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In this study, we investigate the application of the indicatriz within an invariant metric
framework for rescaling biholomorphic maps sequence to gquarantee the convergence of
this rescaled sequence. In addition, to examine the circularity of the domain, we define
the maximal circularity function derived from the indicatriz of the Kobayashi-Royden

metric. We also study Kobayashi isometries over bounded generic analytic polyhedra.
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CHAPTER 1

INTRODUCTION

1.1 Historical Background

Several Complex Variables (SCV) is a branch of pure mathematics that is about
complex structures of higher dimensional complex spaces and holomorphic mappings
among them. Historically, this subject has been motivated by several phenomena
which are not observed in 1-variable complex analysis. One of them is the failure of the
Riemann mapping theorem. Recall that this celebrated theorem states that any proper
simply connected domain in C is biholomorphic to the unit disc A = {z € C: |z| < 1}.

In contrast, it was observed by H. Poincaré that the bidisc
A ={z=(21,2): |a] < L|n| <1}
is not biholomorphic to the ball

B? = {Z = (21, 22) : |Zl,2 + ‘22’2 < 1}



even though both domains are not just simply connected but convex. This observation
implies that characterizing conditions for equivalence of high-dimensional complex
spaces is not as simple as 1-dimensional cases.

From a geometric point of view, it is necessary to study invariants which means
quantities or properties that are preserved by biholomorphic maps to figure out con-
ditions for the equivalence of complex spaces. More specifically, the equivalence prob-

lems of SCV consist of

e Finding invariants and relations among invariants.

o Characterizing and classifying complex spaces under given conditions on invari-

ants.

The main focus of this dissertation is on the study of the role of automorphism
groups of complex domains and invariant metrics which are important invariants for
describing complex domains. The automorphism groups serve as powerful tools in
characterizing and classifying geometric structures and studying symmetries. It is
natural to consider the case of a non-compact automorphism group which implies that
the manifold has a large enough automorphism group action to cover other manifolds
and to indicate a high degree of symmetry.

There are some former results on characterizing domains with non-compact auto-
morphism group action. For example, it is proved by B. Wong and J.-P. Rosay ([37],
[34]) that any bounded strongly pseudoconvex domain with a non-compact automor-
phism group is biholomorphic to the unit ball. Also, partial results for the finite type
case were obtained by E. Bedford, S. Pinchuk ([4]), and F. Berteloot ([5]). Bounded
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generic analytic polyhedra were characterized by K.-T. Kim, S.G. Krantz, A. F. Spiro
([21]) and A. Zimmer ([39]).

One of the main techniques when dealing with automorphism groups to charac-
terize domains is the scaling method. This method involves some steps starting with
localization which means contracting compact subsets of the domain to a boundary
point, followed by centering, stretching the domain by composing a linear map (called
the stretching factor) with the maps in the sequence, analysis of the limit of the
sequence and synthesis [12].

The main idea of scaling in the above results was first introduced by S. Pinchuk
([33]). The stretching factor of the Pinchuck scaling sequence is determined by the
boundary geometry of the orbit accumulating point. However, it is not completely
known in general cases how to construct it.

Another scaling sequence was introduced by S. Frankel ([10]). Frankel constructed

the sequence

75 = do;(P)] 7 (95() = 25(p) (1.1)

where {¢;} is a sequence of holomorphic automorphisms and p is a point in the
convex domain Q. The stretching factor here is [dp;(p)]”" which depends on the
map ;. Examining the convergence of both scaling sequences becomes challenging
when the domain is not convex. The equivalence of the two scalings has been studied

([15],[19]) and proved in some cases. However, it is not known in general cases.



1.2 Justification of The Problem and Main Results

Frankel proved that a hyperbolic convex domain that covers a compact complex man-
ifold is biholomorphic to a bounded symmetric domain ([10]). To show that, he in-
troduced the sequence (1.1) and proved that it is equicontinuous by showing that the
derivative for the automorphism is locally uniformly bounded, so the scaled sequence
is subsequentially convergent and then proved that the image of the subsequential
limit is symmetric.

Although the sequence (1.1) is formally well-defined, the convergence is unclear as
mentioned previously, since the geometric information of the domain is veiled in the
stretching factor. In this point of view, it is natural to ask the following.
Question (1): Can we replace the stretching factor of the scaled sequence (1.1) with
another factor depending only on the geometry of the domain?
Question (2): Can we describe a geometric condition to guarantee the convergence
of the scaled sequence (1.1)7

We answer these two questions in the following theorems.
Theorem 1.2.1:

Let © be a domain in C”,p € Q2 and {¢;} be a sequence of holomorphic automor-

phisms. Then the sequence (1.1) converges subsequentially if and only if

oj:=Ljo(p;(-) —pj)

converges subsequentially, where L; = L, is a stretching factor induced by any convex



invariant metric (see section 3.1).
Theorem 1.2.2:

Let €2 be a hyperbolic convex domain in C". Then (2 is uniformly dominated by
the Kobayashi-Royden metric Kg,.

In his paper ([10]), Frankel chose a sequence of automorphism that translates an
interior point to a regular boundary point. Recall that for a bounded symmetric
domain that is not biholomorphic to the ball, any regular boundary point is non-
minimal, that is, there is a nontrivial analytic variety in the boundary passing through
the point. On the other hand, as seen in many examples ([18],[21],[22],[39]]), the
sequence of automorphisms moved an interior point to a minimal boundary point and
the resulting image of the limit of the scaled sequence is more canonical than the
non-minimal boundary point case.

Question (3): What happens if the accumulation point in the convex domain 2 is a
minimal boundary point?

To determine an answer to this question, we define the maximal circularity function
which is an invariant function that has the property 0 < cq(x) < 1 for any = € Q and
co(z) = 1, if Q is biholomorphic to the indicatrix of the Kobayashi Royden metric at
x € Q, (see section 4.1).

We identify a relation between cq(z) and the squeezing function and we ask this
general question
Question (4): If 2 is a bounded convex domain in C", {¢;} holomorphic automor-
phisms of Q and z € 2 is an interior point such that ¢;(z) tends to a minimal

boundary point, then does cq(z) tend to 1 7



To develop an idea to prove this general statement, we consider some special cases,
which are the strongly pseudoconvex case and the convex analytic polyhedral case,
and demonstrate that the answer to the question is positive.

The study on scaling domains strongly relies on the invariance property of the

Kobayashi metric. Therefore, it is natural to ask
o whether or not the scaling theory still works for Kobayashi isometries,
o whether or not a Kobayashi isometry is either holomorphic or anti-holomorphic.

There are several recent progress about the questions above for strongly pseudo-
convex domains, ([11],[20],[36]).
In the rest of this dissertation, we will discuss about Kobayashi isometries on

another class of domains, called generic analytic polyhedra (GAP).

1.3 Organization of the Rest of the Dissertation

In Chapter (2), entitled (Preliminaries), we present a brief review of some basic ma-
terials, terminology, and definitions of holomorphic functions and invariant metrics.

In Chapter (3), entitled (Construction and Convergence of a Scaling Sequence), we
construct a new scaling sequence by replacing the linear transform in the Frankel
sequence with another stretching factor that is derived from the indicatrix of an in-
variant metric and prove that the convergence of the new sequence is equivalent to
that of Frankel’s. (Theorem 3.2.1). A geometric condition is described to guarantee

the convergence of the Frankel sequence and we call it the uniform domination of



the domain by a metric (Definition 3.2.1). We also prove that the uniform domina-
tion condition is satisfied in any convex hyperbolic domain for the case of Kobayashi
Royden metric (Theorem 3.1.5).

