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The dynamic fractional order equations are used to present several real systems. In
addition, the exact model in many real systems has been shown to be more precise with
fractional differential equations. This research has been dealt with a Nonlinear Quadrotor
Model (NLQM) that have become the major topic for control engineering researchers.
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CHAPTER 1 INTRODUCTION

1.1 Introduction and Motivation

Unmanned Vehicle Systems (UVS) are important for different areas nowadays because
they can be controlled and operated remotely without human interference. UVS is a
research key because of the increase in demand of remote sensing and control in wide range
of applications such as scientific surveys, traffic surveillance, transportation aids, and
inspection in addition to operation in harsh environments [1]. UVS have various
configurations, characteristics, shapes and sizes which will be reflected on system
dynamics [2]. The development in miniaturization of UVS offers high potential effort for
small size and low cost of UVS compared to manned applications especially in certain
applications. Rapid growing of UVS comes with promising future because of its size, cost,

construction simplicity and maneuverability [3]-[5]

Developing UVS in the absence of the operator is costly in the controller complexity for
tracking and vision. The controller is demanded to overcome many drawbacks, starting
with stabilizing the system, driving the system to the desired trajectory in the shortest
possible time, adapt against any variations of system dynamics and finally be robust against
any disturbances. All these requirements ended up making the control design as an

important issue and an interested subject to be investigated

In order to design a controller for UVS, accurate models are needed to reflect system

dynamics either by precise modeling or real time identification. UVS have a framework of



rigid body dynamics and can be described by a set of differential equations using Euler-

Lagrange.

In recent years, the exact model in many real systems has been shown to be more precise
with fractional differential equations like viscoelastic systems [6], [7], electromagnetic
theory [8], [9], economics [10], mechatronics [11]. In certain cases, dynamic fractional
order equations are used to present several real systems. Over the last two decades,
fractional system models were widely explored [12]-[18]. Thus, the conduct of too many
existing systems, like viscoelastic systems, has been shown to be more reliable by
fractional orders differential equations. In addition, Fractional systems were used widely
in various scientific fields as successful approaches for modelling physical processes in the
real world. In [19], non-integer systems for the explanation of long memory and inherited
properties of complex phenomena have been investigated over the past years in various
fields, including energy fuel [20], imaging science[21], biomedicine [22] and accident
investigation[23]. A major example of fractional order systems is vibration systems that
have many implementations in the industry and they modelled by fractional order
equations. According to [14] Vibration systems with fractional order differential equations
can be more accurately modeling and controlling. By modelling a system of vibration, we
should formulate a fractional order input control for fractional order equations. Up to date,

numerous studies were carried out to explore the vibration system fractional order control.

1.2 Thesis Objectives and Contribution

This study makes the following contributions: deriving an accurate and comprehensive

mathematical model of the quadrotor UAV by applying the fractional order scheme
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transformation on the transitional equations of the quadrotor model, developing different
control strategies, and applying them to the resulting mathematical model in MATLAB.
The thesis will conclude with an assessment of the controller design schemes in terms of
dynamic performance, improving tracking accuracy and response speed, and system

stability.

The primary objective of this research is to test the improvements obtained in transforming
the dynamics of a given nonlinear system (Quadrotor) into a fractional order one by

implementing an integer and fractional control techniques.

The specific objectives of the proposed research project are as follows:

1. Transforming the nonlinear Quadratic model into a fractional order one.

2. Compare between the States of the Quadrotor Non-linear model (integer/fractional
nonlinear ones).

3. Design two linear control algorithms for both integer and fractional systems.

4. Design two nonlinear control algorithms for integer and fractional systems and
compare them.

5. Evaluate the performance of the nonlinear controllers by benchmarking the results
to the results of linear controllers.

6. Extensive Simulations will be carried to show the effectiveness of the proposed

scheme.



1.3 Methodologies

Developing thesis objective as mentioned in the previous section will go through several

steps as following

1. Transforming the nonlinear Quadratic model into a fractional order one.

2. Compare between the States of the Quadrotor Non-linear model (integer/fractional
nonlinear ones).

3. Design two linear control algorithms for both integer and fractional systems.

4. Design two nonlinear control algorithms for integer and fractional systems and
compare them.

5. Evaluate the performance of the nonlinear controllers by benchmarking the results
to the results of linear controllers.

6. Extensive Simulations will be carried to show the effectiveness of the proposed

scheme.

1.4 Thesis Organization
The thesis is organized as the following

Chapter 1 presents an introduction to the primary work, motivation, thesis purpose,

methodology, and lastly thesis organization.

Chapter 2 provides a survey of the literature on UAVs and the most extensively employed
control systems in the area of quadrotors, especially the FOPID control and FOSMC for

nonlinear systems.



Chapter 3 presents the quadrotor dynamic model based on the Newton-Euler concept in
full details including the rotor dynamics and aerodynamic effects acting on the quadrotor
body. Also, the fractional order scheme transformation on the quadrotor model is presented

in this chapter.

