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CHAPTER 1

INTRODUCTION

1.1 Motivation

Machine Learning (ML) has led to a revolution in technology. It has brought things

which were once seen as fiction to real life, from the development of autonomous

vehicles, to recommendation systems, to anomaly detection and many others. It has

also gained popularity due to its significant contribution to various fields of science

and engineering. For instance, machine learning can be used to model and predict

environmental changes [21], to enhance safety and efficiency in aircraft design [10], to

monitor the health and safety of structures such as bridges and buildings [44], amongst

many others.

Machine learning has also been utilized to solve Partial Differential Equations

(PDE). Since PDEs form a basis for many problems in science and engineering, exten-

sive research has been done to develop various methods of solving them. An approach

to solve PDEs using ML is done by embedding the knowledge of physics laws into a

Neural Network (NN) (a Machine Learning algorithm) learning process. Using ML
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approach has been presented as early as the 1990’s in works such as [24], but the name

Physics-Informed Neural Networks (PINN) was coined years later in [33]. PINN uti-

lizes neural networks which are universal function approximators, and it uses prior

knowledge of the PDE as a regularization agent that reduces the space of admissible

functions. One advantage of this technique over classical numerical methods is its

mesh-free nature, which enables it to easily handle problems with complex geometries

and irregular domains.

1.2 Eigenvalue Problems on Finite Dimensional

Spaces

Let T : V 7→ V be a linear operator on an n-dimensional vector space V over a field

F. Suppose there exist an ordered basis B = {x1, x2, . . . , xn} such that the matrix

representation of T is a diagonal matrix D. Then [T ]B = D if and only if:

T (xk) = λkxk. (1.1)

The diagonal matrix D is called the diagonal form or diagonal representation of T , and

T is said to be diagonalizable. Diagonalization simplifies computation and sufficient

information’s could be obtained with just a glance of the matrix D. For example,

the range is the subspace spanned by the basis vectors xk’s where λk 6= 0 [17]. and

operations such as exponential can be easily performed on the operator T , because it

is very straightforward on a diagonal matrix.
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The scalars λk ∈ F are called the eigenvalues (characteristic values) corresponding

to any xk such that (1.1) holds, and each xk is called an eigenvector (characteristic

vector).

For n-dimensional vector space V over F, the linear operator T can be represented

by an n× n matrix A over F. Thus, the eigenvalues of A are scalars λ such that the

matrix (A− λI) is singular or |A− λI| = 0. The monic polynomial P (x) = |A− xI|

is called the characteristic polynomial of A and it is used to obtain the eigenvalues of

A, which are just the roots of P (x).

The problem of finding eigenvalues and their corresponding eigenvectors of a given

linear operator T (or matrix A) is called an ”Eigenvalue problem”. This problem arises

naturally in science and engineering, e.g., in the longitudinal vibration of an elastic

bar [1], signal processing [29], graph theory [7], and quantum mechanics [8].

Solving the eigenvalue problems can be challenging, as there can be many types,

corresponding to the properties of the matrix. Thus, efficiently solving this problem

involves recognizing its mathematical type [3]. For example:

• Hermitian Eigenvalue problems: These are eigenvalue problems of the form

Ax = λx, where A is Hermitian, i.e. A = A∗, A∗ is the conjugate transpose of

A.

• Generalized Hermitian Eigenvalue problems: These are of the form Ax = λBx,

where A and B are Hermitian, and B is positive definite.

If A is Hermitian, all the eigenvalues are real and can be written in sorted order,

λ1 ≤ λ2 ≤ · · · ≤ λn. If all λi > 0, then A is called positive definite. Each eigenvector

3



xi, i = 1, · · · , n form a basis of a subspace of V , called the eigenspace or invariant

space. With this in mind, we can choose each eigenvector such that the L2-norm is 1,

i.e. ||xi||2 = 1.

1.3 1D Time-Independent Schrödinger Equation

In 1925, the French physicist Louis de Broglie postulated that particles (like electrons)

exhibit wave behaviour. This phenomena is referred to as wave-particle duality. In

1926, a concrete evidence of the de Broglie’s hypothesis was carried out through an

experiment by Clinton Davisson and Lester Germer at the Bell Laboratories. They

wanted to study the behavior of electron interaction with the surface of a crystalline

target. They observed that when slow-moving electrons were scattered by the nickel

crystal, they displayed a diffraction pattern, which confirms the wave nature of elec-

trons [34].

The electron wave-particle duality could only be modeled through a fundamental

modification of basic physical concepts, which was later termed ”Quantum Mechan-

ics”. Furthermore, Erwin Schrödinger in 1926 proposed an equation that models the

behavior of an electron in a system, based on the following assumptions:

• Since electrons exhibit wave-particle duality, the momentum and position cannot

be determined precisely (Heisenberg principle). Thus, the state of a system can

be described by a wave function ψ which is a function of space and time.

• |ψ(x)|2 denotes the probability of finding an electron or particle at a position x

and time t.
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• The sum of probabilities of all possible values of the coordinates of the system

must be 1, which is called the normalization condition

∫
|ψ(x)|2dx = 1. (1.2)

In steady state, the Schrödinger equation reduces to:

[
−h̄2

2m

d2

dx2
+ V (x)

]
ψ(x) = Eψ(x). (1.3)

The terms in the square bracket can be seen as an operator acting on ψ, and is called

the Hamiltonian operator Ĥ. V (x) is the potential energy term, h̄ is the reduced

Planck’s constant and m is the mass of the electron.

It can be seen that the time-independent Schrödinger equation is an eigenvalue

problem, with the energy E as the eigenvalue and the wavefunction ψ as the eigen-

function.

1.3.1 Infinite Potential Well Problem

The potential energy V (x) is the energy due to the system that acts on the electron

or particle. Suppose we consider the 1D problem of a particle in a well like Figure

1.1, such that the potential V (x) is defined as:

V (x) =


0, 0 ≤ x ≤ L,

∞, otherwise.
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Since the potential is infinitely high outside the well, this means that the particle

cannot exist there except for where V (x) = 0. Applying this information to the

Schrödinger equation (1.3) reduces it to

−h̄2

2m

d2ψ

dx2
= Eψ(x). (1.4)

Figure 1.1: Pictorial depiction of the infinite potential well with a particle inside the
well.

Equation (1.4) is a second-order differential equation which can be rewritten as:

d2ψ

dx2
= −k2ψ(x), (1.5)

where k =
√

2mE
h̄2

, and the solution is:

ψ(x) = A sin(kx) + B cos(kx). (1.6)

To obtain the values of the parameters A and B, ψ(0) and ψ(L) must be zero

6



because the wavefunction vanishes outside the well.

ψ(0) = ψ(L) = 0.

The condition ψ(0) = 0 implies that B = 0 and (1.6) becomes:

ψ(x) = A sin(kx). (1.7)

Applying the second boundary condition,

ψ(L) = A sin(kL) = 0,

we obtain that

k =
nπ

L
.

Therefore,

ψn(x) = An sin
(nπx
L

)
, n = 1, 2, . . . (1.8)

and

En =
h̄2

2m

(nπ
L

)2

, n = 1, 2, . . . (1.9)

is the eigenvalue solution (Energy) for the infinite potential well problem, for n ∈ N.