In Chapter (4), entitled (Maximal Circularity Function), we define the maximal cir-
cularity function cq(x) (Definition 4.1.3) and we prove that co(z) — 1 for a point = in
Q if x tends to the boundary of the domain in two specific cases, namely, the strongly
pseudoconvex domains (Theorem 4.2.1) and convex polyhedral domains (Theorem
41.3.2).

In Chapter (5), entitled (Holomorphicity of The Kobayashi Isometry), we present some

recent progress in scaling theory concerning Kobayashi isometry.



CHAPTER 2

PRELIMINARIES

In these preliminaries, we review some essential definitions and properties regarding
mappings and sets that are necessary for the remainder of this dissertation. We will

use the notation A to denote the unit ball in C.

2.1 Some Fundamentals

Definitions 2.1.1.
(1) A domain in C™ is a connected open set in C™.
(2) A real-valued function r on € is said to be plurisubharmonic (psh) if it is subhar-
monic on the intersection of {2 and any complex line.
(3) A domain Q is pseudoconvez if it admits a psh exhaustion function. i.e, there
exists a function r :  — [—00, 00) such that

(i) r is psh.

(ii) Vt € R, the set ; = {z € Q,r(z) < t} is relatively compact in €.

(4) In case  has a C'-smooth boundary, then there exists a function p : C* — R



satisfies the conditions
(i) Q={z € C",p(z) <0},
(ii) p = 0 on 09,
(iii) Vp € 092, Vp(p) # 0.
and is called a defining function.

Let H,(092) be the complex tangent space of 02 at p, i.e.,

H,(0Q) = {v e C", Z %(p)vj = } :

j=1

(5) The Levi form of the defining function p for Q is given by

n 2
L,(v) = Z Op (p)viv;, for v € Hy(09Q),

=1 8zi82j

for all p € Q2.
Remark 2.1.2

If Q has a C?-smooth boundary, then

2 is pseudoconvex <= L,(v) = 0, Yv € H,(00)

and Q is strongly pseudoconvex if L,(v) > 0 for any nonzero v € H,(09).
Strongly pseudoconvex domains play a crucial role in SCV when studying invariant
metrics and equivalence of domains.
Definition 2.1.3.

The upper semicontinuous function F'(z,v) defined on Q x C" is called a complex

Finsler metric if:



e F(z,v) 20, forall z€ Qand v e T,Q2 and F(z,v) =0 if and only if v = 0,

o F(z,\v) =|Af(z,0v),V(z,v) € Qx C".

In this dissertation, we will call a complex Finsler metric simply a metric.
Definition 2.1.4.

The indicatriz of the metric F' at z € €2 is defined by the set
Iop(z) ={veC" F(zv) <1}.

Remarks 2.1.5

o [ is assumed to satisfy the triangular inequality for each v € C".
o I p(2) is not necessarly convex in general.

o If Ig p(2) is a convex domain in C", then the metric F' is called a convex metric.

Definition 2.1.6.

The induced distance function is the function defined as

do (2, 0) = inf{ /0 F() o ()t € C’(z,w)}

where C'(z,w) denotes the space of all piecewise C''-curves that join any two points z

and w in €2.
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2.2 Kobayashi-Royden Metric and its Properties

Definitions 2.2.1.

(1) The infinitesimal Kobayashi pseudo-metric on a domain §2 is defined by
Kq(z,v) =1inf{\ > 0,3f € Hol(A,Q), f(0) = 2z, \f'(0) = v},

where z € Q, v € T,Q, and Hol(A, () denotes the space of holomorphic mappings
from the unit disc into 2.

(2) The Kobayashi pseudo-distance is
1
dhew) = int{ [ Ko (0(0,7(0)dty € O (0) = 219(1) =
0
(3) The Kobayashi-ball, usually dented by BE(z,r) is the ball
{we Q,d§(z,w) <r}

There are some basic notable remarks regarding Kobayashi metric and
Kobayashi distance:

(1) Kq(z,v) is not necessarily a metric, since it can be zero for a nonzero vector
v € T.Q. However, if Q is a bounded domain, then Kq(z,v) is a metric, and d&(z, w) is
a distance for any z and w in §2. Indeed, if  is bounded in C", z € Q and v € C"\{0},
then the set

F={f:A—Qf(0) =z f(0) = v}

11



is a normal family. Assume that K(z,v) = 0, then there exists f; € F such that
fi(0) — oo as j — oo. This is a contradiction since if {f;} is convergent then { fj’}
is also convergent. This means K (z,v) > 0,Vv # 0. which implies that d%(z,w) > 0,
if z # w,Vz and w € Q.

The domain € is said to be hyperbolic if Kq(z,v) is a metric.

(2) One of the most significant properties of Kobayashi metric and distance is the
decreasing property. That is, If €2, and 5 are two domains in C”, and if f : 3 — )y
is a holomorphic map, then

Kaq, (f(2),df.(v)) < Kq,(2,v),

and do, (f(2), f(w)) < do, (2, w),

for all z,w € Q; and v € T,€);.

One could prove the first inequality as follows:

Let ¢ : A — Oy be a holomorphic map, z € ; and v € C", such that ¢(0) = z.
Then fop : A — Qy is a holomorphic map too, and f o p(0) = f(z). Assume
©'(0) = A, A > 0. Then (f o ¢)'(0) = Adf.(v).

1

- Ko, (f(2),df(v)) < B

Taking the infimum on the right-hand side for all ¢, we obtain

Kﬂz (f(Z),dfz(U)) < KQ1(Z>U)

which proves the desired property.

12



(3) If f is a biholomorphic mapping then

KQQ (f(Z),dfz(U)) = KQl(Z,U),

do, (f(2), f(w)) = da(z, w),

which means that the map f is an isometry. The metric and distance satisfying these
conditions respectively are invariant metric and invariant distance.

(4) By applying the decreasing property to the inclusion map i : Q; — o,
i(z) = z, we get the following property:

Let ©Q; C Qy C C™, then for any z,w € €y and any v € C*

dlfclg <Z7 w) < dgl (Z7 CU),

KQQ (Z7 U) < KQl <Z7 w)

(5) If Q is a product of domains, i.e. Q =y X ... x Q. where Q; C C", then

Kq(z,v) = max, Ko, (zi,v;)

for any z = (21,...,2x) € Qand v = (vy,...,vp) € Ct -+,
Examples 2.2.3.

(1) On the unit disc, the Kobayashi metric (which agrees with the Poincaré met-

ric), is given by

13



where [.| denotes the usual Euclidean norm. The Kobayashi distance is

L. 1T+ |p.(w)l
d5 (z,w) = = log — 22—
alme) =g loe 010

where ¢, (w) = 7=, for any z,w € A.

1-2

(2) On the disk Ag = {2z € C, |z|] < R}, the form of the Kobayashi-metric is

Rl

Kouler) = 1.p

,Vz e Ar and v € C.

