,,,,,

Y

el e o Je ol e e el e e e o e e e e e e e e

Nl

A

ADVANCING PRESSURE TRANSIENT
SOLUTION METHODS FOR MASS
TRANSPORT IN POROUS MEDIA

BY

SHOUG ALOTAIBI

A Thesis Presented to the
DEANSHIP OF GRADUATE STUDIES

KING FAHD UNIVERSITY OF PETROLEUM & MINERALS
DHAHRAN, SAUDI ARABIA

In Partial Fulfillment of the
Requirements for the Degree of

MASTER OF SCIENCE

In

MATHEMATICS

Ve

P A P A A A P A A A A A



ADVANCING PRESSURE TRANSIENT
SOLUTION METHODS FOR MASS
TRANSPORT IN POROUS MEDIA

BY
SHOUG ALOTAIBI

A Thesis Presented to the
DEANSHIP OF GRADUATE STUDIES

In Partial Fulfillment of the Requirements
for the Degree of

MASTER OF SCIENCE
IN

MATHEMATICS

KING FAHD UNIVERSITY
OF PETROLEUM & MINERALS

Dhahran, Saudi Arabia

MAY 2023






KING FAHD UNIVERSITY OF PETROLEUM & MINERALS
DHAHRAN- 31261, SAUDI ARABIA
DEANSHIP OF GRADUATE STUDIES

This thesis, written by; SHOUG ALOTAIBI under the direction of her thesis advisor and
approved by her thesis committee, has been presented and accepted by the Dean of
Graduate Studies, in partial fulfillment of the requirements for the degree of | MASTER

OF SCIENCE IN MATHEMATICS,

~

~

~
Dr. Manal Alotaibi
(Advisor)

A)\ v/\\ 9
N ﬂ\v 1. /)V /‘-\J
/%'./ Monther Rashed Saleh Alfuraidan |

Department Chairman Prof. [Ruud Weijermars

(Co-Advisor)
Sl s "
g N}\J\____.

Prof. Suliman Saleh Al-Homaidan

Dean of Graduate Studies Prof. [Khaled Furati
(Member)

DS —

Dr. Rachid Ait Haddou
(Member)

Date

b

X

Dr. Jamal Al-SmaiI/
(Member)



gladys.maneja
Stamp


©Shoug Alotaibi
2023

iv



To my family



ACKNOWLEDGMENTS

I would like to express my sincere gratitude to my advisor, Dr. Manal Alotaibi, and
my co-advisor, Prof. Ruud Weijermars, for their guidance and support throughout
my thesis preparation process. Their insights and expertise have been invaluable in
shaping my thesis and helping me navigate through the challenges of this journey.
Also, I would like to thank my committee members Prof. Khaled Furati, Dr. Rachid
Haddou and Dr. Jamal Al-Smail. Finally, I am grateful to my family and friends for

their unwavering love and support throughout my academic journey.

vi



TABLE OF CONTENTS

ACKNOWLEDGMENTS vi
LIST OF TABLES X
LIST OF FIGURES xi
LIST OF SYMBOLS xvi
LIST OF ABBREVIATIONS xviii
ABSTRACT (ENGLISH) xix
ABSTRACT (ARABIC) xxi
CHAPTER 1 INTRODUCTION 1
1.1 Motivation . . . . . . . ... 1
1.2 Preliminaries . . . . . . . . . . .. 5)
1.2.1  Terminologies . . . . . . . . . . Lo 6

1.2.2  Pressure diffusion equation for fluid flow in porous media . . . . 8

1.2.3  Gaussian pressure transient solution for pressure diffusion equa-

tlom . . . . 13

1.3 Thesis organization . . . . . . ... ... Lo 17
CHAPTER 2 METHODOLOGY 19
2.1 Basic assumption . . . . . .. ..o 19
2.2 The fluid motion model in porous medium . . . . . .. ... ... ... 20

vii



2.3 Gaussian pressure transient solution . . . . .. .. ... ... ... .. 24
2.3.1 Gaussian pressure transient solution with isotropic diffusivity . 24

2.3.2  Gaussian pressure transient solution with an-isotropic diffusiv-

By o 28

2.3.3  Multiple pressure sources . . . . . . . . . ... 29
CHAPTER 3 FLUID FLUX AND FLOW PATHS 32
3.1 Evolution of pressure transients to steady-state flow . . . . . . .. . .. 33
3.1.1 Case 1: Reservoir with single producer vertical well . . . . . . . 36

3.1.2  Case 2: Reservoir with single injector vertical well. . . . . . .. 38
3.1.3 Case 3: Reservoir with two-spots production system . . . . . . 40

3.2 Fluid flux and flow paths . . . . . . . ... ... 0oL 47
3.2.1 Case A: Doublet (Two spot array) . . . . . ... ... ..... 47
3.2.2  Case B: Direct line drive (five-spot well array) . . . . . ... .. 48
3.2.3 Case C: T-spot well pattern . . . . . . ... .. ... ... ... 49

CHAPTER 4 DERIVATION OF TRANSIENT STREAM FUNC-

TION AND POTENTIAL FUNCTION 53
4.1  Fundamentals . . . . .. . ..o 54
4.2 Transient GPT stream function and potential function . . . . .. . .. o7

4.2.1 Transient stream function and potential function for single
source/sink flows (Cases land 2) . . . ... ... ... .. ... 58

4.2.2 'Transient stream and potential functions for balanced doublets

4.2.3 Transient stream and potential functions for unbalanced dou-

blets flow . . . . . . . 62
CHAPTER 5 CONCLUSION 66

APPENDIX A DIMENSIONAL SCALING OF PHYSICAL QUAN-
TITIES 69

viii



APPENDIX B
B.1 1D Case
B.2 2D Case
B.3 3D Case

REFERENCES

VITAE

DIFFUSION EQUATION

X

73
74
75
77

79

84



4.1

4.2

4.3

Al

LIST OF TABLES

Input parameters (non-dimensional) for transient flow shown in Figures

Input parameters for the transient, unbalanced doublet flow shown in

Figures 4.6 . . . . . . . . 64

Dimensional analysis . . . . . . . ... ... oo 70



1.1

1.2
1.3

2.1

2.2

LIST OF FIGURES

Sketch of well patterns commonly used in the development of oil and gas
fields with injection wells (triangles) for waterflooding to support the

pressure and sweep in the reservoir toward the producer wells (circles).

Adapted from http://www.petrowiki.org/waterflooding. . . . . . . . ..
Schematic of a porous media at the microscale . . .. ... ... ...

The diffusion from high concentration to low concentration . . . . . . .

The Gaussian Pressure Transient (GPT) solution for isotropic pressure
diffusivity Dj, (Case A) for a fixed time variable t. (a) Schematic of
the vertical producer well. (b) The pressure-change profile in a vertical
producer well (AP, = —1), centered at the origin with radius r =
V(@2 +4?) . (c) Schematic of the horizontal hydraulically fractured
well. (d) The pressure change profile induced by a single hydraulic
fracture of half-length W; = 4, i.e., the fracture is represented by the

interval [-4,4]. . . ..o

A hydraulic fracture, parallel to y-direction with half-length W, di-
vides the reservoir region into three parts: the upper part y > Wy, the
intermediate part =Wy <y < Wy and the lower part y < W;.The ac-

tual flow at the fracture tips is computed by superposing a 2D-diffusion

Ssolution. . . . . . . .

X1



2.3 The map views of the GPT solution for isotropic pressure diffusivity
(Case A) and an- isotropic pressure diffusivity (Case B). First row:
vertical well centered at the origin with radius r = /(22 4+ 3?) and (a)
(D, =1< D, =75)and (b) (D, =5> D, =1). Second row: hydraulic
fracture with half-length Wy = 4 and (¢) (D, = 1 < D, = 5)and
(A)(Dy=5>Dy=1). . ...

2.4 Four hydraulic fractures (with half-length W; = 4) for one treatment
that depends on time. From left to right t=100hrs (4.2 days), 1000hrs
(1.4 months), 5000hrs (6.8 months), 10000hrs (1.14 years). D, = 1.

3.1 Three cases considered for studying the evolution of pressure transients
to steady-state flow. (a) Case 1: a reservoir containing single producer.
(b) Case 2: a reservoir containing single injector (c¢) Case 3: Two spot
case, with one producer and one injector (a so-called doublet flow) . . .
3.2 Case 1 — Producer. The GPT solution using Equation (2.10) for a
single producer (Case 1) located at the origin with isotropic diffusivity
D, = D, =1, pre-existing pressure Py = 0 and Ppy = —1, at different
times: top row (from left to right): ¢ = 0.1,0.5,1. Bottom row (from
left to right): ¢ = 10,100,1000. . . . . . oo
3.3 Pressure profile at x = 0 over different time (t =
0.1,0.5,1,10,100,1000) for one producer (Case 1) located at the
origin. The vertical scale is the pressure and horizontal axis is the
distance of y values. . . . . . . . ...
3.4 Case 2 — Injector. The GPT solution using Equation (2.10) for a single
injector (Case 2) located at the origin with isotropic diffusivity D, =
D, = 1, pre-existing pressure ) = 0 and Pgy = —1, at different
times:top row (from left to right): ¢ = 0.1,0.5,1 ;bottom row (from left
to right) £ = 10,100,1000 . . . . . ..o
3.5 Pressure profile at =z = 0 over different time (t =

0.1,0.5,1,10,100,1000) for one injector (Case 2) . . ... ... ....

Xii

30

31

34



3.6

3.7

3.8

3.9

3.10

Case 3 — Balanced Doublet. The GPT solution using Equation (2.10),
for one injector located at (0,2) and one producer located at (0,-2)
with isotropic diffusivity D, = D, = 1, pre-existing pressure F) = 0
and Pgy = 1 for the injector and Pgy = —1 for the producer, at

different times. Top row (from left to right):¢ = 0.05,0.1,0.14. Bottom

row (from left to right):t =0.2,0.4,0.5 . . . ... .. ... ... ....

Case 3 — Unbalanced Doublet. The GPT solution for one injector
located at (0,2) and one producer located at (0,-2) when (a) Ppy =1

for the injector and -5 for the producer (net producer case), (b) Pgy = 5

for the injector and -1 for the producer (net injector case). . . . . ..

Case 3: Pressure profile at x = 0 over different time for a producer
located at (0, -2) and injector located at (0,2). The vertical scale is the
pressure and horizontal axis is the distance (y-values). (a) Balanced
Doublet. (b) Unbalanced Doublet, Pgy = 1 for the injector and -5 for
the producer (net producer case). (c¢) Unbalanced Doublet, Pgy = 5

for the injector and -1 for the producer (net injector case). . . . . . ..

Pressure profiles for two producers, one located at (0, -2) and the other
located at (0,2) with Pgy = —1 for both producers. (a) The pres-
sure profiles at various times; without any time-limit-stop the pressure
profile would drop below the Pgg, which is non-physical. (b)The solu-

tion for the pressure advance remains above the Pgy everywhere when

frozen at tymi—stop = 0.5. . . . ..o

Steady-state CAM solutions. a) Doublet flow paths (white lines) be-
tween one injector located at (0,2) and one producer located at (0,-2).
The colors show the advance of a waterfront from the injector well
(blue) and oil-withdrawal region (red contour, dark gray zone) (after
[9]). b) Direct line drive with 5 producers located at y=10 and 5 injec-
tors at y=0. (after [3]). ¢) Flow paths for 7-spot pattern, one injector

located at (0,0), surrounded by six producers. Water front advance

contours in dark blue; after [9]. . . . . . ...

xiii

42



3.11

3.12

3.13

4.1

4.2

4.3

4.4

4.5

Transient streamlines (white lines) for balanced doublet with injector
located at (0,2) and producer at (0,-2) with initial pressure change
AP, = —1 for the producer and AF, = 1 for the injector. Shown are
flow patterns and pressure fronts at different times indicated on the top
of each plot, tjimit—stop = 0.5. Pressure contour-scale was normalized.

