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Full Name : Abdulmajeed Mohammed Alsubaie

Thesis Title : On The Mechanical Behavior of Functionally Graded Carbon Nanotube-

Reinforced Composite Beam
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Date of Degree : December 2022

Functionally graded materials (FGMSs) are a particular category of composites in a way
that, based on applications' demands, different materials are arranged and graded. The
gradation varies along the material depending upon the either is continuous or detached.
(FGMs) applications are rising in diverse recent industries such as aviation, structural
health control, urban infrastructures, harm disclosure, and nanostructures due to their
powerful performance and the growing desire for their specifications. The aim of the thesis
is to study the mechanical behavior of functionally graded carbon nanotube-reinforced
composite (CNTRC) beams. The beam is supported on a viscoelastic foundation. The
problem is solved using the Hamilton principle. In this study, several patterns of
reinforcement of single-walled carbon nanotubes are aligned and disturbed in the
polymeric matrix. The (CNTRC) beam material properties are evaluated by applying the
mixture rule. The theory of third shear deformation is developed to deal with the bending,
buckling, and vibration effect. The effective functionally graded materials’ (FGM)
properties are studied by considering three different uneven distribution types of porosity.
The damping coefficient and Winkler’s and Pasternak’s parameters are considered to
investigate the viscosity effect on the foundation. The accuracy of the current theory is
inspected with multiple comparison works. After that, the theory's applicability is validated

by numerical comparison with previously published studies.
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CHAPTER 1

INTRODUCTION

1.1  Background

Composite materials are growing continuously in terms of types, applications, and
analytical studies. The two main traditional classes of composites are reinforced
materials and laminated materials. Reinforcement can be in the form of large particles,
fibers, or both, like in reinforced concrete. On the other hand, laminated materials are
composed of two or more materials joined together, such as sandwich plates. This
gradual variation in the material composition is reflected in smooth changes in the
mechanical properties in one or more directions. Gradation functions are selected to
provide adequate performance depending on the loading conditions applied to the
element [1]. Multiple applications of composite materials with aligned stages, such as
bio-composites, carbon fiber-reinforced polymer composites (CFRP), and aligned
crystals in liquid. The aligned structure mostly has large length/diameter ratios. As the
measures of these stages shrink to sub-atomic dimensions, new properties become
clear. However, control and adjusting become troublesome with existing innovation.
Carbon nanotubes certainly stand out enough to be noticed in light of their size and
their anticipated construction delicate properties. Albeit enormous quantities of
unsorted nanotubes are accessible, tests that examine properties or show applications
are missing a direct result of the issues of dealing with individual nanotubes and of
actually consolidating individual nanotubes into gadgets [2]. Carbon nanotubes (CNT)
have become another type of fiber support in polymer matrix composites because of
the prevalent mechanical, electrical, and thermal properties of the CNT, which have
turned into another type of fiber support in polymer framework composites. Compared
with the old-style carbon fiber-supported CNTRC can further develop, resulting in a
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rise in stiffness and strength. Numerous hypotheses were created to study and analyze

this type of material.

1.2 Thesis Objectives

This proposed thesis aims to derive the governing differential equations (GDE) of (the

CNTRC) beam, solve the GDE analytically, and provide numerical examples for the solved

problems. The specific objectives of this study are:

Proposing a simple and efficient shear deformation beam theory.

1
2. The mechanical behavior of (CNTRC) structures is examined.

3.

4. The free vibration responses, buckling, and bending of (CNTRC) beam controlled the

The effects of some geometric and material parameters are investigated.

results and are investigated and discussed.

1.3 Significance of the Research

Composite materials are growing continuously in terms of types, applications, and
analytical studies. Functionally graded material (FGM) has drawn a high interest over
the last two decades from researchers. This is due to the advanced FGM mechanical
behavior, such as weight-to-strength ratio and their ability to resist extreme loading
conditions. A special type of this material is the CNTRC which has enhanced
properties. The researchers focused on three main effects: bending, vibration, and
buckling.

1.4 Thesis organization

The body of the thesis contains six chapters. It starts with an introduction about the topic

in general and the statement of the problem while defining the study's objectives. The

second chapter presents the literature about the topic, explaining important concepts

needed for understanding the approach to solving the problem. Chapter three contains un

18



under submitting journal article about the bending and buckling behavior, addressing the
solution to the problem, while chapter four presents another contains un under submitting
journal article regarding the vibration behavior. The thesis concludes in chapter five by
summarizing the important points of the study and suggesting future work on the area of

CNTRC beams.
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CHAPTER 2

LITERATURE REVIEW

2.1 Classical Beam Theory (CBT)

Classical beam theory is the simplest theory of beams. Its displacement field is formulated

according to the assumptions of the Kirchhoff beam, which state the following

I.  Mid-surface deformation is neglected because it is assumed to be very small,
which makes its strain even smaller and negligible.
Il.  The mid-surface level is assumed still be the mid-surface after deformation.
[1l.  Planes perpendicular to the mid-surface are supposed to be perpendicular next
to the deformation still. That is equal to saying that the transverse shear strain
is insignificant, which prompts ignoring the normal transverse strain.
IV.  The beam is under transverse loading only, which hardly causes any normal

stresses in the transverse direction. Hence, o, is neglected.

Omitting the negligible dimensions, CBT results in the number of displacement field that

has only three variables.

2.2 The concept of FGM

FGM alludes to a heterogeneous composite material with an angle compositional
variety of the constituents from one surface of the material to the next, which brings
about consistently shifting material properties. As of now, progressed strategies to
bring compositional gradients into different material systems are being created by
materials researchers [3]. A functionally graded plate has a nonstop variety of its
creating materials proportions over its thickness. The smooth gradation reduces the
concentration of pressure at areas of properties alteration. Like other composites, FGM

is fabricated to accomplish unrivaled properties, similar to high stiffness, strength, and
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more protection from fatigue and natural condition, at a lower weight. Fig. 1 analyzes

the thermal properties and material constructions of FGM and covered plates [4].

(Heat resistivity)

(Thermal conductivity)

(Thermal expansion
coefficient)

(Thermal stress) /\/ " N

Ceramic

® : Metal k

bl 1 | OO0
00000000 olel lol ol I )
Ordinary composite  Functionally graded
material material

Figure 1 Thermal properties and material structures of FGM and laminated plates [19]

2.3 Bending and buckling of CNTRC

As a result, carbon nanotubes are a powerful reinforcement element in polymer
composites, significantly improving their electro-thermomechanical properties as [5]
stated. It has been proposed to develop functionally graded CNT-based composite
materials using FG reinforcement patterns. Carbon nanotubes come in two forms: single
and double-walled. Using the FGM concept, multiple materials are gradually merged in a
specified direction, eliminating stress concentration between layers which can cause
delamination and cracking [6]. As the use of FGMs and carbon nanotubes reinforced
(CNTR) composites have grown over the past decade, they have received much more
attention for analysis. Furthermore, the Unified Formulation carried out by [7] facilitates

the development of refined beam, plate, and shell theories.

A wide range of studies have explored the behavior of FG beams for bending, buckling,
and dynamic behaviors considering various material distributions and manufacturing

defects. The viscoelastic foundation model was adopted, and porosity was introduced to
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account for the manufacturing deficiencies. The study performed many parameters
investigations to show their effect on the nanoplate vibrational response. A new
exponential function and a new numerical tool were proposed for calculating beam volume
fractions. Carbon nanotube-reinforced composite (CNTRC) beams were studied for their
bending, buckling, and vibration characteristics [8]. In addition to the shear layer and
Winkler spring, the beams rest on the Pasternak elastic foundation. Polymeric matrixes
with multiple patterns of reinforcement align and distribute the single-walled carbon
nanotubes (SWCNTs). The dynamic buckling of a nanocomposite FG plate was
investigated by [9]. The plate is reinforced with carbon nanotubes which were distributed
in various configurations. The Kelvin-Voigt model was used to model the viscoelastic
foundation giving more realistic behavior to the plate. A differential transformation method
(DTM) was applied by [10] for the investigation of porous FGM beams with different
elastic supports. As a result of applying a higher-order shear deformation theory, graphene
sheets were studied for the first time for longitudinal wave propagation [11]. In their study,
Sugano et.al [12] evaluated the propagation of waves on porous FG curved beams
subjected to thermal factors. For the study of porosity, mass density and Young's modulus
were used in a reciprocal relationship. Carbon nanotubes (CNTS) pose attractive properties
such as their low density (1.8 g/cm”3) with outstanding strength (150 GPa) and modulus
of (1 TPa) as studied by [13]. They are used as reinforcing agents for composite materials.
Functionally Graded Materials (FGMs), a new form of composites, provide a solution to
the stress concentration between the plays by means of varying the constituting materials

through the thickness of the structure, which was investigated by [14].

