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CHAPTER 1

INTRODUCTION

1.1 Historical Background

Several Complex Variables (SCV) is a branch of pure mathematics that is about

complex structures of higher dimensional complex spaces and holomorphic mappings

among them. Historically, this subject has been motivated by several phenomena

which are not observed in 1-variable complex analysis. One of them is the failure of the

Riemann mapping theorem. Recall that this celebrated theorem states that any proper

simply connected domain in C is biholomorphic to the unit disc ∆ = {z ∈ C : |z| < 1}.

In contrast, it was observed by H. Poincaré that the bidisc

∆2 = {z = (z1, z2) : |z1| < 1, |z2| < 1}

is not biholomorphic to the ball

B2 =
{
z = (z1, z2) : |z1|2 + |z2|2 < 1

}
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even though both domains are not just simply connected but convex. This observation

implies that characterizing conditions for equivalence of high-dimensional complex

spaces is not as simple as 1-dimensional cases.

From a geometric point of view, it is necessary to study invariants which means

quantities or properties that are preserved by biholomorphic maps to figure out con-

ditions for the equivalence of complex spaces. More specifically, the equivalence prob-

lems of SCV consist of

• Finding invariants and relations among invariants.

• Characterizing and classifying complex spaces under given conditions on invari-

ants.

The main focus of this dissertation is on the study of the role of automorphism

groups of complex domains and invariant metrics which are important invariants for

describing complex domains. The automorphism groups serve as powerful tools in

characterizing and classifying geometric structures and studying symmetries. It is

natural to consider the case of a non-compact automorphism group which implies that

the manifold has a large enough automorphism group action to cover other manifolds

and to indicate a high degree of symmetry.

There are some former results on characterizing domains with non-compact auto-

morphism group action. For example, it is proved by B. Wong and J.-P. Rosay ([37],

[34]) that any bounded strongly pseudoconvex domain with a non-compact automor-

phism group is biholomorphic to the unit ball. Also, partial results for the finite type

case were obtained by E. Bedford, S. Pinchuk ([4]), and F. Berteloot ([5]). Bounded
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generic analytic polyhedra were characterized by K.-T. Kim, S.G. Krantz, A. F. Spiro

([21]) and A. Zimmer ([39]).

One of the main techniques when dealing with automorphism groups to charac-

terize domains is the scaling method. This method involves some steps starting with

localization which means contracting compact subsets of the domain to a boundary

point, followed by centering, stretching the domain by composing a linear map (called

the stretching factor) with the maps in the sequence, analysis of the limit of the

sequence and synthesis [12].

The main idea of scaling in the above results was first introduced by S. Pinchuk

([33]). The stretching factor of the Pinchuck scaling sequence is determined by the

boundary geometry of the orbit accumulating point. However, it is not completely

known in general cases how to construct it.

Another scaling sequence was introduced by S. Frankel ([10]). Frankel constructed

the sequence

τj = [dφj(p)]
−1 · (φj(·)− φj(p)) (1.1)

where {φj} is a sequence of holomorphic automorphisms and p is a point in the

convex domain Ω. The stretching factor here is [dφj(p)]
−1 which depends on the

map φj. Examining the convergence of both scaling sequences becomes challenging

when the domain is not convex. The equivalence of the two scalings has been studied

([15],[19]) and proved in some cases. However, it is not known in general cases.
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1.2 Justification of The Problem and Main Results

Frankel proved that a hyperbolic convex domain that covers a compact complex man-

ifold is biholomorphic to a bounded symmetric domain ([10]). To show that, he in-

troduced the sequence (1.1) and proved that it is equicontinuous by showing that the

derivative for the automorphism is locally uniformly bounded, so the scaled sequence

is subsequentially convergent and then proved that the image of the subsequential

limit is symmetric.

Although the sequence (1.1) is formally well-defined, the convergence is unclear as

mentioned previously, since the geometric information of the domain is veiled in the

stretching factor. In this point of view, it is natural to ask the following.

Question (1): Can we replace the stretching factor of the scaled sequence (1.1) with

another factor depending only on the geometry of the domain?

Question (2): Can we describe a geometric condition to guarantee the convergence

of the scaled sequence (1.1)?

We answer these two questions in the following theorems.

Theorem 1.2.1:

Let Ω be a domain in Cn, p ∈ Ω and {φj} be a sequence of holomorphic automor-

phisms. Then the sequence (1.1) converges subsequentially if and only if

σj := Lj ◦ (φj(·)− pj)

converges subsequentially, where Lj = Lpj is a stretching factor induced by any convex
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invariant metric (see section 3.1).

Theorem 1.2.2:

Let Ω be a hyperbolic convex domain in Cn. Then Ω is uniformly dominated by

the Kobayashi-Royden metric KΩ.

In his paper ([10]), Frankel chose a sequence of automorphism that translates an

interior point to a regular boundary point. Recall that for a bounded symmetric

domain that is not biholomorphic to the ball, any regular boundary point is non-

minimal, that is, there is a nontrivial analytic variety in the boundary passing through

the point. On the other hand, as seen in many examples ([18],[21],[22],[39]]), the

sequence of automorphisms moved an interior point to a minimal boundary point and

the resulting image of the limit of the scaled sequence is more canonical than the

non-minimal boundary point case.

Question (3): What happens if the accumulation point in the convex domain Ω is a

minimal boundary point?

To determine an answer to this question, we define the maximal circularity function

which is an invariant function that has the property 0 < cΩ(x) ⩽ 1 for any x ∈ Ω and

cΩ(x) = 1, if Ω is biholomorphic to the indicatrix of the Kobayashi Royden metric at

x ∈ Ω, (see section 4.1).

We identify a relation between cΩ(x) and the squeezing function and we ask this

general question

Question (4): If Ω is a bounded convex domain in Cn, {φj} holomorphic automor-

phisms of Ω and x ∈ Ω is an interior point such that φj(x) tends to a minimal

boundary point, then does cΩ(x) tend to 1 ?
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To develop an idea to prove this general statement, we consider some special cases,

which are the strongly pseudoconvex case and the convex analytic polyhedral case,

and demonstrate that the answer to the question is positive.

The study on scaling domains strongly relies on the invariance property of the

Kobayashi metric. Therefore, it is natural to ask

• whether or not the scaling theory still works for Kobayashi isometries,

• whether or not a Kobayashi isometry is either holomorphic or anti-holomorphic.

There are several recent progress about the questions above for strongly pseudo-

convex domains, ([11],[20],[36]).

In the rest of this dissertation, we will discuss about Kobayashi isometries on

another class of domains, called generic analytic polyhedra (GAP).

1.3 Organization of the Rest of the Dissertation

In Chapter (2), entitled (Preliminaries), we present a brief review of some basic ma-

terials, terminology, and definitions of holomorphic functions and invariant metrics.

In Chapter (3), entitled (Construction and Convergence of a Scaling Sequence), we

construct a new scaling sequence by replacing the linear transform in the Frankel

sequence with another stretching factor that is derived from the indicatrix of an in-

variant metric and prove that the convergence of the new sequence is equivalent to

that of Frankel’s. (Theorem 3.2.1). A geometric condition is described to guarantee

the convergence of the Frankel sequence and we call it the uniform domination of
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the domain by a metric (Definition 3.2.1). We also prove that the uniform domina-

tion condition is satisfied in any convex hyperbolic domain for the case of Kobayashi

Royden metric (Theorem 3.1.5).

In Chapter (4), entitled (Maximal Circularity Function), we define the maximal cir-

cularity function cΩ(x) (Definition 4.1.3) and we prove that cΩ(x) → 1 for a point x in

Ω if x tends to the boundary of the domain in two specific cases, namely, the strongly

pseudoconvex domains (Theorem 4.2.1) and convex polyhedral domains (Theorem

4.3.2).

In Chapter (5), entitled (Holomorphicity of The Kobayashi Isometry), we present some

recent progress in scaling theory concerning Kobayashi isometry.

7



CHAPTER 2

PRELIMINARIES

In these preliminaries, we review some essential definitions and properties regarding

mappings and sets that are necessary for the remainder of this dissertation. We will

use the notation ∆ to denote the unit ball in C.

2.1 Some Fundamentals

Definitions 2.1.1.

(1) A domain in Cn is a connected open set in Cn.

(2) A real-valued function r on Ω is said to be plurisubharmonic (psh) if it is subhar-

monic on the intersection of Ω and any complex line.

(3) A domain Ω is pseudoconvex if it admits a psh exhaustion function. i.e, there

exists a function r : Ω → [−∞,∞) such that

(i) r is psh.

(ii) ∀t ∈ R, the set Ωt = {z ∈ Ω, r(z) ⩽ t} is relatively compact in Ω.