Chapter 4 presents the developed PID and FOPID approaches to control and stabilize the
position and angle states of the quadrotor in both integer and fractional systems. Computer

simulations are used to validate the controllers, and the obtained results are shown there.

Chapter 5 covers the proposed SMC and FOSMC algorithms for controlling and
stabilizing the quadrotor's position and angle states in both integer and fractional systems.

The controllers are validated using computer simulations, and the results are shown.

Chapter 6 shows the conclusion and future work for this thesis.



CHAPTER 2 LITERATURE REVIEW

2.1 Unmanned Aerial Vehicles (UAVS)

The concept of unmanned aerial vehicles (UAVSs) changes from one reference to another.
For our objectives, unmanned aerial vehicles (UAVSs) are miniature aircrafts that operate
without the assistance of a pilot. They can be driven remotely by a person or autonomously;
autonomous vehicles are controlled by an onboard computer that can be preprogrammed
to do a single job or a broad variety of duties as described in the specification [2]. In other
publications, UAVs may refer to either motorized or automatic shutoff, tethered or
free aerial aircraft [24]. Unmanned aerial vehicles (UAVS) are gaining interest to their
employment in the armed services, business, and public sectors, and are especially
desirable in places where a human operator is not required. Miniature UAVS are more
appealing since they perform better due to their shorter take-off range and longer flying

endurance.

UAVs were formerly utilized primarily in military purposes, but they are now being used
in civil applications as well. [25]. The advancement of unmanned aerial vehicles (UAVS),
which began around World War 11, has progressed significantly for both armed and non-
military activities. UAVs are increasingly being used in areas where having a human
operator is either inconvenient and dangerous, or is not necessary at all. UAV operations
and missions today range from agricultural inspection [26], meteorological data collecting
[27], and catastrophe monitoring [28], with sizes ranging from tiny birds to helicopters.
Recent trends and studies indicate that the number of UAVs for diverse purposes will rise

6



by a few thousand in the near future [29], [30], with the ultimate shape and size of the UAV
becoming task dependent. Fixed wing and rotorcraft are the most common types of UAVs
available in the market. Fixed-wing UAVs use a stiff, aerodynamically streamlined wing
structure to create lift as they move. Rotorcraft UAVS, on the other hand, produce lift by
the use of propellers. This distinction enables rotorcraft UAVs to remain stationery and
hover at a single location, but fixed wing UAVs must continually move. Flapping wing
UAVs, often known as ornithopters, are becoming increasingly popular among academics
[1]. The design of such UAVs is inspired by nature, mimicking birds and insects. Flapping
wing UAVs have various potential advantages over fixed wing devices, including

improved maneuverability, low speed, vertical take-off and landing [31].

2.2 UAV Control Designs

The quadrotor is an unmanned aerial vehicle (UAV) that moves vertically to take off and
land. Numerous research and studies have been conducted in recent years to model and
regulate Quadrotors. Quadrotor UAVs are widely employed in a variety of applications
because to their numerous advantages like as speed, smoothness, small size, and

environmental friendliness [32], [33].

[34] introduced the use of PID and LQ control schemes on an indoor micro quadrotor, and
it was discovered that these two types of controllers performed comparably and were
capable of stabilizing the quadrotor's attitude around its hover position when subjected to
minor disturbances [34], [35]. [36] employed a traditional PID controller to regulate the
position and orientation of a quadrotor, and it was able to stable in a low-speed wind
condition. a self-tuning PID controller based on adaptive pole placement to govern the
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quadrotor's attitude and heading [37]. The suggested controller worked effectively with
online parameter tuning, according to simulation [37]. H,, is a linear robust controller;
robust controllers take parametric uncertainties and highly nonlinear dynamics into

account. It is said to be utilized for comprehensive helicopter control [38].

Sliding mode control (SMC) consists of an algorithm that is fundamentally resilient in
parameter, nonlinear, external and insecure adjustments. It is introduced where the
robustness criterion in drive systems is highly necessary and in the face of strong
uncertainty [39]. Backstepping is an iterative control approach that works on both linear
and non-linear problems. [38]. In a more recent paper, [40] proposed the use of
backstepping and sliding-mode nonlinear control methods to control the quadrotor which
gave better performance in the presence of disturbances. [41] proposed developing
controllers that can stabilize the quadrotor in an outdoors environment, they compared the
performance of an integral sliding-mode controller vs. a reinforcement learning controller
and they reached a conclusion that both controllers were able to stabilize the quadrotor

outdoors with an improved performance over classical control technique.

In the field of rotor aircraft, different methods of typical control like PID and backstepping
have been implemented [42],. The attitude control systems were separated and defined as
a first-order plus the lag time system and then the VTOL UAYV fractional Pl and [P1] flight
controller design method [43]. The authors in [44] developed an autoregressive exogenous
input (ARX) model to regulate VTOL UAV's pitch loop and converted them to FOPTD
(first order plus time delay). In [45] proposed a sliding fractional order mode control

method with an effective attitude controller which has a greater degree of freedom to



achieve desired performance. Using Black—Nichols approach to control the quadrotor’s
position and attitude by implementing new approach of fraction order PIY D* [42]. In order
to minimize the chattering and maximize the robustness of the dynamical response of UAV
quad-rotor model, a fractional-order backstepping sliding mode control technique is

implemented [46].

