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DISSERTATION ABSTRACT

NAME: Fatima Alnabbat

TITLE OF STUDY: Robust Optimality Conditions and Duality in Mathemat-
ical Programming

MAJOR FIELD: Mathematics

DATE OF DEGREE: December 2023

The purpose of this dissertation is to analyze several mathematical programming sce-
narios in the presence of data uncertainty. Many optimization problems in real-world
applications require imprecise data during their formulation and solution. By em-
ploying the robust approach to study such kinds of problems, the robust semi-infinite
multi-objective fractional programming problem is introduced and its parametric robust
semi-infinite multi-objective problem is constructed using the Dinkelbach parametriza-
tion approach. For these problems, the robust optimality conditions are investigated
and the different types of duality theorems are proved. The non-smooth case of previ-
ous problems is also examined by using generalized directional derivative tools such as
the Clarke subdifferential. The robust conditions for locally isolated and locally proper

efficiency are explored and illustrated with some numerical examples. In addition,

X



the formulation of the robust dual problems in both Wolfe-type and Mond- Weir-type
robust duals is demonstrated. Further, the robust vector optimization problem with
vanishing constraints is considered, and based on the vectorial concept of robust strong
stationary points, the robust necessary and sufficient conditions for optimality of first-
order are studied. A strong auziliary linearized vector problem is constructed using the
linearization approach, and the connections between the two problems being examined
are clarified. Finally, we consider uncertainty in objective and constraint functions of
non-differentiable fractional programming within complex space. The robust second-
order Mangasarian type dual model is examined as well as the equivalence of one of
the robust non-fractional parametric minimax complex programming problems and the

robust complex fractional problem.
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CHAPTER 1

INTRODUCTION FOR

ROBUSTNESS

Deterministic mathematical programming, characterized by the precise knowledge
of input data during problem construction and resolution, has been extensively
documented in academic literature and implemented across various disciplines,
including operations research, management, engineering design, and economics.
Scalar mathematical optimization in mathematical programming refers to a problem
that involves a single objective function. A problem involving multiple objective
functions is known as a multi-objective optimization problem (minimization or
maximization), and the optimal solution must consider the objectives’ inherent
conflicts.  For example, achieving a solution to a transportation problem that
simultaneously minimizes transport cost and time required to meet demand, or
reaching a decision that simultaneously maximizes profit and minimizes product

cost, may be unattainable. Therefore, achieving a single optimal solution that fulfills



all objectives is challenging. As a result, researchers have developed the notion of
optimality in the context of multi-objective mathematical programming over recent
decades. When it is impossible to increase the value of any objective function without
compromising some of the other objective values, then the decision is optimal. This
type of solution is referred to as a Pareto optimal solution, an efficient solution, a

non-inferior solution, or a non-dominated solution, among others, consult ([36], [49],

[64], [75]).

Practical optimization issues in the real world have been effectively addressed
by mathematical programming models incorporating multi-objective programming
problems. Due to a variety of factors, including incomplete information, estimation
or measurement errors, and unanticipated future demands, the data utilized by
these models may contain imprecise values. In this case, the robust optimization
approach has become a vigorous method for studying optimization problems with
uncertain data by associating a robust counterpart to this kind of problem. In
1973, Soyster [93] was the first researcher to study robust optimization and apply
it to inexact linear programming. Then in the following decade, Falk [39] and
Singh [91] developed this method and extended the results obtained by Soyster to
be more applicable. Since the beginning of the third millennium, the concept of
robustness has experienced extensive study by Ben-Tal and Nemirovski [16], and
Ben-Tal et al. ([14], [15]). This approach has been developed over the years and
applied in many scientific fields under data uncertainty as in robust engineering

designs ([31], [63]), application of internet routing [34], problem of distributionally



hub location [102], timetable information in public transport [48] and applications
to portfolio optimization [38]. The method aims to identify a suitable solution by
examining all potential values of the parameters within their specified range of un-

certainty, including the worst-case scenario among all the available input data choices.

The fundamental analysis, methodology, and application of robust optimization
technique under the worst-case scenario approach can be consulted in the work of
Beck and Ben-Tal [12], Ben-Tal et al. ([15], [16]) and Jeyakumar et al. ([59], [60],
[61]). For more information regarding the characterization of the robust optimal

solutions for a robust multi-objective optimization problem, the reader is referred to

([10], [20], [24], [25], [47], [55], [96])-

In the literature, Numerous scholars have introduced diverse notions of robust
solutions for mathematical programming problems involving uncertain data. For
instance, Branke [18] has discussed the minimax robustness approach, in which the
mean function is utilized in place of the single objective function because its minimizer
is more robust than the original function’s minimizer. Deb and Gupta [31], expanded
the definition to include multi-objective optimization and examined the sensitivity of
robust solutions to minor perturbations in the neighboring variables. Furthermore,
several notions of robust optimal solutions in multi-objective programming have been
presented in academic publications, For instance, robust approximate efficiency as in
Antczak et al. [10] and Lee and Lee [71], stable robust duality under the assumptions

of closedness and convexity in the work of Dinh et al. [32], and efficiency concepts



related to the set order relations as in Ide and Kobis [58]. For more concepts and
approaches consult Bertsimas et al. [17], Ehrgott et al. [37], Goberna et al ([44],
[45], [47]), Chuong ([24], [25]), Kuroiwa and Lee [65], and for new concepts and

developments one can refer to ( [31], [34], [86], [103]).

Because of the importance of uncertain parameters in real life, the duality for
robust programs has gained the interest of several authors. To gain a comprehensive
understanding of the evolution of duality theory in robust programs, one can consult
the research conducted by Beck and Ben-Tal [12], Chen et al. [20], Choung [24],

Jeyakumar and Li [60], Jeyakumar et al. [61], Lee and Lee [70] and Kim [63].

The literature has presented several concepts of generalized convex functions
intending to weaken the convexity condition in optimality and duality of mathe-
matical programming problems as in Suneja et al. [99] who have employed Clarke’s
generalized gradients of locally Lipschitz functions to introduce different types of
generalized convex functions for a non-smooth multi-objective optimization problem.
Fakhar et al. [38] studied optimality and duality for non-smooth multi-objective
optimization and portfolio optimization problems by presenting a new concept of
generalized convexity, namely, pseudo quasi-generalized convex function. Chen et
al. [20] investigated the optimality conditions and duality results under uncertainty
by introducing the definition of generalized type-I convex functions over cones.
Recently, Lee and Lee ([70], [71]) have studied robust semi-infinite multi-objective

programs under convexity assumptions. The related functions were considered to be



convex, which is a generalization of the robust linear programs discussed in ([44], [45]).

Further, employing the conjugate analysis and robust approach, necessary and
sufficient conditions, and duality results are derived for robust approximate optimal
solutions of a robust fractional semi-infinite optimization problem. In [73], Li et al.
presented optimality, Wolfe type duality, and Mond-Wier type duality results for
a robust minimax nondifferentiable fractional problem under subdifferentiable and
convexity. Zhao and Bin [104] established Karush-Kuhn-Tucker optimality conditions
for a non-smooth robust optimization problem with data uncertainty on Banach
space. Recently, Choung [25] examined the robust optimality conditions and robust
duality of an uncertain nondifferentiable multi-objective programming problem by
employing the advanced techniques of generalized differentiability and variational
analysis. Finally, Many practical optimization models involve multi-objective frac-
tional functions. Limited research has been dedicated to the study of multi-objective
fractional functions with uncertain data, such as the work of Sun et al. ([94], [97])

wherein the characterization of robust optimal solutions was investigated..

The objective of this dissertation is to examine a range of mathematical program-
ming situations and explore the robust optimality conditions and duality theorems
that apply to these problems providing some illustrative numerical examples. The

following describes the remaining structure of this research:

Chapter 2 introduces a semi-infinite multi-objective fractional programming



problem confined to uncertain data in constraint functions and establishes robust
Karush—Kuhn—Tucker necessary optimality conditions subject to a generalized robust
Slater constraint qualification as well as robust sufficient optimality conditions of
the associated robust parametric semi-infinite non-fractional multi-objective program
of our considered problem under some assumptions of generalized convexity. Then,
based on the parametrization method, a robust duality model of the Mond-Weir type

is developed, and its duality theorems are proved.

Chapter 3 is interested in a non-smooth semi-infinite multi-objective fractional
programming problem. Under an extended form of a robust type constraint quali-
fication, the non-smooth robust necessary optimality conditions for a local isolated
efficient solution and local properly efficient solution of the considered problem and
its non-smooth parametric problem, formulated in generalized Dinkelbach approach,
are investigated. The non-smooth robust sufficient optimality conditions are studied.
Finally, The robust dual problem, based on the Wolfe-type and Mond-Weir-type

approaches is proposed.

Chapter 4 focuses on the research of robust vector optimization problems with
vanishing constraints. Derived from the notion of robust strong stationary points
in vector optimization problems, the robust first-order necessary and sufficient
optimality conditions are introduced. Further, using a linearization approach, we
construct a robust linearized vector problem and examine its relation with the

problems under consideration. As an illustration of our fundamental results, we



present two numerical examples.

Chapter 5 deals with a non-differentiable fractional programming problem under
data uncertainty in complex space. The robust-Karush-Kuhn-Tucker necessary
optimality conditions are introduced. By employing these conditions, a robust
second-order Mangasarian-type dual model of the considered problem is constructed.
The theorems of robust weak, strong, and strict converse duality are established and

demonstrated.

Chapter 6 concludes our results and gives a brief outlined summary of the main
points in this work. Lastly, we propose possible future research in complex spaces
including a multi-objective fractional optimization problem in the presence of data

uncertainty.



CHAPTER 2

ROBUST SEMI-INFINITE

MULTI-OBJECTIVE

FRACTIONAL PROGRAMMING

PROBLEMS

A specific case of a multi-objective programming challenge is a semi-infinite
multi-objective programming problem, which involves minimizing a finite number
of objective functions while being subject to an infinite number of constraint
functions. Goberna et al. ([44], [45]) conducted research on multi-objective linear
semi-infinite algorithms with constraints affected by data uncertainty by providing
first a radius of robust feasibility of the parameterized robust counterpart problem.
Lee and Lee [70] derived duality theorems for robust multi-objective nonlinear

semi-infinite programming problems and established the necessary and sufficient



optimality conditions for a weakly robust efficient solution. In addition, in 2022,
Antczak [9] formulated the optimality criteria and proved numerous duality results
for differential semi-infinite multi-objective optimization problems with vanishing

constraints, which involve an unlimited number of equality and inequality constraints.

Moreover, studying semi-infinite multi-objective optimization problems under
data uncertainty with fractional objectives has been of much interest in recent years.
For example, Sun et al. [94] employed the robust type constraint qualification to
derive the robust approximate necessary and sufficient optimality conditions of robust
e-weakly efficient solutions for the uncertain multi-objective fractional semi-infinite
optimization problem. Considering the uncertainty in both objective and constraint
functions, Antczak [8] utilized a parametric methodology to obtain the optimality
conditions for the approximate efficient solution, namely, robust e-efficient solution for
the uncertain multi-objective fractional programming problem with a finite number
of constraints. In 2022, Ahmad et al. [4] dealt with semi-infinite multi-objective
programs with uncertain data and established robust sufficient optimality conditions

and duality models.

In this chapter, we investigate a semi-infinite multi-objective fractional program-
ming problem contaminated with uncertainty in constraints. The sections here are
arranged in the following manner. Firstly, section 2.1 holds some basic concepts and
important definitions which will be used later. In section 2.2, we state a generalized

robust Slater constraint qualification and use it to establish the robust Karush—-Kuhn—



Tucker necessary optimality conditions for a weakly efficient (efficient) solution of the
parametric robust semi-infinite multi-objective non-fractional problem constructed in
Dinkelbach parametrization approach. Then, we study the robust sufficient opti-
mality conditions under the assumption of some generalized convexity. In section
2.3, based on the parametrization method, we introduce the Mond-Weir type robust
duality theorems for the robust semi-infinite multi-objective programming problems.
Finally, section 2.4 illustrates the results obtained in this chapter through a numerical

example.

2.1 Preliminaries and Basic Definitions

During this work, we consider the n-dimensional Euclidean space R™. The partial
order relation between any two vectors A = (aq, ...,a,) and B = (44, ..., 8,) in R™ can

be presented as follows:
1. AZ2Biff a = B; foralli=1,...,n.
2. A>Biff A =B with A #B.
3. A>Biff a; > g; foralli =1,... n.

The non-negative orthant R’} of R" is defined by

RZ’_ = {(l’l, ,a:n) c R"™: €T; 2 0’ 7 = 1, 771}

10



Consider T as a non-empty index set with an infinite number of elements. Define R()

to be the linear space of mappings = (i )ier as follows:

RT) = {4t = (ug)ser : 1 = 0,Vt € T, except for finitely many t € Ty # 0}.

Denote the non-negative cone of R(¥) by RSFT) and define it by the following:

Rf) = {peRD :py, >0Vt e T}

For the general form of semi-infinite multi-objective fractional optimization problem
under data uncertainty confined only to the constraint functions, we consider the

following problem

min  f(z) = (fl (x), f2(x), o fk(x)) (USIMFP)

Subject to h = (—hi(z,v))ser € S, Vt €T, v € R",

where f;,9;, :R* - R,i =1,....,k and h; : R" x R? - R, t € T are real valued func-
tions. The uncertain parameters v; belong to some convex and compact uncertainty
set V; C R%t € T. Define the set valued mapping V : T = R? as V(t) :=V;, Vt € T.
The graph of the function V; in which v, € Vi, t € T is denoted and defined by the
following:

gphV ={(t,n) e T xR? t € T}.

Assume that the mapping v(t) := V; is a compact valued and upper semi-continuous

11



on the metric space T. The subset S C ]RSFT) is a non-empty, proper, closed, and
convex cone. By applying the robust approach to solve problems with uncertain data
in constraints, we formulate the robust counterpart of the problem (USIMFP) to be

as follows:

| CA@) RE) A
min g0 = (0 B hy) )

Subject to h = (—hy(z,v))ter € S, Yo, € Vy, t €T, x € R",

where the set of all feasible solutions of the problem (RSIMFP) is defined by
F = {x e R": (—ht<l‘,vt))t€T € S, V/Ut € V;, t e T}

In this model, we assume that f;, g; and h; for ¢ = 1,...,k and t € T are continuously
differentiable functions and that f; is a convex function with f;(x) = 0 for all z € F
and each i = 1, ..., k, while g; is a concave function with g;(z) > 0 for all z € F' and

foreacht=1,..., k.

Let K C R* be a proper closed convex cone and int K denotes its interior. Assume
that int K is a non-empty subset in R¥. The positive dual cone of K is denoted by
K* and defined as

K*={yeR:ylx >0, Vo € K}.

A feasible point x € F' C R" is considered a robust feasible solution of the (USIMFP)

12



problem if and only if it is a feasible solution of the (RSIMFP) problem.

The following basic concepts are important definitions in the literature that will

be utilized in the subsequent part.

Definition 2.1 A feasible point x* € F' is considered to be a robust weakly efficient
( robust efficient, robust properly efficient) solution to the problem (USIMFP) if and
only if it is a weakly efficient (efficient, properly efficient) solution to the problem

(RSIMFP).

Definition 2.2 A feasible point x* € F' is considered to be a robust weakly efficient

solution to the problem (USIMFP) if there does not exist any x € F such that f(x) <

flx*), ie.,

gjgi; < ;igz:;: forall i=1,.. k.

Equivalently, if for all x € F, we have

f(@®) = f(z) ¢ int K.

Definition 2.3 A feasible point z* € F' is considered to be a robust efficient solution
to the problem (USIMFP) if there does not exist any x € F such that f(x) < f(z*),

that is

filx) o filz")
g9i(x) = gi(z*)’

and f(2) # f(z).

13



FEquivalently, if for all x € F, we have

f(x®) = fx) ¢ K —{0}.

Clearly, every robust efficient solution to the problem (USIMFP) is also a robust

weakly efficient solution but the opposite does not hold.

Definition 2.4 For the problem (USIMFP), let ®;(x) = gﬁ;, i=1,..,k. A feasible
point x* € F is considered to be a robust properly efficient solution to the problem
(USIMFP) if it is a robust efficient solution to (USIMFP) and if there ezists a positive
scalar M > 0, such that for each x € F and i =1, ..., k satisfying ®;(x) < ®;(z*), we

have

for some j =1, ...,k satisfying ®;(x) > ®;(x*).

Equivalently, for N = % > 0, we have

For certain results, it can be beneficial to relax the requirement of convexity on
the functions used in the optimization problems in order to accomplish the objectives.

The subsequent notions of generalized convex functions will be employed subsequently.

Definition 2.5 Consider C, a non-empty convex subset of R, and 1, a differentiable

function that maps C' to RE. Then the function 1 is referred to as

14



(1) pseudo-convex at w € C' if for all z € C, the following property holds:

Vib(w)(z —w) 20 = 1(2) 2 p(w).

or equivalently P(z) < YP(w) = Vio(w)(z —w) <0.

(11) quasi-convezr at w € C if for all z € C, the following property holds:

¥(2) S Y(w) = Vi(w)(z —w) £0.

(1ii) strictly pseudo-convex at w € C if for all z € C with z # w, the next property
fulfills:

(z) S P(w) = Vi(w)(z —w) <0.

The generalizations of these definitions over cones can be defined as the following:

Definition 2.6 Take v : C' — RF to be a vector-valued differentiable function where
C C R" is a non-empty convex subset. Let K C R¥ be a proper closed convex cone

with a non-empty interior. Then

(1) The function v is called K-pseudo-convex at w € C if for all z € C, we have

Vi (w)(z—w) e K = ¢(z) —¢(w) ¢ —int K.

or equivalently P(z) —Y(w) € —int K = Viy(w)(z —w) ¢ K.

15



(i7) The function ¢ is called K-quasi-convezr at w € C if for all z € C, we have

Y(w) —Y(z) ¢ —int K = — Vi(w)(z —w) € K.

(1ii) The function v is called K- strictly pseudo-convexr at w € C if for all z € C

with z # w, we have

Y(w) —Y(z) ¢ —int K = — Viy(w)(z —w) €int K.

2.2 Robust Optimality Conditions of (RSIMFP)

In this section, we provide the robust optimality criteria of the robust weakly efficient
(robust efficient) solutions of the semi-infinite multi-objective fractional programming
problem subject to uncertainty (USIMFP). To get the robust necessary optimality
conditions, it is vital to take into account a suitable type of constraint qualification
in a robust version, particularly, the Slater constraint qualification. Next, we state
a generalized robust Slater constraint qualification ([20], [65]) when dealing with an

unlimited number of constraints as follows.

Definition 2.7 The generalized robust Slater constraint qualification (GRSCQ) is

considered to be satisfied if there exists xqg € R™ such that

(—ht(xg,vt))tej‘ € nt Rf) s YVt € jﬁ7 Vs € V;g

16



One way of solving robust semi-infinite multi-objective fractional problems is
by using the Dinkelbach parametrization approach [33] in a generalized form for
vectorial fractional problem [29], in which the problem (RSIMFP) is associating with
a parameter vector A = (Aq,...,\;) € R’i. Given that our assumptions regarding
the components of the objective functions consist of continuously differentiable
non-negative convex functions f;(x),7 = 1,...,k and continuously differentiable
positive concave functions g;(x),7 = 1, ...,k for all z € F', then the function —g;(x) is
a convex function for all 7 = 1, ..., k, and hence for \; = 0, each function of the form

fi(z) = Nigi(x), i =1,..., k is a convex function.

Now, construct a parametric robust semi-infinite multi-objective non-fractional
problem with the parameter vector A = (A1,...,A\x) € ]R’fr as an association to the

problem (RSIMFP) as follows:

r€R™

min  (z) = <f1($> —Mg1(2), s frl(a) — )\kzgk(ﬂv)) (RSIMFP),

Subject to  (—hi(z,v¢))er €S, Yo, €V, t €T, v € R",

For this constructed parametric problem, we present the definitions of efficiency as

coming next.

Definition 2.8 Take x* € F to be a feasible solution. Then

(1) «* is considered to be a weakly efficient solution to the problem (RSIMFP)y if

17



there does not exist any x € F such that ¢(x) < ¢ (z*), i.e

filz) = Nigi(x) < filx™) — Ngs(2¥), forall i=1,.. k.

Equivalently, if for all x € F', we have

(x") —o(x) ¢ int K.

(i1) a* is considered to be an efficient solution to the problem (RSIMFP)y if there

does not exist any v € F such that ¢(x) < (x*), i.e

filw) = Nigi(x) = filz™) — Nigi(2™), i =1,..., k.

fj( T) — ]g]( )<fj( ") — Jg]< *), for some j.

Equivalently, if for all x € F, we have

(") —P(z) ¢ K —{0}.

The weakly efficient (efficient) solution of the problem (RSIMFP) constructed
in the robust approach can be obtained in an equivalent relation with the weakly
efficient (efficient) solution of the parametric problem (RSIMFP), constructed in the
generalized Dinkelbach approach, where the vector A = (Ay, ..., \x) is the parameter

vector in RE. The next lemma clarified the method of finding efficient solutions to
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both problems.

Lemma 2.1 Take z* € F and consider \; = % >0, i=1,...k. Then z* is
considered to be a robust weakly efficient solution of the (USIMFP) problem (hence,
a weakly efficient solution of the (RSIMFP) problem) if and only if x* is a weakly

efficient solution of the problem (RSIMEP )y, with \* = (A}, ..., \}).

Proof. (=) Take z* € F to be a robust weakly efficient solution of the problem

(USIMFP), to get a contrary, assume that z* € F' is not a weakly efficient solution of

the problem (RSIMFP),-. Hence, there is € F' such that

filx) = Xigi(w) < fila®) = Ngi(a®), forall i=1,..k.

Since \; = % = 0, forall ¢ = 1,...,k, then by substituting A} in the above

inequality, we get the following:

< , forall 1=1,.. k.

This means that z* is not a robust weakly efficient solution to the problem (USIMFP)
which goes against the assumption. Hence, x* is a weakly efficient solution of the

problem (RSIMFP),., with \* = (A}, ..., \}).
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(<) Take z* € F to be a weakly efficient solution of the problem (RSIMFP),«,

where \* = (A}, ..., \p) with Af = ﬁzg, for all : = 1, ..., k. We want to proceed with

a contradiction, so assume that x* is not a robust weakly efficient solution to the

(USIMFP) problem. Thus, there exists x € F' such that

< , forall i=1,.. k.

By the assumption, replace the term g Zg:; with its value A}, so we obtain

fi()
gi(x)

< A;, forall i=1,.. kK,

which leads to

filz) = Algi(x) <0, i=1,.. k. (2.1)
However, using the assumption A\ = ggi;, we also obtain

file®) =X gi(z") =0, i=1,.. k. (2.2)

By combining (2.1) and (2.2), the following inequalities hold,

filw) = Ajgi(x) < fi(z") = Ajgi(a").

This contradicts the assumption that z* is a weakly efficient solution to the problem
(RSIMFP),. Therefore, z* is a robust weakly efficient solution to the (USIMFP)

problem and the proof is completed. |
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Remark 1 (1) In the above proof, we considered the case of a weakly efficient
solution. Likewise, we can demonstrate the equivalence relation for the efficient
solution case by replacing < in the proof with < for alli =1, ..., k except for some

j # 1, we keep the strict inequality considering the concepts of robust efficiency

for both problems (USIMFP) and (RSIMEP)y respectively.

(2) In the case of searching for an approximate efficient solution for the robust multi-
objective fractional programming problems, the above Lemma 2.1 is reduced to

Lemma 3.1 in [8].

Next, we study the necessary optimality conditions, known as the Karush-Kuhn-
Tucker conditions, for a robust feasible solution to be considered a weakly efficient (ef-
ficient) solution for the parametric robust semi-infinite multi-objective non-fractional
problem (RSIMFP),-. These conditions are used to solve the robust semi-infinite
multi-objective fractional problem (RSIMFP), under the assumption that the gener-

alized robust Slater constraint qualification (GRSCQ) is met.

Theorem 2.1 (Robust Karush—-Kuhn—Tucker necessary optimality conditions)
Take x* € F to be a robust weakly efficient solution of the considered problem

(USIMFP) with X* = (X, ... \;) and A} = L83 >0, i = 1,... k. Consider the
function h(.,v;) : R* x R? — R, t € T to be a continuous convex function with
uncertain parameter vy € V,. Assume the fulfillment of the generalized robust Slater

constraint qualification (GRSCQ). Then there exist a € RE — {0}, (w)er € Rf),

and vy € Vi, Yt € T in a manner that
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k
Z @V (fi(x*) = Ngi(@) + > Ve hy(a*,v) = 0. (2.3)

teT

Z pehe(x* v) = 0. (2.4)

teT

Proof. Take z* € F to be a robust weakly efficient solution of the considered problem
(USIMFP), hence, it is a weakly efficient solution of the robust problem (RSIMEP).
Taking into account Lemma 2.1, x* is also a weakly efficient solution of the parametric
robust semi-infinite multi-objective non-fractional problem (RSIMFP),., with \* =
(A],...,A7). Since the generalized robust Slater constraint qualification (GRSCQ)
fulfills, then by applying Theorem 2.1 in [7] and taking into consideration that the
involved functions are differentiable convex functions, hence, there exist Lagrange
multipliers o = (..., o) € RE — {0}, (pe)rer € ]R(f), for all t € T and v, € V, such
that the above conditions (2.3) - (2.4) are fulfilled.

We only need to show that « is not the zero vector in R’i (i.e., a« # 0). In fact, suppose

to the contrary that o = 0, then from the condition (2.3), we obtain

Zutvz hi(z*,v;) = 0. (2.5)

teT

On the other side, define the index set 77 (z) as follows
Ti(z)={teT:3v Vst h(z,v)) =0}, Vo € F.

Thus, condition (2.4) guarantees that p; = 0 for ¢ ¢ T1(z), « € F, in which it follows

that for some t € T1(z), p: # 0 and hy(x,v:) = 0, v, € Vi Also, since (GRSCQ) is
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satisfied, then there exists a robust feasible solution xq € F' C R™ such that

(_ht(x[)’vt))teT €t Rf) s YVt € T, UVt € ‘/t

Which is equivalent to the inequality hy(zo,v;) < 0 and hence for ¢ € T(x), we have
hi(xo,v) < hy(x*,vy). By the convexity of h(., v;) for any uncertain parameter v, € V;,

it follows also that h; is a pseudo-convex function, so we get

Vaehi(z*,v) (29 — %) < 0.

Since ()it € ]RSFT) ,t € T are not all zeros, then multiplying the above inequality by

i and taking the sum over ¢t € T, obtains

Z,utvx hi(z*,v) (2o — ¥) < 0.

teT

This contradicts condition (2.5). Hence, a # 0. The proof has been concluded. |
Here, we provide the robust sufficient optimality conditions that make a robust
feasible solution to be a robust weakly efficient (efficient) solution for the problem

(USIMFP) under some generalized convexity assumptions.

Theorem 2.2 (Robust sufficient optimality conditions - Weak Efficiency)

Take z* € F to be a robust feasible solution for the considered problem (USIMFP).
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Consider 1p(x) to be the next vector-valued non-fractional function:

0(0) = (A) = Mg (o), )~ Nun(o)).

Let X* = (A}, ..., \}) with A} = glgg >0, foralli=1,...,k and suppose the existence
of a € ]R’_i — {0}, (te)eer € RSFT), and for allt € T, v; € V; such that the conditions
(2.3) - (2.4) have been met at z*.

Assume also that the function ¥ (x) is a pseudo-convez function for all x € F and the

Junction ", pehi (., vy) is a quasi-convex at x*. Then the point x* is a robust weakly

efficient solution for the problem (USIMFP).

Proof. For the sake of contradiction, assume that x* € F' is not a robust weakly
efficient solution of the considered problem (USIMFP), hence, it is not a weakly effi-
cient solution of the robust problem (RSIMFP).