(3) Let A? = {z = (21, 22) € C?,|z1]| < 1, |22 < 1}.Then using property (5) we have

Kaz(z,v) = max {Ka (z1,v1), Ka (22,02) }

Vze A% v e C

The map ¢,(w) belongs to the automorphism group of the unit disc Aut(A).

2.3 Automorphism Groups

Definition 2.3.1.

For any domain €2 in C", the automorphism group of ) is a collection of holo-
morphic mappings f : 2 — Q with existing holomorphic inverse, equipped with the
operation of function composition, and it is represented by Aut(£2).

Definition 2.3.2.

The set {¢;(q), ¢; € Aut(Q)}, for ¢ € Q is called the orbit of q.

14



The automorphism group is an interesting invariant that has some properties such as
transitivity and non-compactness. This property is used in the following proposition.
Remark 2.3.3.

Aut () turns out to be a Lie group if 2 C C" is bounded. In this case, it also turns
out that Aut(£2) is non-compact if and only if there exists an interior point ¢ € 2, a
boundary point p € 992 and an automorphism ¢; € Aut(2) such that

lim ¢;(q) = p.

Jj—00

The point p is called a boundary orbit accumulation point.
The above proposition allows to apply the localization, (first step of the scaling
method), by shrinking the image of any compact subset K of {2 under the auto-

morphism ¢; to a neighborhood of the boundary point p.

2.4 Normal Families and Convergence of Se-

quences

To prove the convergence of a sequence, one can use the following:
Definition 2.4.1

Let F € Hol(, ;) be a family, F is said to be normal if every sequence {f;} C F
either

(i) has a subsequence that converges uniformly on compact subsets of €.

15



or (ii) has a subsequence, { fi}, such that for every compact subset K of {2 and every
compact subset L of C, there exists large Number N, such that whenever £ > N,
fin(K)NL=02.

The following theorem is related to Normality.
Theorem 2.4.2 (Arzela-Ascoli).
Let F € Hol (921, 2) be a family, then F is normal <

(i) F is equicontinuous.

(i) Vo € O, F(x) = {f(z) € Qq, f € F} is bounded.
As previously stated in the introduction, S. Frankel used the above theorem to prove
the convergence of the sequence he constructed, and the resulting image is a bounded
symmetric domain.
We mean by bounded symmetric domains, domains 2 C C" with an automorphism
group satisfying these two conditions:

(i) Aut(92) is transitive.

(ii) Vz € Q,3o, € Aut(Q2), such that 0, 00, = Id.
For future information on the general theory on domains and invariant metrics, see

e.g., ([12],[14],[29]).
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CHAPTER 3

CONSTRUCTION AND
CONVERGENCE OF A

SCALING SEQUENCE

3.1 Constructing a New Scaling Sequence

Suppose (2 is a bounded domain in the complex Euclidean space C", z € 2 and F' is
a metric on Q. Since F' is upper semicontinuous , we may find u; = uy(z) € C" with
|ur| = 1 such that u1(z) := Fo(z,u1) = max {F(z,v) : v € C", |v] = 1}.

By induction, choose unit vectors uq, ..., uq and ppg = F(z,ug) for 1 < B, <

n — 1. If V,, denotes the orthogonal complement of {uy, ..., Ug} in C", then
fai1(2) == F (z,uqr1) = max {F(z,v) : v € V, |v| = 1}

Let L, be a linear transform on C" given as

17



L, (uy) = pa(2)ea, a=1,....n (3.1)

where {e1,...,e,} is the standard Euclidean basis for C".

Before we proceed, we recall that S. Frankel ([6]) has defined a sequence

7 = [do;(p)] "+ (05() — ) (3.2)

where {¢,} is a sequence of holomorphic automorphisms on €, p; = ¢,(p) and
dy;(p) is the complex Jacobian matrix of ¢; at p. Frankel proved that if € is convex
and hyperbolic, the {7;} has a convergent subsequence. In the following theorem, we
prove that the linear transform [dy;(p)] ™" can be replaced by the linear map Ly, that
we constructed and we call it a stretching factor of 2 at p; induced by the metric F'.
Theorem 3.1.1.

Let €2 be a bounded domain in C™ and let p € 2. Suppose that there is a non-
compact sequence of automorphisms {¢;}. Let L, = L,; be the stretching factor

induced by any convex invariant metric. Then the scaling sequence o; defined by

0= Lio () — 1) (33)

converges subsequentially if and only if Frankel’s sequence (3.2) converges subse-
quentially.

Proof.

Suppose F is a convex invariant metric on the domain 2. Choose v/, and i/, to

18



construct L; by (3.1) at p; = ¢;(p) and let

@, =dp;j(p)~ (u)), a=1,...,n

The automorphism ¢; preserves the metric F', and this implies F (p;al) = wul.

Hence, the vectors @/, /p? € g r(p), where

Ior(s)={veC": F(s;v) <1},

is the indicatrix of F' at s € €). Notice that the indicatrix is always convex for any

5 € Q. Define the linear map A; on C" as

Then

L;=Ajodp;(p)~"

by definition. This means that we only need to show that

Culv| < |Ajv] < Colu|, Vo ecCm (3.4)

where C] and C5 are two positive constants that do not depend on 7, to prove that

the convergence of {7;} is equivalent to the convergence of {o;}.

19



The lower estimate is equivalent to the upper bound of Aj’l. This is clear because

o (5

for every v = ) aqeq € C", where M = sup {|w|: w € 0lg r(p)}. Therefore, if we

|Aj’11)‘ = < nMlv|

= (3)

o (e}

prove

ldet A;| < C (3.5)

where C' is a positive constant that doesn’t depend on j, we can find the desired

upper estimate. By the definition of L;, we have
det Lj| = T - (3.6)

If we denote the determinant of the real linear operator on R?** = C" by dety and
the Euclidean volume of a region G by Vol(G), then since dy;(p) maps Ig(p) onto

I (pj), we have

2 Vol(Ior (p)))

deti iy (p) = |det iy () = <7y O = Vol (e () (87)

Where Vol (In r(p)) = &. Regarding C* = R" + /—1R", let
R; =Ior (pj) NR" ={(a1,...,a,) € Iop (p;) : aq 's are real }.

Since I p (p;) is completely circular, it is a circular region generated by R; and

20



R; is symmetric with respect to the origin. Moreover, the region R; is convex in R"
since I p(p;) is convex.

The following lemma is needed to establish the proof of the estimation (3.5).
Lemma 3.1.2.

Let R be a bounded convex domain in R™ which is symmetric with respect to the
origin. Let

ry = min{|z| : € OR}.

Suppose that (r1,0,...,0) € IR (this means the minimum distance to the bound-

ary is attained at the xj-intercept of OR ). Let

R= {(xg,...,xn) cR":(0,29,...,2,) ER}.

Suppose
RC Bi=[—ry,rs] X -+ X [=1y, 7]
for some ro,...,7, > 0. Then
R C B:=[-ry,m] X 2B = [—71,71] X [=219, 2rg] X « -+ X [=21,,21,] .

Proof of Lemma 3.1.2.

We notice first that the supporting hyperplanes at (+r1,0,...,0) are

r1 = :i:’f’l,
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since 7 is the minimum distance from the origin to OR. Therefore

r=(x1,...,2,) € R=|z1| <11.

