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Dissertation Abstract

NAME: Ebrahim Saleh Mohammed Bakalah

TITLE OF STUDY:  Stability and Synchronization of a Memristor Based

Integro—Differential System in Neural Networks Theory
MAJOR FIELD: Mathematics

DATE OF DEGREE: May 2023

There are many results in the literature on the stability and synchro-
nization of memristors in neural network theory. Under certain reasonable
conditions, solutions of some memristive neural network systems of ordi-
nary differential equations are exponentially or polynomially stable (syn-
chronized). In contrast, there are very few studies of stability and syn-
chronization of solutions of memristors based integro—differential systems
with more general rates. In addition to the well-posedness mentioned in
the literature below, we would like to contribute, in this dissertation, in
covering some gap by investigating the stability and synchronization of so-
lutions for wider classes of memristors based integro—differential systems in
neural network theory which contain discrete and distributed delays. Rea-
sonable sufficient conditions under which the stability and synchronization
are achieved under general rates are determined. In particular, it is of great
importance to weaken the existing hypotheses on the activation functions.
Furthermore, it is very useful in applications to consider wider classes of
kernel functions than the ones treated so far. In addition to the traditional
approaches and methods adopted to tackle stmilar problems in the liter-
ature such as the implementation of different controllers, the Lyapunov
method and the linear matriz inequalities method (LMIM), we introduce

X1



new functionals and combine them with arguments such as the Filippov
method in the context of the theory of differential inclusion. More pre-
cisely, we consider and study a memristive Hopfield neural network system
(MHNNS) and a memristive high—order Cohen—Grossberg bidirectional as-
sociative memory neural network system (MCGBAMNNS).
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Chapter 1

INTRODUCTION

In this chapter, we will introduce the concept of a memristor in neural network theory,
present some of its history, a literature review and some related problems. We will also

give some terminology and notation that is used in this thesis.

1.1 Memristors and Generalities

In electrical engineering and artificial intelligence, the concept of “memristor” refers to the
contraction for memory resistors [2] (Yang, X. et al., 2014). A memristor is a non—linear
two—terminal electrical component element that limits or regulates the flow of electrical
current in electrical circuits and remembers the amount of charge that has previously
flowed through it. It points out to the existence of three basic circuit elements that de-
fine the connections between basic parameters such as current (i), voltage (v), charge (q)
and magnetic flux (¢). These elements are the resistor, the capacitor and the inductor.
However, a circuit element that determines the relation between ¢ and ¢ was not defined

yet.

In 1971, Chua, L. formulated the concept of the relation as a connection between ¢
and ¢ interconnections [18] and named it memristor (memory and resistor). In 2008,
researchers at the H-P laboratory created another type of memristor [19] (Strukov, D. et
al., 2008).

Memristors play a significant role in neural networks theory. They are different from
the other circuit elements because they have a non—volatile memory effect - they can

return memory without energy. So, they are not elements that store energy (see Chen,



Capacitor
dg = Cdv

Resistor
dv = Rdi

Memristor
d® = Mdg 5

Inductor
de = Ldi

Figure 1.1: The Relations Between Memristor (M), Resistor (R), Capacitor (C'), Inductor
(L), Voltage (v), Current (i), Charge (¢) and Magnetic Flux (¢)
(see Chen et al., 2017 [111] and references therein).

C. et al., 2017 [3] — Park, J. H., 2006 [12] and Hopfield, J. J., 1982 [55] — Hopfield, J.
J. et al., 1986 [58]). There are several applications of memristors in real-life scenario.
For instance, IT companies use memristors to create smaller, faster and low—power com-
puters that do not require transferring data between volatile and non-volatile memory.
An essential general utilization of a memristor can be observed in the area of electrical
engineering and it mainly deals with the synchronizations and synapses. In electrical cir-
cuits, usually resistors are utilized to imitate and simulate synapses and synchronization
through the neurons Wang, W. et al., 2014 [20]. As though, synapses and synchronization
play paramount role in the figuration of memories. However, the widespread resistors can
not fulfill the mission of memory. The tacky information is that the human brain has
more than side split billion of neurons and, in fact, there are more than twenty thousands
synapses and synchronization for any neuron. Consequently, by seeking to makeup a brain
such as machine, practical electrical circuits fulfillment of synapses and synchronization is
of specific significance. If we assume that the resistors are replaced by the memories, the
customary synthetically neural network will turn into what is called a memristor based
neural networks. Even after the memristor based neural networks is able to recollect its
genetical situation, it is extremely convenient to mimic and imitate the assignment of the
human brain Jo, S. H. et al., 2010 [21]. Furthermore, an important aspect of the mem-

ristor is the dynamical behavior of a resistor with memory. One of the common features



in serious dynamical conductance of non-linear neural network systems are synapses and
synchronization Hua, C. et al., 2016 [22]. Due to considerable usage in diverse fields and
scopes can be found in secure communication Milanovic, V. and Zaghloul, M. E., 1996
23], bidirectional associative memory Tan, Z. and Ali, M. K., 2001 [24] and image encryp-
tion. Synapses and synchronization control challenge of neural networks have magnetized
supreme attentiveness of researchers. In 2008, Ttoh, M and Chua, L. [25] obtained various
kinds of frequencies and oscillators by applying a memristor to subrogate the diode in
Chua’s electrical circuit. Subsequently, numerous memristive chaotic systems Wang, L.
et al., 2012 [26] and Muthuswamy, B. and Kokate, P. P., 2009 [27] were suggested by em-
ploying a similar approach. Therefore, massive performances have been acquired in the
field of synapses and synchronization control of memristive neural networks systems (see
also Guo, Z. et al., 2015 [28] — Abdurahman, A. et al., 2015 [31] and references therein).
In 1983 [38], Michael Cohen and Stephen Grossberg introduced the memristive Cohen—
Grossberg neural network system (MCGNNS) and showed that it is a generalization of
the memristive Hopfield neural network system (MHNNS) and memristive bidirectional
associative memory neural network system (MBAMNNS) (see Yang, X. et al., 2014 [2]
and Yao, W. et al., 2022 [139] and references therein).

Over the years, memristors have been studied and expressed in differential equations by

many researchers. For instance, a memristive Hopfield neural network system (MHNNS)
described by

zi(t) = —auzi(t) + Z Bij(2i(t))n;(2;(t)) + Z Yij (2i(1)) i (2 (t — 7))
m =t 7=l (1.1)
+ij(zz~(t))/0 Kij(8)€i(2(t — 8))ds + Li(t),Vt >0, i =1,...,m,

was discussed by Qiu, R. et al., 2022 [158], Pham, V. et al., 2016 [159], Li, R. and Ding,
R., 2022 [160], Ma, T. et al., 2022 [161] and He, S. et al., 2023 [162] and references therein.
A memristive bidirectional associative memory neural network system presented by, for

allt>0,7=1,2,...,nand j =1,2,...,m,



w(t) = —anu(t) + Zﬂm’(ui( 1 (v;(t +Z’leg u;(t))Cij(vj(t — 1))
j=1

+ Y ss(w0) [ ()6t — )ds + 1
5=1 " (1.2)

v;(t) = —anu;(t) + Z Baij (v () )m2s (wi(t)) + Z Yoij (V; (1)) Coi(wi(t — 12))
i=1

3 ms(es(0) [ (o)t - 9)ds + o).

L i=1

was studied by many researchers such as Sakthivel, R. et al., 2016 [163], Zhao, Y. et al.,
2019 [164], Zhao, Y. et al., 2021 [165], Yuan, M. et al., 2018 [166] and Zheng, M. et al.,
2018 [167] and references therein. Hui, M. et al., 2020 [168], Zhu, S. et al., 2023 [169],
Ren, F. et al., 2021 [170], Yao, W. et al., 2022 [171], Hui, M. et al., 2019 [172], Zhou,
Y. et al., 2019 [173], Wei, R. et al., 2018 [174] and Qin, S. et al., 2019 [175] studied the
memristive Cohen—Grossberg neural network system given by the following system, for
allt >0andt=1,...,m

w;(ﬂ - _Xi(wz {azwz Zﬁz] wz 77] u] Z%g ’LUZ C] W (t - T))

= ntt) / by (5)65 (¢ — 5))ds — L-(t)] .
= (1.3)

In 1960, Filippov, A. F. [44] and Filippov, A. F., 2013 [45] presented a novel method
to convert a differential equation with discontinuous right hand side into a differential
inclusion and applied the theory of differential inclusion to come up with stability (see
also Aubin, J. P. and Cellina, A., 2012 [46] and references therein). In addition, several
mathematical methods and technical analyses in neural networks systems have been used
to obtained stability and synchronization results such as linear matrix inequalities method
(LMIM), differential inequities, LaSalle method, invariance principle Singh, V. 2004 [47]
— Tao, Q. et al., 2001 [54], Lyapunov functionals, Lyapunov—Karasovskii method, con-

tracting mapping theory, Halanay inequalities, etc.

In 2014, Yang, X. et al. [2] formulated a relationship between the memristor in neural
network theory and differential equations with discontinuous right hand side (see also Liu,
X. and Cao, J., 2011 [43]). The value (memristor) depends on the magnitude and polarity
of the voltage applied to it and the length of the time that the voltage has been applied.

4



When the voltage is turned off, the memristor remembers its most recent value until it is

turned on next time.

There are different types of stability and synchronization results for memristive Cohen—
Grossberg neural network systems, memristive bidirectional associative memory neural
network system and memristive Hopfield neural network systems. In the literature, we
can find several results on the asymptotic, polynomial and exponential stability and syn-
chronization. These results are achieved for large values of time. On the other side, in
some situations, it is possible to obtain these results in a finite time. Actually, the fi-
nite time synchronization is important and essential to be investigated and examined. it
helps to enable critical functions (e.g. handovers between cell towers, time stamping of
financial transactions, highly accurate monitoring of electrical grids,...etc) at distributed
nodes that require a precise frequency and time reference. For more details on stability
and synchronization results for a memristor, we refer to Dong, X. and Wang, X., 2017
[138], Yao, W. et al., 2020 [139], Wang, L. et al., 2014 [140], Shi, Y. and Cao, J., 2020
[141], Hu, J. and Wang, J., 2010 [142], Li, G. et al., 2018 [143], Wen, S. et al., 2015 [144],
Wu, A. and Zeng, Z., 2015 [145], Othmani, S. and Tatar, NE., 2021 [81], Othmani, S.
et al., 2021 [82], Wu, A. et al., 2014 [146], Muhammadhaji, A. and Teng, Z., 2020 [147],
Wang, L. et al., 2016 [148], Maharajan, C. et al., 2018 [149], Xiong, W. et al., 2017 [150],
Yang, J. et al., 2017 [151], Lai, Q. et al., 2022 [152], Hu, S. G. et al., 2015 [153], Xu, Q.
et al., 2018 [154], Yu, F. et al., 2022 [155], Yu, F. et al., 2022 [156] and Kong, D. et al.,
2019 [157] and references therein.

It has been made clear in the applications that memristive neural network systems
with discrete and distributed delays are of paramount importance and should, therefore,
be considered further. In spite of that, we can find only few studies in the literature
treating the dynamics of memristive neural networks with delay effects. In particular,
there are very few studies on the stability and synchronization memristive high—order
Cohen—Grossberg bidirectional associative memory neural network systems and memris-
tive Hopfiled neural network systems containing discrete and distributed delays. Further-
more, because of a high—approximation property, quicker convergence rate, higher storage
capability and the ability of solving optimization problems, high—order neural networks
(HONNSs) became more efficient than low—order neural networks. This kind of networks
have been applied in many science and engineering areas to cite Kamruzzaman, J. and
Sarker, R. A., 2006 [134], Karayiannis, N. B. and Venetsanopoulos, A. N., 1995 [135] and

Psaltis, D. et al., 1988 [136] and references therein. There are numbers of noteworthy



results on high—order neural network in the literature. For instance, Dong, Z. et al., 2020
93], Gu, H. et al., [86], Dong, X. and Wang, X., 2017 [138], Dong, Z. et al., 2020 [93],
Gu, H. et al., 2011 [86], Ren, F. and Cao, J., 2006 [137], Sheng, Y. et al., 2020 [88],
Xia, Y., 2010 [95] and Zu, J. and Zu, J. et al., [96]. The authors investigated the ex-
ponential stability of the stationary point for delayed high—order neural network systems
through the Lyapunov functionals method, linear matrix inequalities method, theory of
differential equations and differential inequalities. The exponential stability of the steady
point for a high—order Cohen—Grossberg neural network system with delays was proved
by Chen, Z. et al., 2007 [92]. Lou, X. Y. and Cui, B. T., 2007 [94] studied the global
asymptotic stability of a high-order Cohen—Grossberg neural network system with delays
using linear matrices inequalities method and constructing Lyapunov functionals. The
dissipativity of a high—order bidirectional associative memory Cohen—Grossberg neural
network system involving mixed delays was shown by Aouiti, C. et al., 2020 [91] using

Lyapunov—Karasovskii functionals method and linear matrices inequalities method.

Motivated by the above applications and functions of memristors in neural network
theory and in addition to existence, uniqueness and continuity of such solutions of mem-
ristive Hopfiled neural network system and memristive high—order Cohen—Grossberg bidi-
rectional associative memory neural network system in Wang, X., 2019 [176], Chen, Y.
et al., 2023 [177], Yang, D. et al., 2016 [178], Sheng, Y. et al., 2019 [179], Sun, B. et
al., 2020 [180], Li, H. et al., 2022 [181], Li, X. et al., 2020 [182], Wu, H. et al., 2016
[183], Yang, W. et al., 2018 [184], He, W. and Chu, L., 2017 [185], Stamov, G. et al.,
2020 [186], Manikandan, M. et al., 2021 [187], Chen, S. et al., 2021 [188], Zhou, F.,
2012 [189], XYang, W., 2014 [190], Bao, H., 2016 [191], Zhang, Z. and Wang, L., 2011
[201], Li, X., 2009 [202], Balasubramaniam, P. and Ali, M. S., 2011 [203], Tian, A. et
al., 2010 [204], Li, Y. and Fan, X., 2009 [205], [206], Xiang, H. et al., 2011 [207], Jian,
J. and Zhao, Z., 2015 [208], Liu, Q. and Xu, R., 2011 [209], Li, X. and Fu, X., 2011
[210], Wang, D. et al., 2013 [211] and Zhao, Y. and Ren, S., 2020 [212], this disserta-
tion will focus on discrete and distributed delays for memristors. In particular, we will
examine the stability and synchronization of some memristive neural network systems in-
cluding memristive Hopfield neural network system, memristive Cohen—-Grossberg neural
networks and bidirectional associative memory neural networks (BAMNN) that consists
of two state variables. Specifically, we wish to weaken the hypotheses on the activation
(signal transmission) functions, kernel (relaxation) functions and memristive connection
weigh functions. Our approach will allow us to extend previous results to a wider class

of kernel functions and activation functions and, therefore, solve a larger set of problems.



We shall use the Filippov method, Lyapunov functionals method, differential equation

and differential inclusion and some technical analysis to achieve our goals.

1.2 Research Objectives

We study the stability and synchronization of solutions for two memristors based integro—
differential systems in neural network theory. More precisely, we consider the following

systems:

e A memristive Hopfield neural network system involving discrete and distributed de-
lays. Stability and synchronization results for this kind of system will be established.
This system is expressed by

zi(t) = —a;zi(t) + Z bij(wi(t))g;(x;(t)) + Z cij(@i(t)g;(;(t — 7))
+idi]’($i<t>) /OO kij(s)gj(xj(t —s))ds+I;, VYt>0,i=1,...,m,
zi(s) = @i(s), —7<s5<0,i=1,...,m,

(1.4)

where for all t > 0 and 4,j = 1,2,...,m, z;(t) denotes the solution (state) of the

problem (P;), a; is a non-negative neuron self-inhibition, b;;, ¢;; and d;; are the

K
memristive connection weights functions, g; indicates the activation function (sig-
nal transmission functions), I; represents the external input, 7 indicates the discrete
delay, k;; is the distributed delay kernel function and ¢; is a real-valued bounded

continuous function.

e A memristive Cohen—Grossberg bidirectional associative memory neural network
system of high—order type and with discrete and distributed delays. More precisely,
we treat the global stability, uniform energy estimation, local stability and adaptive

synchronization of the system



(

(0) = el |~ Aalalt) + 3 asalast) it — ) lan(t — 0)

7,l=1

+ Z by (i (t /OO kji(s)g;(y;(t — s))ds /OOO hja(s)gi(ui(t — s))ds + ]i]7

7,l=1

0 = ) [ = A 05(0) + 3 () it = 7)ot = 7)

i,r=1

+ Z biji (y;(t / Kijr(5)gs (i (t — s))ds /OOO hie ()0 (0 (t — 5))ds + Jj]’

i,r=1

forall t >0, i=1,2,...,n and j=1,2,...,m,

(1.5)
equipped with the following initial data (initial conditions):
ZT; t) = i t s tS O,
(1) = 6.0 o
yi(t) = ¢;(t), t <0,

where n and m are the number of neurons of first and second layer, respectively.
Forallt >0,i=1,2,...,nand j =1,2,...,m, x; and y; are the state (solutions)
functions of the i neuron from the neural layer L, and the j* neuron from the
neural layer L, at time ¢, respectively, p; and g; are the amplification functions of
the system, A; and A; are some appropriate non—negative neuron self-inhibition
functions, f;, g;, fi and g; indicate to the activation functions (signal transmission
functions), /; and J; represent the external inputs, 7 and 6 refer to the discrete de-
lays, kjie, Rjie, /?:ij,« and Bijr are the distributed delay kernel functions, ¢; and v; are
real-valued bounded continuous functions and the memristive connection weights
functions a;i, bijr, G5 and l;ij,, are continuous functions and assumed to satisfy the

following conditions:

(s T
ajalzi(t) = | (17)

bala) = 4 T (18)



_ agr, |y;(t)] > T,
a'ijr(yj(t)) =93. ’ ’ _J (1-9)
aijry |y ()| <15,
and
. bigr, lyi ()] > T,
bijr<yj(t>> = x] ’ _] (1-10)

~ A

for some positive switching jumps T; and T; and ajq,a5i, bju, bji, Gijr, Gijr, bijr and

bij» are real numbers. Numerical illustration will be provided.

1.3 Methodology

The main procedures and techniques we used to achieve our objectives include the fol-

lowing steps:

e Employing the Filippov method to convert differential equations with discontinuous

right hand sides into the differential inclusions.

e Using theory of differential inclusion and some tools to treat terms with discontinu-

ities at some points.
e Using different types of controls.
e Utilizing the energy methods via the Lyapunov functionals.

e Appealing to some inequalities such as Young inequality, Cauchy—Schwarz inequal-

ity, Holder inequality,...etc.

1.4 Literature Review

The history goes back to at least 1980s. In 1983, Gopalsamy, K. [69] studied the following

linear integro—differential Hopfield neural networks system:



n t
Z a;;x;(t —75) + Z/ kij(t — s)z;(s)ds + fi(t), i=1,2,...,n,t>0,
j=1 7o

(1.11)
and showed that
lx(t)]] = i |z;(t)] — 0, as t — oo,
j=1
where
a; <0,0=1,2,...,n,
/oos|k:,~j(s)|ds < 00
0
and
/oo|kij(s)|ds <00,i,]=1,2,...,n
0
(OIS Zm | is bounded for all ¢ € [0, 00) and || f(t)]| € L' ([0, 00)). p(A) +[|K*| =

-6 <0 for some positive constant 3, where A denotes a real n x n constant matrix with

entries a;;(i,j = 1,2,...,n), u(A) represents the matrix measure of A and K* denotes

iy = / oy (3)]ds,

7;;(i # j,i,j =1,2,...,n) are non-negative known constants.

the matrix with entries

In 2002, Li, X. P. and Jiao, L. C. [70] imposed conditions ensuring the existence of

solutions for the following delayed cellular neural networks system:

Zi(t) = —zi(t +Zamfjxj +Zbufjxj )+ 1L, i=12,...n,

10



on a given interval having global exponential behavior

lo(t) — o[l € Ml — 2"}, >0, M>1,¢>0.

Hopfield neural network is a special kind of neural networks whose is different from
other neural networks. It is calculated by converging iterative process. It has just one
layer of neurons relating to the size of the input and output, which must be the same.
When such a network recognizes, for example, digits, we present a list of correctly ren-
dered digits to the network. Subsequently, the network can transform a noise input to
the relating perfect output.

In 1980s, John Joseph Hopfield introduced an artificial neural network (called Hopfield
neural network) to collect and retrieve memory like the human brain. Here, a neuron is
either on or off situation. The state of a neuron(on +1 or off 0) will be restored, relying on
the input it receives from the other neuron. A Hopfield neural network is at first prepared
to store various patterns or memories. Afterward, it is ready to recognize any of the
learned patterns by uncovering partial or even some corrupted data about that pattern,
i.e., it eventually settles down and restores the closest pattern. Thus, similar to the human
brain, the Hopfield model has stability in pattern recognition Hopfield, J. J., 1982 [55],
Hopfield, J. J., 1284 [56], Hopfield, J. and Tank, D., 1985 [57] and Hopfield, J. and Tank,
D., 1986 [58]. The Hopfield neural network is a useful model and has many applications
in real life. It has been proved useful in content-addressable memories Verleysen, M. et
al., 1989 [125] and combinatorial optimization problems, such as the travelling salesman
problem and the location allocation problem Hopfield, J. and Tank, D., 1985 [57] and Du,
K. et al., 2014 [126]. Previous Hopfield network was realized by constructing complemen-
tary metal-oxide—semiconductor circuits as the synapses at a cost of large chip area and
power consumption Verleysen, M. et al., 1989 [125]. So far, in the existing papers in the
literature, for instance, Zhang, R. et al., 2018 [127], Yang, X. and Ho, D., 2015 [128], Guo,
X. et al., 2014 [129], Rakkiyappan R. et al., 2014 [130], Abdurahman, A. Jiang, H. 2016
[131] and Zhang, G. et al., [132] some conditions are imposed on the kernel functions and
the different parameters to obtain exponential stability. We are aiming here to establish
stability and synchronization of the above memristive hopfield neural network system for

a wider class of the kernel functions and with a general decay rate of stability.

