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THESIS ABSTRACT

NAME: Reem Saeed Abdullah Alshammari
TITLE OF STUDY: Compressive sensing in data separation
MAJOR FIELD: Mathematics

DATE OF DEGREE: May 2023

Compressed sensing is a fairly new mathematical paradigm designed to efficiently
reconstruct large sparse dimensional signals using a small number of linear mea-
surements. Sparse coding of signals combined with compressed sensing emerged as
a powerful tool for separating data that are composed of several morphologically dis-
tinct constituents. In this thesis, combining adaptive incoherent sparse coding with
compressive sensing, we propose an efficient method for data separation. With a
prior knowledge of the characteristics of the distinct constituents in the given data,
we carefully select adequate frames to sparsify each component, i.e., the vector of the
coefficients that represent the component on that frame is sparse. We then use com-
pressive sensing to extract each component using adequate {1-optimization criteria.

Applications to audio signals and images separation will be provided.
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CHAPTER 1

INTRODUCTION

Compressed sensing is a signal processing technique that allows for the efficient ac-
quisition and reconstruction of signals by finding solutions to underdetermined linear
systems [1]. This technique is based on the principle that the sparsity of a signal can
be exploited to recover it from far fewer samples than required by traditional sam-
pling methods such as the Nyquist—-Shannon sampling theorem ([2][3]). Compressed
sensing has a wide range of applications in various fields. For instance, it was used in
photography with the advent of single pixel camera [4], in holography as a mean to
improve image reconstruction by increasing the number of voxels one can infer from
a single hologram [5], in face recognition, in Magnetic Resonance Imaging (MRI) to
reduce the number of measurements([6],[2]).

Another application of compressed sensing is the Morphological component anal-
ysis (MCA) for signal separation ([7],[8]). In this approach a signal is assumed to
be a superposition of morphological sub-components, each of which is approximately
sparse in a certain dictionary [9]. The separation method aims to retrieve the compo-

nents from the signal using two basic principles: Sparsity, which requires the signal



to be a superposition of sparse signals with respect to different dictionaries [10]. The
second one is the incoherence of the dictionaries ([11][12]). The power of MCA is that
under certain conditions on the coherence of the dictionaries, signal separation can be

achieved efficiently using convex optimisation ([13],[14]).

1.1 Problem Statement and Description

Consider a signal  which belong to a Hilbert space H and assume that the signal can

be split into L components

T=x1+To+...21, X € H. (1.1)

Moreover, we assume that its constituent are morphologically different in the sense
that for each xj there exists a frame &, of H such x; = v, where 74 is sparse. An
uniqueness assumption of the sparse solution v = (1,72, . . ., 71) ensures the recovery

of the signal components using the fy-minimisation

min  []7y|o (12)

s.t. [¢1|®2||¢L]7T:ZE
Thus the first step in this strategy is to purposefully select over-complete represen-
tation made up of a number of frames corresponding to the number of the unknown
components to be extracted, each of which provides a sparse expansion of one of the

components to be recovered [14][2]. The incoherence conditions of those frames are



subsequently represented as the morphological differences between the components.
Nevertheless, the minimisation problem (3.2) is NP-hard and therefore, one should
choose the frames in such a way that the recovery of the components could be ob-

tained using the ¢;-minimisation

min {7y

st [®1]Py]... [Py = 2.

1.2 Thesis Outlines

This thesis is organized as follows, In chapter 2, we state basic properties on frame
theory in Hilbert space, which provides a redundant series representations of vectors
in Hilbert space. In chapter 3, we formulate the problem of signal separation using
sparsity and coherence. Several examples of signal separation will be illustrated, In
particular separation of signals composed of periodic and spikes signals and separation
of signal composed of sparse orthogonal polynomials will be given. In chapter 4, we use
Géabor frames as a time-frequency analysis tool for audio signals separation. Finally,

a summary of the work resented in this thesis.



CHAPTER 2

FRAME THEORY IN HILBERT

SPACES

A frame is a generalization of a basis that provides redundant representation of
vectors in Hilbert spaces and is a fundamental notion in wavelet theory, sampling
theory and many other applied areas [15]. In this chapter, we recall basic notions on

Hilbert spaces and frame theory.

2.1 Preliminaries

2.1.1 Hilbert Spaces

In this section we review the main facts concerning Hilbert spaces. We begin with
basic definitions, identities and inequalities that are frequently used in Hilbert spaces.
Let ‘H be a real or complex K-linear space (K = R or C) [16]. An inner-product

in H is a function < .,. >: H x H — K such that the following holds:



1. Linearity: for any a,b € K and for any z,y, 2 € H, (ax+by, z) = alx, z)+b{y, 2).

2. Complex conjugate symmetry: for any x,y € H, (z,y) = (y, z).
3. Positivity: for any non-zero vector x € H, (x,z) > 0.

A normed space H is a pair (H,||.||), where H is a K-vector space and ||.|| is a
function from H to R, called a norm [16], that satisfies the following properties for all

r,y € Hand a € K

1. Positive definitness: ||z|| > 0, and ||z|| = 0 if and only if x = 0.
2. Absolute homogeneity: |laz| = |al||z||.
3. Triangle inequality: ||z + y| < ||z||| + [|y]|-

Definition 2.1 A Hilbert space (H, <,>) is a real or complex inner-product vector

space that is complete with respect to the induced norm,

||z|| = v/<z, x>, x€H.

Example 1: The linear spaces R® and C" endowed the inner-product of two

vectors = (1, Tg,...,2,) and y = (Y1, Y2, - -, Yn) a8

i=1



are Hilbert spaces. The induced norm is given by

Example 2: The space of measurable functions f : [a,b] — R with Lebesgue

integrable squares and endowed with the inner-product

< fig>= / f(@)g(x)d

is a real Hilbert space with induced norm

1] = / f2(a)d x.

The defined Hilbert space is denote by L?([a, b]).

Example 3: The space of complex sequence x = (21,9, ..., Zy,...) such that

(o]
Z |z|* < oo,
=1

endowed with the inner-product (z,y) = Y :°, z;7; is a complex Hilbert space with

induced norm

|22 =

The defined Hilbert space is denote by ¢2(C).

Definition 2.2 Let I be a subset of N. A set of non-zero vectors {x;}icr in a Hilbert



space H is called:

Linearly independent set if for any scalars {a;}icy such that ), ; a;x; =0,

we have a; =0 for all v € 1.

Spanning set if span{x;}icr = H.

Orthogonal set if, for any i # j in I, we have (z;, ;) = 0.

Orthonormal set if it is an orthogonal set and (x;,x;) =1 for anyi € I.

The space K™ (K = R or C) can be endowed with many norms. For instance, to

a vector vectors = (x1,Zo,...,x,) in K™, we define the £, norms for p € [1, o0] as

iy i)z, if p e [l,00);

[lz[lp =
maz |x;|, if p=o0.
=1,
For p < 1, ||.||, is not a norm. However, it is customary to define the {y-norm of a
vector x € K™ as
Ix||o := card(supp(x)) (2.1)

where the support of a vector x is the index set of its nonzero entries, i.e.,

supp(x) :={i € [N]| z; # 0} with [N]={1,2,...,n}.

The ||.||o is not a norm as it does not satisfy the homogeneity condition, i.e.; in general

[Azllo 7 [Alll]lo-



The unit ball of a normed space H is defined by

B = {zeH| || <1}

Lemma 2.1 Unit balls in normed spaces are convez [16].