2.4 Vibration of CNTRC

Structures' vibrational response is of high interest to researchers since it plays a critical role
in the design aspects of beams, plates, and shells. Research has advanced to consider
structures reinforced with carbon nanotubes. An article by Ding et.al [15] provided an exact
mathematical solution for the free vibration of a carbon nanotube functionally graded (FG-
CNTs) beam addressing five types of CNTSs distributions. The solution adopted a theory of
first-order shear deformation and mixed boundary conditions. A modified form Fourier
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series was used in the model formulation, and the Rayleigh-Ritz method was applied to
solve the problem, which was in good agreement with the result obtained by [16]. The
researches done on the static and dynamic responses of composite beams were reviewed
by [17], where the various displacement fields used in the literature were described and
compared. Using Winkler Pasternak's elastic foundation, Zhao et.al [18] studied CNT
composite beam dynamics (free vibrational response). Single-wall carbon nanotubes
(SWCNTSs) reinforcements of infinite length were distributed throughout a polymer matrix
to reinforce the affected beam. Edge lines were considered to support the beam. In order to
summarize the refined beam theory, displacement along the transverse section of a beam
was divided into shear and bending components, and Mori-Tanaka's method was used to
estimate the material properties of composite beams. An FG nanocomposite double-beam
reinforced with single-walled CNTs was examined for its free vibration properties by [17].
A double beam on a linear and shear layer is coupled by an interlayer spring and supported
in thermal environments by a linear and shear layer. In order to deduce the motion
equations incorporating the thermal effects, the authors applied the first-order shear
deformation theory and the Euler-Lagrange variational principle. Other important studies
of the vibration of various structures include ([9], [19], [20], and [21]). The vibration
response is modeled and investigated via various deformation theories. A study on the
beams' dynamic and static behaviors was presented by [22] using three displacement
models. With consideration of the "broken line" theory, a classical sandwich beam model
was formulated. As a generalization of the first model, the second model only considers
the nonlinear shear effect in the core. Nonlinear shear effects in the core and at the faces
are taken into account in a third model. With the FG-CNTRC face sheet as the face sheet
of a rotating sandwich beam, Lai et.al [23] presented a numerical solution to the problem

of free vibration.

A close relationship has been found between boundary relaxation and geometric
imperfections in FG-CNTRC beams that can influence vibration behavior. Results showed
that geometric imperfection's amplitude and modes determine how much influence
boundary relaxation has on frequency, but it is not affected by its location. It is apparent
from the literature cited above that no studies have been done on how viscoelastic

foundation affects the vibration response of FG-CNT beams. Consequently, this study uses
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a simple HSDT with four unknowns to evaluate the vibrational response of the FG beam
reinforced with CNTs and standing on a viscoelastic foundation. Different distributions of
CNTs along with different parameters are studied, including length-to-thickness ratios,
foundation perimeter, Winkler parameters, damping effects, etc. We hope the presented
results will enhance the design aspect of FG-CNT beams and will serve as rigid references

for future research.
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CHAPTER 3

Journal Article 1

Influences of Porosity Distributions on Bending and Buckling Behavior

of Functionally Graded Carbon Nanotube-Reinforced Composite Beam

3.1 Abstract

The bending and buckling effect for carbon nanotube-reinforced composite (CNTRC)
beams can be evaluated by developing the theory of third shear deformation (TSDT). In
this work, beams rest on a viscoelastic foundation in which the single-walled carbon
nanotubes (SWCNTSs) are distributed and aligned in a matrix polymer. Four patterns of
reinforcement are used for the CNTRC beams. The rule of mixtures is assessed for CNTRC
beams' material properties. The effective functionally graded materials (FGM) properties
are studied by considering three different uneven distribution types of porosity. The
damping coefficient and Winkler’s and Pasternak’s parameters are considered to
investigate the viscosity effect on the foundation. The accuracy of the current theory is
inspected with multiple comparison works. Moreover, beam different parameters' effects
on the CNTRC beam bending and buckling over viscoelastic foundation are discussed. The
results demonstrated that the weakest type of CNTRC beams to resist the buckling and
flexure loads is O-Beam, whereas X-Beam is the strongest. Moreover, it is indicated that
the presence of porosity in the beams decreases the stiffness and increases deflection. In

comparison, the deflection was reduced in the presence of a viscoelastic foundation.

Keywords: Bending and buckling; carbon nanotube-reinforced composite; FGM;

Viscoelastic foundation

3.2 Introduction

Several properties of CNTSs, such as resilience, stiffness, and high strength, make them
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ideal materials for mechanical, electrical, and thermal applications, as stated by [24]. As a
result, carbon nanotubes are a powerful reinforcement element in polymer composites,
significantly improving their electro-thermomechanical properties, as represented by [5].
It has been proposed to develop functionally graded CNT-based composite materials using
FG reinforcement patterns. Carbon nanotubes come in two forms: single and double-
walled. A seamless rolling process produces CNT made of 1 (nm) in diameter and
centimeters in length called SWCNTSs, which was discussed by [25]. Multiwalled carbon
nanotubes (MWCNT) have (2-100) (nm) diameters and lengths of tens of microns that are
formed concentrically and separated by 0.35 (nm) as carried out by [26]. Material systems
with functionally graded properties solve many practical problems. Using the FGM
concept, multiple materials are gradually merged in a specified direction, eliminating stress
concentration between layers which can cause delamination and cracking, as illustrated by
Abdelbaki and C [6]. FGMs and CNTR composites have grown over the past decade, so
they have received much more attention for analysis [27]. The classical beam theory (CBT)
is known to be able to foresee the behavior of sandwich beams [28]. Other theories give
more accurate predications such as the high order shear deformation theories (HSDT), the
first order shear theory (FSDT), which are studied by ([16], [29], [30] and [31]), or the 3D
elasticity theory which is studied by [32]. Furthermore, the Unified Formulation carried
out by [7] facilitates the evolution of refined shell, plate, and beam theories. This
formulation addressed various structural problems, but we only cite a few examples ([33],
[34], and [35]).

3.2.1 Studies on various FGM structures

Research has therefore been conducted on beams, plates, and shells with FGM
composites or CNTR composite materials for buckling, dynamic, and static analysis.
HSDTs have been developed by Zerrouki et.al [14], who used a displacement field having
constant transverse displacement to investigate the FGM beams dynamic and static
behaviors. Through the application of rotational spring theory (RST) and Bernoulli-Euler
beam theory (PEBT), Yang et.al [36] investigated FG beams with open edge cracks of
elastic buckling and free vibration. The numerical results were obtained using mixed
boundary conditions such as clamped-clamped, hinged-hinged, and clamped-free
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boundaries. Different models of beam theories have been used by [37] to study the FG
beams' dynamic behaviors. Under uniform and sinusoidal loading, the FGM beams static
response was investigated by Chikh and A [38] using various HSDTs. The method of the
Navier solution has been used by Khelifa et.al [39] to analyze the CNTRC beams buckling
with a stretching effect. CNTRC beams with simple support, including a Winkler spring
and shear layer, are considered on a Pasternak elastic foundation. The refined SDT with
stretching effect was used to present new solutions to buckling loads. The layer-wise theory
is also powerful in the analysis of FG structures.

