45 10.51 2.66 3.96 4.43 11.85
vy 2.34 2.83 311 6.23 3.28 4.09 3.16 9.92 2.54 3.42 3.15 11.62
Ps vy 2.56 3.18 3.4 6.12 6.13 8.12 6.48 16.42 4.62 6.32 6.56 16.67
v; 2.6 31 3.16 6.04 6.39 7.33 5.35 15.73 4.28 5.86 4.25 15.26
vi 0.67 1.04 1.03 2.79 0.91 131 1.57 5.32 0.55 0.94 121 5.19
v, 0.8 0.78 1.05 311 117 1.38 1.17 5.37 0.64 1.08 0.89 5.37
Pa vi 0.65 0.83 1.05 291 2.64 3.46 3.68 10.69 1.55 2.46 2.55 8.91
vy 0.57 0.79 0.91 3.18 2.6 3.49 3.37 10.14 1.65 2.5 2.14 9.31
Factor B
vy 5.2 5.92 6.02 11.08 6.1 7.87 7.92 15.79 5.52 8.05 8.94 18.73
vy 5.12 6.29 6.6 10.82 6.08 6.62 9.59 16 5.56 7.2 9.8 18.62
Py v} 5.07 5.79 6.01 9.85 10.6 12.16 11.97 20.36 8.03 10.47 10.55 22.83
vy 5.06 5.57 6.53 10.38 9.45 10.98 14.34 21.43 7.19 9.69 13.05 21.99
v} 2.28 3.07 3.36 7.21 2.87 4 4.48 10.65 2.26 3.65 3.87 11.93
vy 2.61 31 3.26 8.12 311 3.86 5.05 11.02 2.07 3.57 4.23 12.73
Pz vy 19 2.9 2.89 6.74 5.75 7.07 7.89 15.95 3.95 5.29 5.88 16.23
vy 2.52 3.45 3.66 8.21 5.76 7.28 9.05 16.15 4.39 6.17 7.26 16.71
v} 2.46 3.19 3.54 6.23 341 3.85 4.03 10.44 2.83 3.65 4.22 11.84
vy 2.29 3.22 3.27 6.05 2.86 3.82 5.92 9.43 1.95 3.35 4.94 11.52
Ps v} 211 3.2 3.63 6.36 6.69 8.14 7.1 16.22 4.69 6.28 6.5 16.32
vy 2.28 2.88 2.91 5.82 4.71 6.54 9.91 15.09 3.48 5.14 8.27 15.37
vy 0.7 0.82 0.92 2.92 0.89 15 1.33 5.34 0.54 0.97 1.32 5.32
vy 0.58 0.95 0.85 3.01 1.01 1.24 1.78 5.14 0.54 0.81 111 5.59
Pa v} 0.68 0.87 0.97 2.94 2.56 3.43 3.32 10.79 1.48 2.53 2.36 8.94
vy 0.74 0.89 1.03 3.12 2.06 3.1 4.49 10.64 1.2 2.21 3.25 9.04

4.5.2 Results of the power test
Figures 4.1-4.6 present the comparative performances of ANOMg, ANOMC — Regg,
ANOMC — Rz, ANOMC — MR1g, ANOMC — MR2g, ANOMC — MR3; and ANOMC —