By applying Lemma 2.1, we get that x* is also not a weakly efficient solution of the ro-
bust semi-infinite multi-objective non-fractional problem (RSIMFP),.. Hence, by the
definition, there exist # € F such that ¢(z) < ¥(z*). Since ¥ (z) is a pseudo-convex

function, then by its pseudo-convexity at x*, we obtain

Vi(z*)(Z — x*) < 0.

As a € R’i — {0}, then by multiplying the above inequality by a and expanding the
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result in the sum form, we get

Z a;V(fi(x") = Ajgi(2"))(z — %) <0. (2.6)

On the other hand, the feasibility condition of the problem —hi(x,v;) € S C Rf)
implies that hy(Z,v;) £ 0, T € F, t € T,v; € V;. Since we have (yu)er € RSFT), then
we get p1.hy (%, v,) = 0, particularly, we can have ), . pphy(Z,v,) < 0.

Now by the assumed condition (2.4), one can have the following inequality

> ha (@) £ pha(at, ). (2.7)

teT teT

The quasi-convexity of the function ), ;. prshe(., v;) at &* implies that

A

Z e Vahe (2%, 0) (T — %)

teT

0. (2.8)

By condition (2.3), we have

Z%V(fi(x*) — Ngi(a%) = = > Vs ha(a®,vr).

teT

Then combining the above equality with (2.8), it comes the following

1\

> aVi(E) = Na@)) (@ = 2%) = = 3V hula”,0)(@ = %) 2 0.

teT

The last result contradicts (2.6). Therefore, z* is a robust weakly efficient solution to

25



the problem (USIMFP), and the proof is completed. |

Remark 2 With regard to semi-infinite multi-objective programming with data uncer-
tainty, the above theorem of the robust sufficient optimality conditions of the problem

(USIMFP) is reduced to Theorem 3.1 in [4].

To establish the robust sufficient optimality conditions for getting a robust efficient
solution for the problem (USIMFP), we need to set extra strict conditions on the

involved functions. The following theorem illustrates these conditions.

Theorem 2.3 (Robust sufficient optimality conditions - Efficiency) Take
z* € F be a robust feasible solution for the considered problem (USIMFP) and

consider the function ¥(x), the following vector-valued non-fractional function:

0(0) = (A) = Mg (o), )~ Nun(o)).

Let \* = ()\L .__7)\2) with )\;ﬂ _ fi(I:)

T gi(zr)

20, foralli =1,...,k and assume the existence
of « € RE — {0}, (pe)ier € ]RSFT), and for allt € T, v, € V; such that the conditions
(2.3) - (2.4) are met at x*.

Moreover, assume that the function Y, p phi(.,v¢) is a quasi-conver at x* and any

condition on the function ¥ (x) of the following is fulfilled:
(1) ¥(z) is a strictly pseudo-convex function at x* € F or
.. . . . * . k-
(i1) Y(x) is a quasi-convex function at x* € F and o € int RY.

Then the point x* is a robust efficient solution for the problem (USIMFP).
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Proof. To prove this theorem, assume on the contrary, that z* € F' is not a
robust efficient solution to the considered problem (USIMFP). So, z* is not an efficient
solution of the robust problem (RSIMFP) and hence it is not an efficient solution of
the robust semi-infinite multi-objective non-fractional problem (RSIMFP),.. Thus,
there exists z € F' such that ¢(z) < ¢(x*).

Now, in case of assumption (7), by the strict pseudo-convexity of the function ¢ (x) at
z* € F, we obtain Vi (2*)(Z — 2*) < 0. For a € RY — {0}, the following inequality

holds:
k

Z aV(fi(z") = Ngi(z) (T — ) < 0. (2.9)

Furthermore, on the other case of assumption (i), the quasi-convexity of the function

() at z* € F implies that Vi(a*)(Z —2*) < 0. That is for each i = 1, ..., k, we have

k

SOV(ia) = Xgi(a)) (@ - a)

=1

A

0.

But along with the assumption that a € int Rﬁ, one can get also the following

Z a;V(fi(z") = Agi(z"))(z — 27) < 0. (2.10)

We can proceed with the rest of the proof in the same way as in the proof of Theorem

2.2, and then for the uncertain parameter v, € V;,t € T', we get the next result

1\

Z aV(fi(@®) = Ngi(a)(@ = 27) = =Y Vo he(a”,v0) (2 = 27) 2 0.

teT
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Which is a contradiction for both inequalities (2.9) and (2.10) of both cases (i) and
(7i) respectively. Hence, x* is a robust efficient solution to the problem (USIMFP)
and the proof is completed. |

Next, we present the robust sufficient optimality conditions that let a robust
feasible solution be a robust properly efficient solution of the considered problem
(USIMFP). At the start, we provide an interesting relation of the multi-objective pro-
gramming problem to its associated scalar optimization problem which is introduced
first by Geoffrion [41] and characterizes the proper efficient solution of the vector opti-
mization problem. To this result, by applying the scalarization method with a strictly

positive scalar v € RE — {0} for the corresponding robust semi-infinite multi-objective

non-fractional problem (RSIMFP),, with A = (A1,..., \x) and \; = 518;, i=1,..k,

we define the associated scalar optimization problem as follows.
k
min o P(z) = Z%‘(fi(x) — Aigi(2)) (SRSIMFP),
i=1

Subject to  (—=hy(z,v¢))er €S, Yo, € Vi, t €T, v € R".

A feasible point x* € F' of the problem (SRSIMFP), is said to be an optimal solution

of the problem if for all z € F, a’y(z*) £ aT¢(x) fulfills. That is

k k

> ailfilz?) = Ngi(z) £ > aulfilw) — higil),

i=1 i=1

A

where \* = £&) 1 k.
¢ gi(z*)
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The following Lemma [41] states the above-mentioned relation to characterizing

the robust properly efficient solution of the problem (RSIMFP),.

Lemma 2.2 Let « € RE — {0} be fized and x* be an optimal solution of the scalar
minimization problem (SRSIMFP)y. Then x* is a properly efficient solution to the

problem (RSIMFP),.

Theorem 2.4 (Robust sufficient optimality conditions - Proper Efficiency)
Take x* to be a robust feasible solution for the considered problem (USIMFP) and

consider ¥ (x) to be the following vector-valued non-fractional function:

0(0) = ((A) = M0, o) = M) ).

Let \* = (A}, ..., A\p) with \f = gg) >0, for all i = 1,...,k and assume the existence

~

of « € RE — {0}, (we)ier € ]RSFT), and for all t € T, v; € V; such that the conditions
(2.3) - (2.4) are fulfilled at x*.
Moreover, suppose that the function ), p jhi(.,v¢) is a quasi-conver at x* and the

function a1 is pseudo-convex at x*. Then the point x* is a robust properly efficient

solution to the problem (USIMFP).

Proof. To prove this theorem, we follow the same steps given in the proof of Theorem
(2.2) since x* € F' is a robust feasible solution satisfying the feasibility condition of

the problem that h,(z*,v) =0, t € T,v, € V;, and the function ), ;. pehi(., ) is a
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quasi-convex at z*. Hence, we obtain

k

Zaiv(fi(x*) —Algi(a?))(z —a") = — Zﬂtvm hi(z",vp)(z — 2%) 2 0.

=1 teT

The above inequality can be written in the following equivalent form

V(" (@) (@ — ") 2 0.

Now, by assumption, a7 is a pseudo-convex function at z*, so for all z € F, the next

result holds

ol P(x) = oTY(z¥).

This implies that z* is an optimal solution to the problem (SRSIMFP),-. Thus by
Lemma (2.2), x* is a properly efficient solution to the problem (RSIMFP),, and by
Lemma 2.1, it is a properly efficient solution to the problem (RSIMFP). Therefore,

Definition 2.1 gives that x* is a robust properly efficient solution to the problem

(USIMFP), which completes the proof. |

2.3 Robust Duality of (RSIMFP)

This section is dedicated to the robust dual model of the considered semi-infinite
multi-objective fractional programming problem (USIMFP) under uncertainty with

an infinite number of constraints. Here, we present the Mond-Weir type robust dual
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for the (RSIMFP) problem in the sense of the parametrization approach as follows:

u€eR”™

mx 000 = (A0 = A fiw) ~ Mgr())  (MWRDSIMFP),

2
Subject to Z%V(fi(u) — Aigi(u)) + Zﬂtvu hi(u, v) =0,
=1

teT

Zﬂtht(%%) 20, v, €V, teT,

teT

a=(ag,..,a;) € RY —{0}, s € RSFT), teT.
Let Fp = {(u,c, A\, vr) € R x RE — {0} x RE x RY) x R7} be the set of all
feasible solutions of the Mond-Weir robust dual model (MWRDSIMFEP), with A =
(A1, M) € R’i under the uncertain parameter v; € V;, t € T.
For this robust dual problem, the notions of weak efficiency and efficiency can be

introduced as follows:
Definition 2.9 Let (u*, a*, \*, u;,vf) € Fp be a feasible solution. Then

(1) (u*,a*, X, uy,vF) is called a weakly efficient solution to the maximization dual
problem (MWRDSIMFP),, if there does not exist any (u, a, A, pig, v¢) € Fp such

that

P(u) > Pu”).

(13) (u*,a*, X", ui,vf) is called an efficient solution to the mazimization dual problem
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(MWRDSIMFP),, if there does not exist any (u, o, \, py, v;) € Fp such that
U(u) = P(u’).

Next, motivated by the approach of [4], we introduce the robust duality theorems
for the robust semi-infinite multi-objective fractional problem (RSIMFP) including
robust weak duality, robust strong duality and robust strict converse duality theo-
rems under the conditions of extended convexity, namely, quasi-convex functions and

pseudo-convex functions.

Theorem 2.5 (Robust Weak Duality Theorem) Letx and (u, o, A, iy, vy) be fea-
sible solutions of the problems (RSIMFP) and (MWRDSIMFP), respectively. For any
z € R™ and a parameter X = (M1, ..., \y) € RE, consider the vector-valued non-

fractional function (x) as follows:

0(0) = (A) = Mg (o), )~ Nugn(o)).

Assume that the function ZteT pihi (., v¢) s a quasi-convex at u with vy is the uncertain

parameter for t € T'. Then we have the following cases:

(i) if the function 1 is pseudo-conver at u, then the following is not true

U(z) <P(u).
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(i) if the function 1) is strictly-pseudo-convex at u, then the following is not true

(iii) if the function 1 is quasi-conver at u and o € int RE, then the following

statement is not true

Proof. As z is assumed to be a feasible solution to the problem (RSIMFP), then it
satisfies the robust feasibility condition that h,(z,v;) < 0. Hence, for the multiplier
(fe)er € ]RSFT), we obtain ), puehi(w,v) = 0. Also, as (u,a, A, py, vy) is a feasible
solution of the dual problem (MWRDSIMFEP),, then it fulfills the robust duality

condition that ), . pshe(u, v) 2 0.

Thus, by getting together both results, we get

D whi(w, o) =Y pehi(u,v) S0 ==Y bz, o) £ pha(u, ).

teT teT teT teT

By the quasi-convexity of the function ), , pehy(., vy), it follows:

> Vahy(u,v) (@ —u) £ 0. (2.11)

teT
Furthermore, we have the following robust Mond-Weir dual feasibility condition

k

ZO&iV(fi(u) — Nigi(u)) + Zutvu he(u, v) = 0.

=1 teT

33



Then, we get

Z @V (fi(u) = Nigi(u)) = = > 1V hy(u, vy).

teT

Therefore, by the above equality and (2.11), we have

Z @iV (fi(u) = Nigi(w)(z —w) = = > 1,V hy(u, v)(x — u) = 0. (2.12)

teT
Now, we proceed to prove the three cases (i) — (ii7):

(1) To prove (i), using the contradiction, suppose that the statement 1 (z) < 1(u)
is true, then by the pseudo-convexity of ¥ at u, we get Vi(u)(z —u) < 0, which

implies 2%, V(fi(u) — A\igi(u))(x —u) < 0. Thus, for o € R% — {0}, we also get

Z oV (fi(u) = Nigi(w))(z — u) < 0. (2.13)

Clearly, the inequality (2.13) contradicts (2.12). Therefore, the statement
() < ¢(u) does not hold.

(i7) By contradiction, we can prove (ii) following the same steps as in ().

(17i) To get a contrary, suppose that the statement () < ¢ (u) holds. Then as the
. . . . k
function ¢ is quasi-convex at u, we have Vi)(u)(x—u) < 0. Now, for o € int RY,

the following holds

ZaiV(fi(u) — Xigi(w)(z — u) < 0.
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Which again contradicts (2.12). Therefore, ¢(x) < 1(u) does not hold. |

Theorem 2.6 (Robust Strong Duality Theorem) Take x* € F to be a weakly
efficient (efficient) solution of the problem (RSIMFP) and \* = (A}, ..., \;) with A} =
% 20, i=1,...k. Consider hy(.,v¢), t € T to be a continuous convex function
with uncertain parameter v, € Vi. Suppose that the generalized robust Slater constraint
qualification (GRSCQ) holds. Then there exist o* € RE — {0}, (u])ier € Rf), and
vy € Vy, Yt € T such that (x*,a*, \*, ui, vf) is a feasible solution of the dual problem
(MWRDSIMFP)y. Moreover, if all the hypotheses of the robust weak duality Theorem
(2.5) are satisfied at every feasible point of the Mond-Weir robust dual problem, then
(x*, a*, X", ur, vf) is also a weakly efficient (efficient) solution of the dual problem

(MWRDSIMFP)y~, and both problems (RSIMFP) and (MWRDSIMFP)\« have the

same corresponding optimal value.

Proof. Let \] = % >0, ¢ =1,..,k. By assumption, z* is a weakly efficient

(efficient) solution of the problem (RSIMFP) and hence Lemma (2.1) implies that z* is
also a weakly efficient (efficient) solution of the problem (RSIMFP),-. Assume that the
generalized robust Slater constraint qualification (GRSCQ) is met at z*. Then by the
robust Karush—Kuhn—Tucker necessary optimality conditions, there exist multipliers

*

af = (af,..,ap) € RE —{0}, (u))ier € RY, and v} € V4, Vt € T such that

k
D aiV(fi(@") = X)) + D iV (@, v7) = 0. (2.14)

teT
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> pihy(at,vp) = 0. (2.15)

teT

The above equations imply that (z*,o*, \*, uf, vf) is a feasible solution of the dual
problem (MWRDSIMFP),.. Now, we need to show that (z*,a* \*, uf,v;) is also
a weakly efficient (efficient) solution of the dual problem (MWRDSIMFP),.. Thus,

define first the vector-valued non-fractional function ¢(x) as follows:

0(0) = (£10) = M) o) = Megn(o)).

Suppose that the hypotheses of the robust weak duality Theorem (2.5) are fulfilled
for all possible solutions to the dual problem (MWRDSIMEP),.. To reach a contra-
diction, suppose that (z*, a*, \*, uy,vf) is not a weakly efficient (efficient) solution of
(MWRDSIMFP),-. This implies the existence of a feasible solution (z, a, A, ¢, v;) of

the dual maximization problem (MWRDSIMFP),- satisfying that

U(x) > (7).

The above inequality holds for z* which is assumed to be a weakly efficient (efficient)
solution of the problem (RSIMFP), but this contradicts the first case of Theorem (2.5).
Hence, (x*,a*, \*, uf, vf) is a weakly efficient (efficient) solution of the dual problem
(MWRDSIMFP),- and clearly both problems (RSIMFP) and (MWRDSIMFEP),« have

the same corresponding optimal value. |

Theorem 2.7 (Robust Strict Converse Duality Theorem) Let x* and
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(u*, o, X5, ur,vf)  be feasible solutions of the problems (RSIMFP) and
(MWRDSIMFP), respectively. For a parameter \* = (Mj,..,\;) € RE, con-

sider the following multi-objective non-fractional function (.)
60 = ()= K)o ) = Nn ).

For a* € RE —{0}, let the function a*"1)(-) be strictly pseudo-convez at u*, and assume
that Y e piyhe(-,v7) is a quasi-conver function at u* with the uncertain parameter vy

forallt € T. If o T(z*) = o*Tap(u*) holds. That is
k k
D ai(fil@) = Agi(a) = D ap(filu) = Ngi(u)). (2.16)
i=1 =1

Then ©* = u*.

Proof. To prove this theorem, Assume, on the contrary, that * # u*. Then by the
feasibility of z* to the problem (RSIMFP) and for (u;)wer € RSFT), t € T, we obtain
Y ier Mihe(x,v7) = 0. In addition, the feasibility of (u*,a*, \*, uy,v;) to the robust
Mond-Weir dual problem (MWRDSIMFP); implies that >, piy he(u*, vf) = 0. Thus,

we get

S wit(at ) 3 piha(e o).

teT teT
Now, by assumption, the function ), . p;h(.,v) is a quasi-convex function at u*,

hence, for t € T, the next result is satisfied

Zufvxht(u*,v:)(:c* —u") £0. (2.17)

teT
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Moreover, since (u*, a*, \*, uf, v}) satisfies the first robust Mond-Weir dual feasibility

criteria, that is

k
ST @V i) = Ngiw') = = > @iV ho(u*,v)).
=1

teT

Then, along with (2.17), we get the following

ZO&Z‘V(J%(U*) —Ag(u )@ —u) ==Y iV (' f) (@ —u) 20, (2.18)

teT

which gives that

o TV(u) (z* — u*) 2 0. (2.19)

As the function a*T1(.) is assumed to be strictly pseudo-convex at u*, then the in-

equality (2.19) yields that

aTp(at) > o p(u).

That is

S ailhia?) = Ngla) > D allfilu) = Ngi(w))

Obviously, this last inequality contradicts the assumption (2.16). Therefore, * = u*,

which completes the proof. |
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2.4 Numerical Example

This section is devoted to illustrating the obtained main results through the following

numerical example:

2 2 1
min (L3 3ot (USIMFP)
z€R T+ 1 x + 2
Subject to 3xv, — 1 =0,
where z € R and v, € V; = [—t,t] with ¢t € T = [0, 1] is an uncertain parameter.

Applying the robust approach to this considered problem, the robust counterpart is

formulated as follows:

2 2 1
min (L3 3ot (RSIMFP)
z€R x 4+ 1 x 4+ 2

Subject to 3zv;, — 150, Yo, €V, =[—t,t], teT =10,1], z € R.

Clearly, we have fi(z) = 2>+ 3, g1(z) =2+ 1, folz) =322+ 2+ 1, go(x) =2+ 2
and hy(x,v) =3av, — 1, YVt €[0,1], x € R.

The set of all feasible solutions is defined by

F={reR:3zv,— 150, Vv €[-tt], t€[0,1]}

Hence, the feasible region of the problem (RSIMFP) is given by F = [3!,1]. In this

problem, it is obvious that fi(z) and fs(z) are continuously differentiable and convex
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functions with fi(z) 2 0, ¢ = 1,2, Va € F = [3,3]. Also, gi(z) and gy(x) are
continuously differentiable and concave functions with g;(x) >0, i = 1,2, Vo € F.
Now, we associate with the robust counterpart problem the following parametric semi-
infinite multi-objective non-fractional programming problem based on the Dinkelbach
parametrization approach with parameter A = (Aj, A2) € R2.

min  Y(z) = (wQ +3-M(@+1), 3>+ +1— Xz + 2)) (RSIMFP),

zeR
Subject to  hy(x,v;) =30, — 1 20, Vo, € [—t,t], t €]0,1], z € R.

Consider the feasible point 2* = 0 € ' = [_?1, %], we need to show that z* = 0 is
a robust efficient solution to the problem (USIMFP). To obtain this result, first, by
Lemma 2.1 and Remark 1, we shall show that z* = 0 is an efficient solution to the

problem (RSIMFP),« where \* = (A}, A\}) such that

In addition, It should be noted that the generalized robust Slater constraint qualifica-
tion (GRSCQ) is fulfilled when o* = 0. In fact, hy(0,v;) = =1 <0, YV v, € [, ], t €
[0,1]. Thus, for z* = 0, there exists a = (a1, a2) = (3,2) € R — {0} and with
t€[0,1], pr =0, v; = 1, so the conditions (2.3) - (2.4) are satisfied at z* = 0.

Furthermore, for \; = 0 and Ay = 0, the function ¥ (x) is a strictly pseudo-convex

function for all # € F', and the function ), 1y pehe(, v¢) is a quasi-convex at 2 = 0.
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Indeed, we have the following:

> b)) = > wha(0,00) = > Bz, — 1) — (3(0)v, — 1))

te(0,1] te(0,1] te(0,1]

Now as = € [3, 3], we get that > tefo] Stver = 0 for z € [5F,0]. Tt follows:

vx(tez[:m pehe (2, Ut)) (z — ") = vx( D u(3zvy — 1)) (z —0)

tel0,1]

-1
= Z Buvir <0, x € [—,0].

3
tel0,1]

Hence, at * = 0, the function Zte[o,l} wihy(x, vy) is a quasi-convex function. Therefore,
by Theorem 2.3, x* = 0 is a robust efficient solution to the problem (USIMFP), and

hence, it is also a robust weakly efficient solution.
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CHAPTER 3

NON-SMOOTH ROBUST

SEMI-INFINITE

MULTI-OBJECTIVE

FRACTIONAL PROGRAMMING

PROBLEM

Non-smooth optimization has been interestingly applied in real-life practical problems
such as engineering problems, economics, optimal control, and data analysis. In
this kind of application, mostly, the nature of the objective functions or constraint
functions appears to be non-differentiable or discontinuously differentiable functions,
and hence adopting the non-smooth optimization approach to modeling and solving

such problems has been of highly effective technique in recent years.
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By taking into consideration some contributions from generalized differentiation
and variational analysis such as Mordukhovich subdifferential [83] of a function that
takes values from the extended real number system, Choung [26] provided some new
necessary and sufficient optimal conditions in a fuzzy form for an approximate weak
Pareto solution of a cone constrained non-smooth non-convex vector optimization
problem. ILi and Yu [74] employed another tool of variational analysis, Clarke
subdifferential, and established necessary optimality conditions for an approxi-
mate quasi-weakly efficient solution of a non-smooth vector optimization problem.
The authors introduced a novel kind of generalized convexity called approximate
pseudo quasi type-1 functions and utilized it to study the sufficient optimality condi-

tion to the problem with respect to the concept of approximate quasi weakly efficiency.

One important progress in non-smooth optimization problems is dealing with
data infected with uncertainty. Several researchers have employed the robust
approach to formulate and solve uncertain non-smooth optimization problems as
in the research done by Sun et al. [95] in which they introduced the approximate
optimality conditions for solving non-smooth semi-infinite optimization problems
with unknown data. These conditions are based on a robust type of constraint
qualifying condition and in terms of the Legendre-Fenchel conjugate function. Fakhar
et al [38] provided non-smooth necessary and sufficient optimality conditions of a
robust weakly efficient solution for a non-smooth robust multi-objective optimization

for the so-called strictly pseudo-quasi generalized convexity and applied the obtained
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results to the portfolio optimization. By employing Clarke’s generalized subgradient
concept and introducing two types of generalized convex functions, Chen et al. [20)]
investigated the robust optimality conditions for a weakly robust efficient solution
and properly robust efficient solution of non-smooth/non-convex multi-objective
optimization problems with constraint data uncertainty. Moreover, Antczak et al.
[10] applied the worst-case approach for finding an approximate efficient solution for
a non-smooth multi-objective programming problem with the uncertainty in both
the objective and constraint functions and used a scalarizing method in proving
the optimality conditions for such problem. Then, Ahmad et al. [3] proposed a
category of generalized convex functions and studied a non-smooth non-convex vector
mathematical program over a cone with data uncertainty in constraints as well as

constructed its robust dual problem.

Moreover, modeling the fractional programs in which the objective function
of an optimization problem is expressed as the ratio of two functions has been
a very active field in recent years as it arises from many real-world applications.
Many researchers have investigated mathematical programming with multi-objective
fractional programming problems confined to uncertain data. Sun et al. [94] derived
the robust approximate optimality conditions of robust e-weakly efficient solutions
for the uncertain multi-objective fractional semi-infinite optimization problem under
a type of constraint qualification. Antczak [8] established the optimality conditions
for the robust e-efficient solution for multi-objective fractional programming problems

under uncertainty using a parametric approach. In [4], Ahmad et al. studied the
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duality models as well as the robust sufficient optimality conditions in semi-infinite

multi-objective programs.

On the other hand, there were few studies on proper and isolated efficient
solutions for various vector optimization problems, the reader can consult ([27], [87],
[88], [92]). In 2023, based on the robustness methodology, Pham [85] presented a
paper on studying the optimality conditions and duality results for local isolated
and local properly efficient solutions for non-smooth semi-infinite multi-objective

programming problems under uncertainty.

In this chapter, we take into consideration a semi-infinite multi-objective fractional
programming problem endowed with an infinite number of constraints and infected
with data uncertainty. In addition, we assume that this programming problem in-
volves non-smooth locally Lipschitz functions. The layout of this chapter is designed
as follows: Section 3.1 enriches the background with the most crucial concepts and no-
tations that will be useful throughout the chapter. In section 3.2, under an extension
of a robust type constraint qualification (RCQ), we investigate non-smooth robust
necessary optimality conditions for local isolated efficient solutions as well as local
properly efficient solutions of both the non-smooth robust semi-infinite multi-objective
fractional problems and the non-smooth robust semi-infinite parametric problem con-
structed by the generalized Dinkelbach parametrization approach. In section 3.3, we
establish the non-smooth robust sufficient optimality conditions for the non-smooth

robust semi-infinite multi-objective fractional problems subject to some generalized
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convex functions. Section 3.4 consists of robust dual problems which are formulated
in Wolfe-type robust dual problems and Mond-Weir-type robust dual problems for
local properly efficient solutions. We demonstrate the relation between the robust
primal problem and the robust dual problem through the different types of robust

duality theorems.

3.1 Primary Concepts

For a positive integer n, consider the two vectors z,y € R", the notation (z,y) defines
the standard inner product in R", while ||z|| denotes the norm of x.

Let ¢ : R™ — R be a real-valued function. Then, ¢ is locally Lipschitz function (a
function of order L) at a point @ € R", if there is a positive scalar L > 0 so that for

any i, us in a neighborhood N of %, we have

[¢(ur) = @(uz)l| = Lljuy — ual,  Vur,uz € N.

The function ¢ is considered to be a locally Lipschitz function on R”, if it is
a locally Lipschitz function at every point in R™. For a vector-valued function
S = (¢y,....,06)7 : R" — R* | we say that ® is a locally Lipschitz function on R, if

and only if each ¢; is locally Lipschitz function on R", for all i =1, ..., k.

In the case of optimization problems with non-smooth functions, it is a crucial sit-

uation to recall a definition of generalized directional derivative such as the definition

46



in the sense of Clarke [28], as follows.

Definition 3.1 /28] Let ¢ : R™ — R be a locally Lipschitz function. The Clarke
generalized directional derivative of ¢ at uw € R™ in the direction of a vector d € R" is

defined as

¢O(ﬁ; d) := lim sup gb(u + td) - ¢(U)

— )
U=U ¢ t

where t is a positive scalar.

The Clarke subdifferential of ¢ at u € R™ is defined to be as follows.
OCo(@) = {€ € R": ¢°(wd) = (¢.d), Vd € R"}.

The subset 9°¢(#) is a non-empty compact subset of R along with the assumption

that ¢ is a locally Lipschitz function, and for each d € R", the following fact holds
¢° (@ d) = max{(£.d) : € € 9°(w)}, Vd €R",

In addition, if the function ¢ is assumed to be a differentiable function, then clearly
we have 0°¢(u) = {V¢(u)}. Furthermore, if ¢ is a convex function, then the Clarke
subdifferential 3¢ (i) matches the original concept of subdifferential defined in the

convex analysis, i.e.,

O¢(u) :={§ €R" : ¢(u) — @(u) 2 (§,u —u), Vu e R"}.

