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There are many results in the literature on the stability and synchro-

nization of memristors in neural network theory. Under certain reasonable

conditions, solutions of some memristive neural network systems of ordi-

nary differential equations are exponentially or polynomially stable (syn-

chronized). In contrast, there are very few studies of stability and syn-

chronization of solutions of memristors based integro–differential systems

with more general rates. In addition to the well–posedness mentioned in

the literature below, we would like to contribute, in this dissertation, in

covering some gap by investigating the stability and synchronization of so-

lutions for wider classes of memristors based integro–differential systems in

neural network theory which contain discrete and distributed delays. Rea-

sonable sufficient conditions under which the stability and synchronization

are achieved under general rates are determined. In particular, it is of great

importance to weaken the existing hypotheses on the activation functions.

Furthermore, it is very useful in applications to consider wider classes of

kernel functions than the ones treated so far. In addition to the traditional

approaches and methods adopted to tackle similar problems in the liter-

ature such as the implementation of different controllers, the Lyapunov

method and the linear matrix inequalities method (LMIM), we introduce

xi



new functionals and combine them with arguments such as the Filippov

method in the context of the theory of differential inclusion. More pre-

cisely, we consider and study a memristive Hopfield neural network system

(MHNNS) and a memristive high–order Cohen–Grossberg bidirectional as-

sociative memory neural network system (MCGBAMNNS).
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 ملخص الرسالة  

 

 الإسم الكامل: إبراهيم صالح محمد باكله 

  نظام تفاضلي تكاملي المبني على لممرستر لتزامن الو: الإستقرار عنوان الرسالة

 العصبية   اتنظرية الشبك في

 صص: الرياضيات  التخ

 2023 مايو  تاريخ الدرجة العلمية:

 

الميمرستورز   ومزامنة  استقرار  حول  السابقة  العلمية  الدراسات  من  العديد  توجد 

memristors   في نظرية الشبكة العصبية. في ظل شروط معينة ، تكون حلول بعض

أنظمة الشبكات العصبية الميمريستية للمعادلات التفاضلية العادية مستقرة بشكل أسي  

المقابل  في  )متزامنة(.  الحدود  متعدد  حول    أو  الدراسات  من  جداً  قليل  عدد  هناك   ،

التكاملية  الأنظمة  حلول  وتزامن  مع  -استقرار  الميمرستورز  على  القائمة  التفاضلية 

معدلات أكثر عمومية.  في هذه الرسالة ، نود المساهمة في تغطية الفجوة المذكورة  

التفاضلية    من خلال التحقق من استقرار وتزامن الحلول لفئات أوسع من أنظمة التكامل

زمنية    تأجيلات القائمة على الميمرستورز في نظرية الشبكة العصبية التي تحتوي على  

تحقيق   بموجبها  يتم  التي  المعقولة  الكافية  الظروف  تحديد  سيتم  وموزعة.  منفصلة 

الاستقرار والتزامن وفقًا للمعدلات العامة. على وجه الخصوص ، من الأهمية بمكان  

الموجودة حول وظائف التنشيط. علاوة على ذلك ، من المفيد    التقليل من الفرضيات

عن تلك     kernel functions نواةجداً في التطبيقات النظر في فئات أوسع من دوال ال

المعتمدة   التقليدية  والطرق  الأساليب  إلى  بالإضافة  الآن.  حتى  معالجتها  تمت  التي 

مختلفة تحكم  وحدات  تنفيذ  مثل  مماثلة  مشاكل    ليابونوف  وطريقة   لمعالجة 

Aleksander Mikhailovich Lyapunov   المصفوفة مساواة  عدم  وطريقة 

  فيليبوف   ( ، نقدم وظائف جديدة ودمجها مع طرق شرح مثل طريقةLMIMالخطية )

Aleksei A. Filippov    في سياق نظرية الشمول التفاضلي. بتعبير أدق ، نحن ندرس

 memristor John Joseph Hopfieldنظام الشبكة العصبية الميمريستية هوبفيلد  

(MHNNS)  الاتجاه ثنائية  النقابية  للذاكرة  العصبية  الشبكة   ونظام 

(MCGBAMNNS) غركروسبي   – كوهين   Michael Cohen     وStephen 

.Grossberg 



Chapter 1

INTRODUCTION

In this chapter, we will introduce the concept of a memristor in neural network theory,

present some of its history, a literature review and some related problems. We will also

give some terminology and notation that is used in this thesis.

1.1 Memristors and Generalities

In electrical engineering and artificial intelligence, the concept of “memristor” refers to the

contraction for memory resistors [2] (Yang, X. et al., 2014). A memristor is a non–linear

two–terminal electrical component element that limits or regulates the flow of electrical

current in electrical circuits and remembers the amount of charge that has previously

flowed through it. It points out to the existence of three basic circuit elements that de-

fine the connections between basic parameters such as current (i), voltage (v), charge (q)

and magnetic flux (φ). These elements are the resistor, the capacitor and the inductor.

However, a circuit element that determines the relation between q and φ was not defined

yet.

In 1971, Chua, L. formulated the concept of the relation as a connection between q

and φ interconnections [18] and named it memristor (memory and resistor). In 2008,

researchers at the H–P laboratory created another type of memristor [19] (Strukov, D. et

al., 2008).

Memristors play a significant role in neural networks theory. They are different from

the other circuit elements because they have a non–volatile memory effect - they can

return memory without energy. So, they are not elements that store energy (see Chen,

1



Figure 1.1: The Relations Between Memristor (M), Resistor (R), Capacitor (C), Inductor

(L), Voltage (v), Current (i), Charge (q) and Magnetic Flux (φ)

(see Chen et al., 2017 [111] and references therein).

C. et al., 2017 [3] – Park, J. H., 2006 [12] and Hopfield, J. J., 1982 [55] – Hopfield, J.

J. et al., 1986 [58]). There are several applications of memristors in real–life scenario.

For instance, IT companies use memristors to create smaller, faster and low–power com-

puters that do not require transferring data between volatile and non-volatile memory.

An essential general utilization of a memristor can be observed in the area of electrical

engineering and it mainly deals with the synchronizations and synapses. In electrical cir-

cuits, usually resistors are utilized to imitate and simulate synapses and synchronization

through the neurons Wang, W. et al., 2014 [20]. As though, synapses and synchronization

play paramount role in the figuration of memories. However, the widespread resistors can

not fulfill the mission of memory. The tacky information is that the human brain has

more than side split billion of neurons and, in fact, there are more than twenty thousands

synapses and synchronization for any neuron. Consequently, by seeking to makeup a brain

such as machine, practical electrical circuits fulfillment of synapses and synchronization is

of specific significance. If we assume that the resistors are replaced by the memories, the

customary synthetically neural network will turn into what is called a memristor based

neural networks. Even after the memristor based neural networks is able to recollect its

genetical situation, it is extremely convenient to mimic and imitate the assignment of the

human brain Jo, S. H. et al., 2010 [21]. Furthermore, an important aspect of the mem-

ristor is the dynamical behavior of a resistor with memory. One of the common features

2



in serious dynamical conductance of non-linear neural network systems are synapses and

synchronization Hua, C. et al., 2016 [22]. Due to considerable usage in diverse fields and

scopes can be found in secure communication Milanovic, V. and Zaghloul, M. E., 1996

[23], bidirectional associative memory Tan, Z. and Ali, M. K., 2001 [24] and image encryp-

tion. Synapses and synchronization control challenge of neural networks have magnetized

supreme attentiveness of researchers. In 2008, Itoh, M and Chua, L. [25] obtained various

kinds of frequencies and oscillators by applying a memristor to subrogate the diode in

Chua’s electrical circuit. Subsequently, numerous memristive chaotic systems Wang, L.

et al., 2012 [26] and Muthuswamy, B. and Kokate, P. P., 2009 [27] were suggested by em-

ploying a similar approach. Therefore, massive performances have been acquired in the

field of synapses and synchronization control of memristive neural networks systems (see

also Guo, Z. et al., 2015 [28] – Abdurahman, A. et al., 2015 [31] and references therein).

In 1983 [38], Michael Cohen and Stephen Grossberg introduced the memristive Cohen–

Grossberg neural network system (MCGNNS) and showed that it is a generalization of

the memristive Hopfield neural network system (MHNNS) and memristive bidirectional

associative memory neural network system (MBAMNNS) (see Yang, X. et al., 2014 [2]

and Yao, W. et al., 2022 [139] and references therein).

Over the years, memristors have been studied and expressed in differential equations by

many researchers. For instance, a memristive Hopfield neural network system (MHNNS)

described by
z′i(t) = −αizi(t) +

m∑
j=1

βij(zi(t))ηj(zj(t)) +
m∑
j=1

γij(zi(t))ζj(zj(t− τ))

+
m∑
j=1

µij(zi(t))

∫ ∞

0

κij(s)ξj(zj(t− s))ds+ Ii(t),∀ t > 0, i = 1, . . . ,m,

(1.1)

was discussed by Qiu, R. et al., 2022 [158], Pham, V. et al., 2016 [159], Li, R. and Ding,

R., 2022 [160], Ma, T. et al., 2022 [161] and He, S. et al., 2023 [162] and references therein.

A memristive bidirectional associative memory neural network system presented by, for

all t > 0, i = 1, 2, . . . , n and j = 1, 2, . . . ,m,

3





u′i(t) = −α1iui(t) +
m∑
j=1

β1ij(ui(t))η1j(vj(t)) +
m∑
j=1

γ1ij(ui(t))ζ1j(vj(t− τ1))

+
m∑
j=1

µ1ij(ui(t))

∫ ∞

0

κ1ij(s)ξ1j(vj(t− s))ds+ Ii(t)

v′j(t) = −α2jvj(t) +
n∑

i=1

β2ij(vj(t))η2i(ui(t)) +
n∑

i=1

γ2ij(vj(t))ζ2i(ui(t− τ2))

+
n∑

i=1

µ2ij(vj(t))

∫ ∞

0

κ2ij(s)ξ2i(ui(t− s))ds+ Jj(t),

(1.2)

was studied by many researchers such as Sakthivel, R. et al., 2016 [163], Zhao, Y. et al.,

2019 [164], Zhao, Y. et al., 2021 [165], Yuan, M. et al., 2018 [166] and Zheng, M. et al.,

2018 [167] and references therein. Hui, M. et al., 2020 [168], Zhu, S. et al., 2023 [169],

Ren, F. et al., 2021 [170], Yao, W. et al., 2022 [171], Hui, M. et al., 2019 [172], Zhou,

Y. et al., 2019 [173], Wei, R. et al., 2018 [174] and Qin, S. et al., 2019 [175] studied the

memristive Cohen–Grossberg neural network system given by the following system, for

all t > 0 and i = 1, . . . ,m,
w′

i(t) = −χi(wi(t))

[
αiwi(t)−

m∑
j=1

βij(wi(t))ηj(uj(t))−
m∑
j=1

γij(wi(t))ζj(wj(t− τ))

−
m∑
j=1

µij(wi(t))

∫ ∞

0

κij(s)ξj(wj(t− s))ds− Ii(t)

]
.

(1.3)

In 1960, Filippov, A. F. [44] and Filippov, A. F., 2013 [45] presented a novel method

to convert a differential equation with discontinuous right hand side into a differential

inclusion and applied the theory of differential inclusion to come up with stability (see

also Aubin, J. P. and Cellina, A., 2012 [46] and references therein). In addition, several

mathematical methods and technical analyses in neural networks systems have been used

to obtained stability and synchronization results such as linear matrix inequalities method

(LMIM), differential inequities, LaSalle method, invariance principle Singh, V. 2004 [47]

– Tao, Q. et al., 2001 [54], Lyapunov functionals, Lyapunov–Karasovskii method, con-

tracting mapping theory, Halanay inequalities, etc.

In 2014, Yang, X. et al. [2] formulated a relationship between the memristor in neural

network theory and differential equations with discontinuous right hand side (see also Liu,

X. and Cao, J., 2011 [43]). The value (memristor) depends on the magnitude and polarity

of the voltage applied to it and the length of the time that the voltage has been applied.
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When the voltage is turned off, the memristor remembers its most recent value until it is

turned on next time.

There are different types of stability and synchronization results for memristive Cohen–

Grossberg neural network systems, memristive bidirectional associative memory neural

network system and memristive Hopfield neural network systems. In the literature, we

can find several results on the asymptotic, polynomial and exponential stability and syn-

chronization. These results are achieved for large values of time. On the other side, in

some situations, it is possible to obtain these results in a finite time. Actually, the fi-

nite time synchronization is important and essential to be investigated and examined. it

helps to enable critical functions (e.g. handovers between cell towers, time stamping of

financial transactions, highly accurate monitoring of electrical grids,...etc) at distributed

nodes that require a precise frequency and time reference. For more details on stability

and synchronization results for a memristor, we refer to Dong, X. and Wang, X., 2017

[138], Yao, W. et al., 2020 [139], Wang, L. et al., 2014 [140], Shi, Y. and Cao, J., 2020

[141], Hu, J. and Wang, J., 2010 [142], Li, G. et al., 2018 [143], Wen, S. et al., 2015 [144],

Wu, A. and Zeng, Z., 2015 [145], Othmani, S. and Tatar, NE., 2021 [81], Othmani, S.

et al., 2021 [82], Wu, A. et al., 2014 [146], Muhammadhaji, A. and Teng, Z., 2020 [147],

Wang, L. et al., 2016 [148], Maharajan, C. et al., 2018 [149], Xiong, W. et al., 2017 [150],

Yang, J. et al., 2017 [151], Lai, Q. et al., 2022 [152], Hu, S. G. et al., 2015 [153], Xu, Q.

et al., 2018 [154], Yu, F. et al., 2022 [155], Yu, F. et al., 2022 [156] and Kong, D. et al.,

2019 [157] and references therein.

It has been made clear in the applications that memristive neural network systems

with discrete and distributed delays are of paramount importance and should, therefore,

be considered further. In spite of that, we can find only few studies in the literature

treating the dynamics of memristive neural networks with delay effects. In particular,

there are very few studies on the stability and synchronization memristive high–order

Cohen–Grossberg bidirectional associative memory neural network systems and memris-

tive Hopfiled neural network systems containing discrete and distributed delays. Further-

more, because of a high–approximation property, quicker convergence rate, higher storage

capability and the ability of solving optimization problems, high–order neural networks

(HONNs) became more efficient than low–order neural networks. This kind of networks

have been applied in many science and engineering areas to cite Kamruzzaman, J. and

Sarker, R. A., 2006 [134], Karayiannis, N. B. and Venetsanopoulos, A. N., 1995 [135] and

Psaltis, D. et al., 1988 [136] and references therein. There are numbers of noteworthy
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results on high–order neural network in the literature. For instance, Dong, Z. et al., 2020

[93], Gu, H. et al., [86], Dong, X. and Wang, X., 2017 [138], Dong, Z. et al., 2020 [93],

Gu, H. et al., 2011 [86], Ren, F. and Cao, J., 2006 [137], Sheng, Y. et al., 2020 [88],

Xia, Y., 2010 [95] and Zu, J. and Zu, J. et al., [96]. The authors investigated the ex-

ponential stability of the stationary point for delayed high–order neural network systems

through the Lyapunov functionals method, linear matrix inequalities method, theory of

differential equations and differential inequalities. The exponential stability of the steady

point for a high–order Cohen–Grossberg neural network system with delays was proved

by Chen, Z. et al., 2007 [92]. Lou, X. Y. and Cui, B. T., 2007 [94] studied the global

asymptotic stability of a high–order Cohen–Grossberg neural network system with delays

using linear matrices inequalities method and constructing Lyapunov functionals. The

dissipativity of a high–order bidirectional associative memory Cohen–Grossberg neural

network system involving mixed delays was shown by Aouiti, C. et al., 2020 [91] using

Lyapunov–Karasovskii functionals method and linear matrices inequalities method.

Motivated by the above applications and functions of memristors in neural network

theory and in addition to existence, uniqueness and continuity of such solutions of mem-

ristive Hopfiled neural network system and memristive high–order Cohen–Grossberg bidi-

rectional associative memory neural network system in Wang, X., 2019 [176], Chen, Y.

et al., 2023 [177], Yang, D. et al., 2016 [178], Sheng, Y. et al., 2019 [179], Sun, B. et

al., 2020 [180], Li, H. et al., 2022 [181], Li, X. et al., 2020 [182], Wu, H. et al., 2016

[183], Yang, W. et al., 2018 [184], He, W. and Chu, L., 2017 [185], Stamov, G. et al.,

2020 [186], Manikandan, M. et al., 2021 [187], Chen, S. et al., 2021 [188], Zhou, F.,

2012 [189], XYang, W., 2014 [190], Bao, H., 2016 [191], Zhang, Z. and Wang, L., 2011

[201], Li, X., 2009 [202], Balasubramaniam, P. and Ali, M. S., 2011 [203], Tian, A. et

al., 2010 [204], Li, Y. and Fan, X., 2009 [205], [206], Xiang, H. et al., 2011 [207], Jian,

J. and Zhao, Z., 2015 [208], Liu, Q. and Xu, R., 2011 [209], Li, X. and Fu, X., 2011

[210], Wang, D. et al., 2013 [211] and Zhao, Y. and Ren, S., 2020 [212], this disserta-

tion will focus on discrete and distributed delays for memristors. In particular, we will

examine the stability and synchronization of some memristive neural network systems in-

cluding memristive Hopfield neural network system, memristive Cohen–Grossberg neural

networks and bidirectional associative memory neural networks (BAMNN) that consists

of two state variables. Specifically, we wish to weaken the hypotheses on the activation

(signal transmission) functions, kernel (relaxation) functions and memristive connection

weigh functions. Our approach will allow us to extend previous results to a wider class

of kernel functions and activation functions and, therefore, solve a larger set of problems.
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We shall use the Filippov method, Lyapunov functionals method, differential equation

and differential inclusion and some technical analysis to achieve our goals.

1.2 Research Objectives

We study the stability and synchronization of solutions for two memristors based integro–

differential systems in neural network theory. More precisely, we consider the following

systems:

� A memristive Hopfield neural network system involving discrete and distributed de-

lays. Stability and synchronization results for this kind of system will be established.

This system is expressed by

x′i(t) = −aixi(t) +
m∑
j=1

bij(xi(t))gj(xj(t)) +
m∑
j=1

cij(xi(t))gj(xj(t− τ))

+
m∑
j=1

dij(xi(t))

∫ ∞

0

kij(s)gj(xj(t− s))ds+ Ii, ∀ t > 0, i = 1, . . . ,m,

xi(s) = φi(s), −τ ≤ s ≤ 0, i = 1, . . . ,m,

(1.4)

where for all t > 0 and i, j = 1, 2, . . . ,m, xi(t) denotes the solution (state) of the

problem (P1), ai is a non-negative neuron self-inhibition, bij, cij and dij are the

memristive connection weights functions, gj indicates the activation function (sig-

nal transmission functions), Ii represents the external input, τ indicates the discrete

delay, kij is the distributed delay kernel function and φi is a real-valued bounded

continuous function.

� A memristive Cohen–Grossberg bidirectional associative memory neural network

system of high–order type and with discrete and distributed delays. More precisely,

we treat the global stability, uniform energy estimation, local stability and adaptive

synchronization of the system
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

x′i(t) = pi(xi(t))
[
− Λi(xi(t)) +

m∑
j,l=1

ajil(xi(t))fj(yj(t− θ))fl(yl(t− θ))

+
m∑

j,l=1

bjil(xi(t))

∫ ∞

0

kjil(s)gj(yj(t− s))ds

∫ ∞

0

hjil(s)gl(yl(t− s))ds+ Ii

]
,

y′j(t) = qj(yj(t))
[
− Λ̄j(yj(t)) +

n∑
i,r=1

āijr(yj(t))f̄i(xi(t− τ))f̄r(xr(t− τ))

+
n∑

i,r=1

b̄ijr(yj(t))

∫ ∞

0

k̄ijr(s)ḡi(xi(t− s))ds

∫ ∞

0

h̄ijr(s)ḡr(xr(t− s))ds+ Jj

]
,

for all t > 0, i = 1, 2, . . . , n and j = 1, 2, . . . ,m,

(1.5)

equipped with the following initial data (initial conditions):xi(t) = ϕi(t), t ≤ 0,

yj(t) = φj(t), t ≤ 0,
(1.6)

where n and m are the number of neurons of first and second layer, respectively.

For all t > 0, i = 1, 2, . . . , n and j = 1, 2, . . . ,m, xi and yj are the state (solutions)

functions of the ith neuron from the neural layer Lx and the jth neuron from the

neural layer Ly at time t, respectively, pi and qj are the amplification functions of

the system, Λj and Λ̄j are some appropriate non–negative neuron self–inhibition

functions, fj, gj, f̄i and ḡi indicate to the activation functions (signal transmission

functions), Ii and Jj represent the external inputs, τ and θ refer to the discrete de-

lays, kjiℓ, hjiℓ, k̄ijr and h̄ijr are the distributed delay kernel functions, ϕi and ψj are

real-valued bounded continuous functions and the memristive connection weights

functions ajiℓ, bijr, ājiℓ and b̄ijr are continuous functions and assumed to satisfy the

following conditions:

ajil(xi(t)) =

âjil, |xi(t)| > Ti,

ǎjil, |xi(t)| ≤ Ti,
(1.7)

bjil(xi(t)) =

b̂jil, |xi(t)| > Ti,

b̌jil, |xi(t)| ≤ Ti,
(1.8)
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āijr(yj(t)) =

ˆ̄aijr, |yj(t)| > T̄j,

ˇ̄aijr, |yj(t)| ≤ T̄j,
(1.9)

and

b̄ijr(yj(t)) =

ˆ̄bijr, |yj(t)| > T̄j,

ˇ̄bijr, |yj(t)| ≤ T̄j,
(1.10)

for some positive switching jumps Ti and Tj and âjil,ǎjil, b̂jil, b̌jil, ˆ̄aijr, ˇ̄aijr,
ˆ̄bijr and

ˇ̄bijr are real numbers. Numerical illustration will be provided.

1.3 Methodology

The main procedures and techniques we used to achieve our objectives include the fol-

lowing steps:

� Employing the Filippov method to convert differential equations with discontinuous

right hand sides into the differential inclusions.

� Using theory of differential inclusion and some tools to treat terms with discontinu-

ities at some points.

� Using different types of controls.

� Utilizing the energy methods via the Lyapunov functionals.

� Appealing to some inequalities such as Young inequality, Cauchy–Schwarz inequal-

ity, Hôlder inequality,...etc.

1.4 Literature Review

The history goes back to at least 1980s. In 1983, Gopalsamy, K. [69] studied the following

linear integro–differential Hopfield neural networks system:
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x′i(t) =
n∑

j=1

aijxj(t− τij) +
n∑

j=1

∫ t

−∞
kij(t− s)xj(s)ds+ fi(t), i = 1, 2, . . . , n, t > 0,

(1.11)

and showed that

∥x(t)∥ =
n∑

j=1

|xi(t)| −→ 0, as t −→ ∞,

where

aii < 0, i = 1, 2, . . . , n,

∫ ∞

0

s|kij(s)|ds <∞

and ∫ ∞

0

|kij(s)|ds <∞, i, j = 1, 2, . . . , n,

∥f(t)∥ =
n∑

i=1

|fi(t)| is bounded for all t ∈ [0,∞) and ∥f(t)∥ ∈ L1 ([0,∞)). µ(A)+∥K∗∥ =

−β < 0 for some positive constant β, where A denotes a real n× n constant matrix with

entries aij(i, j = 1, 2, . . . , n), µ(A) represents the matrix measure of A and K∗ denotes

the matrix with entries

kij =

∫ ∞

0

|kij(s)|ds,

τij(i ̸= j, i, j = 1, 2, . . . , n) are non-negative known constants.

In 2002, Li, X. P. and Jiao, L. C. [70] imposed conditions ensuring the existence of

solutions for the following delayed cellular neural networks system:

x′i(t) = −xi(t) +
n∑

i=1

aijfj(xj(t)) +
n∑

i=1

bijfj(xj(t− τj)) + Ii, i = 1, 2, . . . , n,

10



on a given interval having global exponential behavior

∥x(t)− x∗∥ ≤M∥ψ − x∗∥e−εt, ε > 0, M ≥ 1, t > 0.

Hopfield neural network is a special kind of neural networks whose is different from

other neural networks. It is calculated by converging iterative process. It has just one

layer of neurons relating to the size of the input and output, which must be the same.

When such a network recognizes, for example, digits, we present a list of correctly ren-

dered digits to the network. Subsequently, the network can transform a noise input to

the relating perfect output.

In 1980s, John Joseph Hopfield introduced an artificial neural network (called Hopfield

neural network) to collect and retrieve memory like the human brain. Here, a neuron is

either on or off situation. The state of a neuron(on +1 or off 0) will be restored, relying on

the input it receives from the other neuron. A Hopfield neural network is at first prepared

to store various patterns or memories. Afterward, it is ready to recognize any of the

learned patterns by uncovering partial or even some corrupted data about that pattern,

i.e., it eventually settles down and restores the closest pattern. Thus, similar to the human

brain, the Hopfield model has stability in pattern recognition Hopfield, J. J., 1982 [55],

Hopfield, J. J., 1284 [56], Hopfield, J. and Tank, D., 1985 [57] and Hopfield, J. and Tank,

D., 1986 [58]. The Hopfield neural network is a useful model and has many applications

in real life. It has been proved useful in content–addressable memories Verleysen, M. et

al., 1989 [125] and combinatorial optimization problems, such as the travelling salesman

problem and the location allocation problem Hopfield, J. and Tank, D., 1985 [57] and Du,

K. et al., 2014 [126]. Previous Hopfield network was realized by constructing complemen-

tary metal–oxide–semiconductor circuits as the synapses at a cost of large chip area and

power consumption Verleysen, M. et al., 1989 [125]. So far, in the existing papers in the

literature, for instance, Zhang, R. et al., 2018 [127], Yang, X. and Ho, D., 2015 [128], Guo,

X. et al., 2014 [129], Rakkiyappan R. et al., 2014 [130], Abdurahman, A. Jiang, H. 2016

[131] and Zhang, G. et al., [132] some conditions are imposed on the kernel functions and

the different parameters to obtain exponential stability. We are aiming here to establish

stability and synchronization of the above memristive hopfield neural network system for

a wider class of the kernel functions and with a general decay rate of stability.

The stability and synchronization of solutions for a memristor based integro-differential
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system in neural networks theory have been studied by many authors and researchers

e.g., Yang, X. et al., 2014 [2] proved global exponential synchronization for a class of

memristor–based Cohen–Grossberg neural network system:

u′i(t) = −ai(ui(t))
[
bi(ui(t))−

m∑
j=1

wij(uj(t))fj(uj(t)) + cij(ui(t))fj(uj(t− τij(t)))

+dij(ui(t))

∫ 0

−∞
Kij(t− s)fj(uj(s))ds

]
+ Ii, i = 1, 2, . . . ,m, (1.12)

with time–varying discrete delays and unbounded distributed delays based on the char-

acteristics of amplification function. By utilizing feedback controllers and constructing

suitable Lyapunov functionals, Chen, C. et al., 2017 [3]-[111] discussed the finite time

synchronization problem of a memristor–based neural network system (MNNS) of (1.12)

with mixed delays (see also Chua, L., 1971 [18]). Dissipativity analysis of neutral–type

memristive neural network system with two additive time–varying and leakage delays

x′i(t) = −cixi(t− η(t)) +
m∑
j=1

aij(xi(t)fj(xj(t)) +
m∑
j=1

bij(xi(t)fj(xj(t− τj1(t))− τj2(t)))

+
m∑
j=1

dij(xi(t)

∫ t−δ1(t)

t−δ2(t)

fj((xj(s))ds+ eix
′
i(t− h(t)) + ui(t), i = 1, 2, . . . ,m,(1.13)

was studied by Yang, C. et al., 2019 [6] by applying a suitable Lyapunov—Krasovskii

functional (LKF), some integral inequality techniques, linear matrix inequalities (LMIs)

and free–weighting matrix method. Song, Q., 2009 [32] investigated the global exponen-

tial synchronization of a coupled connected neural network system with both discrete and

distributed delays

x′i(t) = −Dxi(t) + Af(xi(t)) +Bf(xi(t− σ)) + C

∫ t

t−τ

f(xi(s))ds+ I(t) +
m∑
j=1

αijPxj(t)

+
m∑
j=1

βijQxj(t− σ) +
m∑
j=1

γijR

∫ t

t−τ

xj(s)ds, i = 1, 2, . . . ,m, (1.14)

under mild condition, assuming neither the differentiability and strict monotonicity for

the activation functions nor the diagonal for the inner coupling matrices, a new Lyapunov–

Krasovskii functional, the theory of Kronecker product of matrices and the linear matrix
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inequality (LMI) technique were employed. The global asymptotic stability question of

u′i(t) = −diui(t) +
m∑
j=1

aijfj(uj(t)) +

∫ t

t−τ

cijhj(uj(s))ds+ Ii, i = 1, 2, . . . ,m, (1.15)

was studied by Wang, Z. et al., 2011 [33] for a class of recurrent neural networks with

distributed delays satisfying Lebesgue–Stieljies measures on the basis of linear matrix in-

equality. Using Lyapunov stability theory and some technical analysis and inequalities,

global exponential synchronization for a class of switched neural network system with the

indicator function

x′(t) = −Cx(t) + Af(x(t)) +Bf(x(t− τ(t)))

+D

∫ t

−∞
p(t− s)f(x(s))ds+ I(t), for all t > 0, (1.16)

where C, A, B and D are matrices, and with time–varying delays and unbounded dis-

tributed delays via impulsive control method was obtained by Yang, X. et al., 2011 [34].

Based on a new Lyapunov–Krasovskii functional candidate, a new analysis technique and

using a class of simple discontinuous state feedback controller Yang, X., 2014 [35] estab-

lished the finite–time synchronization of the neural network system

u′i(t) = −ciui(t) +
m∑
j=1

aij(xi(t)fj(xj(t)) +
m∑
j=1

bij(xi(t))fj(xj(t− τij(t))))

+
m∑
j=1

dij(xi(t)

∫ t

−∞
Kij(t− s)fj(uj(d))ds+ Ji(t), i = 1, 2, . . . ,m. (1.17)

Under the framework of Filippov method, by designing simple controller, applying some

new analytical techniques, and constructing some new Lyapunov–Krasovskii functionals,

global existence of solutions to the neural network system

x′(t) = −Cx(t) + Af(x(t)) +Bf(xi(t− τ(t))) +D

∫ t

−∞
K(t− s)f(x(s))ds+ J,

(1.18)

with discontinuous activation functions and mixed delays was proved by Yang, X. et al.,

2015 [36]. Song, Y. and Wen, S., 2015 [37] studied the synchronization control of stochas-

tic memristor–based neural network system
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x′i(t) = −dixi(t) +
m∑
j=1

aij(xi(t))fj(xj(t)) +
m∑
j=1

bij(xi(t))fj(xj(t− τ(t)))

+
m∑
j=1

cij(xi(t))

∫ t

t−ρ(t)

fj(xj(s))ds

+βi (t, xi(t), xi(t− τ(t))) dwi(t), i = 1, 2, . . . ,m, (1.19)

with mixed delays based on the drive–response concept, the stochastic differential in-

clusions theory and Lyapunov functional method. Absolute stability of global pattern

formation and parallel memory for a class of n–dimensional storage competitive neural

network system

x′i(t) = αi(xi(t))

[
βi(xi(t))−

m∑
j=1

γijξj(t)

]
∀ t > 0, i = 1, 2, . . . .m, (1.20)

was studied by Cohen, M. A. and Grossberg, S., 1983 [38]. Based on sufficient synchro-

nization criteria, the eigenvalues of the weight matrix belonging to the neural network

system and an idea of structured inverse eigenvalue problem. Mahdavi, N. and Kurths,

J., 2014 [39] considered a delay system presented by

xi(t) = wiixi(t− 1) +
N∑
j=1
j ̸=i

wijxj(t− τ), i = 1, 2, . . . , N, τ ≥ 0. (1.21)

The authors developed this system by a new learning rule for the coupling weights tuning

of Hopfield like chaotic neural networks such a way that all neurons behave in a syn-

chronous manner, while the desirable structure of the network is preserved during the

learning process. This proposed learning rule is based on sufficient synchronization cri-

teria, on the eigenvalues of the weight matrix belonging to the neural network and the

idea of structured inverse eigenvalue problem. The developed learning rule not only syn-

chronizes all neurons outputs with each other in a desirable topology, but also enables

researchers to enhance the synchronizability of the network by choosing the appropriate

set of weight matrix eigenvalues. Specifically, this method is evaluated by performing

simulations on the scale–free topology. Kamel, M. S. and Xia, Y., 2009 [40] discussed the

optimization problem of cooperative recurrent neural network system
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x′(t) = −


∑
i∈ρ(x)

∇fi(x), if x /∈ Ŝ,

∇f(x), if x ∈ Ŝ,

(1.22)

where x ∈ Rn, Ŝ = {x ∈ Rn : f(x) ≤ 0} and ρ(x) = {1 ≤ i ≤ m : fi(x) > 0}. Existence

and global exponential stability of periodic solutions for impulsive Cohen–Grossberg neu-

ral network system (CGNNS)

x′i(t) = −ai(xi(t))
[
bi(xi(t))−

m∑
j=1

cij(t)fj(xj(t− τij(t)))

+dij(t)

∫ 0

−∞
Kij(t− s)gj(xj(s))ds

]
+ Ii, i = 1, 2, . . . ,m, (1.23)

with mixed delays was obtained by Yang, X. et al., 2008 [41], using Leray–Schauder’s fixed

point theorem, differential inequality techniques, and Lyapunov functionals. Under two

new Lyapunov functions and the invariance principle of stochastic differential equations,

the problem of lag synchronization for a kind of chaotic neural network system

x′i(t) = −ciui(t) +
m∑
j=1

aijfj(xj(t)) +
m∑
j=1

bijfj(xj(t− τ))

+
m∑
j=1

dij

∫ t

t−η

fj(xj(s))ds+ Ii, i = 1, 2, . . . ,m, (1.24)

was studied by Yang, X. et al., 2011 [42] with discrete and distributed delays (see also

references therein).