Proof. Let z,y € B and 6 € (0,1). By applying the triangle inequality and the

homogeneity of the norm, we obtain

102 + (1 = O)yll < (|0 + [[(1 = O)yll = Ollx][ + (1 = O)lyl] < 1.

This concludes the proof. |
Unit balls of the fp-"norm” are not convex. For instance, in R?, take the vectors
z = (1,0) and y = (0,1) which are in the unit ball since ||z||o = ||y||o = 1. However,
for any 6 € (0,1), we have ||§x+ (1 —6)yl||o = 2. Also the unit balls for the £,-"norms”
with p < 1 are not convex. The convexity of the ¢, norms for p > 1 can be seen from

Figure (2.1). However, for p < 1 the unit balls are not convex.

2.2 Frames in Hilbert Spaces

A frame is a generalization of a basis that provides redundant representation of
vectors in Hilbert spaces and is a fundamental notion in wavelet theory, sampling

theory and many other areas of engineering [15].



|
l QQ

0 1

=

Figure 2.1: The Unit ball in R? for the £, norms with p = 0o, 100, 3,2, 1 respectively
from the outer convex boarders (black) to the inner non-convex unit balls ¢ 1 and £y
(red).

Definition 2.3 A frame is a sequence (p;)jes (J C N) of elements of a Hilbert space

‘H such that there exist real numbers A, B > 0 such that

AIFIP <Y 1es N 1P < BIFIP

jeJ

for all f € H. The supremum of all A and the infinimum of all B that satisfy the

above inequality are called the frame bounds [17].

Definition 2.4 Given a frame (¢;);cs in a Hilbert space H [18].

e The frame (v;)jes is said to be a tight frame if its frame bounds A and B are

equal.

e The frame (p;)jes is said to be a Parseval frame if its frame bounds satisfies

A=B=1



e The frame (p;)jes is said to be a Riesz basis if it is also a basis for H

e The frame (¢;)jes is said to be a normalized frame if each elements p; is a

unit vector, i.e.; ||p;|| =1 for any j € J.

Example 1: Consider the sequence 1, xo and x5 in the Hilbert space R?

1 = (1,0), To = <—§,—%> y T3 = (?, —%) .

We have
3

3
> Haw) P = §||$H2 for all z € R2.
i=1
Thus (czy, ¢z, cxs), where ¢ = 1/3/2, is a Parseval frame called Mercedes-Benz
frame (see Figure 2.2).

Example 2: Let ® = (¢,)%°, be an orthonormal basis of a Hilbert space. Clearly

® is a frame with frame bound A = B = 1. Consider the sequence

E is a basis for the Hilbert space but not a frame since for f = e;, we have

o0

Y« Y S
j7k: _k

j=1

and || f]| = 1 and there does not exist a positive constant A such that

A< for any k € N,

| =

10
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(a) Mercedes-Benz frame

15— | 15— |
1 \ \ 1 \ \
o] | | os] | |
0 0
N RN
-1 \ \ -1 \ \
15— ‘ 15—l ‘
-1 0 1 -1 0 1
(b) Orthonormal basis (c) Riesz basis

Figure 2.2: Tight frames in R2.

The previous example shows that a basis in a Hilbert space is not necessarily a

frame. However, it is the case for finite dimensional Hilbert spaces[16]. We have,

Proposition 2.1 A basis ® = (p;)!, of a finite dimensional Hilbert space H is a

frame.

Proof. Let z =)  x;p; be an element of %. We have

D lena) P =l (i e I”
i=1 i=1

Denoting by

A= max [{g;¢;)|>, B= min |(g;, ),

i,j=1,...n i,j=1,...,n

11



we have

Bllall? < Y [pi2) > < Alla| .
i=1

Therefore, ® is a frame in H. |

Moreover, we have the following.

Theorem 2.1 A normalized frame of a Hilbert space H is an orthonormal basis if

and only if it is a tight frame [19].

Proof. Suppose {v;};cs is an orthonormal basis of the Hilbert space H. Then for

any u € H, we have the basis expansion

u= Z(vj,u>vj.

jedJ

Using orthonormality, we have

[lul = 1{v;, u)*.

jeJ

Thus (v;);jes is a tight frame. For the other direction assume that {v;};c; is a nor-

malized tight frame. Then for any f € H, we have

AP =D 15 ) I (2:2)

jeJ

Thus in particular, for any ¢ € J we have

il =1=1 +Z|<¢j?¢i>|2'

i#]

12



This implies that | (¢;, ¢;) | = J;; and the frame vectors are orthonormal. Consider

the difference

d=f—=2 (65 o).

jeJ

From (2.2), we have

1l = 1AIP + D ey £ P =2 <f>z<¢j,f> ¢j>

jedJ jedJ
=2 o5 NP =2) [(¢5 /)P =0.

JjeJ JjeJ

Thus, d =0 and [ = Zje]<¢j7 f)¢;. Therefore {¢;} is an orthonormal basis oh H. |

2.2.1 Frame Operators

Given a frame (g;),es in a Hilbert space #H, the analysis operator of (y;);c; is the

linear operator F' : H — (*(C) defined by,

F(f) = (i [))jea-

The frame operator is well defined since we have,

AllFIF < IFHIE < BIIFII™. (2.3)

Proposition 2.2 The frame operator F' is injective [15].

Proof. let f and g in H such that F(f) = F(g). Thus, by linearity we have

13



F(f —g) = 0 and using (2.3), we obtain

Allf =gl <0< B|If =gl

Therefore, ||f — ¢g|| = 0 and hence f = g. |

Proposition 2.3 Let (¢;)jcs be a frame in a Hilbert space H. Then span((¢;)jes) =

" [20].

Proof. Let us assume that the linear space V' := span((y;);es) in strictly included
in H. Then there exist a non-zero element f € H that is orthogonal to every element
of V, that is for all j € J

<, [>=0.

Thus F(f) = 0. From the frame inequality (2.3), we obtain

AlFIF < IF(HI3 =0 < BIfI*

Thus ||f||* = 0 and f = 0. This contradiction concludes the proof. |

Proposition 2.4 Let & = (p,)jes be a frame in a Hilbert space H and F its frame

operator. The adjoint D : {,(C) — H of F is given by

D(e) = )¢5

jed

14



Proof. We have

(F(fey =) (fene <f Z%CJ> f,D(e)) -

jeJ JjeJ

This conclude the proof. |
The operator D is called the synthesis operator and it is usually denoted by the

same letter as the frame itself, i.e.; ®.

2.2.2 Frames in Finite Dimensions

In this section, we show that any finite spanning set in K" (K = R or C) is a frame.
Let A be an (m x n) complex matrix. The eigenvalues of the Hermitian matrix

A*A are real. Moreover, if A is an eigenvalue of A*A, then we have
| Az|[? = (Az, Az) = (2, A"Az) = ||| |*.

Thus, all the eigenvalues Ay > Ay > ... > A, of A*A are non-negative. The numbers
g; = VNi,i = 1,2,...,n are called the singular values of the matrix A. The
number of non-zero singular values of A equals the rank of A. Let (vy,vq,...,0,)
an orthonormal basis of C" consisting of eigenvector of A*A with eigenvalue o?. Let

r =" x;v;. We have

|Az||? = (x, A* Az) 202 2,

15



Thus we have

opllz]® < [JAz|* < o]]2]|*. (2:4)
[21]. Based on the (2.4), we prove the following.