3.2.2 Static and dynamic studies of beams

Several studies have explored the behavior of FG beams for bending, buckling, and
dynamic behaviors considering various material distributions and manufacturing defects.
FG beams, free vibration, and static analysis were conducted by [40] using a new HSDT
model that takes into account porosities that may occur during fabrication. Nonlocal strain
theory was utilized by Khazaei et.al [27] to search the vibration behavior of FG plates
reinforced with CNTSs. The viscoelastic foundation model was adopted, and porosity was
introduced to account for the manufacturing deficiencies. The study investigated many
parameters to show their effect on the nanoplate vibrational response. The logarithmic-
uneven porosity pattern was discussed, along with two types of porosity distributions that
are even and uneven. As part of the [41] study, graphene platelets reinforced porous
nanocomposite curved beams were analyzed for through-thickness stretching caused by
elastic stability and static bending. An isotropic FG sandwich beam analysis under buckling
and free vibration is presented by Nguyen et.al [42] using a new HSDT. The transverse
shear stresses are distributed hyperbolically in this theory, and the boundary condition is
traction-free. Variations in the nonlinear CNTs of FG nanobeams were studied by Zerrouki
et.al [14]. A new exponential function and a new numerical tool were proposed for
calculating beam volume fractions. CNTRC beams were studied for their bending,
buckling, and vibration characteristics [8]. In addition to the shear layer and Winkler
spring, the beams rest on the Pasternak elastic foundation. Polymeric matrixes with

multiple reinforcement patterns align and distribute the SWCNTSs. The dynamic buckling
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of a nanocomposite FG plate was investigated by Mudhaffar et.al [21]. The plate is
reinforced with carbon nanotubes which were distributed in various configurations. The
Kelvin-Voigt model was utilized to model the viscoelastic foundation giving more realistic
behavior to the plate. A differential transformation method (DTM) was applied by [8] for
the investigation of porous FGM beams with different elastic supports. As a result of
applying HSDT, graphene sheets were studied for the first time for longitudinal wave
propagation by Eyvazian et.al [10]. The propagation of waves on porous FG curved beams
subjected to thermal factors has been evaluated by Xu et.al [11]. For the study of porosity,

mass density and Young's modulus were used in a reciprocal relationship.

3.2.3 Numerical studies on FGM beams

The numerical investigation of FG beams using finite-element methods has also been
studied by Kallannavar et.al [32], who examined the doubly-curved skew laminated
sandwich composites (DSLSCs) vibration response with different temperatures and
porosities. 3D printed polylactic acid (PLA) and graphite-epoxy face sheet core properties
dependent on temperature were considered to perform the numerical analysis. FSDT-based
combined thermoelastic finite element (FE) model was evolved to study the modal
behavior of DSLSC shells when their temperature rises uniformly. Utilizing the
generalized finite element method (GFEM), Pham et.al [43] studied the behavior of hygro-
thermal vibration for porous curved beams made of bidirectional functionally graded
porous (BDFGP) materials. A rotating FGM cantilever beam was studied using the finite
element method by Almitani et.al [44]. Continuous and discontinuous contact problems
between the FG layer pressed with a uniformly distributed load and homogeneous half-
plane were investigated by Yaylaci et.al [45] using an analytical formulation and FEM.
Using the Timoshenko beam theory (TBT), the equation for axially loading the beam has
been derived. Free vibration analysis of CNTRC beams was predicted by VVo-Duy et.al [46]
with the help of FSDT. CNTRC layers are perfectly bonded to create the laminated beam.
CNTs with single walls are assumed to be distributed functionally graded (FG) or
uniformly (UD) within each layer. It is clear from the above synthesis that no recent
research has been conducted on the buckling and bending behavior of porous sandwich FG

beams that rest on viscoelastic foundations. Thus, this article presents a buckling and
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bending analysis of an FG sandwich beam on viscoelastic substrates addressing various
porosity distributions caused by manufacturing. Using a trigonometric function, beam
materials varied linearly across the thickness, ensuring zero surface shear stress. This
article shows the parametric influence of length-to-thickness ratios, volume fractions,
porosity distributions, damping coefficients, and foundation parameters using numerical

examples.

3.3 Porous CNTRC beams characteristics

3.3.1 Geometrical configuration and material properties of CNTRC beams

The present study is all about a CNTRC porous beam made of SWCNTSs and an
isotropic polymer matrix mixture. Fig. 2 represents a CNTRC beam having a damping

coefficient (C¢), length (L), thickness (h), displacement (x), Pasternak’s parameter (K,)

and Winkler’s parameter (K,,,).

' CNTRC beam

'l . . - s .i,_....)l
. I ) i ) ,' Ny
ADDANNNID
K ¥ K
L

Figure 2 CNTRC beam on viscoelastic foundation geometry
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Figure 3 Cross sections of reinforcement patterns

Fig. 3 indicates four reinforcement patterns supported by the Pasternak viscoelastic
foundation over the cross sections, which are considered in this study. The effective shear
modulus, young’s modulus, and material properties of CNTRC beams can be computed by

applying the rule of the mixture as follows

Ey = nlvcntElc{lt + VpEp (1)
7]_2 - Vene E 2)
E5, Ezcgt Ep
7]_3 — Vent E (3)
Giy Gf;lt Gp

where E{T*, ES3* and Gf7* are the Young’s and shear modulus of the SWCNT, E, and G,
are the polymer matrix's corresponding material properties, V., and V,, are the polymer
matrix and CNT volume fractions using the relation of (Vo +V, = 1). n; (i =1, 2, 3)

which are the CNT efficiency parameters, are considered to introduce the size-dependent
material properties of SWCNT. v and p are the CNTRC beam Poisson’s ratio and mass

density, respectively, and they could be expressed by employing the same rule as

U = Verev™ + vap’ p = Venep™ + Vppp 4
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where v and p™ are the CNT Poisson’s ratio and density, respectively while v? and
pP are the polymer matrix Poisson’s ratio and density, respectively. In a way to represent
the material distributions for different patterns of CNTRC shown in Fig. 3 within beams

cross sections, the following formulas are expressed

UD-Beam

Vcnt = c*nt (5)

O-Beam

lZ|\ . .

Vene = 2(1= 22 ) Vi ©)

X-Beam

|z| .

Vene = 4’7 cnt (7)

V-Beam

2z

Vene = (1 + 7) :nt (8)

where (V},;) is the CNT volume fraction and it is expressed as

* cht
ent cht + (pcnt/pm)(l - cht)

9)

where W,,,; is the CNT mass fraction. Moreover, it could be seen from Egs. (5)-(8) that O,
X, and V-Beams are some types of FGM that have a constant variation of their material
constituents within their thicknesses, while the UD Beam has a uniform distribution of

CNT. Table 1 shows the considered n; associated with V,;.
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Table 1 CNT efficiency parameters (7;) related to the considered volume fraction (V3,; ) [47].

Case ent URT 2= 13
1 0.12 1.2833 1.0566
2 0.17 1.3414 1.7101
3 0.28 1.3238 1.7380

3.3.2 Porosity effect on CNTRC beam property

Porosity issues are highly significant in the composite's mechanical behavior. The
mechanical behavior of composites varies dramatically in the case of porosity presence.
Hence, three different porosity distribution models are used in this study, as shown in Fig.
4

OO0 00000 OO0 o000 O O
OO0 0000 O sNeoNeleoNe! slele)
toeees o T SR
o000 0O

OO0 0000 O )
OO O0CO OO oNele PO eoo
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Model 1 \ Model2 Model 3

Figure 4 Different distribution models of porosity

In the first model, the voids are uniformly spread along the height. For the second model,
the voids stack in the lower and upper surfaces. For the third model, the voids stack in the
middle. Effective material properties P, such as young’s modulus and Poisson’s ratio for

those models, can be computed as follows;

Model 1
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P(a)=P(1—-a)
Model 2

P(a) = P(l - a%)

Model 3

P(a) = P(1—%(1—¥))

In Egs. (10)-(12) and (12), a (a < 1) refers to the porosity volume fraction.

3.4 Formulations and theories

3.4.1 Kinematics and constitutive equations
The displacement field of the present paper can be obtained as

ow

7t kif(2)[ 6(x,t)dx

u=uy(xt)—z

w = wy(x,t)

(10)

(11)

(12)

(13)

(14)

Where u,, w, and 6 are the beam displacement along the beam mid-plane at (z = 0). In

this paper, the shape function f(z), which indicates the variation of the shear stress and

strain within the direction of thickness, is chosen based on a trigonometric function as

h d
f(z) = ;Sin (%Z) and g(2) = ];(ZZ)

(15)

The strain components are evaluated in terms of u,, w, by using the relations of linear

strain displacement and expressed as
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& =& — 287 + f(2)eR (16)

Yaz = 9(2)Viz 17)
where
ou 2°w
2=—" &=-——, &=kl v;=h6dx (18)

The following undetermined integrals simplification is derived after applying Navier type

solution

26
[Odx = A I (19)

In terms of the Navier type A" and k, are expressed as

Al=-—, ky = K? (20)

Assuming that CNTRC beam material is under Hooke’s law, stresses are expressed as

Oy = Qll(z)gx and Tyz = Qs5(2)Vaz (21)
@ =222 and  Qus(2) = 612(2) (22)

3.4.2 The viscoelastic foundation

This work studies the CNTRC beam resting on a viscoelastic foundation which takes into

account three foundation actions: the spring-like, shear interaction, and time-dependent of
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the non-adhesive viscous foundation medium. Hence, the foundation effect can be obtained

as

d

where K, is Winkler’s parameter, K, is Pasternak’s parameter, V* is a Laplace operator.
C, is the damping coefficient and can be obtained from (C, = ¢, A;10 103 / L*) where ¢,
is the damping constant. K,, and K, can be determined from K,,= B,, A;10 / L* and K, =
Bp A110 inWhich B,, and g, are the corresponding spring constant factors. Moreover, A; 4

is defined as the stiffness extension or A, values of a homogeneous beam that is made of

pure matrix material and is expressed as

Avyo = f 2By _dz (24)
—h/2 1 - vp

3.4.3 Equations of motion

The equation of motion can be derived utilizing Hamilton’s principle for static loading

(bending and buckling) as follows

t2
(8U + 6V)dt =0 (25)

t1

where §U and &V are the virtual variation of the strain and potential energy, respectively.

