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DISSERTATION ABSTRACT

NAME: Rabab Omar Saad Alzahrani

TITLE OF STUDY:  On Singularly Perturbed Generalized Phase-field Dynam-
ical Systems

MAJOR FIELD: Mathematics

DATE OF DEGREE: April 2024

This dissertation concentrates on models of Phase-field systems that take into account
the long-range interactions in phase separation. These models comprise a system of
two parabolic equations that involve two unknowns, namely the absolute temperature
and the order parameter. We investigate the well-posedness issues and the existence
of the global attractor, exponential attractors and inertial manifolds. These objects de-
scribe the large-time behavior of dynamical systems. Moreover, considering a singular
perturbation parameter in the equations, we examine continuity properties of the global
and exponential attractors, as this parameter tends to zero. These results show the
convergence of the dynamics to those of the corresponding generalized Cahn-Hilliard

equations.
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CHAPTER 1

INTRODUCTION

Phase-field equations describe phase transition processes such as melting or solid-
ification. In this dissertation, we analyse a generalized phase-field system that takes
into account the long-range interactions in the phase separation process

¢ — A(=A¢+ g(@) —u) +7(¢) =0, in QxR
(1.0.1)

eus + ¢ — Au+ h(u) =0, in Q x R,
where € is the heat capacity, v is the absolute temperature and ¢ is the order parame-
ter. When u = 0, we have the ordinary planar equilibrium melting temperature while
¢ near -1 is related to the solid phase and ¢ near +1 the liquid phase. The set of
points at which ¢ vanishes is known as the interface.
Simulation for such a phenomena (e.g., figure 1.1): ¢ = yp —ya € [-1,1]; ¢ = —1:

pure comp. A, ¢ = 1: pure comp. B, ¢ = 0: interface.



reducing the temperature
10s

Figure 1.1: Phase separation of two components A & B in a material science (c.f. [44])
The long time behavior of solutions of dissipative systems is described by a certain

compact invariant set lying on the phase space which attracts uniformly the trajec-

tories starting from bounded sets when time goes to infinity. This set is called the

global attractor.

Let E an infinite-dimension phase space, for any R > 0 and uy € E such that

luplp < R, 3 to(R) such that u(t) € A, Vt > to(R) :

Ll/l"

Figure 1.2: Attractor (A) (c.f. [30, Milani and Koksch])

In many cases, the global attractor has a finite fractal dimension. However, we

do not know in general how trajectories approach the global attractor. It is possible



for this set to have a complicated structure like that of a fractal set and the rate of
attraction of the trajectories may be small and very sensitive to perturbations and
approximations, including numerical simulations. Moreover, the known results on the
continuity of global attractors with respect to perturbations make use of restrictive
assumptions on the stationary solutions and their unstable sets (see, e.g.,[27], [38],
[40], [41]). These drawbacks led C. Foias et al. to introduce a new object called
exponential attractor. That is a compact and positively invariant set with finite
fractal dimension which attracts all the trajectories starting from bounded sets at
a uniform exponential rate (see [1]). Clearly, an exponential attractor contains the
global attractor and the existence of exponential attractors guarantees the existence

of a finite fractal dimensional global attractor.

Figure 1.3: Exponential Attractor (£) (c.f. [41, R. Temam])

In addition, exponential attractors are more robust than global attractors with
respect to perturbations and approximations. Indeed, to prove lower semi-continuity
of the global attractor we need restrictive conditions on the equilibrium solution while

these restrictions are not needed for construction of exponential attractors that are



lower semi-continuous. (see [37] and its references).

The finite fractal dimension of the global attractor implies there exists a continu-
ous parameterization of A using k coordinates where k is large enough. More pre-
cisely, for any solution u(t) € A, there exist continuous functions {a;(t)} such that
u(t) = L7 (a1 (t) 1 + aa(t) ea+ - - - + i (t) er,), where {e;}; is the canonical basis of R*
and L is bounded linear map L : E — R¥ injective on A and its inverse is Holder con-
tinuous on LA (see [40]). However, the description of the functions «;(t), j=1...k
is currently unknown.

The existence of an inertial manifold provides a way to describe these functions
a;(t) which are solutions of an ODE. An inertial manifold is a positively invari-
ant smooth finite-dimensional manifold that contains the global attractor and that
attracts the trajectories at a uniform exponential rate. It follows that the apriori
infinite-dimensional dynamical system reduces, on the inertial manifold, to a finite

system of ordinary differential equations. See (e.g.,[40], [41], [6]).

Q.H

Figure 1.4: Inertial Manifold (M); P,H ~ R™ (c.f. [40, Robinson])

Another interesting issue is how the global attractors, exponential attractors and
inertial manifolds are stable under small perturbations of a parameter in the equation

in view of upper and lower semi-continuity. This helps to understand the impact



of minor perturbations on the dynamics and also in numerical approximations and
simulations. In general, the lower semi-continuity property does not hold, as shown

by the following ODE

Here Ay = [0,1], Ay = [=V/\, 1] for A > 0 and Ay = {1} for A < 0. The global
attractors change drastically under small perturbations.

The purpose of this dissertation is to analyse the model (1.0.1). Our results complete,
improve and generalize previous results. We investigate the well-posedness of the
initial boundary value problems. Then, we show that the solutions semigroups admit
a global attractor which is upper semi-continuous at € = 0. Next, we construct robust
families of exponential attractors that are Holder continuous at € = 0. Lastly, we also

prove the existence of inertial manifolds for the viscous phase-field system.

1.1 Main results

Firstly, in Chapter 2, we consider the Phase-filed System of Type Oono

¢ — A(=Ap+g(¢) —u) +0¢ =0, in QxR

ey + ¢y — Au+ yu = 0, in O xR,



with 0,7 > 0, € € (0, o] with ¢g = min{1, L} is the heat capacity and g € C*(R) is a

nonlinear function satisfies the conditions

G(S) > —Cl, Cl > 0, Vs € R, (111)

VyeR, a>0and |y <a, 3 Cy(a) > 0,C3(a) > 0 such that

(s —7)g(s) — C2G(s) > —C5, Vs € R, (1.1.2)
g(s) > —Cy, Cy>0, Vs E€R, (1.1.3)
Vp > 0,3C, > 0 such that |g(s)| < pG(s) +C,, Vs eR. (1.1.4)

The problem is subject to the boundary conditions either of Neumann or periodic type

I9lon = 0nAdlon = Ipulon = 0, (1.1.5)

(the symbol 0,, denotes the outward normal derivative) if 2 is a bounded domain of

R?, with smooth boundary 9€, or

D%l = D%

vens 181 <3, i=1,...d,
(1.1.6)

DPu|,—o = DPu

ei=L;s 1B <1, i=1,..,d,

5 5 .
(where D? = 621}1 "'aiﬁ’ Bi €N, || = B1+ ...+ By) if Q=1L ,(0, L;), for the space
dimensions d = 1,2 or 3.

Our aim in this chapter is to extend the analysis carried out in [10] to our generalized

phase-field system. We prove a well-posedness result and the existence of the global

attractor which is upper semicontinuity at € = 0. Then we construct a robust family

6



of exponential attractors that is Holder continuous at € = 0. We refer the readers to
Theorem 2.4.1, Theorem 2.5.1, Theorem 2.6.1 and Theorem 2.5.2.
Secondly, in Chapter 3, we consider the Conserved Viscous Phase-field System

¢t—A(¢t—A¢+g(¢)_U):O, inQXR+,
(1.1.7)

euy + ¢y — Au =0, in Q x RT,

1

where € € (0, 57—

| and ¢(¢) is (same as in Chapter 2) a nonlinear function satisfies
the conditions (1.1.1)-(1.1.4). The problem is associated with Neumann or Periodic

boundary conditions (1.1.5) and (1.1.6).

1

, 3o )- We refer the readers

We prove the existence of inertial manifolds for any € € (0
to Theorem 3.0.2.

Lastly, in Chapter 4, we consider the Generalized Phase-field System

O — A(=A¢ +g(¢) —u) +7(¢) =0, In QxR

euy + ¢y — Au+ h(u) = 0, in Q x R,

where € € (0, 1], the nonlinear functions g(¢),r(¢) and h(u) are the following polyno-

mials:

2m—1

g9(p) = Z a;¢’,  agm-1 >0, aa=0 meN, m>2 (1.1.8)
j=1

(@)= bi¢/, by >0, (1.1.9)
j=1



and

2n—1

h(u) = Z cju’, neN,¢, >0, H(s) :/ h(o) do, (1.1.10)
=1 0

wheren > 2ind=1,2 and n = 3 in d = 3; satisfies the condition

h/(S) > 06; Ce > 0, Vs € R. (1111)
This problem associated with Dirichlet boundary conditions
¢lon = Adlaa = ulsa = 0, (1.1.12)

if 2 C C* be a bounded set of R? for space dimensions d = 1,2 or 3.

We prove a well-posedness result, the existence of the global attractor and its upper
semi-continuity at € = 0. The construction of a robust family of the exponential
attractors at € = 0 in the sense of upper and lower semi-continuity is achieved. We

refer the readers to Theorem 4.4.1, Theorem 4.5.1, Theorem 4.5.2 and Theorem 4.6.2.

1.2 Models description

The modeling of the equations

e — A(dpy — Ap+ g(d) —u) +1(¢p) =0, in QxRT, (1.2.1)

eus + ¢ — Au+ h(u) =0, in Q x RT, (1.2.2)



where g(¢),7r(¢) and h(u) are nonlinear functions:

The constitutive law (c.f.,e.g., [14])

O = A(% + d¢r), (1.2.3)

OF

55 denotes the variational derivative of the

where 0 > 0 is viscosity parameter and

modified Landau-Ginzburg free energy

Fiow = [ (31968 +60) ~ou+ [ o)K@ o) ds 124

that takes into account of long-range (i.e., nonlocal) interactions in phase separation.
g(¢) is a nonlinear function where G is a double-well potential and G’ = g with global
minimum 0 at ¢ = £1. The potential F'(¢) = G(¢) — ¢u is temperature dependent
so that the relative depth of the two wells, representing pure solid and pure liquid
phases, changes with temperature. At u =0, ¢ = —1 and ¢ = +1 give the pure solid

and liquid phases, respectively. (See Figure 1.5)

F F
i3 T
N, A,
u>0 u<0

Figure 1.5: Double-well potential (c.f. [2, Bates and Zheng])



When the kernal function K is chosen to be fundamental solution of Laplace

equation

(

1
- 5]:1: —y|, when d=1,
1
k(z,y) =9 — %lnu —y|l, when d =2, (1.2.5)
1
— when d =3,
47|z —y|

then we have

—Ayk(z,y) = 0(z — y),

where ¢ is the Dirac distribution. The variational derivative of the free energy F is

given by

‘% — A+ g(d)—ut / Kz, y) r((y)) dy,

and since

_/QAyk(x,y)r(¢(y))dy = 1(p(2)),

we deduce Equation (1.2.1) by substituting % into (1.2.3).

Now, Equation (1.2.2) is derived from the constitutive law of energy
Hy=—h(u)—V-q, (1.2.6)

where H = eu + ¢ is the enthalpy, € > 0 is heat capacity, ¢ is the thermal flux vector

10



that is assumed to obey the classical Fourier law

qg=—Vu. (1.2.7)

From (1.2.3)-(1.2.6), we have the system (1.2.1)-(1.2.2).

We consider a particular cases of the this generalized model (1.2.1)-(1.2.2):

1. A Generalized Phase-field Model:

When § = 0, we have a Generalized Phase-field Model

O — A(=Ad+ g(¢) —u) +71(6) =0, in Q x R, (1.2.8)

eur + ¢r — Au+ h(u) = 0, in O x R, (1.2.9)

If € = 0, the corresponding unperturbed problem is the following:

¢ — A=A+ g(¢) —u) +1(¢) =0,
(1.2.10)

We will show in Section 4.3 that there exists a nonlinear operator 7 such that

u =T (¢) and the system (1.2.10) can be rewritten as

¢ — A(=A¢ +9(¢)) + AT (4(t) + r(¢) = 0. (1.2.11)

This equation is known as a Cahn-Hilliard equation with a proliferation term.

2. Phase-field of Type Oono Model:

11



We set § =0, 7(¢) = 0¢, 0 > 01in (1.2.1) and h(u) = yu, v > 0 in (1.2.2). This

model reads

dr — A(=Ad + g(¢) — u) + 06 = 0, in O x R, (1.2.12)

eu + ¢ — Au+yu =0, in O x R, (1.2.13)

If e = 0, the corresponding unperturbed problem is the following System

¢ — A(=A¢ + g(¢) —u) + 09 =0,
(1.2.14)

¢y — Au+~vyu = 0.

The system can be decoupled by resolving the initial and boundary value prob-
lem for ¢ alone first, then by deducing u from ¢ via a nonlinear mapping. Indeed,
we deduce from the two equations of (1.2.14), by eliminating ¢;, the following

equality

—2Au+yu = —A(=Ad + g(¢)) + 09. (1.2.15)

Equation (1.2.15) is a Poisson boundary value problem. For any v > 0, and for

each ¢, this problem has a unique solution u and we can write

u=L,o, (1.2.16)

12



where

Ly¢ = (v] = 28) ' [-A(=Ad + g(¢)) + 0¢)]-

Now, we can deduce the relation u = —(—A + yI)"'¢; from (1.2.14),, then
replace it in (1.2.14); to get the following equation for ¢ alone:

By — A(—Aé + g(6) + 06 =0, (1.2.17)
where

B,=1-A(-A+~I)"".

Alternatively, we can sum the equations (1.2.14); and (1.2.14),, then replace u
by the relation (1.2.16) to find the following equivalent formulation of (1.2.17):

20 — A(=A¢ +g(¢)) +7Ly¢ +0¢ = 0. (1.2.18)

This equation (1.2.18) is a Cahn-Hilliard equation with a proliferation term.

. Conserved Viscous Phase-field Model:
When 6 =1, r(¢) =01in (1.2.1) and h(u) =0 in (1.2.2), we have the following
Conserved Viscous Phase-field system

b — A(py — A+ g(¢) —u) =0, in O x RT,
(1.2.19)

eus + ¢y — Au = 0, in QO x RT.

13



1.3 Literature review

The existence of the global and exponential attractors for the conserved phase-field

system
¢ — A(=A¢ + g(¢) —u) =0,
(1.3.1)
eus + ¢p — Au =0,
subject to Neumann boundary conditions was considered with ¢ = 1 in [12] and [13]
for
2p—1
g(s) =Y bs’, by >0, p>2 (1.3.2)
j=1
ifd=1,2 and p=2ifd = 3. In [33], A. Miranville proved the existence of exponential
attractors for System (1.3.1), subject to Dirichlet boundary conditions, for d = 2,3
and for a large class of nonlinear functions ¢ € C%(R) containing the polynomials
(1.3.2) without any restriction on p if d = 3. Continuity properties of the global and
exponential attractor for Problem (1.3.1) were investigated in [4], [17], [18], [19], [21],
[20], [24], [36]. The stability at € = 0 of the global, exponential attractors and inertial

manifolds for System (1.3.1), subject to Neumann boundary conditions and for a class

of nonlinearities g € C*(R) with the growth restriction
19"(s)] < C5(1+|s/"), C5>0, VseR, (1.3.3)

where p > 0 is arbitrary when d = 1,2 and p € [0, 3] when d = 3, were initiated by A.
Bonfoh in [5]. The author proved the existence and the upper semi-continuity of the

global attractor at € = 0 and then constructed a robust family of exponential attractors

14



(that is, a family of exponential attractors that is Holder continuous at € = 0). These
results were then improved in [8], by weakening the nonlinearity regularity requirement
to g € CY(R), and by obtaining stability properties at (¢,d) = (0,0), where § € [0, 1]
is the viscosity parameter, for the problem

¢t — A(6¢: — Ag + g(p) —u) =0,
(1.3.4)

6ut+¢t_Au:07

that takes into account the viscosity effects of the material, and subject to either
Neumann boundary conditions or periodic boundary conditions. More recently, in
[10], A. Bonfoh and I.A. Suleman studied the upper semi-continuity of the global
attractor at € = 0 and constructed a robust family of exponential attractors for System
(1.3.4) where § > 0 is fixed, g € C3(R), if d = 1 and g € C3}(R) if d = 2,3. They did
not require the growth condition (1.3.3), thus improving previous results of [7] by A.
Bonfoh and C. Enyi where this growth condition was imposed.

Let us now consider the following problem

b — Ap+9g(d) =u+ g1, inQ xR,
(1.3.5)

eus + ¢r — Au+ h(u) = go,  in Q x RT,

where € € [0,1], h a nonlinear function, and g;(z) € L?(Q) are given external forces,
i = 1,2. In [36], the authors considered Problem (1.3.5) in three space dimension,
subject to either Dirichlet or Neumann boundary conditions for g, h € C3(R) satisfying

some conditions. They constructed exponential attractors which are lower and upper

15



semi-continuous at € = 0.

Lastly, we consider the following generalized Cahn-Hilliard equation

¢ — A(=Ad +g(9)) +r(¢) = 0. (1.3.6)

This equation has various applications in biology and image inpainting. In [31], the

author considered (1.3.6) with the following functions

r(¢) =€, €>0 and g(¢)=¢"— ¢,

associated with Neumann boundary conditions in which case is known as the Cahn—
Hilliard Oono equation that accounts for long-ranged (nonlocal) interactions in the
phase separation process and it was proposed to simplify numerical simulations. The
author proved the existence of a robust family of exponential attrector as e — 0. In

[15], the authors considered

r(¢) =od(¢—1) and g(¢) =¢"— ¢,

with Neumann boundary conditions in that case, (1.3.6) has applications in biology,
and more precisely, it models wound healing and tumor growth. The authors showed
that either the average of the local density of cells is bounded, in which case we have
a global in time solution, or the solution blows up in finite time. They further proved
that the relevant, from a biological point of view, solutions converge to 1 as time

goes to infinity. In [32], the author considered (1.3.6) subject to Dirichlet boundary

16



conditions in which case r(¢) and g(¢) are the polynomials

2p—1

q
9(s) =D a;s’, az 1 >0, p>2 and r(¢) =D ¢!, b, >0, ¢ <p;
j=1 j=1

he constructed the exponential attractors and proved the existence of global attractor.

In [29], the authors considered (1.3.6) subject to Neumann boundary conditions where

_ ko /

with logarithmic nonlinear

9(0) = —co(d — %) +60In %, co,0 >0, ¢ € (0,1).

This equation is proposed to model some energy mechanisms in glial cells. The authors
prove the existence of a local in time biologically relevant solution that is global under

conditions. See also [34] and [16], [3]. In [28], the authors considered

¢ — A(=Ad +g(9) — ¢) + 9(¢) =0, (1.3.7)

subject to Dirichlet boundary conditions where ¢ is the polynomial function

2p—1

g(s) =Y a;5, azp1 >0, p>2.

J=1

17



This equation is associated with the effect of multiple microscopic mechanisms such
as surface and adsorption. The author proved the existence and uniqueness of the

solution and the existence of global and exponential attractors.

1.4 The Laplace Operator

1.4.1 Neumann or periodic boundary conditions

Denote

1
me) = o / o) d,

and

@ =@ —m(p).

If W is sobolev-type space, then we set
W = {p e W, m(p) = 0}.

We denote by W’ the dual space of W.

We define the linear unbounded operator

N=—-A:9(N)— L*Q),

18



where

Z(N) ={p € H*(Q), Ouplon =0}, (N)

2(N) = H> (), (P)

per
which is self-adjoint and nonnegative. If N is restricted to 2(N)NL?*(2), then it turns
to be positive with compact inverse N 1. From the specrtal theory, there is a complete
orthonormal basis {e;(z)} of L*(2) made of eigenvectors of N, and corresponding

eigenvalues {),;}, with

O=X <A <..<\ —o00as j— 00.

Moreover, one can define the powers N of N for r € R (cf. [41]). The spaces V, =
P(N"/2) are Hilbert spaces. In particular, V_; = (HY(Q)) or (H!, (Q)), Vo = L*(Q),

per

Vi =H'(Q) or H),(Q). The space X" denotes the closure of a metric space X C Y’

in the topology of the complete metric space Y. For every r > 0 we endow the Hilbert

spaces

where V, is a subspace of H"(2) and

, 1/2

lell = (1Nl + |92 m()?)

is a norm on V, which is equivalent to the usual H"(2)—norm; we endow V! with the
norm

/2 1/2
lell—r = (IN72@[* + |2 m(2)*) .
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For every r > 0, ||(I + N)™/2.||? is a norm on V, which is equivalent to ||.||,.
There hold

N2g=Nzp, Yr>0, Vo eV,

and

r2—r1
2

INZT| <M\ 2 |INZQ|, Vri,rs €R, 71 > 1y, Vb €V, (1.4.1)

in particular, the case r; = 1 and r, = 0 is the Poincaré inequality on V.
The injection V., < V,, is compact and dense, Vr;, 7o € R, 1 > 79, and there exists

a constant ¢g > 0 such that

[©]lr, < <ol @], Vb € V. (1.4.2)

In addition, we have

) r1+7r2
2 2

r2 1
=N 2z =N3ZN2 onV,, where r = max{ry,ro,m + 72},

N2 N

(2,9) = (9,%) = (,9), Yoo, 00 € L*(S),
/ngwdm:/Vgo-dex, Yo, e Vy
Q Q

(Green'’s identity),

lell* < llellllell—r ¥r >0, Vo €V, (1.4.3)
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and

/ epdr = (N"23,N2¢)) + |Qm(e)m(y), ¥r >0, Yo € V,, Yo € V_,.
Q

(1.4.4)

In case of Neumann or periodic boundary conditions, the eigenvalues {\;} and

corresponding eigenvectors {e;}, which are orthogonal basis of L?(Q) of the operator

N : {p € H*(Q),dp¢laq = 0} — L2(Q), are known and they given respectively by the

form:

k2 2 k
7T2L—1%, and ey(r) = I oS ﬂLllml

A = if d=1,

and for N : H2 (Q) — 12(Q), Ak=4w22j:1§—§, d=1,2,3 with

per

(

1 2 277']{711'1 2 . 271']{311'1 i
—,\/—cos ,1/ — sin , if d=1,
VL L, !

/ 2 27rk:r / 27rk:5
2 2 / 2
7T/<;a: ka’ ifd—3.
L1L2L3 L1L2L3 L L2L3

with 5 = 8oy fete gy M for by ky = 0,1,2, .

1.4.2 Dirichlet boundary conditions

We define the linear unbounded operator

A=—A: 9(A) = HX(Q) N HNQ) — LX(Q),
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which is self-adjoint and nonnegative with compact inverse A~'. From the specrtal
theory, there is a complete orthonormal basis {e;(x)} of L*(£2) made of eigenvectors

of A, and corresponding eigenvalues {\;}, with

O0< A <...<Aj—o0as j— oo.

Moreover, one can define the powers A” of A for r € R (cf. [41]). The spaces V, =
PD(A™/?) are Hilbert spaces. In particular, V_; = H~4(Q) , Vi = L3(Q), Vi = H}(Q).

For every r € R, V, is a subspace of H"(2) and

lell- = 1472l

is a norm on V, which is equivalent to the usual H"(2)—norm. The relations from
(1.4.1) through (1.4.4) are holding with @ = ¢ (that is, m(y) = 0).

In case of Dirichlet boundary conditions, the eigenvalues {\;} and corresponding
eigenvectors {e;,}, which are orthogonal basis of L?(f2) of the operator A : H?(2) N

H} () — L*(Q), are known and they are given respectively by the form:

1

k? 2 k
Ak = 7T2L—12, and ep(x) = \/L—lsin Wlel if d=1 (1.4.7)
1

1.5 Useful lemmas and definitions

Let E Banach space.

Definition 1.5.1 (Continuous semigroup) The family of operators {S(t)}i=o de-
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fines a semigroup on E if the following conditions hold:

S(t+s)=S(t)oS(s), Vt,s >0,

S(0) = I, I being the identity operator,
e S(t):E — E is a continuous, Vt > 0,
e S(up:RT = E, Yuy€ E.

Definition 1.5.2 (Absorbing set) A set 8 C E is an absorbing set for the semi-
group S(t) : E — E if given any bounded set B C E there exists a time to(B) such

that S(t)B C A, for every t > to(B).

Definition 1.5.3 (Uniformly compact semigroup) The semigroup {S(t)}i>0 is
uniformly compact in E, if for any bounded set B C E, there exists t(B) such that

m is compact in E.

Definition 1.5.4 (w-limit set) The w—limit of a bounded set B C E is defined by

E

w(B) = ﬂn>0 Ut}n S(t)B .

The Hausdorff semi-distance with respect to the metric of £ is defined as:

distg(A, B) = ilég)blgé la —b||g,

where as the symmetric Hausdorff distance between A and B is

dists¥™ (A, B) = max{dist(A, B), distp(B, A)}.
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We have the following formal definition of the global attractor.

Definition 1.5.5 (The global attractor) The global attractor for {S(t)}i=0 is a

compact set A C E such that

e A is invariant, that is, S(t)A = A,Vt > 0,

o A attracts all bounded sets, that is, for all B bounded in F,

lim distg(S(t)B, A) = 0.

t—o0

The following theorem guarantees the existence of the global attractor.

Theorem 1.5.1 (c.f. [35]) Let the continuous semigroup {S(t)} be compact or uni-
formly compact on E. Assume that there exists a bounded absorbing set B in E. Then,

A = w(B) is the compact global attractor.

Theorem 1.5.2 (cf. [42]) Consider the initial value problem

withx € D CR", |[t—to| < a, D ={x| ||x—x0| <d}, a and d are positive constants.

The vector function f(t,z) satisfies the following conditions:

e f(t,x) is continuous in G = [to — a,ty + a] x D,

e f(t,z) is Lipschitz continuous in .
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Then the inital value problem has a unique solution for |t — to| < inf(a,%) with

M = supg || f]-

Definition 1.5.6 (Fractal Dimension) Let X C E ba a (relatively) compact set.

The fractal dimension of X is defined by

InN(s, X
dimpX = lim sup n N(s, X)

50+ In(1/s) ’ (1.5.1)

where s > 0 and N(s, X) is the minimal number of balls in E of radius s which are

necessary to cover X.

Definition 1.5.7 (Exponential attractor) Let X C E be compact, £ is an expo-

nential attractor for S(t) if AC E C X and:
e & is compact with S(t)€ C €, Vt > 0,
e & has finite fractal dimension dg(E),

e there exists a constant cq, ¢c; > 0 such that, VB C X bounded,

distp(S(t)B, &) < coe™ ', VWt > 0.

Definition 1.5.8 (Inertial manifolds attractor) A set M is called an inertial

manifold for S(t) if:
o M is a finite dimensional Lipschitz manifold in F,

e M is smooth, i.e., M is of class C',
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e S(HM C M, Vit >0,

e Jdcg >0 s.t, Vug € E, Fc1(ug) such that

distg(S(t)ug, M) < cre”", Vit > 0.

Lemma 1.5.1 (c.f. [11]) Let A be a mazimal monotone operator A : D(A) C H —

H. Then
e D(A) is dense in H,
e A is a closed operator,

o For every X > 0, (I + M\A) is bijective from D(A) onto H, (I + NA)™ is a

bounded operator and (I + AA)™| gy < 1.

Lemma 1.5.2 (Characteristic of the Attractor) Let S be a semiflow on a Ba-
nach space X, and assume that S admits a global attractor A. Let x € X. Then

x € A if and only if there exists a complete orbit through x, contained in A.

Let us give some lemmas that will be helpful in the well-posedness section of this

work.