Proposition 2.5 Any finite spanning set in K™ (K = R or C) constitutes a frame

[16].

Proof.  Suppose {¢;}7; C K" such that span({¢;}) = K". Define the operator
G : K" — K™ by (Gx); = (¢j,x), j = 1,2,...,n. G can be written as a matrix
G € K™*" This matrix has rank n, since the span of its rows is all of K™ by
assumption; therefore all the singular values of G are nonzero. We denote the largest

singular value oy, and the smallest by o,,. Then, from (2.4), for any x € K™,

apllzl* < NIG(@)* < oflf2]|”

Thus, F' is a frame operator and {¢;}7L, is a frame in K™. The frame bounds are
given by the squares of the smallest and largest singular values of G. |
We can associate a matrix to every finite frame in R™ or C". The analysis and the
synthesis operators can be easily defined in term of the associated matrix [22].
Let ® = (z;)%; be a frame of K", the matrix © associated with the frame is
obtained by viewing the vectors x;,7 =1, ..., k, as the columns of the matrix . The

synthesis operator is given simply by ®x.

16



CHAPTER 3

DATA SEPARATING BY

SPARSE REPRESENTATION

This chapter serves as the main goal of this thesis, where separation of mixed signals
will be achieved by taking advantage of the sparsity of the components of the signal
in adapted frames and using ¢;-minimization techniques. The general problem is as
follow: Consider a signal  which belong to a Hilbert space H and assume that the

signal can be split into L components
r=x14+T9o+...21, xp € H. (31)

Moreover, we assume that its constituent are morphologically different in the sense
that for each x; there exists a frame ®; of H such that, z; = ®py, where ~; is

sparse. An assumption uniqueness of the sparse solution v = (y1,7e,...,7.) ensures

17



the recovery of the signal components using the ¢y-minimisation,

min [|7lo

(3.2)
s.t. [CI>1|<I>2|]<I)L]7T::U

Thus the first step in this strategy is to purposefully select over-complete represen-
tation made up of a number of frames corresponding to the number of the unknown
components to be extracted, each of which provides a sparse expansion of one of the
components to be recovered [14][2]. The incoherence conditions of those frames are
subsequently represented as the morphological differences between the components.
Nevertheless, the minimisation problem (3.2) is NP-hard and therefore, one should
choose the frames in such a way that the recovery of the components could be ob-
tained using the ¢;-minimisation,

min[]7y[

(3.3)

st [®]@yf... |0y = .
In the first part of this chapter we give conditions on the frame for the uniqueness of
the sparse solution. in the second part we study conditions on the frames ensuring
recovery using the ¢;-minimisation (4.7). Applications to separation of periodic signal
and spikes, image inpainting and smoothing will be given. Finally separation of signals
with components sparse orthogonal polynomials, spikes and periodic components will

be illustrated.
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3.1 Compressed Sensing

Let ® = (¢;)ier be a frame in a K-Hilbert space H and denote by & : lo(K) — H its

synthesis operator. Given a sparsity s, the following are equivalent

e a) x € l5(K) is the unique s-sparse solution of ¢z =y with y = dx

o b) the sequence z is the unique solution of the fy-minimization

i subject to Dz = 3.4
Zg;&) l|z|lo  subj z2=y (3.4)

Indeed, let us assume that a) holds and that the minimization problem has a solution
x* € l5(K) different from x with ||z*|| < s. Thus, z* is also an s-sparse sequence.
This contradicts the uniqueness hypothesis. That b) implies a) is clear. Therefore,
the existence and uniqueness of a sparse solution guarantees its recovery by the ¢,-

minimization problem (3.4). Denote by N(®) the space

N(®) = {z € ,(K), and dx = 0}

Theorem 3.1 Let ® be a frame in a K-Hilbert space H and ® its synthesis operator.

The following properties are equivalent
e (a) Every s-sparse sequence x € l5(K) is the unique s-sparse solution of &z =
Px.
¢ () N@) Nz € )+ el < 25 = {0}
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Proof. Let us assume that a) holds. Let v € £5(K) such that |[v|| < 2s. Then we can
write the sequence v as v = x — z with ||z]| < s and ||y|| < s. Since v = Pz — Pz =0,
we obtain ®x = &z and thus (a) guarantee that x = z and thus v = 0. Now, let us
assume that (b) holds. Let z and z element of /5(K) that are both s-sparse and such
that &z = ®z. Thus, x — z is 2s-sparse with ®(z — z) = 0. Thus, according to (b),
x = z. This concludes the proof. |

One can use uncertainty principles, which limit the simultaneous sparsity of a vec-
tor in a Hilbert space formed by concatenation of orthonormal bases to give conditions
of the uniqueness of the fy-minimisation problem. We shall first define the notion of

mutual coherence of a frame.

Definition 3.1 For a frame ® = (v;)ic;r in a Hilbert space H, the mutual coherence

of ® is defined as

(@i, )|
#@) = matijerizi oo
il 1195

We have the following bounds on the mutual coherence of a frame.

Theorem 3.2 Let H be a finite dimensional Hilbert space of dimension N, and let

© = [®, V] be a frame of H where ® and ¥ are two orthonormal bases of H. Then

Proof. As the bases are orthonormal, by Cauchy-Schwartz inequality we have

| < it > [ < Nl = 1.
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Thus, clearly ¢(©) < 1. Each element ¢;, j =1,2,..., N, of the orthonormal basis ¥

can be written as ¢; = Zf\il a;¢;, with o =< ¢;, ¢; >. Thus

N N
1= ||¢J||2 %,% Z ¢z>¢] Cbzad)] Z ¢z>¢]
i=1 =1

If p(®,v) < then,

1
VN’
2 1 .

(Pir15) <N forany i=1,2,...,N

Thus, we would have S (¢, ;)% < 1. This contradicts the fact that SN (¢, 1;)% =
1. This concludes the proof. |
When the Hilbert space H = C" and the frame ® is finite with m > 2 element such

that m > n, then we have the Welsh bound [23] [24]

m-—-n

n(m — 1) < p(®) <1

We are now in a position to give criteria for the uniqueness of a sparse solution.

Theorem 3.3 [25] Let H be a finite dimensional Hilbert space, and let © := [, U]
be a frame of H where ® and V¥ are two orthonormal bases of H. Then for any

d € N(©)/{0}, we have
2

ldllo = o)
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Proof. Letd = (dy,ds,...,dn,d,...,d,) € N(©). Thus we have

> digi =) —ditn.
=1 =1

Without loss of generality, we may assume that the element S = )" | d;¢; satisfies

|S]| = 1. Thus we have

1:<S,S>:§n:didj<¢i,¢j >gﬂ(@)( > |dz~|)< > |Jj|).

i,j=1 i€supp(d) jesupp(d)

By Cauchy-Schwartz inequality, we have

Y ldl < Vlldllo, and Y [dif < \/[ld]fo-

i€supp(d) i€supp(d)
Thus,

1< u(®©)y/ lidlfolldllo

Using the geometric-mean inequality, we obtain

d

This concludes the proof. |

A consequence of the previous theorem is the following,

Proposition 3.1 Let © := [®, V] be a frame of a finite dimensional Hilbert space H
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where ® and VU are two orthonormal bases of H. Let x € H and ¢ be such that

Oc=2x and |c|o< ﬁ
Thus, the solution to (3.2) is unique.
Proof. Let ¢; # ¢ be such that
Oc; =z and |collo < L
1(©)
Thus, we have ©(c — ¢;) = 0 and
2
ler = cllo < fleallo + llello < 1(0)
This contradicts Theorem 3.3. |

The previous theorem can be generalized to frames that are the union of several

orthonormal bases. More precisely, we have the following.