MR4p tests across four distinct non-null cases (8,_s) for the sample size (n;) and (n,).
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For the fixed treatment compensation level (i, j) = (2,3) with fixed correlations (p,) and
small sample size (n;), the results in scenarios of non-null case §, reveal that under a
normal distribution, the ANOMg, ANOMC — Regg, ANOMC — Rg, ANOMC — MR1g,
ANOMC — MR2g, ANOMC — MR3y and ANOMC — MR4 tests in the main interaction
exhibit power rates of 17.7%, %, 15.54%, 15.12%, 6.72%, 11.67%, 14.84% and 16.66%,
respectively. In factor A, 40.46%, 37.76%, 33.91%, 6.51%, 23.9%, 34.3% and 33.9%, for
factor B, 17.24%, 15.5%, 15.12%, 6.76%, 11.3%, 15.04% and 16.66%. Under a double
exponential distribution and for a non-null case &5, the corresponding power rates in the
main interaction are 21.06%, 19.93%, 20.57%, 9.49%, 13.79%, 20.46% and 21%. In factor
A, 20.44%, 20.46%, 19.82%, 8.32%, 15.74%, 19.87% and 21.2%, for factor B, 21.02%,
19.97%, 19.72%, 9.55%, 14.4%, 20.24% and 21.17%. Furthermore, when considering a
Chi Square distribution, the ANOMg, ANOMC — Regg, ANOMC — Ry, ANOMC — MR1g,
ANOMC — MR2g, ANOMC — MR3; and ANOMC — MR4 tests in the main interaction
exhibit power rates of 23.66%, 30.05%, 26.19%, 10.35%, 14.62%, 26.69% and 23.65% for
non-null case &,, respectively. In factor A, 28.02%, 32.67%, 29.33%, 8.28%, 18.01%,
29.9% and 27.81%, for factor B, 10.24%, 17.55%, 17.26%, 9.75%, 9.2%, 14.99% and
13.81%. Finally, in the context of non-null case 65 under a Cauchy distribution, the
ANOMg, ANOMC — Regg, ANOMC — Rg, ANOMC — MR1g, ANOMC — MR2g, ANOMC —
MR3g and ANOMC — MR4g tests in the main interaction demonstrate power rates of
25.3%, 35.71%, 32.35%, 18.28%, 23.44%, 32.24% and 30.54%, respectively. In factor A,
25.05%, 33.62%, 29.33%, 15.41%, 22.15%, 29.21% and 28.94%, for factor B, 25.81%,

35.99%, 35.59%, 18.42%, 24.99%, 33.1% and 31.61%.
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In general, when examining the correlation (p;), the ANOMC — Regy test consistently
exhibits a heightened power rate compared to the other tests. Conversely, in cases where
the data follows a Cauchy distribution is taken into account, the ANOMC — Regg and
ANOMC — MR3 tests demonstrate a notably higher power rate. However, the ANOMC —
MR1y approach exhibits the lowest power rate, particularly in situations with non-null
effects (85, 6,), and sample sizes (nq, n,). Additionally, the ANOMC — MR1y approach
demonstrates similar power rates across the different non-null cases (§,_s) within each
correlation ratio (p;_,). Nevertheless, a comprehensive evaluation across several
scenarios reveals that the ANOMC — Regr and ANOMC — MR3 tests show relatively
superior performance compared to the other ANOM and ANOMC tests. It is also
noteworthy that the performance of all ANOM and ANOMC tests (including
ANOMg, ANOMC — Regg, ANOMC — Rg, ANOMC — MR1g, ANOMC — MR2g, ANOMC —
MR3r and ANOMC — MR4g) improves with an increase in the sample size and the levels
of factor B, as well as increasing the correlation (p;_, ) which also leads to an increase in

the power of the tests. Further, ANOMC tests show a higher power rate than ANOM tests.
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Figure 4. 1: Effect of non-null cases on tests (ANOMC and ANOM) in terms of % power of
the Interaction between Factor A and Factor B under homogeneous variances and sample

size nq).
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Figure 4. 2: Effect of non-null cases on tests (ANOMC and ANOM) in terms of % power of
the Interaction between Factor A and Factor B under homogeneous variances and sample
size ny).
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Figure 4. 3: Effect of non-null cases on tests (ANOMC and ANOM) in terms of % power of
Factor A under homogeneous variances and sample size (nq).
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Figure 4. 4: Effect of non-null cases on tests (ANOMC and ANOM) in terms of % power of
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Figure 4. 5: Effect of non-null cases on tests (ANOMC and ANOM) in terms of % power of
Factor B under homogeneous variances and sample size (ny).
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4.6 lllustrative Examples

Montgomery [85] presents an illustrative example involving factorial experiments with
covariates. The experiment comprises two factors, A and B, with two levels each (-1 and
1), accompanied by a covariate term (X). The dataset associated with this experiment is
documented in Table 15.16 [85]. In this work, we investigated Montgomery data using the
ANOMg, ANOMC — Regg, ANOMC — Rg, ANOMC — MR1g, ANOMC — MR2g, ANOMC —
MR3r and ANOMC — MR4g. tests. The investigation was done across two levels of factor
A and two levels of factor B, which were divided into four treatments
(say A1B1,A1B2,A2B1, A2B2). Each treatment level had 4 observations. The ANOME. test
is applied for testing the response (Y), while the ANOMC — Regr, ANOMC — Rg,
ANOMC — MR1gz, ANOMC — MR2g, ANOMC — MR3; and ANOMC — MR4y tests are
applied for testing the response (Y) considering the covariate (X) with a significance level

(o) of 5%.

