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THESIS ABSTRACT (ENGLISH)

NAME: OMER NADEEM

TITLE: ANALYSIS AND CONTROL OF DYNAMIC RESPONSE OF BEAMS WITH
NON-CLASSICAL BOUNDARY  CONDITIONS DUE TO  SINUSOIDAL
RECIPROCATING LOAD USING FIXED AND MOVING LINEAR SPRING-MASS

ABSORBER
MAJOR FIELD: MECHANICAL ENGINEERING
DATE OF DEGREE: (DEC 2021)

The present work is focused on analysis and control of dynamic responses of the beam having non-
classical boundary conditions, which are enhanced in such a way that they are simulating
eigenvalues of classically established beams. The elastic beam in this study is excited by a moving
load reciprocating continuously (back and forth) along full length or partial length of beam at
multiple cycles. Linear spring-mass absorber are employed by fixing them at various locations or
by setting absorber in motion at optimum speed or by traversing absorber to optimum travel length
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resonance or cancellation of the free response and then analysing how different absorber
configurations affect the dynamic amplitudes and critical speeds. The performance of the absorber
is evaluated through the variation of the maximum deflections during vibration. The dynamic
deflections are utilized to obtain an optimum set of speed and travel length parameters for moving
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and absorber optimum configurations for multiple cycles of reciprocating load and travel lengths
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NOMENCLATURE

A Cross section area of the beam

b Width of beam

| Moment of inertia

m Mass of beam

h Height of the beam

Y Density of beam

E Elastic modulus of beam

Wo Static deflection of beam

Kq Spring stiffness of absorber

Mg Mass of absorber

Cd Damping coefficient

) Dirac delta function

v =Vt Dimensional Speed of moving load

V4 Dimensional speed of moving absorber

Ve Critical Velocity

Ma Ratio of absorber speed to load speed

F (X 1) Force vector in spatial and temporal field

G (xt) Absorber force vector in spatial and temporal field
Z(t) Absorber velocity vector in time domain as a function of p




H(t)

Absorber velocity vector in time domain as a function of n

kr=Ke Torsional spring stiffness

ki=km Linear spring stiffness

©n Eigen value for mode shape

q No of cycles (1,2,3 and 4) with g=0.5 for half cycle

P Force of moving load

r Dimensionless speed ratio for load

p Dimensionless length parameter ratio for load travelling

q No of reciprocating cycles (g =n, where n=0.5, 1, 2, 3, 4--)

y Non-Dimensional Geometrical and Material Properties of beam

cl Dimensionless damping coefficient of beam

c2 Dimensionless damping coefficient of absorber

k1l Dimensionless spring stiffness of absorber

c3 Dimensionless ratio of damping to mass of absorber

k2 Dimensionless natural frequency of absorber

u Displacement vector

M Moment

w Transverse beam displacement at given spatial position (x) and time
(t) - Dimensional

w Transverse beam displacement at given spatial position (x) and time
(t) - Non-dimensional

X Dimensional spatial position of load




X Non-dimensional spatial position of load

Y% Dimensional absorber displacement in spatial domain

y Non- dimensional absorber displacement in spatial domain
t Dimensional time domain

t Non-dimensional time domain

dt Absorber travel length

n Dimensionless ratio of absorber travel length

Multiple factor for travelling length

Multiple factor for dimensionless critical speed




Chapter 1: INTRODUCTION

The dynamics of beams and their responses to different types of forces excitation have always
been an intriguing factor on research. Especially the dynamic deflection, their control and along
with their utilization into effective manner remains a source of interest for the engineers,
researchers, and scientists. With the passage of time as the structures becoming stiffer and light
weight and the moving loads becoming more fast, periodic, and heavy, the analysis of these
responses and their controlling is becoming more and more crucial in extensive research. Euler
Bernoulli beams have always been adopted for the analysis for the reason of their simplicity and
simplified solving. Many case studies have been discussed, has fast trains introduced which has
continuous load along with speed surpassing the excitation response resistance, so it became the
need of time to have analysis on the moving loads (either single or multiple) at high speed along

with different damping and controlling conditions.

In any sector of civil, mechanical, and aeronautical engineering, beams as elements play a very
crucial role. Study of amplitudes of vibrations in beams with classical boundary conditions are
developed and researched in detail in several contributions. Though there are also quite
contributions that dealt with the vibrations of beam systems with flexible boundary conditions, but
most of them are done with constant or harmonic forward travelling load only (single or multiple).
Researchers have been studying the behaviour of a flexible support beam with a moving load or a
mass-spring system for decades. Because of its widespread use in a variety of engineering
applications, it has become a prominent topic in the literature. — e.g., high-speed railways, wind

displaced transmission wires, bridges (suspension type), overhead cranes and tethered satellite



systems. To describe the system's characteristics and the influence of moving load or force on the

dynamic response of the beam, several models have been proposed [1, 2].

1.1 Background

The study of vibration, its effective control and transmission has been conducted through ages
especially in the beams. As beams are the main components in almost all mechanical and civil
structures with examples ranging from the rotor beam element of helicopters to the suspended
bridge structures, it signifies the importance of research on beam response analysis and finding

new methods for controlling and supressing these responses.

The beam considered in the analysis is the Euler Bernoulli beam due to fact, that its analysis is
simple as compared to other beams especially Timoshenko beam because of assumptions that
simplify our analysis to accommodate more complex loading mechanism. The Euler-Bernoulli
beam theory is the most elementary in regard to other beams theory. In Euler Bernoulli Beam
theory, shear deformations are usually neglected, as a result constrains are lifted to have more
convenient analysis, and the plane sections remain plane and perpendicular to the longitudinal axis.
In the matrix’s equations of Euler Bernoulli beam, we have only 2 degrees of freedom at the beam
section level, and 4 degrees of freedom at nodal element. The constitutive law is applicable for 4

X 4 matrix of Euler Bernoulli beam in solving for the above degrees of freedoms [3].

Elastic (non-classical) supports in beams can provide us with flexibility of studying various
configuration of beams by changing linear and torsional springs stiffness attached as the supports
for the beam. These supports are called non-classical boundary conditions because they provide

us with general equations for the analysis of beam, different than those studied with classical



boundary conditions. As a common starting point, simple beam traversed by a constant travelling
force are studied by Kryloff to obtain the closed form solutions [4]. These solutions obtained has
become most famous for its utilization in simply supported bridges and being further investigated
by many authors [5-14]. Not only being researched by authors, but these solutions had also been

adopted on theoretical basis by several regulations with Eurocodel being one of them [15].

1.2 Euler Bernoulli beam

The Euler Bernoulli beam as shown in Figure 1.1, is the most convenient for the analysis of moving
loads under many variable conditions and a complete review regarding it can be found in Fryba
[1]. In comparison to the other beams e.g., Timoshenko beam, we neglect the shear deformation,
and the planar section is considered to stay plane and perpendicular to the longitudinal axis, so it
provides more simplified results because things get complex when shearing is added in the existing
equations and its equations are also of the lower order. In this work, entire focus will be on Euler-
Bernoulli beam theory because it does not include the shear displacement factor, simplifying the
equation of motion [8].

The torsional effect will also be neglected in the Euler Bernoulli beam, the only rotation that can
be considered will be due to bending and general boundary conditions applied on the beam will be
main factor in providing variable response analysis for the periodic reciprocation load. Because
vibration analysis is based on equations of motion, a thorough understanding of these equations is
required. Many equations of motions have been developed considering the beam theories and

methods.
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Figure 1.1 Euler Bernoulli Beam Section

In general theories while studying Euler-Bernoulli beam, following assumptions are made:

A. Material is considered elastic, isotropic, and homogenous.

B. The beam is having symmetry and is prismatic about the principal axis

C. Deflection in traverse direction are small.

With these assumptions, material and geometrical properties of beam are assumed to be constants
and removed outside equations integrals. It provides us further simplifications for the upcoming

derivations.

1.3  Critical velocity and cancellation speeds:

Critical Velocity is one of the most crucial factors, in the beam as it plays a significant role for
dynamic analysis and attaining the optimisation. The current study is done to analyse the dynamic
deflection when the single sinusoidal load is set to reciprocate along the beam. The studies that
examine moving loads series are the most relevant [6, 14, 16, 17]. There are several critical speeds,

as will be shown later, that are having lower values when observed with single moving load.
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Furthermore, it is only one load and because the load departs from the beam after a completing
travel length in fixed period, so the greatest deflection cannot go beyond 1.7 times the static
deflection, as a single moving load does not create unbounded response at resonance. Whereas in
case of moving loads succession or reciprocating single load, resonance is induced at numerous
speeds and the vibration deflection becomes higher in value than the static one and single forward
travel load only. Many scholars have lately investigated the free vibration response of a simply
supported beam under only one moving load — i.e., the dynamic deflection obtained as a response
following the departure of load from beam. In other studies, numerous speeds have also been
observed where the amplitude attains its peak value and other speeds where the amplitude cancels

out and becomes equal to the static response [18-20].

1.4  Classical and Non-Classical Boundary Conditions

The beams having ends that are elastically constrained for rotation and translation, or with ends
that are using masses (concentrated) or rotational inertia, being subjected to dynamic analysis is a
non-classic structural problem that is becoming increasingly significant in mechanical and
aeronautical engineering. Several researchers attempt to solve differential equation of fourth order,
by analytically solving coefficients and assuming beam to be sufficiently slender to be termed as
Euler-Bernoulli beam and then solving numerically for relatively basic boundary conditions. But
it has been observed that this exact technique has difficulties in finding roots of the characteristic

equation and establishing the system's normal modes.

As stated before, the most common boundary conditions in the vibration analysis of beams are
classical boundary conditions and most common configurations for these boundary conditions are

free, clamped, and supported ends with corresponding equations shown in Table. 1-1.
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On contrary, non-classical boundary conditions are considered less common, but in recent research
it is proven fact that their importance is similar in impact as classical conditions because of the
flexibility they provide in analysis. The impact of change in stiffness of springs being used as beam
boundaries on natural frequencies can also be analysed widening our area of research. These non-
classical boundary conditions consist of masses, springs, rotational inertia or even absorbers. For
these non-classical boundary conditions, corresponding equations are presented in Table. 1-2,
where coefficient values for left end of beam are a=—1 and b = 1, and for right end of the beam
are a=1 and b = —1. km=ki and ki=ke are linear and torsional spring stiffnesses respectively,
similarly cq=cm and cr= ce are linear and torsional spring damping coefficient, m¢ is concentrated

mass value and I is rotational inertia value for concentrated mass [21].

Table 1-1: Classical supports boundary conditions [21]

Boundary Condition Equations
Free end Do sl L SR ) L
ree en — = an — =
Ox? Ox3
Supported end (z,t) =0 and gt _,
upported en v(z,t) = an — =
PP ‘ Ox?
ov(z,t
Clamped end v(xz,t) =0 and EI l,(al ) =10
T




Table 1-2: Non-classical supports boundary conditions [21]

Boundary Condition Equations
Linear Sprin Elm =0 and Elalil iz akpv(z,t)
ear Spring 92 = a 3 = akmv(z,
. . Pv(z,t) 0%v(z,t) Ov(z,t)
Torsional S EI — =0 d EI =ibkx
orsional Spring 93 an 92 pe
‘ 0%v(z,t) PBu(z,t - 0%v(a,t)
Concentrated Mass | ET 92 = 0 and FEI 3 am, 92
3v(z,t d*v(x, t Pv(x,t
Rotational Inertia EI 18(11‘ ) =0 and FEI 18(1‘12’ ) = bl(‘(a;(él)ﬁ)
2 ) , ; } oy
Damper El% —0 and EI? ‘a(l“'“;‘t) acn 20 t)
_ Pu(z,t) %v(x,t) 0%v(z,t)
Torsional Damper EI 923 0 and FEI 922 be, 5 O

1.5 Fixed and Moving -Active and Passive Spring Mass Absorber

A spring mass absorber is absorber consisting of simple combination of spring and mass with
specific parameters, is relatively smaller in magnitude (size) than larger resonant or vibrating
systems with sole purpose of reducing dynamic deflection. Even though size of absorber is smaller,
but it consists of sufficient weight to adequately shift the resonant frequency, dynamic deflection
as well as critical speed and has such a design that will not fatigue the spring of absorber. The
dynamic absorber can be fixed at different locations (in middle of beam being most optimum)
along the length of the beam, and it reduces or eliminates the vibration of a system that is

harmonically excited. As design consideration of absorber is important, it is to be noted that to

10



have zero amplitude of primary system, vibration absorber to be designed with working frequency

close to the excitation frequency.

Considering the common mechanisms of damping to reduce vibration, passive vibration damping
devices typically use a mechanical device or a fluid, however viscoelastic materials can also be
used. In either instance, the vibration's kinetic energy is transformed to heat as part of conservation

of energy.

Several types of damping systems contain inherent resonances; therefore, they work best at
frequencies higher than 4 Hz [22]. If requirement is to have damping in multiple directions
simultaneously, passive vibration absorbers become least effective in that case which means they
are optimum for vibrations induced in X, Y, or Z direction. Figure 1-2 shows simple example of
passive vibration damping system, with a rigid mass and a spring as simple harmonic oscillator
and an added absorber as well Active vibration damper with feedback control mechanism. The

purpose of added absorber is to convert mechanical energy into heat, which can be removed from

system.
PASSIVE VIBRATION
X o MOUNTS !
M [ Rigid Mass {
MACHINE
BASE j
'-‘ ACTIVE |
SENSOR DAMPERS
Darmper ' CANCELLATION
per—> @I =1/C 'AMPLIFIER.
" -«—|deal Spring - CONTROLLER -

Figure 1-2 Passive and Active Vibration Damping Systems [22]
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Active vibration damping systems use additional power in the form of electronically controlled
sensors and actuators in a closed-loop system to counter vibrations and cease oscillations. Active
vibration damping systems, unlike passive systems, can be modified to mitigate resonances,
allowing them to operate at lower frequencies due to structural resonances. Also, vibrations and
interference induced by the equipment itself, such as cabling noise and acoustic noise can also be

reduced using active system.

By employing feed-forward control, controlling proactive damping response can be much better
then reactive damping response. Whereas traditional closed-loop setups offer same mechanism but
utilizes opposite forces to counteract vibrations entering the system and coupled with feed-forward

enables the system to produce and send cancelling signals in advance of the expected vibrations.
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1.6 Thesis Motivations and Objectives

Beam models have been studied extensively using different absorber configurations as linear
systems. Majority of the studies listed assumed traveling load as a single load travelling at a
constant speed along the beam's span. Even though several studies sought to investigate effects of
variety of elements, which includes a base with elastic properties or spring mass absorber, it was
also determined that treating the moving load and its velocity as constants was sufficient [5, 18,
19, 23-26]. Fryba et al. studied that critical speed is achieved when the driving frequency overlaps
with the beam's initial natural frequency for harmonic moving load [1]. Other scientists
investigated it and enhanced system complexity by incorporating various degrees of freedom and
by varying velocities to simulate moving vehicles, and all these investigations were conducted
with forward traveling loads and mostly for beams with classical boundary conditions [5, 23, 24,
27-30]. Some authors recently utilized reciprocating load to analyse the effect of dynamic
responses, but load considered in most of these studies are constant travelling loads [31]. Other

researchers studied inertia effects by studying about moving mass or spring-mass systems [4, 32].

The current research looks at the dynamic response of a single sinusoidal load reciprocating back
and forth along a beam for prospective uses such as vibration reduction (as a dynamic vibration
absorber) and amplification (for energy extraction). Focus will be on Euler Bernoulli beam
analysis having flexible boundary conditions utilizing linear spring and torsional spring as variable
flexible supports which can be varied to simulate any type of beam with main interest in simply
supported and cantilever beam. In these non-classical beams of variable flexible supports, linear
spring mass absorber which is passive type having mass of 5% - 10% of total beam mass will be

utilized. The term “reciprocating and sinusoidal load” considered in ongoing study refers to the

13



load that increases its speed at start, reaches to maximum and then decreases to zero when about
to reach end point and maintaining this oscillatory motion while reciprocating to and from along
the length (span) of the beam at multiple cycles. In these studies, attached linear spring mass
absorber will either be fixed or performing same sinusoidal motion depending on type of

configuration required in analysis. The objectives of this thesis are,

1. Analysing flexible supports behaviour with different linear and torsional spring stiffnesses
and increasing the stiffness value to attain eigen values and mode shapes like Simply

supported beam and Cantilever beam.

2. Studying the effect of a constant load reciprocating sinusoidally with multiple cycles at
different velocities. Dynamic analysis for resonance and cancellation of amplitudes for

beams with non-classical end supports.

3. Analysis of dynamic response cancellation and amplification for non-classical beam with
utilization of fixed absorber at least and most effective locations and with utilization of
synchronized and unsynchronized moving absorber at optimum or least effective absorber

speeds and travel lengths.
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1.7  Organization of the work

Current thesis is categorized into seven chapters as follows:

. Chapter 1: Introduction: This section gives introduction about the topic analysed
in the thesis. It will give information about Euler Bernoulli beam models with travelling
load types, followed by some information about absorber configurations utilized and then

the research objectives of the thesis.