As represented in [47]-[49], sliding-mode controllers were used with fractional-order
derivatives to theoretically mitigate chatter impacts. In [50], it was stated that a fractional
order disruption observer could approximate the disorder, and a new fractional order
sliding mode controller on the observer basis was recommended to minimize the chattering
effect and monitoring errors. The authors in [51] proposed an adaptive SMC, including a
slide surface with a fractional order integral part and a switching form with a less discord.,
means has less chattering. As shown in [52], to stabilize an uncertain non-linear non-integer
system, a sliding integral surface was formulated.. In [51], [52], two suggested approaches
implemented integral fractional order sliding surface and various reaching laws to decrease
the reach time and increase system performance. In [53], to control the speed of a
permanent magnet motor in terms of reducing the chattering of the desired value and to
maximize robustness, a sliding surface using the fractional order integral was implemented.
For the control of an elastic robot link-manipulator to boost performance, a sliding surface

was presented in [54] with two fractional order derivatives terms.



CHAPTER 3 QUADROTOR DYNAMIC MODEL

3.1 Introduction

This chapter shows the quadrotor’s integer and fractional mathematical non-linear models.
The integer one is obtained utilizing theoretical method. Then this model is transformed

into fractional one. Both models are tested using different control techniques

3.2 Preliminaries

This section provides some preliminary details about the fractional calculus that is to be

found in our research.
3.2.1 Gamma Function

This function extends the definition of factor numbers and plays a special part in fractional

mathematics. This function has a general definition as indicated by I'(x) as below [55].
I'x) = f e 't 1dt (3.1)
0

3.2.2 Caputo Fractional Derivative

Utilizing Gamma function, the common operator in fractional-order dynamic equations is

Caputo fractional derivative operator and it's defined as follows

1 t o fm(y)
DE(t) = CEr A d, 0<n €Z (3.2)

Wheren—1< a< n.
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3.2.3 Properties of Fractional order Derivative (for n = 1)
1. Commutative Property

For any function, the fractional order derivative (D) of the fractional order integral

(D~%) equals the function itself
DE(D™f()) = f (1) (3.3)
On the other hand, the fractional order integral (D~%) of the fractional order derivative

(D%) for any function is

"1 f*(a)

DD W) =[O =), (=) 34
2. Linearity Property
D(fy + f2) = D%f; + D*f, (3.5)
D*(cf) = cD*f (3.6)
3. Zero Rule Property
DO(f(®) = f(®) 3.7)
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3.3 Integer Quadrotor Dynamic Model

The quadrotor consists of four spinning propellers powered by four-dc engines that control
vehicle motion. The quadrotor's position depends on the Euler angles, which are the angle
of Roll (), the angle of Pitch (0) and the angle of Yaw (y). Figure 3-1 describes the
dynamics of the quadrotor Equations (3.8) and (3.9). The system consists of the R? and
R™ inertial frames as shown. The torques of Roll, Pitch and Yaw and the overall thrust

force appear in the quadrotor.

Figure 3-1: Quadrotor Dynamic

Rotors (1, 3) and rotors (2, 4) rotate in various ways to negate the moments produced by
each other, as discussed previously. The rolling velocity can be accomplished in the x-axis
direction of the vehicle by increased the angular momentum of the second rotor and
decreasing its angular velocity by maintaining the entire rotation steady. Likewise, the
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pitch velocity along the y - axis is accomplished by increasing the third rotor angular
velocity and reducing the first rotor angular velocity. And the motion of the yaw along the
z-axis will increase the rotor velocity (1, 3) and reduce the rotor's velocity (2, 4). Figure

3-2 illustrates this mechanism.

Forward Down

.@ A @5
) | j g -
@D @

Left Hovering Right

Figure 3-2: The Quadrotor Movement Mechanism

cbcld  spsbcy —scop  cpshc + sise
R=|spctl sosOsy+cpctd cososy — spcy
—sf) soch coct

Depending on the angles of Euler, we can obtain the transformation matrix that transforms

the systems from the frame of inertia or ground to the body frame as follows:
13



where s(x) and c(x) indicate sin(x) and cos(x) respectively.