Next, we mention some results on neural network systems in the form of propositions.

Proposition 1.4.1 (Zhang, G. et al., 2017 [121])

Consider the memristive Hopfield neural network system (MHNNS)

x′i(t) = −bixi(t) +
n∑

j=1

cij(xi(t))fj(xj(t)) +
n∑

j=1

dij(xi(t))fj(xj(t)− τ(t)) + Ii,

for all t > 0 and i = 1, 2, . . . , n, (1.25)
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where xi(t) are the state of the ith neuron, bi are positive constants, fi(.) denote the ac-

tivation functions of the ith neuron at time t and assumed to be Lipschitz, τ(t) is the

delay that satisfies 0 ≤ τ(t) ≤ τ and Ii denote the external inputs on the ith neuron. Let

xi(s) = φ(s), x′i(s) = ψ(s), for −τ ≤ s ≤ 0, where φ and ψ are bounded and continu-

ous functions, cij(xi(t)) and dij(xi(t)) are the feedback connection weights and the delay

feedback connection weight, respectively. Then, there exists a globally exponentially stable

solution of the system.

The technique used in the proof of Proposition 1.4.1 is based on the theory of differential

equations and Lyapunov method.

Proposition 1.4.2 (Nie, X. and Zheng, W. X., 2015 [72])

Consider the memristive Cohen-Grossberg neural network system (MCGNNS)

u′i(t) = −ai(ui(t))

[
biui(t)−

n∑
j=1

hij(ui(t))fj(ui(t))− Ii

]
, (1.26)

where i = 1, 2, . . . , n, u(t) = (u1(t), u2(t), . . . , un(t) ∈ Rnare the state vector, bi > 0,

ai(ui(t)) represent the amplification functions, I = (I1, I2, . . . , In) is the input vector,

fj(.) are the activation functions and hij(uj(t)) denote the connection weight functions of

the neural networks system assumed bounded. Assume that ai(r) are continuous functions

and there exist positive constants ai1 and ai2 such that 0 < ai1 ≤ ai(r) < ai2, for all

r ∈ R, i = 1, 2, . . . , n. Then, the (MCGNNS) (1.26) has 3n exponentially stable equilib-

rium points out of 5n.

In the proof of Proposition 1.4.2, the technique used relies on fixed point theorems and

non–smooth analysis theory as well as the aid of set–valued maps theories and differential

inclusions.

Proposition 1.4.3 (Liang, J. and Cao, J., 2004 [73])

Consider the bidirectional associative memory neural network system (BAMNNS)
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
x′i(t) = −cixi(t) +

p∑
j=1

aji

∫ t

−∞
kji(t− s)fj(yj(s))ds+ Ii, i = 1, 2, . . . , n,

y′j(t) = −djyj(t) +
n∑

i=1

bij

∫ t

−∞
vij(t− s)fi(xi(s))ds+ Jj, i = 1, 2, . . . , p,

(1.27)

where x = [x1, x2, . . . , xn]
T ∈ Rn, y = [y1, y2, . . . , yp]

T ∈ Rp, ci and dj are non–negative

constants, fi(.) are the activation functions assumed to be bounded and Lipschitz condi-

tion, Ii and Jj are the external inputs and the connection weight functions aji and bij are

real numbers and the kernel functions kji and vij for i = 1, 2, . . . , n and j = 1, 2, . . . , p,

are real valued non–negative continuous functions defined on [0,+∞) and satisfy∫ ∞

0

kji(s)ds = 1 and

∫ ∞

0

skji(s)ds <∞,

∫ ∞

0

vij(s)ds = 1 and

∫ ∞

0

svij(s)ds <∞.

Suppose there exist positive constants λi > 0 and λn+j > 0 (for i = 1, 2, . . . , n and

j = 1, 2, . . . , p) such that

−rλici + (r − 1)

p∑
j=1

λi|aji|+
p∑

j=1

λn+jµ
r
i |bij| < 0, i = 1, 2, . . . , n,

−rλn+jdj + (r − 1)
n∑

i=1

λn+j|bij|+
n∑

i=1

λiµ
r
jµ

r
i |aji| < 0, j = 1, 2, . . . , p.

Then, the equilibrium is globally asymptotically stable.

Suitable Laypunov functionals are utilized in the proof of Proposition 1.4.3 and some

technical analysis and inequalities to obtain the globally asymptotic stability for (BAMNNS)

defined in (1.27).

1.5 Some Related Problems

In 2017, Chen, C. et al. [3] (see also [111] and [5]) considered a memristive Hopfield neural

networks system (MHNNS) with mixed delays of the form
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
x′i(t) = −dixi(t) +

m∑
j=1

aij(xi(t))fj(xj(t) +
m∑
j=1

bij(xi(t))fj(xj(t− τ(t)))

+
m∑
j=1

cij(xi(t))

∫ t

t−ρ(t)

fj(xj(s))ds+ Ii, ∀ t ≥ 0, i = 1, . . . , n,

(1.28)

where for all i, j = 1, 2, . . . ,m, xi(t) represent for the voltage of the capacity Ci, di > 0

stand for neuron self–inhibitions, fi(.) denote the activation functions, τ and ρ denote

discrete delay and distributed delay, respectively, such that 0 ≤ τ(t) ≤ τ1, 0 ≤ ρ(t) ≤ τ2

and τ̇(t) ≤ σ ≤ 1, Ii represent the external inputs. The initial value corresponding to the

system (1.28) is φ = (φ1(s), φ2(s), . . . , φn(s))
T ∈ C ([−τ, 0],Rn), where τ = max {τ1, τ2}

and C ([−τ, 0],Rn) denotes the Banach space of all continuous functions that map [−τ, 0]
into Rn, the functions aij(xi(t)), bij(xi(t)) and cij(xi(t)) are the memristive connection

weights assumed to be bounded by some positive constants.

In 2020, Tatar, N-E. [59] (see also Tatar, N-E. [60]-[68]) considered the following high–

order neural networks system (HONNS)

x′i(t) = νix
′
i(t− τi(t))− ai(t)xi(t) +

m∑
j=1

bij(t)fj(xj(t)) +
m∑
j=1

cij(t)gj(xj(t− τij(t)))

+
m∑
j=1

m∑
l=1

dijl(t)gj(xj(t− τij(t)))gl(xl(t− τij(t)))

+
m∑
j=1

m∑
l=1

mijl(t)

∫ ∞

0

hijl(s)gj(xj(t− s))ds

∫ ∞

0

kijl(s)gj(xj(t− s))ds+ Ii,

for all t ≥ 0, i = 1, 2, . . . ,m,

xj(t) = x0j(t), t ∈ (−∞, 0], (1.29)

where for all i, j, l = 1, 2, . . . ,m, x0j(t) are given continuous functions, the terms νix
′
i(t−

τi(t)) are the neutral delays, bij are real constants, ai(t) are non–negative functions, ci(t)

are continuous functions, fj, gj and gl are the activation functions, Ii(t) are the external

inputs and hijl and kijl are the kernel functions which are assumed to be continuous and

integrable. Problem (1.29) is more general than the simple problems without neutral

delays that presented in the system
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

x′i(t) = −aixi(t) +
m∑
j=1

m∑
l=1

bijl(t)gj(xj(t− τ)gl(xl(t− τ))

+
m∑
j=1

m∑
l=1

cijl(t)

∫ ∞

0

vijl(s)hj(xj(t− s))ds

∫ ∞

0

wijl(s)hl(xl(t− s))ds+ Ii,

∀ t ≥ 0, i = 1, 2, . . . ,m.

xj(t) = x0j(t), t ∈ (−∞, 0].

(1.30)

By assuming that for all i, j, l = 1, 2, . . . ,m, the kernel functions vijl and wijl are non-

negative and continuous summable functions such that∫ ∞

0

vijl(s)ds = v̄ijl and

∫ ∞

0

vijl(s)χ(s)ds <∞

and ∫ ∞

0

wijl(s)ds = w̄ijl and

∫ ∞

0

wijl(s)χ(s)ds <∞,

for some positive continuous function χ(t) where φ(t) = χ′(t)
χ(t)

is a decreasing function

for all t ≥ 0, and by utilizing suitable Lyapunov functionals in addition to some techni-

cal inequalities, the author proved some exponential stability and synchronization results

depending on the rate of the decay of the delay kernel functions for both bounded and

unbounded activation functions.

In 1983, Cohen and Grossberg [74] introduced the system of ordinary differential equa-

tions described by

u′i(t) = −αi(ui(t))

[
βi(ui(t))−

m∑
j=1

γijfj(xj(t))

]
, i = 1, 2, . . . ,m, (1.31)

where for all i, j = 1, 2, . . . ,m, m ≥ 2 is the number of the neurons in the network, ui(t)

denotes the state variable of the i th neuron at time t, fj(uj(t)) denotes the activation

function of the j th neuron at time t ; the feedback matrix Γ := (γij)m×m indicates

the strength of the neuron interconnections within the network, αi(ui(t)) and βi(ui(t))

represent an amplification and an appropriately behaved function, respectively such that

the solutions of the model remain bounded to investigate the absolute stability of global
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pattern formation of such system.

In 2003, Hwang, C. et al. [75] generalized the previous Cohen–Grossberg neural net-

work by adding variable delays as the follows

u′ = −αi(ui(t))

[
βi(ui(t))−

m∑
j=1

γij(uij(t))gj(uj(t))−
m∑
j=1

µij(uij(t))gj(uj(t− τi,j(t)))

]
,

(1.32)

where gj(uj(t)) describes the manner in which the neurons respond to each other. It is

assumed to be a sigmoid function, which indicates that the activation function is mono-

tone in nature and smooth. The authors established the exponential stability provided

that αi(ui(t)), where i = 1, 2, . . . ,m, is bounded, positive, and locally Lipschitz contin-

uous function, such that 0 < ni ≤ αi(ui(t)) ≤ N < ∞, for all ui ∈ R, for some positive

constants ni and Ni, βi(ui(t)) and β−1
i (ui(t)), where i = 1, 2, . . . ,m, is locally Lipschitz

continuous function, such that β′
i(ui(t)) ≥ ai > 0, for all ui(t) ∈ R, for some positive

constant ai and the signal transmission function gj : R −→ R, where i = 1, 2, . . . ,m, is

bounded and satisfies the Lipshitz condition with Lipschitz constant Li > 0, i.e.,

|gj(u(t))− gj(v(t))| ≤ Li|u(t)− v(t)|, ∀u, v ∈ R. (1.33)

In 2014, Yang, X. et al. [2] considered a memristive based Cohen–Grossberg neural

networks system (MCGNNS) with time varying discrete delays and unbounded distributed

delays of the form
x′i(t) = −ai(xi(t))

{
bij(xi(t))−

m∑
j=1

wij(xi(t))fj(xj(t) +
m∑
j=1

cij(xi(t))fj(xj(t− τi,j(t)))

+
m∑
j=1

dij(xi(t))

∫ 0

−∞
kij(t− s)fj(xj(s))ds− Ii

}
, ∀ t > 0, i = 1, ..., n,

(1.34)

where for all i, j = 1, 2, . . . , n, xi(t) denote the state variable of the ith neuron at time

t, Ii are the external input to th ith neuron, ai(xi(t)) and bi(xi(t)) represent the ampli-

fication functions and appropriately behaved functions at time t, respectively, the time

varying delay τi,j(t) correspond to the finite speed of signal transmission, kij(t) are non-

negative bounded kernel functions defined on [0,∞), the functions wij(xi(t)), cij(xi(t))
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and dij(xi(t)) are the memristive connection weights of the neural network which are as-

sumed to be bounded by some positive constants.

The following assumptions are made

(A1) There exist constants τi,j > 0 such that 0 ≤ τi,j(t) ≤ τi,j, i, j = 1, 2, . . . , n, t ∈ R.

(A2) The functions ai(x) are continuous and there exist positive constants a1 and a2 such

that 0 < a1 ≤ ai(x) ≤ a2, ∀x ∈ R, i = 1, 2, . . . , n.

(A3) There exist constants li such that b′i(x) ≥ li, where b
′
i(x) denote the derivative of

bi(x), x ∈ R and bi(0) = 0, i = 1, 2, . . . , n.

(A4) The activation functions are Lipschitz, i.e. ∃Li > 0 such that

|fi(x)− fi(y)| ≤ Li|x− y|, ∀x, y ∈ R, x ̸= y, i = 1, 2, . . . , n.

(A5) There exist constants Mi such that |fi(x)| ≤ Mi, for bounded x, x ∈ R, for all

i = 1, 2, . . . , n.

(A6) The kernel functions ki,j : [0,∞) −→ [0,∞) are real–valued non-negative continuous

functions and ∃ βi,j such that∫ ∞

0

ki,j(s)ds ≤ βi,j, i, j = 1, 2, . . . , n.

The authors discussed the convergence rate and investigated the global exponential

stability and synchronization using a novel state feedback controller (see [44]–[45]).

Remark 1.5.1

Under the previous assumptions (A4) and (A5) above, many authors in the literature in-

vestigated and examined the stability and finite time synchronization based on Filippov
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method [44], the theory of differential inclusion [45], set valued–maps [46] and different

finite time synchronization analysis techniques, utilizing feedback controllers and suitable

Lyapunov functionals.

In 2017, Yucel, E. [76], considered a memristive based Cohen–Grossberg neural net-

works system (MCGNNS) with time varying discrete delays and unbounded distributed

delays of the form


x′i(t) = −aixi(t) +

m∑
i=1

wjigj(yj(t)) +
m∑
i=1

w∗
jigj(yj(t− τji)) + Ii

y′i(t) = −bixi(t) +
n∑

i=1

vijgi(yi(t)) +
n∑

i=1

v∗ijgi(yi(t− τij)) + Jj,

(1.35)

for all i, j = 1, 2, . . . ,m. The given (BAM) neural network model consists of two layers, n

denotes number of the neurons in the first layer and m denotes the number of neurons in

the second layer. xi(t) is the state of the i
th neuron in the first layer and yj(t) is the state

of the jth neuron in the second layer. ai and bj denote the neuron charging time con-

stants and passive decay rates, respectively; wji, w
∗
ij, vij and v

∗
ij are synaptic connection

strengths; gi and gj represent the activation functions of the neurons and the propaga-

tional signal functions, respectively; and Ii and Jj are the exogenous inputs. Several new

sufficient conditions that imply the existence, uniqueness and global robust stability of

the equilibrium point for the class of BAM neural networks are obtained by the use of

proper Lyapunov functionals and assuming

0 ≤ gi(u1)− gi(v1)

u1 − v1
≤ ℓi, 0 ≤ gj(u2)− gj(v2)

u2 − v2
≤ kj (1.36)

and

|gi(u)| ≤ Li, |gj(v)| ≤ Lj, (1.37)

for all u, v, u1, u2, v1, v2 ∈ R, for some positive constants ℓi, kj, Li and Lj.

In 2008, Wang, B. et al. [77], discussed a more general Cohen–Grossberg type BAM

neural network model with time–varying delays and continuously distributed delays de-

scribed by the following equations
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

x′i(t) = αi(xi(t))

[
− ai(xi(t)) +

n∑
j=1

c1ji(t)fj(yj(t)) +
n∑

j=1

c2ji(t)fj(yj(t− τji(t)))

+
n∑

j=1

wji

∫ ∞

0

Kji(s)fj(λjyj(t− s))ds+ Ii(t)

]
i = 1, 2, . . . ,m,

y′j(t) = βi(yj(t))

[
− bj(yj(t)) +

m∑
i=1

d1ij(t)gi(xi(t)) +
m∑
i=1

d2ij(t)gi(xi(t− σij(t)))

+
m∑
i=1

vij

∫ ∞

0

Lij(s)gi(hixi(t− s))ds+ Jj(t)

]
j = 1, 2, . . . , n,

(1.38)

provided that m ≥ 2 and n ≥ 2.

Under the following conditions

� The functions αi(xi(t)) and βi(xi(t)) are bounded, positive and satisfy

0 ≤ α1i ≤ αi(xi(t)) ≤ α2i <∞, 0 ≤ β1i ≤ βi(xi(t)) ≤ β2i <∞. (1.39)

� The functions ai(xi(t)) and bj(yj(t)) are bounded and continuous; furthermore these

functions are reversible and satisfy

a′i(xi(t)) ≥ ζi > 0, bj(yj(t)) ≥ ηj > 0, (1.40)

for some positive constants ζi and ηj.

� The activation functions fj and gi are bounded or globally Lipschitz continuous i.e.,

there exist Lipschitz constants mi and nj such that

|fj(u)− fj(v)| ≤ nj|u− v|, |gi(u)− gi(v)| ≤ mi|u− v|, ∀u, v ∈ R. (1.41)

� The time–varying delays τji(t) and σij(t) are continuous, bounded and differentiable

functions.

� Kji and Lij are continuous kernel functions and satisfy∫ ∞

0

Kji(s)ds = kji > 0,

∫ ∞

0

Lij(s)ds = ℓij > 0. (1.42)
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Furthermore, c1ji(t), c2ji(t), d1ij(t), d2ij(t), dwij(t), vij(t), Ii(t) and Jj(t) are as-

sumed to be continuous functions on R. Based on Lyapunov stability theory, the

authors investigated the global exponential stability of the equilibrium point for the

above Cohen–Grossberg type BAM neural networks with time–varying delays and

continuously distributed delays.

1.6 Main Contribution

In this work, we establish some stability and synchronization results for some history

dependent systems of memristors in neural network theory. The few works on the sta-

bility and synchronization of solutions, we are aware of, impose severe conditions on the

involved kernel functions and memristive connection weight functions. For instance, it is

assumed that kernels are bounded or subexponential functions to guarantee the stability

and synchronization results. Moreover, the memristive connection weight functions are

assumed to be bounded. Our objective in this dissertation is to relax such conditions and

obtain general decay rates covering exponential as well as polynomial decay rates.

Our results could be used to analyze the stability and synchronization of solutions for

memristor based integro–differential systems in neural network theory. More precisely,

we shall consider

� Memristive Hopfield neural network system modeled by

x′i(t) = −aixi(t) +
m∑
j=1

bij(xi(t))gj(xj(t)) +
m∑
j=1

cij(xi(t))gj(xj(t− τ))

+
m∑
j=1

dij(xi(t))

∫ ∞

0

kij(s)gj(xj(t− s))ds+ Ii, ∀ t > 0, i = 1, . . . ,m,

xi(s) = φi(s), −∞ < s ≤ 0, i = 1, . . . ,m,

(1.43)

where for all t > 0 and i, j = 1, 2, . . . ,m, xi(t) denotes the solution (state) of the

problem (P1), ai is a non–negative neuron self–inhibition, bij, cij and dij are the

memristive connection weights functions, gj indicates the activation function (sig-

nal transmission functions), Ii represents the external input, τ indicates the discrete
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delay, kij is the distributed delay kernel function and φi is a real–valued bounded

continuous function. The following assumptions will be made:

1. The functions gj, j = 1, 2, . . . ,m, are Lipschitz continuous functions on R with

Lipschitz constants Gj i.e.

|gj(x)− gj(y)| ≤ Gj|x− y|, ∀x, y ∈ R, j = 1, 2, . . . ,m.

2. The kernel functions kij : [0,∞) −→ R+, i, j = 1, 2, . . . ,m, for all t > 0, are

continuous and integrable functions such that∫ ∞

0

kij(s)ds = k̄ij ∈ (0, 1),

and ∫ ∞

0

kij(s)ξ(s)ds <∞,

for some positive and continuous function ξ such that φ(t) := ξ′(t)
ξ(t)

is a decreas-

ing function.

3. For all t > 0 and i, j = 1, 2, . . . ,m, the memristive connection weight functions

bij, cij and dij are bounded by Bij, Cij and Dij, respectively and satisfy the

Lipschitz condition.

Relying on the energy estimation method such as the Lyapunov method, the the-

ory of differential equations and some technical analysis and inequalities such as

Young inequality, Cauchy–Schwarz inequality, Hôlder inequality, ... etc., stability

and synchronization results of this system will be established. This work extends

some existing results in the literature, for instance Wu, A. et al., 2012 [120], Zhang,

G. et al., 2013 [121], Wang, H. et al., 2016 [122], Wen, S. et al., 2012 [123] and Li,

Y. et al., 2019 [124] (see also references therein).

� Memristive high–order Cohen–Grossberg bidirectional associative memory neural

network system described by
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

x′i(t) = pi(xi(t))
[
− Λi(xi(t)) +

m∑
j,l=1

ajil(xi(t))fj(yj(t− θ))fl(yl(t− θ))

+
m∑

j,l=1

bjil(xi(t))

∫ ∞

0

kjil(s)gj(yj(t− s))ds

∫ ∞

0

hjil(s)gl(yl(t− s))ds+ Ii

]
,

y′j(t) = qj(yj(t))
[
− Λ̄j(yj(t)) +

n∑
i,r=1

āijr(yj(t))f̄i(xi(t− τ))f̄r(xr(t− τ))

+
n∑

i,r=1

b̄ijr(yj(t))

∫ ∞

0

k̄ijr(s)ḡi(xi(t− s))ds

∫ ∞

0

h̄ijr(s)ḡr(xr(t− s))ds+ Jj

]
,

for all i = 1, 2, . . . , n and j = 1, 2, . . . ,m,

(1.44)

equipped with the following initial data (initial history)xi(t) = ϕi(t), t ≤ 0,

yj(t) = φj(t), t ≤ 0,
(1.45)

where n and m are the number of the neurons of the first and the second layer,

respectively. For all t > 0, i = 1, 2, . . . , n and j = 1, 2, . . . ,m, xi and yj are the

state (solutions) functions of the ith neuron from the neural layer Lx and the jth

neuron from the neural layer Ly at time t, respectively, pi and qj are the amplifica-

tion functions of the system, Λj and Λ̄j are some appropriate non–negative neuron

self–inhibition functions, fj, gj, f̄i and ḡi indicate to the activation functions (signal

transmission functions), Ii and Jj represent the external inputs, τ and θ refer to the

discrete delays, kjiℓ, hjiℓ, k̄ijr and h̄ijr are the distributed delay kernel functions, ϕi

and ψj are real–valued bounded continuous functions and the memristive connec-

tion weights functions ajiℓ, bijr, ājiℓ and b̄ijr are continuous functions and assumed

to satisfy the following conditions

ajil(xi(t)) =

âjil, |xi(t)| > Ti,

ǎjil, |xi(t)| ≤ Ti,
(1.46)

bjil(xi(t)) =

b̂jil, |xi(t)| > Ti,

b̌jil, |xi(t)| ≤ Ti,
(1.47)
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āijr(yj(t)) =

ˆ̄aijr, |yj(t)| > T̄j,

ˇ̄aijr, |yj(t)| ≤ T̄j,
(1.48)

and

b̄ijr(yj(t)) =

ˆ̄bijr, |yj(t)| > T̄j,

ˇ̄bijr, |yj(t)| ≤ T̄j,
(1.49)

for some positive switching jumps constants Ti and Tj and âjil,ǎjil, b̂jil, b̌jil, ˆ̄aijr,

ˇ̄aijr,
ˆ̄bijr and

ˇ̄bijr are real numbers. It is further assumed that

1. The amplification functions pi and qj are positive and continuous functions

such that

0 < p
i
≤ pi(x) ≤ pi, ∀x ∈ R (1.50)

and

0 < q
j
≤ qj(x) ≤ qj, ∀x ∈ R. (1.51)

for some positive constants p
i
, pi, qj and qj.

2. The appropriate behaved (self–inhibition) or (self–signal) functions Λi and Λ̄j

are monotone increasing functions such that

Λi(x)− Λi(y)

x− y
≥ νi, ∀x, y ∈ R, x ̸= y, (1.52)

and

Λ̄j(u)− Λ̄j(v)

u− v
≥ νj ∀x, y ∈ R, x ̸= y (1.53)

for some positive constants νi and νj.
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3. The activation (signal transmission) functions fj, gj, f̄i and ḡi are uniformly

bounded, i.e.,

|fj(x)| ≤ F, ∀x ∈ R, (1.54)

|gj(x)| ≤ G, ∀x ∈ R, (1.55)

|f̄i(x)| ≤ F̄ , ∀x ∈ R, (1.56)

and

|ḡi(x)| ≤ Ḡ, ∀x ∈ R, (1.57)

for some positive constants F , G, F̄ , and Ḡ.

4. The signal propagation functions fj, gj, f̄i and ḡi are Lipschitz continuous with

Lipschiptz constants L1j, L2j, M1i, M2i, i.e.,

|fj(x)− fj(y)| ≤ L1j|x− y|, ∀x, y ∈ R, (1.58)

gj(x)− gj(y)| ≤ L2j|x− y|, ∀x, y ∈ R, (1.59)

|f̄i(x)− f̄i(y)| ≤M1i|x− y|, ∀x, y ∈ R (1.60)

and

|ḡi(x)− ḡi(y)| ≤M2i|x− y|, ∀x, y ∈ R. (1.61)
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5. The kernel (relaxation) functions kjil, hjil, k̄ijr, h̄ijr : [0,∞) −→ R+, i, j =

1, 2, . . . ,m, for all t > 0, are continuous and integrable functions such that∫ ∞

0

kjil(s)ds = k̂jil, (1.62)

∫ ∞

0

hjil(s)ds = ĥjil, (1.63)

∫ ∞

0

k̄ijr(s)ds =
ˆ̄kijr, (1.64)

and ∫ ∞

0

h̄ijr(s)ds =
ˆ̄hijr. (1.65)

6. The initial conditions (initial data) ϕi(t) and ψj(t) for all t ≤ 0 are continuous

and assumed to be in L2(−∞, 0).

7. Let ηεjiℓ, η̄εjiℓ, ξεjiℓ and ξ̄εjiℓ be non–negative and continuous functions such

that, for ε = 1, 2

lim
t→∞

ηε(t) = lim
t→∞

min
1≤i≤n

1≤j,ℓ≤m

{ηεjiℓ(t)} = η∗ε , (1.66)

lim
t→∞

ξε(t) = lim
t→∞

min
1≤i≤n

1≤j,ℓ≤m

{ξεjiℓ(t)} = ξ∗ε , (1.67)

lim
t→∞

η̄ε(t) = lim
t→∞

min
1≤j≤m
1≤i,r≤n

{η̄εijr(t)} = η̄∗ε , (1.68)

and

lim
t→∞

ξ̄ε(t) = lim
t→∞

min
1≤j≤m
1≤i,r≤n

{
ξ̄εijr(t)

}
= ξ̄∗ε , (1.69)
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such that

ηεjiℓ(t)

∫ ∞

0

kε1jiℓ(σ − s)dσ ≤ kεjiℓ(t− s), 0 ≤ s ≤ t, (1.70)

ξεjiℓ(t)

∫ ∞

0

hε1jiℓ(σ − s)dσ ≤ hεjiℓ(t− s), 0 ≤ s ≤ t, (1.71)

η̄εijr(t)

∫ ∞

0

k̄εijr(σ − s)dσ ≤ k̄ε2ijr(t− s), 0 ≤ s ≤ t, (1.72)

and

ξ̄εijr(t)

∫ ∞

0

h̄εijr(σ − s)dσ ≤ h̄εijr(t− s), 0 ≤ s ≤ t. (1.73)

8. Assume that the amplification functions pi and qj are Lipschitz continuous

functions, i.e.,

|pi(u)− pi(v)| ≤ ρi|u− v|, ∀u, v ∈ R (1.74)

and

|qj(u)− qj(v)| ≤ ρ̄j|u− v|, ∀u, v ∈ R, (1.75)

for some positive constants ρi and ρ̄j.

9. Assume there exit positive constants ζi and ζ̄j, such that

ζ1i ≤
pi(u)Λi(u)− pi(v)Λi(v)

u− v
, ∀u, v ∈ R, u ̸= v, (1.76)

and

ζ̄j ≤
qj(u)Λ̄j(u)− qj(v)Λ̄j(v)

u− v
, ∀u, v ∈ R, u ̸= v. (1.77)
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With the help of the Filippov method, the theory of differential inclusion, the theory

of differential equations and utilizing with some technical analysis and inequalities,

we will investigate global stability, uniform energy estimation, local stability and

adaptive synchronization of the system. Moreover, numerical examples will be pro-

vided at the end. This work is an extension of existing results such as Abdurahman,

A. et al., 2015 [109], Zhou, Y. et al., 2018 [110], Chen, C. et al., 2017 [111], Zhang,

Z. et al., 2012 [112], Bai, C., 2008 [113], He, Q. et al., 2014 [114], Benbourenane, J.

et al., 2014 [115], Cai, S. and Zhang, Q., 2016 [116], Chinnathambi, R. et al., 2018

[117], Subramanian, K. and Muthukumar, P., 2018 [118] and Wang, J. et al., 2018

[119] (see also references therein).

Such problems of memoristors arise in many areas and several applications in real–

life scenarios. For instance, they appear in electrical circuits, optimal control, dynami-

cal systems, communications, robotics, fluid mechanics, viscoelasticity, material science,

quantum mechanics, bioengineering, biological models, medicine, cardiac tissues, finance,

facial recognition, social media, aerospace, defence, healthcare, signature verification and

handwriting analysis, IT companies,...etc.

Remark 1.6.1

It is clear that from the memristive high–order Cohen–Grossberg bidirectional associa-

tive memory neural network system (1.44), the memristive connection weight functions

ajil(xi(t)), bjil(xi(t)), āijr(yj(t)) and b̄ijr(yj(t)) have discontinuities at some points. Then,

the classical definition of the solution for differential equations can not apply here. To

handle this problem, Filippov, A. F., 1960 [44] and Filippov, A. F., 2013 [45] developed a

solution concept for the differential equation with a discontinuous right–hand side. Based

on this definition, a differential equation with a discontinuous right–hand side has the

same solution set as a certain differential inclusion (see also Clarke, F. H. et al., 1998

[83] and references therein).
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Chapter 2

PRELIMINARIES

In this chapter, we introduce some definitions, lemmas and some terminologies that are

used in this dissertation.

2.1 Definitions

In this subsection, we present some definitions adopted throughout this document.

Definition 2.1.1 (Othmani, S. and Tatar, NE., 2021 [81])

A memristive high–order Cohen–Grossberg bidirectional associative memory neural net-

work system (MHOCGBAMNNS) that introduced in (P2) below is said to be arbitrarily

(generally) stable, if there exits a non–negative decreasing continuous functions θ(t), such

that lim
t→∞

θ(t) = 0 and

∥u(t, φ)− u∗∥+ ∥v(t, ψ)− v∗∥ ≤ θ(t), ∀t ≥ 0. (2.1)

Definition 2.1.2 (Cai, Z. and Huang, L., 2014 [79])

Suppose that for every point x of a set X ⊂ R, there corresponds a non–empty set

G(x) ⊂ Rn, then x 7−→ G(x) is called a set–valued map from X ↪→ Rn. G is said to

have a fixed point, if there is x ∈ X such that x ∈ G(x).

Definition 2.1.3 (Cai, Z. and Huang, L., 2014 [79])

Assume that the set of values of G is nonempty and to any set L enclosing G(x0), there
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corresponds a neighborhood N of x0, such that G(N) ⊂ L. Then, G is said to be upper

semi–continuous at x0 ∈ X ⊂ Rn. The image of G(x) is closed (convex, compact) in case

for any x ∈ X, G(x) is closed (convex, compact).

We consider the differential equation

u′(t) = f(t, u(t)), u ∈ R, (2.2)

where f(t, u(t)) is assumed to be discontinuous with respect to the second argument.

Definition 2.1.4 (Cai, Z. and Huang, L., 2014 [79])

Let F : R× Rn −→ 2R
n
be a set–valued map defined by

F (t, u) =
⋂
ε>0

⋂
µ(L)=0

c̄o [f(t,B(u, ε)) \ L] , (2.3)

where c̄o[.] denotes the closure of the convex hull, B(x, ε) is a ball of center u and radius

ε and µ(L) is the Lebesgue measure of the set L. An absolutely continuous vector–valued

function u(t) defined on [0, T ) that satisfies u(0) = u0 and the following differential equa-

tion

u′(t) ∈ F (t, u(t)), ∀ t ∈ [0, T ), (2.4)

is called a solution of (2.2) with the initial data u(0) = u0.

Remark 2.1.1

� In mathematics, a differential equation with discontinuous multi–valued right–hand

side is called a differential inclusion, written as x′(t) ∈ F (t, x(t)), where x(t) is the

absolutely continuous state. So, a differential inclusion is defined as a generalization

of the concept of ordinary differential equation, where F (t, x(t)) is a set–valued map

rather than a single point in Rn.

� The convex hull of a set of points S in n dimension is the intersection of all convex

sets containing S (the smallest convex set containing S).
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Definition 2.1.5

Consider the memristive Hopfield neural network system (IMHNNS) described in (P1).

A function u(·) defined on I := (0,∞) is said to be a solution of (P1) with the initial

conditions φi ∈ R, if u(·) ∈ C1(I) and the MHNNS is fulfilled together with the given

initial conditions.

Definition 2.1.6

A function f : X −→ R is called upper semiconscious at a point x0 ∈ X if for every

real y > f(x0), there exists a neighborhood U of x0 such that f(x) < y, for all x ∈ U .

Equivalently, f is upper semiconscious at x0 if and only if

lim
x→x0

sup f(x) ≤ f(x0), (2.5)

where lim sup is the limit superior of the function f at the point x0.

2.2 Lemmas

Here, in this subsection, we mention some useful lemmas.