Finally, the normalization condition (1.2) of the wave function implies that:

∫ L

0

[
An sin

(nπx
L

)]2
dx = 1.

7



Integrating the above, we obtain

An =

√
2

L
.

Hence, the wavefunction is given by

ψn(x) =

√
2

L
sin

(nπx
L

)
. (1.10)

It is important to note that n is restricted to be positive integers because n = 0

implies ψn = 0 (trivial state), and n < 0 yields −ψn, which belongs to the eigenspace

generated by ψn.

1.3.2 Single Finite Potential Well Problem

The case where potential is infinite outside the well may be unrealistic in real life. A

more appropriate situation is where the potential energy is a finite value outside the

well. Here we define the potential as:

V (x) =


0, −L ≤ x ≤ L,

V0, otherwise.

(1.11)

This potential has an even symmetry, V (x) = V (−x), which is found to influence

the form of the wavefunctions. When the potential is symmetric, the solution of

the time-independent Schrödinger equation (1.3) can be classified as either odd or

even. Even wavefunctions correspond to those that are symmetric about the center of
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the well (ψ(x) = ψ(−x)), while the odd wavefunctions correspond to those that are

antisymmetric about the center (ψ(x) = −ψ(−x)). To solve (1.3), we first consider

some continuity conditions:

1. ψ(x) must be continuous

2. ψ(x) must be smooth i.e. ψ′(x) must be continuous

We can divide the well into three regions, two regions outside the well and one

region inside the well. Then the Schrödinger equation becomes:


d2ψ(x)
dx2

= −2mE
h̄2

ψ(x), −L ≤ x ≤ L,

d2ψ(x)
dx2

= 2m(V0−E)

h̄2
ψ(x), otherwise.

(1.12)

Figure 1.2: Pictorial depiction of the single finite potential well with a particle inside.
The well can be divided into three regions, two regions outside the well and one inside.

Let

k =

√
2mE

h̄2
, α =

√
2m(V0 − E)

h̄2
. (1.13)

9



Then (1.12) can be rewritten as


d2ψ(x)
dx2

= −k2ψ(x), for − L ≤ x ≤ L,

d2ψ(x)
dx2

= α2ψ(x), otherwise.

(1.14)

Solving (1.14), we obtain

ψ(x) =



Aeαx +Be−αx, x < −L (region I),

C sin(kx) +D cos(kx), −L ≤ x ≤ L (region II),

Eeαx + Fe−αx, x > L (region III).

(1.15)

Applying the boundary conditions, we expect that ψ(−∞) = ψ(∞) = 0. Thus

(1.15) becomes

ψ(x) =



Aeαx, x < −L,

C sin(kx) +D cos(kx), −L ≤ x ≤ L,

Fe−αx, x > L.

(1.16)

Since the wavefunctions are either even or odd (as a consequence of the symmetry

of the potential V (x)). This means that we can deal with each of them one at a time.

10



We consider the first case, when ψ(x) is even. Therefore, C = 0 and so we have that

ψ(x) =



Aeαx, x < −L,

D cos(kx), −L ≤ x ≤ L,

Fe−αx, x > L.

(1.17)

From the conditions of continuity and smoothness of ψ(x), it follows that A = F ,

Ae−αL = D cos(kL), (1.18)

and,

αAe−αL = kD sin(kL). (1.19)

Therefore, it follows from (1.13) that

k2 + α2 =
2mV0

h̄2
. (1.20)

Dividing (1.19) by (1.18), we obtain:

α = k tan(kL). (1.21)

Multiplying (1.21) by L, (1.20) by L2 and letting u = kL, v = αL, and R2
0 =

2mL2V0
h̄2

, we obtain the non-linear system

11



v = u tan(u), (1.22)

u2 + v2 = R2
0. (1.23)

Substituting (1.22) in (1.23), yields

u2 sec2(u) = R2
0. (1.24)

This is a non-linear equation that can be solved using a non-linear solver or graph-

ically by plotting (1.22) and (1.23). The solution set will be the points of intersection

(un, vn), n = 1, 2, . . ., of the plots of (1.22) and (1.23). Since all other parameters are

known, then we can obtain the energy levels En as:

En =
h̄2π2

2mL2

(
un
π/2

)2

, n ∈ N. (1.25)

In (1.25), the term outside the bracket is the energy ground state of the infinite

quantum well (1.9), i.e. n = 1. This implies that if u = π
2
, then R0 → ∞ and so we

resolve back to an infinite well problem. Therefore, (1.25) can be rewritten as

En = E∞,1

(
un
π/2

)2

, n ∈ N. (1.26)

Where E∞,1 is the energy ground state of the infinite well problem. If we consider the

second case where ψ(x) is odd, then D = 0 in (1.16) and following the same procedure,

12



Figure 1.3: Plot of equations (1.22), (1.23), and (1.27). The points of intersection are
the solution sets and can be used to obtain the required energy levels.

we will obtain

v = −u cot(u), (1.27)

u2 + v2 = R2
0. (1.28)

Hence, we can obtain both the even and odd energy levels of the finite well, graph-

ically.
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CHAPTER 2

BACKGROUND AND

LITERATURE REVIEW

2.1 Neural Network Overview

Let ni, i = 0, 1, 2, · · · , k + 1 be positive integers and

Θi : Rni 7→ Rni+1 , i = 0, 1, · · · , k, (2.1)

be an affine function defined as

Θi(x) = W i(x) + bi, i = 0, 1, · · · , k, (2.2)

where W i ∈ Rni+1×ni and bi ∈ Rni+1 . Let a non-linear activation function σi over Θi

be of the form

14



σi : Rni+1 7→ Rni+1 , i = 0, 1, · · · , k. (2.3)

Then a neural network from Rn0 to Rnk+1 [16] is defined as

NN(x) = Θk ◦ σk ◦Θk−1 ◦ σk−1 · · · ◦Θ1 ◦ σ1 ◦Θ0(x). (2.4)

In essence, a neural network is a parametric function that is produced by sequen-

tially composing affine functions, followed by a non-linear (activation) function. The

linear transformation matrices W i and translation vectors bi of the affine functions

serve as the neural network’s parameters and are called weights and bias respectively

[19]. The neural network (2.4) is called a (k + 1)-layer neural network, with k hidden

layers. If k = 1, then the neural network is said to be shallow and if k is large, it is

called a deep neural network.

Next, we provide brief descriptions of the entire architecture of a neural network.

2.1.1 Neural Network as a Universal Approximator

Neural networks ( both shallow and deep) are a class of universal function approxima-

tors. They can approximate any Borel measurable function from one finite dimensional

space to another, to any desired degree of accuracy, provided that n1, n2, · · · , nk are

sufficiently large [18]. This is done by updating the parameters through an optimiza-

tion process called back-propagation that searches for the minimum of a loss function

L(θ).
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2.1.2 Neurons

Neural networks are always illustrated as stacks of connected neurons such as in Figure

2.1. A neuron is a unit of a neural network that represents a single composition of an

affine function, and can be defined as

nnj(x) = σ ◦Θi
j(x), j > 0, (2.5)

where σ is an activation function and Θi
j(x) : Rni 7→ R is an affine function with

Figure 2.1: Illustration of a 3-layer neural network with 4 neurons in each hidden
layer, and 1 neuron in the output layer.

a scalar output. A neural network layer is composed of neurons that are stacked

together and whose combined output is received by each neuron in the next layer.