Theorem 3.4 LetH be a finite dimensional Hilbert space, and let © := [®q, Do, ..., Df]
be a frame of H where &,k =1,2,..., L, are orthonormal bases of H. Then for any

d € N(0)/{0}, we have

Il > (1 + ﬁ) ﬁ.

Proof. Denote by @ = (¢1,¢%,...,¢%) and let d = (dy,da,...,d;) € N(©)/{0}
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where dj, = (d},,d3, . ..,d}). Thus we have

Ln
d=— Y d<¢h¢l> forany k,j
(=1,0#£k;i=1
Thus, we have
Ln
@ <u©) 3 |dl.
(=1,0#k;i=1

Summing over the non-zero coordinates of dj, we obtain, for any k

Idilly < 2(©)1dillo > lldells-
04k

Therefore, (1 + w(O)|dk]lo)||dk]l1 < w(O©)|ldkllol|d]]1, or equivalently,

1(O)l|dklo

el < @) Tan o)

1]}

Summing over k we obtain

L
(6) o
dll; < dl;.
””L‘<k1L+M@W%M Il

Therefore, we have

L
H%%
> 1. 3.5
221 T (©)d)To (3:5)

Consider the function g(y) = 1/1 + y. From (3.18), we have

L
> g ((O)|ldillo) < L —1.

k=1
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Since the function g¢ is concave in [0, 00), we obtain

) (M@ydno) Lot

This is translated into the claim of the theorem. I

Proposition 3.2 Let © := [®y, Py, ..., P1] be a frame of a finite dimensional Hilbert
space H where @y, k = 1,2,..., L, are orthonormal bases of H. Let x € H and c be

such that

1 1
= 1 .
Oc=z and |cllo < < + - 1) 21(0)

Thus, the solution to (3.2) is unique.

Proof. Let ¢; # ¢ be such that

1 1
0ci =2 and falo< (1+ 727 ) 30

Thus, we have O(c — ¢;) = 0 and

1 1
let = ello < lletllo + lleflo < (1 . T) L

This contradicts Theorem 3.4. |

When the Hilbert space is given by K™ and the frame & is finite with cardinality N
with NV > m then, denoting by A the matrix of the frame, the claims of Theorem 3.1
are also equivalent to the fact that every set of 2s columns of the matriz A is linearly

independent. To show that, let us assume that there exists a set of 2s columns of the
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matrix A that is linearly dependent. Denote by S the indices of the columns and by
Ag the sub-matrix with the column indexed by S. Thus there exists a non-zero vector
w € K?* such that Asw = 0. Therefore, the vector v € KV is a non-zero vector such
that vg = w is a 2s-sparse vector such that Av = 0. This contradicts the claim b) of
Theorem 3.1. Accordingly, Theorem 3.1 implies that in order to recover the sparse
vector © we should have Rank(A) > 2s; and since Rank(A) < m, we conclude that
exact recovery of x is possible when m > 2s.

There are many examples of matrices that satisfy the conditions of Theorem 3.1.
Example 1: Vandermonde matrix
Let s be a positive integer and ty > ty_1 > ... > t; > 0. Denote by A the matrix of

order m x N with N > m > 2s, defined by

1 1 1

ty to tn
A=

A e

For any subset S = {j1 < jo < ... < jas} of {1,2,..., N} of cardinality 2s we have

det<AS) = H(tjz - tjk) > 0.

1<k

Thus, the matrix A satisfies the requirement of Theorem 3.1 and ensure the recovery
of any s-sparse vector.

The problem of recovering an s-space vector x with a measurement matrix A by
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solving the f5- minimization problem

min |[|z|lp subject to Ax =y (3.6)
zeKN

is an NP-hard. Indeed, solving (3.6) consist of solving

AGAsu = Agy,

where S runs over all the subset of {1,2,..., N} of cardinality s and then check for
each solution u if Agu = y. The number of systems to be solved is given by (];[ ) which
is a very large number for the method to be of any practical relevance.

In the next section we shall give condition on the measurement matrix A or the
frame ® for which the fy-minimization problem give the same solution as the /;-

minimization problem

3.2 Recovery via /;-Minimization

For a sequence d = (di,ds,...,dy,...) of real numbers and a finite set A C N, we
denote by 1,d the characteristic sequence of A, i.e.; the sequence (€1, ¢€,...,€,,...)
where ¢, = d; if i € A and ¢; = 0 otherwise.

Let ® = (p;)ier be a frame of a Hilbert space H and z € H. and consider the
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following minimization problems

min |||
(3.7)
st. dc=2zx
and
min |||y
(3.8)
st. Pc=2=x

The main goal of this chapter is to characterize conditions on the frame ® such that

the solutions of the two minimization problems (3.7) and (3.8) coincides.

Definition 3.2 Let ® = (p;)ier be a frame of a Hilbert space H and let N(®) denote
the null space of the associated synthesis operator. Then ® is said to satisfy the Null

space property of order k if
1
Ladlly < 5 lld]]s.

for all d € N(¢)/{0} and for all sets A C I with |A| < k.

Proposition 3.3 Let ® = (p;)ic; be a frame of a Hilbert space H and let x € H.

Then the following conditions are equivalent:

e (i) All vectors c with ||c|lo < k are unique solutions of the {1-minimization.

min ||c|;
s.t. Pc==zx
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e (i) The frame ® satisfies the null space property of order k.

Proof. Let us assume that (i) holds and let d € N(®)/{0} and A C I, |A] < k
be an arbitrary subset of I. Since d € N(®)/{0} we have &d = 0. Moreover, since
15p 4+ 1pe = d, we have

B(1pd) = D(—14.).

As ||1ad|lo < Kk, by (i), 1ad is thus the unique ¢;-solution to the optimization problem

minef]

Therefore, ||[1ad|ly < [[1ac|]1. In other words,
1
Radlly < 5 lldl]s.

Since d and A were chosen arbitrary, we conclude that ® satisfies the null space
property of order k. Assume now that (ii) holds, and let ¢; be a vector such that
llc1]|o < k with supp(e¢;) = A. Furthermore, Let ¢o be an arbitrary solution of ®¢ = x

with © = ®¢;. Set d = ¢ —¢;. Then d € N(®)/{0} and

lcall = [ledlls = [[Taccally + || 1acally — [[1aca]lr

> | Lacdlly = [[1adly > 0.

Thus ||c2||1 > ||e1]l1- This concludes the proof |
Using Proposition 3.3, we show the following
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Theorem 3.5 Let ® = (;)ier be a frame of a Hilbert space H and let © € H with
x#0. If v = ®c and

1 1
HCHO < 2 <1 + m) , (3.9)

then the solution of the {1 minimisation (3.8) coincides with the solution of the {,

minimisation (3.7).

Proof. Without loss of generality, we shall assume that the frame ® is normalized.
We first prove that if (3.9) is satisfied then the solution of the ¢; minimization problem
(3.8) is unique. Let d be in the null space of the synthesis operator of ®,i.e.; d € N(P).