. Chapter 2: Literature Review: In this chapter, literature review is done on various
type of moving loads and forces, beam models adopted, solving techniques, absorber
configurations, different types of boundary conditions and critical velocities resulting in

resonances and cancellation effects in dynamic amplitudes.

. Chapter 3: Mathematical Modelling: In this chapter mathematical models are
developed for Euler Bernoulli beam having dynamic amplitudes due to sinusoidal load
reciprocating at multiple cycles. Mathematical models for different beam configurations

with no absorber, fixed absorber and moving absorber are developed in this section.

. Chapter 4: Validation of Results: In this chapter numerical solutions are carried
out for already established cases of dynamic amplitude analysis and comparison is done

with verified previous studies to authenticate the developed mathematical models.

. Chapter 5: Numerical analysis of dynamic deflection for non-classical simply
supported beam: In this chapter numerical solutions are carried out for dynamic amplitude
analysis of non-classical simply supported beam without absorber and with stationary and

moving absorber having different travelling behaviours and generated results are analysed.

15



. Chapter 6: Numerical analysis of dynamic deflection for non-classical
cantilever beam: In this chapter like Chapter 5, numerical solutions are carried out for
dynamic amplitude but for non-classical cantilever (fixed-free) beam without absorber or
with stationary and moving absorber having different travelling behaviours and generated

results from these configurations are analysed.

. Chapter 7: Conclusions and Recommendations: In final chapter, conclusion and
summarization will be done for the work that has been carried out in the thesis against the
objectives set for the study. Also, some recommendations are highlighted based on the

obtained results.
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Chapter 2 : LITERATURE REVIEW

Oscillations in bridges caused by traveling loads have been documented since the mid-nineteenth
century, when first trains were built; these applications are then considered most important
instances of traveling loads. For complete analysis of structures traversed by moving loads, one
should read Fryba [1], which has various applications with clear demonstrated examples. As
previously stated, Fryba's monograph is part of the first complete studies in this area, and solutions
solved analytically for dynamic responses due to various load types, such as load with constant
velocity, dynamic load with harmonic motion, and moving masses, were reviewed in great details

in this monograph [1].

2.1 Moving Loads

When moving load influence is considered, problem of forced motion of a beam traversed by a
dynamic load incorporates some complexities. Also, it is observed that results seem more realistic
when moving masses are considered instead of moving loads; however, in Ref. [23] it was shown
that when the ratio of the moving mass to beam mass is quite small, the beams dynamic responses
under moving loads or moving masses shows quite similarity. Since load traversing structure is
changing in spatial and temporal domains, the resulted deformation and stress values are
significantly larger in comparison to those examined with stationary loads. So, for simplification,
the most common type of analyses is with beam as Euler-Bernoulli model and moving load that is
constant in its motion [18, 19, 25, 26]. Olsson et al. provided detail fundamental characteristics of
the moving load problem utilizing analytical and finite element solutions [5]. Yau et al. studied
response of simple beam in vertical direction due to passage of single load considering light
damping [28].

17



Law et al. studied the travelling force in both temporal and frequency-based domains. In other
work [29] . Lu et al. [30] analysed that the frequency characteristics for train load (also known as
driving frequencies) showed significant influence on the railway bridge dynamic response and this
conclusion was made when railway bridge was subjected to single excitation load. Several scholars
have examined and reported on resonances and cancellation events in beams under changing loads,

with some credible work [1, 5, 28-30, 33, 34].

Even though one of the first modern studies for finding an analytical solution and deriving an
expression of critical velocity for moving loads that are traversing with constant motion in
Timoshenko beam is by Timoshenko et al. [3]. Still the analysis of simple Euler-Bernoulli beams
crossed by harmonic loads is of interest from both points of view (theoretical and practical), with
the aim of assessing the involved parameters influence on the dynamics, and from a technical point
of view, to provide efficient tools to estimate easily the maximum dynamic response and the
dynamic amplification factor. Moving harmonic loads instead of constant load can represent, for
instance, a component of the load transmitted to rails structure by moving trains, the load applied
by vehicles resulting from the rough surface of pavements and vehicle mechanical systems, or the

load exerted on a footbridge by a walking pedestrian [35-37].

Euler-Bernoulli beam is the most convenient for the analysis of moving loads under many variable
conditions and many credible authors considered the Euler-Bernoulli beam models in their studies
of moving loads, critical velocity analysis and absorber optimization [2, 5, 27-30].

The Euler—Bernoulli theory is used to analyse simply supported and cantilever beam, the Galerkin—
Bubnov method utilized for reduction of equations from PDE to an ODE set, and multimode
expansion for displacement field is utilized in numerical analysis of the problem. The maximum

amplitude and the percentage of dissipated energy by the attached absorber are used to evaluate
18



dynamic absorber performance in vibration reduction. For designing an optimization strategy,
same indicators are employed as prime factors of analysis [23]. Detailed dynamic analysis for the

cantilever beam is also undertook for modal analysis and observing natural frequencies [38].

2.2  Non-classical boundary conditions

Flexible (non-classical) boundary conditions, in comparison with general boundary conditions, are
efficient for various configuration studies of excitation forces, and at the appropriate stiffness of
these boundary conditions they can provide wide range of statistical study to understand the
frequency range, but no numerical analysis has been done in this regard for the reciprocating
moving loads having sinusoidal load along-with stationary and moving absorber. Yang et al.
conducted an analytical study and found that beams show resonant (real) speeds at lower value
than simply supported beams when they are elastically supported, but their cancellation (real)
speeds are comparable, but comparison can be done for cancellation (real) speeds with beams
having simple supports [28]. Comprehensive study with closed form solutions was done for the
general boundary conditions for the harmonically excited vibrations due to sinusoidal moving load,
traversed single force and mass with constant motion without using any absorber and some
analysis was done for these beams include fixed-fixed, simply supported, fixed-free and pinned-
fixed configurations. In addition to this, force motion of three types is considered which are:
uniform motion, accelerated and decelerated, beams response is determined with equations in
closed forms and comparison analysis done with established results. The effects of the moving

force frequency and speed on beams dynamic behaviour are researched in detail [39, 40].

Another important factor is that flexible boundary conditions have shown effect on the resonant

frequency and critical speed and are considered special case of simply supported, clamped or
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cantilever beams boundary conditions. Beams dynamic analysis with boundaries restricted
elastically against translation and rotation, or with concentrated masses or rotational inertia linked
to ends, is a classic problem of structural studies that is becoming increasingly significant in
mechanical and aeronautical engineering. Several writers have attempted to solve differential
equation of fourth order with changing coefficients analytically by assuming sufficiently slender

beam to be termed a Euler-Bernoulli beam [41].

Most of the work with flexible or non-classical boundary conditions is done on the free vibration
of the Euler Bernoulli beam and for studying various mode shapes with different stiffnesses,
material and rotational inertias of the linear, concentrated masses, torsional springs etc. attached
at the ends [42]. The study of elastic structure stability-initiated interest in non-classical
mechanical boundary conditions, and a handy reference for many mechanical loadings examined

till 1963 are in Bolotin's book [43].

Many authors used different solving techniques to obtain accurate results for free vibration
response of the non-classical boundary conditions. For various nonclassical boundary conditions,
many numerical results were also provided [44]. Cantilever beam frequencies of free vibrations
with different cross-sectional areas and constraining springs as boundary were also examined in
some studies [45]. Free vibration responses have been done for different beam configurations and

cross-sectional areas utilizing various boundary conditions by many authors [21, 46-49].

Zhiwie et al. to examine the vibration properties of flexural wave in the compound plate, which is
periodic in nature, had used the flexible boundary conditions. In his work, he adopted boundary

conditions general model by using the specific combination of linear and torsional springs. And
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these combination in accordance with stiffness were used to analyse all the non-dissipation

boundary condition which also included the classical boundary conditions [50].

2.3 Spring Mass Vibration Absorbers

Vibrations in structures can be regulated by using absorbers of active or passive type mounted on
beams, that are particularly useful assuming the structure cannot be modified. Passive devices
provide several advantages, including low maintenance and the lack of a need for external power.
Beams provide a fundamental model for the structural elements’ comparison analysis with
attached absorber for many engineering applications [41]. Moving mass-spring absorber systems
are also used in more accurate models by considering the inertia and bounce effect of moving
object [19, 24, 26]. To solve the system's equations of motion, various analytical and numerical
methodologies were applied. — such as finite element methodology [6], penalty method
formulation [51] and Lagrange multiplier analysis [52]. Ouyang provided a brief overview of
efforts on shifting loads and their applications [7]. More recently, Svedholm et al. studied about

beam response with non-classical boundary conditions and non-proportional damping [53].

For beams subjected to moving loads, Wu suggested optimum location of linear dynamic absorber
in centre of the beam span [54]. Following Den Hartog's [55] technique, the simplified model was
also utilized to derive values for ideal stiffness of absorber and damping ratio. It should be noted

that the absorber equation in the Wu model was changed to account for the spring mass [24].

Kwon et al. discovered that for bridge traversed by high-speed train, placement of tuned mass
absorber (TMD) in middle, resulted in maximum displacement reduction in vertical direction by

21% and the free vibration dampened more quickly [56].
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Ref. [25] describes a new technique for decreasing resonance of simply supported beams under
shifting loads. The load carrying main beam, was connected to an auxiliary beam positioned
beneath the main one using viscous absorbers in this treatment. The results suggest that with this
type of device, main beam resonant response can be considerably reduced [57]. Xia et al. shown
that bridge damping influences the cancellation effect, and that as damping increases, cancellation
efficiency decreases [58]. Greco and Santini investigated beam subjected to moving loads and
having ends constrained by two rotational viscous absorbers and found that the absorber's efficacy
is highly impacted by the speed of moving load [59]. Similarly, influence of linear and nonlinear
absorber Euler Bernoulli beam dynamic responses, when subjected to moving loads was studied
by Samani and Pellicano [26]. When compared to linear absorber, nonlinear absorber does not
give a considerable improvement in vibration response [19]. Later, the research is expanded to
look at the response of moving loads series [24, 26]. Some of the authors used moving absorber
also to analyse the effect of it, on beam dynamic response and how it is related with the speed of
the moving load. Similar work is done by Soares et al. for reducing vibration of the beam by
utilizing a moving absorber [60]. Recently, dynamic response of a non-classically damped beam
traversed by moving mass-spring-absorber system with generic boundary conditions was

investigated [61].

2.4 Critical velocity

Critical Velocity is one of the most important factors in the beam as it plays a major role in
cancellation and resonance phenomena for deflection in the beam. Structural vibrations can
become extremely severe when moving load velocity exceeds a specific value known as critical
velocity, which corresponds to the minimum phase velocity of the bending wave propagating

within the beam-support system for an infinite beam[33]. In another study, it is observed that
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bending wave propagation is the lowest between the modal resonant velocities for finite beams
[34]. Diego et al. investigated the elastic beam critical velocities and calculated the harmonic-
variable magnitude over time. This harmonic variable magnitude is characterized in terms of the
oscillation's frequency, amplitude mean value. Using these variables, influence on critical

velocities were explored using parametric analysis [62].

Vladimir et al. utilized the maximally allowed critical velocity to determine stability conditions in
critical systems [63]. The approaching of moving load to the critical velocity results in the
increased deterioration of the supporting structure which can result in negative effect on
surrounding structures and not only that, if the critical velocity is exceeded, significant problems
can occur, with train derailment and fatigue failure as a result [64]. Recently, Bashmal et al.
determined Euler—Bernoulli beam critical and cancellation speeds when subjected to moving load
having continuous motion [31]. Since critical velocity is important factor in the moving load beam
analysis, its analysis was taken into consideration using the flexible boundary conditions with the

reciprocating moving load.

From the literature review there is a lot of research work done for classical beams, especially for
fixed absorber and one way may moving load (either single or multiple or harmonic) on structures.
Studies on maximum deflection in beam with non-classical boundary conditions can also be found,
but with different interests and mostly those are limited to identification of natural frequencies in
free vibration or with fixed absorber. None of these studies dealt with the effect of continuously
reciprocating absorber and reciprocating moving load to study the effect of maximum deflection
and time response in beams. It is hoped that the results of this proposed work will assist in
understanding the reciprocating load and reciprocating absorber effect on the maximum deflection

of beams and their correlation with the critical velocities.
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In this work, the Euler-Bernoulli linear beam theory and non-classical boundary conditions are
used to study the vibrations control of non-classical simply supported beams and cantilever beam
having linear and torsional springs of critically high stiffness as a support, thus simulating the
effect of simply supporting beam subjected to reciprocating loads with multiple periodic cycles
and controlled by a fixed, moving, or reciprocating absorber. In this study, absorber is
characterized as a linear spring-mass-absorber system moving with a defined velocity along linear
elastic continuous beam. The lateral displacements of the beam are modelled using a three-mode
modal expansion, and the Galerkin method is used to create equations of motions sets discretised
in nature, which are then solved using the Runge-Kutta method. The preliminary findings
demonstrate the importance of the absorber's position and velocity in beam vibration management
and can be used by engineers to optimize the position, travel speed, and travel length of vibration

absorber.
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Chapter 3: MATHEMATICAL MODELING

The equations of motion govern the behaviour of the beam with flexible boundary conditions under
moving loads and a moving absorber derived here following the Euler Bernoulli’s beam equation

model.

3.1 Euler-Bernoulli Beam on Non-Classical Supports

Consider the Euler Bernoulli beam with dimensional length “L” and specific mass “m” as shown
in Figure 3.1 and applying Glarekin and Runge-Kutta method to examine the maximum deflection
at different percentages of critical velocities. The mathematical modelling of the non-classical

beam will be done as follows,

- L >

ko ko
kl kl

Figure 3.1 : Euler-Bernoulli beam with linear spring and torsional spring as flexible supports

Dimensional boundary conditions of Euler Bernoulli beam with linear springs having stiffness ki

and torsional spring with stiffness ko is given in dimensional form as follows [21],

83w (0,1) . 93w (L, 1) . (3.1)
El W = le(O, t) EIT = —le(L, t)
92w (0, ) aw(0, ) 02w(L, ) aw(L,d) (32
El ———= El ———= —
%2 5% %2 5%
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Applying non-dimensional parameters given in Eg. (3.3),

_x W (3.3)
x= L W= w,
Now substituting Eq. (3.3) in Eq. (3.1) and Eq. (3.2) results in,
Elw, 03w(0,t) Elw, 03w(L,t)
13 0x3 = le(Or t) 13 dx3 = _le(L' t) (34)
Elw, 0?w(0,t) ow(0,t) Elw, 0?w(0,t) ow(0,t)
= kg = —kg (3.5
L3 0x? ox L3 0x? dx
Re-arranging the above boundary conditions from Eg. (3.4) and Eq. (3.5) to obtain,
3w(0,t) kL3 0°w(0,t)  koL3 0w(0,t)
= = 3.6
9x3 Eiw, V(00 9x? Elw, ox (36)
23w(1,t) kL3 0°w(1,t) koL® ow(1,t)
- _ R el A 3.7
9x3 Eiw, V(L0 9x? Elw, 0x 3.7)

3.2  Mathematical modelling of beam with moving load and without

attached spring mass absorber

In this section, there is no linear spring-mass absorber is attached on the beam and there is a force

F (X, t) acting on the beam as shown in Figure 3.2,

F(x,t) l

ko 2/- (BN ko
%kl Kl

Figure 3.2: Beam with linear spring and torsional spring as flexible supports with force F (x, t)
and no absorber attached
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For the beam (Dimensional form) without absorber, mathematical model can be written as [11],

=F(% 1) (3.8)

Dividing Eq. (3.8) by pbh yields,

El 9*w(%,8) ¢, ow(&E) 0*w& b F& D)

= 3.9
obh 9% Tobh 9% | o pbh (3.9)

3.2.1 Continuous Load (Forward Travel only)
In this section, force F (x, t) is moving the beam with velocity Vf. To reduce complexity in
equations we will utilize v =Vrin all equations, so initial modelling will be done for this moving

force on beam without absorber attached as shown in Figure 3.3.

F(x,t)

A 4

kO a/ér - ( ko
ékl kl

Figure 3.3: Beam with force F (x, t) traveling with velocity Vs

Considering F (x, t) for forward travel load as below,

F@&,8) =P8 —vd) (3.10)

Substituting Eq. (3.10) in Eq. (3.9) results in,

27



EL0*W@D) o 0@ED 0°R&D) _ 8@ —vb)

pbh  0%* pbh 0% atz pbh

Applying non-dimensional parameters of time,

t=-v

(3.11)

(3.12)

Substituting non-dimensional values from Eqg. (3.3) and Eqg. (3.12) in Eq. (3.11) yields,

Elw, 0*w(x,t) ¢, wovdw(x,t)  wov?d’w(x,t)  S(x—1t)

pbhL*  0x* +pbh L ot + L? at?

w2
L2

Dividing Equation (3.13) by

and rearranging,

EI  0*w(x,t) ¢, L ow(x,t) 0%w(x,t)

pbhv?l?  0x* pbhv 0t at?

S(x—t) L
pbh  w,v?

Simplifying using below parameters,

L
| E (1= 2
V= | obhizv? pbhv

Substituting parameters from Equation (3.15) in Equation (3.14),

Lpbh

2%w(x, t d*w(x, t ow(x,t S(x—1t) L
W(X)+Y2 w(x )H1 W(X): (x—1)

dt? dx* at pbh  w,v?