Now, taking into account the Euler rotation angles and the Newton-Euler or Lagrange
modeling method, the motion equations are obtained from the translational and rotational

parameters which are [, 8,9, x, y, z]. Hence, the nonlinear equations set derived are:

(ﬁ ES all/.)é + blﬂré + Cl(pz + d1U2
é = azljjqb + bZQT¢ + Czéz + d2U3 (38)

U = a396 + by? + c3U,

X =ayx + by(cpSecy + Su5y)Uq

Y = asy + bs(CpSeSy — SpCy)Us (3.9)

Z=a¢z— g+ bs(cyce)Us

where,
a2=IZZInyxx: b2=I]y_ry; Cz—_%' d2=é;
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Ag = — —; b6=

where | indicates the length of each arm and m is the quadrotor mass. Ix, is the inertia
moments around X — axis , ly is the inertia moments around y — axis and Iz is the moment

of inertia around z - axis. U,and U, are the virtual inputs whereas the control inputs are

U, U,, Usand U, and they are considered by the rotor’s angular velocities relation as

following:
Uy b bbb\[w
Up|_[ 0 =b0 b || ws?
U3 _b O b 0 W32/
U — — 2
4 d —dd—-d/ \w, (3.10)

Uy = CuSpCy + S4pSy
Uy = €uSeSy — SpCy
where b is the thrust and d is the parameter of the drag. w' is the angular velocity of the it"

rotor. The interpretation of these equations in details is shown in [56],[57].

561=x2

X'Z = a1x4x6 + bl-er4 + Clez + d1U2

X'3 = X4
X'4_ == a2x2x6 + bz.erZ + C2X42 + d2U3 (311)
X'S == x6

Xg = A3XpX4 + byxg? + c3U,

)Z7=x8
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Xg = auxg + b, U, U;
X9 = X190
X19 = AsX19 + bsU, Uy
X11 = X12
X1z = AeX12 — g + be(€yCe)Uy

Therefore, the integer state space representation will be as follows:

3.4 Fractional Order Transformation Scheme
Given the following dynamic system:

MY(t) + CY(t) + KY(t) = f (3.12)
Where Y = [y1,¥,...., ¥,]" € R™is the displacement vector and M € R™*"is the mass
matrix and C € R™is the damping matrix and the stiffness matrix is K € R™ and finally,

f € R" represents the input vector.

As shown in [14], this system can be transformed into a linear pseudo state space fractional

order system as follows with a=0.5 (fractional order):

Firstly, taking the state variables as:
y1(t) = y(¢)
y2(t) = D®y(t)

(3.13)
y3(t) = y(t)

ya(t) = DM2y(t)

Hence, equation (1) can be rewritten as follows using equation (2):

16



Dy (1) o 1 0o o]v®] o
D%y, (1) o o 1 ofly0],|o
= f 3.14
DOy (1) O_1 0 0_1 I]ys(t) T 0 (3.14)
D%y, (t) -M™K 0 -M7"C O0lly,(t) |
Then, the linear fractional order system form is:
D%5y(t) = AY(t) + Bf
Where,
0 I 0 0 0
_ 0 0 I 0 _|o
A= 0 0 0 I and B = 0
-M7K 0 -M7C 0 1

The same procedure has been done on the integer quadrotor model using the following
changes of variables to obtain the fractional state space form of the translational equations
Eq 1.3-3 of the quadrotor model and will keep the rotational equations Eq 1.3-2 as integer

equations:

x1 =X
x, = D%5x
X3 =X
(3.15)
X5 =Y
xg = D%5y
X7 =Y



X1 =12
Hence, based on above equation, the translational equations will be as follows:
D%%x; = x,
D%>x, = x5
D% x; = x,

D0'5x4 = UyX3 + b4UxU1

0.5, —
D®>x5 = x¢

(3.16)
D%%x, = x,

05, —
D®°x, = xg

D%xg = x40
0.5 _
D™ x19 = X14

D%%x;1 = xq;
Finally, the whole fractional system of the quadrotor will be as follows:
X1 =X,
Xy = A1X4Xg + b1 02X, + 1% + d U,
X3 = X4

18



X4 = ApXyXg + byl xy + Cox4% + dyUs
X5 = Xg
Xg = A3X3X4 + b3xg® + c3U,
D"'Sxf7 =X,
D"'Sxf8 =Xy,

. (3.17)
D" xf9 = xflo

D"'s;vcf14 = asx; , +bsU,U;
Do'sxf15 = *f16
Do'sxfm = Xf17
Do'sxfn = *f18

D"'Sxf18 = aeXxr, — g+ be(CyCe)Us

3.5 Validation of Fractional Order NLQM

Many research scholars prove that the models of real systems can represented accurately
by fractional order equations. This section shows a comparison between the integer order

NLQM and the fractional one. To validate the FONLQM, we use a Pseudo Random Binary
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Signal (PRBS) and apply as input to both IONLQM and FONLQM. Then the two systems

are simulated in parallel and the results are compared.
3.5.1 Pseudo Random Binary Signal (PRBS)

As defined in [58], the PRBS is a signal produced by employing a pulse rectangle
modulated signal with a random length. This signal can be approximated as discrete white
noise, with a mean of zero and a variance close to one. Furthermore, PRBS is high in
frequency and does not deviate the system from its operational point. It is usually applied

in identification and validation jobs.