GPT-based solutions for the advance of the pressure transient and cor-

responding flow paths for five producers parallel to five injectors at

different times; (a) t=0.5, (b) t=1, and (c) t=3. . .. ... ... ...

Flow paths visualization for 7-spot pattern, one injector located at
(0,0) and six producers. APy = —1 for the producers, and APy = 6
for the central injector. Solutions are for different times since onset

of the pressure perturbation: (a) t=0.1, (b) t=0.5, (c) t= 1, and d)

tlimit—stop - 1 45 C e e e e e e e e e e e e e e e e e e e e e e e e e e e e e

The streamlines (arrows) and equipotential lines (dashed circles) for

source/sink flow. (a) source (the flow rate m > 0) (b) sink (The flow

rate m < 0). . ...

The flow rate (vertical axis) for source flow against different time level

(horizontal axis) during the transient flow period. . . . . .. ... ..

Streamlines (first column) and equipotential lines (second column) for
a well at different time indicated on the top of each plot with time-

dependent flow rate as defined in Equation (4.10) with AF, = 1 and

Superposed source located at (z;,y;) and sink located at (x,,y,) with

T, = T;, Yp = —Y,;. 17; and 1, are the distance between the point (x.y)

to the centers (z;,y;) and (z,,y,), respectively. . . . . . .. .. ... ..

Streamlines (first column) and equipotential lines (second column) for
balanced doublet flow at different time indicated on the top of each plot
with time-dependent flow rate g, (t) computed using Equation (4.10).

The producer (sink) is located at (0,2) and the injector (source) is

located at (0,-2). . . . ..

Xiv

50



4.6

4.7

Streamlines (yellow contours) and equipotential lines (colored contours)
for unbalanced doublet flow at ¢ = 0.5 using equations (4.15), (4.16)
with o = 5. The source is located at (0, -3) and the sink is located at
(0,2). o
Streamlines (yellow contours) and equipotential lines (colored contours)
for unbalanced doublet flow at ¢ = 0.5 using equations (4.15), (4.16) at
t = 0.5 with (a) « =3 (b) a =5 and (¢) & = 9. The source is located
at (0, -3) and the sink is located at (0,2). . .. ... ... ... ....

XV



LIST OF SYMBOLS

4qD

Qw

4z

dy

Cross-sectional area, [m?]
Formation volume factor, [rb/stb]
Hydraulic diffusivity, [m?/s]
Diffusivity in x-direction, [m?/s]
Diffusivity in y-direction, [m?/s]
Reservoir thickness, [m)]
Permeability, [Darcy]

Well strength, [m?/s]

Fluid viscosity, [Pa.s]

Porosity, [-]

Potential function, [m?/s?|
Stream function, [m?/s]

Fluid flux, [m/s]

Volumetric rate, [m?3/s]

Darcy velocity in x-direction, [m/s]

Darcy velocity in y-direction, [m/s]

XVi



Urad

Ug

Uy

Fluid density, [kg/m?]

Wellbore radius, [m]

Fluid mass, [k¢]

Fluid velocity in porous medium, [m/s]
Radial velocity, [m/s]

Tangential velocity, [m/s]

Velocity component in x-direction, [m/s]
Velocity component in y-direction, [m/s]
Fluid velocity, [m/s]

Half-length of a hydraulic fracture, [m]

Xvii



LIST OF ABBREVIATIONS

CAM complex Analysis Methods

GPT Gaussian Pressure Transient

XVviil



THESIS ABSTRACT

NAME: Shoug Alotaibi

TITLE OF STUDY:  Advancing Pressure Transient Solution Methods for Mass
Transport in Porous Media

MAJOR FIELD: Mathematics

DATE OF DEGREE: May 2023

In this thesis, we advance a recently developed Gaussian method for quantifying the
propagation of pressure fronts in subsurface reservoirs. Gaussian solutions of the
diffusion equation can be applied to visualize the flow paths due to the spatial dis-
tribution of the pressure gradient caused by engineering interventions (vertical wells,
horizontal wells) in subsurface reservoirs for the extraction of resources (water, oil,
gas, geothermal fluids). Having solved the temporal and spatial changes in the pres-
sure field caused by the lowered pressure of a well’s production system, the Gaussian
method is extended and applied to compute and visualize velocity magnitude contours,
streamlines and other relevant flow attributes in the vicinity of well systems that are
depleting the pressure in a reservoir. The results produced with the GPT method

are benchmarked against independent closed-form solutions based on complexr Analysis

Xix



Methods (CAM) for the same initial conditions. We derive stream function and poten-
tial function solutions which allow instantaneous modeling of flow paths and pressure
contour solutions for transient flows. Such analytical solutions for transient flows have
not been derived before without time-stepping. The new closed-form solutions avoid
the computational complexity of time-stepping, required when time-dependent flows are

modeled by superposing steady-state solutions using CAM.

XX



Jlw J) asele

g..::-.!\ Bed :FMY‘
Lalenad) LBl 3 LI s ) Leaal) ol Al 43 1Lyl les
WP g V-L ]

VoYY sl el &) 5,0

.(Gaussian Method) &g} 44 Il ons 5 &gl )\;Y\ & Serpedl Laiall Glaoy pgls B L b jlas g, Joll lda &
DY) o dmdal) sl o) s Btigl) SN e ) Bl s e Byl B e Dol sl Jlomned o
ol Dbl il il cnd, ol M 3 Dol diplall doMo o il Al L W L) sl e d8e)
.Complex Analysis Method (CAM) Sl Jowdl &y b cons dlinns Lo a5y b & Lol A sl 44y lol) Jlemas) e Gl
Jitod Jaws CAM L b, 6lls ) BLo) Wi o8 o) bl sy S Sl s0e ) o) 82301 oo Jo CAM A b s
Db ans Lol s 5 hamanall Zaphall 5 SUI 3 ) i Biall o5 o pay A1 5 LW Dl 3 il )

il 2l Vsl Jlomsol i) Bl o g darall el A0y die sy 55 5Y @l Sl Jro3 LS 2T

XX1



CHAPTER 1

INTRODUCTION

1.1 Motivation

Streamline simulations are routinely used to study fluid migration in a variety of sub-
surface reservoirs containing water, geothermal, or hydrocarbon resources. Advanced
tools exist to model the migration of fluids in subsurface reservoirs and range from
analytical [1]-[3] to numerical methods such as finite difference and finite element
methods [4]-]6].In addition to the modeling of fluid migration in the reservoir, finite
difference methods are used to numerically solve the transient flow in complex pipe
networks [7]. Changjun et al. [8] built a model for both steady-state and transient flow
in condensate gas pipelines and solved the problem using a fourth order Runge-Kutta
method and Gaussian elimination method.Tong et al [9] studied the behavior of the
wellhead pressure for the transient non-isothermal wellbore flow. Agaie et al. [10]
considered the variation of pressure, velocity, density and temperature with respect
to time in the simulation of transient gas flow. In [11], a mathematical model was

developed for nonisothermal inflow and lifting of the recovered geothermal fluid was



solved numerically using a fourth order Runge-Kutta method.

Although, numerical methods are widely used and provide efficient solutions in
simulating the transient flow in these studies (and many others), analytical solution
for transient flow aim to avoid the complexity and resolution issues due to gridding as-
sociated with the numerical methods. Numerical tools require gridding and meshing,
which makes them relatively complex to use (involving translation of partial differen-
tial equations into numerical solution scheme format). In addition, computation times
for sensitivity studies and well-placement optimization using numerical solution meth-
ods are relatively time-consuming (and therefore costly) as compared to closed-form
solution methods.

Numerous analytical solutions (both approximations and exact) for transient flow
have been proposed in earlier studies. For example, Wu and Pan [12] presented a set
of analytical solutions for transient flow in unsaturated porous media. Lu et al [13]
presented approximate analytical solution for transient gas flow from a vertically-
fractured well, which can be efficiently used to evaluate the fractured reservoir prop-
erties. Amadei et al. [14] considered the effects of non-Newtonian Bingham viscoplastic
fluids, and provided analytical solutions for non-transient flow of Bingham viscoplas-
tic materials in rock fractures. Analytical methods based on complex analysis meth-
ods (CAM) combined with a time-stepping provide fast alternatives to visualize the
streamlines and time-of-flight contours [1]. The basic solution method assumes flow
in unbounded domains, but conformal mapping allows for flow path construction of
flood displacement fronts in the presence of reservoir boundaries [2].

The present study further explores the potential of another fast method to model



fluid flow, which computes the local pressure gradient analytically based on the so-
called Gaussian Pressure Transients (GPT) [15] and [16]. The GPT-method is ex-
plained and illustrated in chapters 1, 2. After solving the scalar pressure field in the
reservoir space, Darcy’s Law is applied in the present study to directly compute the
fluid flux from the reservoir into the well system. The method also can be used to
compute vector-field-based flow paths as the fluid moves from the porous reservoir
rock into hydraulically fractured well-systems.

The ultimate aim of the flow path simulations commonly is two-fold (1) predict the
fluid extraction rate (well productivity) based on the flux of fluid through stream tubes
toward the producer well, and (2) study where in the reservoir that fluid originated
from. While many studies focus on the fluid extraction from reservoirs (water, oil,
gas, geothermal fluids), additional applications are fluid injection for either disposal or
storage of certain fluids (waste fluids, carbon-dioxide, hydrogen, natural gas, etc.). For
such cases, the solution methods presented here are equally valid; a sign conversion can
be applied to model the well injectivity using a certain pressure required to maintain
a certain flux in the injection wells.

The results for pressure transients propagating from the selected well constella-
tions, generated with the Gaussian Pressure Transients (GPT), are in the present
study validated against known solutions computed with a suitable separate solution
method. For example, the grid-less and meshless CAM, used in prior studies of flow
in subsurface reservoirs [3], [17]-[20], can model flow paths under steady-state con-
ditions, augmented with time-stepping to account for wells of variable strength (the

CAM pressure field is static at each time step, without a true time-dependent pressure



transient at is basis).

In contrast to CAM, GPT-solutions can show the flow paths for both the tran-
sient period and a subsequent steady-state flow period; the steady-state will only
occur when injection and production volumes are balanced. The comparison between
CAM and GPT solutions is evaluated by constructing the flow paths for vertical well
arrangements with regular spacing between them, using 2-, 5-, and 7-spot well pat-
tern arrangements (Figure 1.1), essentially benchmarking GPT-solutions for these well
constellations. Next, GPT-solutions are used to derive new explicit, analytical solu-
tions for the stream function and potential function describing the time-dependent
flow paths, which will shift spatially during the transient flow period.

Analytical stream and potential function solutions in the domain of complex anal-
ysis and complex potentials are limited to steady state flow and can only account
for time-dependency by superposing steady-state solutions with small incremental
time-steps. The accuracy of such solutions is determined by the product of the local
velocity and the duration of the finite time-step, which may lead to inaccuracy in spite
of using the closed-form CAM solution method [17]-[19]. In the present work, new
GPT-solutions allow us to visualize the solutions of the stream and potential functions
for both the steady-state and transient stages of the flow development. Furthermore,
deriving stream and potential functions from only the imposed bottom-hole pressures
of the well system used for the extraction of natural resources like oil, gas, and water
from subsurface reservoirs provides a very powerful new tool, because it can be used
to optimize the well positioning, adjust pressures if well rates become sub-economic

and find the optimum solution, all of which will contribute to more efficient and sus-
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sure and sweep in the reservoir toward the producer wells (circles). Adapted from
http://www.petrowiki.org/waterflooding.

tainable utilization of natural resources.

1.2 Preliminaries

The presented study depends on the analytical GPT solution of the pressure diffusion
equation presented in [15]. In order to discuss the GPT-solution for pressure diffusion
equation, we will review some basic differential equations that govern the flow of
fluids in porous media. We will start with some terminologies and notations used in
the derivation of the pressure diffusion equation and other flow equations. Then, we
will review the derivation of the pressure equation as a diffusion-type equation governs
the way that the fluid pressure changes due to both time-change and spatial-change
throughout the region. Finally, we will introduce the derivation of GPT-solution as
presented in [15]. In the consequent chapters (Chapters 2-4), we will advance this

method and utilize it in some applications.