For a simply supported beam, static deflection is given as [1, 2],

_ P’
"~ 48EI

Wo

For a cantilever beam, static deflection is given as [1, 2],
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(3.14)

(3.15)

(3.16)

(3.17)



_ PL3

= 3.18
3EI (3.18)

Wo

The final mathematical model for the beam equations for simply supported and cantilever beam

are given in Eq. (3.19) and Eq. (3.20) respectively,

2°w(x, t) ) 0*w(x,t) ow(x,t) 48EI1
= — 3.19
gz Y o TG T ot (19

*w(x,t) ,0*'w(x,t) ow(x,t) 3EI
_ _ 3.20
gzt T Yl T szt mn (320

3.2.2 Reciprocating moving load (Sinusoidal)

In this section, force F (x, t) is reciprocating along the beam with velocity v =V as shown in
Figure 3.4 and having sinusoidal motion which means load will accelerate at start, attain maximum
velocity and then deaccelerate while approaching the end point of its travel length, so initial
modelling will be done for this moving force on a beam without absorber and then in next section

with linear spring-mass absorber attached.

Reciprocating Vr= Sinusoidal

Load < >
Fx) o

ko Q/Q, (5N ko
ékl K

Figure 3.4: Beam with force F (x, t) traveling with velocity Vi = Sinusoidal and Reciprocating at
multiple cycles (q) along length of beam (0<x <L)
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Following below mentioned equation of F (X, t) will be utilized for reciprocating and sinusoidal

load,

Ala . plL v
F(x,t) =Pd&(x —7<1—cos (p—Lt)>) (3.21)

In Eq. (3.21). p is the travel length of the load on the beam, Substituting Eq. (3.21) in Eq. (3.8)

results in,

ELO'W® D) | ¢ 00 D) 0°R(EE) (3.22)
pbh  9x* ' pbh 0% ot2

P&5(x —%(1 — cos (Z—if)))

B pbh

Substituting non-dimensional parameters from Eq. (3.3) and Eq. (3.12) in Eq. (3.22) and re-

arranging,

Elw, 0*w(x,t) ¢, wovow(x,t) wyv?d?w(x,t)
pbhL*  0x* pbh L ot L? at?

- P slx_P (1 ("t)
A S cos |

(3.23)

Dividing Eq. (3.23) bwa";’2 and rearranging yields,

EI  0*w(x,t) e L ow(x,t) N 0%w(x,t)
pbhv?l?  0x* pbhv 0Ot at?

5 (x -Z <1 — cos (% t))) , (3.24)

pbh w,v?

=P
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Again, substituting parameters from Eq. (3.15), Eq. (3.17) and Eq. (3.18) in Eq. (3.24) and re-
arranging, following equations are obtained for non-classical simply supported and cantilever

beam models respectively,

’w(x,t) ,0%'w(x,t) ow(x,t)
gz Y Tga TelT%

(3.25)
_ 48El 5 p 1 (n t)
= obh12v2 O\ ¥ T 2 “*\p
*w(x,t)  ,0*'w(x,t) ow(x,t)
gz TV e Tl
(3.26)

3Kl 5 p 1 (n t)
= obh1zv2 O\ ¥ T 2 \p

3.3 A beam with fixed spring mass absorber
In this section, linear spring-mass absorber is incorporated in the beam model as shown in Figure

3.5, and there is a same force F (x, t) acting on this beam as previous model, but now with the

addition of G (x, t) in this model.

da
F(x,t) l

k') (b ko
Yék] ) k kl
u

d

my
Y(t)

Figure 3.5: Beam with linear spring and torsional spring as flexible supports with force F (x, t)
and spring mass absorber attached
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For beam (Dimensional Form) mathematical model with added absorber will be written as
follows [31],

*w(x,t) ow(x, ) 2w (%, 1)
El PrT + ¢ PE; + pbh —————
X (3.27)
" 00U\ A o oy mre s
+ | kqti(t) + ¢4 3% G(x,t) =F(x1t)
For spring-mass absorber (Dimensional Form),
d?y(t) dii(da,t) R . (3.28)
my FI Cq Y. —ksti(da,t) =0
Dividing Equation (3.28) by pbh,
El 0*w(&,1) N cp, OW(R, 1) N 02w (%, t)
pbh  0x* pbh 0% ot?
® X (3.29)
a g du®\ . o . _F&ED
+< or VO g )G("’t) = obh
Dividing Equation (3.29) by mg,
d?y(t di(t) k
IO _ adi®) kagqp g (3.30)
dt? my dt my
Now the value of u (x, t) and its derivative is given by,
(t) = w(da,t) — y() (3.31)
di(f) ow(da,t) dy(t) (3.32)

di ot di

Substituting these values from Eq. (3.31) and Eq. (3.32) in Eq. (3.29) and Eq. (3.30), the following

equations are obtained,
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EL 9*R(%,D) o 0R(xD) 9*R(%D)
pbh  0%* pbh 0% otz

kg . R
+ (pﬁ (W(da,t) —y(t)) (3.33)
ow(da,t) dy@®\) ~ F,t
, Ga (00Wad) dID)\o o FED
pbh at dt pbh

(3.34)

d*9(@&) ¢4 (0W(da,t) dP(E) kg ~ an
dt2 _m_d ot - dt _m_d(w(da:t)_y(t))_o

3.3.1 Continuous Load (Forward Travel only)

da
F(x,1)

_,v

kO 2/ ( ko
%kl . kl

ul) 3k, u

Y(t)

Figure 3.6: Beam with force F (x, t) traveling with velocity V¢ = continuous and forward travel
only with attached spring mass absorber

Consider the system with forward trave load and fixed absorber as shown in Figure 3.6. Utilization

of F (x, t) values from Eqg. (3.10) and incorporating G (x, t) as given below,

G(x,t) = 86(& —da) (3.35)
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Eq. (3.33) and Eq. (3.34) can be written as,

El 3*Ww(%, ) ¢, oW b 92w D

pbh  0%* pbh 0% otz
kg A ~n ca (0w (d,1) d}A’(f) o
+<m(w(d,t) y(t))+pbh< P )] 8@  (336)
5(% — vi)
—da) =P—r—

W(dad) —$E))=0 (3.37)

A29@) ¢y (0w (dad) dP@D)\ ky
dt2 mgy ot dt mgy

Applying additional non-dimensional parameters,

(3.38)

o~ Qo

5 .
y w, =

Substituting remaining non-dimensional from Eqg. (3.38) with first set of parameters from Eq. (3.3)

and Eq. (3.12) in Eq. (3.36) and Eq. (3.37), following set of equations are obtained,

34



Elw, 0*w(x,t) ¢, wovow(x,t) w,v?d?w(x,t)
pbhL*  0x* pbh L ot L? at?

k
(p L (wow (d, t) — woy(t))
(3.39)

cq (w,vdw(d,t) wovdy(t)
+pbh< ot T )) A

S(x—1t)
Lpbh

w2 d?y(t) ¢4 (Wovaw(d,t) Wovdy(t)>

2 dtz2  my\ L ot L dt (3.40)

ka d =0
_m_d(w"w( B —woy(t)) =

Dividing Eq. (3.39) and Eq. (3.40) b

ElI  0*w(x,t) s L ow(x,t) N 02w(x, t)
pbhv?l?  0Jx* pbhv 0t at?

+< oh D 2(W(d t) — y(t))

C (aw 6 dy(t)>> 50— d)

(3.41)

pbhv Jt dt

_ -0 L
B pbh  w,v?

d’y(t)  ca <GW(d t) dy(t)

Xa d, 0 3.42
dt2  mgv\ ot dt) my 2( (d,t)—y®) = (3.42)
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Utilizing assumed parameters from Eqg. (3.15) and others described in Eq. (3.43),

— Cq k1 = de 3= Ca L
pbhv ~ pbhv? = myv k2 =

kg L2

myv?

c2

(3.43)

ubstituting parameters from Eq. (3.15), Eq. (3.17), Eq. (3.18), Eq. (3.43) in Eq. (3.41) and Eq.
(3.42), non-dimensional equation models for non-classical simply supported and cantilever beam

and spring mass absorber are obtained as below,

*w(x,t) ,0*'w(x,t) ow(x,t)
gz Y T TelT

+ <k1(w (@6 - y(©) + c2 (aw @9 _ dﬁ”)) S—-d) (344

48E1

- pbhL2v? 0~ 1)

*w(x,t) ,0%'w(x,t) ow(x,t)

FIE ot Tl
+<k10y@1t)—>(o)+-cz<aw(¢t)—f“(o>>5cx—cw (3.45)
at dt
_ 3B
~ pbhl2v? S
2
d dyt gt) p (awgf’ 2 dﬁt)> k2w (d,t) —y(t)) =0 (3.46)
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3.3.2 Reciprocating moving load (Sinusoidal)

da

Reciprocating | p;= Sinusoidal
Load D e

F(x,t)
w§ D
EL

Y

( \f k6
Fixed Absorber

Kl
kdu

Y(t)

Figure 3.7: Beam with force F (X, t) traveling with velocity V¢ = Sinusoidal and Reciprocating at
multiple cycles (q) along length of beam (0<x <L)

In this sub-section, the linear spring mass absorber (stationary) is fixed while the load is
travelling with sinusoidal behaviour and completing multiple travelling cycles (q) along the

beam as shown in Figure 3.7.

Utilizing F (x, t) value as below,
I\ xA f =T 6 xA 1 (0] ( f) 3 4;

Substituting F (x, t) values from Eq. (3.47) and G (x, t) value from Eq. (3.35) in Eq. (3.33) and

Eq. (3.34), following equations are obtained,
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EL9'W(8D) oy IWED  0*RED
pbh  0%* pbh 0% otz

kg N an
+ (;ﬁ (W (da,t) —y(1))

o (3.48)
cqg (OW(da,t) dy(t) R

* pbh( ot dt )) O(* — da)
P& — %(1 — cos (37 f:)))

pbh

A N N ~on

dtz  my\ ot di my

Substitution of non-dimensional parameters from Eqg. (3.12) and Eq. (3.38) in Eqg. (3.48) and Eg.

(3.49) results in,

Elw, 0*w(x,t) ¢, wovow(x,t) w,v?0d?w(x,t)
pbhL*  0x* pbh L ot L? ot?

kq d
+ M(WOW( a,t) —woy(t))

(3.50)
N ca (Wovdw(da,t) wyvdy(t)\)\ 6
pbh\ L ot L ar ) o®

da)=——s5(x-2(1 ()
a)—pth x=3 cosp
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w2 d?y(t) ¢4 (wovdw(da,t) w,vdy(t)
L2 dt? mg\ L at L dt
(3.51)

- Ti—i(wow (da, &) — woy(8)) = 0

W2
L2

Dividing Eqg. (3.50) and Eqg. (3.51) by and re-arranging,

EI  0*w(x,t) N cp L ow(x,t) N 02w(x,t)
pbhv?l?  0dx* pbhv 0Ot ot?

kg L cqg (Ow(da,t) dy(t)
+<,)Thﬁ(w(d“'t)_y(t))+pbhv< TR )) (352)

5<x_%(1_cos(gt))) L

pbh w,V?

*5(x —da) =P

d?y(t) ¢4 L{ow(da,t) dy(t) k; L? B
dt2 - m—d;< ot - dt > - m—d?(w (da, t) - y(t)) =0 (353)

For making equation less complex, substituting simplified parameters from Eq. (3.15) and Eq.
(3.43) and w,, values from Eq. (3.17) and Eq. (3.18) in Eq. (3.52) and Eg. (3.53) and re-arranging,
non-dimensional models for stated configuration of non-classical simply supported beam and
cantilever beam respectively are obtained as final equations below, whereas for linear spring mass

absorber it is same as in Eq. (3.45)

The final mathematical model for the equations is as follows,
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’w(x,t) ,0%'w(x,t) ow(x,t)
gz TV T TelT;

ow (da,t) dy(t)
+<k1(w(da,t)—y(t))+ CZ( Wata B };t ))5(’“ (3.54)

*w(x,t) ,0%'w(x,t) ow(x,t)
gz Y T el

+ <k1(w (da,t) —y(t)) + €2 ( ot dt

da) =—21 5[ x-2(1 (Ee)
Q)= o ¥ 73 cos |2

dw (da,t) dy(t)>) 5z

(3.55)

3.4 Beam with moving spring mass absorber

3.4.1 Reciprocating load with reciprocating absorber — Synchronized travel

“ L -

Reciprocating | vy= Sinusoidal

Load <

F(x,t) il
ko g/ NV
Reciprocating e .
kl  absorber Vi = Sinusoidal .
ufl 3k u
d
V(1)

Figure 3.8: Beam with force F (x, t) traveling with velocity Vr = Sinusoidal and Reciprocating at
multiple cycles (g = cn) along length of beam (0< x <L)
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In this section, linear absorber is also performing sinusoidal motion which is synchronized with
load travelling at same or different speeds as shown in Figure 3.8. Here, G(%,£) and Z () is

given in Eq. (3.56) as follows,

(3.56)
G, D= 6& —Z()
Where,
v
Z() = — 1—cos(—f)
(©) ( 5 )
Adding Eq. (3.47) and Eq. (3.56) in Eq. (3.33) and Eq. (3.34),
El 0*w(x, 1) ¢, ow(x ) 0*w(&, 1)
pbh  9%* pbh 9% at2
2 @@ b -9@)
R ED - 3®
(3.57)
cg (W (Z(D),1) dy(b) . .
pbh( 9t at ))°¢ ~Z)
_P&@& —Z(®)
B pbh
d?9(E) cq (WEZDLD dYD\ ka o
W_m_d< FT T )—m—d(W(Z(t).t)—y(t))—O (3.58)

Substituting non-dimensional parameters from Eqg. (3.3), Eq. (3.12) and Eq. (3.38) in Eq. (3.57)

and Eg. (3.58), following equations are obtained,
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Elw, 0*w(x,t) ¢, wovow(x,t) wyv?d?w(x,t)
pbhL*  0x* pbh L ot L? at?

kq
+ <pTh (wow (Z(2),t) —woy(t))

(3.59)
ca [(wovdw (Z(t),t) w,vdy(t) 1)
" pbh< L ac L a )) i Z®)
__F S(x —Z(t))
= b O 2O
Where Z(t) is non-dimensional parameter of Z(f) given as,
=P cos(™
Z(t) = > <1 cos (p t))
w2 d?y(t)  cg (wovow(Z(t),t) w,vdy(t)
L dt? mg\ L ot L dt (3.60)

kd 7 =0
— m_d(wow( (), ) —w,y(t)) =

wo¥l and ing yield
2>, and re-arranging yields,

Dividing Eq. (3.59) and Eq. (3.60) by
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El  0*w(x,t) ¢, L ow(x,t) 9%*w(x,t)
pbhv?l?  0x* pbhv 0t at?

kg
+( e 2(w(Z(t) t) —y(®)

cg [Ow(Z(t),t) dy(t) 5 (3.61)
pbhv ( at T T dt >> G Z(t))
p
6<x—7<1—cos (Z—t))) L
7 pbh w, V2

dt? my v

d? ow(d,t) d kg L?
y(t) ¢4 (wgt ) ﬁt))_m_a_( Z®),8) - y(®) =0 (3.62)

Substituting simplified parameters from Eg. (3.15) and Eg. (3.43) and w,, values from Eq. (3.17)
and Eq. (3.18) in Eq. (3.61) and Eq. (3.62) and re-arranging the terms, Eq. (3.63), Eqg. (3.64) and
Eq. (3.65) are obtained which are non-dimensional model for non-classical simply supported

beam and cantilever beam and moving spring mass absorber respectively,

The final mathematical non-dimensional model for the utilized beam with mentioned absorber

configuration is as follows,
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*w(x,t) ,0%'w(x,t) ow(x,t)
gz TV T Tl

+(k1(w(Z(t),t)—y(t))+ CZ( ot S dt

6 _ 48EI p T
*Z(X—Z(t)) —W(?(X—E(l—COS(p—t)))

ow (Z(t),t) dy(t))
(3.63)

*w(x,t) ,0%'w(x,t) ow(x,t)
T A T T

ot dt A%

L
— %(1 — cos (Z— t))) .