The stability and synchronization of solutions for a memristor based integro-differential

11



system in neural networks theory have been studied by many authors and researchers
e.g., Yang, X. et al., 2014 [2] proved global exponential synchronization for a class of

memristor-based Cohen—Grossberg neural network system:

ui(t) = —ai(u(t)) [ wa (uwj(8)) f5(u; (1) + ci5(wi () f5(w;(t — 735(¢)))

dis (st / §) (s ))ds} L =12 m (112)

with time—varying discrete delays and unbounded distributed delays based on the char-
acteristics of amplification function. By utilizing feedback controllers and constructing
suitable Lyapunov functionals, Chen, C. et al., 2017 [3]-[111] discussed the finite time
synchronization problem of a memristor-based neural network system (MNNS) of (1.12)
with mixed delays (see also Chua, L., 1971 [18]). Dissipativity analysis of neutral-type

memristive neural network system with two additive time—varying and leakage delays

zi(t) = —cai(t - +Zaw i(t) f3(z;(t)) + Z bij(@i(t) fi(z;(t — 71(1)) — 752(1)))

m t— (51(t)

+ Z dij(l‘i(t)\/ [i((zi(s))ds + e;ai(t — h(t)) + wi(t), i = 1,2,...,m41.13)

j=1 t—82(t)

was studied by Yang, C. et al., 2019 [6] by applying a suitable Lyapunov—Krasovskii
functional (LKF), some integral inequality techniques, linear matrix inequalities (LMIs)
and free—weighting matrix method. Song, Q., 2009 [32] investigated the global exponen-
tial synchronization of a coupled connected neural network system with both discrete and
distributed delays

S0 = ~Dalt) + Af(ait) + Bt =)+ C [ flas(o)ds+ 1)+ Y Pyt

+Z@]ijt—a +Z% / zi(s)ds,  i=1,2,...,m, (1.14)

under mild condition, assuming neither the differentiability and strict monotonicity for
the activation functions nor the diagonal for the inner coupling matrices, a new Lyapunov—

Krasovskii functional, the theory of Kronecker product of matrices and the linear matrix

12



inequality (LMI) technique were employed. The global asymptotic stability question of
t
wi(t) = —du;(t) + Zawf] w;(t / ciihi(u;(s))ds + 1, i=1,2,...,m, (1.15)

was studied by Wang, Z. et al., 2011 [33] for a class of recurrent neural networks with
distributed delays satisfying Lebesgue—Stieljies measures on the basis of linear matrix in-
equality. Using Lyapunov stability theory and some technical analysis and inequalities,
global exponential synchronization for a class of switched neural network system with the

indicator function

w(t) = —Cux(t) + Af(x(t)) + Bf (x(t — (1))
+D/ (t—s)f(x(s))ds + I(t), for all ¢ >0, (1.16)

where C', A, B and D are matrices, and with time-varying delays and unbounded dis-
tributed delays via impulsive control method was obtained by Yang, X. et al., 2011 [34].
Based on a new Lyapunov—Krasovskii functional candidate, a new analysis technique and
using a class of simple discontinuous state feedback controller Yang, X., 2014 [35] estab-

lished the finite—time synchronization of the neural network system

m

wi(t) = —ciu(t)+ ) ag(wi(t)fi(2;(t) + sz’j(ffi(t))fj(%(t —7i5(t))))

Jj=

dij(xi(t / s)fi(u;(d))ds + J;(t), i =1,2,...,m. (1.17)

Under the framework of Filippov method, by designing simple controller, applying some
new analytical techniques, and constructing some new Lyapunov—Krasovskii functionals,

global existence of solutions to the neural network system

P(t) = —Cz(t)+ Af(z(t)) + Bf(z;(t — 7(1))) + D/ K(t—s)f(x(s))ds + J,
(1.18)

with discontinuous activation functions and mixed delays was proved by Yang, X. et al.,
2015 [36]. Song, Y. and Wen, S., 2015 [37] studied the synchronization control of stochas-

tic memristor—based neural network system

13



m

ri(t) = —dizi(t) + Zam () f(5(6) + Y by (i) [ (25t — 7 (1))

j=1
ZC’J x;(t /t » fi(x;(s))ds

+5¢ (t, xi(t), xi(t — 7(1))) dw;(t), i=1,2,...,m, (1.19)

with mixed delays based on the drive-response concept, the stochastic differential in-
clusions theory and Lyapunov functional method. Absolute stability of global pattern
formation and parallel memory for a class of n—dimensional storage competitive neural

network system

2 (t) = ai(z; (1)) | Bilas(t Z%]g Vi>0,i=1,2,....m, (1.20)

was studied by Cohen, M. A. and Grossberg, S., 1983 [38]. Based on sufficient synchro-
nization criteria, the eigenvalues of the weight matrix belonging to the neural network
system and an idea of structured inverse eigenvalue problem. Mahdavi, N. and Kurths,

J., 2014 [39] considered a delay system presented by

N

vi(t) = wazi(t — 1) + > wyay(t—7),  i=1,2,... N, 7>0. (1.21)

=

The authors developed this system by a new learning rule for the coupling weights tuning
of Hopfield like chaotic neural networks such a way that all neurons behave in a syn-
chronous manner, while the desirable structure of the network is preserved during the
learning process. This proposed learning rule is based on sufficient synchronization cri-
teria, on the eigenvalues of the weight matrix belonging to the neural network and the
idea of structured inverse eigenvalue problem. The developed learning rule not only syn-
chronizes all neurons outputs with each other in a desirable topology, but also enables
researchers to enhance the synchronizability of the network by choosing the appropriate
set of weight matrix eigenvalues. Specifically, this method is evaluated by performing
simulations on the scale-free topology. Kamel, M. S. and Xia, Y., 2009 [40] discussed the

optimization problem of cooperative recurrent neural network system

14



> Viilx), ifx¢s,
T'(t) = =} iep(z) (1.22)
Vf(z), if z €5,
where z € R", S = {z e R": f(2) <0} and p(z) = {1 <i<m: fi(z) > 0}. Existence
and global exponential stability of periodic solutions for impulsive Cohen—Grossberg neu-
ral network system (CGNNS)

A0 = —aal) [ Zcm )55t — (1))

4y / it = )gi(ay(o)ds| + 1 i=12m, (129

with mixed delays was obtained by Yang, X. et al., 2008 [41], using Leray—Schauder’s fixed
point theorem, differential inequality techniques, and Lyapunov functionals. Under two
new Lyapunov functions and the invariance principle of stochastic differential equations,

the problem of lag synchronization for a kind of chaotic neural network system

ri(t) = —cu(t) + Zamf] x;(t waf] zi(t—7))

+Zdij/tnfj(xj(5))d5+[ia i=1,2,...,m, (1.24)
=1 -

was studied by Yang, X. et al., 2011 [42] with discrete and distributed delays (see also

references therein).

Next, we mention some results on neural network systems in the form of propositions.

Proposition 1.4.1 (Zhang, G. et al., 2017 [121])
Consider the memristive Hopfield neural network system (MHNNS)

ri(t) = —biz(t) + ZC” zi(t)) fi(z;(2)) + Zd” zi () fi(z;(t) — 7(t)) + L,

forallt>0 and2—1,2,..., n, (1.25)
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where x;(t) are the state of the ith neuron, b; are positive constants, f;(.) denote the ac-
tivation functions of the ith neuron at time t and assumed to be Lipschitz, T(t) is the
delay that satisfies 0 < 7(t) < 7 and I; denote the external inputs on the ith neuron. Let
zi(s) = @(s),xi(s) = ¥(s), for =1 < s < 0, where ¢ and ¢ are bounded and continu-
ous functions, c;j(x;(t)) and d;j(x;(t)) are the feedback connection weights and the delay
feedback connection weight, respectively. Then, there exists a globally exponentially stable

solution of the system.

The technique used in the proof of Proposition 1.4.1 is based on the theory of differential

equations and Lyapunov method.

Proposition 1.4.2 (Nie, X. and Zheng, W. X., 2015 [72])
Consider the memristive Cohen-Grossberg neural network system (MCGNNS)

wl(t) = —a;(w;(t)) |biug(t th wi (1) f;(ui(t)) — I | (1.26)

where i = 1,2,...,n,u(t) = (ui(t),us(t),...,u,(t) € R"are the state vector, b; > 0,
a;(u;(t)) represent the amplification functions, I = (I1,I5,...,1,) is the input vector,
f;(.) are the activation functions and h;j(u;(t)) denote the connection weight functions of
the neural networks system assumed bounded. Assume that a;(r) are continuous functions
and there ezist positive constants a;; and a; such that 0 < ay < a;(r) < a;, for all
reRyi=1,2,...,n. Then, the (MCGNNS) (1.26) has 3" exponentially stable equilib-

rium points out of 5".

In the proof of Proposition 1.4.2, the technique used relies on fixed point theorems and
non—smooth analysis theory as well as the aid of set—valued maps theories and differential

inclusions.

Proposition 1.4.3 (Liang, J. and Cao, J., 2004 [73])

Consider the bidirectional associative memory neural network system (BAMNNS)
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Z; (t) = —szl +Zajl/ ]z f](y]( ))dS—F[l, 1= 1,2,...,’[1,,
/ ) —
y;(t) = —djy;(t —|—me/ v (t — s) fi(zi(s))ds + J;, 1=1,2,...,p,

where © = [T1, 29, ..., 2,7 € R"y = [y1,v2,...,4)" € RP, ¢; and d; are non-negative
constants, f;(.) are the activation functions assumed to be bounded and Lipschitz condi-
tion, I; and J; are the external inputs and the connection weight functions aj; and b;; are
real numbers and the kernel functions kj; and v;; for i =1,2,...,n and j = 1,2,...,p,

are real valued non-negative continuous functions defined on [0, 4+00) and satisfy

/ kji(s)ds =1 and / skji(s)ds < o0,
0 0

/ v;;(s)ds =1 and / sv;j(s)ds < oo.
0 0

Suppose there exist positive constants A\; > 0 and Ayj > 0 (for i = 1,2,...,n and
j=1,2,...,p) such that

p p
—7“)\1'(31' + (7“ — 1) Z )\Z|aﬂ] + Z )\nﬂ-uﬂszl < 0, 1= 1, 2, oo, n,
=1 =1

=T Angjdy + (r—1) ZAn+j|bij| + Z/\m;#ﬂajﬂ <0, J=L12....p

i=1 i=1

Then, the equilibrium is globally asymptotically stable.

Suitable Laypunov functionals are utilized in the proof of Proposition 1.4.3 and some
technical analysis and inequalities to obtain the globally asymptotic stability for (BAMNNS)
defined in (1.27).

1.5 Some Related Problems

In 2017, Chen, C. et al. [3] (see also [111] and [5]) considered a memristive Hopfield neural
networks system (MHNNS) with mixed delays of the form
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m

2i(t) = —diwi(t +Z% () F (s (8) + D big(w(0) £ (5 (t = 7))
m , =1 (1.28)
‘f’ZCU(I'Z(t)) /t © fj({L‘j(S))dS + IZ', Vi > 0, 1= 17 ey,

i=1

where for all 4,7 = 1,2,...,m, x;(t) represent for the voltage of the capacity C;, d; > 0
stand for neuron self-inhibitions, f;(.) denote the activation functions, 7 and p denote
discrete delay and distributed delay, respectively, such that 0 < 7(¢) < 71,0 < p(t) < 7
and 7(t) < o <1, I; represent the external inputs. The initial value corresponding to the
system (1.28) is ¢ = (1(5), ©a(s), ..., on(s))" € C([—7,0],R"), where 7 = max {7, 7}
and C ([—7,0],R"™) denotes the Banach space of all continuous functions that map [—, 0]
into R", the functions a;;(z;(t)), b;j(x;(t)) and ¢;;(z;(t)) are the memristive connection

weights assumed to be bounded by some positive constants.

In 2020, Tatar, N-E. [59] (see also Tatar, N-E. [60]-[68]) considered the following high—
order neural networks system (HONNS)

j=1 [l=1
+> > malt) / hiji(s)g;(x;(t — s))ds / Fiji(s)g; (i (t — 5))ds + I,
j=1 1=1 0 0
forall t>0,i=1,2,...,m,
zj(t) = o;(t),  t € (—00,0], (1.29)
where for all 7, 7,1 =1,2,...,m, xo;(t) are given continuous functions, the terms v;x}(t —

7;(t)) are the neutral delays, b;; are real constants, a;(t) are non-negative functions, ¢;(t)
are continuous functions, f;, g; and g; are the activation functions, [;(t) are the external
inputs and h;j; and k;;; are the kernel functions which are assumed to be continuous and
integrable. Problem (1.29) is more general than the simple problems without neutral

delays that presented in the system
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7j=1 Il=1
+chm(t>/ vwl(s)hj(xj(t—s))ds/ wig ()it — 8))ds + I,
j=1 I=1 0 0
Vt>0,i=1,2,...,m
kﬂlj(t) = .’on(t), t e (—O0,0]
(1.30)
By assuming that for all 7,j,0 = 1,2,...,m, the kernel functions v;; and w;j are non-
negative and continuous summable functions such that
/ viji(s)ds = v;; and / viji(s)x(s)ds < o0
0 0
and
/ w;;i(s)ds = w;; and / wii(s)x(s)ds < oo,
0 0
for some positive continuous function x(t) where ¢(t) = % is a decreasing function

for all ¢ > 0, and by utilizing suitable Lyapunov functionals in addition to some techni-
cal inequalities, the author proved some exponential stability and synchronization results
depending on the rate of the decay of the delay kernel functions for both bounded and

unbounded activation functions.

In 1983, Cohen and Grossberg [74] introduced the system of ordinary differential equa-
tions described by

U;(t) = _Oéi<ul( ) ﬁl ul Zﬁ)/z]f] 33] ) /L - 17 27 cees MM, (131)

where for all 4,7 = 1,2,...,m, m > 2 is the number of the neurons in the network, u;(t)
denotes the state variable of the ¢ th neuron at time ¢, f;(u;(¢)) denotes the activation
function of the j th neuron at time t ; the feedback matrix I' := (7;;)mxm indicates
the strength of the neuron interconnections within the network, o;(u;(t)) and S;(u;(t))
represent an amplification and an appropriately behaved function, respectively such that

the solutions of the model remain bounded to investigate the absolute stability of global
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pattern formation of such system.

In 2003, Hwang, C. et al. [75] generalized the previous Cohen—Grossberg neural net-
work by adding variable delays as the follows

u' = —ay(ui(t)) | Bi(uilt Z%J uij(t))g;(u;(t ZMU (uij(8)) g5 (u (t — 735(2))) |
(1.32)

where g;(u;(t)) describes the manner in which the neurons respond to each other. It is
assumed to be a sigmoid function, which indicates that the activation function is mono-
tone in nature and smooth. The authors established the exponential stability provided
that o;(u;(t)), where ¢ = 1,2,...,m, is bounded, positive, and locally Lipschitz contin-
uous function, such that 0 < n; < «a;(u;(t)) < N < oo, for all u; € R, for some positive
constants n; and Ny, B;(u;(t)) and B; ' (u;(t)), where i = 1,2,...,m, is locally Lipschitz
continuous function, such that gj(u;(t)) > a; > 0, for all u;(t) € R, for some positive
constant a, and the signal transmission function g; : R — R, where ¢ = 1,2,...,m, is

bounded and satisfies the Lipshitz condition with Lipschitz constant L; > 0, i.e.,

195 (u(t)) = g;(v(®))] < Lilu(t) —v(®)], ~ Vu,veR, (1.33)

In 2014, Yang, X. et al. [2] considered a memristive based Cohen—Grossberg neural
networks system (MCGNNS) with time varying discrete delays and unbounded distributed
delays of the form

x;<t>=—a1<mi<t>{w it Zwm OIS S )

+idij($i(t>)/o kg (t = s) f(5(s Il} Vt>0,i=1,...n

j=1 o0

(1.34)

where for all 4,5 = 1,2,...,n, z;(t) denote the state variable of the ith neuron at time
t, I; are the external input to th ith neuron, a;(z;(t)) and b;(z;(¢)) represent the ampli-
fication functions and appropriately behaved functions at time ¢, respectively, the time
varying delay 7, ;(t) correspond to the finite speed of signal transmission, k;;(t) are non-

negative bounded kernel functions defined on [0, 00), the functions w;;(z;(t)), ¢;;(z:(t))
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and d;;(z;(t)) are the memristive connection weights of the neural network which are as-

sumed to be bounded by some positive constants.
The following assumptions are made

(Ay) There exist constants 7; ; > 0 such that 0 < 7,;(¢) <7, 4,7=1,2,...,n, t € R.

(A3) The functions a;(x) are continuous and there exist positive constants a; and ay such
that 0 < a3 < a;(z) < ag, Vx €Ri=1,2,...,n.

(A3) There exist constants l; such that bi(x) > [;, where b}(z) denote the derivative of
bi(x), z € Rand b;(0) =0,i=1,2,...,n.

(A4) The activation functions are Lipschitz, i.e. 3 L; > 0 such that

(As) There exist constants M; such that |f;(z)] < M;, for bounded z, x € R, for all

i=1,2,....n.

(Ag) The kernel functions k; ; : [0, 00) — [0, 00) are real-valued non-negative continuous

functions and 3 ; ; such that

/ kij(s)ds < Bij, 1,5 =1,2,...,n.
0

The authors discussed the convergence rate and investigated the global exponential

stability and synchronization using a novel state feedback controller (see [44]-[45]).

Remark 1.5.1
Under the previous assumptions (A4) and (As) above, many authors in the literature in-

vestigated and examined the stability and finite time synchronization based on Filippov
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method [44], the theory of differential inclusion [45], set valued-maps [46] and different
finite time synchronization analysis techniques, utilizing feedback controllers and suitable

Lyapunov functionals.

In 2017, Yucel, E. [76], considered a memristive based Cohen—Grossberg neural net-
works system (MCGNNS) with time varying discrete delays and unbounded distributed
delays of the form

ri(t) = —aiw(t) + Z w;ig;(y;(t)) + Z wrgi(y;(t — 750)) + L

h : (1.35)
Y1) = =bii(t) + > vigi(ys(t) + Y v5g(wilt — 7)) + J;,
i=1 i=1
foralli,j =1,2,...,m. The given (BAM) neural network model consists of two layers, n

denotes number of the neurons in the first layer and m denotes the number of neurons in
the second layer. x;(t) is the state of the i*" neuron in the first layer and y;(¢) is the state

of the j™ neuron in the second layer. a; and b; denote the neuron charging time con-

stants and passive decay rates, respectively; wj;, wj;, vi; and vj; are synaptic connection
strengths; ¢g; and g, represent the activation functions of the neurons and the propaga-
tional signal functions, respectively; and I; and J; are the exogenous inputs. Several new
sufficient conditions that imply the existence, uniqueness and global robust stability of
the equilibrium point for the class of BAM neural networks are obtained by the use of

proper Lyapunov functionals and assuming

U — V1 Uy — VU2
and
gi(u)| < Li, |g;(v)| < Ly, (1.37)

for all u,v, u1,ug,v1,v2 € R, for some positive constants ¢;, k;, L; and Lj;.

In 2008, Wang, B. et al. [77], discussed a more general Cohen—Grossberg type BAM
neural network model with time—varying delays and continuously distributed delays de-

scribed by the following equations
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m;<t>:ai<wi<t>>{ +Zcm ot +Zczﬂ )55t — (1))
+Zwﬂ/ (Nt — ))ds+]i(t)] i=1,2,...,m,

y;(t) = Bi(y;(t)) { —b;(y;(1)) + Z dyij(t)gi(wi(t)) + Z dij(t)gi(xi(t — 0ij(t)))

+ZUZ']'/O Lij(s)gi(hixi(t—s))ds+Jj(t)] ] = 1,2,...,72,
i=1

(1.38)
provided that m > 2 and n > 2.
Under the following conditions
e The functions «;(z;(t)) and f;(x;(t)) are bounded, positive and satisfy
0 < ay; < ai(ri(t)) < agi <00, 0< By < Biwi(t)) < Pai < 0. (1.39)

e The functions a;(z;(t)) and b;(y;(t)) are bounded and continuous; furthermore these

functions are reversible and satisfy
a;(xi(t)) = G >0, b;(y;(t)) = n; >0, (1.40)

for some positive constants ¢; and 7;.

e The activation functions f; and g; are bounded or globally Lipschitz continuous i.e.,

there exist Lipschitz constants m; and n; such that

[fi(w) = f3(0)] <njlu—ol, |gi(u) = gi(0)] <mifu—vl,  Vu,veR. (1.41)

e The time-varying delays 7;,(¢) and o;;(t) are continuous, bounded and differentiable

functions.

e K and L;; are continuous kernel functions and satisfy

/ Kji(S)dS = kji > 07 / Lij(S)dS = Ez’j > 0. (142)
0 0
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Furthermore, ¢1;;(t), c2;i(t), diij(t), doij(t), dw;;(t), vi;(t), I;(t) and J;(t) are as-
sumed to be continuous functions on R. Based on Lyapunov stability theory, the
authors investigated the global exponential stability of the equilibrium point for the
above Cohen—Grossberg type BAM neural networks with time—varying delays and

continuously distributed delays.

1.6 Main Contribution

In this work, we establish some stability and synchronization results for some history
dependent systems of memristors in neural network theory. The few works on the sta-
bility and synchronization of solutions, we are aware of, impose severe conditions on the
involved kernel functions and memristive connection weight functions. For instance, it is
assumed that kernels are bounded or subexponential functions to guarantee the stability
and synchronization results. Moreover, the memristive connection weight functions are
assumed to be bounded. Our objective in this dissertation is to relax such conditions and

obtain general decay rates covering exponential as well as polynomial decay rates.

Our results could be used to analyze the stability and synchronization of solutions for
memristor based integro—differential systems in neural network theory. More precisely,

we shall consider

e Memristive Hopfield neural network system modeled by

( m

() = —agwi(t) + Y bij(wi(t)) g (a;(t +Zcm z:(t)g;(x;(t — 7))

=1

+Zd,~j(xi(t))/0 ki (8)gs(2,(t — $))ds + I, Vt>0,i=1,....m,

J=1
xi(s) = wi(s), —00<s<0,i=1,...,m,

\

(1.43)

where for all ¢t > 0 and 4,5 = 1,2,...,m, z;(t) denotes the solution (state) of the
problem (Py), a; is a non-negative neuron self-inhibition, b;;, ¢;; and d;; are the
memristive connection weights functions, g; indicates the activation function (sig-

nal transmission functions), I; represents the external input, 7 indicates the discrete
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delay, k;; is the distributed delay kernel function and ¢; is a real-valued bounded

continuous function. The following assumptions will be made:

1. The functions g;,j = 1,2,...,m, are Lipschitz continuous functions on R with

Lipschitz constants G i.e.

2. The kernel functions k;; : [0,00) — R*,4,j = 1,2,...,m, for all ¢t > 0, are

continuous and integrable functions such that
/ ]{Iij<8)d8 = fﬁj € (O, 1),
0
and

/OOO kij(s)€(s)ds < oo,

for some positive and continuous function £ such that ¢(t) := % is a decreas-

ing function.

3. Forallt >0andi,j=1,2,...,m, the memristive connection weight functions
bij, c;j and d;; are bounded by B;;, C;; and D;j, respectively and satisfy the

Lipschitz condition.

Relying on the energy estimation method such as the Lyapunov method, the the-
ory of differential equations and some technical analysis and inequalities such as
Young inequality, Cauchy—Schwarz inequality, Holder inequality, ... etc., stability
and synchronization results of this system will be established. This work extends
some existing results in the literature, for instance Wu, A. et al., 2012 [120], Zhang,
G. et al., 2013 [121], Wang, H. et al., 2016 [122], Wen, S. et al., 2012 [123] and Li,
Y. et al., 2019 [124] (see also references therein).