1.2.1 Terminologies

The basic equations presented in this study depend on fluid and media (rock) prop-
erties of porous media. In this section, we introduce these properties with some

illustrated examples.

Fluid properties

Density (p) is a mass per unit volume with ST unit given by kg/m? [21].

The fluid density can be categorized as compressible or incompressible fluids. When
the fluid density is affected by temperature and pressure we call the fluid compressible
and when there is no affect of pressure and temperature or the affect is barely notice-
able the fluid is considered as incompressible. For example, if we fixed the pressure
and we apply a temperature change on water, the water density changes from 635
kg/m? at 30C to 618 kg/m? at 80C.

On the other hand, if we fixed the the temperature at 20C and we apply pressure on
water density, the density of water changes from 635 kg/m? at 1 atm to 642 kg/m?
at 100 atm. In both examples the rate of change in water density are very small and
it can be overlooked. Therefore, we can consider liquids as incompressible fluids. For
gases, most of them are compressible since their density is proportional to pressure
and inversely proportional to temperature.

Viscosity (u) is a fluid resistance to deformation after applying some type of forces
such as pressure or heat [22]. For example, the viscosity of honey being higher than

the viscosity of water, water flows and fills a glass faster than honey under gravity



force.

Viscous fluids can be categorized as newtonian and non-newtonian fluids depending
on the change of the rate of a fluid deformation to the applied force. For newtonian
fluids, the change of the rate of deformation is proportional to the force such as water,
oil and air. On the other hand, for non-newtonian fluids the change of the rate of
deformation to the force is not linear such as blood and liquid plastic.

Compressibility (cg) is the change of density, p, with respect to pressure, P, and is

given by [21]:
1o

=227 1.1
= ap (1.1)

For constant density the fluid is considered incompressible.

Rock properties

Permeability (k) is the ability of a fluid to transmit through a rock. Figure 1.2 shows
the difference between high and low permeability where the fluid in high permeable
section (left) flows in larger quantities than the low permeable section (right) [23].
Porosity (¢) is the ratio of the pore volume, V), to the total rock volume, V;, which is
given by [23]:

=2 (1.2)

The values of porosity of rocks can vary from 0 to 1. For example, if we want to
compute the porosity of the cross sectional area in Figure 1.2 with knowing the total
volume of this area (30m?) and the volume of the rocks (V; = 10m?). To find the

pore volume we shall subtract the volume of the rocks from the total volume. So the



porosity will be :

V, Vi—V, 30—10
=2 = ~ 0.6667. 1.3

Rock compressibility (c4) is the change of porosity, ¢, with respect to pressure, P, and
is given by [23]:

Co = T (14)

Higher Porosity Lower Porosity

LY

Lower Permeability Higher permeability

Figure 1.2: Schematic of a porous media at the micro scale

1.2.2 Pressure diffusion equation for fluid flow in porous me-
dia
The flow of fluids in porous media is governed by (1) the principle of conservation of

mass and (2) conservation of momentum.

Conservation of mass

Conservation of mass law states that the difference between the mass flux entering
the control volume region and the mass flux exiting the region will give us the amount
of mass stored in the control volume [24]. Assume we have a cross sectional area

of porous media in 1-Dimension, we can write the equation of conservation of mass



as [24]:

A(x)p(x)qD(x)Aé —fl(x + Ax)p(z + Az)gp(x + Ax)At = Zh(t + At) — M(tz, (1.5)

vV Vv vV
Flux in Flux out Total mass stored

where, gp is the fluid flux, At change of time, Az change of spatial variable, A
represents the cross-sectional area and m is the amount of fluid mass in the region of
interest which is given by m = pV, = ppV, = pp AAx.

Now back to equation (1.5), in 1-Dimension flow A(z) = A = constant. Therefore, A
can be factored out from equation (1.5) and then we divide both sides by At and we

let At =0

it + At) = ()

Alpg(x) = pgp(z + Az)] = lim A7 (1.6)
we know that,
_m(t+At) —m(t)  Om  Opo
ANTTTAr T Ta e )
We substitute equations (1.7) into equation (1.6) to get:
0
~ Alpan(e + Ar) — pan(o)] = 2L Ans. (1.8)

Now, divide equation (1.8) by AAx and let Az — 0 we will get the law of conservation

of mass [24]:



—Alpgp(z + Az) — pgp(x)] _ Opg

glcig(l) Ax ot Adw (1.9)
0
~lpanle + A7) — pap(a)] = 22 (1.10)
opap @
5 = (1.11)

Darcy’s law

We can express fluid flow through sectional areas of a porous medium by the volumetric

rate given by [24]:

_ CAA(P — pygz)
_ - ,

G (1.12)

where ¢, is the volumetric flow rate, P is the pressure, p is the density, g is the
gravitational acceleration, z is the vertical coordinate, L is the length of sample, C'
is the constant of proportionality, and A is the cross-sectional area of the sample.
In equation (1.12), P — pgz is the energy source. Therefore, what cause the flow to
move from high energy to low energy is the gradient of P — pgz. The volumetric
rate is proportional to permeability x and it is inversely proportional to viscosity
it therefore, we can write the proportionality constant as C' = E In general, the
permeability depends on the direction of the spatial variable. However, in our study

we will usually assume that x remains constant in each direction. Next, we will divide

equation (1.12) by A so we can work with the volumetric rate per unit area which is
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called Darcy’s velocity qp [24]:

_ AP = pgz)
== (1.13)

Our analysis in this study is limited to flow in a horizontal plane (map view) at the
reservoir level. Therefore, pgz can be dropped from equation (1.13) and we rewrite it

as [24]:

Kk OP

the minus sign is included to represent the fluid movement toward lower pressure.

Pressure diffusion equation

Pressure transient of a fluid flows through porous media is described by the pressure
diffusion equation. R. W. Zimmerman firstly derived the pressure diffusion equation
in [24] by combining conservation of mass and Darcy’s law. In order to derive the
pressure diffusion equation we start by applying Darcy’s law on the left hand side of

equation (1.11).

_ E[ 82_P+@8_P]
o Pox " oz oz
5, PP oporop
o Poer T 9P ar oz
kp 0°P 1 0p OP
B OBy
[ Ox pOP" Ox
_ o &P 9P,

- [ +Cf(8$) ]7

] (1.15)

i Or?
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where the part cf(%)Q is always negligible since it is almost zero in liquids. Also, it
is assumed that « is constant in which we could factor it out in equation (1.15).
Now for the right hand side of equation (1.11) we apply the product and chain rule

to get:

ot Yot T ot
_ 960P  0poP
~Popar TP o
106 10p.0P (1.16)
— pol= 22 4 100107
G0P ' 0P ot

oP
= poles + il o
———

=ct

Now, we can substitute the resulting equations (1.15) and (1.16) into the conservation

of mass equation given in (1.11) to get the final formula for pressure diffusion equation.

b O _ 0 P
AT o 0x?
oP k O*P
o= nde ot (L17)

where, the diffusion coefficient ¥ in equation (1.17) is usually called the hydraulic

diffusivity where it captures the reservoir properties [24].
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High Concentration

Low Concentration
Figure 1.3: The diffusion from high concentration to low concentration

1.2.3 Gaussian pressure transient solution for pressure diffu-
sion equation
Molecular diffusion

The molecular diffusion or simply diffusion is the movement of molecules randomly

from high concentration area to low concentration area as shown in Figure 1.3.

The differential equation for mass concentration diffusion in 1-Dimension is given

by [25]:

ocC 0*C

where C'(z,t) is the mass concentration of the fluid in a certain location of a diffusing
substance and D,, is the diffusion coefficient. The solution for equation (1.18) is given
by [25]:

A T
Clx,t) = We_m, (1.19)

where A is arbitrary constant with dimension M L~'T~'/2. We can find the value of A

from the total amount of mass diffusing in an infinite number of 1D lateral directions

13



which is given by:

M(t) = /_OO C(z,t)dz. (1.20)

o0

Substituting the general solution of concentration given by equation (1.19) and use

T dzx

substitution to solve the integral by taking u = i and du = ; i

M = 2A\/Dm/ e~ du = 2A\/Dy/7 = 2A\/ Dy (1.21)

Therefore, we substitute the value A = 2\/% in equation (1.19) to get the standard
solution of fluid concentration subjected to a finite initial mass concentration Cy at

location z = 0 (see [25]).

M 2

This solution is called the Gaussian diffusion solution [15], based on using the well-

known normal distribution function (also called Gaussian distribution function) with

the inverse of the variance o; > = \/%mt' Letting z = 0 in Equation (1.22) we obtain:
M
Cop= ———. 1.23
0 Var D, t ( )
Therefore, Equation (1.22) can be written in term of Cy as following:
22
C(z,t) = Coe mt. (1.24)

Now, considering the more general 3D diffusion equation for mass concentration with

14



isotropic diffusivity given by:

oC 0?’C  9*C  9*C
— = Di(5 + + =5
ot ox?  0y?>  Ox?

(1.25)

The solution will be a straightforward generalization of Equations (1.24) and (1.23)
in 3D. Namely, the general solution of Equation (1.25) under the initial condition

C(0,t) = Cy ( [25)) is:

22 4y? 422 M
Clx,y,z,t) = Coe”  4Dmt ; Co=——. 1.26
( ) =G " (4rDnt)? (1.26)

Pressure diffusion

Let us consider the pressure diffusion equation given by Equation (1.17) with hydraulic

diffusivity Dy, =

prog
oP _ _ O*P

5 = Prgoa (1.27)

which is identical to concentration diffusion Equation (1.18) except for the use of
hydraulic diffusivity Dy, in Equation (1.18) and molecular diffusivity D,, in Equation
(1.27).

In reservoir studies, we are commonly dealing with a pre-existing pressure in the
reservoir, Py, which is then suddenly changed by an engineering intervention (e.g.,
producer well and hydraulic fractures).

Thus, the pressure change, i.e, the difference between the well pressure and hydraulic

15



pressure (AP) is also imposed. We therefore define a local pressure change,

AP(Io,t) :APO :PO—PBH, (128)

where z is the well location and Pgpy is the pressure level of the well intervention.
The initial pressure change at time ¢ = 0 is zero, AP(x,0) = 0. Now equation (1.27)

can be written as:

OAP D*AP

—— = Dp——— 1.2
subjected to the boundary condition AP(xo,t) = AP, and initial condition
AP(z,0) = 0. The adaptive Gaussian diffusion solution is then given by:

AP(z,t) = APye 3ont) (1.30)

Remark: Equation (1.30) is an approximate analytical solution for (1.29), the exact
Gaussian solution for the pressure diffusion equation has a transient multiplier in
front of the exponential term that was ignored in the visualizations presented in
the following chapters, which means all results are still accurate but the time scales
appearing as linear in the plots are in reality non-linear. The non-dimensional times
specified in the plots can be quickly converted to the actual (non-linear) times by
multiplying each time unit by their respective transient multipliers; the appropriate

multipliers are \/ﬁ for the 1D-diffussion cases, and ﬁ for the 2D-diffusion cases.

The proof is given in Appendix B.
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Equation (1.30) can now be used for tracking the spatial and temporal change of
the pressure due to a unidirectional 1D-pressure diffusion in a reservoir layer, which
shows how the pressure front advances from a planar source (such as a hydraulic
fracture) into the reservoir along the x-direction. In Section 2.3 we will introduce
Gaussian-solutions for 2D and 3D-diffusion cases. After computing the pressure
change, AP(z,y,t), In the reservoir domain, the reservoir pressure can be computed
by adding the pressure change to the pre-existing pressure in the reservoir before

imposing the change source.

1.3 Thesis organization

In this thesis, we will apply a newly developed method that is used to compute the
spatial pressure depletion in oil reservoirs for further development of advanced reser-
voir simulations.