Thus, for any ¢ € I, we have

< ¢i, ZdeSj >= (.

jel

Thus,
d; = — Z dj<¢i>¢j>-
JelLj#i
Therefore,
il < > 14l < ¢y > | < p(@)([ld]ly — |,
Jelj#i
and hence,

4 < (1+ﬁ¢))1 I

For any A C I with |A| = ||¢||o, we have

1\ 1\ 1
Iad|li <A [1+ —— d|[, = 14+ — d —|d||1.
Iadls < JA] (14 o)l = lell (14 =55 ) s < 51l
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Thus, the frame @ satisfies the null space property of order ||c|lo and by Proposition
3.3 and the solution of the ¢; minimization problem (3.8) is unique. Now, we shall
prove that this solution coincides with the solution of the £y minimisation problem
(3.7) by showing it is the unique solution of (3.7). Let us assume that there is a

solution ¢ # ¢ with ®¢ = x and ||¢||p < ||¢[|o. Thus we have

el <5 (1+ 25 )

and thus from the first part of the proof, ¢ is the unique solution to the /; minimisation
(3.8). This contradiction concludes the proof. |
The bound given in (3.9) can be slightly improved if the frame & is a concatenation
of orthonormal bases of a Hilbert space. We shall provide the result and the proof
only for the concatenation of two orthonormal bases and state the general result for

the concatenation of many orthonormal bases.

Theorem 3.6 Let [®|V] be a frame of a Hilbert space H where ® and ¥ two or-

thonormal bases of H. Let x € H with x # 0. If x = ®c and

V2-05

cllo < :
el < *= 5

(3.10)

then the solution of the {1 minimisation (3.8) coincides with the solution of the £y

minimisation (3.7).

Proof. It is sufficient to proof that the frame & satisfies the null space property of
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order the right hand side of (3.15). Denote by

D= (d1,02,...,0n), W= (U1,%9,...,%,).

Let D = (dy,d, ..., dy,dy,dy, ... d,) € N(®)/{0}. Thus we have

> digi+ Y djh; =0.
i=1 j=1

Thus,

n

> divi = (=di)e

j=1

Let A be a subset of {1,2,...,2n} such that

V2-05

A=

and consider the following optimization problem

1
Min  S[|Dll = 114 D]lx

n

Z digi = > _(—d;);

j=1

(3.11)

(3.12)

We should show that the optimal value of the previous optimization is positive. Note

that as ||[15D]|; increases the minimum of the above expression decreases. To avoid

the trivial solution, we restrict the solution of the minimization problem to vector D
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such that || D||; = 1. Thus, we modify the minimization problem to

) 1
Min 5 I1aD]1

n

i digsi = > _(—d;)¥;

j=1

1Dl =1

The constraint

Z dig; = Z(—dj)%’
=1 1

j=

implies that for £ =1,2,...,n, we have
| < p(@)[|dlly and |di| < p(®)]|d])s-

It is then sufficient to prove the positivity of the optimal value of the following mini-

mization with weaker set of constraints:

] 1
Min 5 |1AD]1
st. |di| < plld]s,
|di| < plld]s,

D[l = 1.

Denote by Ay = AN{1,2,...,n} and Ay = AN{n+1,...,2n}. Assume that |[A;| = k;

and |As| = ko. Note that A = (A, Ay). To show that the optimal value of the previous
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minimisation problem is positive, it is sufficient to show that the optimal value of the

following minimisation problem

€Ay JEA2

st. —dp+p(di+..+d)>0, k=12_..n
—dp 4+ p(dy + ... +d) >0, k=1,2...,n
di+.ody+di . +d, >1

—(dy+ .. dy+dy + .+ dy) > —1

d; >0,d; >0

is larger than —1/2. This linear programming problem can be re-written in its canon-

ical form as

where

Z = [dy,dy, ..., dn,dy, ..., dy],C = [~1a,, —14,], B =0, ...,0,0,...,0,1, —1]T,
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and A is the 2n + 2 X 2n matrix

wdn —I,
A=
(& (&
—€ —€

where [, is the identity matrix of order n, J, the square matrix of order n with all
entries equal to 1 and e = (1,1,...,1). Since the primal and the dual problems yield

the same optimal value, i.e.

Minimum{C*Z|AZ > B, Z > 0} = Mazimum{(BTU|ATU < C,U > 0},

we fulfill the original requirement of the primal problem by finding a feasible solution
U such that BTU > —%. Consequently the maximal value is guaranteed to be also

above the value —1/2. Consider the Parameterized form of the feasible solution U as

follows:

UT = [1A17a1A27676]7

where a, 3 and § are real scalar parameters. We have BTU = 3—§ and the constraints
of the dual problem ATU < C and U > 0 are given by the positivity of the parameters

a,  and 0 and the inequalities

paks+5—0<0, (1—a)uki+5—-0<0, (3.13)
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where we assume, without loss of generality, that k; := |A;]| < ks := |Ay]. We shall
choose the parameters «, 8,9 such that the inequalities in (3.18) are equalities and

B = 0. Solving the resulting system for «, we find

1+,UJ€1
o = .
1+,LL]€2

Thus 0 < a < 1. Moreover, we have

1+Ml€1
—0 = —puk >0
: 2<1+M/€2) B

Thus, the requirement that BTU > —1/2 can be satisfied if

20 kykg + pky — 1 <0, (3.14)

The condition (3.14) is satisfied if

Adding ks to both sides, we obtain

1/1— pk 11— pky+ 2k2p2
k1+k2§_( M2+Mk2):_< piky + zu)
p\ 2pks Iz 241k
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Since, the minimum of the function

over the interval (0,00) is given by f(+/0.5) = v/2 — 0.5, we conclude that if

V2 -0.5

ki + ke < ——,
L

then the condition (3.14) is satisfied. This concludes the proof. |
Generalisation of the previous theorem to frames composed of concatenation of many

orthonormal bases is given as follows.

Theorem 3.7 Let © = [O|Ds|...[PL] be a frame of a Hilbert space H where ®;,

j=1,2,...,L, are orthonormal bases of H. Let x € H with x # 0. If x = ®c and

1 1
llello < m (\/5— 1-— m) , (3.15)

then the solution of the {1 minimisation (3.8) coincides with the solution of the £y

minimisation (3.7).

Another criteria when the sparse solution can be recovered with the ¢;-optimisation
is when the measurement matrix satisfies the restricted isometry condition introduced

by Candés and Tao [26][2].

Definition 3.3 A matriz A € C™*V satisfies the restricted isometry property (RIP)

37



of order s if there exists a 65 € (0,1) such that

(1= d)llzll; < [ Az]; < (1 + 65 l=3 (3.16)

for all s-sparse x € CN.

(CmXN

The restricted isometry constant d, of a matrix A € is defined as the smallest

ds > 0 that satisfies 3.16 for any s-sparse signal [|z||p < s.