(4) In case Ω has a C1-smooth boundary, then there exists a function ρ : Cn −→ R
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satisfies the conditions

(i) Ω = {z ∈ Cn, p(z) < 0},

(ii) ρ = 0 on ∂Ω,

(iii) ∀p ∈ ∂Ω,∇ρ(p) ̸= 0.

and is called a defining function.

Let Hp(∂Ω) be the complex tangent space of ∂Ω at p, i.e.,

Hp(∂Ω) =

{
v ∈ Cn,

n∑
j=1

∂ρ

∂zj
(p)vj = 0

}
.

(5) The Levi form of the defining function ρ for Ω is given by

Lp(v) =
n∑

i,j=1

∂2ρ

∂zi∂z̄j
(p)viv̄j, for v ∈ Hp(∂Ω),

for all p ∈ Ω.

Remark 2.1.2

If Ω has a C2-smooth boundary, then

Ω is pseudoconvex ⇐⇒ Lp(v) ⩾ 0, ∀v ∈ Hp(∂Ω)

and Ω is strongly pseudoconvex if Lp(v) > 0 for any nonzero v ∈ Hp(∂Ω).

Strongly pseudoconvex domains play a crucial role in SCV when studying invariant

metrics and equivalence of domains.

Definition 2.1.3.

The upper semicontinuous function F (z, v) defined on Ω× Cn is called a complex

Finsler metric if:
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• F (z, v) ⩾ 0, for all z ∈ Ω and v ∈ TzΩ and F (z, v) = 0 if and only if v = 0,

• F (z, λv) = |λ|f(z, v), ∀(z, v) ∈ Ω× Cn.

In this dissertation, we will call a complex Finsler metric simply a metric.

Definition 2.1.4.

The indicatrix of the metric F at z ∈ Ω is defined by the set

IΩ,F (z) = {v ∈ Cn, F (z, v) < 1} .

Remarks 2.1.5

• F is assumed to satisfy the triangular inequality for each v ∈ Cn.

• IΩ,F (z) is not necessarly convex in general.

• If IΩ,F (z) is a convex domain in Cn, then the metric F is called a convex metric.

Definition 2.1.6.

The induced distance function is the function defined as

dΩ,F (z, w) = inf
{∫ 1

0

F (γ(t), γ′(t))dt, γ ∈ C(z, w)

}

where C(z, w) denotes the space of all piecewise C1-curves that join any two points z

and w in Ω.

10



2.2 Kobayashi-Royden Metric and its Properties

Definitions 2.2.1.

(1) The infinitesimal Kobayashi pseudo-metric on a domain Ω is defined by

KΩ(z, v) = inf {λ > 0, ∃f ∈ Hol(∆,Ω), f(0) = z, λf ′(0) = v} ,

where z ∈ Ω, v ∈ TzΩ, and Hol(∆,Ω) denotes the space of holomorphic mappings

from the unit disc into Ω.

(2) The Kobayashi pseudo-distance is

dkΩ(z, w) = inf
{∫ 1

0

KΩ (γ(t), γ′(t)) dt, γ ∈ C(z, ω), γ(0) = z, γ(1) = ω

}

(3) The Kobayashi-ball, usually dented by Bk
Ω(z, r) is the ball

{
w ∈ Ω, dkΩ(z, w) < r

}

There are some basic notable remarks regarding Kobayashi metric and

Kobayashi distance:

(1) KΩ(z, v) is not necessarily a metric, since it can be zero for a nonzero vector

v ∈ TzΩ. However, if Ω is a bounded domain, then KΩ(z, v) is a metric, and dkΩ(z, w) is

a distance for any z and w in Ω. Indeed, if Ω is bounded in Cn, z ∈ Ω and v ∈ Cn\{0},

then the set

F = {f : ∆ −→ Ω, f(0) = z, f ′(0) = λv}

11



is a normal family. Assume that K(z, v) = 0, then there exists fj ∈ F such that

f ′
j(0) −→ ∞ as j → ∞. This is a contradiction since if {fj} is convergent then

{
f ′
j

}
is also convergent. This means K(z, v) > 0, ∀v ̸= 0. which implies that dkΩ(z, w) > 0,

if z ̸= w, ∀z and w ∈ Ω.

The domain Ω is said to be hyperbolic if KΩ(z, v) is a metric.

(2) One of the most significant properties of Kobayashi metric and distance is the

decreasing property. That is, If Ω1 and Ω2 are two domains in Cn, and if f : Ω1 −→ Ω2

is a holomorphic map, then

KΩ2 (f(z), dfz(v)) ⩽ KΩ1(z, v),

and dΩ2(f(z), f(ω)) ⩽ dΩ1(z, w),

for all z, w ∈ Ω1 and v ∈ TzΩ1.

One could prove the first inequality as follows:

Let φ : ∆ −→ Ω1 be a holomorphic map, z ∈ Ω1 and v ∈ Cn, such that φ(0) = z.

Then f ◦ φ : ∆ −→ Ω2 is a holomorphic map too, and f ◦ φ(0) = f(z). Assume

φ′(0) = λv, λ > 0. Then (f ◦ φ)′(0) = λdfz(v).

∴ KΩ2 (f(z), dfz(v)) ⩽
1

|λ|

Taking the infimum on the right-hand side for all φ, we obtain

KΩ2 (f(z), dfz(u)) ⩽ KΩ1(z, v)

which proves the desired property.

12



(3) If f is a biholomorphic mapping then

KΩ2 (f(z), dfz(v)) = KΩ1(z, v),

dΩ2(f(z), f(w)) = dΩ(z, w),

which means that the map f is an isometry. The metric and distance satisfying these

conditions respectively are invariant metric and invariant distance.

(4) By applying the decreasing property to the inclusion map i : Ω1 −→ Ω2,

i(z) = z, we get the following property:

Let Ω1 ⊆ Ω2 ⊂ Cn, then for any z, ω ∈ Ω1 and any v ∈ Ca

dkΩ2
(z, w) ⩽ dkΩ1

(z, ω),

KΩ2(z, v) ⩽ KΩ1(z, w).

(5) If Ω is a product of domains, i.e. Ω = Ω1 × . . .× Ωk where Ωi ⊆ Cni , then

KΩ(z, v) = max
i=1,...,k

KΩi
(zi, vi)

for any z = (z1, . . . , zk) ∈ Ω and v = (v1, . . . , vk) ∈ Cn1+···+nk .

Examples 2.2.3.

(1) On the unit disc, the Kobayashi metric (which agrees with the Poincaré met-

ric), is given by

K∆(z, v) =
|v|

1− |z|2
, ∀z ∈ ∆, v ∈ C,

13



where |.| denotes the usual Euclidean norm. The Kobayashi distance is

dk∆(z, ω) =
1

2
log 1 + |φz(ω)|

1− |φz(ω)|

where φz(ω) = ω−z
1−z̄ω , for any z, ω ∈ ∆.

(2) On the disk ∆R = {z ∈ C, |z| < R}, the form of the Kobayashi-metric is

K∆R
(z, v) =

R|v|
R2 − |z|2

, ∀z ∈ ∆R and v ∈ C.

(3) Let ∆2 = {z = (z1, z2) ∈ C2, |z1| < 1, |z2| < 1}.Then using property (5) we have

K∆2(z, v) = max {K∆ (z1, v1) , K∆ (z2, v2)}

∀z ∈ ∆2, v ∈ C2.

The map φz(ω) belongs to the automorphism group of the unit disc Aut(∆).

2.3 Automorphism Groups

Definition 2.3.1.

For any domain Ω in Cn, the automorphism group of Ω is a collection of holo-

morphic mappings f : Ω −→ Ω with existing holomorphic inverse, equipped with the

operation of function composition, and it is represented by Aut(Ω).

Definition 2.3.2.

The set {φj(q), φj ∈ Aut(Ω)}, for q ∈ Ω is called the orbit of q.
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The automorphism group is an interesting invariant that has some properties such as

transitivity and non-compactness. This property is used in the following proposition.

Remark 2.3.3.

Aut(Ω) turns out to be a Lie group if Ω ⊂ Cn is bounded. In this case, it also turns

out that Aut(Ω) is non-compact if and only if there exists an interior point q ∈ Ω, a

boundary point p ∈ ∂Ω and an automorphism φj ∈ Aut(Ω) such that

lim
j→∞

φj(q) = p.

The point p is called a boundary orbit accumulation point.

The above proposition allows to apply the localization, (first step of the scaling

method), by shrinking the image of any compact subset K of Ω under the auto-

morphism φj to a neighborhood of the boundary point p.

.

2.4 Normal Families and Convergence of Se-

quences

To prove the convergence of a sequence, one can use the following:

Definition 2.4.1

Let F ∈ Hol(Ω1,Ω2) be a family, F is said to be normal if every sequence {fj} ⊆ F

either

(i) has a subsequence that converges uniformly on compact subsets of Ω.

15



or (ii) has a subsequence, {fik}, such that for every compact subset K of Ω and every

compact subset L of C, there exists large Number N , such that whenever k ⩾ N ,

fjk(K) ∩ L = ∅.