This thesis is divided into 4 chapters. In the first chapter, we introduced the problem
and essential terminologies and differential equations that plays a big role in deriving
the GPT-solution which includes physical properties, conservation of mass equation,
Darcy’s law, and diffusion equation for concentration.

In the second chapter, we introduced the model development by assuming the basic
assumption for the model, we explained the equation of motion governing the flow in
porous media, and we gave examples for GPT- solution.

In the third chapter,we study the evolution of pressure transient with time to the
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steady-state. We demonstrate and visualize the flow paths for the applications of
the pressure transient solution by superpose the basic pressure transient solution and
produce simple synthetic cases of multiple vertical wells (producers and injectors) in
various flow cell configurations and benchmark it against solutions for the same ini-
tial conditions with independent methods for both homogeneous and heterogeneous
diffusivity. We also derive the stream function and potential function solutions for
transient flow to visualize the streamlines and equipotential lines at different time
stages for both homogeneous and heterogeneous diffusivity. Lastly, we will end with

a conclusion.
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CHAPTER 2

METHODOLOGY

This chapter develops step-wise the key elements required to develop our models.
First, we explain the basic assumptions (Section 2.1), equation of motion governing
the flow in porous media (Section 2.2), GPT equations with examples of GPT solutions

and superposed for multiple sources (Section 2.3).

2.1 Basic assumption

In the Gaussian solution of the pressure-diffusivity equation, the hydraulic diffusivity
is the key controlling parameter for all fluid transfer [15], [16]. This approach turns
out to greatly simplify the computation of pressure transient solutions for a wide range
of practical applications. In this study, the fluid transfer in hypothetical reservoirs

will be modelled based on the following initial assumptions:

e The porous medium hosting the reservoir, is considered to be homogeneous and

possesses either isotropic or anisotropic diffusivity.

o The fluid flow in the reservoir is solely due to pressure gradients caused by the
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engineering interventions (such as the drilling of injection and production wells).

o The fluid in the reservoir is assumed to be single phase incompressible (variations
in density are negligible), isotropic (the properties are not dependent on the
direction along which they are measured) and of Newtonian viscosity (which
means the fluid does not change when we apply a stress and its magnitude is

insensitive to pressure changes).

2.2 The fluid motion model in porous medium

The motion of the fluid is described by incompressible Navier-Stokes equations (see

26]).

p(% +(u- V)u) = =VP +pg + uV*u,  (balance of momentum) 21)

V.-u=0. (incompressibility condition) (2.2)
In equations (2.1) and (2.2):

o u= u(z,y,t) is the fluid velocity, where (z,y), in two-dimension, is the spatial

coordinate and t is the time variable.

e pis the fluid density and g is the fluid viscosity, and they are assumed constants

as stated in Section 2.1.

e P = P(z,y,t) is a scalar function represents the pressure of the fluid and g is

the gravity.
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o The operator V in 2D is V = (a%, a%) and Laplace operator V2 = aa_; + g—;

o The term (u - V)u is called the convection term and the term pV?u is the
diffusion term. Therefore, equation (2.1) belongs to the class of convection—

diffusion equations.

« Equation (2.2) is the mass conservation equation, also called continuity equation

in case of incompressible flow (i.e. with constant density p).

The right-hand side of Equation (2.1) represents the various forces acting on the fluid
body: (1) the pressure force which drives the motion; (2) the body force which is
due to gravity and (3) viscous force which resists the motion. The left-hand side
of Equation (2.1) represents the time rate of change of velocity in the first term and
convective acceleration in the second term. This convection term makes equation (2.1)
nonlinear and hence a closed form solution is applicable only under special conditions.
For example, if we assume the convection acceleration is small enough to be neglected
(i.e. (u-V)u = 0) and ignoring the body force, the steady state case of Equation (2.1)
can be written as follows:

— VP + puVu = 0. (2.3)

For a porous medium, Equation (2.3) is solved in macroscopic scale considering the
properties of the porous medium such as the porosity, ¢;;, and the permeability tensor
Kki; which is a symmetric matrix, where ¢ and j correspond to the spatial coordinates of
the porous medium, each component represents the proportionality constant between

the fluid velocity in the ¢ —th direction and the pressure gradient in the j—th direction.
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On the other hand, the porosity tensor ¢;; is also a symmetric where each component
represents the ratio of the void space in a certain direction to the total volume of the
porous medium.

Based on Darcy law, the fluid velocity (in ms™!) due to a given pressure gradient in

a porous medium is given by:

)

The derivation of Equation (2.4) from equation (2.3) is obtained by averaging over a
cross section of the tube representing the pore in the medium, see [27]. If we remove
the porosity, ¢;;, from Equation (2.4) we will obtain the fluid flux (also called Darcy

velocity) as it will occur at the reservoir level into the well system:

b = —%VP. (2.5)

The relation between the fluid velocity, u,.,in the pore space of the reservoir and the

Darcy velocity, gp, into the well system is then given by u¢ = qp.

In reservoir models, Equation (2.5) quantifies the instream of fluid into the well
system at the reservoir level. The volumetric rate of inflow from the reservoir requires
multiplication of the flux rate by the vertical exposure of the wellbore to the reservoir
space of thickness h. In addition, hydrocarbons in the reservoir have a different volume

than at surface conditions, which is accounted for by the so-called formation volume
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factor 5 . Hence, with isotropic porosity and permeability, the volumetric rate of the

inflow from a well with radius r,, is given by (see [16] )

272”” ;—va(x, y, ). (2.6)

Qw<x7yvt> - =

In Equation (2.6) the parameter xh represents the reservoir conductivity which
governs how fast fluid can flow to/from the well. If we only study the pressures in the
reservoir, we do not need to convert to fluid volumes produced at surface conditions
(8 can be conveniently dropped). Neither do we need to multiply with reservoir
thickness ( h can be conveniently dropped), if we confine our analysis to flow in a
horizontal plane (map view) at the reservoir level. The radius of the well is only
needed in the expression when we aim to compute the volumes collected at the well
(so 27r, can be dropped as well). We retain for our initial analysis the fluid flux
formula of Equation (2.4), which describes fluid mass transfer in the reservoir space.
Another crucial simplifying step made here is to rather than model with the
dimensional hydraulic diffusivity, the present study uses normalized quantities (see
Appendix), which speeds up the subsequent computations. However, for translation
to any real-well cases, properly scaled dimensional inputs should be used for the

hydraulic diffusivity and the formation volume factor.

In our presented work, Equation (2.4) is used to compute the fluid flux from the
reservoir into the well-system and any hydraulic fractures, and then we plot the flow

paths. Although, well known numerical grid-based methods can be used to solve
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Equation (2.4), they have limit resolution comparing to analytic solutions. To solve
Equation (2.4) analytically, we need to know what is the pressure gradient everywhere
in the reservoir due to the pressure disturbance and its transient advance, caused by
the well system. The spatial and temporal pressure gradients can be solved for by the

GPT method introduced in Weijermars [15]

2.3 Gaussian pressure transient solution

In this section, we will consider a reservoir with a single vertical well or a single
hydraulic horizontal fracture and multiple hydraulic fractures. We distinguish two

special cases for the pressure diffusivity: isotropic and anisotropic.

2.3.1 Gaussian pressure transient solution with isotropic dif-
fusivity

In this case the diffusivity is the same in every direction (for 2D and 3D diffusion
sources) and is represented by a scalar Dj,. Therefore, the general solution of Equation
(1.17) for the spatial and temporal change of the pressure for the isotropic pressure

diffusivity case is given by the following forms [15]:

12+2

AP = APye Uit (2D- Diffusion) (2.7)

2+y2+z2)

AP = APy byt (3D- Diffusion) (2.8)
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Figure 2.1: The GPT solution for isotropic pressure diffusivity D; (Case A) for a
fixed time variable t. (a) Schematic of the vertical producer well. (b) The pressure-
change profile in a vertical producer well (AP, = —1), centered at the origin with
radius 7 = /(22 + y?) . (c) Schematic of the horizontal hydraulically fractured well.
(d) The pressure change profile induced by a single hydraulic fracture of half-length
Wy =4, i.e., the fracture is represented by the interval [-4.,4].
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In Figure 2.1, we represent the GPT solution for the 2D-diffusion in a horizontal reser-
voir produced with a single vertical well, using the solution form given by Equation
(2.7). The vertical scale in Figure 2.1b shows the pressure transient probability profile
starting from the pressure drop source. For simplicity, the isotropic pressure diffusiv-
ity D, was non-dimensionalized (see Appendix A) in such a way that D, = 1. For the
single vertical well (Tor row of figure 2.1), the pressure transient contours will advance
in the reservoir expanding as concentric circles of radius r = \/m in a 2D map
view (Figure 2.1a) and as a cone in a 3D perspective (Figure 2.1b). The reservoir
pressure drops AP, = 0in Equation (2.7) is entered as a negative z-value. Further
away from the pressure drop source, AP(z,y,t) = 0, if the time used is relatively
short as compared to the diffusion rate which means that there is no pressure change
in the regions further away from the pressure drop source (red top surface in Figure
2.1b).

The solution for a finite length, single hydraulic fracture (Figure 2.1) is constructed
by superposing 1D-diffusion with the 2D solution of radial flow for the fracture tips
(bottom row of Figure 2.1).

The pressure change induced by a single hydraulic fracture (Bottom row of figures
2.1) of half-length W, (Figure 2.2) is represented in a 2D map view by elliptical
pressure contours. to describe the physical process, when the transient propagates in
all 2D-directions away from the initial pressure drop source, we will apply the following
conditional modifications in all presented examples of pressure diffusion initiated from

the hydraulic fractures:
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o Fory > Wy, usey —y— Wy
o For —W; <y < Wy, use y — 0;

o Fory < —Wy usey — y+ Wy

7|

y2W

ys-W

0

Figure 2.2: A hydraulic fracture, parallel to y-direction with half-length Wy, divides
the reservoir region into three parts: the upper part y > Wy, the intermediate part
—W; <y < Wy and the lower part y < W;.The actual flow at the fracture tips is
computed by superposing a 2D-diffusion solution.

The GPT-solution used in the present study is the approximate solution of Equa-
tion (19) in Weijermars [16], while an exact solution is also given in that same
study [16] in Equation (B18). The approximate solution remains a very simple ex-
pression but requires the above conditional modification, to make sure that pressure

transient propagates with a uniform rate in all directions away from the initial pressure

drop source.
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2.3.2 Gaussian pressure transient solution with an-isotropic
diffusivity

This case considers a layered reservoirs in which the hydraulic diffusivity is not a
scalar but a tensor quantity sensitive to direction in the (z,y)-plane represented by
the 2D-diffusivity tensor, D;;. If we consider the case when D;; = 0 for ¢ # j, then
the diffusivity in each direction will be denoted by D, and D,,.