Let C' € R™ be a non-empty closed subset of R™. The distance function related to
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the set C', denoted by d¢, which is a non-smooth Lipschitz function can be defined as
follows.

de(x;C) = min{||z — ¢|| : c € C}.

Denote the Clarke tangent cone to C' at 4 € C by T¢(u; C) and it is defined by

TC(w;C) := {w € R™ : d%(u; w) = 0}.

The Clarke normal cone to C' at u € C' is defined by

N ;) :={¢ € R": (£&,w) £0, Vw € T(w;C)}.

In case that the non-empty closed subset C' C R is also a convex set, that is for all
c1,¢0 € Cand A € [0,1], Aey + (1 — A)ep € O, then the Clarke normal cone N(i; C)

matches the concept of normal cone at u to C' defined in the convex analysis, i.e.,

N C):={£eR": ({,c—u) 20, Yce C}.

For any subset C' C R", its closure and interior are denoted by c¢lC and intC' respec-
tively. The polar cone of the C' is defined by C° = {4 € R™ : (4,u) < 0, Yu € C}.
The set C' is said to be locally closed if and only if for each u € C', there exists a
neighborhood N of u such that C' N clN is closed. The closed unit ball in R™ is de-
noted by B.

Next, we recall various important properties and results related to the Clarke subdif-
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ferential in [28] which will be used throughout this chapter.

Proposition 3.1 /28] Let ¢ : R* — R and ¢; : R" — R,i = 1,...,k be real-valued

locally Lipschitz functions in a neighborhood of a point u € R™. Then
(i) For any real scalar A € R, 0°(\¢)(u) = A 8¢ (). (Scalar Multiples).
(ii) If i € R™ is a local minimum or maximum of ¢, then 0 € % ¢(u).

(111) 0% (1 + ... + ¢r)(@) € 0°p1 (@) + ... + O Py (@). (Finite Sum,).

For any real scalars \; € R with 1 =1, ..., k, we have

80()\1¢1 + ...+ )\kqlﬁk)(ﬂ) C )q@cqbl(ﬂ) + ...+ )\kacqbk(ﬂ)

(iv) 9 (max{¢;,i=1,..,k}) (@) C conv (0% (@) U... U (1)).
Where "conv” denotes the convex hull of the considered set.

Consider the indicator function 0(-;C) of a set C' C R™ which is an extended

real-valued function defined by

oo, otherwise,

The relation between the Clarke subdifferential of the indicator function and the

Clarke normal cone to C' at w € C' is obtained by the following Proposition.
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Proposition 3.2 [28] Let u € C. Then we have
0°(u;C) = N(u;C), Yau € C.

Lemma 3.1 [28] Let ¢; : R — R i = 1, ..., k be real valued locally Lipschitz functions
near a point u € R™. Consider the function V(-) := max{¢;,i = 1,....,k}. Then, the

function V(-) is also a locally Lipschitz function near u and the following fulfills.

k

o°v(u) c | { Z%acﬁbz‘(ﬂ) D7) €REY s = 1 y[en(@) — W(@)] = 0}-

i=1

Lemma 3.2 /28] Suppose that C C R" is a non-empty subset of R™ and u € C. Let
¢ : R™ — R be a real-valued locally Lipschitz function around u and attain a minimum

over C' at u. Then, we have
0 € 0%p(a) + N (u; C).

Lemma 3.3 [28] Let ¢1,¢9 : R™ — R be real valued locally Lipschitz functions near

u € R™. Suppose that ¢o(u) # 0. Then the function % is locally Lipschitz function

near U and we have

5‘0(%)&0 ¢ 203761 (1) — 01 (W7 ¢a(w)

Another useful tool in generalized differentiation is the Fréchet subdifferential of

an extended real-valued function ¢ : X C R® — R at a point @ in a Banach space X
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with |¢(@)| < oo, which is defind by the following:

5¢(E) = {U* € X* : liminf ¢(u) — o(u) — (u',u —w)

usu lu —

v

0}.

Where X* is the dual space of X. The upper counterpart of 5@5(7]) is called the Fréchet
upper subdifferential and denoted by éjfgb(ﬂ).
The following Lemma enriches our background with the Fréchet upper subdiffer-

ential that will be useful later for the proofs of the theorems.

Lemma 3.4 [8/] Let u € R™. Consider ¢1, ¢y be two extended real-valued functions

with |¢;(a)| < 0o, i =1,2. Then
(i) F*gn(a) = —0(—¢1)(a).

(1) If 5;@(@) # (). Then we have

g1+ d)(@c [ [06:(a)+y)

Z/Eél%(ﬂ)

In this chapter, consider the following non-smooth semi-infinite multi-objective

fractional optimization problem confined with uncertain data in constraint functions:

g (B Be) @)
min F(x) (gl(x)’gg(w)""’gk(:n)) (UNSIMFP)

Subject to  (—=hi(z,v¢))er €S, V€T, v € A CR",
where f;,9; : R" — R,7 = 1,....k are locally Lipschitz functions. The constraint
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functions h; : R" x R? — R, ¢t € T are infected with the uncertain parameters v; that
belong to some convex and compact uncertainty set V; C R9 ¢t € T, the functions
hi(z,v;) are locally Lipschitz functions with respect to the first argument, that is
for any x € R", there exists a positive scalar L > 0 such that for any zi, x5 in a

neighborhood N of x, and v; € V;, t € T, the following holds:

|he (1, v¢) — ho(z2,v4)|| S Lljzy — 22|, Vai,29 € N, Yo, € V;, t €T,

The subset S C RSFT) is a non-empty, proper, closed, and convex cone. The subset A

is a non-empty locally closed subset of R™.

By using the technique of robust optimization, the robust counterpart of the prob-

lem (UNSIMFP) under uncertainty is formulated as follows:

min  F(z) = (fl(x),fQ(x) ...,f’“(x)> (NRSIMFP)

reR™

Subject to  (—hy(x,v;))ter € S, Yo, € Vi, t €T, z € A CR".

The feasible solution set for the aforementioned problem (NRSIMFP) is determined

by the following:
G = {l' e A g R™ : (—ht(m,’l)t))te’f S S, Vvt € ‘/ta te T}

Any feasible point # € G is called a robust feasible solution to the problem (UN-
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SIMFP) or a feasible solution to the (NRSIMFP) problem. Also, the feasible point
x € G is called a robust efficient solution to the problem (UNSIMFP) if and only
if it is an efficient solution to the problem (NRSIMFP). Moreover, for this model,
It is assumed that the functions f;(z) =2 0 and g;(xz) > 0 for all x € G and for
each i = 1,...,k, and the functions h;(z,v;) with z € G,v, € V,,t € T are upper

semi-continuous with respect to its second argument.

In actual real-life applications, it is sometimes better, based on the available data,
to deal with a local efficient solution rather than a global efficient one. Furthermore,
it makes sense to strengthen the notion of the local efficiency of a vector optimization
problem to the notion of local isolated efficiency in which there exists a neighbor-

hood of the efficient solution so that it is the only locally efficient in that neighborhood.

Below, are different concepts of local efficiency for a multi-objective optimization
problem such as local efficient, local properly efficient solution (Chuong and Yao [27]),
and the local isolated efficient solution (Ginchev et al. [43]) are extended to the
situation of multi-objective fractional optimization problem in the literature. The

following extensions will be considered in this chapter.

Definition 3.2 /23] Take 2* € G to be a feasible solution. Then x* is considered to
be a local efficient solution of the problem (NRSIMFP) if and only if there exists a

neighborhood N C R™ of x* so that

F(z*) — F(x) ¢ RE — {0}, Ve € GNN.
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Definition 3.3 [92] Take x* € G to be a feasible solution. Then x* is considered to
be a local isolated efficient solution of the problem (NRSIMFP) if and only if there

exists a neighborhood N C R" of x* and a positive constant w > 0 so that

max{F;(z) — Fi(z")} 2 w ||z — 2*||, Yo € GNN.

1<i<k

Where F;(+) = f—(;, i=1,..k.

gi(-

Definition 3.4 [92] Take x* € G to be a feasible solution. Then x* is considered to
be a local properly efficient solution of the problem (NRSIMFP) if and only if there

exists a neighborhood N C R™ of x* and o := (o, ..., o) € int R so that
(o, F(x)) 2 (a0, F(z¥)), Yx € GN N.

Remark 3 In case we have N = R", the above concepts of local efficiency become the
concepts of global efficiency, that is the efficient solution, isolated efficient solution,

and properly efficient solution of the problem (NRSIMFP) respectively.

3.2 Non-smooth Robust Necessary Optimality

Conditions

This section is focused on investigating a non-smooth robust necessary optimality
condition for both local isolated and local properly efficient solutions of the non-

smooth robust semi-infinite multi-objective fractional problems (NRSIMFP). Sun et
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al. in [98] defined a robust type constraint qualification (Definition 3.2) to study
uncertain semi-infinite programming problems. An extension of this definition is

presented by Pham [85] and is considered here in the next lines.

Let A C R"™ be a locally closed subset of R™. For a non-negative multiplier
= (le)ier € ]RSFT) and uncertain parameters v, € V;, t € T, denote the set of active

constraint multipliers at z* € A by J(z*) in which it is defined as follows:
J(@*)={pne RSFT) s pehy (2 v) =0,V € Vi, t € T

Definition 3.5 [85] Let z* € G. The robust type constraint qualification (RCQ) is

satisfied at x* if and only if the following holds:

NCz* Q) C U [Zutﬁfht(x*,vt) + NYz*; A).

neJ(z*)veVy L teT

Where J(x*) is the set of active constraint multipliers at x* € A and v, € Vi, t € T

are the uncertain parameters..

3.2.1 Robust Necessary Conditions for Locally Isolated Effi-
ciency and Locally Properly Efficiency

Upcoming, under the satisfying of the robust type constraint qualification (RCQ), we
first start with the non-smooth robust necessary optimality condition for local isolated

efficient solutions of the problem (NRSIMFP).
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Theorem 3.1 Take x* € G to be a local isolated efficient solution of the (NRSIMFP)
problem for some positive constant w > 0. Assume that the robust type constraint quali-
fication (RCQ) holds at x*, then there exist a := (aq, ..., ) € int RE with S =1

and p € J(x*) with uncertain parameters v, € Vi, t € T such that

Proof.  Consider z* to be a local isolated efficient solution to the problem (NR-

SIMFP). Take the next scalar optimization problem:

min ¢ (z), (3.2)

zeG

where ®(z) is defined as follows:

= max M_fz(x*) —wl|z — 2" x "
o) = léigk{gxw) gz-(r*)} | I, v < B

As x* is a local isolated efficient solution to (NRSIMFP), then there exists a neigh-

borhood N C R"” of z* in such a way that
O(x) 2 P(z") =0, Ve € GNN.

Hence, z* is a local minimizer of the problem (3.2). Therefore, * can be identified as
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a local minimizer of the given unconstrained minimization problem.

min ¢(z) + §(x; G).

FASING

Applying Fermat’s rule in its non-smooth version ([82] - Proposition 1.114) to the

previous problem yields that

0€d(®+68(;Q))(zY). (3.3)

Define ®;(z) := max;<;< {Zg; — g:gg} + (z; G) and Py(x) := —w|lz — z*||. Then
the function ® + 6(+; G) can be written as ®(z) + 6(-; G) = P1(z) + Po(z) and then

(3.3) becomes as follows:

0 € (D) + By)(z*). (3.4)

Note that the function —®, is a convex function. Then it gives
07y (a") = —0(~2)(a") = ~D(wll — ")) (a) = wB # 0.

Now, as 0 € 9(®; + ®3)(«*), by utilizing Lemma 3.4 with 5?@)2(95*) = wB # 0, the
next result is satisfied:

0€ [)[001(z") +yl.

yewB

Which gives that wB C 5@1(13*) C 9@, (x*). Thus

wB C ac(f??éi {ﬁg - g:gi;} +4(; G))(:c*) (3.5)
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Since the function V(z) = max;<;< {5 Eig — g Eig} is Locally Lipschitz function near

z* and the indicator function d(+; G) is lower semi-continuous near the same point x*,

then applying the sum rule in [82] to (3.5), we get that
wB C U (z*) + 096 (a*; G). (3.6)

Then along with the result in Proposition 3.2, we obtain

wB C 9°U(z*) + N(2*; Q). (3.7)
This implies the following:
wB C 80(%?;; {gzgg — 52;3 }) (z*) + NY(2*; Q). (3.8)

Further, employing Lemma 3.1 and the finite sum of Proposition 3.1, we get

# (o (2020  { S () )z 061,k Y= 1)

gi gz(x*)

By applying Lemma 3.3, we have

1<i<k
= gi(@)d fi(at) — fila")gi(a . i
c {2%9( ) f([gz(x*{]g )0 gi(z") ;aiio,z=1,...,k,2ai:1}
— {Zl gizj;i*) <8sz(x*) - ;ngigach(x*)) co; 20i=1,...,k, Zloéi — 1}_ (3_9)
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Now, since the robust type constraint qualification (RCQ) is satisfied at *, then for

uncertain parameters v, € V;, t € T', it leads to

Nesa e U [Zm(?fht(z*,vt) + NC(2*; A). (3.10)

peJ(z*),meVy L teT

Where J(z*) is the set of active constraint multipliers at x* € A, i.e.,
J(@*) ={p = (w)ter € ]R(f) D pehy (2% v0) =0,V € Vi, t € T

Hence, for a > 0, the relation (3.8) follows that

k

B3 (07 0r) - L) o 0)) )

2 (o) gi(e")

+ U [Z ,utﬁxcht(a:*, vt)

peJ(z*) eV L teT

e

+ NYz*; A).

Thus, there exist a := (a,..., o) € int REwith 3% oy = 1 and p € J(2*) with

uncertain parameters v; € V;,t € T such that

k
Q; filz")
wB C o° fi(z*)— 9%g;(z*) )+ IS hy(x*,v,)+ N (2*; A). (3.11
> iy () = S0 ) D (e ) N ). (311
Which brings out the completion of the proof. |

The fulfilling of the robust type constraint qualification (RCQ) at the considered
point is essential to obtain the result of Theorem 3.1. If this kind of constraint
qualification is not satisfied, the above conclusion may fail to be held. The next

example of a non-smooth robust semi-infinite bi-objective fractional programming
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problem clarifies this significance.

Example 1

3 _ 2 2 2
min (2 2T ) (UNSIMFP)

Subject to 2v,2* < 0.

Consider the uncertain parameters v, € V; = [2 —t,2 +t] with t € T = [0,1].

Formulating the robust counterpart of the aforementioned problem as follows:

zeR

3 —2? 22
i NRSIMFP
wr (Lt /
Subject to 20,2 <0, Vo, €V, =212+, teT=10,1], z € R.

Lt file) = 2% — 22, gi(@) = [e] + 1, fol2) = 2%, go(x) = o] + 2, hu(e,vr) =
2022, YVt €[0,1], z € R, and A = (—00,0] C R. Hence, it is clear that G = {0} is
the feasible set of the problem (NRSIMFP).

Considering the point x* = 0 € G, it is obvious to notice that x* = 0 is a global isolated
efficient solution to the problem (NRSIMFP) as well as the conclusion of Theorem 3.1

fails to hold.

In fact, for all w > 0 and Vo € G, we have

3 _ .2 3 _ .2
max{x ‘ —o}:m T > wla| = wljz — 2,
lz| + 1 lz| + 1
222 222
maX{ ‘ —o}: T > ] = wl|z — 2
|| + 2 || + 2
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In addition, for x* =0 € G, let w=1> 0 and B = [—1,1]. Consider the positive
parameter o = (a1, a0) € int R2 such that on + oo = 1. Then, for i = 1,2, we
get that 0° f;(z*) = 9 £;(0) = 0 and S hy(x*,v;) = 0, for any uncertain parameter
v, €Vi=2-t2+1t], t € T =[0,1]. Furthermore, we have that N°(z*;A) =

NY(0; (—00,0]) = [0,00), and simply at z* = 0, one has wB = [—1,1] and

Yy <8sz ) fi(x*)é?cgi(a:*)>+Zutafht(x*,vt)+Nc(x*;A):[O,OO).

i=1 gz('x* gl(x*) teT

Which gives the following:

B ¢ Z 5 (010~ S 0) + S e ) + NG ),

This failure is because that robust type constraint qualification (RCQ) at x* = 0 does

not hold. Indeed, for any p € J(x*) and v, € Vi, t € T we have

+ NC(z*; A).

NCz*;G) =R € [0,00) = U [Zm@fht(:r*,vt)

peJ(z*) eV L teT

Next, we propose a non-smooth robust necessary optimality condition for local
properly efficient solutions of the non-smooth robust semi-infinite multi-objective frac-
tional problems (NRSIMFP) subject to the conditions of robust type constraint qual-

ification (RCQ).

Theorem 3.2 Consider x* € G to be a local properly efficient solution to the problem

(NRSIMFP). Assume that the robust type constraint qualification (RCQ) is satisfied
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*

at ©*, then there are positive multipliers o := (o, ...,qq) € int R’i and uncertain

parameters v; € Vi, t € T with pn = (p)er € J(x*) such that

i *
0e Z Q; (8cfl(x*> . fz(x )acgl(x*>> + Zﬂtgght(x*7vt) + NC(JI*7A) (312)

i(x¥) gi(x*) pyet

Q

Proof. Consider z* € G to be a local properly efficient solution to the problem
(NRSIMFP). By the definition, there exists a neighborhood N C R™ of z* and positive

multipliers o := (ay, ..., ay) € int RY such that

(o, F(x)) 2 (0, F(z")), Ve € GN N.

Which implies that Vo € GN N,

Hence,

Srfile)  fia) y
Za,[gi(x) gi(x*)} >0, Vo e GNN.

Setting ®(z) = Y&, Ozi(g?g%), then z* is evidently a local minimizer of the scalar

minimization problem

min ¢(x).

zeG

Since we have ®(x) is locally Lipschitz at x*, then by Lemma 3.2, we obtain

0€ d%®(z*) + N(2*; G).
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By employing the finite sum rule involved with positive real scalars ; =20, i = 1,..., k

of Proposition 3.1, we get

I°®(x 80(204/; ) ;aﬁc(g) ().

By Lemma 3.3, we get the next implication

C (*\AC o [ x
[gz(x )]
Since the robust type constraint qualification (RCQ) fulfills at z*. Then for uncertain

parameters v; € Vi, t € T and p = (ug)ier € J(2¥), it yields

NCz*: Q) C U [Z,utamcht(x*,vt) + Nz*; A). (3.14)

peJ(z*), eV L teT

Therefore, combining the above results in (3.13) and (3.22), we have

oez SN — F)F ) [Zutaghtw,m

A x)]2
[gz(x )] peJ(x*),ve€Vy L teT

Thus, there exist positive scalars a := («ay, ..., a) € int ]R’i and uncertain parameters

vy € Vi, t €T with p = (p)ier € J(x*) such that

k
Qi filz") oo c c
0€e ¢ filx*) — =220%g; (27 ) + 10y he(x™,vy) + N7 (2™ A).
2 5 (970 — (i aa)) + S ) + N2
Which concludes the proof. |
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The given example further demonstrates the requirement for the robust type con-
straint qualification (RCQ) to be fulfilled at the considered point is crucial to obtain

the results of Theorem 3.2.

Example 2 Take into account the below non-smooth semi-infinite multi-objective

fractional programming problem with k = 2 under uncertainty.

T i

i UNSIMFEFP
i <|xr+1’ |x|+1)’ ( /

zeR

Subject to vz* £ 0.

Choose vy € V; = [2 —t,2 +t] witht € T = [0,1] to be uncertain parameters. Then
the formulation of the robust counterpart of the problem (UNSIMF P) is as described

next:

T T
i NRSIMFP
e (\x|+1 ’ |x\+1> ( )

Subject to v2* L0, Yo €Vi=[2—t,2+t], tcT =10,1], z €R.

Clearly, we have fi(x) = fo(z) =z, g1(x) = go(z) = |z|+1 and hy(z,v;) = va?, Vit €
[0,1], x € R with A = (—o00,0] C R. Hence, it is simple to show that the feasible
region of the problem (NRSIMFP) is given by the set G = {0}.

Take the point x* = 0 € G = {0}, then evidently we get that x* = 0 is a global properly

efficient solution to the problem (NRSIMFP) as for positive real scalars oy, e = 0
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with o + ao = 1, the following is satisfied at x* = 0.

2

Z Q; f:EI) 2 ; Q;

= 9 7)

fi(z")
gi(z*)

Further, for z* = 0 € G, we have 9° fi(z*) = 0°f;(0) = 1, i = 1,2, and for any
uncertain parameter v; € Vi, t € T, 0Shy(z*,v;) = 0h(0,v;) = 0. Now, since

NCY(z*; A) = NY(0; (—00,0]) = [0,00), we obtain the next calculation:

0¥ 2 i?ﬂj*) <6Cfi(x*) - %80%(1*)) + ) w0z, o) + NO(2%5 A).

e

Z - (501@(%*) - mc‘ﬂ‘{qi(x*)) + 3 0 hy(a, ) + NC(2"; A)

gi(*) teT

~a f(0) * |
- Z . (acfi(o) - gi(())acgi(o)> + ;Mtﬁght(m ,vt) + N€(0; (—o0,0])

Which yields that 0 & [1,00).
The reason behind this unsatisfied outcome is that the robust type constraint qualifi-
cation (RCQ) at x* = 0 is not satisfied as for any p € J(xz*) and vy, € Vi, t € T we

have

N G)=RgZ[0,00)= | [Zutﬁfht(x*,vt) + NC(z*; A).

peJ(z*) eV L teT
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Remark 4 Contrary to the above example is not necessary to hold that a feasible
point satisfying condition (3.12) is not necessarily a global properly efficient solution
to the problem (NRSIMFP) although the robust type constraint qualification (RCQ)

holds at the point under consideration. This will be shown in the next example.

Example 3 Take the following non-smooth robust semi-infinite bi-objective fractional

programming problem.

23 ?
i NRSIMFP
oeR (\x|+1 ’ |x|+1>’ ( )

Subject to —vx* <0, Vo, €V,=[2—-t,2+1t],teT=][0,1], 2 €R.

Here we have fi(x) = fo(x) = 23, g1(x) = go(z) = |2| +1 and hy(z,v;) = —v2?, Vit €
[0,1], z € R. Let A = (—00,0] C R. Then, the feasible region G = R.

Now, consider the feasible point x* = 0 € G, then clearly we have 9 f;(z*) = 9° f;(0) =
0, i = 1,2, and S hy(z*,v;) = Ohs(0,v;) = 0, Yo, € Vi, t € T. and N (2*;A) =
NY(0; (—00,0]) = [0,00), So, for all (u)ier € J(x*) and positive a = (ay,an) €
it Ri with uncertain parameters v, € Vy, t € T, the condition (3.12) is satisfied as

follows:

k

0€0,00) = Z gi(a:;*) <8Cfl(x*) - ;zg:;@cg,(x*)> +Z 105 hy (2%, v,) + N€(2*; A).

Further, as 0 € int R, we get that N°(2*;G) = NY(0;R) = {0}. Hence the robust
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type constraint qualification (RCQ) fulfills at x* = 0 in this way:

+ Nz*; A).

N G) = {0} C0,00) = [mehxx*,vt)

peJ(z*),v eV L teT

Nevertheless, z* = 0 does not qualify as a global, properly efficient solution to the

problem (NRSIMFP). To clarify, putx = —1 € G = R and positive vector (o, as) > 0

Hence, we get

This implies that x* is not a global properly efficient solution to the problem (NR-

SIMFP).

3.2.2 Robust Necessary Conditions of Non-smooth Robust

Semi-infinite Parametric Problem of (NRSIMFP)

This section will consider the convex case of the non-smooth semi-infinite multi-
objective programming problem confined with uncertain data (UNSIMFP), that is
when the functions f;,i = 1,...,k are convex functions with f;(z) = 0 and the
functions g¢;,i = 1,...,k are concave functions with g;(x) > 0 for all z € G. One
method of dealing with this kind of problem is by employing the generalized Dinkel-
bach parametrization approach [29], associating the problem with a non-negative pa-
rameter vector A\ = (A1,..., A\;) € RE. Since for A; = 0, each function of the form
filz) = Nigi(x), i = 1,..., k is a convex function. Hence, consider the following uncer-

tain non-smooth semi-infinite parametric convex programming problem in its robust
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counterpart:

min  P(x) = (fl(:p) —Mg1(2), ooy fr(x) — )\kgk(x)) (NRSIMFP),

zeR™

Subject to  (—hi(x,v¢))ter € S, Yo € Vi, t €T, x € A.

Next, we present the definitions of local isolated efficient solution and local properly

efficient solution for this considered problem,

Definition 3.6 Take x* € G to be a feasible point of the problem (NRSIMFP),. Then

(1) =* is considered to be a local isolated efficient solution to the problem
(NRSIMFP), if and only if there exists a neighborhood N C R™ of x* and
a positive constant w > 0 such that
max {[fi(z) = Xigi(@)] = [fi(e") = Xigi(a")]} 2 w o — 2", Ve e GNN.
(i7) x* is considered to be a local properly efficient solution of the problem (NR-

SIMFP) if and only if there exists a neighborhood N C R™ of z* and o :=

(a1, ..., o) € int R such that
(a, P(x)) 2 (o, P(z¥)), Yz € GNN.

FEquivalently, we have

k

Z%(fi(fﬁ) — Nigi(x)) 2 Zai(fi(x*) — Xigi(z%)), Yo e GNN.

i=1
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Below, we propose an equivalent technique for determining the local isolated and
local properly efficient solutions to the non-smooth robust semi-infinite multi-objective
programming problem and its non-smooth robust parametric formulation constructed

in the generalized Dinkelbach approach.

Lemma 3.5 Let x* € G and consider \; = ?Ei*; >0, i=1,...,k. Then x* is

referred to a local isolated (resp. local properly) efficient solution of (NRSIMFP) if

and only if x* is a local isolated (resp. local properly) efficient solution of the problem

(NRSIMFP)y-, with \* = (X%, ..., \L).

Proof. Firstly, we prove the local isolated efficient solution case as follows:
(=) Take z* € G to be a local isolated efficient solution of the problem (NRSIMFP)

and consider \; = % >0, i=1,...,k. Assume that 2* € G is not a local isolated

efficient solution of the problem (NRSIMFP),«. Then, for any neighborhood N of x*

and w > 0, we have

max {[fi(z) — N[ gi(x)] — [fi(2*) = X[ gi(2")]} <w |la —2*||, Vae GNN.

1<i<k

Since A} = % > 0, forall i =1,...,k, then exchanging A} with its value in the

above inequality gives the following:

fi(z")

max /i mgi(x)} <w |z —a*|, Ve e GNN.
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Hence, for all x € G N N, we get

max {gi(:c)(fi(x) - fi(f”*))} <wle—a.

1<i<k gi(x)  gi(z*)

Since for all z € G, g;(x) >0, i =1,..., k, it follows that

s { (5a) —5o)} <o B vl veani

Where w* = > 0.

Hence, we deduce that x* is not a local isolated efficient solution to the problem
(NRSIMFP) but this contradicts the assumption. Therefore, z* is a local isolated
efficient solution of the problem (NRSIMEP),- with A* = (A}, ..., Af).

(<) Take z* € G to be a local isolated efficient solution of the problem (NRSIMFP),.
where A* = (A}, ..., \;) with Af = %, 1 = 1,...,k. By contradiction, suppose that

z* is not a local isolated efficient solution to the problem (NRSIMFP). Thus, for any

neighborhood N of z* and w > 0, we have

A BE)Y
max{gi(m) gi(x*)}< I |, Ve € GNN.

fi(z*)
gi(z*)’

Since, A} = for all ¢+ =1,..., k, then the above inequality becomes

max{fi z) —)\*} <w ||z =2, Ve e GNN.