Lemma 2.2.1 (Brauer, F. and Nohel, J. A., 1989 [213])

Consider the Cauchy problem

y′(t) = f(t, y(t)), ∀ t > 0, , with y(s) = y0, ∀ s ≤ 0. (2.6)

Assume that f and ∂f are continuous on the “box” Ω := {(t, y) : |t− t0| ≤ a, |y − y0| ≤ b}.
Then, there exists at most one solution on the interval |t − t0| ≤ α, where α :=

{
a, b

M

}
and M is the bound of f .

Lemma 2.2.2 (Monti, R., 2010 [214])

Let I := (a, b), with −∞ ≤ a ≤ b ≤ ∞, Ω := I × Rn. Consider (2.6) such that

f ∈ C(Ω;Rn) and satisfying the local Lipschitiz continuous property. Suppose that for

any compact set K ∈ I, there exists a positive constant C such that

|f(t, y(t))| ≤ C(1 + |y(t)|), ∀ t ∈ K, y ∈ Rn. (2.7)
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Then, the Cauchy problem introduced in (2.6), for all t0 ∈ K and y0 ∈ Rn, has a unique

global solution defined on I.

Lemma 2.2.3 (Monti, R., 2010 [214])

Assume that f ∈ Ck(Ω;Rn), for k ≥ 0, then any solution of the differential equation

presented in (2.6) is of class Ck+1.

Lemma 2.2.4 (Continuation Solution) (Monti, R., 2010 [214])

Let I = (a, b) ⊂ R be an open interval with −∞ < a < b <∞, Ω := I×R and f ∈ C(Ω;R)
be a function satisfying the local Lipschitz condition in y. If y ∈ C1((a0, b0);Rn) is the

maximal solution to the Cauchy problem (2.6), for some interval (a0, b0) ⊂ (a, b), then we

have either

� b0 = b or

� lim
x→b0

|y(t)| = ∞

Remark 2.2.1

The function y defined in (2.6) is called maximal solution to the Cauchy problem.

Lemma 2.2.5 (Gronwall’s inequality) ([214])

Let I ⊂ R be an interval, t0 ∈ I and xi ∈ C(I) be a non negative ξ ≥ 0 continuous

function. If there exist α, β ∈ R, α, β ≥ 0, such that

ξ(t) ≤ α + β

∫ t

t0

ξ(σ)dσ, ∀ t ∈ I, t ≥ t0, (2.8)

then

ξ(t) ≤ αeβ(t−t0), ∀ t ∈ I, t ≥ t0. (2.9)
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Lemma 2.2.6 (Pata, V., 2000 [80])

Let u, α, β be non–negative summable functions which satisfy the following differential

inequality:

[
u2(t)

]′
+ εu2(t) ≤ α(t) + β(t)u(t), ∀ t ∈ [τ,∞), (2.10)

for some positive constant ε. Furthermore, assume that

γ = sup
σ≥τ

∫ σ+1

σ

β(s)ds <∞. (2.11)

Then

u2(t) ≤ 2u2(τ)e−ε(t−τ) + 2

∫ t

τ

e−ε(t−s)α(s)ds+
eεγ2(

1− e−
ε
2

)2 , (2.12)

for any t ∈ [τ,∞).

Lemma 2.2.7 (Hoang, N. S. and Ramm, A. G., 2009 [1])

Let u be a non-negative C1([0,∞)) function satisfying the inequality

u′(t) ≤ −p(t)u(t) + q(t)u2(t) + r(t), ∀ t ≥ 0, (2.13)

where p(t), q(t) and r(t) are non-negative continuous functions. Assume that there exists

µ(t) ∈ C1(0,∞)), µ(t) > 0 and lim
t→∞

µ(t) = ∞ such that

q(t) ≤ µ(t)

2

[
p(t)− µ′(t)

µ(t)

]
, r(t) ≤ 1

2µ(t)

[
p(t)− µ′(t)

µ(t)

]
andµ(0)u(0) < 1. (2.14)

Then,

0 ≤ u(t) <
1

µ(t)
, ∀ t > 0. (2.15)

Notation 2.2.1

Let Rn, (n ≥ 1) be an n–dimensional real Euclidean space with inner product ⟨·, ·⟩ and
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induced norm ∥ · ∥. Suppose that Ω ⊆ Rn, let us denote by

P (Ω) = {S ⊂ Ω : (convex) non–empty and compact} . (2.16)

The Kakutanni–fixed point theorem was the first fixed point result about set–valued

mappings. It is a generalization of the fixed point theorem by Brouwer. The statement

is as the following versions:

Lemma 2.2.8 (Kakutanni Fixed Point Theorem (Zhang, L. L. et al., 2016 [220]))

Let Ω be a compact convex subset of a Banach space X, if the set–valued map defined as

φ : Ω −→ P (Ω) is an upper semi–continuous (USC) convex compact map, then ϕ has a

fixed point in Ω, i.e., there exists x ∈ Ω, such that x ∈ φ.

Lemma 2.2.9 (Kakutanni Fixed Point Theorem (Widder, A., 2009 [217]))

Let K be a nonempty compact convex subset of Rn. Let T : K −→ K such that

� For each x ∈ K, T (x) is nonempty closed and convex.

� T is upper semi–continuous.

Then, T has a fixed point.

Lemma 2.2.10 (Kakutanni Fixed Point Theorem (Saveliev, P., 2000 [218]))

Let X be a nonempty convex compact subset of a Hausdorff topological vector space and let

G : X −→ X be a multifunction with nonempty convex images and preimages relatively

open in X. Then G has a fixed point.

For more details, you may refer to Okon, T., 2002 [215], Hannah Keese, 2014 [216], ORe-

gan, D., and Precup, R., 2000 [219] and references therein.
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Chapter 3

MEMRISTIVE HOPFIELD

NEURAL NETWORK SYSTEM

(MHNNS)

In this chapter, we establish the stability and the synchronization of memristive Hopfield

neural network system.

3.1 Model Description

We consider, in this section, a memristive Hopfield neural network (MHNN) described by

the following system

x′i(t) = −aixi(t) +
m∑
j=1

bij(xi(t))gj(xj(t)) +
m∑
j=1

cij(xi(t))gj(xj(t− τ))

+
m∑
j=1

dij(xi(t))

∫ ∞

0

kij(s)gj(xj(t− s))ds+ Ii, ∀ t > 0, i = 1, . . . ,m,

xi(s) = φi(s), −∞ < s ≤ 0, i = 1, . . . ,m,

(P1)

where for all t > 0 and i, j = 1, 2, . . . ,m, xi(t) denotes the solution (state) of the prob-

lem (P1), ai is a non–negative neuron self–inhibition, bij, cij and dij are the memristive

connection weights functions, gj indicates the activation function (signal transmission

functions), Ii represents the external input, τ indicates the discrete delay, kij is the dis-

tributed delay kernel function and φi is a real–valued bounded continuous function.

38



3.1.1 Assumptions

(A1) Assume that the activation functions (signal transmission functions) gi : R −→ R,
i = 1, 2, . . . ,m, are continuously differentiable functions on R. Assume, further,

their first derivatives are bounded, i.e. they satisfy Lipschitz conditions on R with

Lipschitz constants Gj, i.e. for all x, y ∈ R and j = 1, 2, . . . ,m, we obtain

|gj(x)− gj(y)| ≤ Gj|x− y|.

(A2) The kernel functions kij : [0,∞) −→ R+, i, j = 1, 2, . . . ,m, for all t > 0, are contin-

uous and integrable functions such that∫ ∞

0

kij(s)ds = k̄ij ∈ (0, 1),

and ∫ ∞

0

kij(s)ξ(s)ds <∞,

for some positive and continuous function ξ such that φ(t) := ξ′(t)
ξ(t)

is a decreasing

function.

(A3) Assume that for all t > 0 and i, j = 1, 2, . . . ,m, the memristive connection weight

functions bij, cij and dij are continuously differentiable functions on R and bounded

by Bij, Cij and Dij, respectively. Assume, further, their first derivatives are also

bounded.

3.2 Well–Posedness

We prove, in this section, the existence, uniqueness and the continuity of such solutions

of the memristive Hopfield neural network system (MHNNS) using the theory of ordinary

differential equations.
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Assume that, for all t > 0, i = 1, 2, . . . m,y′i(t) = fi(yi(t)),

yi(t0) = φi(t)
(3.1)

Define the rectangular region Bρ,ε by:

Bρ,ε := {(t, y) : 0 ≤ t ≤ ρ, ∥y − y0∥ ≤ ε} ,

where t is the time, y(t) = (y1(t), y2(t), . . . , ym(t)) is the solution (state) of (3.1) below,

y0(s) = (φ1(s), φ2(s), . . . , φm(s)) is the initial data, ρ, ε are positive constants. By the

norm ∥.∥, we mean for all u ∈ C1(R+;Rm)

∥y∥ρ = sup
1≤i≤m
0≤t≤ρ

{|yi(t)|} . (3.2)

Theorem 3.2.1

Let the assumptions (A1)–(A3) be hold. For any initial condition φi, then there exists a

unique function y ∈ C1(R+;Rm) solution to the initial value problem (3.1) (to the mem-

ristive Hopfield neural network system described in (P1) in the space).

Proof

It is obvious that the previous system in (P1) can be recast, for all t > 0 in the form

W ′(t) = F (W ), (3.3)

with

W (s) = W0(s), −∞ < s ≤ 0, (3.4)

where
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W (t) = (x1(t), x2(t), . . . , xm(t)),W0(t) = (φ1(t), φ2(t), . . . , φm(t)) and F = (F1, F2 . . . , Fm).

Clearly, from the system (P1), we have for all i = 1, 2, . . . ,m

Fi = −aixi(t) +
m∑
j=1

bij(xi(t))gj(xj(t)) +
m∑
j=1

cij(xi(t))gj(xj(t− τ))

+
m∑
j=1

dij(xi(t))

∫ ∞

0

kij(s)gj(xj(t− s))ds+ Ii. (3.5)

It is obvious that under the assumptions (A1)–(A3), we obtain that the non–linear

term F , in the right–hand side of (3.3), and ∂f are continuous on the closed and bounded

rectangular region “box” Bρ,ε.

It turns out that, in view of Lemma 2.2.1, the existence and uniqueness of a local

solution W (t) ∈ Bρ,ε, for all t ∈ I := [0, ω], where ω := min
{
ρ,

ε

M

}
.

Now, to pass from a local solution to a global one, it suffices to show that the local

solution W is time independent i.e. bounded by some positive constant, so that the time

can be extended from the interval I to the interval [0, T ], for any arbitrary time T > 0.

First, assume that I = R and K := [0, ρ] is a compact subset of I. It is clear that

F ∈ C(Rm). For all t ∈ K and W ∈ Rm and we have

41



∥F∥ = sup
1≤i≤m
0≤t≤ρ

{|Fi|} ≤ sup
1≤i=m
0≤t≤ρ

{
| − aixi(t) +

m∑
j=1

bij(xi(t))gj(xj(t))

+
m∑
j=1

cij(xi(t))gj(xj(t− τ)) +
m∑
j=1

dij(xi(t))

∫ ∞

0

kij(s)gj(xj(t− s))ds

+Ii|
}

≤ sup
1≤i≤m
0≤t≤ρ

{
ai|xi(t)|+

m∑
j=1

|bij(xi(t))||gj(xj(t))|

+
m∑
j=1

|cij(xi(t))||gj(xj(t− τ))|+ |
m∑
j=1

dij(xi(t))

∫ ∞

0

kij(s)gj(xj(t− s))ds|

+|Ii|
}

≤ sup
1≤i≤m
0≤t≤ρ

{
ai|xi(t)|+

m∑
j=1

Gj

[
Bij + Cij +Dij k̄ij

]
+ |Ii|

}
≤ sup

1≤i≤m
0≤t≤ρ

{ai|xi(t)|}+M1

= a∥W∥+M1 ≤M(1 + ∥W∥) (3.6)

where a := max
1≤i≤m

{ai},M1 := max
1≤i≤m

{
m∑
j=1

Gj

[
Bij + Cij +Dij k̄ij

]
+ |Ii|

}
andM := max {a,M1}.

Now, we need to show that the solution is independent on time. The proof is by a

contradiction.

Let W ∈ C1(J ;Rm) be the maximal solution to the Cauchy problem (2.6), with

J := (a0, b0) ⊂ I. Assume by contraction that b0 < b. By Lemma (2.2.4), we have:

lim
t→b0

|W (t)| = ∞. (3.7)

Now, let K := [t0, b0] and M > 0 such that the inequality in (3.6) holds. From

W (t) = W0 +

∫ t

t0

F (s,W (s))ds, t ∈ J, (3.8)

we get for all t∞J with t ≥ t0

42



|W (t)| ≤ |W0|+
∫ t

t0

|F (s,W (s))|ds

≤ |W0|+M(b0 − t0) +M

∫ t

t0

|W (s)|ds

≤ |W0|+
∫ t

t0

|F (s,W (s))|ds. (3.9)

By the Gronwall Lemma (2.2.5), it follows that

|W (t)| ≤ [|W0|+M(b0 − t0)] e
M(t−t0), ∀ t ∈ (t0, b0). (3.10)

Hence,

lim
t→t0

|W (t)| ≤ lim
t→t0

[
[|W0|+M(b0 − t0)] e

M(t−t0)
]
<∞ (3.11)

which is a contradiction.

Therefore, in view of Lemma 2.2.2, the property of the non–linear term F gives that

the existence and uniqueness of such solution W is global, that is the time can be ex-

tended to the interval [0, T ], for any T > 0. Hence, W ∈ C1(R+;Rm). Therefore, our

assumption implies that the existence and uniqueness of xi ∈ C1(R+;Rm), i = 1, 2, . . . ,m.

3.3 Stability Result

In this section, we establish some sufficient conditions that ensure the stability of the mem-

ristive Hopfield neural network system (MHNNS) together with the initial data given in

(P1).

Definition 3.3.1 (Chen, C. et al., 2017 [3])

A corresponding slave (response) system to the given master (drive) memristive Hopfield

neural network system in (P1) is said to be synchronized with the MHNNS in finite time,
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if there exists a constant t∗ > 0 such that

lim
t→t∗

ei(t) = 0 and ei(t) ≡ 0, ∀ t ≥ t∗, i = 1, 2, . . . ,m, (3.12)

where ei(.) is the synchronization error that will be explained in Section 3.4 below, and t∗

is called the settling time.

Remark 3.3.1

System (P1) and system (3.66) (in Section 3.4 below) are called master (drive) system

and slave (response) system, respectively.

Definition 3.3.2 (Wan, L. and Zhou, Q., 2010 [107])

We denote an equilibrium solution (state) of the memristive Hopfield network network

system (MHNNS) given in (P1) by the constant vector x∗ = (x∗1, x
∗
2, . . . , x

∗
m) ∈ Rm, i =

1, 2, . . . ,m, where the components x∗i are governed by the algebraic system

0 = −aix∗i +
m∑
j=1

bij(x
∗
i )gj(x

∗
j) +

m∑
j=1

cij(x
∗
i )gj(x

∗
j) +

m∑
j=1

dij(x
∗
i )

∫ ∞

0

kij(s)gj(x
∗
j)ds+ Ii

= −aix∗i +
m∑
j=1

[
bij(x

∗
i ) + cij(x

∗
i ) + k̄ijdij(x

∗
i )
]
gj(x

∗
j) + Ii, (3.13)

for all i = 1, 2, . . . ,m.

Define the Lyapanouv functional E(t) by

E(t) :=
5∑

i=1

Ei(t) ∀ t > 0, (3.14)

where E1(t), E2(t), E3(t), E4(t) and E5(t) are defined in (3.33), (3.45), (3.47), (3.49) and

(3.50) below, respectively.

Theorem 3.3.1

Consider the memristive Hopfield neural network system together with the initial data de-

scribed in (P1). Let A1–A3 be satisfied. If for all i = 1, 2, . . . ,m,
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eατλ1i +
m∑
j=1

[
λ2jiVji(0) +

20m

a

(
L2
1ji + L2

2ji +
k2ji
5
L2
3ji

)
g2i (x

∗
i )

+G2
jb

2
ij(x

∗
j)

]
≤ ai − b2, (3.15)

for some positive constant b2 and a := min1≤i≤m {ai}. Then, the Lyapunov functional

E(t) defined above in (3.14) satisfies

E(t) <
1

σ(t)
, t ≥ t∗ > 0, (3.16)

provided that

α(t) ≤ σ(t)

2

(
β(t)− σ′(t)

σ(t)

)
and E(0)σ(0) < 1, (3.17)

for some positive continuous function σ and non–negative continuous functions α and β.

Proof

Let us denote by

yi(t) = xi(t)− x∗i . (3.18)

for all t > 0 and i = 1, 2, . . . ,m.

From the systems defined in (P1) and (3.13), we obtain

y′i(t) = −aiyi(t) +
m∑
j=1

bij(xi(t))gj(xj(t))−
m∑
j=1

bij(x
∗
i )gj(x

∗
j)

+
m∑
j=1

cij(xi(t))gj(xj(t− τ))−
m∑
j=1

cij(x
∗
j)gj(x

∗
j)

+
m∑
j=1

dij(xi(t))

∫ ∞

0

kij(s)gj(xj(t− s))ds−
m∑
j=1

k̄ijdij(x
∗
i )gj(x

∗
j)ds. (3.19)

Now, let us write the terms in the right hand side of (3.19) as follows:
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bij(xj(t))gj(xj(t))− bij(x
∗
j)gj(x

∗
j)

=
[
gj(xj(t))− gj(x

∗
j)
]
bij(xj(t)) + gj(x

∗
j)
[
bij(xj(t))− bij(x

∗
j)
]

=
[
gj(xj(t))− gj(x

∗
j)
] [
bij(xj(t))− bij(x

∗
j)
]
+ bij(x

∗
j)
[
gj(xj(t))− gj(x

∗
j)
]

+gj(x
∗
j)
[
bij(xj(t))− bij(x

∗
j)
]
. (3.20)

Since the activation functions are Lipschitz continuous, we get:

bij(xj(t))gj(xj(t))− bij(x
∗
j)gj(x

∗
j)

= g̃j(yj(t))b̃ij(yj(t)) + bij(x
∗
j)g̃j(yj(t)) + gj(x

∗
j)b̃ij(yj(t))

≤ |b̃ij(yj(t))|Gj|yj(t)|+ |bij(x∗j)|Gj|yj(t)|+ |gj(x∗j)||b̃ij(yj(t))|. (3.21)

So,

2|yi(t)||b̃ij(yj(t))|Gj|yj(t)|

≤ |yi(t))|
(
G2

j |yj(t)|2 + b̃2ij(yj(t))
)

= |yi(t))|G2
j |yj(t)|2 + |yi(t))|b̃2ij(yj(t))

≤ δ1|yi(t))|2 +
G4

j

4δ1
|yj(t)|4 + δ1|yi(t))|2 +

1

4δ1
b̃4ij(yj(t))

≤ 2δ1|yi(t))|2 +
G4

j

4δ1
|yj(t)|4 +

1

4δ1
b̃4ij(yj(t)), (3.22)

and

2|yi(t)|
m∑
j=1

|b̃ij(yj(t))|Gj|yj(t)| ≤ |yi(t))|
m∑
j=1

(
G2

j |yj(t)|2 + b̃2ij(yj(t))
)

≤ 2δ1m|yi(t))|2 +
m∑
j=1

G4
j

4δ1
|yj(t)|4 +

m∑
j=1

1

4δ1
b̃4ij(yj(t)).

(3.23)

Similarly,

2|yi(t)||bij(x∗j)|Gj|yj(t)| ≤ δ2|yi(t))|2 +
G2

jb
2
ij(x

∗
j)

δ2
|yj(t)|2, (3.24)
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and likewise

2|yi(t)||gj(x∗j)||b̃ij(yj(t))| ≤ δ2|yi(t))|2 +
g2j (x

∗
j)

δ2
b̃2ij(yj(t)). (3.25)

Also,

cij(xj(t))gj(xj(t− τ))− cij(x
∗
j)gj(x

∗
j)

=
[
gj(xj(t− τ))− gj(x

∗
j)
]
cij(xj(t)) + gj(x

∗
j)
[
cij(xj(t))− cij(x

∗
j)
]

=
[
gj(xj(t− τ))− gj(x

∗
j)
] [
cij(xj(t))− cij(x

∗
j)
]
+ cij(x

∗
j)
[
gj(xj(t− τ))− gj(x

∗
j)
]

+gj(x
∗
j)
[
cij(xj(t))− cij(x

∗
j)
]
. (3.26)

As the activation functions are Lipschitz continuous,

cij(xj(t))gj(xj(t− τ))− cij(x
∗
j)gj(x

∗
j)

=
[
gj(xj(t− τ))− gj(x

∗
j)
] [
cij(xj(t))− cij(x

∗
j)
]
+ cij(x

∗
j)
[
gj(xj(t− τ))− gj(x

∗
j)
]

+gj(x
∗
j)
[
cij(xj(t))− cij(x

∗
j)
]

= g̃j(yj(t− τ))c̃ij(yj(t)) + cij(x
∗
j)g̃j(yj(t− τ)) + gj(x

∗
j)c̃ij(yj(t))

≤ |c̃ij(yj(t))|Gj|yj(t− τ)|+ |cij(x∗j)|Gj|yj(t− τ)|+ |gj(x∗j)||c̃ij(yj(t))|. (3.27)

The terms in the previous inequality (3.27) can be estimated as the following expressions:

2|yi(t)||c̃ij(yj(t))|Gj|yj(t− τ)|

≤ |yi(t)|
(
c̃2ij(yj(t)) +G2

j |yj(t− τ)|2
)

= |yi(t)|c̃2ij(yj(t)) + |yi(t)|G2
j |yj(t− τ)|2

≤ δ3|yi(t)|2 +
1

4δ3
|c̃4ij(yj(t)) + δ3|yi(t)|2 +

G4
j

4δ3
|yj(t− τ)|4

≤ 2δ3|yi(t)|2 +
G4

j

4δ3
|yj(t− τ)|4 + 1

4δ3
c̃4ij(yj(t)), (3.28)

thus,

47



2|yi(t)|
m∑
j=1

|c̃ij(yj(t))|Gj|yj(t− τ)|

≤ |yi(t)|
m∑
j=1

(
c̃2ij(yj(t)) +G2

j |yj(t− τ)|2
)

≤ 2δ3m|yi(t)|2 +
m∑
j=1

G4
j

4δ3
|yj(t− τ)|4 +

m∑
j=1

1

4δ3
c̃4ij(yj(t)), (3.29)

Similarly,

2|yi(t)||cij(x∗j)|Gj|yj(t− τ)| ≤ δ4|yi(t)|2 +
c2ij(x

∗
j)

δ4
G2

j |yj(t− τ)|2, (3.30)

and likewise

2|yi(t)||gj(x∗j)||c̃ij(yj(t))| ≤ δ4|yi(t)|2 +
g2j (x

∗
j)

δ4
c̃2ij(yj(t)). (3.31)

Regarding the remaining two terms in (3.19), we modify the estimation as follows:

m∑
j=1

[
dij(xj(t))

∫ ∞

0

kij(s)gj(xj(t− s))ds− k̄ijdij(x
∗
j)gj(x

∗
j)

]

=
m∑
j=1

{∫ ∞

0

kij(s)
[
gj(xj(t− s))− gj(x

∗
j)
]
ds
[
dij(xj(t))− dij(x

∗
j)
]

+dij(x
∗
j)

∫ ∞

0

kij(s)
[
gj(xj(t− s))− gj(x

∗
j)
]
ds

}
+

m∑
j=1

{[∫ ∞

0

kij(s)gj(x
∗
j)ds

] [
dij(xj(t))− dij(x

∗
j)
]}

,

or

m∑
j=1

[
dij(xj(t))

∫ ∞

0

kij(s)gj(xj(t− s))ds− k̄ijdij(x
∗
j)gj(x

∗
j)

]

=
m∑
j=1

{
d̃ij(yj(t))

∫ ∞

0

kij(s)g̃j(yj(t− s))ds

+dij(x
∗
j)

∫ ∞

0

kij(s)g̃j(yj(t− s))ds+ k̄ijgj(x
∗
j)d̃ij(yj(t))

}
. (3.32)
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We define the energy functional E1(t) by:

E1(t) :=
m∑
i=1

|yi(t)|2, ∀ t ≥ 0. (3.33)

Hence, along solutions of the system, we entail:

E ′
1(t) = 2

m∑
i=1

yi(t)

{
− aiyi(t) +

m∑
j=1

[
bij(xj(t))gj(xj(t))− bij(x

∗
j)gj(x

∗
j)
]

+
m∑
j=1

[
cij(xj(t))gj(xj(t− τ))− cij(x

∗
j)gj(x

∗
j)
]

+
m∑
j=1

[
dij(xj(t))

∫ ∞

0

kij(s)gj(xj(t− s))ds− k̄ijdij(x
∗
j)gj(x

∗
j)

]}
, (3.34)

or

E ′
1(t) ≤ −2

m∑
i=1

aiy
2
i (t) +

m∑
i=1

m∑
j=1

2|yi(t)|
∣∣bij(xj(t))gj(xj(t))− bij(x

∗
j)gj(x

∗
j)
∣∣

+
m∑
i=1

m∑
j=1

2|yi(t)|
∣∣cij(xj(t))gj(xj(t− τ))− cij(x

∗
j)gj(x

∗
j)
∣∣

+
m∑
i=1

m∑
j=1

2|yi(t)|
∣∣∣∣dij(xj(t))∫ ∞

0

kij(s)gj(xj(t− s))ds− k̄ijdij(x
∗
j)gj(x

∗
j)

∣∣∣∣ .
(3.35)

By substituting the all previous estimations in the inequality (3.35), we obtain:
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E ′
1(t) ≤ −2

m∑
i=1

aiy
2
i (t) +

m∑
i=1

2δ1m|yi(t)|2 +
m∑
j=1

mG4
j

4δ1
|yj(t)|4 +

m∑
i,j=1

1

4δ1
b̃4ij(yj(t))

+
m∑
i=1

δ2m|yi(t))|2 +
m∑

i,j=1

G2
jb

2
ij(x

∗
j)

δ2
|yj(t)|2 +

m∑
i=1

δ2m|yi(t))|2

+
m∑

i,j=1

g2j (x
∗
j)

δ2
b̃2ij(yj(t)) +

m∑
i=1

2δ3m|yi(t)|2 +
m∑
j=1

mG4
j

4δ3
|yj(t− τ)|4

+
m∑

i,j=1

1

4δ3
c̃4ij(yj(t)) +

m∑
i=1

δ4m|yi(t)|2 +
m∑

i,j=1

G2
jc

2
ij(x

∗
j)

δ4
|yj(t− τ)|2

+
m∑
i=1

δ4m|yi(t)|2 +
m∑

i,j=1

g2j (x
∗
j)

δ4
c̃2ij(yj(t))

+
m∑
i=1

2|yi(t)|
m∑
j=1

d̃ij(yj(t))

∫ ∞

0

kij(s)g̃j(yj(t− s))ds

+
m∑
i=1

2|yi(t)|
m∑
j=1

dij(x
∗
j)

∫ ∞

0

kij(s)g̃j(yj(t− s))ds

+
m∑
i=1

2|yi(t)|
m∑
j=1

k̄ijgj(x
∗
j)d̃ij(yj(t)), (3.36)

or

E ′
1(t) ≤

m∑
i=1

[
−2ai + 2δ1m+ δ2m+

m∑
j=1

b2ij(x
∗
j)

δ2
G2

j + δ2m+ 2δ3m+ δ4m+ δ4m

]
|yi(t)|2

+
m∑

i,j=1

mG4
j

4δ1
|yj(t)|4 +

m∑
i,j=1

G2
jc

2
ij(x

∗
j)

δ4
|yj(t− τ)|2 +

m∑
i,j=1

mG4
j

4δ3
|yj(t− τ)|4

+
m∑

i,j=1

[
1

4δ1
b̃4ij(yj(t)) +

g2j (x
∗
j)

δ2
b̃2ij(yj(t)) +

1

4δ3
c̃4ij(yj(t)) +

g2j (x
∗
j)

δ4
c̃2ij(yj(t))

]

+
m∑
i=1

2|yi(t)|
m∑
j=1

d̃ij(yj(t))

∫ ∞

0

kij(s)g̃j(yj(t− s))ds

+
m∑
i=1

2|yi(t)|
m∑
j=1

dij(x
∗
j)

∫ ∞

0

kij(s)g̃j(yj(t− s))ds

+
m∑
i=1

2|yi(t)|
m∑
j=1

k̄ijgj(x
∗
j)d̃ij(yj(t)).

(3.37)
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Let us modify the estimations of the last 3 terms as follows:

2|yi(t)|
[
d̃ij(yj(t))

∫ ∞

0

kij(s)g̃j(yj(t− s))ds

]
≤ |yi(t)|

[
d̃2ij(yj(t)) +

(∫ ∞

0

kij(s)g̃j(yj(t− s))ds

)2
]

≤ |yi(t)|d̃2ij(yj(t)) +G2
j k̄ij|yi(t)|

∫ ∞

0

kij(s)|yj(t− s)|2ds

≤ δ5|yi(t)|2 +
1

4δ5
d̃4ij(yj(t)) + δ5|yi(t)|2 +

G4
j k̄

2
ij

4δ5

(∫ ∞

0

kij(s)|yj(t− s)|2ds
)2

≤ 2δ5|yi(t)|2 +
1

4δ5
d̃4ij(yj(t)) +

G4
j k̄

3
ij

4δ5

∫ ∞

0

kij(s)|yj(t− s)|4ds, (3.38)

so, we have:

2|yi(t)|
m∑
j=1

d̃ij(yj(t))

∫ ∞

0

kij(s)g̃j(yj(t− s))ds

≤ 2δ5m|yi(t)|2 +
m∑
j=1

1

4δ5
d̃4ij(yj(t)) +

m∑
j=1

G4
j k̄

3
ij

4δ5

∫ ∞

0

kij(s)|yj(t− s)|4ds. (3.39)

Similarly,

2|yi(t)|dij(x∗j)
∫ ∞

0

kij(s)g̃j(yj(t− s))ds

≤ |yi(t)|2 +
(
dij(x

∗
j)

∫ ∞

0

kij(s)g̃j(yj(t− s))ds

)2

≤ |yi(t)|2 +G2
j k̄ijd

2
ij(x

∗
j)

∫ ∞

0

kij(s)|yj(t− s)|2ds, (3.40)

and thus,

2|yi(t)|
m∑
j=1

dij(x
∗
j)

∫ ∞

0

kij(s)g̃j(yj(t− s))ds

≤ δ6m|yi(t)|2 +
1

δ6

m∑
j=1

G2
j k̄ijd

2
ij(x

∗
j)

∫ ∞

0

kij(s)|yj(t− s)|2ds. (3.41)

In the same way,
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2|yi(t)|k̄ijgj(x∗j)d̃ij(yj(t)) ≤ |yi(t)|2 + k̄2ijg
2
j (x

∗
j)d̃

2
ij(yj(t)), (3.42)

then,

2|yi(t)|
m∑
j=1

k̄ijgj(x
∗
j)d̃ij(yj(t)) ≤ δ7m|yi(t)|2 +

1

δ7

m∑
j=1

k̄2ijg
2
j (x

∗
j)d̃

2
ij(yj(t)). (3.43)

Hence, E ′
1(t) can be evaluated by:

E ′
1(t) ≤

m∑
i=1

[
− 2ai + 2δ1m+ 2δ2m+

m∑
j=1

G2
j

δ2
b2ij(x

∗
j) + 2δ3m+ 2δ4m+ 2δ5m

+δ6m+ δ7m

]
|yi(t)|2

+
m∑
j=1

mG4
j

4δ1
|yj(t)|4 +

m∑
i,j=1

G2
jc

2
ij(x

∗
j)

δ4
|yj(t− τ)|2 +

m∑
j=1

mG4
j

4δ3
|yj(t− τ)|4

+
m∑

i,j=1

[
1

4δ1
b̃4ij(yj(t)) +

g2j (x
∗
j)

δ2
b̃2ij(yj(t)) +

1

4δ3
c̃4ij(yj(t)) +

g2j (x
∗
j)

δ4
c̃2ij(yj(t))

+
1

4δ5
d̃4ij(yj(t)) +

1

δ7
k̄2ijg

2
j (x

∗
j)d̃

2
ij(yj(t))

]
+

1

δ6

m∑
i,j=1

G2
j k̄ijd

2
ij(x

∗
j)

∫ ∞

0

kij(s)|yj(t− s)|2ds

+
m∑

i,j=1

G4
j k̄

3
ij

4δ5

∫ ∞

0

kij(s)|yj(t− s)|4ds. (3.44)

Next, we define the functional E2(t) by

E2(t) := e−αt

m∑
j=1

λ1j

∫ t

t−τ

eα(s+τ)y2j (s)ds, ∀ t > 0, (3.45)

for some constants α > 0 and λ1j > 0, j = 1, 2, . . . ,m, to be determined later.

The derivative of the functional E2(t), is equal to
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E ′
2(t) = −αe−αt

m∑
j=1

λ1j

∫ t

t−τ

eα(s+τ)y2j (s)ds

+e−αt

m∑
j=1

λ1j
(
eα(t+τ)y2j (t)− eα(t−τ+τ)y2j (t− τ)

)
= −αE2(t) + eατ

m∑
j=1

λ1jy
2
j (t)−

m∑
j=1

λ1jy
2
j (t− τ), ∀ t ≥ 0. (3.46)

The functional E3(t) we introduce is

E3(t) :=
m∑

i,j=1

λ2ij

∫ t

−∞
Vij(t− s)y2j (s)ds, (3.47)

where

Vij(t) :=
1

ξ(t)

∫ ∞

t

kij(s)ξ(s)ds, ∀ t > 0,

for some constants λ2ij > 0, i, j = 1, 2, . . . ,m to be determined later.

Remark 3.3.2

We notice that the functionals Vij(t), i, j = 1, 2, . . . ,m are well defined by our assumption

(A2).