2.1.3 Activation Function

Without the non-linear activation function σ, neural networks are just compositions

of linear functions, which in fact is itself linear. The activation function σ introduces
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non-linearity to the neural network, which allows it to better approximate not only

linear functions but also general non-linear functions. There are different types of

activation functions, such as

• Sigmoid: It is also called logistic activation function, and is used for binary

classification (i.e. f = {0, 1}). It is defined as:

σ(Θ) =
1

1 + e−Θ
.

• ReLU: Abbreviated from Rectified Linear Unit, ReLU is a very popular activa-

tion function which is defined as:

σ(Θ) = max{0,Θ}.

ReLU is mostly preferred because of its computational efficiency to compute

and differentiate (making it very suitable for large neural networks), and also

preventing common problems like vanishing gradient when training a neural

network. Recently, [16] showed that using ReLU in a deep neural network is

identical to the set of linear finite element functions used in numerical PDEs.

There are different variants of the ReLU activation function, such as leaky ReLU,

GeLU, ELU, SeLU and so on.

• Sine: The sine activation function is basically, using the trigonometric sinusoidal
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function to non-linearize the linear functions of a neural network

σ(Θ) = sin(Θ).

It was proposed in 2020 by [37], and is believed to work best for functions that

are periodic.

2.1.4 Neural Network Optimization Process

Loss Function

Let n,M ∈ N, and x1, x2, · · · , xM ∈ Rn, y1, y2, · · · , yM ∈ R are data points such that

yk = f(xk), (2.6)

for every k = 1, 2, 3, · · · ,M . Where f ∈ C(Rn,R) is an unknown function that

maps xk ∈ Rn to yk ∈ R. We aim to find a function f̂ , such that f̂(xi) ≈ f(xi)

for i /∈ {1, 2, 3, · · · ,M} without using explicit knowledge of f . To do this, we try to

obtain f̂ ∈ C(Rn,R) such that a function L : C(Rn,R) 7→ [0,∞) is minimum. The

function L(ϕ) is called the loss function, and can be defined as

L(ϕ) = 1

M

[
M∑
k=1

|ϕ(xk)− yk|2
]
∈ [0,∞), (2.7)

for every ϕ ∈ C(Rn,R) [19].
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Back Propagation

f̂ is obtained through a process called back propagation. Back propagation is an

optimization process that updates the parameters of a neural network through the

use of gradients or partial derivatives computed from the loss function L(ϕ). Back

propagation uses the concept of chain rule to update the weights W and biases b

of the neural network sequentially, from the closest layer to the final output of the

neural network to the first hidden layer. Some common back propagation methods

are gradient descent, stochastic gradient descent and ADAM optimization.

The concept of back propagation is an inverse problem, where we obtain the best

parameters W and b of Θ = Wx + b that gives the best approximation f̂ in (2.6). A

very simple back propagation process is the gradient descent, which is defined as

W := W − α
∂L
∂W

, (2.8)

b := b− α
∂L
∂b
. (2.9)

The values of W and b are updated iteratively, with each iteration called ”epoch”.

The loss function can be seen as a valley or combination of valleys, where the objective

is the find the lowest point, which corresponds to minimizing the loss L(ϕ). The

variable α is called ”learning rate”, and it is a parameter (usually called a hyper-

parameter) that is fixed before training. It indicates the size of steps taken while

descending down the valley of the loss function. Just as in real-world hiking, where a

larger step may help descend more quickly but risks overshooting the optimal path,

the learning rate determines the magnitude of parameter updates in each iteration
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of the optimization process. A higher learning rate means larger steps, potentially

leading to faster convergence but with a greater risk of oscillation or overshooting

the minimum. Conversely, a smaller learning rate ensures more cautious progress,

reducing the risk of overshooting but potentially slowing down convergence. Finding

the right balance is crucial, as it ensures steady progress towards the optimal solution

without compromising stability or efficiency..

2.2 Physics Informed Neural Network

In recent years, Machine (deep) learning has been extended to solve PDEs. This

method involves first reformulating the given PDE as an infinite dimensional stochastic

optimization problem, which is reduced to a finite stochastic optimization problem

using deep neural networks as approximations for the PDE solution including its

derivatives. Then, this optimization problem is solved using optimization methods

like gradient descent[19]. There are various schemes where deep learning is utilized in

solving PDEs, among which is Physics Informed Neural Networks (PINNs).

PINNs is a deep learning approach of solving PDEs that incorporates physical

laws into a neural network architecture. This is done by embedding the knowledge

of the physics within the loss function during training. PINNs exploits the universal

approximation property of neural networks to approximate PDEs, both linear and non-

linear, without requiring local time-stepping, linearization, or any prior assumptions

to be made [33]. Since the main component of PDEs are derivatives, PINNs utilizes

automatic differentiation, otherwise called ”autodiff”, to compute the derivatives of
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the PDEs. This is a technique that generates numerical derivative evaluation by

computing derivatives through the accumulation of values during code execution[4].

As an illustration, consider the PDE of the form

ut +N [u] = 0, x ∈ Ω, t ∈ [0, T ], (2.10)

where u is the solution of the PDE, N is a non-linear differential operator, and Ω ⊂ RD.

To obtain u through PINN, let û be the output of a neural network as defined in (2.4).

We aim to approximate u such that |u− û| ≈ 0.

Now, define f(t, x) such that

f := ut +N [u]. (2.11)

Then, the loss function for the neural network optimization process will be defined as

follows:

L(u) =MSEi +MSEb, (2.12)

where

MSEi =
1

Mi

[
Mi∑
k=1

|f(tk, xk)|2
]
, (2.13)

and

MSEb =
1

Mb

[
Mb∑
k=1

|u(tk, xk)− û(tk, xk)|2
]
. (2.14)

Here, Mi denotes the collocation points for f(t, x) and Mb denotes training data from

the initial and boundary conditions on u(t, x). The MSEi and MSEb drives the neural
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network to search for solutions û in the solution space of the giving PDE by enforcing

the structure of the equation and boundary conditions such that the mean-squared

error is minimum, through gradient-descent type optimization methods.

The use of PINN and other deep learning approaches to solve differential equations

poses several benefits over traditional numerical methods. We highlight some of these

benefits below.

• Deep learning approaches offer a promising solution to the curse of dimensional-

ity, a prevalent challenge in many numerical methods. Conventional approaches

often employ dimensionality reduction techniques for high-dimensional prob-

lems, which can compromise solution accuracy. The use of deep learning has

been demonstrated to solve very high dimensional problems[14]. Furthermore,

deep learning approaches alleviate the difficulties associated with discretizing

domains into appropriate grids or meshes, providing a more flexible and adapt-

able approach to solving complex problems.

• Deep learning approaches enable the utilization of rapidly advancing machine

learning tools, such as Graphics Processing Units (GPU), to solve scientific

problems. GPUs are particularly well-suited for accelerating the training and

inference processes of deep learning models due to their parallel processing capa-

bilities. By leveraging GPUs, deep learning approaches can significantly reduce

computation time and enable the efficient solution of complex scientific prob-

lems.