The beam strain energy variation is stated as
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L (h/2
oU = f f (0,0 + Tz 0Vyz)dzdx
0o J-ns2 26
Ly déu, d?8w, , . dée (26)
= j;) N _Mb dxz +Msk169 +QA k1 E dx

dx

where N, M,,, M, and Q are stress resultants, and they are defined as

h h/2

WM M) = [ Qafods  amd  Q=[ gred @)
h —h/2

The potential energy variation made by transverse load q, the axial compressive force N,

and the density of reaction force of the foundation Ry can be written as

dw, d&
o WO] dx (29)

L
oV = jo [(Rf - q)(SWO + NW dx

By substituting U and S8V expressions in Egs. (26) and (28) into Hamilton principal
ingredients Eq. (25), then resolving the variations of the unknowns’ derivatives (using by
parts integration formula) and using fundamental calculus lemma of variations for each
unknown, the equations of motion can be computed by setting each unknown variations

coefficient to zero.

ON

0%M, , , , 30

Swo: ——5 = Kywo = Ky V2wo + Cowo — g + N V2w (30)
]

80 : —k,M;+ Ak, % =0 (31)
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By substituting Egs. (13) and (14) into Egs. (16)-(18) and the subsequent results into Eq.
(27), the stress resultants constitutive equations are obtained as

1v=,4n%—13n%+011 k, 6 (32)
M, = By, % —Ep % +F 1k, 0 (33)
M, = Dn% — Fn% + Gy ke O (34)

0 = Aad'hy ()

where All, etc., are the beam stiffness which can be expressed as

h/2
(A11,B11, D11, Ex1, Fi1, Grg) = j , Q11(1,7 f(2),2%,2f (2), f*(2))dz (36)
~h/2
where
h/2
5= Qwlgrds (37)
~h/2

Egs. (32)-(35) are expressed in terms of displacements (uq,w,,0) by using Egs. (29)-(31)
and Egs. (32)-(35) as

azuo 63W0 a0
Allﬁ_Bllﬁ_i_Dll kl a:() (38)
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d3u, 0*wy, EL) 0*w, 0*w,
Bllﬁ_ E11W+F11 klﬁ_KwWO + KPW

=0

2 12 2 4s 629 40
_Gllkl 9+A kl 55@20 ( )

dZWb

du,
—Dyy ky D + Fi1kq A2

3.4.4 Analytical solution

Navier type solution is employed to obtain analytical solutions of a simply supported

CNTRC beam. The solution is assumed to be as

uo(x, t) © (U, Cos(1x) e'®t
wo(x, t) p = W,, Sin(A x) el®t (41)
0(x,t) m=1 \@,, Sin(1 x) e'®*

where Um, Wm, and Wm are the arbitrary determining parameters, o is the eigenfrequency
associated with m eigenmode, and (1 = k; = mm / L). q, which is the transverse load, is

expanded in the Fourier series as

4@ = D Qmsin () 42)
m=1

Where Qm is the load amplitude obtained from

2 (* .
Qm = I L q(x)sin (Ax)dx (43)

The coefficients Q,, is given below for the uniform distributed load case as
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4qo
=—, =1,35...
Qn=—7,(m )

(44)

Substituting u,, wy, 6 and g from Egs. (40) and (41) into the equations of motion Egs.

(38)-(40), the analytical solutions can be derived by the following equations

512 522 523

[511 S12 Si3
S13 S23 S33

and

S11 = 22 A1q, S12 = —Bi11 /13:

e

Qm} (45)

S13=—k;Dy; A

Sy = E11 A*+ Ky, + K, 22 +05C, — N A? (46)

Sy3 = ki Fiq /12,

3.5 Results and discussion

S33 = ki %Gy + ky” A 35 A2

This part presents and discusses the bending and buckling behavior of CNTRC beams

and numerical results. The effective material characteristics at the ambient temperature

employed in this study are poly methyl methacrylate (PMMA). The armchair (10, 10)

SWCNTSs are selected for the reinforcement material. Table 2 illustrates the material

parameters used in the numerical analysis.

Table 2 (PMMA) and reinforcement material properties [47].

(PMMA) properties

Reinforcement properties

vP =0.3

vt =0.19

p? = 1190 kg/m3

pcn = 1400 kg/m3
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EP = 2.5GPa ESM = 600 GPa

- ESM = 10 GPa

- GSS' = 17.2 GPa

Following nondimensionalizations are adopted

bending analysis

w =100 Eph’ w
qolL*
B h (L h)
X gl *\2°2
B h
xz = OLsz(OrO)
For buckling
g
AllO

Tables 3 and 4 show the bending analysis of UD beams and buckling with different
types of beams with/without elastic foundations. It can be observed that this work agrees
with the bending and buckling results of [47], who utilized the theory of third shear
deformation in the case of missing porosity and damping constants. Table 3, which
discusses bending analysis, represents that the displacement decreases for both elastic and
no elastic foundation in the case of having a damping constant and without porosity. Then,
in the case of having porosity and no damping constant, the displacement increases. The
last case contains a damping constant and porosity and displacement values between the
two cases. Moreover, an increase in the amount of V7, would result in increasing the
stiffness of the CNTRC beams.

Table 4 discusses buckling analysis, which shows that the buckling critical load
increases for both elastic and no elastic foundation in the case of having a damping constant
and no porosity. Then, in the case of having porosity and a damping constant, the critical
buckling load decreases. In the last case, which contains a damping constant and porosity,
buckling critical load values are between the two cases. As represented, O-beam is the
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weakest to resist deflection and buckling, while X-Beam is the strongest.

Table 3 Displacement of UD-Beam with and without elastic foundation under uniform loads, different
damping constants, and porosity coefficients.

w
* Th a
cnt L/h Y | € | (Model 1) | k,,=0, k,=0 | k,=0.1, k,=0.02
Ref” 0 0 0.703 0.593
0 0 0.702 0.59259
10 0.1 0 0.535 0.46826
Present
0 0.2 0.777 0.64829
0.1 0.2 0.581 0.50606
0.12 "
Ref 0 0 0.460 0.311
0 0 0.460 0.3108
20 0.1 0 0.383 0.27325
Present
0 0.2 0.489 0.32733
0.1 0.2 0.405 0.28713
Ref” 0 0 0.448 0.401
0 0 0.448 0.401
10 0.1 0 0.374 0.340
Present
0 0.2 0.492 0.437
0.1 0.2 0.406 0.368
0.17
Ref” 0 0 0.307 0.232
0 0 0.307 0.232
20 0.1 0 0.270 0.211
Present
0 0.2 0.324 0.244
0.1 0.2 0.285 0.221
Ref” 0 0 0.324 0.299
0 0 0.324 0.299
10 0.1 0 0.283 0.264
Present
0 0.2 0.359 0.329
0.1 0.2 0.311 0.288
0.28
Ref” 0 0 0.203 0.167
0 0 0.203 0.167
20 Present 0.1 0 0.186 0.156
0 0.2 0.214 0.176
0.1 0.2 0.196 0.164