The pseudorandom signal of the PRBS is a long series characterized by a random change
in the pulse width, but it is periodic across a wide span of time. The length of the sequence
determines the duration. Its amplitude can be very low, but it must be above the residual
noise. If the signal to noise ratio is too low, it is necessary to increase the duration of the
simulation to get a good estimate of the parameters. A typical value of the amplitude of the

PRBS is 0.5% to 5% of the value of the operating point on which it is applied as in [58]
/mg
AMPPRBS = WEq i 0005 * WEq; Where WEq = E

The PRBS can be generated in MATLAB Simulink using the predefined function block
called Band Limited White Noise. The signals are generated for both systems as show in

(Figure 3-3, Figure 3-4, Figure 3-5, Figure 3-6, Figure 3-7 and Figure 3-8)
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3.5.2 Step Input Signal (SIS)

The SIS can be generated in MATLAB Simulink using the predefined function block called
Step with step time = 1, and final values (5, 10, 15, 20). (Figure 3-9, Figure 3-10, Figure

3-11, Figure 3-12, Figure 3-13 and Figure 3-14) show the signals of both systems.
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3.5.3 Simulation Results

As given in [59], Table 3-1 shows the quadrotor parameters that they are used in the

simulation.

Table 3-1:System Parameters

Parameter Symbol Description Value Units
g The acceleration due to gravity 9.81 m/s?
m Quadrotor Mass 0.486 Kg
L Quadrotor Arm Length 0.225 m
Ly The Moments of Inertia around x | 4.856 E-03 Kg. m?
L, The Moments of Inertia aroundy | 4.856 E-03 Kg. m?
I, The Moments of Inertia around z | 8.801 E-03 Kg. m?

Kpx The Rotational Drag Coefficient | 5.5670 E-04 N/rad/s
in x

Ksy, The Rotational Drag Coefficient | 5.5670 E-04 N/rad/s
iny

K¢, The Rotational Drag Coefficient | 6.3540 E-04 N/rad/s
inz

K The Linear Drag Coefficientin x | 5.5670 E-04 N/m/s

Ky The Linear Drag Coefficientiny | 5.5670 E-04 N/m/s

Ky, The Linear Drag Coefficientinz | 6.3540 E-04 N/m/s

Ir The Inertia Moment of Rotor 2.8385 E-05 | N.m/rad/s?
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b The Lift Coefficient 2.923 E-05

N.m/rad/s

d The Drag Coefficient 1.12 E-06

N.m/rad/s

The simulation of the IONLQ and the FONLQ models with PRBS and step inputs are

carried out in MATLAB using all the parameters described. The behavior of all the states

with the given PRBS inputs are obtained as shown in (Figure 3-15, Figure 3-16, Figure

3-17, Figure 3-18, Figure 3-19 and Figure 3-20), also the same figures show the errors

between the integer and fractional states.
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Figure 3-15: x and x; Positions Responses with PRBS Inputs and the error between them
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(Figure 3-21, Figure 3-22, Figure 3-23, Figure 3-24, Figure 3-25 and Figure 3-26) show
the behavior of all the states of IONLQM and the FONLQM with SIS inputs, also the same

figures show the errors between the integer and fractional states.
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Therefore, it can be observed that the responses of position states in both integer and
fractional systems are consistent, while the angles states responses in both systems are
exactly the same. Furthermore, the fractional order model gives a good approximation of

the dynamics of the non-linear quadrotor model.
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3.6 Conclusion

In this chapter, the dynamics and the operation of the quadrotor was explained. Then the
integer non-linear mathematical model (INLMM) was formulated and the state equations
were obtained. This model showed the non-linear, multivariable and under actuated

behavior of the quadrotor which makes it relatively difficult to control.

Then, the INLMM transformed into a fractional non-linear mathematical model (FNLMM)
using fractional calculus. After that, the simulations were carried out to compare the
INLMM and the FNLMM by giving PRBS inputs and SIS. The results confirmed that the
FNLMM provides a good approximation of the system. Also, we provided the errors that
compare the position states of both integer and fractional models to indicate that the

systems will not be that same.
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CHAPTER 4 PID and FOPID Controls Designs

4.1 Introduction

A quadrotor is a type of rotary-winged aircraft. The quadrotor's control difficulties stem
mostly from its complicated dynamics, non-linearity, multivariable structure, and, most
importantly, its underactuated states. As a result, the problem of controlling a quadrotor
has received much interest in the previous few years. Many techniques have been applied
to successfully control the quadrotor and can be found in the literature which have been

discussed earlier in chapter 2.