• The output obtained from these approaches are analytic functions and can gen-
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eralize well to unseen data points. Obtaining the solution at these points is

almost instantaneous after training for the first time.

• Traditional numerical methods often rely on specific assumptions or simplifica-

tions to solve PDEs, and different methods may be required for linear versus

nonlinear equations, or for problems in different dimensional spaces. PINN of-

fer a unified approach that can handle linear and nonlinear PDEs, as well as

problems in both high and low dimensional spaces, using the same underlying

framework.

2.3 Overview

In 1959, Arthur Samuel defined Machine learning as the field of study that give com-

puters the ability to learn without being programmed explicitly. The concept of

machine learning started in mid 20th century, when researchers wanted computers

that can do things without ”explicitly programmed”. However, due to limited com-

puting power and limitations on early algorithms, there became a decline in machine

learning research.

With the discovery of back-propagation in the 1990s [35], increased computing

power and availability of data due to the rise of internet, research in the field of machine

learning once again re-emerged and this time led to groundbreaking discoveries, such

as Convolutional Neural Network (CNN) [25][23], reinforcement learning [22], and

deep learning ( or deep neural networks) [26]. This led to computers performing tasks

that surpass human capabilities.
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During the resurgence of machine learning in the 1990s, Works like [24], [9], [38]

and [27] emerged utilizing neural networks (NN) to solve differential equations. Since

many PDE problems such as high dimensional non-linear PDEs cannot be solved

analytically, and current approaches such as finite-element method, spectral galerkin

method and other numerical approaches suffer from limitations such as curse of dimen-

sionality and finding an appropriate mesh, researchers began to utilize deep-learning

approach in solving PDEs.

With the availability of computational power, recent deep learning approaches

such as the Deep Ritz method [43], Deep Galerkin method [36], and Physics Informed

Neural Network (PINN) [33] gained attractions. These methods have since been ex-

tended with remarkable results in solving very high dimensional PDEs [14], fractional

PDEs [31], heat transfer problems [5], inverse problems [6] and even in finance [2].

Another interesting area that deep learning approaches can prove very useful is

in solving eigenvalue problems, where not only one solution is desired, but a whole

family of solutions. While PINN and the other deep learning approaches can solve

both linear and non-linear PDEs, they do not work well in all problems [12] [40]. Thus,

either problem specific novel deep learning approaches have to be developed or existing

methods have to be extended in solving specific problems where they fail. With respect

to this and among many others, [11] introduced a deep learning approach utilizing

CNN for eigenvalue problems in mechanics, [15] proposed the using a diffusion Monte

Carlo inspired deep neural network to solve high-dimensional eigenvalue problems, and

more recently, [42] introduced a neural network based on the power method, inverse

power method to obtain the largest and smallest eigenpairs.
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While developing new algorithms may seem good, coming up with different meth-

ods for every problem may not be a feasible thing to do. It may be way better to

extend existing methods to further generalize such problems. This can be seen in

[20] where they extended PINN to solve quantum eigenvalue problems, through care-

fully adding a neuron in each layer of the neural network to compute the eigenvalues,

and adding regularization terms to better inform the neural network of the desired

eigenfunctions.

In this thesis, we improve the work of [20] with a focus on developing a more

efficient way of informing the physics specific to quantum eigenvalue problems into

a neural network. This follows the same intuition of a standard PINN, however, the

major difference between our work and [20] is how the eigenvalues are computed, the

regularization terms used and the type of collocation points used. We observe that

our approach is able to increase accuracy, reduce computational cost and provide

solutions where the PINN by [20] may fail. This thesis contributes to PINN that can

be adapted to solve eigenvalue problems, and in the nearest future we aim to extend

this into areas where the neural network may face difficulties in obtaining the desired

solutions.
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CHAPTER 3

RQPINN FOR EIGENVALUE

PROBLEMS

Motivated by the work of [20], we introduce Rayleigh quotient based PINN (RqPINN),

for solving eigenvalue problems in 1D, particularly the Schrödinger equation (1.3).

Our novel approach leverages PINN to approximate eigenfunctions, while utilizing

Rayleigh quotient to obtain the corresponding eigenvalues. This approach have en-

hanced accuracy and convergence through redefining regularization terms in [20] and

introducing different methods of choosing collocation points for training.

The RqPINN is introduced due to the following issues observed in the algorithm

by [20]:

• The concept of switching symmetries is embedded into the PINN by [20], so that

it can learn perfectly odd or even eigenfunctions [28]. Switching between sym-

metries can make the algorithm computationally expensive, resulting in longer

convergence time. Besides, it means the PINN is constrained to only solve
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problems with symmetric potentials V (x), therefore limiting its applicability.

Embedding symmetry also implies that we need to have prior solutions at hand

to know when the PINN is learning a false solution and when we need to switch

between symmetries.

• While the PINN in [20] is used to solve finite and multiple well problems, it

has difficulty learning the simple solutions of the infinite well problem, as it

always converges to a false solution after learning one or two eigenstates. The

solutions of the infinite well problem 1.3.1 are all odd, so the concept of switching

symmetries is not applicable here.

• Tuning the hyper parameters can be a more difficult task, since it is observed

that some regularisation terms have very large value contribution than others.

To address these issues, we improve the existing PINN architecture for solving the

Schrödinger equation as a specific case, thereby proposing a more efficient algorithm

with increased accuracy and convergence. Figure 3.1 illustrates the PINN algorithm

by [20].

3.1 RqPINN Model

We propose a PINN model for boundary value problems of the form:

Gy(x) = λy(x), in Ω, (3.1)

y = fbc, on ∂Ω, (3.2)
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Figure 3.1: PINN proposed by [20] for solving 1D time independent Schrödinger
equation. At the beginning of training, an array of constants is fed into the neurons
that computes the eigenvalues.

where Ω is an open interval, G is an operator, λ is the eigenvalue and y = y(x) is

the corresponding eigenfunction. Considering the 1D time-independent Schrödinger

equation, equation (1.3) is rewritten as (3.1). The next two subsections discusses the

major novelty of our work, and in the following sections we describe the components

of the loss function, the boundary condition and training the RqPINN. Figure 3.2

illustrates the algorithm of the RqPINN.

3.1.1 Computation of Eigenvalues

We propose a simple fully connected neural network to compute the eigenfunctions

and then use Rayleigh quotient to obtain the corresponding eigenvalues, without in-

corporating the notion of symmetry. The Rayleigh quotient is defined as

λ =
〈y,Gy〉
〈y, y〉

, (3.3)
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where G, y and λ are as in (3.1). The utilization of the Rayleigh quotient has elim-

inated the cost needed to train the eigenvalues as outputs of specific neurons. As a

result, we can now calculate them directly from the associated eigenfunctions. This is

observed to increase both the convergence and accuracy of the PINN.

3.1.2 Loss Computation

Regularization terms are additional components added to the loss function of a neural

network during training, to further inform or guide the network to the desired solu-

tions. In the work of [20], regularization terms are incorporated into the loss function

to guide the PINN toward learning non-trivial wavefunctions that exhibit orthogo-

nality. We adjust and normalize these regularization terms to enhance our ability to

regulate the contributions of each term to the training process of the PINN, mak-

ing it much more interpretable. Furthermore, we append additional regularization

terms to steer the PINN towards sequentially learning the eigenvalues, and to prevent

convergence to false solution.