*Taken from [47]
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Table 4 Comparison of buckling loads for CNTRC beam with and without elastic foundation, different

damping constants, and porosity coefficients. (L/h=15,
Vv, =0.12).
a k=0, k,=0 k,,=0.1, k,=0.02
Theory | ¢ | (Model) [ UD 0 X UD o X
Ref [47] 0 0 0.0985 | 0.0575 | 0.1291 | 0.1286 | 0.0876 | 0.1592
0 0 0.0985 | 0.0575 | 0.1292 | 0.1287 | 0.0876 | 0.1593
Present 0.1 0 0.1211 | 0.0800 | 0.1517 | 0.1512 | 0.1102 | 0.1818
0 0.2 0.0914 | 0.0538 | 0.1187 | 0.1215 | 0.0839 | 0.1489
0.1 0.2 0.11389 | 0.0763 | 0.1412 | 0.1440 | 0.1064 | 0.1714

3.5.1 Porosity impact on bending and buckling

The porosity effect has been introduced with different models of voids distribution in
Lamina and showed that porosity has a negative impact where it increases bending and
buckling. As expected, the beam stiffness gets reduced in porosity presence. Fig. 5(a)
shows that model 1 has the highest deflection compared to other models since it has the
largest voids, leading to loss of stiffness and increased bending. Fig. 5(b) shows the
opposite relation can be observed for the critical buckling load for the model in which it
decreases with increasing porosity coefficient since the beam stiffness is reduced. It can
be seen that as much as the model has voids as less, the beam resists buckling load. It is
also observed in Fig. 6(a) that the strongest beam with the smallest deflection is the X-
Beam, followed by the (UD, V, and O-Beam). However, because of its symmetry, the
bending coupling characteristic in V-Beam causes bending moments and more
compressive loading to the beam, leading to more deflections. Furthermore, the X-Beam
is the strongest beam that supports the largest buckling load with increasing porosity, as
shown in Fig. 6(b). It is observed in Fig. 7(a) that the shear parameters of the Winkler and
the Pasternak get higher. The transverse displacement gets decreases. This decreasing trend
is related to the elastic medium stiffness. Fig. 7(b) shows that increasing the constant spring

factors leads to linearly increased buckling loads.
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Figure 6 Effect of porosity coefficient of different porosity models with multiple CNTRC beams over Visco-
Pasternak foundation (L/h = 10; k,, = 0.1; k, = 0.02; ¢, = 0.1)

The effect of porosity coefficient for different porosity models of CNTRC X-beam over

different types of foundations is considering the following parameters

No-Foundation (L/h = 10; k,, = 0; k,, =0.; ¢, = 0).

Winkler (L/h = 10; k,, = 0.1; k,=0.; ¢, = 0).

Winkler- Pasternak (L/h = 10; k,, =0.1; k,,= 0.02,; ¢, = 0).

Visco-Winkler (L/h = 10; k,,=0.1; k,, =0; ¢, = 0.1).

Visco-Pasternak (L/h = 10; k,,= 0.1; k,, = 0.02; ¢, = 0.1).
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Figure 7 Effect of porosity coefficient for different porosity models of CNTRC X-beam over different types
of foundations (L/h = 10)
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3.5.2 Damping coefficient impact on bending and buckling

The damping coefficient has been introduced, and the analysis in Figs. (8)-(10)
showed that increasing the damping constant enhance the bending and buckling effect due
to increasing spring constant factors, which affects transverse buckling. In bending, adding
the damping constant enhance the foundation's elastic medium, which raises stiffness and
supports more flexural loads. Porosity presence, as shown in Figs. (8)-(9) affected the
bending load but increasing the damping constant reduced their influence. It is also
observed in Fig. 10 that the O-Beam is the weakest to resist deflections and buckling load,

whereas the X-Beam is the strongest beam that supports the largest buckling load and

deflections with increasing porosity.
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Figure 8 Effect of damping coefficient for different porosity models of CNTRC X-beam over Visco-
Pasternak foundation (L/h = 10; k,, = 0.1; k, = 0.02; a = 0.2)
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Figure 9 Effect of damping coefficient for different porosity models with multiple porosity coefficients of
CNTRC X-beam over Visco-Pasternak foundation (L/h = 10; k,, = 0.1; k,, = 0.02)
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Figure 10 Effect of damping coefficient for different porosity models with multiple CNTRC beams over
Visco-Pasternak foundation (L/h = 10; k,, = 0.1; k,, = 0.02; a = 0.2)

3.5.3 Volume fractions of CNT impact on bending and buckling

Volume fractions of CNTs influence the deflection, and buckling load of the strongest
beam (X-beam), as shown in Figs. (11)-(13). The reduction in the deflections and the
buckling loads caused by increasing the volume fractions of CNTs leads to increased beam
stiffness. Fig 11 shows that the damping parameter enhances the bending and buckling
effect. Fig. 12 represents the dramatic reduction of both critical buckling loads and
deflections, which occur in the range of L / h = 10 to 30. It is also observed in Fig. 13 that
porosity affects deflection and buckling load but increasing the volume fraction reduces its

effect.
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Figure 11 Effect of damping coefficient for different volume fractions of the polymer matrix of CNTRC X-
beam over Visco-Pasternak foundation (L/h = 10; k,,, = 0.1; k,, = 0.02; a = 0.2)
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Figure 12 Effect of length height ratio for different volume fractions of the polymer matrix of CNTRC X-
beam over Visco-Pasternak foundation (L/h = 10; k,, = 0.1; k,, = 0.02; a = 0.2)
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Figure 13 Effect of porosity coefficient for different volume fractions of the polymer matrix of CNTRC X-
beam over Visco-Pasternak foundation (L/h = 10; k,, = 0.1; k, = 0.02; ¢, = 0.1)

3.6 Conclusion

This work investigates the bending and buckling of CNTRC beams resting on a

viscoelastic foundation using the third shear deformation theory. The porosity effect has
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been introduced with different models of voids distribution in Lamina. Hamilton’s
principle has been used to derive equations of motion. A damping constant is added in the
formulation to satisfy viscosity needs. By making the comparison with some available
results, the accuracy of the present work is numerically checked, and many figures with
multiple parameters change have been discussed. Numerical results showed that the O-
Beam is the weakest among different types of CNTRC beams, while X-Beam is the
strongest to support the buckling and flexure loads. Moreover, the presence of the
viscoelastic foundation is found to enhance the bending and buckling effect. The damping
coefficient enhanced the deflection in bending and increased the critical buckling load.
Porosity is affected negatively by decreasing beam stiffness and increased bending and

buckling effects.
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CHAPTER 4

Journal Article 2

Porosity-Dependent Vibration Investigation of Functionally Graded

Carbon Nanotube-Reinforced Composite Beam

4.1 Abstract

This work utilizes simplified higher-order shear deformation beam theory
(HSDBT) to investigate the vibration response for functionally graded carbon nanotube-
reinforced composite (CNTRC) beam. Single-walled carbon nanotubes (SWCNTSs) are
distributed and aligned in a matrix of polymer throughout the beam, resting on a
viscoelastic foundation. Four un-similar patterns of reinforcement distribution functions
are investigated for the CNTRC beam. Porosity is another consideration taken into account
due to its significant effect on functionally graded materials (FGMSs) properties. Three
types of uneven porosity distributions are studied in this study. The damping coefficient
and Winkler's and Pasternak's parameters are considered in investigating the viscosity
effect on the foundation. Moreover, the impact of different parameters on the vibration of
the CNTRC beam supported by a viscoelastic foundation is discussed. A comparison to

other works is made to validate numerical results in addition to analytical discussions.

Keywords: Free vibration; functionally graded materials; CNT-reinforced beam;

porosity; viscoelastic foundation

4.2 Introduction

Carbon nanotubes (CNTSs) pose attractive properties such as their low density
(1.8 g/cm?) with outstanding strength (150 GPa) and modulus of elasticity (1 TPa) [14].
They are used as reinforcing agents for composite materials. FGMs, a new form of

composites, provide a solution to the stress concentration between the plays by means of
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varying the constituting materials through the thickness of the structure, as represented by
[48] and [13]. Reinforcing the FGM structures with CNTs is desirable to produce materials
capable of sustaining extreme mechanical and thermal loadings that could be used in
manufacturing nuclear reactors, airplanes' bodies, spacecraft, lightweight civil structures,

etc., as represented by [49] and [50].