4.6.1 Study the interaction effect between factor A and factor B:

In order to conduct the aforementioned tests, we first calculate the interaction slope terms
D12 Zi12y, Ojcazy Qjcazy Hiazy Viazy and Ujazy for j=1,2 in ANOMg, ANOMC —
Regr, ANOMC — R, ANOMC — MR1g, ANOMC — MR2g, ANOMC — MR3g and
ANOMC — MR4g tests, respectively. That yields, D2y = 60.2,D5012) = —15.4 in
ANOMg test, Zy(12) = 65.2,Z5(12) = —11.98 in ANOMC — Regp test, Oy(1p) =
64.6, 05(12) = —9.89 in ANOMC — R test, Qy12) = —9.95, Qz(12) = 2.31 in ANOMC —
MR1g, Hyqgy = 60.49, Hyqp) = —15.41 in ANOMC — MR2g, V1) = 64.68, Vy(12) =

—9.89 in ANOMC — MR3g. Finally, Uy (1) = 64.68, Uy(15) = —9.89 in ANOMC — MR4y
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test. These values are plotted along with the appropriate decision limits given in Equations
(4.2) and Table 4.4, as shown in Figure 4.7, using the critical values S(0.05, 2,12) = 2.19,
1(0.05,2,12) = 5.68, Z(0.05,2,12) =5.72, M(0.05,2,12) = 5.69, K(0.05,2,12) =
7.85, E(0.05,2,12) = 5.77 and P(0.05,2,12) = 6.88. The mean square error for the

estimator's values are as follows: MSEy = 27.464, MSEy = 2.9359, MSET(l)m =
7.1997, MSEz,, = 6.3426, MSEr, =7.0301, MSE7, = 7.3986 and MSEr =

7.0153. Figure 4.7 show that all the slopes estimates fall outside the decision limits
indicating a significant interaction effect except under the ANOMC — MR1 test, which

shows an insignificant interaction effect.

ANOM ¢ ANOMC-Reg F ANOMC-R F ANOMC-MR1 F
8 - d 8 8 - 8 -
5 4
o
=1
o o | o o | o |
< = a < <
a 2 & &)
S o S N o | NS o | 1o o _|
a « [a} « 2 [ & 4
sl [a}
2
= —_
o o - o - g g o4 1 @
a 4 4 (<} ] <]
o 3 o o o 4
S N (S [ a
g
T T T T T T T T
Slope 1 Slope 2 Slope 1 Slope 2 Slope 1 Slope 2 Slope 1 Slope 2
ANOMC-MR2 F ANOMC-MR3 ANOMC-MR4 F
L,
8 8 - 8 3
o o | o |
< = <
~ g : g g
S o s > o | > o | =
= « I I &
4
&
o n o — o - .
3 L L =
o o o
& & &
T T T T T T
Slope 1 Slope 2 Slope 1 Slope 2 Slope 1 Slope 2

Figure 4. 7: ANOM and ANOMC for testing the interaction.
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4.6.2 Study the effect of both factor A and factor B:

Since the interaction is not significant, then we can proceed to test the I X J treatment
combinations where ¥;; = (-23.1300, 50.7900, 37.0775, 35.3775) and M;; = (-31.32550,
46.97387, 33.87910, 34.98804), T(1y;;. = (-31.58910,44.78793,33.10994,34.89096),
Tayij. = (-23.41853, 50.78972, 37.07726, 35.37737) and T(ayi;. = T(syij. = (-31.57329,
44.78794, 33.10995, 34.89096) as shown in Figure 4.8 and plotted along with the
appropriate decision limits given in Eq (4.3) and Table 4.4 using the critical values
5(0.05,4,12) = 2.65, 1(0.05,4,12) =7.4, Z(0.05,4,12) = 7.05, K(0.05,4,12) =

13.2, E(0.05,4,12) = 7.13 and P(0.05,4,12) = 8.95.
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Figure 4. 8: ANOM and ANOMC for testing the Factors.

On the other hand, ANOMC — MR1y test shows an insignificant interaction effect.