3.2 The Loss Function

The optimization process of the RqPINN algorithm involves minimizing a loss function

comprising of a physics loss and some regularization terms iteratively. This iterative

process aims to derive the best function approximation for the eigenfunction and its

corresponding eigenvalue. In this section, we delve into the specifics of the loss and

regularization terms within our PINN architecture.
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Figure 3.2: RqPINN for solving 1D eigenvalue problems.

3.2.1 Physics Loss

The Physics loss is the cornerstone of PINNs architecture, it is what distinguishes a

PINN from conventional neural network. It is analogous to the loss defined in (2.13).

Considering (3.1), it is defined as

Lp =
1

M

M∑
i=1

[Gyi − λyi]
2 , (3.4)

where M is the number of collocation points sampled from the domain Ω, using Latin

Hypercube Sampling (LHS) , uniformly spaced points or orthogonal polynomial roots

shifted to points in Ω.

3.2.2 Regularization Terms

We adapt certain regularization terms to provide additional guidance to the PINN in

learning the desired solutions. These terms are derived from a foundational under-
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standing of eigenvalue functions, with particular emphasis on the Schrödinger equa-

tion. As mentioned earlier, each regularization term is normalized to ensure equitable

contribution to the optimization process. This approach facilitates easier adjustment

or prioritization of specific regularization terms as required.

Next, we discuss each regularization term in details.

1. Non-triviality Loss

In the absence of any regularization term, the PINN will converge to the non-trivial

solution, which also minimizes the physics loss. To avoid this, we adapt the normal-

ization condition (1.2) ∫
Ω

[y(x)]2 dx = 1.

This condition is satisfied only by the non-trivial eigenfunctions. Therefore, we

define a regularization term known as the non-triviality loss. Since we consider a finite

number of collocation points in the domain Ω, we incorporate (1.2) into the PINN

architecture using the discrete norm. The non-triviality loss is then defined as:

Lnt =
[
1− (b− a)

M
||y||

]2
, (3.5)

where Ω = [a, b], M is the number of collocation points in Ω and || · || is the discrete

norm. We employ the square root of the PyTorch [32] dot product function to compute

the discrete norm in (3.5). This implementation of the non-triviality loss guides the

PINN to search for solutions that are non-trivial.
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2. Orthogonality Loss

We desire that the PINN learns multiple eigenfunctions and eigenvalues of (3.1) in

the space of admissible solutions. To do this, an additional information is needed to

guide the network after a solution has been found to a satisfactory level. Thus, we

introduce an additional regularization term based on the orthogonality property of

eigenfunctions,

〈yn, ym〉 = 0, for n 6= m. (3.6)

This means that for n eigenfunctions,

n−1∑
i=1

〈yi, yn〉 = 0, for n > 1. (3.7)

We can incorporate this as another regularization term in the PINN so that after

successfully converging to an eigenfunction, the neural network is conditioned to learn

another solution that is orthogonal to the previous one. This procedure is continued

until we obtain n eigenfunction’s that satisfies (3.7).

We define the orthogonal loss term as:

Lorth =
k−1∑
j=1

〈yj, yk〉
||yj|| · ||yk||

, (3.8)

where yk is the current eigenfunction to be learned and yj for j = {1, 2, · · · , k−1} are

the previous eigenfunctions obtained by the PINN. This drives the PINN to search

for not just multiple solutions, but solutions that are orthogonal. The norms are

computed as in (3.5), while the inner product is obtained by taking the squares.
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3. Eigenvalue Loss

While the regularization terms mentioned earlier can guide the RqPINN towards the

desired solution, there are many instances where it converges to a false solution, with

its eigenvalue lying between two previously learned eigenvalues. Hence, it becomes

crucial to instruct the network on the direction to search for eigenfunctions. To address

this, we introduce another regularization term called the eigenvalue loss. This term

ensures that if the eigenvalues of equation (3.1) are monotonically increasing, then λk

must be greater than λk−1, where k represents the current learned eigenvalue. The

eigenvalue loss is defined as:

Len =


0, d > 0,

e−d, d ≤ 0,

(3.9)

where d = λk − λk−1. The same principle applies to problems with eigenvalues that

are monotonically decreasing.

4. Nodal Loss

Incorporating the eigenvalue loss term implies that if the RqPINN overlooks an eigen-

pair, it will not revisit it. To address this, we propose a regularization term that deters

the network from deviating from any eigenpair. This term is formulated based on the

number of peaks in the eigenfunction.

In many scenarios, the number of peaks in the eigenfunction increases by one as

the eigenfunction level rises (e.g., the ground state eigenfunction has one peak). This
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property can be leveraged to devise a regularization term that ensures the presence

of the required number of peaks in the eigenfunction. This term is defined as:

Lnl = |Pest(yk)− Pexact|. (3.10)

Here, Pest represents a function that estimates the number of peaks in the currently

learned eigenfunction, and Pexact denotes the expected number of peaks.

However, it is important to note the following:

• A proper way to define the nodal loss may be necessary since the definition is

a constant which when differentiated (during back-propagation) is zero. Con-

sequently, this definition (3.10) of the nodal loss might not significantly impact

the training process.

• Introducing too many regularization terms can lead to competition with the

physics, potentially increasing instability in the training process. It also in-

creases the non-convexity of the loss function, making it difficult to converge to

minimum during training.

• Proper weighting of the regularization terms is still required, and these weights

need to be carefully tuned to ensure accurate solutions.

3.3 Boundary Condition

In contrast to the PINN in [33], we employ the use of a parametric equation as outlined

in [20]. This approach involves incorporating the boundary condition directly into
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the PINN architecture, rather than introducing an additional loss function for the

boundary. A similar technique has been utilized in [24].

In this thesis, we focus on Dirichlet’s boundary condition and formulate its incor-

poration into the PINN as follows:

y(x) = fbc + g(x)N(x), (3.11)

where fbc represents the boundary value, N(x) denotes the initial output of the PINN,

and g(x) is a parametric function that vanishes on the boundary ∂Ω. We define g(x)

as:

g(x) = (1− e−(x−a))(1− e(x−b)), (3.12)

for Ω = [a, b]. This approach to enforcing boundary conditions is called ”hard bound-

ary conditions”, and it offers a novel perspective on enhancing the performance of

the PINN model by eliminating the need to introduce an additional term in the loss

function. A plot of the parametric equation (3.12) is shown in Figure 3.3.

3.4 Training the PINN

The overall loss function utilized to train the RqPINN comprises the physics loss and

the previously defined regularization terms. It is expressed as:

L(Θ, λi) = ωpLp + ωntLnt + ωorthLorth + ωenLen + ωnlLnl, (3.13)
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Figure 3.3: Plot of the parametric equation (3.12), for Ω = [−6, 6].

where Θ denotes the affine functions containing the parameters (weights and biases)

needed to be updated during training of the PINN, λi represents the current eigenvalue

being learned, and ω’s are fixed parameter values called the weights of the loss. They

determine the relative contributions of the DE loss and each regularization term during

the neural network training process. They are among a set of parameters called hyper-

parameters, and are meticulously chosen before training to ensure convergence to the

desired solutions. It is noteworthy that when i = 1, ωorth and ωen are set to zero.