Memristive high—order Cohen—Grossberg bidirectional associative memory neural

network system described by
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(

(0) = el |~ Aalalt) + 3 asalast) it — ) lan(t — 0)

7,l=1

+ Z by (i (t /OO kji(s)g;(y;(t — s))ds /OOO hja(s)gi(ui(t — s))ds + ]i]7

7,l=1

0 = ) [ = A 05(0) + 3 () it = 7)ot = 7)

i,r=1

+ Z biji (y;(t / Kijr(5)gs (i (t — s))ds /OOO hie ()0 (0 (t — 5))ds + Jj]’

i,r=1

\forall 1=1,2,...,nand j=1,2,....m

Y

(1.44)
equipped with the following initial data (initial history)
ZT; t) = i t s tS O,
(1) = 6.0 i
yi(t) = ¢;(t), t <0,

where n and m are the number of the neurons of the first and the second layer,
respectively. For all t > 0, ¢ = 1,2,...,n and j = 1,2,...,m, z; and y; are the
state (solutions) functions of the i"* neuron from the neural layer L, and the ;%
neuron from the neural layer L, at time ¢, respectively, p; and g; are the amplifica-
tion functions of the system, A; and A; are some appropriate non—negative neuron
self-inhibition functions, f;, g;, f; and g; indicate to the activation functions (signal
transmission functions), /; and J; represent the external inputs, 7 and 6 refer to the
discrete delays, kjis, hjie, l;:ijr and ﬁij,. are the distributed delay kernel functions, ¢;
and 1; are real-valued bounded continuous functions and the memristive connec-
tion weights functions aj, b;jr, @jie and BW are continuous functions and assumed

to satisfy the following conditions

aja, |xi(t)] > T,
aji(2i(t)) = (1.46)
aja, |xi(t)| <1,

bya(aa(t) = 3 ~ (1.47)
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Qijry

Gy (1) = {
Qijr,
and
- Zijra
bijr (y;(t)) = ;

JT

y; ()] > T, s
(0] < T, |
y; ()] > T, )
ly; ()| < T3,

for some positive switching jumps constants 7; and Tj and a;i;,@ji, bjir, bjir, Qijr,

A

c‘LijT, bijr and l:)ijr are real numbers. It is further assumed that

1. The amplification functions p; and ¢; are positive and continuous functions

such that

0<p <pix)<p,, VzeR (1.50)

—1

and

7

V& eR. (1.51)

for some positive constants P, Dis g and @;.

2. The appropriate behaved (self-inhibition) or (self-signal) functions A; and A;

are monotone increasing functions such that

Ai(r) — Ai(y)
r—=y

> vy,

and

Aj(u) = Aj(v)

u—v

>V

for some positive constants v; and v;.
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Va,ye Rz #vy, (1.52)

Ve,ye Rix#vy (1.53)



3. The activation (signal transmission) functions f;, gj, f; and g; are uniformly

bounded, i.e.,

fi(x)| < F,  VzeR, (1.54)

gi(2)] <G, VxR, (1.55)

[fi(x)| < F,  VzeR, (1.56)
and

Gi(x)| <G, VreR, (1.57)

for some positive constants F, G, F, and G.

4. The signal propagation functions f;, g;, fi and g; are Lipschitz continuous with

LlpSChlptZ constants L1j7 ng, Mlz', Mgi, i.e.,

|fi(x) — fi(y)] < Lyjlz —yl, Vz,y € R, (1.58)

95(x) — g9;(y)| < Lojlz —y|,  Va,y €R, (1.59)

fi(z) = fi(y)| < Mylz —y|,  Vaz,yeR (1.60)
and

19i(%) — gi(y)| < Myglz —y|,  Va,y € R, (1.61)
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5. The kernel (relaxation) functions kjil,hjil,/%ijr,}_zijr 0 [0,00) — RYi,5 =

1,2,...,m, for all £ > 0, are continuous and integrable functions such that

/ kjil(s)ds = /Afjil, (162)

0

/ hjil(S)dS = isz‘la (163)
0

/ l;?ijr(S)dS = ]?:ijm (164)
0

and

I
=

/ Bijr(S)dS igr- (165)
0

6. The initial conditions (initial data) ¢;(t) and 1;(¢) for all ¢ < 0 are continuous

and assumed to be in L*(—o00,0).

7. Let nzjie, Mejie, &cjie and &5 be non—negative and continuous functions such

that, for e = 1,2

fim 7e(t) = lim - min - {neee(t)} =1c, (1.66)
1<5,0<m

fim &(1) = lim - min {&u(t)} = &, (1.67)
1<5,0<m

Jim 7(t) = lim min {7ei;r(8)} = 7, (1.68)
1<i,r<n

and

tlirgy 58(75) = tlilgo lgljlgnm {S&‘ZJT(t)} = 557 (169)

1<i,r<n
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such that

775ji€<t>/ keijie(o — s)do < kejie(t — s), 0<s<H,
0

Cnlt) / horsalo — $)do < hou(t —s),  0<s<t,
0

ﬁaijr(t)/ keijr(0 — s)do < E?em‘jr(t —5), 0<s<H,
0
and

f_sijr(t)/ Bsz’jr<g —s)do < Bsijr(t —5), 0<s<t.
0

(1.73)

. Assume that the amplification functions p; and ¢; are Lipschitz continuous

functions, i.e.,

Ipi(u) — pi(v)] < pilu — |, Yu,v € R
and

|qj(w) — q;(v)| < pjlu—vl,  Vu,v€ER,
for some positive constants p; and p;.

. Assume there exit positive constants (; and éj, such that

Cii < pl(u)Az(uZ : 5i(U)Ai(U), Yu,v € Rju # v,

and

G < ' 4 ' 4 , Yu,v € R,u # v.

(1.74)

(1.75)

(1.76)

(1.77)



With the help of the Filippov method, the theory of differential inclusion, the theory
of differential equations and utilizing with some technical analysis and inequalities,
we will investigate global stability, uniform energy estimation, local stability and
adaptive synchronization of the system. Moreover, numerical examples will be pro-
vided at the end. This work is an extension of existing results such as Abdurahman,
A. et al., 2015 [109], Zhou, Y. et al., 2018 [110], Chen, C. et al., 2017 [111], Zhang,
Z. et al., 2012 [112], Bai, C., 2008 [113], He, Q. et al., 2014 [114], Benbourenane, J.
et al., 2014 [115], Cai, S. and Zhang, Q., 2016 [116], Chinnathambi, R. et al., 2018
[117], Subramanian, K. and Muthukumar, P., 2018 [118] and Wang, J. et al., 2018

[119] (see also references therein).

Such problems of memoristors arise in many areas and several applications in real—
life scenarios. For instance, they appear in electrical circuits, optimal control, dynami-
cal systems, communications, robotics, fluid mechanics, viscoelasticity, material science,
quantum mechanics, bioengineering, biological models, medicine, cardiac tissues, finance,
facial recognition, social media, aerospace, defence, healthcare, signature verification and

handwriting analysis, I'T companies,...etc.

Remark 1.6.1

It is clear that from the memristive high—order Cohen—Grossberg bidirectional associa-
tive memory neural network system (1.44), the memristive connection weight functions
ai(i(t)), bja(zi(t)), @i (y;(t)) and bij.(y;(t)) have discontinuities at some points. Then,
the classical definition of the solution for differential equations can not apply here. To
handle this problem, Filippov, A. F., 1960 [44] and Filippov, A. F., 2013 [45] developed a
solution concept for the differential equation with a discontinuous right—hand side. Based
on this definition, a differential equation with a discontinuous right—hand side has the
same solution set as a certain differential inclusion (see also Clarke, F. H. et al., 1998
[83] and references therein).
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Chapter 2

PRELIMINARIES

In this chapter, we introduce some definitions, lemmas and some terminologies that are

used in this dissertation.

2.1 Definitions

In this subsection, we present some definitions adopted throughout this document.

Definition 2.1.1 (Othmani, S. and Tatar, NE., 2021 [81])

A memristive high—order Cohen—Grossberg bidirectional associative memory neural net-
work system (MHOCGBAMNNS) that introduced in (P) below is said to be arbitrarily
(generally) stable, if there exits a non—negative decreasing continuous functions 0(t), such
that tlggo 6(t) =0 and

[ult, @) = u*[| + vt ¥) =¥ <0@1),  Vi=0. (2.1)

Definition 2.1.2 (Cai, Z. and Huang, L., 2014 [79])

Suppose that for every point x of a set X C R, there corresponds a non—empty set
G(z) C R™, then x — G(x) is called a set-valued map from X — R™. G is said to
have a fized point, if there is x € X such that x € G(x).

Definition 2.1.3 (Cai, Z. and Huang, L., 2014 [79])

Assume that the set of values of G is nonempty and to any set L enclosing G(xo), there
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corresponds a neighborhood N of xq, such that G(N) C L. Then, G is said to be upper
semi—continuous at xg € X C R™. The image of G(z) is closed (convex, compact) in case

for any x € X, G(x) is closed (convex, compact).

We consider the differential equation

W) = ftult)), u€eR, (2.2)

where f(t,u(t)) is assumed to be discontinuous with respect to the second argument.

Definition 2.1.4 (Cai, Z. and Huang, L., 2014 [79])
Let F : R x R* — 28" be a set-—valued map defined by

= ﬂ colf(t,B(u,e))\ L], (2.3)

€>0‘u,

where co|.] denotes the closure of the conver hull, B(z, ) is a ball of center u and radius
e and p(L) is the Lebesque measure of the set L. An absolutely continuous vector-valued
function u(t) defined on [0,T) that satisfies u(0) = ug and the following differential equa-

tion

W(t) € F(tult)), Vtelo,T), (2.4)

is called a solution of (2.2) with the initial data u(0) = ug.

Remark 2.1.1

e In mathematics, a differential equation with discontinuous multi—valued right-hand
side is called a differential inclusion, written as ©'(t) € F(t,x(t)), where x(t) is the
absolutely continuous state. So, a differential inclusion is defined as a generalization
of the concept of ordinary differential equation, where F(t,z(t)) is a set—valued map

rather than a single point in R™.

e The convex hull of a set of points S in n dimension is the intersection of all convex

sets containing S (the smallest convex set containing S ).
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Definition 2.1.5

Consider the memristive Hopfield neural network system (IMHNNS) described in (P;).
A function u(-) defined on I := (0,00) is said to be a solution of (Py) with the initial
conditions ¢; € R, if u(-) € CY(I) and the MHNNS is fulfilled together with the given

mitial conditions.

Definition 2.1.6
A function f : X — R is called upper semiconscious at a point xo € X if for every
real y > f(xo), there exists a neighborhood U of x¢ such that f(z) < y, for all z € U.

Equivalently, f is upper semiconscious at xq if and only if

lim sup f(z) < (o), (2.5)

where lim sup is the limit superior of the function f at the point xg.

2.2 Lemmas

Here, in this subsection, we mention some useful lemmas.

Lemma 2.2.1 (Brauer, F. and Nohel, J. A., 1989 [213])
Consider the Cauchy problem

y'(t) = f(t,y(t), Vt>0, , with y(s)=yo, Vs<O0. (2.6)

Assume that f and Of are continuous on the “box” Q = {(t,y) : [t — to| < a, |y — yo| < b}.
Then, there exists at most one solution on the interval |t — to| < a, where a := {a, %
and M s the bound of f.

Lemma 2.2.2 (Monti, R., 2010 [214])
Let I := (a,b), with —o0 < a < b < 00, Q = I x R*. Consider (2.6) such that
f € C(Q;R™) and satisfying the local Lipschitiz continuous property. Suppose that for

any compact set K € I, there exists a positive constant C' such that

[f(Ey@) <CA+ly@)),  Vie K, yeR" (2.7)
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Then, the Cauchy problem introduced in (2.6), for all to € K and yo € R™, has a unique
global solution defined on I.

Lemma 2.2.3 (Monti, R., 2010 [214])
Assume that f € C*(Q;R"), for k > 0, then any solution of the differential equation
presented in (2.6) is of class C*1,

Lemma 2.2.4 (Continuation Solution) (Monti, R., 2010 [214])

Let I = (a,b) C R be an open interval with —oo < a < b < 0o, :=IxR and f € C(Q;R)
be a function satisfying the local Lipschitz condition in y. If y € C'((ag,by); R™) is the
mazximal solution to the Cauchy problem (2.6), for some interval (ag, bo) C (a,b), then we

have either

e by=0>bor

e lim |y(t)] = o0

x—>b0

Remark 2.2.1
The function y defined in (2.6) is called maximal solution to the Cauchy problem.

Lemma 2.2.5 (Gronwall’s inequality) ([214])
Let I C R be an interval, ty € I and xi € C(I) be a non negative & > 0 continuous
function. If there exist a, f € R, a,, 8 > 0, such that

t
f)<a+p [ s VieLtzn, (2.8)
to
then
) <aefl=W) Yielt>t,. (2.9)
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Lemma 2.2.6 (Pata, V., 2000 [80])
Let u, a, B be non—negative summable functions which satisfy the following differential

inequality:

[W2()] + eu?(t) < at) + Bu(t),  Vte[r,o0), (2.10)

for some positive constant €. Furthermore, assume that

o+1
7 = sup B(s)ds < oo. (2.11)
o>T1T Jo
Then
t 65’)/2
u2(t) < 2u2<7_>ef€(t—f) _|_2/ €7€(t78)()é(5)d8+ —5)2’ (2.12)
T l—e2

for any t € [1,00).

Lemma 2.2.7 (Hoang, N. S. and Ramm, A. G., 2009 [1])

Let u be a non-negative C*([0,00)) function satisfying the inequality

u'(t) < —p(t)u(t) + q(t)u?(t) +r(t), Vit >0, (2.13)

where p(t), q(t) and r(t) are non-negative continuous functions. Assume that there exists

u(t) € C10,00)), u(t) >0 and tlim u(t) = oo such that
—00

WO 0 wO] o L[]
a(t) < [p@) u(t)]’ )< 3 [p(t) u(t)] dp(0)u(0) < 1. (2.14)
Then,
1

Notation 2.2.1

Let R™, (n > 1) be an n—dimensional real Euclidean space with inner product (-,-) and
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induced norm || - ||. Suppose that Q C R™, let us denote by

P(Q) =4S C Q: (convex) non-empty and compact} . (2.16)

The Kakutanni—fixed point theorem was the first fixed point result about set—valued
mappings. It is a generalization of the fixed point theorem by Brouwer. The statement

is as the following versions:

Lemma 2.2.8 (Kakutanni Fized Point Theorem (Zhang, L. L. et al., 2016 [220]))

Let Q be a compact convexr subset of a Banach space X, if the set—valued map defined as
v Q — P(Q) is an upper semi—continuous (USC) convexr compact map, then ¢ has a
fizxed point in ), i.e., there exists x € €, such that x € .

Lemma 2.2.9 (Kakutanni Fixed Point Theorem (Widder, A., 2009 [217]))
Let K be a nonempty compact convex subset of R™. Let T : K — R such that

e For each v € K, T(x) is nonempty closed and conver.

o T is upper semi—continuous.

Then, T has a fized point.

Lemma 2.2.10 (Kakutanni Fized Point Theorem (Saveliev, P., 2000 [218]))
Let X be a nonempty convex compact subset of a Hausdorff topological vector space and let
G : X — X be a multifunction with nonempty convex images and preimages relatively

open in X. Then G has a fized point.

For more details, you may refer to Okon, T., 2002 [215], Hannah Keese, 2014 [216], ORe-
gan, D., and Precup, R., 2000 [219] and references therein.
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Chapter 3

MEMRISTIVE HOPFIELD
NEURAL NETWORK SYSTEM
(MHNNS)

In this chapter, we establish the stability and the synchronization of memristive Hopfield

neural network system.

3.1 Model Description

We consider, in this section, a memristive Hopfield neural network (MHNN) described by
the following system

m

zi(t) = —a;x;(t) + Z bij(xi(t))g;(z;(t ch] z;(t))gj(x;(t — 7))

j=1

+§:d 1t/ooff()gj(ﬂﬁg( sNds+ I, Vit>0,i=1,...,m, (1)

7j=1
(zi(s) = wils),  —o0<s<0,i=1,...,m,

where for all t > 0 and 4,5 = 1,2,...,m, z;(t) denotes the solution (state) of the prob-
lem (P;), a; is a non-negative neuron self-inhibition, b;;, ¢;; and d;; are the memristive
connection weights functions, g¢; indicates the activation function (signal transmission
functions), I; represents the external input, 7 indicates the discrete delay, k;; is the dis-

tributed delay kernel function and ¢; is a real-valued bounded continuous function.
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3.1.1 Assumptions

(A1)

3.2

Assume that the activation functions (signal transmission functions) g; : R — R,
1 = 1,2,...,m, are continuously differentiable functions on R. Assume, further,
their first derivatives are bounded, i.e. they satisfy Lipschitz conditions on R with

Lipschitz constants G, i.e. for all z,y € R and j =1,2,...,m, we obtain

19i(x) — g;(y)| < Gjlz -yl

The kernel functions k;; : [0,00) — R* 7,5 =1,2,...,m, for all £ > 0, are contin-

uous and integrable functions such that
/OOO kij(s)ds = k;; € (0,1),
and
/000 kij(s)€(s)ds < oo,

£@)
£(t)

for some positive and continuous function £ such that ¢(t) := is a decreasing

function.

Assume that for all t > 0 and ¢,7 = 1,2,...,m, the memristive connection weight
functions b;;, ¢;; and d;; are continuously differentiable functions on R and bounded
by B;j, C;; and D;j;, respectively. Assume, further, their first derivatives are also
bounded.

Well-Posedness

We prove, in this section, the existence, uniqueness and the continuity of such solutions

of the memristive Hopfield neural network system (MHNNS) using the theory of ordinary

differential equations.
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Assume that, for allt > 0,7=1,2,... m,

yi(t) = filwi(t)),
vi(to) = wi(?)

(3.1)

Define the rectangular region B, . by:

B, :={(t,y):0<t<p, ly—wol <e},

where t is the time, y(t) = (y1(t), y2(t), ..., ym(t)) is the solution (state) of (3.1) below,
yo(s) = (¢1(8),¢2(8),...,@m(s)) is the initial data, p,e are positive constants. By the

norm ||.||, we mean for all u € C*(R,;R™)
lyllo = sup {ly:(0)[} - (3.2)
1<i<m
0<t<p

Theorem 3.2.1
Let the assumptions (Ay)—(As) be hold. For any initial condition p;, then there ezists a
unique function y € C*(R;R™) solution to the initial value problem (3.1) (to the mem-

ristive Hopfield neural network system described in (P;) in the space).

Proof

It is obvious that the previous system in (P;) can be recast, for all £ > 0 in the form

W'(t) = F(W), (3.3)

with

W(s) = Wy(s), —00 < <0, (3.4)

where
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W(t) = (21(t), 22(t), - .., 2m(t)), Wo(t) = (@1(E), 02(2), - ., om(t)) and F = (Fy, Fy..., Fyy).

Clearly, from the system (Py), we have for alli =1,2,...,m

Fy = —ax(t) + Z bij(wi(t))g;(z;(t)) + Z cij(i(t))g;(x;(t — 7))
+ Z dij(zi(t)) /000 kij(s)g;(z;(t — s))ds + 1. (3.5)

It is obvious that under the assumptions (A;)—(As), we obtain that the non-linear
term F, in the right-hand side of (3.3), and df are continuous on the closed and bounded

rectangular region “box” B, ..

It turns out that, in view of Lemma 2.2.1, the existence and uniqueness of a local
€
solution W (t) € B, ., for all t € I := [0, w|, where w := min {p, M}
Now, to pass from a local solution to a global one, it suffices to show that the local
solution W is time independent i.e. bounded by some positive constant, so that the time

can be extended from the interval I to the interval [0, 77, for any arbitrary time 7" > 0.

First, assume that I = R and K := [0, p| is a compact subset of I. It is clear that
F e C(R™). For all t € K and W € R™ and we have
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IFI= sop (5D < sw {1 a0+ 3 byl (0)ao)
og@g? o*<§‘<7,? J=1

m

+ch (1)) g (25 (t — ))—i—Zdl-j(xi(t))/ooo kij (s)g;(x;(t — s))ds

j=1
w}

gﬂg&m|+zm )llgs (1)
0_<zt_<7,);1
+Zm% )lgs IHZ%% /k<mw<>m|
+|]i|}
< sup {ailxi(t)l + Y G; [Bij + Cij + Dijkyj) + |fi|}
vzigp =
< sup {ai|@i(6)]} + My
1<i<m
0<t<p
— W+ My < MO+ W) (3.6)

1<i<m 1<i<m

where a := max {a;}, M; := max {Z G, |:B7jj + Oy + Dijl%z‘j} + |L]} and M := max {a, M }.

J=1

Now, we need to show that the solution is independent on time. The proof is by a

contradiction.

Let W € C'(J;R™) be the maximal solution to the Cauchy problem (2.6), with
J = (ap,by) C I. Assume by contraction that by < b. By Lemma (2.2.4), we have:

lim |W (¢)| = . (3.7)

t—bo

Now, let K := [to, bp] and M > 0 such that the inequality in (3.6) holds. From

W(t) = Wy + / tF(s, W(s))ds, teJ, (3.8)

to
we get for all tooJ with t > ¢

42



W) < Wl + / F(s, W(s))|ds
< |Wol+ M(by — to) + M/t |W (s)|ds

< |W0|+/t |F(s,W(s))l|ds. (3.9)

By the Gronwall Lemma (2.2.5), it follows that

W ()| < [[Wol + M(by — to)] M0 Yt € (tg, o). (3.10)
Hence,
. . o M(t—to)
lim [W(#)] < lim [[|Wo] + M (bo — to)] e ] <o (3.11)

which is a contradiction.

Therefore, in view of Lemma 2.2.2; the property of the non-linear term F' gives that
the existence and uniqueness of such solution W is global, that is the time can be ex-

tended to the interval [0, 7], for any 7' > 0. Hence, W € C*(R,;R™). Therefore, our

assumption implies that the existence and uniqueness of z; € C*(R;R™), i =1,2,...,m.

3.3 Stability Result

In this section, we establish some sufficient conditions that ensure the stability of the mem-

ristive Hopfield neural network system (MHNNS) together with the initial data given in
(£1)-

Definition 3.3.1 (Chen, C. et al., 2017 [3])
A corresponding slave (response) system to the given master (drive) memristive Hopfield

neural network system in (Py) is said to be synchronized with the MHNNS in finite time,
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if there exists a constant t* > 0 such that

lim e;(t) =0 and e;(t) =0, Vi>ti=1,2,...,m, (3.12)

t—t*

where e;(.) is the synchronization error that will be explained in Section 3.4 below, and t*

15 called the settling time.

Remark 3.3.1
System (Py) and system (3.66) (in Section 3.4 below) are called master (drive) system

and slave (response) system, respectively.

Definition 3.3.2 (Wan, L. and Zhou, Q., 2010 [107])

We denote an equilibrium solution (state) of the memristive Hopfield network network

system (MHNNS) given in (P;) by the constant vector x* = (x3,25,...,2) € R™ i =
1,2,...,m, where the components x} are governed by the algebraic system
0 = —ax]+ > by(a))gi(@)) + > cyla))gi(x}) + Y dij(a) /O kij(s)gj(x;)ds + I
j=1 j=1 j=1
= —ax; + Z i (@F) + cij(x)) + kijdij ()] g;(x}) + 1, (3.13)

foralli=1,2,...,m

Define the Lyapanouv functional E(t) by
E(t):=Y E(t) Vt>0, (3.14)

where Ei(t), Ex(t), Es(t), E4(t) and E5(t) are defined in (3.33), (3.45), (3.47), (3.49) and
(3.50) below, respectively.

Theorem 3.3.1
Consider the memristive Hopfield neural network system together with the initial data de-

scribed in (Py). Let A1-As be satisfied. If for alli=1,2,...,m,
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e“T Ay + Z [A%ivjz‘(o) + T (L%ji + ngi + ?]ngi> gzz(xz)
j=1
+G§bfj(x;f)} < a; — b, (3.15)
for some positive constant by and a = minj<;<,, {a;}. Then, the Lyapunov functional

E(t) defined above in (3.14) satisfies

E(t) < %t)’ t>t">0, (3.16)

provided that

a'(t)

o(t)

a(t) < ? <B(t) - > and B(0)o(0) < 1, (3.17)

for some positive continuous function o and non—negative continuous functions o and (3.