The following theorem is related to Normality.

Theorem 2.4.2 (Arzela-Ascoli).

Let F ∈ Hol (Ω1,Ω2) be a family, then F is normal ⇔

(i) F is equicontinuous.

(ii) ∀x ∈ Ω1,F(x) = {f(x) ∈ Ω2, f ∈ F} is bounded.

As previously stated in the introduction, S. Frankel used the above theorem to prove

the convergence of the sequence he constructed, and the resulting image is a bounded

symmetric domain.

We mean by bounded symmetric domains, domains Ω ⊂ Cn with an automorphism

group satisfying these two conditions:

(i) Aut(Ω) is transitive.

(ii) ∀z ∈ Ω, ∃σz ∈ Aut(Ω), such that σz ◦ σz = Id.

For future information on the general theory on domains and invariant metrics, see

e.g., ([12],[14],[29]).
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CHAPTER 3

CONSTRUCTION AND

CONVERGENCE OF A

SCALING SEQUENCE

3.1 Constructing a New Scaling Sequence

Suppose Ω is a bounded domain in the complex Euclidean space Cn, z ∈ Ω and F is

a metric on Ω. Since F is upper semicontinuous , we may find u1 = u1(z) ∈ Cn with

|u1| = 1 such that µ1(z) := FΩ(z, u1) = max {F (z, v) : v ∈ Cn, |v| = 1}.

By induction, choose unit vectors u1, . . . , uα and µβ = F (z, uβ) for 1 ⩽ β, α ⩽

n− 1. If Vα denotes the orthogonal complement of {u1, . . . , uα} in Cn, then

µα+1(z) := F (z, uα+1) = max {F (z, v) : v ∈ Vα, |v| = 1}

Let Lz be a linear transform on Cn given as

17



Lz (uα) = µα(z)eα, α = 1, . . . , n (3.1)

where {e1, . . . , en} is the standard Euclidean basis for Cn.

Before we proceed, we recall that S. Frankel ([6]) has defined a sequence

τj = [dφj(p)]
−1 · (φj(·)− pj) (3.2)

where {φj} is a sequence of holomorphic automorphisms on Ω, pj = φj(p) and

dφj(p) is the complex Jacobian matrix of φj at p. Frankel proved that if Ω is convex

and hyperbolic, the {τj} has a convergent subsequence. In the following theorem, we

prove that the linear transform [dφj(p)]
−1 can be replaced by the linear map Lpj that

we constructed and we call it a stretching factor of Ω at pj induced by the metric F .

Theorem 3.1.1.

Let Ω be a bounded domain in Cn and let p ∈ Ω. Suppose that there is a non-

compact sequence of automorphisms {φj}. Let Lj = Lpj be the stretching factor

induced by any convex invariant metric. Then the scaling sequence σj defined by

σj := Lj ◦ (φj(·)− pj) (3.3)

converges subsequentially if and only if Frankel’s sequence (3.2) converges subse-

quentially.

Proof.

Suppose F is a convex invariant metric on the domain Ω. Choose ujα and µjα to

18



construct Lj by (3.1) at pj = φj(p) and let

ũjα = dφj(p)
−1
(
ujα
)
, α = 1, . . . , n.

The automorphism φj preserves the metric F , and this implies F (p; ũjα) = µjα.

Hence, the vectors ũjα/µjα ∈ ∂IΩ,F (p), where

IΩ,F (s) = {v ∈ Cn : F (s; v) < 1} ,

is the indicatrix of F at s ∈ Ω. Notice that the indicatrix is always convex for any

s ∈ Ω. Define the linear map Aj on Cn as

Aj

(
ũjα
µjα

)
= eα, α = 1, . . . , n.

Then

Lj = Aj ◦ dφj(p)−1

by definition. This means that we only need to show that

C1|v| ≤ |Ajv| ≤ C2|v|, ∀v ∈ Cn (3.4)

where C1 and C2 are two positive constants that do not depend on j, to prove that

the convergence of {τj} is equivalent to the convergence of {σj}.

19



The lower estimate is equivalent to the upper bound of A−1
j . This is clear because

∣∣A−1
j v
∣∣ = ∣∣∣∣∣A−1

j

(∑
α

aαeα

)∣∣∣∣∣ =
∣∣∣∣∣∑
α

aα

(
ũjα
µjα

)∣∣∣∣∣ ≤ nM |v|

for every v =
∑

α aαeα ∈ Cn, where M = sup {|w| : w ∈ ∂IΩ,F (p)}. Therefore, if we

prove

|detAj| ≤ C (3.5)

where C is a positive constant that doesn’t depend on j, we can find the desired

upper estimate. By the definition of Lj, we have

|detLj| =
∏
α

µjα. (3.6)

If we denote the determinant of the real linear operator on R2n = Cn by detR and

the Euclidean volume of a region G by Vol(G), then since dφj(p) maps IΩ(p) onto

IΩ (pj), we have

detR dφj(p) = |det dφj(p)|2 =
Vol (IΩ,F (pj))

Vol (IΩ,F (p))
= C Vol (IΩ,F (pj)) (3.7)

Where Vol (IΩ,F (p)) = 1
C

. Regarding Cn = Rn +
√
−1Rn, let

Rj = IΩ,F (pj) ∩ Rn = {(a1, . . . , an) ∈ IΩ,F (pj) : aα ’s are real } .

Since IΩ,F (pj) is completely circular, it is a circular region generated by Rj and

20



Rj is symmetric with respect to the origin. Moreover, the region Rj is convex in Rn

since IΩ,F (pj) is convex.

The following lemma is needed to establish the proof of the estimation (3.5).

Lemma 3.1.2.

Let R be a bounded convex domain in Rn which is symmetric with respect to the

origin. Let

r1 = min{|x| : x ∈ ∂R}.

Suppose that (r1, 0, . . . , 0) ∈ ∂R (this means the minimum distance to the bound-

ary is attained at the x1-intercept of ∂R ). Let

R̃ =
{
(x2, . . . , xn) ∈ Rn−1 : (0, x2, . . . , xn) ∈ R

}
.

Suppose

R̃ ⊂ B̃ := [−r2, r2]× · · · × [−rn, rn]

for some r2, . . . , rn > 0. Then

R ⊂ B := [−r1, r1]× 2B̃ = [−r1, r1]× [−2r2, 2r2]× · · · × [−2rn, 2rn] .

Proof of Lemma 3.1.2.

We notice first that the supporting hyperplanes at (±r1, 0, . . . , 0) are

x1 = ±r1,
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since r1 is the minimum distance from the origin to ∂R. Therefore

x = (x1, . . . , xn) ∈ R =⇒ |x1| ≤ r1.

We may assume R̃ = B̃. Since ∂R̃ = ∂B̃ contains boxes {±r2} × [−r3, r3]× · · · ×

[−rn, rn], the supporting hyperplanes of R at (0,±r2, 0, . . . , 0) ∈ ∂R also contains

those boxes. This means if

x2 = α1x1 + α3x3 + · · ·+ αnxn ± r2

are the equation of the supporting hyperplanes, then α3 = · · · = αn = 0. Then

from the condition that the distance from the origin to the supporting hyperplanes is

greater than or equal to r1, we have

r2√
α2
1 + 1

≥ r1.

Therefore,

|α1| ≤

√(
r2
r1

)2

− 1

Since x = (x1, . . . , xn) lies between two support hyperplanes x2 = α1x1 ± r2 and

|x1| ≤ r1 if x ∈ R, we have

|x2| ≤
√
r22 − r21 + r2 ≤ 2r2.

Similarly, we can also show that |xα| ≤ 2rα for any α = 2, . . . , n whenever
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x = (x1, . . . , xn) ∈ R. Thus the desired conclusion follows.

Resuming the proof of Theorem 3.1.1, we let

Rj,1 =
{
(xn−1, xn) ∈ R2 : (0, . . . , 0, xn−1, xn) ∈ Rj

}
.

Applying Lemma 3.1.2, we see that

Rj,1 ⊂ Bj,1 :=
[
−1/µjn−1, 1/µ

j
n−1

]
×
[
−2/µjn, 2/µ

j
n

]
,

since R̃j,1 = [−1/µjn, 1/µ
j
n]. Applying the lemma to

Rj,2 =
{
(xn−2, xn−1, xn) ∈ R3 : (0, . . . , 0, xn−2, xn−1, xn) ∈ Rj

}
,

we see that

Rj,1 ⊂ Bj,2 :=
[
−1/µjn−2, 1/µ

j
n−2

]
×
[
−2/µjn−1, 2/µ

j
n−1

]
×
[
−22/µjn, 2

2/µjn
]
,

since R̃j,2 = Rj,1 ⊂ Bj,1. After repeating the same procedure, we get

Rj ⊂ Bj :=
n∏

α=1

[
−2α−1/µjα, 2

α−1/µjα
]
.