Therefore, Figure 4.9 demonstrates the main effects of factors A and B by plotting the
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levels of the factors (e.g., plotting the levels of factor A at the different levels of factor B).

This shows that factors A and B have no significant effect.
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Figure 4. 9: The effect of factor A and factor B in ANOMC — MR1p test.

Upon applying the proposed methods, namely ANOMg, ANOMC — Regg, ANOMC — R,
ANOMC — MR2g, ANOMC — MR3; and ANOMC — MR4y tests, all of which demonstrate
a significant performance in detecting the interaction effect except ANOMC — MR1p. test.
However, it is worth noting that the ANOMC — Regp test exhibits a smaller error compared

to the other tests.

4.7 Summary and Concluding Remarks

The factorial ANOM test compares the means by considering more than one factor within
the main variable; however, the fixed factor ANOMC test represents an improved version
of the fixed factor ANOM test by incorporating the influence of covariates. To expand the

ANOMC test into more complex designs, this study introduces the factorial ANOMC test

136



utilizing regression and series of ratio estimators named by ANOMC — Regg,
ANOMC — Rz, ANOMC — MR1g, ANOMC — MR2g, ANOMC — MR3r and ANOMC —
MR4;. tests and compare the performance with the factorial ANOM test named as ANOMg
test. The ANOMC tests (namely, ANOMC — Regg, ANOMC — Rg, ANOMC — MR1g,
ANOMC — MR2g, ANOMC — MR3z and ANOMC — MR4g) work under a set of
assumptions, such as normality, linearity, and homogeneity. The impact of these
assumptions, as well as considerations like sample sizes, different levels of
(i, j*") combination (say treatments) and the formulation of null and non-null
hypotheses is meticulously assessed concerning the ANOMC tests. This evaluation focuses
on comparing the tests' performance in terms of the test's percentage type | error and

percentage power.

At the end of this simulation, the study showed that in the case of homogeneity of variances
with the null case, the ANOMg test consistently maintained similar levels of type I error
rates regardless of the specific scenarios considered in the study while the ANOMC tests
struggled to maintain control over the error practically in Cauchy distribution. Further, in
the ANOMC — MR1g test, except in the condition of equal small correlation (p,), the test
exhibits difficulties in regulating the type | error rates across all the explored scenarios
unlike the ANOMC — MR2g test, exhibited a percentage around 5% for the type I error rate.
Apart from the chi-square distribution, ANOMC — Regr and ANOMC — Rp test
demonstrated a type | error rate of approximately 5%. Furthermore, ANOMC — R with
direct pairing of correlations (p,), where it struggled to maintain control over the error. In
the ANOMC — MR3g, apart from the Cauchy distribution, in the scenario of direct pairing

of correlations (p,). In the ANOMC — MR4. test, Type | error rates varied across different
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scenarios, ranging between 2.5% and 7.5%, but remained low at approximately 1% in cases
with high correlations. However, increasing the number of levels in factor B also
contributed to elevated error rates. However, the ANOMC — Regy test was effective in

controlling the Type | error rate when the correlation in factor A was equal.

In the presence of heterogeneity of variances with the null case, regardless of the
distribution shape and sample size combinations, the aforementioned tests ANOM and
ANOMC are affected. Except Cauchy distribution, ANOMC — MR1z and ANOMC —
MR4p tests demonstrate better percentage type | error rates and relatively lower
susceptibility to heterogeneity compared to ANOMg, ANOMC — Regr, ANOMC — Rg,
ANOMC — MR2r and ANOMC — MR3g tests particularly in factor A. Regarding the
ANOMC — Regg test, it exhibits higher type | error rates (%) when large sample sizes are
associated with substantial variances. It is worth noting that in the interaction and factor
B in the case of (i,j) = (2,2), except for Chi-square , Cauchy distribution and
ANOMC — MR1g, all the tests were not affected by the heterogeneous. under the high
correlation (p,), ANOMC — MR4r. is less effected due to the impact of heterogeneity, on
the other hand under the small correlation (p;), ANOMC — MR1 is less effected due to
the impact of heterogeneity. Additionally, the ANOMC — Regg test also displays higher
type | error rates (%) in cases with an association between large sample sizes and small
variances. Conversely, the ANOMC — Ry test demonstrates higher type | error rates (%)
when there is an association between small sample sizes and large variances in the
interaction and factor B rates. For the power of the test, as anticipated, the power values of
the tests (ANOMg, ANOMC — Regr, ANOMC — Rg, ANOMC — MR1z, ANOMC — MR2,