Lemma 1.5.3 (c.f. [40]) Let X,Y and Z be Banach spaces such that the embedding

X €Y is compact and Y C Z is continuous. Assume that X is reflexive. Also, let u,

duy,

be a sequence that is uniformly bounded in L*(0,T; X) and 0

is uniformly bounded
in LP(0,T;Z), for some p > 1. Then there exists a subsequence of u, that converges

strongly in L*(0,T;Y) and a.e in (0,T) x §2.
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Lemma 1.5.4 (c.f. [40]) Let Q be a bounded open set in R, and let g; be a sequance

of functions in LP(2) where 1 < p < +o00, with

l9jllLe) < C for all j € Z7T.

If g € LP(Q) and g; — g almost everywhere then g;j—g in LP(Q).

Lemma 1.5.5 (c.f. [40]) for some k > 0, suppose that w € L*(0,T; H*(Q)) and

Lu e L2(0,T; H*1(Q)). Then u is continuous from [0,T] into H*(Q).

Lemma 1.5.6 (Boundedness of weakly converging sequences, [40]) Suppose

1 <p<ooandu, —uin LP(Q) (= in L®(Q) if p = 00). Then

[ullzo(0) < nlggo inf [|un || Lr ()

The following inequalities will be repeatedly used in this work.

Lemma 1.5.7 (Generalized Holder’s inequality, [41]) If p1,po,...

that

and f; € LPi(Q), then their product fifs... fn € L' (Q) and

/Qlfl(x)ﬁ(:c)---fn(x)ldx < 1Al - 1 fallzrn ()

, Pn are such

(1.5.2)

(1.5.3)

Lemma 1.5.8 (Young’s inequality, [35]) Leta andb be positive real numbers. For

any € > 0, there holds ab < ea? + C.b%, p>1, =+ % =1, C. = (ep)

1
P q
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Lemma 1.5.9 (Gronwall’s Lemma, cf., e.g., [41]) Let © be an absolutely contin-

uous function on [ty,00), which satisfies the differential inequality

PO < rwew +h)

for almost every t € [ty,00), where h is a positive function and f is locally integrable

on [tyg,0). Then

t t t
O(t) < O(ty)el % 4 / h(r)el- &% dqr vt > ¢,

to

In particular, if © is positive, f(t) = —vt and h(t) = ¢, for some v > 0 and ¢ > 0,
then we find

O(t) < O(ty)e ™) + = vt > ¢,
1%

Lemma 1.5.10 (cf., e.g.,[10]) Let © be an absolutely continuous positive function

on [0, 00), which satisfies for some v > 0 the differential inequality

%f) +0(t) < h(t)

for almost every t € [ty, 00), where f and h are positive functions on [ty, 00) such that

t+1
/ h(s)ds < Ae Pt L BVt > t,
t
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for some B, A, B > 0 such that 8 < v. Then

AeP
1 — e (=8

@(t)s<@<to>+ )e—w—m b , Yt >t

1—ev

Lemma 1.5.11 (Uniform Gronwall’s Lemma, [35]) Let © be an absolutely con-

tinuous positive function on [ty, 00), which satisfies the differential inequality

PO < 1o + )

for almost every t € [ty, 00), where f and h are positive functions on [ty, 00) such that

t+r
/ O(s)ds < Aje=at=t) L B, Vit >t
t
t+r
/ f(S) dS S AQ, \V/t Z to,
t

t+r
and / h(s)ds < Aze~310) 4 B > ¢,
t
Then
O(t) < A(r)e=="=%) 4 B(r), Vr >0, Vt >ty +r,

where

A

0
r

Ar) = Zmax{ Ag} e, ¢ =min{cy, c3} and B(r) = <B1 + Bg) e2.

r

Lemma 1.5.12 (Agmon’s inequality, [35]) Let 2 C R" be an open set of class
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C™. There exists a constant ¢ > 0 which depends on ) such that:

1 1
C||u||l2{(’n72)/2(9) ||u||12q(n+2)/2(9)avu € H(n+2)/2(Q> if n is even,
[ul[ L) < 1 (1.5.4)

1 1 e
c||u||;1(n,1)/2(m ||U||§I<n+1>/2(9),Vu € H(”+1)/2(Q) if n is odd.

Lemma 1.5.13 (Interpolation inequalities, [35]) Let s; < s < sy such that s =

0s1 + (1 — 0)sq,0 € [0,1]. There exists ¢ > 0 such that

}{_S?(Q)Hl”

lullzec@) < llul sy Y € H(Q). (155

More generally, let p € [1,00),m > 1 and p € W™P(Q). Then, there exists a constant

C>0and p= %(% — 1) such that

[ ,OO] Zf m—— > 0,
_ ) n
Jellir@) < Cllulistoglulymoy 7 € 4 [pro0) im-"=0, (159
n
b, Zf m—— <0
P =)
Throughout this work, we denote by ||.|| and (.,.) the usual norm and scalar

product in L?(Q) (and also in L*(Q)%). Moreover, the same letter ¢, C and ¢ (and
sometimes ¢;,i = 0,1,2,...) denote positive constants that may change from line to
line, but are always independent of e and on time (unless explicitly specified). The

letter @ : Rt — (0, 00) denotes a monotonically increasing function such that, for any
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a>0and A, B > 0, there is a ¢ > 0 such that

Q(Ae™ + B) < Q(A)e™* + Q(B). (1.5.7)

For any m > 0 and ¢ > 0, we will still denote ¢ + @) and c¢Q™ by Q). Let

1, ifd=1,
j= (1.5.8)

2, if d=2or 3.

Based on the continuous embedding H7(2) < L*(Q), we have ||¢|| () < ¢||¢||; and

[9(D)| o) < Q([|][1), for d =1,
(1.5.9)

l9(P)l|Loe @) < Q([]]2), for d =2,3.

for all ¢ € H/(Q).

1.6 Publications

[1] A. Bonfoh, R. Alzahrani, A. Miranville, Stability of exponential attractors for sin-
gularly perturbed phase-field systems of Oono type, Evolution Equations and Control
Theory, 2024, doi:10.3934/eect.2024008.

https://www.aimsciences.org/article/id/65d463563cb6602db48edf2e
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CHAPTER 2

PHASE-FIELD SYSTEMS OF

TYPE OONO

We consider the singular perturbation problem

¢+ N(Np+ g(¢) —u) +0¢p =0, inQ x RT,
eus + ¢ + Nu + ~yu = 0, in QxR*, (2.0.1)

¢’t=o = ¢p. U|t:o = U,

where the operator N is defined in Subsection 1.4.1, o,v > 0 is fixed, 0 < € < ¢y with
. g
— 1 _—
€o = min{ ,20},

and g(¢) is a nonlinear function . We set
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we assume that g € C*(R) satisfies the following conditions when d = 1,2, 3:

G(S) >—-Cy, C1 >0, Vs eR, (202)

VyeR, a>0and |7 <a, 3 Cy(a) > 0,C5(a) > 0 such that

(s —7)g(s) — CaG(s) > —C5, Vs € R, (2.0.3)
g(s)>—-Cy, Cy >0, Vs €R, (2.0.4)
V> 0,3C, > 0 such that |g(s)| < puG(s) +C,, Vs eR. (2.0.5)

For instance, the polynomial
2p—1

g(¢) = Z a;¢’, (2.0.6)

p €N, p>2 ay 1 >0, satisfies Conditions (2.0.2)-(2.0.5).

If e = 0, then the system reduces to

Bygy + N(No + g(p)) +0¢ =0,
(2.0.7)

¢|t=0 = ¢07

where

B,=1+N(I[+N)"':L*— L

2.1 Functional setting

For every j, (c.f. (1.5.8)), we endow the Hilbert spaces



Vo= 2(N?) x (N'7),

respectively equipped with the norms

D=

1o, v, = (leollF + ell Iy + 1115 -2)

where

160, ©)lv,o = (llell} + 113-2)7.

Throughout this chapter, we set

V7 ={e eV, Im(p)| < a},

Ve = (0, 9) € Vje, Im(@)| + elm(y)] < a},

for any o > 0. Integrating (2.0.1); and (2.0.1) over €2, we find

d

(@) +om(6) =0

and
d =0
() + m() + ym{u) =
d o
Sm(u) + Lm(u) = Zm(9),
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respectively, so that

hence

m(¢y(t)) = —am(dg)e ", Vt > 0,

m(pu(t)) = o*m(po)e 7", Vt > 0;

and

¥

m(u(t)) = m(ug)e™* +

Now, if |m(¢o)| + €|m(up)| < «, then

[m(@(1))] + elm(u(t))]

< [m(¢o)le™" + e|m(ug)[e™" +

vy —€o

< elmfuo)le”* + m(go)| (e_‘” + (e~ e—lt>>

< Im(@0)| + elmf(u)], ¥t > 0.
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Indeed, let the function f(t) = e=7t + -2 (e=7t —¢~<t) — 1, V¢ > 0, £(0) = 0.

y—eo

Since € < Z, we have

O (—oet+ Lemt), vt >0

7t = —oe 4
v —€o €

—ot €0

(—oe 7" + ze_”t)

< —oe —_—
v —€o €

< —oe 4 oe =0, Vt >0,

then, f(t) <0, Vt >0 = e+ 2 (e —e ) < 1, V¢t > 0.

y—eo

Hence, we deduce that

[m(¢()] + elm(u(t))] <o, Yt =0.

2.2 A priori estimates

From now on, let @ > 0 arbitrary, and let us consider a trajectory (¢(t),u(t))i>0 of
System (2.0.1) starting from the point (¢, ug) and such that |m(¢o)| + e|m(uo)| < a,

for every 0 < e < gg. Thus, there hold

Im(¢(1))| + elm(u(t))| < a, Vvt >0, (2.2.1)
()] < muo)e=2 + %To‘e—”f, Wt > 0, (2.2.2)
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Im(¢:(t))] < oae™", Vt >0 (2.2.3)

and

|m(¢u(t))] < o?ae™", Vt > 0. (2.2.4)

In the next subsections, we will derive formal a priori estimates. These estimates,
and also the passage to the limit, can be justified by making Galerkin approximations

(c.f., e.g., [41]).

2.2.1 Estimates in V.

We multiply (2.0.1); and (2.0.1); by N~'¢; and u, respectively, integrate over €2, use
the identity (u, ¢;) = (u, ¢;) — |Qm(u)m(¢;) and sum the resulting equations and we

obtain

DO |

d _ _ ) _
2 (e 18+ 01612, + 2 [ Gy do )+ a4+l +

—m(n) [ 9(0)dz = |2fm(o)m(u). (225)
Q
There exists a constant g; > 0 such that

a3 + yllull® > orllull3. (2.2.6)
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We have [|¢¢]|2, = l|¢:[2) — |[Q0m(er)?, m(6r)* < 02, [m(¢e)m(u)] < calm(u)| and

m(én) / 9(6) da| < |m(gr) / 19(8)] de
< plm(dy)] / G(9) dz + c,lm(dy)]

< ,uoza/ G(¢) dx + c a0, Y >0, (2.2.7)
Q

on account of (2.0.5) and (2.2.3). It follows from (2.2.5), (2.2.6) and (2.2.7) that

d _ _
& (el 1608+ 01612, + 2 [ Gl do ) + 2aulull + 20612
< 2@040/ G(¢) dx + 2c,a0 + 2|Q|0a? + 2|Q|oalm(u)|, Yu>0.  (2.2.8)
Q
We multiply (2.0.1); by N~'¢ and we integrate over €2, we obtain
1d

sl 10+ [ a(@)ode— (@) +oldlf =0, (229)

and, owing to Assumption (2.0.3), the equality ||¢|? = [|¢||> — |2m(¢)?, estimates

(2.2.1) and

(@, 8)] < Ailnuuluqsnl

1 2 1 2
< 5llolli + 2—/\%”““1
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(got by using Cauchy-Schwarz, Poincaré and Young’s inequalities), it follows from

(2.2.9) that

d
GO + 0l + o1 [ 6(6)da < el + 1)

We multiply (2.0.1); by ¢ and we integrate over €2, and we obtain

1d
2dt

There exists a constant g > 0 such that
o3 + alll® = oalloll3-
Assumption (2.0.4) yields

/Q 4BV de > |61

and we have the estimate

[(N2u, N29)| < [lull1][6]]:

A

1 1
< S0l + Sl
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We deduce from (2.2.11) that

d
0l + 2001015 < e(llully + 14[17). (2.2.13)

Summing (2.2.8), ¥1(2.2.10) and ¥5(2.2.13), with 1,95 > 0, we find

dE
— +200]10[3 + (201 — the = Dao)[ull} + 2]16]121 + (91 — Dac) &3

+ (19 — 2,uoza)/ G(¢)dx

Q

< c(p, ¥1,92)(1 + |m(u)|), (2.2.14)
where

Eq(t) =¢|lull* + 19117 + ollgl1Z, + 2 /Q G(¢) dx + 1[92, + Valo||*.

c191

©U1 then we choose ¥ = min{%, £}. We infer

2c’ 2c

We first choose ¥; = 5> and set p =

from (2.2.14) that

dE,

e (10841 + o, + [ Gl ) < it m). 2219

Now, we notice that there exist ¢y, cq,co,c3 > 0 that may depend on « but are all

independent of € such that

HM%WM+AW@+WMQ%&@ (2.2.16)
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(since G(¢) + Cy > 0, by (2.0.2)) and

¢ (chﬁ(t)H?+€HU(t>H2+/QG(¢(t))dw) — e

< Ei(t) < e (ellu@®)® + 6@ + QUIs M)

(2.2.17)

owing to (2.0.2) again, ||¢[|2 = ||¢]|? — |Q|m(#)?, (2.2.1), the continuous embeddings

Vi = L*(Q) < V] and the estimate [|G()||~ < Q([|¢]|7). We then deduce from

(2.2.15), (2.2.16) and (2.2.17) the following estimate

dE
d—tl + By < ¢ (1+ [m(u)]).

Next, we find that

[ imtatntas < [ (imtuae 2+ 2% ) as

(2.2.18)

(2.2.19)

on account of (2.2.1) and (2.2.2). Applying Lemma 1.5.9 to (2.2.18), due to (2.2.19),

we get

Ei(t) < E1(0)e ™" + C/O (1 + |m(u(r))]) e~ dr

< Q (lgoll7 +elluoll®) e +¢, vt >0,
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hence

le(@N1F + ellu(t)]? +/QG(¢(t)) dr < Q ([ éoll} + elluoll?) e + ¢, Yt >0, (22.21)

as consequence of (2.2.17). Estimate (2.2.21) implies

[ 600 < QU +elul?) e e vezo, (2222)

and
o)1+ ellu@®)]* < Q (llgollF + elluoll?) e~ 4 ¢, ¥t >0, (2.2.23)

due to Assumption (2.0.2). Similarly to (2.2.19), here we have

[ s < [ (e 4 222 a

2«
< Simug)| + =
Y Y

<3 >0, vr >0 (2.2.24)
v’

Then, integrating (2.2.15) between ¢ and ¢ + r, and using again (2.0.2) and (2.2.24),

we find

[ G+ 10+ l66)12.) ds

< Q (Ioll} + elluol?) 7" + ¢, ¥¢ >0, Vr > 0. (2.2.25)
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Integrating (2.2.15) between 0 and ¢, we also find

/O ()T +Nlo)115 + e(s)121) ds < (1 +1)Q (ol + elluoll?) , ¥¢ > 0.

(2.2.26)

Next, we differentiate (2.0.1); with respect to ¢ to obtain

G+ NNy + ¢'(d) e — wy) + oy = 0. (2.2.27)

We multiply (2.2.27) and (2.0.1), by N=3¢, and N 24, respectively, integrate over €,

sum the resulting equations and obtain

| =

(IelZs + NlallZy +yllall2o) + ellals + 1|62y + ollénl?,

N | —
Q

t
+/VN_1¢t-V[g’(¢)N_2¢t] d:r—l—m(qbt)/g/(qb)N_Zgbt dr =0. (2.2.28)
Q Q

We now exploit estimates (2.2.23) and (1.5.9) in the case of one space dimension to

derive some more estimates. To do so, we write

Vg (@) N>¢] = g"(#)VON 2y + g'(0) VN >y,
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and, by using (1.5.9) for j = 1, we have

/Q Vg (SN 23] de
< 200" () e D121V Gl ey + 21 (D)o 11 5

< Q(H@ﬁ)”@”%v if d = 17

so that

| / VN3, Vg ()N drl < QU , i d =1,

We also have

[m(¢1) /Qg’(qﬁ)NQd;t dz| < [m(¢0)lllg(e)llroy (1 + lléells)

< QUIoNT) (L +1leell2y), if d = 1.

It follows from (2.2.28), (2.2.30) and (2.2.31) that

dE. .
St eBy w2y < QUIOIR) (1+ gy it d=1,

where

Er(t) = el + lall2y + yllall2,-
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(2.2.30)

(2.2.31)

(2.2.32)



On account of (2.2.23) and (2.2.25), we get

/t rQ(”¢(s)Hf) (1+ l6u(s)]12,) ds
< [Q (It + <)) [ 1+ o) ds

< Q (|60l + elluoll®) e + ¢, Vt > 0. (2.2.33)

Also, we infer from (2.2.2) that

_ 97 40-2062
m(u(t))? <2 (m(uo)Qe 2t 4 " )
8o2a?

§2m<u0)26740t_’_ —,
gl

vt >0, (2.2.34)

ase < L.
Multiplying (2.0.1); by N~3¢, and integrating over €, we use the identity ||¢;||?; =

l#el|?5 — |92|m(¢¢)?, and we obtain

el = —(N2¢, N72 ) — / 9N 2 dx + (N~ 2u, N"3¢,) — o (6, N"2¢,)

Q

+Q|m (o). (2.2.35)
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We have, by Schwarz and Young’s inequalities,

(N26, N7200)| + ol(¢, N26)| < @l [l s + o] [ s

1 1
< Sl + 31618 + lloul25 + 30°

A\

1
< Sloul2s + sdlol

where we used estimates [|¢[| -4 < ¢ol|¢e[|-5 (cf. (1.4.2)) and [[¢][i+0Gl|]1* < o3l|¢|?

for a constant g3 > 0,

3
N
&
=
[ S]]
§\
(VAN

|2l -1 ]| @e]| =3

IN

1
GllodlZs + 3llull2s,

and, by (1.5.9), the continuous embedding L*(Q2) < L'(Q), and (1.4.2) again,

/Q 9(@IN"2G] dz < 19(6) = | N 2Bl rce

< QeI -+
1
< Slouls + QoI ifd =1

We deduce from (2.2.35) that
el s < QUIIT) + cllul®y, if d=1. (2.2.36)
We first apply Lemma 1.5.10 to (2.2.32), thanks to (2.2.33), then we use estimates
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(2.2.3), (2.2.34) and (2.2.36) to deduce that

[6e(0)] 5+ Nu®Is < Ea(0)et* +-c

< Q(¢o, wo) [}, Je M 4+ ¢, V£ >0, if d=1. (2.2.37)
Estimates (2.2.23) and (2.2.37) entail

1(6(8), u®)I3,. < QUI(do, uo)lly, Je™ +¢, ¥t >0, if d=1. (2.2.38)

2.2.2 Estimates in V,,

We multiply (2.2.27) and (2.0.1), by N™'¢; and 4, respectively, integrate over {2, sum

the resulting equations, and we obtain

1d ,, - _ _ _ - -
337 (I + 105 el + <1l + 1608 + o132 + [ ()6t da

— m(d) /Q ¢(6)é d. (2.2.39)

We have

o0 [ s@rae] = mion [ o6+ ma) [ @010

Q

Therefore equality (2.2.39) can be rewrite as

1dE;

T +ella]? + ol + ol + /Qg’(qb)(bf dr = —m(¢y) / g(¢)dz, (2.2.40)

Q
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where

Ey(t) = ll¢el2y + all + yllal* — m(¢) /Qg(@ da. (2.2.41)

We can derive from (2.2.3), (2.2.7) and (2.2.41) that

er (lo2s+ 1l = [ 610)a0) —ax (14 ()

< Fs(t) < ¢3 (H@H% + J|u|? + /Q G(¢)dx + 1) . (2.2.42)

Similarly to (2.2.7), we have, in view of (2.0.5) and (2.2.4),

o) [ g(o)is] < ¢ ( [ io)do+ 1) | (22.43)

By virtue of (2.0.4), estimate [|¢]|* < ||¢¢ll1]|¢¢]|-1 and Young’s inequality, we also

have

/Q J (68 dz > il

> —plldell} = cull el Vu > 0. (2.2.44)

We now deduce from (2.2.40) that

dEs

S el + o < c <H¢t\l21 + / G(¢) d + 1) . (2:2.45)
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We first apply Lemma 1.5.11 to (2.2.45), on account of (2.2.22) and (2.2.25), then we

use (2.2.3) and (2.2.34) to get

lee(O11Zy + lu@)F < QUII(do, w0, Je™" + ¢, Yt > 1. (2.2.46)

Now, we multiply (2.0.1); by ¢, integrate over €2 and we obtain

18112 + ollel® + / ¢(6)[Vof dz = (Niu, Nbg) / b da.
Q Q

Treating the equation above exactly like we did for (2.2.11) and using the estimate

| [ &0 dx| < || de]|-1]|@]1, it follows that
0[5 < e (ol + llull? + lleel®,) - (2.2.47)

Next, we multiply (2.0.1); by N¢, we use the equality ||¢||2 = |03 — |2|m(#)? and

we obtain
JolF + o617 + | V() VNods = (Nou, Nig) - (N3G, N10) + [2lm(o)
Q
We have, by Schwarz and Young’s inequalities,

[(NV2u, N2¢)| < lull1][]]s

1 3
< lol3 + Sl
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(N"26,, N2¢)| <[]l 1]|6ll3

1 3
< Slol3+ Sl

and, by the equality Vg(¢) = ¢'(¢)V¢ and (1.5.9),

/QIVQ(qﬁ)HVNfb\ dz < [lg' (D) =@ 16lhll¢ls

1
< zlglls + QIgl5),

and we deduce from the above equation that
ol < QUINT) + clllully + llgel2y)- (2.2.48)
We infer from (2.2.46), (2.2.47) and (2.2.48) that
oI5 + lloe (121 + [u@)F < QUIGo, w0l )e™ " + ¢, ¥t =7, ¥r >0, (2.2.49)
that is,
1(e(t), w3, < QUI(do, uo)[Iy, e~ + ¢, Yt =7, ¥r > 0. (2.2.50)
Now we want to prove that

1(6(®), )R, < QUI(G0,uo)lIv, e + ¢, Vt € [0,1]. (2.2.51)
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To deduce (2.2.51) it is enough to prove that

1(e(8), w(t)I,. < QU0 wo)ll3;,.), Yt € [0,1], (2.2.52)

as 1 =e% ¢ < ee Vte|0,1].
In order to prove Estimate (2.2.52), we multiply (2.0.1); and (2.0.1)s by ¢; and Nu,

respectively, integrate over €2, sum the resulting equations and we find

d = - _ _ _
— (1615 + allll” +ellalls) + &l + lalls + vlalt + /Q Ng(¢)¢ydx = 0. (2.2.53)

N —

We have Ag(¢) = ¢'(¢)Ad + ¢"(4)|Vé|* and the interpolation inequality

1—4 d
Vol < cllolly *llols,

hence

/Q!Ng(@llszﬁtldw < g (@@ @2l éell + 9" (@) | oo @) VSl Zapall el

leell” + QCll0113)- (2.2.54)

<

DO | —

We deduce from (2.2.53) and (2.2.54) that

d - _
7 (Ioll3 + alloll* +ellall}) + llo:l* + lalls < Qlgll3). (2.2.55)

We multiply (2.2.27) and (2.0.1), by N=2¢, and N !4, respectively, integrate over €,
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sum the resulting equations and obtain

1d - i i _ - _
s UeZe + lall + a2y + ellwlZy + 6.7 + ol 12,

. / §(6)6N "y da.

We write

I/Qg’(cb)cth‘lcbt dz| < [|g' ()] o= [|dell[l ¢t ]| -2

1
< 5”@“2 + QU813 ¢¢]% -
It follows from (2.2.56) and (2.2.57) that
d , - _ _ _
at (||¢t||2—2 + ||U||2 + ’YHU||2—1) +€||Uth2—1 + |‘¢t’|2 <@ (||¢||§ + H¢t”2—2) :

Adding (2.2.55) to (2.2.58), we end up with the inequality

where

V(t) = 1915 + ollgll” + ellalli + loel2, + lal* + ylla]2,.

Since € < 1 and
m(p(t))* + 2m(u(t))® + m(¢:())* < ¢ (1 +m(ug)?), ¢ >0, Vt >0,
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(2.2.56)

(2.2.57)

(2.2.58)

(2.2.59)



thanks to (2.2.1), (2.2.2) and (2.2.3), we deduce that
V(1) 2 16113 + ellully + llull® + 16125 — ¢ (1 4+ m(uo)?) - (22.60)

Multiplying (2.0.1); by N~2¢, and integrating over €, we use the identity ||¢¢||?, =

llell? 5 — |2m(¢¢)?, and we obtain

H¢t||24 = —(N¢, Nﬁlét) - / g(@N*l&t dz + (u, qugt) —o(o, N72$t)

Q

+ Qe )?. (2.2.61)
Like we proceeded from (2.2.35) through (2.2.36), here we have

(N¢, N"20)| + 0|(6, N720)| < |llallell -2 + ol ol dell -

1 1
< Sl0nl22 + 31013 + = Il + 30°llo

IN

1
o2, + 302113,

for a constant g4 > 0,

[(u, N7 oo)| < Jlullllée]l -

1
< lénl?y + 3lul?
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and

/Q 9@IN"Gl do < 19(6) | IN " Bellzrcay

< Q(ll¢ll )l ell -2
1
=6

< Zlleell?2 + QUIgI).-

We deduce from (2.2.61) that

le:l25 < QUISIT) + e (IIll2 + llull?) - (2.2.62)

. . . . av
By comparison principle of the solutions of Problem (2.2.59) with the ODE %~ =

Q(V), there exists a time t; = t1(V(0)) > 0 such that

V() < Q(V(0)), Vte[0,t]. (2.2.63)

We thus infer from (2.2.60), (2.2.62) and (2.2.63) that

(o), w(),. < QUI(b0, uo)lI%,.), ¥t € [0,1]. (2.2.64)

If t; > 1, then the proof of (2.2.52) is finished. Now assume ¢; € (0,1). First, we
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integrate (2.2.18) between %1 and t, t <1, and we obtain

[, (16 1 + [ 6ot de) ds < QMG R, ). v e 5.1

(2.2.65)

as consequence of (2.2.17) and the fact that E1 (%) < Q(|[(¢o, uo)lf3;, .)-

2

Next, we change the variable ¢ by s in (2.2.45), then we multiply by s — % to obtain

5165 0] < B re(s- ) (Il + [c@ar). @20m)

Integrating (2.2.66) on s between & and ¢, t < 1, we deduce

<t - %) Es(t) < cﬁ (Eg(s) + (el 12y + /Q G(p)dx + 1) ds, (2.2.67)

1

2

hence

(1= ) Gz, + o)
< / (12 + o)+ [ Gots)a) as
+c <m(u(t))2 - /Q G(o(t)) dx + 1)

< Q0o w3, ), Ve € [2,1], (2269

on account of (2.2.2), (2.2.22), (2.2.42) and (2.2.65). It follows from (2.2.47) and

%)



(2.2.68) that

I3 + lu®)F < %Q(H(qbo,uO)H%Q,E)

< QI (b0, wo)13,.), ¥t € [t 1]. (2.2.69)

Estimates (2.2.64) and (2.2.69) entail (2.2.52). Eventually, Estimates (2.2.50) and

(2.2.51) imply

(o), w5, < Qo uo)ll, e~ + ¢, Vt > 0. (2.2.70)

Now, we wish to derive an estimate that is uniform with respect to time.