We may assume R = B. Since dR = OB contains boxes {#ry} X [—rg, 73] % - - X
[—7n,Ty], the supporting hyperplanes of R at (0,+r3,0,...,0) € R also contains

those boxes. This means if

To = a1x1 + Q3x3 + - - + Qpxy, £ 1o

are the equation of the supporting hyperplanes, then a3 = --- = «,, = 0. Then
from the condition that the distance from the origin to the supporting hyperplanes is

greater than or equal to r, we have

T2
—_— >
af +1
Therefore,
o\ 2
o] < <—2> —1
1
Since x = (x1,...,x,) lies between two support hyperplanes x5 = ayzy £ ro and

|x1| <7 if z € R, we have

|z < A/73 — 12 + 1y < 2.

Similarly, we can also show that |z,| < 2r, for any a = 2,...,n whenever
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x = (z1,...,2,) € R. Thus the desired conclusion follows.

Resuming the proof of Theorem 3.1.1, we let
Ri1 = {(xn-1,2,) ER*: (0,...,0,2_1,2,) € R;}.
Applying Lemma 3.1.2, we see that
Rj1 C Bjy = [=1/ph 4, Y] % [=2/1,,2/ 1]
since Eﬂ = [-1/p,1/p?]. Applying the lemma to
Rio = {(xn-2,Tn_1,2,) ER*: (0,...,0,202,Tp_1,2,) € R;},
we see that
Rjy C Bjo =1/t 5, 1/ptl, o) X [=2/pily 1,2/ ] x [=22/4sd), 2% /1]
since §j72 = R, C Bj,. After repeating the same procedure, we get
By By [T 2 o 2 ]
a=1

Therefore, the indicatrix Io r (p;) is a subset of the circular region in C™ generated
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by B; which is the polydisc
Pii={z=(21,...,2,) €C": 2| <2°7/pl,a=1,...,n}.

This yields

1\2
Vol (Io,r (p;)) < Vol (P;) < CH (u_J)
for a positive constant C' doesn’t depend on j. Therefore, by using (3.6) and (3.7) we

get the estimate (3.5).

3.2 Convergence of Frankel Sequence

In this section, we are seeking a condition of metric such that Frankel sequence con-
verges. Let Q be a given domain in C" and let F' be a metric on Q. Let Bq p(x;7)

represents the metric ball of center x and radius r For r» > 0, i.e.

Borp(zr;r) ={y € Q:dor(z,y) <r}.

Definition 3.2.1.
Let 2 be a domain in C". We say that  is uniformly dominated by a metric F

on € if
« Fis complete (i.e. dgp is Cauchy complete),

o For each r > 0, there is A(r) > 0 such that
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Bor(x;r) —x C Nr)lgr(x) (3.8)

for any x € Q, where B p(z;7) —2 = {y — x : y € Bg r(z;r)}, is the Euclidean

translation.

Proposition 3.2.2.
Let 2 be a domain and p € €2 be fixed. Assume that €) is uniformly dominated by

an invariant metric F. Then

A={1,: Q- C":pecAut(Q)}

is a normal family, where 7, = [dp(p)] ™" o (p(:) — ©(p)),
Proof.

Let 7 > 0 and let ¢ be an automorphism of 2. Then

7o (Ba,r(p; 1)) = [de(p)] ™" (Ba,r(p(p);r) — ¢(p))
C A(r)[de(p)] ™ (Ia,r(e(p)))

= AMr)lar(p)

by (3.8), since F' is invariant. Therefore, the family A is uniformly bounded on
Bq r(p;r). This means that A is uniformly bounded on every compact subset of €.
Apply Montel’s theorem to obtain the conclusion.

Example 3.2.3.

This example shows that the upper half plane H = {z € C : Im z > 0} is uniformly
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dominated by the Poincaré metric which agrees with the Kobayashi-Royden metric
on H.
For v € C and p,z € H, The forms of the metric and the distance are given

respectively by

il

F(p;v) = , dyr(z,p) =2tanh™! (3.9)

2Imp Z—=p

z— p‘
By translation, we may assume p = tb, where ¢ = v/—1,b > 0. Therefore,
Iy r(p) ={C € C:|¢] <2b}

Assume that z € By(p, ), then

After some calculations we have |z — ib(r)|* < [b(r)]* — b

where

([ 1+ tanh®(r/2)
blr) = (1 - tanhz(r/2)> ’

This means that the ball By r(p,r) is centred at ib(r) and of radius /b(r)? — b?.

In order to satisfy the condition (3.8), we define Ay (r) as
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Apy(r) =% (b(r) —b+ m)

_ tanh(r/2)
~ 1 —tanh(r/2)

(3.10)

Remark 3.2.4.

The uniform domination condition of a metric is not holomorphic invariant, be-
cause holomorphic maps do not preserve Euclidean distance. However, it is an affine
transform invariant.

Now we consider conditions of invariant metrics that guarantee uniform domina-
tion. For the rest of this section, we will denote the Kobayashi indicatrix and the
Kobayashi distance ball by Io(z) and Bg(z;7), respectively.

Theorem 3.2.5.
Let €2 be a hyperbolic convex domain in C”. Then (2 is uniformly dominated by

the Kobayashi-Royden metric Kq. Indeed,

Bo(z;1) — 2 C 2 4(r)Io(2)

for each r > 0 and = € Q, where Ay is the function defined as (3.10)
Proof.

The proof is based on reducing the dimension to dimension one and then applying
the upper half plane case result (Example 3.2.3). Let x €  be a point and let

v € C"\{0}. Define the complex lines L, and L, , respectively as

Ly={¢v:(€C} Ly, =Ly,+z={v+z:{€C}
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Let Q,, = N, ,. Notice that the intersection is a bounded hyperbolic and convex

domain. Suppose p = p(x,v) is a point on 92, , such that
d = |z —p| =dis (z, 08 )
where dis denotes the Euclidean distance. Then the disk
Apy(d)={z€L,,:|z—z|<d}

is contained in (2, ,. Hence,

Kale,v) < Ko, (2,0) < LY

== 2Ky (vV/—1d,v) (3.11)

By applying that maps (z — p)/|z — p| to ey, a translation z — z — p and a linear
map

€] —> €1,V —> €9,...,Uy — €Ep,

where vy, ..., v, are linearly independent vectors over C and eq,....,e, are the stan-

dard orthonormal unit vectors, we may assume

(ii) ., is the z; plane,
(iii) €., lies on H in z-plane and the real axis is the supporting line of €2, ,,
(iv) z = v/—1d, and

(v) the supporting hyperplane of Q at p = 0 is II = {Imz; = 0} and hence  C
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H x C 1L,
Let y € Q,, C Hx{O}, then by using the Kobayashi distance decreasing property

and the property for the distance on a product of domains we have

do(z,y) = dyxcn-1(z,y) = dy(z,y). (3.12)

Finally, combining (3.11) with (3.12) would imply

(Ba(z,r) —x) N1y, C 2M\y (Ia(x) N1y),

which conclude the proof since € Q and v € C"\{0} are arbitrary.
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CHAPTER 4

MAXIMAL CIRCULARITY

FUNCTION

4.1 Maximal Circularity Function in Bounded Do-

mains

Definition 4.1.1.

Let € be a bounded domain in C™. € is said to be a completely circular domain if
Ve e A and z € Q, cz € Q. where A represents the closure of the unit disc.
Remark 4.1.2.