Proof
Let us denote by

yi(t) = x;(t) — z. (3.18)
forallt >0andi=1,2,...,m.

From the systems defined in (P;) and (3.13), we obtain

yi(t) = —agi(t) + D bis(wit))g;(x;(1) = D bis(a})g(7)

m m
J=1 Jj=1

m m

- Z cij(@i(t))g;(z;(t — 7)) = Y eija)g; (=)

J=1

+ > dij(wi(h)) /OOO kij(s)g;(x;(t — s))ds — Z kijdij(x7)g;(x)ds. (3.19)

j=1

Now, let us write the terms in the right hand side of (3.19) as follows:
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bij(w;(t))g;(x;(t)) — by (x5)g;(x7)
= [gi(a;(t) — g;(x})] bij(;(t)) + g5(5) [bij(; () — bij ()]
= [ga(xy (t)) — g](:v ] [ ij (w5 (t)) — bij(x ]):| +bij(x;) [gj(zj(t)) -
+g] Z; ) [bw x](t ( J>] :
Since the activation functions are Lipschitz continuous, we get:
bij(w;(t))g;(x;(t)) — by (x5)g;(27)
= Gy (8)bi (y; (1)) + big ()3 (5 (1)) + 95(5)bij (3 (8))
< ’bw(yj( ))|G ]y](t)| + |sz( ])|G]’y]( )|+ |9]( )HB (v ( ))I-
So,
2]yi (£)1 1B (43 (4)) |G y; (1)
< L) (G2 (0 + B (s (1))
= [y G3ly; (O + 1y (0)) 10 (95 (1))
< 51|yz-(t))|2+%ij(t)|4+51|yi(t))|2 1, by (1)
< WO + O + 5B 0 (0),
and
LCONEOCTOIERTCDY (Giryj<t>|2+6§j<yj<t>>)
< 26mly(t)) [ +Z |yg !4+Z45
Similarly,

21y ()lbs (@) Gsly; (1) < Galya())]* +

46
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02

ly; (D),

(3.21)

(3.22)

(3.23)

(3.24)



and likewise

Also,

As the

IN

g3 (%)

20ys ()19 (2703 (s (0) - < Galua(®))* + 5 3 (y; (t)- (3.25)

cij(;(1))g(x;(t — 7)) — ci(x])g;(])

g5(a;(t = 7)) — g5(2})] cij (25 (2)) + g5(2) [ei5(;(1)) — ()]
[g5(z;(t = 7)) = g5(x})] [es (1) = cij(2})] + ei(@]) [g5(x(t = 7)) — g5 ()]
+95(25) [eij (1) — ci(x5)] - (3.26)

activation functions are Lipschitz continuous,

cij(@;(1)gj(x;(t — 7)) — ci5(2]) g;(27)

[95((t = 7)) = g;(})] [eij (a5 (1)) — eij(@})] + ey (@) [g;(a;(t — 7)) — g;(})]
+g5(x7) [eij(2;(t) — cij(x})]

9y (t = 7)€ (y; (1)) + i (25)75(y; (E — 7)) + g;(25)E35(y; (1))

18y )G ly; (t — )] + e ()]G ly; (8 — 7)| + (g5 (271665 (y;(2))]- (3.27)

The terms in the previous inequality (3.27) can be estimated as the following expressions:

thus,

2|yz(t)||ézj(yj(t>)|Gj|yj(t —7)|
i ()] (&5(y; (1)) + GFly; (t — 7))
= |ya()|e(y; (1) + lya(0)|GEly; (¢t — 1)

IA

4

G

< bsly(t)f + —Ic”(y]( ) + 03]y (t)° + 4—(§|yj(t —7)*

< 2 \y-(lf)|2+G—?|y~(t—7)l4+i5‘L (y;(t)), (3.28)
= 2l 46577 46 N '
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20yt !Z\Cu Y (0)|G3ly; (L = 7))

[y

'M%

< 0] 30 (00 + e~ )
< 25mlyi(t |+Z |yjt—7'|4+z & (y;(t (3.29)
Similarly,
Ol m)Golt — 7 < o0 + DGy E, @a0)
and likewise
Ol IE) < auOF + DD m). @

= Z { /OOO k?z]( ) [g](x](t )) - g]( )] ds [d”(x](t)) _ dz](xj)}

or

> [dij (z;(1)) /DOO kij()g;(;(t — 8))ds — kijdij(25) g (x;)]
=S {dij ) [ k)t = s))ds
+dij(}) /Ooo kij(5)g;(y;(t — s))ds + 76@%(@)6@;‘(%(0)} (3.32)
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We define the energy functional E(t) by:
=> ), vt=o. (3.33)

Hence, along solutions of the system, we entail:

Ei(t) = 2 Zyi(t){ — aiyi(t) + Y [bij(w; (1)) g; (1) — b () g;(x7)]

37 el 7)) — e,
3 s 0) [ hstedateto = s — Ry o 330

or

Eit) < —22%%2@) + ZZ2|% ) b (5 (£)) g5 (0 (1)) — bij(27)g; ()

+ZZ2|% ey () gyt — 7)) — eiy(a)gs (@)
+ZZ2|% dylas) [ blodastat = 9)ds = By )y (a7).

(3.35)

By substituting the all previous estimations in the inequality (3.35), we obtain:
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m

< —22%% +Z251m|yz |+Z 45J|yj |4+Z45

m GQ b2

+Zf52m|yz NI+ Z |yj ()] + Zézmlyz t)))”

. 2,7=1 =1

g] 2 = MG 4

+Z j(t))+2253m|yi(f)! +Z 13, ly;(t — )|

4,7=1 ] j

m G2 2 )

+ Z Eéfj(yg + Z(hmlyz OF + >~y (t = 1)

Wi i,j=1

g
+Z<54m|yz (P + Z o 10)
i,j=1

+ Z 21y (1) Z dis (s (1)) / kis ()3 (0 (¢ = 5))ds
XA ) [l
+ Z 2lyi(t)] Z Figg (a5)dsy (45 (1)), (3.36)

2(fv)

—2a; + 201m + dam + Z Y G2 + dom + 203m + dam + dym

i ()]

" mGH G2 2( %) mG?
1 (4)]4 )2 j _
+ E 45, |y](t)| + E o !y]( ’ + E 40, ]y](t 7)’

ij=1 ij=1 i,j=1

# [0t + 280,00 + 5 ) + 22 0]

(3.37)
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Let us modify the estimations of the last 3 terms as follows:

21 |0 | o1 o~ s
) [d?j<yj<t>> + ([ mteante - s))dsﬂ

lya(d2; (y; (1) + Ghislyi(t)] /OOO ij ()l (t = s)[*ds

IN

IN

IN

1 - GAES. [
255|yi(t)|2+—5d?j(yj(t))+ 4”55”/0 kij(s)]y; (t — s)|"ds,

IN

so, we have:

j=1
m 5 m G4k3
< 255m|yz(t)|2+2455d?j< 4(55 / ZJ |yjt—8)‘4d8
j:
Similarly,
2y (1) iy () / kg ()3 (st — 5))ds
[e'e) 2
< O+ (dm;f) | rsoimtte- s>>ds)
< )] + Chyd? (o) / iy (9)\yy (¢ — 9)|2ds,
and thus,
()] Y diy() / by ()3 (s (t — 9))ds
j=1
< demlyi(t) ZG% 2 (x / kij (s)|y; (t — s))2ds.
0

In the same way,

ol

SO + 105 05(0) + 80 + 2 ([ (ol - s)pas)

(3.38)

(3.39)

(3.40)

(3.41)



20ys(lkijg;(25)dig (y; (1) < yal0)? + kg3 (25) 3 (1)), (3.42)

then,

200 3 Fisgs ) us) < Srmlus() + 5 D R g2 (1) (343)

Hence, E}(t) can be evaluated by:

m G2

+ogm + 57m} lyi ()]

+Z 45j|y] |4+Z Iyg |2+Z 45j|y] 7)[*

7,7=1

+Z{4i&5?j(yj(t))+g]g )52( (1) + 435 (y](t)“%?)é?j(yj(t))

ij=1

a0+ LB )]

LS @) [ Rl o)
56 0

z]l

G4k;3
455 / i (8) |y (t — s)| ds. (3.44)

’L]].

Next, we define the functional Ey(t) by

m t
o(t) = e Z )\lj/t eo‘(5+7)yj2-(s)ds, Vit >0, (3.45)
=1 ~T
for some constants aw > 0 and A\y; >0, j = 1,2,...,m, to be determined later.

The derivative of the functional Ey(t), is equal to
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E;(t) - _qe o Z >‘1j / Oc(s-l—T)y] (s)ds

t—1

—at Z A a(t-i-T) 2 ) . ea(t—f-l-f)y]z(t o 7_))

= —aB(t Z)\ij )= Mgyit—7),  Vt>0.

The functional E3(t) we introduce is

Z AQZJ / zj t - S)yjz-(S)dS,

ij=1
where
Vii(t) = L /00 kij(s)E(s)ds, Vit >0,
g(t) t
for some constants Ag;; >0, 7,5 =1,2,...,m to be determined later.
Remark 3.3.2

(3.46)

(3.47)

We notice that the functionals Vi;(t), i, =1,2,...,m are well defined by our assumption

(Az).

Differentiating the functional F3(t), we obtain
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m t
Eé(t) = Z )\Qz‘j‘/ij + Z )\sz/ V/ t— S)yj?(s)ds

ij 1 i,j=1
_ gt [
—ﬁkm (t — s)e(t - sﬂ J2(5)ds
= D heyVis(0)g3 (1)
2,j=1
m t ey 00
+; Aoij / ) {% /t = kij(0)h(o)do — ky(t — s)} y2(s)ds
S MO0 - 3 [ tott = )Vite =)+ ke = )3 s)ds.
2,J=1 3,7=1
S Z )\21] 'Lj Z/] Z )\21]/ l] t 5)3/]2(5)(18
2,7=1 i,7=1
S / kit — 5)(s)ds
2,7=1
< 3 ha V00200 S / St — )2 (s)ds.  (3.48)
i,j=1 3,j=1

Let us define the functionals F4(t) and Es5(t) by
m t
=" Z )\3j/ eg(s”)y;l(s)ds, Vit >0, (3.49)
i t—1

and

Z )\42]/ Vit — s)yl(s)ds,  Vt>0, (3.50)

i,j=1

for some constants § > 0, A3; > 0 and Ay;; > 0 to be determined later and V;;(¢) is defined
as before for all 4,7 =1,2,....m

A differentiation of Fy4(t) implies
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m ¢
Ei(t) = —QG_GtZ)\gj/ 69(5+T)y;-1(s)ds
j=1 t—1

+€—9t Z >\3j [ee(t-&-‘r)y;l(t) _ e@ty;l(t _ 7_)]
j=1

= —O0F,(t) + Z A3y (1) — Z iy (t = 7)
=1 =1

and the derivative of F5(t) is estimated by

Ei(t) < Z AuijVij (0)y; (t) — (t) E5(t) — Z /\4z’j/ kij(t — s)y; (s)ds,

i,j=1 t,j=1

where ¢ is as defined in the assumption (A,).

Now, let us define the Lyapunov functional E(t) by

E(t):==Y E(t), Vt>0.

(3.51)

(3.52)

(3.53)

Thus, collecting the previous estimations (3.44), (3.46), (3.48), (3.51) and (3.52), we ob-

tain

95



or

Pl < Zj_%ﬁamzpw§jgm )+ dum -+ Sl (1)

=1
" mGH mo G2 m G
Ly, (t)[* L2 (2 (t — 1) I (t — )4
+; 15, i)l +]Z:1 5, Cif(@5) s (t = 7)] +; 1o it =7

—abh(t) + e Z >\1ij Z )\ljyj (t—7)+ Z A2 Vis ( yg

Z Aaij / (s)|y;(t — 5)|*ds — OE,(t Z A3y (t)
—Z@ﬁhﬂ+2&%@%@w@&@
—ZMJ’ (3)ly(t — )ds, (3:54)
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m 5 m
E’(t) S Z |: — Qai + 2m2 (Sg + 56m + 57m + 6047'>\1i + Z ()\2]1‘/;1(0) + gz( >L2

i=1 =1 j=1
g; Gy (g
gy gt >L§ﬂ+5—;b?j<xj>)]m<t>|2
m [ Ge 11
7 or 4
=& G? 2 2
+> 2_4%( 73) = A | (=)l +Z 45
j=1 Li=1

1 .- . *
+ 0 |G 05) — / b (st — 5)Pds

m [ Gk, 00
o3[ [ttt
—aBy(t) — p(t)Es(t) — 0E4(t) — o(t)Es(t),

We need, for some positive constant b,

;

m m 9
—2a; +2m Z ¢ + 0gm + d7m + €T Ay; + Z |:)\2jiv;'i<0) + Ji ((5 >L%ﬂ
/=1 G2 j=1 2
5 k]zgz( )ngz 5—2]8712](37;)] < _627
Z 5 — Ay <0,
mG N <0
404 S =
5 G2k' d2 ( ) )\Qij S 0 and
G4k:3
JiMi <
W Agij < 0.

1j
) g

4l )] o

Asj] e — 7))

(3.55)
9;(x})
54 L2jz
(3.56)

From the previous inequalities (3.56), it is obvious that the first inequality is guaranteed

by our assumption in (3.15).

1 _
Som @iy T = 1,2,.

A2ij, Azj and Ay, such that

Let us choose 9§, =

., and §, =

57

a,, s = 6,7. Then, we pick Ay,



( moG? )
Ay = Z 6_jcij (55;)
j=1
s — mG?
7 43, ’ (3.57)
)\Qi]’ = %G?%l]d% (l’;) and
VT

We end up with

E'(t) < —byEi(t) — aEy(t) — () Es(t) — 0E4(t) — o(t)Es(t)
™ G4 m 11 1
Ty ey I U S o O ()4
+; W, € Asj + ; (A"‘”V”(O) + (461 * 455> Ly = 405 L?”J)] ;)
< —bEy(t) — aBs(t) — o(t)Es(t) — 0E4(t) — o(t)Es(t)
" [ mGA m 11 1
J ot ) /. el el L4~ _L4 E2
+; 13, +e Agj+;<A4UVZ](O)+ <4§1 +455> 1U+453 5”) (1)
= —baEi(t) — aby(t) — p(t)E3(t) — 0E4(t) — p(t) Es(t)
+nE%(t), V¥t >0, (3.58)
where

" mGH m 1 1 1
— J 0T Y. Ve LA A ,
= gt D (A4m<0)+(451+455)Lm+453 3)] (3:59)

Case 1
If limy o 0(t) = 0, there exits t* > 0, such that () < v, = min{bs,v,0}, YVt > t*.
Thus, the inequality (3.58) gives

E'(t) < —p(t)E(t) +nE*(t),  Vt>t">0. (3.60)

In view of Lemma 2.2.7, we infer that
E(t)< ! Vi>t" >0 (361)
(t)’ - Y :
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provided that

ot

n< == [sO(t)—

~—

} and E(0)o(0) < 1. (3.62)

Case 2
If limy o () = @ > 0, then we get

IN

E'(t) —by By (t) — aBy(t) — @E5(t) — 0E(t) — @E5(t) + nE*(t)

< —mpBE(t)+nEA(t), Vt>0, (3.63)

where 7y, := min {bs, @, 0, p}. Again, in view of Lemma 2.2.7, we obtain

E(t) < % Vit >t >0, (3.64)
provided that
n < @ {72 _ ‘;((;)} and E(0)o(0) < 1. (3.65)

3.4 Synchronization Result

In this section, we show that the synchronization of the memristive Hopfield neural net-
work system equipped with the initial data given in (P;) can be inferred from the above
stability result. Assume that the system defined in (P;) is the master (drive) system, then

the corresponding slave (response) system is defined as

( m

yi(t) = —aigs(t) + > bij(ya(1)g; (y; (1) + Z cij(yi(£))g;(y; (t — 7))

j=1
m

+ 3 di(wi(t)) /Ooo kij(5)g;(y;(t — 8))ds + I + ri(t), Yt>0,i=1,...,m,

J=1

y2(5> - 902'(8)7 —00 < s < 07

\

(3.66)
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where r;(t), for all t > 0 and ¢ = 1,2,...,m, are the control inputs of the MHNNS.

Now, we introduce an error dynamical system e;, ¢ = 1,2,..., m by
( m m
6;(t> = _aiei(t) + szy(xz( gj x] bz] yz g] y](t))
j=1 j=1

+Zczg (@i(t))gj(x;(t ch(yz 9] (y;(t —7))

* Z dij(:(t)) /OOO kij(s)gj(z;(t — s))ds (3.67)

=3 d) / kg ()95t — ))ds + D),

Vt>0,i=1,...,m,

\

where the synchronization error is defined as e;(t) := vy;(t) — ;(¢).

If we select the control inputs as

ri(t) = =C (yi(t) — (1)) , (3.68)

for some positive constant C, then the synchronization of the MHNN system can be re-
duced to the stability matter mentioned above. Actually, this negative feedback adds up
with the existing dissipation coefficient a;, for all « = 1,2,... m, thus the convergence

rate is improved.
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Chapter 4

MEMRISTIVE HIGH-ORDER
COHEN-GROSSBERG
BIDIRECTIONAL ASSOCIATIVE
MEMORY NEURAL NETWORK
SYSTEM (MHOCGBAMNNS)

In this chapter, we will prove an exponential as well as another type of stability for memris-
tive high—order Cohen—Grossberg bidirectional associative memory neural network system
containing discrete and distributed delays and with bounded and unbounded activation

functions.

4.1 Model Description and Preliminaries

We consider, in this section, a memristive high—order Cohen—Grossberg bidirectional as-
sociative memory neural network system (MHOCGBAMNNS) described by the following
system, for all t > 0,71 =1,2,..., nand j=1,2,...,m,
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;

(0 = pa )~ Aas(0) + 3 s OVt = 0) (e — 0)

7,l=1

+ Z by (i ( /OO kji(s)g;(y;(t — s))ds /OOO hji(s)gi(yi(t — s))ds + ]z} :

7,0=1

340) = 050 [ = Ayl + 32 g s st = )t = 7)

7,r=1

-3 bt / Fijr(5)g: (i(t = 5))ds / g (93 (¢ — 9)ds + ;).

\ i,r=1
(F)

equipped with the following initial data (initial history)

zi(t) = ¢i(t), t <0,

4.1
yj(t) :Spj<t)7 tSO? ( )

where n and m are the number of the neurons of the first and the second layer, respec-
tively. For allt > 0,7 =1,2,...,nand j =1,2,...,m, x; and y; are the state (solutions)
functions of the i neuron from the neural layer L, and the j* neuron from the neural
layer L, at time t, respectively, p; and ¢; are the amplification functions of the system,
A; and A; are some appropriate behaved non-negative neuron self-inhibition functions,
fis 95, f; and g; indicate to the activation functions (signal transmission functions), I;
and J; represent the external inputs, 7 and 6 refer to the discrete delays, kjie, hji, l?;ijr
and Bijr are the distributed delay kernel functions, ¢; and v; are real-valued bounded
continuous functions and the memristive connection weights functions i, b;jr, @jie and

Bijr are continuous functions and assumed to satisfy the following conditions

aja, |xi(t)] > T,
aji(xi(t)) = (4.2)
aja, |zi(t)] <71y,

S

i1l 5 |x7,(t)| > EJ
bja(zi(t)) = (4.3)
bju, |xi(t)| < T,

aijr,  |y; ()]

3 >
e s(0)) = {
Qi |y](t)|§ K

(4.4)
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and

J

. Bijra ly; (t)] >
ijrs |?Jj(t)|§ J

bijr (y;(t)) =

9
Y

S

(4.5)

for some positive switching jumps constants 7; and T} and a;;,aji, bji, bji, Gijr, &ijr, byjr

and b;j, are real numbers.

4.1.1 Assumptions

In this subsection, we introduce some assumptions for our model.

(Ay) The amplification functions py; and ¢, are positive and continuous functions such

that

and

0<g]§%(x)§@7 VzeR.

for some positive constants P, Dis 4 and g;.

(4.6)

(4.7)

(As) The appropriately behaved self-inhibition (self-signal) functions A; and A; are

monotone and increasing functions such that

Ai(z) — Ai(y)
T —y

ZV% vx7yERax7éy7

and

Z Vj vxvyeRv'x#y
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(4.9)



for some positive constants v; and v;.

(A3) The activation (signal-transmission) functions f;, g;, f; and g; are uniformly bounded,

ie.,
(@) <G, VreR,
fi(x)| < F, VzeR,
and

g:i(@)| <G, VazeR,

for some positive constants F, G, F, and G.

(4.10)

(4.11)

(4.12)

(4.13)

(A4) The signal-propagation functions f;, g;, f; and g; are Lipschitz continuous with

Lipschiptz constants Ly;, Loj, My;, My, i.e.,

9i(x) — g;(y)| < Lojlo —y, Vr,y € R,

and

1Gi(x) — gi(y)| < Mylx —yl, Vz,y € R.
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(4.15)

(4.16)

(4.17)



(As) The kernel (relaxation) functions kji, hjir, kijr, hijr : [0,00) — RY i, 5 =1,2,...,m,

for all £ > 0, are continuous and integrable functions such that

/ /{jil<8)d8 = l%jila (418)
0
/ hja(s)ds = hya, (4.19)
0
/ l?:ijr(s)ds = I:'ij'ru (420)
0
and
/ i_ll‘j,,«(S)dS = hatﬁijr. (421)
0

(Ag) The initial conditions (initial data) ¢;(t) and ;(t) for all ¢ < 0 are continuous and

assumed to be in L?(—00,0).

(A7) Let nejie, Mejie, Eejie and ggjig be non—negative and continuous functions such that,

fore =1,2
Jim ne(t) = lim - min - {nee(t)} =7z, (4.22)
1<j<m
fim &(t) = lim - min {&jie(t)} = &, (4.23)
1<j<m
im 7(t) = lim min {7 ()} = 7, (4.24)
1<e,r<n
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and

}l}r& gs(t) = tli{g 1g}1§nm {gsijr(t)} = 557 (425)
1<, r<n
such that
775]'M<t)/ kajie(o— — S)dO' S kgjig(t — S), O S S S t, (426)
0
gajiﬁ(t)/ hgjig(O' — S)dO' S hajig(t — S), 0 S S S t, (427)
0
ﬁeij'r(t)/ keijr(o — s)do < ke (t — ), 0<s<t, (4.28)
0
and
f_ez‘jr(t)/ l_zgz-jr(a —s)do < HsijT(t —5), 0<s<t. (4.29)
0

(Ag) Assume that the amplification functions p; and ¢; are Lipschitz continuous func-

tions, i.e.,

pi(u) = pi(v)] < pilu—wv],  Vu,veR (4.30)

and

400) — () < pilu—vl,  VuueR, (4.31)

for some positive constants p; and p;.