To initiate the network training process, we start by randomizing the parameters

of Θ using the Glorot uniform initializer [13]. Subsequently, these parameters are

updated via back-propagation, employing optimization procedures similar to (2.8).

We select M collocation points within the domain Ω, where the neural network un-

dergoes training. At these chosen points, the neural network generates approximations

of the eigenfunction for which the boundary condition is then enforced using paramet-

ric equation (3.11). Next, this eigenfunction is utilized to calculate the corresponding
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Figure 3.4: Illustration of the PINN training process.

eigenvalue via (3.3). The computed values of the eigenfunction and eigenvalue are

then employed to estimate the loss function in (3.13), which is in turn used in the

optimization process to update the weights and biases of the PINN. This iterative pro-

cess continues until the loss function is minimized, resulting in the best approximation

for both the eigenvalue and eigenfunction.

Once the loss function reaches a certain minimal value, we conclude that the PINN

has converged to an eigenpair. At this stage, we update the orthogonal loss term,

prompting the PINN to begin searching for the next set of eigenpairs. The overall

iterative process during training can be seen in Figure 3.4.

37



CHAPTER 4

RQPINN FOR QUANTUM

EIGENVALUE PROBLEMS

In this chapter, we implement the RqPINN in Figure 3.2 to the Schrödinger equa-

tion (1.3). We consider quantitative metrics in evaluating the results, and make a

comparison with the PINN by [20].

4.1 Metric and Datasets

We consider some 1D eigenvalue problems with Dirichlet’s boundary condition, and

evaluate the performance of the proposed approach through some analysis. While the

concept of stability in training a PINN may lack a precise definition due to various

contributing factors such as hyper-parameter tuning, initialization, learning rate, and

choice of loss function, it can be characterized by the behavior of the solution (eigen-

value or eigenvector) during training. Instances of abrupt or substantial oscillations

in the solution indicate instability and divergence, even if the final solution closely
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approximates the exact solution. In such cases, convergence occurs by chance rather

than through systematic convergence.

We measure the convergence of the RqPINN using moving average. This is done by

smoothing the learning curve over a predefined window. This moving average removes

the oscillations and lets us determine better if the learning curve is converging.

If a reference solution is defined as {xi, ψi}i=1,2,··· ,M , and the predictions of the

proposed PINN at the same points are {xi, ψθ(xi)}i=1,2,··· ,M . Then we evaluate the

performance (accuracy) of the PINN with respect to the mean absolute error of the

eigenfunction squared,

ϵψ =
1

M

M∑
i=1

∣∣|ψi|2 − |ψθ(xi)|2
∣∣ , (4.1)

and that of the eigenvalue is obtained based on the relative error

ϵλ =
|λexact − λpinn|

|λexact|
, (4.2)

where λexact is the referenced eigenvalue solution and λpinn is the PINN obtained

solution after some iterations (epochs).

We consider M collocation points from Latin-Hypercube sampling, uniformly

spaced collocation points, and some orthogonality-based collocation points (e.g.,

Chebyshev, Hermite). Except otherwise stated, we consider two hidden layers with

M
2

neurons in each layer. Finally, we choose the sine activation function and Adam

optimizer with a learning rate of 10−2 to train the PINN.

All simulations are run using PyTorch on Google Colab with NVIDIA T4 Tensor

Core GPU, and so training times are with respect to simulations using this setup.
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4.2 Performance Analysis of RqPINN

To demonstrate the performance of the proposed approach, We consider the first

eigenpair obtained from the following problem:


y′′ + 100y = λy, in Ω,

y = 0, on ∂Ω.

(4.3)

Our analysis begins by comparing the accuracy in terms of how the collocation

points is sampled and the number of collocation points used to train the PINN. The

neural network training parameters for this comparison include 20,000 epochs, with a

network structure of 3 layers, each containing 25 neurons. Tables 4.1 and 4.2 summa-

rizes our findings regarding the eigenvalue and eigenfunction, respectively. Generally,

we observe an increase in accuracy as we move down the tables, with the method of

selecting collocation points also influencing the results. We also deduce that the LHS

technique for selecting the collocation points outperforms other methods in terms of

accuracy.

We consider another comparison, this time focusing on the impact of varying

the number of neurons and layers on the performance of the PINN. We select 1001

collocation points and 20,000 epochs, while using the LHS technique to choose the

points. Figure 4.3 and 4.4 provide a concise overview of our observations. It becomes

evident that increasing the number of layers does not significantly enhance accuracy,

unlike the effect observed when increasing the number of neurons. However, it’s worth
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No. of col pts Method of selection
Chebyshev Hermite Uniform LHS

11 3.7463e-05 1.0045e-05 1.7956e-06 5.2510e-06
55 6.5882e-07 1.0507e-05 1.0259e-07 1.3299e-07
101 1.1753e-06 2.0415e-06 6.6708e-08 2.5559e-08
501 3.3717e-06 3.6099e-06 1.7940e-08 1.9958e-09
1001 5.5934e-06 2.7322e-06 1.7940e-08 8.0192e-12
10001 2.8506e-06 6.5569e-06 1.7940e-08 2.0372e-09

Table 4.1: Relative error for the largest eigenvalue of (4.3) corresponding to different
collocation points and method of selection.

No. of col pts Method of selection
Chebyshev Hermite Uniform LHS

11 0.0014 4.6466e-4 5.0410e-4 1.9927e-4
55 2.757e-4 2.7150e-4 2.9186e-4 1.3855e-4
101 2.8472e-4 9.1909e-5 1.2981e-4 1.9583e-4
501 2.0978e-4 8.2235e-5 1.2416e-4 4.4491e-5
1001 6.6726e-5 5.1863e-5 4.4064e-5 3.8424e-5
10001 3.035e-4 1.3553e-4 9.3897e-5 9.6447e-5

Table 4.2: Mean Absolute Error for squared of the eigenfunction obtained with dif-
ferent number of collocation points and methods of selection.
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Figure 4.1: Plot of the relative error during training of the RqPINN.

noting that the convergence time varies across these configurations.

Layers 10 20 30
2 6.0852e-09 7.7527e-08 8.6423e-10
4 2.1044e-09 1.0653e-09 2.2607e-09
6 1.5776e-09 1.5440e-09 5.9467e-10
8 1.3439e-09 2.5989e-09 7.1389e-09

Table 4.3: Relative eigenvalue errors with respect to different neurons and layers

A comparison based on different activation functions is not done. This is due

to the periodicity of the solutions, as it is observed that the sinusoidal activation

function performs best. Furthermore, such extensive experiments regarding the impact

of activation functions has been carried out in [39]. Figures 4.1 and 4.2 shows the plots

of the relative error and the moving average during training. The convergence of the
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Figure 4.2: Plot of moving average calculated over a window of 1000 epochs. The
moving average removes the oscillations observed in Figure 4.1, demonstrating a no-
ticeable convergence of the RqPINN.

RqPINN is obvious from 4.2.