Therefore, the indicatrix IΩ,F (pj) is a subset of the circular region in Cn generated
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by Bj which is the polydisc

Pj :=
{
z = (z1, . . . , zn) ∈ Cn : |zα| ≤ 2α−1/µjα, α = 1, . . . , n

}
.

This yields

Vol (IΩ,F (pj)) ≤ Vol (Pj) ≤ C
∏
α

(
1

µjα

)2

for a positive constant C doesn’t depend on j. Therefore, by using (3.6) and (3.7) we

get the estimate (3.5).

3.2 Convergence of Frankel Sequence

In this section, we are seeking a condition of metric such that Frankel sequence con-

verges. Let Ω be a given domain in Cn and let F be a metric on Ω. Let BΩ,F (x; r)

represents the metric ball of center x and radius r For r > 0, i.e.

BΩ,F (x; r) = {y ∈ Ω : dΩ,F (x, y) < r} .

Definition 3.2.1.

Let Ω be a domain in Cn. We say that Ω is uniformly dominated by a metric F

on Ω if

• F is complete (i.e. dΩ,F is Cauchy complete),

• For each r > 0, there is λ(r) > 0 such that
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BΩ,F (x; r)− x ⊂ λ(r)IΩ,F (x) (3.8)

for any x ∈ Ω, where BΩ,F (x; r)−x = {y − x : y ∈ BΩ,F (x; r)}, is the Euclidean

translation.

Proposition 3.2.2.

Let Ω be a domain and p ∈ Ω be fixed. Assume that Ω is uniformly dominated by

an invariant metric F . Then

A = {τφ : Ω → Cn : φ ∈ Aut(Ω)}

is a normal family, where τφ = [dφ(p)]−1 ◦ (φ(·)− φ(p)),

Proof.

Let r > 0 and let φ be an automorphism of Ω. Then

τφ (BΩ,F (p; r)) = [dφ(p)]−1 (BΩ,F (φ(p); r)− φ(p))

⊂ λ(r)[dφ(p)]−1 (IΩ,F (φ(p)))

= λ(r)IΩ,F (p)

by (3.8), since F is invariant. Therefore, the family A is uniformly bounded on

BΩ,F (p; r). This means that A is uniformly bounded on every compact subset of Ω.

Apply Montel’s theorem to obtain the conclusion.

Example 3.2.3.

This example shows that the upper half plane H = {z ∈ C : Im z > 0} is uniformly
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dominated by the Poincaré metric which agrees with the Kobayashi-Royden metric

on H.

For v ∈ C and p, z ∈ H, The forms of the metric and the distance are given

respectively by

F (p; v) =
|v|

2 Im p
, dH,F (z, p) = 2 tanh−1

∣∣∣∣z − p

z − p̄

∣∣∣∣ . (3.9)

By translation, we may assume p = ib, where i =
√
−1, b > 0. Therefore,

IH,F (p) = {ζ ∈ C : |ζ| < 2b}

Assume that z ∈ BH(p, r), then

|z − ib|
|z + ib|

< tanh r
2

.

After some calculations we have |z − ib(r)|2 < [b(r)]2 − b2

where

b(r) =

(
1 + tanh2(r/2)

1− tanh2(r/2)

)
b

.

This means that the ball BH,F (p, r) is centred at ib(r) and of radius
√
b(r)2 − b2.

In order to satisfy the condition (3.8), we define λH(r) as
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λH(r) =
1

2b

(
b(r)− b+

√
b(r)2 − b2

)
=

tanh(r/2)
1− tanh(r/2)

(3.10)

Remark 3.2.4.

The uniform domination condition of a metric is not holomorphic invariant, be-

cause holomorphic maps do not preserve Euclidean distance. However, it is an affine

transform invariant.

Now we consider conditions of invariant metrics that guarantee uniform domina-

tion. For the rest of this section, we will denote the Kobayashi indicatrix and the

Kobayashi distance ball by IΩ(x) and BΩ(x; r), respectively.

Theorem 3.2.5.

Let Ω be a hyperbolic convex domain in Cn. Then Ω is uniformly dominated by

the Kobayashi-Royden metric KΩ. Indeed,

BΩ(x; r)− x ⊂ 2λH(r)IΩ(x)

for each r > 0 and x ∈ Ω, where λH is the function defined as (3.10)

Proof.

The proof is based on reducing the dimension to dimension one and then applying

the upper half plane case result (Example 3.2.3). Let x ∈ Ω be a point and let

v ∈ Cn\{0}. Define the complex lines Lv and Lx,v respectively as

Lv = {ξv : ξ ∈ C} , Lx,v := Lv + x = {ξv + x : ξ ∈ C}
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Let Ωx,v = Ω ∩ lx,v. Notice that the intersection is a bounded hyperbolic and convex

domain. Suppose p = p(x, v) is a point on ∂Ωx,v such that

d := |x− p| = dis (x, ∂Ωx,v)

where dis denotes the Euclidean distance. Then the disk

∆x,v(d) = {z ∈ Lx,v : |z − x| < d}

is contained in Ωx,v. Hence,

KΩ(x, v) ⩽ KΩx,v(x, v) ⩽
|v|
d

= 2KH(
√
−1d, v) (3.11)

By applying that maps (x− p)/|x− p| to e1, a translation z → z − p and a linear

map

e1 −→ e1, v2 −→ e2, . . . , vn −→ en,

where v2, . . . , vn are linearly independent vectors over C and e1, . . . ., en are the stan-

dard orthonormal unit vectors, we may assume

(i) p = 0,

(ii) lx,v is the z1 plane,

(iii) Ωx,v lies on H in z1-plane and the real axis is the supporting line of Ωx,v,

(iv) x =
√
−1d, and

(v) the supporting hyperplane of Ω at p = 0 is Π = {Im z1 = 0} and hence Ω ⊂
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H× Cn−1.

Let y ∈ Ωx,v ⊂ H×{O}, then by using the Kobayashi distance decreasing property

and the property for the distance on a product of domains we have

dΩ(x, y) ⩾ dH×Cn−1(x, y) = dH(x, y). (3.12)

Finally, combining (3.11) with (3.12) would imply

(BΩ(x, r)− x) ∩ lv ⊂ 2λH (IΩ(x) ∩ lv) ,

which conclude the proof since x ∈ Ω and v ∈ Cn\{0} are arbitrary.
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CHAPTER 4

MAXIMAL CIRCULARITY

FUNCTION

4.1 Maximal Circularity Function in Bounded Do-

mains

Definition 4.1.1.

Let Ω be a bounded domain in Cn. Ω is said to be a completely circular domain if

∀c ∈ ∆̄ and z ∈ Ω, cz ∈ Ω. where ∆̄ represents the closure of the unit disc.

Remark 4.1.2.

The indicatrix IΩ(z) = {v ∈ Cn : KΩ(z, v) < 1} is a completely circular domain by

homogeneity property of the Kobayashi metric.

Definition 4.1.3.

Let Ω be a bounded domain in Cn, and x is a point in Ω. Let BΩ(x) =

{φ : Ω −→ Cn, φ is a bounded holomorphic embedding, φ(x) = 0}. Let IΩ(x) be

30



the Kobayashi indicatrix of Ω at the point x. we define the function cΩ(x) as follows

cΩ(x) := sup
{ r
R

: ∃φ ∈ BΩ(x), R > 0, r > 0 , such that rIφ(Ω)(0) ⊂ φ(Ω) ⊂ RIφ(Ω)(0)
}

(4.1)

We call cΩ(x) the maximal circularity function of Ω.

Remarks 4.1.4.

(i) 0 < cΩ(x) ⩽ 1, ∀x ∈ Ω,

(ii) If Ω is bounded completely circular domain, then Ω is biholomorphic to IΩ(0),

([3]), and then cΩ(0) = 1.

In the next proposition, we prove that the converse of (ii) is valid too.

proposition 4.1.5.

Let Ω be a bounded domain in Cn. Suppose that cΩ(x) = 1 at a point x ∈ Ω.

Then Ω is biholomorphic to a complete circular domain.

proof.

Suppose we choose φj ∈ BΩ(x) such that

rjIj ⊂ φj(Ω) ⊂ RjIj (4.2)

for some Rj ⩾ rj > 0 and rj/Rj −→ 1 as j → ∞, where Ij is the indicatrix of

φj(Ω) at the origin

Ij := Iφj(Ω)(0) = dφj(x) (IΩ(x)) ,

and dφj(x) : TxΩ −→ T0φj(Ω) is a linear map.
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Let

ψj = [dφj(x)]
−1 · φj

Then ψj ∈ BΩ(x). Applying [dφj(x)]
−1 to (4.2), we get

rjIΩ(x) ⊂ ψj(Ω) ⊂ RjIΩ(x)

To prove Rj is bounded, assume by contradiction that Rj → ∞ as j → ∞. Then

rj −→ ∞ as well. Choose a small ε > 0 such that the Euclidean ball B(0, ε) is

contained in IΩ(x), and let v ∈ Cn\{0}. Then since dψj(x) = Id and Ω is hyperbolic,

0 < KΩ(x, v) = Kψj(Ω)(0, v) ⩽ KrjB(0,ε)(0, v) =
|v|
rjε

−→ 0

as j −→ ∞, which yields a contradiction.