66



(Ag) Assume there exit positive constants ¢; and C_j, such that

(i < pl(u)AZ(uz :i}i(v)Ai(w, Yu,v € Rju # v, (4.32)

and

, Yu,v € R,u # v. (4.33)

In view of set—valued maps and differential inclusions theories Clarke, F. H. et al., 1998
[83], Filippov, A. F., 1960 [44] and Filippov, A. F., 2013 [45] , we rewrite the system (P) as

/

(8) € (o8] ~ Aulaslt) + 3 olaaar(O)] st — 6) (e — )

7l=1

+ Z colbji(w;(t /OOO kja(s)g;(y;(t — s))ds /OOO hja(s)gi(yi(t — s))ds + Iz},
yi(t) € qy(yg(t))[ Aj(y;(t)) + i colar (y; ()] fixi(t — 7)) fr(ae(t — 7))

i,r=1
+ Z colbjr (y;(t / Kijr(8)gi (i (t — s))ds/ hijr(8)Gr (2. (t — 8))ds + JJ},
\ 3,r=1 0
(4.34)
where
) .
aji, |z:(t)| > T5, bji, |i(t)| > T,
colazu(zi(t)] = [awu, ajy], lw®) =T;,  colbja(@i()] = ¢ [buju, Uy, 2:(t)] = T,
L ajil? |x1,<t>| < E? jily |$Z(t)| < E’

( . _ _
ijrs |y;(t)] > T, e 1Y ()] > 15,
colaizr(y;(t))] = [a*m, az,]. Iyy( )| 13,

| G ()] < T,

Q
QS
=
<

<

3

—
&
—~
~
N—
N—

Se— S

with

Ay jil = mln{agzla a’jll} aﬂl - maX{aﬂl, a']zl} b*]zl - mln{bjll7 j’Ll} bﬂl - maX{b]zla ]zl}

a*zgr - mln{amra afzyr} a@ - max{am, azyr} b*z]r - mln{bmra szr} b - maX{bura bz]r}
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Moreover, there exist oy € colaju(zi(t))], Bju € colbju(zi(t))], @ijr € colai,(y;(1))], Bijr €

colbi;r(y;(t))], then, the system (4.34) is equivalent to the following system

;

70 = pl ()| = M) + i i f (s (¢ — ) fin(t — )
! f‘: P /0°° kji’(s>gj(y;(t — 5))ds /OOO hji(s)gu(yi(t — s))ds + L-] :

y;(t) = g (7yj (1)) [ — Ny, () + zn_:l G (st — ) ol — 7)) (4.35)
" Z_ o /ooo ’“ijr('s)gf(f’i(t ~8)ds / " ()3 o (1 — 9))ds + 7]

By setting o}, = max{|a.;il, |a;il|}’ 5}}1 = max{|b.al, ‘b;u|}a &, = max{|Guijr |, |C_L;kjr|}7
_ _ n,m n m
max{|b.ijr|, [07;,.|}. In what remains of this work, we adopt the notation »_ = > > .
irgl=1  ir=1ji=1

4.2 Well-Posedness

In this section, we give the proof of the existence, uniqueness and the continuity of such
solutions of the memristive high-order Cohen—Grossberg bidirectional associative mem-
ory neural network system (MHOCGBAMNNS) using Kakutanni fixed point theorem for

the set—valued maps.

Theorem 4.2.1
Under the assumptions (A1)—-(Aq), the existence and uniqueness of the equilibrium point
of memristive high—order Cohen—Grossberg bidirectional associative memory neural net-

work system given in (Py) is guaranteed.

Proof
Let Q = R*™™™ and w = (wl,wg,...,wn+m)T = (T1,%2, .., Tny Y1, Y2, - - - ,ym)T and let
lwlls = M Jws| = 320, @] + > i1 |y;l be a norm. Thus, € defines a Banach space
equipped with the norm || - ||;.
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It is clear that the existence and uniqueness of a steady state (equilibrium point) for
memristive high—order Cohen—Grossberg bidirectional associative memory neural network
system (MHOCGBAM) given in (P,) is equivalent to the existence and uniqueness of the

solution for the following algebraic inclusion system

( ) m
T; € Az_
j7l:

X fooo k]zl(s)g]<yj)d8 f()oo hjil(s>gl<yl>d8 + [Z> ) 1= 17 27 e N,

colazi(w:)| f(yy) filyr) + i colbji(:)]

1 ji=1

) ; (4.36)
yj € Af( >> colae (y)fi(w:) fr(ze) + 22 colbie(y;)]

i,r=1 i,r=1

X [ kige(8)Gi(xi)ds [3 Pige(s)gr (2, )ds + Jj> ,j=1.2,..,m,

or,
r - .
T; € Az‘1< ZZ colagiu(x:)| f;(y;) fi(y) + ZE colbju(z;)]
Jil=1 =1
Xl%jilhjilgj(yj)gl@l) + L-), 1=1,2,..,n,
. . (4.37)
y; € A} ( -2—21 colage (y;)] fi(xi) fr () + -2—21 colbijr (y;)]
Xzijrzijrgi(fi)gr(xr) + Jj) ,j=1,2...,m.
\
Let I" be a compact convex subset I' C €) defined by
D= {w = (s, o wnim)” €9, ol <5},
where

S R e - Jj
+Z D_Z C“ijr"i_p_j'z ﬁijrkijrhijr+a_j :

It is obvious that I' is a compact convex subset of the Banach space (2.
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If for all w € Q, we define a set—valued map v : Q@ — P(Q) as

Y(w) = (Gr(w), Yr(w), ., Yosm(w))",

where

colagi(xi)] f5(y;) filyn) + lz colbsu(x;)]
1 Ji=1
xkjuhjag; (i) o (w) + L-), i=1,2,...,n,

) ) (4.38)
Unij(w) = A7 ( ,Zzl ol@ij, (y;)] fi () fr () + 2 co[biji (y;)]

\

,r=1
Xl%ijrﬁijrgi(xi)gr(ﬂir) + Jj>, =12 .. m.

It is clear that ¢(w) is an upper semi-continuous map with compact, nonempty convex
values.

Forallw € T'and @ = (w1, @2, ..., Wpim) | € ¥(w), then there exist oy € colaju(x;i)], Bju €
colbjiu(w;)], dujr € colaijr(y;)], Bijr € colbijr(y;)] such that

.
w; = Af( Z ajilfj(yj>fl(yl) + Z ﬁjil
gl=1 Ji=1

Xi{]llhjzlgj(yj)gl(yl) + ]7, S ¢Z(w)7 1= 17 2a wy I,

'z::l Qujr fiwi) [ (@) + i Bijr

i,r=1

) (4.39)
@y = Aj (

X];?z‘jrﬁijrgi(%)gr(%) + Jj) € Ypyj(w), j=1,2,...,m.
\

According to the assumptions (As) and (A3) and the relation (4.39), we end up with

m m ~ ~
vilwi| < F2 Y lagal + G* X |Bjulkjuhja + Li; i =1,2,...,n,

Ji=t p=t (4.40)
Vjlwn ;] < F? ‘2—31 |@ije | + G Z_:l |Bijekijrhige + s G =1,2,...,m,

or,
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(4.41)

By adding the sums »_ on both sides of the first inequality of (4.41), and > on both

i=1 =1
sides of the second inequality of (4.41), we obtain

By summing the inequalities of (4.42), we conclude

7,l=1

n—+m
Z || = Z || + Z | @n4s] < Z{ ) @+ & Z Bakjih + & }

~

2 K 5, 2 2 J.
= > Bpkijrhige + 30 =0,
1,r=1

tllQ\

J

+Z{ > a g +

i,r=1

which implies
@ <9, Yw € Q.

(4.42)

(4.43)

(4.44)

Therefore, for all w € ', w € ¥ (w), we deduce that @w € I'. Thus Y (w) € P(I"), Yw € T

such that ¢ : I' — P(T).

This allows us to apply the theorem of Kakutanni-fixed point to ensure the existence

and uniqueness of an equilibrium point for the memristive high—order Cohen—Grossberg

bidirectional associative memory neural network system (P,).

Remark 4.2.1

We note here that for the case of unbounded activation functions, we need to add either

f(0) =0 or f(x) = alz| + b, for some constants a and b on the activation functions. For
more details, see Wu, A. and Zeng, Z., 2015 [145] and Zhang, L. et al., 2016 [220] and

references therein.
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4.3 Global Stability

This section includes a global stability of system (P,) for bounded activation functions.
Higher order features are a source of non—linear terms that will be transformed into linear

ones using some analytical techniques.

Definition 4.3.1
The point (x*,y*) is an equilibrium of the system (P,), if

( m

0 € pi(a; [_ )+ Z colazu(xi)]f; ;) filyr) Z bjia(x

7,l=1 =1

X /OOO kji(s)g; (yy)ds /OOO hja(s)gi(y;)ds + L}? (4.45)

0 € q;(y;) [ = Ns(y;) + Y colaig (up)| fil@)) F () + Y colby (y))]

i,r=1 2,r=1

< [ hon(saadds [ R (ads 1),
0 0

\

which is equivalent to the following system

0=—A;(z}) + Z g fi (i) fillyl) + D2 5ji17%jizgj(y;)iljugl(yf) + 1,

e ot (4.46)
0=—A;(y;) + Z_:l aijr fi(w}) fr () + 21 Bijr Z]Tgl( )hzﬂ“gr( )+ 5

where iy € colau(})], Bju € colbju(x})], ujr € co[awr(yj )], Bijr < Cio[gijr(y;)]'
The stability of the stationary state of system (4.38) is equivalent to the stability of the
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origin state of the system

(

() = filu(t)) | = Ai(u +§;%m3%t—)mwﬁ—ﬂh

—i%mmmm

+§%@d/ k(o) oyt = s [ ittt = 5))ds

— Z Bjiakejing; (U} hjinn (7 )} ,

= (4.47)

V(1) = G (v;(8)) [ e Zl Qo fii(t — 7)) fr (0, (t = 7))

— Zl Qe fiw) fr ()

+§%@ﬂ/ B (s)aaslt = s))ds | b (s)a ot = )

—}%%TW% hijeo (7)),

the initial data are given by

{ wi(t) i d}-(t) = ¢i(t) — 7, t <0, (4.48)

where

t) = x(t) — xf, v;(t) = y;(t) —
(u(t) + a9, 3,0, (1) = 0+ 1), (4.49)
) = Ai(f), Aj(vi(t) = Aj(y; (1) — ()

Let A and A be positive constants so that
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1

n;m N -
= O2ijr | O3rji
A= min {p v — Zl [(1 + €)01r + T5 + 15
7]:

A= min {Qj’jj -2 [(1 +e)o + T4 + ?ﬁg] :

1<jsm isl=1
O2jit = O25ikjit, O2ijr = O2ijrkijr, O31ij = O31ijMiij, O3rji = O3rjiltri,
F2m213§L% ] 2 F2p2g2 M2 2
= * * F... o — . H4iTTl * %
O1j4il = " ajil + O‘[Z‘j y Olijr = ’Yl O‘z] + ar] (450)
_ 2 2 A A
2G2m?2p? % 7 7 _ 2G?n T 7
O2jil = —, L2j5jilhfjil kjir, O2ijr = N Mzzﬁmh kum
_ 2 ~2,,2 A
2G2m2p2 % > ) _ 2G*n=q> T
Osiij = =, Lo Bijkuj ) hiij, Osrji = —, ; ik i hmu
Y1 =Y min Bli Y1 = Y2 = min L%
1="2= 1="2 =
1<i<n 27 1<j<m 2’

p(0) = int {m (1)1 (1), 6.0 (0}, ¢ 20, Jim p(t) = "

The principal theorem determining sufficient conditions for global stability of the neuro-

dynamic system (P,) is presented below.

Theorem 4.3.1
Assuming that assumptions (Ay)—(Az) and

— Uzr 5-7"'7L
Z [(1+62)0’1er+ 2J5+ 13_]5] SBiVi_A’

- 1
T;j.:1

7 it 531@'} <o A
zz.ll (Ut enona+ 725+ T25] < gy - A

hold, we entail that

o If0 < p* < oo, then for some constants Cy,Cy > 0,

V(t) < Cre @t >0.

o [fp* =0, then for some constant C3 > 0,

V(t) < Cye 0o rds 4 > g

Proof

It is obvious that
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m

J,l=1

i | £33 (t = ) Filwn(t = 6)) = £ ulwi) |

n (4.51)
=3 huytt=0) iyt = 0)) + aus fulyi).

> i | Filailt = ) fo(an(t = 7)) = Filad)fo(a?)]

=l (4.52)

Filwilt = 7)) @ige Folan(t = 7)) + @ o)

Zm{ [ 0t = )ds [ hamlnte = s)ds — kg >hmgz<yl>}

= Z / lﬁazz / hja(s)gi(yi(t — S))d=9> kji(s) + Blij]%lijgl(yl*)hlij(s)] 9;(v;(t — s))ds,

(4.53)

Zﬁm{ | it = s)ds [ ) lanl = 9)ds = Tt g a)

—Z | [5 (] ura.tat - ) ) <>+Brﬁ/%igr<x:>ﬁm<s>]éz»(ui(t—s))ds,

(4.54)

where

Firstly, we introduce the Lyapunov functional
Vi(t) = - ui(t) + 32 v ().
i=1 Jj=1

In view of the relations (4.51)—(4.54) and assumptions (A;)—(Aj), the derivative of Vi(¢)
yields
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Vi) < QZM 2(1 >+2;muz< ) ,ij%(a;ﬂ + ag)lv;(t — 6)

P23 Bl (0] 3 I GLay[Biahuhsa () + Bighushes(5)] s (¢ )
7,l=1
2,r=1

(4.55)
—ZZq v;3 (t )+22qylvg( )| > FMy(a a5y + a7 [ui(t — 7))

234 st ol GMQI[ (hiiekise () 4 Bychyiihia(s) Lt = ) ds.

Moreover, we have

m m 2
2P ()] 32 D(ed + ailus(t = 0 < i (0) + 52 32 Lfosa + oyt ~9))
jil= =
S 7111,12(t) + Fp% IZ L (a]zl + alz]) 2( )
7l=1

J
(4.56)
In the same way, we get
2Fqil;(t)] 30 Mus(ag, + ag;)|ui(t — )|
o ;2’“21 " (4.57)
< ’71’0 ( ) — Z_ M122( 1]7" + d:ﬂ)2u12(t - 7_)7
2;Gu;(t)] Z I (Bﬂlhﬂlkﬂz( )+ ﬂl*ijfflijhlij(s))Lijj(t — s)|ds
S Youy; (t) + plf—2m Z (LQjB;i[iLjil) gl fO ]zl t - S)dS (458)
ji=1
P2G2m?2 & . 7 \%: 00
_{_21)17—2 4121 <L2j5lijklij> hlij fO hlij(s)v?(t - S)dS
j7 =
and
24, Glv; (1) z Iy (Bihiseise(5) + Byrsihnsa(s) ) Mailus(t = s)ds
B Gz 2 n 2 0o =
S "}/QUJ- (t) + ’72 Z <M27,/87,]r zgr) kijr fo kl]”(‘s)u?(t - S)dS (459)
=1
242G2n?

T Y2 '2_31 <M27f/8’r‘_]lkr]1) hr]z f() rﬂ )U?(Zf — S)ds,

Therefore, from the relations (4.55), (4.56)—(4.59), we find
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Vi(t) < Z[—2z_9ivi+%+%}uzz(t)+2 [’" I3 (0 + 003t — 0)
2

2p2G%m
+p

252 G2m? .\
(Lmﬁﬂlhjzl) il fo Kju(s)v; 2t —s)ds + % (L2jﬁlijklij> R

B n;m F2—2 2
+Z[—2qu]+’yl+’y}f(t)+ > [ S—M7 (4.60)

j=1 iyrj=1

X [ hugg(s)v2(t — s)ds

2an

X (awr + ar]z) uzQ (t - 7_) + 52 <M21513r71]7"> ];:ijr fooo EUT’(S)UZQU: - S>d8

2q]G2 n’ ]?j ) ZTJ'L fooo }_Lrjz<5)u12(t — S)dS] .

Y2

(255
Next, we construct the following Lyapunov functionals

Va(t) = e Z o1t fy g ¢ T (s)ds, Vi(t) = e E Origr J_, €T (s)ds,

557,0=1 i,rj=1

too<ﬁ°o2pj()\—s)d)\>vj2-(s)ds:j;fooo 0 () [ v2(\)dAds, p = 4,6,
(7 2ulr = 5)

s d)\)u?(s)ds = ;fooo £,(s) ft Juz(N)dXds, g = 5,7,
(4.61)

||M§

t
—00

Vi(t)
Va(t)

jlf
S

M=

i=1

with e, and e, are picked too small such that e1? < 14+ ¢, €27 < 1 + €, £4;(t) =

> ovakia(t), Lej(t) = 3 owijhui(t), Lsit) = 30 Foijrkijr(t), Lai(t) = X2 Fapjilirsi(t),
il=1 i;l=1 rij=1 rj=1
for some positive constants €; and €.

From the assumptions (As) and (A7) on the kernels, the derivatives of Vj(t), i =
2,3,...,7 are given by

‘/é(t) = _51‘/2( ) + 6519 Z Uljzlv ( ) Z Uljllv (t - 0)7 (462)
i55,0=1 i;5,0=1

Vi(t) = —eaV3(t) + €7 > it () — > Trijru; (t —7), (4.63)
i,r;j=1 =1

Vi(t) = Z oot Jo Kjals [ (t)—v2(t—8)]d8= % ojikjav3(t)

3;7,0=1 i;7,1=1
- Z 02jil fo J%l t_s)dS* Z 023117] () Z 02jil fo ﬂl t—s)ds,

i55,0=1 i;5,0=1 i55,0=1

or
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Vi(t) = i: i::l 02135 fooo kui;(s) [Uf(t) — U?(t — 3)} ds
]Aflwv

=3 > owikui v (t) — X0 D0 omij Jy kg (s)vi(t — s)ds
i=1ji=1 i=1ji=1
=3 > O (t) — D2 X g [y Kuij(s)v3(t — s)ds,
i=1ji=1 i=1j,i=1

j=lié,r=1
= Z Z 621]r]%1]ru12(t) - Z Z 5'2,”7. OOO k”T( ) (t _ S)d
J=lir=1 j=linr=1
- 21 '21 Ooijrui(t) — 21 2 Oijr I3 Kije(s)u2(t — s)ds,
J=1nr= j=li,r=1

i=1j,l=1
=2 3 omihivi(t) = 320 3 oy Jy huig(s)vi(t — s)ds
i=1j,l=1 i=1j,l=1
= Zl lzl(} li;U (t) — Zl .lzl O3lij fooo hlij(s)vj (t - S)ds,
=1 j,l= =1 3,l=

m n JZIZ,TZI m n
= 303 Gagihegt(t) = 32 S Ganis [ il s)uR(t — s)ds
j=1li4,r=1 j=1l,r=1
m no m n
=20 2 T (t) = X0 X0 Farji Jy hwji(s)ui(t — s)ds
j=1l4r=1 j=1l4,r=1

where

Oojit = 02jikjit, O2ijr = O2ijrkijrs O31ij = 03135 O3rji = O3pjiliri
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In the same manner, we obtain

Vi) = 3 5 ugou(t) ~ 0% 3 oy i g (s)u(t — 5)ds

j=11 j=1lir=1

~(1-9)) i Oair Jo Kie(s)ui (t = s)ds
aijriige(t f (ft i ( d)x) 2(s)ds

j=1l4,r=1
mmo B
< X Oageui(t) — 0m(t)Vs(t) — (1 — D) Gaijr Jo Kige(s)uf (t — s)ds,
i,r;7=1 i,r;j=1

—(1 — (5) i i O3lij fooo hlij(S)sz-(t — S)dS
< Zn: i 314507 (t) — 6 Zn: i osiui (t) [ (ftoo haij (A — S)dA> v} (s)ds
—(1-46) Zn: S o Jo i (s)vi(t — s)ds

@
I
—_
.
-~
Il
—

@
I
—
<
ol
I
—
~.
I
—
<
=
I
—

i=1j,l=1
< > &3ZijU]2(t) —0&i (1) Vs(t) — (1 — Z O3lij fo huij (s t — s)ds,
i;5,0=1 i;5,0=1

Vi) = 30 32 Gangiti2(t) — 521 zl Gangt [ haji(s)u2(t — 5)ds
—(1— 5) i zn: 0'37.‘71 fO r]'L t_ S)d
r]zflr]z f <ft T‘j’L d)\) ( )dS

—(1=10) >, i Tani fy Pji(8)uZ (t — s)ds

<
I
—
-
5
I
—

ki M3
S

< 3 Gusait (1)~ GG Vi)~ (1= 0) 3 o 5 Bl ¢ — )i

wwsi%@wwwwmw 2& i (8)02(t — s)ds, p = 4.6,
7 (4.64)

Vq’(t)ggl?azu() IR, (1)V,(t) — Zfo gi(s)ui(t — s)ds, ¢ =5,7,

n;m n;m
with 0 <0 <1, kyj = > O25il, Kej = > O3lijs Rsi = Z U2m, Kri = Z U3mz, Ry(t) =
i5l=1 i5l=1 rij=1 rj=1

m(t), W) = &(1), Rs(t) = m(t), Ra(t) = &(8).

79



Then, we present the Lyapunov functional
7
V() =) Vilt) + —= Y _Vilt). (4.65)

Summing up the estimations (4.60)—(4.64) and taking into account the conditions set out

in Theorem 4.3.1, we end up with

VI(t) < Z { —pVi+ Z [(1 + €3)0145r + ‘?Z{ + %] }u?(t)

i=1 rij=1

R EVEEDY [(1 +en)oa + 5+ ?flg} }%2'(?5) (4.66)

j=1 i5l=1

7
—e1Va(t) — e2Va(t) — EF 32 Valt),
k=4
or .
V/(t) < —BVA(t) — e1Val(t) — e2Vi(t) — 24 37 Vi(1), (4.67)
k=4

where B = min{A, A}.

In the last part, via two cases based on the limit of the function p(t), the derivative

of the functional V' (¢) is examined.

Case 1
If 0 < p* < oo, then, there exists t* > 0 so that

p(t) = p*, Wit
Thus, we have the estimation
7
V(1) < —BVi(t) — e1Va(t) — 2Valt) — 225 SO Vi(), ¢ >t (4.68)
k=4

Let C' = min {B,€1,€2, %}, then

V() < =CV(t),  t>1, (4.69)
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which implies that

V(t) < V()e CU) <V (0)e )¢ > ¢ (4.70)

For p* = oo, there exist t* > 0 and p > 0 such that p(t) > p, t > t*, and we proceed with

a similar argument. Furthermore, for ¢ € [0, ¢*],

V(1) S V(0) < V(0)eU ™ < V(0)e ) < (V(0)e™ e

Case 2
If p* = 0, then, we can find ¢ > 0 such that

J

i 5)p(t) <min{B,e, e},  t>1 (4.71)

Hence, the estimation (4.68) may be written as

Vi) < =" p)V(E),  t=t, (4.72)
for some 0* := ﬁ > (. This implies that
V() < V(@)e 0 T pds <y ()0 Je plo)ds t>1 (4.73)

For 0 <t < t, we obtain

V(t) <V(0) <V(0)e I} p(s)ds < V(0)e® Ji o

In the rest of this work, the system (4.45) satisfied by the equilibrium point (z*, y*)

is equivalent to

0=—Ai(z])+ 3 i) Aly) + 30 Bukjug; () hjag(y;) + L,
gi=1 gi=t (4.74)

0= —A,; (yj) + Zl az]'rfl( )ﬁ(xi) + 42_1 _'?jfr ergz(x;,k)}_%]rgr(x:) + Jj>

oull

where ajll S CO[aﬂl( )] szl € Co[bjll( *)] zyr S CO[aZ]T(y] )] B%r S CfO[BijT(y;)]'
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4.4 Uniform Energy Estimation

In this section, we will discuss the uniform energy estimation for the neurodynamic sys-

tem (P») through a result in Pata, V., 2000 [80].
To shift the equilibrium point to the origin, we use the transformation
ui(t) = z;(t) — a7, v;(t) = y;(t) — yj,

then, the system (P;) may be rewritten as

(

(1) = Fi(u(t)) | = Ailus(t) + Z (st = 0)) fuu(t = 0))
- Z oS fi () filyy)
S B [ kgt — 9)ds [ ha(s)atult — 5))ds
]121 / 9 Yy /0 gi\y
=3 Babags ) s
Jl=t ] (4.75)
vi(t) = q;(v;(t)) [ — Aj(v;(t) + Z g fi(wi(t — 7)) fr (2 (t — 7)) —
S a, i) f()
3 / (et = 9)ds [ T (99, (¢ - 9)ds
- Z Bwrkmrgz z]rgr( )i|a
with the initial data
{ u(t) = %z(ﬂ = ¢i(t) — a5, t <0, (4.76)
vi(t) = @;(t) = @;(t) —y;, t <0
where
Pulus()) = pilu(0) + ), @(0y(1)) = 4505 (0) + 7). @)

<.