As observed from Equations (3.8) and (3.9), the quadrotor system is a 6 DOF because it
has six outputs (¢,6,y,x,y,z) but it has four inputs that can be manipulated
(U, ,U,,Us,U,); hence it considers as a type of underactuated systems because the number
of controlled variables (outputs) is more than the number of manipulated variables (inputs).
Also, we can observe in same Equations that the rotational dynamics do not depend on the
translational states; hence we can control the quadrotor attitude and heading (angular states
¢, 0 ,) separately by implementing three controllers (U, ,Us,U,) for three outputs
(¢, 0 ,¢) and form a rotational subsystem as an inner loop. While, the outer loop will
govern the quadrotor system's position by delivering the altitude and position (translational

states) with the controlled angles. (see Figure 4-1)
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Figure 4-1: Rotational and Transational subsystems

In this chapter, we first study about the theories of two majors control techniques, PID
control and FOPID control. Then, we define these controllers for our systems and also the
control laws are developed. The simulations are performed to control the IONL and FONL
models of the quadrotor using the developed controllers and the tracking of a desired
trajectory is done. The performance of the proposed control designs will be assessed by

implementing these controllers on MATLAB/Simulink.

Also, in this section, we propose three case studies that have been investigated to highlight
the issues that the quadcopter control systems may face in achieving the required tracking.
The first case study was the step input, the circular path was the second case study and the
third case study was the helical path. The states with reference trajectories of these case

studies are presented in Table 4-1.
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State

Table 4-1:Case Studies with Reference Trajectories (RT)

Reference Reference Reference
Trajectory Trajectory Trajectory
u(t) cos(t) cos(t)
u(t) sin(t) sin(t)
2u(t) u(t) 0.2t

5u(t) u(t) u(t)
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4.2 Closed Loop Simulation

PID, FOPID Controllers are used to control the transitional and rotational states of the

quadrotor in both integer and fractional systems.
4.2.1 Altitude Controller

Figure 4-2 shows the block diagram of the altitude controller (AC). The input of AC is the

error signal e, where e, = z — z; and it produces the output U,

Quadrotor Dynamics

Translational
Subsystem

Figure 4-2:Altitude Controller Block Diagram

4.2.2 Attitude and Heading Controllers

The block diagram of attitude and heading controller is shown in Figure 4-3. Attitude

controller has e, and eg as inputs and U, and Usas outputs where e, = ¢ — ggand ey =
8 — 64. The input of the heading controller is e, where ey, = ¥ — 1,4 and it produces the

output U,
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Quadrotor Dynamics

Figure 4-3:Attitude and Heading Controllers Block Diagram

4.2.3 xandy Positions Controllers

We observe from the translational equations of quadrotor model that x and y positions are
not decoupled and they cannot be controlled directly by the system’s controls U;through

U,. Therefore, we assume having two virtual control inputs U, and U,, that control x and

y positions.

The position controller is introduced to the closed loop simulation for the quadrotor altitude

and attitude controllers, as illustrated in Figure 4-4.
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Figure 4-4: All System Controllers Block Diagram

The controller blocks in the preceding block diagrams can include any type of control
method, whether linear or nonlinear. All controller inputs are errors connected to some of

the quadrotor states and provide an output that is either one or more control inputs U;

through U, or ¢4 and 64 with U, and U,, if it is the position controller.
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4.3 Controller Parameters Tuning Employing GA

In this section, we propose a technique to tune the parameters of PID and FOPID controllers
using the optimization approach, GA. The stated method involves computationally
calculating the proportional gain (K,), integral gain (K;), and the derivative gain (Kj) for
PID and FOPID controlled systems; integral constant (1) and derivative constant (u) for
FOPID controller whose process modeled as a linear system using Linear Analysis Tool in
Simulink around the initial conditions as shown in Figure 4-5. A MATLAB software is
utilized to find the optimal value of the parameters of PID and FOPID controllers that can
meet the majority of the system requirements, such as reducing rising time, maintaining a
high system response and keeping robustness. The objective function of GA was chosen
so that the Integral of Time Absolute Error (ITAE) performance index is minimized. After
that we use the obtained optimal parameters of PID and FOPID controllers to find the
objective functions of integral absolute error (IAE), integral square error (ISE) and the
integral time square error (ITSE). The formulas of IAE, ITAE, ISE, ITSE are shown in

Equations (4.1), (4.2), (4.3) and (4.4).

42



A\ Linear Analysis Tool - BothSystemsWithPIDController - Step Plot 1

LINEAR ANALY SIS ESTIMATION PLOTS AND RESULTS STEPPLOT1
T_:| Load Session Analysis VOs:  Hodel/Os ~ M Resuk Viewer e "\ (-\
5] save Session Operating Point:  1ad! Intial Condtion ~ || Linearization Advisor E l E l E N i i \{:‘% E \:{l -
(G Preferences  Parameter Variations: None = Q@ More Options Step Piot 1 Step Bode Impulse Nyquist
FILE SETUP OPTICNS LINEARIZE
Data Browser @ | StepPlot1 |
Search workspace variables Pl é
v MATLAB Workspace ol gtepliespanse
] foém: Control Module1/U1 From: Control Module1/U2 From: Control Module1/U3 From: Cenirol Module1/U4
L 1
FH b 0.0049 ~ B2 e
H iy 0.0049 & L
Hi=z 0.0088 g 0 =558
o 2.2385¢-05 4
H K« 5.5670e-04 é 2
Kfy 5.5670e-04 ©
£ _gu 10°
 Linear Analysis Workspace £§6 p—
ﬁama Value 8 587 ”
(€] linsys1 frd 55 2 g o b=
g2&o
5 T
< T30 ——
= —~—
%ELZU
— & 10
ion at model initial condition: .ﬁ 0 wl‘
ith 6 outputs, 4 inputs, and 249
12 states. § . ,1
g o
e 0 1 2 40 1 2 3 40 1 2 3 40 1 2 3 4
= z = z
] 10° Timg;(seconds) 108 10°
a