Applying Mantel’s Theorem, ψj converges subsequentially to a map ψ, and then

rj −→ R0, Rj −→ R0 for some R0 ⩾ 0. Since dψj(x) = Id, the limit ψ of the sequence

ψj is also a 1-1 holomorphic mapping and ψ(Ω) = R0IΩ(x). Hence, R0 > 0 and Ω is

biholomorphic to R0IΩ(x).

Definition 4.1.6.

Let D be a bounded complete circular domain in Cn. Then the squeezing function

sΩ(x) of Ω at x ∈ Ω modelled on D is defined by

sDΩ (x) := sup
{ r
R

: ∃φ ∈ BΩ(x), R > 0, r > 0 such that

rD ⊂ φ(Ω) ⊂ RD}.
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Since the definition of the squeezing function is similar to the maximal circularity

function, we could identify a correlation between the two functions.

Proposition 4.1.7.

Let Ω be a bounded domain in Cn and x ∈ Ω. Then for any bounded complete

circular domain D ⊂ Cn,

cΩ(x) ≥
(
sDΩ (x)

)2
Proof.

Suppose φ ∈ BΩ(x) such that φ(Ω) ⊂ D. Choose r > 0 such that rD ⊂ φ(Ω).

Since the bounded complete circular domain is the same with its Kobayashi indicatrix

at the origin ([3]), considering that both domains D and rD are completely circular,

we have

ID(0) = D, IrD(0) = rD

Therefore,

rD = IrD(0) ⊂ Iφ(Ω)(0) ⊂ ID(0) = D

Using the decreasing property of the Kobayashi metric. Hence,

rIφ(Ω)(0) ⊂ rD ⊂ φ(Ω) ⊂ D ⊂ 1

r
Iφ(Ω)(0).

This means cΩ(x) ≥ r2. Taking the supremum for r, the desired result is obtained.
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4.2 Maximal Circularity Function in Strongly

Pseudoconvex Domains

Theorem 4.2.1.

If Ω is a bounded domain in Cn, with C2 - smooth strongly pseudoconvex boundary,

then cΩ(x) → 1 as x→ p ∈ ∂Ω.

Proof.

This is a consequence of the work ([9], [23]), since in strongly pseudo-convex

domains, for every point p ∈ ∂Ω, and a sequence {xj} in Ω, if xj −→ p, then

sΩ (xj) = sB
n

Ω (xj) −→ 1 as j −→ ∞, where Bn represents the unit ball in Cn. Using

Proposition 4.1.7, the conclusion follows.

4.3 Maximal Circularity Function in Convex Poly-

hedral Domains

Definitions 4.3.1

(1) Let Ω be a bounded domain in Cn. Ω is called a polyhedral domain if there are

smooth real-valued functions ρ1, . . . , ρN defined on a neighborhood of Ω̄ such that

• Ω = {z ∈ Cn : ρ1(z) < 0, . . . , ρN(z) < 0}

• on ∂αΩ := {z ∈ ∂Ω : ρα(z) = 0} for α = 1, . . . , N,∇ρα never vanishes,

• each ∂αΩ is Levi flat.
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(2) The polyhedral domain Ω is said to be normal if it satisfies in addition

• on each ∂α1···αk
Ω := {z ∈ ∂Ω : ρα1(z) = · · · = ραk

(z) = 0} ,∇ρα1 , . . ., ∇ραk
are

linearly independent over C.

Theorem 4.3.2.

Let Ω = {z ∈ Cn : ρ1(z) < 0, . . . , ρN(z) < 0} be a convex normal polyhedral do-

main in Cn. Let q ∈ ∂α1···αnΩ for some distinct indices α1, . . . , αn. Then cΩ(x) → 1 as

x→ q.

Proof.

Assume without loss of generality that {α1, . . . , αn} = {1, . . . , n} and |∇ρα| ≡ 1

on ∂αΩ for each α = 1, . . . , n. We need to show that s∆n

Ω (x) −→ 1 when x −→ q,

where ∆n denotes the unit polydisc in Cn.

Since ∂αΩ is Levi flat, there exist an analytic variety Vα ⊂ ∂αΩ for every α, and

since Ω is convex, Vα is a part of affine hyperplanes Hα such that

• ∩Hα = {q}

• Vα := Hα ∩ ∂Ω is the maximal variety that contains q in ∂αΩ.

After a change of coordinates, we may assume

• q = 0

• Hα = {zα = 0}

• {Re zα = 0} are the supporting hyperplanes of Ω.

• Ω is a subset of Hn, where H = {z ∈ C,Re z < 0} is the left half plane in C.
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Now suppose that x is a point in Ω that is very close to the origin, then there

exists an affine hyperplane hα = hα(x) that is tangent to ∂αΩ for each α = 1, . . . , n,

unique and is closest to x. Let p = p(x) ∈ ∂12...nΩ, such that ∩hα = {p}, and let

vα = vα(x) = ∇ρα(p).

Define an affine transform Ax as follows

• Ax(p) = 0

• dAx (vα) = eα, for each α.

Then Ax(Ω) ⊂ Hn, and Ax(x) = (x, . . . , xn), where xα < 0 and xα −→ 0 as

x −→ 0.

Now, Let Φ : Hn −→ ∆n be the Cayley transform such that Φ(0) = (1, . . . 1), then

Φ (Ax(x)) = (1− r1, . . . , 1− rn), where rα > 0, and rα −→ 0 as x −→ 0 for each α.

Let πα : Cn −→ C, be the natural projection, i.e.,

πα (z1, . . . , zn) = zα, ∀α = 1, . . . , n.

Since Ω is normal, ∂1...nΩ is a smooth real n-dimensional, and hence πα (Φ (Ax(Ω)))

has a smooth boundary near 1 .

Therefore, ∀x ∈ Ω that is close enough to 0, ∃ε > 0, such that ∆n
ε ⊂ Φ (Ax(Ω)),

where ∆ε = {z ∈ C, |z − (1− ε)| < ε}.

Now, suppose Ψx ∈ Aut(∆n), such that

Ψx(1, 1, . . . , 1) = (1, . . . , 1) and Ψx (1− r1, . . . , 1− rn) = (0, . . . , 0)
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Then, for an arbitrary r, 0 < r < 1, and any x ∈ Ω close enough to 0

r∆n ⊂ Ψx (∆
n
ε ) ⊂ Ψx ◦ Φ ◦ Ax(Ω)

Taking supremum for r, we get s∆n

Ω (x) −→ 1 when x −→ q.
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CHAPTER 5

HOLOMORPHICITY OF THE

KOBAYASHI ISOMETRY

This part of the dissertation is included in the second paper we prepare for publication

([2]). Our future goal is to prove that Kobayashi isometry between two generic analytic

polyhedra (GAP) is either holomorphic or antiholomorphic if it is irreducible. In this

chapter, we introduce scaling theory regarding Kobayashi isometry between analytic

polyhedra for this purpose. Although all the demonstrations in this chapter work for

any dimensional case, we consider the case n = 2 for simplicity. In section 5.1, we

consider a special case of GAP, which is the bidisc. We prove that Kobayashi isometry

from a bidisc into itself is either holomorphic or anti-holomorphic componentwisely.

In section 5.2, we consider the general case.

5.1 Kobayashi Isometry on Bidiscs

Theorem 5.1.1
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Let f : ∆2 −→ ∆2 be a Kobayashi isometry, where ∆2 denotes the bidisc. Then by

composing with an automorphism on ∆2, we have

f (z1, z2) = (Φ (z1) ,Φ (z2))

where Φ(z) is either z or z̄.

Remarks 5.1.2

(1) Although we consider the case of ∆2 for simplicity, the same statement is true

for arbitrary ∆n.

(2) The result has been already proved in ([14],[25]) under the assumption of C1-

regularity of the Kobayashi isometry. Our proof is a modification of that in ([25]) to

fit to C0-assumption.

In preparation for presenting the proof of the theorem, we review some known

results in the following remarks:

Remarks 5.1.3

(1) The Kobayashi distance on the bidisc is complete.

(2) ∀p, q ∈ ∆2, there exists a geodesic σ : R −→ ∆2 joining p and q.

(3) If σ : [a, b] −→ ∆2 is a Kobayashi geodesic, then ∀[c, d] ⊂ [a, b], σ |[c,d] is also

a geodesic.