Setting ¥ and 1) be positive constants such that
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r;j=1

-0 l—0o ’

v = min {pﬂi - Z |:<1+52)5\1ijr+ jii”; + %] ;

— = o Mg Ay
= min {QjVJ ”21 [(1 +e)Aya + 4 +

Aojit = Aogjarkjat, Avijr = NaijrKije, Asuig = Astijhiig, Asrji = Asrjilieji,

F2m213§L% ] 2 _ F2n2g2 M2,
= ——— (o * I s Ul o
Avjit = P <ajil + O‘lz‘j) , Alijr = = (aijr T Q) (4.78)
_ 2 ~2,2 22 A A
2G2m2p2 % 7 » N 2G*n=q: x 1 T
)\jSl = s . L2jﬁjilhjil kjil; )\Zijr = 32 s M2zﬁi]’rhijr kijm
_ 2 2,2 -2 ~ 24
2G?m?p? x 7 2 N 2G?n?q3 e 5 2
)\3lij = 2 . L2j51¢jklij h’lij7 )\3Tj’i = Tj 24 Tjikrji hrji7
. PV _ _ _ _ P
1 = 2 = = 4 = min = 1 = 2 = = 4 = Imin J
Y Y Y3 =7 1§i§n477 Y Y3 =7 S, 10

w(t) = inf{rrh(t)vﬁl(t)vgl(t>7gl(t)}7 t 2 0; tliglow(t) = w*? w* > 0.

The next outcome presents sufficient conditions depending on the system parameter

that ensure the uniform estimation of solutions of system ().

Theorem 4.4.1
Under the assumptions (Ay)-(A7) and

Z |:(1 + Eg)j\lijr + % + %} < Biyi — 19,
(i ) . ) (4.79)
Z [(1 + 81))\13‘1'1 + 12_j;l + 13Th;] < gjljj — 19,
il=1
we entail that there exists T' > 0 and for some constants &€ >0, i =1,2,3
u(t) < (€ — €3)e 2D L@y v(t) < (€ — E3)e D L@y, t > T, (4.80)
where u(t) = Z:l lui(t)], v(t) = 231 v (t)].
i= j=
Proof
Obviously, we have
‘lzl [Oéjz'lfj(yj(t = 0) filyi(t = 0)) — a3, fi(y5) fily)
37 =
= 3 {0yt = 0 asafulun(t = 6)) + i filu) | + (s = S i)l — ) .
Ji=
(4.81)
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3 [Gurflat = (ot = ) = G5 ) )|

O At =) [ ot = 1) + 83 P + (O — 05 ) ot = 1)
’ (4.82)
f: {6Jllfo Kjin(s)g; (s (t — dsfo

Js

~

- ]Zl s)gi(u(t — s))ds 6jzlk]7«lg]( )hjzlgl(yl )}
- ‘%1 { Jo [ﬁﬂl ( Io" hja(s)gi(w(t — 3))d3> kju(s) + @”kmgz(yz i (s )} (v (t — 8))ds

+(Bjir — B]zl) 519 (Y5 fo hja(s )gl(yl(t—s))ds},
(4.83)

3 {Bur Iy Fur (st = 5))ds J5* ()3 (¢ — 5))ds = Bk (o)

=mzzl{fo [ﬁm(fo gr<xr<t—s>>ds)km<>+ﬁmkmg7«< lng(8)) st = 5))ds

R
+(ﬁijr - ﬁz]r zy’r’gz fO ZJT gr JZT t — S }

(4.84)
with
00) = BsO) = K. Ft) = B = Fa). o
9;(v;i(t) = g;(y; (1) — 9;(y;),  Gi(wi(t)) = Galzi (1)) — gi(7).
Firstly, we present the Lyapunov functional
Ei(t) = ; (1) + gjl V2(8). (4.86)

By virtue of the estimations (4.81)—(4.84) and assumptions (A1)—(A5), we obtain
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n

Ei(t) < 23 pid(t) + 23 pilus()] Yo FLuij(ay + iy, (t -

i=1_ i=1 Fl=1
+21? Zﬁi|ui(t)|

i=1 7, _1

J,l=1

o)l

3% 1 = sl + 2 )] 3 [ G [ Sahaakia(s)

+ 13k i () ] v;(t — s)|ds + 2G* ZMU@( )| Z Ejihgalbii — bjal
At

_ZZQ Vjuj )—I—ZZQJWJ( )| Z FMli(d:jr+@:ji)|ui(t_7_)|

i,r=1

i,r=1 7j=1 zrf

+217 ZI%M( ) fag, - Qije| +2 37 Gjlv;(t)] > Jo GMz[ hijrkige
=
:

+B:ji]%7”jih7‘ji(s> |ui(t — s)|ds + 2G? Zl%lvj( )| Z kmhm‘ ijr bm"
=

1,r=1

Besides, we find

2= Sor ~ 2 M SN £ N2
F2pifu;(t)] Alzl (@i — aga| < ysui(t) + —; ,l21<aju — Gy
Jt= Jst=
= — 2 n2F4qu' n ~ ~ 2
F2g;v;(t)] 21 |Gijr — dige| < Y305 (1) + —; Zl<am — Qi)
i, r= i,r=

G2p S Joahalbog — bl < vau2(t) + ™CE S 2 h2 (G
Pilui(O)] 22 Kjahjalbja — bjal < vavi(t) + — Z Zahsa (b —

Jil=1 gl=1

n
n2G4q?

ir — bm| < 3403(t) + = q] z k;Thfjr(’ljr

@‘R

200 (0)] 3 Furhilh

According to the relations (4.56)—(4.59) and (4.88)—(4.91), (4.87) yields

l;jil)27

A

— bijr)2-

)

(4.87)

(4.88)

(4.89)

(4.90)

(4.91)

Ei(t) < ; [— 2pvit i+ +s+ 74] 2(t) + 21 [F B L2 (s +ag;)?o3(t —6)

57,1

Y2

+EE (LZjB;ililﬂl) i Jo Kj(s)0] (t = s)ds + e <L2Jﬁl”kl”> P o i (s

xvj(t — s)ds +Z[—2qvj+71+72+73+74} W+ Y

1,m37=1
£ 0o T 2q]G22

(MQZﬂzjrBijT) ijT fO kl]'f'( ) (t - S)ds +

+C,

2qj G2 2

xu(t — 1) +

X fo ri($)uZ(t — s)ds
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A

(4.92)



with

2paz2 Mo . 2 & ~
C = ’Z; Pi Z (CLjZ‘l - ajzl) & = qj Z (Clz]r aij’f’>2
= =1 ) (4.93)

2G4 m?G*p? ~ n2G4g? =
m 2 Z ]zl ]zl( Jil — bjil)z — Z kl2_]7‘h7,2]7‘( ijr _bijT)g'
Z
Next, we define the Lyapunov functionals

Ey(t) = e! Z )\mlft p € ETOVI(E), By(t) = et Z Miigr [, xR (¢),

57,0=1 3,r;5=1

= 35 0 (0 Rl = )3 s = 32 7 8y (4) 1, 030, p = 4.5

f
Xn:ftoo<ft —sdu) ds—ZfO gi( fts (n)dpds, q=5,7,
(4.94)

=1

With k1 and ke are chosen so small that er1? < 1+e, e < 1+ &?2, Ry(t) =

Z Agjitkjin(t), Rej(t) = Z Asiizhuij (), Rsi(t) = Z Naijekie(t), Rri(t) = Z Narjiliri(t).

il=1 i;l=1 =1 rj=1

In view of the assumptions (As) and (A7), the derivatives of Ey(t), s = 2,3,...,7 are

given by
Eé(t) = —ﬁlEQ(t) + 6'{19 72 Aljilﬂjz-(t) — 72 )\ljilvjz‘(t — 9), (495)
1;5,0=1 1;5,0=1
Ei/’)(t) = _KJQE?)( )+ GKQT Z )\12er ( ) Z Alz]ru ( ) (496)
2,7;0=1 7, 5=1

() < 3 My (1) — oMy(DE,(t) — (1— 0) 32 [ Ryy(s)u2(t — s)ds, p = 4,6,

j=1 =1
E(t) < ;fmqu?(t) — oM (H) Ey(t) — (1 - 0) ; o Ryi(s)ui(t —s)ds, ¢ = 5,1,
(4.97)
with 0 <o <1, My; = Z S\Zjila Mg = Z 5\351‘]‘, M, = Z /_\Qz‘jry My = Z /_\3sz7
i5l=1 il= 1 rj=1 rj=1

Ma(t) = m(t), Ms(t) = &u(t), Ms(t) = M), Mr(t) = &u1(t)-

Finally, we introduce the Lyapunov functional
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E(t) =Y Eft)+ ! > Ei(t).

l1—0

(4.98)

According to the estimates (4.92)—(4.97) and conditions outlined in Theorem 4.4.1, we

have
E’(t) S Z { —Eilji + 2 [(1 + 52)5\11'3‘7‘ + _12_1Z + %} }U?(t)
i=1 rij=1
+20 —4u+ > [(1 ) Ay + T8+ ii_li} }sz(t)
j=1 i;l=1
7
—r1Ey(t) — ko Es(t) — Ului(;) > Ei(t) +C,
k=4
or :
E'(t) < —AE(t) — k1 Ey(t) — ko Bs(t) — 220 5™ By(t) + C,
k=4
with A = min {19, @} .
As 0 < w* < oo, then there exists T" > 0 so that
w(t) > w", vVt >T.
Hence, the estimation (4.100) yields
7
E'(t) < —AE\(t) — ki Ea(t) — ko E3(t) — (ff:,) > Ei(t) +C, t=>T
k=4

Let C' = min {A, K1, Ko, (f_%‘)}, then

From Lemma 2.2.6, we obtain

. t .
E(t) <2E(T)e D 1 2C / e =9 s, t € [T, 00).
T

(4.99)

(4.100)

(4.101)

(4.102)

For w* = oo, there exist 7" > 0 and @ > 0 such that w(t) > @, ¢ > T, and we use the

same argument.
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Remark 4.4.1

e The assumptions used here are not as constraining as those of (Hy) in Wen, S., et
al., 2012 [123] and (Ag) in Zhou, Y., et al., 2018 [110], which was utilized to study

the stability of the stationary point for memristive neurodynamic systems.

e High—order characteristics led to non—linear terms that are harder to process than
linear ones deriving from first order features. To overcome this problem, analytical
techniques are utilized to convert them into linear terms excluding the condition
f(0) = 0 proposed in Gen, H., et al., 2011 [86] and in Ren, F. and Cao, J., 2006
[157].

o The stability result obtained here is more general than those in Wen, S., et al., 2012
[128], Sheng, Y., et al. 2020 [88] and Wu, A. and Zeng, Z., 2014 et al. [89].
Moreover, the global stability derived in and Wu, A. and Zeng, Z., 2014 [90] is
enhanced here by processing a model that encompasses the continuous history and

by using Lyapunov’s direct method only.

Remark 4.4.2

o [fp* =o00. Then, there exist t* > 0 and a positive constant p such that

p(t) > p,t>t"

e The estimations on [0,t*] and [0,t] are obtained by using the continuity and decreas-

ingness of the functional V().

4.5 Unbounded Activation Functions

In the case of unbounded activation functions, we will discuss a stability result of system
(P,) which is generally more challenging to handle, due to non-linearities stemming from
high—order terms. As a remedy, we shall use a first order inequality given in Hoang, N.
S. and Ramm, A. G., 2009 [1].
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Set A and A be positive constants so that

A = min {p,LV’L — 72 |:(1 + 62)0'11]7. + 0'21]7‘ + 0'37']7,:| )

A = min {gjﬂj — Z [(1 + 61)0’1]” + 02311 + &1621;] ;

A

3‘“

0-2]1l - U2jllk]1l7 0-3l1] - U3lzghlz]7 UQz]r - UQl]TkZ]Tv U3ryz U3r]z i1y

USJZZ - U5jzlkalu 06l2] - 0-6l2jhlm7 J5z]7‘ - U5z]rkZJT7 JGT]z - U6r]zh7‘]za

GME R (r) [~ ;LY ()
— = %2 ! !
UlijT - 32 ( 2]7" + arjz)’ O1jil = 2 <ajil + alij>7
2 2
B (Qjijeriﬁijrﬁr(xi)) ]z{ (ﬁzﬂ;iZng‘fbmyl(y?)> “
02ijr = = ijrs 02jil = il s
Y4 5 Y4 9
B (qu:jikrjigr(x;)M2i> ~ (ﬁiﬁﬁjku‘jgl(yf‘)L%) .
O3rji — 72 hrjz'a O3lij = e lig
=2 4 =2 —2 %2 4 1.3
= _ quli = %2 = %2 D; Ll] = _ q 6z]rM21k7,j'r
O 4ijr = 47 ( Qi + Qi )y O45il = 4y, ]zl + alzg » Obijr = 3 )
T Lo T :fiMézhiﬂ _ ﬁ?ﬂ;ﬁL‘* h?”
O5jil = po y O6rji — = ) 0611] =
_ = ¢ *
(0) = it {on(0) 71 00).€0(0). 6 0), L0), o), } Gt 0, lim x(0) = '
M=Y2=73=74="7 = [ 10m27
- - - - - 4,7
=y =73 =7, =75 = min
M =72=7 =7 =7 S Ton?

Now, a sufficient criteria for the local stability of the equilibrium point of system (P,) is

inferred.

Theorem 4.5.1
Let assumptions that (Ay),(As), (As)-(A7) and

5% [0+ o + 25 + 2] <pwi— 4,
T (4.103)
> [+ o+ 2 + 4] <9 - 4

hold. The assertions below are true

e If0 < x* < oo and there exist t* > 0 and a positive function w(t) with
w(t)
2

1 w(t) 00 such that for some positive constants C,C, C' < £ (X(t)—#» C<

t)
( ) then

u(t) < ——

w(t)’

1

w(t)’

v(t) < for allt >t~
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e If x* =0 and there existst > 0 and a positive function w(t) with lim w(t) = oo such

t—00
tim?ié’ < @(C’ — gg;), C < ﬁ( o — W(t)) holds for some positive constants
C,C,C, then, .
1 _
)< ——, () < —, It >t
u(t) 0 v(t) 50 for allt >

Proof

Firstly, using the assumption (Ay4), we obtain the following estimations

[Ozjilfj(yj(t —0)) iyt = 0)) — Oz}?ufj(y;)fl(yf)] = Qi [f](y]( 0)) — fj(yj’f)]
X [fl(yz(t —0)) — fl(yl*)} + ajufi(yp) [fj(yj(t 0)) — (y;)} +agaf; ()
x| filwn(t = 0) = )] + (s — 0 fi(w) fulw) (4.104)
< afyLagLulvi(t = 0)|[vi(t — 0)] + ay Lag| fuly))|v; (¢ — 0)]
+agy Lul (i)l ot = )| + |aza — agal ;) iyl

and

(il (t = 7)oy (¢ = 7)) = a5 filwr) o)
< a o M My lug (t — 7)[[u, (t — 7)] +O‘znglz|fr( w3 |[ui(t — 7)] (4.105)
e Ml FleDllun(t = 1)+l — sl a2

Moreover, we have

2pilui(t)] D2 gyl Lufv;(t = 0)|[u(t — 0)]

=1

S |ul< )| Z ( ]zlpl 1] 7 (t - 0) + O[;dp’LL%lU?(t - 0)) (4106)

=1

4v1

Js
< oy + 3 WLl - 0) + 52 S ),
Jil=1 j,0=1

in the same way, we get

2;l0;(8)] 3 aj; Muer\uz(t—T)Hur(t—T)!
=1 (4.107)

—*2

2 4
§2,71n2 ()+ Z 'L]'r 11 4(t_7_)+ Z ’L]’V‘ MIT 4(t_T)

i,r=1
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*22

_ n * * QjilPi 1Jf
2pilus()] S oty Lusl iy o (t — 0)] < romul(t) + z LI oy ),
(4.108)

i} oL )
25ut)] 3 Ll ()t — 0)] < romtud(t) + 3 LDz ),
Jl= Jt=
(4.100)

- -~ 2.9 Y @@ MR fR(xr) o
2q;|v; ()] Z g, My ()| [ui(t — 7)] < Fan®ol () + >0 == (t — 1),

i,r=1 7,r=1 72
(4.110)
= 2.9 Oy a2 @M (=) W2
2q;|v;(t)] Z az, M| fi(z)||un (t — 7)| < Fon vj<t)+>2_17— A(t—1),
’ (4.111)

_ 212 F2)
2piui(t)] Z LI aga — ajal < 29smui(t) + lzlp S (g — aga)?
=1 D>
(4.112)

and

_ NI 2 < 974.m2 - q]f2(w )f7 (@) Z 2
2050 (0] 3 1FEONF DNy — byl < 2vn03(0) + > TECDFD G g5 p2

i,r=1 i,r=1 s
(4.113)
Furthermore,
lzl szl fO jZl g] y] dS fO ]zl gl yl(t - S>>d8 - ZZ— /lelkalg]<yj)hjzlgl<yl)
= 1215321{ Iy s [ (st = ) = 93(u5) ] ds J; hya(s) [au(wi(t = 5)) —gl<yr>]ds
J
hiagi () Jy k()| 935 (¢ = 9)) = 03(07)|ds + Eyag () Ji hsa(s)
X [gl(yl<t —5)) — gl(yl*)} } + lzzl (5311 le) jil9j (y])hjilgl(yl*)
7,
(4.114)
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and

A

‘il Bijr I3 Kige(8)gi(wi(t — 8))ds [ hije(s)Ge (2, (t — 5))ds — Z ﬁlﬂ,k”rgz( Nhijrge(x7)

i,r=1

:1éﬁm{kzﬂ ha@ $)) = 5i(a?)| ds Jy huje(5) |3 (2, (t = ) = g (7)) | ds

hije 3o @) [ Fase(5) |3t = ) = 3i(aD) | ds + ki (@) 37 e ()

X [gr(xr(t - S)) - gr(x:>] } + Z (/82]7“ - Z]r)]%ijrgz( z)hlegT( 7“)

i,r=1
(4.115)
By virtue of the assumption (A,), one has
[Z: 5]@[ fO _]’Ll g] y] dS fO ]zl gl yl(t - 5)) s — z 6;2[]%]1[9](3/;();131[9[(3/7)
7,l=1
< Z ﬂjzleij fo kja(s)|v;(t — s)|ds fo hji(s)]ui( t—s)]ds—i— Z szlL2J legl(yl)
Jil=1 4l=1
X fo Kja(s)|v;(t — s)|ds + Z B]zlLﬂk]llg] ?J] fo ja(s)|vi(t — s)|ds
+ ‘lzl 1bsi — bjalksalg; () | sal g (y7)]
j, =
(4.116)
and

A

o I R (903t — 9))ds [ Puge (83 (0 — $))dls — 35 By () o ()

i,r=1

Q [

/B MQT fO T )|uz( |d$ fO 237“ |ur(t - S)|d3+ Z /BUTM% zy?“gr’( )

1,r=1

||M3

Xfo e (S)|ui(t — s)|ds + Z Z*JTM% i Gi (T fo i (8)[ur(t — s)|ds

7/7’7

+ 21“—) - ijr“_fz'jr@(ﬁ)’Bijr|§r(mﬁ)|.