Figure 4-5: Linear Analysis Tool in Simulink

IAE = j le(t)|dt (4.1)

ITAE = f tle(D)|dt (4.2)

ISE =fe2(t)dt (4.3)

ITSE = f te?(t)dt (4.4)
As defined in [58], the GA method is an iterative optimization technique that works as

follows:

e Firstly, it generates a random “population’ comprising numerous individuals
which will be a vector for the controller parameters in our scenario.

e The individuals fitness of the population is assessed by use of an objective function
which minimize the ITAE performance index to such values as control gains.

e New population is then derived from the existing population via genetic operations
such as evolution, mutation and crossover and also their fitness is assessed.

e The "elite” of the two populations are then nominated to form a third population.
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e The term "elite” refers to individuals who have the best fitness or have the lowest
value of the objective function (minimizing the ITAE performance index in our
case). The algorithm is applied until it achieves a population with all (or most) of
its members being elite, at which point it returns the individual (the value for the
control gains) with the lowest possible fitness (produces the least possible ITAE

performance index for the system).

Throughout this work, we employed the MATLAB optimization toolbox, which provides

a built-in function for GA optimization.
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4.4 PID Control Design

4.4.1 Introduction

In this section, we designed PID controllers that control the transitional and rotational states

of the quadrotor in integer system. Figure 4-6 shows the PID controller’s block diagram.

Set Point + O _._' 1 L, OQuadrotor Dynamics System State
L » s had

Figure 4-6: PID Block Diagram

4.4.2 PID Control Design of Integer System

4.4.2.1 Altitude PID of Integer System

To govern the quadrotor's altitude, we created a PID controller. It produces the control
input U;, which is also responsible of the quadrotor's altitude, as shown in Equation (4.5).

Now, we can derive the control law as follows:

m .
U, = W Kye, + Kpé, + K; f e, dt) + g] (4.5)

Where
z Actual Altitude
z;  Desired Altitude

e, = (z — zy) Altitude Error

45



Proportional Gain
K,  Derivative Gain
K; Integral Gain

cp  cos@

co cos O

g Gravity Value

m Quadrotor Mass

4.4.2.2 Attitude and Heading Controllers in Integer System

4.4.2.2.1 Roll Angle Controller of Integer system

A PID controller is designed to control the quadrotor’s Roll angle ¢ in integer system
which generates the control input U, as shown in Equation (4.6). The control law can be

derived as follows:
Uy = Ly |Kpep + Kpéy + K; f ey dt] (4.6)

Where
[0 Actual Roll Angle

¢@q  Desired Roll Angle

e, = (¢ —@g) Roll Angle Error
K,  Proportional Gain

K,  Derivative Gain

K; Integral Gain
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L., ~ The Moments of Inertia around X

4.4.2.2.2 Pitch Angle Controller of Integer system

A PID controller is designed to control the quadrotor’s Pitch angle 8 in integer system and

it generates the control input U; as represented in Equation (4.7). The derived control law

is as follows:
U3 = Iyy [erg + KDég + Ki j €9 dt] (47)

Where

0 Actual Pitch Angle

04 Desired Pitch Angle

eg = (6 — 6,) Pitch Angle Error

K, Proportional Gain

Kp Derivative Gain

K; Integral Gain

yy  The Moments of Inertia around y

4.4.2.2.3 Yaw Angle Controller of Integer system

Another PID controller is designed to control the quadrotor’s Yaw angle i in integer
system and it produces the control input U, as indicated in Equation (4.8). The derived

control law is as follows:
U4, = IZZ erw + KDelp + Ki f elp dt] (48)
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Where
Y Actual Yaw Angle
Y, Desired Yaw Angle
ey = (Y —1gq) Yaw Angle Error
K,, Proportional Gain
K, Derivative Gain
K; Integral Gain

I,, The Moments of Inertia around z

4.4.2.3 Positions Controller of Integer system

Because the system is underactuated, the quadrotor position (x,y) cannot be driven
directly. It can be controlled by manipulating the Roll and Pitch angles (¢, 8). As a result,
the position is controlled by specifying desired Roll and Pitch angles (¢4,6;) and
applying them to their respective controllers. The steps of finding desired Roll and Pitch

angles (¢4 ,0,4) can be summarized as follows:
Finding desired Roll Angle(¢y4)

First, as in Equation (3.10) the virtual control inputs are defined as follow,

Uy = CSgCy + S¢Sy (4.9)

Uy = €SSy — SpCy (4.10)