3Kl 5 p L (n t)
~ obhiz2 0\ ¥ T 2 *\p

+ <k1(W (d,t) —y(®) + c2 <6W(d' B _ dy(t))) 5

Non-dimensional mathematical model for moving beam is given in Eq. (3.65),

d?y(t) (aw(d, £ dy()

dt? at dt ) —k2w(d,t)-y(®)) =0 (3.65)
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3.4.2 Reciprocating load with reciprocating absorber — Unsynchronized Travelling

Reciprocating | yy= Sinusoidal
Load < l »
F(x,t) v
ko a/c-r ( ko
Reciprocating 5 . .
ék] absorber Va = Sinusoidal # Vr Kl
. x/L # de/L
u k d Unsynchronized motion with moving load
my
(1)

Figure 3.9: Beam with force F (x, t) traveling with velocity V¢ = Sinusoidal and Reciprocating at
multiple cycles (g = cn) along length of beam (0< x <L)

In this subsection, linear absorber is also performing sinusoidal motion but in contrary to previous
section, it is unsynchronized having different travel length in comparison to load travelling at same

or different speeds as shown in Figure 3.9. Here, G (%, £) and H(£) is given as follows,

G D= 6% nL 1 (nm“£1>
X t)= 6(x 5 cos L )

G D= 6@ —H®)

(3.66)

Where,

H() = I]Z—L (1 — cos (i}mz fl)) (3.67)
In the modelling 1 is the travel length of the absorber on the beam, so it can be stated as
travel length covered by absorber which is different than the travel length of the
reciprocating load. The ratio of absorber speed to load speed m. is defined as,

Va

mg, = Vf

(3.68)
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Substituting Eq. (3.47) and Eqg. (3.66) in Eq. (3.33) and Eqg. (3.34) and re-arranging,

EL WD) ¢, 00 D)  0°R()
pbh~ 0%* | pbh 0% otz

kd N d,\ oA
+ pTh(W( ) =3(@))

o (3.69)
cqg (Ow(d,t) dy(t) ~ R
pbh< ot di >> 8 —H®)
PSE — ”2—L<1 — cos (37 f)))
B pbh
d’y(t) cq (OWH@D),T) dY@)\ ka , .. o
W_m_d< 5% . >—m—d(W(H(t),t)—3’(t))—0 (3.70)

Substituting non-dimensional parameters from Eq. (3.12) and Eq. (3.15) in Eq. (3.69) and Eq.

t1vg

(3.70) and utilizing t = , which after further re-arranging are given as follows,

Elw, 0*w(x,t) L b Wov ow(x,t) N wov? 02w(x, t)
pbhL*  0x* pbh L ot L? at?

kd d
+ M(WOW( ) = woy(t))

(3.71)
N ca (Wovdw(d,t) wyvdy(t) 66
pbh\ L ot L da ))r°\*

_%(1 —cos(rlant))> =ﬁ6 x—%(l —cos(%t))



Where H(t) is non-dimensional parameter of H () given as,

H(t) = %(1 — cos (rlant))

w2 d?y(t)  cq (wovdw(H(t),t) wyvdy(t)
L7  dt? mg\ L ot L dt

ka
— =L wow (H(®), ) = woy(5)) = 0
d

w,ov?

[
L2

Dividing Eq. (3.71) and Eq. (3.72) by and re-arranging,

ElI  0*w(x,t) LG L ow(x,t) N 0%w(x, t)
pbhv?2l?  0x* pbhv 0Ot at?

k;, L
+ <pﬁ§ (w (H(t),t) — Y(t))

o
(Z (x

ca (Ow(H(),t) dy(®)
pbhv< a dt)

5(1-e(50)
5(x_%<1_cos(g_t))) L

=P
pbh w, V2

d’y(t) ca L (aw(H(t),t)_dy(t)) kg L?

Atz mgv ot ) g vz WH®,0 = () =0
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(3.72)

(3.73)

(3.74)



Substituting simplified parameters from Eq. (3.15) and Eq. (3.43) and w, values from Eq. (3.17)
and Eq. (3.18) in Eq. (3.73) and Eq. (3.74) and re-arranging, mathematical models are obtained
for non-classical simply supported beam and cantilever beam and moving spring mass absorber

respectively,
The final mathematical model of the equations is,

*w(x,t) ,0*'w(x,t) ow(x,t)
gz TV Tgm TelT;

o
s (3.75)

0 , d
+ <k1(w () —y(®) + c2< W;: 2 3;(;)))

0*w(x,t) ,0%w(x,t) ow(x,t) (3.76)
T A T T

0 , d [0)
w (%, t) y(t))) Ex

+ <k1(w (1) —y(®) + c2 ( ot dt L
0 T 3EI p n
_E<1_COS(Wt)>:W6 x—;(l—cos(;t)))

For absorber (Non-Dimensional Form) following is the equation as shown below,

@y() _ ,(WwHO.D _dy(®)
dt? ot dt

) —k2(w(H(),t) —y(t)) =0 (3.77)
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Chapter 4 : Validation of Mathematical Modelling

In this section, the current study findings are compared to those found in the literature [1, 2, 19,
21, 54, 60] to show accuracy of developed model. Beam material qualities and dimensions are
chosen to be same as those used in the published studies [19], and verifications are done based on
the reported data. To generalize plotted results, dimensionless parameters of results are used.
Because there is no data for a sinusoidal load reciprocating across the beam, comparison can only
be made for only one load traveling only once from one end of the beam to the other as a continuous

load.

In discussing this section, first cross comparison will be done for beam with non-classical
boundary conditions using same parameters of beam and supports spring stiffnesses as in previous
literature [21]. Comparison analysis will be done for mode shapes and eigen values with results

being tabulated for clear comparison.

Then in next validation, classical model of simply supported will be compared with non-classical
model of simply supported beam and both results will be compared with literature [2] to ensure

that eigen values agree.

Later dynamic responses of forward travel moving load introduced in modelling, whose speed is
constant will be studied for beam without fixed absorber or with fixed absorber at different
damping conditions and detailed comparison will be performed. Then finally, for moving absorber

and load travelling together reaching to end of beam will be compared with reference studies [61].
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4.1.1 Validation with beam natural frequencies

In this section using flexible boundary conditions, modal shapes will be plotted. Eigen values
and modal shapes will be compared with authorized results [21]. The beams parameters utilized
for the boundary conditions are mentioned in Table 4-1,

Table 4-1: Beam flexural rigidity and spring stiffness [21]

Parameters Values
Flexural Rigidity of Beam (EI) 8000 N.m?
Spring Stiffness (Ks) 1000 N/m
Current study Refference Study 25 Current study Refference Study
(a) 5 (b)

Current study Refference Study

Current study Refference Study

\
o
N}
-5
IN
o
()}
o
©
=

Figure 4.1: Mode shapes of beams with non-classical boundary condition in comparison with
Ref. [21] (a) First Modal expansion (b) Second Modal Expansion (c) Third Modal Expansion (d)
Fourth Modal Expansion in comparison to Reference study [21]
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The comparison of Eigen values is shown in below Table 4-2, and it is observed that they are in

excellent agreement with each other.

Table 4-2: Current study and reference Eigen values for four modes with flexible supports [21]

Mode (n) n value Ref. Eigen Values [21] | Current study Eigen Values (vVon)
1% Mode 22.3956 4.7324 4.7324
2" Mode 61.6809 7.8537 7.8537
3" Mode 120.9081 10.9958 10.9958
4" Mode 199.8621 14.1373 14.1372

The modal shapes and eigen values plotted in Figure 4.1 are in perfect agreement with the mode
shapes plotted by the author [21] for beam having boundary conditions of linear spring (non-
classical). In next section, we will increase the springs stiffnesses value to sufficiently large
quantity, that it starts simulating Simply supported or Cantilever beam depending on the values

of stiffness for both torsional and linear spring connected.

To further validate our analysis, at both ends of beam we will equate stiffness of torsional spring
(ke) to zero and will increase the stiffness of linear spring (ki) to sufficiently large values as shown
in Figure 4.1 until mode shapes and eigen values of beams are similar to simply supported beam.
Further analysis will be carried out in the next chapter that can be regarded as validation. As shown
in Figure 5.1 from next chapter, to generate modal behaviour of cantilever beam, we will equate
stiffness of one side of linear and torsional spring to zero and for the other side stiffness of both
linear and torsion spring will be increased to sufficient large value. Modal shapes of both beams
will be plotted and will be compared with classical modal shapes of simply supported and
cantilever beam and comparison analysis of eigen values will be performed. Mode shapes for both

Cantilever beam and simply supported with classical boundary conditions are shown in Figure 4.2.
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Figure 4.2: Mode shapes of beam with non-classical boundary conditions (a) Non-classical
simply supported beam (b) Non-classical cantilever beam

Table 4-3 and 4-4, illustrate the eigen value comparison analysis of both beams in terms of

Classical and Non-Classical boundary conditions with the Reference Values [2].

Table 4-3: Comparison of eigen values of classical and non-classical simply supported beam with
reference value [2]

Mode (n) on value n values Ref. Eigen Non-classical Classical Beam
Non-classical Classical beam | Values [2] Beam Eigen Eigen Values
beam Values (-) ()

1t Mode 9.8696 9.8696 n=23.1416 3.1416 3.1416

2" Mode 39.4784 39.4784 2 = 6.2832 6.2832 6.2832

34 Mode 88.8264 88.8264 3n=19.4248 9.4248 9.4248

4" Mode 157.914 157.914 4 =12.5664 12.5664 12.5664

Table 4-4: Comparison of eigen values of classical and non-classical cantilever beam with reference

value [2]

Mode (n) on value n values Ref. Eigen Non-classical Non-classical
Non-classical Classical beam | Values [2] Beam Eigen Beam Eigen
beam Values (von) Values (von)

1%t Mode 3.5160 3.5160 1.87510 1.87510 1.87510

2" Mode 22.0345 22.0345 4.69409 4.69409 4.69409

3" Mode 61.6972 61.6972 7.85475 7.85475 7.85475

4" Mode 120.902 120.902 10.99554 10.99554 10.99554

The eigen values calculated in the current study for non-classical boundary conditions are identical

to the eigen values calculated for those of classical boundary conditions which are equal to the
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eigen values obtained from reference [2]. The modal analysis performed in this section perfectly

validate our case of utilization of flexible boundary conditions.
4.1.2 Validation with and without fixed absorber and moving load..

4.1.2.1 Analytical Validation
In this case of validation, beam coupled with linear dynamic absorber at fixed position and
traversed by a moving load travelling at 61 % of critical velocity is now explored and compared

with Ref. [19] to have confidence in accuracy of the existing model.

To check validity, the stiffness of linear springs used as a boundary condition is increased to such
a large value that it generates mode shapes of simply supported beam with fixed absorber. We will
utilize code of both non-classical and classical SS model and will study three cases with specified

parameters to perform the analysis. The beam parameters taken for this validation are,

Table 4-5: Reference parameters of Simply Supported Beam [19]

B p L h b
206.8 GPa 7820Kg/m® 4m 0.3m 0.3m

(a) Validation with first set of parameters of absorber for classical and non-classical beam model
with refference study [19].

The parameters utilized for linear spring mass absorber and its location along length of beam are

shown in Table 4-6.

Table 4-6: Parameters of Linear Mass Spring Dynamic Absorber [19]

m absorber K absorber Viscous damping Dynamic absorber location

1.4076 kg 877.8 N/m 12.98 Ns/m 2 m (x/L=0.5)
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Table 4-7: Reference results of deflection and time [19]

Beam and dynamic
absorber condition

Maximum deflection
(mm)

Position of maximum
deflection (m)

Time of maximum deflection

()

Undamped beam with
linear dynamic absorber,
optimal values

1.6016

211

0.1402

Since we are dealing with dimensionless parameters, we will convert dimensional results of

reference [19] into non-dimensional values using Eqg. (3.3) and Eqg. (3.20) and dimensionless values

are shown in Table 4-8.

Table 4-8: Reference parameters with results of deflection and time

Observed Value

Dimensional value from
Reference [19]

Dimensionless value [19]

Maximum deflection

1.6016 mm

1.709 mm

Time of maximum
deflection

0.1402 s

0.753s

Classical and non-classical simply supported beam maximum dynamic deflection values

(dimensionless) are shown in Table 4-9,

Table 4-9: Comparison of Classical and non-classical beam measurements with Reference values [19]

Parameter Current Values (Non-classical Current values (Classical Reference values [19]
boundary conditions) boundary conditions)

Maximum 0.752s 0.752's 0.753s

deflection

Time of maximum 1.662 mm 1.662 mm 1.709 mm

deflection

By analysing the results, we notice slight difference in the numerical value of deflection whereas

time is almost similar. The slight deviation is due to difference in mathematical modelling of beam

and absorber which will be further checked in next two cases by changing parameters of beams as

per Ref. [19].
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(b) Validation with another set of parameters of absorber with refference study [19]

The parameters utilized for linear spring mass absorber and its location along length of beam [19]

are shown in Table 4-10.

Table 4-10: Parameters of linear spring-mass absorber [19]

m absorber

K absorber

Viscous damping

Dynamic absorber location

1.4076 kg

900 N/m

10.5 Ns/m

2.2m (x/L = 0.55)

Table 4-11: Reference results of deflection and time [19]

Beam and dynamic
absorber condition

Maximum deflection
(mm)

Position of maximum

deflection (m)

Time of maximum deflection

()

Damped beam with
linear dynamic absorber

1.5306

211

0.1402

Since we are dealing with dimensionless parameters, we will convert dimensional results of

reference [19] into non-dimensional values using Eq. (3.3) and Eqg. (3.20) and dimensionless

values are shown in Table 4-12.

Table 4-12: Reference parameters with results of deflection and time [19]

Observed Value

Dimensional value from

Dimensionless value

deflection

Reference
Maximum deflection 1.5306 mm 1.633 mm
Time of maximum 0.1401 s 0.753s

Classical and non-classical simply supported beam maximum dynamic deflection values

(dimensionless) are shown in Table 4-13.
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Table 4-13: Comparison of classical and non-classical beam measurements with Ref. values [19].
Parameter Current Values (Non-classical Current values (Classical Reference values [19]
boundary conditions) boundary conditions)
Maximum 0.750 s 0.750 0.753
deflection
Time of maximum 1.65843 mm 1.65843 1.709
deflection

In observing the results, we again notice slight deviation in the numerical value of deflection, but
it is improving then previous case and getting closer to current values whereas time is almost
similar. Since in this section we reduced damping value as per Ref. [19], we see slight improvement
in results. As per this analogy, the difference in mathematical modelling for beam and absorber
has role in this deviation but still our results accuracy is above 98%. In the final case of this section,

we would utilize the minimal absorber used by author [19].

(c) Validation with minimal set of parameters of absorber with refference study [19]

The new minimal parameters utilized for linear spring mass absorber and its location along

length of beam [19] are shown in Table 4-14.

Table 4-14: Parameters of Linear Mass Spring Dynamic Absorber [19]

m absorber K absorber Viscous damping Dynamic absorber location

1.4076 kg 1795 N/m 0.1 Ns/m 2.12m (x/L =0.53)

Utilizing the reference values [19] for maximum deflection, its position and time are shown in

Table 4-15.

Table 4-15: Reference parameters with results of deflection and time [19]

Position of maximum Time of maximum deflection
deflection (m) (s)

Maximum deflection
(mm)

Beam and dynamic
absorber condition

Undamped beam with 1.5260 212 0.1403

linear dynamic absorber
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Converting dimensional results of reference [19] into non-dimensional values using Eq. (3.3) and

Eqg. (3.20) and dimensionless values are shown in Table 4-16.

Table 4-16: Reference parameters with results of deflection and time

Observed Value Dimensional value from Dimensionless value [19]
Reference [19]

Maximum deflection 1.526 mm 1.628

Time of maximum deflection 0.140s 0.754

Classical and non-classical simply supported beam maximum dynamic deflection values

(dimensionless) are shown in Table 4-17,

Table 4-17: Comparison of Classical and non-classical beam measurements with Reference values

Parameter

Current Values (Non-classical)

Current values (Classical)

Reference values
[19]

Maximum deflection

0.753

0.753

0.754

Time of maximum
deflection

1.631

1.631

1.628

Results are improved significantly when damping parameters are reduced but again as stated
before it is due to mathematical modelling difference and results of maximum dynamic deflection
agree with each other with precision of 98% and above. Since numerical analysis at maximum
deflection value is completed, now in next section we will perform graphical comparison with

published studies [19, 54] to ensure our results are completely accurate for utilization.

4.1.2.2 Graphical Validation

In this section, the maximum dynamic deflection is observed in terms of change of dimensionless
speed (r). The validation using graphical analysis is done to have more insight into slight deviation
being observed in previous section and we are suspecting different approach to mathematical
modelling is the reason here. To ensure the accuracy of result, the plotted results will be compared

with another author [54] to perform verification. Since authors did not study oscillating motion of
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the load rather continuous load has been studied so we will change our load travel mode to
continuous mode and will perform analysis to validate our results. The beam parameters utilized

will be from Table 4-5.

(a) Without fixed absorber
First, we will perform our analysis without absorber and will analyse the results with previous

authors work [19, 54]. The parameters adopted for beam will be same as utilized in Section 1.1.

1.7
Current work

- - = = Results from Samani (2009)
— — - Results from Wu (2006)

=
&)

Maximum Dynamic Deflection
o = = = = =
[(a) [ = N w D u

°
o

0 10 20 30 40 50 60

Dimensional Critical Speed (m/s)

Figure 4.3: Dynamic deflection of non-classical simply supported beam at mid-span as a
function of dimensionless speed (r) for g=0.5; : Current work, _________ Previous results [19],
______ Previous results [54]

Results shown in Figure 4.3 without absorber are in excellent agreement with results from
literature [19, 54]. Just at higher critical speed, deviation in results observed in comparison to
Samani [19] from Wu results [54] because of difference in mathematical modelling used by

Samani [19], whereas our results are in perfect agreement with Wu paper [54].
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(b) With fixed spring mass absorber

In this section, the linear mass dynamic absorber is introduced in the system and results are
plotted for maximum dynamic deflection. Parameters adopted for Linear Spring Mass Absorber

are same as in Table 4-6.