Owing to (1.5.9), (2.2.3) and (2.2.6), we infer from (2.2.5) that

d - _
& (el 41612+ 01612 +2 | Gloae) + 2aull + 26012,

< Q(lI8l12)e™"" + c|m(u)]. (2.2.71)
By (2.0.2), we have
ellu@)® + loM)T + allo®)|* + 2/QG(¢(t)>dw > —c, Vi >0, (2.2.72)
and, by virtue of (2.2.22), there holds

ellu®® + lle@I + ol + Z/QG(qﬁ(t))dx < QUI(@®), u®)I3,.), vt = 0.

(2.2.73)
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Integrating (2.2.71) from 0 to ¢ and using (2.2.72) and (2.2.73), we reach the estimate

/0 (a1 + llee(s)]1%,) ds
s/o Q(II¢<s>II§)easds+c/o m(u(s)|ds + Q|| (¢, uo) 13, .)

< Q(ll(¢o, uo)I3,.); (2.2.74)
on account of (2.2.19), (2.2.38), (2.2.70). Hence
/0 (lu(s)IE + llde(s)1121) ds < Q([|(do, wo)1%,..)- (2.2.75)

We also infer from (2.0.1), and (2.2.75) that

/0 " ()P yds < o / (1642 + Ju(s)]2) ds

< Q(ll(¢o, uo)lf3,.), vt > 0. (2.2.76)

To finish this section, we also derive some more estimates that are useful in the
proof of Theorem 2.4.1.

We integrate (2.2.48) between 0 and ¢, we find

J 1806 ds < 1+ 00w, ). ve >, (22.77)

on account of (2.2.26), (2.2.38) and (2.2.70).
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Next, we integrate (2.2.55) between 0 and ¢ to get

/0 (lee()II* + llu(s)l3) ds < (1 + )Q([(o, uo)l3,.), Yt =0, (2.2.78)

due to (2.2.70). Similarly to (2.2.76), we also deduce from (2.0.1), and (2.2.78) that

/0 2 ug(s) 2 ds < ¢ / (6312 + [[u(s)]2) ds

< (1+6)QI(¢o, uo)|3,.), vt > 0. (2.2.79)
Then, we multiply (2.0.1); by N2¢ and obtain
615+ ool + | No(@)N*6do = (Nu, N*6) — (60, N*),
from which we deduce, similarly to (2.2.48), that
19113 < QUISIZ) + ¢ (llullz + lleell*) (2.2.80)
since, by (1.5.9) with reference to (2.2.54), there holds

/Q Dg(@)2dz < QU6]2).

Hence

[ 196z ds < @+ 010wl ). e 2 0 (2.2.81)

on account of (2.2.70) and (2.2.78).
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2.2.3 Estimates in V3,

Integrating (2.2.48) between ¢ and ¢ + r, we find

t+r
[ 1B ds < QG ), )e +e. e =0, (2252)

on account of (2.2.25), (2.2.38) and (2.2.70).
Next we multiply (2.0.1); and (2.0.1); by N¢; and N?u, respectively, integrate over

), sum the resulting equation, and we obtain

| =

(Iellz + allgll +ellallz) + el + llalls + yllallz + /Q VNg(¢) - Vo dx

DO | —
QL

t

= 0. (2.2.83)
We have
VAg(¢) = ¢'(0)VAG + 3¢"(0)AdV e + g" ()| Vo[>V,

and by Sobolev embeddings and Agmon’s inequality, we find that

| /Q VNg(6) - Vo, dal
< (19" (D)l ll@lls + 319" (D) || oo () 1A Lo () |21
19" @@ 11T ) 1]

< QgD ollsllgellr, if d =1, (2.2.84)
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and

VN Vo, d
| / 9(6) -V, dal
< (19 @l z=il9lls + 319" (D) =) | Al 2160 |V Bl s e
T 16" ey [ Vo) 164l

< QUISIE) (1 +1l¢lls) I gellr, if d =2,3. (2.2.85)

We infer from (2.2.83), (2.2.84) and (2.2.85) that

dE,

— b+l + llels < Qlsl;) (1 +11415) (2.2.86)

where

Ei(t) = 19115 + ellall2-

Applying Lemma 1.5.10 to (2.2.86), we find
lo@)15 + ellu®)z < QUI(do, uo)lly, e + ¢, Yt >, ¥r >0, (2.2.87)

on account of (2.2.1), (2.2.34) and (2.2.82). Putting (2.2.49) and (2.2.87) together we

end up with the desired estimate

(o), u(),. < QUI(b0, uo)lI, e~ + ¢, ¥t =7, ¥r > 0. (2.2.88)
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From (2.0.1)1, and [, [VNg(¢)*dz < Q(||¢[3), we deduce that

1115 < QClllls) + c (lulls + ll&:l3) . (2.2.89)

and there holds

[ IR s < 1+ 0G0 uo)l, ). v = 2290)

on account of (2.2.88) and (2.2.86).

To end this subsection, we derive few more estimates that will be needed in the
proof of Theorem 4.6.2.
We integrate (2.2.86) between 0 and ¢, after using the identity ||a||? = ||ul|2—]Q|m(u)?,

and we find

[ Q6013 + )1 o
S&@+A@W@@UHWﬂ@%HmAmwmws

< (1+1)Q([[(¢o, wo)l35.), Yt =0, (2.2.91)

due to (2.2.34), (2.2.70) and (2.2.77). Like (2.2.76) and (2.2.79), we deduce from

(2.0.1); and (2.2.91) that

Aﬁmwmwy%um@Mwa@@

< (14 0)Q( (o, uo)l13,.), V=0, (2.2.92)
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and

/ ()3 ds < (1+ Q| (b0, uo)[3,.), ¥t > 7. (2.2.93)

2.2.4 Vi.-Vi. Estimate of the difference of two solutions

We consider the difference (¢, u) of two solutions (¢q,u;) and (¢2,us) of Problem
(2.0.1) starting at the points (¢10, u1) and (¢, uz) in V; at time t = 0, respectively,

that is,

¢

¢+ N(No+1(t)p —u) +0¢ =0,

¢\t:0 = ¢y, u’t:() = Uy,
\

where, by Taylor’s formula with integral reminder, g(¢1) — g(¢2) = ()¢, with

I(t) = / ¢ (s61(t) + (1 — 5)a(t)) ds.

We observe that ¢ and u have the same expressions (2.1.1), (2.1.2) and (2.1.4), and

we have the estimates

m(¢(t))* < m(go)?, Vit >0, (2.2.95)
m(g:(t)* < a®m(¢o)?, ¥Vt >0 (2.2.96)
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and
m(u(t))? <2 (m(uo)2 + 7m(¢0)2) , Vt > 0. (2.2.97)

We multiply (2.2.94); and (2.2.94), by N~'¢; and u, respectively, integrate over 2,

sum the resulting equations, and we obtain (cf. (2.2.5))

1d

5 77 ol + ollSlZy +ellull®) + |2y + llallf + vlul?

=— /Q VI[i(t)d] - VN 1o, dx — |Qm(u)m(oy). (2.2.98)

We multiply (2.2.94); by ¢, integrate over €2, and we obtain

1d

5%”¢’“2 +llolz + allgl® +/Ql(t)¢N¢>dx — (u,N¢) =0. (2.2.99)

We have V[I(t)¢] = 1(t)V + oVI(2),

Vi(t) = /0 9" (s61(t) + (1 = 5)a(t)) (sVr(t) + (1 — 5)Va(t)) ds,

/QIVl(t)IdeS Sup]\lg”(3¢1(t)+(1—8)¢2(t))Hioo(g)(Haﬁl(t)H?Jrllﬂéz(t)H?)

s€[0,1

Séja Vt207

where

&5 = Q (110, u0) 3, (820, w20)13, )

63



hence

/QIV[l(t)ezﬁ]Ide < NONZo@ 111 + 161 Lo o I VIO

< &lolillellz, vt =0, (2.2.100)

where we used the Agmon’s inequality [|¢]|7= < c||¢]l1]|¢]]2 (valid for all three space
dimensions d = 1,2, 3).
Adding (2.2.98) to (2.2.99) and by using Cauchy-Schwarz and Young’s inequalities,

together with (2.2.96), (2.2.97) and (2.2.100), we deduce that

dEs

— T e(adZ+ 1815+ llulll) < &6l + ¢ (mluo)* +m(e0)?),  (2:2.101)

where

Es(t) = [0l + alll2, + o117 + eflull*.

There exist two constants c;,co > 0, independent of ¢, such that
cr ([leIF +ellu®))?) < Es() < ex ([lo@)]1 + ellu®)]?) - (2.2.102)
We apply the Gronwall’s lemma to (2.2.101) and we deduce

I + ellu®)* < e (lollf + elluoll?) e, ¥t >0, (2.2.103)
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by virtue of (2.2.102).

Then, integrating (2.2.101) between 0 and ¢, we find

t
/O (lee()IZ1 + ()5 + l[u(s)lIF) ds < e (llgollT + elluol®) €, ¥t > 0. (2.2.104)

Next we differentiate (2.2.94); with respect to ¢ to obtain

Gu + N(Noy + 1)y + I'(t) — w) + 0 = 0, (2.2.105)
where
I'(t) = /0 9" (s61(t) + (1 = 5)2(t)) (so1:(t) + (1 — 5)dae(1)) ds.

We multiply (2.2.105) and (2.2.94), by N~3¢, and N~24,, respectively, integrate over

), sum the resulting equations, and we obtain

1d, - ) ) X i .
577 192 + a2y + AlalZ) + 16e120 + elladlZ; + ollén2s

=—/¢tl(t)N2q§tdx—/l’(t)¢N2q‘stdm. (2.2.106)
Q Q

We use the identity ¢, = ¢, +m(¢;) = NN~ ¢, + m(¢;) to write

/Q oil(H) N2, d — /Q (NN @()N 23, dz + m () / (N8, de,  (22.107)

Q
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and, by using Green’s identity, we have

/ (NN7¢,)(1(t)N"2¢,) dw = / VN 1¢, - VII(t)N2¢] da. (2.2.108)
Q Q
On the one hand, we have

V)N 2¢] = VI[t)N2¢; + I(t)VN 2¢,

/Q V&N 2] da < 2A[VUE) P IN Gl Lo () + 2l oo () | ]I 5

61”92575”2—37 iftd=1,
<

é2||¢t||2—27 ifd= 27 37

so that

|| VNG VON g de) < 6+ e (2.2.109)

1 1
where we used the interpolation estimate [|¢||—2 < ¢|l¢l|25]l¢]|2;, when d = 2,3. On
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the other hand, similarly to (2.2.107) and (2.2.108), we have

/ ( )¢N 20375 dx
/ / 9" (561 + (1 — 8)d2) 9N 2] - VN [s¢1, + (1 — 5)¢oe] ds dx
4—1;4 [g" (s¢1 + (1 — 8)¢h2) BN 20,] [sm(ons) + (1 — 8)m(bos)] ds dz

if d=1,

\% [9// (51 + (1 —s)p2) ¢N_2§7)t}
=9g" (s¢1 + (1 — 8)p2) (N 20V + 9V N ?¢y)

+g" (s¢r + (1 — 8)d2) (sV1 + (1 — 5)Vea) oN ¢y,

[ 19 501+ (1= s)6) o2

<2 up 19" (s¢1(t) + (1 = 5)da(t)) |70 )

X (l@lzeellgells + Il IN el 7e)

+2 sup [|g"” (s¢1(t) + (1 — 5)d2(t)) || 7

s€[0,1]
< ([lo1]17 + 192117) 1@l zo 1N ?Gell 20

< allgllilleelZs, if d =1,
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so that
/ 27 1 , .
| 0N el < Gl + @l it d =1 (2.2.110)
since [|¢¢]|—3 < col|@e]| -1 (see (1.4.2)), where

(¢20,U20)H$)j,5> (L + Nl @72 + a7 -2) -

() = Q (1910, wio) 13,
We also have

| / V(6N 2G| < sup g (s61(8) + (1 — $)62()) |2 (e

s€[0,1]

X [[olls@ N2l (eIl + o2 (B

—_

< clloellzy + @], if d = 2,3, (2.2.111)

(=)

and

\m(¢t)/gl(t)N2¢t dz| < Clm(@)lsil[gpﬂ 19" (s¢1(£) + (1 = 5)@a(1)) [[ o< |6l 2

—_

< Zlldell2y + ¢5lmlgo) (2.2.112)

(=}

It follows from (2.2.106) through (2.2.112) that

dE, -
— SEE+ G101 + & lm(bo)l, (22113)
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where

Eg(t) = |05 + llal2, +yllal2,,

and by (2.2.97), we have

Eg(t) > [lu(®)[2, — |Q0m(u(t))?

> lu(®)12y = ¢ (m(¢0)* + m(uo)?) -

We apply the Gronwall lemma to (2.2.113), as ¢;(s) € L'(0,t), V¢ > 0, due to (2.2.26)

and (2.2.78), and we conclude that

lu()]*) < cll(¢o, uo) I3, e, Yt >0, (2.2.114)

since

16:(0)12 5 < e(ll@ollT + 12(0)pol s + lluol21)

< &([lgollF + lluoll2,)- (2.2.115)

Combining (2.2.103) and (2.2.114) we end up with the estimate

1), u®)I,. < cll(o, uo)l;, e, vt > 0. (2.2.116)

69



2.2.5 V.-V Estimate of the difference of two solutions

We multiply (2.2.94); and (2.2.94), by ¢; and Nu, respectively, integrate over €2, sum

the resulting equations, and we obtain

| =

(212 +alloll* + ellall) +||¢t||2+IIUII§+VIIUH?—/QN[l(t)sb]aﬁtdx.

DO | —
QL

t
(2.2.117)

We have A[l(t)¢] = [(t)Ap + 2VI(t) - Vo + ¢Al(t),

Al(t) = /0 [9" (s01(t) + (1 — 5)oa(t)) (sAp1(t) + (1 — 5)Agps(t))

+g" (s61(t) + (1 = 5)2(t)) [sVr(t) + (1 — 5)Va(t)]*] ds,

/Q NG

<c s lg” (sé1(t) + (1 = $)6a(t)) [[20e (@ (I 01]l3 + lI62]12)

+e sup [lg” (s61(8) + (1 = 5)62(6) [ (1901 oy + V62l )
se|0,

so that

/Q\Al(t)lzda: < Q (onllt lallr) (1 +llonlls + lieall3)

< &(t), VE>0, if d =1,
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where

() = Q (610, wr0) 3, . (o, uao) 3, ) (1+ lox ()3 + a(®)3)

and
/Q AL de < Q (6112 6al2)
<Gy, V>0, ifd=2,3,
hence
JANCERE
Q

<3| F e @ 18115 + BN VIO e pall @l + Bl @l 700 0 1AL ]2

<a@llelli +ealol vt >0, ifd=1, (2.2.118)
and

/Q AL de

< BB Eoe o 1113 + 61 VIO Za 0yl VBl 2y + Bl Toe o) [ AL

< &|gll3, vt >0, if d=2,3, (2.2.119)
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We derive from (2.2.118) and (2.2.119) that

/Q N[ d]|én] dz < [Nl

< Sleel® + e llolz + alol, (2.2.120)

N —

and we infer from (2.2.117) and (2.2.120) that

d - - _ _ N .
— (19115 +allll* +ellalls) + el + lallz < &lgll; + & @)llo]1 (2.2.121)

To finish, we multiply (2.2.105) and (2.2.94), by N~2¢, and N ', respectively, in-

tegrate over {2, sum the resulting equations, and we obtain

1d ,, - . ) _ _ )
577 UloellZe +llall” +l1al2) + [l + olléelZ, + ellal i,
= —/l(t)qstN1¢‘>tdx—/l’(t)¢1v1q§tdx. (2.2.122)
Q Q

But we have

!/Qétl(t)lef;tdw! < sup lg' (séu(t) + (1 = 8)d2(t)) [l oo | Dell[| D] -2

s€[0,1]

1 .
< 7l + &l (2.2.123)

We also have (cf. (2.2.110))
/ PN G2 dr < &) |22, if d =1,
Q
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so that

| [100n6 el < flP + Gl ita =1
Finally, we have (cf. (2.2.111))

| 106N dal < Jl + GOI0IE, if d =23,

We infer from (2.2.122), (2.2.123), (2.2.124) and (2.2.125) that

d - i _ . i A ,
7 UlodlZe + all* +vl1all2)) + 16 + elladlZy < &lédZe + &@1401

Adding (2.2.121) and (2.2.126), we reach the estimate

dE;

g S GErt (@) + GEDNBIIT + ¢;lm (o),

where

Eqr(t) = |16l5 + ollell® +ellallf + leel?, + 1all* + vlal?,.

There exists a constant ¢ > 0, independent of ¢, such that

Eq(t) = [[(8(t), u(t)|,. — 1921 (m((t))* + em(u(t))® + m(u(t)?)

> [[((t), w()I3,,.. — e (m(do)* + em(uo)?) ,
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due to (2.2.95) and (2.2.97), and we have
Eqr(t) < c([o@)3 + ellu@®)l® + [u@)I* + [[6:(6)]1%2) - (2.2.129)
We change the variable ¢ by s in (2.2.127), then multiply by s, 0 < s < ¢, to get

B (s)) < Er(s) + 1 [&Br(s) + (a(s) + &N ISG)E +2hm(@o)”] . (2:2.130)

Now, we integrate (2.2.130) between 0 and ¢, and we deduce that

&@g@<u%)A(&@M(m@+@@mmwﬁ+mwm%@pW>q

(2.2.131)
and, by using Sobolev embeddings and (2.2.103), (2.2.104), (2.2.128) and (2.2.129),

we find

I6(e), u(e)) 3,
<6 (147) [ Uo@IP+ o] + )+ @1(5) + ENIIR) d

+ ¢ (m(¢o)? + em(uo)?))

< c(w)]| (o, u0)||12;1,560t, YVt > w, Yw > 0. (2.2.132)
Estimate (2.2.132) implies

1(o(t), w3, < cll(o, o)l €7, VE > w, Vw > 0. (2.2.133)
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2.2.6 Vh.-Vo. Estimate of the difference of two solutions

Like (2.2.115), we also deduce from (2.2.94); that

12:(0) 1122 < c(lléollz + 11(0)go]l* + [luol*)

< &(llgoll2 + lluol*). (2.2.134)

We apply the Gronwall lemma to (2.2.127) to obtain

Eit) < (E7<o> # @)+ NI+ glmon? ds)

< cll(¢o, uo) I3, e, Yt >0,
on account of (2.2.26), (2.2.103) and (2.2.134). Hence

1(6(1), w13, < cll(¢o, uo)ll3, e, vt > 0. (2.2.135)

2.3 The unperturbed problem

Recall that, if e = 0, then the system reduces to

B¢y + N(N¢ +g(¢)) + 06 =0,
(2.3.1)

d)|t:O = ¢07

where

B,=1+N(y[+N)™".
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To obtain a priori estimates for the unperturbed problem (2.3.1), we introduce the

following lemma.
We set, for any v > 0,

A, =~ +N:9P(N)— L*Q),

B, =1+ NA': L3(Q) — L¥(Q),

C, =~ +2N(= A, + N): 2(N) - L*(Q).

Lemma 2.3.1 The following estimates are hold

1 _1
Il <180l < lvll, ve € L),

1

Sl < 1B <l v € L@,

Il < I1B20] < V2wl Yy € L),
1

I NG < il ¥ € Vs,

1€l < Zll, v € @),
Proof: Let ¢(z) = Y50, ¢;(t)e;(x). We have
1B, Hol* = 23Z4A2
|wfwP:§;%§§§é@,

1 7+2>\
B3 |* = Z —

76

(2.3.2)

(2.3.3)
(2.3.4)
(2.3.5)

(2.3.6)



00 2
)‘j

|CTINY|* = Z (7+—2)\j>2032‘(t)

=0
and
> 1
ICT Y|P =) ———565(1).
¥ jZO (74 2X;)2 7

The function h(z) = ]:2“; is strictly decreasing and we have 1 < h(z) < 1, Vo € RT,

so that (2.3.2) and (2.3.3) follow. The function s(z) = % is then strictly increasing

and satisfies 1 < s(x) < 2, Vo € RY, and we deduce (2.3.4). Finally, we note that

the functions v(v) = % and l(z) = L5 are strictly increasing and decreasing,

respectively, and we have v(x) < % and I(x) < L both on R*, so we get Estimates

1
2 ¥
(2.3.5) and (2.3.6).

Now due to the equivalence of norms, a priori estimates of the unperturbed problem

(2.3.1) can be obtained in a similar way as in the perturbed problem in section (2.2),

hence we can deduce the following estimates

o5 < QUlgoll5)e " +¢, ¥Vt >0, (2.3.7)
le@®)113 < QlIgoll)e™" +c, V=, (2.3.8)
le@®113 < QlIgollF)e™" + ¢, VE=r, (2.3.9)
/Ot 6e(3)1121 ds < Q([Idoll3), Vvt > 0. (2.3.10)
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Moreover, the following are the estimates of the difference ¢ of two solutions ¢; and ¢o

of Problem (2.3.1) starting at the points ¢19 and ¢ in V; at time ¢ = 0, respectively:

le@®1F < llgollj e, vt >0, (2.3.11)

()3 < ellgollfe’, vt >w. (2.3.12)

2.4 Well-posedness

Relaying on a priori estimate obtain in section 2.2, we will prove a well-posedness
result. Let consider the following weak formulation of Problem (2.0.1).
For any T > 0, find

(@,u) [0, T] = Vit

such that

¢(O,LL’) - ¢O(x)7 U(O,LL’) = Uo(w):

and for almost any ¢ € [0, 7],

6.0+ (No,Na) + (V9(6), Va) — (Vu, Vo) + 0(6,0) =0, q Vs,

%[e(u, v) + (¢, 0)] + (Vu, Vu) + vy(u,v) =0, velVi. (2.4.1)

Theorem 2.4.1 Let g € C3*(R). We assume Conditions (2.0.2)-(2.0.5) hold. Let

j=1lifd=1and j =2ifd =2 or3. If (¢o,uo) € Vj., then Problem (2.0.1)
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possesses a unique solution (¢,u) such that

(¢> U) € C([Oa 00)7 Vj,6> N C([Ta 00]7 V3,E> N L2 (07 T7 Vj-i-l,e) N L2(07 T; VJ+2,0)7

VT >0, VT > 0. Moreover, there holds

m(6(8)] + elm(u(®))] < Im(o)| + dm(uo)l, ¥t > 0.

Proof. This theorem will be proven in three parts.
Partl: Existence of the solution
We implement the Faedo-Galerkin method. There is a complete orthonormal basis w;

on L*(Q2) made up of eigenvectors of N = —A such that

Nwi:)‘jwjv wjeVs, j=0,1,2,3,....

We set E,, = span{wi, ws,...,wy,} and P, be the orthogonal projection on E,,. We
consider the approximate problem:

For each m, find an approximate solution (¢, uy,) : [0,7] = E,,, such that

which satisfies
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d
%((/bm,w]) + (Aqu, ij) + <g<¢m)u _ij) - (Vum, ij) + U(¢mawj) = 07
d
E[e(um,w]) + (O, w;)] + (Vtm, Vw;) + v (U, w;) =0, Vji=0,1,2,...,m,
This leads to the following equations for each j € {0,1,...,m}
(2.4.3)

e (t) + aj(t) 4+ Ajb;(t) +vb; = 0.

Let set, Y = (ao,al,...,am), Z = (bo,bl,. .. ,bm) and M = ()\j(sl-j)i7j:071 77777 m> then

(2.4.3) produces the system

Y+ (M*+0ol)Y +G(Y) - MZ =0,

eZ' — (M? —ol)Y —G(Y)+ (2M +~1)Z = 0. (2.4.4)

The matrix M is positive definite and

(9(2?:0 a;w;), Adowo)
(2.4.5)

(922520 a5w5)s Amem)

depends continuously on Y. Hence (2.4.2) has a unique solution on some finite interval
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[0,T,,) by an ODE theorem on the existence of a solution (c.f., e.g., Theorem 1.5.2).
Now we show that the solutions are bounded in time and uniformly bounded in m.

We rewrite (2.4.2) in the equivalent form

d

E(ﬁm - A(_A¢m + ng(¢m) - Um) + U¢m = Oy
d d

eﬁum + Egbm — Ay, + Y, =0,

Keeping in mind that in the computations ahead, we will use the facts that
lom (O] < l®oll, [[um(0)]] < ||luoll, Pnopo — ¢o and Ppug — ug, we also note that
Gm, Un, satisfy a priori estimates in section (2.2).

Therefore, due to (2.2.38), (2.2.70), (2.2.37) and (2.2.62), we have

sup | (1)][F < C, (2.4.7)
te[0,T]
sup_el|u ()2, < C, (2.4.8)
te[0,T
sup | ¢me ()17 4 < C, (2.4.9)
te[0,T]

with C independent of ¢ and m.
Thus the sequences ¢,,, u,, and ¢, remains uniformly bounded in

L>(0,T5V;), L*°(0,T;V;_1) and L*(0,T"; V;_4), respectively.

Moreover, by utilize the estimates (2.2.81), (2.2.77), (2.2.75), (2.2.78),

(2.2.76) and (2.2.79), where the right hand sides are independent of m,
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we have the sequences o,,, U, Ome and wu,,; remains uniformly bounded in
L*(0,T;Vjsa), L*(0,T;V;), L*(0,T;V;_3) and L?(0,T;V;_5), respectively.

Now we have subsequences still denoted ¢, and u,, such that

m — ¢ in  L>(0,T;V)), (2.4.10)
Up —u in L2(0,T; Vi),

dm—¢ in L*0,T;Vji2), (2.4.11)
Uy —U  In LQ(O,T;V}-),

Gme—¢r 10 L*(0,T; Vo), (2.4.12)
Ume—u; 0 L2(0,T; Vi _y),

Gt — ¢ in L(0,T;V;_y). (2.4.13)
From Lemma 1.5.3, due to (2.4.10) and (2.4.12) we deduce that
bm — ¢ in L*(0,T;V;_1(Q)) strongly and a.e in (0,T) x Q. (2.4.14)
Therefore, by using the integral form of Main Value Theorem, we have
t
9(0m (1)) = 90(0) = Gu(®) = 6(0) [ o (s0m(t) + (1 = 9)0(0) s,

so that

/0 \!g(¢m(8))—g(¢(8))lldt§/o QUllem ()1l o)) m(s) — d(s)ll dt.
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On account of (2.4.7), (2.4.10); and by using Lemma 1.5.6, we have that
If ¢m = ¢ in LOO(OaTa V;)) then ||¢HL°°(O,T,V]-) < hmn—>oo inf”¢mHL°°(O,T,Vj) < C.

As a result, we have

/0 I9(6n() = g(6(lds < st Qw3 6] / 6w (s) — H(s)]| ds.
Hence
/O 19(6m(s)) — g(é(s))]| ds < C / l6m(s) = S(s)]|ds >0, d=1,

/0 19(6m(s)) — g(é(s))]| ds < C / [6m(s) = S()1ds =0, d=2,3,

Thus,
9(dm) = g(¢) in L*(0,T; L*(Q)). (2.4.15)
Next, to show P,,g(¢.) — g(¢) in  L2*(0,T; L?), we can write

/OT/Q(ng(aﬁm) —9(¢))® drdt

(since Q,, = I — P,,), for all ® € (L*(0,T; L?))".