Differentiating the functional E3(t), we obtain
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E ′
3(t) =

m∑
i,j=1

λ2ijVij(0)y
2
j (t) +

m∑
i,j=1

λ2ij

∫ t

−∞
V ′
ij(t− s)y2j (s)ds

=
m∑

i,j=1

λ2ijVij(0)y
2
j (t) +

m∑
i,j=1

λ2ij

∫ t

−∞

[
−ξ′(t− s)

ξ2(t− s)

∫ ∞

t−s

kij(σ)ξ(σ)dσ

− 1

ξ(t− s)
kij(t− s)ξ(t− s)

]
y2j (s)ds

=
m∑

i,j=1

λ2ijVij(0)y
2
j (t)

+
m∑

i,j=1

λ2ij

∫ t

−∞

[
−ξ′(t− s)

ξ2(t− s)

∫ ∞

t−s

kij(σ)h(σ)dσ − kij(t− s)

]
y2j (s)ds

=
m∑

i,j=1

λ2ijVij(0)y
2
j (t)−

m∑
i,j=1

λ2ij

∫ t

−∞
[φ(t− s)Vij(t− s) + kij(t− s)] y2j (s)ds.

≤
m∑

i,j=1

λ2ijVij(0)y
2
j (t)− φ(t)

m∑
i,j=1

λ2ij

∫ t

−∞
Vij(t− s)y2j (s)ds

−
m∑

i,j=1

λ2ij

∫ t

−∞
kij(t− s)y2j (s)ds

≤
m∑

i,j=1

λ2ijVij(0)y
2
j (t)− φ(t)E3(t)−

m∑
i,j=1

λ2ij

∫ t

−∞
kij(t− s)y2j (s)ds. (3.48)

Let us define the functionals E4(t) and E5(t) by

E4(t) := e−θt

m∑
j=1

λ3j

∫ t

t−τ

eθ(s+τ)y4j (s)ds, ∀ t > 0, (3.49)

and

E5(t) :=
m∑

i,j=1

λ4ij

∫ t

−∞
Vij(t− s)y4j (s)ds, ∀ t > 0, (3.50)

for some constants θ > 0, λ3j > 0 and λ4ij > 0 to be determined later and Vij(t) is defined

as before for all i, j = 1, 2, ...,m.

A differentiation of E4(t) implies
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E ′
4(t) = −θe−θt

m∑
j=1

λ3j

∫ t

t−τ

eθ(s+τ)y4j (s)ds

+e−θt

m∑
j=1

λ3j
[
eθ(t+τ)y4j (t)− eθty4j (t− τ)

]
= −θE4(t) + eθτ

m∑
j=1

λ3jy
4
j (t)−

m∑
j=1

λ3jy
4
j (t− τ) (3.51)

and the derivative of E5(t) is estimated by

E ′
5(t) ≤

m∑
i,j=1

λ4ijVij(0)y
4
j (t)− φ(t)E5(t)−

m∑
i,j=1

λ4ij

∫ t

−∞
kij(t− s)y4j (s)ds, (3.52)

where φ is as defined in the assumption (A2).

Now, let us define the Lyapunov functional E(t) by

E(t) :=
5∑

i=1

Ei(t), ∀ t > 0. (3.53)

Thus, collecting the previous estimations (3.44), (3.46), (3.48), (3.51) and (3.52), we ob-

tain
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E ′(t) ≤
m∑
i=1

[
− 2ai + 2m

5∑
ℓ=1

δℓ +
m∑
j=1

G2
j

δ2
b2ij(x

∗
j) + δ6m+ δ7m

]
|yi(t)|2

+
m∑
j=1

mG4
j

4δ1
|yj(t)|4 +

m∑
i,j=1

G2
j

δ4
c2ij(x

∗
j)|yj(t− τ)|2 +

m∑
j=1

mG4
j

4δ3
|yj(t− τ)|4

+
m∑

i,j=1

[
1

4δ1
b̃4ij(yj(t)) +

g2j (x
∗
j)

δ2
b̃2ij(yj(t)) +

1

4δ3
c̃4ij(yj(t)) +

g2j (x
∗
j)

δ4
c̃2ij(yj(t))

+
1

4δ5
d̃4ij(yj(t)) +

1

δ7
k̄2ijg

2
j (x

∗
j)d̃

2
ij(yj(t))

]
+

1

δ6

m∑
i,j=1

G2
j k̄ijd

2
ij(x

∗
j)

∫ ∞

0

kij(s)|yj(t− s)|2ds

+
m∑

i,j=1

G4
j k̄

3
ij

4δ5

∫ ∞

0

kij(s)|yj(t− s)|4ds

−αE2(t) + eατ
m∑
j=1

λ1jy
2
j (t)−

m∑
j=1

λ1jy
2
j (t− τ) +

m∑
i,j=1

λ2ijVij(0)y
2
j (t)

−φ(t)E3(t)−
m∑

i,j=1

λ2ij

∫ ∞

0

kij(s)|yj(t− s)|2ds− θE4(t) + eθτ
m∑
j=1

λ3jy
4
j (t)

−
m∑
j=1

λ3jy
4
j (t− τ) +

m∑
i,j=1

λ4ijVij(0)y
4
j (t)− φ(t)E5(t)

−
m∑

i,j=1

λ4ij

∫ ∞

0

kij(s)|yj(t− s)|4ds, (3.54)

or
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E ′(t) ≤
m∑
i=1

[
− 2ai + 2m

5∑
ℓ=1

δℓ + δ6m+ δ7m+ eατλ1i +
m∑
j=1

(
λ2jiVji(0) +

g2i (x
∗
i )

δ2
L2
1ji

+
g2i (x

∗
i )

δ4
L2
2ji +

1

δ7
k̄2jig

2
i (x

∗
i )L

2
3ji +

G2
j

δ2
b2ij(x

∗
j)

)]
|yi(t)|2

+
m∑
j=1

[
mG4

j

4δ1
+ eθτλ3j +

m∑
i=1

(
λ4ijVij(0) +

(
1

4δ1
+

1

4δ5

)
L4
1ij +

1

4δ3
L4
3ij

)]
|yj(t)|4

+
m∑
j=1

[
m∑
i=1

G2
j

δ4
c2ij(x

∗
j)− λ1j

]
|yj(t− τ)|2 +

m∑
j=1

[
mG4

j

4δ3
− λ3j

]
|yj(t− τ)|4

+
m∑

i,j=1

[
1

δ6
G2

j k̄ijd
2
ij(x

∗
j)− λ2ij

] ∫ ∞

0

kij(s)|yj(t− s)|2ds

+
m∑

i,j=1

[
G4

j k̄
3
ij

4δ5
− λ4ij

]∫ ∞

0

kij(s)|yj(t− s)|4ds

−αE2(t)− φ(t)E3(t)− θE4(t)− φ(t)E5(t), (3.55)

We need, for some positive constant b2,

−2ai + 2m
m∑
ℓ=1

δℓ + δ6m+ δ7m+ eατλ1i +
m∑
j=1

[
λ2jiVji(0) +

g2i (x
∗
i )

δ2
L2
1ji +

g2i (x
∗
i )

δ4
L2
2ji

+
1

δ7
k̄2jig

2
i (x

∗
i )L

2
3ji +

G2
j

δ2
b2ij(x

∗
j)

]
≤ −b2,

m∑
i=1

G2
j

δ4
c2ij(x

∗
j)− λ1j ≤ 0,

mG4
j

4δ3
− λ3j ≤ 0,

1

δ6
G2

j k̄ijd
2
ij(x

∗
j)− λ2ij ≤ 0 and

G4
j k̄

3
ij

4δ5
− λ4ij ≤ 0.

(3.56)

From the previous inequalities (3.56), it is obvious that the first inequality is guaranteed

by our assumption in (3.15).

Let us choose δr =
1

20m
ai, r = 1, 2, . . . , 5 and δs =

1
4m
ai, s = 6, 7. Then, we pick λ1ij,

λ2ij, λ3j and λ4ij, such that
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

λ1j =
m∑
j=1

G2
j

δ4
c2ij(x

∗
j),

λ3j =
mG4

j

4δ3
,

λ2ij =
1

δ6
G2

j k̄ijd
2
ij(x

∗
j) and

λ4ij =
G4

j k̄
3
ij

4δ5
.

(3.57)

We end up with

E ′(t) ≤ −b2E1(t)− αE2(t)− φ(t)E3(t)− θE4(t)− φ(t)E5(t)

+
m∑
j=1

[
mG4

j

4δ1
+ eθτλ3j +

m∑
i,j=1

(
λ4ijVij(0) +

(
1

4δ1
+

1

4δ5

)
L4
1ij +

1

4δ3
L4
3ij

)]
|yj(t)|4

≤ −b2E1(t)− αE2(t)− φ(t)E3(t)− θE4(t)− φ(t)E5(t)

+
m∑
j=1

[
mG4

j

4δ1
+ eθτλ3j +

m∑
i=1

(
λ4ijVij(0) +

(
1

4δ1
+

1

4δ5

)
L4
1ij +

1

4δ3
L4
3ij

)]
E2(t)

= −b2E1(t)− αE2(t)− φ(t)E3(t)− θE4(t)− φ(t)E5(t)

+ηE2(t), ∀t > 0, (3.58)

where

η :=
m∑
j=1

[
mG4

j

4δ1
+ eθτλ3j +

m∑
i=1

(
λ4ijVij(0) +

(
1

4δ1
+

1

4δ5

)
L4
1ij +

1

4δ3
L4
3ij

)]
. (3.59)

Case 1

If limt→∞ φ(t) = 0, there exits t∗ > 0, such that φ(t) ≤ γ1 := min {b2, α, θ}, ∀ t ≥ t∗.

Thus, the inequality (3.58) gives

E ′(t) ≤ −φ(t)E(t) + ηE2(t), ∀ t ≥ t∗ > 0. (3.60)

In view of Lemma 2.2.7, we infer that

E(t) <
1

σ(t)
, ∀ t ≥ t∗ > 0, (3.61)
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provided that

η ≤ σ(t)

2

[
φ(t)− σ′(t)

σ(t)

]
and E(0)σ(0) < 1. (3.62)

Case 2

If limt→∞ φ(t) = φ̄ > 0, then we get

E ′(t) ≤ −b2E1(t)− αE2(t)− φ̄E3(t)− θE4(t)− φ̄E5(t) + ηE2(t)

≤ −γ2E(t) + ηE2(t), ∀ t > 0, (3.63)

where γ2 := min {b2, α, θ, φ̄}. Again, in view of Lemma 2.2.7, we obtain

E(t) <
1

σ(t)
, ∀ t ≥ t∗ > 0, (3.64)

provided that

η ≤ σ(t)

2

[
γ2 −

σ′(t)

σ(t)

]
and E(0)σ(0) < 1. (3.65)

3.4 Synchronization Result

In this section, we show that the synchronization of the memristive Hopfield neural net-

work system equipped with the initial data given in (P1) can be inferred from the above

stability result. Assume that the system defined in (P1) is the master (drive) system, then

the corresponding slave (response) system is defined as

y′i(t) = −aiyi(t) +
m∑
j=1

bij(yi(t))gj(yj(t)) +
m∑
j=1

cij(yi(t))gj(yj(t− τ))

+
m∑
j=1

dij(yi(t))

∫ ∞

0

kij(s)gj(yj(t− s))ds+ Ii + κi(t), ∀ t > 0, i = 1, . . . ,m,

yi(s) = φi(s), −∞ ≤ s ≤ 0,

(3.66)
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where κi(t), for all t > 0 and i = 1, 2, . . . ,m, are the control inputs of the MHNNS.

Now, we introduce an error dynamical system ei, i = 1, 2, . . . ,m by

e′i(t) = −aiei(t) +
m∑
j=1

bij(xi(t))gj(xj(t))−
m∑
j=1

bij(yi(t))gj(yj(t))

+
m∑
j=1

cij(xi(t))gj(xj(t− τ))−
m∑
j=1

cij(yi(t))gj(yj(t− τ))

+
m∑
j=1

dij(xi(t))

∫ ∞

0

kij(s)gj(xj(t− s))ds

−
m∑
j=1

dij(yi(t))

∫ ∞

0

kij(s)gj(yj(t− s))ds+ κi(t),

∀ t > 0, i = 1, . . . ,m,

(3.67)

where the synchronization error is defined as ei(t) := yi(t)− xi(t).

If we select the control inputs as

κi(t) = −C (yi(t)− xi(t)) , (3.68)

for some positive constant C, then the synchronization of the MHNN system can be re-

duced to the stability matter mentioned above. Actually, this negative feedback adds up

with the existing dissipation coefficient ai, for all i = 1, 2, . . . ,m, thus the convergence

rate is improved.
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Chapter 4

MEMRISTIVE HIGH–ORDER

COHEN–GROSSBERG

BIDIRECTIONAL ASSOCIATIVE

MEMORY NEURAL NETWORK

SYSTEM (MHOCGBAMNNS)

In this chapter, we will prove an exponential as well as another type of stability for memris-

tive high–order Cohen–Grossberg bidirectional associative memory neural network system

containing discrete and distributed delays and with bounded and unbounded activation

functions.

4.1 Model Description and Preliminaries

We consider, in this section, a memristive high–order Cohen–Grossberg bidirectional as-

sociative memory neural network system (MHOCGBAMNNS) described by the following

system, for all t > 0, i = 1, 2, . . . , n and j = 1, 2, . . . ,m,
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

x′i(t) = pi(xi(t))
[
− Λi(xi(t)) +

m∑
j,l=1

ajil(xi(t))fj(yj(t− θ))fl(yl(t− θ))

+
m∑

j,l=1

bjil(xi(t))

∫ ∞

0

kjil(s)gj(yj(t− s))ds

∫ ∞

0

hjil(s)gl(yl(t− s))ds+ Ii

]
,

y′j(t) = qj(yj(t))
[
− Λ̄j(yj(t)) +

n∑
i,r=1

āijr(yj(t))f̄i(xi(t− τ))f̄r(xr(t− τ))

+
n∑

i,r=1

b̄ijr(yj(t))

∫ ∞

0

k̄ijr(s)ḡi(xi(t− s))ds

∫ ∞

0

h̄ijr(s)ḡr(xr(t− s))ds+ Jj

]
,

(P2)

equipped with the following initial data (initial history)xi(t) = ϕi(t), t ≤ 0,

yj(t) = φj(t), t ≤ 0,
(4.1)

where n and m are the number of the neurons of the first and the second layer, respec-

tively. For all t > 0, i = 1, 2, . . . , n and j = 1, 2, . . . ,m, xi and yj are the state (solutions)

functions of the ith neuron from the neural layer Lx and the jth neuron from the neural

layer Ly at time t, respectively, pi and qj are the amplification functions of the system,

Λj and Λ̄j are some appropriate behaved non–negative neuron self–inhibition functions,

fj, gj, f̄i and ḡi indicate to the activation functions (signal transmission functions), Ii

and Jj represent the external inputs, τ and θ refer to the discrete delays, kjiℓ, hjiℓ, k̄ijr

and h̄ijr are the distributed delay kernel functions, ϕi and ψj are real–valued bounded

continuous functions and the memristive connection weights functions ajiℓ, bijr, ājiℓ and

b̄ijr are continuous functions and assumed to satisfy the following conditions

ajil(xi(t)) =

âjil, |xi(t)| > Ti,

ǎjil, |xi(t)| ≤ Ti,
(4.2)

bjil(xi(t)) =

b̂jil, |xi(t)| > Ti,

b̌jil, |xi(t)| ≤ Ti,
(4.3)

āijr(yj(t)) =

ˆ̄aijr, |yj(t)| > T̄j,

ˇ̄aijr, |yj(t)| ≤ T̄j,
(4.4)
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and

b̄ijr(yj(t)) =

ˆ̄bijr, |yj(t)| > T̄j,

ˇ̄bijr, |yj(t)| ≤ T̄j,
(4.5)

for some positive switching jumps constants Ti and Tj and âjil,ǎjil, b̂jil, b̌jil, ˆ̄aijr, ˇ̄aijr,
ˆ̄bijr

and ˇ̄bijr are real numbers.

4.1.1 Assumptions

In this subsection, we introduce some assumptions for our model.

(A1) The amplification functions p1i and q2j are positive and continuous functions such

that

0 < p
i
≤ pi(x) ≤ pi, ∀x ∈ R (4.6)

and

0 < q
j
≤ qj(x) ≤ qj, ∀x ∈ R. (4.7)

for some positive constants p
i
, pi, qj and qj.

(A2) The appropriately behaved self–inhibition (self–signal) functions Λi and Λ̄j are

monotone and increasing functions such that

Λi(x)− Λi(y)

x− y
≥ νi, ∀x, y ∈ R, x ̸= y, (4.8)

and

Λ̄j(x)− Λ̄j(y)

x− y
≥ νj ∀x, y ∈ R, x ̸= y (4.9)
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for some positive constants νi and νj.

(A3) The activation (signal–transmission) functions fj, gj, f̄i and ḡi are uniformly bounded,

i.e.,

|fj(x)| ≤ F, ∀x ∈ R, (4.10)

|gj(x)| ≤ G, ∀x ∈ R, (4.11)

|f̄i(x)| ≤ F̄ , ∀x ∈ R, (4.12)

and

|ḡi(x)| ≤ Ḡ, ∀x ∈ R, (4.13)

for some positive constants F , G, F̄ , and Ḡ.

(A4) The signal–propagation functions fj, gj, f̄i and ḡi are Lipschitz continuous with

Lipschiptz constants L1j, L2j, M1i, M2i, i.e.,

|fj(x)− fj(y)| ≤ L1j|x− y|, ∀x, y ∈ R, (4.14)

gj(x)− gj(y)| ≤ L2j|x− y|, ∀x, y ∈ R, (4.15)

|f̄i(x)− f̄i(y)| ≤M1i|x− y|, ∀x, y ∈ R (4.16)

and

|ḡi(x)− ḡi(y)| ≤M2i|x− y|, ∀x, y ∈ R. (4.17)
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(A5) The kernel (relaxation) functions kjil, hjil, k̄ijr, h̄ijr : [0,∞) −→ R+, i, j = 1, 2, . . . ,m,

for all t > 0, are continuous and integrable functions such that∫ ∞

0

kjil(s)ds = k̂jil, (4.18)

∫ ∞

0

hjil(s)ds = ĥjil, (4.19)

∫ ∞

0

k̄ijr(s)ds =
ˆ̄kijr, (4.20)

and ∫ ∞

0

h̄ijr(s)ds = hath̄ijr. (4.21)

(A6) The initial conditions (initial data) ϕi(t) and ψj(t) for all t ≤ 0 are continuous and

assumed to be in L2(−∞, 0).

(A7) Let ηεjiℓ, η̄εjiℓ, ξεjiℓ and ξ̄εjiℓ be non–negative and continuous functions such that,

for ε = 1, 2

lim
t→∞

ηε(t) = lim
t→∞

min
1≤i≤n

1≤j,ℓ≤m

{ηεjiℓ(t)} = η∗ε , (4.22)

lim
t→∞

ξε(t) = lim
t→∞

min
1≤i≤n

1≤j,ℓ≤m

{ξεjiℓ(t)} = ξ∗ε , (4.23)

lim
t→∞

η̄ε(t) = lim
t→∞

min
1≤j≤m
1≤i,r≤n

{η̄εijr(t)} = η̄∗ε , (4.24)
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and

lim
t→∞

ξ̄ε(t) = lim
t→∞

min
1≤j≤m
1≤i,r≤n

{
ξ̄εijr(t)

}
= ξ̄∗ε , (4.25)

such that

ηεjiℓ(t)

∫ ∞

0

kεjiℓ(σ − s)dσ ≤ kεjiℓ(t− s), 0 ≤ s ≤ t, (4.26)

ξεjiℓ(t)

∫ ∞

0

hεjiℓ(σ − s)dσ ≤ hεjiℓ(t− s), 0 ≤ s ≤ t, (4.27)

η̄εijr(t)

∫ ∞

0

k̄εijr(σ − s)dσ ≤ k̄εijr(t− s), 0 ≤ s ≤ t, (4.28)

and

ξ̄εijr(t)

∫ ∞

0

h̄εijr(σ − s)dσ ≤ h̄εijr(t− s), 0 ≤ s ≤ t. (4.29)

(A8) Assume that the amplification functions pi and qj are Lipschitz continuous func-

tions, i.e.,

|pi(u)− pi(v)| ≤ ρi|u− v|, ∀u, v ∈ R (4.30)

and

|qj(u)− qj(v)| ≤ ρ̄j|u− v|, ∀u, v ∈ R, (4.31)

for some positive constants ρi and ρ̄j.
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(A9) Assume there exit positive constants ζi and ζ̄j, such that

ζ1i ≤
pi(u)Λi(u)− pi(v)Λi(v)

u− v
, ∀u, v ∈ R, u ̸= v, (4.32)

and

ζ̄j ≤
qj(u)Λ̄j(u)− qj(v)Λ̄j(v)

u− v
, ∀u, v ∈ R, u ̸= v. (4.33)

In view of set–valued maps and differential inclusions theories Clarke, F. H. et al., 1998

[83], Filippov, A. F., 1960 [44] and Filippov, A. F., 2013 [45] , we rewrite the system (P2) as

x′i(t) ∈ pi(xi(t))
[
− Λi(xi(t)) +

m∑
j,l=1

c̄o[ajil(xi(t))]fj(yj(t− θ))fl(yl(t− θ))

+
m∑

j,l=1

c̄o[bjil(xi(t))]

∫ ∞

0

kjil(s)gj(yj(t− s))ds

∫ ∞

0

hjil(s)gl(yl(t− s))ds+ Ii

]
,

y′j(t) ∈ qj(yj(t))
[
− Λ̄j(yj(t)) +

n∑
i,r=1

c̄o[āijr(yj(t))]f̄i(xi(t− τ))f̄r(xr(t− τ))

+
n∑

i,r=1

c̄o[b̄ijr(yj(t))]

∫ ∞

0

k̄ijr(s)ḡi(xi(t− s))ds

∫ ∞

0

h̄ijr(s)ḡr(xr(t− s))ds+ Jj

]
,

(4.34)

where

c̄o[ajil(xi(t))] =


âjil, |xi(t)| > Ti,[
a∗jil, a

∗
jil

]
, |xi(t)| = Ti,

ǎjil, |xi(t)| < Ti,

c̄o[bjil(xi(t))] =


b̂jil, |xi(t)| > Ti,[
b∗jil, b

∗
jil

]
, |xi(t)| = Ti,

b̌jil, |xi(t)| < Ti,

c̄o[āijr(yj(t))] =


ˆ̄aijr, |yj(t)| > T̄j,[
ā∗ijr, ā

∗
ijr

]
, |yj(t)| = T̄j,

ˇ̄aijr, |yj(t)| < T̄j,

c̄o[b̄ijr(yj(t))] =


ˆ̄bijr, |yj(t)| > T̄j,[
b̄∗ijr, b̄

∗
ijr

]
, |yj(t)| = T̄j,

ˇ̄bijr, |yj(t)| < T̄j,

with

a∗jil = min{ǎjil, âjil}, a∗jil = max{ǎjil, âjil}, b∗jil = min{b̌jil, b̂jil}, b∗jil = max{b̌jil, b̂jil},
ā∗ijr = min{ˇ̄aijr, ˆ̄aijr}, ā∗ijr = max{ˇ̄aijr, ˆ̄aijr}, b̄∗ijr = min{ˇ̄bijr, ˆ̄bijr}, b̄∗ijr = max{ˇ̄bijr, ˆ̄bijr}.
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Moreover, there exist αjil ∈ c̄o[ajil(xi(t))], βjil ∈ c̄o[bjil(xi(t))], ᾱijr ∈ c̄o[āijr(yj(t))], β̄ijr ∈
c̄o[b̄ijr(yj(t))], then, the system (4.34) is equivalent to the following system

x′i(t) = pi(xi(t))
[
− Λi(xi(t)) +

m∑
j,l=1

αjilfj(yj(t− θ))fl(yl(t− θ))

+
m∑

j,l=1

βjil

∫ ∞

0

kjil(s)gj(yj(t− s))ds

∫ ∞

0

hjil(s)gl(yl(t− s))ds+ Ii

]
,

y′j(t) = qj(yj(t))
[
− Λ̄j(yj(t)) +

n∑
i,r=1

ᾱijrf̄i(xi(t− τ))f̄r(xr(t− τ))

+
n∑

i,r=1

β̄ijr

∫ ∞

0

k̄ijr(s)ḡi(xi(t− s))ds

∫ ∞

0

h̄ijr(s)ḡr(xr(t− s))ds+ Jj

]
.

(4.35)

By setting α∗
jil = max{|a∗jil|, |a∗jil|}, β∗

jil = max{|b∗jil|, |b∗jil|}, ᾱ∗
ijr = max{|ā∗ijr|, |ā∗ijr|}, β̄∗

ijr =

max{|b̄∗ijr|, |b̄∗ijr|}. In what remains of this work, we adopt the notation
n;m∑

i,r,j,l=1

=
n∑

i,r=1

m∑
j,l=1

.

4.2 Well–Posedness

In this section, we give the proof of the existence, uniqueness and the continuity of such

solutions of the memristive high–order Cohen–Grossberg bidirectional associative mem-

ory neural network system (MHOCGBAMNNS) using Kakutanni fixed point theorem for

the set–valued maps.

Theorem 4.2.1

Under the assumptions (A1)–(A9), the existence and uniqueness of the equilibrium point

of memristive high–order Cohen–Grossberg bidirectional associative memory neural net-

work system given in (P2) is guaranteed.

Proof

Let Ω = Rn+m and w = (w1, w2, . . . , wn+m)
T = (x1, x2, . . . , xn, y1, y2, . . . , ym)

T and let

∥w∥1 =
∑n+m

i=1 |wi| =
∑n

i=1 |xi| +
∑m

j=1 |yj| be a norm. Thus, Ω defines a Banach space

equipped with the norm ∥ · ∥1.
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It is clear that the existence and uniqueness of a steady state (equilibrium point) for

memristive high–order Cohen–Grossberg bidirectional associative memory neural network

system (MHOCGBAM) given in (P2) is equivalent to the existence and uniqueness of the

solution for the following algebraic inclusion system

xi ∈ Λ−1
i

(
m∑

j,l=1

c̄o[ajil(xi)]fj(yj)fl(yl) +
m∑

j,l=1

c̄o[bjil(xi)]

×
∫∞
0
kjil(s)gj(yj)ds

∫∞
0
hjil(s)gl(yl)ds+ Ii

)
, i = 1, 2, ..., n,

yj ∈ Λ̄−1
j

(
n∑

i,r=1

c̄o[āijr(yj)]f̄i(xi)f̄r(xr) +
n∑

i,r=1

c̄o[b̄ijr(yj)]

×
∫∞
0
k̄ijr(s)ḡi(xi)ds

∫∞
0
h̄ijr(s)ḡr(xr)ds+ Jj

)
, j = 1, 2, ...,m,

(4.36)

or, 

xi ∈ Λ−1
i

(
m∑

j,l=1

c̄o[ajil(xi)]fj(yj)fl(yl) +
m∑

j,l=1

c̄o[bjil(xi)]

×k̂jilĥjilgj(yj)gl(yl) + Ii

)
, i = 1, 2, ..., n,

yj ∈ Λ̄−1
j

(
n∑

i,r=1

c̄o[āijr(yj)]f̄i(xi)f̄r(xr) +
n∑

i,r=1

c̄o[b̄ijr(yj)]

×ˆ̄kijr
ˆ̄hijrḡi(xi)ḡr(xr) + Jj

)
, j = 1, 2, ...,m.

(4.37)

Let Γ be a compact convex subset Γ ⊆ Ω defined by

Γ :=
{
w = (w1, w2, ..., wn+m)

T ∈ Ω, ∥w∥1 ≤ δ
}
,

where

δ :=
n∑

i=1

{
F 2

νi

m∑
j,l=1

α∗
jil +

G2

νi

m∑
j,l=1

β∗
jilk̂jilĥjil +

Ii
νi

}

+
m∑
j=1

{
F̄ 2

ν̄j

n∑
i,r=1

ᾱ∗
ijr +

Ḡ2

ν̄j

n∑
i,r=1

β̄∗
ijr
ˆ̄kijr

ˆ̄hijr +
Jj
ν̄j

}
.

It is obvious that Γ is a compact convex subset of the Banach space Ω.
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If for all w ∈ Ω, we define a set–valued map ψ : Ω −→ P (Ω) as

ψ(w) = (ψ1(w), ψ1(w), ..., ψn+m(w))
T ,

where 

ψi(w) = Λ−1
i

(
m∑

j,l=1

c̄o[ajil(xi)]fj(yj)fl(yl) +
m∑

j,l=1

c̄o[bjil(xi)]

×k̂jilĥjilgj(yj)gl(yl) + Ii

)
, i = 1, 2, ..., n,

ψn+j(w) = Λ̄−1
j

(
n∑

i,r=1

c̄o[āijr(yj)]f̄i(xi)f̄r(xr) +
n∑

i,r=1

c̄o[b̄ijr(yj)]

×ˆ̄kijr
ˆ̄hijrḡi(xi)ḡr(xr) + Jj

)
, j = 1, 2, ...,m.

(4.38)

It is clear that ψ(w) is an upper semi–continuous map with compact, nonempty convex

values.

For all w ∈ Γ andϖ = (ϖ1, ϖ2, ..., ϖn+m)
T ∈ ψ(w), then there exist αjil ∈ c̄o[ajil(xi)], βjil ∈

c̄o[bjil(xi)], ᾱijr ∈ c̄o[āijr(yj)], β̄ijr ∈ c̄o[b̄ijr(yj)] such that

ϖi = Λ−1
i

(
m∑

j,l=1

αjilfj(yj)fl(yl) +
m∑

j,l=1

βjil

×k̂jilĥjilgj(yj)gl(yl) + Ii

)
∈ ψi(w), i = 1, 2, ..., n,

ϖn+j = Λ̄−1
j

(
n∑

i,r=1

ᾱijrf̄i(xi)f̄r(xr) +
n∑

i,r=1

β̄ijr

×ˆ̄kijr
ˆ̄hijrḡi(xi)ḡr(xr) + Jj

)
∈ ψn+j(w), j = 1, 2, ...,m.

(4.39)

According to the assumptions (A2) and (A3) and the relation (4.39), we end up with
νi|ϖi| ≤ F 2

m∑
j,l=1

|αjil|+G2
m∑

j,l=1

|βjil|k̂jilĥjil + Ii, i = 1, 2, ..., n,

ν̄j|ϖn+j| ≤ F̄ 2
n∑

i,r=1

|ᾱijr|+ Ḡ2
n∑

i,r=1

|β̄ijr|ˆ̄kijrˆ̄hijr + Jj, j = 1, 2, ...,m,
(4.40)

or,
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
|ϖi| ≤ F 2

νi

m∑
j,l=1

α∗
jil +

G2

νi

m∑
j,l=1

β∗
jilk̂jilĥjil +

Ii
νi
, i = 1, 2, ..., n,

|ϖn+j| ≤ F̄ 2

ν̄j

n∑
i,r=1

ᾱ∗
ijr +

Ḡ2

ν̄j

n∑
i,r=1

β̄∗
ijr
ˆ̄kijr

ˆ̄hijr +
Jj
ν̄j
, j = 1, 2, ...,m.

(4.41)

By adding the sums
n∑

i=1

on both sides of the first inequality of (4.41), and
m∑
j=1

on both

sides of the second inequality of (4.41), we obtain
n∑

i=1

|ϖi| ≤
n∑

i=1

{
F 2

νi

m∑
j,l=1

α∗
jil +

G2

νi

m∑
j,l=1

β∗
jilk̂jilĥjil +

Ii
νi

}
,

m∑
j=1

|ϖn+j| ≤
m∑
j=1

{
F̄ 2

ν̄j

n∑
i,r=1

ᾱ∗
ijr +

Ḡ2

ν̄j

n∑
i,r=1

β̄∗
ijr
ˆ̄kijr

ˆ̄hijr +
Jj
ν̄j

}
.

(4.42)

By summing the inequalities of (4.42), we conclude
n+m∑
i=1

|ϖi| =
n∑

i=1

|ϖi|+
m∑
j=1

|ϖn+j| ≤
n∑

i=1

{
F 2

νi

m∑
j,l=1

α∗
jil +

G2

νi

m∑
j,l=1

β∗
jilk̂jilĥjil +

Ii
νi

}

+
m∑
j=1

{
F̄ 2

ν̄j

n∑
i,r=1

ᾱ∗
ijr +

Ḡ2

ν̄j

n∑
i,r=1

β̄∗
ijr
ˆ̄kijr

ˆ̄hijr +
Jj
ν̄j

}
= δ,

(4.43)

which implies

∥ϖ∥1 ≤ δ, ∀w ∈ Ω. (4.44)

Therefore, for all w ∈ Γ, ϖ ∈ ψ(w), we deduce that ϖ ∈ Γ. Thus ψ(w) ∈ P (Γ), ∀w ∈ Γ

such that ψ : Γ −→ P (Γ).

This allows us to apply the theorem of Kakutanni–fixed point to ensure the existence

and uniqueness of an equilibrium point for the memristive high–order Cohen–Grossberg

bidirectional associative memory neural network system (P2).

Remark 4.2.1

We note here that for the case of unbounded activation functions, we need to add either

f(0) = 0 or f(x) = a|x|+ b, for some constants a and b on the activation functions. For

more details, see Wu, A. and Zeng, Z., 2015 [145] and Zhang, L. et al., 2016 [220] and

references therein.
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4.3 Global Stability

This section includes a global stability of system (P2) for bounded activation functions.

Higher order features are a source of non–linear terms that will be transformed into linear

ones using some analytical techniques.