1.8
Current work

------- Results from Samani (2009)
— - — Results from Wu (2006)

=
o)

=
>

Maximum Dynamic Deflection
=
[ N

o
o

0.6
0 10 20 30 40 50 60 70
Dimensional critical speed

Figure 4.4: Dynamic deflection of non-classical simply supported beam at mid-span as a
function of dimensionless speed (r) for g=0.5; : Current work, _________ Previous results [19],
— . —.— Previous results [54]

As seen from Figure 4.4, the deviation of results are occurring at higher critical speeds when
compared with Samani [19] but in excellent agreement with Wu [54]. As we expected, current
work is valid and difference in results are due to mathematical modelling difference, increasing

our confidence in results.

In continuation to this section validation, now performing dynamic amplitude analysis by

varying spring mass absorber location along the entire length of the beam (0<x/L<1). The results
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have been compared with Ref. [19] and are found in agreement with the results. The slight
deviation in results is expected due to the reason stated before. Plotted results are shown in

Figure 4.5.

1.64

Current work °
o .
1.62 ® Results from Samani (2009)

1.6 o
1.58
1.56

1.54 o

MAXIMUM DYNAMIC DEFLECTION

1.52 o

15
0 0.5 1 1.5 2 2.5 3 35 4

DAMPER LOCATION ALONG THE LENGTH OF BEAM

Figure 4.5: Dynamic deflection of non-classical simply supported beam at mid-span as a
function of absorber location along the beam; : Current work, ® Previous results [19]

4.1.3 Validation with moving spring-mass absorber

In this section, we will be focusing on moving absorber to study its effect on dynamic amplitude
of the vibrating beam. So, we will consider continuous load traversing the length of beam with
absorber covering the same length of beam but at different speed. To validate our study, results
plotted will be compared with results of Soares [60]. We will utilize parameters of beam for lengths
of L =4 m and different speeds of absorber (m = V4/V¢=0.1, 1.0 and 2.0). The parameters adopted
for beams will be from Table 4-5 and parameters utilized for spring mass absorber are from Table
4-6 except that beam is in synchronized motion with the load,
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Current work
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Figure 4.6: Dynamic deflection of non-classical simply supported beam at mid-span as a
function of load speed (Vr) with moving absorber speed (Va =0.1Vs); _______: Current work,
_________ Previous results [60]

1.7

Current work
1.6 = - = - Results from Soares (2010)

1.5
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Dimensional critical speed

Figure 4.7: Dynamic deflection of non-classical simply supported beam at mid-span as a
function of load speed (Vr) with moving absorber speed (Vg =1.0 V) ); —____: Current work,
SR Previous results [60]
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Figure 4.8: Dynamic deflection of non-classical simply supported beam at mid-span as a
function of load speed (Vr) with moving absorber speed (V4 = 2.0 Vi) ); : Current work,
______ Previous results [60]

As per analysis from Figure 4.6, 4.7, 4.8, they are in best comparison with the results from
literature [60], the only slight difference at higher speeds is due to modelling difference and they
are of no concern to us as the critical speed at which max. dynamic deflection is occurring is
important in our study and higher critical speeds are unrealistic in approach but for sake of analysis,
we will analyse them in coming results sections. This section validates our current results and
provide us confidence in utilizing them for analysing dynamic amplitudes of selected beams

traversed by reciprocating sinusoidal load and with different damping configurations.
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Chapter 5: RESULTS ANALYSIS-NON-CLASSICAL SIMPLY

SUPPORTED BEAM

5.1 Results

The derived equations from Section 3.0, are used to study non-classical beams responses with
different conditions of oscillating load reciprocating at multiple cycles. The Euler Bernoulli beam

parameters properties as follows:

Table 5-1: Properties of Beam (Aluminium)

E p L b h
206.9 GPa 7820 Kg/m? 6m 0.03m 0.03m

Following are the properties for the linear spring-mass absorber under investigation:

Table 5-2: Properties of Linear Spring Mass Absorber [19]

m absorber k absorber ¢ absorber
2.1114 kg 286.11 N/m 9.076 N-s/m

5.1.1 Free vibration response analysis

As a starting case of modelling, let’s consider an Euler Bernoulli beam with linear spring as
supports of beam and we will vary stiffness of spring to see behaviour of natural frequencies. In
several practical circumstances, the study of vibrating beams with elastically constrained ends

against rotation and translation is of tremendous importance as discussed in literature review.
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In study by other authors, the spring stiffness variation is not enhanced to sufficiently large value
to replicate eigen values or natural frequencies of simply supported or cantilever beam. But we
performed this analysis, and while enhancing stiffness values for this effect we observed that after
certain value of spring stiffness, the natural frequency (w) values become constant, and that is the
value for spring stiffness where beam starts simulating either simply supported beam, cantilever

or free-free depending on stiffness values of torsional springs and linear springs.

Figure 5.1 shows the variation of natural frequencies with increase in stiffness of linear springs
and torsional springs attached at the ends. In below case, the torsional spring stiffness has been
made zero and linear spring stiffness is made to increase from zero to certain value after which

natural frequency value of beam becomes constant.

= « == 5th Mode Natural Frequencies (w5)
==« + 4th Mode Natural Frequencies (w4)
300 e == 3rd Mode Natural Frequencies (w3)
----- 2nd Mode Natural Frequencies (w2)
1st Mode Natural Frequencies (w1)
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z /
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-
) B
10 100 1000 10000 100000 1000000 10000000 100000000 1E+09  1E+10

Linear Spring Stifness (kl) - (N/m)

Figure 5.1: Natural Frequencies Variation with Increase in Spring Stiffness-Five Mode Shapes
(Non-classical Simply Supported Beam: Torsional Spring Stiffness =0 and Linear Spring
Stiffness= varying)
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It can be seen from the Figure 5.1, that for each mode shape, the value of stiffness (kl) at which
the natural frequency (w) value becomes constant is different, lower mode shapes are attaining
constant values of natural frequencies around 10,000 N/m spring stiffness whereas higher modes
at around 100,000 N/m and above, but at the end they all converge to constant value for sufficient

high spring stiffness.

5.1.2 Forced vibration response analysis

a) Without linear spring-mass absorber

5.1.2.1 Full travel oscillating load (p=1)

The load travelling on the beam has a sinusoidal motion in which load accelerates at start reaches
maximum speed and then decelerates until reaches zero at the end of the beam. The load will not
reach at end only, but it will also reciprocate to and from with multiple cycles.

First, we will observe dynamic response for load travelling to full distance (p=1) without absorber
and will analyse the maximum deflection that will occur during this travelling motion for half
cycle (q=0.5). Figure 5.2 shows response obtained for oscillating load travelling to end of beam

and stopping at the end point.

1.8

1.6

14

1.2

1
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Maximum dynamic deflection

0.2

0
0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2

Dimensionless Speed (r)

Figure 5.2: Dynamic deflection of non-classical simply supported beam at mid-span as a function of
dimensionless speed (r) for half cycle (forward travel only)-q=0.5
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As evident from Figure 5.2, the maximum dynamic deflection is occurring around r :Z—];: 0.475

and then the dynamic deflection starts decreasing moderately with the increase in value of r.

Now we will increase our analysis further by considering multiple travelling cycles in which load
will move to end (p:% = 1) and will come back to origin (p=% = 0) completing one cycle as q =1.
So, two complete travels to end of beam and coming back to origin will be q=2 cycle and similar

trend goes for g=3 and g=4 cycles. The reciprocation of load in multiple cycles amplify the

dynamic deflection of beam which has been shown in Figure 5.3.
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Figure 5.3: Variation of dynamic deflection of the mid-span of a non-classical simply supported
beam as a function of traveling speeds for multiple cycles: q=n (where n =1,2,3,4)

The trend for maximum dynamic deflection with increase in no. of complete travelling cycles (q)

which is equal to g = 1, 2, 3, 4 is shown in Figure 5.4 (a). The maximum dynamic deflection is

occurring around a particular range of dimensionless speed ratio r which can be observed in Figure

5.4 (b)
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Figure 5.4: Variation observed as a function of multiple cycles g for (a) Peak Dynamic
Deflection- (b) Speed Corresponding to Peak Dynamic Deflection

We observed the fact that when load is travelling to forward distance only and then stopping at
end, the maximum deflection peak is more flattened as cancellation phenomena due to returning
load is not affecting the vibrating beam. But when we increased the cycles (g=n> 0.5), the graph
attained shaper peak for dynamic deflection and immediately decreases down to lower dynamic

deflection as the damping increases due to cancellation effect by returning load.

Since the peaks deflection is function of travelling length parameter p=0< x/L<1, so we will

analyse the effect of partial travelling of load on peak dynamic deflection of beams in next section.

5.1.2.2 Partial travel oscillating load (p#1)

In this section, the oscillating load travelling on the beam will cover length of beam partially. The

load starts at p= % =0 and travels a distance ’L—C <1 along the beam, then travels back to the origin at

p= % =0 covering one whole cycle as q = 1.
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To understand the response behavior as the dimensionless length parameter p is varied, the
dynamic responses after one cycle are plotted versus dimensionless critical speed ratios r for

different values of dimensionless length parameter p.

As stated earlier, load will not be continuous rather it will be sinusoidal load in which load

accelerates at start reaches maximum speed and then decelerates until reaches zero at the end of

the beam.
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Figure 5.5: Maximum Dynamic Deflection vs Dimensionless Speed ratio r: at g =0.5,1,2, 3,4
for(@ p=02(b)p=05(c)p=0.7(d) p=0.9

As observed from Figure 5.5, more than one peak is observed for dynamic deflection when load

is travelling to partial distance with multiple cycles g. To have more insight into variation of peak
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dynamic deflection with number of cycles, the peak values, and their corresponding speed ratios

(r) are plotted against multiple number of cycles (q) as shown in Figure 5.6.
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We observed that for travelling load up to p= 0.5 and 0.7, the peak dynamic deflection is in
synchronous with each other but are of opposite phases as seen in Figure 5.6(a). The speed
corresponding to maximum dynamic deflection have different variations in reference to multiple

cycles as observed in Figure 5.6(b)

When data analysis is done for partial travel to p= 0.2, the average dimensionless r = ‘;—]: at which

maximum deflection occurs for all cycles (converging at higher cycles) is about r = 0.202 of the
dimensionless speed and only one peak is observed which is at this speed ratio. For the travelling
distance of p=0.5 the velocity (common) for higher cycles at which maximum deflection is
occurring is taken which is r =0.502 (Approximate around 0.5) and we are observing peak at this
speed and another peak at half multiple of this speed (j = 0.5). Similar strategy goes for travelling
distance p of 0.7 and 0.9, giving us velocity ratio (r) of 0.35 and 0.45 respectively. In our
analysis for travelling distance of p = 0.7, we observe one peak at original speed ratio 0.35 and
other peak at multiple factor (j =2) and finally for travelling distance of p = 0.9, higher peak is

observed at original speed ratio and small peak observed at half multiple of this speed (j = 0.5).

5.1.2.3 Effect of critical dimensionless speed r=0.202, 0.502, 0.35 and 0.45 on rest of load
travelling length (p).

If we analyze the trend of the numerical values of dimensionless ratio speed (r), we see that
numerical value analogy is such that for travel distance less then midpoint of beam p<0.5, the
numerical value of speed ratio for peak deflection is same as travel distance but when load
travels to distance more than midpoint of beam p>0.5, the numerical value of ratio for peak

deflection is half of travel distance on beam. If we state facts as per this analogy, then there
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should be two peaks observed at mid span of beam, one when load traversed the original travel

length p and other at multiple (i = Constant multiple factor) of p.

To analyze this observation further we will use r=0.202, 0.502, 0.35 and 0.45 and will check its
effect on the rest of travel distance of beam. Figure 5.7 (a, b, c, d) provides us insight into this

observation.
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In Figure 5.7 (a) analysis, maximum deflection peaks are observed at p = 0.2 of travel distance
as expected but also smaller peaks observed at even multiples of travelling length of 0.2 (i
=2,4,6) along the remaining length parameter of beam whereas cancellation observed at odd
multiples of travelling length of 0.2(i = 1,3,5)

In Figure 5.7 (b), we are using 0.502 (Dimensionless speed providing maximum deflection when

load is reciprocating to midpoint) and will check its effect on the rest of travel distance of beam.
As expected, the peak deflection for all cycles is occurring at p= %: 0.5 and we see another trend
of increase of dynamic deflection when load reached to p= % =0.9 which would increase more if
load reached to end of beam. As stated before, we should expect two peaks of deflection for
critical speed corresponding to partial travel p = 0.5, one at original point (for % = 0.5) and other

at two times of original point (for f >0.9). Now in last two cases, this analogy will be discussed

when we use speed ratio corresponding to ’L—C:O.7 and §:0.9.

In Figure 5.7 (c), we are using 0.35 (Dimensionless speed r providing maximum deflection when

load is reciprocating to range 0.5 < %s 1.0 and the exact travel length at which maximum
deflection is occurring is 0.7) and we will check its effect on the rest of travel distance 0.2 < %S
0.9 of beam. On analyzing, we are seeing two peaks of deflection for critical speed

corresponding to partial travel, one at original point (for % =0.7) and other at half of original

point (i = 0.5, for f =0.35).

Referring to last Figure 5.7(d), we should expect similar trend of two peaks as observed with

speed ratio 0.35, we are using 0.45 (Dimensionless speed providing maximum deflection when

load is reciprocating to range 0.5 < %S 1.0 and the exact travel length at which maximum
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deflection is occurring is 0.9) and we will check its effect on the rest of travel distance 0.2 < %S

0.9 of beam. As predicted, two peaks observed one at original travel and other at multiple of it

(i=0.5).

This proves our point that partial travel of oscillating load completing reciprocating cycle along
the beam provides peaks of deflection as per analogy mentioned above, which is evident for all

cases of partial travel.

b) With fixed linear spring-mass absorber

The linear absorbers acting on the beam defined in the previous section (Wu model [54]) are
investigated in this part, and different locations (d:dL—a) approaches are utilized to analyze the

optimal location for linear absorber. Absorber location is critical factor when the load has
oscillating (sinusoidal) movement and is completing travel by reciprocating with multiple cycles
(g) along the length of the beam. Indicator considered for evaluation of its performance based on
absorber location, is the damping effect on maximum vibration amplitude as a function of no of
cycles g. Since it is the most common variation assumed in understanding dynamic amplitudes for
forward travel loads, hence it is critical for our analysis, as it will give us response control insight

along the entire length of beam for multiple cycles.

To perform analysis, same system of beam is considered as in previous case and the absorber is
fixed on the beam at definite multiple locations of d = 0.2, 0.5. 0.7 and 0.9 to see dynamic responses.
In the subsection of this case, oscillation load will be covering the entire span of beam with

multiple cycles g = n (Min:0.5 to Max:4).
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Figure 5.8: Variation of maximum dynamic amplitude of non-classical simply supported beam at mid-

span as a function of Dimensionless Speed at d = % =(a) 0.2 (b) 0.5(c) 0.7and (d) 0.9

In Figure 5.8 analysis, multiple deflection peaks are diminished with the usage of absorber at
different locations. Singular peaks are observed which are dampened as compared to dynamic

deflections when no absorber is introduced in the system. Discreet locations taken for absorbers

are d = dL—a = 0.2, 0.5, 0.7 and 0.9. Extracting peak deflections values from these damped values
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Maximum dynamic deflection
[e)]

and comparing them with no absorber deflections in Figure 5.15 will provide us more insight into

dynamic analysis with absorber when load is reciprocating for multiple higher cycles.
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Figure 5.9: Variation for (a) Peak Values of Dynamic Deflection (b) Speed corresponding to peak dynamic
d
deflection (vs) No of cycles for absorber positions at d:Ta= 0.2,0.5,0.7,0.9

Figure 5.9, gives insight into change of maximum displacement with and without absorber at the

mid-span of the beam as a function of dimensionless speed r. The inclusion of the absorber at
d:%z 0.2, reduced the maximum dynamic deflection of the beam up to 45% for maximum cycle

of g=4. The absorber will now be moved to further locations and effect on maximum dynamic

amplitude will be observed. It also shows that by inclusion of the absorber at d = % =0.5, maximum

dynamic deflection of the beam reduced by 69% for maximum cycle of g=4. For forward only
travelling load, the effect of absorber location looks negligible being smaller change in damping,
and but here damping is increasing with the increase of reciprocating cycle for the oscillation load

and absorber location is providing more reduction in dynamic amplitudes in comparative analysis,
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but fact shall not be ignored that dimensionless speed r is different in case of forward travel load.
As stated before, studying of location change is assumed very basic variation by other authors but

it is playing very critical role in load reciprocating with multiple cycles. Similarly with inclusion

of absorber at d = dL—a =0.7, damping achieved up to 65% for maximum cycle of g=4. Now in next

case absorber will be fixed at d = dL—a =0.9 to evaluate final damping effect at higher cycles of
reciprocating load. Whereas the change of maximum displacement at inclusion of the absorber at
d =%=0.9, reduces the maximum displacement of the beam up to only 4% for maximum cycle of
g=4. So, for oscillating load, the maximum damping effect is obtained when absorber is at mid-
location of the beam.