The indicatrix Io(z) = {v € C" : Kq(z,v) < 1} is a completely circular domain by
homogeneity property of the Kobayashi metric.
Definition 4.1.3.

Let Q be a bounded domain in C", and z is a point in Q. Let Bg(x) =

{: Q@ — C", ¢ is a bounded holomorphic embedding, p(z) = 0}. Let Ig(z) be
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the Kobayashi indicatrix of Q at the point x. we define the function cq(x) as follows

: Jp € Bo(z), R > 0,7 > 0, such that rl,q)(0) C ¢(Q) C Rl q)(0)}

==

co(z) :=sup {
(4.1)
We call cq(x) the mazimal circularity function of Q.
Remarks 4.1.4.
(i) 0 < cq(x) < 1,Vz € Q,
(ii) If © is bounded completely circular domain, then €2 is biholomorphic to In(0),
([3]), and then cq(0) = 1.
In the next proposition, we prove that the converse of (ii) is valid too.
proposition 4.1.5.
Let © be a bounded domain in C". Suppose that cq(x) = 1 at a point x € €.
Then (2 is biholomorphic to a complete circular domain.
proof.

Suppose we choose ¢; € Bg(x) such that

Tj]j C QOJ(Q) - Rj[j (42)

for some R; > r; > 0 and r;/R; — 1 as j — oo, where [; is the indicatrix of
©;(€2) at the origin

1= L) (0) = dp;(2) (Ia())

and dy;(z) : T,©2 — Top;(€2) is a linear map.
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Let

by = [des ()] - ¢y

Then v; € Bq(z). Applying [de;(x)] " to (4.2), we get

To prove R; is bounded, assume by contradiction that R; — oo as j — oo. Then
r; — oo as well. Choose a small ¢ > 0 such that the Euclidean ball B(0,¢) is

contained in Io(z), and let v € C"\{0}. Then since dy;(z) = Id and Q is hyperbolic,

v
0< KQ(ZL‘,’U) = ij(g)(o,v) < Ker(075)(0,U) = l—l — 0
J

as j — 0o, which yields a contradiction.

Applying Mantel’s Theorem, 1), converges subsequentially to a map 1, and then
r; — Ry, Rj — Ry for some Ry > 0. Since dv;(z) = Id, the limit ¢ of the sequence
1; is also a 1-1 holomorphic mapping and (Q2) = Rolo(z). Hence, Ry > 0 and  is
biholomorphic to Rylg(x).
Definition 4.1.6.

Let D be a bounded complete circular domain in C”. Then the squeezing function

sq(z) of Q2 at x € Q modelled on D is defined by

s& () := sup {% : Jp € Bo(x), R > 0,r > 0 such that

rD C ¢(Q) € RD}.
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Since the definition of the squeezing function is similar to the maximal circularity
function, we could identify a correlation between the two functions.
Proposition 4.1.7.

Let 2 be a bounded domain in C" and z € 2. Then for any bounded complete

circular domain D C C",

calz) > (s§(2))’

Proof.

Suppose ¢ € Bq(x) such that p(2) C D. Choose r > 0 such that rD C ¢(Q).
Since the bounded complete circular domain is the same with its Kobayashi indicatrix
at the origin ([3]), considering that both domains D and rD are completely circular,

we have

Therefore,

rD = 7ﬁD(O) C I@(Q)(O) C [D(O) =D

Using the decreasing property of the Kobayashi metric. Hence,
1
r1,0)(0) CrD C p(2) C D C ;I¢(Q)(0).

This means cq(z) > 72. Taking the supremum for r, the desired result is obtained.
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4.2 Maximal Circularity Function in Strongly

Pseudoconvex Domains

Theorem 4.2.1.

If 2 is a bounded domain in C*, with C? - smooth strongly pseudoconvex boundary,
then cq(x) — 1 as z — p € O
Proof.

This is a consequence of the work ([9], [23]), since in strongly pseudo-convex
domains, for every point p € 052, and a sequence {z;} in €, if z; — p, then
sq (zj) = s8§" (x;) — 1 as j — oo, where B" represents the unit ball in C". Using

Proposition 4.1.7, the conclusion follows.

4.3 Maximal Circularity Function in Convex Poly-

hedral Domains

Definitions 4.3.1
(1) Let ©Q be a bounded domain in C". Q is called a polyhedral domain if there are

smooth real-valued functions pi, ..., py defined on a neighborhood of Q such that
e O={z€C":pi(2) <0,...,pn(2) <0}
e on 0,Q0:={z€00:ps(z) =0} for a =1,..., N, Vp, never vanishes,

e each 0, is Levi flat.
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(2) The polyhedral domain €2 is said to be normal if it satisfies in addition

o on each Jyy.0, 2 = {2 €00 : po,(2) =+ = pa,(2) =0}, Vpay, ..., Vpa, are

linearly independent over C.

Theorem 4.3.2.

Let Q = {z € C":pi(2) <0,...,pn(2) <0} be a convex normal polyhedral do-
main in C". Let ¢ € 0,,...q,, €2 for some distinct indices ay, . .., a,. Then co(z) — 1 as
T = q.

Proof.

Assume without loss of generality that {ai,...,a,} = {1,...,n} and |Vp,| = 1
on 9,9 for each a = 1,...,n. We need to show that s5"(z) — 1 when z — ¢,
where A" denotes the unit polydisc in C".

Since 0,2 is Levi flat, there exist an analytic variety V, C 0,2 for every «, and

since () is convex, V,, is a part of affine hyperplanes H, such that
« NHo ={q}
o V,:= H,NoM is the maximal variety that contains ¢ in 0,{2.
After a change of coordinates, we may assume
« ¢=0

e H,={z,=0}

{Re z, = 0} are the supporting hyperplanes of €.

o Qis a subset of H", where H = {2z € C,Rez < 0} is the left half plane in C.
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Now suppose that z is a point in €2 that is very close to the origin, then there
exists an affine hyperplane h, = h,(z) that is tangent to 0,{2 for each o = 1,...,n,
unique and is closest to x. Let p = p(z) € 012, €2, such that Nh, = {p}, and let

Vo = Vo () = Vpa(p).

Define an affine transform A, as follows

e A(p)=0
o dA; (vy) = €4, for each a.

Then A,(Q) C H", and A.(z) = (z,...,x,), where z, < 0 and z, — 0 as
x— 0.

Now, Let & : H* — A" be the Cayley transform such that ®(0) = (1,...1), then
¢ (A (z))=1—ry,...,1—r,), where r, > 0, and 7, —> 0 as x — 0 for each a.

Let m, : C" — C, be the natural projection, i.e.,

Ta (215 s 2n) = 20, Ya=1,... n.

Since 2 is normal, ;2 is a smooth real n-dimensional, and hence 7, (P (A,(£2)))

has a smooth boundary near 1 .

Therefore, Vo € Q) that is close enough to 0,3e > 0, such that A C ¢ (A.(Q)),
where A, ={z€C,|z— (1 —¢)| <e}.