Definition 4.3.1

The point (x∗, y∗) is an equilibrium of the system (P2), if

0 ∈ pi(x
∗
i )
[
− Λi(x

∗
i ) +

m∑
j,l=1

c̄o[ajil(x
∗
i )]fj(y

∗
j )fl(y

∗
l ) +

m∑
j,l=1

c̄o[bjil(x
∗
i )]

×
∫ ∞

0

kjil(s)gj(y
∗
j )ds

∫ ∞

0

hjil(s)gl(y
∗
l )ds+ Ii

]
,

0 ∈ qj(y
∗
j )
[
− Λ̄j(y

∗
j ) +

n∑
i,r=1

c̄o[āijr(y
∗
j )]f̄i(x

∗
i )f̄r(x

∗
r) +

n∑
i,r=1

c̄o[b̄ijr(y
∗
j )]

×
∫ ∞

0

k̄ijr(s)ḡi(x
∗
i )ds

∫ ∞

0

h̄ijr(s)ḡr(x
∗
r)ds+ Jj

]
,

(4.45)

which is equivalent to the following system

0 = −Λi(x
∗
i ) +

m∑
j,l=1

αjilfj(y
∗
j )fl(y

∗
l ) +

m∑
j,l=1

βjilk̂jilgj(y
∗
j )ĥjilgl(y

∗
l ) + Ii,

0 = −Λ̄j(y
∗
j ) +

n∑
i,r=1

ᾱijrf̄i(x
∗
i )f̄r(x

∗
r) +

n∑
i,r=1

β̄ijr
ˆ̄kijrḡi(x

∗
i )
ˆ̄hijrḡr(x

∗
r) + Jj,

(4.46)

where αjil ∈ c̄o[ajil(x
∗
i )], βjil ∈ c̄o[bjil(x

∗
i )], ᾱijr ∈ c̄o[āijr(y

∗
j )], β̄ijr ∈ c̄o[b̄ijr(y

∗
j )].

The stability of the stationary state of system (4.38) is equivalent to the stability of the
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origin state of the system

u′i(t) = p̃i(ui(t))
[
− Λ̃i(ui(t)) +

m∑
j,l=1

αjilfj(yj(t− θ))fl(yl(t− θ))

−
m∑

j,l=1

αjilfj(y
∗
j )fl(y

∗
l )

+
m∑

j,l=1

βjil

∫ ∞

0

kjil(s)gj(yj(t− s))ds

∫ ∞

0

hjil(s)gl(yl(t− s))ds

−
m∑

j,l=1

βjilk̂jilgj(y
∗
j )ĥjilgl(y

∗
l )
]
,

v′j(t) = q̃j(vj(t))
[
− ˜̄Λj(vj(t)) +

n∑
i,r=1

ᾱijrf̄i(xi(t− τ))f̄r(xr(t− τ))

−
n∑

i,r=1

ᾱijrf̄i(x
∗
i )f̄r(x

∗
r)

+
n∑

i,r=1

β̄ijr

∫ ∞

0

k̄ijr(s)ḡi(xi(t− s))ds

∫ ∞

0

h̄ijr(s)ḡr(xr(t− s))ds

−
n∑

i,r=1

β̄ijr
ˆ̄kijrḡi(x

∗
i )
ˆ̄hijrḡr(x

∗
r)
]
,

(4.47)

the initial data are given by{
ui(t) = ϕ̃i(t) = ϕi(t)− x∗i , t ≤ 0,

vj(t) = φ̃j(t) = φj(t)− y∗j , t ≤ 0,
(4.48)

where

ui(t) = xi(t)− x∗i , vj(t) = yj(t)− y∗j ,

p̃i(ui(t)) = pi(ui(t) + x∗i ), q̃j(vj(t)) = qj(vj(t) + y∗j ),

Λ̃i(ui(t)) = Λi(xi(t))− Λi(x
∗
i ),

˜̄Λj(vj(t)) = Λ̄j(yj(t))− Λ̄j(y
∗
j ).

(4.49)

Let A and Ā be positive constants so that
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A = min
1≤i≤n

{
p
i
νi −

n;m∑
r;j=1

[
(1 + ϵ2)σ̄1ijr +

ˆ̄σ2ijr

1−δ
+

ˆ̄σ3rji

1−δ

]}
,

Ā = min
1≤j≤m

{
q
j
ν̄j −

n;m∑
i;l=1

[
(1 + ϵ1)σ1jil +

σ̂2jil

1−δ
+

σ̂3lij

1−δ

]}
,

σ̂2jil = σ2jilk̂jil, ˆ̄σ2ijr = σ̄2ijr
ˆ̄kijr, σ̂3lij = σ3lijĥlij, ˆ̄σ3rji = σ̄3rji

ˆ̄hrji,

σ1jil =
F 2m2p̄2iL

2
1j

γ1

(
α∗
jil + α∗

lij

)2
, σ̄1ijr =

F̄ 2n2q̄2jM
2
1i

γ̄1

(
ᾱ∗
ijr + ᾱ∗

rji

)2
,

σ2jil =
2G2m2p̄2i

γ2

(
L2jβ

∗
jilĥjil

)2
k̂jil, σ̄2ijr =

2Ḡ2n2q̄2j
γ̄2

(
M2iβ̄

∗
ijr
ˆ̄hijr

)2ˆ̄kijr,
σ3lij =

2G2m2p̄2i
γ2

(
L2jβ

∗
lij k̂lij

)2
ĥlij, σ̄3rji =

2Ḡ2n2q̄2j
γ̄2

(
M2iβ̄

∗
rji
ˆ̄krji

)2ˆ̄hrji,
γ1 = γ2 = min

1≤i≤n

p
i
νi

2
, γ̄1 = γ̄2 = min

1≤j≤m

q
j
ν̄j

2
,

ρ(t) = inf{η1(t), η̄1(t), ξ1(t), ξ̄1(t)}, t ≥ 0, lim
t→∞

ρ(t) = ρ∗.

(4.50)

The principal theorem determining sufficient conditions for global stability of the neuro-

dynamic system (P2) is presented below.

Theorem 4.3.1

Assuming that assumptions (A1)–(A7) and

n;m∑
r;j=1

[
(1 + ϵ2)σ̄1ijr +

ˆ̄σ2ijr
1− δ

+
ˆ̄σ3rji
1− δ

]
≤ p

i
νi − A,

n;m∑
i;l=1

[
(1 + ϵ1)σ1jil +

σ̂2jil
1− δ

+
σ̂3lij
1− δ

]
≤ q

j
ν̄j − Ā

hold, we entail that

� If 0 < ρ∗ ≤ ∞, then for some constants C1, C2 > 0,

V (t) ≤ C1e
−C2t, t ≥ 0.

� If ρ∗ = 0, then for some constant C3 > 0,

V (t) ≤ C3e
−δ

∫ t
0 ρ(s)ds, t ≥ 0.

Proof

It is obvious that
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m∑
j,l=1

αjil

[
fj(yj(t− θ))fl(yl(t− θ))− fj(y

∗
j )fl(y

∗
l )
]

=
m∑

j,l=1

f̃j(vj(t− θ))
[
αjilfl(yl(t− θ)) + αlijfl(y

∗
l )
]
,

(4.51)

n∑
i,r=1

ᾱijr

[
f̄i(xi(t− τ))f̄r(xr(t− τ))− f̄i(x

∗
i )f̄r(x

∗
r)
]

=
n∑

i,r=1

˜̄fi(ui(t− τ))
[
ᾱijrf̄r(xr(t− τ)) + ᾱrjif̄r(x

∗
r)
]
,

(4.52)

m∑
j,l=1

βjil

{∫ ∞

0

kjil(s)gj(yj(t− s))ds

∫ ∞

0

hjil(s)gl(yl(t− s))ds− k̂jilgj(y
∗
j )ĥjilgl(y

∗
l )

}

=
m∑

j,l=1

∫ ∞

0

[
βjil

(∫ ∞

0

hjil(s)gl(yl(t− s))ds
)
kjil(s) + βlij k̂lijgl(y

∗
l )hlij(s)

]
g̃j(vj(t− s))ds,

(4.53)

n∑
i,r=1

β̄ijr

{∫ ∞

0

k̄ijr(s)ḡi(xi(t− s))ds

∫ ∞

0

h̄ijr(s)ḡr(xr(t− s))ds− ˆ̄kijrḡi(x
∗
i )
ˆ̄hijrḡr(x

∗
r)

}

=
n∑

i,r=1

∫ ∞

0

[
β̄ijr

(∫ ∞

0

h̄ijr(s)ḡr(xr(t− s))ds
)
k̄ijr(s) + β̄rji

ˆ̄krjiḡr(x
∗
r)h̄rji(s)

]
˜̄gi(ui(t− s))ds,

(4.54)

where

f̃j(vj(t)) = fj(yj(t))− fj(y
∗
j ),

˜̄fi(ui(t)) = f̄i(xi(t))− f̄i(x
∗
i ),

g̃j(vj(t)) = gj(yj(t))− gj(y
∗
j ), ˜̄gi(ui(t)) = ḡi(xi(t))− ḡi(x

∗
i ).

Firstly, we introduce the Lyapunov functional

V1(t) =
n∑

i=1

u2i (t) +
m∑
j=1

v2j (t).

In view of the relations (4.51)–(4.54) and assumptions (A1)–(A5), the derivative of V1(t)

yields
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V ′
1(t) ≤ −2

n∑
i=1

p
i
νiu

2
i (t) + 2

n∑
i=1

p̄i|ui(t)|
m∑

j,l=1

FL1j(α
∗
jil + α∗

lij)|vj(t− θ)|

+2
n∑

i=1

p̄i|ui(t)|
m∑

j,l=1

∫∞
0
GL2j

[
β∗
jilĥjilkjil(s) + β∗

lij k̂lijhlij(s)
]
|vj(t− s)|ds

−2
m∑
j=1

q
j
ν̄jv

2
j (t) + 2

m∑
j=1

q̄j|vj(t)|
n∑

i,r=1

F̄M1i(ᾱ
∗
ijr + ᾱ∗

rji)|ui(t− τ)|

+2
m∑
j=1

q̄j|vj(t)|
n∑

i,r=1

∫∞
0
ḠM2i

[
β̄∗
ijr
ˆ̄hijrk̄ijr(s) + β̄∗

rji
ˆ̄krjih̄rji(s)

]
|ui(t− s)|ds.

(4.55)

Moreover, we have

2F p̄i|ui(t)|
m∑

j,l=1

L1j(α
∗
jil + α∗

lij)|vj(t− θ)| ≤ γ1u
2
i (t) +

F 2p̄2i
γ1

( m∑
j,l=1

L1j(α
∗
jil + α∗

lij)|vj(t− θ)|
)2

≤ γ1u
2
i (t) +

F 2p̄2im
2

γ1

m∑
j,l=1

L2
1j(α

∗
jil + α∗

lij)
2v2j (t− θ).

(4.56)

In the same way, we get

2F̄ q̄j|vj(t)|
n∑

i,r=1

M1i(ᾱ
∗
ijr + ᾱ∗

rji)|ui(t− τ)|

≤ γ̄1v
2
j (t) +

F̄ 2q̄2jn
2

γ̄1

n∑
i,r=1

M2
1i(ᾱ

∗
ijr + ᾱ∗

rji)
2u2i (t− τ),

(4.57)

2p̄iG|ui(t)|
m∑

j,l=1

∫∞
0

(
β∗
jilĥjilkjil(s) + β∗

lij k̂lijhlij(s)
)
L2j|vj(t− s)|ds

≤ γ2u
2
i (t) +

2p̄2iG
2m2

γ2

m∑
j,l=1

(
L2jβ

∗
jilĥjil

)2
k̂jil
∫∞
0
kjil(s)v

2
j (t− s)ds

+
2p̄2iG

2m2

γ2

m∑
j,l=1

(
L2jβ

∗
lij k̂lij

)2
ĥlij
∫∞
0
hlij(s)v

2
j (t− s)ds

(4.58)

and

2q̄jḠ|vj(t)|
n∑

i,r=1

∫∞
0

(
β̄∗
ijr
ˆ̄hijrk̄ijr(s) + β̄∗

rji
ˆ̄krjih̄rji(s)

)
M2i|ui(t− s)|ds

≤ γ̄2v
2
j (t) +

2q̄2j Ḡ
2n2

γ̄2

n∑
i,r=1

(
M2iβ̄

∗
ijr
ˆ̄hijr

)2ˆ̄kijr ∫∞
0
k̄ijr(s)u

2
i (t− s)ds

+
2q̄2j Ḡ

2n2

γ̄2

n∑
i,r=1

(
M2iβ̄

∗
rji
ˆ̄krji

)2ˆ̄hrji ∫∞
0
h̄rji(s)u

2
i (t− s)ds.

(4.59)

Therefore, from the relations (4.55), (4.56)–(4.59), we find
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V ′
1(t) ≤

n∑
i=1

[
− 2p

i
νi + γ1 + γ2

]
u2i (t) +

n;m∑
i;j,l=1

[
F 2p̄2im

2

γ1
L2
1j(α

∗
jil + α∗

lij)
2v2j (t− θ)

+
2p̄2iG

2m2

γ2

(
L2jβ

∗
jilĥjil

)2
k̂jil
∫∞
0
kjil(s)v

2
j (t− s)ds+

2p̄2iG
2m2

γ2

(
L2jβ

∗
lij k̂lij

)2
ĥlij

×
∫∞
0
hlij(s)v

2
j (t− s)ds

]
+

m∑
j=1

[
− 2q

j
ν̄j + γ̄1 + γ̄2

]
v2j (t) +

n;m∑
i,r;j=1

[
F̄ 2q̄2jn

2

γ̄1
M2

1i

×(ᾱ∗
ijr + ᾱ∗

rji)
2u2i (t− τ) +

2q̄2j Ḡ
2n2

γ̄2

(
M2iβ̄

∗
ijr
ˆ̄hijr

)2ˆ̄kijr ∫∞
0
k̄ijr(s)u

2
i (t− s)ds

+
2q̄2j Ḡ

2n2

γ̄2

(
M2iβ̄

∗
rji
ˆ̄krji

)2ˆ̄hrji ∫∞
0
h̄rji(s)u

2
i (t− s)ds

]
.

(4.60)

Next, we construct the following Lyapunov functionals

V2(t) = e−ε1t
n;m∑

i;j,l=1

σ1jil
∫ t

t−θ
eε1(s+θ)v2j (s)ds, V3(t) = e−ε2t

n;m∑
i,r;j=1

σ̄1ijr
∫ t

t−τ
eε2(s+τ)u2i (s)ds,

Vp(t) =
m∑
j=1

∫ t

−∞

( ∫∞
t

Lpj(λ− s)dλ
)
v2j (s)ds =

m∑
j=1

∫∞
0

Lpj(s)
∫ t

t−s
v2j (λ)dλds, p = 4, 6,

Vq(t) =
n∑

i=1

∫ t

−∞

( ∫∞
t

L̄qi(λ− s)dλ
)
u2i (s)ds =

n∑
i=1

∫∞
0

L̄qi(s)
∫ t

t−s
u2i (λ)dλds, q = 5, 7,

(4.61)

with ε1 and ε2 are picked too small such that eε1θ < 1 + ϵ1, e
ε2τ < 1 + ϵ2, L4j(t) =

n;m∑
i;l=1

σ2jilkjil(t), L6j(t) =
n;m∑
i;l=1

σ3lijhlij(t), L̄5i(t) =
n;m∑
r;j=1

σ̄2ijrk̄ijr(t), L̄7i(t) =
n;m∑
r;j=1

σ̄3rjih̄rji(t),

for some positive constants ϵ1 and ϵ2.

From the assumptions (A5) and (A7) on the kernels, the derivatives of Vi(t), i =

2, 3, ..., 7 are given by

V ′
2(t) = −ε1V2(t) + eε1θ

n;m∑
i;j,l=1

σ1jilv
2
j (t)−

n;m∑
i;j,l=1

σ1jilv
2
j (t− θ), (4.62)

V ′
3(t) = −ε2V3(t) + eε2τ

n;m∑
i,r;j=1

σ̄1ijru
2
i (t)−

n;m∑
i,r;j=1

σ̄1ijru
2
i (t− τ), (4.63)

V ′
4(t) =

n;m∑
i;j,l=1

σ2jil
∫∞
0
kjil(s)

[
v2j (t)− v2j (t− s)

]
ds =

n;m∑
i;j,l=1

σ2jilk̂jilv
2
j (t)

−
n;m∑

i;j,l=1

σ2jil
∫∞
0
kjil(s)v

2
j (t− s)ds =

n;m∑
i;j,l=1

σ̂2jilv
2
j (t)−

n;m∑
i;j,l=1

σ2jil
∫∞
0
kjil(s)v

2
j (t− s)ds,

or
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V ′
4(t) =

n∑
i=1

m∑
j,l=1

σ2lij
∫∞
0
klij(s)

[
v2j (t)− v2j (t− s)

]
ds

=
n∑

i=1

m∑
j,l=1

σ2lij k̂lijv
2
j (t)−

n∑
i=1

m∑
j,l=1

σ2lij
∫∞
0
klij(s)v

2
j (t− s)ds

=
n∑

i=1

m∑
j,l=1

σ̂2lijv
2
j (t)−

n∑
i=1

m∑
j,l=1

σ2lij
∫∞
0
klij(s)v

2
j (t− s)ds,

In similar way, we obtain

V ′
5(t) =

m∑
j=1

n∑
i,r=1

σ̄2ijr
∫∞
0
k̄ijr(s)

[
u2i (t)− u2i (t− s)

]
ds

=
m∑
j=1

n∑
i,r=1

σ̄2ijr
ˆ̄kijru

2
i (t)−

m∑
j=1

n∑
i,r=1

σ̄2ijr
∫∞
0
k̄ijr(s)u

2
i (t− s)ds

=
m∑
j=1

n∑
i,r=1

ˆ̄σ2ijru
2
i (t)−

m∑
j=1

n∑
i,r=1

σ̄2ijr
∫∞
0
k̄ijr(s)u

2
i (t− s)ds,

V ′
6(t) =

n∑
i=1

m∑
j,l=1

σ3lij
∫∞
0
hlij(s)

[
v2j (t)− v2j (t− s)

]
ds

=
n∑

i=1

m∑
j,l=1

σ3lijĥlijv
2
j (t)−

n∑
i=1

m∑
j,l=1

σ3lij
∫∞
0
hlij(s)v

2
j (t− s)ds

=
n∑

i=1

m∑
j,l=1

σ̂3lijv
2
j (t)−

n∑
i=1

m∑
j,l=1

σ3lij
∫∞
0
hlij(s)v

2
j (t− s)ds,

V ′
7(t) =

m∑
j=1

n∑
i,r=1

σ̄3rji
∫∞
0
h̄rji(s)

[
u2i (t)− u2i (t− s)

]
ds

=
m∑
j=1

n∑
i,r=1

σ̄3rji
ˆ̄hrjiu

2
i (t)−

m∑
j=1

n∑
i,r=1

σ̄3rji
∫∞
0
h̄rji(s)u

2
i (t− s)ds

=
m∑
j=1

n∑
i,r=1

ˆ̄σ3rjiu
2
i (t)−

m∑
j=1

n∑
i,r=1

σ̄3rji
∫∞
0
h̄rji(s)u

2
i (t− s)ds,

where

σ̂2jil = σ2jilk̂jil, ˆ̄σ2ijr = σ̄2ijr
ˆ̄kijr, σ̂3lij = σ3lijĥlij, ˆ̄σ3rji = σ̄3rji

ˆ̄hrji.
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In the same manner, we obtain

V ′
5(t) =

m∑
j=1

n∑
i,r=1

ˆ̄σ2ijru
2
i (t)− δ

m∑
j=1

n∑
i,r=1

σ̄2ijr
∫∞
0
k̄ijr(s)u

2
i (t− s)ds

−(1− δ)
m∑
j=1

n∑
i,r=1

σ̄2ijr
∫∞
0
k̄ijr(s)u

2
i (t− s)ds

≤
m∑
j=1

n∑
i,r=1

ˆ̄σ2ijru
2
i (t)− δ

m∑
j=1

n∑
i,r=1

σ̄2ijrη̄1ijr(t)
∫ t

−∞

( ∫∞
t
k̄ijr(λ− s)dλ

)
u2i (s)ds

−(1− δ)
m∑
j=1

n∑
i,r=1

σ̄2ijr
∫∞
0
k̄ijr(s)u

2
i (t− s)ds

≤
n;m∑

i,r;j=1

ˆ̄σ2ijru
2
i (t)− δη̄1(t)V5(t)− (1− δ)

n;m∑
i,r;j=1

σ̄2ijr
∫∞
0
k̄ijr(s)u

2
i (t− s)ds,

V ′
6(t) =

n∑
i=1

m∑
j,l=1

σ̂3lijv
2
j (t)− δ

n∑
i=1

m∑
j,l=1

σ3lij
∫∞
0
hlij(s)v

2
j (t− s)ds

−(1− δ)
n∑

i=1

m∑
j,l=1

σ3lij
∫∞
0
hlij(s)v

2
j (t− s)ds

≤
n∑

i=1

m∑
j,l=1

σ̂3lijv
2
j (t)− δ

n∑
i=1

m∑
j,l=1

σ3lijξ1lij(t)
∫ t

−∞

( ∫∞
t
hlij(λ− s)dλ

)
v2j (s)ds

−(1− δ)
n∑

i=1

m∑
j,l=1

σ3lij
∫∞
0
hlij(s)v

2
j (t− s)ds

≤
n;m∑

i;j,l=1

σ̂3lijv
2
j (t)− δξ1(t)V6(t)− (1− δ)

n;m∑
i;j,l=1

σ3lij
∫∞
0
hlij(s)v

2
j (t− s)ds,

V ′
7(t) =

m∑
j=1

n∑
i,r=1

ˆ̄σ3rjiu
2
i (t)− δ

m∑
j=1

n∑
i,r=1

σ̄3rji
∫∞
0
h̄rji(s)u

2
i (t− s)ds

−(1− δ)
m∑
j=1

n∑
i,r=1

σ̄3rji
∫∞
0
h̄rji(s)u

2
i (t− s)ds

≤
m∑
j=1

n∑
i,r=1

ˆ̄σ3rjiu
2
i (t)− δ

m∑
j=1

n∑
i,r=1

σ̄3rjiξ̄1rji(t)
∫ t

−∞

( ∫∞
t
h̄rji(λ− s)dλ

)
u2i (s)ds

−(1− δ)
m∑
j=1

n∑
i,r=1

σ̄3rji
∫∞
0
h̄rji(s)u

2
i (t− s)ds

≤
n;m∑

i,r;j=1

ˆ̄σ3rjiu
2
i (t)− δξ̄1(t)V7(t)− (1− δ)

n;m∑
i,r;j=1

σ̄3rji
∫∞
0
h̄rji(s)u

2
i (t− s)ds.

V ′
p(t) ≤

m∑
j=1

κpjv
2
j (t)− δRp(t)Vp(t)− (1− δ)

m∑
j=1

∫∞
0

Lpj(s)v
2
j (t− s)ds, p = 4, 6,

V ′
q (t) ≤

n∑
i=1

κ̄qiu
2
i (t)− δRq(t)Vq(t)− (1− δ)

n∑
i=1

∫∞
0

L̄qi(s)u
2
i (t− s)ds, q = 5, 7,

(4.64)

with 0 < δ < 1, κ4j =
n;m∑
i;l=1

σ̂2jil, κ6j =
n;m∑
i;l=1

σ̂3lij, κ̄5i =
n;m∑
r;j=1

ˆ̄σ2ijr, κ̄7i =
n;m∑
r;j=1

ˆ̄σ3rji, R4(t) =

η1(t), R6(t) = ξ1(t), R̄5(t) = η̄1(t), R̄7(t) = ξ̄1(t).
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Then, we present the Lyapunov functional

V (t) =
3∑

l=1

Vl(t) +
1

1− δ

7∑
k=4

Vk(t). (4.65)

Summing up the estimations (4.60)–(4.64) and taking into account the conditions set out

in Theorem 4.3.1, we end up with

V ′(t) ≤
n∑

i=1

{
− p

i
νi +

n;m∑
r;j=1

[
(1 + ϵ2)σ̄1ijr +

ˆ̄σ2ijr

1−δ
+

ˆ̄σ3rji

1−δ

]}
u2i (t)

+
m∑
j=1

{
− q

j
ν̄j +

n;m∑
i;l=1

[
(1 + ϵ1)σ1jil +

σ̂2jil

1−δ
+

σ̂3lij

1−δ

]}
v2j (t)

−ε1V2(t)− ε2V3(t)− δρ(t)
1−δ

7∑
k=4

Vk(t),

(4.66)

or

V ′(t) ≤ −BV1(t)− ε1V2(t)− ε2V3(t)− δρ(t)
1−δ

7∑
k=4

Vk(t), (4.67)

where B = min{A, Ā}.

In the last part, via two cases based on the limit of the function ρ(t), the derivative

of the functional V (t) is examined.

Case 1

If 0 < ρ∗ <∞, then, there exists t∗ > 0 so that

ρ(t) ≥ ρ∗, ∀t ≥ t∗.

Thus, we have the estimation

V ′(t) ≤ −BV1(t)− ε1V2(t)− ε2V3(t)− δρ∗

(1−δ)

7∑
k=4

Vk(t), t ≥ t∗. (4.68)

Let C = min
{
B, ε1, ε2,

δρ∗

(1−δ)

}
, then

V ′(t) ≤ −CV (t), t ≥ t∗, (4.69)
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which implies that

V (t) ≤ V (t∗)e−C(t−t∗) ≤ V (0)e−C(t−t∗), t ≥ t∗. (4.70)

For ρ∗ = ∞, there exist t∗ > 0 and ρ̂ > 0 such that ρ(t) ≥ ρ̂, t ≥ t∗, and we proceed with

a similar argument. Furthermore, for t ∈ [0, t∗],

V (t) ≤ V (0) ≤ V (0)eC(t∗−t) ≤ V (0)e−C(t−t∗) ≤
(
V (0)eCt∗

)
e−Ct.

Case 2

If ρ∗ = 0, then, we can find t̄ > 0 such that

δ

(1− δ)
ρ(t) ≤ min {B, ε1, ε2} , t ≥ t̄. (4.71)

Hence, the estimation (4.68) may be written as

V ′(t) ≤ −δ∗ρ(t)V (t), t ≥ t̄, (4.72)

for some δ∗ := δ
(1−δ)

> 0. This implies that

V (t) ≤ V (t̄)e−δ∗
∫∞
t̄ ρ(s)ds ≤ V (0)e−δ∗

∫∞
t̄ ρ(s)ds, t ≥ t̄. (4.73)

For 0 ≤ t ≤ t̄, we obtain

V (t) ≤ V (0) ≤ V (0)eδ
∗ ∫ t̄

t ρ(s)ds ≤ V (0)e−δ∗
∫ t
t̄ ρ(s)ds.

In the rest of this work, the system (4.45) satisfied by the equilibrium point (x∗, y∗)

is equivalent to

0 = −Λi(x
∗
i ) +

m∑
j,l=1

α⋄
jilfj(y

∗
j )fl(y

∗
l ) +

m∑
j,l=1

β⋄
jilk̂jilgj(y

∗
j )ĥjilgl(y

∗
l ) + Ii,

0 = −Λ̄j(y
∗
j ) +

n∑
i,r=1

ᾱ⋄
ijrf̄i(x

∗
i )f̄r(x

∗
r) +

n∑
i,r=1

β̄⋄
ijr
ˆ̄kijrḡi(x

∗
i )
ˆ̄hijrḡr(x

∗
r) + Jj,

(4.74)

where α⋄
jil ∈ c̄o[ajil(x

∗
i )], β

⋄
jil ∈ c̄o[bjil(x

∗
i )], ᾱ

⋄
ijr ∈ c̄o[āijr(y

∗
j )], β̄

⋄
ijr ∈ c̄o[b̄ijr(y

∗
j )].

81



4.4 Uniform Energy Estimation

In this section, we will discuss the uniform energy estimation for the neurodynamic sys-

tem (P2) through a result in Pata, V., 2000 [80].

To shift the equilibrium point to the origin, we use the transformation

ui(t) = xi(t)− x∗i , vj(t) = yj(t)− y∗j ,

then, the system (P2) may be rewritten as

u′i(t) = p̃i(ui(t))
[
− Λ̃i(ui(t)) +

m∑
j,l=1

αjilfj(yj(t− θ))fl(yl(t− θ))

−
m∑

j,l=1

α⋄
jilfj(y

∗
j )fl(y

∗
l )

+
m∑

j,l=1

βjil

∫ ∞

0

kjil(s)gj(yj(t− s))ds

∫ ∞

0

hjil(s)gl(yl(t− s))ds

−
m∑

j,l=1

β⋄
jilk̂jilgj(y

∗
j )ĥjilgl(y

∗
l )
]
,

v′j(t) = q̃j(vj(t))
[
− ˜̄Λj(vj(t)) +

n∑
i,r=1

ᾱijrf̄i(xi(t− τ))f̄r(xr(t− τ))−

n∑
i,r=1

ᾱ⋄
ijrf̄i(x

∗
i )f̄r(x

∗
r)

+
n∑

i,r=1

β̄ijr

∫ ∞

0

k̄ijr(s)ḡi(xi(t− s))ds

∫ ∞

0

h̄ijr(s)ḡr(xr(t− s))ds

−
n∑

i,r=1

β̄⋄
ijr
ˆ̄kijrḡi(x

∗
i )
ˆ̄hijrḡr(x

∗
r)
]
,

(4.75)

with the initial data {
ui(t) = ϕ̃i(t) = ϕi(t)− x∗i , t ≤ 0,

vj(t) = φ̃j(t) = φj(t)− y∗j , t ≤ 0,
(4.76)

where

p̃i(ui(t)) = pi(ui(t) + x∗i ), q̃j(vj(t)) = qj(vj(t) + y∗j ),

Λ̃i(ui(t)) = Λi(xi(t))− Λi(x
∗
i ),

˜̄Λj(vj(t)) = Λ̄j(yj(t))− Λ̄j(y
∗
j ).

(4.77)

Setting ϑ and ϑ̄ be positive constants such that
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ϑ = min
1≤i≤n

{
p
i
νi −

n;m∑
r;j=1

[
(1 + ε2)λ̄1ijr +

ˆ̄λ2ijr

1−σ
+

ˆ̄λ3rji

1−σ

]}
,

ϑ̄ = min
1≤j≤m

{
q
j
ν̄j −

n;m∑
i;l=1

[
(1 + ε1)λ1jil +

λ̂2jil

1−σ
+

λ̂3lij

1−σ

]}
,

λ̂2jil = λ2jilk̂jil,
ˆ̄λ2ijr = λ̄2ijr

ˆ̄kijr, λ̂3lij = λ3lijĥlij,
ˆ̄λ3rji = λ̄3rji

ˆ̄hrji,

λ1jil =
F 2m2p̄2iL

2
1j

γ1

(
α∗
jil + α∗

lij

)2
, λ̄1ijr =

F̄ 2n2q̄2jM
2
1i

γ̄1

(
ᾱ∗
ijr + ᾱ∗

rji

)2
,

λ2jil =
2G2m2p̄2i

γ2

(
L2jβ

∗
jilĥjil

)2
k̂jil, λ̄2ijr =

2Ḡ2n2q̄2j
γ̄2

(
M2iβ̄

∗
ijr
ˆ̄hijr

)2ˆ̄kijr,
λ3lij =

2G2m2p̄2i
γ2

(
L2jβ

∗
lij k̂lij

)2
ĥlij, λ̄3rji =

2Ḡ2n2q̄2j
γ̄2

(
M2iβ̄

∗
rji
ˆ̄krji

)2ˆ̄hrji,
γ1 = γ2 = γ3 = γ4 = min

1≤i≤n

p
i
νi

4
, γ̄1 = γ̄2 = γ̄3 = γ̄4 = min

1≤j≤m

q
j
ν̄j

4
,

ω(t) = inf{η1(t), η̄1(t), ξ1(t), ξ̄1(t)}, t ≥ 0, lim
t→∞

ω(t) = ω∗, ω∗ > 0.

(4.78)

The next outcome presents sufficient conditions depending on the system parameter

that ensure the uniform estimation of solutions of system (P2).

Theorem 4.4.1

Under the assumptions (A1)–(A7) and

n;m∑
r;j=1

[
(1 + ε2)λ̄1ijr +

ˆ̄λ2ijr

1−σ
+

ˆ̄λ3rji

1−σ

]
≤ p

i
νi − ϑ,

n;m∑
i;l=1

[
(1 + ε1)λ1jil +

λ̂2jil

1−σ
+

λ̂3lij

1−σ

]
≤ q

j
ν̄j − ϑ̄,

(4.79)

we entail that there exists T > 0 and for some constants Ci > 0, i = 1, 2, 3

u(t) ≤ (C1 − C3)e
−C2(t−T ) + C3, v(t) ≤ (C1 − C3)e

−C2(t−T ) + C3, t ≥ T, (4.80)

where u(t) =
n∑

i=1

|ui(t)|, v(t) =
m∑
j=1

|vj(t)|.