Figure 5.9 also shows the maximum reduction in displacement is for the highest cycle of q=4 and
the best absorber position at which this damping effect is more significant than other absorber

positions is at d:dL—a: 0.5 and the significant shift of dimensionless speed r for different absorber
positions is seen to be more significant when absorber is at d:dL—a: 0.5, whereas this shift of
dimensionless r is least for d:dL—a: 0.9 . As shown in the plots above, the absorber position has a

significant impact on the beam response. The drift of dimensional speed value and variation of the
maximum displacement value with the linear absorber location sheds light on its importance in
reciprocating load with multiple cycles (g = n) but in this section, we used discreet values of

absorber location which missed the effects of absorber location for other points along the length

of beam (0< p =7>1).

To confirm the analysis for absorber allocation at rest of beam length, we selected the

dimensionless speed of 0.4965 which is the average ratio value at which maximum deflection is
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occurring accommodating the dimensionless speeds r corresponding to maximum deflection
occurring for all the cycles of reciprocating load. This speed is producing higher peaks of
amplitude when no absorber is considered in the beam system. Now, we will utilize this speed and
will get the effect of dynamic amplitude on all the positions of absorber along the length of the

beam. Figure 5.16 is plotted to analyze the effect of absorber located at other points along the

length of the beam (0< d :dL—QZO.9)

Maximum Dynamic Deflection

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
Abosrber Location (da/L)

Figure 5.10: Maximum dynamic deflection at mid span of the beam as function of absorber location
along the length of the beam (0< d =%20.9).

As per analysis along the entire length of beam, it is noted the maximum damping is occurring
when absorber is fixed between 0.5 and 0.55 L as shown in Figure 5.10,. Another thing noticed in
analysis is that for forward travel load only (q = 0.5), absorber does not have a significant effect
and dynamic deflection is reduced only from 1.64 to 1.58mm where in case of reciprocating cycle
of q = 4, dynamic deflection reduced from 10.2 to 3.2 mm showing significance impact when load
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IS reciprocating. As per Figure 5.10, the best absorber location forg=0.5t0 1is 0.5<d :dL—azo.Ss

whereas for g >1 it is d =%=0.5, which proves the fact that best absorber location is around the

middle of the beam.

5.1.2.5 Partial travel oscillating load (p#1)

In the previous section, we studied the absorber location impact on the full travel of oscillating
load. In this section, we will study the effect of absorber location on partial travel of oscillating
load. As studied in section of partial travel without absorber, we noted that ratio of critical
velocities for partial travels of moving load reciprocating to p =x/L=0.2, 0.5, 0.7 and 0.9 are r=
0.202, 0.502, 0.35 and 0.45 respectively. We will observe effect of location of absorber on
maximum displacement of beam for these partial travels considering these ratios of speeds. These
speeds are producing higher peaks of amplitude when no absorber is considered in the beam
system. Now, we will utilize these speeds and will get the effect of dynamic amplitude on all the

positions of absorber along the length of the beam. Figure 5.11 is plotted to analyse the effect of

absorber located at other points along the length of the beam (0< p :%21).
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of cycles (q).
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We analyzed for the partial travel of load, that absorber location is again critical when we have
load travelling for multiple cycles even if it is for short travel distance along the length of the beam
(0.1<p>0.9). As seen from Figure 5.12, for partial travel of load with corresponding critical speed
ratios, maximum damping effect of the displacement of the beam is between 0.45 and 0.55 which
is evident further from Figure 5.12. Best absorber locations for partial travel of loads are between
0.44 <da/L> 0.56 with trend lines for best absorber location are converging between 0.44 <da/L>

0.56 when reciprocating cycle for oscillating load is increased from q=2 to g=4.

In the previous sections, we studied about the reciprocating load effect on the displacement of
beam as a function of reciprocating cycles of load without absorber and with absorber at different
locations along the length of the beam (0.1<x/L>0.9). In the next section we will study the effect

of moving absorber on the displacement of the beam when the absorber is moving with the load.

¢) With moving linear spring-mass absorber
In the present section, spring mass absorbers acting on the beam defined in the previous section
(Soares model [60]) are analyzed, and different travelling speeds m= Va/Vr (Va=dt/t) approaches
are applied to find the optimal speed of moving absorber. The load utilized is same as in previous
cases which will be sinusoidal load and reciprocating at multiple cycles (q). The cases that will be
considered based on moving absorber speed and travel length (absorber configurations) to analyze
its impact on dynamic deflection of the beam. With variations considered, load and absorber with

sinusoidal motion are reciprocating at multiple cycles (q),

i. To full length of beam (p =n=1) with same speed m=1 (Absorber motion synchronized with
load motion).

ii. To full length of beam (p =n=1) with different speed m#1.
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iii. To same partial travel length (p=n#1) reciprocating at multiple cycles with same speed m=1.
iv. To same partial travel length (p=n#1) reciprocating at multiple cycles with different speed m#1.

v. To different partial travel length (p#n#1) reciprocating at multiple cycles with optimum speed.

5.1.2.6 Load and absorber reciprocating to same full length (p=n =1) and with same speed
(m =1).

Consider now the system of Figure 3.8 and 3.9, with a moving load and a moving absorber with
velocity Vi(t) = Vq(t) = Sinusoidal. The absorber mass considered in this study is 5% of the mass
of the beam and agrees with absorber values utilized [19]. Absorber velocity and travel length is
synchronized with load critical velocity V¢(t) and travel length p =1. Figure 5.13 shows the
maximum displacement at the mid-span of the beam for the considered model as a function of the

dimensionless speed of load.

Maximum dynamic deflection

0.2 0.3 0.4 0.5 0.6 0.7 0.8

Dimensionless speed (r)

Figure 5.13: Variation of dynamic deflection amplitude of non-classical simply supported beam at mid-
span as a function of Dimensionless speed (r)
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For mid-span defection of simply supported beam, maximum dynamic deflection trends for full
travel length are almost similar as studied in previous section, when no absorber is fixed to the
beam. As stated before, absorber utilized is 5% of the mass of the beam and is providing
considerable damping effect at the mid-span. In the section of analysis for absorber with fixed
beam, we have optimum absorber location at d = da/L = 0.5 to 0.55 and less effective absorber
location equivalent to d = 0.9. Dynamic deflection for these locations will be compared with peak

dynamic deflection obtained for synchronized motions and no absorber configuration.
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Figure 5.14: Variation of peak dynamic deflection of non-classical simply supported beam at mid-span as
a function of no of cycles q for no absorber, absorber at d = 0.2, 0.5, 0.7, 0.9 and synchronized moving
absorber

The results obtained in above Figure 5.14, shows dynamic deflection in red curve for varying
critical velocity when travelling load movement is completely synced with motion of dynamic
absorber. The displacement amplitude is reduced by 32% which is better as compared to absorber
fixed at d=da/L = 0.9. But still fixing stationary absorber at d=da/L < 0.5 and 0.7 is providing us

better damping effect of maximum amplitude at mid-span of the beam.
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5.1.2.7 Load and absorber reciprocating to same full length (p=n=1) and with different
speed (M #£1)

In this section, we will study about full travel reciprocation of load to entire length of beam. But
absorber will be reciprocating at different speed ratios (m = Va/V5). In analysis, we will study
which of absorber speed factor (m) is providing the maximum damping effect to displacement of
beam when load is completing travel along entire length of the beam (0< p>1). We will vary the
absorber speed factor (0 < m > 2) to obtain the corresponding dynamic responses. Figure 5.15 is

obtained for these dynamic responses as a function of speed factor m.

Maximum dynamic deflection

0.1 0.3 0.5 0.7 0.9 1.1 1.3 1.5 1.7 1.9
Absorber Speed Factor (m)

Figure 5.15: Variation of dynamic deflection amplitude of non-classical simply supported beam at mid-
span as a function of absorber speed factor (m)

Figure 5.15 displays the variation of the maximum displacement at the beam mid-span for varied
absorber speed factor m and a dimensionless speed r that induced the greatest displacement. When
data is extracted for optimum absorber speed at which we are getting minimum dynamic deflection

we obtain Figure 5.16.
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Figure 5.16: Variation of absorber speed factor (m) as a function of no of oscillating cycles (q)

As per Figure 5.16, the dynamic deflection of beam is minimum when absorber is travelling at
speed less than the speed of load (m < 1). As number of reciprocating cycles (q) increases, the
optimum absorber speed becomes lesser then load speed to provide efficient energy dissipation.
To make the comparison evident, we will plot the Figure 5.17 to compare the dynamic amplitude
damping for least effective and optimum speed of absorber at various cycles with peak deflection

curves obtained in Figure 5.4 (a).
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Figure 5.17: Variation of maximum dynamic deflection at mid-span of the beam as a function of no of
oscillating cycles (q)

Figure 5.17 shows that optimum absorber speeds are providing damping of deflection amplitudes
at g=0.5, 1, 2, 3 and 4 cycles due to energy dissipation of about 2.9%, 12.2%, 39%, 49.7% and
54% respectively. At least effective absorber speeds amplification is observed at g=0.5 and q=1,
whereas amplification at g=0.5 is very minimal that can be ignored. Slightly high amplification at
g=1 of 4% is due to energy buildup, g=1 is the first cycle when load starts its return motion during
beam first deflection of forward travel of load, and that too accompanied with synchronized
absorber motion, so this results in adding amplification to overall response which becomes
normalized as cycles increases. In case of least optimum absorber speed, we have very moderate
damping at g=2, 3 and 4. The amplitude damping produced at q=2, 3 and 4 cycles are 4.5%, 9.3%

and 13.4% respectively due to minimal dissipation of energy.
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5.1.2.8 Load and absorber reciprocating to same partial travel length (p=n #1) and with
same or different speed.

Dynamic responses due to load travelling to fixed partial distances of p=x/L = 0.2, 0.5, 0.7, 0.9 are
already studied in previous sections with and without fixed absorber. In this section we will analyze
load and absorber both travelling to same partial distances but at certain range of speed ratio and
will analyze which absorber speed factor (m) is providing more impact on controlling dynamic
deflection. Already calculated dimensionless speed ratios (r) for partial travel at which maximum

deflection is occurring, will be utilized to see impact of absorber speed on the beam deflection.
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Figure 5.18: Variation of (a) absorber speed factor m -- (b)maximum dynamic deflection at mid-span of
the beam as a function of no of oscillating cycles (q) for p (a) x/L = 0.2, (b) x/L =0.5, (c) x/L = 0.7 and
(a) x/L=0.9
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Figure 5.19: Variation of (a) absorber speed factor m -- (b)maximum dynamic deflection at mid-span of
the beam as a function of no of oscillating cycles (q) for p (a) x/L = 0.2, (b) x/L = 0.5, (c) x/L = 0.7 and
(@) x/L=0.9

Figure 5.18 shows absorber speed factor (m) trend for partial travel lengths x/L = 0.2, 0.5, 0.7, 0.9,
it is observed that most effective absorber speeds have consistent trend, for all cycles. The curve
shows that as reciprocating cycle increases, speed factor (m) decreases in value for satisfactory
damping results. In contrast, least effective speed factors (m) are constant (0.1) for lower cycles
up to g=3 (not for partial travel x/L =0.9) and then for g=4 cycle jumps to speed factor value above
m>1.5 for partial travels of x/L = 0.2, 0.5 and 0.9. Only in case for x/L = 0.7 both least and optimum

speed factors (m) are below value of 1.
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Table 5-3: Least effective and optimum absorber speed factors for partial travels (p =0.2, 0.5, 0.7
and 0.9) and no of cycles (q=0.5, 1, 2, 3, 4)

No of cycles (q) Least effective absorber speed factor (m) Most effective absorber speed factor (m)
xIL=02 | x/L=05 | xL=07 | xL=09 | xL=02 | xIL=05 | x/L=07 | x/L=09

1 0.1 0.1 0.1 0.1 1.35 1.35 0.96 0.91

2 0.1 0.1 0.1 0.1 0.89 0.86 0.96 0.41

4 0.1 0.1 0.1 0.1 0.39 0.25 0.56 0.23

6 0.1 0.1 0.1 1.97 0.24 0.25 0.32 0.16

8 1.96 1.71 0.36 1.98 0.18 0.21 0.26 0.13

From dynamic deflection results for g=0.5, 1, 2, 3 and 4 cycles plotted in Figure 5.19, we will first
analyze g=0.5 which is forward travel only. For partial travel of x/L = 0.2 and 0.5, the damping
produced by both least and optimum absorber speed factors (m) are similar and providing very
effective damping at q=0.5. When forward travel load deflection analyzed for partial travel of p
=x/L = 0.7 and 0.9, damping effects are very minimal due to usage of critical velocity ratio, which

is best suited for higher cycles then the lower cycles.

For deflection at cycles 1< q <2 we observe slight amplification for partial travel of x/L = 0.2 and
0.5 which can be due to reason of reciprocating cycle being starting at this point of q=1, so load
return after g=0.5 along with absorber return, increases momentum due to short travel length along
beam resulting in slight amplification in these ranges and then when deflection gets normalized

for remaining cycles, and absorber starts providing energy dissipation instead of buildup.

For partial travels to x/L = 0.7 and 0.9, the curve deflection obtained, have consistent reducing
trend along the maximum dynamic deflection curve. At g=4 reciprocating cycle, the damping
provided in comparison to undamped dynamic deflection is 60% for synced optimum absorber

speed of m=0.26 at partial travel of x/L = 0.7 and 62% for synced optimum absorber speed of
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Least effective absorber travel length (da/L)

m=0.13 at partial travel of x/L = 0.9. Noticeable point is that for p =x/L.>0.5, both least effective

and optimum absorber speeds are providing staggering damping.

The least and most effective absorber speeds impact on dynamic deflection studied in previous
section are for synchronized load which means absorber is travelling to same partial travel length
as the travel length of load (n=1) but with different speeds from which least and most optimum

speeds are opted out.

5.1.2.9 Load reciprocating to partial lengths with optimum speed of absorber and different
travel lengths.

In this section, optimum speeds will now be used and will be coupled with unsynchronized
absorber having varying travel length n = dt/L to study about the most effective absorber travel

length for partial travels of load to p=x/L = 0.2, 0.5, 0.7 and 0.9.
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Figure 5.20: Variation of (a) Least effective - (b)Most effective 1 as a function of no of oscillating
cycles (q) for p=x/L =0.2,0.5,0.7,0.9

It is evident from Figure 5.20, the combination of optimum absorber speed with unsynchronized

travel is least effective when absorber travel length is n < 0.24. For optimum 1), our effective range
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is 0.28 <1 < 0.75 depending on partial travel lengths. To have more clear insight into absorber

travel length effectiveness, values are tabulated in Table 5-4.

Table 5-4: Least effective and optimum absorber travel lengths (1) for partial travels (p =0.2, 0.5, 0.7
and 0.9) and no of cycles (g = 0.5, 1, 2, 3, 4) at corresponding optimum absorber speed ratios.

No of cycles (n) Least effective travel length n Most effective travel length n
xIL=02 | x/IL=05 | x/L=07 | xL=09 | xL=02 | xIL=05 | x/L=07 | x/L=09
1 0.1 0.1 0.21 0.23 0.28 0.52 0.74 0.55
2 0.1 0.1 0.21 0.14 0.28 0.52 0.74 0.49
4 0.1 0.11 0.1 0.1 0.28 0.53 0.69 0.49
6 0.1 0.1 0.1 0.1 0.28 0.53 0.62 0.46
8 0.1 0.1 0.1 0.1 0.28 0.57 0.69 0.49

We have calculated the best absorber speeds and corresponding to these optimum absorber speed
factor m, we obtained best travel length n. With combination of both these optimum values
incorporated in the non-classical simply supported beam analysis, we will plot dynamic deflection
produced at mid-span of the beam and results obtained will be compared with maximum dynamic
deflection obtained when no absorber is incorporated in the system. Figures 5.21, 5.22, 5.23, 5.24
are plotted for dynamic deflections for partial travel lengths obtained at 5 different analysis
conditions which are as follows and they will be stated in same order while explaining trends of

curves,

a) Least effective absorber speed with same travel length

b) Least effective travel length with optimum absorber speed
c) No absorber attached

d) Most effective absorber speed with same travel length

e) Most effective travel length with optimum absorber speed
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Figure 5.21: Variation of maximum dynamic deflection at mid-span of the beam as a function of no of
oscillating cycles (q) for p=x/L =0.2

7
= = = (a)Least effective absorber speed with same travel length
6 = = = (b) Least effective absorber travel length with optimum absorber speed _ -7
(c) No absorber attached PR -
g = = = (d) Most effective absorber speed with same travel length -
-

-03 5 = = = (e) Most effective absorber travel length with optimum absorber speed - - 1
(7}
(=
(]
T
L4
£
[}
c
>
T 3
€
=
£
x
s 2
=

1

0

0 1 2 3 4

No of cycles (q)

Figure 5.22: Variation of maximum dynamic deflection at mid-span of the beam as a function of no of
oscillating cycles (q) for p=x/L =0.5
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Figure 5.23: Variation of maximum dynamic deflection at mid-span of the beam as a function of no of
oscillating cycles (q) for p=x/L =0.7
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Figure 5.24: Variation of maximum dynamic deflection at mid-span of the beam as a function of no of
oscillating cycles (q) for p=x/L =0.9
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As observed from Figures 5.21, for partial travel of x/L = 0.2, we see that analysis configuration
of (a), (b) are resulting in amplification due to energy buildup. Possible reason for this
amplification in dynamic deflection for g<1 is because travel length is too short for both load and
absorber, and while beam is going though first vibration the returning reciprocating load coupled
with speeding dynamic absorber results in amplification of deflection in beam. For forward travel
load all configurations are resulting in damping due to reason that there is no amplification due to

returning load.