(4.117)

On the other hand, from (Asj), we find
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2p;|ui(t)] Z 5311L2JL2Z fo Kja(s)|v;(t ’dsfo hja(s)|vi(t — s)|ds

7,l=1
< )l - 3 Brupihia J5* ()} = 5)ds + z Brabi Layhjia 5 hya(s)v(t — s)ds)
Js
< 2ysmPui(t) + 30 ﬂﬂlpzwjj n fo kji(s t_ s)ds + Z ﬂlpzw;l E fo hji(s)v} (t — s)ds,
J,l=1 7,l=1
(4.118)
24;]v;(t)] ZlﬁwMzzMzr Jo~ Kige($)lua(t = 8)lds [i hije(s) un(t = )|ds
< |v;(t)] Z M2k, f (s)u2(t — s)ds + Z M2 h, I3F hige(s)u2(t — s)ds
— 177 — ’L]T‘q] 2i™Vigr Jo ijr - zgrq] 2r'bigr Jo 7«]"' T
= 2 u ﬁ:frq? 21 zj'r o 7. 4 u :727‘(1]2 27‘h§j7‘ o 7 4
< 293n*v3(t) + Zl Jo Fige(s)ui(t — s)ds + 21 S [ g (s)up (= s)ds,
’ (4.119)

2piluq(t))| Z BraLashjag (i) J~ kja(s)lo;(t = s)|ds

it (4.120)
S 74m2u7,2<t> + Z (ﬁjzlLijlhjzlgl yl ) ]Zl fo ]ll t_ S)d
Gl=1
2p:|ui(t)] S BiuLarkiug(y) [y hya(s)lvi(t — s)|ds
4=l . (4.121)
<l (t) + 35 (FuLaphyus07)) 5 J5T ha(yit = 5)ds,
7,l=1
2(:7]|v.7( )l Z :]TMQ’L zyrgr fo ’Lj?“ |ul t - S)|d8
=1 2t 2 (4.122)
< Jun*vi(t) + Z (BZJTMm%hmgr( D)= T R (s)ui (t — s)ds,
2q]|vj( )| Z /B’LJTM2T l]TgZ fO Z]”’ |U’7" t - S)ldS
or=t (4.123)
< 74” U ( )+ Z (ﬁwTMZ"Qsz]rgz ) wr fO er t— S)d87
i,r=1
2pilui(t)] D2 k‘jillgj(?/ﬁ|hjil|gz(y?)||l;jil — bjal
H= o (4.124)
< 2ysmPui(t) + o ZZ 2,93 (2092 (57 (bjan — bjan)?,
iz
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24;|v;(1)] Z Figelgi (@) hage 32 Bige — i
vr=1 . N (4.125)
< 2"_)/5TL2U ( ) 27 Z kurgz( )h’zgrgr( r)(bijT - bijT)2'

’L’I“_

Next, we introduce the functional

= Zuf(w +) i),

According to (A1), (A2) and the relations (4.106)—(4.123), the derivative of Vi () is given
by

Vi(t) < Z{—2pl/l—|—2m2<’yl—|—’yz—|-’}/3+’}/4+’75>} 2(t) + Z{—Qq vj
i=1 —

+2n? (’Vl + Y2+ Y3+ Ya T+ 75) }v PEL i) lﬁj;l (wi) ( i+ am)vg(t —0)
Jl 1
214 k)3 0o
+p2jll]< jzl + alzy) (t ) ﬂlpl 2J L fO kj’il( ) 4(t - s)ds

ﬁ;?lﬁzz[élhjzl S Jul o0
+Tf hji(s)v) [(t—s)ds + (@lez legl(yl)L23> Ifo Kji(s)

XU‘72<t - S>d8 + (/szlp’bk]’blg] y] L2l> ]Ll fo le /Ul t - S)ds

M3 fr (@) [~ % GMY ([, X 4.126
+ ; TZJ: L { ( 1327" + ar?z) ?(t o T) + J47y11 ( 1321“ + &r?z)u?(t - 7-) ( )
7 B2 g2 M4 B3

™ . i
—l—ﬁ”rqﬁl—%f’km J5° kijr(s)ui(t — s)ds + W fooo hijr(s)up(t — s)ds

+<B;jrqjﬁijrgr( M2l> o fo ijr(s)u (t — s)ds

A~

+ <B:<]7‘CYJIEZ]T§Z( MQ’I‘) L fO 2]7” t — S)dS}

nim 7 7
~ o[ W) ) " k2093 Wi)h3 97 () o5 ;
+ 2 [#(ayl—aﬁl)QﬂL B (bjil—bjiz)ﬂ
1/7]7:
i 2 - R, G2k, g 5 %
Z [—2)72 @ )(am Qijr)? + 2 g IQ%" R (bijr — bij?‘)z}.
rij=

Then, we present the Lyapunov functionals
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Valt) = et S oy [y e Oul(s)ds, Volt) = et S gy [ e Iul(s)ds,

i;5,0=1 i,r;j=1
‘/10(t) = Z O5jil fOOO k]zl ﬁ s J d)\dS ‘/11( ) Z 55ijr fOOO E’L]T‘ ft s z d)\dS
iij,1=1 irig=1
Vis(t) = > o6 fooo i (s ft s J N)dAds, Vis(t) = > Oerji fooo hiji(s) ft L ui (A)dAds,
i;5,l=1 i,r;5=1

(4.127)

with 3 and €4 are chosen so small that e®? < 1 + 5 and €™ < 1 + ¢4, by virtue of the

assumptions (Aj) and (A7), whose derivatives are given by

Vi(t) = —esVa(t) + €0 3 ouav(t) — 3 ouavi(t — ),

e i (4.128)
Vo(t) = —e4Vo(t) + e=7 Z Taijrtty (1) — D Ouigrtg (t —7),
i,r;j=1 4,r;7=1

VIE) < 35 kg (t) — 0B, (O, () — (1= 8) 32 [ £y5(s)v(t — s)ds, p = 10,12,

Jj=1 j=1
VI(E) < 32 Ryt () — SR (O0Vi(t) — (1= ) 3 Jo° Bys(s)d(t — 5)ds, ¢ = 11,13,
i=1 =1
(4.129)
where 0 < § < 1, Kigj = Z Osjil, Ki12j = Z O6lij, Ki1i = Z Osijry Ri3i = Z T6rjis, Rio(t) =
i;l=1 i5l=1 rij=1 rj=1
ma(t), Ria(t) = &(1), Ru(t) = R(t), Rus(t) = &(1), Lios(t) = Z osjitkji(t), Ligi(t) =
i;l=1
: oerijhui(t), L11:(t) = Z 55ijrk’zgr() L13i(t) = Z 56rjz‘hrji(t)-
i;l=1 r;j=1 rij=1

After that, we construct the following Lyapunov functional

V() = SV + Va0 + V() + 5 [ SV + Y ],

where V;(t), i = 2,...,7 are defined in (4.61).

In view of the relations (4.62)—(4.64) and (4.126)—(4.129) and the conditions of Theo-
rem 4.5.1, we find

V/(t) < —AVi(t) — e, Va(t) — eaVa(t) — e5Vis(t) — e4Vip(t)
B9[S 10+ U] + A2 + A

=10

(4.130)
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where A = min{A, A},

n;m n;m

> o & l Gel

A= max{ Yo (14 €4)Tuijr + T + 2, Z (1+ €3)ouju + 15’3 + T },
i,r;j=1 z]l 1

nim 7
7 ~ o[ WD) - . k2,92(y k2,97 (v7) 5
A= Z p22|: J 1132731 Y (ajz'l o ajil)2 + jilYj 12% 191 \Y (b]zl o bjz’l)2i|

(4.131)

i55,0=1

N o[ Panf? - R, G2k, e 5 %
+ 22 1qJ2[f I (Ggjp — figge)? + 222200 (b — bz‘jr)Q]
,730=

Finally, the estimation of the Lyapunov functional V'(¢) is obtained by means of two

cases depending on the limit of the function y(¢).

Case 1
If 0 < x* < 00, then, there exists t* > 0 such that

x(t) > x*, t >t

Then, we obtain

V() < flVl( t) —eVa(t) — eaVs(t) — esVi(t) — eaVo(t)

13 . R (4.132)
(1 D ZV( )+l§OVl(t) + AVE(t) + A, t >t
For C' = min{A, ey, e, 3,4, (1‘5"%5)}, the relation (4.132) becomes
VI({t) < —CV(t)+AV2(t)+ A, t > t*. (4.133)
According to Theorem 2.2.7, we deduce
V() < L, t >t (4.134)
w(t)
where w(t) satisfies
A< (0 Z((f))) A< (- ‘:)((f))) (4.135)



or

W' (t) — Cw(t) + 24 < 0, W' (t) — Aw(t) + 24w (t) <0,

when V' (0)w(0) < 1.

Case 2
If x* = 0, then, there exists ¢ > 0 such that

(1 — 5)X(t) S min {121761782763784} 3 t 2 E

Then, we get
V(1) < =&V (t)+AVEt)+ A, t > 1,

for some positive constant §* := ﬁ. In view of Lemma 2.2.7, we infer

1

V(t) < 0

b2

~

Y

&l

where w(t) satisfies

or

i
IN

@' (t) — dw(t)x(t) + 24 <0, &' (t) — Ac(t) + 2A%(t) < 0,

when V(0)w(0) < 1.

&l

97
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(4.137)

(4.138)

(4.139)

(4.140)

(4.141)
(4.142)



Remark 4.5.1

The unbounded case has not been developed owing to the complexity of the non-linear
terms, which are addressed in the magjority of the literature via the boundedness condition
as in Aouiti, C., et al., 2020 [91], Chen, Z., et al., 2007 [92], Dong, Z. et al., 2020 [93],
Lou, X. Y. and Cui, B. T., 2007 [94], Ren, F. and Cao, J., 2006 [137], Sheng, Y. et al.,
2020 [88], Xia, Y. 2010 [95] and Zu, J. et al., 2020 [96] and references therein.

4.6 Adaptive Synchronization of the System

In this section, we will study the synchronization between the uncontrolled system (4.38)

and the following controlled system.

#1) = pi@ (1) [ - M) + i s O3t — ) il — )
+ .lfjl bja(Z:(t)) [y~ Kja(s)g; (@ (t — 8))ds [g~ hja(s)gu(m(t — s))ds + ]} + ®i(1),
i () = q;(9;(¢)) [ —A;(y;(1)) + MX_DI g (95 (8)) fi(@:(t = 7)) fr (20 (L — 7))
+ Zn_:l igr ( fo ijr(8)5i(Ti(t — s))ds fo ijr(8)G: (2, (t — 5))ds + J]} +U;(t),
. (4.143)
the initial data are
{ 7ilt) = 6i(t), 1 <0, (4.144)
y;(t) = @;(t), t <0,
) Ggas @) > T () = bja, |z:(t)] > T,
asalEit)) = { ey ) = { IR
- Gy 70> Ty bigr, [5;(0)] > T,
Qijr\Yj = . _ bijr ' = ~ _ 4.146
) { s Iy <7, ) { o 01 <7, T

The system (4.143) may be rewritten as
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[ (1) € pilailt >>[—Ai<fi<t>>+ﬂi:1 olau(7: ()]t — 0) fia(t - 0))

+]l§ olbya(T ()] J; hya(s)gs @3¢ — 5))ds [ hya()an(mn(t — $)ds + L] + (1),
7 () € 4;(5 <>>[—Aj@j<t>>+ izlco[aiﬂ(yj(t))]fi(xi(t—T>>fr<mr<t—7>>
|+ 3 B I R 3l = 9))ds 7 B33 ¢ = 5))ds + ] + 500,

(4.147)
where co[a;y(7;(t))], colbju(Ti(t))], cola. (3;(t))] and co[bij,(7;(t))] are defined by

azu, |Z:(t)] > Ti, bja, |7:(t)| > Ti,
C_O[ajil(ji(t))] = [a*]ll CL]ZJ ‘xz<t)| = Cria C_O[bjil(i'i(t))] = [b*jibb;il]; |J_Zz(t)| = T’i;

ajzl |5L’1< >| < ,-Tia lv)jiZJ |jl(t)| < E’
(4.148)

az]r ’gj (t)|

> Ty, bije,  |5;(t)] > T,
colay, (§;()) = § [awize, ], 15,01 =T5,  olbipe ;)] = [buigr 0], |70 = T,
<T biir, |7 r

agr, 95(E)] < i 1950 < Tj,
(4.149)
which is equivalent to the following system
[ 7i(t) :pi<:fi<t>>[—A-<--<t>> + 3 aul (3t = )~ 0)

30 B (53¢ = 9)ds [ () (an(t — 9)ds + 1] + 94(1),
g - (4.150)
() = (350 >>[ Ay(a(0) + 3 0 et = ) (arlt )

+ Z_ BZr fo ijr(8)Gi(Zi(t — 5))ds fo ir(8)Gr (T (t — 5))ds + Jj] + (1),

where of; € cola(T:(1))], By € colbju(z:(t))], a5, € colay, (g;(1))], B3, € colby(g;(1))]-

The synchronized error dynamical system is
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ei(t) = = [pi(@ ) M@ (1)) = pilas(0) Aa(ai(1) |
(@ (0) 32 (o5l (53t = OVl(t = ) = asufy 35t = ) ilw(t = 0)

+p; (xz i: [ il fo jZl g] y]( dS fo ]zl gl(yl(t - S)>d8
ﬂjll fO ]zl gj y] dS fO ]zl gl yl(t - 5))d3:|
+(pil@:) —pi<xi<t>>) [ 3 auflus(t = ) filu(t ~ 6))

Jil=1

+ 32 Bia Jy ka()g;(y;(t — s))ds [5~ hya(s)au(w(t — s))ds + Ii] + ®i(1),

e;(t) = — [Qj(_j(t))/\j(??j(t)) - Qj(yj(t))Aj<yj<t))]
+qj<_j<t>) NZZI [_ijrf_i(fi(t - T))fr(:fr(t - 7')) - dijrﬁ(xi(t - T)).f?"(xr(t - 7'))}
+q]<y]<t>>él [J [ kije(8)3:(Zi(t — 8))ds [o hije(5)Gr (T, (t — 5))ds
P I3 R (9)5(01(¢ = 9))ds [ T ()52 (0 = ))ds|
+Ha @) - 6 (,0))] { z G st = 7)) (= 7)
+ Zl BW fo e ( 8)gi(ws(t — s))ds fo i (8)gr (2, (t — 5))ds + Jj} + W,(t),
\ (4.151)
where

e;(t) = ;(t) — xi(t), €;(t) = y;(t) — y,(t), the adaptive feedback controllers are given by

Bi(t) = ~di(Dei(t) — m(t)sign(ei(t)), U;(t) = =0, (D)a(t) — 7,()sign(e; (), (4.152)

where the functions ¥;(t), m:(t), 9;(t) and 7;(¢) are assumed to be non-negative continu-
ous functions, for all t > 0,71 =1,2,..., nand j =1,2,..., m such that the updated laws

of these functions satisfy

{ V(1) = gemrted(t), 9;(0) =0, { Ii(t) = gem'e2(t), 9,;(0) =0,

(4.153)
mi(t) = oie™e(t)], mi(0) =0, 7i(t) = o5e™|e; (t)], 7;(0) =0,

for some positive constants k1, Ko, €;, €, 0;, 0;.

Assume that A and A are positive constants such that
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r;j=1
A = 1g}i<nm {EJ + a}j - pj irZ::1 <F2(d'?jr + @:ji) + G2( z*]'rk?jr + ﬂ:jzhzjz)> + 2J]]
S o i 2]

il=

X2jit = X2jitkjits Xo2ijr = Xoijrkijr, Xs1ij = Xstijhig, Xarji = Xarjilrji,
Py F?m? 1.2 * x \2 o q; F2n? M2 (a* Sk )2
X1jil = ~ 5] 1j<ajil + alij) » Xligr = =3, li(aijr + arji) )
_ 2 2~ 2,2
2p2G%m? x 7 7 — 2q;G"n *
Xejil = =5, Lo Bl k‘jil, Xoijr = —5— | Ma2ifj, hijr
2p2G2 2 ~ _ 242G?n?
X3lij = LQ;ﬁmk‘lu hlija Xsrji = —55—

=0 X [FPlasa — ajal + GPlba — balkjuha
J,l=1
B =4 X | Flige — g |+ G2l — byl |

A1 = Ay = min %, A1 = Ay = min %,
1<i<n 1<5<m

6(t) = inf{m(t), m(t), & (t )af_l(t)}a t=>0, tlggd(t) =0
(4.154)

Under the adaptive feedback controllers given in (4.152), the synchronization of system

(P,) is reached in the following outcome.

Theorem 4.6.1

Assume that assumptions (A1), (As)—-(Ag) and
[ 121 (Oé;il + Oé?z’j) + G2(ﬂ;i1]%?il + ﬁ%iL%)) + 2Ii]

‘]’ =

+ 2 [(1+5)xlijr+%”;+%] < G+ wi,
F?

3 . (4.155)
Pj [”21 (0, + ar;) + G*( Z}Tk‘fjr :ﬁhfﬂ)> + QJJ}
+ lzl [(1 + €)xji + XQ’” + T‘”ﬂ <+ w;

hold, then

e If0 < §* < 0o, then for some constants C,C > 0
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W(t) < Ce ¢t > 0.

o If6* =0, we have for some constant C > 0

%

W (t) < Ce o Jode)s ¢ > .

Proof

Obviously, we have

5 [y (@(t — DA~ 0) — sufy (w0 — ) flwi(t — 0)
= i [Oé?izfz@l(t —0)) + cui it — 0)) | f(E;(t — 0)) (4.156)

Ji=1

+ ,liz:l(a;ﬂ — aga) f3 (s (t = 0) Fi@t — 0),

3 (a8 i@t = )t = ) = e Failt = )l = 7)
| = 32 (@l =) a0 = )] At =) (4.157)
+z’i (@ = Qi) et = ) @nlt = 7)),
[lefo kja(s)g; (55t — s))ds [y~ hya(s)a (@it — 5))ds
- 6] $))ds J5* by ()9 (ui(t — s))ds|
i:fo {m(fo ()9 m(t—s))ds)km(s) L15%)

615 (J; s (e — s>>ds) his ()] }aj@-(t —)ds

i( jzl — Bjat) fo kji(s)gi(y;(t — s))ds fo jil(8) g (G (t — s))ds,
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|: ijr fO zgr gz l'z(t - S dS fO iJr )gr(jr(t - 5>>d3

”_ﬁm fO " ))ds fo i . (t — 3))d8}
= “ZI f() { l]T’<f0 ijr(8)9- (2, (t — S))d8> Figr (5) (4.159)

g (J5 Fog9)3: (e (2 s>>ds) ws)}@(ext ~ 5))ds

+ Z( ijr — Bijr) fo ijr(8)gi(@i(t — 8))ds [ hije(8)Gr (T, (t — 5))ds,

ZTﬁ

where

(&5t —0)) = f;(5;(t — 8)) — fi(y;(t — ). files

€; ;
gi(e;(t —s)) = g;(y;(t — 8)) — g;(y; (t — s)), gi(ei(t — s)) = gi(zi(t — s)) :
(4.160)
Firstly, we introduce the functional
HOESS
i=1 j=1
Using (As), (A4), (As) and the same techniques as in previous sections, we find
2pilei(t)] >0 FLyj(agy + afyy)le;(t — 0)]
& ; ! (4.161)
S /\1€?<t> + pl e Z L ( ]zl + Oé;(zg)263<t - 9)7
Jil=1
2(]]|€]( )| Z FMl’L( 'L]r +ar]z)|el( )|
) by (4.162)
S /\1 _jQ(t) 11( zgr + @;31)2622@ - T)7
i,r=1
2pilei(t)] ZZ GLoj [5° | Biahjukja(s) +ﬂl*ijl%lijhlij(s)> le;(t — s)|ds
=1
A 21— 5)ds (4.163)

52122 .
S )\2612(15) + % z; <L2jﬁjilhjil> gl fO ]'Ll
252G2m? . .\ 00 -
LA v (LQjﬁlijklij> huig Jo~ hij (s)€5(t — s)ds,
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2q;le; ()] Z G My, fo < ijr wrkijr( )+ k

1,r=1

jiltngi(s )) lei(t — 5)|ds
P2G2n2 M 2 22 0o =
< X0+ 55 3 (Moo ) e J57 R (5)e2(t = s)ds (4.164)
242G?n? "

+=5— 21 <Mgzﬁmkm> hmz fo rii(8)eX(t — s)ds.

By virtue of (A;), (As), (Ag) and the relations (4.161)—(4.164), the derivative of W (t)
yields

m

Wi < 3 { SERRERCEY DY <F2(oz;fu +afy) + G2 (Bl + B, m)) Y
i= j: =1
—219i(t)}e?(t) + 3 { —2C; + M+ Ao+
j=1

1815020 ) + 2J;

‘72F2 2 —x \2,.2 ' 2p2G2m? x 7
+ Z L Mlz( z]r + arji) €; (t - T) + ) ; . A2 (LQijilhjil> jil fO ]zl t - S)d
7 T ] 2;7,l=

n

Z <F2( 'Ljr + ar]z) + GQ(Bz]r ijr

i,r=1

—219()} HORS Z meL2 (05 + agy)?es(t — 6)

i;7,0=1

i QQJGZ n? 7 22 o 7 2 JELS 2ple 7
+ X 1 (Mzzﬁw m) kijr Jo kijr(s)ei (t—s)ds+ ;1 (Lzyﬁm’%> huij
L= Z;]v =
nme oz 2 0o =
x fo hlij( (t - S)dS + Z qj o (MQZ/BT_]lkT]l> hrji fo hrji(s)ezz(t - S)dS
i,r;j=1

123 plei®] 3 [Pl = gl + Clhga = bjalkyuahia] =23 m(Bles(t)
jl 1 i=1
123 gle O 3 [Flag, — | +Gb h

il + G2l — bije kg hize | — 2 Y- 75015 (1)
j=1 i,r=1 Jj=1
(4.165)

Next, we present the following Lyapunov functionals
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Wat) = = 35 [10401) - 5% + & m(®) = 3)7]

Wa(t) = 7 35 [L0,(0) = %0 + £ (m,() = 3,2,

W4(t) = et Z X1jil Lt_e €HB(S+0)52(8)dS,

zgl 1

W ( ) _e_Mt Z Xlz]?"ft T e (s7) Z(s)ds,

4,r;j=1

( ) Z X2jil fO j’Ll ft d)\dS

z]l 1

W7(t) = Z X?ijr fooo l%zjr ﬁ s Z d)\dS

7,7"] 1

() Z X3lij fO hlzg L d/\dS

i;5,0=1
n;m

Wg(t) = z X3Tji fooo }_lr]z J; s l dAdS

i,r;j=1

(4.166)

with k1 > 0,k > 0,w;,w;,v;,7; are constants, k3 and k4 are chosen so small that

e < 1+ ¢eand e™ < 1+6.

According to (As) and (A7), the derivatives of Vi(t), k = 2,3,...,9 are given by

Wi(t) = —raWal®) + 3= [(20,(0) = w)eb() + 20m0) - wlest)l]. (4167
Wit) = —maWs(0) + 35 [(20:(0) = @) 0) + 25,0 ~ o)l (a.168)
Wi(t) = —rgWa(t) + ™’ :i; X1jin€s (1) — jX; X1i€;(t — 0), (4.169)
WI(t) = —raWs(t) + e zj;; T () — zj’; T2 (t — 7), (4.170)

W,(t) < i %m@?(t) — o€, ()W,(t) — (1 — o) Z fo pi t —s)ds, p=6,8,

W) < 32 Be2(t) — 08, (OW, () — (1 =0 Zfo a(5)E2(t — $)ds, ¢ = 17,9,
(4.171)
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where 0 <o <1, Bg; = Z X2jil, Bgj = Z Naij, Bri = Z N2ijrs Boi = > Xarjis

i5l=1 i5l=1 rij=1 rij=1

Co(t) = m(t), Cs(t) = &u(t), & (t) = m(t), Eo(t) = &ui(t), D;(t) = jZ:xwkju(t)’

Ds;(t) = : Xt i (1), Dyi(t) = 21 X%jr]_fijr(t), Do (t) = 21)23@1‘;%]@'(?5).
3l=1 rij= rij=

Then, we construct the Lyapunov functional

=Y Wit) + 117 > W),

W(t) < —AW(t) — E rWi () = 22 50 Wi(h), (4.172)

where A = min{A, A}.

Finally, we discuss two cases which depend on the limit values of §(¢) to establish the

estimation of the functional W (¢).

Case 1
If 0 < 0* < o0, then, a real number T' > 0 can be found such that

it) > o7, t>T. (4.173)
Then,
y L9
W'(t) < =AW, (t) — Z FiWi (1) — (2255 2 Wil(t), t>T. (4.174)
k=6
Furthermore,
! . bt oo*
W'(t) < —=CW(t), t >T, C =min< A, k1, ke, k3, K4, i g (4.175)
—0

which implies that
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W(t) < W(T)e D <w(0)e 1), t>T. (4.176)

For t € [0,T], we obtain

W(t) < W(0) < W(0)eCT=D < W (0)e €t < (W(O)eOT)e*Ct.

A similar argument is used for §* = oo, using the fact that there exist 7 >0 and § > 0
such that §(t) > 45, t > T.

Case 2
If 6* = 0, then, we can find 7 > 0 fulfilling

o

- aé(t) < min {fvl, K1, Ko, K3, /{4} , t>T. (4.177)
Hence,
W'(t) < —o"6(t)W (1), t>T, (4.178)
for some o* := ;7 > 0. Consequently, we obtain
W) < W(T)e o Jré@ds < W) o Jr3(s)ds t>T (4.179)

When 0 < t < T, it is clear that

W(t) < W(O)eg* ftT 6(s)ds W(())e—a* I 3(s)ds

Remark 4.6.1
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o The asymptotic and exponential synchronization results obtained in Chen, C. et al.,
2018 [97], Li, N. and Cao, J. 2015 [98], Liu, M., et al., 2019 [99], Wu, A. et al.,
2012 [120], Yang, X. et al., 2014 [2], Zhang, G., et al., 2015 [132] and Zhang, G.,
et al., 2018 [127] are generalized here. In addition, the v —synchronization results
have been established in Jia, S. et al., 2018 [103], Sader, S. [104] and Yang, M. and
Jiang, M., 2020 [105] under constrained conditions on 1 function compared to the

conditions on the function ¢ used here.

e The sufficient conditions obtained here are independent of the switching jumps com-
pared to those in Cao, J. and Lu, J., 2006 [106], Chen, C., et al., 2018 [97] and Yan,
M. and Jiang, M., 2020 [105]. Thus, the results can be applied to non-memristive

neurodynamic systems.

e The adaptive controllers used here enhance the ones in Jia, S. et al., 2018 [103] and
Wu, A. et al., 2012 [120] allowing faster synchronization and using small gains.