Theorem 3.8 (Candés et al. 2006 [1]) If the RIP 65, of a matriz A € C™N satisfies
09s < %, then A satisfies the null space property of order s is satisfied. In particular,

every s-sparse vector x € CN can be recovered by (1-minimization.
Proof. Let v € Ker(A)\{0}. Consider an index set Sy of s largest modulus entries
of the vector v. We partition the complement of Sy as the following,

S¢=8USU---, (3.17)

where S; is an index set of s largest absolute entries of v in [N]\\Sy, Sz is an index set
of s largest absolute entries of v in [N]\(So U S1) ete. Since v € Ker(A)\{0}, we have

A(v) = 0, implies that A(vg,) = —A(v1 + vy +--+). so that

1

losolls < 7= 528||A(Uso)||§
1
= (A, Als) Ao + ) (315
1 h—1
= 1-46 Z(A(Uso)aA( USk))
2s k>1



We have for all u,v C CV with disjoint supports (supp(u) N supp(v) = @), and

|supp(u)| + |supp(v)| = s, then

[{(Au, Av)| < & lulla]v]]2- (3.19)

Therefore,

(A(vs), A(=vs,)) < sl |2l v |- (3.20)

Substituting (3.20) into (3.18) and dividing by ||vs,||2,

5 h—1
28
lossll> < =5~ > sl

k>1

Since the s entries of vg, do not exceed the s entries of vg, , for £ > 1, we have

1 .
lv;| < B Z \ve|,  for all j € Sy

0eSy_1

and,
1
2 1
sl = (1)< Tebesi e

By Cauchy-Schwartz inequality, we obtain

525 525
< < < c
s < VRl < 250 3 sl < 725 (o

L+ ||vso||1). (3.21)

Since lfiis < % by assumption, the null space property follows. |
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3.3 The Separation of Sinusoids and Spikes.

In this section we shall apply Theorem (3.6) to separate sparse sinusoidal signals and
spikes using their distinct morphological features of one being periodic and the other

transient.

The Fourier basis is orthonormal with respect to the Euclidean inner-product.

Indeed, we have

1 e 1% (Gememy 123
2mijt—2mikt J—k)2mit
<}t7’fk> = — (A n = — e n = — At
=0 =0 =0

27 ([

where A = e™ U=k Thus, if k # j, we have

1 /A" —1

while if £ = j, we have A = 1 and thus (F;, Fj) = 1.

The Dirac or the canonical basis of C™ is defined by
@:(51,52,...,5,1) with Sj:(0,0,...,l,O,...,O).

Clearly the Dirac basis W is an orthonormal basis of C".

Theorem 3.9 Let @ be the Fourier basis for C™ and let U be the Dirac basis for C™.

Further, let x € C™ be the signal

r=x1+xy, where x1 ="y and x9 = Vs,
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with the coefficient vectors vy,v2 € C*. If

Iillo + Inzllo < (V2 = 0.5)v/n,

then the {1 minimization problem (3.8) recovers v; and o uniquely, and hence extracts

x1 and xo from x precisely.

Proof. Consider the frame,

© = [D|V¥] (3.22)
. The mutual coherence of © is given by

1  2rikG-1) 1
w(O) = maz [(Fi &) = @Z-Qﬁe = T

Then by theorem (3.8) the requirement

V2-0.5
[71llo + l172llo < e (V2 —0.5)v/n. (3.23)

ensures that the /; minimization problem (3.8) recovers v; and 72 uniquely. |
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3.3.1 Separation of a Signals Composed of Sinusoidals and
Spikes

An example of the Separation of a signal composed of sinusoidals and spikes is illus-

trated in Figure 3.1. In the example, the sinusoidal curve is given by

f(t) =sin2t — 5cos (%) :

We sample uniformly the curve over the interval [0, 47| with a vector z = (x1, x2, ..., ZN)
with n = 3200. The discrete Fourier transform 2 of the vector = satisfies ||Z|o = 4.
Thus according to Theorem 3.9, we can randomly and uniformly add as much as
(v/2—0.5)y/n — 4 = 47.7157 spikes and the £;- minimization could separate the curve
from the spikes.

Figure 3.2 show the result of increasing the number of spikes beyond the allowed
bound given in Theorem 3.9 and use the /;-minimisation to recover the signal.

This phenomena can be explained by viewing the spike as noise with small strength
and the recovered signal as sparse recovery of noisy signals. In this respect, one should
consider the ¢;- minimisation,

min ||c[|y

(3.24)
st [|[®c—z|2 <e

where € is the strength of the noise.

Within this context we have the following Theorem,
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Figure 3.1: Sparse recovery of a signal composed of a sinusoidal curve and spikes. (a)
the mixed signal, (b) the exact recovery of the signal (blue) and the original signal
(red), (c) the exact recovery of the spikes.

Theorem 3.10 Let ® be a frame in a Hilbert space H. Assume the sparsity s of a

signal x in H satisfies

1+ p(P)
4p(P)

Given y = ®x + n with ||nlls < €. Then the solution T of the minimisation problem

(3.24) satisfies

2
|z — 2> < ‘ .

= VT a®)s )
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1 1 1 _4 1 1
0 5 10 15 0 5 10
Figure 3.2: Sparse recovery of a signal composed of a sinusoidal curve and spikes when
the number of spikes violates the condition of Theorem 3.9. (a) the mixed signal, (b)
the exact recovery of the signal (blue) and the original signal (red), (c¢) the exact
recovery of the spikes.

Application 2: Image In-painting and Smoothing

In the following, we apply Theorem 3.9 for image in-painting and smoothing. Consider
the chessboard shown in Figure 3.3. Due to the periodicity of the image, it is expected
to have sparse representation in the Fourier domain. Adding writing to the image and
viewing the writing as spikes in the Dirac frame, we can recovered the chessboard
using the ¢;-optimisation with respect to the frame 3.22. (See Figure 3.4)

An example of the recovery of an image of periodic ripples corrupted with noise
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R

Figure 3.3: The original cheeshboard (left) and the same cheesboard with some writing
in it (right). The goal is to recover the orlglnal chessboard using the ¢;-optimisation

with the frame 3.22.
'l.i.‘.

=

Figure 3.4: The result of inpainting of the chessboard in the left.

using the same frame 3.22 is illustrated in the Figure 3.5.
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Figure 3.5: Smoothing of periodic ripples using the ¢;-optimisation with respect to
the frame 3.22.
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3.4 The Separation of Orthogonal Polynomials and
Spikes

Let v be a positive Borel measure with finite moments of all orders, i.e.;

/xkdy<oo for any k > 0.

Denote by mg, 7,...,T,,... the orthonormal polynomials associated with the mea-
sure v. Denote by (71, 7s,...,7,) the zeros of the orthogonal polynomial =, and by
(w1,wa, ..., wy,) the weights of the Gaussian quadrature with respect to v. Thus, for

any polynomial f of degree at most 2n — 1, we have

/fd’/ = z::wkf(ﬁc)-

Define on R”™ the inner-product

n
<ZT,Y >,= Zwkxkyk-
k=1

Denote by ® = (Fo, F1, ..., Fn_1) with

fk - (Trk(’rl)>7rk(7—2)a s 77rk(7—n))7 k= Oa 17 cees = L.

Proposition 3.4 The sequence ® is an orthonormal basis of R™ with respect to the
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inner-product < ... >,.

Proof. Using Gaussian quadrature and orthogonality, we have

< Fi, Fj >0= Zwﬂk(ﬁ)ﬂj(n) = /Wk(x)wj(m)dv = Opj-

=1

This concludes the proof. |

Consider now the weighted Dirac basis

1
U, =(&,&,...,&) with & = (0,0,...,—,0,...,0).
VWi

Clearly W, is an orthonormal basis of R™ with respect to the inner-product < .,. >,.

With these two bases we have the following theorem.