ANOMC — MR3r and ANOMC — MR4 tests) vary based on the effect size, sample size,

138



and distribution environment. ANOMCp. tests, when compared to ANOMp, demonstrates
relatively superior performance, practically when employing regression estimator.
However, it is important to note that the specific experimental conditions significantly
determine the outcomes. Furthermore, the effectiveness of the ANOMg, ANOMC — Regg,
ANOMC — Rg, ANOMC — MR1gz, ANOMC — MR2g, ANOMC — MR3g and ANOMC —

MR4r. tests improve as the sample size and the levels of factor B increase.
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CHAPTER 5

SUMMARY, CONCLUSIONS AND

FUTURE RECOMMENDATIONS

In this chapter, the findings of this thesis, along with future recommendations, are reported.

These are given in the following sections:

5.1 Summary and Conclusion

In many experiments, our interest lies in testing the significance of means from the grand
mean of the study variable known as Analysis of Means (ANOM). Sometimes, some
linearly related covariates are also recorded while collecting the information on the main
variable. ANOM is developed to test the t independent treatment means of the main
variable only, without considering the covariates. However, for testing the t independent
treatment means of the main variable while keeping the effect of covariate, a new test called
the analysis of means using covariate (ANOMC) was proposed recently. This new
approach capitalizes on the covariate effect to refine the traditional structure and rectify

misleading decisions, especially when covariates are present.
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In Chapter 2, The proposed test (referred to as ANOMC-Reg) drew from the regression
estimator. The purpose of developing the ANOMC test was to address certain limitations
associated with the regression estimator, particularly its inadequate performance when
handling distributions that display highly skewed, positively skewed data by using a family
of ratio estimators named ANOMC-R, ANOMC-MR1, ANOMC-MR2, ANOMC-MR3,
and ANOMC-MR4. The results show that the ANOMC, compared to ANOMC-Reg,
demonstrates relatively superior performance when employing ratio family estimators. The
use of the ANOMC test is insufficient; more investigations should be conducted on its

utility in experiments involving multi-covariates.

In Chapter 3, additional covariate variable is considered, proposing new tests refer as
ANOMC-MR6, ANOMC-MR7, ANOMC-MR8, ANOMC-MR9, and ANOMC-MR10
using a series of ratio family estimators. ANOMC-MRG6 shows less performance compared
to other tests. Moreover, in previous chapters, we explored the ANOMC test, which
focused on analyzing data with one fixed factor. Now, we are expanding the scope of the

test to more complex treatment structures, specifically factorial designs.

In Chapter 4, we investigate the effectiveness of factorial ANOMC tests (referred to as
ANOMC — Regg, ANOMC — Rg, ANOMC — MR1g, ANOMC — MR2g, ANOMC — MR3¢
and ANOMC — MR4) utilizes regression and ratio estimators to compare it with the
traditional factorial ANOM, known as ANOMg, furthermore, to enhance the performance
of the factorial ANOM test by incorporating a covariate variable. Finally, the performance
of the proposed tests in this work is evaluated on the basis of well-known performance
measures such as type | error and test power. The simulations of this work were done by
using the Monte Carlo simulation technique.
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5.2 Limitations of The Study

The limitations of our study are given in the following points:

This study is designed to investigate a specific set of parameters, including a limited
number of treatments, choices of sample size, covariance between variables, and
the limited number of distributions.

Generally, in ANOM and ANOMC two well-known models are used such as
fixed effect model and random effect model. This study comprises fixed effect
model in ANOM and ANOMC.

This study focuses on single factor and two factor factorial design.

5.3 Future Recommendations

The study in Chapter 4 is based on “one factor at two levels”; one may extend this
idea to both factors at more than one level.

The complete dissertation consists of methods that are used to enhance the ANOM
and ANOMC under fixed effect model. One may use these methods to improve the
ANOM and ANOMC under the random effect model.

Mostly, the present study has covered Completely Random Design (CRD).
However, the scope of this study may be extended to cover Randomize Completely
Block Design (RCBD) and Latin Square Design (LSD).

It is potential for future work to extend the study by investigating the proposed

methods under 2% factorial, fractional factorial, nested and split plot designs.
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