To further demonstrate the efficiency of the RqPINN, we compare the result of the

first eigenvalue obtained by RqPINN and the PINN by [20] for the infinite potential

well problem 1.3.1. We train both algorithms with 201 collocation points with 5000

epochs, and the collocation points for RqPINN is selected through LHS. Figures 4.3

and 4.4 illustrates the rapid convergence of RqPINN to the exact solution and the

increased accuracy when compared with the PINN by [20].
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Layers Neurons
10 20 30

2 4.6249e-05 2.1656e-04 2.6212e-05
4 5.5113e-05 7.9274e-05 4.3441e-05
6 8.4463e-05 9.8429e-05 5.3523e-05
8 5.7831e-05 8.5529e-05 1.1219e-04

Table 4.4: Mean absolute error of the squared eigenfunction with different neurons
and layers

4.3 RqPINN for 1D Time-Independent

Schrödinger Equation

We now investigate the performance of the proposed PINN architecture on the

Schrödinger equation with different potentials V (x). We consider the infinite and

finite potential wells.

In these problems, we are interested in obtaining multiple eigenvalues and eigen-

functions. Thus, in addition to the loss function and regularization terms, we consider

the following in the neural network architecture to ensure effective training of the re-

quired solutions.

Transfer Learning

Transfer learning refers to using the knowledge (parameters) of a pre-trained network

as a starting point to train a network on a related task. Transfer learning is used

to improve a machine learning model or algorithm from one domain by transferring

information from a related domain [41]. It helps to reduce the need and effort to
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Figure 4.3: Plot of the eigenvalues during training of RqPINN and PINN by [20].
RqPINN converges rapidly to the exact solution while the PINN by [20] oscillates for
over 4000 epochs before it starts to converge.

recollect training data [30], such that the new model can be fine-tuned using smaller

dataset and less computational resources compared to training from scratch.

To obtain multiple eigenpairs, we employ transfer learning, leveraging parameter

values from previously learned eigenpairs to train subsequent ones. This approach

not only accelerates convergence to the desired solutions but also mitigates the risk

of converging to false solutions that may arise from random re-initialization of the

neural network.
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Figure 4.4: Plot of the relative errors between RqPINN and PINN by [20]. RqPINN
has superior accuracy compared to the other algorithm.

Stopping Criteria

One way to train multiple eigenpairs is to fix the number of epochs needed to train each

of them. However, this may not be computationally efficient as the desired accuracy of

each eigenpair may not be achieved. Moreover, considering the orthogonality loss term

(3.8), it becomes apparent that the accuracy of subsequent eigenfunctions depends on

those previously learned. Thus, smaller number of epochs may result in false solutions,

while large number of epochs may yield computational inefficiency and even over-

fitting.

A robust approach is to specify a convergence value as a stopping criteria. This is

done by using the rolling mean over a specified window on the eigenvalues obtained in

each epoch. We conclude that an eigenpair is obtained once the rolling mean reaches
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the specified convergence value, prompting the neural network to automatically initi-

ate the search for the next eigenpair.

However, it has been observed that the network swiftly reaches this convergence

value for the first eigenpair with less accuracy, subsequently impacting the convergence

of subsequent eigenpairs due to the orthogonality loss’s dependence on previously

learned eigenfunctions. This phenomenon prolongs the training time for subsequent

eigenpairs before reaching the convergence value. To address this issue, we impose

a minimum training time e.g. 3000 epochs, for each eigenpair before the network

evaluates the convergence value. For both the infinite and finite well problems, we set

the minimum training time to 9000 epochs.

Gradient Clipping

As the training of the PINN proceeds (i.e. after learning some eigenpairs), sometimes

the network becomes unstable and numerically overflows leading to Not a Number

(NaN) values of the gradients. We observe this is due to gradient explosion, which is

the counterpart of gradient vanishing.

Gradient explosion is a phenomenon that occurs during training of a deep neural

network, where the gradients (derivatives) of the loss functions with respect to the

network parameters becomes extremely large and blows up. This leads to instabil-

ity, divergence and NaN values caused by updating the parameters with very large

magnitudes during optimization.

To mitigate this, we employ gradient clipping. This involves restricting or ”clip-

ping” the magnitude of the gradients to a predefined threshold to prevent them from

47



becoming too large.

4.3.1 Infinite Potential Well using RqPINN

We now consider the infinite potential well problem. Recall in 1.3.1, the potential

V (x) is defined as:

V (x) =


0, 0 ≤ x ≤ L,

∞, otherwise.

The exact wavefunction is

ψn(x) =

√
2

L
sin(nπx

L
),

and the corresponding energy En is obtained as

En =
(nπ
L

)2

,

for n ≥ 0.

We utilize the proposed PINN to solve this problem for the first 6 eigenpairs,

taking L = π and the coefficient of the derivative in the Schrödinger equation (1.3)

as 1. Using 201 collocation points and a convergence (stopping) criteria of 5e − 9,

Figures 4.5, 4.6 and 4.7 depicts the performance of our PINN in obtaining the first 6

wavefunctions. It can be seen that it perfectly approximates the wavefunctions except

a little difference at the peaks of the 6th wavefunction. This little difference can be

removed by allowing more running time, reducing the value of the stopping criteria
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or increasing the number of collocation points for training.

Figure 4.5: First and second wavefunctions of the infinite potential well

Figure 4.6: Third and fourth wavefunctions of the infinite potential well

Table 4.5 shows the values of the 6 Energy levels (eigenvalues) obtained by PINN

and makes a comparison with the exact energy levels of the infinite well problem,

using the relative error defined in (4.2). PINN performs very well with some energy

levels accurate up to the 6th decimal place. The last column of the table indicates the

epoch number at which the stopping criteria is satisfied and the network is updated

to start searching for the next eigenpair.
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Figure 4.7: Fifth and sixth wavefunctions of the infinite potential well

Energy Level Exact PINN Relative Error Epochs
E1 1.0000 0.9999 5.6646× 10−7 9,001
E2 4.0000 4.0000 9.0726× 10−7 18,014
E3 9.0000 8.9999 1.1859× 10−6 27,065
E4 16.0000 15.9999 1.0175× 10−7 36,109
E5 25.0000 24.9998 5.7576× 10−6 45,210
E6 36.0000 35.9915 2.3454× 10−4 55,622

Table 4.5: Comparison of Energy Levels
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The comparison by the mean absolute error (4.1) of the exact wavefunctions and

those obtained by PINN is shown in table 4.6. In general, it is expected that accuracy

reduces as we move right the table. This is due to the orthogonality loss term, whose

current value is impacted by the accuracy of the previously learned wavefunctions.

ψ1 ψ2 ψ3 ψ4 ψ5 ψ6

MAE 9.2085e-05 1.3901e-03 1.4661e-03 8.7987e-04 1.883e-03 1.818e-02

Table 4.6: Mean Absolute Error (MAE) for ψ values

A plot of the loss function and the energy levels at each epoch is shown in Figure

4.8. Each spikes of the loss function plot indicates where the stopping criteria is

satisfied and the network’s orthogonality loss term is updated to start searching for

the next eigenpair. The energy history plot displays the energy levels at each epochs

during the training process. The horizontal dashed lines represents the exact energy

levels and the jumps also indicates where the stopping criteria is satisfied and network

is updated. It can be seen that the PINN converges rapidly to the energy levels and

oscillates around the exact value until the stopping criteria is met.