Theorem 3.11 Let ® be the orthogonal polynomial basis for R™ and let ¥, be the

weighted Dirac basis for R™. Further, let x € R™ be the signal
r=x1+x9, where x1 =Yy and x5 =V, .

with the coefficient vectors v1,7, € R™. If

V2 -05
mar .\ Jwi|m(T)]

0<k<n—1,1<j<n

I71llo + [I72llo <

then the €1 minimization problem (3.3) recovers v, and 7o uniquely, and hence extracts

x1 and xo from x precisely.
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Proof. Consider the frame © = [®|¥,]. The mutual coherence of O is given by

u(®) = maxr  |(Fr, &)| = maxr _ Jw;m(T;).

0<k<n—-1,1<j<n 0<k<n—1,1<j<n

Then by theorem (3.8) the requirement

\/§—0.5: V2-05

17allo + lI72llo < . (3.25)
1(©) nggmﬁﬁgn\/wﬂﬂk(ﬁﬂ
ensures that the ¢; minimization problem (3.3) recovers 7, and -, uniquely. |

We shall apply the previous theorem to the separation of Jacobi orthogonal polyno-
mials and spikes. Jacobi orthogonal polynomials P,ia’ﬁ )(.), k=0,1,..., are orthogonal

polynomials over the interval [—1, 1] with respect to the weight function
wr)=1-2)*1+2)" a>-1,8>-1.
Thus, for n # m, we have

1
/ PP ()PP () = 0.

1

Special cases of Jacobi polynomials are: Legendre polynomials Pél’o), Chebyshev poly-

~1/2) plo—1/2a-1/2)

nomials P{/* and Gegenbauer polynomials . Figure 3.6 shows the
mutual incoherence of the frame © = [®|¥,] for Legendre, Chebyshev and Gegenhauer

(av = 1) polynomials for various values of the degree n (n = 3,4,...,30).

48



087

0.7r1

067

0571

04r

0371

0.2 : : :
0 10 20 30
Figure 3.6: Mutual incoherence of the frame © when the frame ® correspond to Leg-

endre polynomial (blue), Chebyshev polynomials (red) and Gengenhauer polynomial
with parameter o = 1 (black).

Consider now the polynomial (see Figure 3.7)

where L are the orthonormal Legendre polynomials.

-1 -0.5 0 0.5 1

Figure 3.7: The graph of the polynomial P(t) = Ls(t) — Lg(t), where Lj are the
orthonormal Legendre polynomials.
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The vector x = (P(m), P(72), ..., P(7,)), with n = 30, is sparse with respect to
the frame P, i.e.,

Moreover, for n = 30 the mutual incoherence p(©) = 0.26. Thus according to Theorem
3.11, we can add as much as (v/2—0.5)/0.26 —2 = 1.447 spikes and the ¢;-minimization
problem can recover the original signal exactly. Figure 3.8 shows the results of adding

7 spikes randomly at the zeros of the Legendre polynomials and the recovered signal.

A () 21 (b
l L
2 L
0 L
of 1
-2
-2
-3
-4 : : : ' -4 : : : '
-1 0.5 0 0.5 1 -1 0.5 0 0.5 1

Figure 3.8: Sparse recovery of a signal composed of a sparse Legendre polynomial and
spikes randomly located at the zeros of the degree n = 30 Legendre polynomial. (a)
the mixed signal, (b) recovery of the signal (blue) and the original signal (red).
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3.5 The Separation of Discrete Orthogonal Poly-

nomials and Sinusoidal Signals

Let xg,x1, ..., 2, be a uniform subdivision of an interval [a, b], i.e.; g = a and

b—a
n

rp =x9+ kh, with h=

Let (@o,©1,--+,%n,-..) be the orthonormal polynomials with respect to the inner-

product

< fr9>p= Y pif(x:)g(w).
k=0

Denote by ® = (Fo, Fi,. .., Fn_1) with

'Fk: = (@k(x0)790k(x1)7 .- a@k($n))v k= 07 17 sy

We have

n
<Gk, Gj >p= Zpisﬁk(%)%’(wi) =< Pk, P >p= 0ij
i=0

Thus @ is an orthonormal basis of R"*! with respect to the inner-product < .,. >,.

Consider now the weighted Dirac basis,
. 1
\ij:(gl,gg,...,gn> with 5]-:(0,0,...,—,0,...,0).

Clearly W, is an orthonormal basis of R™ with respect to the inner-product < .,. >,.

With these two bases and using the same argument as in the proof of Theorem 3.11,
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we obtain

Theorem 3.12 Let ® be the discrete orthogonal polynomial basis for R™ and let ¥,

be the weighted Dirac basis for R"™. Further, let x € R™ be the signal

T =11+ T2, where x3 =Py and x3=V,7,.

with the coefficient vectors v,v2 € R™. If

V2 -0.5
maz .\ /pjler(z;)|’

0<k<n—1,1<j<n

[71llo + [172llo <

then the ¢, minimization problem (4.7) recovers vy and o uniquely, and hence extracts

x1 and T from x precisely.

Consider the case where p; =1 for i = 0,1, ..., n. The orthogonal polynomials y;, are
the discrete Legendre polynomials. The mutual coherence between ® and the Fourier

basis is given by

n

1 mihj/n -
| <TG > =) —=eulay)e’ " = |(pe(x))]-
Jj=0

Therefore, we obtain the following

Theorem 3.13 Let ® be the discrete Legendre polynomial basis for C™ and let G be

the Fourier basis for C™. Further, let x € R™ be the signal

r=x1+x9, where x;=®y and x5 = Gs.
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with the coefficient vectors vy,v2 € C*. If

V2-05

pepe AT Snldm(%j)l

7l + l72llo <

?

where (gz;k(:c]))?zl is the discrete Fourier transform of (¢r(x;))j—,, then the {1 mini-
mization problem (4.7) recovers v, and o uniquely, and hence extracts x1 and xo from

x precisely.

As application we consider a signal which is a mixture of a sparse signal in discrete
Legendre polynomials and a periodic function that is sparse in its Fourier domain, i.e.;

(See Figure 3.9).

F(t) = 3La(t) — BLA(t) +sin(dnt), ¢ € [0,1].

Using the ¢;-minimization, we recover exactly the components of the mixture (See

10

-10 : : : : -
0 02 04 06 08 1

Figure 3.9: Mixture of a periodic and a sparse signal in discrete Legendre polynomials

Figure 3.10).
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Figure 3.10: Sparse recovery of a signal composed of a sparse discrete Legendre poly-
nomial and a periodic signal.
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CHAPTER 4

GABOR FRAMES

Géabor frames are a set of functions that are used in signal processing to synthesize sig-
nals, decomposing signals into building blocks that are localized in time and frequency
[16]. They have been extensively studied in time-frequency analysis over the last 30
years and are commonly used in science and engineering [27]. The Gabor transform
is a special case of the short-time Fourier transform that is used to determine the
sinusoidal frequency and phase content of local sections of a signal as it changes over
time using a Gaussian window function that is modulated by a sinusoidal wave. It was
named after Dennis Gabor who first introduced the windowed Fourier transform in
1949 [28] in order to measure localized frequency components of sounds and suggested

the representation of a signal in a joint time-frequency domain [29].

4.1 The Time-Frequency Representation of Signals

Signals are represented mathematically as functions of one or more independent vari-

ables. We are concerned with the one dimensional signals involving a single indepen-
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dent variable, time. There are two types of signals:
o Continuous time signal where the variable of time is continuous.
o Discrete time signal where the variable of time is discrete.