Clearly, the first term on the right hand side tends to zero. For the second term, we
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note that the functions of the form

¢ =3 at)ey,
j=1

and we have

| [ @usen ez~ [ [ g0 a0 dear. @417)

since @, ®; — 0 for each j we have the required convergence of P,,g(¢n,).
Now, to pass to the limit in the approximate Problem (2.4.2), we multiply the first
equation in (2.4.2) by ¢ and the second by ¢ and integrate by parts with respect to

t, where 1,9 € D(0,T), we get

- [ G T+ [ (@on dwuar+ [ (o(0,).~Bupuar

- /0 T(Vum,ij)zp(t)dt+ o /0 T(qﬁm,wj)w(t)dt —0, (2.4.18)

y /0 (um,wj)%t)dt— /0 (qsm,wj)‘jl—f(t)dH /0 (Vit, Ve; J0()dlt

+7 /O T(um, w;)Y(t)dt = 0. (2.4.19)
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We notice that, on account of (2.4.11), (2.4.10), (2.4.13) and (2.4.15), we have

_/OT(Qsm,wj)%(t)dt /T(aﬁ, ])(f;f()d
/OT(A%,A%W t)dt — / (Ad, Aw;)y(t)dt
/ (glm), — e )(0)dt - / — A, ()t
- /0 T(Vum,ij)w(t)dt%— /O (Vu, Vaw;)ib(t)dt

0/0 (¢m,wj)zb(t)dt—>a/0 (¢, w;)(t)dt,

along with

—6/0 (um,wj)%(t)dt—) —6/0 (u, wj)iiif( t)dt

- [ G G0t = [ o Giora
/T(Vum, Vw;)d(t)dt — /T(Vu, Vw;)v(t)dt

’Y/O (Um,wj)ﬁ(t)dtﬁv/o (u, w;)V(t)dt.

The subspaces F,, are dense in V5 and Vi, that is,

2 Hl

= U EmH, Vi=H'= ] E,

meN* meN*
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Observing that the approximate problem is equivalent to

- [ Gma G+ [ @on s+ [ (o6,).~sguii
— /OT(Vum, Vaq)u(t)dt + U/OT(¢m,q)w(t)dt =0, VgekE,, (2.4.20)

—6/0 (um,v)%(t)dt—/o ((bm,v)%(t)dt—k/o (Vy,, Vo)d(t)dt

T
+ 7/ (U, 0)()dt =0, Vv € E,,. (2.4.21)
0

Passing to the limit as m — 0o, we deduce that (2.4.20) and (2.4.21) are satisfied for

¢, u in place of ¢,,, u,,. Therefore,

- [(eafma [ @oaguma [ o), -sgua

- /OT(VU, Vaq)u(t)dt + U/OT(QS, Q) (t)dt =0, Vqée Vs, (2.4.22)
- 6/0 (u,v)%(t)dt — /0 (0, v)%(t)dt + /0 (Vu, Vu)d(t)dt

+ "Y/OT(U,U>19(t>dt =0,, Yel. (2.4.23)

It follows that, we have in the sense of distribution on (0,7):

6.0) + (80, 89) + (9(6), ~Ag) — (V. ¥g) + 7(p,0) =0, Vg€ Vi,

%[e(u, v) + (p,v)] + (Vu, Vo) +y(u,v) =0, Vo e Vi, (2.4.24)
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which is exactly the weak formulation. Thus, we have

¢y + A%¢ — Ag(¢p) + Au+0¢p =0, in L*(0,T,V_,),

euy + ¢ — Au+yu=0, in L*(0,T,V_y). (2.4.25)

Next, showing ¢y = ¢(0) and uy = u(0):
To do this, multiply the first equation in (2.4.25) by p and the second one by w both
continuously differentiable on [0, T satisfying p(T) = w(T') = 0 and p(0) = w(0) =1
to get
T dp T
- [ oS wi [ ao.s0p0d+ (Vate). oo

- / (Y, Va)o(t)dt + o / (6, )p(t)dt = (6(0). q), (2.4.26)

y /0 (u,v)‘fl—‘;@dt— /0 (¢,v)cfi—j(t)dt+ /0 (Vu, Volw(t)dt

+ 7/0 (u, v)w(t)dt = e(u(0),v) + (¢(0),v). (2.4.27)

Replacing 1,9 in (2.4.20) and (2.4.21) with p,w and allowing m — oo, we see that
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for every ¢ € Vo and v € V)

- [ [ oAt + (Vate). Vo

- / (Vu, Va)p(t)dt + o / (6, 9)p(t)dt = (d0.q). (2.4.28)

—6/0 <U’U)Z_U;(t)dt_/0 ((b,v)cfl—i(t)dt—i—/o (Vu, Vo)w(t)dt

T
+ 7/ (u, v)w(t)dt = €(ug,v) + (¢o,v). (2.4.29)
0
Using these last two systems of equations, we have ¢(0) = ¢y and u(0) = uy.

Part2: Uniqueness of the solution
Let (¢1,u1) and (g2, us) be two solutions of (2.0.1). Setting ¢ = ¢1—¢p9 and u = uj —us,
we have ¢(0) = 0, u(0) =0, m(¢(t)) =0, m(u(t)) =0, ¥t > 0 and (¢, u) satisfies the

equations

¢r — A(=A¢ +g(¢1) — g(d2) —u) +0¢ =0, (2.4.30)

eu + ¢y — Au+ yu = 0. (2.4.31)
Observe that in (2.2.116) and (2.2.135), we found
160, u(®) 3, < cl(@ouo)l3, ¢, Vi€ [0.T], forany T>0,  (2432)

and since ¢y = 0 and wug = 0, hence the result.
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Part3: Continuity of the solution
From our discussion above and according to Lemma 1.5.5, we can deduce the conti-
nuity of ¢ and wu.

We start by showing the continuity of ¢ and u on [0, 7], we have

¢ € L*(0,T;V;yp) and ¢; € L*(0,T;V;_5) = ¢ € C([0,T],V;),

u € L*(0,T;V;) and u; € L*(0,T;V;_9) = u € C([0,T],V;_1).

We can deduce that (¢, u) € C([0,T7], Vj.), and since ¥(¢o, up) € V;, ||(6(t), u(t))||$,] <

¢, Vt > 0, (the solution is uniformly bounded independently of time in V), then

(¢,u) € C([0,00], Vjo).

Moreover, on account of (2.2.90), (2.2.93) and (2.2.86), we have

¢ € L*([1,T);Vs) and ¢, € L*([7,T); V1) = ¢ € C([7,T]; V5),

u € L*([r,T); Va) and u, € L*([1,T]; V1) = u € C([r, T]; V).

Thus, we can conclude that

(¢7 u) € C([Tv T]v VS,E):

and since V(do,uo) € Vj, [[(¢(t), u(t))[},. < ¢, ¥t > 7 (the solution is uniformly
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bounded independently of time in V5.). Thus, we deduce that

(p,u) € C([1,00], Vs).

2.5 The global attractor

Thanks to Theorem 2.4.1, we define the semigroup

Se(t) : Ve = Ve, (do,u0) = (6(1),u(t), t=0,

where (¢(t),u(t)) is the solution to (2.0.1) at time ¢ and for every e € (0,¢.
Due to Theorem 2.4.1, the operators S.(t) are continuous with respect to time
t — Se(t)(po,up) € C([0,00],V;,) for almost every z € €, and the continuity with

respect to initial data which is given by

[1Se(t)(do1, uor) — Se(t)(¢oz, uoz) ||v;. < c(t)]|(dor, vo1) — (o2, uo2)|v,., ¥t >0

is proved in (2.2.135) and (2.2.116), hence we can deduce that Sc(t) are continuous.

Owning to the uniqueness of the solution, there hold
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Thus, the operator Sc(t) defines a semigroup on 7}%.

Note that, if (¢,u) € #%, then all the constants in Section 2.2 are independent of

Jer
m(po) and m(ug) .
We then deduce from the estimates (2.2.88), (2.2.38), (2.2.50) and (2.2.70) the exis-

tence of absorbing sets By, . C #}7, for S(¢) of the form

Bl,e = {((pﬂvb) S 7/1(,157 ||(¢7¢)||V15 < Tl}’ d= 1’ (251)
82,6 = {(¢7¢) € 7/2(,157 ||((107w)||V25 S TQ}’ d - 1’ 2’ 3’ (252)
Bse = {(p.0) € 7, (@, 0)llwy, <73}, d=1,23, (2:5.3)

where 71, 9 and r3 are independent of e.
Proposition 2.5.1 The semigroup Sc(t) is uniformly compact for every e € (0, €].

Proof. Let B C 7% be a bounded set. Then there exists ¢(B) > 0 independent of

€, such that

U S®)BcBj.cVjcand |J S(t)BCBs.C Vs,

t>t(B) t>t(B)+1

hence

J S()B is bounded in 7% and in 7.

t>t(B)+1

Since 73 is compact in ¥%, we have that Utzt( By1° (t)B is precompact in 7%, i.e.,

-]ﬂE’

Ut2t(B)+1 S(t)B is compact in 7/]02 , I

Now, we state the following result.
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Theorem 2.5.1 Let the assumptions of Theorem 2.4.1 hold. Then, for any o > 0
and every € € (0, €], the semigroup Sc(t) has the global attractor A* which is bounded

in Vs, that is,
(i) Ag is compact in #;% and invariant, that is, Sc(t)A? = A%, Vt > 0,

(ii) for any bounded subset B C ¥ there holds

Tim disty,  (S.(t)B, A?) = 0.
—00 ’

From now on, we will assume that

Bop={o e el <m}, d=1, (2.5.4)
Boo={o €7 |lella <m}, d=1,2,3, (2.5.5)
8073 = {QD € 7/3a, Hgng < 7"3}, d=1,2,3, (2.5.6)

where r1,7r9,73 > 0 are the same as in B; ., By and Bs,, are absorbing sets for the

semigroup

S) V=V o o(t), =0,

generated by the corresponding unperturbed problem (for the variable ¢ alone). The
semigroup S(t) possesses the global attractor .A%. Observe that, a solution of the

unperturbed problem for both variables ¢ and u (at time ¢) is given by

6(t) = S(H)6o and ult) = L,o(t), (2.5.7)
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where (cf. (1.2.16))

Lo =C;'N[Ng + g(@)] + 0C o (2.5.8)

(we recall that C., = vI +2N). We define

(A%)o = {(p, L), p € A%}

We now wish to compare the global attractor A% with the set (A%), when € goes to

zero. Indeed, we need first the following lemma.

Lemma 2.5.1 There exists C > 0 independent of € such that any complete trajectory

(@(1), u(t))ier = Se(t)(do, uo) satisfies

lo)I5 + [l + llge@)2 1 + ellu @), < C, vt €R, (2.5.9)

for any (¢, up) € AY and any € € (0, €.

Proof. Consider a complete trajectory (¢(t), u(t))er € A C Bs, which is a solution
of (2.0.1), and Sc(t)A* = A2 (by exploiting the invariance property of the attractor).

Hence it follows that there exists ¢ > 0 independent of € such that

1(6(t), @)}, <C,  VteR, (2.5.10)

Moreover, there holds

m(o(t)) = m(u(t)) =0, Vt € R. (2.5.11)
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Indeed, like at the beginning of Section 2.2, we have

m(p(t)) = m(o(to))e ) Viy <t teR, (2.5.12)

and

m(g(t)) (e~ 1) — ez,

Vitg <t tER, (2.5.13)

we observe that, since —2— > 0, (e=o(t=to) — e=2(=t)) > 0 and (¢(to), u(ty)) € A2, so

that |m(¢(to))] < o and

1
wwmzméwwm

< cllu(to)] < c.
Then, we can deduce that

m(o(t)] < ce 1), (2.5.14)
Im(u(t))] < ce<(710) 4 gemoli=to)

< et (2.5.15)

We have

e 7t 50 as ty — —oo,
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thus, by taking the limit in (2.5.14) and (2.5.15) as t, — —oo, we entail (2.5.11).
In addition, it follows from (2.0.1); that ¢; = —N(N¢+g(¢) —u) —o¢, and we deduce,

on account of (2.5.10), that

l6:@)11Z1 < QUMD + clllo®I5 + Tu®)]D)

<c, VteR. (2.5.16)
We deduce from (2.2.39) that
% (el + lully + lull?) +elludl® + ol < . (2.5.17)
Now, we differentiate (2.0.1)s with respect to ¢ to obtain

€Ut + ¢tt + NUt + YU = 0 (2518)

We multiply (2.5.18) and (2.0.1); by N~2u; and N3¢y, respectively, integrate over

Q, we get
1d -
€§E||ut||2_2 + luel)? )+ (e, N72ug) + v||wel|?5 = 0, (2.5.19)
and
1d

(el + alloel?s) + lldull® 5 — (ue, N2¢u) + / g (6)ps N 2¢ydx = 0. (2.5.20)

2dt 0
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Summing the equations (2.5.19) and (2.5.20), then using ||¢.g'(0)|| < cll@ll, [|@:]]* <

pllelld + culléel|2; and (2.5.16), we obtain
d 2 2 2 2 2 2
= (Iel122 + ollonllZs + elluellZe) + Gl s + lluellZy < plldelli + e Vi > 0. (25.21)

Summing (2.5.17) and (2.5.21), we deduce that

d
—lGlZy + Iy + ellwelZo+yllel® + olléelZ) + Il + el
s + [l 2y < c. (2.5.22)
Thus, we deduce that
d
—Eg + C()Eg S C, (2523)

dt

where

Es(t) = 2] @Iy + [lully + ellul 2y + yllull® + ollé2s.

Now, multiply (2.0.1), by eN~'u, , we get

llue()25 < 20l (O + [lull®)

<Vt eR, (2.5.24)
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hence
2 C
e|lug(t)]|74 < - Vvt € R.

Applying the Gronwall’s Lemma to (2.5.23) between ty to ¢, for any to,t € R, we

obtain

Eg(t) S e_co(t_tO)Eg(to) +c

< c(llde(to)llZ + llulto)IF + ellueto)l2, + llé(to)lI)e " +c

< Semeolt=) f o Wt >ty t €R, (2.5.25)
€

due to (2.5.16); hence
l@e ()21 + lu(@)lff + ellu(t)l|Z, < 56_00“_“’) +C, VteR (2.5.26)
Now, taking the limit in (2.5.26) as to — —oo, we deduce that
loe()I121 + [lu@®)I + ellu(t)[Z, < e, VEER. (2.5.27)

Finally, the estimates (2.5.27) and (2.5.10) entail the desired estimate. |

We are now in position to prove the following stability property of the global attractor.

Theorem 2.5.2 Let the assumptions of Theorem 4.5.1 hold. Then, for anyn > 0 the
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global attractor A% is upper semicontinuous at € =0, that is,

lim disty, , , (A, (A%)) = 0. (2.5.28)

e—0

Proof. According to [25], [27], [26], it suffices to show that the following property
holds:

Let ¢, be a sequence of positive numbers with €, converging to 0 when n goes to
infinity, and let (¢, u,) be a corresponding sequence of solutions of (2.0.1) such that,
for any t € R, (¢n(t), un(t)) € A2 then there is a subsequence €, of €,, such that
(¢7"(0), w/™(0)) converges to (¢, ) in Vs_, o and (¢, @) belongs to (A%),.

We now prove this property by a contradiction argument. Assume there exists p > 0,

sequences ¢, € (0,1], ¢, — 0 and a corresponding sequence 2y, = (¢™(0),u™(0)) € A

such that
disty,_, ,(2on, (A%)o) > p. (2.5.29)
We set
A= ] A (2.5.30)
€€(0,¢e0]

we proved that A% is uniformly bounded in Vs, with respect to € (cf. lemma 2.5.1),
hence it is relatively compact in Vs_, ¢, for any n > 0.
Let the complete trajectory (¢"(t),u"(f))er such that z,(t) = (¢"(t),u"(t)) =

Se(t)zon. Due to the invariance property of the global attractor, it follows that
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is a relatively compact set in Vs_, . Hence, Ujer Unen 2,(t) is a precompact set in
Vs_no, and the family of mappings {z,(t) = (¢"(t),u"(t)) € C(R;Vs_,0),n > 0} is
equicontinuous from R into Vs_, ¢. By Ascoli’s theorem and a classical diagonalization
method, it follows the existence of an element (¢,%) € C(R, Vs_, ) such that (up to a

subsequence) ¢" — ¢ in C([-T, T}, Vs_p) and v — @ in C([-T, T, Vi_,) that is,
Zin = (0", u™) = (¢,4) in C([=T,T],Vs_y0) (2.5.31)
for any T > 0, and

Stlelﬂlg H(&(t), a(t))“Vs—n,o < 00, (2532)

on account of (2.5.9).

The next step is to show (¢(t), u(t)) is a complete trajectory of S(t) (weak solution of

unperturbed problem). Observe that

¢y = —N(N¢" +g(¢") —u") — 0¢",
(2.5.33)

o) = —euy — Nu" — ~yu".
Exploiting (2.5.9) again, we learn that (up to a subseququence)
of = ¢ in L([=T,T]; Vo),
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epul’ = 0 in L([~T,T); V_y).

Since ¢" — ¢ € C([~T,T),Vs_,) and g : Vo — Vj is continuous, it follows that

9(¢") = g(9) in C([=T,T], Va).

Hence,

OF — & in C([=T,T); V_1am)),

¢y — —N(No+g(¢) —a) —o¢ in  C([=T,T),V_(1y),

and

¢r = —Nii—~ii i C(=T,T),V_iorn), (2.5.34)

for any T > 0. Passing to the limit n — oo in (2.5.33), and by uniqueness of the

limit, we find that

(5t—|—N(NgZ~5—|—g(g5) —ﬂ)+g¢:0 in C([—T,T],V,(1+n)),
(2.5.35)

¢ + N+ ~yi =0 in C([~T,T),V_a1n),

or

By + N(NG+ g()) + 0 =0 in C([—T, T, Vo1, (2.5.36)

for any T" > 0. It follows that ((5, w) is a bounded complete trajectory of the unper-

turbed problem (2.5.36).
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Therefore, by characterization of the attractor (cf. lemma 1.5.2), that is

ue A < FH{Y(t) her € A such that (0) = v and ||¢(t)]]s—, < C, Vt € R,

we have ¢(t) belong to A* for any time t. As ¢"(t) converge to ¢(t) in
C([-T,T],Vs_,), for any compact interval [-T,T] of R, ¢™(0), in particular, con-
verges to ¢(0) € A* in Vs, and by definition (¢(0), L,$(0)) € (A*)o. Thus the
convergence

zon — (6(0), L,$(0)) in Vs_,0,

implies that

115}% diStv37n70 (Zom (.Aa)g) = O, (2537)
against the initial assumption. |

2.6 Exponential attractors

We now recall that the fractal dimension of a compact subset C C V; . is given by

Y

In N,
dimy, ,(C) = limsup n—9(1C)
’ 0—0 log 7

where Ny(C) is the minimum number of #-balls of V; . necessary to cover C.
To prove the existence of exponential attractors the following lemma and proposition

are useful.

Lemma 2.6.1 Let the assumptions of Theorem 2.4.1 hold. If ¢y € By 3, then we have
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the following estimate
t
/ g (8)]]2 ds < c(141t), Vt>0.

0

Proof. As ¢y € B3, there holds
l6@IE < e, vio0.
First, we differentiate (2.3.1) with respect to ¢ to obtain
G+ N(NGp + g'(9)de + (] + N) "' ¢u) + 06 = 0,

then

Byou + N(N¢y + g'(6)pr) + 0y = 0,

where

B,=I+N(y[+N)"

From which we get that
u(t) = CTH N (Ney(t) + g (8(t))de(t)) + o], Yt >0,

where
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We multiply (2.6.3) by N~'¢,, and integrate over €, we find

1d

3| BINAGI 100 + [ VI @00 VN TGida + ol =0, (265

We have

/ Vg (@il *dz < 2]|g" () I70e (@ IV DN oo (0 0lI* + 2119 (D) | Lo (0 Ve

< QUISI) I gellt,

and by virtue (2.6.2), we deduce

|/v D). YN "G de| < cllgulls el

—_

< —|lgelln + el (2.6.6)

\&}

On account of (2.6.2) again, the estimate (2.3.3) and

¢i(z) = =B, 'N(No(x) + g(¢(2))) — B, oo (),

we can deduce that

[6ell2y < ellglls < e, VE>0.

We infer from (2.6.5) that
dypin-tzp2 L 2 T2 2
S IBINT2O" + Sy + olldel|Zy < e+ [mled)[% (2.6.7)
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then
dyndnoi7o 2 712 —at
GBI N2 + lloelli + oll@ellZy < ¢+ ce™ (2.6.8)
It follows from (2.3.4) that
72 SN2 712
[0l =y < IIBFNT2]1" < 2[|¢]|2,
Hence, by integrating from 0 to ¢, we get

t
P2+ [ Nl < c1+0), vezo. (2.6.9)

Next, from (2.6.4), we can obtain

NI

NZ 4y(t) = CT N2 (NGy(t) + g/ (6(1) (1) + oN = &), ¥t > 0,

Y

and, by utilizing (2.3.5) and (2.3.6), we infer from the following estimates

I (@) oe()]12 < %va'w)@mz

lg'(@)ell* < llg' ()L [l el

< clléul? (2.6.11)
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and

05N Naa0)IP < Fla0l} ¥ >0, (2.6.12)
so that, we find
a2, < clleE, (2.6.13)
and
()12, < ellgn®)2 + Im(u,)]2 (2.6.14)

On account of (2.6.9), and by taking the integral of (2.6.14) from 0 to t, we derive

t
/ l|lue(t)]|21ds < c(1+1), Vt>0. (2.6.15)
0

Proposition 2.6.1 Let the assumptions of Theorem 2.4.1 hold. Then, there exists

c>0 and d >0, all independent of €, such that
/ 1
152(6) (6o, w0) — (S(1)ou, LS(D)60) [, < cee, Ve >~ (2.6.16)

for any (¢o, uo) € Bz and any € € (0, €.
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Proof. Let us take (¢, uo) € Bs., we set
(@°(1), u(t)) = Se()(Po, o), (o(t),u(t)) = (S(t)do, Ly S(t)o).-
The pair of function (¢¢(¢),u(t)) and ¢(t) satisfy the estimates
[ OI5 + ellu @) + u @) <e,  VE>0, (2.6.17)

and

le@®lz <e, vt >0,

also, from (2.5.8), we have
lullf <cllgll; <c, Vt>0. (2.6.18)
Also, on account of (2.6.9), and by integrating (2.2.86) from 0 to ¢ we obtain

/0 (5B + ()2 ds < C. Ve >0, (2.6.19)

Note that,
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We now set P = ¢ — ¢ and R = u® — u and they satisfy the following problem:

;

P+ N(NP+h(t)P— R)+ oP =0,

eRi+ P+ NR+ R = —eu, (2.6.20)

P‘t:O =0, R‘t:O = Uy — Lvébo»

where

We first observe that

and

Note that (ze™ < 1, Va > 0): Indeed, let f(z) = ze™®, we have

fla)y=e"—ae " =0 2a=1,

then the function has its maximum value % at x =1, hence

flz) <

|

1
= xe "< —, Vo >0.
e
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Now, we have

1
et < w0, = <9 w>2
yte ye o
Next we prove that oe ™ — Ze~¢* > 0: Let f(z) = xe~™, then
1

f(x) =e (1 —at) <0 (fis decreasing) <= z > o

. _ _
since 0 < 1 = ge 7" > 7t Vt>§.

Also, since € < 5& then —e > —7L = v — €0 > I, therefore, we can deduce that

1 2
< —.
y—eo "y
Recalling (2.6.21), it follows that
7 o€ y
R(t)l < o ————[oe ™ = LT ], V>0
Im(R(t))| < [m(uo)le™ <" + |m(¢0)\7(7 — €U)[ oe e ],
v 2e0? 1
< Im(uo) e™# + - |m(go)| e, ¥t > =
v o
1
<ce Vt>-—. (2.6.22)
o

We multiply (2.6.20); and (2.6.20), by N7'P; and R, respectively, integrate over 2,

we obtain

1d
55 IPIB+lPI2) + I1PI2, = (R.P) + [ VI©P]- YN Pds =0, (2623)
Q
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and

cd

5 g1 I+ IRIE + (B, P) + y|[ I = —e(NTV2a, NY2R) — em(u) |9 m(R).

(2.6.24)

Summing the equations (2.6.23) and (2.6.24), we obtain

1d _
M(IIPH? +€l|R|]” + o||P|I%) + |1P]12, + || RIIT
+ / VIW)P] - VNP ++||R|? = —e(N 2 @, N2 R) — e m(us) | m(R)
Q
(2.6.25)
We have

|e(N"V 24, NY2R)| < el -l Rl

_ L =
< s€llwlz + IR

DO | —

Moreover, we have

Vh(t) = /O 9" (s¢"(t) + (1 = s)o(1)) (s Vo (t) + (1 — s)V(t))ds,
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and V[h(t)P] = PVh(t) + h(t)V P, so that

/Q IV [h(t) P][2de
<2 [ 1P [ W00 + (= o) FIsPoo) + (1 = ) Vol s
# [ 15600+ (= o) PasiV P
< s 14"(60°(0) + (1= 900) L= IPIEIT8 O + 90020

+ sup_|lg/(s¢(t) + (1 = 5)b(1)) [ =V P|*

s€[0,1]
< [PIRQUIS + oI U @13 + lo@3) + IPITQUIS I + I8l

<||P|]}, Vt=>0, (2.6.26)
then

| / VIh(t)P)- VNP, dz| < |V [h(t)P||| 2]

1
< SIPIE + Sl

N O

It follows from (2.6.25) that

d
—(IPIE + el BI* + ol P]2,)
B2+ IRIE + AR < NPT+ el + cel (m(ue) | Im(R)],

(2.6.27)
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by using Young’s inequality and the estimate || R||? + v||R||?> > || R||?, we deduce that

d B 1
SEy+ I+ IR < By + ], + celm(un) + Slm(R)F, (2.6.28)

where

By = ||P|i + €| R|* + o[ PI12.
Moreover, we have

2

g€ g ot
m(R(t))] < [m(ug)le™ =" + [m(po)| —————e = + |m(¢p)|———e <"
(R < m{uo)le” 2+ m{00) ="+ (o) —
200 4 20%€ e
< (|m(uO)|+|m(¢o)|7)€ <+ Im(¢o)] e '
< ce et + cee ", Vvt > 0,
hence
Im(R(®))[2 < 2(Pe™ < + 22201
— vy 2 —20t
<ce et H4cefe " V>0,
and

t ¢ ¢
/ Im(R(s))]*ds < c/ e~ tds + c/ e 2 ds
0 0 0

2
ce 2y ce

<_1_ _Tt _1_ —20t
_27( e )+ o (1 —em™)

<ce, Vt>0.
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Now, by applying the Gronwall Lemma to (2.6.28), we find

t
1 /
Balt) < [B(0) + [ (celully + em(u) + G fm(R))dsle”
0
t
1 /
< felluo = LoanlP + [ (el + om(u) P+ 3 m(B)P)dsle”
0

< cee, Vit >0, (2.6.29)
due to (2.6.1), the fact that ||ug||s < ¢ ( since (¢o,up) € Bs,), and

Lol < |C5HIN(Neo + g(¢o)) + ool |

< c(liollz + llg(o))

<c

—_ Y

then

luo = Lyo|l* < c.