Proof

Obviously, we have

m∑
j,l=1

[
αjilfj(yj(t− θ))fl(yl(t− θ))− α⋄

jilfj(y
∗
j )fl(y

∗
l )
]

=
m∑

j,l=1

{
f̃j(vj(t− θ))

[
αjilfl(yl(t− θ)) + α⋄

lijfl(y
∗
l )
]
+ (αjil − α⋄

jil)fj(y
∗
j )fl(yl(t− θ))

}
,

(4.81)
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n∑
i,r=1

[
ᾱijrf̄i(xi(t− τ))f̄r(xr(t− τ))− ᾱ⋄

ijrf̄i(x
∗
i )f̄r(x

∗
r)
]

=
n∑

i,r=1

{
˜̄fi(ui(t− τ))

[
ᾱijrf̄r(xr(t− τ)) + ᾱ⋄

rjif̄r(x
∗
r)
]
+ (ᾱijr − ᾱ⋄

ijr)f̄i(x
∗
i )f̄r(xr(t− τ))

}
,

(4.82)

m∑
j,l=1

{
βjil
∫∞
0
kjil(s)gj(yj(t− s))ds

∫∞
0
hjil(s)gl(yl(t− s))ds− β⋄

jilk̂jilgj(y
∗
j )ĥjilgl(y

∗
l )
}

=
m∑

j,l=1

{∫∞
0

[
βjil

( ∫∞
0
hjil(s)gl(yl(t− s))ds

)
kjil(s) + β⋄

lij k̂lijgl(y
∗
l )hlij(s)

]
g̃j(vj(t− s))ds

+(βjil − β⋄
jil)k̂jilgj(y

∗
j )
∫∞
0
hjil(s)gl(yl(t− s))ds

}
,

(4.83)

n∑
i,r=1

{
β̄ijr

∫∞
0
k̄ijr(s)ḡi(xi(t− s))ds

∫∞
0
h̄ijr(s)ḡr(xr(t− s))ds− β̄⋄

ijr
ˆ̄kijrḡi(x

∗
i )
ˆ̄hijrḡr(x

∗
r)
}

=
n∑

i,r=1

{∫∞
0

[
β̄ijr

( ∫∞
0
h̄ijr(s)ḡr(xr(t− s))ds

)
k̄ijr(s) + β̄⋄

rji
ˆ̄krjiḡr(x

∗
r)h̄rji(s)

]
˜̄gi(ui(t− s))ds

+(β̄ijr − β̄⋄
ijr)

ˆ̄kijrḡi(x
∗
i )
∫∞
0
h̄ijr(s)ḡr(xr(t− s))ds

}
,

(4.84)

with

f̃j(vj(t)) = fj(yj(t))− fj(y
∗
j ),

˜̄fi(ui(t)) = f̄i(xi(t))− f̄i(x
∗
i ),

g̃j(vj(t)) = gj(yj(t))− gj(y
∗
j ), ˜̄gi(ui(t)) = ḡi(xi(t))− ḡi(x

∗
i ).

(4.85)

Firstly, we present the Lyapunov functional

E1(t) =
n∑

i=1

u2i (t) +
m∑
j=1

v2j (t). (4.86)

By virtue of the estimations (4.81)–(4.84) and assumptions (A1)–(A5), we obtain
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E ′
1(t) ≤ −2

n∑
i=1

p
i
νiu

2
i (t) + 2

n∑
i=1

p̄i|ui(t)|
m∑

j,l=1

FL1j(α
∗
jil + α∗

lij)|vj(t− θ)|

+2F 2
n∑

i=1

p̄i|ui(t)|
m∑

j,l=1

|ǎjil − âjil|+ 2
n∑

i=1

p̄i|ui(t)|
m∑

j,l=1

∫∞
0
GL2j

[
β∗
jilĥjilkjil(s)

+β∗
lij k̂lijhlij(s)

]
|vj(t− s)|ds+ 2G2

n∑
i=1

p̄i|ui(t)|
m∑

j,l=1

k̂jilĥjil|b̌jil − b̂jil|

−2
m∑
j=1

q
j
ν̄jv

2
j (t) + 2

m∑
j=1

q̄j|vj(t)|
n∑

i,r=1

F̄M1i(ᾱ
∗
ijr + ᾱ∗

rji)|ui(t− τ)|

+2F̄ 2
m∑
j=1

q̄j|vj(t)|
n∑

i,r=1

|ˇ̄aijr − ˆ̄aijr|+ 2
m∑
j=1

q̄j|vj(t)|
n∑

i,r=1

∫∞
0
ḠM2i

[
β̄∗
ijr
ˆ̄hijrk̄ijr(s)

+β̄∗
rji
ˆ̄krjih̄rji(s)

]
|ui(t− s)|ds+ 2Ḡ2

m∑
j=1

q̄j|vj(t)|
n∑

i,r=1

ˆ̄kijr
ˆ̄hijr|ˇ̄bijr − ˆ̄bijr|.

(4.87)

Besides, we find

2F 2p̄i|ui(t)|
m∑

j,l=1

|ǎjil − âjil| ≤ γ3u
2
i (t) +

m2F 4p̄2i
γ3

m∑
j,l=1

(ǎjil − âjil)
2, (4.88)

2F̄ 2q̄j|vj(t)|
n∑

i,r=1

|ˇ̄aijr − ˆ̄aijr| ≤ γ̄3v
2
j (t) +

n2F̄ 4q̄2j
γ̄3

n∑
i,r=1

(ˇ̄aijr − ˆ̄aijr)
2, (4.89)

2G2p̄i|ui(t)|
m∑

j,l=1

k̂jilĥjil|b̌jil − b̂jil| ≤ γ4u
2
i (t) +

m2G4p̄2i
γ4

m∑
j,l=1

k̂2jilĥ
2
jil(b̌jil − b̂jil)

2, (4.90)

2Ḡ2q̄j|vj(t)|
n∑

i,r=1

ˆ̄kijr
ˆ̄hijr|ˇ̄bijr − ˆ̄bijr| ≤ γ̄4v

2
j (t) +

n2Ḡ4q̄2j
γ̄4

n∑
i,r=1

ˆ̄k2ijr
ˆ̄h2ijr(

ˇ̄bijr − ˆ̄bijr)
2. (4.91)

According to the relations (4.56)–(4.59) and (4.88)–(4.91), (4.87) yields

E ′
1(t) ≤

n∑
i=1

[
− 2p

i
νi + γ1 + γ2 + γ3 + γ4

]
u2i (t) +

n;m∑
i;j,l=1

[
F 2p̄2im

2

γ1
L2
1j(α

∗
jil + α∗

lij)
2v2j (t− θ)

+
2p̄2iG

2m2

γ2

(
L2jβ

∗
jilĥjil

)2
k̂jil
∫∞
0
kjil(s)v

2
j (t− s)ds+

2p̄2iG
2m2

γ2

(
L2jβ

∗
lij k̂lij

)2
ĥlij
∫∞
0
hlij(s)

×v2j (t− s)ds

]
+

m∑
j=1

[
− 2q

j
ν̄j + γ̄1 + γ̄2 + γ̄3 + γ̄4

]
v2j (t) +

n;m∑
i,r;j=1

[
F̄ 2q̄2jn

2

γ̄1
M2

1i(ᾱ
∗
ijr + ᾱ∗

rji)
2

×u2i (t− τ) +
2q̄2j Ḡ

2n2

γ̄2

(
M2iβ̄

∗
ijr
ˆ̄hijr

)2ˆ̄kijr ∫∞
0
k̄ijr(s)u

2
i (t− s)ds+

2q̄2j Ḡ
2n2

γ̄2

(
M2iβ̄

∗
rji
ˆ̄krji

)2ˆ̄hrji
×
∫∞
0
h̄rji(s)u

2
i (t− s)ds

]
+ C,

(4.92)
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with

C =
m2F 4p̄2i

γ3

m∑
j,l=1

(ǎjil − âjil)
2 +

n2F̄ 4q̄2j
γ̄3

n∑
i,r=1

(ˇ̄aijr − ˆ̄aijr)
2

+
m2G4p̄2i

γ4

m∑
j,l=1

k̂2jilĥ
2
jil(b̌jil − b̂jil)

2 +
n2Ḡ4q̄2j

γ̄4

n∑
i,r=1

ˆ̄k2ijr
ˆ̄h2ijr(

ˇ̄bijr − ˆ̄bijr)
2.

(4.93)

Next, we define the Lyapunov functionals

E2(t) = e−κ1t
n;m∑

i;j,l=1

λ1jil
∫ t

t−θ
eκ1(s+θ)v2j (t), E3(t) = e−κ2t

n;m∑
i,r;j=1

λ̄1ijr
∫ t

t−τ
eκ2(s+τ)u2i (t),

Ep(t) =
m∑
j=1

∫ t

−∞

( ∫∞
t

Kpj(µ− s)dµ
)
v2j (s)ds =

m∑
j=1

∫∞
0

Kpj(s)
∫ t

t−s
v2j (µ)dµds, p = 4, 6,

Eq(t) =
n∑

i=1

∫ t

−∞

( ∫∞
t

K̄qi(µ− s)dµ
)
u2i (s)ds =

n∑
i=1

∫∞
0

K̄qi(s)
∫ t

t−s
u2i (µ)dµds, q = 5, 7,

(4.94)

with κ1 and κ2 are chosen so small that eκ1θ < 1 + ε1, eκ2τ < 1 + ε2, K4j(t) =
n;m∑
i;l=1

λ2jilkjil(t), K6j(t) =
n;m∑
i;l=1

λ3lijhlij(t), K̄5i(t) =
n;m∑
r;j=1

λ̄2ijrk̄ijr(t), K̄7i(t) =
n;m∑
r;j=1

λ̄3rjih̄rji(t).

In view of the assumptions (A5) and (A7), the derivatives of Es(t), s = 2, 3, ..., 7 are

given by

E ′
2(t) = −κ1E2(t) + eκ1θ

n;m∑
i;j,l=1

λ1jilv
2
j (t)−

n;m∑
i;j,l=1

λ1jilv
2
j (t− θ), (4.95)

E ′
3(t) = −κ2E3(t) + eκ2τ

n;m∑
i,r;j=1

λ̄1ijru
2
i (t)−

n;m∑
i,r;j=1

λ̄1ijru
2
i (t− τ), (4.96)

E ′
p(t) ≤

m∑
j=1

Mpjv
2
j (t)− σNp(t)Ep(t)− (1− σ)

m∑
j=1

∫∞
0

Kpj(s)v
2
j (t− s)ds, p = 4, 6,

E ′
q(t) ≤

n∑
i=1

M̄qiu
2
i (t)− σN̄q(t)Eq(t)− (1− σ)

n∑
i=1

∫∞
0

K̄qi(s)u
2
i (t− s)ds, q = 5, 7,

(4.97)

with 0 < σ < 1, M4j =
n;m∑
i;l=1

λ̂2jil, M6j =
n;m∑
i;l=1

λ̂3lij, M̄5i =
n;m∑
r;j=1

ˆ̄λ2ijr, M̄7i =
n;m∑
r;j=1

ˆ̄λ3rji,

N4(t) = η1(t), N6(t) = ξ1(t), N̄5(t) = η̄1(t), N̄7(t) = ξ̄1(t).

Finally, we introduce the Lyapunov functional
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E(t) =
3∑

l=1

El(t) +
1

1− σ

7∑
k=4

Ek(t). (4.98)

According to the estimates (4.92)–(4.97) and conditions outlined in Theorem 4.4.1, we

have

E ′(t) ≤
n∑

i=1

{
− p

i
νi +

n;m∑
r;j=1

[
(1 + ε2)λ̄1ijr +

ˆ̄λ2ijr

1−σ
+

ˆ̄λ3rji

1−σ

]}
u2i (t)

+
m∑
j=1

{
− q

j
ν̄j +

n;m∑
i;l=1

[
(1 + ε1)λ1jil +

λ̂2jil

1−σ
+

λ̂3lij

1−σ

]}
v2j (t)

−κ1E2(t)− κ2E3(t)− σω(t)
1−σ

7∑
k=4

Ek(t) + C,

(4.99)

or

E ′(t) ≤ −ΛE1(t)− κ1E2(t)− κ2E3(t)− σω(t)
1−σ

7∑
k=4

Ek(t) + C, (4.100)

with Λ = min
{
ϑ, ϑ̄

}
.

As 0 < ω∗ <∞, then there exists T > 0 so that

ω(t) ≥ ω∗, ∀t ≥ T.

Hence, the estimation (4.100) yields

E ′(t) ≤ −ΛE1(t)− κ1E2(t)− κ2E3(t)− σω∗

(1−σ)

7∑
k=4

Ek(t) + C, t ≥ T. (4.101)

Let Ĉ = min
{
Λ, κ1, κ2,

σω∗

(1−σ)

}
, then

E ′(t) ≤ −ĈE(t) + C, t ≥ T, (4.102)

From Lemma 2.2.6, we obtain

E(t) ≤ 2E(T )e−Ĉ(t−T ) + 2C

∫ t

T

e−Ĉ(t−s)ds, t ∈ [T,∞).

For ω∗ = ∞, there exist T > 0 and ω̂ > 0 such that ω(t) ≥ ω̂, t ≥ T , and we use the

same argument.
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Remark 4.4.1

� The assumptions used here are not as constraining as those of (H2) in Wen, S., et

al., 2012 [123] and (A8) in Zhou, Y., et al., 2018 [110], which was utilized to study

the stability of the stationary point for memristive neurodynamic systems.

� High–order characteristics led to non–linear terms that are harder to process than

linear ones deriving from first order features. To overcome this problem, analytical

techniques are utilized to convert them into linear terms excluding the condition

f(0) = 0 proposed in Gen, H., et al., 2011 [86] and in Ren, F. and Cao, J., 2006

[137].

� The stability result obtained here is more general than those in Wen, S., et al., 2012

[123], Sheng, Y., et al. 2020 [88] and Wu, A. and Zeng, Z., 2014 et al. [89].

Moreover, the global stability derived in and Wu, A. and Zeng, Z., 2014 [90] is

enhanced here by processing a model that encompasses the continuous history and

by using Lyapunov’s direct method only.

Remark 4.4.2

� If ρ∗ = ∞. Then, there exist t∗ > 0 and a positive constant ρ̂ such that

ρ(t) ≥ ρ̂, t ≥ t∗.

� The estimations on [0, t∗] and [0, t̄ ] are obtained by using the continuity and decreas-

ingness of the functional V (t).

4.5 Unbounded Activation Functions

In the case of unbounded activation functions, we will discuss a stability result of system

(P2) which is generally more challenging to handle, due to non–linearities stemming from

high–order terms. As a remedy, we shall use a first order inequality given in Hoang, N.

S. and Ramm, A. G., 2009 [1].
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Set A and Ā be positive constants so that

A = min
1≤i≤n

{
p
i
νi −

n;m∑
r;j=1

[
(1 + ϵ2)σ̄1ijr +

ˆ̄σ2ijr

1−δ
+

ˆ̄σ3rji

1−δ

]}
,

Ā = min
1≤j≤m

{
q
j
ν̄j −

n;m∑
i;l=1

[
(1 + ϵ1)σ1jil +

σ̂2jil

1−δ
+

σ̂3lij

1−δ

]}
,

σ̂2jil = σ2jilk̂jil, σ̂3lij = σ3lijĥlij, ˆ̄σ2ijr = σ̄2ijr
ˆ̄kijr, ˆ̄σ3rji = σ̄3rji

ˆ̄hrji,

σ̂5jil = σ5jilk̂jil, σ̂6lij = σ6lijĥlij, ˆ̄σ5ijr = σ̄5ijr
ˆ̄kijr, ˆ̄σ6rji = σ̄6rji

ˆ̄hrji,

σ̄1ijr =
q̄2jM

2
1if̄

2
r (x

∗
r)

γ̄2

(
ᾱ∗2
ijr + ᾱ∗2

rji

)
, σ1jil =

p̄2iL
2
1jf

2
l (y

∗
l )

γ2

(
α∗2
jil + α∗2

lij

)
,

σ̄2ijr =

(
q̄j β̄

∗
ijrM2i

ˆ̄hijr ḡr(x
∗
r)

)2

γ̄4

ˆ̄kijr, σ2jil =

(
p̄iβ

∗
jilL2j ĥjilgl(y

∗
l )

)2

γ4
k̂jil,

σ̄3rji =

(
q̄j β̄

∗
rji

ˆ̄krjiḡr(x
∗
r)M2i

)2

γ̄4

ˆ̄hrji, σ3lij =

(
p̄iβ

∗
lij k̂lijgl(y

∗
l )L2j

)2

γ4
ĥlij,

σ̄4ijr =
q̄2jM

4
1i

4γ̄1

(
ᾱ∗2
ijr + ᾱ∗2

rji

)
, σ4jil =

p̄2iL
4
1j

4γ1

(
α∗2
jil + α∗2

lij

)
, σ̄5ijr =

q̄2j β̄
∗2
ijrM

4
2i
ˆ̄k3ijr

γ̄3
,

σ5jil =
p̄2i β

∗2
jilL

4
2j k̂

3
jil

γ3
, σ̄6rji =

q̄2j β̄
∗2
rjiM

4
2i
ˆ̄h3
rji

γ̄3
, σ6lij =

p̄2i β
∗2
lijL

4
2j ĥ

3
lij

γ3
,

χ(t) = inf
{
η1(t), η̄1(t), ξ1(t), ξ̄1(t), η2(t), η̄2(t), ξ2(t), ξ̄2(t)

}
, ∀t ≥ 0, lim

t→∞
χ(t) = χ∗,

γ1 = γ2 = γ3 = γ4 = γ5 = min
1≤i≤n

p
i
νi

10m2 ,

γ̄1 = γ̄2 = γ̄3 = γ̄4 = γ̄5 = min
1≤j≤m

q
j
ν̄j

10n2 .

Now, a sufficient criteria for the local stability of the equilibrium point of system (P2) is

inferred.

Theorem 4.5.1

Let assumptions that (A1),(A2), (A4)–(A7) and

n;m∑
r;j=1

[
(1 + ϵ2)σ̄1ijr +

ˆ̄σ2ijr

1−δ
+

ˆ̄σ3rji

1−δ

]
≤ p

i
νi − A,

n;m∑
i;l=1

[
(1 + ϵ1)σ1jil +

σ̂2jil

1−δ
+

σ̂3lij

1−δ

]
≤ q

j
ν̄j − Ā

(4.103)

hold. The assertions below are true

� If 0 < χ∗ ≤ ∞ and there exist t∗ > 0 and a positive function ω(t) with

lim
t→∞

ω(t) = ∞ such that for some positive constants C, Ĉ, C ≤ ω(t)
2

(
χ(t)−ω′(t)

ω(t)

)
, C ≤

1
2ω(t)

(
Ĉ − ω′(t)

ω(t)

)
, then

u(t) <
1

ω(t)
, v(t) <

1

ω(t)
, for all t ≥ t∗.
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� If χ∗ = 0 and there exists t̄ > 0 and a positive function ω̄(t) with lim
t→∞

ω̄(t) = ∞ such

that C̃ ≤ ω̄(t)
2

(
C̄ − ω̄′(t)

ω̄(t)

)
, C̃ ≤ 1

2ω̄(t)

(
Č − ω̄′(t)

ω̄(t)

)
holds for some positive constants

C̄, C̃, Č, then,

u(t) <
1

ω̄(t)
, v(t) <

1

ω̄(t)
, for all t ≥ t̄.

Proof

Firstly, using the assumption (A4), we obtain the following estimations[
αjilfj(yj(t− θ))fl(yl(t− θ))− α⋄

jilfj(y
∗
j )fl(y

∗
l )
]
= αjil

[
fj(yj(t− θ))− fj(y

∗
j )
]

×
[
fl(yl(t− θ))− fl(y

∗
l )
]
+ αjilfl(y

∗
l )
[
fj(yj(t− θ))− fj(y

∗
j )
]
+ αjilfj(y

∗
j )

×
[
fl(yl(t− θ))− fl(y

∗
l )
]
+ (αjil − α⋄

jil)fj(y
∗
j )fl(y

∗
l )

≤ α∗
jilL1jL1l|vj(t− θ)||vl(t− θ)|+ α∗

jilL1j|fl(y∗l )||vj(t− θ)|
+α∗

jilL1l|fj(y∗j )||vl(t− θ)|+ |ǎjil − âjil||fj(y∗j )||fl(y∗l )|,

(4.104)

and [
ᾱijrf̄i(xi(t− τ))f̄r(xr(t− τ))− ᾱ⋄

ijrf̄i(x
∗
i )f̄r(x

∗
r)
]

≤ ᾱ∗
ijrM1iM1r|ui(t− τ)||ur(t− τ)|+ ᾱ∗

ijrM1i|f̄r(x∗r)||ui(t− τ)|
+ᾱ∗

ijrM1r|f̄i(x∗i )||ur(t− τ)|+ |ˇ̄aijr − ˆ̄aijr||f̄i(x∗i )||f̄r(x∗r)|.

(4.105)

Moreover, we have

2p̄i|ui(t)|
m∑

j,l=1

α∗
jilL1jL1l|vj(t− θ)||vl(t− θ)|

≤ |ui(t)|
m∑

j,l=1

(
α∗
jilp̄iL

2
1jv

2
j (t− θ) + α∗

jilp̄iL
2
1lv

2
l (t− θ)

)
≤ 2γ1m

2u2i (t) +
m∑

j,l=1

α∗2
jilp̄

2
iL

4
1j

4γ1
v4j (t− θ) +

m∑
j,l=1

α∗2
jilp̄

2
iL

4
1l

4γ1
v4l (t− θ),

(4.106)

in the same way, we get

2q̄j|vj(t)|
n∑

i,r=1

ᾱ∗
ijrM1iM1r|ui(t− τ)||ur(t− τ)|

≤ 2γ̄1n
2v2j (t) +

n∑
i,r=1

ᾱ∗2
ijr q̄

2
jM

4
1i

4γ̄1
u4i (t− τ) +

n∑
i,r=1

ᾱ∗2
ijr q̄

2
jM

4
1r

4γ̄1
u4r(t− τ),

(4.107)
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2p̄i|ui(t)|
m∑

j,l=1

α∗
jilL1j|fl(y∗l )||vj(t− θ)| ≤ γ2m

2u2i (t) +
m∑

j,l=1

α∗2
jilp̄

2
iL

2
1jf

2
l (y

∗
l )

γ2
v2j (t− θ),

(4.108)

2p̄i|ui(t)|
m∑

j,l=1

α∗
jilL1l|fj(y∗j )||vl(t− θ)| ≤ γ2m

2u2i (t) +
m∑

j,l=1

α∗2
jilp̄

2
iL

2
1lf

2
j (y

∗
j )

γ2
v2l (t− θ),

(4.109)

2q̄j|vj(t)|
n∑

i,r=1

ᾱ∗
ijrM1i|f̄r(x∗r)||ui(t− τ)| ≤ γ̄2n

2v2j (t) +
n∑

i,r=1

ᾱ∗2
ijr q̄

2
jM

2
1if̄

2
r (x

∗
r)

γ̄2
u2i (t− τ),

(4.110)

2q̄j|vj(t)|
n∑

i,r=1

ᾱ∗
ijrM1r|f̄i(x∗i )||ur(t− τ)| ≤ γ̄2n

2v2j (t) +
n∑

i,r=1

ᾱ∗2
ijr q̄

2
jM

2
1r f̄

2
i (x

∗
i )

γ̄2
u2r(t− τ),

(4.111)

2p̄i|ui(t)|
m∑

j,l=1

|fj(y∗j )||fl(y∗l )||ǎjil − âjil| ≤ 2γ3m
2u2i (t) +

m∑
j,l=1

p̄2i f
2
j (y

∗
j )f

2
l (y

∗
l )

2γ3
(ǎjil − âjil)

2

(4.112)

and

2q̄j|vj(t)|
n∑

i,r=1

|f̄i(x∗i )||f̄r(x∗r)||ˇ̄aijr − ˆ̄aijr| ≤ 2γ̄3n
2v2j (t) +

n∑
i,r=1

q̄2j f̄
2
i (x

∗
i )f̄

2
r (x

∗
r)

2γ̄3
(ˇ̄aijr − ˆ̄aijr)

2.

(4.113)

Furthermore,

m∑
j,l=1

βjil
∫∞
0
kjil(s)gj(yj(t− s))ds

∫∞
0
hjil(s)gl(yl(t− s))ds−

m∑
j,l=1

β⋄
jilk̂jilgj(y

∗
j )ĥjilgl(y

∗
l )

=
m∑

j,l=1

βjil

{∫∞
0
kjil(s)

[
gj(yj(t− s))− gj(y

∗
j )
]
ds
∫∞
0
hjil(s)

[
gl(yl(t− s))− gl(y

∗
l )
]
ds

+ĥjilgl(y
∗
l )
∫∞
0
kjil(s)

[
gj(yj(t− s))− gj(y

∗
j )
]
ds+ k̂jilgj(y

∗
j )
∫∞
0
hjil(s)

×
[
gl(yl(t− s))− gl(y

∗
l )
]
ds

}
+

m∑
j,l=1

(
βjil − β⋄

jil

)
k̂jilgj(y

∗
j )ĥjilgl(y

∗
l )

(4.114)
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and

n∑
i,r=1

β̄ijr
∫∞
0
k̄ijr(s)ḡi(xi(t− s))ds

∫∞
0
h̄ijr(s)ḡr(xr(t− s))ds−

n∑
i,r=1

β̄⋄
ijr
ˆ̄kijrḡi(x

∗
i )
ˆ̄hijrḡr(x

∗
r)

=
n∑

i,r=1

β̄ijr

{∫∞
0
k̄ijr(s)

[
ḡi(xi(t− s))− ḡi(x

∗
i )
]
ds
∫∞
0
h̄ijr(s)

[
ḡr(xr(t− s))− ḡr(x

∗
r)
)]
ds

+ˆ̄hijrḡr(x
∗
r)
∫∞
0
k̄ijr(s)

[
ḡi(xi(t− s))− ḡi(x

∗
i )
]
ds+ ˆ̄kijrḡi(x

∗
i )
∫∞
0
h̄ijr(s)

×
[
ḡr(xr(t− s))− ḡr(x

∗
r)
]
ds

}
+

n∑
i,r=1

(
β̄ijr − β̄⋄

ijr

)ˆ̄kijrḡi(x∗i )ˆ̄hijrḡr(x∗r).
(4.115)

By virtue of the assumption (A4), one has

m∑
j,l=1

βjil
∫∞
0
kjil(s)gj(yj(t− s))ds

∫∞
0
hjil(s)gl(yl(t− s))ds−

m∑
j,l=1

β⋄
jilk̂jilgj(y

∗
j )ĥjilgl(y

∗
l )

≤
m∑

j,l=1

β∗
jilL2jL2l

∫∞
0
kjil(s)|vj(t− s)|ds

∫∞
0
hjil(s)|vl(t− s)|ds+

m∑
j,l=1

β∗
jilL2jĥjilgl(y

∗
l )

×
∫∞
0
kjil(s)|vj(t− s)|ds+

m∑
j,l=1

β∗
jilL2lk̂jilgj(y

∗
j )
∫∞
0
hjil(s)|vl(t− s)|ds

+
m∑

j,l=1

|b̌jil − b̂jil|k̂jil|gj(y∗j )|ĥjil|gl(y∗l )|

(4.116)

and

n∑
i,r=1

β̄ijr
∫∞
0
k̄ijr(s)ḡi(xi(t− s))ds

∫∞
0
h̄ijr(s)ḡr(xr(t− s))ds−

n∑
i,r=1

β̄⋄
ijr
ˆ̄kijrḡi(x

∗
i )
ˆ̄hijrḡr(x

∗
r)

≤
n∑

i,r=1

β̄∗
ijrM2iM2r

∫∞
0
k̄ijr(s)|ui(t− s)|ds

∫∞
0
h̄ijr(s)|ur(t− s)|ds+

n∑
i,r=1

β̄∗
ijrM2i

ˆ̄hijrḡr(x
∗
r)

×
∫∞
0
k̄ijr(s)|ui(t− s)|ds+

n∑
i,r=1

β̄∗
ijrM2r

ˆ̄kijrḡi(x
∗
i )
∫∞
0
h̄ijr(s)|ur(t− s)|ds

+
n∑

i,r=1

|ˇ̄bijr − ˆ̄bijr|ˆ̄kijr|ḡi(x∗i )|ˆ̄hijr|ḡr(x∗r)|.

(4.117)

On the other hand, from (A5), we find
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2p̄i|ui(t)|
m∑

j,l=1

β∗
jilL2jL2l

∫∞
0
kjil(s)|vj(t− s)|ds

∫∞
0
hjil(s)|vl(t− s)|ds

≤ |ui(t)|
( m∑

j,l=1

β∗
jilp̄iL

2
2j k̂jil

∫∞
0
kjil(s)v

2
j (t− s)ds+

m∑
j,l=1

β∗
jilp̄iL

2
2lĥjil

∫∞
0
hjil(s)v

2
l (t− s)ds

)
≤ 2γ3m

2u2i (t) +
m∑

j,l=1

β∗2
jilp̄

2
iL

4
2j k̂

3
jil

4γ3

∫∞
0
kjil(s)v

4
j (t− s)ds+

m∑
j,l=1

β∗2
jilp̄

2
iL

4
2lĥ

3
jil

4γ3

∫∞
0
hjil(s)v

4
l (t− s)ds,

(4.118)

2q̄j|vj(t)|
n∑

i,r=1

β̄∗
ijrM2iM2r

∫∞
0
k̄ijr(s)|ui(t− s)|ds

∫∞
0
h̄ijr(s)|ur(t− s)|ds

≤ |vj(t)|
( n∑

i,r=1

β̄∗
ijrq̄jM

2
2i
ˆ̄kijr

∫∞
0
k̄ijr(s)u

2
i (t− s)ds+

n∑
i,r=1

β̄∗
ijrq̄jM

2
2r
ˆ̄hijr

∫∞
0
h̄ijr(s)u

2
r(t− s)ds

)
≤ 2γ̄3n

2v2j (t) +
n∑

i,r=1

β̄∗2
ijr q̄

2
jM

4
2i
ˆ̄k3ijr

4γ̄3

∫∞
0
k̄ijr(s)u

4
i (t− s)ds+

n∑
i,r=1

β̄∗2
ijr q̄

2
jM

4
2r
ˆ̄h3
ijr

4γ̄3

∫∞
0
h̄ijr(s)u

4
r(t− s)ds,

(4.119)

2p̄i|ui(t)|
m∑

j,l=1

β∗
jilL2jĥjilgl(y

∗
l )
∫∞
0
kjil(s)|vj(t− s)|ds

≤ γ4m
2u2i (t) +

m∑
j,l=1

(
β∗
jilL2j p̄iĥjilgl(y

∗
l )
)2 k̂jil

γ4

∫∞
0
kjil(s)v

2
j (t− s)ds,

(4.120)

2p̄i|ui(t)|
m∑

j,l=1

β∗
jilL2lk̂jilgj(y

∗
j )
∫∞
0
hjil(s)|vl(t− s)|ds

≤ γ4m
2u2i (t) +

m∑
j,l=1

(
β∗
jilL2lp̄ik̂jilgj(y

∗
j )
)2

ĥjil

γ4

∫∞
0
hjil(s)v

2
l (t− s)ds,

(4.121)

2q̄j|vj(t)|
n∑

i,r=1

β̄∗
ijrM2i

ˆ̄hijrḡr(x
∗
r)
∫∞
0
k̄ijr(s)|ui(t− s)|ds

≤ γ̄4n
2v2j (t) +

n∑
i,r=1

(
β̄∗
ijrM2iq̄j

ˆ̄hijrḡr(x
∗
r)
)2 ˆ̄kijr

γ̄4

∫∞
0
k̄ijr(s)u

2
i (t− s)ds,

(4.122)

2q̄j|vj(t)|
n∑

i,r=1

β̄∗
ijrM2r

ˆ̄kijrḡi(x
∗
i )
∫∞
0
h̄ijr(s)|ur(t− s)|ds

≤ γ̄4n
2v2j (t) +

n∑
i,r=1

(
β̄∗
ijrM2rq̄j

ˆ̄kijrḡi(x
∗
i )
)2 ˆ̄hijr

γ̄4

∫∞
0
h̄ijr(s)u

2
r(t− s)ds,

(4.123)

2p̄i|ui(t)|
m∑

j,l=1

k̂jil|gj(y∗j )|ĥjil|gl(y∗l )||b̌jil − b̂jil|

≤ 2γ5m
2u2i (t) +

p̄2i
2γ5

m∑
j,l=1

k̂2jilg
2
j (y

∗
j )ĥ

2
jilg

2
l (y

∗
l )(b̌jil − b̂jil)

2,
(4.124)
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2q̄j|vj(t)|
n∑

i,r=1

ˆ̄kijr|ḡi(x∗i )|ˆ̄hijr|ḡr(x∗r)||ˇ̄bijr − ˆ̄bijr|

≤ 2γ̄5n
2v2j (t) +

q̄2j
2γ̄5

n∑
i,r=1

ˆ̄k2ijrḡ
2
i (x

∗
i )
ˆ̄h2ijrḡ

2
r(x

∗
r)(

ˇ̄bijr − ˆ̄bijr)
2.

(4.125)

Next, we introduce the functional

V1(t) =
n∑

i=1

u2i (t) +
m∑
j=1

v2j (t).