Figure 4.8: Plot of loss function and energy levels during training
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4.3.2 Single Finite Potential Well using RqPINN

As a final illustration of the capability of RqPINN, we now solve the single finite

potential well problem. We consider the potential as in (1.11) with V0 = 10 and we

restrict our domain to Ω = [−20, 20], so that ψ(−20) = ψ(20) = 0. The width of the

well is taking to be between −5 and 5, i.e. L = 5 and for simplicity, h̄ and m of the

Schrödinger equation (1.3) is taken as 1. Figure 4.9 gives an illustration of the well

discussed.

Figure 4.9: Illustration of the finite potential well.

Like the infinite potential well problem, the finite well problem have infinite eigen-

pairs. There are discrete number of eigenpairs inside the well and continuum of

eigenpairs outside the well. The eigenpairs outside the well indicates the particle is in
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a free state. Energy levels E less than V0 indicates the particles are inside the well,

while energy levels greater than V0 represents energies of particles outside the well.

We are only concerned with the behaviour of particles inside the well i.e. E < V0.

Due to how the eigenvalue is computed in the RqPINN architecture (3.3) and the

sinusoidal activation function used (outputs will be between −1 and 1), this means

that RqPINN starts learning eigenpairs outside the well (i.e. E > V0). Thus, skipping

all wavefunctions and energies inside the well.

One approach to solve this is to introduce a new loss term called the ”discreet

loss”, which is defined as

Ldis =


e(E−V0), E − V0 ≥ 0,

0, otherwise.

(4.4)

While this can be helpful in informing the neural network to learn solutions inside

the well, adding additional losses increases the networks complexities, computational

cost and even makes it more ill-conditioned (unstable).

Another more efficient approach is through utilizing the physics, i.e. prior knowl-

edge of the above problem. This is to train the PINN for a certain number of epochs

(say 5000 ) to approximate the gaussian defined as

ψpred = e(x
2). (4.5)

This is just like the predictor-corrector method in Numerical methods, where a method
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is used to begin the approximation then the main method is used to correct the

approximation to better accuracy.

This provides an efficient physics-based approach to enforce the PINN to start

searching for solutions inside the well. It updates the network’s parameters to ap-

proximate a function inside the well, then we correct this into our desired solution.

Figure 4.10 shows the output of the neural network, after pre-training on the gaussian.

Figure 4.10: Output of PINN after approximating the gaussian (4.5) for 5000 epochs.

With the above predictor-corrector approach, we solve for the first 6 wavefunctions

and their corresponding energy levels. The PINN is trained on 201 collocation points

from LHS, with a convergence (stopping) criteria of 5e − 9. The obtained solutions

are then compared with that of MATLAB’s Chebfun toolbox.
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The plots of the first 6 wavefunctions obtained by PINN are shown in Figures

4.11, 4.12, and 4.13. Table 4.7 details the comparison of the energy levels obtained by

MATLAB’s chebfun and those obtained by PINN, then the relative errors are obtained

accordingly.

Figure 4.11: First and second wavefunctions of the finite potential well

Figure 4.12: Third and fourth wavefunctions of the finite potential well

All 6 wavefunctions are plotted together inside the well and is shown in Figure

4.14. Finally, Figure 4.15 shows the loss function plot and the plot of the energy

levels at each epochs. The large error at the beginning of the loss function plot stems

from the correction of the gaussian function that was initially approximated.
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Figure 4.13: Fifth and sixth wavefunctions of the finite potential well

Energy Level Chebfun PINN Relative Error Epochs
E1 0.0452 0.0456 8.2654× 10−3 16,132
E2 0.1808 0.1816 4.4045× 10−3 25,244
E3 0.4067 0.4067 1.5191× 10−4 34,491
E4 0.7226 0.7246 2.6863× 10−3 43,550
E5 1.1284 1.1332 4.2694× 10−3 53,023
E6 1.6236 1.6263 1.6833× 10−3 62,164

Table 4.7: Comparison of energy levels of the finite well problem obtained by RqPINN
with the chebfun toolbox. The last column indicates the epoch number at which the
stopping criteria is satisfied.
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Figure 4.14: Plot of all six learned wavefunctions by RqPINN inside the finite well.

Figure 4.15: Plot of loss function and energy levels during training of RqPINN for
the finite well problem. Each spike on the loss function plot (left) indicates that the
stopping criteria is met and the network is updated to search for the next solution
pair. The dashed horizontal lines of the energy plot (right) indicates the required
energy level, and RqPINN can be seen oscillating very close around them until the
stopping criteria is met.
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CHAPTER 5

REMARKS AND FUTURE

WORKS

In this thesis, a Physics-Informed Neural Network (PINN) for solving eigenvalue prob-

lems is introduced, which we called RqPINN. This PINN compute eigenfunctions and

their corresponding eigenvalues. The parameterized output of the neural network is

used to approximate the eigenfunction while the Rayleigh quotient is used to obtain

the corresponding eigenvalue. The obtained eigenpairs are required to minimized the

loss function and some regularization terms that are needed to guide the PINN to the

desired solutions. We utilize automatic differentiation to compute the derivatives of

the PDE, and the parameters of the PINN are updated through back-propagation.

We perform an analysis on the PINN by solving a simple eigenvalue problem and

finally, we demonstrate the performance of the PINN on the infinite and single finite

well problem. We see that the PINN can easily solve both problems.

The PINN performs well in solving these problems, but it is still important to dis-
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cuss some general remarks in it’s training, and possible way forward for this research.

5.1 General Remarks

While PINN can be adjusted to solve a variety of problem, it is not a one-size-fits all

approach as it is accompanied by certain limitations that need to be considered before

training an effective PINN .

In the context of the RqPINN, the training can be computationally expensive,

particularly for complex potentials and the use of large datasets. This is due to the

iterative nature of PINN training and the need to perform extensive computations

during each epochs. The accuracy of RqPINN is dependent on the size of datasets

used in training, and this can be time consuming and so computationally expensive.

Besides, RqPINN is highly sensitive to hyperparameters such as the number of epochs,

learning rate, number of layers, number of neurons per layer, and regularization pa-

rameters. Choosing the optimal hyperparameters is a very challenging task and often

requires extensive tuning.

Furthermore, how a neural network arrives at a prediction is still not known. Neu-

ral networks can effectively learn complex patterns and relationships from data, but

there are limited insights into the specific features or decision-making processes it relies

on. This makes a neural network lack interpretability, leading to what is commonly

referred to as black-box nature of neural networks. This black-box nature makes it

difficult to understand the underlying mechanism driving predictions of the PINN,

and can be a significant drawback in solving problems such as that of eigenvalues,
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where model transparency is crucial.

5.2 Future Work

The RqPINN model has been shown to solve the infinite and single finite well problems.

However, more problems still need to be explored to better interpret the RqPINN

model, to identify where it may fail and how it can be used to generalize different

kinds of eigenvalue problems.

It is also important to note that research in the use of PINN are still in the

early stage, and most of the advantages of PINN are yet to be exploited. This makes

traditional computational techniques out-perform PINN in some specific tasks. A huge

contribution of RqPINN to literature will be utilizing it to solve eigenvalue problems

in higher dimensions.
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