Hence, it follows from (2.6.29) that
|P(1)]|? + €| R(1)||> < ceet, Wt > 0. (2.6.30)
Integrating the equation (2.6.28) between 0 and ¢, we deduce that

t
/ (IB(s)125 + [1R(s)17) ds < cee”™, Vit 2 0. (2.6.31)
0
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Next, we differentiate (2.6.20); with respect to ¢ to obtain

where
1
H(0) = [ 9(50°(0) + (1= 905550 + (1= 5)64(6)) d.
0
We multiply (2.6.32) and (2.6.20), by N=2P, and N~!'R;, respectively, integrate over

2, then sum the resulting equations, we obtain

1d _ _ _ )
5%(”3&”2—2"”||R||2+'7||R||2—1)+||Pt||2+€||Rt||2—1+‘7||Pt||2—2+/9h<t)PtN 'P,dx

1 -1 =

Q
Since

-1 _ =1 €, _ €, =
le(NZuy, N2 Ry)| < §||Ut”2_1 + §||Rt||2_1

IN

€ €, 5
ShaellZy + Sl B2y,
2 2

then it follows from (2.6.33) that

1d, - _ € - )
3 IR+ IRIE, 4 2IRIE D + IPIP + SIRAE + AP, + [ HOR N Pudo

+/h/(t)PN—1Pt dr < ellw]]?;. (2.6.34)
Q
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We have

\h(t)N ' P,|*dx
< sup [lg'(s¢°(t) + (1 = 8)o(t)) [0y [N P12

< QU3 Il P12

<CO|P|?*,,  Vt>0, (2.6.35)
then

| [ Pty N Pede] < 1P )N
Q

1
<CIRIZ + 1P (2.6.36)
Moreover, we have

/ —1
]/Qh(t)PN P, da|
1
< / / 9" (s¢°(t) + (1 — s)p(t)] [ (s (t) + (1 — s)¢u(t))] |P| [N~ Py|dsda
QJ0
< c|INT' Bl Pllza(lleg] + lloell)
< || P =1l Pl (sl + 1 oell)

< ZIBP + el P (16517 + llgell?) , vt > 0. (2.6.37)

-
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Owing to (2.6.36) and (2.6.37), we get

d _ _
ZRIP + B2 + ARIZ) + [P + el BellZy + ol 22

< clelfuly + IPIRAGHE + 0P + 1R, vezo0. (2639
Hence
(IR + Rl + ol BIZ)
< el + eclul2y + | PIR(I6512 + 1ul?) (2:6.39
where

Eno(t) = | RIP + | P2, + Y| RIZ,

We multiply (2.6.39) by ¢, then we integrate between 0 and ¢, we find

t(IRON” + 12012 + VI ROI)
<c(l+ t)/o [IR)IT + P12y + s ()1 + Nloe(s) I NP(s)IIT + ellue(s)]|2,] ds

<c(l+t)eet, Yt >0,

due to (2.6.1), (2.6.19), (2.6.30) and (2.6.31). Hence

IROI* + IO + IR, <

141 /
( ;l— )cee”, vt > 0,
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therefore,

and

IR@I* + |1 P(6)]2 < cee™,

vt

vV
Q=

IR + 1 B0)]12, < cee™ + [m(R)[?

't
< ciee” ",

Collecting (2.6.30) and (2.6.41), we deduce that

IP@IT + e RO + [R@)I2 < cee™,

vt

In addition, on account of (2.6.41) and (2.6.30), we have

Now, since

>

Q|-

vt

>

IP@OI5 < (IO, + 1PN + [1R@)])

< eI + [PO1F + [1RO])

< ceet Vit >

SHE
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then, by virtue (2.6.17) and (2.6.18), we obtain

el RO < 2e(lu @) + Nu®)]7)

<ce, Vt> % (2.6.44)

Hence,
IP@IE+ RO + [ RO < e, W2 (2645
as required. |

We recall the following transitivity of the exponential attraction property.

Lemma 2.6.2 (cf. Lemma 4.1, [23]) Let By, Bs, Bs C V;, be such that

diSth,e (S(t)Bl,BQ) < Mle_clt, diSth,e (S(t)BQ,Bg) < Mge_CQt, Vit > 0,

for some ci,co > 0 and My, My > 0. Assume also that for all zy, 2z € V; there holds

1S(t)z1r — S(t)zallvy, < Moe®||21 — 2o|lvy., VYt >0,

for some ¢y > 0 and some My > 0. Then it follows that

disty, (S(t)Bi, Bs) < Me™, Vt >0,

where ¢ = —22— and M = MyM; + Ms.

co+c1+c2
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Now, theorems ensuring the existence of a family of exponential attractors which are
Holder continuous with respect to some perturbation parameters are available in the

literature. Here we report the following result.

Lemma 2.6.3 ([22], [37]) Assume that there ezist »; € (0,1] and T; > 0 (all inde-
pendent of €), and such that the following conditions hold:
1. The map L. is continuous in the metric topology of L*(S2).

2. There exists t* > 0, independent of €, such that

Se(t)8376 C 8376, Vvt > t.

Moreover, setting S.(t*) = S., the map S. satisfies, for every z1,zs € Bs.,,

[Sez1 = Sezallv,. < Tillz1 — 22flvy..- (2.6.46)

3. For any z = (¢o, $1) € Bs, there hold

HS;m((ﬁo, le) — Sm(¢0, L7¢0)’|V1,e < Tglehl, Ym € N, (2647)

[Se(t) (G0, 1) — S(t) (G0, Lydo) v, < Tse™, Vit e [t*,2t7]. (2.6.48)

4. The map z w— Sc(t)z is Lipschitz continuous on Bs. endowed with the metric
topology of V1 ., with a Lipschitz constant independent of € and t € [t*, 2t*].

5. The map

(t,2) = Se(t)z : [t*,2t"] X B3 e — Bse
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is continuous, where Bs . is endowed with the metric topology of V; ..

Then there exists a family of exponential attractors E. on HBsz = E:: with the

following properties:

(i) & attracts P35 with an exponential rate which is uniform with respect to €, that is,

diStVLe (Se(t)f@i’nge) < %1€_Wt7 Vi > 07

for some .#; > 0 and some w > 0.

(ii) The fractal dimension of &, is uniformly bounded with respect to €, that is,

dimVl,e [gf] S %27

for some .#5 > 0.

(iii) There exist positive constants .3, @, € (0, 3] such that

disti;ylrz(ge, (5)0) S %36721, (2649)

for all € € (0, 1], where £ is an exponential attractor for S(t) on X = Bgl given that
Conditions 2, 4 & 5 are satisfied in the metric topology of V;. Here w, w; and .#; are

independent of €, and they can be computed explicitly.

Remark 2.6.1 Estimate (2.6.49) is a consequence of the estimate

diSt?:Z(ge, (8)0) S .//3€w1
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guaranteed by Lemma 2.6.3 and the fact that ||z||v,. > |||y, V2 € V1.

We prove now the main theorem of this chapter.

Theorem 2.6.1 Let the assumptions of Theorem 2.4.1 hold. Then, for any o > 0
and every € € (0,¢€p), the semigroup Sc(t) possesses an exponential attractor £ on
V%, that is,

(i) £ is compact and positively invariant, that is, S.(t)ES C EX, Vt >0,

(ii) the fractal dimension of E* is uniformly bounded with respect to e,

(iii) there exists a constant 30 > 0 such that, for every bounded subset B C V2, there

J€

exists a constant 31(B) > 0 such that such that (30 and 31 are independent of €)

disty, , (Se(t)B, &) < 31e7%", vt > 0.

Moreover, there exist 0 < wy, wg < % and Ms, Mg > 0, all independent of €, and a

family of exponential attractors E& that satisfies the following property

dist}y™ (EF, (E%)o) < AM5e™?, and therefore disty]” (EF, (E€)o) < Mse™

for all e € (0, €.

Proof. On account of Lemma 2.6.3, we check all the assumptions 7-5. This will

. . Ve e :
prove the existence of exponential attractors £* on Bs. ' satisfying the estimate

disty, (S.(t)Bsz "%, E%) < c(rs)e™ !, Vi >0, (2.6.50)
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where ¢y > 0 only depends of «, and ¢(r3) > 0 depends on the radius of the absorbing
set Bs . (where both ¢ and ¢(r3) are independent of €). Then, we can extend the basin
of attraction of each exponential attractor from @VI’E to the whole phase-space 7%
by using Lemma 2.6.2, on account of Lemma 2.6.4 and Estimate (2.6.50).

Observe first that there exists t* > % such that S(t)Bs C Bs, for all t > ¢t*.
Let (¢o,up) € Bs.. Recalling (2.5.8), to verify Assumption I, we will prove that L, is

continuous in the metric topology of V;. Indeed, we have

|Lyd1 — Lyga|| < c(||gp1 — d2ll2 + |lg(o1) — g(é2)]])
(|61 — dalla + [|61 — a])
c(lé1 — dall + b1 — dallF)ldr — dall?

1
< cl|¢1 — 21,

owing to interpolation estimate ||¢|lz < ||<;5H1 HqﬁH% the boundedness H(;SH;% < c and

(1) — =[5 9 (s¢1 + (1 — $)p2))(¢1 — ¢2) ds. Hence, L, satisfies Assumption 1.
Estimate (2.2.133) entails Assumption 2. As ¢* > 1, Estimate (2.6.16) holds, so that
Assumptions 3 follows.

Thus we are left to prove Assumptions 4 and 5. Indeed, defining

(@(1),u(t)) = Se(t)(dor,u01), (D), u(t')) = Se(t') (o2, uo2),
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with (po1, uo1), (do2, uo2) € Bs,., and t,t" € [t*,2t*], we obtain

1Se(t) (P01, uor) — Se(t)( oz, to2)|v:..
< ||Se(t)(<;501, Up1) — Se(t/)(%l, u[]l)Hvl,e

+ [Se(t") (o1, wor) — Se(t') (P02, to2) ||y,

On the one hand, by utilizing (2.2.91) and (2.2.92), we have

|Se(t) (o1, uor) —Se(t) (o1, wor) vy
< c(lo(t) — o)l + Vellu(t) — u(®)| + Ju(t) —

(2.6.51)

u(t)[|-1)

¢ / lée(s)lluds| + Vel / () ds] + | / Jeae(s) | vds)

<ttt —t|2.

On the other hand, it follows from (2.2.116) that

|Se(') (do1, uo1) — Se(t') (o2, uo2) vy

< c(t)|[(Bo1, uor) — (¢o2, to2) ||y, Vt' > 0.

Hence, we conclude with

|Se () (Po1, uor) — Se(t')(doz, uo2) ||y,

<t ) (|t — t|% + [[(¢o1, wor) — (o2, wo2)[|v,.)-
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Lastly, we notice that the semigroup S(¢) of the unperturbed problem (2.3.1) possesses
an exponential attractor £* on %3 in the metric topology of Vi (cf. also, e.g., [35],
[31]) and the basin of attraction of £* can be extended to the whole space 7;* as well.
This completes the proof of the theorem. |
In Theorem 2.6.1, the basin of attraction of each exponential attractor was extended
from KVLE to the whole phase-space V; .. To prove this result, we exploit Lemma 2.6.2

and the next Lemma.

Lemma 2.6.4 Let g € C? and Bs is a bounded absorbing set in Vs .. For any bounded
set B C Vj with R = supeep |||y, ., there exist ¢ > 0 independent of R, and K(R) > 0

that depends on R (all independent of €) such that

disty, .(S.(t)B, Bs.) < K(R)e ™, Vt > 0.

Proof. Since Bs, is absorbing set, then for any (¢o,up) € B abounded set in V,

there exists ¢1(B) such that

S.()B C Bs., ¥t >t,(B),

hence

disty, .(S.(t)B, Bs.) =0, Vt > t,(B). (2.6.55)

Now, we need to show it for 0 < ¢ < ¢;(B):
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On account of (2.2.38) and (2.2.70), we obtained

1(6(t), u())llv, . < QUI(¢o, uo)llv, Je™" + ¢,

< C(R), Vt>0,

where (¢(t),u(t)) = Se(t)(¢o, uo). Since Bs . is a bounded set in the metric topolgy of
V1, then for any (v, p) € Bs, we have [[(¢, @)y, . < 73.

Hence, the difference is also bounded in the metric topology of V; . Indeed,

1@, u) = (¥, @)l e < 1(@,u)llvie + 1@, )y

<C(R), Vt>0, (2.6.56)

therefore, we can deduce that

diStV1 e(Se(t)Ba 8376) = sup Hlf H((b, U) — (¢, SD)HWle S C(R)’ Vt Z 0,
| (Gu)cS. (1) (P)EBs.c ,

so that

disty, . (Sc(t)B,Bs,) < C(R)e "B vt >0, ¢ >0,

then when we take 0 < ¢ < ¢;(B), we have

disty, , (Se(t)B, Bs,) < C(R)e™®, YVt e [0,t:1(B)], Ve > 0. (2.6.57)
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Thus, on accout of (2.6.55) and (2.6.57) we obtain

disty, . (Sc(t)B, Bs) < C(R)e™, V¢ >0.
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CHAPTER 3

INERTIAL MANIFOLD FOR

CONSERVED VISCOUS

PHASE-FIELD SYSTEM

We considered the conserved viscous phase-field system

/

¢t + N(di + Nop+g(¢) —u) =0, inQ xR,
€uy + ¢ + Nu =0, in Q x R, (3.0.1)

¢|t=0 = <Z507 U|t=0 = U,

where € € (0, 1], the operator N is same as in the previous chapter and the nonlinear
function g(¢) satisfies the Conditions (2.0.2)-(2.0.5).

For every r > 0, we define the Hilbert space

Zr,s =V, XV,
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normed by

r r—1 _ r—1 _ 1
[(ur,us)| 2, = Clluallf_y + |N2ud||* + 26(N = @, N2 i) + €[|us|7_, )7,

with the scalar product

r—1

(U, V)z,, = 2(N"7 iy, N7 0y) + 2|Qm(ur)m(vy) + (N3uy, N5vy)

r—1

+€(N 2 al,N%EQ) +€(NT;71171,N

r—1 _

> i)

T

+ E[(NT Gy, N7 05) + |Qm(us)m(vs)], (3.0.2)

VU= (Ul,UQ), V= (’01,1}2) S Zne-

We set

22 ={U € Z,.,|mU)| < a}, U] = (] + us?)?,

Vit ={ueV,m(u)] < a}.

For every (¢q,ug) in the phase space 2~

j?e’

the problem (3.0.1) has a solution in Z7%:
We multiply (3.0.1); and (3.0.1)2 by ¢ and eu, respectively, integrate over €2, then

sum the resulting equations, we obtain

d _ _ _
5 77 17 + 9117 + € [lull®) + 16115 + ellall} + (eu, 61) — (Nu, ¢) < Culll7. (3.0.3)
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On account of (3.0.1)s, we have

(e 61) = (e, 6) ~ (e )

= e 8) + (60.0) + (Nu, 6)

dt
d
= 2 ((ew,0) + 9]) + (Nu,6), (3.04)
hence
1d , - _ _
o7 (10113 + € llull® + 2118l + (eu, @) + [|9l5 + ellal]] < Cul|o]l}- (3.0.5)

We multiply (3.0.1); and (3.0.1), by N~'¢ and eN~'u, respectively, integrate over
2, then summing the resulting equations, and by proceeding as we did in (3.0.4), we

obtain

1d - _ ) - _ )
577 Il + 1017 + € llallZ, + (eN"'a, 6) + 1] + 02/QG(¢)d$ +ellal* <.

(3.0.6)
Summing (3.0.6) and 9;(3.0.5), with 9J; > 0 small enough, we deduce
d
T H ) + cH() +c([6]l5 + el|ull}) + Co / G(¢)dr <c, (3.0.7)
Q

where

H(t) = 01(I¢l1F + €*[lull* + 2[161” + (eu, ) + 21012, + [|0]* + *l|all2, + (N~ eq, §).
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Apply Gronwall’s Lemma to (3.0.7), then integrate it from ¢ to ¢ +r, r > 0, we find

t+r
oz, + [ (ol + el + [ Goar ) ds < Qe wl, e +
t Q

(3.0.8)

Next, multiply (3.0.1); by N7'¢; and (3.0.1), by u, we get

| =

(W +elul?+2 [ Glo) dx) Tl + ]2, + 20l = o,

DO | —
QL

t

by using Uniform Gronwall’s Lemma, on account of (3.0.8), then integrating it from

t tot—+r, we find

t+1
() + / G(¢)da-te / (gl + llull2) ds

< Q(|l(¢o, uo)||22jye)«'3_Clt +c, Vt>T (3.0.9)
We differentiate (3.0.1); with respect to t to obtain

du+ N(du + Ny + ¢ (0)pr — ug) = 0. (3.0.10)

We multiply (3.0.10) and (3.0.1); by N~'¢; and w,, respectively, integrate over 2,
summing the resulting equations, then apply Uniform Gronwall’s Lemma, on account

of (3.0.9), we find

lee ()21 + lloeI” + )T < QU (o, uo)lIZ, Je™ +¢, Vit =2r.

129



From (3.0.1);, we have

8112 < e(llgel® + lull® + lI#1I7)

< QlI(do,u0)l1%, Je™ + ¢, Wt >2r, (3.0.11)

so that

I(e(t), w(t)IZ,, < QUI(¢o, uo)lIZ, Je™ +c, Vit =2r.

Next, we multiply (3.0.1); and (3.0.1); by N¢ and eNu, respectively, integrate over

Q, then sum the resulting equations, and by proceed similar to (3.0.4), we obtain

| =

1 -
(lell3 + ellull; + 2[1ollF + (eNu, ¢)) + §H¢H§ +ellall; < QUlelDlelT, (3.0.12)

N
QL

t

hence

SVt < QW) where V(D) = |63+ €ull + (eNu, o).

Next, we proceed as we did in Chapter 2 (section 2.2.2), by using comparison principle,

we can obtain

I(e(t), u®)IZ,, < QUI(¢o, uo)lZ, Je™ +¢c,  Vt>0.

Thus, we can deduce that there exists absorbing sets Cj . C o@ffe of the form

Cie ={(p,¥) € Z7, I, V) 2, <75} (3.0.13)
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Now, we will report the following results that were proved in [6, Theorem 2.1].

We consider the problem

U+ AU + G (U) =0, (3.0.14)

U|t:0 = UOa

in &~

]76,

for every € € (0,1].
Assumption (H1). The operator A, : Z(A.) — 2% is linear and satisfies the

following conditions

o A, is maximal accretive, that is, (A.U,U) > 0, Yu € Z(A,), and the range of

I+ A. is equal to Z,

o A is closed and Z(A,) is dense in Z7}.

There is an orthogonal projection P of finite rank n such that 2% = P2 © Q27
where Q@ = I — P. There is an increasing family {7 }ren of eigenvalues of A..
Assumption (H2). The nonlinear function G. : 277 — 2 satisfies the following

conditions, for all U and V' in Z7%

1G(U)||2;,. < Mo (3.0.15)

[G(U) = Ge(V)lz,. < MuflU = Vg, (3.0.16)
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where My, My > 0 all independent of e.

Assumption (H3). There hold

’Ye,nJrl - Ve,n > 6M17 (3017)

Yen > 3Mi, (3.0.18)

where M, is the same as in Assumption (H2).

Assumption (H4). Problem (3.0.14) generates a continuous semigroup

Se(t): 2t — 25, Uy U(t), t >0,

]76’

where U(t) is the solution to (3.0.14) at time ¢ > 0.

We now state the following result.

Theorem 3.0.1 /6, c.f. Theorem 2.1] Let Assumptions from (H1) through (H4) hold.
Then, there exists a positive integer n independent of € such that, for every e € (0,1],

Equation (3.0.14) has an inertial manifold M. in 2%, that is,

e M. is a finite-dimensional Lipschitz manifold in Z}% and dim M, = n,
e M., is invariant under Se(t), that is, S‘e(t)/\/l6 =M, Vt>0,

o M, is exponentially attracting, that is, there exists a constant k such that, for

every Uy € £~

]767

there exists a constant C = C(||Us||z,.) > 0 such that ( k and

C' are independent of € )

distz,  (Sc(t)Us, M.) < Ce ™, vt > 0.
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Now, in order to apply Theorem 3.0.1 for Problem (3.0.1), we will check that the

Assumptions (H1), (H2), (H3) and (H4) are satisfied.

First, we need to introduce the "prepared problem”:

¢+ N(or + No +9(¢) —u) =0,
(3.0.19)

Eut+¢t+NU:0,

where

a(0) = (1) g0,

j
rj is the radius of the absorbing set Cj. C Z% for a semigroup S(t)|ze, and 6 :
R* — [0, 1] is a C* function such that 0(s) is equal to 1 when 0 < s < 1, and is equal
to 0 when s > 2, and |0'(s)] < 2, Vs > 0.

We note that g € CI(V;.‘“,VJ"‘) and its derivatives are globally lipschitz on V; and

there exists a constant ¢y > 0 such that

lg(o)ll; <o, Voe VS, (3.0.20)
la(@1)—a(2)ll; < collpr — dall;;  Vou,é2 € VS, (3.0.21)
lg'(@)vll; < collvlly, Vo0 € VT, (3.0.22)

see [41]. Now, we rewrite system (3.0.19) in the following form:

U+ AU+ G (U) =0, (3.0.23)
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where U = (¢, u). Let A be the operator
A=(I+N)"*

so that

G(U) = (ANG(6), ~~ A No(4))

and

AN? — AN

—LAN?  IN(A+T)

The operator

Ac: D(A) = Zjiae = Via x Vi = Zjc,
satisfies the monotonicity property:

Jj+1 J

(AT, U)z,, = | A2 NFw|? + | A2 NF w|]? + €| N |

Jjt2 J

— (/\N%ﬂ,g, N%fh) — (/\NTﬂg, Niﬂl) + (N%Ub N%UQ),

Jj+1 J

= | AT NFw|? + || A2 N w||? + | N3u, |2,

>0

)
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for U = (u1,u2) € Z(A.); this result is owing to the following

J it2 J

_(/\N%’ELQ, NE’ELl) - (/\NTQ_LQ, Naﬂl) + (N%Ul, N%UQ)

The operator A, has a positive eigenvalues

+ Ak

it = m(z + (e + DN £ /(e + DAk + 22 — 4e(1 + M) M),

for k=0,1,2,.... and corresponding eigenfunctions

U];t - (elm _ﬂ%ek%

where

i = % (2 + (1 =M £V (24 (14 e)Ap)? — 4eXi(1 + m) ;

{Ax} are eigenvalues of N ordered in an increasing sequence and {e} are the corre-

sponding eigenfunctions which form an orthogonal basis L?(£2).
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From (3.0.23), by integrating over ), we get

so that

m(U(t)) = m(Uy), VteR.
We notice that
IU)]|z,. = IN"Z @I + |[N2g||* + 26(N"= ¢, Nz a) + €| N a>

+2Q|m(e)? + E|Qm(u)? )2,

ITDz,. = QINZ6|° + IN2g|* +2¢(NZ ¢, N7 @) + [N = a||* )2

so that

U@z, = (IO, + 2120m(@)* + €[Qm(w)* )2

(SIS

< (10O, +219] n(6)* + m()*))

< (1012, + 290 m@)F )"

Now, if |m(Up)| < « then
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Proposition 3.0.1 For every e € (0,1], if Uy € Z2, then Problem (3.0.23) possesses

]767

a unique solution U(t) such that U(t) € C([0,T]; Z7%), for any T > 0.

Proof. First, we notice that

IGO)I1%,. = IN"Z (I +N)"'Ng(@)|> + [N} (I + N)"'Ng(¢)|
< [la(@)II2, + la(e)]2
< cllg(0)|2

<c¢, VU= (pu)e 2, (3.0.30)

due to (3.0.20). Moreover, on account of Poincaré inequality and the Estimate (1.4.1),

there holds

o+2 )\1

| A2 NFpl 2 T IVEel Vo R voe V. (3.0.31)
1

Owning to (3.0.25), (3.0.31) and € > €2, we have

j+1 Jj+2

(AU,U)z,, = || A2 N5 |+ || A7 N7 |2 + ]| N 2o %,

A LRy SN ERRE WIS E
Y 1 T 1 1 2
6/\% j—1 j-1 6)\% j—1 i1
— =  (Nz7uy . N2 y) — —— (N zu, N2 u 3.0.32
T Ia g N T e N ) = e s (N, N ), (3.0-82)

and by using Young’s inequality, we notice that

GA% e il A% i—1 € i—1
(N, N ) > (N P = SN
TV TN Tw) 2 TS IV Al - N )
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it follows from (3.0.32) that

(AU, U)s,,
3N2 i1 A2 i 16A; + 15A3
1 9IINZ s lI? 1 Nz l? —1 2 N
)\2 i—1 i=1
_ 1 o(NFa, N7 a
(TS 2e(N77 0, N )
_ M (2HN%@1H?+ IN3@|2 + || NF a2 +2e(N%a1,N%a2))
T 8(1+ \y)
A (303
8L A) " E -

due to (3.0.27).

We take the (.,.)z, - scalar product of (3.0.23) with U to obtain

1d

s IUIE, + (AU U)z, + (G(U), V), =0, (3.0.34)

J,€

by utilizing (3.0.33), we get

Ld A2

— U2 <2[GU)| =
8(1+)\)” 1z, < 2[G(U)]z,.

Ullz,.. (3.0.35)

once (o5 2|Q| [m(U)[?) is added to each side, we can use the relation (3.0.28) to

8(1+>\ )

obtain

1d, ., A2

= — L U|Z <2[GU)|z
2dt|| ||Zj,e + 8(]. + )\1)” ||Zj,e — || ( )||ZJ,€

Ullz,. +m(U)*. (3.0.36)
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Hence, by virtue (3.0.29), (3.0.30) and using Young’s inequality, we get

d 1
U1, +alUls, < ~IGW)|E,, +do®
1

/\2
< =1 3.0.37
-~ ca C1 16(1 + )\1) ( )
Integrating the equation from 0 to t, we deduce that
UM%, < |UollZ, e+, vt > 0. (3.0.38)

We also notice that

|G(U) - G|,
= N2 (1 + N) ' Nlg(61) — g(@a)][ + [IN*(I + N) " Na(¢1) — 8(6)]]?
< lla(é1) — 8(d2)lli-1 + la(d1) — g(¢2)I]]
< ¢l — ¢al?

< C||U1 — U2||2j7€, YU, = (le,ul), U; = (¢2,u2) € Zj’g’ (3039)

due to (3.0.21).
To show the uniquence of the solution, we take the (.,.)z, - scalar product of the
difference W = U; — Us of two solution U; and U, of propblem (3.0.23) with W, we

obtain

1d

§E||W||%j,e + AW W)z, +(G(U) = G(U2), W)z, =0, (3.0.40)
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hence

CIWIE, < 206 ~ CWlz,. Wz,
<c|W|, . (3.0.41)
Integrating this equation we deduce that
W@, < IWol%, e, vtelo,T]. (3.0.42)
This finishes the proof of the proposition. |

Thanks to Proposition 3.0.1, we can define the continuous semigroup

S(t): Zo— 7z

Je

Uo'-)U(t), tZO,

where U (t) is the solution to Problem (3.0.23) at time t.
Moreover, from (3.0.38) we deduced the existence of an absorbing set for S, (t) on Z5

of the form

Bje={U € 2., UMz, <rj} (3.0.43)

Now, we will show that Assumptions (H1), (H2), (H3) and (H4) are all satisfied.
Assumption (H1):

We will start with the following proposition.

Proposition 3.0.2 For every € € (0,1], the operator A, is defined on Z;., and
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satisfies the following conditions

e Ac is a mazimal accretive operator, that is, (AU, U)z, >0, YU € D(A.); and

the range of I + A, is equal to Z; .
e A, is closed linear operator and P(A.) is dense in Zj..

Proof. First, the estimate (3.0.25) gives (AU, U)z,, > 0, VU € Zj.. To
complete second part the range of I + A, is equal to Zj ., we need to prove for every
U* € Zj,, there exists U € Z; 5, such that (I + A)U = U*. Indeed, for every

U* = (u*,v*) € Zj, there exists U such that

(I+A)U=U"
that is
(I + AN?*)u — ANv = u*, (3.0.44)
1 ]- 2 *
(I+-NA+1I))v——=ANu=1", (3.0.45)
€ €

by finding v = (AN~ + N)u — AP N~1u* from (3.0.44), then substituting v into

(3.0.45), we obtain

(N1+2+EI+1+EN+1N2) w=v"+ (N1+2+EI+1N)U*€VJ‘27
€ € €

€ €
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due to U* € Z;.. Consequently, there exists a solution u such that
u € Vija. (3.0.46)
Now, from (3.0.45), we deduce that
<[+%/\N+%N) U:%/\Nzu-i—v* eV,

due to (3.0.46) and U* € Z;.. Similarly, there exists a solution v such that v € Vj,;.
Thus,

U= (U, U) € Zj+2,€.

From first and second parts, we deduce the operator A, is maximal monotone.