4.2.1 Vibrational studies on FGM structures

Structures' vibrational response is of high interest to researchers since it has a critical
role in the design of beams, plates, and shells. Research has advanced to consider structures
reinforced with carbon nanotubes. An article by Yang et.al [36] provided an exact free
vibration mathematical solution for FG CNTs beam by addressing five types of CNTs
distributions. The solution adopted a theory of mixed boundary conditions and first-order
shear deformation (FSDT). A modified form Fourier series was used in the model
formulation, and the Rayleigh-Ritz rule was used to resolve the problem, which was in
high agreement with the result taken by Wu et.al [51]. The researches on composite beams'
dynamic and static responses were reviewed by Sayyad et.al [16]. To reinforce the affected
beam, SWCNTSs reinforcements of infinite length were distributed throughout a polymer
matrix. Edge lines were considered to support the beam. In order to summarize the refined
beam theory, displacement along the transverse section of a beam was divided into shear
and bending components, and Mori-Tanaka's formula was applied to estimate the
properties of composite beams material. An FG nanocomposite double-beam reinforced
with SWCNTSs was examined by Zhao et.al [18] for its free vibration properties. A double
beam on a linear and shear layer is coupled by an interlayer spring and supported in thermal
environments by a linear and shear layer. FSDT and Euler-Lagrange variational methods
were applied to derive equations of motion, including thermal effects. Other important
studies of the vibration of various structures include ([9], [15], [17], [19], [20], [21], and

[52]).
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4.2.2 Theories used in the vibration analysis

The vibration response is modeled and investigated via various deformation theories.
A study on the beams' dynamic and static behaviors was presented by [22] using three
displacement models. With consideration of the "broken line" theory, a classical sandwich
beam model was formulated. As a generalization of the first model, the second model only
considers the nonlinear shear effect in the core. Nonlinear shear effects in the core and at
the faces are considered in a third model by the FG CNTRC face sheet, as the face sheet of
a rotating sandwich beam was presented by Lai et.al [23] for the problem of a numerical
solution of free vibration. By using artificial springs, the rotating sandwich beam's
boundary conditions were replicated classically and non-classically. Temperature-
dependent materials were considered for both cores and face sheets. Hamilton's principle
and FSDT were used to derive the beam's vibration equation, and the problem was
numerically resolved by the differential quadrature method (DQM). With the aid of finite
element (FE) models generated in the ANSYS environment utilizing calculated properties
of the material, Kumar et.al [53] investigated FG-CNT beams' harmonic response. Three
types of FG beams were evaluated for the vibration response: beams of O type (CNT -
FGA), X type (CNT -FGX), and A type. It was found that the A type has a maximum
amplitude peak, and the X type showed a low peak with the highest natural frequency, thus
explaining small hardening behavior. Various theories used in the review of literature
include [42] and [46].

4.2.3 Importance of the viscoelastic foundation

The vibration damping of beams is investigated in literature either by viscoelastic
substrate or by including constituting damping materials. With the help of local/nonlocal
integral viscoelastic models, thermal vibration damping of porous FG microbeams with
varying porosity distributions was investigated by Song et.al [54]. To predict the vibration
for FG-CNTRCDS using higher-order shear deformation theory (HSDT), Wang et.al [55]
developed a dynamic analytical model. A Rayleigh-Ritz principle was applied to obtain an
analytical solution satisfying clamped boundary conditions. FSDT was used by Peng et.al
[56] to study the impact of boundary relaxation on FG CNTRC imperfect beams' free
vibration characteristics. The boundary spring method was used in addition to arbitrary
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boundary conditions to analyze imperfect FG CNTRC beams. The boundary relaxation
degree was examined using parameters of relaxation that are simulated with varying spring
stiffness. Governing equations have been derived by utilizing the Rayleigh-Ritz formula
for beams with geometric disadvantages and relaxed conditions. Then the equations were
solved for the frequency of the beams. A close relationship has been found between
boundary relaxation and geometric imperfections in FG-CNTRC beams that can influence
vibration behavior. Results showed that geometric imperfection's amplitude and modes
determine how much influence boundary relaxation has on frequency, but it is not affected
by its location. Various types of beams are studied in the context of vibration. Having
piezoelectric layers, the FG CNTRC micro-beams have been studied by [57] for their
nonlinear free vibration characteristics in thermal environments. The study examined four
different patterns of CNT reinforcement distributions, including uniform and nonuniform
distributions. Using von Karman's assumption with the beam theory of Euler-Bernoulli,
the motion equations were derived utilizing Hamilton's method and the theory of nonlocal
strain gradient. The FG CNTRC microbeams' approximate nonlinear frequencies were
determined for simple boundary conditions and clamped-clamped utilizing two analytical
rules: analogous linearization and the rule of energy balance. In thermal environments, FG
beams pre-twisted were studied by Shenas et.al [58]. Modeled using HOSDT, the beam is
reinforced with CNTs and has temperature-dependent properties. It is apparent from the
literature cited above that no studies have been done on how viscoelastic foundation affects
the vibration response of FG-CNT beams. Consequently, this study uses a simple HSDBT
with three unknowns to examine the vibrational behavior of the FG beam reinforced with
CNTs and supported by a viscoelastic foundation. Different distributions of CNTs along
with different parameters are studied, including length-to-thickness ratios, foundation
perimeter, Winkler parameters, and damping effects. The presented results are beneficial
to enhance the design aspect of FG CNT beams and help as rigid references for future

research.
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4.3  Properties of (CNTRC) beams

4.3.1 Geometrical pattern and material properties of CNTRC beams

This study considers a porous CNTRC beam that is manufactured of SWCNTSs with
an isotropic polymer mixture. Fig. 14 shows the CNTRC beam that has a length (L) and
thickness (h) and is supported by a viscoelastic foundation. The foundation has many
parameters, such as a damping coefficient (C;), Winkler's parameter (K,,), and Pasternak'’s

parameter (K,)

-

A
' CNTRC beam

o | — — |||i'iIIIIIii'{"">‘
13 i Ci 1, 351;5

Figure 14 Geometry of CNTRC beam supported by viscoelastic foundation

This paper considers four cross-sections of patterns of reinforcement resting on the

Pasternak viscoelastic foundations, which are represented in Fig. 15.
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Figure 15 Cross-sections of reinforcement configurations

CNTRC beams' material properties are derived utilizing the mixture rules as follows
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Ey = UchntEﬂlt + VpEp 1)

Nz — Vene E )
E,, ESTE,

VeV,
Loy ©)
Gz G~ Gy

where G{7*, E{T* and E$}* are the SWCNT shear and Young's modulus, respectively. G,
and E,, are the shear and Young's modulus of the polymer matrices. V}, and V,,, are volume

fractions of polymer matrix and CNT, which are linked to each other using the following
relation

(Vene + V;J =1). (4)

The efficiency parameters of CNT refer to the SWCNT size-dependent material properties

n; (i =1, 2, 3). However, CNTRC mass density p and beams Poisson's ratio v are also
expressed by the rule of the mixture as

v = Ve v + vap: )

P = Venep™ + V,p? (6)

wherep™ and v°™ are the CNT density and Poisson's ratio. Similarly, p? and v? are the

polymer matrix density and Poisson's ratio.

Material distributions for cross sections configurations of reinforcement of CNTRC beams

which are represented in Fig. 15, can be represented by the following mathematical
functions
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UD-Beam
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O-Beam
_ lz|\ .,
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X-Beam
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Vcnt - 47 cnt
V-Beam

2z\
Vent = (1 + 7) cnt

()

(8)

(9)

(10)

in which V,,,; represents the volume fraction of CNT. As represented in Eq. (7)-(10), (V,

O, and X-Beam) are some types of FGM in which their material constituents constantly

vary across the thicknesses. Unlike other beams, the UD-Beam distributes CNT

constituents uniformly. V,,,; can be obtained by

cht

*

et cht + (pcnt/pm)(l - cht)

(11)

in which W,_,; denotes the mass fraction of CNT. However, the CNT n; used with the

considered V7, in this work are shown in Table 5.

Table 5 The CNT n; used with the considered V;,;

Case Vene Uit N2=13
1 0.12 1.2833 1.0566
2 0.17 1.3414 1.7101
3 0.28 1.3238 1.7380
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Taken from [47]

4.3.2 Porosity patterns on CNTRC beam

Porosities in matters have essential considerations in the mechanical response of
composites. In the case of porosity presence, the composites' mechanical behavior varies
largely. In this work, three models of porosity distribution are used to deal with the impact

of porosity, as represented in Fig. 16

Model 1 Voids Model 3

Model 2

Figure 16 Patterns distribution of porosity on CNTRC beam

Model 1 represents the distribution of the voids uniformly along the height. Model 2
denotes the distribution of the voids in the laminas' lower and upper surfaces and graded
in between. Model 3 indicates the distribution of the voids in the middle of the laminas.