Now, suppose ¥, € Aut(A"), such that
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Then, for an arbitrary r, 0 < r < 1, and any = € € close enough to 0

rA™ C U, (A") C U, 0 B o A,(Q)

Taking supremum for r, we get s5 (r) — 1 when 2 — ¢.
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CHAPTER 5

HOLOMORPHICITY OF THE

KOBAYASHI ISOMETRY

This part of the dissertation is included in the second paper we prepare for publication
([2]). Our future goal is to prove that Kobayashi isometry between two generic analytic
polyhedra (GAP) is either holomorphic or antiholomorphic if it is irreducible. In this
chapter, we introduce scaling theory regarding Kobayashi isometry between analytic
polyhedra for this purpose. Although all the demonstrations in this chapter work for
any dimensional case, we consider the case n = 2 for simplicity. In section 5.1, we
consider a special case of GAP, which is the bidisc. We prove that Kobayashi isometry
from a bidisc into itself is either holomorphic or anti-holomorphic componentwisely.

In section 5.2, we consider the general case.

5.1 Kobayashi Isometry on Bidiscs

Theorem 5.1.1
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Let f : A2 — A? be a Kobayashi isometry, where A% denotes the bidisc. Then by

composing with an automorphism on A2, we have

fz1,20) = (@ (21), @ (22))

where ®(z) is either z or Z.
Remarks 5.1.2

(1) Although we consider the case of A? for simplicity, the same statement is true
for arbitrary A™.

(2) The result has been already proved in ([14],[25]) under the assumption of C'-
regularity of the Kobayashi isometry. Our proof is a modification of that in ([25]) to
fit to C-assumption.

In preparation for presenting the proof of the theorem, we review some known
results in the following remarks:

Remarks 5.1.3

(1) The Kobayashi distance on the bidisc is complete.

(2) Vp,q € A?, there exists a geodesic o : R — A? joining p and gq.

(3) If 0 : [a,b] — A? is a Kobayashi geodesic, then Vc,d] C [a,b], 0 [ 4 is also
a geodesic.

(4) A Kobayashi geodesic passing through the origin is a straight line. In particu-
lar, y(s) = tanh s : (—00,00) — A is the unit speed parametrization of the geodesic.
Therefore, VA = ¢ € S1, \y(s) is the geodesic through 0 to A, where St is the unit

circle.
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(5) Circular arc in A intersecting 0A orthogonally are Kobayashi geodesics on A.

(6) If 01 and o9 are two geodesics on A such that

S 718) = B ols)

then o1(s) = o9 (s + so), for some sy € R.

(7) If 0 : R — A? is a Kobayashi geodesic and f : A? — A? is a Kobayashi
isometry, then f oo : R — A? is also a Kobayashi geodesic.

(8) Let 0 : R — A be a geodesic, then Yy € A,5(s) = (0(s),y) is a geodesic in
A?. Similarly, (z,0(s)) is also a geodesic in A% Vo € A.
Lemma 5.1.4

Let f: A2 — A? be a Kobayashi isometry and o : R — A? is any geodesic. Let
f(z,y) = (fi(z,y), fo(z,y)) € A% then either f; oo or fy 00 is a Kobayashi geodesic
in A.
Proof

for each s > 0,

da2(0(=5),0(s)) = daz(f(o(=s5)), f(0(s)))
=max {da (fioo(=s), fioo(s)),da (faoo(=s), fao0(s))
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Therefore, for each n > 0,

da(froo(=n), froa(n)) = dax(a(=n),0(n))

et ZAE <U|[—n,n}>
= a2 (f o a|[_n7n])
BN (fl 00'|[_n,n]>

Hence f; o o is a geodesic.
Proof of theorem 5.1.1.
Let v(s) = tanh s and let
K ={(\y) € S' x A, fi(My(s),y) is a geodesic }
Ky ={(\y) € S* x A, fa(Ay(s),y) is a geodesic }.
Since f(Ay(s),y) is a geodesic V(\,y) € ST x A, we have K; U Ky = S x A by lemma
5.1.3.

Also, the sets K; and K, are closed. Indeed, if (N\;,y;) € K
and (\;,y;) — (A, y), then since (f; (A\;j7(.),y;)) is a geodesic, we have
Vst € R da(hi(())s fi O) ) = Is — f, and as j — oo,
da (F(8),9), i (), 1)) = s — t]. Hence, fi(A1(.), y)is a geodesic and (A,y) €
K. Similarly, we can prove that K, is closed.

Now, suppose that either K; or K5 is S' x A. We may assume that K; = S! x A.

Or if we assume that neither K; or Ky are S x A, then 3 (A\g, %) ¢ Ko, and since Ky
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is closed, there exists an open neighborhood I of A\ in S and U of y in A such that

(Mo, %0) € I x U C (S" x A)\K>

Since K1 UKy = S'x A, I xU C K;. Therefore, we may assume that, 3 (X, yo) €
St x A and a neighborhood I x U of (Mg, ) in S* x A such that I x U C K. That
is, V(A\,y) € I x U, fi(M(.),y) : R — A is a geodesic on A.

Let

Y+ Yo 2
x,y) = | Aoz, - € Aut (A
e(z,y) ( 0T, T yoy> ( )

then ¢(0,0) = (0,40), and ©(v(s),0) = (Ao(s),%0)-
Replacing f by f o ¢, we may assume (g, o) = (1,0) € ST x A.

Let (o, B) = f o ¢(0,0), and let

(z—a w—p
Yz w) = (1—az’1—5w>

fi(My(s),y) is a geodesic on A, and (¢ o f), (Ay(s),y) is a geodesic on A.

Replacing f by ¥ o f o, we may assume:
« f(0,0) =(0,0)
o ()‘07y0) = (170)

o f1(My(s),y) is a geodesic, V(\,y) € I x U.
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Since fi(7(s),0) is a geodesic passing through the origin, it satisfies

f1(7(s8),0) = py(s)

for some pu = e € S*. Composing with the rotation r(z,w) = (712, w ), we may

assume

We claim the following.
Claim 1. Either fi(Ay(s),0) = M(s), or fi(Ay(s),0) = My(s).
Proof of the claim.

Since f1(Ay(s),0) is a geodesic passing through the origin, we have

da(y(s), Mv(s)) = daz((7(s),0), (M(s),0))

= daz(f(7(s),0), F(M1(s),0))

Similarly, da(y(s), \y(—=s)) = da(y(s), uy(—s)). Hence, p = X or u = ), which
concludes the proof of the claim.

We may assume that f1(Ay(s),0) = Ay(s),VA € I. Let

C = U{/\v(s),)\ €I, seR}

43



If z € C, then x = \y(s) for some A € I and s € R. Therefore,

f(z,0) = fi(A(s),0) = My(s) = =

Let C' denotes the geodesic hull of the set C, and let H = C.
Claim 2. Vz € H, fi(z,0) =«
proof of the claim.
Let A1 and Ay belongs to I, and let a and b be points on Ay and Ay respectively.

Let d = da(a,b) and let o be a geodesic in A joining a and b. We want to show that

fi(o(u),0) = o(u),Yu € [a,b].

Since

b (f1(o(u),0)) < l(f(o(u),0))

Claim 3. For each A € I and y € U, fi(A\y(s),y) = My(s).

proof of the claim.
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Since daz (Ay(s),y), (AY(s),0)) = da(y,0) < oo, and

da2(f(Ay(s), ), f(My(s),0))
=z da (f1(M(s),), [1(Ay(s),0))

= da (fr(M(s),9), M(s))

We have da (f1(AY(s),y), \y(s)) < oo, and

lim fi(A\y(s),y) = lim Ay(s) = A

s—+oo s—+oo

Since f1(Ay(s),y) is also a geodesic in A,

fi(M(s),y) = Ay (s + sq) , for some sy = so(A, y).