For partial travel of x/L = 0.5 in Figures 5.22, configuration (b) is resulting in amplification of
dynamic amplitude at all the cycles of reciprocating load, whereas for configuration (a),
amplification is observed for 1 < q < 2 and then damping effect is produced at higher q cycles. As
observed maximum damping at g=4 (x/L = 0.5) for most effective m and n are 37% and 31% for

configuration (d) and (e) respectively.

Finally for partial travel of x/L = 0.7 and 0.9 in Figures 5.23 and Figures 5.24, no amplification
observed at any of the absorber configuration utilized. Damping is observed in all the least
effective and optimum moving absorber dynamic configurations. In terms of optimum reduction
percentage, (d) and (e) are providing reduction in dynamic deflection with higher damping at g >

2 cycles with reduction percentage at q=4 cycle of about 60% (x/L = 0.7) and 70% (x/L = 0.9).
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Chapter 6 : RESULTS ANALYSIS-NON-CLASSICAL

CANTILEVER BEAM

6.1 Results

The derived equations in Section 3.0, are used to study non-classical cantilever beams responses

with different movements of oscillating load reciprocating at multiple cycles (q).

The Euler Bernoulli beam parameters properties and corresponding calculated parameters are same

as utilized in Table 5-1 and 5-3:

The following are the properties for the linear spring mass absorber under investigation:

Table 6-1: Properties of Linear Spring Mass Absorber

m absorber k absorber ¢ absorber

2.1114 kg 286.11 N/m 9.076 N-s/m

%94



6.1.1 Free vibration response analysis

In this section we will focus on analysis of cantilever beam with non-classical end supports. During
spring stiffness variation, we observed that after certain value of string stiffness of linear spring
(kI) and torsional spring (ke), the natural frequency values become constant which is similar to
values of classical cantilever beam [B1 = | 1.875104, B2=I 4.694091, B3=l 7.854757, 4=l

10.995541].
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Figure 6.1: Natural frequencies variation with increase in spring stiffness of linear and torsional spring-
five mode shapes (Non-classical Cantilever Beam: Linear and Torsional Spring Stiffness =varying to
max. value at one end and Linear and Torsional Spring Stiffness =0 at other end)

It is seen from the above Figure 6.1 that for each mode shape, the value of stiffness at which the
natural frequency value becomes constant is different, lower mode shapes are attaining constant
values of natural frequencies earlier then the higher mode shapes and but at the end they all

converge to constant value for sufficient high spring stiffnesses.
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It can be seen from the Figure 6.1, that for each mode shape, the value of stiffness (kl) at which
the natural frequency (w) value becomes constant is different, first mode shapes is attaining
constant values of natural frequencies around 500 N/m, whereas 2" and 3@ mode shapes are
attaining at around 10,000 N/m spring stiffness whereas higher modes at around 100,000 N/m and

above, but at the end they all converge to constant value for sufficient high spring stiffness.

6.1.2 Forced vibration response analysis
a) Without linear spring-mass absorber

6.1.2.1 Full travel oscillating load (p=1)

The load adopted has a sinusoidal motion in which load accelerates at start reaches maximum speed
till mid of travel length and then decelerates until reaches zero at the end of the beam. The loads studied
by other authors are based on constant moving load (V¢ = Constant). In our study, load will not reach

at end only, but it will also reciprocate back and forth with multiple cycles (g=n).

First, we will see for load travelling to full distance without absorber and will analyse the maximum
deflection that will occur during this travelling motion. Figure 6.2 shows response at the tip of
cantilever beam obtained for oscillating load travelling to end of beam (p=x/L=1) and stopping at the

end point.
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Figure 6.2: Variation of maximum dynamic deflection of the free end of a non-classical cantilever beam
as a function of dimensionless speeds (r) for Single Cycle (q =0.5)

As evident from the Figure 6.2, the maximum dynamic deflection for only forward travel of load
is occurring around 29.3 % of Critical velocity and then the dynamic deflection starts decreasing

moderately with the increase in ratio of critical velocity.

Now we will increase our analysis further, by considering multiple travelling cycles in which load
will move to end and will come back to origin completing one cycle as g=1. So, two complete
travels to end of beam and coming back to origin will be g=2 cycle and similar trend goes for g=3
and q=4 cycles. The reciprocation of load in multiple cycles amplify the dynamic deflection of

beam which has been shown in Figure 6.3.
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Figure 6.3: Variation of maximum dynamic deflection of the free end of a non-classical cantilever beam
as a function of traveling speeds for multiple cycles (g=10.5, 1, 2, 3, 4)

In Figure 6.3, the maximum dynamic deflection for multiple cycles g=1 and q=2 are 47% and
51.3% respectively whereas for q=3 and q=4 reciprocation of load is same and occurring around
59 % of velocity ratio and then the dynamic deflection starts decreasing at high slope with the
increase in dimensionless speed ratio. It can be noticed that there are major speed ratios (r = V¢/Vc)
where the amplitude increases significantly, while at other local peaks, the amplitude ratio

increases at lower rates.
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Figure 6.4: Variation observed as a function of multiple cycles: gq = 0.5 - 4 for (a) Peak Dynamic
Deflection (b) Dimensionless Speed r Corresponding to Peak Dynamic Deflection

The trend for maximum dynamic deflection with increase in no of travelling cycles is shown in
Figure 6.4(a). The maximum dynamic deflection is occurring around a particular range of
dimensionless speed (0.27 < r > 0.60) with variation based on no. of cycles (q) and can be observed

in Figure 6.4(b)

6.1.2.2 Partial travel oscillating load p=x/L<1

In this section, the oscillating load travelling on the beam will cover the length of beam partially.
The load starts at x=0 and travels a distance p=x/L<1 along the beam, then travels back to the
support at x=0. The period for one whole cycle is g=1. To understand the response behaviour as
the length parameter p is varied, the absorber free responses after one cycle are plotted versus
dimensionless speed r for different values of p. As stated earlier, load will not be continuous rather

it will be sinusoidal load in which load accelerates at start reaches maximum speed and then
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decelerates until reaches zero at the end of the beam. And definite partial travel lengths of x/L =

0.2,0,5, 0,7 and 0.9 are selected for the analysis.
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Figure 6.5: Maximum Dynamic Deflection vs Dimensionless Speed r: at g=0.5, 1, 2, 3, 4 cycle for (a) p
=0.2 (b) p=0.5(c) p =0.7 (d) p =0.9

As observed from Figure 6.5, dynamic amplitude has peak values at certain range of speed ratio,
when load is travelling to partial distance with multiple cycles. To have more insight into variation
of peak dynamic deflection at tip of cantilever beam with number of cycles (q = n), the peak values

and their corresponding speed are plotted against multiple number of cycles.
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Figure 6.6: Variations observed as a function of multiple cycles: g=0.5, 1, 2, 3, 4 cycles for (a) Peak
Dynamic Deflection- (b) Dimensionless Speed Corresponding to Peak Dynamic Deflection r

It is observed that the speed corresponding to maximum dynamic deflection and dimensionless
speed have been increasing for all cycles with increasing of partial travelling distance. For load

partial travel to p = 0.2, maximum deflection occurs for lower cycles is around loci of r=0.05

and for higher cycles is about r = 0.11. For the travelling distance of % = 0.5 the velocity

(common) for higher cycles at which maximum deflection is occurring is taken to be 0.29 which

is common dimensionless speed ratio for reciprocating cycles of q=2 and higher. Dimensionless
speed providing maximum deflection when load is reciprocating to the travel length of f =0.71is
0.40. Similarly, for partial travel point of JL—CE 0.9 we will use dimensionless speed r=0.5. The

values of r calculated, are those at which maximum deflections are occurring for higher cycles
and these values will be utilized in next sections to check how these speeds impact dynamic

amplitudes when partial travel length of load varied.
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I. Effect of critical dimensionless speed r for p= 0.2, 0.5, 0.7 and 0.9 on rest of load travelling

length
If we analyze the trend of the numerical values of dimensionless ratio of critical speeds, we see
that numerical value analogy is such that maximum dynamic deflection at tip of beam occurs
depending on where partial travelling load stops its motion and return to origin and at which
dimensionless speed ratio r. So, to analyze how definite ratio of dimensionless speeds obtained in
previous section provide resonance and cancellations on the tip of the beam for different partial
travel lengths, these travel lengths and their corresponding critical speed ratios are utilized for rest

of beam travel length.
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Figure 6.7: Variation of maximum dynamic deflection as a function of multiple cycles for Dimensionless
speed of (a) r =0.11 (b) r =0.29 (c) r =0.4 (d) r =0.5 for travel length of beam (0.1< x/L <1.0)
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In first case below, speed ratio of 11% is utilize which is resonance speed at higher cycles, when

load travels to partial length %: 0.2, and its impact is being checked on dynamic deflection for the

rest of travel distance of beam.

In Figure 6.7 analysis, deflection peaks with sharp slopes are observed around %: 0.2 and %: 0.7

because of selection of ratio of critical speed. So, resonance peaks occurring at free end of beam
when load with 11% of critical speed either complete partial travel to p = 0.2 or around p = 0.4 of
total length of beam. The analogy observed here is that for symmetrical beam larger and smaller
peaks are occurring at tip of beam for g=2 cycle and higher cycles when beam is travelling to

multiple of partial travel length of x/L = 0.2.

In this case, for the travelling distance of % = 0.5 the velocity (common) for higher cycles at which

maximum deflection is occurring is taken to be 29% which is common dimensionless speed ratio
for reciprocating cycles of q=2 cycle and higher and its impact is checked on dynamic deflection

for the rest of travel distance of beam. Figure 6.8 provides insight into this observation.

As expected, the peak deflection for all cycles occurs when oscillating load reaches to ’L—C: 0.5and

we see another trend of increase of dynamic deflection at the free end when load is reaching to ’L—C:

1.0. Multiple peaks of deflection are analysed for dimensionless speed r =0.29, one at original

point (for %S 0.5) and other at two times of original point (for )L—CZO.S).

For this case, we are using 0.40 (Dimensionless speed providing maximum deflection when load

is reciprocating to the travel length of % = 0.7) and we will check its effect on the rest of travel

distance 0.1 < %5 1.0 of beam. Figure 6.9 utilized to analyze this aspect of peak deflection in beam.
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In Figure 6.9, peak dynamic deflection trend is observed for q=2 to 4 cycle and trend of peak rising

is around % = 0.7 and no other multiple peaks can be seen. In this case we should expect similar

trend of only single peak at free end of beam as observed in Figure 6.8 but for partial travel point

of %2 0.9 because of utilization of dimensionless speed r = 0.5 (50% of Load critical speed) and

we will check its effect on the rest of travel distance 0.1 < %S 1.0 of beam. Figure 6.10 plotted to

analyze this aspect of peak deflection in beam.

This proves our point that partial travel of sinusoidal load completing reciprocating cycle along
the beam provides peaks of deflection as per analogy mentioned above, which is evident for all

cases of partial travel.

b) With fixed linear spring-mass absorber

The linear absorbers acting on the non-classical cantilever beam with the beam model specified in
the previous part are investigated in this section, and different locations d=da/L approaches are
applied to find the optimal location for linear dynamic absorber. Absorber location is critical factor
when the load has oscillating movement, and it is also completing travel by reciprocating with
multiple cycles along the length of the beam. Indicator considered for evaluation of the
performance based on absorber location in non-classical cantilever beam is the damping effect on

maximum vibration amplitude (occurring at tip of beam) as a function of no of cycles.

6.1.2.3 Full travel oscillating load (p=1) with absorber attached to beam at different
locations (d = da/L)

In this section, we will use load speed of 59% of critical velocity we obtained for higher cycles
(g = n > 2) when load is traversing full distance from 0<x/L>1 without any absorber attached.

Utilizing this speed, we will put absorber at different locations to see the dynamic response for at
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multiple cycles. From dynamic responses, least and most effective absorber locations will be opted

out to utilize for comparison with no absorber beam dynamic response.

—@— Least Effective Absorber Location

Most effective absorber location

No of cycles
N

0 0.1 0.2 03 0.4 0.5 0.6 0.7 0.8 0.9 1

Absorber Location along Beam (da/L)

Figure 6.8: Absorber most and least effective locations based on no of cycles of full travel oscillating
load reciprocating with multiple cycles of (q =0.5 to 4)

It can be seen from Figure 6.8, that when load travels with speed of 59% of critical speed, the
absorber location at which we should expect more damping for full travel (p=1) is d=da/L = 0.99
(at approximately tip or free end of beam). And the location at which it is providing least effective

damping for all cycles is d=da/L = 0.1.

To have more detailed review we will attach absorber at least effective location and will obtain
dynamic responses. Then we will obtain our results for absorber at best location and comparison
will be done for both dynamic responses with no absorber attached and least and most effective

attached absorber locations.
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Maximum dynamic deflection

No absorber attached
— — Damper attached at da = x/L=0.1
------ Damper attached at da = x/L =0.99

No of cycles (q)

Figure 6.9: Variation of maximum dynamic amplitude of the free end of a cantilever beam as a function
of no of oscillating cycles (q)

As evident from Figure 6.9, the damping effect provided by the least effective absorber location is
so negligible that it is not clearly distinguishable in the results plotted. But in the numerical results
it is seen that deflection instead of being reduced, increased very slightly when absorber attached
at least effective location making it totally unfit for damping purpose. But when absorber fixed at
the tip of the cantilever beam, the damping can be observed throughout the multiple cycles. At g=4
cycle, the dynamic deflection is reduced by 3.7% in comparison with g=4 cycle of beam with no

absorber attached.

6.1.2.4 Partial travel oscillating load with load travelling to fixed lengths of p = 0.2, 0.5, 0.7
and 0.9.
In this section of our study, we would take definite travel lengths which will be partial of total

length of beam (p = x/L < 1). The partial travel lengths utilized will be p = x/L = 0.2, 0.5, 0.7 and
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Figure 6.10: Variation of corresponding dynamic amplitude of the free end of a cantilever beam as a
function of absorber location along the beam at g=0.5, 1, 2, 3, 4 cycle for (a) p =0.2 (b) p =0.5 (c) p =0.7
(d) p=0.9
Figure 6.13 shows that when load travels with the corresponding dimensionless speed ratio r for
definite partial length p, least effective absorber location is varying depending on reciprocating
cycles g and travel lengths p, but most effective absorber location is same for all cycles and travel

lengths. It is analyzed that no matter the partial travel length traversed by the load is, the most

effective absorber location is at the free end of the cantilever beam d=da/L = 0.99.

So, most effective absorber location of these definite partial travel lengths will be utilized and
comparison analysis with no-absorber cantilever beam will be performed to see impact on the

overall maximum dynamic deflection of the beam.
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Figure 6.11: Variation of maximum dynamic amplitude of the free end of a non-classical cantilever beam
as a function of no. of cycles q for p = (a) 0.2 (b) 0.5 (c) 0.7 (d) 0.9

In Figure 6.11, it is seen that at optimum absorber location it is providing measurable reduction in
responses for minimum to maximum partial travel length, The percentage of reduction observed
for p =x/L=0.2,0.5,0.7 and 0.9 are 6%, 5.8%, 5% and 4% respectively showing that the damping
is reducing slightly as the partial travel length is increased. When travel is increased to full travel
load, the damping is reduced by 3.7% of the total deflection of the beam in comparison to when

there is no absorber attached to beam.

¢) With moving linear spring-mass absorber
In the present section, spring mass absorbers moving on the beam are analyzed, and different
travelling speeds Va=dt/t approaches are applied to find the optimal moving absorber speed for

spring-mass absorber. The load utilized will be same as previous cases which will be sinusoidal
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load reciprocating at multiple cycles (g = n). The cases that will be considered with moving

absorber to analyze its impact on dynamic deflection of the beam are as follows,

Load and absorber with sinusoidal motion reciprocating at multiple cycles to full length of
beam (p =n=1) with same speed m=1 (Absorber motion synchronized with load motion).
Load and absorber with sinusoidal motion reciprocating at multiple cycles to full length of
beam (p =n=1) with different speed m#1.

Load and absorber with sinusoidal motion traversing same partial travel length (p=n#1)
reciprocating at multiple cycles with same speed m=1.

Load and absorber with sinusoidal motion traversing same partial travel length (p=n#1)
reciprocating at multiple cycles with different speed m#1.

Load and absorber with sinusoidal motion traversing different partial travel length (p#n#1)

reciprocating at multiple cycles with optimum speed.