On the other hand, the equality Af = Z;zgg also implies that f;(z*) — A*g;(z*) = 0, for
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all i =1, ..., k. Then it yields

max

1Sk {gi(lff) (fi(m) - Azgi(x)) B 0} <w [lz =27, Yz eGnN.

It follows

max {[f,(x) — Xgi(2)] = [fi(z®) = Ngi(2")] } <w* ||z — 2|, VzeGNN.

1<i<k

Where w* = £ > 0, with 7 = max{mlr) : gi(x) >0, 1 £ ¢ < k}. This contradicts the
assumption that z* is a local isolated efficient solution of the problem (NRSIMEFP),-.
Therefore, z* is a local isolated efficient solution to the problem (NRSIMFP) which
completes the first part of the proof.

Secondly, to prove the equivalence relation in the case of a local properly efficient
solution, we proceed with the same procedure as in the local isolated efficient solution.
(=) Let 2* € G be a local properly efficient solution to the problem (NRSIMFP). To
get a contradiction, assume that z* € G is not a local properly efficient solution of the
problem (NRSIMFP),.. Then, for any neighborhood N of z* and o := (ay, ..., ) €

nt Ri, we have

k k
Zal — A gi(x <Z()¢z — A gi(x )), Ve € GNN.
i=1 i=1

Since \f = ggi ; >0, for all ¢=1,...,k, then it implies

S o (fi@:) _ fi(x*)gi(x)) <0, VeeGNN.

P gi(z*)
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Now, as for all z € G, g;(x) > 0. i =1, ..., k, the following holds.

k

k *
i=1 ' i=1 !

This shows that x* is not a local properly efficient solution to the problem (NRSIMFP)
which contradicts the assumption. Therefore, x* is a local properly efficient solution
of the problem (NRSIMFP),-.

(<) Let 2* € G be a local properly efficient solution of the problem (NRSIMFP),.
where \* = (A}, ..., A7) as well as A} = %, i = 1,...,k. To the contrary, suppose
that z* is not a local properly efficient solution to the problem (NRSIMFEP). Thus,
for any neighborhood N of z* and any positive vector a := (aq, ..., ax) € int Ri, we
have

fi(x (27)

k k
() fi
;aigi(x) - izlaigi(x*)’ VEEGNN. (3.15)

But A\ = Li#) o5 we get that filz®) = Ngi(z*) =0, foralli =1, ..., k.

 gi(zY)

On the other hand, the inequality (3.15) implies that

k

A
Q; - O{Z')\;k<0, Ve e GNN.
= al@) o

That is with g;(x) >0, i =1, ..., k,

k

> o <fz-(:c) — )\Z‘gi(:c)) <0= X::a (fi(a:*) — A*gi(:c*)>, Vz € GNN.

i=1

This contradicts the assumption that x* is a local properly efficient solution of the
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problem (NRSIMFP),.. Thus, z* is a local properly efficient solution to the problem
(NRSIMFP) and the proof is completed. |

The non-smooth robust necessary optimality conditions for obtaining a local iso-
lated or local properly efficient solution to the problem (NRSIMFP) can be studied
through its non-smooth robust semi-infinite parametric problem formulated in the
generalized Dinkelbach approach subject to some conditions as it can be seen in the

next theorems.

Theorem 3.3 Tuke x* € G to be a local isolated efficient solution of the problem

(NRSIMFP) for some positive constant w > 0. Let \* = (A},...,\;) with A} =

fi(z*)
gi(z*)’

i = 1,...k. Assume that the robust type constraint qualification (RCQ) is
satisfied at x*, and suppose that the functions (fi(x) — Ag;(x)), i = 1,...,k are convex
functions for all x € G. Then there exist o == (v, ..., ) € R with 3 a; =
L, p= ()ier € J(x*) and uncertain parameters vy € Vi, t € T such that

k
wB C Z @ <0Cfi(x*) — A*@Cgi(x*)) + Z,utafht(x*, v) + NO(z%; A).
i=1

teT

Proof. Take 2* to be a local isolated efficient solution to the problem (NRSIMFP)
and \* = (A},...,A\;). By Lemma 3.5, z* is also a local isolated efficient solution of

the parametric problem (NRSIMFP),:. Define the function ®(z) as follows:

o(@) = max { (fi(e) = Agi(@)) = (fila") = Agi(a")) } = wlla = 2", ¥ € R".

1<i<k

As z* is a local isolated efficient solution to the problem (NRSIMFP),., then there
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exists a neighborhood N C R" of z* such that
O(x) 2 P(z*) =0, Ve € GNN.
This means that x* is a local minimizer of the scalar optimization problem

min ¢ (z).

zelG

In addition, Let ®1(z) = maxi<;<i, { (fi(z) — Agi(z)) — (fi(z*) = Agi(2*)) } and @o(z) =
w|lz — x*||. Then clearly both functions ®; and ®, are convex functions and the
function ® = ®; — P, represents the difference of two convex functions. Thus by
employing Corollary 3.1 in [6], we obtain the following.

0% (wll- =" [)(=") € 0 (max { (fi() = Agi() = (fila") = Agi(a")) }) (@") + N (2" G).

1Si<k

Since 9% (wl| - —z*||)(z*) = wB for all w > 0, then the above inclusion yields

wB C 09 ( max {(fi(-) — Agi(*)) — (fi(z*) — Ags(z*)) }) (2*) + N(2*;G).  (3.16)

1<i<k

Furthermore, employing Lemma 3.1 and the finite sum of Proposition 3.1, we get

0% (max {(fi() = Agi(")) — (fila") = Agi(2") }) (")

1<i<k
k

k
S a0 Fiat) — N0 (")) ron 2 0i =1, kS s = 1}. (3.17)
i=1

=1

74



By assumption, the robust type constraint qualification (RCQ) is satisfied at x* and

hence for uncertain parameters v; € V;, t € T, we have

Nesa e U [Zm(?fht(z*,vt) + NC(2*; A). (3.18)

peJ(z*),meVy L teT

Hence, utilizing results (3.17) and (3.18) in 3.16 implies that

k k
wB C{ Zal Gcfz )\*acgi(x*)) co; 200 =1,...,k, Zai = 1} (3.19)
i=1 i=1

+ U [ Z ut(?xcht(x*, vt)

peJ(x*),veVy L teT

+ NYz*; A).

Thus, there exist o := (o, ..., ay) € R with S o = 1and p € J(z*) with uncertain

parameters v; € Vi, t € T such that

k
wB C Zai <8Cf,-(x ) — A0 gi(x ) + Zutﬁ he(x*,v;) + N¢(2*; A).  (3.20)
i=1

teT

This completes the proof. |

Theorem 3.4 Let x* € G be a local properly efficient solution to the problem (NR-

SIMFP). Let \* = (A}, ..., \;) with \f = Li@) i — 1. k. Assume that the robust

gi(z*)

type constraint qualification (RCQ) is satisfied at x*, then there exist positive mul-
tipliers a == (o, ...,a) € int ]R’i and uncertain parameters vy € Vi, t € T with

= (p)er € J(x*) such that

k

0€ Y a0 file") = N0 gi(a)) + D mdC ket ) + NG5 A). (321

=1 teT
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Proof. Consider z* € G to be a local properly efficient solution to the problem (NR-

SIMFP) and \* = (A}, ..., A\f) with A\l = f’(x*;, t=1,...,k. According to Lemma 3.5, z*

is also a properly isolated efficient solution of the parametric problem (NRSIMFP),-
Hence, there exists a neighborhood N of z* and « := (ay, ..., a;) € int Rﬁ such that

Vr € GN N, we have

k k
Zaz - zgz 2 Zal - Zgz(x*>)
=1

=1

Let ®(z) = S5, o;(fi(x) — Xigi(z)). Then clearly the point * is a local minimizer

of the scalar minimization problem

min ¢ (z).

zeG

Now, since ®(z) is locally Lipschitz at z*, then by Lemma 3.2, we obtain
0 € d°®(z*) + N°(=*; G).

Using the finite sum rule of Proposition 3.1, we get

k k

0°(a) = 0° (P ul(file') = Ngu(a)) ) € Do (9 i) = X0 0u(a))

i=1 i=1

Besides, the fulfillment of the robust type constraint qualification (RCQ) at z* guar-

antees that for uncertain parameters v; € Vi, t € T and pu = (u)er € J(z*), we
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have

NYz* G) C U [Z,ut@fht(x*,vt) + NYz*; A). (3.22)

peJ(z*) eV L teT

Therefore, the following holds.

k
0€ Zai(aCfxx*)—A*ani(:c*)) + U [Zutﬁfht(fc*%) +Na";A).

peJ(z*)veeVy L teT

So, there exist positive scalars o := (ay, ..., ) € int ]Rﬁ and uncertain parameters

v € Vi, t €T with p = (u4)ier € J(2*) such that

k
0e€ Z a; (0 fi(z*) — X‘@Cgi(a:*)> + Z 105 hy(x*,vy) + N (2%; A).
i=1 teT
Which completes the proof. |

3.3 Non-smooth Robust Sufficient Optimality

Conditions

In the present section, we establish the conditions of non-smooth robust sufficient
optimality for a robust feasible point to represent a local isolated efficient solution or a
local properly efficient solution of the non-smooth robust semi-infinite multi-objective
fractional problem (NRSIMFP). To formulate these conditions, inspired by analogous
concepts in [23], first, we present some definitions related to generalized convex

functions as shown below.
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Definition 3.7 Take A C R"™ and consider the function F(z) = (gigg, - g:gg) with

fisgi :R* = R, i =1,....,k be locally Lipschitz functions. Then The function F(x) is
referred to as a generalized convex function at x* € A if for each v € A, éz € 9% f;(z*)

and 1; € 0%g;(x*), i = 1,...,k, there is u € N(2*; A)° so that

filz) = filz®) = (&), i=1,.., k.

gi(x) — gi(x™) = (i u), i=1,.. k.

The function F' is called a generalized locally convex function at x* € A if and only if
there is a neighborhood N of x* such that the set N N A is a conver set and F is a

generalized convex function on N N A.

Definition 3.8 Let A C R"™ and consider the function hy(z,v;) : R"xR? - R, t € T
be locally Lipschitz functions with respect to the first argument. Then the function
hi(z,v;),t € T is called a generalized convex function at x* € A if for each x € A and

Qct € 0%y (z*,vy), v, € V; CRYt €T, there exists u € NC(x*; A)° such that

he(z,v) — hu(2™, vp) 2 <ét;u>7 teT.

The function hy(x,vs),t € T is called a generalized locally convex function at x* € A
if and only if there is a neighborhood N of x* so that N N A is a convex set and

he(x,ve),t € T is a generalized convex function on N N A.

Remark 5 In the above definition, if the constraint function hy(x,v),t € T is
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uncertain-free with respect to the uncertain parameter v, € V;, t € T, that is

he(x,v¢) = hy(x),t € T, then Definition 3.8 reduces to the Definition 3.3 in [27].

It is clear to see that in case A is a convex set and each of f;,¢;, i« = 1,...,k and
hi(z,v;),t € T are convex functions, then for each x € A, both functions F'(z) and

hi(z,vs), t € T are generalized convex functions at z* € A with u = x — z*.

Next, we present the non-smooth robust sufficient optimality conditions for a local

isolated efficient solution to the problem (NRSIMFP).

Theorem 3.5 Consider z* € G to be a robust feasible solution to the problem
(NRSIMFP). For given positive constant w > 0, assume that there exist o :=
(o1, ...;a5) € int RE such that Zle a; = 1 and p € J(z*) as well as uncertain
parameters v, € Vi, t € T so that (3.1) holds. In addition, suppose that the functions

F(zx) = (51537 o gzgzg) and hi(z,ve),t € T are generalized locally convex function at

x*. Then the point x* is a local isolated efficient solution to the problem (NRSIMFP).

Proof. Consider x* € G to be a robust feasible solution to the problem (NRSIMFP)
satisfying the hypothesis in the theorem for some w > 0. Note that the below condition

is met for any 5 € R".

18] = max(B, 5).
peB

Hence, clearly, there exits 4 € B such that 18] = <5’, B).
On the other side, since F'(z) and h¢(x,v;),t € T are assumed to be generalized locally

convex function at x*, then there exists a neighborhood N of z* such that NN A is a
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convex set and F'(z) and h(z,v;),t € T are generalized convex functions on N N A.

Take any € N N G, then there exits £ € B such that
|z — || = (z,x — x). (3.23)

Using the assumption, for i = 1,...,k, there exist o; = 0 with Zle a =1, u €
J(x*) and uncertain parameters v; € Vi, t € T such that the feasible point z* € G
satisfies (3.1). Hence, there exist & € 0 f;(z*), 5 € 8%gi(z*), i = 1,....k and ¢, €

OChy(x*,vy), vy € Vit € T such that we have the follows

k

B - i filz") 5 ; C 1+
- [; gi(x*) (61 gi(:c*)m) +t€ZTMtCt] € N¥(z"; A).

Utilizing the definition of Clarke normal cone to A at x*with A is being locally closed

set and N N A is a convex set, we obtain

= gi@) gi(z*) teT

w@m—wﬂ—IEZ & U&J—xw—ﬁ“ﬂ@%x—xv)+2)m@w—wﬂlgo

Now by generalized locally convexity of the functions F'(z) and hy(x,v;),t € T, and

the equality in (3.23), we obtain the following result

eSS ) ) — T ) — e o
|z nggﬁmﬁm m>£w¢m>%<ﬂ+;MM>h4»
_ i a; T ‘ _ fz<l’*) ' B .
Z gi(r*) fz(x) gi(l‘*)gz@j)] + Z,Ut(ht(iv) hi(z"))
k
o; | B fz(x*) o
é;Mmﬂ>QM@w.




The reason behind the above inequality is that for all uncertain parameters v, € V;, t €
T, we have that phe(z,v;) < 0 and phy(x*,v,) = 0.
Thus, the next lines are fulfilled.

wllz — 2| = Z%[ﬁ(z) B %

DI [ ()~ @),

gi(x*)

Set w* = = where m = max;<;<y, [ggf((m‘?) cx € NN G} > (. Then it follows that for

any r € N N G there exists a positive constant w* > 0 such that

Wz — z*|| £ max [M — M]
gi(x)  gi(z*)
This implies that z* is a local isolated efficient solution to the problem (NRSIMFP)
and the proof is completed. |
In the coming theorem, the conditions for the non-smooth robust sufficient op-
timality for a local properly efficient solution to the problem (NRSIMFP) will be
discussed under the fulfillment of generalized local convexity of functions under con-

sideration.

Theorem 3.6 Consider x* € G to be a robust feasible solution to the problem (NR-

SIMFP). Suppose that there exist a := (v, ..., ) € int R’i and uncertain parameters
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v € Vi, t € T with p = (t)ier € J(2*) such that (3.12) holds. Assume that the

functions F(x) = (gigg, . g:g) and hy(x,v),t € T are generalized locally convex
function at x*. Then the feasible point x* is a local properly efficient solution to the

problem (NRSIMFP).

Proof. Take 2* € GG to be a robust feasible solution to the problem (NRSIMFP).
Consider the existence of positive multipliers o := (o, ..., ay) € int R% | € J(z*) and
uncertain parameters v; € Vi, t € T so that (3.12) is satisfied at * € G. Hence, there
exist & € o fi(x*),n; € 0%g;(x*), i = 1,...,k and G € OChy(x*,v), vy € Vit €T

such that

k *
N [Z ,OZ*) (é@ - fl(x )771> + Z,utét] € N%a*; A).

1 9i( gi(z*) T
By the definition of Clarke normal cone to A at x* and the assumption of functions
F(z) and hy(z,v;),t € T are being generalized locally convex function at x*, there

exists a neighborhood N of z* such that the set N N A is a convex set and u €

N¢(z*; A)° such that the following is fulfilled.

0= ; gi(z*) <<€“ u) = 91( 77“ ) + ;Mt Ct,

: @ [ * fl(‘r*) % .
< Z o) (@) = fila) = S (0i(e) — e E ;“t(}”(m) ~ hy(a")).
— zk: o -f»(x) fz(:c*)g } +Z“t (i ).

— gi(x*) L gi(z*) il ot

S @)
é;gi(m*) ) = e )]
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Where phi(z,v,) £0 and pghy(2*,v4) = 0 for all uncertain parameters v, € V;, t €

T. This implies that

fi(x*)
gi(x*)

Since for each i = 1,...,k, g;(z) > 0 for all z € G, we obtain

Thus, we have the existence of a neighborhood N C R" of x* and a positive vector

o = (ay,...,a;) € int RY such that Vo € GN N, we get

(o, F(2%)) = (o, F(x)).

This implies that z* is a local properly efficient solution to the non-smooth robust

semi-infinite multi-objective fractional problem (NRSIMFEP).

Remark 6 Note that if we have N = R"™, then the concept of generalized locally
convex functions coincides with the concepts of global generalized convex functions
that can be used to investigate the non-smooth robust sufficient optimality conditions

for a robust feasible point to be a global isolated efficient or a global properly efficient

solution to the problem (NRSIMFP).

Next, motivated by Example 3.3 in [92], we give an extension to the case when un-

83



certain data is involved within the constraints functions and illustrate the essentiality
of generalized convexity assumption in Theorem 3.6 for a feasible point of the prob-
lem (NRSIMFP) to be a global properly efficient solution even if this point under

consideration is fulfilling condition (3.12). The following example shows this result.

Example 4 Consider the robust counterpart of the following non-smooth uncertain

semi-infinite multi-objective fractional programming problem with k = 2.

, —arctan|x| —arctan|xz|
F(x) = NRSIMFP
oeR (z) ( re* +1 7 a2+1 )] ( )

Subject to via® <0, Y, €Vi=[2t], t€T =(~0,0), € A=R.

Clearly we have fi(z) = fo(x) = —arctan|z|, gi(x) = xe® + 1, go(x) = 2°> + 1 and
hi(z,v;) = v, Vv € [2t,1], t € (—00,0), x € R. Then the feasible set is G = [0, 00).

Consider the feasible point * =0 € G. Thus, we have
9° fi(x*) = 8 £,(0) = [-1,1], i=1,2.

0g1(2") = 99g1(0) = {1}, 0ga(2") = 8“a(0) = {0}.
3ght(x*,vt) = @ght(o,vt) = {0}, Vvt € ‘/t, telT.

Moreover, we have N¢(z*; A) = NY(0;R) = {0} so that its polar cone N°(0;R)° =
{0}° = R., Hence, for all (ju)ter € J(x*) and positive o = (a1, ) € int RL with
uncertain parameters v, € Vi, t € T, the condition (3.12) is satisfied at x* = 0.

However, x* = 0 is not a global properly efficient solution to the problem (NRSIMFP).
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In fact, choose x =1 € G = [0,00) and (ay,as) € int R2. Hence, the following is

satisfied
2

ZOéiM = _ﬁ(Oél + 062) < 0= ZOész(x*)

" gi(x) gi(z*)

Where g = ig; + 5383 = 06'3_815 + 0'7285 > 0. This is a consequence of that the functions
F(z) and hy(z,v), vy € Vi, t € T are not being generalized convex functions at
2* = 0. Indeed, there exists x =1 € R, & =0 € 9°f;(0) = [-1,1], i = 1,2, and
(=0 € 3%hy(a*,vy) = {0}, v € Vit € T such that for all u € NY(0;R)° = R, and

all v € [2t,t], t € (—00,0) we have

fi(z) = filz®) = f;(1) = fi(0) = —0.785 < 0 = (0,u) = (&, u), i =1,... k.

ho(,v,) — hy(a*,vy) = hy(1,00) — hy(0,0,) = v, < 0 = (0, u) = (G, u).

Remark 7 Observe that if g;(x) =1, for all i =1, ..., k, then the non-smooth robust
semi-infinite multi-objective fractional problem (NRSIMFP) reduces to the non-smooth
robust semi-infinite multi-objective problem which is considered by Pham in [85]. In
this paper, the author employed different types of generalized convexity functions,
namely, pseudoconvexr and quasiconvex functions, to establish a sufficient optimality

condition for a global properly efficient solution to its studied problem.

3.4 Robust Duality Theorems of (NRSIMFP)

This section will formulate the robust dual problem of the non-smooth robust semi-
infinite multi-objective fractional problem (NRSIMFP) using both Wolfe-type robust
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duality and Mond-Weir-type robust duality. The study will examine the robust duality
theorems including robust weak, robust strong, and robust strict converse theorems

in relation to generalized convexity.

3.4.1 Wolfe-type Robust Dual Formulation

To begin with, we explore below the formulation of a Wolfe-type robust duality for
robust local properly efficient solutions only as we can deal with local isolated efficient
solutions in the same manner.

Let z € R” and o := (ay,...,qx) € int RE with S o = 1. Consider we have
the uncertain parameters v, € Vi, t € T with p = (u)er € Rf). The generalized
Lagrange function of the objective function and the uncertain constraint functions of

the problem (NRSIMFP) are constructed as follows:

F(Z, a7M7Ut) = F(Z) + Z/,Ltht(Z,Ut)e7

teT

where e = (1,...,1) € R* is the vector with all components being one.
Connecting to the primal non-smooth robust semi-infinite multi-objective fractional
problem (NRSIMFP), the formulation of its Wolfe-type robust dual problem is in the

next method.

max  F(z,a,p,v) (WDNRSIMFP)

z€R"
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k

Subject to 0 € Z gj;) ((9Cfl-(z) - g’i;@cgz(z» + Z,ut@fht(z, ve) + N9(z; A),
i=1 7! ! teT

k
a=(ag,...,ax) €int ]Ri, Zai =1, z € A,

i=1

p=(u)er €RY v, €V, CRY, teT.

The Wolfe-type robust dual problem feasible set is defined by

k
_ : k (T) q. & CrinN_ fi(2) o0 ,
Gwbp {(z,a,,u,vt) e Axint R xRy’ xR?:0¢€ ;—gz(?s) (8 fi(2) —gi(z)a gz(z))
k
+ Z,ut@fht(z,vt) + NC(Z, A), ZO!Z' = l,Ut € V;f,t < T} (324)
teT i=1

In the following, analogous to the primal case, we present the concepts of robust

efficiency and robust local proper efficiency for this robust dual problem.

Definition 3.9 A feasible solution (z*,a*, u*,v}) € Gwp is considered to be an effi-
cient solution of the problem (WDNRSIMFP) if and only if V(z, v, u,v) € Gywp we
have

F('Z*Ja*u,u’*uv:) - F(Z,Oé,,u,vt) ¢ _Ri - {0}

Definition 3.10 A feasible solution (z*,a*, pu*,v;) € Gwp is considered to be a
properly efficient solution to the problem (WDNRSIMFP) if and only if there is

o= (a1, ...,ax) € —int RY such that

<Oé, F(Z7a7u7vt>> z <OZ7F(Z*,(X*,M*,U:>>7 V(Z,Q,M,Ut) € GWD'
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Turning now to the robust weak duality between the primal problem (NRSIMFP)
and its Wolfe dual problem (WDNRSIMFP), this relation can be examined in the

next theorem.

Theorem 3.7 (Robust Weak Wolfe-type Duality) Consider x € G to be a fea-

sible solution to the primal problem (NRSIMFP) and (z, o, p,vs) € Gwp be a feasible

solution to the dual problem (WDNRSIMFP). Suppose that F(-) = (fl(') f’“—()) and

g1(-)7 """ gr(:

~

hi(-,v¢),t € T are generalized convex functions at z on A with uncertain prameters

v, t € T. Then the next statement is not valid.

F(Q?) < F(/Z?Oéaﬂavt)'

Proof. Let (z,a,pu,v) € Gwp be a feasible solution to the dual problem (WDNR-
SIMFP), then as it satisfies the robust Wolfe duality conditions, there exist positive
scalars a; > 0, i = 1, ..., k with Zle a;=1land§ € 0% fi(2),n € 0%gi(2), i =1,....k

as well as C; € O°hy(z,v;) with v, € Vi, t € T and (pu)ter € RSFT) such that

{5  ed] ewn o

teT

On the sake of the contrary, assume that the next inequality is true.
F(JJ) S F(Z,Oé,/L, vt)'
Which means F(z) — F(z, o, 1, v;) < 0. Now, since o := (o, ..., o) € int RE, then it
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implies that (o, F(z) — F(z,a, p,v,)) < 0. The construction of F gives that
(a, F(z) = F(2) — Zﬂtht(zavt)‘?) <0
teT

As (a,e) = 3% a; =1, this implies

ia(ﬁﬁg z ) Zutht z,v) < 0. (3.26)

=1 teT

On the other hand, using the definition of the polar cone and the assumption of F'(-)
and hy(-,v;),t € T being generalized convex function at z on A, the relation (3.25)

yields the existence of u € N¢(z; A)° such that for x € G, we have

k
0= Z gio(é;) <<élvu> - j}i(z ) + Zﬂt Giou)

teT

= Z Oéi) <fz($) — fi(?) — fi(z) (gi(x) — gi(2 ) + Zut (he(x,v) — hi(z,v¢))

i=1 gi(= 9i(2) p
k
< ZZ1 gio(é;) (fz(l‘) - g j > teZT,utht Z,0). (3.27)

Where the last inequality is obtained due to the fact that a feasible point x € G fulfills
the robust feasibility conditions, i.e., >, p pehe(z,vy) = 0.

Thus, by simplification, we get this next inequality

05> u(H8 - L) - S

teT

Clearly, this contradicts (3.26), so the proof is completed. |
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Next, in the sense of Wolfe-type formulation, we will explore the robust strong
duality theorem which examines the relationship between the (NRSIMFP) primal
problem and its (WDNRSIMFP) Wolfe-type dual problem considering the absence
of a duality gap and supposing the fulfillment of (RCQ), the robust type constraint

qualification.

Theorem 3.8 (Robust Strong Wolfe-type Duality) Consider x* € G to be a
local properly efficient solution to the primal (NRSIMFP). Assuming that the robust
type constraint qualification (RCQ) is satisfied at x*, then there are a* = (o, ..., a}) €
it R’i and p* € RSFT) with uncertain parameters vy € Vi, t € T so that (x*, a*, p*, vy) €
Gwp is considered as a feasible point of the robust Wolfe dual problem (WDNRSIMFP)
and F(z*) = F(z*,a*, u*,v}). Moreover, if the functions F(-) and hy(-,v;),t € T are

generalized convex functions at any z on A. Then the solution (x*,o*, u*,v}) € Gwp

is concluded to be an efficient solution to the Wolfe-type dual problem (WDNRSIMFP).

Proof. Since by assumption, z* is a local properly efficient solution satisfying
the robust type constraint qualification (RCQ). Then there is positive multipliers
a = (o, ..., o) € int RE and uncertain parameters v, € V;, t € T with o = (p;)er €

J(@*) ={pne Rf) s pehy (2%, v) = 0,Yu, € Vi, t € T'}. such that

k ES
0 o (s - ﬁjg*;acgi(x*)) + 2 mdeh(a v) £ NG A). (328)

ii
l
@




k
* * * . k : k % D10 _
Hence, one can observe that a* = (af,...,af) € int R} with ) . af = S = 1,

). By inserting af’s and p;’s in (3.28) instead of o;’s and s,

and j* = (})ser € RY
respectively, the relation still holds.

Further, as p = (u¢)ier € J(2*), we have that ph(z*,v) = 0,Vo, € Vi, t € T, and
hence for uncertain parameter v; € Vi, t € T, >, pehe(2*,vf) = 0. Thus, clearly,

the point (z*, a*, u*,v;y) € Gwp is a feasible solution of the robust Wolfe dual problem

(WDNRSIMFP), as well as the following, is true.

F(x*, o, u*,vf) = F(2*) + Zufht(:c*,v;‘)e = F(z"). (3.29)

teT

Moreover, since F(-) and h;(-,v;),t € T are generalized convex functions at any z
on A. Then by the result of the robust weak Wolfe-type duality (Theorem 3.7), the
following does not hold.