Considering the 2D-case, the spatial and temporal change of the pressure for the

an-isotropic pressure diffusivity case is given by [15]:
1, 22 y2
AP = APye #(0: 0y, (2.9)

Figure 2.3 shows map views of the pressure in the target zone for the vertical well
(top row) and horizontal hydraulic fracture (bottom row) and it represents the an-
isotropic pressure diffusivity where the pressure change is computed using Equation
(2.9). We can see the effect of the larger diffusivity component on the pressure profile
around the wellbore. For both type of well systems, the pressure magnitude-contours
representing the advance of the pressure transient at a certain time will show stretching
in the y-direction if (D, < D,) (left column in Figure 2.3), and stretching occurs in

the x-direction if (D, > D,) (right column in Figure 2.3).
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2.3.3 Multiple pressure sources

In case the reservoir is developed with well engineering interventions with multiple
sources of pressure changes, say n vertical wells and/or n hydraulic fractures, with
pre-existing reservoir pressure Py, then the transient changes in the reservoir pressure
(at any time t) can be determined using the sum of Gaussian solutions for the pressure

change due to each individual source in the system and is given by [15]:

k=1

Figure 2.4 shows how the pressure depletion fronts will march forward as the time
is advancing in a reservoir containing four parallel hydraulic fracture with the same
half-lengths. For simplicity, the four fractures are aligned with one of the Cartesian
axes. The pressure changes AP(xg, yx,t) (Which is given by (2.7)), k = 1,2,3,4 for
individual hydraulic fracture after the first 100 hours of production is shown in Figure
2.4 (top left). After 1000 hours, the pressure depletion fronts start to meet and merge
(Figure 2.4 (top right)). Then, after 5000 hours the pressure in the center largely
depleted and the pressure transient advances from the center between the hydraulic
fracture (Figure 2.4 (bottom left)). As time goes on, the pressure depletion area will

almost cover the whole reservoir domain (Figure 2.4 (bottom right)).
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Figure 2.3: The map views of the GPT solution for isotropic pressure diffusivity (Case
A) and an- isotropic pressure diffusivity (Case B). First row: vertical well centered
at the origin with radius » = /(22 +9?) and (a) (D, = 1 < D, = 5) and (b)
(D =5 > D, =1). Second row: hydraulic fracture with half-length W; = 4 and (c)
(D, =1< D, =5)and (d)(D, =5> D, =1).
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Figure 2.4: Four hydraulic fractures (with half-length W; = 4) for one treatment
that depends on time. From left to right t=100hrs (4.2 days), 1000hrs (1.4 months),
5000hrs (6.8 months), 10000hrs (1.14 years). D, = 1.
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CHAPTER 3

FLUID FLUX AND FLOW

PATHS

In this chapter, we will use the fluid flux (see equation (2.5)) obtained from Darcy’s
Law (in 2D) for isotropic and single-phase flow flow to plot the flow paths as the fluid
moves from the porous reservoir rocks into the well system at any time before the flow
reaches the steady-state. We will use the Gaussian Pressure Transient GPT method
to compute the pressure gradient VP of Equation (2.5),

The fluid flux (Darcy velocity) ¢p [LT7'] in Equation (2.5) is the flux from the
porous formation into the open space of the wellbore across a unit area of wellbore
exposed. Recall from Section 2.2, the average fluid velocity (u, ) in the porous reservoir

is the Darcy velocity (¢p ) divided by the effective porosity (¢) of the medium, i.e.

w=1_ _Fgp (3.1)

o o]

which is similar to Equation (2.4) but for isotropic permeability (the off-diagonal
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elements in the permeability tensor are zero and the diagonal elements are identical).
Based on the fluid flux components ¢p=(¢s,q,) and pressure gradient components
VP = (28, 28) we can split Equation (2.5) into two equations representing the Darcy

ox? Oy

fluid-flux (m/s) in x-direction and y-direction, respectively:

koP

koP
=2 3.3

To plot the flow paths, we will consider some common well-configuration patterns
which are either well-known or can be compared with Published CAM solutions for
steady state. (CAM-solutions are only capable of modeling steady-state flow patterns,
while GPT-based solutions can model both the initial transient flow and the final
steady-state. The comparison between GPT and CAM results must be limited to the
steady-state flow stages. Therefore, we need to study the evolution of pressure change

to the steady-state for each well pattern in section 3.1.

3.1 Evolution of pressure transients to steady-state

flow

In the procedure of extracting natural resources (water, oil, gas, geothermal fluids),
the engineering interventions (vertical wells, horizontal wells) cause pressure changes
in the wells of these resources. Studying the induced time-dependent pressure-changes

using Gaussian pressure-transients and the relevant flow attributes at different time
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stages is the scope of the current work.

Injector Well

Producer Well

Producer Well

Injector Well

Figure 3.1: Three cases considered for studying the evolution of pressure transients
to steady-state flow. (a) Case 1: a reservoir containing single producer. (b) Case 2: a
reservoir containing single injector (c¢) Case 3: Two spot case, with one producer and
one injector (a so-called doublet flow)

The pressure-change, AP, in the well passes through three main stages. The first
stage is the initial stage before starting the production/injection procedures. At the
initial stage the initial pressure is the pre-existing pressure in the reservoir denoted
by P, and the pressure-change at this stage, AF,, is the difference between F, and
the pressure level of the well intervention Pgpy. Next stage is the transient stage
when the pressure-change is still a function of the well geometry and time variable,
AP = AP(x,y,t). The pressure-change at this stage can be obtained analytically
using the Gauss pressure transient solution (GPT), first named in [15]. Once the
pressure gradient no longer changes with time ( % = 0), the pressure reaches the
third stage which is the steady-state stage. In this section, we track the GPT evolution
over time until it either ceases due to pressure depletion or reaches the steady-state for
the three cases of well systems considered (3.1). However, we will show in this section

that, in some cases, reaching steady-state is not accurately achieved, especially for
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the superposed well system. In such cases, the third stage for the pressure-change life

would be called the pseudo-steady-state. The pressure gradient changes with respect

to time, %, and will advance in space until a steady pattern is established sometime
after the onset of the pressure disturbance due to the well intervention. As long as

flow is still in the transient state, then the pressure rate is a function of the well

aP

geometry and time variable, 5~ = F(x,y,t). Regions where the pressure gradient no

opP
> ot

longer changes with time = 0, the flow is classified as a steady-state flow.

In this section, we track the GPT evolution over time until it either ceases altogether
due to pressure depletion, or reaches a steady-state for the three cases of well systems
considered (3.1)

For the case with a single producer (Figure 3.1a) or a single injector (Figure 3.1b),
no steady-state flow will ever be reached, because the pressure transient will advance
in the reservoir until the entire reservoir attains the bottomhole pressure (Pgpy). The
reservoir pressure is then said to be depleted, at which moment in time the pressure
gradient AP will no longer exist and the flow in the reservoir will cease and the well
will stop producing fluid from the subsurface. For cases with one producer and one

injector (Figure 3.1c), a steady-state flow can be maintained in the region between the

wells after the pressure gradient profile between the well pair has been established.
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3.1.1 Case 1: Reservoir with single producer vertical well

Gaussian pressure transient solutions are plotted in Figure 3.2 for a variety of times
since the introduction of the pressure perturbation in the bottom of the well. Complete
depletion of the reservoir pressure is an asymptotic process, and will not occur until

time becomes infinitely long.

t=01

y(m) 5 5 x(m

t=100 t=1000

\ / 098 51 v e
\ //0/ 5 \0\////0/ 5
y(m) 5 5 x(m) ! y(m) 5 5 X(m) B
Figure 3.2: Case 1 — Producer. The GPT solution using Equation (2.10) for a single
producer (Case 1) located at the origin with isotropic diffusivity D, = D, = 1, pre-

existing pressure Py = 0 and Pgy = —1, at different times: top row (from left to
right): ¢ = 0.1,0.5, 1. Bottom row (from left to right): ¢ = 10, 100, 1000.

Figure 3.3 shows the evolution of the pressure depletion profiles at different times
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as seen in a section containing the producer well located at the origin; as time passes
the pressure in the reservoir will be progressively reduced to attain the bottomhole
pressure until % = 0, which is when the flow ceases to exist. The pressure depletion
curves converge to the horizontal y-axis of value y = Ppy (the light blue line in Figure

3.3) for t=1000.

Figure 3.3: Pressure profile at x = 0 over different time (¢t = 0.1,0.5, 1, 10, 100, 1000)
for one producer (Case 1) located at the origin. The vertical scale is the pressure and
horizontal axis is the distance of y values.
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3.1.2 Case 2: Reservoir with single injector vertical well.

The GPT solution is plotted in Figure 3.4 for a variety of times since the introduction of
the pressure perturbation in the bottom of an injection well. The maximum pressure
may not exceed the bottomhole pressure, which will raise the reservoir pressure in
an asymptotic process, and will in an infinitely large reservoir not occur until time

becomes infinitely long.
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Figure 3.4: Case 2 — Injector. The GPT solution using Equation (2.10) for a single
injector (Case 2) located at the origin with isotropic diffusivity D, = D, = 1, pre-
existing pressure Py = 0 and Py = —1, at different times:top row (from left to right):
t =0.1,0.5,1 ,bottom row (from left to right) ¢ = 10,100, 1000
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Figure 3.5 shows the pressure saturation profiles at different times, initiated by a
step change in pressure by one injector well located at the origin at z = 0 . Similar
to the single producer case (Casel), the pressure depletion curve converges to the

horizontal y-axis of value y = Ppy (the light blue line in Figure 3.5) for t=1000.

09F

081

0.7 F

06

\_1=0.1 ‘,

—t=05
t=1
—t=10

——=t=100 ||
t=1000] |

o 05

0.4

Figure 3.5: Pressure profile at # = 0 over different time (¢ = 0.1,0.5, 1, 10, 100, 1000)
for one injector (Case 2)

The computation of the tjmi—stop fora single well (Case 1, Case2) can be done
mathematically as following:

Recall that for a single well located at the origin, the GPT- solution is given by

12+y2

P(z,y,t) = Py + APye *Pnt . (3.4)

At the tjimit—stop there is no pressure gradient around the well location and the pressure
depletion curve, when z is fixed as in Figures 3.5 and 3.3, is represented by a horizontal

line. Thus, to compute the tj;mi—stop We compute %—]; and equate it with zero.

oP 2y 2t
— =0+ APF, 4Dpt 3.5
3y + O4Dht€ " ( )
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The LHS of (3.5) will be zero when we take ¢ infinitely large (t — 00).

3.1.3 Case 3: Reservoir with two-spots production system

In this case, we consider a two-spot well constellation (Figure 3.1c), consisting of one
producer located at (x,,y,) and one injector located at (x;,y;), such that z, = x; and
yp = —;. The classical 2D superposition Gaussian solution for the pressure-change

induced by the two wells (for isotropic diffusivity case (D, = D, = Dy,)) is given by:

22 4+y? I2+y%

AP(z,y,t) = APo,ie_( iDyt) | APO’pe_( 1Dyt ), (3.6)

where AF,; and AR, are the bottomhole pressure for the injector well and producer
well, respectively, assuming the pre-existing pressure in the reservoir Fy = 0. If
APy ;| = |ABRy |, the system is called the balanced doublet flow, otherwise the system
is called unbalanced doublet. In [28], the authors used the somewhat un-English term
unsymmetrical rather than asymmetrical; we are fine with both and prefer to use the
dynamic term ‘unbalanced doublet’.

The pressure transient advance is graphed in Figure 3.6 for a balanced doublet.
In this case, AP(x,y,t) may not drop below the bottomhole pressure of the producer
well, i.e. AP(z,y,t) < Pgy and a time limit stop, tiimit—stop, 15 then triggered for the
producer well, otherwise the flow becomes non-physical. For the injector well, time
Liimit—stop , occurs when AP(z,y,t) > Pppy, otherwise the flow would become non-
physical. For a doublet well pair, beyond time tjimit—stop » AP(z,y,t) would start to

shift the pressure peaks beyond the injector location and pressure minima beyond the
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producer location, which would be non-physical. The production time will continue,
but the pressure gradient in the reservoir region between the two wells will have
reached a steady-state and will remain so as long as the producers and injectors have
balanced injection and production rates. In the case of uneven pressure quota, the

system is either a net producer (Figure 3.7a) or a net injector (Figure 3.7b).
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Figure 3.6: Case 3 — Balanced Doublet. The GPT solution using Equation (2.10),
for one injector located at (0,2) and one producer located at (0,-2) with isotropic
diffusivity D, = D, = 1, pre-existing pressure Fy = 0 and Pgy = 1 for the injector
and Pgg = —1 for the producer, at different times. Top row (from left to right):t =
0.05,0.1,0.14. Bottom row (from left to right):t = 0.2,0.4,0.5
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15

Figure 3.7: Case 3 — Unbalanced Doublet. The GPT solution for one injector located
at (0,2) and one producer located at (0,-2) when (a) Pgy = 1 for the injector and
-5 for the producer (net producer case), (b)Pgy = 5 for the injector and -1 for the
producer (net injector case).

(a) . (b) . (o) .