Now, on account of Lemma 1.5.1, since A, ba a maximal monotone operator then
D(Ae) = Zjia, is dense in Zj, and A, is a closed operator and for every A > 0,
(I + \A,) is bijective from Z(A,) onto Z;., (I + AA.)™" is a bounded operator.
Hence, the result. |

Recall that we set

(e

G
X, =span{UF k=1,...,n}, Y,=span{U- k=n+1n+2,...} ™,

142



and

01 = {Nl_’:u:w maX{M;?/‘LY—;} < i, }s
oy = {1 sty gy < gy, < min{yyt, pin}},
an = Span{Ul_v U%Mﬂﬂ; € 0'1},

Xpo = span{U}", ;. < p, < 1}
We have

3 1
o+ iy :Z(2+(1—E)Al),

L Al
A==

(3.0.47)
(3.0.48)
(3.0.49)

(3.0.50)

(3.0.51)

(3.0.52)

When 5 =0, and for Uy = (e0,0) € X1, Ui = (€9, —2e) € Xy, we deduce

Uy, Uf) =2+ X —2=0,

and for U, € X,,; and UZJr € X,,2 there holds

i—1 i=

(U7 UF) =2(N'7 &, N'T &) + (Nie, Nie) + 2[Qmler)? — e(N'T e, N'T fife;)

) — - o~ =1 _ =1 _ ~ o~
—e(NZ e, N7 jiye)) + €t iy (NZ &, N7 &) + it iy |Qmi(er)?

= 2N N ey EON T EXN T i
=N T N 24+ (T —)XN T —eN

=0,
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due to (3.0.51) and (3.0.52).
As a consequence, X, is orthogonal to X, and to Y,,, and we have 3‘;02 = X1 D

Xno @Y, with respect to the scalar product (.,.)#,, and we set

(o@?‘i)l = an and (o@?i)Q = XnZ >, Yn

Let P and @ be the unique orthogonal projections onto (Z;%), and (Z}%)2, respec-
tively, where Q = I — P.

Assumption (H2):

It follows from Estimates (3.0.30) and (3.0.39).

Assumption (H3):

Let

M = 6M; = 6¢ > 0, (3.0.54)

where M; = ¢ is given by (3.0.39). There hold

s — iy > M, (3.0.55)

provided there exists a positive integer n such that A, > 1 and the following condition

is satisfied

Ani1 — An > 8M. (3.0.56)
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Indeed, if d = 1, then this is immediate, and if d = 2, then the result is well-known on
a rectangular domain €2 = [0, L;] [0, Ls|, where L; /L, is rational, due to I. Richards
(see [39]). When d=3, it holds true on the unit sphere (c.f., e.g.,[43]).

Of course, the latter estimate (3.0.56) implies that

Aoy — A2 > 8M (A + A1) (3.0.57)

Now, we have

_ A

— _ 2 _ 2 22
L BEIESW (QF(EFl)Ak \/(Ak4—2) 2e)\; + € Ak),

so that

_ - )\’rH-l 2 2 212
Hnst = P = 500030 (2 + A1 — \/(/\n+1 +2)2 = 2N + X

A
M (24— /O 122 — 2002 1 22
241+A0( A0 = VO T 22 =260 + €N
)\2 2
TN, =~ W S VS V2

20+ Mer)  2(1+ M)

we rewrite it as

Pos1 = My = he(n) + M,
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where

)\n—i-l )\n
he(n) = —"—— (24 X1 — VWii1) — = (24 X — VW,
(n) 2¢(1 + Ay1) ( T An = VW “) 2¢(1+ \) ( * )
A2 A2
+ ntl n____ M, 3.0.58
201+ Ang1)  2(1+ An) ( )
and
Wi = +2)% =2\ +€X, k=nn+1

On account of Lemma 3.0.1, we have

An An o
m (\/Wyﬁ-l - (2+>\n+1>) _m ( Wn_ (2+)\n)>
€2)\3 €2)\3
< ntl n__ 3.0.59
AL+ M) 41+ A ( )
it follows from (3.0.58) and (3.0.59) that
1, Mg An
— (2 + Ay1) — VW, ———((2+ \,) — /W,
26 (1+)\n+1) <( =+ Jrl) +1> (1_|_)\n) <( =+ ) )|
eX3 eX3
< ntl n___ 3.0.60
T 814 A1) 8(1+A,) ( )

Thus
A2 A2 A3 A3
he > n+1 . n - M — n+1 o n )
(n) 214+ A1) 2(1+ M) ‘ <8(1 + As1) 8(14Ay)
)\2+1 /\2
> z — - M
414 Mg1) 41+ N)
A2 A2 A3 A3
+ e n__ ¢ ( ntl n ) . (3.0.61)
41+ Mpy1) 41+ Ny) 8(1+ At1)  8(1+ M)
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AL An
There holds 4(1+/\+n1+1) o M > 0. Indeed,

T
414+ A1) 41+ M)
1
- 8(1 + A +1)(1 + A ) ([)\iﬂ - )‘721 - SM] + [>‘721+1 - )\i - 8M()m+1 + )\n)])
AnAn
+ a ()\Tl-‘rl - )\n - 4M>

41+ A1) (1 + )

>0, (3.0.62)

due to (3.0.56) and (3.0.57).

There also holds

- — € - ) € N
(3.0.63)

whenever (3.0.56) is satisfied. Indeed, on account of (3.0.56) and (3.0.57), we have

22, (14 M) = 22(1+ Aupy) 1
MNoaT+20) = B0+ M) e
_ 2>\§z+1(1 + )‘n) B 2)‘i>‘n+1(1 + >‘n+1> B [)‘2—1-1(1 + )‘n) - )‘2(1 + )‘n+1)]
B P‘?p—s-l(l + An) - )‘%(1 + )‘nJrl)] )‘n+1
At (L4 A0) = M At (14 Aagr) + A5A + Aasr) = Mt (14 Angr)
Anar (T An) = A (L + Apst)] An
)\77/"!‘1[()\37,—0—1 — )‘721> + >‘n+1)‘n()‘n+1 — An)] — )‘%(1 + )‘n+1)()‘n+1 — )‘n)
Ao (L4 An) = A5 (L + Apst)] A
_ ()‘n-i-l B An>[<)‘721+1 _ )‘i) + )‘n+1)\n()‘n+1 - )‘n) + )‘n)‘n+1]
a [)‘i+1(1 + )‘n) - )‘%G + )‘nJrl)} )‘n+1

>0, (3.0.64)
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hence

12000 (4 An) = A+ Ansa)]

D<e< < .
S e R (A =B )

(3.0.65)

Thus, we entail (3.0.63).

Now, on account of (3.0.63) and (3.0.62), we can deduce that

he(n) > 0,

hence (3.0.55) holds true, for all 0 < € < ﬁ, provided (3.0.56) and (3.0.57) are

An
satisfied. Thus, Assumption (H3) holds.
Assumption (H4). It holds true on account of Proposition 3.0.1.

The following lemma is used to show Assumption(H3).

Lemma 3.0.1 For any € € (0, 1], the function

— 2 _ 9cq2 | 222 _ L
f(x) 1+x(\/(2+w) 2ex? 4 €222 — (2 + 2) 167
is decreasing function on RT.
Proof. First, there holds
1
V(2 +1)2 — 222 + 222 — (24 1) — 162332 <0, (3.0.66)

Indeed, we observe that (2 + x)? — 2ex? + €?2* = (¢ — 1)%2? + 4z + 4 > 0, hence the
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sign of

VO =2 e - (24 0) + 1,
is same as that of

(240 = 260 + 2% = [(2 4 2) + 307,
and

1
2+ $)2 — 2ex? + 22? — (2 + ) + 16%2]2

1 1
= (2 -+ SU)Q — 26.%‘2 + 52x2 —_ (2 + .”E)2 _ —645174 . 5621'3

16
1 1
= —2ex? — %2 — —€ta?
2 16
< 0.
Second, there also holds
2 -2 2 1
+z €T + €T 1 te 0
V(2 + )2 — 2ea? + €222 2
Indeed, the sign of
2+x — 2ex + €*x ] 1,
—1— =€z,
V(2 + )2 — 2ea? + €222 2
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is same as that of

1
[2+2 — 2+ 2] — (1+ 5621’)2[(2 + 1)? — 2ex? + 227

=12+ 22— (14 %e2x)2[(e C 120 4 da 4],
and

(e = 1% +2 — (1 + 5ea[(e ~ 1% +4x + 4
=(e—1"2?+4(e— 1)z +4— (e—1)%2" — 4o — 4
— (Ex + }164x2>[(6 —1)%2% + 4o + 4]
=—(e—1)%2°[1 = (e = 1)*] —da[l — (e — 1)7]
— (&x + }164$2)[(6 —1)%2% + 4z + 4]

e 1222 — € — dex2— ] — (S + %164952)[(6 1% 4 dr+ 4]

<0,

due to (2 —¢€) > 0.

Thus, on account of (3.0.66) and (3.0.70), the sign of f/(x) is negative. Hence, the

result.

Now, we can state the following result.

Theorem 3.0.2 Let Assumptions from (H1) through (H4) hold. Then, there exists a

positive integer n independent of € such that, for every e € (0, /\;ﬂ], Equation (3.0.23)

has an inertial manifold M in Z~

]76)

that is,
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o M¢ is a finite-dimensional Lipschitz manifold in 2% and dim Mg = n;
e M is invariant under S.(t), that is, S.(t)M® = M®, Vt > 0;

e M is exponentially attracting, that is, there exists a constant k such that, for

every Uy € Z~

Jr€”

there exists a constant C = C(||Uo||z,.) > 0 such that (k and

C' are independent of €)

distz,, (Se(t)Up, M) < Ce™ | Wt > 0.

It follows from the existence of inertial manifolds that the semigroup S’E(t) generated
by Equation (3.0.23) admits an inertial manifold M. More precisely, there exists a
Lipschitz mapping ®¢ : (27%)1 — (Z]%)2 such that the graph of ® defined an inertial
manifold

ME=A{p+02(p), p € (LT},

for S(t) of dimension n independent of € in the metric indicating by the norm || - || Z.
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CHAPTER 4

A GENERALIZED PHASE-FIELD

SYSTEM

We consider the Generalized Phase-field model

o1+ A(Ad + g(¢) —u) +r(¢) =0, in Q x RT,

eur + ¢y + Au+ h(u) = 0, in Q x RT, (4.0.1)

¢‘t=0 = ¢07 U|t=0 = U,

where the operator A is defined in the Subsection 1.4.2, € € (0, 1] and g(¢), r(¢) and

h(¢) are the following polynomials:

2m—1

9(¢) = Z a;¢’,  asm_1 >0, az =0, meN, m>2, (4.0.2)
j=1

r(@) =Y _bj¢’, bwm >0, (4.0.3)
j=1
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where

and

2n—1

h(u) = Z cju', meN,¢, >0, H(s)= / h(o)do,
j=1 0
where n > 2ind=1,2 and n = 3 in d = 3, satisfies the condition
h,<8> > (s, Cg >0, Vs € R.

If ¢ = 0, then the system reduces to

,

G+ A(Ad + g(9) —u) +7(0) =0,

¢ + Au+ h(u) =0,

\¢|t:0 = ¢o.
4.1 Functional setting

For every j, (c.f. (1.5.8)), we endow the Hilbert spaces

and
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respectively equipped with the norms

1@, ) lIw,.. = (lll? + elll2_,)z
and
10, 9) g, = (lell? + 1 ]12-5)%.

Remark 4.1.1 Since h is the polynomial (4.0.5) and by virtue (4.0.6), it is easy to

conclude the following (c.f. [41])

|h(s)| < €(1+ |s]P™), € >0, Vs € R, (4.1.1)
h(s)s > G(|s|PT® — 1), € >0, (4.1.2)
| (s)| < Gs5(|s|PT! + 1), 65 >0,Vs €R, (4.1.3)

where p > 0 is arbitrary if d = 1,2 and p =1 if d = 3,

Moreover, since g is polynomial of order 2m — 1, and as,,_1 > 0, we conclude that

g(s) > —-Cy C; >0, VseR. (4.1.4)

Also, by using Young’s inequality where 2 < 2m and (4.0.4), we obtain

s? <

o=

2m
s77 F ¢y

< pG(s)+cu, ¢,>0,Vu>0 Vs eR, (4.1.5)
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Let M(s) = sg(s) — G(s), then by the integral form of the Main Value Theorem we get
1 04
M(s) = 2 / og/(os)do > ', (4.1.6)
0
that is

sg(s) > =G(s) — Cy, Vs € R, with Cy > 0. (4.1.7)

=~ w

Similarly, setting z(s) = sh(s) — H(s), we have
1 Ch
2(s) = 32/ rh'(rs)dr > 7682,
0

that is, sh(s) > H(s)+ cs?. On account of (4.1.1) and by using Young’s inequality,

we obtain

H(s) < sh(s) — cs®
< Els|(1+ |s[PH) — cs?

< O(1+|s]P™®), Vs € R. (4.1.8)

From (4.1.5), (4.0.2) and (4.0.3), we can deduce the following lemma.
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Lemma 4.1.1 From (4.0.2), (4.0.3) and (4.1.5) we can deduce the following estimates

7 (s)[|* < ‘57</Q[G(s) + 1] dz), 67 >0, (4.1.9)
7' (s)]]* < %(/Q[G(s) +1]dz) € > 0, (4.1.10)
V§>O,3Q>OswmtmmHﬂ”d@”ggzkﬂwdx+q, (4.1.11)
¥ >0, 3 ¢ > 0 such that ||s||* < p /QG(gb) dr + ¢, (4.1.12)

Proof. We have
@) < e / (6)P de.

On account of (4.0.3) and by Young’s inequality with the fact that 2(m — 1) < 2m,

we can find

! 2< b j—1 2d
I @) _c/Q|;jJ¢ 2 du
<c [P
Q

<c /Q G(6) + 1] da.
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Similarly, on account of (4.0.3) and by using Young’s inequality, we have

lr(o)II* < c/ﬂ r()|? da
sc/QE_;quﬂFdx
< C/Q(chPmH)dx

<c /Q G(6) + 1] da. (4.1.13)

From Assumption (4.1.5), we obtain

l6|2 = / 62 de

Su/ﬂG(gb) dr + c. (4.1.14)

Moreover, on account of (4.1.13), (4.1.5) and by using Young’s inequality, we have

r@Plol < ( [ G+ nar) (£ [ coarra), w0
<i([ @) +(C i) [ Glodata
< (| Goyda + u'( | Gloyda) + o
< 2/ /Q G(6) dx)? + ey

<& / GO o) + s <%= 24, Ve > 0,
Q
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4.2 A priori estimates

In the following subsections, we will derive formal a priori estimates. These estimates

and the passage to the limit can be justified by making Galerkin approximations.

4.2.1 Estimates in W,

We multiply (4.0.1); and (4.0.1)s by A~1¢; and u, respectively, integrate over Q, then

summing the resulting equations, we obtain

d
Sl ol +2 [ 6o do)
+2|\u|y§+2||¢t||2_1+2/ (®) A_lgbtdx—l—Q/uh(u) dr=0. (4.2.1)

r
Q Q

We have

[ VA 0.9 00 de] < SO + 5l

< c(/Q[G(s) F1dr) + o, (4.2.2)

due to (4.1.9). Hence on account of (4.1.2) and (4.2.2), it follows that

d :
Sl + 1612 +2 [ Go)do) + ulf + 6+ 26l ulftls < ¢ [ Gils)do +-e.
Q Q

(4.2.3)

158



We multiply (4.0.1); by A~'¢ and we integrate over €2, we obtain

1d

5 Il2: + el + /Q 9(@)¢dz — (u,6) + /Q VA r(¢) VAT ¢ dz = 0. (4.2.4)

Now using (4.1.7), we deduce

1d

3
2dtH¢H21+H¢H%+Z/QG(¢) dr — (u,¢)+/QVA1r(¢)-VA1qbdx <C. (425)

On account of Cauchy-Schwarz, Young’s inequalities and (4.1.12) by choosing p = ¢,

we have

=
&
A

< [l il

7] C
< ZHUH% + 5H¢>||2

1
< Aulft+ 5 [ G@ydo e,

and, by virtue (4.1.11) where we choose ¢ = %, we obtain

| [ VA0 VAT odal < ()]0l
Q
<alr@lel

1
Sg[)G(é)dw—i—a
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It follows from (4.2.5) that

d n

GO 2061 + [ 6lo)dn < Tuli+ €, v >0, (4.26)
We multiply (4.0.1); by ¢ and we integrate over €2, and we obtain

!\¢\!2+|\¢\!2 /Qg,<¢)‘V¢’2d$—(AI/QU,A1/2¢)+/T(¢)¢C[$:O. (4.2.7)

th o

Owing to estimate (2.2.12) and the fact that

rémmmm§wwww

1

< g/QG(qs) dz + c, (4.2.8)

due to (4.1.11); along with the estimate |(A'/%u, AY2¢)| < L|u|? + ||¢]|?, we can

deduce from (4.2.7) that

d 1 1
SOl + 2018 < Sl + caléli + ; | Go)do. (429)
Q

Summing (4.2.6), gy (4.2.3) and ps (4.2.9), with p, g > 0, we have

d

aﬁx>@_mmwm+0———W1/G

+ (Ml - [Q

2
2 2Dl + o2, + 20113 + 2m Bl <
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where

Eq(t) = (eflull + ||¢||f+2/QG(¢) dz) + [|6]%, + p2ll6]1*.

_4

First we choose 1 = po, and we can take p = 77

and g = %inf{é, w1}, we deduce

that there exist ¢, co > 0 such that

d

@El(t)+c(|lu|\%+||¢H%+H¢t||2_1+/QG(¢) dx) +2u Gl < C. (4.2.11)

Now, we noticed that there exist cg, ¢|co,c3 > 0 that are all independent of ¢, such

that
615+l + [ [G(6) +Culd 2 caBr(0),
and
Eu(t) < ca (el + (91 + 1G@0) (o)
< Q(ellu®)I? + 612
then

€ <6IIUII2 +loli + /Q[G(qﬁ) + Cl]dx) — ey < E(t) < Q(ellut)|” + lo()]7).
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Thus, from (4.2.11), we obtain that

d
SE() + By (1) + e (Il + 101+ o2y + ullis) < e (42.12)

Applying the Gronwall’s Lemma 1.5.9 to (4.2.12), we obtain that

E1<t) < El(O)eiclt +c, vVt > O,

hence

(o), u(®) B, . /G )) dz < Q(llgoll} + elluol*)e™" +¢, Vt=0. (4.2.13)

Then, integrating (4.2.12) between ¢ and ¢ + r, by utilize (4.2.13), we find

( I+ 10 + )+ [ G dw+lruHﬁi5)

< QI (b0, uo) I3y, Je™" + ¢, Vt = 0. (4.2.14)

Furthermore, integrating (4.2.12) between 0 and ¢, we obtain

[ ()17 + 1o+ oo + [ o + st ) as

<(1+1)Q (I!(%,UO)H%,G) , Wt > 0. (4.2.15)
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4.2.2 Estimates in W,

We differentiate (4.0.1); with respect to ¢ to obtain

P+ A(Ady + g'(9)de — we) +1'(¢)dr = 0. (4.2.16)

We multiply (4.2.16) and (4.0.1); by A~1¢; and uy, respectively, integrate over €, then

summing the resulting equations, we obtain

1d

S ol + )
+ [l¢ell? +/le<¢>‘¢t‘2d$+€HUtH2 + /{27”’(@25)@ A1, dx+/ﬂh(u) u, dr = 0.
(4.2.17)
We have
|/?”’(¢) ¢ A7 ppdx < |7 (D) 1@l AT bl Lo @)
Q
<l (o) e ]1?
1
<O loell2e + Sl
2 1 2
<ol [ G@)dz+ Dla, + ol (4218)
Q
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due to (4.1.10), and, by using the estimates (2.2.12), ||¢:]|* < ||é¢]|1]|¢¢]| -1 and Young’s

inequality, we can obtain

N =

d 1
& (102, i+ [ #rae) + Ll + elhul? < o [ [66) o+ 1) ol

(4.2.19)

hence

d
% (102 1l + [ #10de) + ol + elul? < [ [60)do + €D ol

(4.2.20)
On account of (4.1.8) and (4.2.14), we notice that
t+r t+r
[ [ ildsds<e [ izt ds
¢ Q ¢
< QI (o, o) I3y, Je™ " + ¢, ¥t > 0. (4.2.21)

Apply Lemma 1.5.11 to (4.2.20), on account of (4.2.13), (4.2.21) and (4.2.14), we find

e (112 + llu(®)] +/Q H(u)dz < Q([[(o, uo)lBy, Je " +¢, VE =1 (4.2.22)

Integrating (4.2.20) between ¢ and ¢ + r, we get

t+r
/t (Ige(s)IF + ellue()I*) ds < Q(Il(¢o, uo) I3y, Je " + ¢, VE =7 (4.2.23)
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Now, we multiply (4.0.1); by ¢ and we integrate over €2, and we obtain

618+ (6) + [ J(@IVoFdo—(w,A0)+ [ r@)ode=0,  (a221)

Q

it follows that

le@)3 < e (lull* + ol + el + Ir(@)]125)

< QlI(do, u0) I3y, Je™ " + ¢, ¥t >, ¥r > 0. (4.2.25)
Thus,

o113 + lee(®11Z + [u@®)IF < QUI(do, uo) 3y, )™ + ¢, Yt = 1. (4.2.26)

Next, we will proceed as we did in Section 2.2.2 (c.f. from (2.2.51) through (2.2.55)),

it is enough to prove that

1(a(t), u() s, < QUI(Po, u0)[3y,,.), ¥t € [0,7].
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We multiply (4.0.1); and (4.0.1)s by ¢; and Au, respectively, integrate over €2, sum-

ming the resulting equations, then using the estimate (4.0.6), (2.2.54) and

| / r(6) ¢ dz] < |l ()] 6]
1
< llr (@)l + 3ll?

1
< QUISIE) + Zlloul”

we obtain that

d
(8115 + ellull) + 16:1” + llullz < QUISIE + ellull?).

Hence, we end up with the inequality

av

—r < QV),

where

V(t) = l16]z + ellulli.

(4.2.27)

(4.2.28)

(4.2.29)

By comparison principle of the solutions of Proplem (4.2.29) with the ODE % =

Q(V), there exists a time ¢; = t;(V(0)) > 0 such that

V(t) < QUIollz + elluolly), Vt € [0,t].
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We have

1(o(t), u(®) iy, < V() < QUIG0,u0) [y, ), ¥t € [0, 4], (4.2.30)

Then

1(o(t), u() By, < QUI(Go, u0)[y,,,), ¥t € [0,14]. (4.2.31)

If t; > 1, then the proof of is finished. If not, we use the same technique as we proceed

from (2.2.65) to (2.2.69) to conclude that

H(¢(t),u(t))|\%/\,2€ < Q(H<¢07UO)H12/VQ,€)670M +c, Vt € [tlv 1]' (4‘2‘32)

From estimates (4.2.31), (4.2.32) and (4.2.26), we entail that

1((8), u() Iy, < QU G0, o)y, )™ + ¢, ¥t > 0. (4.2.33)

The following estimates are useful in the proof of Theorem 4.4.1.

We integrate (4.2.28) between 0 and ¢, on account of (4.2.33), to get

/0 (lee()I* + lu(s)13) ds < (1+) Q(II(d0, o)y, ). ¥t = 0. (4.2.34)
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Owning to (4.2.15), we can obtain the following estimate

t 45
pts p+5
h(u,, 00 1. *§c//1JrumPHz:>+46md37 ¢ ="—"
[ A(tm) || a* (0,652.0%) ; Q( |t [PF7) P
t
—+5
<c / A+ 7y ds
< (14 )Q(II(¢o, wo) I3y, Je™ " + ¢, ¥t > 0. (4.2.35)

We infer from (4.0.1), (4.2.35) and (4.2.15) that

/0 () 2 1ds < o / (16e() 2 + I + [h(u)| 1) ds
<e / ()12 + () 2 + 1)l o ) ds

< (1+1)Q(I(bo, wo) 3y, ), ¥t > 0. (4.2.36)

We also deduce from (4.0.1)y, (4.2.35) and (4.2.34) that

/0 (s [P ds < e / (602 + () |2 + 1o(un)|2) dis
<e / (I6(s)I + [[u(s)[2) ds + / ()2, ds

< (L+)Q(II(¢0, uo)13y,.): ¥t > 0. (4.2.37)

Then, we multiply (4.0.1); by N2¢ and obtain

16l + / )N da + / Ng(9)N*6dx = (Nu, N*6) — (60, N?6),
Q Q
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and we deduce that

1113 < QUlIglI3) + e (lull3 + ll&l) . (4.2.38)

hence

[ 196 ds < (4 00wy, ). e =0, (42:30)

on account of (4.2.34) and (4.2.33).

4.2.3 Estimates in W,

On account of (4.0.1)y, we obtain
lullz < e(ll@ell” + elluel* + [[ull}).
Differentiate (4.0.1)y we get
€Uyt + Gy + Aug + b (u)uy = 0. (4.2.40)

We multiply (4.2.40) and (4.2.16) by u; and A~1¢y, respectively, integrate over 2,

we get

1d
e5 gl + lwllt + (u, ) +/h'(u)|ut]2dx —0, (4.2.41)
Q

169



and

Ld

5 1o+ ol — u0) + [

Q Q

Summing the equations (4.2.41) and (4.2.42) we can deduce
d 2 2 2 2 2
g elluel ™+ 1Gel1) + deel|Zy + fuelly < cllely.
By applying Uniform Gronwall’s lemma, we obtain
elluel* + oellf < QUI(o, wo)lly, e+, Vt=>2r,
due to (4.2.59). Thus, we can conclude that

lullz < c(lléel® + elluel® + [lull?)

< Q([(do, u0) I3y, )e™" +c, vt > 2r.

We multiply (4.0.1); by Ag, integrate over €2, and we obtain

||<z>||?,,+/Qvg(¢).VA¢dg:+/QVA—1r(¢)-VAqsda:

= / VAu-VApdr — / VA ¢, - VA¢da.
Q Q
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Vig'(6)o] - VA ¢y dr +/ ' (4) A ¢y dx = 0.

(4.2.42)

(4.2.43)

(4.2.44)

(4.2.45)

(4.2.46)



Since we have the estimates [, |Vg(¢)|* dz < Q(||¢]|3) and

t/IVA‘%%¢H2¢v§HVUT*M¢NP
Q

< Ql¢l5). (4.2.47)

then we deduce from (4.2.46) that

I9lls < QUISIT) + c(llully + lléell,),

< Q(ll(bo, uo) [y, Je™ " +¢,  Vt>r (4.2.48)

Therefore, by using the estimate (4.2.15), we have

ol ds < (1400160 w0y, Je e v z0 (4.2.49)
0

As a consequence of (4.2.45) and (4.2.48), we have

o115 + [lull3 < QUI(¢o, uo)lly, e~ +¢, vt >2r, (4.2.50)
so that
0[5 + ellulls < QUI(¢o, wo)ll}y, Je +¢, ¥t >2r (4.2.51)
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We multiply (4.0.1); and (4.0.1)3 by A¢; and A%u, respectively, integrate over €, then

Summing the resulting equations, we obtain

d
(8115 + ellull3) + 1417 + llull3

+/QV¢t-VAg(¢) dx+/ﬂvr(¢).v¢tdx+/gw(u)-VAudx:o.