F(I'*> S F(zaaalu7vt)’

Therefore, by (3.29), we obtain also that the following does not hold.

F(.’E*,a*,u*,vf) S F(Z,OQ,M,'U,:), \V/(Z,O[,[I,, Ut) € GWD~

This concludes that the feasible solution (z*, o, u*,vf) € Gy p is an efficient solution

of the (WDNRSIMFEP) Wolfe-type dual problem. This completes the proof. |

Remark 8 As we have seen in Theorem 3.8, the optimal solution of the robust Wolfe-

type dual problem is an efficient solution in spite of that the solution of the primal
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problem is a properly efficient one. Mainly, having a properly efficient solution for the
(NRSIMFP) primal problem does not guarantee to gain a properly efficient solution
for the (WDNRSIMFP) dual problem. This is still true even in the case of a convex
situation and having a singleton uncertain parameter set V; with finite index set T,

(see [22], Example 4.6).

Another robust duality theorem that describes the connection between (NR-
SIMFP) problem and its Wolfe-type dual problem (WDNRSIMFP) will be given be-

low.

Theorem 3.9 (Robust Converse Wolfe-type Duality) Consider
(x*, o, u*,v7) € Gwp to be a feasible point to the dual problem (WDNRSIMFP). If
z* € G and the functions F(-) and h(-,v;),t € T are generalized convex functions on

A with uncertain parameters vy € Vi, t € T. Then x* is considered to be a properly

efficient solution to the primal (NRSIMFP).

Proof. Let (z*,a*, p*,v;) € Gwp. Then, there exist o := (af,...,a}) € int RE
with S°F o =1 and p* = (1f)eer € ]RSFT) with uncertain parameters v € V;,t € T
as well as & € 9% f;(x*), 7 € 0Cg;(xz*), i = 1, ..., k together with {; € d%hy(x*, v}) such

that

k . - A
- [Z gi(();i*) <5" N ;Ex; ) + Z“t@] € N9 A). (3.30)

=1 teT

Let * € G and assume for the contrary that x* is not a properly efficient solution

to (NRSIMFP). Then for such existing o*, it implies that there is y € G, another
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feasible solution in such way that

(%, F(y)) < (a", F(z7)).

Which is equivalent to

Thus, we obtain

ia}‘(fi(y) B fz(x*)> <0. (3.31)

— "\gily)  gi(z")
Further, according to the definition of Clarke normal cone to the set A at z*, there

exists u € N (x*; A)° so that (3.30) fulfills the following:

i Z?x*) (<£“ u) = ;Eii > + Zﬂt Ciyu) 20

teT

Now, since the functions F(-) and hi(-,v:),t € T are generalized convex functions
at any z* on A, then for such y € G C A, & € 9°fi(z*), 1; € 9%g;(x*) for i =

1,....k, ¢ € Chy(a*,vF) with v} € V;,t € T and u € N (z*; A)°, we get

oz;k* <<éuu> - ;28: ) Zut Cta

teT

= 2 (") [fz-(y) — filz") - —gi(m*)(g i(y) — gile ] + t;m (he(y ).
- o f :c*
e i) = ]+;m (haly) — (")),
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The last inequality is a consequence of that for y € GG, we have by the primal feasibility
condition that ph(y,v,) = 0 and phi(z*,v,) = 0 for all uncertain parameters
v € Vi, t € T. Hence, after some simplification along the assumption that g;(y) > 0

for all y € G, we get

A

WE

*
Q;

fi(x*)
gi(x*)

;aifzj(yi'

P 9i(y
Which implies
k

Za;*(fz:(y) _ fz(iU*))

— "\gi(y)  gi(z)

v

0. (3.32)

Clearly, (3.32) contradicts (3.31). Thus, z* is a properly efficient solution to the

problem (NRSIMFP). |

3.4.2 Mond-Weir-type Robust Dual Formulation

Moving on to the Mond-Weir-type robust dual formulation of the non-smooth robust
semi-infinite multi-objective fractional problem (NRSIMFP) for robust local properly

efficient solutions, we start with the next construction:

Let z € R" and « := (ay, ..., ) € int Rﬁ. Take uncertain parameters vy € Vi, t €

(T)

T and p = (p)ier € R +T . Define the following multi-objective fractional function:

F(z,a, p,v) == F(z).
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Hence, the formulation of a Mond-Weir-type robust dual problem of (NRSIMFP) is

conducted as follows:

= (L) fi(2)
max F(z,a,p,v) = (91(2) s gk(Z)> (MWDNRSIMFP)
k
Subject to 0 € ; gio(éz) (00]2-(2) — fi(z)@ogi(2)> + Zutazcht(z, ve) + N9z A),

9:(2) teT

Zutht(z,vt) >0, zeA, v, eV, CRY teT,

teT

a = (ala ...,Oék) €int R{CH M= (:ut)tET € Rf)

The Mond-Weir-type robust dual problem feasible set is defined by

k
Guwp = {(z, a, i, v) € A X int RE x R(f) xR7:0 € Z <8cfz(z) — ;i(z)(?cg- z
i=1

— gZ(Z)

+Zuta htZUt)+NCZA Zuthtzvt)_OvtEVt,tGT} (333)

teT tel

Observe that the concepts of robust efficiency and robust proper efficiency for this
robust dual problem constructed in Mond-Weir-type are defined exactly as indicated

earlier for the case of Wolfe-type robust dual problem.

In the following, we present the robust duality theorems, including robust weak,
robust strong, and robust converse Mond-Weir duality theorems. These theorems are

used to examine the relationship between the primal problem (NRSIMFP) and its
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dual problem (MWDNRSIMFP).

Theorem 3.10 (Robust Weak Mond-Weir-type Duality) Consider x € G to

be a feasible point to the primal problem (NRSIMFP) and (z, o, i, v) € Gywp be a fea-

~

sible point to the dual problem (MWDNRSIMFEP). Assume that F(-) = (518, o 9’28)
and hy(-,v),t € T are generalized convex functions at z on A with uncertain param-

eters vy, t € T'. Then the next statement is not valid.

F(l’) S F(Z7Oé7/vbvvt)'

Proof. Let (z,a,pu,v) € Gywp, then it satisfies the robust Mond-Weir duality
conditions and hence there are positive constants «; > 0, ¢ = 1,...,k with é €
O°fi(2), Ny € 0%(2), i = 1,....k and G € 0%hi(z,v;) with v, € Vi, t € T and

(te)ier € RSFT) in a manner that

k
- [Z .Ozi (éz - fl(z) Ai) + Z/“Ltét] € Nz A). (3.34)

i=1 9:(2) 9:(2) teT
> phi(z,0) 2 0. (3.35)
teT

To prove by contradiction, assume that for x € GG, the following holds.

F(gj) S F(Z,O!,[L,’Ut)-

Since o = (v, ...,a) € int R%, and F(x) — F(z,a,p,v;) < 0, one can get that

96



(a, F(z) — F(z,a, p1,vy)) < 0. which yields

k

Za<% - &) <0 (3.36)

—~ \gi(z)  gi(z)

Now, by the concepts of the normal and polar cone and the assumption of F(-) and
hi(-,v;),t € T being generalized convex function at z on A, we proceed similar to the

argument of Theorem 3.7, hence, we obtain

0= 2 (@)~ L g0)) — 3 i, ) — bl 00).

9i(2) teT

By the feasibility of € G and the fulfillment of (3.35), the above inequality implies

ogi © () - g, @),

9i(2) 9i(2)

Which simplified to

k
123 (L) £y
2.\~ alz)
Clearly, we get a contradiction to (3.36); hence, the proof is completed. |

Theorem 3.11 (Robust Strong Mond-Weir-type Duality) Consider z* € G a
local properly efficient point to the primal problem (NRSIMFP). Assume that the
robust type constraint qualification (RCQ) is satisfied at x*. Then there exist o :=
(af,...;af) € int RE and p* = (1] )ier € RSFT) with uncertain parameters v € Vi, t € T
so that (z*, o, u*,v;) € Gywp and F(x*) = F(z*, o, p*,v}). Furthermore, if the

functions F(-) and hi(-,v¢),t € T are generalized convex functions at any z on A.
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Then (z*,a*, u*,vf) is an efficient solution to dual problem of the Mond-Weir-type

(MWDNRSIMFEP).
Proof. It is similar to the demonstration of Theorem 3.8. I

Theorem 3.12 (Robust Converse Mond-Weir-type Duality) Consider

(x*,a*, p*,v5) € Gywp to be a feasible point to the dual problem (MWDNR-
SIMFP). If x* € G and the functions F(-) and h(-,v;),t € T are generalized convex
functions at any x* on A with uncertain parameters vy € V;, t € T. Then the solution

x* is considered to be a properly efficient solution to the primal problem (NRSIMFP).

Proof. It is similar to the demonstration of Theorem 3.9. I
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CHAPTER 4

ROBUST VECTOR

OPTIMIZATION PROBLEMS

WITH VANISHING

CONSTRAINTS

An optimization problem with vanishing constraints is a form of mathematical
programming problem that has been interesting to many researchers for more than
a decade. Optimization of truss topology and other structural topological problems
can be reconstructed using mathematical programming with vanishing constraints.
This type of optimization was a foundation established by Achtziger and Kanzow
2], and Hoheisel and Kanzow ([51], [52], [53]). Dorsch et al. [35] presented the
concept of a T-stationary point which is a suitable stationarity concept for topological

aspects of mathematical programming. In the literature, many researchers have
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approved that this difficult form of mathematical programming under some moderate
assumptions violates most of the standard constraint qualifications, for instance,
the linear independence constraint qualification, Mangasarian-Fromovitz constraint
qualification, and the Slater constraint qualification. For more details, the reader can
consult ([2], [53], [78]). The notion of duality has a significant role in optimization in
order to search the lower bound and find out the optimal solution of the mathematical
programming with vanishing constraints, see Mishra et al. [79] and Ahmad et al. [5].
Recently, some works of minimization programming have been continued to the case
of vector optimization problems with equality, inequality, and vanishing constraints
in which the objectives are conflicting under some set of constraints, the reader refers
to Mishra et al. [78] where some suitable modifications of constraint qualification
were introduced and the relationships among them were studied for multi-objective
optimization problem with vanishing constraints. Shaker et al. [90] studied the nec-
essary optimality condition for properly efficient solutions in convex multi-objective
optimization with non-differentiable vanishing constraints. Employing semi-infinite
mathematical programming with vanishing constraints has been of interest to many
researchers such as Guu et al. [50] in which the concept of strong KKT optimality
conditions has been extended to the multi-objective semi-infinite programming
problems with vanishing constraints without involving any constraint qualification.
Tung [101] investigated the Karush—Kuhn—Tucker optimality conditions and explored
the weak and strong duality results for the multiobjective semi-infinite programming
with vanishing constraints. Antczak [9] extended the definition of S-stationarity to

the case of smooth semi-infinite multiobjective optimization problems with vanishing
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constraints. Further, the necessary optimality conditions for such differentiable
vector optimization problems with respect to such stationary points were formulated
and the sufficient optimality conditions were proved under the invexity assumptions.

For further related information, consult [62].

In [2], Achtziger and Kanzow established the KKT necessary optimality condi-
tions for the scalar mathematical programming with vanishing constraints under the
standard Abadie constraint qualification. The Guignard constraint qualification is
considered to be the weakest constraint qualification among all the other constraint
qualifications ensuring that the KKT conditions are first-order necessary conditions
for efficiency, that is at a local (global) efficient solution there exist Lagrange multipli-
ers such that the standard KKT necessary conditions hold. This has been proved for
the vectorial case of mathematical programming with vanishing constraints in Theo-
rem 6.2 of [78]. In this work, we study the robust first-order necessary and sufficient
optimality conditions based on the concept of robust strong stationary points in vector
optimization problems under uncertain data. Further, we construct a robust auxiliary
linearized vector problem using a linearization approach and investigate the relation
between the problems under consideration. This chapter is organized by introducing
first the essential notations that will be useful throughout the chapter in Section 4.1.
Then Section 4.2 explores the linearization approach that could be utilized to describe
and solve the considered problem. Sections 4.3 and 4.4 establish the robust first-order
stationarity type necessary and sufficient optimality conditions respectively. Finally,

two numerical examples are introduced in Section 4.5 to illustrate our basic results.
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4.1 Preliminaries

Let x € R™ and take into account the following vector optimization problem involving

conditions with uncertain data and vanishing constraints:

min F(2) = (A(e), fol@), - fi()) (VP)
Subject to  g;(z,v;) =0, jeJ={1,2,...,m},
hi(z,w;) =0, iel={1,2,..,r}

GP("E)HP(‘T) é 07 b € P = {1727 “'7q}7

Where the functions f, : R - R, t € T'={1,...,k}, H,,G, :R" - R, pe P =
{1,2,...,q} are continuously differentiable functions. The inequality and equality con-
straint functions g;,h; : R" xR* = R, j e J={1,2,..,m}andie [ ={1,2,...,r}
are continuously differentiable functions and confined with uncertain parameters
v; € V; CR® and w; € W; C R?, respectively. The subsets V; and W, of R® are called

the uncertainty sets which are assumed to be convex and compact.

Due to the uncertainty in constraint functions, we utilize the robust approach to

considering the worst-cases of constraints and formulate the following robust counter-
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part of the problem (VP):

min  F(x) = <f1($),f2($)aafk(x)>

PISING

[IA

Subject to  g;(z,v;)

0, Yo,€V; j=1,2..m,

hl(az,wl) = 0, sz € Wi, 1= 1,2,

The following set can define all the feasible solutions to the problem (RVP):

Q={xeR": gj(x,v;) 20, Yv;eV;, j=1..,m,

hz(m,w,) =0, Yw,eW;, i=1,..r,

Any feasible solution for the problem (RVP) is a robust feasible solution for (VP).

The concepts of efficiency and weak efficiency in solving the considered problems

are important tools to determine the optimal solutions in vector optimization.

feasible solution z* € @ is called an efficient [a weakly efficient] solution to (RVP) or

(a robust efficient [a robust weakly efficient] solution to (VP)) if there does not exist

any z € @ such that F(x) < F(z*) [F(x) < F(z"))].
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Turning to some essential tools we need to employ in studying mathematical pro-
gramming with vanishing constraints, we define specific index sets for any feasible
solution z* € (). The following index sets concern the indices related to the sign of

function H), at the point z*.

T (z")={pe P:Hy(z") > 0},

YTo(z*) ={pe P: Hy(z") = 0}.

Further, the following index subsets of both T, (z*) and Y((z*), are related to the

signs of the functions H, and G, for p = 1,2, ..., ¢ simultaneously.

T o(z*)={p€ P: Hy(z") >0,G,(z") =0},

T, (z")={p€ P:Hy(z") >0,G,(z") <0},

Too(z") ={p € P: Hy(z"*) =0,G,(z") = 0},

Tor(z") ={p€ P: Hy(z") =0,G,(z") > 0},

YTo_(z*)={p€ P: Hy(z") =0,G,(z") < 0}.

Let 2 € R™ be any subset in R”. Then, the notations span €2 and conv () are
denoted the linear hull and convex hull of €2, while cone 2 and convex ) stand for

cone and convex cone generated by {2 that containing the origin, respectively. Further,
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For any subsets {2; and €2, in R™, we have
span (21 U Q) = span (1) + span (), (4.1)

convex (21 U ) = convex (£21) + convex (§22), (4.2)

The positive dual cone of Q@ € R™ is defined by Q* = {a € R" : (a,b) = 0, Vb € Q}.
Similarly, both negative ° and strictly negative ° polar cones of 2 € R™ can be

defined as follows:

0° = {a € R": {a,b) <0, Vb € Q).
Q° ={aeR": {(a,b) <0, Vbe Q—{0}}.

The perpendicular complement of €2 is defined by
QF ={aeR": (a,b) =0, Vb € Q}.

Next, we recall some useful Lemmas that will be used in the proofs later.

Lemma 4.1 [89] Consider the non-empty convex subsets S; of R™ for some i and
let S = convem(USi) Then any non-zero element in S is expressed as a non-
negative linear combination of elements of different S; in which the multipliers are all

non-negative.

Lemma 4.2 [77] Let M, N, and Z be arbitrary finite index sets. consider the map-
pings
VYm M —R", v, N—=>R" ~,:2Z—=R"
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Assume that the set conv {Vn, : m € M} + convex {v, :n € N} + span {v. : z € Z}

is closed. Then the next statements are equivalent

(1) The system

(Ym,y) <0, me M, M #0.
(yn,y) =0, ne€N.

(V.,y) =0, z€Z.

\

has no solution y € R".

(i1) 0 € conv {7V : m € M} + convex {7, :n € N} + span {~, : z € Z}.

4.2 Linearization Approach for (RVP)

One way of solving such problems is by using the linearization approach which can

be described as the following:

Take Z € @) to be an arbitrary solution of (RVP). Then we constructed its robust

auxiliary vector problem as follows:

min  L(z) = ( F@) +(@—2) IV f1(Z), ooy fol @)+ (2—7)TV fk(:z)> (RVP(z))

zeR™

Subject to  g;(Z,v;) + (v — )TV, g;(F,v;) £0, Yo; €V}, 1=1,2,....m,
hz(f,wl) + (ZL’ - f)Tvx hz(f,wl) = 0, le € Wi, 1= ].,2, Ty
Hp('f)+(x_j)Tva(j> 207 b= 1a27"'7q7
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Gp(T)Hy(Z) + (x — J_J)TG/p@)v}Ip(i’)

+(x—2)'VG(2)H,(7) £0, p=1,2,...,q.

Clearly, L(z) is a convex function as it is a vector linear function in which each
component is a linear function. Denote the feasible set consisting of elements satisfying

all the above constraints of the problem (RVP(z)) by Q(z) which is defined by

Q(z) ={r e R": ¢;(Z,v)) + (x —1)'V, g;(T,v;) £0, Yo, €V}, j=1,...,m,
hi(Z,w;) + (v — 2)'V, hi(Z,w;) =0, Yw; € Wy, i =1,...,7,
H,(%)+ (r —2)'VH,(2) 20, p=1,2,..,4q,
Gp(T)Hy(T) + (v — 7)" Gp(7)VHy(7)

+(x—2)'VG(2)H,(Z) £0, p=1,2,...,q}.
The concepts of efficiency for the above vector linear (convex) programming prob-
lem can be presented in the coming definitions:
Definition 4.1 Take z* to be a feasible solution to the problem (RVP(z)). Then

1. A feasible solution x* is considered to be a local weakly efficient solution to the
problem (RVP(z)) if there is a neighborhood N C R™ such that there does not

exist any x € Q(z) NN satisfying L(x) < L(z*). That is

[i(@) + (x —2)'VE) < fi(®) + (2" —2)'V (), VteT ={1,....k}.
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This is equivalent to

(x—2)'Vf@) < (- 2)'Vfi(z), Vvt e T ={1,.. .k}

It is called a weakly efficient solution to the problem (RVP(z)) if N=R".

2. A feasible solution x* is considered to be a local efficient solution to the problem
(RVP(z)) if there is a neighborhood N C R™ such that there does not exist any

x € Q(z) NN satisfying L(x) < L(z*). That is

(@) + (2 —2)'Vf@E) £ f(2) + (@ —2)' Vi), vteT={1,..,k},

(@) + (x —2)'V (7)< f:(2) + (2" — 7)YV [(Z), for somet € Twitht #t.

This is equivalent to

(x—2)'Vf(z) L (- 2)'Vfi(z), Vi€ T={1,.. k},

(x —2)'Vf:(7) < (a* — 2)'V f3(7), for some t € Twith t # t.
It is called an efficient solution to the problem (RVP(z)) if N =R".

The next theorem is a generalization form of Theorem 3.4.3 in [11] to the vector case

which will be useful subsequently.

Theorem 4.1 Let v : R* — R* be a differentiable convex vector-valued function.

Consider a minimization problem of v(x) = (y1(x), ..., vk(x)) subject to v € X where
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X is a nonempty convex subset of R™. The solution y € X is a weakly efficient solution

to the problem if and only if the following fulfills:

VAy(y)(x—y) 20, VreX

Next, we present the relation between the problem (RVP) and its robust linearized

form (RVP(Z)) around the feasible point z € Q.

Proposition 4.1 Consider = € Q to be a feasible solution to the problem (RVP).
Suppose that the functions g;(-,v;),v; € V;, j =1,...,m and h;(-,w;),w; € W;, i =
1,...,7 are convex functions confined with uncertain parameters v; € V; and w; € W;
respectively. Moreover, suppose that the functions —Hy(-), Gp(-) and G,(-)Hy(-), p =
1,...,q are also convex functions on R"™. Then, each feasible solution y € @) of the

problem (RVP) is a feasible solution of the problem (RVP(z)). That is

yeQ=yecQ@), 1€Q

Proof. First, consider the problem (RVP) and take z € () be an arbitrary feasible
solution in (RVP). Now, take y € @ C R" to be any feasible solution to the problem
(RVP). Due to the assumption that g;(-,v;), hi(-,w;), —Hp(-), Gp(-) and G,(-)H,(+)
with uncertain parameters v; € V;, j=1,...,mand w; e W;, 1 =1,...,r, p=1,...,q

are all convex functions on R", the following inequalities are satisfied.

9i(y,v5) 2 g;(T,v;) + (y — )"V, g;(Z,05), Yv; €V;, j=1,..,m,
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hi(y, wi) = hi(z,w;) + (y — 2)T'V, hi(Z,w;), Yw; € Wi, i=1,...,7,

—Hy(y) 2 —Hy(7) — (y — 2)' VH,(7), p=1,...4q

Gy(y)Hp(y) 2 Gp@)Hp(j:)+(y_a_c)TGp(E)VHP(@+(y_f>TVGp<f>Hp<f)a p=1..q

Since y € @ is a feasible solution of (RVP), then we have

gi(y,v;) £0, Y, eV, j=1,...,m,

hi(y,w;) =0 = hi(y,w;) =<0 and — hi(y,w;) £ 0, Yw; € Wy, i =1,...,1,

Thus, we get

gj(.f,vj) + (y - is)TVy gj(:i,vj) § 0, ij S V}', ] = 1, ceey M,

hl(i,wz) + (y — f)Tvy hl(i,wl) = 0, le € Wi, 1= 1, Ty
Hy(7) + (y =)' VHy(7) 20,  p=1,....q,
Gp(Z)Hy (%) + (y — 7)) Go(2)VH,(Z) + (y — 7) " VG, (2)Hy(2) £ 0, p=1,...,q.

This yields that y is also a feasible solution to the problem (RVP(Z)). Hence y € Q(Z),

and the proof is completed.
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Now, we show that the (local) weak efficiency of the point Z in the problem
(RVP(z)) leads to the same (local) weak efficiency of Z in the considered robust vector

optimization problem with vanishing constraints (RVP).

Theorem 4.2 Consider T € Q to be a weakly efficient solution to the problem
(RVP(z)). Suppose that the functions fi(-),t = 1,..,k,g;(-,v5),v; € V;, j =
L,m, hi(c,w),w; € Wy, i =1,...,r, —Hp(+), Gp(+) and G,(-)Hy(-), p = 1,...,q are
all convex functions on R™ where v; € V; and w; € W; are uncertain parameters.

Hence, T is also a weakly efficient solution to the (RVP) problem.

Proof. Take z € @) to be a weakly efficient solution to the problem (RVP(z)). Then,

by the definition, there is no x € Q(z) fulfilling that

fi(Z) + (2 —2)'Vf(Z) < fi(@) + (T —2)' V), Yt €T ={1,...,k}.

Which is equivalent to

(x—2)'Vf(z) <0, YteT=1{1,..,k}.

Now as the functions g;(-,v;), hi(-, w;), —Hp(+), Gp(-) and G,(-)H,(-) are convex func-
tions on R™ Then by Proposition 4.1, each feasible solution in () of the problem
(RVP) is a feasible solution in Q(z) of the problem (RVP(Z)). Thus, we can deduce

that there is no feasible solution z € () such that

(x—2)'Vf(z) <0, VteT={1,...k}. (4.3)
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To prove our result, on the other hand, suppose by contradiction that z is not a weakly
efficient solution to the problem (RVP). Hence, there is a feasible point € @ such
that

filz) < fi(z), Yt e T ={1,...,k}. (4.4)

By assumption, the functions f;(-) are convex on R™ for all t = 1,..., k. This implies

that for x € Q C R", the following is fulfilled

Fi@) 2 i(3) + (2 —B)VL@E), VieT={1,..k} (4.5)

By utilizing relation (4.4) in (4.5), we yield

fi(Z) > fu(@) + (x —2)'Vfi(z), VteT=1{1,..,k}.

Hence, from the above inequality, we deduce that there is a feasible solution = € @)
such that

(x —2)'Vf(z) <0, VteT=1{1,...k}. (4.6)

Clearly, relation (4.6) contradicts (4.3). Thus, we deduce that = is a weakly efficient

solution to the problem (RVP). |

Remark 9 A similar outcome to the above theorem could be gained to the efficient

solution case of the point x in the same way.

The next theorem shows that in general under some generalized convexity hypothesis
on the objective function, any weakly efficient solution to the problem (RVP(z)) is
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also a weakly efficient solution to the problem (RVP).

Theorem 4.3 Consider T € Q) to be a feasible point in the problem (RVP). Assume
that the vector-valued function F is a pseudoconvex function. If T is a weakly efficient

solution to the problem (RVP(z)), then T is also a weakly efficient solution to the

problem (RVP).

Proof. Consider Z € @ to be a feasible solution to the problem (RVP) assuming
that 7 is a weakly efficient solution to the problem (RVP(Z)). Proceeding the proof
with a contradiction, assume that Z is not a weakly efficient solution to the problem
(RVP), hence, there is another feasible solution = € @ such that F(z) < F(Z). Since

F'is a pseudoconvex function, then we get
VF()(x—2) <0 (4.7)
Further, the function L is a convex vector function satisfying the following
VIL(z) = (Vfl(gj"), ...,ka(a?)> — VF(7)
Thus the inequality (4.7) yields
VL(Z)(x—x) <0

By Theorem 4.1, we obtain that Z is not a weakly efficient solution to the problem

(RVP(z)), and hence, the assumption is contradicted. This completes the proof. |
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4.3 Robust First-Order Stationarity Type Neces-
sary Optimality Conditions

This section is dedicated to extending the definition of strong stationary points
introduced by Achtziger and Kanzow [2], and Hoheisel and Kanzow ([51], [52]) for the
differentiable scalar mathematical programming problem with vanishing constraints
with regard to the vector optimization problems with vanishing constraints under
uncertainty. It has been shown in ([2], [51]) that the standard KKT conditions of an
optimization problem with vanishing constraints are equivalent to strong-stationary
conditions, and hence strong stationarity is a necessary optimality condition under
all constraint qualifications that imply a special type of constraint condition say the

Guignard constraint qualification, for more details, consult ([52], [53]).

Now, motivated by the strong-stationarity notion defined in the above references,
we first consider our problem(RVP) and introduce the concepts of strong-stationarity.
Then, we apply the results to the problem (RVP(z)) that linearized around a feasible
point Z € @ of the original robust counterpart problem (RVP). This could be done in

the next definitions:

Definition 4.2 A feasible point x* € () is considered to be a robust strong-stationary
point of the problem (RVP) if and only if there exist uncertain parameters v; € V; C R®
and w; € W; C R®, and Lagrange multipliers (o, 39, 8", B, B%) € ]R’i x R™ x R" x

R? x R? satisfying that Zle ap = 1,6}? =0,p € T+(x*),ﬁf 2 0,p € Too(z*) U
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Yo (%), B85 =0,p € Ty (2%) UToy (z*) U Too(x*) U0 (2*) and S5 2 0,p € Tyo(z*)

such that

ZatVft —|—ZBQV g;(z*, v, +Zﬁhv hi(z*, w;)

- ZBHVH ) + ZBGVG ") =

p_

Definition 4.3 A feasible point * € (@) is considered to be a robust VP-strong-
stationary point of the problem (RVP) if and only if there exist uncertain parameters
v; € V; C R and w; € W; C R®, and Lagrange multipliers (o, 39, 8", 31, 3%) €
RE x R™ x R™ x R? x RY satisfying that Zle o = l,ﬁf =0,p € T+(x*),ﬁf >
0,p € Too(z*) UTo_(2*), By = 0,p € Ty (%) U Yoy (2*) UTo(2*) and G5 2 0,p €

Tio(x*) U Yoo(z*) such that
ZatVft —|—ZBQV g;(z*, v, +ZﬁhV hi(z*, w;)
- ZﬁHVH ) + ZﬁGVG ") =
Note that the difference between the above concepts of robust strong-stationarity

is related to the multipliers with indices related to the index set YToo(z*).