According to (A1), (A2) and the relations (4.106)–(4.123), the derivative of V1(t) is given

by

V ′
1(t) ≤

n∑
i=1

{
− 2p

i
νi + 2m2

(
γ1 + γ2 + γ3 + γ4 + γ5

)}
u2i (t) +

m∑
j=1

{
− 2q

j
ν̄j

+2n2
(
γ̄1 + γ̄2 + γ̄3 + γ̄4 + γ̄5

)}
v2j (t) +

n;m∑
i;j,l=1

{
p̄2iL

2
1jf

2
l (y

∗
l )

γ2

(
α∗2
jil + α∗2

lij

)
v2j (t− θ)

+
p̄2iL

4
1j

4γ1

(
α∗2
jil + α∗2

lij

)
v4j (t− θ) +

β∗2
jilp̄

2
iL

4
2j k̂

3
jil

4γ3

∫∞
0
kjil(s)v

4
j (t− s)ds

+
β∗2
jilp̄

2
iL

4
2lĥ

3
jil

4γ3

∫∞
0
hjil(s)v

4
l (t− s)ds+

(
β∗
jilp̄iĥjilgl(y

∗
l )L2j

)2
k̂jil
γ4

∫∞
0
kjil(s)

×v2j (t− s)ds+
(
β∗
jilp̄ik̂jilgj(y

∗
j )L2l

)2
ĥjil

γ4

∫∞
0
hjil(s)v

2
l (t− s)ds

}

+
n;m∑

i,r;j=1

{
q̄2jM

2
1if̄

2
r (x

∗
r)

γ̄2

(
ᾱ∗2
ijr + ᾱ∗2

rji

)
u2i (t− τ) +

q̄2jM
4
1i

4γ̄1

(
ᾱ∗2
ijr + ᾱ∗2

rji

)
u4i (t− τ)

+
β̄∗2
ijr q̄

2
jM

4
2i
ˆ̄k3ijr

4γ̄3

∫∞
0
k̄ijr(s)u

4
i (t− s)ds+

β̄∗2
ijr q̄

2
jM

4
2r
ˆ̄h3
ijr

4γ̄3

∫∞
0
h̄ijr(s)u

4
r(t− s)ds

+
(
β̄∗
ijrq̄j

ˆ̄hijrḡr(x
∗
r)M2i

)2 ˆ̄kijr
γ̄4

∫∞
0
k̄ijr(s)u

2
i (t− s)ds

+
(
β̄∗
ijrq̄j

ˆ̄kijrḡi(x
∗
i )M2r

)2 ˆ̄hijr

γ̄4

∫∞
0
h̄ijr(s)u

2
r(t− s)ds

}
+

n;m∑
i;j,l=1

p̄2i

[
f2
j (y

∗
j )f

2
l (y

∗
l )

2γ3
(ǎjil − âjil)

2 +
k̂2jilg

2
j (y

∗
j )ĥ

2
jilg

2
l (y

∗
l )

2γ5
(b̌jil − b̂jil)

2
]

+
n;m∑

i,r;j=1

q̄2j

[
f̄2
i (x

∗
i )f̄

2
r (x

∗
r)

2γ̄3
(ˇ̄aijr − ˆ̄aijr)

2 +
ˆ̄k2ijr ḡ

2
i (x

∗
i )
ˆ̄h2
ijr ḡ

2
r(x

∗
r)

2γ̄5
(ˇ̄bijr − ˆ̄bijr)

2
]
.

(4.126)

Then, we present the Lyapunov functionals
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V8(t) = e−ε3t
n;m∑

i;j,l=1

σ4jil
∫ t

t−θ
eε3(s+θ)v4j (s)ds, V9(t) = e−ε4t

n;m∑
i,r;j=1

σ̄4ijr
∫ t

t−τ
eε4(s+τ)u4i (s)ds,

V10(t) =
n;m∑

i;j,l=1

σ5jil
∫∞
0
kjil(s)

∫ t

t−s
v4j (λ)dλds, V11(t) =

n;m∑
i,r;j=1

σ̄5ijr
∫∞
0
k̄ijr(s)

∫ t

t−s
u4i (λ)dλds,

V12(t) =
n;m∑

i;j,l=1

σ6lij
∫∞
0
hlij(s)

∫ t

t−s
v4j (λ)dλds, V13(t) =

n;m∑
i,r;j=1

σ̄6rji
∫∞
0
h̄rji(s)

∫ t

t−s
u4i (λ)dλds,

(4.127)

with ε3 and ε4 are chosen so small that eε3θ < 1 + ϵ3 and eε4τ < 1 + ϵ4, by virtue of the

assumptions (A5) and (A7), whose derivatives are given by

V ′
8(t) = −ε3V8(t) + eε3θ

n;m∑
i;j,l=1

σ4jilv
4
j (t)−

n;m∑
i;j,l=1

σ4jilv
4
j (t− θ),

V ′
9(t) = −ε4V9(t) + eε4τ

n;m∑
i,r;j=1

σ̄4ijru
4
i (t)−

n;m∑
i,r;j=1

σ̄4ijru
4
i (t− τ),

(4.128)

V ′
p(t) ≤

m∑
j=1

κpjv
4
j (t)− δRp(t)Vp(t)− (1− δ)

m∑
j=1

∫∞
0

Lpj(s)v
4
j (t− s)ds, p = 10, 12,

V ′
q (t) ≤

n∑
i=1

κ̄qiu
4
i (t)− δR̄q(t)Vq(t)− (1− δ)

n∑
i=1

∫∞
0

L̄qi(s)u
4
i (t− s)ds, q = 11, 13,

(4.129)

where 0 < δ < 1, κ10j =
n;m∑
i;l=1

σ̂5jil, κ12j =
n;m∑
i;l=1

σ̂6lij, κ̄11i =
n;m∑
r;j=1

ˆ̄σ5ijr, κ̄13i =
n;m∑
r;j=1

ˆ̄σ6rji, R10(t) =

η2(t), R12(t) = ξ2(t), R̄11(t) = η̄2(t), R̄13(t) = ξ̄2(t), L10j(t) =
n;m∑
i;l=1

σ5jilkjil(t), L12j(t) =

n;m∑
i;l=1

σ6lijhlij(t), L̄11i(t) =
n;m∑
r;j=1

σ̄5ijrk̄ijr(t), L̄13i(t) =
n;m∑
r;j=1

σ̄6rjih̄rji(t).

After that, we construct the following Lyapunov functional

V (t) =
3∑

i=1

Vi(t) + V8(t) + V9(t) +
1

1− δ

[ 7∑
j=4

Vj(t) +
13∑

k=10

Vk(t)
]
,

where Vi(t), i = 2, ..., 7 are defined in (4.61).

In view of the relations (4.62)–(4.64) and (4.126)–(4.129) and the conditions of Theo-

rem 4.5.1, we find

V ′(t) ≤ −ÃV1(t)− ε1V2(t)− ε2V3(t)− ε3V8(t)− ε4V9(t)

− δχ(t)
1−δ

[ 7∑
k=4

Vk(t) +
13∑

l=10

Vl(t)
]
+ ǍV 2(t) + Â,

(4.130)
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where Ã = min{A, Ā},

Ǎ = max
{ n;m∑

i,r;j=1

(1 + ϵ4)σ̄4ijr +
ˆ̄σ5ijr

1−δ
+

ˆ̄σ6rji

1−δ
,

n;m∑
i;j,l=1

(1 + ϵ3)σ4jil +
σ̂5jil

1−δ
+

σ̂6lij

1−δ

}
,

Â =
n;m∑

i;j,l=1

p̄2i

[
f2
j (y

∗
j )f

2
l (y

∗
l )

2γ3
(ǎjil − âjil)

2 +
k̂2jilg

2
j (y

∗
j )ĥ

2
jilg

2
l (y

∗
l )

2γ5
(b̌jil − b̂jil)

2
]

+
n;m∑

i,r;j=1

q̄2j

[
f̄2
i (x

∗
i )f̄

2
r (x

∗
r)

2γ̄3
(ˇ̄aijr − ˆ̄aijr)

2 +
ˆ̄k2ijr ḡ

2
i (x

∗
i )
ˆ̄h2
ijr ḡ

2
r(x

∗
r)

2γ̄5
(ˇ̄bijr − ˆ̄bijr)

2
]
.

(4.131)

Finally, the estimation of the Lyapunov functional V (t) is obtained by means of two

cases depending on the limit of the function χ(t).

Case 1

If 0 < χ∗ <∞, then, there exists t∗ > 0 such that

χ(t) ≥ χ∗, t ≥ t∗.

Then, we obtain

V ′(t) ≤ −ÃV1(t)− ε1V2(t)− ε2V3(t)− ε3V8(t)− ε4V9(t)

− δχ∗

(1−δ)

[ 7∑
k=4

Vk(t) +
13∑

l=10

Vl(t)
]
+ ǍV 2(t) + Â, t ≥ t∗.

(4.132)

For C = min{Ã, ε1, ε2, ε3, ε4, δχ∗

(1−δ)
}, the relation (4.132) becomes

V ′(t) ≤ −CV (t) + ǍV 2(t) + Â, t ≥ t∗. (4.133)

According to Theorem 2.2.7, we deduce

V (t) <
1

ω(t)
, t ≥ t∗, (4.134)

where ω(t) satisfies

Ǎ ≤ ω(t)

2

(
C − ω′(t)

ω(t)

)
, Ǎ ≤ 1

2ω(t)

(
Â− ω′(t)

ω(t)

)
, (4.135)
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or

ω′(t)− Cω(t) + 2Ǎ ≤ 0, ω′(t)− Âω(t) + 2Ǎω2(t) ≤ 0, (4.136)

when V (0)ω(0) < 1.

Case 2

If χ∗ = 0, then, there exists t̄ > 0 such that

δ

(1− δ)
χ(t) ≤ min

{
Ã, ε1, ε2, ε3, ε4

}
, t ≥ t̄. (4.137)

Then, we get

V ′(t) ≤ −δ∗χ(t)V (t) + ǍV 2(t) + Â, t ≥ t̄, (4.138)

for some positive constant δ∗ := δ
(1−δ)

. In view of Lemma 2.2.7, we infer

V (t) <
1

ω̄(t)
, t ≥ t̄, (4.139)

where ω̄(t) satisfies

Ǎ ≤ ω̄(t)

2

(
δχ(t)− ω̄′(t)

ω̄(t)

)
, Ǎ ≤ 1

2ω̄(t)

(
Â− ω̄′(t)

ω̄(t)

)
, (4.140)

or

(4.141)

ω̄′(t)− δω̄(t)χ(t) + 2Ǎ ≤ 0, ω̄′(t)− Âω̄(t) + 2Ǎω̄2(t) ≤ 0, (4.142)

when V (0)ω̄(0) < 1.
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Remark 4.5.1

The unbounded case has not been developed owing to the complexity of the non–linear

terms, which are addressed in the majority of the literature via the boundedness condition

as in Aouiti, C., et al., 2020 [91], Chen, Z., et al., 2007 [92], Dong, Z. et al., 2020 [93],

Lou, X. Y. and Cui, B. T., 2007 [94], Ren, F. and Cao, J., 2006 [137], Sheng, Y. et al.,

2020 [88], Xia, Y. 2010 [95] and Zu, J. et al., 2020 [96] and references therein.

4.6 Adaptive Synchronization of the System

In this section, we will study the synchronization between the uncontrolled system (4.38)

and the following controlled system.



x̄′i(t) = pi(x̄i(t))
[
− Λi(x̄i(t)) +

m∑
j,l=1

ajil(x̄i(t))fj(ȳj(t− θ))fl(ȳl(t− θ))

+
m∑

j,l=1

bjil(x̄i(t))
∫∞
0
kjil(s)gj(ȳj(t− s))ds

∫∞
0
hjil(s)gl(ȳl(t− s))ds+ Ii

]
+ Φi(t),

ȳ′j(t) = qj(ȳj(t))
[
− Λ̄j(ȳj(t)) +

n∑
i,r=1

āijr(ȳj(t))f̄i(x̄i(t− τ))f̄r(x̄r(t− τ))

+
n∑

i,r=1

b̄ijr(ȳj(t))
∫∞
0
k̄ijr(s)ḡi(x̄i(t− s))ds

∫∞
0
h̄ijr(s)ḡr(x̄r(t− s))ds+ Jj

]
+Ψj(t),

(4.143)

the initial data are {
x̄i(t) = ϕ̄i(t), t ≤ 0,

ȳj(t) = φ̄j(t), t ≤ 0,
(4.144)

ajil(x̄i(t)) =

{
âjil, |x̄i(t)| > Ti,

ǎjil, |x̄i(t)| ≤ Ti,
bjil(x̄i(t)) =

{
b̂jil, |x̄i(t)| > Ti,

b̌jil, |x̄i(t)| ≤ Ti,
(4.145)

āijr(ȳj(t)) =

{
ˆ̄aijr, |ȳj(t)| > T̄j,

ˇ̄aijr, |ȳj(t)| ≤ T̄j,
b̄ijr(ȳj(t)) =

{
ˆ̄bijr, |ȳj(t)| > T̄j,
ˇ̄bijr, |ȳj(t)| ≤ T̄j.

(4.146)

The system (4.143) may be rewritten as
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

x̄′i(t) ∈ pi(x̄i(t))
[
− Λi(x̄i(t)) +

m∑
j,l=1

c̄o[ajil(x̄i(t))]fj(ȳj(t− θ))fl(ȳl(t− θ))

+
m∑

j,l=1

c̄o[bjil(x̄i(t))]
∫∞
0
kjil(s)gj(ȳj(t− s))ds

∫∞
0
hjil(s)gl(ȳl(t− s))ds+ Ii

]
+ Φi(t),

ȳ′j(t) ∈ qj(ȳj(t))
[
− Λ̄j(ȳj(t)) +

n∑
i,r=1

c̄o[āijr(ȳj(t))]f̄i(x̄i(t− τ))f̄r(x̄r(t− τ))

+
n∑

i,r=1

c̄o[b̄ijr(ȳj(t))]
∫∞
0
k̄ijr(s)ḡi(x̄i(t− s))ds

∫∞
0
h̄ijr(s)ḡr(x̄r(t− s))ds+ Jj

]
+Ψj(t),

(4.147)

where c̄o[ajil(x̄i(t))], c̄o[bjil(x̄i(t))], c̄o[āijr(ȳj(t))] and c̄o[b̄ijr(ȳj(t))] are defined by

c̄o[ajil(x̄i(t))] =


âjil, |x̄i(t)| > Ti,[
a∗jil, a

∗
jil

]
, |x̄i(t)| = Ti,

ǎjil, |x̄i(t)| < Ti,

c̄o[bjil(x̄i(t))] =


b̂jil, |x̄i(t)| > Ti,[
b∗jil, b

∗
jil

]
, |x̄i(t)| = Ti,

b̌jil, |x̄i(t)| < Ti,

(4.148)

c̄o[āijr(ȳj(t))] =


ˆ̄aijr, |ȳj(t)| > T̄j,[
ā∗ijr, ā

∗
ijr

]
, |ȳj(t)| = T̄j,

ˇ̄aijr, |ȳj(t)| < T̄j,

c̄o[b̄ijr(ȳj(t))] =


ˆ̄bijr, |ȳj(t)| > T̄j,[
b̄∗ijr, b̄

∗
ijr

]
, |ȳj(t)| = T̄j,

ˇ̄bijr, |ȳj(t)| < T̄j,

(4.149)

which is equivalent to the following system

x̄′i(t) = pi(x̄i(t))
[
− Λi(x̄i(t)) +

m∑
j,l=1

α▷
jilfj(ȳj(t− θ))fl(ȳl(t− θ))

+
m∑

j,l=1

β▷
jil

∫∞
0
kjil(s)gj(ȳj(t− s))ds

∫∞
0
hjil(s)gl(ȳl(t− s))ds+ Ii

]
+ Φi(t),

ȳ′j(t) = qj(ȳj(t))
[
− Λ̄j(ȳj(t)) +

n∑
i,r=1

ᾱ▷
ijrf̄i(x̄i(t− τ))f̄r(x̄r(t− τ))

+
n∑

i,r=1

β̄▷
ijr

∫∞
0
k̄ijr(s)ḡi(x̄i(t− s))ds

∫∞
0
h̄ijr(s)ḡr(x̄r(t− s))ds+ Jj

]
+Ψj(t),

(4.150)

where α▷
jil ∈ c̄o[ajil(x̄i(t))], β

▷
jil ∈ c̄o[bjil(x̄i(t))], ᾱ

▷
ijr ∈ c̄o[āijr(ȳj(t))], β̄

▷
ijr ∈ c̄o[b̄ijr(ȳj(t))].

The synchronized error dynamical system is
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

e′i(t) = −
[
pi(x̄i(t))Λi(x̄i(t))− pi(xi(t))Λi(xi(t))

]
+pi(x̄i(t))

m∑
j,l=1

[
α▷
jilfj(ȳj(t− θ))fl(ȳl(t− θ))− αjilfj(yj(t− θ))fl(yl(t− θ))

]
+pi(x̄i(t))

m∑
j,l=1

[
β▷
jil

∫∞
0
kjil(s)gj(ȳj(t− s))ds

∫∞
0
hjil(s)gl(ȳl(t− s))ds

−βjil
∫∞
0
kjil(s)gj(yj(t− s))ds

∫∞
0
hjil(s)gl(yl(t− s))ds

]
+
(
pi(x̄i(t))− pi(xi(t))

)[ m∑
j,l=1

αjilfj(yj(t− θ))fl(yl(t− θ))

+
m∑

j,l=1

βjil
∫∞
0
kjil(s)gj(yj(t− s))ds

∫∞
0
hjil(s)gl(yl(t− s))ds+ Ii

]
+ Φi(t),

ē′j(t) = −
[
qj(ȳj(t))Λ̄j(ȳj(t))− qj(yj(t))Λ̄j(yj(t))

]
+qj(ȳj(t))

n∑
i,r=1

[
ᾱ▷
ijrf̄i(x̄i(t− τ))f̄r(x̄r(t− τ))− ᾱijrf̄i(xi(t− τ))f̄r(xr(t− τ))

]
+qj(ȳj(t))

n∑
i,r=1

[
β̄▷
ijr

∫∞
0
k̄ijr(s)ḡi(x̄i(t− s))ds

∫∞
0
h̄ijr(s)ḡr(x̄r(t− s))ds

−β̄ijr
∫∞
0
k̄ijr(s)ḡi(xi(t− s))ds

∫∞
0
h̄ijr(s)ḡr(xr(t− s))ds

]
+
[
qj(ȳj(t))− qj(yj(t))

]{ n∑
i,r=1

ᾱijrf̄i(xi(t− τ))f̄r(xr(t− τ))

+
n∑

i,r=1

β̄ijr
∫∞
0
k̄ijr(s)ḡi(xi(t− s))ds

∫∞
0
h̄ijr(s)ḡr(xr(t− s))ds+ Jj

}
+Ψj(t),

(4.151)

where

ei(t) = x̄i(t)− xi(t), ēj(t) = ȳj(t)− yj(t), the adaptive feedback controllers are given by

Φi(t) = −ϑi(t)ei(t)− πi(t)sign(ei(t)), Ψj(t) = −ϑ̄j(t)ēi(t)− π̄j(t)sign(ēj(t)), (4.152)

where the functions ϑi(t), πi(t), ϑ̄j(t) and π̄j(t) are assumed to be non–negative continu-

ous functions, for all t > 0, i = 1, 2, . . . , n and j = 1, 2, . . . ,m such that the updated laws

of these functions satisfy{
ϑ′
i(t) = ϵie

κ1te2i (t), ϑi(0) = 0,

π′
i(t) = oie

κ1t|ei(t)|, πi(0) = 0,

{
ϑ̄′
j(t) = ϵ̄je

κ2tē2j(t), ϑ̄j(0) = 0,

π̄j(t) = ōje
κ2t|ēj(t)|, π̄j(0) = 0,

(4.153)

for some positive constants κ1, κ2, ϵi, ϵ̄j, oi, ōj.

Assume that Â and Ǎ are positive constants such that
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Â = min
1≤i≤n

{
ζi + ωi − ρi

[ m∑
j,l=1

(
F 2(α∗

jil + α∗
lij) +G2(β∗

jilk̂
2
jil + β∗

lijĥ
2
lij)
)
+ 2Ii

]
−

n;m∑
r;j=1

[
(1 + ε̄)χ̄1ijr +

ˆ̄χ2ijr

1−σ
+

ˆ̄χ3rji

1−σ

]}
,

Ǎ = min
1≤j≤m

{
ζ̄j + ω̄j − ρ̄j

[ n∑
i,r=1

(
F̄ 2(ᾱ∗

ijr + ᾱ∗
rji) + Ḡ2(β̄∗

ijr
ˆ̄k2ijr + β̄∗

rji
ˆ̄h2rji)

)
+ 2Jj

]
−

n;m∑
i;l=1

[
(1 + ε)χ1jil +

χ̂2jil

1−σ
+

χ̂3lij

1−σ

]}
,

χ̂2jil = χ2jilk̂jil, ˆ̄χ2ijr = χ̄2ijr
ˆ̄kijr, χ3lij = χ3lijĥlij, ˆ̄χ3rji = χ̄3rji

ˆ̄hrji,

χ1jil =
p̄2iF

2m2

λ1
L2
1j(α

∗
jil + α∗

lij)
2, χ̄1ijr =

q̄2j F̄
2n2

λ̄1
M2

1i(ᾱ
∗
ijr + ᾱ∗

rji)
2,

χ2jil =
2p̄2iG

2m2

λ2

(
L2jβ

∗
jilĥjil

)2
k̂jil, χ̄2ijr =

2q̄2j Ḡ
2n2

λ̄2

(
M2iβ̄

∗
ijr
ˆ̄hijr

)2ˆ̄kijr,
χ3lij =

2p̄2iG
2m2

λ2

(
L2jβ

∗
lij k̂lij

)2
ĥlij, χ̄3rji =

2q̄2j Ḡ
2n2

λ̄2

(
M2iβ̄

∗
rji
ˆ̄krji

)2ˆ̄hrji,
γi = p̄i

m∑
j,l=1

[
F 2|ǎjil − âjil|+G2|b̌jil − b̂jil|k̂jilĥjil

]
,

γ̄j = q̄j
n∑

i,r=1

[
F̄ 2|ˇ̄aijr − ˆ̄aijr|+ Ḡ2|ˇ̄bijr − ˆ̄bijr|ˆ̄kijrˆ̄hijr

]
,

λ1 = λ2 = min
1≤i≤n

ζi
2
, λ̄1 = λ̄2 = min

1≤j≤m

ζ̄j
2
,

δ(t) = inf{η1(t), η̄1(t), ξ1(t), ξ̄1(t)}, t ≥ 0, lim
t→∞

δ(t) = δ∗.

(4.154)

Under the adaptive feedback controllers given in (4.152), the synchronization of system

(P2) is reached in the following outcome.

Theorem 4.6.1

Assume that assumptions (A1), (A3)–(A9) and

ρi

[ m∑
j,l=1

(
F 2(α∗

jil + α∗
lij) +G2(β∗

jilk̂
2
jil + β∗

lijĥ
2
lij)
)
+ 2Ii

]
+

n;m∑
r;j=1

[
(1 + ε̄)χ̄1ijr +

ˆ̄χ2ijr

1−σ
+

ˆ̄χ3rji

1−σ

]
< ζi + ωi,

ρ̄j

[ n∑
i,r=1

(
F̄ 2(ᾱ∗

ijr + ᾱ∗
rji) + Ḡ2(β̄∗

ijr
ˆ̄k2ijr + β̄∗

rji
ˆ̄h2rji)

)
+ 2Jj

]
+

n;m∑
i;l=1

[
(1 + ε)χ1jil +

χ̂2jil

1−σ
+

χ̂3lij

1−σ

]
< ζ̄j + ω̄j

(4.155)

hold, then

� If 0 < δ∗ ≤ ∞, then for some constants Ĉ, Č > 0
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W (t) ≤ Ĉe−Čt, t ≥ 0.

� If δ∗ = 0, we have for some constant C̆ > 0

W (t) ≤ C̆e−σ
∫ t
0 δ(s)ds, t ≥ 0.

Proof

Obviously, we have

m∑
j,l=1

[
α▷
jilfj(ȳj(t− θ))fl(ȳl(t− θ))− αjilfj(yj(t− θ))fl(yl(t− θ))

]
=

m∑
j,l=1

[
α▷
jilfl(ȳl(t− θ)) + αlijfl(yl(t− θ))

]
f̃j(ēj(t− θ))

+
m∑

j,l=1

(α▷
jil − αjil)fj(yj(t− θ))fl(ȳl(t− θ),

(4.156)

n∑
i,r=1

[
ᾱ▷
ijrf̄i(x̄i(t− τ))f̄r(x̄r(t− τ))− ᾱijrf̄i(xi(t− τ))f̄r(xr(t− τ))

]
=

n∑
i,r=1

[
ᾱ▷
ijrf̄r(x̄r(t− τ)) + ᾱrjif̄r(xr(t− τ))

]
˜̄fi(ei(t− τ))

+
n∑

i,r=1

(ᾱ▷
ijr − ᾱijr)f̄i(xi(t− τ))f̄r(x̄r(t− τ)),

(4.157)

m∑
j,l=1

[
β▷
jil

∫∞
0
kjil(s)gj(ȳj(t− s))ds

∫∞
0
hjil(s)gl(ȳl(t− s))ds

−βjil
∫∞
0
kjil(s)gj(yj(t− s))ds

∫∞
0
hjil(s)gl(yl(t− s))ds

]
=

m∑
j,l=1

∫∞
0

{
β▷
jil

( ∫∞
0
hjil(s)gl(ȳl(t− s))ds

)
kjil(s)

+βlij

( ∫∞
0
klij(s)gl(yl(t− s))ds

)
hlij(s)

]}
g̃j(ēj(t− s))ds

+
m∑

j,l=1

(β▷
jil − βjil)

∫∞
0
kjil(s)gj(yj(t− s))ds

∫∞
0
hjil(s)gl(ȳl(t− s))ds,

(4.158)
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n∑
i,r=1

[
β̄▷
ijr

∫∞
0
k̄ijr(s)ḡi(x̄i(t− s))ds

∫∞
0
h̄ijr(s)ḡr(x̄r(t− s))ds

−β̄ijr
∫∞
0
k̄ijr(s)ḡi(xi(t− s))ds

∫∞
0
h̄ijr(s)ḡr(xr(t− s))ds

]
=

n∑
i,r=1

∫∞
0

{
β̄▷
ijr

( ∫∞
0
h̄ijr(s)ḡr(x̄r(t− s))ds

)
k̄ijr(s)

+β̄rji

( ∫∞
0
k̄rji(s)ḡr(xr(t− s))ds

)
h̄rji(s)

}
˜̄gi(ei(t− s))ds

+
n∑

i,r=1

(β̄▷
ijr − β̄ijr)

∫∞
0
k̄ijr(s)ḡi(xi(t− s))ds

∫∞
0
h̄ijr(s)ḡr(x̄r(t− s))ds,

(4.159)

where

f̃j(ēj(t− θ)) = fj(ȳj(t− θ))− fj(yj(t− θ)), ˜̄fi(ei(t− τ)) = f̄i(x̄i(t− τ))− f̄i(xi(t− τ)),

g̃j(ēj(t− s)) = gj(ȳj(t− s))− gj(yj(t− s)), ˜̄gi(ei(t− s)) = ḡi(x̄i(t− s))− ḡi(xi(t− s)).

(4.160)

Firstly, we introduce the functional

W1(t) =
n∑

i=1

e2i (t) +
m∑
j=1

ē2j(t).

Using (A3), (A4), (A5) and the same techniques as in previous sections, we find

2p̄i|ei(t)|
m∑

j,l=1

FL1j(α
∗
jil + α∗

lij)|ēj(t− θ)|

≤ λ1e
2
i (t) +

p̄2iF
2m2

λ1

m∑
j,l=1

L2
1j(α

∗
jil + α∗

lij)
2ē2j(t− θ),

(4.161)

2q̄j|ēj(t)|
n∑

i,r=1

F̄M1i(ᾱ
∗
ijr + ᾱ∗

rji)|ei(t− τ)|

≤ λ̄1ē
2
j(t) +

q̄2j F̄
2n2

λ̄1

n∑
i,r=1

M2
1i(ᾱ

∗
ijr + ᾱ∗

rji)
2e2i (t− τ),

(4.162)

2p̄i|ei(t)|
m∑

j,l=1

GL2j

∫∞
0

(
β∗
jilĥjilkjil(s) + β∗

lij k̂lijhlij(s)

)
|ēj(t− s)|ds

≤ λ2e
2
i (t) +

2p̄2iG
2m2

λ2

m∑
j,l=1

(
L2jβ

∗
jilĥjil

)2
k̂jil
∫∞
0
kjil(s)ē

2
j(t− s)ds

+
2p̄2iG

2m2

λ2

m∑
j,l=1

(
L2jβ

∗
lij k̂lij

)2
ĥlij
∫∞
0
hlij(s)ē

2
j(t− s)ds,

(4.163)
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2q̄j|ēj(t)|
n∑

i,r=1

ḠM2i

∫∞
0

(
β̄∗
ijr
ˆ̄hijrk̄ijr(s) + β̄∗

rji
ˆ̄krjih̄rji(s)

)
|ei(t− s)|ds

≤ λ̄2ē
2
j(t) +

2q̄2j Ḡ
2n2

λ̄2

n∑
i,r=1

(
M2iβ̄

∗
ijr
ˆ̄hijr

)2ˆ̄kijr ∫∞
0
k̄ijr(s)e

2
i (t− s)ds

+
2q̄2j Ḡ

2n2

λ̄2

n∑
i,r=1

(
M2iβ̄

∗
rji
ˆ̄krji

)2ˆ̄hrji ∫∞
0
h̄rji(s)e

2
i (t− s)ds.

(4.164)

By virtue of (A1), (A8), (A9) and the relations (4.161)–(4.164), the derivative of W1(t)

yields

W ′
1(t) ≤

n∑
i=1

{
− 2ζi + λ1 + λ2 + ρi

[
m∑

j,l=1

(
F 2(α∗

jil + α∗
lij) +G2(β∗

jilk̂
2
jil + β∗

lijĥ
2
lij)
)
+ 2Ii

]

−2ϑi(t)

}
e2i (t) +

m∑
j=1

{
− 2ζ̄j + λ̄1 + λ̄2 + ρ̄j

[
n∑

i,r=1

(
F̄ 2(ᾱ∗

ijr + ᾱ∗
rji) + Ḡ2(β̄∗

ijr
ˆ̄k2ijr

+β̄∗
rji
ˆ̄h2rji)

)
+ 2Jj

]
− 2ϑ̄j(t)

}
ē2j(t) +

n;m∑
i;j,l=1

p̄2iF
2m2

λ1
L2
1j(α

∗
jil + α∗

lij)
2ē2j(t− θ)

+
n;m∑

i,r;j=1

q̄2j F̄
2n2

λ̄1
M2

1i(ᾱ
∗
ijr + ᾱ∗

rji)
2e2i (t− τ) +

n;m∑
i;j,l=1

2p̄2iG
2m2

λ2

(
L2jβ

∗
jilĥjil

)2
k̂jil
∫∞
0
kjil(s)ē

2
j(t− s)ds

+
n;m∑

i,r;j=1

2q̄2j Ḡ
2n2

λ̄2

(
M2iβ̄

∗
ijr
ˆ̄hijr

)2ˆ̄kijr ∫∞
0
k̄ijr(s)e

2
i (t− s)ds+

n;m∑
i;j,l=1

2p̄2iG
2m2

λ2

(
L2jβ

∗
lij k̂lij

)2
ĥlij

×
∫∞
0
hlij(s)ē

2
j(t− s)ds+

n;m∑
i,r;j=1

2q̄2j Ḡ
2n2

λ̄2

(
M2iβ̄

∗
rji
ˆ̄krji

)2ˆ̄hrji ∫∞
0
h̄rji(s)e

2
i (t− s)ds

+2
n∑

i=1

p̄i|ei(t)|
m∑

j,l=1

[
F 2|ǎjil − âjil|+G2|b̌jil − b̂jil|k̂jilĥjil

]
− 2

n∑
i=1

πi(t)|ei(t)|

+2
m∑
j=1

q̄j|ēj(t)|
n∑

i,r=1

[
F̄ 2|ˇ̄aijr − ˆ̄aijr|+ Ḡ2|ˇ̄bijr − ˆ̄bijr|ˆ̄kijrˆ̄hijr

]
− 2

m∑
j=1

π̄j(t)|ēj(t)|.

(4.165)

Next, we present the following Lyapunov functionals
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W2(t) = e−κ1t
n∑

i=1

[
1
ϵi
(ϑi(t)− ωi

2
)2 + 1

oi
(πi(t)− γi)

2
]
,

W3(t) = e−κ2t
m∑
j=1

[
1
ϵ̄j
(ϑ̄j(t)− ω̄j

2
)2 + 1

ōj
(π̄j(t)− γ̄j)

2
]
,

W4(t) = e−κ3t
n;m∑

i;j,l=1

χ1jil

∫ t

t−θ
eκ3(s+θ)ē2j(s)ds,

W5(t) = e−κ4t
n;m∑

i,r;j=1

χ̄1ijr

∫ t

t−τ
eκ4(s+τ)e2i (s)ds,

W6(t) =
n;m∑

i;j,l=1

χ2jil

∫∞
0
kjil(s)

∫ t

t−s
ē2j(λ)dλds,

W7(t) =
n;m∑

i,r;j=1

χ̄2ijr

∫∞
0
k̄ijr(s)

∫ t

t−s
e2i (λ)dλds,

W8(t) =
n;m∑

i;j,l=1

χ3lij

∫∞
0
hlij(s)

∫ t

t−s
ē2j(λ)dλds,

W9(t) =
n;m∑

i,r;j=1

χ̄3rji

∫∞
0
h̄rji(s)

∫ t

t−s
e2i (λ)dλds,

(4.166)

with κ1 > 0, κ2 > 0, ωi, ω̄j, γi, γ̄j are constants, κ3 and κ4 are chosen so small that

eκ3θ < 1 + ε and eκ4τ < 1 + ε̄.

According to (A5) and (A7), the derivatives of Vk(t), k = 2, 3, ..., 9 are given by

W ′
2(t) = −κ1W2(t) +

n∑
i=1

[
(2ϑi(t)− ωi)e

2
i (t) + 2(πi(t)− γi)|ei(t)|

]
, (4.167)

W ′
3(t) = −κ2W3(t) +

m∑
j=1

[
(2ϑ̄j(t)− ω̄j)ē

2
j(t) + 2(π̄j(t)− ōj)|ēj(t)|

]
, (4.168)

W ′
4(t) = −κ3W4(t) + eκ3θ

n;m∑
i;j,l=1

χ1jilē
2
j(t)−

n;m∑
i;j,l=1

χ1jilē
2
j(t− θ), (4.169)

W ′
5(t) = −κ4W5(t) + eκ4τ

n;m∑
i,r;j=1

χ̄1ijre
2
i (t)−

n;m∑
i,r;j=1

χ̄1ijre
2
i (t− τ), (4.170)

W ′
p(t) ≤

m∑
j=1

Bpj ē
2
j(t)− σCp(t)Wp(t)− (1− σ)

m∑
j=1

∫∞
0

Dpj(s)ē
2
j(t− s)ds, p = 6, 8,

W ′
q(t) ≤

n∑
i=1

B̄qie
2
i (t)− σC̄q(t)Wq(t)− (1− σ)

n∑
i=1

∫∞
0

D̄qi(s)e
2
i (t− s)ds, q = 7, 9,

(4.171)
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where 0 < σ < 1, B6j =
n;m∑
i;l=1

χ̂2jil, B8j =
n;m∑
i;l=1

χ̂3lij, B̄7i =
n;m∑
r;j=1

ˆ̄χ2ijr, B̄9i =
n;m∑
r;j=1

ˆ̄χ3rji,

C6(t) = η1(t), C8(t) = ξ1(t), C̄7(t) = η̄1(t), C̄9(t) = ξ̄1(t), D6j(t) =
n;m∑
i;l=1

χ2jilkjil(t),

D8j(t) =
n;m∑
i;l=1

χ3lijhlij(t), D̄7i(t) =
n;m∑
r;j=1

χ̄2ijrk̄ijr(t), D̄9i(t) =
n;m∑
r;j=1

χ̄3rjih̄rji(t).