(4.2.52)
We have
/Q (9) Vol do < 1P (§)|e [V O
< QU1 1612
< Q2. (4.2.53)
then
| / Vr(6) - Vé, dzl < |7()Ve| [V
Q
1
< QUISI) + o} (4.2.54)

By Taylor’s formula with integral remainder and (4.1.3), we can deduce that there

exists a constant ¢ > 0 such that

B ()] < e(1+ [ufP*?).
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We notice that

]/ h'(u) Vu VAudz| §/]h'(u)] |Vu| |VAu|dx
0 Q

< W@ IVl [[VAull

1008

< O+ Null7™) el 3

1
< Q(llull}) + §|IUII§, d=1,2, (4.2.55)
and

]/Qh’(u) Vu VAudz|
< [+l 1Val VAo,
< [1Vull [V Aul + [ulfis lull e 1Vl [V Aul
< [IVull IV Aull + allulls a3l s
< IVl |V Aul| + full?lull} Jul3

1
< Qlulls) + Sllulls, d=3, (4.2.56)
and owing to (2.2.84) and (2.2.85), we can deduce from (4.2.52) that

d
(I8l15 + ellully) + 1:ll7 + Nlulls < QUIAID M + [[0]5) + Q(llul2).  (4.2.57)
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Then, apply Lemma 1.5.11 to (4.2.57), and we obtain
o)1 + ellu®)]l3 < QII(¢o, uo) |3y, Je™ + 1, Wt > 2r, (4.2.58)

due to (4.2.49) and (4.2.23) (since fttﬂ ul|3ds < ftHT(eHutHZ + || ¢¢]1?) ds).

Then, integrating (4.2.57) between ¢ and ¢t + r we get

t+r
/t (lee(s)II + us)l5) ds < QU (o, uo) [y, Je™ + C, ¥t = 2r,  (4.2.59)
due to (4.2.51).

4.2.4 Estimates in W,

We multiply (4.0.1); and (4.0.1), by A2¢; and V Au, respectively, integrate over 2,

then summing the resulting equations, we obtain

d
—(IS11E + ellull3) + lld:ll3 + HUH?ﬁ/QA@A%(Gﬁ) da

+/Ar(¢) Ay dx+/Ah(u) A*udr = 0. (4.2.60)
Q Q

We have

A%9(0) = 49"(¢) Vo VAS + g'(¢) A

+69"(6) VoI Ag +3¢"(9)|Ad]” + g¥(9) VoI, (4.2.61)
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then , we deduce the following estimate

/Q [A%g(0)|* dz < 4]lg" (@)1 [VlLs IVARILs + g (D)l | A%
+6]g" (D)7~ IVOlLs 1207 + 3llg" (&) 7 1Al 74
+ 19D (@) 1Vl IV IS

< Qo3 (4.2.62)

hence

1
|/A29(¢) Agydz| < Zllnlls + cll A% (4)|”
Q

1
< 7lleddiz + QIsIDlI¢ll: (4.2.63)
Furthermore, since we have
Ar(¢) = 1"(6)(V)* +1'(¢) Ag,

then

/ Ar(6)de < 2 / (@) IVol* + 17 (@) |A62) da
Q Q
< (" (@) [V6]5 + (D)2 1126]2)

< Q(lel).
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hence, the following estimate holds

| / Ar(6) Ay dz| < | Ar(@)]| | Ad]
Q

1
< QlI9l13) + Fllol5. (4.2.64)

By using Taylor’s formula with integral remainder and (4.1.3), we can deduce that

there exists a constant ¢ > 0 such that
7/ ()] < e(L+[uf™?) and |1 (u)] < (1 + [uf*?).
Now, by using Agmon’s inequality and interpolation, we obtain

I/h’(U) Au A*udz| < ||W(u)] | Aup || A%ul]
Q

1 3

< e(L+ [l flull3 full 2

1
< Qlullz) + llulli, d=1.2, (4.2.65)
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and

|/h'(u) Au A%y da|
Q
< cl|Aull |A%ull + cllullzsllull o~ [ Aulz [|[A%]
5 10
< cllullaflulls + elfull ez (Rell3lelld) el
1003
< cllullollulls + Qi) [[ull3 [[ullF

1
< QUluli2) (1 + Julls) + Flluli,  d=3, (4.2.66)
along with

I/ ' (w) [Vul* Audz] < |8 ()2 Vs [[Vulz [|A%ul]
Q
< COA[[ully™) lullz ulls lulla

1
< Q(lull3) lull + ZIIUIIZ, d=1,2, (4.2.67)
and

I/Q R (u) [Vul* A*udz| < o[ Vull g | Vull [|[A%u] + cllullzs [ VullZe A%l

< cllullillullsllulla + cllullflul2llulls full,
2 2 1 2
< Qlull) llulls + Fllulls  d=3.

(4.2.68)
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Then, on account of (4.2.66) and (4.2.68), we deduce

]/QAh(u) A2y da g/Q(]h”(u)\ IVl + |7 (w)] | Au]) [A%] dz

1
< QUlullz) (1 + flull3) + S llull (4.2.69)
Owing to the Equation (4.2.60), we find

d
—(IB115 + ellulls) + lloells + llully < QU+ 1612) + Qllullz) (1 + ull3). (4.2.70)

Now, since we have the following estimates

t+r t+r
/t l6(s)llids < C/t (lell* + [[ullz + QClIl7) ds

< Q(¢o, uo)lly, Je™ @ +¢, vt >, (4.2.71)
along with

t+r
/ QUull2) (@ + llulls) ds < QI (@0, uo)lly, Je™* +e, VE=2r,  (42.72)

due to (4.2.59) and (4.2.45).
Then, applying Lemma 1.5.11 to (4.2.70), on account of (4.2.50), (4.2.71) and (4.2.72),

we deduce that

(o), u®) By, < QUI(Go, uo)llw,, Je™ + 1, VE > 3. (4.2.73)

178



Integrating (4.2.70) between ¢ and ¢ + r we get

t+r
/ (lee()112 + lu(s)11) ds < QUUI(do, wo)lly, e + C, ¥t > 3r.  (4.2.74)
t

4.2.5 Estimates in W;

We multiply (4.0.1); and (4.0.1); by A3¢; and N'u, respectively, integrate over 2,

then summing the resulting equations, we obtain

d
2 (IB115 + ellullz) + l16ell3 + lull3

+ / VAg; - VA% g(¢) do + / VAr(¢) - VA dx + / VAh(u) - VA*udz = 0.
Q Q Q

(4.2.75)
We have
VA%g(¢) = 10¢"(9) Vo> VAG+ 154" (¢) Vo |[Ag[
+59"(¢) Vo A%¢+10g"(¢) VAG Ag
+9'(6) VA*) + 109 (¢) (V9)* Ag + g®)(9) Vo], (4.2.76)
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and, we find that

[ vagop s

Q

< (10 " (@)~ [VllLs IVAGIZ: + 15 19" (6) |2 IVSIZs AS]Ls
59" @ V612 114261 + 101lg" ()2 IVAGIZ 1AGI2
T 1lg @) VA2 + 10 g (6) e IVS]Ss I AS]2
g ()2 VSIS Tl ).

< QI Nl (4.2.77)

hence, we deduce the following estimate

| [ VA006) - Vg sl < Lol + |V A 0)
Q

1
< 7l + QUIsID IS (4.2.78)

In addition, since we also have

VAr(¢) =1"(9) Vo [Vo[* +3r"(¢) Vo Mg +1'(¢) VA,
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then

/Q VANS)Pdz < 3 (@) e V]2 IVSIIL
L) 16120 1AG]20, 31 ()2 IV A2

< QUslI)l#l,

hence, we deduce the following estimate

|| VAR(©) - Vvudal < QUUAIBIGIE + 7ol (4.2.79)

We have
VAh(u) = b (u) Vu |Vu|* + 30" (u) Vu Au+ b (u) VAu,
then, by using Agmon and interpolation inequalities, we obtain

| / W(u) VAu VA%uda] < || ()] [VAu] = |V A%
Q

p+3 1 2
< O+ (ully™) lull3 [Julls
1
< Q(llull) [lull3 + glluH%, d=1,2, (4.2.80)
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and

|/h'(u) V Ay VAQde| < ¢||VAu|| = HVA2u|| +C||u||%6HUHLooHVAUHLoo HVA2u||
Q

1 3 1 3
< cllullf ully + cllwlllulzllulli [ull

1
< QUlul)ulls + 3 ulls,  d=3,
along with

|/ R"(u) Vu Au VAQde] < ||R"(w)]|zs ||Vl e ||Au| pes HVA2u||
Q

< e(1+ ulF™) Ml lulla Julls

1
< QUlul)ulls + Zluls,  d=1,2,

and

]/ R (u) Vu Au V A*udx|
Q

< c/ (1+ |u]®) |[Vul|Au| |V A%u| dx
Q

(4.2.81)

(4.2.82)

< cl[Vulll Aullz= VA%l + ¢ flullfs ullz [Vulls|Aull e [|VA®u]|

< cllulliflulls llulls + QCUlull3) llulls [lulls

1
< QUlulull + 7 llulls - d =3,
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and with

!/ R (w) Vu Vul* VAR udz| < |5 (u)zs |Vl [Vul[Zs VA%l
Q
< OO+ JullT™) Nulls llull3 [luls

1
< QUlull)llull3 + EIIUIlﬁ, d=1,2, (4.2.84)
and

| / R (u) Vu |Vul* VA%udz|
Q
< || Vull [VullZe [V A%ull + ¢ |lull s [[ull = [ Vull = [|VulZo [V A*u]
< Nully ullallells [Fulls + e [lulli el ulls Julls

< Q(||U||§)||U||§+é||u\|§a d=3. (4.2.85)
Now, thanks to (4.2.80), (4.2.81), (4.2.82), (4.2.83), (4.2.84) and (4.2.85), we deduce
[ VAR Vauds] < QU + 5l (4.2.56)

Owing to the Equation (4.2.75), we deduce the following estimate

d
—(IBI15 + ellully) + l1ells + ulls < QUIAIDNISIS + Ul I3 (4.2.87)
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Now, since we have (4.2.50) and

t+r t+r
/t lo(s)ll3 ds < C/t (el + QUIelIDNlE + llulls + QISI12)) ds,

< Q([(¢o, uo)ll3y, Je @ +¢, vt >2r, (4.2.88)
and
t+r
/ QUlulDlullds < Q(ll(do, uo) 3y, e~ +¢, ¥t > 3r, (4.2.89)
t

due to (4.2.74). Applying Lemma 1.5.11 to (4.2.87), we deduce that
1(6(1), w(®) 3y, < QUI(P0, wo)ll3y, e + c1, Vit > 4r. (4.2.90)

Integrating (4.2.87) between ¢ and ¢ + 7, we get

t+r
/ (Iee(s)II5 + llu(s)[13) ds < QII(¢o, wo) Iy, Je™ " + C, Yt > 4r.  (4.2.91)

Moreover, we can find

t
T

/4 (l61()13 + lu(s)112) ds < (1 + QU G0, wo) By, ). ¥t > 4r,
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so that, from (4.0.1); and (4.0.1)s, we deduce that

[ ol ds < [ QU6 + e lull + o) ds

< (L+ Q[ (do, wo) [y, ), ¥t > 4r, (4.2.92)

and

m£é¥Wu®H@d8§<i£ (Iee() 15 + lluls)l5) ds

T

< (14 )Q(I(¢o, wo)ll3y, ), Yt > 4r. (4.2.93)

4.2.6 W, W . Estimate of the difference of two solutions

We consider the difference (¢, u) of two solutions (¢1,u;) and (¢2,us) of Problem

(4.0.1) starting at the points (¢10, u10) and (P20, ugo) in W; at time t = 0, respectively,

that is, )
¢+ A(AP + L (1) — u) + Ix(t)p = 0,
euy + ¢y + Au + l3(t)u = 0, (4.2.94)
\¢|t=o = ¢o, uli=0 = uo,
where
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We multiply (4.2.94); and (4.2.94); by A~'¢; and u, respectively, integrate over 2,
then summing the resulting equations, we obtain
Nl + el + 2+
5 d1 1 “1 1
+ / VIi(t)¢] - VA ¢, da + / Lt)p A~ g dx + / Is(t)|ul* dz = 0.
Q Q Q

(4.2.95)
On account of (2.2.100), we have
-1 1 2 ~ 2 1 2
|| V061 TA 6 dal < 1o+ 1012 + 51015 (1:2.96)
where
¢ = QU dwll} + ellurolli_1, lé20ll7 + €llusollF-1)-
Furthermore, since we have the following estimate
ltt)olF = [ 1 Plof da
< s 17 (spr(t) + (1 = 8)2(t)) [ 7 @ I
se|0,
< &6l (4.2.97)
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then, we deduce

I/lz(t)¢A‘1¢td$| < [l@®)s] A ¢l
Q

. 1
<&l + 7 I9ulPs.

By using Assumption (4.0.6), we get

/Ql?,(t)|u\2dx:/g/0 W (sus(t) + (1 — s)us(t))ds [ul? dz > Ceul]?.

Hence, it follows from (4.2.95) that

d i 1
—(ISIT + ellull®) + 1 6el120 + llully < &ll61T + FlI615-

Then, we multiply (4.2.94); by ¢, integrate over 2, we obtain

1d
2dt

We have

[ atvopar < [ Ploas
Q Q

< sup [|r'(s¢1(t) + (1 — 5)éa(t))l[7 I 0]*

s€[0,1]

< gllel?,
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Has!|2+H¢H3+/Qz1<t>¢A<z>dx—/Qw.wdm/ﬂzzmqﬁdx:o.

(4.2.98)

(4.2.99)

(4.2.100)

(4.2.101)

(4.2.102)



and due to (2.2.100) and (4.2.102), we obtain
d _ 1
Lol + ol < &1 01E + 2l

Summing the estimates (4.2.100) to (4.2.103), we deduce

dEg .
— +elllonlZy + llulli + [I¢ll3) < & Es,

where

Es(t) = ()7 + ellu@®)l* + 95 ()"

Then, we apply the Gronwall’s Lemma to (4.2.104), we find

so that

1(e(t), () [y, < ell(do, uo) [y, , e, V¢ = 0.

We integrate (4.2.104) between 0 and ¢, we deduce that

/0 (le()1z + lu() 1T+ de(s)l121) ds < ell(do, uo) [, e, VE = 0.
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4.2.7 W, W, Estimate of the difference of two solutions

We multiply (2.2.94); and (2.2.94)5 by ¢, and Au, respectively, integrate over €2, then

summing the resulting equations, we obtain

d
%(HﬁbH%""EHU”%)"‘QH¢tH2+2HUH§+2/QqbtA[l(t) ¢ dw—k/ﬂlg(t)q§<btdac+/gl3(t)uz4udx:O.

(4.2.107)
We have
| [ Ltosuds] < ol o]
Q
S 2 o L 2
<ol + 1 (4.2.108)
due to (4.2.97). Moreover, we have
\/ Ia(£) 1 Au da| < / s (8)] ] | Au| dz
Q Q
< sup 1B (sua(£) + (1 = s)ua(E) | |l zoe || Aull
s€l0,1
1
< (U a2 + luall 7 lullf llull3 ull:
< (U [l 17+ fuall77) (el ull3
1
< ¢ llull} + §Hu||§, vt > 7. (4.2.109)
Also by using the Estimate (2.2.120); we deduce from (4.2.107) that
d - . .
(8115 + ellull) + [16:]1” + llullz < &llolls + a@)llollT + & llulf, (4.2.110)
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so that

d . . ~
S B+ 0P + ul < 6B+ a@lol + llf, vezr,  (@2110)

where

Eno(t) = llo(t)]I3 + ellu(®)l3-

Now, we multiply (4.2.111) by (¢ — r), we get,
d - - -
— [t = 1) Bio] < Euo(t) +&(t —r)Ew(t) + (¢t —r)(& [ullf +a®)lollf),  (4.2.112)

dt

then we integrate between r and t, we find

(¢ = 1)Bult) < (1465t = 1) [ Buls)ds+ (=) [ @l + ea®)llolds,

hence

1(6(8), w(®) By, < &l (Do, o)y, , €™, ¥t = 2. (4.2.113)
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4.3 The unperturbed proplem

Let us now consider the limit equation of (4.0.1) (i.e. e =0 in (4.0.1)):

(

¢+ A(Ad +g(¢) —u) +7(0) =0,

¢+ Au+ h(u) =0, (4.3.1)

\¢|t:0 = ¢0~

We notice that, in contrast to the case € > 0, the values of (¢(t),u(t)) are not inde-
pendent in that case. Indeed, it follows from (4.3.1), by eliminating ¢;, the following

equality
24u+ h(u) = A(Ap+ g(9) ) + (o). (4.3.2)

Therefore, the value of u(t) is uniquely defined by (4.3.2), if the value ¢(t) is known.
Next, we will show there exists a nonlinear operator 7 such that (4.3.2) is equivalent

to

From (4.3.2), and by setting F'(¢) = A(A¢p + g(¢)) + r(¢), we have

2Au+ h(u) = F(9¢), (£33
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From a well known result, Assume 1'(u) > 0, if F(¢) € H (), then there exists a
unique solution u(t) € Hg ().

Indeed, we multiply (4.3.3) by u and integrate over €2, and by using (4.0.6), we get
lu(@)[IF + € llulf22s < NF@O)Z+e = [lu@)llf < C.

Moreover, if F(¢) € L?(2), then there exists unique solution u(t) € H*(Q).

Indeed, we multiply (4.3.3) by Au and integrate over 2, we get
lull3 +/Qh'(U)!VU\2dx < F@)I* = |ulz<C.

Thus, we can deduce there is exist a unique u, such that

and

IT@IF =lluli <e  and  [[T(O)]3 = [lul; < e

Therefore, we can rewrite the limit equation of (4.0.1) as

¢+ A(Ad + g(¢) — T(o(1))) + () =0,
(4.3.4)

¢|t:0 = ¢0-

A priori estimates for the unperturbed problem can be obtained by following the same

method used for the perturbed problem in Section 4.2 but with ¢ = 0. We deduced
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the following estimates

lo@)17 < QUligoll7)e™" +¢, ¥t >0, (4.3.5)
[ 1) d < QUlnl)e " + vt 20, (436)
lo)II5 < Qlldol)e™ +c1, Wt >, (4.3.7)
lo(@)1I5 < QUligoll})e™ + e, Wt > 2r, (4.3.8)
le@)II7 < QUldoll})e™ + e, Wt = 3r, (4.3.9)
lo®)5 < Qllgoll7)e™ +cr, Vit > 4r. (4.3.10)

Moreover, the estimates of the difference ¢ of two solutions ¢1, ¢o of problem (4.3.1)

starting at the points ¢19 and ¢oo in V; at time ¢ = 0 are

le@®IT < ligollye™, ¥t >0, (4.3.11)

le@®)lz < &ligollie™, Vvt > 2r. (4.3.12)

4.4 Well-posedness

We start the proof by giving the weak formulation of the problem (4.0.1).

Weak formulation: For any 7' > 0, find

(p,u) : [0,T] = Wy,
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such that

¢(07x) = ¢0(I)’ U(va) = uo(x)v

and for almost any ¢ € [0, 7],

5(0,0) + (40, 4) + (V4(6), Va) ~ (Vu, Vo) + (r(6).0) =0, 4 € Vs

%[e(u, v) + (¢,v)] + (Vu, Vo) + (h(u),v) =0, v e V. (4.4.1)

Theorem 4.4.1 We assume (4.0.2)-(4.1.3) hold. If (¢o,up) € Wj., then Problem

(4.0.1) possesses a unique solution (¢, u) such that
(¢a ’U,) € C([Oa OO]; Wj,6) N C<[7—7 OO]’ W5,E) N LQ(Oa T7 Wj-‘rl,e) N L2<07 T; Wj+270)a

VT >0, Vr > 0.

Proof. Partl: Existence of the solution
We proceed Like in the proof of Theorem 2.4.1. We first notice that, according to a

priori estimates derived in the Section 4.2, we have

sup |lom(1)[5 < C, (4.4.2)
te[0,7]
sup el|un(t)[7-; < C, (4.4.3)
te[0,T]

/0 (Im($)5 + 1Eme ()21 + lume() 121 + um(s)[D) ds < C(T), d=1, (4.4.4)

/0 (Im ()13 + 1@me ()1 + Nttt () + [lum (s)I[) ds < C(T), d=2,3.  (4.4.5)
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The right hand side of the inequalities (4.4.2) to (4.4.5) are independent of m.
Thus the sequences ¢y,, u, and ¢, remain uniformly bounded in L*(0,T};V;),
L>(0,T;V;_1) and L*(0,T;V;_1), respectively. Moreover, the sequences ¢,,, U, Pmi
and w,,; remains uniformly bounded in L*(0,T; V;;2), L*(0,T;V;), L*(0,T;V;_2) and
L*(0,T;V;_2), respectively.

We now use the bounds on ¢,,,u, to obtain bounds on the nonlinear terms

9(dm), 7(¢dm) and h(u,,). Since we have

Gm — ¢ in L*(0,T;V;_1(Q)) strongly and a.e in (0,7) x Q (4.4.6)

then, by proceeding as we did from (2.4.14) through (2.4.16), we deduce that

Png(ém) — g(¢) in L*(0,T;L?), (4.4.7)

Pur(ém) = 7(¢) in L*0,T;L?). (4.4.8)

_ pt5

Moreover, from (4.2.35), we have |[h(u)]| Lo 0,007y < C Where ¢* = L.
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Therefore, we have subsequences still denoted ¢,, and u,, such that

bm — ¢ in L¥(0,T;V}) (4.4.9)
Up —u in L(0,T; V) (4.4.10)
dm—¢ in L*(0,T;Vji2) (4.4.11)
up—u in  L*0,T;V;) (4.4.12)
mi—¢y i L*0,T;V;_y) (4.4.13)
Ups—u;  in L*(0,T;V; ) (4.4.14)
h(um)—xs in Lq(O,T;Lq),qzi%i. (4.4.15)

It remains to show that y3 = h(u). Thanks to (4.4.10) and (4.4.14), we deduce

U, — u in L*(0,T;V;_1(Q)) strongly and a.e in (0,T) x . (4.4.16)

Therefore there is a subsequence w,,; such that

Umj(t,x) — u(t, z) for almost every (¢,z) in (0,7") x Q.

It follows from the continuity of h that h(u,,;(t,z)) — h(u(t,x)) for almost every
(t,z) € (0,T) x Q.

This together with (4.2.35) by applying Lemma 1.5.4 will gives the following weak
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convergence

. * . p+5
h(ty,)—h LT (0, T,L"), ¢ = —. 4.4.17
() —=h(u) n L ( b €= (4.4.17)

By the uniqueness of limits 3 = h(u). Hence, Pyh(uy,)—h(u) in LT (0,T;LT).
Therefore, if (¢, ug) € Wj,, then the approximate solution (¢y,, u,,) are bounded inde-
pendently of m and there exist the pair of functions (¢, u) such that (¢, um) — (¢, u)
and ¢ € L>=(0,T;V;) N L*(0,T; Vi), u € L>(0,T;V;_1) N L*(0,T;V;). Moreover,
¢y € L*(0,T;V;_2) and u, € L?(0,T;V;_3). Again Like in the proof of Theorem 2.4.1,
we can pass to the limit as m — oo in the approximate problem, where (¢,u) is
solution to (4.0.1); with ¢g = ¢(0) and up = u(0).

Part2: Uniqueness of the solution

Let (¢1,u1) and (¢, ug) be two solutions of (4.0.1). Setting ¢ = ¢1—¢o and u = u; —uy,

we have ¢(0) =0, u(0) = 0 and (¢, u) satisfies the equations

O+ A(AP + g(¢1) — g(¢2) — u) + (1) — 7(d2) =0, (4.4.18)

euy + ¢y + Au+ h(uq) — h(ug) = 0. (4.4.19)

Proceeding like in the proof of uniqueness in Theorem 2.4.1, we obtain

160, () By, < 2ll (G0, u0) [, e, ¥t € [0.T], forany T>0,  (4.4.20)

and since ¢g = 0 and uy = 0, hence the result.

Part3: Regularity of the solution

197



Like in the proof of Theorem 2.4.1, from classical compactness theorems, on account
of ¢ € L*(0,T;Vj4a), ¢r € L*(0,T;V;2) and u € L*(0,T;V;), uy € L*(0,T;V;_);
also ¢ € L*(1,T; V), ¢y € L*(7,T;V3) and uw € L*(7,T;Vs), us € L*(7,T;V3) we can
deduce

(¢, u) € C([0,00],W;.) and (¢, u) € C([r,00]; Ws.e).

4.5 The global attractor

Thanks to Theorem 4.4.1, we define the semigroup

Se(t) : Wye = Wy, (do,u0) = (6(1), u(t)), >0,

where (¢(t),u(t)) is the solution to (4.3.1) at time ¢ and for every e € (0,1].
Due to Theorem 4.4.1, the semigroup Sc(t) is continuous with respect to time
t — Se(t)(¢o,up) € C([0,00], W;) for almost every x € Q, and the continuity with

respect to initial data which is given by

1Se(t)(do1, wo1) — Se(t)(Poz, uoz) [wy.. < cl[(@o1, uo1) — (do2, voz) ||

is proved in (4.2.105), hence we can deduce that the semigroup Sc(t) is continuous.

Note that, from Section 4.2, we can deduce the existence of absorbing sets By, . C W .
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for Sc(t) of the form

Bie = {(p.) € Wee (0. 0)lw. <7}, k=35 (45.1)

where 7y is independent of €. Hence, as in Proposotion 2.5.1, we can deduce that the
semigroup Sc(t) is uniformly compact for every € € (0, 1].

Now, we state the following result.

Theorem 4.5.1 Let the assumptions of Theorem 4.4.1 hold. Then, for every e €

(0, 1], the semigroup Sc(t) has the global attractor A, in the metric topology of W .,

which is bounded in Wi ; there holds

lim distyy, .(S.(t)B, Ac) = 0,

t—o00

for any bounded subset B C W, .

From now on, we will assume that

Bor ={v € Vi, llollvy <mi}, k=1,2,3,4,5 (4.5.2)

( where r;, > 0 are the same as in By ) are absorbing sets for the semigroup

S(t)‘/j_>v;7 ¢0'_>¢(t)7 7520,

generated by the corresponding unperturbed problem (for the variable ¢ alone). A
priori estimates for the unperturbed problem are obtained in Section 4.3 by following

199



the same method used for the perturbed problem in Section 4.2. The semigroup S(t)
possesses the global attractor A. Observe that, a solution of the unperturbed problem

for both variables ¢ and u (at time t) is given by

6(t) = S(H)de and u(t) = T(6(1)). (4.5.3)

We define

(Ao ={(x, T(9)), ¢ € A}

In order to compare the global attractor A, with the set (A)q for € in a neighborhood

of € = 0, we need the following lemma.

Lemma 4.5.1 There exists a constant C' > 0 independent of € such that for any

complete trajectory (¢(t), u(t))ier = (Se(t)(¢o, uo))ier C Ac we have
[oI5 + (I3 + eI + ellw()]* < C, vt € R. (4.5.4)

Proof. Let (¢(t),u(t));er be complete trajectory A, which is a solution of (4.0.1).

As A, C Bs,, it follows that there exists ¢ > 0 independent of e such that
160, u(E)If,, < e, V€ R, (155)

Now, we multiply (4.2.40) and (4.2.16) by u; and A~'¢y, respectively, integrate over
Q, we get

d 1
E(EHWHQ + ||(/bt||%) + ||¢tt||2_1 + 5”“15”% < CH(th%' (4-5-6)
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From (4.2.20), we have
& (102 + bl + [ 0 do) + ol + el < cllof? (@5
In addition, from (4.2.3), we have
%GWWHW%MLGWM>HM%HM%+LHWMSC.(M&

Summing (4.5.8), 91 (4.5.6) and 95 (4.5.7), we obtain

d
i (el 4 T2 102+ T+ ul? + i+ 2 [ G@yto+ [ ey ao)

1
+ Iy + ellall” + ldul2y + el + cllull +/Q H(u)dr <C,  (45.9)
then

dt

where

&zwwwwmﬁwmh+MMHMWHWWMLG@M+AH@@a

201



Now, we multiply (4.0.1), by eAw,, on account of (4.5.5), we get

)P < elllon]? + [lal)
2 1 2
< (ol + ~elull)

. VteR (4.5.11)
Applying the Gronwall’s Lemma to (4.5.10) between ¢, to t, for any to,¢ € R to obtain

E@(f) S G_Co(t_tO)E(;(to) +c

< Qellue(to) | + n{to)| + 9(to) + ulto) 3 )et=) + ¢

< Semlto) Lo > 1y, t € R, (4.5.12)

T €

hence

C
ellue)|® + [l lI? + flul)? < 6—26*60“*“” te, Vi

Since we have |[ul|2 < ¢ (||¢]|? + ||¢]|2), then we obtain
2 2 2 € —colt—to)
e (ONF + Ju(t)]]5 + €l|ue()]]* < 2 +C, Vt>ty, to,teR.  (4.5.13)
Taking the limit in (4.5.13) as ty — —oo, we deduce that

le@I5 + lu®)lls + eI + elw®)* < e, VEeR.
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We show now the stability property of the global attractor.