Therefore, material property (P) based on the three models can be determined as follows:

Model 1
P(a) =P(1—a) (12)

Model 2
P(a)=P (1 - a%) (13)

Model 3
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P(a)=P (1 — %(1 — %)) (14)

In Egs. (12)-(14), a (a < 1) indicates the volume fraction of porosity.

4.4  Formulations

4.4.1 Constitutive and kinematic equations

This work's displacement field is expressed as

u = uy(x,t) — zaa—: + ki f(2)[ 0(x, t)dx (15)
w = wy(x,t) (16)

in which uy, w, and 6 are the displacement through the beam thickness at (z = 0).

The shear strain and stress variation along thickness's direction, which is the shape function
f(2), is selected using a trigonometric function as follows:

f(2) = gsin (% Z) (17)
o) =22 18)

The components of strain are obtained in terms of u,, w, after applying linear strain—

displacement relations and given as follows:

& =& — 287 + f(2)eR (19)
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Yxz = g(Z)]/;Z (20)

where
( Oug
g2 Ox
gf;’ — _62w0 |
2
) | o e
\k, [ Odx)

By applying a Navier-type solution, the undetermined integrals could be simplified to the

following relation

Gl
[0dx = A ™ (22)

A" and k, can be obtained in terms of the Navier as follows:

A’ = ——2 , kl = K_‘% (23)

Since the material follows Hooke's law, CNTRC beam stresses can be found as follows:

o Q11(2)&y
T;CZ QSS(Z)sz
Q11(2) - Ew(2)
Qs5(2) é_éi (24)
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4.4.2 The viscoelastic foundation

This work aims to investigate the response of the CNTRC beam supported by
viscoelastic foundations that implements three actions for the foundation: the shear
interaction, spring-like, and time-dependent of the nonadhesive viscous medium of the

foundation. Consequently, the foundation effect can be obtained as

d

where K,, and K,, are Winkler- Pasternak's parameter, respectively. V* denotes a Laplace

operator. C; indicates the damping coefficient that can be determined from

(Ce = ¢t A110 103 /L4) (26)

where c, implies the damping constant. K,,, and K, can be found from

(Kw= Bw A110 / L?) (27)

(Kp = ﬁp Aqi10) (28)

where B, and 3, are the constant factors corresponding to spring and shear actions,

respectively. Moreover, A, refers to the stiffness extension or A;; values of a

homogeneous beam that is manufactured by pure matrix material and is expressed as

A110 = fh/z dez (29)
—h/2 1—vP

4.4.3 Equations of motion

The motion equations are derived from Hamilton's principle as follows
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ty

(8U + 8V + 8K)dt = 0 (30)
21

where §U, 6V and 6K are the strain, potential, and kinetic energy virtual variation

respectively. The beam strain energy variation can be computed as

h/2
6U = f f (0x0&y + Ty 0Vxz)dzdx
h/2

(31)
L( déu, d26w0 . dse

Where N, M, M, and Q are the stress resultants which are stated as

N h 1 h/2
{Mb} = fzh Oy {Z} dz and Q = f g Tyzdz (32)
Mg 2 f

h/2

The axially compressive force N, transverse load q, and the density of reaction force of the
foundation R, which cause the potential energy variation, can be represented as

dwy dé
6V = j[(Rf q)6W0+Nﬂ Wo]dx

(33)
The kinetic energy variation is expressed as
h/2
0K = f f p(2)(iidu + wéw)dzdydx (34)
h/2
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By substituting variation expressions in Egs. (31), (33), and (34) into Hamilton principal
Eq. (30), then applying (by parts integration formula) to resolve the variations of the
unknowns' derivatives, the motion equations can be calculated by utilizing fundamental
calculus lemma of variations for each unknown and equating each unknown variations
coefficient to zero.

oON 0%u, 3wy, 030

L oN _ - 35
Ouo: o~ h gz Y gy, ~lgaa, =0 (35)

92M, , . , 9*w, d3u,

6W0: axz +KWW0—KpV W0+CtW0—q+NV WO_II atz - Zatzax
(36)

A Iy
Yotz 9x2 | Cot2ox?
90 02u, 9*0 9*0

50 : —kM.+ Ak, —+1 — —1 =0 37
WMt At gt 35y " 5z gz a2 37)

The constitutive equations for the stress resultants are obtained by substituting Egs. (15)
and (16) into Egs. (19)-(21) and the subsequent results into Eq. (32) as follows

du
N A1 Bi1 Diq dx
Mb}= By Eyn Fiq d2W0 (38)
Mg D1 Fii Gl | dx?
k,0
Q = ASA'k, g—z (39)

Where All, B11, etc., are the beam stiffness that are expressed as

Ayq (1

o F)

D 2 A

EE = J__h Quy ,2 | dz (40)
Fiq 2 zf (z)

Giq \f%(2)/
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where

h/2

b= sl @
—h/2

I (1

A 2

{Z} =f__2h p(2) 4 fz(f) s (42)

I | 2 2f (2)

Ie) f(2)?)

Egs. (38)-(39) can be expressed in displacements terms (u,,w,,0) by using Egs. (35)-(37)
and Eqgs. (38)-(39) as

0%u, 3wy, 00 0%u, 0 030
A —B Dy ky ——1 I —1 =0 43
T M A T M T (43)
% _p 0o g 00 ik DM g n
11753 11 63;4 11 136x2 wW: P 5x2 ) tWo T q 9x2 (44)
| d°w, | d0°u, N d0*w, N 0 "
Lotz ?ot2ox | toc2ox? | Cat2ox?
du d?w, 020
—D11 ky d_xO + F11"1W — Gy, k12 0+ AIZ klz és W
9%u 9% 9*0
0 0 (45)

+1 —1 -1 =
30t29x °0t20x2 ©0t2ox2

4.4.4 Analytical solution

The analytical solutions for a simply supported CNTRC beam are obtained by employing

the Navier solution method, and it is assumed to be as follows
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uo (%, t) o (U, Cos(1x) el®t
wo(x,t) p = z W, Sin(A x) el®t (46)
0(x,t) m=1 \4,, Sin(1 x) el®t

where Um, Wm, and Wm are arbitrary parameters to be determined, ® is the
eigenfrequency related to m eigenmode, and (A = k; = mm / L). Fourier series is used to

expand transverse load q as follows

a@) = ) Qsin () (47)
m=1
where the load amplitude Qm is calculated from

L
Qm = % j; q(x)sin (Ax)dx (48)

The coefficients Q,, are introduced for typical loads. In the case of a uniform distributed

load, Q,,, equals to the following

_ 44

=—, (m=135..) (49)

Om

The analytical solutions can be obtained by substituting the expansions of (u,, w,, 8 and

q) from Eqs. (46)-(47) into the equations of motion Egs. (43)-(45) as the following

S11 S12 Si3 myy Myp My3 Un 0
Si2 Saz Spz|—w?|my; my; myz| [{Wpmt ={0m (50)
Wsm 0

S13 Sz23 S33 my3 Mp3 M3z

where
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4.5 Results and discussion

Vibration behavior and numerical results of CNTRC beams are presented and discussed
in this section. Polymethyl methacrylate (PMMA) is the effective material used at ambient
temperature in this work. The armchair (10, 10) SWCNTSs are chosen for reinforcement

material. The following table shows the parameters of the material

Table 6 (PMMA) and reinforcement material properties [47]

(PMMA) properties Reinforcement properties
vP =0.3 vt =0.19
pP = 1190 kg/m3 pcn = 1400 kg/m?3
EP = 2.5GPa ESM = 600 GPa
ESHt =10 GPa
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GSS' = 17.2 GPa

For vibration analysis

h
2
Ioo = f_hppdz
z
I
@ =wl -2
AllO

Table 7 Comparison of fundamental frequencies for CNTRC beam with and without elastic foundation (L / h

= 15, vt =0.12)

a k=0, k=0 k=01, k,=0.02
Theory | ¢ | model) | ub | 0 | x | v | b | o | x | v
Ref® 0 0 00749 07446 11163 08442 11140 09192 12397 10015
0 0 00750 0.7446 11164 08444 11141 09192 12399 1.0017
oo 01 O 10807 08784 12099 09643 12077 10306 13246 11047
0 02 10321 07917 11767 0.8968 11901 09888 1.3176 10748
01 02 11522 09429 12834 10327 12957 11136 14137 1.1906

@Taken from [47]

This work is validated by the vibration results of [52] in the case of missing porosity and

damping constant utilizing the derived HSDBT. Table 7 shows vibration analysis for

different types of beams with and without elastic foundations, damping constant, and

porosity. As represented, having a damping constant and no porosity increases the

fundamental frequency for both elastic and no-elastic foundations. Then, in the case of

having porosity and no damping constant, the fundamental frequency decreases. In the last

case, which contains a damping constant and porosity, the fundamental frequency values

are between the two cases. Moreover, increasing vt amount stiffens the CNTRC beams

and increases the fundamental frequency, which can be observed in Figs. 22-23, and 24.