Figure 3.8: Case 3: Pressure profile at z = 0 over different time for a producer
located at (0, -2) and injector located at (0,2). The vertical scale is the pressure
and horizontal axis is the distance (y-values). (a) Balanced Doublet. (b) Unbalanced
Doublet, Pgy = 1 for the injector and -5 for the producer (net producer case). (c)
Unbalanced Doublet, Pgy = 5 for the injector and -1 for the producer (net injector
case).

Figure 3.8b show the pressure transient profiles for different times near a producer
located at (0,—2) and injector located at (0,2), here x is fixed at * = 0 and
y € [—10,10]. In Figure 3.8c the Pgy is -5 for the producer well and 1 for the injector
well. Whilst in Figure 3.8¢c, the Pgpy is -1 for the producer well and 5 for the injector

well.

For the balanced doublet (Figure 3.8a) the flow between the two wells will
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eventually reach a steady-state, when the pressure profile is represented by a straight
line joining the points (2,1) and (—2,—1), i.e., the pressure profile has become
stable and no longer transient — no change occurs with respect to time. The flow in
the region between the two wells (i.e., at y € [—2,2]), reaches that steady-state at
tiimit—stop == 0.5. For t > t1mit—stop the max and/or min value(s) of P(z,y,t) would
start(s) shifting beyond the original well locations and the flow becomes non-physical.
For the unbalanced doublets, the flow (in the region between the two wells) needs
longer time to reach the steady-state than for the balanced doublet case. Figures
3.8b and 3.8c show that the pressure transient period stops at tjmit—stop ~ 0.7 when
the flow reaches the steady-state.

Remark: Several non-physical aspects came to light when superposing pressure-

transients using Equation (2.10):

e In Figure 3.9 we arrest the pressure transient advance between a pair of
producer wells to avoid the pressure to drop below the bottomhole pressure
as in Figure 3.9b, the far-field pressure advance is also frozen, Figure 3.9a.
This can be overridden by continuing the advance of the pressure front in the
far-field region, but leads to an outer region with the time counter increasing,
while in the inner region the time is already stopped (at tmit—stop) When the

bottomhole pressure is reached.

e For an injector and producer well pair, #jmit—stop i introduced when the
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pressure profile between the wells has been established (Figure 3.8a). However,
the far-field pressure advance is frozen, and the far-field pressure front would
no longer advance in the far-field when the pressure profile in the inner region

between the doublet has been established (a pseudo-steady-state).

This paradox conclusion of the €jmit—siop, is a result of using a classical superposi-
tion method according to Equation (2.10). To avoid the non-physical effects with
conflicting time counters in the inner regions and the far-field flow regions, a modi-

fied superposition method has been developed, which mitigates this issue (work under

review).

(a) (b) .
Figure 3.9: Pressure profiles for two producers, one located at (0, -2) and the other
located at (0,2) with Pgy = —1 for both producers. (a) The pressure profiles at

various times; without any time-limit-stop the pressure profile would drop below the
Pgp, which is non-physical. (b)The solution for the pressure advance remains above
the Ppy everywhere when frozen at ¢;mit—stop = 0.5.

As for single well cases, we can compute the ¢jmit—stop for superposed case (two-

well system) mathematically by computing the partial derivative with respect y (z is
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fixed). From (3.6) we deduce

or 20y — yi) —(lmmlrumuw?) 20y — yp) —(emmltwowp)?
— =0—-AF);,————= 4Dpt — AP, 2 9P/ iDpt . (3.7
dy “ 4Dt € " Dt © " (3.7)
we have, AF, ,, = —AFR, =1 and D;, = 1 Therefore,
OP _ (Y —9) ~(te=mlpmw®y | (y —gp) _(emmsimm?, (38)

dy 2t 2t

The tyimit—stop is the time when the pressure depletion curve is represented by a straight

line passes the midpoint between the wells location (see Figure 3.8a). Therefore, we

Tit+Tp Yityp ) .

compute %—5 at the midpoint a = (=52, %5

op 20y — i) —(emmliuov?) 20y — yp) —(Lemmltwowp)?
0— AP T~ . 4Dpt — AP N\ IPJ 4Dpt , 3.9
4Dt € " P TADE C " (3.9)

dy

we have, AF,,;, = —AF, =1 and D, = 1 Therefore,

aP . (y — yz) ef((x_xi)QL(y_yiP) 4 (y — yp) 7((x—acp)2;(y—yp)2)

W 57 ¢ : (3.10)
Then,
oP, _ o Wi = Up) - (tommnlpocin?y (3.11)
dy 4t
Based on our assumption that y; = —y, and z; = x,. Equation (3.11) can be written
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as:

e = %e*ﬂ. (3.12)

For the specific example given in Figure 3.8a, the slope of the straight line passes the

midpoint is 1/2. Thus, from (3.12) we have

o=

=1/2. (3.13)

SN )

Equation (3.13) is non-linear equation that can be solved for ¢ using non-linear solver,
such as Newton method that is used to numerically compute the root of a nonlinear

function f(x) using the following formula:

n

(3.14)

_1
t _ 1
t 4

Applying the above formula for f(t) = ¢ = 0, with initial guess ty = 0.2, we
get after 5 iterations that t = 0.4644 =~ 0.5 which meets the simulation finding of the

time timit—stop = 0.5 for two-spots system.

46



=

]

8 Zone 3

4

2

0 « Zone 2
2

’ |

¢ Zone 1

8

D
=]
&
=
o
=

Figure 3.10: Steady-state CAM solutions. a) Doublet flow paths (white lines) between
one injector located at (0,2) and one producer located at (0,-2). The colors show the
advance of a waterfront from the injector well (blue) and oil-withdrawal region (red
contour, dark gray zone) (after [9]). b) Direct line drive with 5 producers located at
y=10 and 5 injectors at y=0. (after [3]). ¢) Flow paths for 7-spot pattern, one injector
located at (0,0), surrounded by six producers. Water front advance contours in dark
blue; after [9].

3.2 Fluid flux and flow paths

Figure 3.10 shows typical flow path patterns in subsurface reservoirs (penetrated by

two or more wells) as was visualized in previous studies using CAM [3], [18]

3.2.1 Case A: Doublet (Two spot array)

The doublet flow pattern of Figure 3.10a corresponds to a balanced well pair as used
in Case 3 of Section 3.1. In Figure 3.10a, the particle paths along the steady-state flow
paths were traced with the CAM code using a Eulerian time-stepping schedule [18].
The front of the flow paths is outlined by time-of-flight (TOF) contours. The blue
outline in Figure 3.10a is for fluid advance of injected fluid, the red TOF outline is

for fluid withdrawal.
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In the GPT-solution of Figure 3.11, the flow paths are mapped, together with the
normalized pressure magnitude-contours. The yellow dot marks the producer location
and the red triangle is for the injector. The injector and producer are spaced by 4
length units. The white flow paths (streamlines) are traced with MATLAB using —V P
from Darcy’s Law. Note that the pressure contours everywhere are perpendicular to
the flow paths (as expected in the absence of inertia).

An important feature of the GPT-method is that it can visualize the flow during the
earlier period of pressure transient advance in a reservoir, before the steady-state flow
is established. The advance of the pressure gradient into the reservoir space is shown in
Figure 3.11, together with the instantaneous flow paths. Note that before the pressure
transient fronts of the respective wells meet, the flow paths of the injector and producer
wells are perfectly radial (top row of Figure 3.11). After pressure interference starts
occurring, the shape of the pressure contours is no longer concentric (bottom row of
Figure 3.11 ) and flow paths begins to attain the well-known steady-state pattern of

a doublet flow.

3.2.2 Case B: Direct line drive (five-spot well array)

The direct line drive of Figure 3.10c used a balanced well pairs, with 5 injectors placed
on y=0 and 5 producers placed on y= 10. The GPT- solution was used to generate the
transient Gaussian pressure profiles (colored contours) and flow paths (white lines)
(Figure 3.12). Initially, the flow pattern of the lower injectors (red triangles) and
upper producer row (yellow circles) are not connected and will lead to pressure profile

development similar to that portrayed in Figure 3.11a for the balanced doublet. Once
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steady-state pressure profile is established (Figure 3.12d), the flow of the direct line

drive well-array will resemble that of the steady-state doublet (Figure 3.10c).

3.2.3 Case C: 7-spot well pattern

The 7-spot well pattern of Figure 3.10c had one strong injector in the center and
six producers spaced equally around the central injector well. The injection rate of
the single injector was equal to that of the six producers combined. The same well
strengths were used in the realization of the GPT flow-paths in Figure 3.13, with
one strong injector (red triangle) in the center, surrounded by six producers (6 yellow
circles). The advance of the pressure change contours is shown, and the flow is evenly
fanning radially outward the central injector and toward the surrounded six producers
at early time before the flows approach each other (Figure 3.13a). Once the pressure
gradient is extended in the circular region centered by the injector well, the flow
paths are no longer radial (Figures 3.13b,3.13¢ and 3.13d). The final stage (Figure
3.13d) is when the flow pattern becomes steady-state and similar to that seen in
Figure 3.10c. However, it is worth noting again that the solution of Figure 3.10c was
produced with CAM using time-stepping superposition, while tracking the advance of
certain fluid tracers particles starting from the injector wells, as they move toward the
producer wells. But this procedure is constrained by the superposition of steady-state
solutions. In contrast, Figure 3.13 show the evolution starting from transient flow

while the pressure transient advances to ultimately establish a steady-state flow.
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Figure 3.11: Transient streamlines (white lines) for balanced doublet with injector
located at (0,2) and producer at (0,-2) with initial pressure change AP, = —1 for

the producer and AF, = 1 for the injector. Shown are flow patterns and pressure
fronts at different times indicated on the top of each plot, ¢mit—stop = 0.5. Pressure
contour-scale was normalized.

50



y(m)
GPT Solution

y(m)
GPT Solution

y(m)
GPT Solution

-15 -10 -5 0 5 10 15

Figure 3.12: GPT-based solutions for the advance of the pressure transient and corre-
sponding flow paths for five producers parallel to five injectors at different times; (a)
t=0.5, (b) t=1, and (c) t=3.
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Figure 3.13: Flow paths visualization for 7-spot pattern, one injector located at (0,0)
and six producers. APy = —1 for the producers, and AP, = 6 for the central injector.
Solutions are for different times since onset of the pressure perturbation: (a) t=0.1,
(b) t=0.5, (c) t= 1, and d) tymit—stop = 1.45.
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CHAPTER 4

DERIVATION OF TRANSIENT

STREAM FUNCTION AND

POTENTIAL FUNCTION

In Chapter 3, transient solutions for flow paths and pressure contours were computed
based on gridded solution points solved after computing —V P using MATLAB. How-
ever, true analytical GPT-solutions can be obtained by deriving the stream function
and potential function for transient flows. The visualization of fluid flow in porous me-
dia commonly based on numerical methods and semi-analytical methods that require
space and time discretization. For time-dependent or so-called transient flow prob-
lems, tracing the rapidly changing flow paths is an additional challenge. In the present
study, we present analytical solutions for the stream function, which can compute both
the steady-state and the transient flow paths in porous media. Likewise, new poten-

tial function solutions are derived for computing the pressure gradients for both the
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steady-state and the transient flow stage. Our new analytical solutions for stream and
potential functions are based on analytical computations of the local pressure tran-
sient using the GPT solution [15], [16]. The GPT-solution is a space-time-dependent
quantity that allows us to compute the instantaneous pressure gradient around the
wells. Using GPT-solutions, one can visualize the flow paths at any time during the
transient flow period. Here, the transient flow period refers to the period when there
is an advancing pressure-gradient, causing the transient flow paths to shift over time.
The essential fundamentals are given (Section 4.1), before applying those to the GPT
solution to derive the new analytical stream function and potential function solutions

for transient flow (Sections 4.2 and onward).

4.1 Fundamentals

Source (m > 0) Sink(m<0)

Figure 4.1: The streamlines (arrows) and equipotential lines (dashed circles) for
source/sink flow. (a) source (the flow rate m > 0) (b) sink (The flow rate m < 0).