Remark 10 In case our considered problem is constructed without uncertainty and
characterized by an infinite number of inequality constraints, then the problem matches

the differentiable semi-infinite multi-objective programming problems involving vanish-

ing constraints established in 2022 by Tung [101] and Antczak [9].
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To establish the first-order stationarity necessary optimality conditions for the
problem (RVP), we need first to introduce a robust suitable constraint qualification.
The Abadie constraint qualification defined in [2] for the scalar case of mathematical
programming with vanishing constraints is based on the relation between two signif-
icant cones: the standard tangent cone (see, e.g., [28], [89]) and the linearized cone
introduced in [2]. For a feasible point z* € @, the standard tangent cone to the

feasible set @ of (RVP) at z* is defined as follows:

T(Q;x")

{TGR":EI{xn}QQ,{an}io:xn%x*,xn_x —>7'}
o

n

:{TGR”:EITn—>T,Jn¢O:.CE*+JnTnEQ, VYn e Zt }

The linearized cone and its modification, the VP-linearized cone, were introduced
by Achtziger and Kanzow in [2] for the scalar objective optimization problems and
in [78] for the multiobjective optimization problems with vanishing constraints. The
robust representation of these cones at a feasible point of our problem (RVP) confined
with uncertain parameters v; € V;, 7 =1,...,mand w; € W;, i = 1, ..., 7 can be shown

below:
Definition 4.4 Let z* € Q. Then

(1) The linearized cone to the set Q) of (RVP) at z* € Q is denoted by L(Q;z*) and

defined as follows
L(@a") = {7 € R" (Vagy(a",0),7) 0, Vo € Vj, j € J(a'),
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(Vihi(z® w;), 7) =0, Yw, e Wy, i =1,...,r,
(VHy(2"),7) =0, Vp € Toi(z),
(VHy(z"),7) 20, Vpe YToo(z")UTo_(z"),

(VG,(2*),7) £0, Wpe T+0(:r*)}.

Where J(z*) = {j eJ=A{L..m}:g;(a*v) =0, Vo, €V, j= 1,...,m} is

the index set of all active constraints g;(xz*,v;), Yv; € V;, 7 =1,...,m.

(i) The RVP-linearized cone to the set @ of (RVP) at x* € @ is denoted by

Leyvp(Q;x*) and defined as follows

Lryvp(Q;a") = {T € R" «(Vug;(2",v5),7) =0, Vu; €V}, j € J("),
(Vihi(x® w;), 7) =0, Yw, e Wy, i =1,...,r,
(VHy(2%),7) =0, Vp € Tor(z7),
(VHy(z"),7) 20, Vpe YToo(x™)U Lo (x),

(VG (z*),7) <0, ¥p€ Tyo(z")U Too(g;*)}.

Remark 11 Utilizing the concepts of the negative polar cone, strictly negative polar
cone, and the perpendicular complement of a subset () of R™, we can construct the

linearized cone L(Q; x*) and its modification, the RVP-linearized cone Lgy p(Q;x*) to

117



the set Q of (RVP) at x* € Q as follows:

L) = (U Vagtano) 0 (UTahterwn) 0 (U i)

jeJ(x*) el pEY o+
n( U (—VHp(x*))>oﬁ< 9 vc:p<x*>)°.
pEYooUYo— peY 1o

Lryp(Q;z*) = ( U V:Egj(x*,vj)>o N (LJthi(x*,wi))L N ( U VHp(x*))L

jeJ(x*) i€l pEYo+
n( U (—VHp(x*))> m( U VGp(:U*)>.
pEY 00U o pEY +oUT 00

Now, under the differentiability of the functions involved in the considered prob-
lem, we can present the robust version of the Abadie constraint qualification and its

modification, the RVP-Abadie constraint qualification along with the next definitions:

Definition 4.5 Let x* € ). Then

(1) The robust Abadie constraint qualification (ACQ) for the problem (RVP) holds

at the feasible point x* € Q) if we have

L(Q;2") = T(Q;z7).

(13) The modified robust Abadie constraint qualification (RVP-ACQ) for the problem

(RVP) holds at the feasible point x* € Q) if we have

Lrvp(Q;x") C T(Q; ).
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Note that in (i), it is sufficient to prove that L(Q;z*) C T(Q;x*) as the other
inclusion T(Q; z*) C L(Q; x*) is always satisfied. In general, T(Q; x*) is always closed
but not necessarily convex, whereas L(Q;z*) is clearly a polyhedral cone so it is

closed and convex one.

By applying the previous concepts of robust strong-stationary points, we formu-
late the robust first-order stationarity necessary optimality conditions for the prob-
lem (RVP) under the robust Abadie constraint qualification and its modification.
Throughout the next content, we refer to the index set Too(z*) by Yoo only for sim-

plicity, similarly for the other index sets.

Theorem 4.4 Consider x* € () to be a local weakly efficient solution to the problem
(RVP). Suppose that the robust Abadie constraint qualification (ACQ) holds at x* € Q
and the following set defined with uncertain parameters v; € V;,j € J(z*) and w; €

Wiiel=1,..r,

@:convex( U Vag;(z*,v;) U U (=VH,(z")) U U VGp(x*)>

jeJ(z*) PEYTooUYo— pEY 4o
+ span (vahi(x*,wi) U U VHp(x*))

iel p€Y o+

is closed. Hence, x* is a robust strong-stationary point of the problem (RVP).

Proof. Consider z* € @ to be a local weakly efficient solution to the problem (RVP).

By the definition, there exists a neighborhood N C R™ such that there does not exist
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any =z € () NN satisfying

fi(z) < fi(z™), VteT ={1,..,k}. (4.8)

First, we need to show that the following system has no solution 7 € R"™.

(V fi(z*), 1) <0, VieT ={1,..,k}.
(Vaegi(x*,v;),7) =0, Yu; €V, jeJ(a*).
(Vihi(x* w;),7) =0, Yw, € W, i =1,...,r.
(VH,(z*), 1) =0, Vp € YToy.
(V—H,(2*),7) =0, Vpe&ToUT_.

(VG,(z*), ) 20, Vp e Y.

Applying the constructions of Remark 11 to the above system, means we need to show

that the following intersections are empty.

(U Vft(x*))o N ( U ngj(l’*’vj))o N (vahi(ﬂf*awi))l N ( U va(x*))L

teT jeJ(x*) iel pEYo+

(U (—VHp(a:*))>Oﬂ( g VGp(x*))°:@.

PETooUY - PEYT 1o

That is

(UVh)) nL@e) =0

teT
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Since the robust Abadie constraint qualification (ACQ) holds at z* € Q(z), we have
L(Q;2") = T(Q; z7).

Thus, our aim now is to prove that (UteT Vft(x*))o NT(Q;z*) = 0. To illustrate
this, suppose to get a contradiction that there exists a vector 7 € <UteT \Y ft(x*)>6 N
T(Q;x*). As we have T € (UteT Vft(x*))o, then the strictly negative polar cone
implies that

(Vf(a),7) <0, VteT={1,.. k).

On the other hand, as 7 € T(Q; x*), there exists 7, — 7,0, | 0 such that
7+ 0,1, €Q, Vn e Z".

Now, as each function f;, Vt € T = {1, ..., k} assumed to be continuously differentiable

function at x*, then we have
filx® + onm) = fi(@®) + 0 (V fi(x¥), 1) + o(on||mal]), Yt €T ={1,....k}.

Hence, by arranging the above equality, we get

0(an||7al1)

fel@™ + onma) — fila") (Vfu(a®), 1) + e e e T (4.9)

On UTLHTnH
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Now as n — oo, this yields

o(aa|7all)
Tl Tal|

(V fi(z"), 1) + |Tnll = (Vfe(2®),7) <0 VteT. (4.10)

Therefore, (4.10) implies that for each index t € T = {1, ..., k}, there is a positive

constant n; > 0 such that

fi(@* + 0n10) = fi(z¥)

< O, Vn > ﬁt.

Put n = maxz{n, : t € T}. Hence, there exists sufficiently large constant n > n such

that the element z* + 0,7, € ) N N satisfying
fil@* +on) < fi(z®), YteT ={1,.., k}.

Which contradicts (4.8). Thus, (UtET Vft(x*))o NL(Q;z*) = 0 and the previously
mentioned system has no solution 7 € R".

Further, the set conv {{J,cr V fe(z*)} is compact and since © is closed by assumption,
then the set conv {J,cr Vfi(2*)} + © is closed. Based on Lemma 4.2, it follows

equivalently that

0 € conv vat($*) + convex ( U V.g;(x*,v5) U U (=VH,(z"))

teT jeJ(z*) PEYoUYo—

U U VGp(x*)>+spcm (Uvgchi(x*,wi) U U VHp(:p*)>.

pE€Y 4o iel p€Yo+

122



Now, applying (4.1) and (4.2) to the above statements, we get

0 € conv UVft ) + convex U V.gi(x*,v;) + span UV hi(x*, w;)

teT JjeJ(z*) iel

+ span U VH,(z") + convex U (=VHy(z")) + convex U VG,(z").

pEY o4 pEYooUTo— pEY 1o

Hence, using Lemma 4.1, there exist Lagrange multipliers («, 89, 8", 8, 3%) € Rk x
R™ x R" x R? x R? satisfying that Zle o = 1,60 = 0,p e T .8 20p €
Too U Yo ,5 =0,p€e T, UTor UTgpUTy_ and BG 0,p € Tyo as well as

uncertain parameters v; € V; € R® and w; € W; C R® such that

Zothft +ZBQV g;(z*,v5) +Zﬁhv hi(z*, w;)

- ZBHVH ) + ZﬁGVG ) =

Thus, z* is a robust strong-stationary point of the problem (RVP), and the proof is

completed. |

Theorem 4.5 Consider x* € Q) to be a local weakly efficient solution to the problem
(RVP). Assume that the modified robust Abadie constraint qualification (RVP-ACQ)
holds at * € @ and the following set defined with uncertain parameters v; € V;,j €
J(x*) and w; e Wi,i e I =1,...,,

@zconvem( U Vagi(z*,v;) U U (=VH,(z")) U U VGP<I*)>

jeJ(x*) pEYooUY0— p€Y oUY 00

+ span (vahi(x*,wi) U U VHp(:c*))

il pEYo+
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is closed. Then x* is a robust VP-strong-stationary point of the problem (RVP).
Proof. Similarly to the argument of the Theorem 4.4. |

Remark 12 In case the neighborhood N C R"™ in the previous theorems coincides with
the whole space R", that is N = R™, then we get the weakly efficient solution to the

problem (RVP).

By the equivalence between the standard KK'T necessary optimality conditions
and the strong-stationarity necessary optimality conditions ([2], [51], [78]), we gener-
alize our results of the robust first-order stationarity necessary optimality conditions
for a robust weakly efficient (efficient) solution of the problem (RVP) under the mod-
ified robust Abadie constraint qualification (RVP-ACQ) to the robust standard KKT

necessary optimality conditions as following.

Theorem 4.6 Let z* € Q be a weakly efficient solution to the problem (RVP). Assume
that the modified robust Abadie constraint qualification (RVP-ACQ) is satisfied at

x* € Q and the following set

@zconuex( U V.g;(x*,v;) U U (=VHy(z")) U U VGp(x*))

JEJ(z*) p€Y 00U o pEY +0UY 00
+ span (U Vhi(z*, w;) U U VHp(x*)>
i€l pEYo4

is closed where v; € V;,j € J(z*) and w; € Wi, i € I = 1,...,r are uncertain pa-

rameters. Then the existence of Lagrange multipliers o € R’i,ﬁg € R™ B" ¢ R" and
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B B% € RY is quaranteed such that the next conditions

ZatVft ~|—259V gi(z*,v;) +Zﬁhv hi(z*, w;)

—~ Z BUNV H,(2%) + Z BIVG,(z*) = (4.11)
a >0, Zozt =1, §92>0, (4.12)
Bg;(x*,v;) =0, Yv; €V}, j € J(7), (4.13)
Brhy(x* w;) =0, Yw; € Wi, i =1,....7, (4.14)
B Hy(2*) =0, ¥p=1,....q, (4.15)
BYGy(x*) =0, Vp=1,...,q, (4.16)

5;1 = O>p € T_,.(Jf*),ﬁf 2 Oap € T00<x*) U TO—(-CE*)aﬁ;I free, D€ T0+($*),

(4.17)

ﬁf = O,p S T+,(I‘*) U T0+(I*) U TO,(JI*),BPG Z O,p € T+0(I*) U TOO(I*),

(4.18)

are fulfilled.

4.4 Robust First-Order Stationarity Type Suffi-

cient Optimality Conditions

In this section, based on some generalized convexity concepts, we present robust

first-order sufficient optimality conditions for our considered vector optimization
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problem (RVP) based on robust strong stationarity. In the literature, it is known
that in usual nonlinear programming, both strong-stationarity and M-stationarity
[52] are first-order necessary optimality conditions. As these concepts are equivalent
to the concept of KKT necessary conditions subject to some constraint qualifications,
the KKT conditions of the problem, which is assumed to be formulated under
convexity, are also sufficient optimality conditions. However, in our problem, this is
not satisfied in general as mentioned before, the product constraint does not hold to
be convex in general. Here, assuming that the constraint functions g;, h;, H,, G, for
j=1,...m,i=1,...,r,and p = 1,...,q are employed with some certain generalized
convexity, we show that strong stationarity is also sufficient optimality conditions for

our considered problem (RVP).

To achieve our aim, we need to set other important tools to study and analyze
robust vector optimization problems with vanishing constraints are the next index
sets related to the multipliers involved in constraint function conditions for a given

feasible solution to the robust problem (RVP).

Let 2* € Q and (39, 8", 8%, 3%) € R™ x R" x R? x RY. Consider the index set
I(z*) defined as I(z*) = {i € [ = {1,...,r} : hy(a*,w;) =0, Yw; € W, i =1,...,1}
and the previously indicated index set J(x*) of all active constraints g;(z*,v;), Yv; €
Vi, j=1,...,m. Then we have

Jy (@) ={j € J(x"): ] > 0},

g
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Li(a*) = {ie I(x") : B} > 0}, I (a%) = {i € I(z") : B < O},
TH@) = {p e Yo(a®) : B > 0},

T (z*) ={p € To(a*): 81 >0}, Tq(z*) = {p € To(z*) : B <0},
T3 (") = {p € Tor(2") : B, > 0}, Y5, (2") = {p € Tou(z") : B, <0},
Tio(x") = {p € Too(a") : B, > 0}, Tgp(z") = {p € Too(a") : B, < 0},
T§ (z%) ={p € To_(z*) : B > 0},

Tio(z") = {p € Tio(a") : B > 0}, Tio(a") = {p € Tuo(z") : 57 < 0},

YT (¢") ={peTi_(«): B >0},
T (") = {p € Tos(z") : By > 0}, T, (a") = {p € Tou(27) : 57 < 0},
Too(a®) = {p € Too(a") : B > 0}, Toa”) = {p € Too(a") : B < 0},

T (2%) = {p € To_(a") : B9 > 0},

Hence, utilizing some generalized convexity, we introduce the robust first-order suffi-
cient optimality conditions for a robust strong-stationary point to be a weakly efficient

solution (efficient solution) to the problem (RVP) in the next theorems.

Theorem 4.7 Consider x* € Q) to be a robust strong-stationary point of the problem

(RVP) and assume that the index set Yo, = (). Further, suppose that the following
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functions

gj('uvj)avj € ‘/}7 ] € J(CC*),
hi(-,wi),wi € Wi, Z € I}T([II*), — hz(,wl),wl € VVZ', Z € I}:(Qf*),
—H,(-),p € Ty (x") UTG(a") UTG (%), Gp(-),p € Tio(a"),

are all quasiconvex at x*. If the functions fi(-),Vt € T are pseudoconver at x*, then

the point x* is a weakly efficient solution to the (RVP) problem.

Proof. Consider z* to be a robust strong-stationary point of the problem (RVP).
Then there exist uncertain parameters v; € V; and w; € W;, as well as Lagrange
multipliers (a, 89, 8", BH, 3%) € RE x R™ x R" x RY x R? such that Zle ap =1, 6;{ =
0,p € To(a%), 8 =2 0,p € Too(a*) U To_(z%),85 = 0,p € T_(2") U Toy(z*) U

Too(x*) U To_(a*), 85 2 0,p € Tio(2*) and the following holds

k m r
> Vi) + > BIVL gilat v) + > BV, hi(at,w;)
t=1 j=1 i=1

N BHIVH, (%) + 3 BEVG, () = 0. (4.19)
p=1 p=1

Take any feasible point x € (). Then by the feasibility condition, we have that for
any uncertain parameter v; € V;, g;(z,v;) < 0 = g;(z*,v;) for each j € J(z*). Since

gi(+,vj),v; € V;, j € J(x*) is quasiconvex at z*, it yields that

(Vg gj(a™,vj),x—2") 20, Yo, €V}, je J(x).

128



Multiply the above inequality by Bj-’ € R™ and take the summation over j =1, ..., m,

we get the following inequality for each v; € V;, j =1,...,m.

m

<Zﬁ§vx gi(x",v;), x — ac*> <0. (4.20)

j=1
Now, as x, z* € @ are feasible points to the problem (RVP), then for w; € W; we have
hi(z,w;) = hi(z*,w;) =0, Vi = 1,...,r. This gives

hi(z,w;) < hi(x*,w;), Vi € LI (z*).

—hi(r,w;) £ —hi(z",w;), Vi € I, (z¥).

By assumption, both functions h;(-, w;) and —h;(-, w;) are quasiconvex at x*. Hence,
we get

(Vo hi(z* w;),x — 2*) £ 0, Yw; € Wy, i € I, (z%).
(=Vy hi(z", w;),x —2%) £ 0, Yw; € Wy, i € I, (z¥).

Since B > 0 for i € I,} (z*) and B < 0 for i € I, (x*), we get next unified result
<Zﬁfvx hi(z*,w;), x — x*> <0, Vw,eW;, i=1,..,r. (4.21)
i=1

On the other hand, by the feasibility of the point z € @, one has H,(z) = 0,Vp =
1,...,q which implies that —H,(z) < 0,Vp = 1,...,q. Therefore, by the definitions

of the index sets T{, (z*), T{y(z*) and Yi_(z*) where H,(z*) = 0 and all related
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multipliers Bf > ( are positive, the following inequality still hold.
—H,(z) = —H,(z"), Vp € Tg,(z")UT(z") UTg_(a),

Thus, the quasiconvexity of the function —H,(+), p € T¢, (z*) U Tio(z*) U T{_(z)

implies that
(=VH,(z*),z —2*) £0, Vp € T§ (") U T (z*) UT (z¥). (4.22)
From (4.19), it is obvious that for all z € @) we have
k m r
< ZatVft(x*), x — x*> = —< Zﬁ;‘.’vz gi(x*,vj) + Zﬁf‘vx hi(z*, w;)
=1 j=1 i=1
. Z BN H, (") + Z BOVG,(z"), a:> (4.23)
Since Y, = 0 and the relations (4.20) - (4.22) are satisfied, then Vz € @, it yields

k m r
<ZatVft(x*),x — x*> = —< Zﬁfvx gi(x*,v;) + Zﬁfvx hi(z*, w;)
=1 =1 i=1

- > BIVH,() + ZﬁGVG ),z :r*> > 0. (4.24)

PEYG (@)

Where Yo't (2%) = T, (2%) U Yoo (2*) U T (z¥).
Now, seeking a contrary, suppose that the point z* is not a weakly efficient solution

to the problem (RVP). Hence, there exists another feasible point y € ) such that
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F(y) < F(z*), that is
fily) < fi(z"), Vt e T ={1, ..., k}.
As assumed, each function f;(-),Vt € T is a pseudoconvex function at z*, this implies
(Vfi(z"),y—2") <0, VteT.

The existence of Lagrange multipliers o = (o, ..., o) € R with Zle a; = 1 gurant-

ess that the following strict inequality hold.

<zk: a;Vfi(z*),y — x*> < 0.
t=1

The above result contradicts (4.24). Therefore, z* is a weakly efficient solution to the

problem (RVP). |

Theorem 4.8 Consider x* € () to be a robust strong-stationary point of the problem

(RVP) and assume that the set Yo, = (). Further, suppose that the following functions
gj('ﬁ“i)?”]’ € V;E J € J(a:*)’

hi(-,wi),wi € VVZ', 7 € [;:_(LIZ'*), — hl(,wl),wl € VVi, Z € [}:(x*),
—H,(-),p € Tg, (a") U T (x") UTG_(2%), Gp(-),p € Tip(a).

are all quasiconvexr at x*. If the functions f;(-),Vt € T are strictly pseudoconvex at
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x*, then the point x* is an efficient solution to the problem (RVP).
Proof. Following the same procedure of demonstration of Theorem 4.7, we get the
next inequality with Yo' (2*) = T, (2%) U Tio(z*) U T (z*).
k m r
< ZatVft(:c*), x — a:**> = —< Zﬁfvx gj(x”,vj) + Zﬁf‘vx hi(x*, w;)
t=1 j=1 i=1

- Z 55VHP(3:*) + iﬁfVGp(:r;*),x - :c*> = 0. (4.25)
p=1

peT Tt (a*)

Now assume to the contrary that the point * is not an efficient solution to the problem

(RVP). Hence, there exists a feasible point y € @ such that F(y) < F(x*), that is

fely) = fulz®), Vte T =A{1,..., k},

fio(y) < fi,(z¥), for some ty € T with ¢y # t.

By assumption, the functions f;(-),Vt € T are strictly pseudoconvex functions at x*.
Thus we get

(Vfi(z"),y—2x") <0, VteT.

This implies together with Lagrange multipliers oy = 0, ¢t € T with Zle a; = 1 that

the following strict inequality fulfills.

<io¢tVft(I*),y — x*> < 0.

The above inequality contradicts (4.25) which results in that the point 2* is an efficient
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solution to the problem (RVP). |
Similar results will be derived for the case of a robust VP-strong-stationary point

of the problem (RVP) under some generalized convexity as can be seen next.

Theorem 4.9 Let z* € @ be a robust VP-strong-stationary point of the problem
(RVP) and assume that the index set Yo, = (). Further, suppose that the following
functions

9i(-vi), v € Vy, j € J(a7),
hi(,wi),w; € Wi, i € L"), — hi(-,w;),w; € Wy, i € I, (z%),
—Hy(),p € T (") UTgo(2") UTG_(27), Gyl-),p € Tio(a™) UTgo(z").
are quasiconvex functions at x*. Then we have the following cases:

(1) If the functions f,(-),¥t € T are pseudoconvex at x*, then the point x* is a weakly

efficient solution to the problem (RVP).

(i7) If the functions fi(-),¥t € T are strictly pseudoconvex at x*, then the point x*

is an efficient solution to the problem (RVP).

Proof. The proof is analogous to those of Theorem 4.7 and Theorem 4.8. |

Turning now to some applications of the robust strong-stationary points for our
considered problem (RVP), we establish the equivalence relation between the weakly
efficient solutions of both optimization problems, the vector optimization problem

(RVP) and its robust auxiliary form (RVP(Z)) where = € Q.
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Theorem 4.10 Let Z € @ be a robust strong-stationarity point in the problem (RVP).

Suppose that the index set Y5, (Z) = {p € To+(Z) : B} <0} = 0. Then the point T is

a weakly efficient solution to the problem (RVP(x)).

Proof. Assume that T € ) be a robust strong-stationarity point in the problem

(RVP). By contradiction, suppose that = is not a weakly efficient solution to the

problem (RVP(Z)). Hence, there is another feasible solution x € Q(Z) such that

fi(Z) + (2 —2)'V f(Z) < f(Z2) + (- 2)'V (), VE=1, ...

That is

(x—2)'Vfi(z) <0, Vt=1,.., k.

k.

Multiply the above inequality by oy = 0,¢t = 1, ..., k with Zle a; = 1 and take the

summation over t = 1, ..., k, we get the following inequality
k
(-2 aVfi(x) <0, V=1, k
t=1
Furthermore, by the feasibility of the point z € Q(Z), we have

9;(Z,v)) + (x — 2)'V, g;(Z,v;) £0, Yo, €V}, j=1,...

hi(z,w;) + (x — 2)'V, hi(z,w;) =0, Yw; €W;, i=1,...

H,(7)+ (x —2)'VH,(z) =0, p=1,..,q
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Gp(T)Hy(7) + (2 —2) ' Gp(Z)VH,(Z) + (2 —2) ' VG,(2)Hy(Z) £0, p=1,...,q. (4.30)

Multiply the inequality (4.27) by 8/ = 0,7 = 1,...,m. By considering (4.13) and

taking the summation over j = 1,...,m. This gives

(w—2)"> BIV. gi(T,0;) S0, Yoy €V5, j=1,...,m. (4.31)

j=1

Now, multiply (4.28) by 8" € R,i = 1,...,r and use (4.14). Then, take the summation

over 1 =1,...,7. we get

(x—2)"> BV, hi(Z,0;) =0, Vw; € Wi, i=1,..r (4.32)

i=1

Since Yy, (z) = 0, we can multiply (4.29) by 82 = 0,p = 1,...,¢, and then consider

the relation (4.15). By taking the summation over p = 1, ..., ¢, It will yield

—(@—2)") BIVH,(T) 20, Vp=1,..,q. (4.33)

p=1

Similarly, by multiplying (4.30) by 87 = 0,p =1, ..., q and considering (4.15), we get

the following result

(x — 2)"G,(2)BIVH,(2) S0, p=1,...q. (4.34)
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We claim that (4.34) holds and can be written as follows

—(z—2)" Y BIVH, ()0, p=1,...q. (4.35)

p=1
In fact, we consider three cases to get this result:

(i) If G,(2) =0, p € Yoo(x) U Y 0(x). Then (4.34) is trivial and one has

-2 ) BIVH,(z)=0.

pEY 00 (E)UTJrO ({E)

(i1) If Gp(z) <0, p € Yo_(T) UY;1_(z). Then (4.34) holds and one has

—(z—x)7 > BEVH,(z) < 0.

pEYo—(Z)UY 4+ _(T)

(13i) If G,(z) >0, p € Topr(Z). Then (4.34) implies that

(@—z)" > BIVH,(z)Z0.

pEYT0+(Z)

By combining the above inequality together with the inequality (4.33), we get

the following equality

(w—2)" Y BIVH,(Z)=0, pe Yo, ().
pEY04(Z)
This proves the fulfillment of the inequality (4.35) for all p =1,...,q.

Now, following the same procedure in the previous steps, we multiply (4.30) by ﬁpG >0
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for p=1,...,q, and consider (4.16), we get the next result
(z — 2)"Hy(2)BSVG,(2) 0, p=1,...,q. (4.36)
We also claim that (4.36) is satisfied and can be written as follows
q
(@—2)"> BIVG, ()20, p=1,...q. (4.37)
p=1

Indeed, the above result (4.37) can be illustrated in two cases as follows:

(i) If Hy(z) =0, p € Yoo(Z) U Yo+ (Z) U Yo_(Z). Then (4.36) is clear and we have

(z—2)" > BOVG, (%) = 0.

pEY00 (STE)UT(H_ (f)UTo_ (i‘)

(i1) If Hy(z) >0, p€ YT40(Z) UY,_(Z). Then (4.36) holds and we have

(z — )" > BEVG,(z) < 0.