(4) A Kobayashi geodesic passing through the origin is a straight line. In particu-

lar, γ(s) = tanh s : (−∞,∞) −→ ∆ is the unit speed parametrization of the geodesic.

Therefore, ∀λ = eiθ ∈ S1, λγ(s) is the geodesic through 0 to λ, where S1 is the unit

circle.
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(5) Circular arc in ∆ intersecting ∂∆ orthogonally are Kobayashi geodesics on ∆.

(6) If σ1 and σ2 are two geodesics on ∆ such that

lim
s→±∞

σ1(s) = lim
s→±∞

σ2(s)

then σ1(s) = σ2 (s+ s0) , for some s0 ∈ R.

(7) If σ : R → ∆2 is a Kobayashi geodesic and f : ∆2 −→ ∆2 is a Kobayashi

isometry, then f ◦ σ : R −→ ∆2 is also a Kobayashi geodesic.

(8) Let σ : R → ∆ be a geodesic, then ∀y ∈ ∆, σ̃(s) = (σ(s), y) is a geodesic in

∆2. Similarly, (x, σ(s)) is also a geodesic in ∆2, ∀x ∈ ∆.

Lemma 5.1.4

Let f : ∆2 −→ ∆2 be a Kobayashi isometry and σ : R → ∆2 is any geodesic. Let

f(x, y) = (f1(x, y), f2(x, y)) ∈ ∆2, then either f1 ◦ σ or f2 ◦ σ is a Kobayashi geodesic

in ∆.

Proof

for each s > 0,

d∆2(σ(−s), σ(s)) = d∆2(f(σ(−s)), f(σ(s)))

= max {d∆ (f1 ◦ σ(−s), f1 ◦ σ(s)) , d∆ (f2 ◦ σ(−s), f2 ◦ σ(s))
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Therefore, for each n > 0,

d∆ (f1 ◦ σ(−n), f1 ◦ σ(n)) = d∆2(σ(−n), σ(n))

= l∆2

(
σ|[−n,n]

)
= l∆2

(
f ◦ σ|[−n,n]

)
⩾ l∆

(
f1 ◦σ|[−n,n]

)
Hence f1 ◦ σ is a geodesic.

Proof of theorem 5.1.1.

Let γ(s) = tanh s and let

K1 = {(λ, y) ∈ S1 ×∆, f1(λγ(s), y) is a geodesic }

K2 = {(λ, y) ∈ S1 ×∆, f2(λγ(s), y) is a geodesic }.

Since f(λγ(s), y) is a geodesic ∀(λ, y) ∈ S1×∆, we have K1∪K2 = S1×∆ by lemma

5.1.3.

Also, the sets K1 and K2 are closed. Indeed, if (λj, yj) ∈ K1

and (λj, yj) −→ (λ, y), then since (f1 (λjγ(.), yj)) is a geodesic, we have

∀s, t ∈ R, d∆ (f1 (λjγ(s), yj) , f1 (λjγ(t)) , yj)) = |s − t|, and as j −→ ∞,

d∆ (f1(λγ(s), y), f1(λγ(t), y)) = |s − t|. Hence, f1(λγ(.), y)is a geodesic and (λ, y) ∈

K1. Similarly, we can prove that K2 is closed.

Now, suppose that either K1 or K2 is S1 ×∆. We may assume that K1 = S1 ×∆.

Or if we assume that neither K1 or K2 are S1 ×∆, then ∃ (λ0, y0) /∈ K2, and since K2
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is closed, there exists an open neighborhood I of λ0 in S1 and U of y0 in ∆ such that

(λ0, y0) ∈ I × U ⊂
(
S1 ×∆

)
\K2

Since K1∪K2 = S1×∆, I×U ⊂ K1. Therefore, we may assume that, ∃ (λ0, y0) ∈

S1 ×∆ and a neighborhood I × U of (λ0, y0) in S1 ×∆ such that I × U ⊂ K1. That

is, ∀(λ, y) ∈ I × U, f1(λγ(.), y) : R −→ ∆ is a geodesic on ∆.

Let

φ(x, y) =

(
λ0x,

y + y0
1− ȳ0y

)
∈ Aut

(
∆2
)

then φ(0, 0) = (0, y0), and φ(γ(s), 0) = (λ0γ(s), y0).

Replacing f by f ◦ φ, we may assume (λ0, y0) = (1, 0) ∈ S1 ×∆.

Let (α, β) = f ◦ φ(0, 0), and let

ψ(z, ω) =

(
z − α

1− ᾱz
,
ω − β

1− β̄ω

)

.

f1(λγ(s), y) is a geodesic on ∆, and (ψ ◦ f)1 (λγ(s), y) is a geodesic on ∆.

Replacing f by ψ ◦ f ◦ φ, we may assume:

• f(0, 0) = (0, 0)

• (λ0, y0) = (1, 0)

• f1(λγ(s), y) is a geodesic, ∀(λ, y) ∈ I × U .
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Since f1(γ(s), 0) is a geodesic passing through the origin, it satisfies

f1(γ(s), 0) = µγ(s)

for some µ = eiθ ∈ S1. Composing with the rotation r(z, ω) = (µ−1z , ω ), we may

assume

f1(γ(s), 0) = γ(s).

We claim the following.

Claim 1. Either f1(λγ(s), 0) = λγ(s), or f1(λγ(s), 0) = λ̄γ(s).

Proof of the claim.

Since f1(λγ(s), 0) is a geodesic passing through the origin, we have

d∆(γ(s), λγ(s)) = d∆2((γ(s), 0), (λγ(s), 0))

= d∆2(f(γ(s), 0), f(λγ(s), 0))

⩾ d∆ (f1(γ(s), 0), f1(λγ(s), 0))

= d∆(γ(s), µγ(s))

Similarly, d∆(γ(s), λγ(−s)) ⩾ d∆(γ(s), µγ(−s)). Hence, µ = λ or µ = λ̄, which

concludes the proof of the claim.

We may assume that f1(λγ(s), 0) = λγ(s), ∀λ ∈ I. Let

C =
⋃

{λγ(s), λ ∈ I, s ∈ R}.
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If x ∈ C, then x = λγ(s) for some λ ∈ I and s ∈ R. Therefore,

f(x, 0) = f1(λγ(s), 0) = λγ(s) = x.

Let Ĉ denotes the geodesic hull of the set C, and let H = Ĉ.

Claim 2. ∀x ∈ H, f1(x, 0) = x

proof of the claim.

Let λ1 and λ2 belongs to I, and let a and b be points on λ1γ and λ2γ respectively.

Let d = d∆(a, b) and let σ be a geodesic in ∆ joining a and b. We want to show that

f1(σ(u), 0) = σ(u), ∀u ∈ [a, b].

Since

lk (f1(σ(u), 0)) ⩽ lk(f(σ(u), 0))

= lk(σ(u), 0)

= lk(σ(u))

= d,

f1(σ(u), 0) is a geodesic in ∆, and hence

f1(σ(u), 0) = σ(u)

Claim 3. For each λ ∈ I and y ∈ U, f1(λγ(s), y) = λγ(s).

proof of the claim.
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Since d∆2 ((λγ(s), y), (λγ(s), 0)) = d∆(y, 0) <∞, and

d∆2(f(λγ(s), y), f(λγ(s), 0))

⩾ d∆ (f1(λγ(s), y), f1(λγ(s), 0))

= d∆ (f1(λγ(s), y), λγ(s))

We have d∆ (f1(λγ(s), y), λγ(s)) <∞, and

lim
s→±∞

f1(λγ(s), y) = lim
s→±∞

λγ(s) = λ.

Since f1(λγ(s), y) is also a geodesic in ∆,

f1(λγ(s), y) = λγ (s+ s0) , for some s0 = s0(λ, y).

Suppose s = 0, then f1(λγ(s), y) = f1(0, y). Since 0 = λγ(0) belongs to

all geodesics, f1(λγ(0), y) = f1(0, y) belongs to all geodesics, which implies that

f1(λγ(0), y) = 0. Hence, λγ (s0) = 0 and then s0 = 0. This proves the claim.

This means, f1(λγ(s), y) = λγ(s), ∀λ ∈ I and y ∈ U . In other words, if x ∈ C and

y ∈ U , then f1(x, y) = x.

Claim 4. Following the steps of claim 2, we also see that f1(x, y) = x, for all x ∈ H

and y ∈ U .

Now, let x ∈ H and consider (x, λγ(s)), a geodesic in ∆2, then f(x, λγ(s)) is a

geodesic in ∆2.

Claim 5. f2(x, λγ(s)) is a geodesic in ∆.
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proof of the claim.