The transient GPT solutions of the temporal and spatial pressure changes [15] and
[16] can be used to compute the potential function of the time-dependent fluid flow.The
fluid flow in our study is subject to an incompressibility assumption. However, the
flow does not need to be inviscous (see arguments in Weijermars [17]). The flow can be

described by combining the stream function v (z,y,t) and velocity potential function

o4



O (z,y,t) to satisfy Cauchy-Riemann equations [17]:

009U 0O QU

e R (4.1)

The stream function is a scalar function which can be solved for constant values to plot
the streamlines; its spatial derivatives are related to the fluid velocity components, u,

and u, as follows [17]:

ov
= 4.2
ov

Consider a reservoir with a single source/sink located at the origin (see Figure 4.1).
The GPT solution of a single source/sink is given by Equation (2.10) for n = 1
with AP < 0 for sink (producer well case) and AP > 0 for the source flow (injec-
tor well case).Typically, to obtain the stream function, one can integrate Equation
(4.2) with respect to y and Equation (4.3) with respect to x (see for example Weijer-
mars [29]). However, to avoid the complexity of integrating the exponential function,
which appears in the velocity components by differentiating the transient pressure
(see Equation (2.10)) one can, alternatively, consider the radial and tangential veloc-

ity components (u,qq, ug) of the source/sink flow given by (see [21]):

Urad = ﬂa Ug = 07 (44>

where m is a scaling space-constant represents the strength (volumetric flow rate
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per unit length-m?/s). If m is positive the fluid is flowing radially outward the origin
(source flow) and if m is negative the fluid is flowing radially toward the origin (sink
flow) (see Figure 4.1). To solve and find the well strength, m, we use the stream
function and velocity potential for the source/sink flow obtained from integrating t,qq
in Equation (??) with respect to r and integrating u,,q with respect to 6 to get (see [21]

for derivation):

U(r,0) = %9, (4.5)
o(r,0) = % Inr. (4.6)

Having obtained the stream and potential functions of Equations (4.5), (4.6), one may

revert to Cartesian coordinates if needed, using transformation from polar coordinates:

r=\/x%+y?, f=tan~! 2. (4.7)
x
Substituting Equations (4.7) in (4.5), (4.6) gives:

1

U(z,y) =m tan " =, (4.8)

o(z,y) = % In /22 + 32 (4.9)

]|

The fundamental set of fluid dynamic principles and equations of Section 77 will
be used in Section ?? to derive the stream function and potential function solutions.

The goal now is to compute the strength m based on the pre-computed transient
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pressure using GPT solutions.

4.2 Transient GPT stream function and potential

function

The well-strength m in Equations (4.8), (4.9) for a vertical well, draining over its
full length a reservoir of finite thickness, h is given by m = ¢, /h, where g, is the
volumetric flow rate as given in Equation (2.6). Substituting the gradient of the GPT
solution in Equation (2.6), the volumetric production rate of a well with radius r is

given by:

APye 01 (4.10)

Figure 4.2 shows the reduction of the production rate over time for a vertical

injector well, located at the origin with radius r = 1.

As shown by Figure 4.2, the flow rate is increasing, initially, when 0 < ¢ < 1 ;| but
after t = 1 it decreases rapidly and continue decreasing until it becomes a constant
close to 0 for a very large time. The transient flow behavior of the flow rate, for
both the sink and source flows, is consist with our previous discussion in 3.1 where we
concluded that for a reservoir with a single well (Case 1 for producer and Case 2 for

injector) no steady-state flow will ever be reached and that t;mi—stop — 00-
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Figure 4.2: The flow rate (vertical axis) for source flow against different time level
(horizontal axis) during the transient flow period.

Injector location | (zo,y0) = (0,0)
Ppup AR =1
Initial pressure FPy=0
Diffusivity D,=1
Time te0.5,1,2
Permeability k=1
Fluid viscosity w=1

Table 4.1: Input parameters (non-dimensional) for transient flow shown in Figures 4.3

4.2.1 Transient stream function and potential function for
single source/sink flows (Cases 1 and 2)

Next, we will use the flow rate g,(t) in equation (4.10) to visualize the streamlines and
potential lines during the transient flow period. An important feature of the GPT-
solution is that transient stream function and potential function can be solved for any
time after the onset of flow. In Figure 4.3, we plot the streamlines, and potential lines
for a source flow using the values as shown in Table 4.1.

The first column of Figure 4.3 shows streamline visualization (the straight radial
lines in rainbow colors) with simple contouring for stream function given by Equation

(4.8). The second column shows the equipotential lines as the concentric circles in

98



rainbow colors around the source position.

stream function

potential function

stream function

potential function

stream function
“ ) -
potential function

Figure 4.3: Streamlines (first column) and equipotential lines (second column) for a
well at different time indicated on the top of each plot with time-dependent flow rate
as defined in Equation (4.10) with APy =1 and r = 1.

4.2.2 Transient stream and potential functions for balanced

doublets flow

Consider a reservoir with a source (injector) located at (z;,y;) and a sink (producer)

located at (z,,y,), such that z, = x; and y, = —y; as illustrated in Figure 4.4.
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(m<0)

i yi)

(m>0)

Figure 4.4: Superposed source located at (z;,y;) and sink located at (z,,y,) with
T, = T;, Y = —y;. r; and r, are the distance between the point (x,y) to the centers
(xi,v;) and (xp,yp), respectively.

Assume that |AF| for the injector well equals the |AP,| of the producer well

(balanced doublet flow).

Before the pressure fields due to the source flow and sink flow meet each other
(Figures 3.11a, 3.11b and 3.11c¢), the stream function and potential function for each
individual flow are as given by Equations (4.5), (4.5) for the single source and sink
flows. But as the pressure field meet (Figures 3.11d, 3.11e and ??), then the well
pair obeys a combined stream function [(Equation (4.11)] and potential functions

[Equation (4.12)] (see [21], [30]).

U(r,0) = %(ei —0p), (4.11)

o(r,0) = % Inr; —Inr, = %ln T (4.12)

T'p
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where 0;, 0p,r; and 7, are as shown in Figure 4.4.
Converting Equations (4.11), (4.12) into Cartesian coordinates gives the following

equations:

P N

U(z,y) = o (tan . tan P xp)’ (4.13)
_ 2.)2 —_ 2.)2

b(zy) = T BB ) (4.14)

dr (=) + (Y —yp)*

For the balanced doublet, the injection rate equals the production rate in magnitude
and both are obtained using Equation (4.10). Therefore, the well strength in Equations
(4.13), (4.14) is computed by dividing Equation (4.10) by the thickness h of the
reservoir.

The analytical solutions of the stream and potential functions of the balanced
doublet flow are shown in Figure 4.5 using the input parameters in Table 4.2. The
streamlines (black contours) and potential lines (colored contours) are plotted after
the doublet flow has been established at time t=0.3,0.4 and 0.5 (the tsiop—iimit). The
streamlines for the sink flow and source flow are identical (as in Figure 4.3) before
the pressure change fronts of the two wells reach each other. After the pressure
transients meet, the streamlines start to curve up (for source flow) and down (for
sink flow) establishing the typical steady-state doublet flow patterns (Figure 4.5). In
our simulation, the moment when the two flows meet is considered to be at the time
when there is a non-zero pressure gradient mid-way between the two wells on the line
where their respective pressure transients meet (x-axis in our case), at which stage

there comes into existence a flow across this line, for the first-time passing fluids to
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Injector location (xi,y;) = (0,-2)
Producer location (p,yp) = (0,2)
Well pressure (injector) Ppyg =1
Well pressure (producer) Py = —1
Initial pressure Py=0
Diffusivity Dp,=1
Time t<0.3,0.4,0.5
Permeability k=1
Fluid viscosity pw=1

Table 4.2: Input parameters for transient balanced doublet flow shown in Figures 4.5

the other side of the half space initially occupied by the fluid.

4.2.3 Transient stream and potential functions for unbalanced

doublets flow

For unbalanced doublet well rates, consider a reservoir with a source (injector) lo-
cated at (x;,y;) with source strength m > 0 and a sink (producer) located at (z,,y,)
with sink strength —am for some positive integer o. The results of a well pair with
unbalanced net rate will be the development of asymmetrical (or unsymmetrical [28])
flow patterns. The stream and potential functions for an unbalanced doublet flow in

Cartesian coordinates are given by the following equations:

m 1Y~V 1Y~ Y
U(r,y) = & B Y= 41
(@29) = g (tan L2t ), (4.15)
m
d(z,y) = — In(z —2,)* + (y —y)* — aln (z — :Ep)2 + (y — yp)Q. (4.16)

47

Using the input parameters as in Table 4.3, we plot the analytical solutions for
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Figure 4.5: Streamlines (first column) and equipotential lines (second column) for
balanced doublet flow at different time indicated on the top of each plot with time-

dependent flow rate ¢,(t) computed using Equation (4.10). The producer (sink) is
located at (0,2) and the injector (source) is located at (0, -2).

stream and potential functions for an unbalanced doublet flow in Figure 4.6, when the
sink strength is 5 times the source strength (a = 5). Since the sink strength is larger
(in magnitude) than the source strength the sink flow is dominant. Figure 4.7 shows
the streamlines for the unbalanced doublet flow for different values of o (v = 2,5,9)
at time t=0.5 to illustrate the effect of the value of a on the behavior of the doublet

flow. The doublet flow pattern is approaching sink flow pattern for larger values of «.
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Injector location (i, y;) = (0,=3)
Producer location (p,yp) = (0,2)
Well pressure (injector) Py =1
Well pressure (producer) Py =—1
Initial pressure Fy=0
Diffusivity D,=1
Time t€0.01,0.5
Permeability k=1
Fluid viscosity pw=1

Table 4.3: Input parameters for the transient, unbalanced doublet flow shown in
Figures 4.6

potential function
potential function

Figure 4.6: Streamlines (yellow contours) and equipotential lines (colored contours)
for unbalanced doublet flow at ¢ = 0.5 using equations (4.15), (4.16) with a = 5. The
source is located at (0, -3) and the sink is located at (0, 2).
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Figure 4.7: Streamlines (yellow contours) and equipotential lines (colored contours)
for unbalanced doublet flow at ¢t = 0.5 using equations (4.15), (4.16) at t = 0.5 with
(a) a =3 (b) @ =5 and (¢) @« = 9. The source is located at (0, -3) and the sink is
located at (0, 2).
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CHAPTER 5

CONCLUSION

A method is presented for modeling fluid flow in porous media using , new solutions of
the pressure diffusion equation based on Gaussian Pressure Transients (GPT). Fluid
flow can be visualized for both the transient and steady-state stages by computing the
local pressure gradient analytically. The ability to visualize the transient flow stage
is important because it provides information about the flow paths that could help op-
timize well placement and design when extracting natural resources from subsurface
reservoirs. The Gaussian solution method is without the computational complexity of
time-stepping. GPT-solutions therefore provide a fast alternative to numerical solu-
tion methods, which are relatively complex to use and have long computation times,
especially for sensitivity studies and well-placement optimization. The faster and less
complex computations, make the GPT method an attractive option for optimizing
natural resource extraction strategies.

Examples are given of how to use Gaussian solutions of the diffusion equation to
visualize fluid flow paths in subsurface reservoirs as required for the extraction of

natural resources like oil, gas, water, and geothermal fluids. The Gaussian method
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is extended in our study by computing and visualizing velocity magnitude contours,
streamlines, and other flow attributes in the vicinity of well systems that deplete
pressure in a reservoir. The GPT-method uses the Gaussian probability function of
Equation (2.10) which then gives the spatial and temporal of the pressure-change in
1D, 2D and 3D (Equations (1.30), (2.7) and (2.8)). The GPT-solution-form is a sim-
ple expression that provides a fast-analytical method to compute flow patterns with
high resolution. To validate the performance of the GPT-solution for the transient
pressure-change in the superposed well system, we compare the GPT-solution with
the independent closed-form solutions based on an independent CAM, assuming the
same initial conditions. The comparison shows a good match for the steady-state so-
lution (see Chapter 3). CAM can only visualize steady-state flow paths. However, the
GPT-solutions allow us to visualize the solutions of the stream and potential functions
for both the steady-state and transient stages of the flow development, again without
the computational complexity of time-stepping.