PEY 10(T)UYT - (7)
Hence, the fulfillment of the inequality (4.37) holds for all p =1, ..., q.

To finish the proof, combine the results (4.26), (4.31), (4.32), (4.35) and (4.37). Then,
we get
k m r
(@—=2)" | Y aVAE) + D BV gi(T,0) + D> BV, hi(E, w;)
t=1 j=1 i=1
q q
=) BIVH,(z)+ ) BIVG,(x)| <0.
p=1 p=1
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This is a contradiction to the assumption that x € () is a robust strong-stationarity

point in the problem (RVP). This completes the proof. |

Corollary 1 Let & € Q be a weakly efficient solution to the problem (RVP) satisfying
all the hypotheses of the Theorem 4.4. Suppose that Yy, (Z) = 0. Then Z is a weakly

efficient solution to the problem (RVP(Z)).

4.5 Numerical Examples

This section is dedicated to illustrating the results of this chapter in the following two

examples.

Example 5 Consider the next programming of a robust vector optimization problem

involving vanishing constraints under uncertain data.

min  F(z) = (295% + 23, 23 + 31 + 1> (RVP)

r€ER2

SUbj@Ct to gl(x,U1> = — U122 é Ou vy € ‘/1 = [172]7
92(%02) = Uz(ﬂl?% — Iz) <0, vy € Vo = [172];
Hi(x)=1—29 20,

Gi(z)H (z) = —x1(1 — 29) = 0.

Then, we have k = 2 where fi(x) = 2z3+a3, folx) = 23+3x1+1 withx = (21, 22) € R?

are continuously differentiable functions. The constraints functions g1 and go are
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affected with uncertain parameters vi,vy € [1,2] respectively. The set of feasible

solutions to the problem (RVP) is defined by
Q={rcR*:2,=0,122,20}U{x €R?: 2y > 0,09 2 22,1 2 25 > 0}.
Take the feasible point x* = (0,0) € Q. Then clearly we have
T(Q: ) = T(Q; (0,0)) = {x — (z1,22) ER? 11 2 0,20 2 o}.

Note that J(xz*) = {1,2} and Yo = {1} while Too = Yoy = Lo =L, = 0.

0 0
ngl(x*ﬂh) - { , U1 € [172]}7 Vgcgz(il?*’?&) = { , U2 € [172]}7

o 0 0
U Vmgj(x*,vj)> ={x € R?: (z1, 2) <0}U{z €R?: (21, 22) < 0}.

JjEJ(z*) —U1 —U1
= {Z‘ S R2 L —U1T2 § O} U {$ S ]R2 L —UVX9 § 0}

={r e R*: 2y, 2 0}.
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Hence, we have

Similarly, we have that L(Q; x*) = T(Q; z*).

Thus, both robust Abadie constraint qualification (ACQ) and the modified robust Abadie
constraint qualification (RVP-ACQ) for the problem (RVP) at the feasible point x* =
(0,0) are fulfilled for this example as for the index p we only have p € Yo = {1},
whereas the other related index sets are empty.

Furthermore, the following set

@:convex( U Vagj(a*,v;) U U VG”(x*)>

jeJ(z*) pEYTo4

:{x:(xl,,xg)ERQ::@zO}

is closed. We need to show that the feasible point x* = (0,0) is a robust VP-strong-

stationary point of the problem (RVP). Indeed, choose Lagrange multipliers oy = ag =

140



5,0 =p5=0, =0,87 =2 >0 with vy = vy = 1. Hence, we get

Zatv]@ +Zﬁg = 95(z", v)) ZBHVH +ZﬁGVG )

1 1 " 3
= 50,00+ 5(3,0) + 41(0, =1) + 55 (0, =1) = 5°(0, =1) + 5(=1,0) = 0.
This means that x* = (0,0) is a robust VP-strong-stationary point to (RVP). Now,
since Yo, = 0, and the functions g;(x,v;),v; € [1,2], j € J(z*) = {1,2} and G1(x)
are convex functions and hence quasiconvex functions, also the functions fi(x) and
fo(z) are conver functions and hence pseudoconvex functions. Then, the hypotheses
of Theorem 4.9 are all fulfilled, so the feasible point x* = (0,0) is a weakly efficient
solution to the problem (RVP).
Moreover, as the modified robust Abadie constraint qualification (RVP-ACQ) is satis-
fied at this weakly efficient solution x* = (0,0) to the problem (RVP) and the previously
mentioned set © is closed, we deduce from the above discussion that the existence of
Lagrange multipliers o = (g, ap) > 0 with o +ap = 1,8, 8 2 0,7 =0 and 5 2 0
with uncertain parameters vy, vy € [1,2] is guaranteed such that all the conditions of

Theorem 4.6 are satisfied.

The next example clarifies the linearization approach to solving a robust vector

optimization problem with vanishing constraints.

Example 6 First, consider a robust vector optimization problem involving vanishing

constraints as follows.
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min  F(z) = <ex2+3x1, 63””1) (RVP)

z€R2

Subject to 91(957?}1) = le% — vy 20, vy €V = [17 2]7
Go(w,v9) = Uﬂ% — vy S0, vy e Vo=1[1,2],
Hi(x)=1—1x9 20,

Gi(x)Hy(z) = —x2(1 — x9) = 0.

Then, fi(z) = ™37 fo(x) = €31 are continuously differentiable functions. The set

of feasible solutions to the above (RVP) problem is defined by
Q={r=(v1,22) ER* 0y =2, =0} U{z €R*: 1 2 25 > 0,79 = 27}

Clearly the point T = (0,0) € Q is a feasible point. Then we have

0 —U9
ngl(zi',vl) = { , U1 c [1,2]}, ngz(i’7’(]2) = { , Ug - [1,2]},

—U1 0

0
VH,(Z) =VGi(Z) = { }

—1

3 3
V(@) = { } Via(z) = { }
1 0

Now, using the linearization approach, we construct the robust auxiliary linear vector
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problem of the considered problem (RVP) as follows:

min  L(x) = (1 + 311+ 22, 1+ 31‘1) (RVP(z))

z€ER2

Subject to -y =0, v €[1,2],
— V221 § 0, vy € [1,2},

1_1‘220a

Indeed, the feasible point T = (0,0) is a robust strong-stationary point of the problem
(RVP). To show this, take Lagrange multipliers oy = ap = £ >0, f{ =1 >0, 3 =

3>0, p =0, and ﬂf:}l>0withv1:v2:1. Then we get

1
ZatVft +ZBV 9;(z,v;) Z,B VH,(T)+ > BIVG,()

p=1

= 5(3, 1)+ 5(3,0) + }l(o, —1) 4+ 3(=1,0) — B{(0,—1) + i(o, —1) = (0,0).

This clarifies that & = (0,0) is a robust strong-stationary point to the problem (RVP).
In addition, we have Yo, =0, thus by Theorem 4.10, the point T is a weakly efficient
solution to the problem (RVP(x)). Since the functions fi(x) and fo(x) are convex
functions and hence pseudoconvex functions, then the assumptions of Theorem 4.3
hold and we conclude that T is also a weakly efficient solution to the problem (RVP).
Furthermore, we can use any method studied in the literature for solving robust multi-

objective linear programming problems, for instance, the techniques discussed in the
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work of Abbassi [1], Georgiev et al. [42] and Goberna et al. [46]. The problem
(RVP(z)) is confined with constraint parameters which are uncertain and vary in the
interval [1,2]. Based on the robust approach introduced by Abbassi in 2023 [1], we

formulate the following deterministic mathematical alternative model:

min <1 +3r1+ 29, 1+ le)
reR2

Subject to — 01Ty + w1 + 1wy S0,
— Va1 + Wy + Touy = 0,
1 —ax5 20,
wyy +up 2 ST,
war + Uy = ST,

W11, W21, U1, U2 z 0,

T1,T2 5 0. (438)

Where 1,75 € [0,1] are introduced to be other integer parameters as well as
uy,us € {0,1}. By solving the above problem with the weighted sum scalarization
method along with parameters v1 = v, =7 = T = 1 and wy; = w9 = Uy = ugy = 0,
we get that the point T = (0,0) is a weakly efficient solution to the problem (RVP(T)).

Hence, it is also a weakly efficient solution to the problem (RVP).
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CHAPTER 5

ROBUST SECOND ORDER

DUALITY FOR A

NON-DIFFERENTIABLE

FRACTIONAL PROGRAMMING

WITH COMPLEX VARIABLES

Most of the real-life practical optimization problems need to be formulated into
mathematical programming that may involve a fractional objective function with
complex variables such as some applications in electrical engineering. In these
problems, the alternative currents for the elements of the electrical network could be
represented by a complex variable z € C". Complex optimization plays a significant

role in constructing and solving these kinds of practical problems. Levinson [72]
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in 1966, first extended the linear programming problem to the complex space and
formulated the complex mathematical programming problem. In 1970, Swarup
and Shama [100] studied linear fractional programming in complex variables. Since
then various work in the field of complex optimization has been introduced to the
literature, for more details regarding the non-linear fractional and non-fractional

complex programming, the reader is referred to ([21], [30], [40], [81]).

It is well-known that minimax problems are optimization problems where the
performance of maximization and minimization mechanisms occurs. It is applied to
game theory, fixed point theory, and statistics. By the inspiration of [30], Lai et
al. [69] proved that in complex space, a complex minimax fractional programming
problem is equivalent to a complex minimax non-fractional parametric problem
for a given parameter and established the Kuhn-Tucker type necessary optimality
conditions as well as duality theorems involving generalized convex complex functions.
Then, Lai and Huang ([66], [67]) studied the necessary and sufficient optimality
conditions for non-differentiable minimax programming problems with square root
terms in complex space. Subsequently, Lai and Huang [68] presented the first-order
duality theorems for complex non-differentiable minimax fractional programming
with complex variables. Thereafter, Huang ([56], [57]) formulated a second-order
dual problem for a complex non-differentiable minimax programming problem as
well as a second-order parametric free dual problem for complex minimax fractional

programming in complex space.
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In fact, by considering the worst-case approach in solving problems of robust
optimization, the minimax fractional and non-fractional programming problems can
be considered as the robust counterpart of the robust minimization problem based
on the worst-case scenario. In 2021, Chen et al. [19] investigated the robust Fritz
John type necessary optimality conditions and robust Karush-Kuhn-Tucker type for
non-differentiable complex fractional programming problems under data uncertainty

in complex space.

This chapter aims to discuss the robust second-order duality theorems for non-
differentiable fractional programming with uncertain data in complex space. It is
organized as follows. Section 5.1 is dedicated to introducing the basic concepts, nota-
tions, and existing lemmas and results that will be useful in the following sections. In
section 5.2, the construction of a robust non-fractional problem of a robust complex
fractional problem using a parametric approach is presented as well as some results
related to the equivalence between the robust complex fractional problem and one of
the robust non-fractional parametric minimax complex programming problem such as
the robust optimal solution and the robust necessary optimality conditions. In sec-
tion 5.3, the robust second-order Mangasarian type dual model of a robust complex
fractional problem is formulated. Many kinds of robust duality theorems are proved

in section 5.4.
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5.1 Problem Background and Formulation

Consider the robust complex fractional programming as follows:

(RCFP)

Subject to — h(¢,v) €T, (= (z,2) € C™,

where f(C,m1),9(¢,m2) : C* x C*™ — C and h((,v) : C* x C*™ — CP are analytic
functions at each ¢ € @ C C* such that Q@ = {¢ = (2,2) : z € C"} is a linear
manifold over the field of real numbers R which is also considered to be a convex
cone. Since a non-linear analytic function lacks a convex real part (consult Ferrero
[40]), we regard all the complex functions to be defined on (). Assume that the
functions f, g and h are continuous functions on the second argument in which
m €Y, CC* n,eY, CC* and v € V C C* are uncertain parameters belong to

the non-empty compact uncertain subsets Y7, Y5 and V' of C?™ respectively.

The matrices A and B are complex positive semidefinite hermitian matrices
with dimensions of n x n. In case there exists a point (5 = (z0, Z9) such that either
2 Azg = 0 or 2/ Bzy = 0, or both of them are zeros, then the corresponding term
(2 Az)z or (2 Bz)2 is non-differentiable near ¢y, hence, the problem (RCFP) is

considered to be a non-differentiable programming problem.
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The cone T' = {¢ € C? : Re(DE) > 0} is a polyhedral cone in C? with a matrix
D € C*? and k € Z*. The cone T* = {ju € CP : Re(&, ) = 0, for € € T'}, is the dual
cone of T where (&, u) = & = '€ is the complex inner product. It is clear that in
this case T = (T*)*. For & € T, The set T(&) is defined to be the intersection of
those closed half-spaces identifying the cone T" and including &, in their boundaries.

Therefore, if & € int(T), then T'(&) = CP.

Let X = {¢ = (2,2) € C* : —h(¢,v) € T} be the feasible solution set of
(RCFP). For every (¢,m) € X x Y1,((,nm2) € X x Y3 and v € V, assume also that

Re[f(¢,m) + (2 Az2)2] = 0 and Relg(¢,m) — (27 Bz)2] > 0.

Based on the worst-case approach, the robust counterpart of (RCFP) can be for-

mulated as the following minimax programming;:

min max ( f] (RCCFP)
e Relg(Com) — (B2}

Subject to — h(¢,v) €T, (= (z,2)€C*, WYveV.

The robust feasible solution set of (RCCFP) is defined by
G={(=(z2 €C”: —n(Cv) €T, YveV}

A decision point (; = (20, %) € G C C?" is considered a robust optimal solution of
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(RCFP) if it is an optimal solution of (RCCFP). That is for each ( € G, we have

]

o Re[f(Co,m) + (2 Az) ‘
]

N1EY,N2EY2 Re[g(fo, 772) - (Z(I)qBZO)

| ¢ Relf(Com) + (742
] T meYi,meYe Re[g(c,ng)—(ZHBZ)

IA

NI=| N
[N BT

For a twice differentiable complex analytic function 1 : C** — C, we can express

the differentiability of ¥({) with ¢ = (2, z) € C*" by the following gradient notations:

Where vz¢(() = ('lvbm (C)a Tt wzn (C)) S Cn and véw(C) = (%1 (C)v Tt ¢2n (C)) € Cn

The expression of the second-order gradient V?¢(() is defined by the following Hessian

matrix

V%ﬂ(g) _ vzzqu)(C) vz%¢(§) c CQ"XZ”,

Vz(¢) Vazg(Q)

where

szw(<> = (wZ,LZj(C))nXTLa for Za] = 17 ey 1,

vzfp(() = <wzifj(€))nxna fOI‘ l,j - 17 ‘“7”7

V=y(Q) = (@Z)Zﬂj(C))ana for i,7=1,...,n,

viiw(<> = (wiiij(C))ana fOI‘ Za] = 17 cey Ny

To express the differentiability of a complex function perturbed by uncertain param-

eters using the gradient expressions, we have the next lemma:
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Lemma 5.1 [19] Consider the below function

v(¢) = f(¢m) + 2" Aw + (h(C.v), ),

where f(¢,n) : C* x C*™ — C and h(¢,v) : C* x C*™ — CP are analytic functions
at each ( = (2,2) € Q C C*, A is n x n complex positive semidefinite Hermitian
matriz, n € Y and v € V are uncertain parameters. For each vector w € C" and

u € CP, suppose the function () is differentiable at o = (29, 29) € C*". Then

Re[¢'(¢o)(¢ — o)

= Re[(z — 20, V. f(Co.n) + V= f(Co.n) + Aw + 1" V.h(Co, v) + 1" V:h(Co,v))].

Mond [80], extended the generalized Schwarz inequality to complex space. For a

complex positive semidefinite Hermitian matrix A € C**" and u,v € C", we have

Re(u” Av) < (u” Au)z (v Av)z.

The equality holds in case Au = AAv for some A > 0 with u = \v.
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5.2 Robust Non-fractional Construction of

(RCFP) using Parametric Approach

The problem (RCFP) is reconstructed into a non-fractional parametric problem with

a suitable parameter. Indeed, let

\ = max RG[f(C, Th) + (ZHAZ>%] z 0. (51)
memes Relg(C,n2) — (21 Bz)2

Hence,

Then Vn; € Yi,1m2 € Ys, we obtain

Re[f(C,m) + (2 A2)2] — ARe[g(C, 1) — (2" B2)z] < 0.

The following robust non-fractional parametric minimax complex programming

problem is an equivalent problem of (RCCFP) with respect to parameter A :

min max Re[f({,m)—k(zHAz)%] —/\Re[g(C,ng)—(zHBz)%] (RCCFP),

CeG  mEY1,mEY?

Since f((,.) and ¢((,.) are continuous functions on the non-empty compact sets Y;

and Y5 respectively, then the existence of 1, € Y; and 1, € Y5 is guaranteed such that

152



for each ¢ € G, we have

| Relf(¢.m) + (27 Az)

e L (Gm) + (27 A2)
memee Relg(C, ) — (2" Bz)

| Relg(¢,n2) — (2" Bz)

D= N

Nl=[ N
-

The following sets are useful in the sequel.

For every element ¢ € (), we define the following:

= max

Re[f(¢, 1) + (27 A2)2] Relf(¢,m) + (27 Az)
Relg(¢, ) — (2 Bz)3]  meV1meYs Relg(C,n2) — (21 Bz2)

(I ST

Y(¢) = {(7?1,772) €YixYs:

] }
]

YA(Q) = {(ﬁl,na) €Yy x Yo : Re[f(C, 1) + (7 A2)3] — ARe[g((, ) — (27 B2)?]

Clearly, for ¢ € @, both sets Y (¢) and Y)({) are compact subsets of Y7 x Y5. Hence, for a

Re[f(¢,m) + (27 Az)2] — ARe[g(C,m2) — (27 B2)3]

= max
MmEY1,n2€Y?2

robust feasible solution ¢ = (z,2) € G of the problem (RCCFP),, there exist finite points
(1;,m2;) € YA(C), multipliers o; > 0 for i = 1,...,k with k € Z" and Zle a; = 1 such that

we can write the objective function of the problem (RCCFP), as follows:

H A3 — _(HpL
(771,775?()1{/1,1/2) Re[f(¢,m) + (27 Az)2] — ARe[g(¢,m2) — (27 Bz)?2]

k
= ai|Relf(Cm,) + (27 A2)2] = ARelg(C,m,) — (2" B2)?]
=1

k k
=Y aRelf(Cm,) + (27 A2)2] =AD" aiRelg(C,ma,) — (27 B2)2).
=1

i=1
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Chen et al. [19] established the equivalent relation between the robust optimal solution of
the problem (RCFP), hence of (RCCFP), and one of the robust non-fractional parametric

minimax complex programming problem (RCCFP)), as follows:

Theorem 5.1 [19]

1. The feasible point (y = (20,20) € G is a robust optimal solution of (RCFP) with

optimal value

Y~ max Re[f(Co,m) + (2 Azo)

1
] = min max i
meVmEYs Relg(Go,n2) — (2" Bzo) :

] CEGmEVImEY2 Re[g((,m2) — (2H Bz)

NI N

if and only if

(eG meY1,m€EY?

min max {Re[f((, m) + (zHAz)%] — AN*Relg(¢,m2) — (zHBz)é]}
= max {Re[f(Coym)Jr(ZéqAZo)%]—/\*Re[g(Co,nz)—(Zé{Bzo)é]} =0.
meYi,meYs
That is (o is an optimal solution of (RCCFP)y with A = \* and optimal value equals

0.

2. If (o is a robust optimal solution of (RCFP) with optimal value \*, then
Y (o) = Ya-(Co)-

The robust necessary optimality conditions for the robust optimal solution {y = (20, 29) of
the robust non-differentiable fractional programming (RCFP) in which the term (z% Az)%
or (zHBz)% is non-differentiable when ¢ = (p, that is either z[TAzy = 0 or 2{IBzy = 0, or
28 Azg = 2 Bzy = 0, can be extended to the complex space as the work of [19], [56], [66],
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. For these results, we need first to introduce the subset 0) C C subject to
[67]. For th 1 d fi introd he subset Z({y) C Q C C*" subj

one of three cases.

Consider (y to be the robust optimal solution of (RCFP) with optimal value A\*, both
sets Y(¢p) and Yy« ({p) are compact subsets of Y7 x Y2. Hence, there exist (71;,72,) € Yax({o),

scalers «; > 0 with Zle a; =1, fori =1,...,k, and © € V. Then the definition of the set

Z((o) is determined as follows:

Z(Co) ={¢ = (2.2) € Q € C* : —h¢ (o, 0)¢ € T(~h(Co, )}

If any of the cases specified below in (i), (ii), and (iii) is met:

Case (i) : if 2 A2g > 0 and z[! Bz = 0. Then

(Azp, 2)

— 4+ ((\)2Bz,2)2 b < 0.
Z0a20>§

k
{Z il £ (Cos 11;) — A" g¢(Co, 72,)]C +

Case (ii) : if zéLIAzO =0 and zé{Bzo > 0. Then

k 1 <)\*Bz Z>
Re{ D ailfeGo ) = A"l(Go,m)IC + (A2, 2)* + 07} -
i=1

Case (iii) : if 2{T A2g = 0 and 2/ Bzyp = 0. Then

k
Re{ > il (G0, 1) — X g (Co, 12))¢ + ([A + (A")*Blz, Z>é} < 0.

i=1
The following definition [19] is the robust version of the constraint qualification property
in complex space [66], in short, (RCQ) at a point (p.

Definition 5.1 (Robust Constraint Qualification) The robust constraint qualification
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is considered to be satisfied by the problem (RCFP) at (y, if for any non-zero p € T* C CP

and for any uncertain parameter v € V, we have

Re(hi (Co,v)(¢ = Co)s ) # 0, ¢ # o

Which is equivalent to the following gradient expression:
IV h(Go,v) + i Veh(Go,v) #0, VOFpeT” veV.

For robust complex non-differentiable fractional programming (RCFP), we consider the fol-
lowing Karush-Kuhn-Tucker (KKT)-type robust necessary optimality conditions [19] using

the robust constraint qualification RCQ :

Theorem 5.2 (KKT- Robust Necessary Optimality Conditions) Consider (y =
(20,20) € G to be a robust optimal solution of (RCFP) with optimal value equals \*. Assume
that the (RCFP) problem fulfills the robust constraint qualification RCQ at (o, with either
Zé{AZ() =0 or zéquo =0, or Zé{AZ() = zé{Bzo =0, and Z(¢y) = 0. Then there exist
p € T* ur,ug € C", 0 € V and finite points (71,,72,) € Ya+(Co), multipliers a; > 0 with

Zle a; =1, fori=1,....k, in which the function
i 1 1
> Re[f(C,71) = Ng(C, 7, + (27 Az)2 + A" (2" B2)2] + (h(C, 9), 1)
i=1

satisfies the following KKT- robust necessary conditions at (.

k
Zai [sz(COaﬁl\l) + Vif(g()v ﬁl\l)] - )‘*[vzg(g}aﬁi) + Vzg(g()a 772\1]

i=1

+ Auy + N Bug + p V. h(Co, 0) + pIVzh(Co, 0) = 0, (5.2)
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Re<h’(C07@)7M> =0, (53)
(Aut,uy) = uff Auy <1, Re(zd Aup) = Re(zé{Azo)%, (5.4)

(Bug, ug) = ull Buy Re(zt Buy) = Re(zé{Bzo)%. (5.5)

A
\.H

Remark 13 If both matrices A and B are assumed to be positive definite Hermitian ma-
trices, that is zéquo > 0 and zéquo > 0, then the problem (RCFP) is a differentiable

programming problem and the above results still hold without the assumption Z({y) = 0.

5.3 Robust Second-Order Duality Models of

(RCFP)

A second-order duality is a significant tool in mathematical programming when quadratic
approximations of both the twice differentiable analytic objective and constraint functions
are considered as this kind of dual provides tighter bounds for the objective value. Moreover,
in case first-order duality is not applicable for a given feasible point of the primary problem,
then the second-order duality can be used to provide the value of the primary problem with a
lower bound. In 1975, Mangasarian [76] first introduced the second-order dual of a nonlinear

minimization problem of the form

min {f(z) : g(z) = 0},
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with f(z) : R® — R and g(z) : R® — R™, and then formulated the second-order dual

associated with a vector p € R™ to be as follows:

_maxf(@) +ugle) = 5pIV2F(x) + VPugla)lp

Subject to Vf(z) +uVg(z) + p(V2f(z) + VZug(x)) =0, u 0.

To construct the second-order duality model of the problem (RCFP) based on the Man-

gasarian dual type, the following lemma is needed :

Lemma 5.2 Take f(¢,n) : C?*" x C*™ — C and h(¢,v) : C2* x C*™ — CP to be analytic
functions at each ¢ = (2,2) € Q C C*" and contaminated with uncertain parameters 1 €
Y C C?, and v € V C C?>™ respectively. Given o = (20, %) € Q, consider s = z — z.
Then the twice differentiable complex analytic functions f(¢,n) and (h(¢,v), p) with non-zero

p € T* C CP have the following second-order gradient representation at (y:

()

(€= C) "V F(Co,m) (¢ = Co) = (s, 8" [V f (oo )]) + (™ [V2£ (Co,m)], 8)

+ (s,8" [V f(Co,m)]) + (s"[Vazf (Co,m)] 8)-

In particular, the real part of the above expression is equal to

Re((z — 20, SH[vzzf(COa n) + Vzzf(Co,m)] + ST[vizf(Cm n) + Vazf(Cosm)]))-
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(i)

(¢ = G0) "V (h(Co,v), (¢ = Co) = (s, 8™ [T V20 (Co, 0)]) + (7 [W Vzzh(Co,v)], 5)

+ (5,87 [V h(Co, v)]) + (T [V zh(Co, v)], 5).

In particular, the real part of the above expression is equal to

Re({z — 2o, s" [TV . h(Co, v) 4+ TV azh(Co, 0)] + 5T [1F V2. h(Co, v) + IV .2h(Co, v)])).

Proof. Let ¢ = (2,%),(0 = (20,%). Then (¢ — ()" = (2 — 20,2 — %) = (s,5), where

s=1(81,..,8,) € C" and § = (s1, ..., $,,) € C". Hence, we have

(i)

szf(C 77]) szf(C an) S
(¢ = Go)TV2F (o) (€ — Co) = (5,5 ’ ’

Vz.f(Co,m) Vzzf(Co,n) 5

S
= (szzf(COJ 77) + gvézf(COa 77)7 széf((Ov 77) + gvéif(COv 77))
S

= (sV.2f(C0,n) +5Vz f(Co,m))s + (V22 f(Co,m) + 5Vzzf(Co,m))5

= 5V..f(Cosm)s +5Vz.f(Cosm)s + V22 f(Co,m)5 + 5Vzzf(Co,m)5

33"‘2 Zszfzz] Co, )]

j=1 Li=1
Z zfz z; COa 5]+Z ZsifZiZjCo,U)ls_j
=1

i1 J=1
o430 [s ifzizj.co,m]sj
7=1

=1
Zszfz zj CO, Sj +Z Zszfz Zj CO) ]
=1 i=1

7j=1

n

= Z lzszfz zj CO,
j=1

n
+2
j=1

= Z lzszfz 2 CO;

j=1

+Z
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n
j=1

+Zsj [Z zfz zj C07
=1

=1

n
= E Sj
J=1

Z Szfz zj CUa

=1

Zsifziszo777)] 5j

i=1
Z Z zfzzJ C07 )]
i=1

7=1

= (s, s" Voo f(Co.)]) + (s" [Vz=£(Co,m)], 5)

+ (5,8T [V f(Co,m)]) + (s"[Vazf (Co, )]s 8),

where the complex inner product (u,v) = vu = vTu = 31 | u,;; is considered for
any u,v € C".