However, O-beam has the lowest natural frequency while X-beam has the highest.
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4.5.1 Porosity impact on fundamental frequency

The effect of porosity on fundamental frequency has been investigated with three voids
distribution models in lamina for different parameters. The porosity enhanced the beam's
fundamental frequency as it increased with increasing porosity coefficient. Fig. 17
illustrates that model 1 has the highest fundamental frequency compared to other models
due to its large number of voids, which leads to a rise in beam vibration capacity. It is also
observed in Fig. 18 that the beam with the highest fundamental frequency is the X-Beam
and followed by the (UD, V, and O-Beam). It is observed in Fig. 19 shows that Visco-
Pasternak resists high fundamental frequency compared to any other foundation. It can be
observed that as the foundation nears the Visco-Pasternak condition as the frequency
increases with increasing porosity coefficient. While model 1 shows a nonlinear change,

other models are almost linear.

1.60 T T T T T
= Model 1
155 -~ Model 2|
—— Model 3|

1.50 4

@ 145 -

1.40

1.35 4

1.30 T T T T
0.0 0.1 0.2 0.3 04 05

Figure 17 Porosity coefficient effect on the fundamental frequencies for CNTRC X-beam over Visco-Pasternak
foundation (L/h = 10; k,,=0.1, k,=0.02; ¢, = 0.1).
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Figure 18 Porosity coefficient effect on the fundamental frequencies of multiple porosity models with
different CNTRC beams over Visco-Pasternak foundation (L/h = 10; k,,=0.1, k,=0.02; ¢, = 0.1).

The following table represents the considered parameters of the porosity coefficient effect

for multiple porosity models of CNTRC X-beam over different types of foundations

Table 8 Considered parameters of the porosity coefficient effect for multiple porosity models of CNTRC X-
beam

Type of foundation L/h k., ky Ct
No-Foundation 10 0 0 0
Winkler 10 0.1 0 0
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Winkler- Pasternak 10 0.1 0.02 0

Visco-Winkler 10 0.1 0 0.1
Visco- Pasternak 10 0.1 0.02 0.1
Model 2
i6 , . Model { , 1.6 T T LS T
= Visco-Pasternak ~— Visco-Pasternak
= Visco-Winkler —— Visco-Winkler
= Winkler-Psternak = Winkler-Psternak|
15 |—— Winkler E 159 \— Winkler 7
—— No Foundation —— No Foundation
1.4+ 8
® @
: /
1.1 T T T T
0.0 0.1 0.2 0.3 0.4 0.5
a a
] 3
16 : Model :
Visco-Pasternak
= Visco-Winkler
[—— Winkler-Psternak|
159 |—— Winkler E
—— No Foundation
1.4 4 <

Figure 19 Porosity coefficient effect on the fundamental frequencies for multiple porosity models of
CNTRC X-beam over different types of foundations (L/h = 10).

4.5.2 Damping coefficient impact on fundamental frequency

The damping coefficient has been investigated, and the analysis in Figs. (20)-(22)
showed that increasing the damping constant enhances the vibration effect due to
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increasing spring constant factors. Adding the damping constant enhances the foundation's
elastic medium, which supports more dynamic loads by increasing beam stiffness. Figs.
(20)-(21) represents that increasing porosity, with increasing the damping constant,
increases the beam's fundamental frequency. It is also observed in Fig. 22 that the X-Beam

has the largest fundamental frequency, while O-Beam has the lowest.

0.00 0.02 0.04 0.06 0.08 0.10

Figure 20 Effect of damping coefficient on the fundamental frequencies for multiple porosity models of CNTRC X-
beam over Visco-Pasternak foundation (L/h = 10; k,, = 0.1; kp, = 0.02; a = 0.2).
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Figure 21 Damping coefficient effect on the fundamental frequencies for multiple porosity models with
different porosity coefficients of CNTRC X-beam over Visco-Pasternak foundation (L/h = 10; k,, = 0.1; k,,
=0.02).
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Model 3

Figure 22 Damping coefficient effect on the fundamental frequencies for multiple porosity models with
different CNTRC beams over Visco-Pasternak foundation (L/h = 10; k,, = 0.1; k, = 0.02; a = 0.2).

4.5.3 Volume fractions of CNT impact on fundamental frequency

Fig. 23 shows that increasing volume fractions of the polymer matrix increases the
fundamental frequency. Adding constant damping leads to enhancing the beam stiffness,
increasing the beam's ability to resist more dynamic loads. Fig. 24 shows that increasing
the polymer matrix volume fractions increases the fundamental frequency with an
increasing length-height ratio. Fig. 25 shows that increasing the polymer matrix volume

fractions increases the fundamental frequency with increasing porosity coefficient.

T T
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Figure 23 Damping coefficient effect on the fundamental frequencies for multiple volume fractions of the polymer
matrix of CNTRC X-beam over Visco-Pasternak foundation (L/h = 10; k,, = 0.1; k, = 0.02; a = 0.2).

@

Figure 24 Thickness effect on the fundamental frequencies for multiple volume fractions of the polymer matrix of
CNTRC X-beam over Visco-Pasternak foundation (L/h = 10; k,, = 0.1; k,, = 0.02; a = 0.2).
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Figure 25 Porosity coefficient effect on the fundamental frequencies for multiple volume fractions of the polymer
matrix of CNTRC X-beam over Visco-Pasternak foundation (L/h = 10; k,, = 0.1; k, = 0.02; ¢, = 0.1).

4.6 Conclusion

This work studied the vibration behavior of CNTRC beams resting on a viscoelastic

foundation utilizing a simplified HSDBT. The porosity effect has been investigated
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for multiple models of voids distribution in the lamina. Equations of motion have been
derived using Hamilton's principle. A damping constant is added in the formulation to
count for viscosity requirements. The accuracy of the present work is numerically
validated by making a comparison with available results from the literature. Different
parameters' effect has been discussed with many representing figures. Numerical
results show that the X-Beam has the highest frequency among different types of
CNTRC beams, while O-Beam has the lowest fundamental frequency. Moreover,
using the damping coefficient enhanced the vibration effect due to increasing spring
constant factors. Furthermore, porosity enhanced the beam's fundamental frequency

as it increased with increasing porosity coefficient.
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Chapter 5

Conclusions and Recommendations

5.1 Conclusions

This work investigates the bending, buckling, and vibration of CNTRC beams resting on a
viscoelastic foundation utilizing a simplified HSDBT. The porosity effect has been
introduced with different models of voids distribution in Lamina. Hamilton’s principle has
been used to derive equations of motion. A damping constant is added in the formulation
to satisfy viscosity needs. By making the comparison with some available results, the
accuracy of the present work is numerically checked, and many figures with multiple
parameters change have been discussed. Numerical results showed that the X-Beam has
the highest frequency among different types of CNTRC beams and is the strongest to
support the buckling and flexural loads, while O-Beam is the weakest and has the lowest
fundamental frequency. Moreover, the presence of the viscoelastic foundation is found to
enhance the bending, buckling, and vibration effect. The damping coefficient enhanced the
deflection in bending, increased the critical buckling load, and enhanced the vibration
effect due to increasing spring constant factors. Porosity has been affected negatively by
decreasing beam stiffness and increased bending and buckling effects while enhancing the

beam's fundamental frequency as it increased with increasing porosity coefficient.
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5.2 Recommendations

This work investigated the mechanical behavior of CNTRC beams under various porosity
conditions and different types of CNT distribution. Future work could address the behavior

in the dynamic aspects. Future work could also study the following:

1- Studying the wave propagation of CNTRC beams with porosity and viscoelastic
foundation or other types of material.
2- Extending the work to the behavior of CNTRC beams over viscoelastic foundation

using FEM.
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