Suppose s = 0, then fi(Ay(s),y) = fi1(0,y). Since 0 = Avy(0) belongs to
all geodesics, f1(A\y(0),y) = f1(0,y) belongs to all geodesics, which implies that
fi(Ay(0),y) = 0. Hence, Ay (so) = 0 and then sy = 0. This proves the claim.

This means, f1(AY(s),y) = A\y(s),VA € I and y € U. In other words, if x € C' and
y € U, then fi(z,y) = x.

Claim 4. Following the steps of claim 2, we also see that fi(z,y) = z, for all z € H
and y € U.

Now, let z € H and consider (x, \y(s)), a geodesic in A% then f(z, \y(s)) is a

geodesic in A2

Claim 5. fo(z, Ay(s)) is a geodesic in A.
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proof of the claim.

Since f(z,\y(s)) is a geodesic in A2 either fi(z,\v(s)) or fo(z,\y(s)) is a
geodesic. Since Ay(s) € U if s is small, fi(x, \y(s)) = x if s is small enough. Hence
fa(z, Ay(s)) is a geodesic. Since f(0, Ay(s)) is a geodesic in A and f5(0, Ay(0)) = 0,
f2(0, Ay(s)) is a geodesic passing through the origin. We may then assume that
f2(0,7(s)) = ~(s) and by following the claims we may assume that f5(0, \y(s)) =

Ay(s), VA € St. Moreover, following claims 3 and 4, we can assume,

fa(z, My(5)) = My (s).

which implies the desired result.
Now, consider f(M\y(s),y), which is a geodesic in A2, for each y € A and X € S.
Then either f1(Ay(s),y) or fa(Ay(s),y) is a geodesic. Since if s is small, we have
A\Y(s) € H and in that case fo(A\y(s),y) = y. Hence, f1(A\y(s),y) is a geodesic, VA € S?

and Yy € A. Following the same argument in claims 3 and 4, we get

fi(M(s),y) = Xy(s), YA € S, and y € A.

Hence,

filz,y) =z, V(z,y) € A?

Similarly, we can see that fy(z, \y(s)) is a geodesic, Vx € A, A € S! and that
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fo(z, Ay(s)) = Ay(s), which implies that

fQ(ZL’,y) =Y, V(I,y) S A2,

Finally, we conclude that by taking a composition with automorphisms or conjugations

[l y) = (fi(z,y), f2(2,9)) = (z,y) on A?

which completes the proof of the theorem.

5.2 Kobayashi Isometry and Bounded Generic An-

alytic Ployhedron

Definitions 5.2.1.

(1) An analytic polyhedron is a domain  in C" such that

o There exist holomorphic functions fi,..., fy : U — C, where U is a neighbor-

hood of Q.

c Q={zc Ul <L...|[fv(z)] <1}

(2) Q is said to be generic if we can choose the functions fi,..., fy such that if
|Ifiup)| = ... = |fi.(p)| = 1, for a collection {iy,...,7.} of un-repeated indices and

p € 09, then Vf; ,(p),...,Vfi (p) are linearly independent.
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(3) Let p € 012, and

I(p) :={je{l,...,N},|fi(p)| =1} ,r(p) == number of indices in Z(p).

We denote the analytic variety in 92 passing through p by F(p), which represents

the connected component of

{z €0 [fi(2)| = |fi(p)| = Lif i € Z(p) and |fi(2)| < 1,4 & Z(p)}

For the rest of this chapter, we assume having a Kobayashi isometry ¢ between
two bounded GAPs as follows,

Let

Q={z=(21,22) € C* |fi2) |< 1,....|fulz)| < 1}
Q= {w = (w,ws) € C g1 (w)] < 1,...|gm(w) |< 1}

be bounded GAP in C?. Suppose Jdp : Q — Q a Kobayashi isometry which is C*
smooth and both ¢ and ¢~ lextend continuously to the Silov boundary. Let p be a
point on the Silov boundary of €. Recall that the Silov boundary is defined as a closed
set S C € such that:

(i) every analytic function f on 2 and continuous on 2 satisfies

gleag!f(Z)! = max |f(z)],

(ii) every other closed set H C € with the property (i) implies that S C H.
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In the generic analytic polyhedron case, the Silov boundary is
S ={peor(p) =2}

Lemma 5.2.2.
Assuming an isometry as described above, then ¢(p) lies on the Silov boundary of Q.
Proof.

Let S; and S, denote the Silov boundaries on 2 and € respectively and p € Q.
We will prove that ¢(p) € S; by contradiction. Suppose p(p) is a flat point. Let
J1,- - -, gm be holomorphic functions on a neighborhood of Q to C and without loss of

generality, assume

Flow) = {a € 00 ai(em) = 1 1g:ew))] < Li=2,...m}.

choose two sequences ¢; and ¢; in Q converge to ¢(p) and ¢ respectively, where

q1 # f(p) lie on F(p(p)), and such that g (¢;) = g1 (q;).

By estimating the Kobayashi distance in [39], we have

ds (5, q5) < clllgg — Gl + da (91 (g5) 95 (G5))] -

By assumption, da (g1 (¢;),91(¢;)) = 0 so dg (g;,4;) < oo. Since ¢ is an isometry
and ¢; — ¢(p), we have,p; := ¢~ (¢;) — p. Let ¢~ (§;) = p;, then dq (p;, p;) < o0,
(see[39]). Therefore, both p; and p; converge to the same point p € Sy, but the images

by the isometry ¢ converge to different points, a contradiction, which ends the proof.
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Let’s assume without losing the generality that,

hp)=FRp) =1 [l <1, 7=3,...n

9(p)=9:p) =1, |g;(P)I <1, j=3,...,m.

where p = ¢(p).
Lemma 5.2.3.(Localization Lemma).

For any neighborhood U of p and any € > 0, there exists a neighborhood V' C U

of p such that

(]- - g)KQﬂU(QaU) < KQ(Q?”) < KQOU(QaU)

for any ¢ € V and v € C?. (see [32]).

Let U and U be chosen such that

F=(fi,f):U—0O:=FU)cC?

G=(g1,02):U— O:=G(U) cC?

are biholomorphisms and.

UNQ=epUNQ)

Let p; be a sequence in € such that p; — p as j — oo Assume p; € U for all j.

Let
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as j — o0
Let € > 0, be given, and let V' be a neighborhood of p chosen as lemma 5.2.3. Let

W = F(V), and let V be a neighborhood of  such that

We may shrink V' if necessary and we assume the localization lemma holds for

(Q,U,V), (A2,0,W) and <A2,5,W> that is
(1 — &) Kgnp(w;v) < Kg(w;v) < Kgpp(w;v)

Vw eV NQ,veC

Suppose ¢;, ¢; € Aut(A?) such that ¢;(g;) = (0,0),5;(¢) = (0,0). Let K be
a compact subset of A% Then 3N, = Ny(K,¢) such that ¢, '(K) C W N A? if
i> Ny

For each j > Nj. choose r; — 1 such that
7! (Aij) CA2NO

where Afj = {C= (¢, ¢) € A% |G| <1y, |G| <75}

Construct the sequence of mapping

Aj=@joGopoF oy, - AL — A? (5.1)

o1



Assume that K is a compact subset in A .
Claim.
If j > Ny, then

Kpa2(z,0) < (1 — &) 2Kaz (Aj(2), dAj], (v))

Vz € K and v € C2.