Since f(x, λγ(s)) is a geodesic in ∆2, either f1(x, λγ(s)) or f2(x, λγ(s)) is a

geodesic. Since λγ(s) ∈ U if s is small, f1(x, λγ(s)) = x if s is small enough. Hence

f2(x, λγ(s)) is a geodesic. Since f2(0, λγ(s)) is a geodesic in ∆ and f2(0, λγ(0)) = 0,

f2(0, λγ(s)) is a geodesic passing through the origin. We may then assume that

f2(0, γ(s)) = γ(s) and by following the claims we may assume that f2(0, λγ(s)) =

λγ(s), ∀λ ∈ S1. Moreover, following claims 3 and 4, we can assume,

f2(x, λγ(s)) = λγ(s).

which implies the desired result.

Now, consider f(λγ(s), y), which is a geodesic in ∆2, for each y ∈ ∆ and λ ∈ S1.

Then either f1(λγ(s), y) or f2(λγ(s), y) is a geodesic. Since if s is small, we have

λγ(s) ∈ H and in that case f2(λγ(s), y) = y. Hence, f1(λγ(s), y) is a geodesic, ∀λ ∈ S1

and ∀y ∈ ∆. Following the same argument in claims 3 and 4, we get

f1(λγ(s), y) = λγ(s), ∀λ ∈ S1, and y ∈ ∆.

Hence,

f1(x, y) = x, ∀(x, y) ∈ ∆2

.

Similarly, we can see that f2(x, λγ(s)) is a geodesic, ∀x ∈ ∆, λ ∈ S1 and that
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f2(x, λγ(s)) = λγ(s), which implies that

f2(x, y) = y, ∀(x, y) ∈ ∆2.

Finally, we conclude that by taking a composition with automorphisms or conjugations

f(x, y) = (f1(x, y), f2(x, y)) = (x, y) on ∆2

which completes the proof of the theorem.

5.2 Kobayashi Isometry and Bounded Generic An-

alytic Ployhedron

Definitions 5.2.1.

(1) An analytic polyhedron is a domain Ω in Cn such that

• There exist holomorphic functions f1, . . . , fN : U → C, where U is a neighbor-

hood of Ω̄.

• Ω = {z ∈ U, |f1(z)| < 1, . . . , |fN(z)| < 1}.

(2) Ω is said to be generic if we can choose the functions f1, . . . , fN such that if

|fi1(p)| = . . . = |fir(p)| = 1, for a collection {i1, . . . , ir} of un-repeated indices and

p ∈ ∂Ω, then ∇fi1 , (p), . . . ,∇fir(p) are linearly independent.
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(3) Let p ∈ ∂Ω, and

I(p) := {j ∈ {1, . . . , N}, |fj(p)| = 1} ,r(p) := number of indices in I(p).

We denote the analytic variety in ∂Ω passing through p by F(p), which represents

the connected component of

{z ∈ ∂Ω, |fi(z)| = |fi(p)| = 1 if i ∈ I(p) and |fi(z)| < 1, i /∈ I(p)}

For the rest of this chapter, we assume having a Kobayashi isometry φ between

two bounded GAPs as follows,

Let

Ω =
{
z = (z1, z2) ∈ C2, |f1(z) |< 1, . . . , |fn(z)| < 1

}
Ω̃ =

{
w = (w1, ω2) ∈ C2, |g1(w)| < 1, . . . |gm(w) |< 1

}
be bounded GAP in C2. Suppose ∃φ : Ω → Ω̃ a Kobayashi isometry which is C1

smooth and both φ and φ−1extend continuously to the Silov boundary. Let p be a

point on the Silov boundary of Ω. Recall that the Silov boundary is defined as a closed

set S ⊂ Ω̄ such that:

(i) every analytic function f on Ω and continuous on Ω̄ satisfies

max
z∈Ω̄

|f(z)| = max
z∈S

|f(z)|,

(ii) every other closed set H ⊂ Ω̄ with the property (i) implies that S ⊂ H.
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In the generic analytic polyhedron case, the Silov boundary is

S = {p ∈ ∂Ω, r(p) = 2}

Lemma 5.2.2.

Assuming an isometry as described above, then φ(p) lies on the Silov boundary of Ω̃.

Proof.

Let S1 and S2 denote the Silov boundaries on Ω and Ω̃ respectively and p ∈ Ω.

We will prove that φ(p) ∈ S2 by contradiction. Suppose φ(p) is a flat point. Let

g1, . . . , gm be holomorphic functions on a neighborhood of Ω̃ to C and without loss of

generality, assume

F(φ(p)) =
{
q ∈ ∂Ω̃, g1(φ(p)) = 1, |gi(φ(p))| < 1, i = 2, . . .m

}
.

choose two sequences qj and q̃j in Ω̃ converge to φ(p) and q1 respectively, where

q1 ̸= f(p) lie on F(φ(p)), and such that g1 (qj) = g1 (q̃j).

By estimating the Kobayashi distance in [39], we have

dΩ̃ (qj, q̃j) ⩽ c [∥qj − q̃j∥+ d∆ (g1 (qj) , gj (q̃j))] .

By assumption, d∆ (g1 (qj) , g1 (q̃j)) = 0 so dΩ̃ (qj, q̃j) < ∞. Since φ is an isometry

and qj −→ φ(p),we have,pj := φ−1 (qj) −→ p. Let φ−1 (q̃j) = p̃j, then dΩ (pj, p̃j) <∞,

(see[39]). Therefore, both pj and p̃j converge to the same point p ∈ S1, but the images

by the isometry φ converge to different points, a contradiction, which ends the proof.
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Let’s assume without losing the generality that,

f1(p) = f2(p) = 1, |fj(p)| < 1, j = 3, . . . , n.

g1(p̃) = g2(p̃) = 1, |gj(p̃)| < 1, j = 3, . . . ,m.

where p̃ = φ(p).

Lemma 5.2.3.(Localization Lemma).

For any neighborhood U of p and any ε > 0, there exists a neighborhood V ⊂ U

of p such that

(1− ε)KΩ∩U(q, v) ⩽ KΩ(q, v) ⩽ KΩ∩U(q, v)

for any q ∈ V and v ∈ C2. (see [32]).

Let U and Ũ be chosen such that

F = (f1, f2) : U → O := F (U) ⊂ C2

G = (g1, g2) : Ũ → Õ := G(Ũ) ⊂ C2

are biholomorphisms and.

Ũ ∩ Ω̃ = φ(U ∩ Ω)

Let pj be a sequence in Ω such that pj → p as j → ∞ Assume pj ∈ U for all j.

Let

· p̃j := φ (pj) → p̃

· qj := F (pj) → (1, 1)

· q̃j := G (p̃j) → (1.1)
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as j → ∞

Let ε > 0, be given, and let V be a neighborhood of p chosen as lemma 5.2.3. Let

W = F (V ), and let Ṽ be a neighborhood of p̃ such that

φ(Ω ∩ V ) = Ω̃ ∩ Ṽ and W̃ = G(Ṽ ).

We may shrink V if necessary and we assume the localization lemma holds for

(Ω̃, Ũ , Ṽ ), (∆2, O,W ) and
(
∆2, Õ, W̃

)
that is

(1− ε)KΩ̃∩Ũ(w; v) ⩽ KΩ̃(w; v) ⩽ KΩ̃∩Ũ(w; v)

∀w ∈ Ṽ ∩ Ω̃, v ∈ C2.

Suppose φj, φ̃j ∈ Aut(∆2) such that φj(qj) = (0, 0) , φ̃j (q̃j) = (0, 0). Let K be

a compact subset of ∆2. Then ∃N1 = N1(K, ε) such that φ−1
j (K) ⊂ W ∩ ∆2 if

j > N1.

For each j > N1. choose rj → 1 such that

φ−1
j

(
∆2
rj

)
⊂ ∆2 ∩O

where ∆2
rj
= {ζ = (ζ1, ζ2) ∈ ∆2 : |ζ1| < rj, |ζ2| < rj}

Construct the sequence of mapping

Λj = φ̃j ◦G ◦ φ ◦ F−1 ◦ φ−1
j

∣∣
∆2

rj

: ∆2
rj
−→ ∆2 (5.1)
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Assume that K is a compact subset in ∆2
rj

.

Claim.

If j > N1, then

K∆2(z, v) ⩽ (1− ε)−2K∆2

(
Λj(z), dΛj|z (v)

)
∀z ∈ K and v ∈ C2.

Proof If z ∈ K

K∆2(z, v) = K∆2

(
φ−1
j (z), dφ−1

j (v)
)

⩽ K∆2∩O
(
φ−1
j (z), dφ−1

j (v)
)

= KΩ∩U
(
F−1 ◦ φ−1

j (z), dφF−1 ◦ φ−1
j

)
(v)
)

⩽ (1− ε)−1KΩ

(
F−1 ◦ φ−1

j (z), dF−1 ◦ φ−1
j

)
(v)
)

= (1− ε)−1KΩ̃

(
φ ◦ F−1 ◦ φ−1

j (z), d
(
φ ◦ F−1 ◦ φ−1

j

)
(u)
)

⩽ (1− ε)−1K∆2∩Õ
(
G ◦ φ ◦ F−1 ◦ φ−1

j (z), d
(
G ◦ φ ◦ F−1 ◦ φ−1

j

)
(v)
)

⩽ (1− ε)−2K∆2

(
G ◦ φ ◦ F−1 ◦ φ−1

j (z), d
(
G ◦ φ ◦ F−1 ◦ φ−1

j

)
(v)
)

= (1− ε)−2K∆2 (Λj(z), dΛj(v))

Claim .