The transient pressure-changes in the superposed well-system can be rapidly com-
puted by superimposing GPT-solutions for the pressure-transients due to individual
well and/or fracture sources of pressure change in the system. Using the standard
equations to compute the pressure derivatives, we visualized the flow paths in the
reservoir during the pressure transient period. The GPT-method can predict well
productivity and injectvity based on the applied bottomhole pressure and the appli-
cable hydraulic difussivity of the reservoir system and then helps tracing the fluid
migration paths in the reservoir. The solutions presented are applicable to both fluid

production cases and fluid injection such as used for the disposal or storage of waste
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fluids, carbon dioxide, hydrogen, and natural gas.

The main points of the thesis are:

« Gaussian solutions of the diffusion equation can be used to visualize flow paths
during transient pressure changes in subsurface reservoirs due to pressure gra-

dients caused by engineering interventions.

e The Gaussian method was extended to compute and visualize velocity mag-
nitude contours, streamlines, and other flow attributes in the vicinity of well

systems that are depleting pressure in a reservoir.

e Stream function and potential function solutions were derived for instantaneous
modeling of flow paths and pressure contour solutions of transient flows, without

time-stepping.

e The GPT-method can, compute the local pressure gradient analytically based
on Gaussian Pressure Transients, to model fluid flow and compute the fluid flux

from the reservoir into the well system.

e The GPT-method can predict fluid extraction rates and study the fluid origin
in reservoirs; the method can also model fluid injection in subsurface reservoirs

when used for the disposal or storage of certain fluids.

e The computational efficiency of the analytical GPT-solution method compares
favorably to numerical methods for sensitivity studies and well-placement opti-

mization.
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APPENDIX A

DIMENSIONAL SCALING OF

PHYSICAL QUANTITIES

Dimensional analysis is a technique to transform an equation featuring physical quan-
tities of certain units into non-dimensional form (see [22]). For example, consider
the dimensional Gaussian Equation (1.30) for the advance of a 1D-diffusion along the

x-axis front from a planar source in the origin:

2

AP = APye m3t) (A.1)

This dimensional equation (with dimensional units) can be converted into a non-
dimensional equation (with non-dimensional units), by dividing the variables by a
typical unit with the corresponding dimension. For example, for the case of Equa-
tion (A.1), one should use dimensional unit measures for the fundamental physical

quantities such as length (zop = 1 m) and time (¢, = 1 s) for the divisions of the
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Parameter Description Dimension
x, To Length; characteristic length unit [L]
t,to Time; characteristic time unit (T]
Dy, Hydraulic diffusivity [L2T~1]
P Pressure [ML7'T2

Table A.1: Dimensional analysis

corresponding dimensions x and t to obtain the non-dimensional units z* and ¢*:

== tr=— (A.2)

The remaining parameters in Eq. (A.1), D, and P, are so-called derived quantities
with their dimensions being determined by certain fundamental quantities, as in Table
ALl

The hydraulic diffusivity, Dy, can now be non-dimensionalized as follows:

_ toDp

2

*
Dy,
o)

(A.3)

Likewise, one may non-dimensionalize the pressure, P, by multiplying with the

inverse of its fundamental units:

Tot?
pr = p=220 (A.4)
v However, because mass, , does not feature as a separate fundamental quantity
in Equation (A.1), using the typical unit mass, mg , is not very practical for non-
dimensionalizing P. Instead, we may use an alternative approach and simply normalize

the term (Py— Py ) by the initial reservoir pressure, Fy. Substituting all the proposed
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normalizations, the non-dimensional form of Equation (A.1) becomes:

(z*2)?
Py — Pgy — ,Ph%
P*(ZL‘*,t*) _ 10 BHe 4?70015 to
B 2 (A.5)
= (1- @)6‘42@7_

P

The principal purpose of the scaling procedure is to subsequently be able to work
with non-dimensional units for z*, t*, and Dj, and corresponding dimensional quan-
tities x, t, and Dy, can be computed anytime, using equations (A.2) and (A.3) For
example, a non-dimensional diffusion travel distance z* = 10 over a non-dimensional
time of t* = 105, when working in dimensional SI units with xo =1 m and ty = 1 s,
will correspond to dimensional quantities of x = 10 m and ¢ = 10° s. When we do
experimental runs, we can simply start from ¢* = 0 and evaluate for a certain spatial

* ax how P*(z*,t*) changes over a distance 0 < z < z Of

max — max-*

domain bound by x

course, for a 2-D diffusion process using the point sources in our study we also have

*
max

0 <y <wy:.. The values of 7 . and ¥} .. depend on where the front of the pressure
transient is studied for a given Dj.

For each set of model runs, D; will normally not change, but is chosen as a typical
value for the system studied. For example, in reservoir rocks the dimensional values
of the hydraulic diffusivity in geological reservoirs may range from 1072 m?2s~! for
coarse sandstone formations (high permeability) and 107!% m2s~! for very tight shale
formations (with ultra-low permeability). If we chose for our models an average di-

mensional value of D;, = 107% m2s™!, the corresponding D} will be 107°.

If instead of using Di = 107% we would use an arbitrary value of D} = 1, that
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means we are modeling a physical porous medium with diffusion rates much faster
than occurs in oil and gas reservoirs. Such models Dj = 1 are still useful, but will
have very short runtimes (¢* on the order of 10") to cover the diffusion distances that
in geological reservoirs would require much longer times (¢* on the order of 10™).

Finally, if we work with non-dimensional velocities (as in Section 4), these can be

normalized using zy and ¢y, because velocity has the dimensions of [LT1].
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APPENDIX B

DIFFUSION EQUATION

Recall the diffusion equation for pressure changes given by (1.29)

OAP(z,1)
ot

O?AP(x,t)

=D
h 81’2 Y

(B.1)

subjected to the boundary condition AP(0,t) = AF,. In Section 1.2.3, we presented

an approximate analytic solution given by:
12
AP(z,t) = APye” 0ur) (B.2)

However, the exact Gaussian solution has a transient multiplier in front of the expo-
nential term that was ignored in the visualizations presented in the previous chapters.
In this Appendix we will show that the exact Gaussian solution with respective tran-

sient multiplier satisfy the diffusion equation for pressure change in 1D, 2D and 3D
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B.1 1D Case

Diffusion equation for pressure changes in 1D is given by (B.1). The exact Gaussian

pressure transient solution is given by

AP, >

6_(4Eht)

AP(x,t) = ——47rDht ,

(B.3)

where, APy = Py — Ppp is a constant. To verify that (B.3) satisfies the diffusion
equation (B.1), we will compute the time derivative for the solution (B.3) and the

second derivative with respect to the spatial variable as following:

OAP 9, AR (2
:_< e 4Dht)

8t Gt \/47TDht

2 2

:[_lﬂf%jL ) ( r ﬂ{(ﬁ)

2\/471'Dh \/47TDht 4Dht2

AP, 1 2 (L2

_ 0 = + T e (15,8) (B.4)

VArDptt 2t ADpt?

The first derivative is given by:

OAP 0, AR (=2
= e (4Dht)>
or Oz 4n Dyt
APO —2x _(.=*
_ o (ahpr)
\/47TDht4Dht

(B.5)
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Then,

O2AP 0 APy 2z ,(4)%2}1 ))
- = — (- = e t
ox? Ox /4w Dyt ADpt
APO 1 1'2 2

- — ~labye) B.6
VD i i)t (B6)

Multiply by Dp,

aQAP APO -1 ZEQ _(ﬁ)
D = — whpi). B.
"orz ~ VDot T apet (B.7)

Thus (B.4)= (B.7) and (B.3) satisfies the pressure diffusion equation

B.2 2D Case

Diffusion Equation for pressure changes in 2D is given by

OAP(z,y,t) (32AP(ac,y,t) N O?AP(z,y,t)
ot i 0x? 0y?

). (B.8)

The exact Gaussian pressure transient solution is given by

AP _ $2 y2
AP(z,y,t) = M_Dohte Comr) (B.9)

where, APy = Py — Pgy is constant. Next, we will compute the time derivative for

the solution (B.9) and the second derivative with respect to the spatial variable to
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prove that it satisfies the diffusion equation (B.8).

OAP 0 APO _(12+92)
= _( e\ iDpt )
ot ot 47TDht

AP, APy x2*+y* .

=257 " pi i)
47TDht2 47TDht 4Dht2

AP 2 2

47TDht2 4Dht

z2+y2)
4Dt

)]6_( “”f,j;f )

The first derivative with respect to x is given by:

OAP 8 APy, (24
- e ‘Dt )
ox Ox 4w Dyt
_ APO _21' e_(zfgfj)
47TDht 4Dht

Then,

AP APy 0, _(siu?
— —(—$€ 4Dyt )
Ox? 8r D3t Ox
APO 2$2
=g pppl Lt
87TDht 4Dht

similarly,
PPAP AP,
dy?2  8rD32

2 22142
2 )it

-1
(=1+ 4Dpt

Then we sum the equations (B.12) and (B.13) and multiply it by Dp:

OPAP  O’°AP AP, 22 4 y? . (22
D = —2+2
Gz T o Sngﬁ( e
AP 2 2
_ 0 (_1+$ +y )6 (4Dht
47TDht2 4Dht
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(B.10)

(B.11)

(B.12)

(B.13)

(B.14)



Thus (B.10) equals to (B.14) and (B.9) satisfies the pressure diffusion equation

B.3 3D Case

Diffusion Equation for pressure changes in 3D is given by

OAP(z,y 2t) _ ) PAP(@y.2t)  PAP(ry,zt)  PAP@.y, 2

=D . (B.15
ot n D2 D> 922 ). (B.15)
The exact Gaussian pressure transient solution is given by
AP, 2% 4y? 422
AP(Z’,y, Zat) = —036 ( “Pn )7 (B16)
(47TDht)§

where, APy = Py — Pgy is constant. Next, we will compute the time derivative for
the solution (B.16) and the second derivative with respect to the spatial variable to

prove that it satisfies the diffusion equation (B.15).

0AP 0 APO ,(x2+y2+22)
(e )
Ot Ot (4nDyt)3
. 3 APO APO .1'2 + y2 + Z2 ,(%)
B [_5(47rDh)3/2t5/2 T @D\ aDe JJe
2 2 2 2249242
_ bk A R e ) (B.17)

(47TDht)3/2 [_ﬂ + 4Dht2
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The first derivative with respect to x is given by:

OAP _ 9 AR =yt

APy =2z (x4

= 4Dpt B.18
(47TDht)3/2 4Dht€ " ( )
Then,
O?AP AR 1 0 ( xe_(zﬁ%ijzg))
0x? N (47TDht>3/2 2Dht ox
APO 1 222 _(4$2+92J;22)
= (D 2Dht(_1+ 4Dht)e ib, (B.19)
similarly,
82AP APO 1 2y2 _(12+y2+zz)
_ 14+ =L ADpt B.20
0y? (47 Dpt)3/? 2Dht( * 4Dht)e ' (B:20)
And,
O?AP AP, 1 222 _(Palas?
e i (521
0y (47TDht) 2Dht 4Dht
Then we sum the equations (B.12), (B.13) and (B.21) and multiply it by Dy:
O?AP  9*AP  O*AP AP, 1 w4 yr 2 (2tee?
D = —[—3 92— 7 4Dyt
2 0z? * 0y? i 022 ) (47 Dy,t)3/2 215[ * ADpt )Je "
APO 3 ZL'2 + y2 + 22 _(m2+y2+22)

4Dpt

= DR o T apeE e

(B.22)

Thus (B.17) equals to (B.22) and (B.16) satisfies the pressure diffusion equation
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