Now, by taking the real part of the above statement, we obtain

Re((¢ — €)'V (Co,m) (¢ — )

= Re((s, 5" [Vo.f(Co, ) + Re((s" [Vz=£ (Co, )], 5))
+ Re((s, 5T [Vz2f (Co,)])) + Re((s [V f(Co, )], )
= Re((s, 5" [V f(Co,m)])) + Re((s, 5™ [Vz=f (Co,m)]))
+ Re((s, 5" [V= (o, m)])) + Re((s, 5" [Vz £ (Co,m)]))
= Re((s, s [V.. f(Co,m)]) + (s, 8™ [V z2f (o, m)])
+ (5,57 Vo f (oo m]) + (5,87 [Vazf (Cos m)])
= Re({s, 5" [V.. f(Co. ) + Vzz [ (Go.m)] + 57 [Vz2 f(Co. 1) + Vaz f(Go.m)]))

= Re((z — 20, 5™ [V .. f (Co,m) + V£ (Co,m)] + 87 V2 £ (Co,m) + Viazf (Go,m)]),

where these equalities are followed from the facts that for any z,y € C, we have

Re(z +y) = Re(x) + Re(y) and Re(z,y) = Re(y, z).
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(ii) By the definition of the complex inner product, we have

(€ = ¢0) " V2(R(Cos v), 1) (¢ — o) = {(¢ = €0)T V2 (Co, ) (€ = Go) 1)

=3¢~ )TV, v) (¢ — )i for i=1,...,p.

i=1

= (¢ = €)' V?h1(Co,v) (€ = Co)fin + - + (¢ = €0) T V2hy(Cos v) (€ — Co) fip-

Following the same steps in 5.2, we get

(¢ =€) V2hi(Co, v) (€ — Co)fti = (s, 8" 13V 220 (Co, v)]) + (7 [1:V zzhi (Co, )], 8)

+ (8,87 [V z2hi(Co, v)]) + (" [V 2zhi(Co, )], 5).

Then, considering the sum of all terms, it follows

(¢ = )" VH(h(Co,v), ) (¢ — o) = (5,8 [ V.2h(Co, v)]) + (87 [0 Vzzh(Co, v)], 8)

+ <3; ST[MTVEzh(C()v 'U)]> + <3T[UHvz§h<C07 U)]? S>'

Similarly, the real part of the above expression is equal to

Re((s, s" "V .21 (Co, v) + p Vzzh(Co, )] + 8" (1" V2. h(Co,v) + p Vazh(Co, v)))).

Remark 14 In case the functions f((,n) and h({,v) have no uncertainty with respect to

the parameters n € Y and v € V respectively, then Lemma 5.2 coincides with Lemma 3.1 in

[56].
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Based on Mangasarian dual type and motivated by Huang [56], the robust second-order dual-
ity model (RCDP), of the problem (RCFP) with parameter A satisfying (5.1), is constructed
by employing the Karush-Kuhn-Tucker (KKT)- robust necessary optimality conditions and

Lemma 5.2, as follows:

max max o Re + (v Au 3 RCDP
(k7 172.0) €K (E) (41,1 u2,5) EX (K, dutfy 72, v)z Rel (& m.) +( A 2

k
— A aiRe[g(€,m,) — (u Bu)2] + Re(h(&,0), 1)

i=1

-3 ZO&ZR(B 3 8 zzf(g i, ) + viif(fvnli)} + ST[VZZf(gu 7711') + vzéf(&nlz)b

+ %)\ Z a’iR6<87 SH [vzzg(§7 7721) + v229(57 772l)] + ST [VZZQ(& 7721) + vzig(£7 772)])

=1

- %Re(s, ST V2h(&,0) + V(& 0)] + 8T 1V h(E, 0) + p Vb D)), (5.6)

Subject to the following conditions:

1. The set k(&) consists of points (k, &, 11,12, 0) such that k € ZT, & = (aq, ..., ag),
m o= My, -umy),m2e = (M2,,..,72,), and © € V satisfying the KKT-robust nec-
essary optimality conditions of (RCFP) with parameter A\ for any feasible solution
¢ = (u,u) € Q. Also, for the non-zero p € T™ together with the feasibility condition

—h(§,0) € T, we obtain Re(h(&,v), u) < 0.

2. The set X (k, &, 11,12, 0) consists of all feasible solutions of the robust dual (RCDP),

and is defined by

(k a 771’772’ )_{(g?luaulaUQa ) C2nX(CpXCnX(CnX(Cn}
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such that for ¢ = (u,u) € Q C C?", the followings are satisfied:

k

k
D il Vaf(€m,) + Vaf(&m,) + Aw] = XD ai[Veg(&me,) + Vag(&,mo,) — Bus)
=1 =1
+ u" V(€ 0) + TV zh(€, )
+ Zaz{s zzf 5 i, ) + Viif(ga 7711‘)] + ST[szf(ﬁ,ﬁli) + szf(&??h)]}

-2 Z ai{s™[V22g(€,m2,) + Vzzg(&m2,)] + 8T [Vaag (€ m2) + Vazg(€,m2,)]}

+ MWV LR, D) + 1TV zzh(€,0)] + 8T [T Vah(€,0) + pVozh(€,8)] = 0, (5.7)

peT — {0}, (5.8)
ulf Auy €1, ull Bup 1, (5.9)
Re(uff Auy) = Re(uHAu)%, Re(uf! Buy) = Re(uHBu)%. (5.10)

The robust duality theorems in complex space can be established in order to show the relation

between the robust primal problem (RCFP) and the robust second-order dual problem

(RCDP), with respect to the parameter A\ under some suitable assumptions. To achieve

these results, we need first to state some definitions related to the generalized second-order

convexity as in the following section.

5.4 Robust Duality Theorems

By the combination of the definitions of generalized n-bonvexity of a twice differentiable

function in real space ([13], [54]) and generalized convexity for a real part of a function in

complex space [66], Huang [56] introduced the concept of ©-bonvexities for the real part of

163



a complex function.
Next, we give the definition of generalized second-order convexity in complex space, say,

O-bonvexities for the real part of an analytic function perturbed with uncertain parameters.

Definition 5.2 Let f((,n) : C** x C>™ — C be a twice differentiable analytic function at
each ( = (2,2) € Q C C*" and n € Y be an uncertain parameter. The real part of f((,n),

that is Ref((,n) is said to be

1. ©-bonvex at (y € Q if there exists a certain mapping © : C?* x C?" — C?" such that

for all ¢ € Q, we have

Re[£(¢.m) — F(Corm) + 3¢~ &) 9% (G (¢ — )] 2

e [{VF(Co.m) + (¢ = )T V2F (G0, m}YO(C, )

It is called strictly ©-bonvez if we replace (2) with (>).

2. ©-pseudobonver at (o € Q if there exists a certain mapping © : C2"* x C** — C?" such

that for all ¢ € Q, we have

Re[{vf@oa )+ (¢ =)V (Go,m}O¢, )| 20

= Re[£(Cn) — F(Gorn) + 5(C — &) 9 F(Go )¢ — )] Z 0.

It is called strictly ©-pseudobonvez if we replace (2 0) with (> 0).

3. ©-quasibonver at (o € Q if there exists a certain mapping © : C*" x C*" — C?"* such
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that for all { € Q, we have

Re[F(¢m) — F(Gom) + 3¢~ &) 9% (G (¢ — &) €0

= Re[{V(Gom) + (¢ = ) V2 F (6o, m)}O(C. G0)] 0

Remark 15 If the function f is not associated with uncertain parameter n € Y, and if we
have (¢ — (o) = p € R™, with both vectors (,(y € R™, then the above definition of ©-bonvex
is reduced to the definition of n-bonvexr as it was originally defined by Bector and Chandra

[18] in 1987.

Now, using the above definitions, we construct the robust duality theorems as follows:

Theorem 5.3 (Robust Weak Duality Theorem) Let ( = (z,2Z) be the robust primal
feasible solution of (RCFP) and (k, &, 1, 72,0,&, u, u1,uz, s) be the robust dual feasible so-
lution of (RCDP)y. Consider the following function for any ¢ = (2,2) € @ and for any

uncertain parameters m € Yi,m2 € Yo withi =1,....k and v € V,

k k
- Z Oéif(C7 7712-) + ZHAUI - A Z aig(C7 7727;) + ZHBUQ + <h(C7 ’IA})’ M)

i=1 i=1

Assume that the real part of ¥ is ©-pseudobonver in Q. Then we have

max Relf(¢,m) + (zHAz)%] — ARelg(¢,m2) — (zHBz)%]
N EY1,m2€Y>

1

k
> " aiRe[f(&m,) + (u Au)2] - AZazRe (& ;) — (u' Bu)z] + Re(h(&, 0), 1)

=1 i=1

- = ZOQR@ 5 8 zzf(§7771 ) + viff(gvnli)] =+ ST[VZZf(ga 771@-) + szf(ﬁﬂhim

+ %)‘ Z aiR6<87 SH[VZZg(f, 7721') + vf%g(f: 772i)] + ST[VZZQ(& 7721') + vzig(& 772i)]>
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1 N~ 1/~ ~\ A~ N~ 1/~ ~\ A~
— S Rels, s™ [ Voh(€,0) + pTV D (&, 0)] + 8T [T Vah(€,0) + ' Vash(€,0))).
Proof. We prove this theorem using the contradiction. Suppose the following

max Re[f(¢,m) + (ZHAZ)%} — ARelg(¢,m2) — (ZHBZ)%]
N1EY1,m2€Y>

1

l\.’)

k
<> aiRe[f(&m,) + (u' Au)?] AZalRe (&m2,) — (" Bu)?] + Re(h(¢, 0), 1)

=1 i=1

-3 ZO[ZRG S S zzf(fﬂh ) + viff(gvnli)} =+ ST[ngf(f, 7711) + vZ?f(fﬂhz)D

k
+ %)‘ Z aiR6<87 SH[VZZg(f, 7721') + viig(fv 7’21‘)] + ST[VZZQ(§’ 7721') + vzig(fv 7]2i)]>

— %Re(s, ST [TV o h(€,0) + 1TV zzh(6,0)] + 5" [V h(€, ) + 1V .2h(£,0)]).

Hence, for the robust feasible solution ¢ of (RCFP), and for each 1 € Yi,m2 € Ya, there
exist finite multipliers «; > 0 for ¢ = 1, ..., k such that Zle a; = 1. Thus, we can write the

above inequality as follows:

k
> aRelf(¢,m,) + (7 A2)2] - AzazRe (Gm2,) = (=" B2)?]
i=1

k
<ZaiRe[f(§,n1i) (uf Au)2] — )\ZazRe (&,m2,) — (u' Bu)?] + Re(h(&,9), 1)

-3 ZazRe S, 3 zzf(ga"]l ) + Viif(ganli)} + STW/%zf(f,??li) + szf(ﬁ,ﬁlim

k
1 _ _
+ 5)\ Z OéZ'R€<S, SH[szg(ga 7721‘) + Viig(ga 7721)] + ST[ngg(f, 7721‘) + VZEg(ga 7721)]>

=1

- %Re(s, sU IV 2h(E,0) + TV zzh(€,0)] + s [ V=h(€,0) + pVzh(€, ).

Since ( is a robust primal feasible solution satisfying the feasibility condition —h((,0) € T

that is h({,0) < 0 for any uncertain parameter 0, and p € T* is a non-zero vector in C?, we
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get Re(h(¢,v),n) £ 0. Thus, by adding the term Re(h(¢, ), u) to the left-hand side of the

above inequality, the following still hold.

k
[ZaiRe[f«,m (M 42)%) - AZ%R@ (o) — <zHBz>%]+Re<h<c,@>,u>]
=1

[Zame[ﬂg,mm(u%u% AZazRe (& m2,) - <uHBu>%1+Re<h<§,@>,u>]

+ 5 ZazRe S, 5 zzf(£7771 ) + szf(&??li)] + ST[Vng(g, 7711') + szf(ﬁﬂhim

- fAZ aiRe(s, s"[V..9(&,m2,) + Vzzg(§,m2,)] + 57 [Vz29(€ m2,) + Vazg(€m2,)])

+ 5 Rels, s [WTV2R(E ) + 1 Vash(€,0)] + 57 [TV oh(E, ) + i Vash(€, 9)]) < 0.

(5.11)

For vectors uy, us € C™ satisfying the robust dual feasibility that v Au; < 1 and v Buy <1

and by the generalized Schwarz inequality, we get

Re(2% Auy) < (zHAz)%(u{{Aul)% < (zHAz)% (5.12)
Re(2" Buy) < (2 Bz)2 (ul Buy)? < (:7B2)2. (5.13)

By employing (5.10) and the inequalities (5.12) and (5.13) in (5.11), the results are still
satisfying the following inequality:

k k

Y aif(Cmy) + 2 Aur = XY aig(Come,) + 2 Bus + (h(¢ 9), u>]
=1

=1
k

Re

— Re

k
Z O‘if(gv "711-) + UHAUI - )\Z O‘ig({? 7721‘) =+ uHBUQ + <h(§7 @)7 M>]
=1

=1
k

-|- ZaZRe s, 8TV oo f(€m,) + Vs f(&,m,)] + 8T

[vézf(§7 7711’) + vzzf(fa /'711)]>
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- A Z azRe S 5 zzg(g 12, ) + Vzgg(f, 7721')] + ST[szg(& 7721‘) + szg(fg 7721')]>

+ Re(s, s [ V. h(€,0) + TV zh(€,0)] + 8T 1" V2h(€,0) + n Vazh(E, @)])] <0.
Considering (s,5) = ¢ — & € @ and applying the results of Lemma 5.2, we obtain

Re

k k
D aif(Com,) + 2T Auy = XY aig(Come,) + 27 Bug + (h(¢, ), M>]

i=1 i=1

— Re

k k
> aif(&m,) +u Auy = X g€ me,) + u Bug + (h(E,9), M)]
i=1 =1

k

ZazRe[c TV (€ m) (¢ - 5}—A2azRe[c &7V29(€,m) (¢ — €)]

=1

_l’_

+ Re[(C = ©)TVh(E 0),1m(C -~ ©)|

Which can be simplified to the following

Relg(0) = 9(6) + 5(C ~ &7 V*p(©)(¢ ~ ] < 0

By assumption, for each ¢ € ), the real part of ¢ is ©-pseudobonvex, hence, we get

Re[{V(§) + (¢ — )TV (£)}0(¢,€)] < 0

Using Lemma 5.1 and Lemma 5.2, the above inequality implies the following

k k
Z Oéi[vZf(é.a 7717;) + vif(§7 7711‘) + Aul] —A Z ai[vzg(§7 7722') =+ vfg(ga 7727,’) - Bu?]
i=1 i=1

+ " Vh(E, ) + TV h(E, D)

+ Z az{s zzf 577]1 ) + szf(ﬁﬂ?li)] + ST[ngf(g, 7711‘) + szf(f,ﬁli)]}
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k
- A Z ai{sH [vzzg(§7 772i) + VEzg(é, 77%)] + ST[VZZg(§7 772i) =+ vzig(év nQi)]}
=1

+ sH [TV h(E,0) + pHV 2zh(€,0)] + sT [TV h(E,0) + pHIV.zh(€,0)] < 0.  (5.14)

Clearly (5.14) contradicts the equality (5.7) , hence, the proof is completed. |

The next theorem shows that for a given robust optimal solution of (RCFP), a robust
feasible solution of the robust dual problem (RCDP)) can be constructed, and furthermore,
if the assumptions of the robust weak duality theorem are fulfilled, then a robust optimal
solution of (RCDP)) can be obtained with the fact that the optimal values of the problems
(RCFP) and (RCDP), are equal as there is no robust duality gap between the robust primary

problem and it’s a robust duality problem.

Theorem 5.4 (Robust Strong Duality Theorem) Consider (o a robust optimal so-
lution of (RCFP) and suppose that the (RCFP) problem satisfies the robust constraint
qualification RCQ at (y. Then there exist (k,é&,m1,12,0) € k(Co) and (Co, iy u1,u2,s) €
X(k,&,m1,1m2,0) such that (k,é&,n1,12,0,Co, 1, u1,uz,s) is a robust feasible solution of
the robust dual (RCDP)y. Moreover, in case the hypotheses of the robust weak dual-
ity theorem (Theorem 5.3) are met for all robust feasible solutions of (RCDP)y, then
(k, &, 11,12, 0, Co, s U1, U2, ) is a robust optimal solution of (RCDP)y and both (RCFP)

and (RCDP)y problems have identical optimal values.

Proof.  Assume that {y = (20, 2p) is a robust optimal solution of the problem (RCFP)
with s = 29 — 20 = 0. By the Karush-Kuhn-Tucker (KKT)- robust necessary optimality
conditions, there exist k € Z1 with finite points 71,12, € Y (o), multipliers a; > 0 so
that Zle o =1,1=1 ..,k 0 € Vuj,us € C* and a non-zero y € T*. For 7 =
(Myy i) 2 = M2y, m2,) and & = (aq,...,ax), we have (k, &, 1i,172,0) € k({p) and
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(Co, by ur,u2, s = 0) € X(k,&,11,12,0). Then (k, &, n1,m2,0, o, p, u1,u2,s = 0) is a robust
feasible solution of the robust dual (RCDP),. In case the hypotheses of the robust weak
duality theorem are fulfilled for all robust feasible solutions of the problem (RCDP),, then
(k, &, m1,m2,0, o, b, U1, u2, s = 0) is a robust optimal solution of (RCDP),. Hence, both
(RCFP) and (RCDP), problems have identical optimal values. |

The following theorem states that under the hypotheses of the robust strong duality
theorem as well as some extra assumptions, the optimal values of the (RCFP) and (RCDP),
problems are equal if both the robust optimal solution of (RCFP) and the robust optimal

solution of its robust dual (RCDP), exist.

Theorem 5.5 (Robust Strict Converse Duality Theorem) Let ¢* be the robust opti-
mal solution of the problem (RCFP) and (k*,a*,ny,n5,v*, & p*, uy,us, s*) be the robust
optimal solution of its robust dual problem (RCDP),. Assume that the hypotheses of the
robust strong duality theorem (Theorem 5.4) are satisfied. For each ( = (2,z) € Q and

uncertain parameters ny € Y1,m5 € Yo and v* € V, let the real part of the following function

k* k*

Y(Q) =Y ai f(Conr) + =2 Auf = XY aig(¢,m3,) + 27 Bu + (h(¢,0%), 1)

i=1 i=1
be strictly ©-pseudobonver in Q. Then we have (* = &*, and the optimal values are equal.

Proof. Let ¢* = (2%, 2*) € Q and & = (u*,u*) € Q. Seeking for contradiction, suppose

that ¢* # £*. Since the hypotheses of Theorem 5.4 are satisfied, therefore

max  Re[f(C*,m) + ("7 Az*)3] = ARe[g(C*,m) — (z*11 B2*)7]
meY1,meYs

k* k*
=S aiRelf(¢* 1) + (T Aut)z] — XS alRelg(¢€*,m5,) — (u* Bu*)2] + Re(h(€*,v*), 1)
=1 =1
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N Za Re zzf(g l) + viif(g*a 771)] + S*T[vfzf(f*a’r/i-) + szf(f*ani)b
+ %A Z i Re(s*, s" M [Voog(€5,m5,) + Vazg(€7,m3,)] + 577 [Vaag(€,m5,) + Vazg (€5, 15)])

1 * % *I'N7 L ¢x k) * * % * *IT'X7 1 (¢x k) * * %
= 5 Re(s", s TV h(€5, 07) + TV eh (€, 0] 4 8% [ Vah(€7,0%) + itV zh(E, 0))).
Then, for each 171 € Y7 and 19 € Y5, we have

Re[f(¢*,m) + (=*" Az*)2] — ARe[g(C*, 1) — (" Bz*)3]

1

< iafRe[f(f*mf) + (u Aur)?] AZa*Re (€*,15,) — (" Bu")2] + Re(h(€",v"), ")
- ,Za Re(s*, s Voo f(€,m1,) + Vo (€5, m7)] + 5™ Voo (€, m7,) + Vea f(€5,07)))

+ %A Z i Re(s*, s" M [Voog(€5,m5,) + Vazg(€7m3,)] + 577 [Vaag(€,m5,) + Vazg (€5, 15)])

- %Re<s*, s TV (€ v) + IV oah(€8, 0] + 5T [T Vb (65, 07) + TV o2 h(E7, 7).

Thus, for the positive integer £* with finite points 7y, € Y1,75, € Y2 and scalars o > 0 for

i =1,...,k™ such that Zf;l af =1, we obtain

ia:Rewc*,nL) (2 Az")2] - Aza*Re n,) — (21 Bz")3]
szaiRe[f(f*,ni)Jr(U*HAu% Aza*Re n5,) — (u Bu*)2] + Re(h(€",v"), ")
—{ja Re(s*, s [V oo f(€5,m7,) + Vi f (€50 )] + 8T Vo f (€, 07) + Vaz f(€5, 1))

+ A Z i Re(s*, s* 1 [Vo2g(€5,05,) + Vazg(€7,m3)] + 57 [V22g(€5,m5,) + Vazg (€5, 15)])

- 5Re<s*7 s TV L h (€8, 0%) 4+ TV h(§, 07)] + 5T [TV (€, 07) + 1TV azh (67, 07)]).

171



Since ¢* is a robust optimal solution of (RCFP) satisfying the robust necessary condition

Re(h(¢*,v*), u*) = 0, then we can write the above inequality as follows

[iaiRe[f(c*,ni) + (2 Az)2] - Aia;Re[Q(g*,n;i) — (=" Bz¥)3] +Re<h(<*,v*)w*>]

- [iafRe[f(ﬁ*mi) + (uH Aur)2] - Aiame[g(g*,n;) — (T Bu*)2] + Re<h(§*,v*),ﬂ*>]
At T + Ve €111+ o T + Vo€

- %A i_; i Re(s*, 5™ [Vo.g(€,m5,) + Vazg(€,m5)] + 5™ [Va2g(€5,755,) + Vaz9(€7,75)])

1 - -
+ o Re(s”, s [TV (€, 07) 4 Vs b€ 0] 5™ [T Vs h(ES 0%) + TV ash(€" 0T)]) S 0.
(5.15)

Since the following robust optimal and dual conditions respectively are satisfied for uj, u3 €

C™, that is

Re(z*" Aut) < (27 A2%)2,  Re(z*" Buj) < (:*"Bz)2,

Re(w Au?t) < (W Au*)2,  Re(w*™ Bu}) < (v Bu*)2.

Using the definition of the function () for each ¢ € @ together with Lemma 5.2, we

proceed similarly to the proof of Theorem 5.3. Then inequality (5.15) is simplified as

Re[p(¢*) — (E") + (¢* — &) VRH(EN(C" — €] £ 0.
Since for each ¢ € @, Re(1(() is strictly ©-pseudobonvex in @, we get

Re[{V(£) + (¢F — €)TVy(£9)}O(¢*, €%)] < 0.
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Thus, we have

k*
D i [V (€, mi,) + V£ (&5 nt,) + Auj] - AZa Vog(€,5,) + V=g(€,15,) — Buj]
i=1

+ W TVLh(ER v%) + TV Eh(€7, v7)

L
+ > ai{s IV (6 ns) + Ve (i) + 87T (Voo f(E5mi,) + Vaz £ (€051}
=1
"
A i {s* V(€5 m5) + Vazg (€ m5)] + 57T [Veag(65,15,) + Vezg (67, m3,)]}

=1

+ s IV Lh(6 0%) + TV azh(€5,07)] + T [TV k(€% 0%) + pt TV zh(€7,07)]

This contradicts the equality of (5.7), and the proof of the theorem is completed.
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CHAPTER 6

CONCLUSION AND FUTURE

WORK

This dissertation is devoted to studying various mathematical programming under uncer-
tain data. In particular, the semi-infinite multi-objective fractional programming problem
involving uncertainty. Employing the partial order relation between vectors, robust weakly
efficient ( efficient, properly efficient ) solutions have been introduced and generalized over
cones. A generalization of robust Slater constraint qualification has been stated. Hence,
the robust Karush—Kuhn— Tucker necessary optimality conditions have been established for
the considered problem constructed in the Dinkelbach parametrization approach. Then,
the robust sufficient optimality conditions have been studied through some generalized
convexity assumptions, The Mond-Weir type robust duality model has been formulated
and the robust duality theorems for the robust semi-infinite multi-objective programming
problem have been investigated. A numerical example has been provided to demonstrate

these obtained results.
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In addition, we have considered a non-smooth robust semi-infinite multi-objective
fractional problem and employed an extended form of a robust type constraint qualification.
Then, we investigated non-smooth robust necessary optimality conditions for two types of
optimal solutions in the vector situation, namely, local isolated and local properly efficient
solutions. After that, we reconstructed our non-smooth robust semi-infinite multi-objective
fractional problem into a non-smooth robust semi-infinite parametric problem in terms of
the generalized Dinkelbach parametrization approach by associating the problem with a
non-negative parameter. Hence, we introduced the non-smooth robust necessary optimality
conditions for this convex formulated problem under some conditions. Under the assump-
tion of some generalized convexity of the functions under consideration, For the non-smooth
robust semi-infinite multi-objective fractional problems, we propose the non-smooth robust
sufficient optimality criteria. Also for this kind of mathematical programming problem,
the robust dual problem has been formulated in Wolfe-type robust dual problem as well
as Mond-Weir-type robust dual problem for local positively properly efficient solutions.
For both robust dual formulations of the problem under consideration, the robust strong,

robust weak, and robust converse duality theorems have been demonstrated.

Moreover, the vector optimization problem with vanishing constraints has been studied
under uncertain data. Utilizing the robust strong stationary points concept, we have
investigated both the robust first-order stationarity type necessary and sufficient optimality
conditions for this problem. The linearization approach has been employed to construct a
robust linearized vector programming problem and investigate the relations between the
robust problem under consideration and its linearized form. The crucial results have been

clarified with examples.
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Furthermore, using robust optimization techniques, the uncertain non-differentiable
fractional programming problem with complex variables has been investigated and hence
its robust counterpart has been introduced as a robust minimax fractional programming
problem. The Karush-Kuhn-Tucker (KKT)- robust necessary optimality conditions have
been established. Then a non-differentiable fractional programming problem with uncertain
data in complex space has been formulated along with its robust second-order duality. The

robust duality theorems have been presented and proved.

In a future study, the robust semi-infinite multi-objective programming problems can be
extended to involve uncertain data within the objective functions as well as the constraints

functions.

Another programming work that could be interesting to investigate is the complex non-
differentiable multi-objective fractional optimization problems confined with uncertain data
using robust optimization methods and constructing the robust second-order duality for this
problem. The question is to what extent it is reasonable to extend the results obtained in

this research to the preceding problem that could be considered as follows:

] Relfi(¢,m) + (27 4;2)

g seey

| Rel[gi(¢,m) — (28 Biz)

]
]

min

<R€[f1(C7 m) + (27 Aiz)
¢

Re[g1(¢;m) — (271 B;z)

(SIS I

) (RCMFP)

[T I

Subject to  — h(¢,v) €T, ¢ =(z %) C™,
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where f;(¢,m:),9:(¢,7;) : C*" x C*™ — C, i = 1,...,1, and h((,v) : C*" x C>*™ — CP are
analytic functions at each ¢ = (2,2) € Q C C?" such that @Q is a linear manifold over
R. Assume the functions f;, g; for each i = 1,...,4, and h are continuous functions on
n €Y C C?™ ~; € Uy C C*™ and v € V C C?™ are imprecise parameters that fit into the
convex and non-empty compact uncertainty sets Y;, U; and V, respectively. The matrices
A; and B; are n X n complex positive semidefinite hermitian matrices for ¢ = 1,...,I. The

constraints are subject to a polyhedral cone T" in CP.
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