6.1.2.5 Load and absorber reciprocating periodically to same full length (p =n=1) and

same speed ratio (m =1)

Consider now the system of Figure 3.8 and 3.9, with a moving load and a moving absorber with

velocity V(t) = Vq(t) = Sinusoidal. The absorber mass considered in this study is 10% of the mass

of the beam and agrees with absorber values utilized [19]. Load dimensionless speed r is

synchronized with the absorber dimensionless speed (m = V4/Vs) and travel length 1 is also

synchronized which is first case of analysis in this section. Figure 6.12 shows the maximum

displacement at the free end of the beam for the considered model as a function of the

dimensionless speed r of load motion.
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Figure 6.12: Max. Dynamic Deflection vs Dimensionless Speed r: at g =0.5, 1, 2, 3, 4 cycle for p =1.0
with speeds of load and absorber synchronized (m =1)

The maximum dynamic deflection trends for full travel length are almost similar as studied in
previous sections but with slight decrease in value due to introduction of synchronized moving
load. Peak dynamic deflection obtained here for considered synchronized motions will be
compared with peak dynamic deflection obtained when beam has no absorber or has stationary

absorber at most effective fixed location.

Maximum dynamic deflection

- Synchroized moving absorber

------ Absorber attached at end of beam

No absorber attached

0 1 2 3 4
No of cycles (q)

Figure 6.13: Max. Dynamic Deflection vs No of reciprocating cycles q: at 0.5, 1, 2, 3, 4 cycle for p =1.0
at different no damping condition or different damping configuration
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The results obtained in Figure 6.13 are comparison results for non-classical cantilever beam (same
parameters) with synced moving absorber, optimum location fixed absorber (da/L = 0.99) and no
absorber. Dynamic deflection trend with increase of no of cycles, is quite consistent for fixed

absorber beam and is less then absorber-less beam deflection throughout the curve.

Whereas for beam with synced motion absorber, the deflection is providing amplification instead
of damping effect at some certain cycles (i.e g = 1 and 2) and providing damping better then fixed
absorber at higher cycle of load reciprocation (i.e g = 4). Since in this study higher cycle is main
priority, we see that for q=4 cycle the displacement amplitude is reduced by 6.9%, which is double
of damping 3.7% provided when absorber is fixed at d=d./L = 0.99. But still fixing stationary

absorber is providing us consistent damping effect of maximum amplitude at free end of the beam.

6.1.2.6 Load and absorber reciprocating to same full length (p =n=1) and different speed
ratio (m#1)
In this section, we will study about full travel of load to entire length of beam p =1.0 and

reciprocating back and forth completing cycles up to g=4. But absorber will be oscillating at
different speed (m = % # 1) then travelling speed of the load but to same length p =n=1. In analysis
we will study which absorber speed factor (m) is providing maximum damping effect to
displacement of beam when load is traversing along entire length of the beam (p = E =1). Figure

6.14 is obtained for this velocity variation to obtain the optimum speed ratio m for the damping

effect.
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Figure 6.14: Max. Dynamic Deflection vs No of reciprocating cycles g: at 0.5, 1, 2, 3, 4 cycle for p =1, nn
=landm=0.1to 2 (#1)

Figure 6.20 displays the least and most effective speed ratio (m) of absorber as a function of no of
cycles (q). Since speed higher than m =1, is unrealistic approach for absorber having mass which
is 10% of beam of mass but for sake of analysis, it will be considered to see impact on dynamic

deflection of the beam. The least and most effective speeds values are shown in Table 6-2.

Table 6-2: Values of least effective and optimum speed factors for load full travel (p = 1) at different no of cycles
(9=05,1,2,3,4)

No of cycles (q) Optimum speed ratio (m) Least effective speed ratio (m)
1 1.19 0.1
2 2 11
4 1.75 0.1
6 1.72 0.1
8 2 0.1
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It can be seen from absorber speed ratio (m) table that optimum absorber speeds are above m =1.15
and for least effective speed ratio m = 0.1 is same for all cycles except for g=1 which can be due
to reason that while load is observing its first peak due to start first reciprocating, the returning
load acts as new load entering from free end accompanied with high speed absorber results in
energy buildup at this point resulting in amplification, so high speed of m=1.1 is least effective for
g=1 cycle and then response amplitude becomes consistent as reciprocation continues bringing
speed ratio m equal to 0.1 in category of least effective absorber speeds,

Optimum and least effective speed ratios of absorber will be utilized, and dynamic deflection will
be obtained to have comparison analysis when no absorber is attached to beam. As again stated
before, the optimum speed ratios obtained are unrealistic higher values of absorber but will be used
to generate results to provide insight into amplitudes damping. To make the comparison evident,
we will plot results to compare the dynamic amplitude damping for least effective and optimum

absorber speed ratio m for q=0.5, 1, 2, 3, 4 cycles.
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Figure 6.15: Maximum Dynamic Deflection vs No of reciprocating cycles g: at 0.5, 1, 2, 3, 4 cycle for p
=1 and =1 at different configurations (m = Optimum Speed and Non-optimum speed)
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Figure 6.15 shows that least effective absorber speeds are providing realistic damping of deflection
amplitudes at g=0.5, 3 and 4 due to energy dissipation with damping of about 12%, 2.3% and 8%
respectively. Whereas amplifications produced at g=1 cycle are due to energy buildup which is
about 5% and at q=2 cycle of about 0.31%, which is lower as compared to q=1 because q=1 cycle
is the first cycle when load and absorber starts return motion during beam first deflection after
forward travel of load is completed. In case of optimum absorber speed, we have exceptionally
large damping, which is unrealistic, but it makes sense as speed of spring mass absorber is
unrealistic too. The amplitude damping produced at g=2, 3 and 4 cycles are 50%, 66% and 73%

respectively due to remarkably high dissipation of energy.

6.1.2.7 Load and absorber reciprocating periodically to same partial travel length (p =n#1)

and same or different speed ratio

In this section, the load is travelling to fixed partial distances of p= x/L = 0.2, 0.5, 0.7, 0.9 as
already studied in previous sections with and without fixed absorber. In this section we will analyze
load and absorber both travelling to partial distances but with synchronized (m =1) and
unsynchronized speeds (m # 1) and will analyze which speed of absorber is providing more impact
on controlling dynamic deflection for definite partial travel lengths. In previous sections, we
already established the speed ratios r for partial travel at which maximum deflection is occurring,
we will utilize that to see impact of absorber speed ratio m on the beam deflection. So, absorber

speed ratio m will be function of maximum dynamic deflection for partial travel lengths.
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Figure 6.16: Absorber speed ratio m vs No of reciprocating cycles g: at 0.5, 1, 2, 3, 4 cycle at n=1 for p
=(a) 0.2 (b) 0.5(c) 0.7 (d) 0.9

Figure 6.16 shows absorber speed ratio m trend for partial travel lengths x/L = 0.2, 0.5, 0.7, 0.9,

and it is observed that most effective absorber speeds are higher than m = 1, for all cycles except

g=1 due to same fact as discussed before, that high speed of absorber at start phase of reciprocating

cycle will amplify the deflection so absorber higher speed will be least effective for g=1 cycle

rather slow speed will be more effective in controlling dynamic amplitude. The least and most

effective speeds values are shown in Table 6-3.
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Table 6-3: Values of least effective and optimum speed factors for partial travels (p =0.2, 0.5, 0.7 and 0.9)
and no. of cycles (q=0.5,1, 2,3 ,4)

No of cycles (n) Least effective absorber speed ratio Most effective absorber speed ratio
xIL=02 | xIL=05 | x/L=07 | x/L=09 | xL=02 | x/IL=05 | x/L=0.7 | x/L=09

1 0.1 0.1 0.1 0.1 1.16 117 117 1.17

2 1.15 122 1.19 114 0.62 0.69 0.67 0.63

4 1.05 0.48 0.1 0.7 1.89 1.80 1.80 1.80

6 0.31 0.33 0.35 0.36 1.94 1.85 1.86 1.80

8 0.23 0.24 0.27 0.29 1.97 1.89 1.92 1.83

Dynamic deflection results will be plotted for q=0.5, 1, 2,3 and 4 cycles when absorber is moving
with least or optimum absorber speed ratio m and comparison analysis will be performed with
amplitudes when no absorber is attached on the beam. The moving absorber travel length is same
as the partial travel length of load p =n but with different speed ratios of minimum and maximum

impact. The dynamic deflection results are plotted in Figure 6.23 (a, b, c, d).
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Figure 6.17: Maximum Dynamic Deflection vs No of reciprocating cycles g: at 0.5, 1, 2, 3, 4 withn =1
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For partial travel length of p= x/L = 0.2, it is evident from Figure 6.17 (a) that least and optimum
absorber speed ratio m are providing almost similar damping for all selected cycles. The reduction
of 11% provided with optimum absorber speeds and load reciprocating to partial travel length of
p<l.

As load travel length increased for load to p= x/L = 0.5, it is observed from Figure 6.17 (b), the
least effective absorber speed is not providing us ample damping and the trend line for no-absorber
beam dynamic deflection is almost overlapping with least effective absorber speed trend line

except for g=0.5 cycle (forward travel load) where beam is having amplitude reduction of 9%.
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Whereas for optimum absorber speed ratio, at =4 cycle damping of beam deflection is 11% due

to energy dissipation with moving absorber having optimum absorber speed ratio m.

From Figure 6.17 (c) and 6.17 (d), for load partial travel lengths of p = x/L = 0.7 and 0.9, least
effective absorber speed ratio has slightly increased the dynamic deflection instead of reducing as
travel length of absorber () # 1) increased too, except for g=0.5 in which it is behaving like most

effective absorber speed ratio m.

The least and most effective absorber speeds impact on dynamic deflection studied in this section
are for synchronized load which means load is travelling to same partial travel length as the travel
length of load p=n, but with same or different speeds from which least and most optimum speeds
are opted out. Optimum speeds will now be used and will be coupled with unsynchronized absorber
travel length having varying travel length p #n <1 to analyze for the most effective absorber travel

length ratio for partial travel of load to p =x/L = 0.2, 0.5, 0.7 and 0.9.
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6.1.2.8 Partial travel with load and absorber moving to optimum and non-optimum travel

length (n#1) and optimum speeds
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travel length
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On analyzing Figure 6.18, the travel length curve for load partial travel to x/L = 0.2 is different
than other partial travel lengths. It is seen that most effective absorber travel length is around 0.20
<1 <0.30 for all cycles considered whereas least effective for =0.5 and g=1 cycle is n < 0.2 and
for higher cycles is n > 0.55. It indicates when load travels to 20% of length of beam, absorber
travel length to be around 20 — 30% of beam length for efficient damping. The least effective
damping for higher cycles is when load travels n > 0.6. For other load partial travel lengths of x/L
= 0.5, 0.7 and 0.9, the trend is quite explanatory, with least damping takes place when absorber
travels to . < 0.5 which is mid-point of symmetric beam and in comparison, high damping takes
place when load travels to 0.6<1 > 0.7 for load partial travel of x/L = 0.5, in analogy 0.6<1> 0.9
for load partial travel of x/L =0.7 and 0.9<1 > 1.0 for load partial travel of x/L = 0.9. The optimum

and non-optimum travel lengths for selected optimum absorber speeds are tabulated in Table 6-4.

Table 6-4: Values for least effective and optimum absorber travel lengths (1)) for partial travels (p =0.2,
0.5, 0.7 and 0.9) and no of cycles (q = 0.5, 1, 2, 3, 4) at corresponding optimum absorber speed ratios.

No of cycles (n) Least effective travel length Most effective travel length
xIL=02 | xIL=05 | xL=07 | xL=09 | xL=02 [ x/L=05 | x/L=07 | x/L=0.9
1 0.1 0.1 0.1 0.1 0.28 0.7 0.98 1.0
2 0.13 0.31 0.4 0.48 0.25 0.66 0.90 1.0
4 0.76 0.24 0.34 0.43 0.27 0.60 0.73 0.92
6 0.92 0.27 0.37 0.45 0.21 0.65 0.73 0.90
8 0.98 0.26 0.37 0.45 0.24 0.60 0.93 0.90

We have calculated the best absorber speeds and corresponding to these optimum absorber speeds,
we obtained best travel length of absorber . With combination of both these optimum values
incorporated in the non-classical cantilever beam analysis, we will plot dynamic deflection and
results obtained which will be compared with maximum dynamic deflection obtained when no

absorber is incorporated in the system. Figures 6.19 — 6.22 are plotted for dynamic deflection
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obtained at 5 different analysis conditions which are as follows and they will be stated in same
order while explaining trends of curves,
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Figure 6.19: Maximum Dynamic Deflection vs No of reciprocating cycles q: at 0.5, 1, 2, 3, 4 cycle for p
=0.2 at different configurations
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=0.5 at different configurations
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Figure 6.21: Maximum Dynamic Deflection vs No of reciprocating cycles q: at 0.5, 1, 2, 3, 4 cycle for p
=0.7 at different configurations
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Figure 6.22: Maximum Dynamic Deflection vs No of reciprocating cycles g: at 0.5, 1, 2, 3, 4
cycle for p =0.9 at different configurations

As observed from Figure 6.19, for partial travel of p = 0.2 we see that analysis configuration of
(d) and (e) are providing noticeable reduction in dynamic deflection for g=0.5, 2, 3, 4 cycles
whereas for g=1 cycle it is resulting in amplification of amplitude. Maximum damping being
provided by configuration (e) for g=4 cycle is around 12% in comparison to maximum dynamic
deflection when no absorber is attached to beam. For partial travel of p = 0.5 as in Figure 6.20, (a)
and (b) configurations are resulting in slight amplification of beam deflection except for q=0.5.
Whereas (d) and (e) are resulting in damping for all cycles except for g=1 cycle at which curve is
converging with absorber-less beam deflection curve. The damping provided by (d) and (e)
configurations are 24% and 32% in comparison to configuration (c) but for cycles q < 2 curves for
these two configurations are almost overlapping. Finally for partial travel of p = 0.7 and 0.9 in
Figure 6.21 and Figure 6.22, (d) and (e) are providing reduction in dynamic deflection with little
damping at q=0.5 and higher damping at g > 1 cycles with reduction percentage at q=4 cycle of

about 56% (p = 0.7 ) and 70% (p = 0.9).
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Chapter 7: CONCLUSION

7.1 Conclusion

In this thesis, dynamic response of an elastic beam having flexible boundary conditions being
subjected to a sinusoidal load which is reciprocating at multiple cycles to full length and partial
length is studied. Closed-form expressions are derived. To anticipate the amplification and
cancellation speeds for various multiple cycles (q) and different dimensionless length ratio (p).
Following are the summarized conclusions:

It is observed that when the moving force reciprocates across entire span or partial travel length of
the beam, there are many critical speeds that exist depending on travel length and they can be seen
increasing in set of multiples for both non-classical simply supported beam and cantilever beam.
Another thing observed is that the critical speed defined in previous studies (classical cases) of a
single direction moving load is acting as cancellation speeds depending on travel length in current
study of reciprocating sinusoidal load.

In terms of resonance, critical speed value for full travel is half of dimensionless length traversed
in terms of value and it stays same for higher cycles but varies slightly when moving to lowers
cycle until forward travel load only cycle, and they are classical critical speed fraction values when
observed at higher cycle. The common analysis is that dynamic deflection and critical speeds
increase as the dimensionless length ratio (p) increases for both non-classical simply supported
and cantilever beam. These observations are noted without any absorber attached in the system.
With absorber attached, shift was observed in amplification inducing critical speeds with damping
improving at higher cycles of load reciprocating cycle and noted that even if load is sinusoidal and

reciprocating, still the best location of spring mass absorber for the simply supported beam is in
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the middle of the beam. Whereas for the cantilever beam, most optimum location is at tip of the
beam.

Similarly, while using moving absorber for damping of dynamic deflection in beam, the absorber
velocity can be tuned to produce the largest displacement reduction, and as shown in the results,
the maximum displacement reduction achieved is for all combinations of both absorber and load
velocities when dimensionless ratio m=Vg¢/V¢ <1 for non-classical simply supported beam and m=
Va/Vs>1 for cantilever beam. These first findings demonstrate the significant impact of a moving
absorber on beam vibrations, for multiple cycles moving load and the maximum beam
displacement occurs close to the mid-span being depending on both the absorber velocity and the
load velocity in non-classical simply supported beam. These optimum travel speeds, when opted
to get optimum travel length of absorber, it is observed that for simply supported beam, optimum
absorber travel length is close to load travel length except above x/L>0.9 where absorber optimum
travel length is around middle of the beam. In cantilever beam for x/L=0.2, the optimum absorber
travel length is similar as simply supported beam whereas for x/L>0.4 the absorber optimum travel
length is n>0.6. In case of least effective travel lengths, we observed amplifications in dynamic
deflection that can also be utilized for certain applications.

This research could be useful in vibration suppression or energy harvesting. The dimensionless
speed ratio, deflection magnitude and dimensionless length ratio of the applied load can all be
adjusted to manage the dynamic defection and considerable dynamic deflection may be achieved,
when the length ratio can be kept low to reduce displacement in vertical directions at the load
application range. The magnification and damping control of vibrations control of flexible simply
supported beams and cantilever beam traversed by moving loads and controlled by a fixed or

moving absorber with synchronized or unsynchronized travel motion with absorber plays critical
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role in efficient energy consumption and harvesting or recycling applications in eco-friendly

structural machineries, bridges or railway tracks.
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