Theorem 4.5.2 Let the assumptions of Theorem 4.4.1 hold. Then, for anyn > 0 the

global attractor A. is upper semicontinuous at € = 0, that is,

lir% diStuS_" (.Ag, (.A)o) =0. (4514)

Proof. Similar to the proof of Theorem 2.5.2. We assume there exists p > 0,

sequences €, € (0,1], ¢, — 0, and a corresponding sequence 2y, € A, such that

diStu5_n<Zon, (./4)0) Z P (4515)
We set
A= ) A (4.5.16)
€€(0,1]

Owing to Lemma 4.5.1, A* is relatively compact in Us_,, for any n > 0. Let the
complete trajectory (¢"(t),u™(t))wer such that z,(t) = (¢™(t),u"(t)) = Se(t)zon. Due

to the invariance property of the global attractor, it follows that

U =lt) c &°

teR neN
is a relatively compact set in Us_,. Hence, Uicr Unen 2,(t) is a precompact set in

Us_,,, and the family of mappings {(¢"(t),u"(t)) € C(R;Us_,),n > 0} is equicontinu-
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ous from R into Us_,. By Ascoli’s theorem and a classical diagonalization method,
It follows the existence of an element (¢,%) € C(R;Us_,) such that ¢" — ¢ in

C([-T,T);Vs—,) and u™ — @ in C([-T,T}; V3—,) that is,
(¢",u") = (¢,0) in C([=T,T);Us_,), (4.5.17)
for any 7' > 0, and

sup [[((t), a(t))llus, < oo, (4.5.18)
teR
on account of (4.5.4). Observe that

¢y = —A(A¢" + g(¢") —u") —r(¢"),
(4.5.19)

oy = —euy — Au" — h(u").

Exploiting (4.5.4) , we deduce that
oF = ¢ in L¥([=T, T} Vh),

epuf = 0 in L([-T,T); L*).

Since ¢" — ¢ € C([~T,T); Vs_,) and the functions g and r are continuous, it follows
that

9(¢") = g(¢) in C([-T, T]; Vi),

r(¢") = r(¢) in C([=T.T}; V&),
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Similarly, since u™ — @ € C([-T,T); V5_,) and h is continuous, it follows that

h(u") — h(a) in C([-T,T]; Va).

Hence,

o — ¢ in C([-T,T); Vi),

oF = —A(A9+g(¢) —a) —r(¢) in  C(-T.T):Viy),

and

¢y - —Au—nh(a) in C([-T,T];V_,), (4.5.20)

for any T" > 0. Passing to the limit n — oo in (4.5.19), and by uniqueness of the

limit, we find that

O+ A(Ad + g(9) — @) +7(9) = 0 in C([-T,T]; Vi),
(4.5.21)

G+ A+ (@) =0 in C([-T,T);V_,),

or

¢+ A(AP +g(9) = T(0(1))) +7(0) =0, in C([=T, T} V1) (4.5.22)

for any 7" > 0. It follows that (¢(t), @(t))er is a bounded complete trajectory of the
unperturbed problem (4.5.21). By characterization of the attractor it is clear that

$(0) € A, and by definition (4(0), T(4(0)) € (A)g. Thus the convergence

Zon = (0(0), T(do)) in Us—,
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implies that

11_1}% diStU57n (Zon, (Aa)o) = 0, (4523)
against the initial assumption. |

4.6 Exponential attractor

We show the following estimate that will be utilized later in Proposition 4.6.1.

Lemma 4.6.1 Let the assumptions of Theorem 2.4.1 hold. If ¢y € By, then
t
/ lue(s)||2ds < e(1+t), Vt>0. (4.6.1)
0
Proof. Let ¢y € Bys. There holds
o)z < ¢, Vt>0. (4.6.2)
Recall the following equality for the unperturbed problem
2Au+ h(u) = A(Ap+ g(9)) + (). (4.6.3)
Multiplying (4.6.3) by Au, then integrate over €2, we get

2||u\|3—|—/gh’(u)|Vu|2dx:/QA2<Z>Audm—l—/QAg((é)Audx—F/Qr(qﬁ)Audx, (4.6.4)
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on account of the Assumption (4.0.6) and the estimate (4.6.2), we deduce

lu@)I3 < clle®)Ii +QUIo®)II2)

<e¢, V> 0. (4.6.5)

Multiplying (4.6.3) by A?u, then integrate over €2, we deduce

2|ull3 = — /QVh(u) -VAudx +/QVA2¢ -VAudx +/QVg((;5) -VAudx

+/VT(¢) -VAudz, (4.6.6)

we notice that

I/ W(u) Vu VAude| < [ (u)]| [[Vull e [V Aull
Q
< OO+ [ullf™) Mlull3 llull3

1
< Qllf3) + 3 lulls,

and by virtue (4.6.2) and (4.6.5), it follows from (4.6.6) that

lull < e ll¢ll5 + QCllull3)

<cg, vt > 0. (4.6.7)
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Differentiate (4.6.3) with respect to ¢, we obtain
2Au; + I (u)uy = A(Ady + ¢ () py) + 1/ (D) by (4.6.8)
Multiplying (4.6.8) by u; and then integrate over Q2 to get
lue(OIIF < cllell3. (4.6.9)

We multiply (4.3.1); and (4.3.1); by VA¢; and A'u, respectively, integrate over (2,

then summing the resulting equations, we obtain

d 2 2 2 2
— ¢ VAgp, - VA d VA - VA, d
IO+ o + Nl + [ Vb Tg(0)do+ [ Vr(o) - VAo da

+ / VAh(u) - VA*udz = 0. (4.6.10)
Q
On account of the estimates from (4.2.77) through (4.2.87), we deduce

d
N0l + lloells + llulls < QUIIIANE + QCllulo) ul:, (4.6.11)

by using interpolation and Young’s inequality, we have

QUlulullz < QlluliZ) llulls|lulls

1
< Qlull) ez + Fllells, (4.6.12)
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hence, it follows from (4.6.12) and (4.6.11) that

d 1
ol +lléells + 5 lulls < QUISIE) + QCllully)- (4.6.13)
On account of (4.6.7) and (4.6.2), we deduce
d o o Lo
S 19115+ llells + 5llulls < c. (4.6.14)
Integrating the equation (4.6.14) from 0 to ¢ to get
¢
[ los)ias < 1o, vezo (16.15)
0

Thus, on account of (4.6.9) and (4.6.15), we deduce that

t t
[ lwtsizas <e [ ool as
0 0

<c(14+1t), V>0, (4.6.16)

hence the result. |

Now we assume that

Bos ={¢ € Vs, ||ollvy <15},

(where 75 is the same as in (4.5.1)) is abounded absorbing set for {S(t)}+>0 in V5. That

is, there exists t* > 1, independent of €, such that S.(t)Bs . C Bs . and S(t)Bos C By s,
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for all t > t*. We set

BS,& = Se(t*)Bf),a
30,5 - S(t*)Boﬁ.

Then we have

[;)5,6 C {<¢7 u) € W5,e7 H(¢7 u)HWS,s < T5}7

and

5’0,5 C{p e Vs I9lls <75}

Notice that 5’5,5 and [;’0,5 are a bounded absorbing sets for S.(¢) and S(t) as well,

respectively.

Proposition 4.6.1 Let the assumptions of Theorem 4.4.1 hold. There exists ¢ > 0

and ¢ > 0 all independent of € such that

1Se(t) (60, uo) — (S(t)o, T (S()po)) I3y, . < cete, Wt > 1, (4.6.17)

for any (¢o,uo) € Bse, and

1Se(t) (60, uo) — (S(t)o, T (SE)bo)) I3y, , < cete™, Vit > 1, (4.6.18)

for any (¢, up) € Se(t*)Bs . and any € € (0,1].
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Proof. Let us take (¢o,up) € Bs., We set

(0°(8), u(t)) = Se(t)(Po, uo),  (&(t),u(t)) = (S(t)do, T(S(t)¢o))-

There holds that

l6“@®5 + ellu @i < e V220, (4.6.19)
lu@i <e,  vE>r, (4.6.20)
luc(®)])3 < c, vVt > 2r, for any r > 0, (4.6.21)
and
lp@)|Z <ec,  VE=0, (4.6.22)

also, from (4.6.7) we have

lu(®)]3 <ec, Vt>0. (4.6.23)

We now set P = ¢ — ¢ and R = u® — u and they satisfy the following problem:

(

P+ A(AP + Vi(t)P — R) + Va(t)P = 0,

€eRy + P, + AR+ V3(t)R = —euy, (4.6.24)

KP|1;:0 =0, R|t:0 = Uy — 7_((!50)7

211



where

Vi(t) = / ¢ (s65() + (1 — )6(1))ds,
Valt) = / P (s (1) + (1 — $)6(t))ds,
Va(t) = /0 B (suc(t) + (1 — s)u(t))ds.

We multiply (4.6.24); and (4.6.24), by A~'P, and R, respectively, integrate over 2,

we obtain

1d

3 IPIE+IPIE = (RP)+ [ VWM@P] - VA Rdo+ [ Vao)P A7 Rdo =0,

(4.6.25)

and

e d

5 IR+ IR + (R, Pt)+/‘/},(t)]R]2dx: —e(A™Puy, AYPR). (4.6.26)
Q

Summing the equations (4.6.25) and (4.6.26) to get

1d _
5 77 (IPI+ell BI) + HPtH21+\!R\!?Jr/ﬂv[‘/l(t)P] - VAP dx

+/V3(t)|R|2d:c+/v2(t)PA1Ptdx:—e(Azlut,A%R). (4.6.27)
Q Q

212



We have

(A2, AV R)| < ellus]| ]|

< Sl + SRR,

and we proceed as in (4.2.96), we obtain

|| V0P VAT el < SIPIE + IR, (4.6.25)
and

/Q|V2(t) P|*dx < &|P|?>. (4.6.29)
Also, by virtue (4.0.6), we have
1
/QV;),(t)|R|2d$ = /Q/O B (su(t) + (1 — s)u)ds|R|*dx > Cs|| R||?.

Hence, it follows from (4.6.27) that

d
S (IPIE + el RIP) + [IBIIZ2 + ([ RIT < CIPIT + €[luell (4.6.30)
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We Apply the Gronwall’s Lemma to (4.6.30), on account of (4.6.1), we find

t
\W@ﬁ+wMMstmm+/c&MWM$”
0
t
sww—ﬂ%W+/¢ﬂmWM$”
0

< clellug — T(do)||* + €)et, Vit >0. (4.6.31)
Integrating the equation (4.6.30) between 0 and ¢, we deduce that
t /
/ (P12 + [ R(s)]17) ds < clelluo — T(¢o)|* +€)e’,  VE=0.  (4.6.32)
0

Next, we multiply (4.6.24); and (4.6.24)y by P, and AR, respectively, integrate over

), then summing the resulting equations , we obtain

1d
5 77 1Pl + €l RI) + I B1° + IIRII§+/QA[V1(15)P]de

—i—/Vg(t)PPtd:Jc—i—/Vg(t)R ARdzr = —e(uy, AR). (4.6.33)
Q Q
We have

|e(ur, AR)| < efu[|[ Rl

1 1
R L

Also, we proceed as in the estimates (2.2.118) and (2.2.119)) (4.2.108) and (4.2.109),
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we obtain

1 .
|| AV@P] Prdel < JIRIE +2l1PIE,
- 1
| [ vatop pds| <l PIP + Z11PP,
Q
1 3
|| OR AR < (1l ) IR 7D
2 1 2
<c|Bll +5lIRlz Ve
It follows from (4.6.33) that
d ,
SUPIR+lRI) + IR + IRIE < P+ IR+, ¥
hence
d

EEﬂ + | B)? + | Rl < ¢ Eay + c||R|1T + €|ull?, vt >,

where

Ey = ||P5 + €| RIIT.
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(4.6.36)

(4.6.37)

(4.6.38)



Since we have (4.6.32) and

[ IP@ds <c [ARIE,+ IPOIF + 1RO ds
<c [ UR@IE,+ IPOE -+ ROR) ds

< c(L+t)(ellug — T (do)l|* +€) e, (4.6.39)

due to (4.6.31) and (4.6.32).

Then, we multiply (4.6.38) by (¢ — r), then integrate it between r and ¢, we get

t t t
(t—r)Egl(t)g/ Egl(S)dS+C/ ||R||fds—|—62/ l|e||? ds

T

< (1 +t)(eljug — T (do)||* + €)e. (4.6.40)
Hence

1P@)5 + el ROT < elelluo = T(9o)|* + €)™, vt >2r. (4.6.41)

Integrating the equation (4.6.38) between 2r and ¢, we deduce that

/2 (IP()I* + 1 R()]13) ds < elelluo = T(o)|* + €)™, VE=>2r.  (4.6.42)

r

We also multiply (4.6.24); and (4.6.24), by AP; and A?R, respectively, integrate over
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), summing the resulting equations , we obtain

1d
57 P53 + el RIS + [ P1E + HRH§+/QVA[V1(t)P]-VPtdx

+/V[Vz(t)P].VPtdx+/V[vg(t)R].VARdx: —e/Vut.VARdx.
Q Q Q

We have

|e/Vut.VARdx| < ellull|IBs
Q

1 1
< 3€lull} + S IRI3,
and [, [VA[Vi(t)P][*dz < &||P|)3, then
1 )
|| VAVOPLV P dal < IR+ 2IPIE

Moreover, we have [ |[V[Va(t)P]|*dx < &||P||3, then

) 1
\/V[Vz(t)P]-VPt de| <e|[PIt + 71 B
Q
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and

|/QV[V3(t)R].VARdx|

< sup |27 (su(t) + (1 = s)u(d))ls ([Vulle + [|Vull o) [ Rl = IV AR]|

s€[0,1]

T sup (W (su(t) + (1 = s)u(®)| [VR [ VAR

s€[0,1]

1
<c|Rl5 +SIRIE V=2 (4.6.46)
It follows from (4.6.43) that

d
P+ el RID) + BT+ RIS < CIPIS + e lIRll + e fludly, Ve > 2r, (4.6.47)

then
d
EE(t) +IPIT+ IRl < CE@) + c||R|3 + ||}, vt >2r, (4.6.48)
where
E(t) = [|P|5 + || RJ3-
Since

1P(t)]13 ds < 0/2 [P + PO + 1R ds

2r I

< (1 +t)(el|ug — T(o)||* + €)e, (4.6.49)
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due to (4.6.31) and (4.6.32); and
t /
[ IROIBds < clellun = TP + e, vt = 2m
2r

Then, we multiply (4.6.48) by (¢t — 2r), integrate between 2r and t to get

t t t
(t—2r)E(t)§/ E(t)ds+c/ HRH%ds+62/ lwal s,
2r 2r

2r

< (L+)[clelluo — T(o)lI” + e)e + €*c],

< (1 +t)(e|lug — T(go)||* + €)e, vt > 2r,
hence
IP@)IE + el RO < elelluo = T(do)|* + €)™, vt =3
Integrating the equation (4.6.48) between 3r and ¢, we deduce that

t
/ (1B(s)F + 1 R()13) ds < elelluo — T (d0)|* +€)e, vt =3

3r

Next, from (4.6.26), we have

ed

e SIRIE + IRIE + (R, P) < el

219

(4.6.50)

(4.6.51)

(4.6.52)

(4.6.53)

(4.6.54)



that is

1d &
5 7 CIBIP + el BRI + (R, Pr) < ee?[ug]|2,.

(4.6.55)

To control the term (R, P;), we obtain from equation (4.6.24); the following relation

P, = —A(AP + Vi(t)P — R) — Vi(t)P.

Subsisting (4.6.56) into (4.6.55), it follows that

1d 2, € 2 2
el RI? + SR+ | RIS

gce2||ut||2_1+/VR.VAde+/VR.V[V1(t)P] dx+/RV2(t)de,
Q Q Q

since

1
| [ VRS APds| < GBI + el P
Q

IN

1 /

GBI + c(elluo = T(do)I” + )", vt > 3r,
1

|| VRV | < GIRIE + el P

1
| [ RVatt) P < GIRIE + 2l PP,
Q
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(4.6.57)

(4.6.58)

(4.6.59)

(4.6.60)



then, it follows from (4.6.57) that

d c
SAROIE + SR < calelluo — T(Go) I + et + sy, Ve > 3

(4.6.61)

We multiply the equation (4.6.61) by e then multiply it by (£ — 3r) we obtain

d ct
Z((E=3r) e[ R@)IIPer)
< RO e + e (t = 3r) e (ellug = T(@o)|* + €)e + ealt = 3r) e flu?.

(4.6.62)

Integrating the equation (4.6.62) between 3r and ¢, we find

t
(t =3 ROI* < e | [IR(s)I* ds + 1 (t = 3r) elellug — T (do)|* + €)e
3r

+ co(t — 3r) / € ||ug ||, ds. (4.6.63)
3

T

On account of (4.6.1) and (4.6.32), we deduce

ellR@)]”

<ecy (t—3r) " (el|lup — T(o)||* + e)ec’t + eale(elluo — T (o) |)* + €) + €]e,

(4.6.64)
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hence, by taking t = 4r for any r > 0, we obtain

€ || R(4r)||*

< ecrrt (eluo = T(00)l* + €)e™” + cale(elluo — T(g0)|* + €) + €€’

In addition, we have

so that

IP@IE < [ PE)]- ] P05
< ( / 1P|, d) st [P (1)

< elellug = T (o)l +¢) 12 e, vt

1P(r)[[3 < elellug — T(o)|* + ) (4r)2e™™,

Since r > 0 is arbitrary, we choose r = \/Tg to have

and

IP(VEI < clelluo = T(do)|> + €)1,

> 3r,

Vr > 0.

e|R(VOI* < c(elluo — T(go)|I” + ) Ve.
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(4.6.66)

(4.6.67)

(4.6.68)

(4.6.69)



Now, back to the equation (4.6.30), that is
d /
Z(IPIE + el BIP) + 1B + [ RIE < P + € el (4.6.70)

Applying the Gronwall Lemma to (4.6.70) between /e and ¢’ + /€, we find

1Pt + Ve)lli+el Rt + Ve) |
< APV + e R(Ve)I?) + el

< cle|lug = T(do)|? + €)er e, W' >0, (4.6.71)

due to (4.6.68) and (4.6.69).

By using the simple substitution ¢t = ¢’ + /€, we can easily achieve that
PO + el RO < e(elluo — T(go)|* +e) et e, vt > /e, (4.6.72)
Since (¢g,ug) € Bs and (||dol|2 + €l|uol|3 < ¢), then

elluo — T(o)lI* < elluoll* + €l T(00)[I”

<c

so that

IPO)|2 + e|RE|? < cetest, Wt > Ve (4.6.73)
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To make ¢ independent of e, we consider it for t > 1, and we deduce

P12 + €| R(E)||> < ceae®, Wt > 1, (4.6.74)

as required in (4.6.17).

Finally, to deduce (4.6.18), we back to (4.6.72), we proved

e|RO)|? < cle|ug — T(do)||> +€) ed e, Vit > 1. (4.6.75)

If we take (¢o, ug) € Sc(1)Bs ., then we obtain

e[ RO < c(e]|Se(1)(uo — T(0))|I + €) 3 et, Vit > 1, (4.6.76)

hence, on account of (|[u¢(t)]|> < ¢, vVt >1) and (|jul|* < ¢, Vt > 0), we deduce

IR < c(|Se(1)(uo — T(d0))|* + 1) et e,

< ceiet, Wt> 1. (4.6.77)

Thus, we have
1P+ [ROI? < e e, ve>1, (4.6.78)
as required in (4.6.18). I
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4.6.1 A robust family of exponential attractors

The following theorems give sufficient conditions to ensure the existence of a robust

family of exponential attractors.

Theorem 4.6.1 ([9], [4]) Assume that there exist a,9 € (0,1], 5; € (0,1] and T; >
0 (all independent of €), let Cc(r) denoted a closed ball in Wy, of radius r > 0 and
concentrated at zero such that following conditions hold:

1. There exists a map T : Cy — L? which is Hélder continuous of exponent o. Here

Cy is endowed with the metric topology of Wi .. Indeed, there exists a constant ¢ such

that

[T(¢1) = T(d2)ll < cllér = ¢allt,

for any ¢1 and ¢ in Cy.

2. There exists t* > 0, independent of €, such that

S.()C. C C., Vit >t

and C. is uniformly bounded (with respect to €) in the Wa1- norm. Moreover, setting

Se(t*) = Se, the map S, satisfies, for every z1,z € C.,

[Sez1 = Sezallw,. < Tallz1 — 22flw.. (4.6.79)
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3. For any z = (¢o, $1) € C., there hold

157 (@0, d1) — S™ (D0, T (¢0)) [y, < Y5, Vm € A, (4.6.80)

[Se(t)(¢0, 1) — S(E)(do, T(d0))wn, < Tae™, Vit € [t7,2t7]. (4.6.81)

4. The map z — S(t)z is Lipschitz continuous on C. endowed with the metric topology
of Wi e, with a Lipschitz constant independent of € and t € [t*, 2t*].

5. The map

(t,z) = Se(t)z : [t*,2t"] x Cc — C.

is Holder continuous of exponent ¥, where Ce is endowed with the metric topology of

Wi.

1,e

Then there exists a family of exponential attractors E. on B = 63\} with the following

properties:

(i) & attracts A with an exponential rate which is uniform with respect to €, that is,

distyy, (Se(t)B,E) < e, Vi >0,

for some .#; > 0 and some w > 0.

(ii) The fractal dimension of &, is uniformly bounded with respect to €, that is,

dimWLE [ge] S %27
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for some #5 > 0.

(iii) There exist a positive constants .45, .#,, w,wwy € (0, %] such that

dlSt?{}Iln6 (86, (5)0) S %3€w1, (4682)

diStWLl (55, (5)0) S %46w2, (4683)
and

lim distw,, ((€)o, &) = 0, (4.6.84)

for all € € (0, 1]. Here w, w; and .#; are independent of €, and they can be computed

explicitly.

Observe that there exists t* > 1 such that S’e(t)l’;’&6 C 35,5 for all ¢t > t*; 3576 and
Bys are a bounded absorbing set for S,(t) and S(t) as well, respectively. Thus we can

apply Theorem 4.6.1 and the following theorem with C, = 35,5-

Theorem 4.6.2 Let the assumptions of Theorem 4.4.1 hold. Then, for every e €
(0,1], the semigroup Sc(t) possesses an exponential attractor E on W;. in the metric
topology of Wi ¢, that is, there exists a constant 30 > 0 such that, for every bounded

subset B C W, there exists a constant 31(B) > 0 such that (30 and 31 are independent

of €)

distyy,  (Sc(t)B, &) < 317, Vi > 0.

Moreover, there exist 0 < wg, w3 < % and Ms, Mg > 0, all independent of €, and a
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family of exponential attractors &, that satisfies the following property
distyy” (&, (E)o) < M€,

and
distyy, , (&, (£)o) < AMe™,

for all e € (0,1]. Also,
lii% distyy, , ((€)o, &) = 0.

Proof. Let us now prove the theorem. On account of Theorem 4.6.1, we check all
the assumptions 1-5.

Let (¢o,up) € [;’576. To verify Assumption I, we will prove that T : 3570 — L% is
continuous in the metric topology of V. Indeed, we consider the difference of two

solutions (¢1,u;) and (g9, uz) of Problem (4.3.2) where u; = T(¢;), we obtain

2A(ur — uz) + h(w) — h(uz) = A[A(d1 — ¢2) + g(¢1) — 9(¢2)] + (1) — 7(¢2),

(4.6.85)

and since

h(uy) — h(ug) = /0 B (suy + (1 — s)ug)ds(uy — ug),
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then

2A(uy — ug) + /0 h'(suy 4+ (1 — s)ug)(ug — ug)ds

= A[A(¢1 — d2) + g(¢1) — g(d2)] + (1) — 7(¢2). (4.6.86)

We multiply (4.6.86) by u; — us, integrate over 2, we obtain

lur — wsll? < [lé1 — dal2 + (1) — g2 + ellr(én) — r(d2)]?
< c(lpr — BallZ + lfn — B2l )61 — |2

1
< cllpr — @2llf (4.6.87)

where we used the integral form of the Main Value Theorem and the interpolation
1 1 1
estimate ||¢|ls < ||¢||7 ||¢||2 and the bounded estimate ||¢]|2 < c.

Thus, we can deduce that

17 (p1) = T(d2)ll1 = [lur — ually < ¢f|pr — <b2||1%7 (4.6.88)

hence T satisfies Assumption 1.

As t* > 1, and r > 0 arbitrary the estimates (4.2.25) and (4.2.22) with t > r > 1
show that 5’576 is uniformly bounded (with respect to €) in the W5 ;- norm.
Moreover, from estimate (4.2.113) we can entail Assumption 2. Estimate (4.6.18) will

obtain Assumption3.
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Thus we are left to prove Assumptions 4 and 5. Indeed, defining

(@(t), u(t)) = Se(t) (o1, uor),  (¢(t), u(t')) = Se(t') (doz, uo2),

with (¢o1, uo1), (¢o2, ue2) € 133576, and t,t' € [t*, 2t*], we obtain

[Se(t) (o1, tor) — Se(t) Doz, uo2)[lwy. < ISe(t) (o1, tor) — Se(t’)(dor, uor)|Iw,.

+ 1Se(t") (@01, wor) — Se(t')(do2, uo2)[lw . -

(4.6.89)
On one hand, on account of (4.2.20), we have
[1Se(t) (@01, uo1) —Se(t') (do1, tor ) [[w..
<c (o) — o)l + Vellut) — u@)l)
<ell [ N uast +1 [ Velu(o)lash
< c(tt, )t —t)2. (4.6.90)
On the another hand, it follows from (4.2.105) that
1Se() (o1, wor) — Se(t') (P02, o2) lw .
< C(t*>H<d)01,U01) — (¢02’u02)||W1,e’ vt > 0. (4691)
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Hence, we conclude with

[|Se(t)(do1, wor) — Se(t')(doz, uoz) |l .

< et ) (It =t + [|(dor, ton) — (doz wo2) [lw . )- (4.6.92)

—W1,e
Theorem 4.6.1 shows the existence of exponential attractors on By, , we have

distyy, . (Sc(t)Bs, &) < Mie ", VWt > 0.

Next by the following Lemma 4.6.2, we can use the transitivity property of the expo-

nential attraction to extend the basin of attraction of each exponential attractor from

Bs e N to the whole phase-space W, .

This completes the proof of the theorem. |

Lemma 4.6.2 Let Bs, is abounded absorbing set in Ws .. For any bounded set B C
W with R = supecp [||lw;., there exist ¢ > 0 independent of R, and C(R) > 0 that

depends on R (all independent of €) such that

distyy, . (Se(t)B, Bs,.) < C(R)e™, Vt > 0.

Proof. we can prove this Lemma by using similar method as in the proof of

Lemma 2.6.4 but with 35,5 and W .. |
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