4.7 Numerical Illustration

In this section, we provide three examples validating the theoretical results in the bounded

and unbounded cases.

Example 4.7.1
Consider a memristive higher—order CG BAM NN system as follows:

(

i(t) = pilxi(t)) [ — Ai(zi(t)) + i_ agi(i(t)) f5(y;(t = 0)) fiyu(t = 0))

2
+ Z bjzl fO ]zl gj yj dS fO ]zl gl(yl(t - S>>d5+]zi|7

]7l:1

yi(t

(4.180)

_ 2

= ¢;(y;(1)) [ — Ay (1) + 32 e (y; (0) filwi(t — 7)) fi,(t = 7))

i,r=1

52 b 0)) B ()3t = $))ds (513, ¢ = 9))ds + ;]

\ 1,r=1

~—

i,r, 7,0 =1,2, t € [0,10], where
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pl()—pz()—1+1+x2,ql()=fJ() 2 —
Ay (z) = 7.5z, Ao(x) = 5.5z, Aj(x) = 62, Ay(z) = 8z,
gi(x

filz) = 9()= (le + 1] = |z = 1)), fi(x) = )—tanh( ), 4,5 =1,2,
_ ) =k,

kja(t) = hju(t () = hie(t) =e 2 dr il =1,2, [, =1.5, I, = 0.5, J, =2,
Jy =25, 17=1,0=2, z1(s) = 1.25, x5(s) = 0.5, y1(s) = 0.75, y2(s) = 1, s € [-10,0],
(4.181)
=0, [n()] > 1 [ 016, [z(1)] > 1
a(o1(f)) { 0.09, |a(t)] < 1 (@) _{ —0.12, |z ()] < 1 (4.182)
=028, (1) > 1, ] =019, |z (1)) > 1,
ag (1(t)) = { 017, o (0)] < 1. ag2(z1(t)) = { 011, [er(t)] < 1. (4.183)
] 012, |za(t)] > 1, =011, aa(t)] > 1,
a121(22(t)) = { 01, |m(t)] < 1. ay99(x2(t)) = { 0.00, [ea(®)] < 1. (4.184)
] =015, aa(t)] > 1, ] 0.36, |zo(t)] > 1,
am(@(f)) = { —0.12, |z5(t)] <1, azzz(72(f)) = { ~0.16, |o(t)] < 1, (4.185)
bi(z1(t)) = { 2_i4|$‘1:£t)(|t)‘><1 1 biia(z1(t)) = { :127 :zlig: Z 1, (4.186)
bor1(z1(t)) = { (;;1\’x‘1x(115)(|t)’<>1 L ba1a(z1(t)) = { :17|,x\1x(;)(|t)]<>1 L (4.187)
omis)={ I e[ REN
bao1(22(t)) = { :1 j ;ZEZ;: z 1’ boga(x2(t)) = { zi’ ;ZZ;: i 1’ (4.189)
~ ) 025, jp@®)>1, ) 0L, @) > 1,
an(y(t) = { 0.1, [y (1) <1, Gz (f)) = { 0.014, |y, (£)] < 1, (4.190)



S e SR s b A
S A Pt e
U RS B
bui(y1(t)) { 2_4116%%;; bria(y1(t)) :{ ;;2@?8;)‘;1 (4.194)
SCCR el U B
= {2 = { SO o
i T ,'5;%1'5 0= {1 e,
Obviously, p. =q. =1, pi=q =2, 1 =75, =551 =6, =8 F=F =G =

G=1, Lj; = sz My; = M22 1, kjii = by = kijy = hijgr = 0.25, 91 = 75 = 2.75, 9, =
"_}/2 = 3, and choosing nljil(t) = gljil(t) = ﬁlijr(t) = glijr(t) = 025, g1 = 0005, &y =
0.01, o =0.5.

Thus, the assumptions (Ay)—(Az) besides the inequalities stated in Theorem 4.53.1 are
met. Via Theorem 4.3.1, the stationary point of neurodynamic system (4.180) can be glob-
ally stable. Fig. 4.1 and Fig. 4.2 illustrate the convergence of solutions of system (4.180)
to the steady point, with the initial data (x1(s), x2(s);y1(s), y2(s)) = (1.25,0.5;0.75,1), s €
[—10,0] and with 40 initial data that selected at random, respectively.
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x1(t)
0.5 L — 9 (t);

o —y(t)H
—a(t)

05 ]
A1 —

-15 Il Il Il Il Il Il Il Il Il
0 1 2 3 4 5 6 7 8 9 10

t
Figure 4.1: State Curves of x(t), x2(t), y1(t) and ya(t)

8 T T T T T T T T T
6 1 (t)
4 —x9(t) |
) — ()]
0 —u(t) L
2 -
4 i
-6 —

8 | | | | | | | | |
0 1 2 3 4 5 6 7 8 9 10

Figure 4.2: State Curves of x;(t), z2(t), y1(t) and yo(t) with Random Initial Data
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05 | . . : , | :
0.4 —\"\ ~—-z1(t)|]
03k .::'_“_',','_'_'.‘_‘.‘_'T_‘.‘_'.'.'.'_'::_':.':_'.‘.‘.‘.'.‘.'.‘_'.‘_':.':.':_'.“.‘:_‘:.'.'_‘::.'.‘:_':_‘.::.‘.‘.'.::_'.‘_‘.::;.::.‘:.':.'r.‘.‘.’:.’:.’f_‘:.':_'. e 332((:)) =
/ -1
0.2 a\}{;,'.- _____52 o
01 fen |
] -
01l J
sl |
03f i
04, 0.5 1 5 2 25 3 35 p a5 5
t
and ys(t)

—z1(1)
()
y1(?) o
—2(?) []
s a5 s

Figure 4.4: State Curves of 1(t), z2(t), y1(t) and y,(¢) with Random Initial Data

Example 4.7.2
Consider the system (4.180) with the same all functions and parameters in Ezample
(4.7.1) and with initial history (0.3125,0.25,0.5, —0.25).

Thus, the assumptions (Ay)—(A7) besides the inequalities stated in Theorem 4.5.1 are
met. Via Theorem 4.3.1, the stationary point of neurodynamic system (4.180) can be
globally stable.

Fig. 4.3 and Fig. 4.4 illustrate the convergence of solutions of system (4.180) to the
steady point, with the initial data (0.3125,0.25,0.5, —0.25) via interval [—5, 0] and with 40

initial data that selected at random, respectively.
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—z1(1)||
—x2(t)|]
yi(t)
—32(t) ]
« a5 s

Figure 4.6: State Curves of 1(t), z2(t), y1(t) and y,(¢) with Random Initial Data

Example 4.7.3

Consider the system (4.180) with the same all functions and parameters in Ezample
(4.7.1), with initial history [0.3125,0.25,0.5, —0.25] and with nonlinear appropriate be-
haved (self-inhibition) or (self-signal) functions

Ai(t) = A;(t) = tanh(t). (4.198)

Thus, the assumptions (Ay)-(A7) besides the inequalities stated in Theorem 4.5.1 are
met. Via Theorem 4.3.1, the stationary point of neurodynamic system (4.180) can be
globally stable.

Fig. 4.5 and Fig. 4.6 illustrate the convergence of solutions of system (4.180) to the
steady point, with the initial data (0.3125,0.25,0.5, —0.25) via interval [—5, 0] and with 40

113



initial data that selected at random, respectively.

Example 4.7.4

Consider the memristive higher—order neurodynamic system (4.180) withi,r,j,l = 1,2, t €
[0,20] where the functions pi(x:(t)), q;(y; (), kjua(t), hju(t), kijr(t), hijr(t) and the parame-
ters T and 0 are given the same as in system (4.180), the activation functions are taken

as follows
fi(@) = g;(z) = argsh(z), j =1,2, fi(z) =gi(z) =V1+22 i=12, (4.199)

and

Ai(z) = 2, Ao(x) = 1.52, Ay(7) = 22, Ayo() = 2.5,
I, =0.08, I, =0.05, J; =0.06, J> = 0.09, (4.200)
z1(s) = 0.1, xo(s) = 0.2, y1(s) = 0.13, yo(s) = 0.24, s € [—20, 0],

—0.0023, |1 (t)] > 1,
—0.0019, |z1(t)] < 1,

0.002, |21 ()] > 1,

(4.201)
0.0031, |z1(t)] < 1,

ain(z1(t)) = { ang(z1(t)) = {

—0.0024, |z1(t)] > 1,
—0.0034, |z.(t)] <1,

—0.0017, |z1(8)] > 1,

—0.0021, |z1(t)] < 1,
(4.202)

am (z1(t)) = { ana(z1(t)) = {

—0.0018, |ao(t)] > 1,

0121 (72(t)) :{ —0.0026, |z2(t)| < 1,

—0.0033, |z2(t)] > 1,
—0.0023, |zo(t)] < 1,

—0.0024, |2(8)] > 1,

—0.0016, |zo(t)] < 1,
(4.204)

ag (za(t)) = {

b (z1(t))

biia(1(t))

{ 0.012, |z1(t)] > 1 (4.205)

—0.031, |1 (t)] > 1,
0.014, |z1(t)] < 1,

—0.022, |z1(t)] < 1,
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—0.018, |x1(t)| > 1,

baa(2:1(#)) = { —0.027, |z ()] < 1,

0.019, |zo(t)| > 1,

brar(2(8)) = { 0.011, |a(t)] <1,

—0.024, |zo(t)] > 1,
b1 (w2(t)) = {

—0.013, |z5(t)| < 1,

—0.0015, |y ()] > 1,

am (y(t)) = { —0.0012, |y (t)] <1,

—0.0036, |yi(t)] > 1,

a1 (y1 (1)) = { —0.0022, |y (t)] <1,

—0.0011, |ya(t)] > 1,

a121(y2(t)) = { —0.0014, |y(t)] < 1,

—0.0041, |y2(t)] > 1,

21 (y2(t)) = { —0.0026, |y2(t)] <1,

0.012, |y ()| > 1,

b (y1 (1) = { 0.014, |y (8)] < 1,

—0.03, |y (t)] > 1,
6211@1(75)) = {

—0.023, |y1(t)| <1,

0.024, |ya(t)] > 1,

bizi (a(t)) = { 0.021, |yo(t)] < 1,

—0.015, |z1(2)] > 1,

bara(w1(t)) = { —0.013, |z ()] < 1,

—0.021, |zo(t)| > 1,

broa(22(t)) = { —0.032, [a(1)] <1,

—0.027, |zo(t)| > 1,
baga(22(t)) = {

—0.024, |z2(t)] <1,

0.0032, |yi(t)] > 1,

ar2(yi(t)) = { 0.0028, |y (t)] <1,

—0.0024, |y (t)| > 1,

Gzl () = { —0.0026, [y:(t)] <1,

0.0026, |y2(t)] > 1,

a122(12(1)) = { 0.0015, |y2(¥)] < 1,

—0.0023, |y2(t)] > 1,

A22(12(t)) = { —0.0025, |yo(t)] <1,

—0.025, |yi(t)] > 1,

biia (1 (t)) = { —0.032, |y (t)] < 1,

—0.031, |y (t)| > 1,
lez(yl(t)) = {

—0.029, |y ()| <1,

—0.017, |y2(t)| > 1,

5122(1/2@)) = { —0.022, |ys(t)] < 1,
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Figure 4.7: State Curves of xy(t), z2(t), y1(t) and ya(t)

Figure 4.8: State Curves of 1(t), x2(t), y1(t) and y»(t) with Random Initial Data

—0.023, |yu(t)| > 1, - —0.025, |ys(t)| > 1,
() { (1) (4.216)

ba21 (y2(t)) = { —0.019, [ya(8)] < 1, bazz(1(1)) = —0.027, |y2(t)] < 1.

Clearly, we can see that L1; = Loj = My = My =1, i =Y =73 =7 =7 = %,71 =
Yo =73 =J4 =5 = 55, and by selecting n,ju(t) = Eja(t) = Nujr(t) = Euje(t) = 0.5, ¢ =
1,2, 0 = 0.5. Then, the assumptions (A1), (As), (As)-(Az) and the conditions (4.103)
are satisfied. Consequently, owing to Lemma 2.2.7, the steady state of system (4.180) is
stable. The curves of solutions of system (4.180) are depicted in Fig. 4.7 and Fig. 4.8,
with the initial data (x1(s), z2(s);y1(s),ya2(s)) = (0.1,0.2;0.13,0.24), s € [—20,0] and 40

initial data selected randomly, respectively.

Example 4.7.5

Consider the system (4.180) with the same all functions and parameters in Ezample
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—z1(t)|]
—x3(t)
—(t) ]
—1a(t) |-

—z1(t)
—z5(t)|]

y1(
1

o

o~
—

Figure 4.10: State Curves of xy(t), z2(t), y1(t) and ya(¢) with Random Initial Data

(4.7.4), with initial history (0.3125,0.25,0.5, —0.25).

The assumptions (A1), (Az2), (As)—(A7) and the conditions (4.103) are satisfied. Con-
sequently, owing to Lemma 2.2.7, the steady state of system (4.180) is stable. The curves
of solutions of system (4.180) are depicted in Fig. 4.9 and Fig. 4.10, with the initial data
(x1(s), x2(s);y1(s), y2(s)) = (0.3125,0.25,0.5, —0.25), s € [—10,0] and 40 initial data

selected randomly, respectively.

Example 4.7.6
Consider the system (4.180) with the same all functions and parameters in Ezample
(4.7.4) and with initial history (0.3125,0.25,0.5, —0.25) and with nonlinear appropriate
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Figure 4.12: State Curves of xy(t), z2(t), y1(t) and ya(¢) with Random Initial Data

behaved (self-inhibition) or (self-signal) functions

Ai(t) = A, (t) = tanh(2). (4.217)

The assumptions (A1), (Az2), (As)—(A7) and the conditions (4.103) are satisfied. Con-
sequently, owing to Lemma 2.2.7, the steady state of system (4.180) is stable. The curves
of solutions of system (4.180) are depicted in Fig. 4.11 and Fig. 4.12, with the initial
data (x1(s), z2(s); y1(s), y2(s)) = (0.3125,0.25,0.5, —0.25), s € [—10,0] and 40 initial data

selected randomly, respectively.
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Example 4.7.7

Consider the memristive HOCGBAMNN system (4.180) in case of i,r,j,l = 1,2, t €

[0, 100] with

0.023, |z1(t)] > 0.1,
alll(xl(t)) = ’ 1( )’

0.019, |z1(¢)] < 0.1,

2.024, |x1(t)] > 0.1,
a211<x1(t)) = ‘ 1( )‘

3.034, |71(t)] <0.1,

0.018, |zo(t)] > 0.1,
a121(132(t)> = | 2< )’

0.016, |zo(t)] < 0.1,

2.33, |xo(t)| > 0.1,
a221($2(t)) = | 2( )|

4.23, |zo(t)] < 0.1,

—0.18, |z (t)] > 0.1,

bana(1(8)) = { —0.14, |z (¢)] < 0.1,

—0.19, |22(t)] > 0.1,
—0.11, |zo(t)] < 0.1,

—0.24, |zo(t)] > 0.1,
—0.13, |x5(t)] < 0.1,

0.015, |y1(t)| > 0.1,

a1 (yi(t)) = { 0.012, |y (t)] < 0.1,

1.76, |y (t)| > 0.1,

g1 (y1(t)) = { 452, |y (t)] < 0.1,

ao12(y1(t)) = {

2, |1 (t)] > 0.1,

anz(1(f)) = { 1.5, |z1(¢)] < 0.1,

agi2(21(t)) = {

a122(w2(t)) =

{ 2.3, |za(t)] > 0.1,

1.2, |za(t)] < 0.1,

0.024, |zo(t)] > 0.1,
0.016, |zo(t)] < 0.1,

—0.31, |z1(t)] > 0.1,
—0.22, |z1(t)] < 0.1,

1.72, |y (t)| > 0.1,
1.48, |yi(t)] < 0.1,

0.024, |y1(t)] > 0.1,
0.021, |y1(t)| < 0.1,
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0.011, |z (t)] < 0.1,
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0.011, |y>(£)] > 0.1,

1.86, |ya(6)] > 0.1,

a121(y2(t)) = { a122(ya2(t)) = { (4.228)

o1 (y2(t)) = { 19, fya()] > 0.1, a292(y2(t)) = (4.229)

~0.12, ]yl |>01, -

—0.25, |y (t)] > 0.1,

(4.230)

5111 yl

—0.23, i1 (t)] < 0.1, —0.29, |y (t)| < 0.1,

—0.24, |yo(t)] > 0.1,
—0.21, |y2(t)] < 0.1,

—0.17, |y ()] > 0.1,

(4.232)

5121 y2

b (0 { —0.3, |y (t)] > 0.1, Bara(u (1) :{ —0.31, [ya ()] > 0.1, (£231)

023, |ya(t)] > 0.1,

~0.25, |ys(t)] > 0.1,

(4.233)
—0.22, |y2(t)] < 0.1.

bao1 (y2(1)) = { baoa (Y2 (1)) = {

Let system (4.180) be the uncontrolled system and the associated controlled system is taken

( zi(t) = pi(2:(1)) [ — Ni(Zi(1)) +jl§2:31 a;in(Z: () £ (t = 0)) i (t = 0))
+jl§2:21 byt (Zi(t)) fo Fyu(s)9;(Ts(t | ))ds [y hja(s)gi(iu(t — s))ds + Ii] + ®;(t),
y;(;f) = q;(#;(1)) [ = A(y5() + 22:31 ijir (55 (1)) fi(Zi(t = 7)) fr(2r(t = 7))
\ +él bigr (U5 (£)) [y Kigr(5)g:(@i(t = $))ds [y hujr(5)go (2, (t = ))ds + Jj] + (1),
(4.234)
with

A (7) =z, No(x) = 1.5z, Aj(2) =22, Ao(z) =25z, [y =, = J, = J, = 0,
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o= 0= 0.45.

The activation functions are

fi(z) = sin(|] = 1),

g1(x) = sin(|z| —1).

fo(w) = cos(|z] = 1),

92(x) = cos(|z| — 1),
and
fi(z) = gi(x) = tanh(|z| — 1),

fori=1,2.

The controllers ®;(t) and V,(t) are defined in (4.152), and the other parameters are
similar as in system (4.180) of Example 4.7.1. The initial data of systems (4.180) and
(4.234) are x1(s) = —1, za(s) = 2, yi(s) = 3, ya(s) = —4, z1(s) = 0.25, To(s) =
—0.5, 71(s) = —1, 72(s) = 2.5, s € [-100, 0], respectively. Seeing that, the trajectories of

uncontrolled—controlled systems without controls are shown in Fig. 4.135.
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Figure 4.13: Trajectories of Systems (4.180), (4.234) and (4.151) without Control
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Figure 4.14: Trajectories of Systems (4.180), (4.234) and (4.151) and Control Gains
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Through simple calculation, F = F = G = G = 1, Ly = Loj = My = My, =
1, pi = p; = 0.65, \y = X2 = 0.5, M = X = 1, and selecting myu(t) = &yu(t) =
Mige(t) = Eujr(t) = 0.125, &, = 0.005, &3 = 0.01, 0 = 0.5, k1 = ky = 0.02, ¢ =
€ = 0.9, o, = 0; = 0.05. Hence, we can see that assumptions (A1), (As)-(Ag) and
the sufficient condition (4.155) are fulfilled. Then, by Theorem 4.6.1, the uncontrolled—
controlled systems can be synchronized under the controller (4.152). Fig. 4.14 and Fig.
4.15 illustrate the state trajectories of the uncontrolled system, controlled system and
error system besides to the control gains 9;(t),V;(t), mi(t) and 7;(t). Fig. 4.16 shows the
synchronization between systems (4.180) and (4.234).

123



Figure 4.15: Trajectories of Systems (4.180), (4.234) and (4.151) and Control Gains
(91, 92(t),01(t), 92(t)), (71, m2(t), 71(t), T2(t)) for Various Data
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Figure 4.16: State Curves of Uncontrolled System (4.180) and Controlled System (4.234)
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Chapter 5

CONCLUSION AND FUTURE
WORK

In this chapter, we will conclude and provide some future work.

5.1 Conclusion

In this Ph.D. dissertation we established some general decay rates for some memristior
based integro—differential systems in neural network theory. More precisely, we established
some energy decay results for memristive high—order Cohen—Grossberg bidirectional assi-
ciative memory neural network system (MHOCGBAMNNS) with a wider class of kernel
functions and containing discrete and distributed delays. Furthermore, we considered a
memristive Hopfield neural network system (MHNNS) which contains discrete and dis-
tributed delays. Stability and synchronization results were proved under reasonable con-
ditions on the class of kernel functions and on the memristive connection weight functions.

Our results are somehow extensions and generalizations of some results in the literature.

5.2 Future Work

As future investigations, we may address the following systems

e Memristive bidirectional associative memory neural network system (MBAMNNS)

126



introduced by

(1) = —at) + fj b (1)) (s (0)) + ij e (85t — )
£y / "k (S)as ot — s + 1,

(1) = —asu(t) + Z Da (D) + ch GO
" Z Io(s(0) / i ()3 (it — 5))ds + Jj.
forall t>0,i=1,....m, j=1,....m

e Memristive Cohen—Grossberg neural network system (MCGNNS) presented by

(

zi(t) = _ai(xi<t)){bi(xi(t)) - ch(l’z( g;(;(t de )gj(z;(t — 7))
_Zhij(xi(w)/o B ()3 (a5 (t — ))ds—[l}

\ forallt>0,i=1,...,m

(52)
e Inertial memristive Hopfield neural network system (IMHNNS) described by
zi(t) = —pixi(t) — axi(t) + Z bij(zi(t))g;(x;(t)) + Z cij(@i(t)g;(x;(t — 7))
j=1
V) [ Ryttt - s+
j=1

\ forallt>0,i=1,...,m,

(53)

e Inertial memristive bidirectional associative memory neural network system (IM-
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BAMNNS) introduced by

(

z(t) = —qiw )+ me z;(t)g;(y;(t)) + ZCU (1)) g; (y;(t — 7))
+ > di(i(t)) / ki (s)g;(y; (t — 8))ds + I,
j=1 0
y§,<t) = _gl a/jyj + Z bz] y] gz .Tl + ch] y] gz xl t_ 7—))

+ Z dij (5 (t)) /0 kij (8)Gi(wi(t — s))ds + Jj,

forallt>0,i=1,...,m,7=1,...,m,

e Inertial memristive Cohen—Grossberg neural network system (IMCGNNS) given by

( m

=Sl [ isteste — s - 1,

forallt>0,i=1,...,m

It is of paramount importance to address the above problems with wider classes of kernel
functions, with unbounded memristive connection weight functions and with unbounded

activation functions.
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