Proof If 2z €¢ K

Kpe(z,0) = Kaz (95 1(2), dg; (v))
< Kazro (5'(2). dg5 ' (v))
= Kory (F™H 0 951 (2),dpF ™" 0 ;) (v))
<1 —e)'Kq (F'op;'(2),dF o) (v))
=(1-e) 'Kg(poF oy (2),d(po Flop!) (u))
S(1—e) " Ko (Gopo Flop(z),d(Gopo F o) (v))
<(1—e)?Kp2 (GopoFtopi'(2),d(GopoFop:")(v)

= (1 —¢) 2Kz (Aj(2),dA;(v))

Claim .
If j > Ny, then

Kp2(2,0) = (1 —¢)*Kaz (Aj(2), dA;(v))

Vze K,veC?
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Proof.

Kpz(2,0) = Kaz (95 '(2), dgp; (v))
> (1 - )Kaxno (95 '(2),de; ' (v))
= (1 —e)Kany (F~ o' (2),d (F™ o ;) (v))
> (1—e)Kq (Flop;'(2),d(F o) (v)
=(1—e)Kg(poFlop; (2),d(po Flop; ") (v))
> (1—e)’Kgng (o Flop;M(2),d(po Flop;h) (v)
= (1—¢)’Ka2np (Gopo Flop !(2),d (Gopo Flop ) (v)
>(1—e)’Ka2 (GopoF oy (z),d(GopoF oy (v))

= (1= &) Ka: (Aj(2), dA;(v))

Combining the results from the above claims we get the following proposition
Proposition 5.2.4

Assuming A; as constructed in (5.1) and if j > Ny, then

((1 — &)’ Kp» (Aj(2),dN;(v)) < Kp2(z,0) < (1 — £) 2Kz (Aj(2),dN;(v))

Vz e K,v e C2

Claim .

Let K C A? be a compact subset. Then there exists N = N (K, ¢), such that

daz (Aj (q1) A (g2)) < (1 =) %daz (g1, g2)
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vqlqu € Ka] > N
Proof.

Let r = max {daz(7,y) : x,y € K} < co. Since A? is complete hyperbolic.

K = U B(z;7r)

zeK

is compact in A2, where B(x,r) denotes the Kobayashi ball. Let Ny = Ny (K, &) and
let N be chosen such that K C A}, V) > Na.

Let N = max {Ny, No}. If j > N, then for ¢;, g2 € K, the Kobayashi geodesic ()
joining q; to go lies on K.

Therefore,

I (41, / K ((0), /(1) di
(1—¢) /KAz (1)), dA; (' (1))) dt
= (1 —¢)%lx (Aj o), where [, is Kobayashi length

> (1- 8)2dA2 (A (q1) A (q2))

it j > N.

Since both ¢ and ¢!

are assumed to be extended continuously up the Silov
boundaries of @ and €, respectively, we can apply the same procedure to ot to

conclude that:

For each compact subset K C A%, >0, 3N = N(K,e¢) such that

daz (A7 (@1) AT (g2) < (1—2)7%daz (a1, 02)

o4



for any ¢; and ¢» € K, whenever j > N. Now, we claim the following:
Claim

If K is compact in A% then 3N = N (K, ¢), such that

(1—e)?daz (g1, 42) < dnz (N (1), A (2))

Yq1,q0 € K, if j > N.

Let e — 0 be a decreasing sequence. Assume that

(1—e) % < 2,Vk.

Let r, — oo be an increasing sequence and

Ky =B(0,r) = {z € A* : da2(0,2) < 1y}

be the closed Kobayashi ball, where r; = 1. Choose m;, such that

daz (A (1), Ay (2)) < (1= ex) daz (a1, ¢2)

Va1, q0 € Ky, j > my. Since (1 — 51)_2 < 2, in particular,

dp2 (0,/\](2)) < 2dA2<0,Z) <2, Vze K
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Then there exists 0 < d;, < 27 such that

Aj (Kk) CB (078k) =: Ly

if 5 > my. Choose n; such that

daz (A7 (@), A7 (g2)) < (1 =) daz (01, 42)

Vg1, q0 € Ly and j > ny. Let Ny = max {ny, my}. Notice that if j > Ny, then

A7 (L) D Ky

For any ¢1,q2 € Kj, if 7 > Ny, then ¢, := Aj (q1),G = A; (2) € L,  and

daz (q1,q2) = da2 (A (@) A (G2)
< (1 —er) 2 daz (@1, G)

=(1- €k)_2 dp2 (Aj (q1) A (42))

Therefore, we get the following estimate
Proposition 5.2.5.

For a sequence ¢, — 0,7, — oo, 3N}, such that if j > N, then A; is well-defined
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on B*(0,7;) and

(1 —ex)’daz (q1,q2) < daz (Nj (q1),Aj (q2)) < (1 —ex)%daz (g1, ¢2) (5.2)

Using (5.2), we can prove that A; has a subsequence converging to a Kobayashi
isometry A from A? into A2
Theorem 5.2.6.

Let €, Q) be two bounded generic analytic polyhedra and the map ¢ : Q — Q be
a C' - Kobayashi isometry. Suppose that both ¢ and ¢! extend continuously up to
the Silov boundaries of €2 and ?2, respectively. Let p be a point on the Silov boundary

S(2) of @ and let p = ¢(p) € S(2). Let p; € Q be a sequence such that p; — p and
p; = ¢ (p;) — p. suppose {A,} is a sequence of mappings defined by (5.1). Then A;
has a subsequence converging to a C° -Kobayashi isometry A from A? into A
Proof .

Since A; is locally uniformly Lipschitz, any subsequence of A; has a convergent
subsequence by the Arzela-Ascoli theorem. Let €, 7, and Ny, be as in last claim and
let

(i) Ay1; be a convergent subsequence of A; which satisfies (5.2) Vj in case k = 1.

(ii) Ag; be a convergent subsequence of A;; which satisfies (5.2) Vj in case k = 2.
Inductively, we construct Ay;, a convergent subsequence of A;_1y; for k. Then by the
standard argument of the diagonal process, Ay, converges locally uniformly on A% and

if satisfies (5.2) for all k. which implies the limit A is a Kobayashi isometry of A2

Finally, we highlight some important remarks.
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Remarks 5.2.7.

(1) Although ¢ is assumed to be C', A is only guaranteed to be C?, since the
Arzela-Ascoli’s theorem is about a continuous limit.

(2) The limit map is surjective since a Kobayashi isometry on the bidisc must be
a composition of automorphism of A? and a coordinate-wise conjugation, which is
surjective.

(3) Thereom 5.2.6 gives information on the restriction of the Kobayashi isome-
try on the Silov boundary. Recall that a holomorphic function on a domain that is
continuous up to the boundary is completely determined by its values on the Silov
boundary. In this scope, the next problem we have to solve is whether or not a
Kobayashi isometry is fully determined by its restriction on the Silov boundary, and
in the case of generic analytic polyhedra, a Kobayashi isometry is either holomorphic

or anti-holomorphic. This is the main subject of ([2]).
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