Then, we construct the Lyapunov functional

W (t) =
5∑

l=1

Wl(t) +
1

1− σ

9∑
k=6

Wk(t).

From the relations (4.165)–(4.171) and hypotheses of Theorem 4.6.1, we infer that

W ′(t) ≤ −ĂW1(t)−
4∑

l=1

κlWl+1(t)− σδ(t)
1−σ

9∑
k=6

Wk(t), (4.172)

where Ă = min{Â, Ǎ}.

Finally, we discuss two cases which depend on the limit values of δ(t) to establish the

estimation of the functional W (t).

Case 1

If 0 < δ∗ <∞, then, a real number T > 0 can be found such that

δ(t) ≥ δ∗, t ≥ T. (4.173)

Then,

W ′(t) ≤ −ĂW1(t)−
4∑

l=1

κlWl+1(t)− σδ∗

(1−σ)

9∑
k=6

Wk(t), t ≥ T. (4.174)

Furthermore,

W ′(t) ≤ −CW (t), t ≥ T, C = min

{
Ă, κ1, κ2, κ3, κ4,

σδ∗

(1− σ)

}
, (4.175)

which implies that
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W (t) ≤ W (T )e−C(t−T ) ≤ W (0)e−C(t−T ), t ≥ T. (4.176)

For t ∈ [0, T ], we obtain

W (t) ≤ W (0) ≤ W (0)eC(T−t) ≤ W (0)e−C(t−T ) ≤
(
W (0)eCT

)
e−Ct.

A similar argument is used for δ∗ = ∞, using the fact that there exist T >0 and δ̄ > 0

such that δ(t) ≥ δ̄, t ≥ T .

Case 2

If δ∗ = 0, then, we can find T̄ > 0 fulfilling

σ

1− σ
δ(t) ≤ min

{
Ă, κ1, κ2, κ3, κ4

}
, t ≥ T̄ . (4.177)

Hence,

W ′(t) ≤ −σ∗δ(t)W (t), t ≥ T̄ , (4.178)

for some σ∗ := σ
1−σ

> 0. Consequently, we obtain

W (t) ≤ W (T̄ )e−σ∗ ∫ t
T̄ δ(s)ds ≤ W (0)

1− σ
e−σ∗ ∫ t

T̄ δ(s)ds, t ≥ T̄ . (4.179)

When 0 ≤ t ≤ T̄ , it is clear that

W (t) ≤ W (0)eσ
∗ ∫ T̄

t δ(s)ds ≤ W (0)e−σ∗ ∫ t
T̄ δ(s)ds.

Remark 4.6.1
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� The asymptotic and exponential synchronization results obtained in Chen, C. et al.,

2018 [97], Li, N. and Cao, J. 2015 [98], Liu, M., et al., 2019 [99], Wu, A. et al.,

2012 [120], Yang, X. et al., 2014 [2], Zhang, G., et al., 2015 [132] and Zhang, G.,

et al., 2018 [127] are generalized here. In addition, the ψ–synchronization results

have been established in Jia, S. et al., 2018 [103], Sader, S. [104] and Yang, M. and

Jiang, M., 2020 [105] under constrained conditions on ψ function compared to the

conditions on the function δ used here.

� The sufficient conditions obtained here are independent of the switching jumps com-

pared to those in Cao, J. and Lu, J., 2006 [106], Chen, C., et al., 2018 [97] and Yan,

M. and Jiang, M., 2020 [105]. Thus, the results can be applied to non–memristive

neurodynamic systems.

� The adaptive controllers used here enhance the ones in Jia, S. et al., 2018 [103] and

Wu, A. et al., 2012 [120] allowing faster synchronization and using small gains.

4.7 Numerical Illustration

In this section, we provide three examples validating the theoretical results in the bounded

and unbounded cases.

Example 4.7.1

Consider a memristive higher–order CG BAM NN system as follows:

x′i(t) = pi(xi(t))
[
− Λi(xi(t)) +

2∑
j,l=1

ajil(xi(t))fj(yj(t− θ))fl(yl(t− θ))

+
2∑

j,l=1

bjil(xi(t))
∫ t

0
kjil(s)gj(yj(t− s))ds

∫ t

0
hjil(s)gl(yl(t− s))ds+ Ii

]
,

y′j(t) = qj(yj(t))
[
− Λ̄j(yj(t)) +

2∑
i,r=1

āijr(yj(t))f̄i(xi(t− τ))f̄r(xr(t− τ))

+
2∑

i,r=1

b̄ijr(yj(t))
∫ t

0
k̄ijr(s)ḡi(xi(t− s))ds

∫ t

0
h̄ijr(s)ḡr(xr(t− s))ds+ Jj

]
,

(4.180)

i, r, j, l = 1, 2, t ∈ [0, 10], where
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p1(x) = p2(x) = 1 + 1
1+x2 , q1(x) = q2(x) = 2− 1

1+x2 ,

Λ1(x) = 7.5x, Λ2(x) = 5.5x, Λ̄1(x) = 6x, Λ̄2(x) = 8x,

fj(x) = gj(x) =
1
2
(|x+ 1| − |x− 1|), f̄i(x) = ḡi(x) = tanh(x), i, j = 1, 2,

kjil(t) = hjil(t) = k̄ijr(t) = h̄ijr(t) = e−4t, i, r, j, l = 1, 2, I1 = 1.5, I2 = 0.5, J1 = 2,

J2 = 2.5, τ = 1, θ = 2, x1(s) = 1.25, x2(s) = 0.5, y1(s) = 0.75, y2(s) = 1, s ∈ [−10, 0],

(4.181)

a111(x1(t)) =

{
−0.1, |x1(t)| > 1,

0.09, |x1(t)| ≤ 1,
a112(x1(t)) =

{
0.16, |x1(t)| > 1,

−0.12, |x1(t)| ≤ 1,
(4.182)

a211(x1(t)) =

{
−0.28, |x1(t)| > 1,

0.17, |x1(t)| ≤ 1,
a212(x1(t)) =

{
−0.19, |x1(t)| > 1,

0.11, |x1(t)| ≤ 1,
(4.183)

a121(x2(t)) =

{
0.12, |x2(t)| > 1,

−0.1, |x2(t)| ≤ 1,
a122(x2(t)) =

{
−0.11, |x2(t)| > 1,

0.09, |x2(t)| ≤ 1,
(4.184)

a221(x2(t)) =

{
−0.15, |x2(t)| > 1,

−0.12, |x2(t)| ≤ 1,
a222(x2(t)) =

{
0.36, |x2(t)| > 1,

−0.16, |x2(t)| ≤ 1,
(4.185)

b111(x1(t)) =

{
2.2, |x1(t)| > 1,

−1.4, |x1(t)| ≤ 1,
b112(x1(t)) =

{
−1.5, |x1(t)| > 1,

−1.2, |x1(t)| ≤ 1,
(4.186)

b211(x1(t)) =

{
−1.1, |x1(t)| > 1,

0.7, |x1(t)| ≤ 1,
b212(x1(t)) =

{
−1.7, |x1(t)| > 1,

−1, |x1(t)| ≤ 1,
(4.187)

b121(x2(t)) =

{
−1.4, |x2(t)| > 1,

−1, |x2(t)| ≤ 1,
b122(x2(t)) =

{
−2.1, |x2(t)| > 1,

1.5, |x2(t)| ≤ 1,
(4.188)

b221(x2(t)) =

{
−1.8, |x2(t)| > 1,

−1.4, |x2(t)| ≤ 1,
b222(x2(t)) =

{
2.9, |x2(t)| > 1,

2.4, |x2(t)| ≤ 1,
(4.189)

ā111(y1(t)) =

{
0.125, |y1(t)| > 1,

0.1, |y1(t)| ≤ 1,
ā112(y1(t)) =

{
−0.11, |y1(t)| > 1,

0.014, |y1(t)| ≤ 1,
(4.190)
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ā211(y1(t)) =

{
0.31, |y1(t)| > 1,

−0.23, |y1(t)| ≤ 1,
ā212(y1(t)) =

{
−0.16, |y1(t)| > 1,

−0.11, |y1(t)| ≤ 1,
(4.191)

ā121(y2(t)) =

{
−0.31, |y2(t)| > 1,

0.1, |y2(t)| ≤ 1,
ā122(y2(t)) =

{
−0.14, |y2(t)| > 1,

0.125, |y2(t)| ≤ 1,
(4.192)

ā221(y2(t)) =

{
−0.23, |y2(t)| > 1,

−0.18, |y2(t)| ≤ 1,
ā222(y2(t)) =

{
−0.22, |y2(t)| > 1,

−0.15, |y2(t)| ≤ 1,
(4.193)

b̄111(y1(t)) =

{
2.4, |y1(t)| > 1,

−1.6, |y1(t)| ≤ 1,
b̄112(y1(t)) =

{
−1.2, |y1(t)| > 1,

0.5, |y1(t)| ≤ 1,
(4.194)

b̄211(y1(t)) =

{
−0.94, |y1(t)| > 1,

−0.25, |y1(t)| ≤ 1,
b̄212(y1(t)) =

{
1.3, |y1(t)| > 1,

1, |y1(t)| ≤ 1,
(4.195)

b̄121(y2(t)) =

{
1.8, |y2(t)| > 1,

0.5, |y2(t)| ≤ 1,
b̄122(y2(t)) =

{
−1.6, |y2(t)| > 1,

−1, |y2(t)| ≤ 1,
(4.196)

b̄221(y2(t)) =

{
−1.4, |y2(t)| > 1,

0.25, |y2(t)| ≤ 1,
b̄222(y2(t)) =

{
2.6, |y2(t)| > 1,

1.9, |y2(t)| ≤ 1.
(4.197)

Obviously, p
i
= q

j
= 1, p̄i = q̄j = 2, ν1 = 7.5, ν2 = 5.5, ν̄1 = 6, ν̄2 = 8, F = F̄ = G =

Ḡ = 1, L1j = L2j = M1i = M2i = 1, kjil = hjil = k̂ijr = ĥijr = 0.25, γ1 = γ2 = 2.75, γ̄1 =

γ̄2 = 3, and choosing η1jil(t) = ξ1jil(t) = η̄1ijr(t) = ξ̄1ijr(t) = 0.25, ε1 = 0.005, ε2 =

0.01, σ = 0.5.

Thus, the assumptions (A1)–(A7) besides the inequalities stated in Theorem 4.3.1 are

met. Via Theorem 4.3.1, the stationary point of neurodynamic system (4.180) can be glob-

ally stable. Fig. 4.1 and Fig. 4.2 illustrate the convergence of solutions of system (4.180)

to the steady point, with the initial data (x1(s), x2(s); y1(s), y2(s)) = (1.25, 0.5; 0.75, 1), s ∈
[−10, 0] and with 40 initial data that selected at random, respectively.
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Figure 4.1: State Curves of x1(t), x2(t), y1(t) and y2(t)
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Figure 4.2: State Curves of x1(t), x2(t), y1(t) and y2(t) with Random Initial Data
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Figure 4.3: State Curves of x1(t), x2(t), y1(t) and y2(t)

Figure 4.4: State Curves of x1(t), x2(t), y1(t) and y2(t) with Random Initial Data

Example 4.7.2

Consider the system (4.180) with the same all functions and parameters in Example

(4.7.1) and with initial history (0.3125, 0.25, 0.5,−0.25).

Thus, the assumptions (A1)–(A7) besides the inequalities stated in Theorem 4.3.1 are

met. Via Theorem 4.3.1, the stationary point of neurodynamic system (4.180) can be

globally stable.

Fig. 4.3 and Fig. 4.4 illustrate the convergence of solutions of system (4.180) to the

steady point, with the initial data (0.3125, 0.25, 0.5,−0.25) via interval [−5, 0] and with 40

initial data that selected at random, respectively.
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Figure 4.5: State Curves of x1(t), x2(t), y1(t) and y2(t)

Figure 4.6: State Curves of x1(t), x2(t), y1(t) and y2(t) with Random Initial Data

Example 4.7.3

Consider the system (4.180) with the same all functions and parameters in Example

(4.7.1), with initial history [0.3125, 0.25, 0.5,−0.25] and with nonlinear appropriate be-

haved (self–inhibition) or (self–signal) functions

Λi(t) = Λ̄j(t) = tanh(t). (4.198)

Thus, the assumptions (A1)–(A7) besides the inequalities stated in Theorem 4.3.1 are

met. Via Theorem 4.3.1, the stationary point of neurodynamic system (4.180) can be

globally stable.

Fig. 4.5 and Fig. 4.6 illustrate the convergence of solutions of system (4.180) to the

steady point, with the initial data (0.3125, 0.25, 0.5,−0.25) via interval [−5, 0] and with 40
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initial data that selected at random, respectively.

Example 4.7.4

Consider the memristive higher–order neurodynamic system (4.180) with i, r, j, l = 1, 2, t ∈
[0, 20] where the functions pi(xi(t)), qj(yj(t)), kjil(t), hjil(t), k̄ijr(t), h̄ijr(t) and the parame-

ters τ and θ are given the same as in system (4.180), the activation functions are taken

as follows

fj(x) = gj(x) = argsh(x), j = 1, 2, f̄i(x) = ḡi(x) =
√
1 + x2, i = 1, 2, (4.199)

and

Λ1(x) = x, Λ2(x) = 1.5x, Λ̄1(x) = 2x, Λ̄2(x) = 2.5x,

I1 = 0.08, I2 = 0.05, J1 = 0.06, J2 = 0.09,

x1(s) = 0.1, x2(s) = 0.2, y1(s) = 0.13, y2(s) = 0.24, s ∈ [−20, 0],

(4.200)

a111(x1(t)) =

{
−0.0023, |x1(t)| > 1,

−0.0019, |x1(t)| ≤ 1,
a112(x1(t)) =

{
0.002, |x1(t)| > 1,

0.0031, |x1(t)| ≤ 1,
(4.201)

a211(x1(t)) =

{
−0.0024, |x1(t)| > 1,

−0.0034, |x1(t)| ≤ 1,
a212(x1(t)) =

{
−0.0017, |x1(t)| > 1,

−0.0021, |x1(t)| ≤ 1,

(4.202)

a121(x2(t)) =

{
−0.0018, |x2(t)| > 1,

−0.0026, |x2(t)| ≤ 1,
a122(x2(t)) =

{
0.003, |x2(t)| > 1,

0.002, |x2(t)| ≤ 1,
(4.203)

a221(x2(t)) =

{
−0.0033, |x2(t)| > 1,

−0.0023, |x2(t)| ≤ 1,
a222(x2(t)) =

{
−0.0024, |x2(t)| > 1,

−0.0016, |x2(t)| ≤ 1,

(4.204)

b111(x1(t)) =

{
0.012, |x1(t)| > 1,

0.014, |x1(t)| ≤ 1,
b112(x1(t)) =

{
−0.031, |x1(t)| > 1,

−0.022, |x1(t)| ≤ 1,
(4.205)
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b211(x1(t)) =

{
−0.018, |x1(t)| > 1,

−0.027, |x1(t)| ≤ 1,
b212(x1(t)) =

{
−0.015, |x1(t)| > 1,

−0.013, |x1(t)| ≤ 1,
(4.206)

b121(x2(t)) =

{
0.019, |x2(t)| > 1,

0.011, |x2(t)| ≤ 1,
b122(x2(t)) =

{
−0.021, |x2(t)| > 1,

−0.032, |x2(t)| ≤ 1,
(4.207)

b221(x2(t)) =

{
−0.024, |x2(t)| > 1,

−0.013, |x2(t)| ≤ 1,
b222(x2(t)) =

{
−0.027, |x2(t)| > 1,

−0.024, |x2(t)| ≤ 1,
(4.208)

ā111(y1(t)) =

{
−0.0015, |y1(t)| > 1,

−0.0012, |y1(t)| ≤ 1,
ā112(y1(t)) =

{
0.0032, |y1(t)| > 1,

0.0028, |y1(t)| ≤ 1,
(4.209)

ā211(y1(t)) =

{
−0.0036, |y1(t)| > 1,

−0.0022, |y1(t)| ≤ 1,
ā212(y1(t)) =

{
−0.0024, |y1(t)| > 1,

−0.0026, |y1(t)| ≤ 1,
(4.210)

ā121(y2(t)) =

{
−0.0011, |y2(t)| > 1,

−0.0014, |y2(t)| ≤ 1,
ā122(y2(t)) =

{
0.0026, |y2(t)| > 1,

0.0015, |y2(t)| ≤ 1,
(4.211)

ā221(y2(t)) =

{
−0.0041, |y2(t)| > 1,

−0.0026, |y2(t)| ≤ 1,
ā222(y2(t)) =

{
−0.0023, |y2(t)| > 1,

−0.0025, |y2(t)| ≤ 1,
(4.212)

b̄111(y1(t)) =

{
0.012, |y1(t)| > 1,

0.014, |y1(t)| ≤ 1,
b̄112(y1(t)) =

{
−0.025, |y1(t)| > 1,

−0.032, |y1(t)| ≤ 1,
(4.213)

b̄211(y1(t)) =

{
−0.03, |y1(t)| > 1,

−0.023, |y1(t)| ≤ 1,
b̄212(y1(t)) =

{
−0.031, |y1(t)| > 1,

−0.029, |y1(t)| ≤ 1,
(4.214)

b̄121(y2(t)) =

{
0.024, |y2(t)| > 1,

0.021, |y2(t)| ≤ 1,
b̄122(y2(t)) =

{
−0.017, |y2(t)| > 1,

−0.022, |y2(t)| ≤ 1,
(4.215)
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Figure 4.7: State Curves of x1(t), x2(t), y1(t) and y2(t)
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Figure 4.8: State Curves of x1(t), x2(t), y1(t) and y2(t) with Random Initial Data

b̄221(y2(t)) =

{
−0.023, |y2(t)| > 1,

−0.019, |y2(t)| ≤ 1,
b̄222(y2(t)) =

{
−0.025, |y2(t)| > 1,

−0.027, |y2(t)| ≤ 1.
(4.216)

Clearly, we can see that L1j = L2j = M1i = M2i = 1, γ1 = γ2 = γ3 = γ4 = γ5 =
1
40
, γ̄1 =

γ̄2 = γ̄3 = γ̄4 = γ̄5 = 1
20
, and by selecting ηιjil(t) = ξιjil(t) = η̄ιijr(t) = ξ̄ιijr(t) = 0.5, ι =

1, 2, σ = 0.5. Then, the assumptions (A1), (A2), (A4)–(A7) and the conditions (4.103)

are satisfied. Consequently, owing to Lemma 2.2.7, the steady state of system (4.180) is

stable. The curves of solutions of system (4.180) are depicted in Fig. 4.7 and Fig. 4.8,

with the initial data (x1(s), x2(s); y1(s), y2(s)) = (0.1, 0.2; 0.13, 0.24), s ∈ [−20, 0] and 40

initial data selected randomly, respectively.

Example 4.7.5

Consider the system (4.180) with the same all functions and parameters in Example
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Figure 4.9: State Curves of x1(t), x2(t), y1(t) and y2(t)

Figure 4.10: State Curves of x1(t), x2(t), y1(t) and y2(t) with Random Initial Data

(4.7.4), with initial history (0.3125, 0.25, 0.5,−0.25).

The assumptions (A1), (A2), (A4)–(A7) and the conditions (4.103) are satisfied. Con-

sequently, owing to Lemma 2.2.7, the steady state of system (4.180) is stable. The curves

of solutions of system (4.180) are depicted in Fig. 4.9 and Fig. 4.10, with the initial data

(x1(s), x2(s); y1(s), y2(s)) = (0.3125, 0.25, 0.5,−0.25), s ∈ [−10, 0] and 40 initial data

selected randomly, respectively.

Example 4.7.6

Consider the system (4.180) with the same all functions and parameters in Example

(4.7.4) and with initial history (0.3125, 0.25, 0.5,−0.25) and with nonlinear appropriate
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Figure 4.11: State Curves of x1(t), x2(t), y1(t) and y2(t)

Figure 4.12: State Curves of x1(t), x2(t), y1(t) and y2(t) with Random Initial Data

behaved (self–inhibition) or (self–signal) functions

Λi(t) = Λ̄j(t) = tanh(t). (4.217)

The assumptions (A1), (A2), (A4)–(A7) and the conditions (4.103) are satisfied. Con-

sequently, owing to Lemma 2.2.7, the steady state of system (4.180) is stable. The curves

of solutions of system (4.180) are depicted in Fig. 4.11 and Fig. 4.12, with the initial

data (x1(s), x2(s); y1(s), y2(s)) = (0.3125, 0.25, 0.5,−0.25), s ∈ [−10, 0] and 40 initial data

selected randomly, respectively.

118



Example 4.7.7

Consider the memristive HOCGBAMNN system (4.180) in case of i, r, j, l = 1, 2, t ∈
[0, 100] with

a111(x1(t)) =

{
0.023, |x1(t)| > 0.1,

0.019, |x1(t)| ≤ 0.1,
a112(x1(t)) =

{
2, |x1(t)| > 0.1,

1.5, |x1(t)| ≤ 0.1,
(4.218)

a211(x1(t)) =

{
2.024, |x1(t)| > 0.1,

3.034, |x1(t)| ≤ 0.1,
a212(x1(t)) =

{
0.017, |x1(t)| > 0.1,

0.011, |x1(t)| ≤ 0.1,
(4.219)

a121(x2(t)) =

{
0.018, |x2(t)| > 0.1,

0.016, |x2(t)| ≤ 0.1,
a122(x2(t)) =

{
2.3, |x2(t)| > 0.1,

1.2, |x2(t)| ≤ 0.1,
(4.220)

a221(x2(t)) =

{
2.33, |x2(t)| > 0.1,

4.23, |x2(t)| ≤ 0.1,
a222(x2(t)) =

{
0.024, |x2(t)| > 0.1,

0.016, |x2(t)| ≤ 0.1,
(4.221)

b111(x1(t)) =

{
−0.12, |x1(t)| > 0.1,

−0.1, |x1(t)| ≤ 0.1,
b112(x1(t)) =

{
−0.31, |x1(t)| > 0.1,

−0.22, |x1(t)| ≤ 0.1,
(4.222)

b211(x1(t)) =

{
−0.18, |x1(t)| > 0.1,

−0.14, |x1(t)| ≤ 0.1,
b212(x1(t)) =

{
−0.15, |x1(t)| > 0.1,

−0.13, |x1(t)| ≤ 0.1,
(4.223)

b121(x2(t)) =

{
−0.19, |x2(t)| > 0.1,

−0.11, |x2(t)| ≤ 0.1,
b122(x2(t)) =

{
−0.21, |x2(t)| > 0.1,

−0.14, |x2(t)| ≤ 0.1,
(4.224)

b221(x2(t)) =

{
−0.24, |x2(t)| > 0.1,

−0.13, |x2(t)| ≤ 0.1,
b222(x2(t)) =

{
−0.27, |x2(t)| > 0.1,

−0.24, |x2(t)| ≤ 0.1,
(4.225)

ā111(y1(t)) =

{
0.015, |y1(t)| > 0.1,

0.012, |y1(t)| ≤ 0.1,
ā112(y1(t)) =

{
1.72, |y1(t)| > 0.1,

1.48, |y1(t)| ≤ 0.1,
(4.226)

ā211(y1(t)) =

{
1.76, |y1(t)| > 0.1,

4.52, |y1(t)| ≤ 0.1,
ā212(y1(t)) =

{
0.024, |y1(t)| > 0.1,

0.021, |y1(t)| ≤ 0.1,
(4.227)
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ā121(y2(t)) =

{
0.011, |y2(t)| > 0.1,

0.014, |y2(t)| ≤ 0.1,
ā122(y2(t)) =

{
1.86, |y2(t)| > 0.1,

0.5, |y2(t)| ≤ 0.1,
(4.228)

ā221(y2(t)) =

{
1.9, |y2(t)| > 0.1,

3.66, |y2(t)| ≤ 0.1,
ā222(y2(t)) =

{
0.023, |y2(t)| > 0.1,

0.02, |y2(t)| ≤ 0.1,
(4.229)

b̄111(y1(t)) =

{
−0.12, |y1(t)| > 0.1,

−0.1, |y1(t)| ≤ 0.1,
b̄112(y1(t)) =

{
−0.25, |y1(t)| > 0.1,

−0.12, |y1(t)| ≤ 0.1,
(4.230)

b̄211(y1(t)) =

{
−0.3, |y1(t)| > 0.1,

−0.23, |y1(t)| ≤ 0.1,
b̄212(y1(t)) =

{
−0.31, |y1(t)| > 0.1,

−0.29, |y1(t)| ≤ 0.1,
(4.231)

b̄121(y2(t)) =

{
−0.24, |y2(t)| > 0.1,

−0.21, |y2(t)| ≤ 0.1,
b̄122(y2(t)) =

{
−0.17, |y2(t)| > 0.1,

−0.13, |y2(t)| ≤ 0.1,
(4.232)

b̄221(y2(t)) =

{
−0.23, |y2(t)| > 0.1,

−0.15, |y2(t)| ≤ 0.1,
b̄222(y2(t)) =

{
−0.25, |y2(t)| > 0.1,

−0.22, |y2(t)| ≤ 0.1.
(4.233)

Let system (4.180) be the uncontrolled system and the associated controlled system is taken

as 

x̄′i(t) = pi(x̄i(t))
[
− Λi(x̄i(t)) +

2∑
j,l=1

ajil(x̄i(t))fj(ȳj(t− θ))fl(ȳl(t− θ))

+
2∑

j,l=1

bjil(x̄i(t))
∫ t

0
kjil(s)gj(ȳj(t− s))ds

∫ t

0
hjil(s)gl(ȳl(t− s))ds+ Ii

]
+ Φi(t),

ȳ′j(t) = qj(ȳj(t))
[
− Λ̄j(ȳj(t)) +

2∑
i,r=1

āijr(ȳj(t))f̄i(x̄i(t− τ))f̄r(x̄r(t− τ))

+
2∑

i,r=1

b̄ijr(ȳj(t))
∫ t

0
k̄ijr(s)ḡi(x̄i(t− s))ds

∫ t

0
h̄ijr(s)ḡr(x̄r(t− s))ds+ Jj

]
+Ψj(t),

(4.234)

with

Λ1(x) = x, Λ2(x) = 1.5x, Λ̄1(x) = 2x, Λ̄2(x) = 2.5x, I1 = I2 = J1 = J2 = 0,
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ϱ = ϱ̄ = 0.45.

The activation functions are

f1(x) = sin(|x| − 1),

g1(x) = sin(|x| − 1).

f2(x) = cos(|x| − 1),

g2(x) = cos(|x| − 1),

and

f̄i(x) = ḡi(x) = tanh(|x| − 1),

for i = 1, 2.

The controllers Φi(t) and Ψj(t) are defined in (4.152), and the other parameters are

similar as in system (4.180) of Example 4.7.1. The initial data of systems (4.180) and

(4.234) are x1(s) = −1, x2(s) = 2, y1(s) = 3, y2(s) = −4, x̄1(s) = 0.25, x̄2(s) =

−0.5, ȳ1(s) = −1, ȳ2(s) = 2.5, s ∈ [−100, 0], respectively. Seeing that, the trajectories of

uncontrolled–controlled systems without controls are shown in Fig. 4.13.
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Figure 4.13: Trajectories of Systems (4.180), (4.234) and (4.151) without Control
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Figure 4.14: Trajectories of Systems (4.180), (4.234) and (4.151) and Control Gains

(ϑ1, ϑ2(t), ϑ̄1(t), ϑ̄2(t)), (π1, π2(t), π̄1(t), π̄2(t))

Through simple calculation, F = F̄ = G = Ḡ = 1, L1j = L2j = M1i = M2i =

1, ρi = ρ̄j = 0.65, λ1 = λ2 = 0.5, λ̄1 = λ̄2 = 1, and selecting η1jil(t) = ξ1jil(t) =

η̄1ijr(t) = ξ̄1ijr(t) = 0.125, ε1 = 0.005, ε2 = 0.01, σ = 0.5, κ1 = κ2 = 0.02, ϵi =

ϵ̄j = 0.9, oi = ōj = 0.05. Hence, we can see that assumptions (A1), (A3)–(A9) and

the sufficient condition (4.155) are fulfilled. Then, by Theorem 4.6.1, the uncontrolled–

controlled systems can be synchronized under the controller (4.152). Fig. 4.14 and Fig.

4.15 illustrate the state trajectories of the uncontrolled system, controlled system and

error system besides to the control gains ϑi(t), ϑj(t), πi(t) and π̄j(t). Fig. 4.16 shows the

synchronization between systems (4.180) and (4.234).
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Figure 4.15: Trajectories of Systems (4.180), (4.234) and (4.151) and Control Gains

(ϑ1, ϑ2(t), ϑ̄1(t), ϑ̄2(t)), (π1, π2(t), π̄1(t), π̄2(t)) for Various Data
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Figure 4.16: State Curves of Uncontrolled System (4.180) and Controlled System (4.234)
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Chapter 5

CONCLUSION AND FUTURE

WORK

In this chapter, we will conclude and provide some future work.

5.1 Conclusion

In this Ph.D. dissertation we established some general decay rates for some memristior

based integro–differential systems in neural network theory. More precisely, we established

some energy decay results for memristive high–order Cohen–Grossberg bidirectional assi-

ciative memory neural network system (MHOCGBAMNNS) with a wider class of kernel

functions and containing discrete and distributed delays. Furthermore, we considered a

memristive Hopfield neural network system (MHNNS) which contains discrete and dis-

tributed delays. Stability and synchronization results were proved under reasonable con-

ditions on the class of kernel functions and on the memristive connection weight functions.

Our results are somehow extensions and generalizations of some results in the literature.

5.2 Future Work

As future investigations, we may address the following systems

� Memristive bidirectional associative memory neural network system (MBAMNNS)
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introduced by

x′i(t) = −aixi(t) +
m∑
j=1

bij(xi(t))gj(yj(t)) +
m∑
j=1

cij(xi(t))gj(yj(t− τ))

+
m∑
j=1

dij(xi(t))

∫ ∞

0

kij(s)gj(yj(t− s))ds+ Ii,

y′j(t) = −ãjyj(t) +
n∑

i=1

b̃ij(yj(t))g̃i(xi(t)) +
n∑

i=1

c̃ij(yj(t))g̃i(xi(t− τ))

+
n∑

i=1

d̃ij(yj(t))

∫ ∞

0

k̃ij(s)g̃i(xi(t− s))ds+ Jj,

for all t > 0, i = 1, . . . ,m, j = 1, . . . ,m.

(S1)

� Memristive Cohen–Grossberg neural network system (MCGNNS) presented by

x′i(t) = −ai(xi(t))
{
bi(xi(t))−

m∑
j=1

cij(xi(t))gj(xj(t)−
m∑
j=1

dij(xi(t))gj(xj(t− τ))

−
m∑
j=1

hij(xi(t))

∫ ∞

0

kij(s)gj(xj(t− s))ds− Ii

}
,

for all t > 0, i = 1, . . . ,m.

(S2)

� Inertial memristive Hopfield neural network system (IMHNNS) described by

x′′i (t) = −pix′i(t)− aixi(t) +
m∑
j=1

bij(xi(t))gj(xj(t)) +
m∑
j=1

cij(xi(t))gj(xj(t− τ))

+
m∑
j=1

dij(xi(t))

∫ ∞

0

kij(s)gj(xj(t− s))ds+ Ii,

for all t > 0, i = 1, . . . ,m,

(S3)

� Inertial memristive bidirectional associative memory neural network system (IM-
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BAMNNS) introduced by

x′′i (t) = −qix′i(t)− aixi(t) +
m∑
j=1

bij(xi(t))gj(yj(t)) +
m∑
j=1

cij(xi(t))gj(yj(t− τ))

+
m∑
j=1

dij(xi(t))

∫ ∞

0

kij(s)gj(yj(t− s))ds+ Ii,

y′′j (t) = −q̃ix′i(t)− ãjyj(t) +
n∑

i=1

b̃ij(yj(t))g̃i(xi(t)) +
n∑

i=1

c̃ij(yj(t))g̃i(xi(t− τ))

+
n∑

i=1

d̃ij(yj(t))

∫ ∞

0

k̃ij(s)g̃i(xi(t− s))ds+ Jj,

for all t > 0, i = 1, . . . ,m, j = 1, . . . ,m,

(S4)

� Inertial memristive Cohen–Grossberg neural network system (IMCGNNS) given by

x′′i (t) = −rix′i(t)− ai(xi(t))

{
bi(xi(t))−

m∑
j=1

cij(xi(t))gj(xj(t)−
m∑
j=1

dij(xi(t))gj(xj(t− τ))

−
m∑
j=1

hij(xi(t))

∫ ∞

0

kij(s)gj(xj(t− s))ds− Ii

}
,

for all t > 0, i = 1, . . . ,m.

(S5)

It is of paramount importance to address the above problems with wider classes of kernel

functions, with unbounded memristive connection weight functions and with unbounded

activation functions.
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