Analyzing a speech or music on a digital computer requires the use of a discrete time
sequence, representing successive values of the continuous speech signal at a discrete
points of time [30]. For the discrete time analysis, consider the sampling of f onto N

data samples, for a given signal f(¢),¢ > 0,

(f07f17f27--wfka-"fol)- (41)

Since the integrand exists only at the sample points for the discrete time, the Fourier

transform is evaluated at each time sample modulated by each frequency,

F(jw) = fl0le "+ fA]e 7T 4 f2e 7T - 4 flk]e 7 4o 4 [N —1]e W IN-T,

To define the continous Gabor transform, consider the following class of linear

bounded operators on L*(R):

e For a € R, the operator T,, called translation by a, is defined by

(T.f)(x) = f(x —a),z € R.
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o For b € R, the operator Ej, called modulation by b, is defined by

(Byf)(z) == *™ f(z), 2 € R.

o For ¢ > 0, the operator D¢, called dilation by c, is defined by

L G rer

Definition 4.1 (/31]) The Gdbor transform (short time Fourier transform) of f with

respect to the window function g is defined by

glflit,w) = fg(t,w) = /_OO f()g(r —t)e ™dr. (4.2)

where f,g € L*(R).

4.2 Finite Discrete Gabor Analysis

In practice, one should work with discrete version of a signal in finite time and the
analogue of the Gabor transform for discrete signals should be defined. Thus, consid-
ering the interpretation of f € C¥, N € N sampled as 4.1, We define the following

operators for the finite discrete signals

o« The Shift operator T': CV +— C¥ is defined by

Tf=T(fo, fr, for-- s [n1)" = (Fxo, for s In2)T
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o The Translation operator T by k € {0,1,..., N — 1} is defined by
Tif(n) =T f(n) = f(n—k), ne{0,1,...,N—1}
e The Modulation operators M; : C¥N + CV,1=0,1,..., N — 1. are defined by

le — ((BZMIO/Nfo, e27ril1/Nf1’ o 7627ril(N71)/NfN71)’ f c (CN.

Definition 4.2 The discrete Gabor transform or Short Time Fourier Transform V, :

CN +— CVN*N of f € CN with respect to a discrete window g € CN\{0} is defined as,

N-1
Vf k‘ l Zf —2m’ln/N'
n=0

Definition 4.3 A Gdbor frame ®, = (¢rs), k, ¢ = 0,1,, N — 1 in CN with respect to

a discrete window g € CN\{0}, is given by
Gre=e "IN —k), j=01,...,N—1

To demonstrate the windowed Fourier transform in extracting frequency information

of a localized time window, we consider the following time signal

3(t — 6)?
s(t) =3sin(2t) + 0.5tanh(0.5(t — 3)) + 0.2¢"Y2 1 1 55in(5t) + 4cos(u
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with the Gaussian window function

g(t) = e o0, (4.3)

The Fourier transform of the windowed section of s(t) then gives the local frequency

frequency (w)

Figure 4.1: Time signal s(¢) and its Fourier transform.

content. By shifting the window to another position continuously at discrete time
samples, we can analyse the whole signal’s time domain to extract local frequency in-
formation from the Fourier transform of the signal, where the parameter ”a” indicates
the width of the window, and the parameter ”b” is used to translate the window along
the whole time axis. Figure (4.2) and Figure (4.3) shows the trade-off of time versus
frequency resolution as determined by the choice of the analysis window function.
Wide window in time produces better frequency resolution at the expense of reducing

the time resolution which affects the tractability of the frequency peaks [32].
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Figure 4.2: G&abor transform
a=0.1.

frequency (w)

of s(t) with respect to the window function 4.3 for

S(t), g(t)
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Figure 4.3: Gébor transform of s(¢) with respect to the window function 4.3 for a = 15.

4.3 The Spectogram as a Time-Frequency Analysis

Tool

A Spectogram is a visual representation of the spectrum of frequencies of a signal as it

varies with time. It is a time-frequency analysis tool that is obtained by computing the

short-time Fourier transform of a signal and plotting the magnitude of the resulting

spectrum as a function of time and frequency. The spectrogram is useful for analyzing
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signals that have time-varying frequency content, such as speech and music.

Definition 4.4 The Spectogram represents the value of the energy for each frequency

[ at each time k, that is

SPEC,(I,k) = |V, f(l,k)|?, feCV. (4.4)

In Figure 4.4, we illustrate the Spectogram of the Gabor transforma of the time signal

s(t) with respect to a Gaussian window function 4.3, Due to the Heisenberg uncer-

50 50

-50
0 2 4 6 8 10 0 2 4 6 8 10

(a) Window width of a=0.1. (b) Window width of a=15.

-50

Figure 4.4: The Spectogram of the time signal s(t) analyzed with Gabor window ¢(t),
with respect to different width parameters.

tainty principle the wider (broader) the window is the more accurate the information
frequency content at the expense of getting less accurate localization of the signal in

time, [33][34].
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4.3.1 Sparse Representation in Gabor Frames

A sparse representation in a Gabor frame is a way of representing a signal as a linear
combination of a small number of Gabor functions. The Gabor functions are obtained
by modulating a Gaussian window function with a sinusoidal wave. The sparse rep-
resentation is obtained by selecting only a small number of the Gabor functions that
are most important for representing the signal. This is useful for compressing signals
and for denoising signals . In the following we provide an application of sparse signals
in Gabor frames to audio separation.

Figure 4.5 shows a sampling of a signal representing a glockenspiel sound as x =
(x1,T9,...,xy) with n = 32768 and its short time Fourier transform with respect to
the discrete window function

o = % (1 - M) | (4.5)

w—1

computed with several windows of width
w = [192, 320,576, 1088] (4.6)

and overlapping factor k = 2. A sparse representation in Gabor frame of the signal x

is achived by finding a Gabor frame ®, that solve the LASSO problem

N ST 2
nin SIIVe(s) = aflz + Alls]s.
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Figure 4.5: Short time Fourier transform of loaded input signal z, with several windows
w.

4.3.2 Audio Separation Using Gabor Frames

consider a mixture of three audio signals of a bird, a glockenspiel and a male sounds,
sampled with n = 16384 points. (See Figures 4.10 and 4.8).
The audio separation of the mixed signal is achieved by using sparsifying Gabor

frames ®,, for each sound and solve the ¢;-minimisation problem

min ]}y @

st [ @)@ |2, 0" =

This results in the audio separation as shown in Figure 4.10 (See [35],[36] for more

details).
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Figure 4.6: The (STFT) of the signal x with respect to the window function (4.5)
with width w = 128.

100 200 300 400 500

Figure 4.7: Sparsification of the spectrogram (4.6) using LASSO with A = 0.1.
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Figure 4.8: The three sources mixed together and their (STFT).
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Figure 4.9: Original sources of a bird, glockenspiel and a male sounds signals.
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Figure 4.10: The recovered audio signals using (4.7).
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CHAPTER 5

CONCLUSION

In this thesis we provided a detailed account on the use of morphological component
analysis for signal separation. The main ingredient for successful separation is the
sparsity of the components of the mixture in adequate frames and the incoherence
of the frames. Under certain conditions on the coherence of the frames, we showed
the possibility of extracting the components using convex optimisation criteria. We
applied the method to the separation of mixture of periodic signals and spikes and
also to the mixture of signals composed of periodic and sparse signal in specific bases
of orthogonal polynomials. Separation of audio signals were achieved by choosing

sparsifying Gabor frames to each audio component of the mixture.
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