If j > N1, then

K∆2(z, v) ⩾ (1− ε)2K∆2 (Λj(z), dΛj(v))

∀z ∈ K, v ∈ C2
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Proof.

K∆2(z, v) = K∆2

(
φ−1
j (z), dφ−1

j (v)
)

⩾ (1− ε)K∆2∩O
(
φ−1
j (z), dφ−1

j (v)
)

= (1− ε)KΩ∩U
(
F−1 ◦ φ−1

j (z), d
(
F−1 ◦ φ−1

j

)
(v)
)

⩾ (1− ε)KΩ

(
F−1 ◦ φ−1

j (z), d
(
F−1 ◦ φ−1

j

)
(v)
)

= (1− ε)KΩ̃

(
φ ◦ F−1 ◦ φ−1

j (z), d
(
φ ◦ F−1 ◦ φ−1

j

)
(v)
)

⩾ (1− ε)2KΩ̃∩Ũ
(
φ ◦ F−1 ◦ φ−1

j (z), d
(
φ ◦ F−1 ◦ φ−1

j

)
(v)
)

= (1− ε)2K∆2∩D
(
G ◦ φ ◦ F−1 ◦ φ−1

j (z), d
(
G ◦ φ ◦ F−1 ◦ φ−1

j

)
(v)
)

⩾ (1− ε)2K∆2

(
G ◦ φ ◦ F−1 ◦ φ−1

j (z), d
(
G ◦ φ ◦ F−1 ◦ φ−1

j

)
(v)
)

= (1− ε)2K∆2 (Λj(z), dΛj(v))

Combining the results from the above claims we get the following proposition

Proposition 5.2.4

Assuming Λj as constructed in (5.1) and if j > N1, then

(
(1− ε)2K∆2 (Λj(z), dΛj(v)) ⩽ K∆2(z, v) ⩽ (1− ε)−2K∆2 (Λj(z), dΛj(v))

∀z ∈ K, v ∈ C2.

Claim .

Let K ⊂ ∆2 be a compact subset. Then there exists N = N(K, ε), such that

d∆2 (Λj (q1) ,Λj (q2)) ⩽ (1− ε)−2d∆2 (q1, q2)
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∀q1, q2 ∈ K, j > N.

Proof.

Let r = max {d∆2(x, y) : x, y ∈ K} <∞. Since ∆2 is complete hyperbolic.

K̃ :=
⋃
x∈K

B(x; r)

is compact in ∆2, where B(x, r) denotes the Kobayashi ball. Let N1 = N1(K̃, ε) and

let N2 be chosen such that K̃ ⊂ ∆2
rj

, ∀j > N2.

Let N = max {N1, N2}. If j > N , then for q1, q2 ∈ K, the Kobayashi geodesic γ(t)

joining q1 to q2 lies on K̃.

Therefore,

d∆2 (q1, q2) =

∫ 1

0

K∆2 (γ(t), γ′(t)) dt

⩾ (1− ε)2
∫ 1

0

K∆2 (Λj(γ(t)), dΛj (γ
′(t))) dt

= (1− ε)2lk (Λj ◦ γ) , where lk is Kobayashi length

⩾ (1− ε)2d∆2 (Λj (q1) ,Λj (q2))

if j > N .

Since both φ and φ−1 are assumed to be extended continuously up the Silov

boundaries of Ω and Ω̃, respectively, we can apply the same procedure to φ−1 to

conclude that:

For each compact subset K ⊂ ∆2, ε > 0, ∃N = N(K, ε) such that

d∆2

(
Λ−1
j (q1) ,Λ

−1
j (q2)

)
⩽ (1− ε)−2d∆2 (q1, q2)
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for any q1 and q2 ∈ K, whenever j > N . Now, we claim the following:

Claim

If K is compact in ∆2, then ∃N = N(K, ε), such that

(1− ε)2d∆2 (q1, q2) ⩽ d∆2 (Λj (q1) ,Λj (q2))

∀q1, q2 ∈ K, if j > N .

Let εk → 0 be a decreasing sequence. Assume that

(1− εk)
−2 < 2, ∀k.

Let rk → ∞ be an increasing sequence and

Kk = B (0, rk) =
{
z ∈ ∆2 : d∆2(0, z) ⩽ rk

}

be the closed Kobayashi ball, where r1 = 1. Choose mk such that

d∆2 (Λj (q1) ,Λj (q2)) ⩽ (1− εk)
−2 d∆2 (q1, q2)

∀q1, q2 ∈ Kk, j > mk. Since (1− ε1)
−2 ⩽ 2, in particular,

d∆2 (0,Λj(z)) ⩽ 2d∆2(0, z) ⩽ 2, ∀z ∈ Kk
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Then there exists 0 < δk < 2rk such that

Λj (Kk) ⊂ B (0, sk) =: Lk

if j > mk. Choose nk such that

d∆2

(
Λ−1
j (q1) ,Λ

−1
j (q2)

)
⩽ (1− εk)

−2 d∆2 (q1, q2)

∀q1, q2 ∈ Lk and j > nk. Let Nk = max {nk,mk}. Notice that if j > Nk, then

Λ−1
j (Lk) ⊃ Kk

For any q1, q2 ∈ Kk, if j > Nk, then q̃1 := Λj (q1) , q̃2 = Λj (q2) ∈ Lk and

d∆2 (q1, q2) = d∆2

(
Λ−1
j (q̃1) ,Λj

−1 (q̃2)
)

⩽ (1− εk)
−2 d∆2 (q̃1, q̃2)

= (1− εk)
−2 d∆2 (Λj (q1) ,Λj (q2))

Therefore, we get the following estimate

Proposition 5.2.5.

For a sequence εk → 0, rk → ∞, ∃Nk such that if j > Nk, then Λj is well-defined
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on Bk (0, rk) and

(1− εk)
2d∆2 (q1, q2) ⩽ d∆2 (Λj (q1) ,Λj (q2)) ⩽ (1− εk)

−2d∆2 (q1, q2) (5.2)

Using (5.2), we can prove that Λj has a subsequence converging to a Kobayashi

isometry Λ from ∆2 into ∆2.

Theorem 5.2.6.

Let Ω, Ω̃ be two bounded generic analytic polyhedra and the map φ : Ω −→ Ω̃ be

a C1 - Kobayashi isometry. Suppose that both φ and φ−1 extend continuously up to

the Silov boundaries of Ω and Ω̃, respectively. Let p be a point on the Silov boundary

S(Ω) of Ω and let p̃ = φ(p) ∈ S(Ω̃). Let pj ∈ Ω be a sequence such that pj → p and

p̃j = φ (pj) −→ p̃. suppose {Λj} is a sequence of mappings defined by (5.1). Then Λj

has a subsequence converging to a C0 -Kobayashi isometry Λ from ∆2 into ∆2.

Proof .

Since Λj is locally uniformly Lipschitz, any subsequence of Λj has a convergent

subsequence by the Arzela-Ascoli theorem. Let εk, rk and Nk, be as in last claim and

let

(i) Λ1j be a convergent subsequence of Λj which satisfies (5.2) ∀j in case k = 1.

(ii) Λ2j be a convergent subsequence of Λ1j which satisfies (5.2) ∀j in case k = 2.

Inductively, we construct Λkj, a convergent subsequence of Λ(k−1)j for k. Then by the

standard argument of the diagonal process, Λkk converges locally uniformly on ∆2 and

if satisfies (5.2) for all k. which implies the limit Λ is a Kobayashi isometry of ∆2.

Finally, we highlight some important remarks.
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Remarks 5.2.7.

(1) Although φ is assumed to be C1, Λ is only guaranteed to be C0, since the

Arzela-Ascoli’s theorem is about a continuous limit.

(2) The limit map is surjective since a Kobayashi isometry on the bidisc must be

a composition of automorphism of ∆2 and a coordinate-wise conjugation, which is

surjective.

(3) Thereom 5.2.6 gives information on the restriction of the Kobayashi isome-

try on the Silov boundary. Recall that a holomorphic function on a domain that is

continuous up to the boundary is completely determined by its values on the Silov

boundary. In this scope, the next problem we have to solve is whether or not a

Kobayashi isometry is fully determined by its restriction on the Silov boundary, and

in the case of generic analytic polyhedra, a Kobayashi isometry is either holomorphic

or anti-holomorphic. This is the main subject of ([2]).
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