Now, solve for sg in Equation (4.9),
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1 (4.11)

Substituting Equation (4.11) in Equation (4.10)

U, = a [Ux =SSyl — SpCy (4.12)

Solve for s, in Equation (4.12) to find ¢4 ,

2
S S Ny
@y Y
+sy,cpy =—U,— U
¢y oY ¢y x y
.2 -
S Ry
1 P
Sp|—+cy|=—U,—U
[ Y x y
| Cy 1 &
2 2
s), + ¢ S.
so |[2—2 =22y, -,
[ G 1 &

Since (s§, + ¢, = 1) = s, = syUy — ¢y U,

@q =sin" sy U, —c,,U)] (4.13)

Finding desired Pitch angle (84)

Now, solve for s, in Equation (4.9),
1
Se = — [Ux — cSeCy] (4.14)

S
¥
Substituting Equation (4.14) in Equation (4.10)

Uy = cy,SgSy — % [Ux — cpSocyl (4.15)

Solve for sy in Equation (4.15) to find 84 ,

C C2 Cll)
Se[CySy + ‘p—w¢]= U, + ;UX

N

s2+c?
YN p
Se [Cq)( sP )]_ Uy + sy Ux
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Since (s§, + cj, = 1) = 59(5_3,) =U, +$UX

1
= a [CwUx + SlpUy]

Sg

1
0, = sin‘l[c— (cyp,Ux + 5y,U,)] (4.16)
Pa

Therefore, after obtaining stable PID controllers for the quadrotor's altitude and orientation.

Now, we can design PID controllers that control x and y positions.

4.4.2.3.1 x Position Controller in Integer System

A PID controller is designed to govern the x position in integer system. It produces the
virtual control input U,.. Therefore, the derived control law will be as follows in Equation

(4.17):
m
U, = U—[erx + Kpé, + K; f ey dt] (4.17)
1

Where
X Actual x Position

xq  Desired x Position

€x = (x — x4) x Position Error
K,  Proportional Gain

K,  Derivative Gain
K; Integral Gain
U,  Altitude Controller

m Quadrotor Mass
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4.4.2.3.2 y Position Controller in Integer System

Another PID controller is designed to govern the y position in integer system. It produces

the virtual control input U,,. Hence, the derived control law will be as follows in Equation
(4.18):
m .
U, = U [ery + Kpéy, + K; f ey dt] (4.18)
Where

y Actual y Position

vy  Desired y Position

ey = (y — y4) Yy Position Error
K,  Proportional Gain

K,  Derivative Gain
K; Integral Gain
U,  Altitude Controller

m Quadrotor Mass

4.4.3 PID Control Design of Fractional System

4.4.3.1 Introduction

In this section, we designed PID controllers based on the fractional dynamic equation
(3.17) that control the altitude, attitude, heading, and positions in fractional system. The

PID controller’s block diagram is shown previously in Figure 4-6.
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4.4.3.2 Altitude PID of Fractional System

We designed a PID controller to control the quadrotor’s altitude in fractional system. we

can derive the control law as follows:
m .
Ulf ZW(erzf'i'KDezf'i‘Ki ezf dt"‘g) (419)

Where

Zs Fractional Actual Altitude

z;  Desired Altitude

ez, = (2zr — zq) Fractional Altitude Error
K,  Proportional Gain

K,  Derivative Gain

K; Integral Gain

cQ CoS @
co cos @

g Gravity Value

m Quadrotor Mass
4.4.3.3 Attitude and Heading Controllers in Fractional System

4.4.3.3.1 Roll Angle Controller of Fractional system

A PID controller is designed to govern the quadrotor’s Roll angle ¢ in fractional system

which generates the control input U, f The control law can be derived as follows:
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sz = Ly (er(pf + Kpéy, + K; f €p; dt) (4.20)

Where

@r  Fractional Actual Roll Angle

¢@q  Desired Roll Angle

ep, = (¢f — @q) Fractional Roll Angle Error
K,  Proportional Gain

K,  Derivative Gain
K; Integral Gain

L., ~ The Moments of Inertia around X

4.4.3.3.2 Pitch Angle Controller of Fractional system

A PID controller is designed to govern the quadrotor’s Pitch angle 6 in fractional system

and it generates the control input Us,. The control law can be derived as follows:

U3f = Iyy (ergf + KDéHf + Ki J egf dt) (421)

Of Fractional Actual Pitch Angle

04 Desired Pitch Angle

ep, = (8¢ — 84) Fractional Pitch Angle Error
K, Proportional Gain

Kp Derivative Gain

K; Integral Gain
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I,,  The Moments of Inertia around y

4.4.3.3.3 Yaw Angle Controller of Fractional system

Another PID controller is designed to control the quadrotor’s Yaw angle i in fractional

system and it produces the control input Uy, The control law can be derived as follows:

Us, = Iy (erl,,f +Kpéy, + K, f ey, dt) (4.22)
Where
Yy Fractional Actual Yaw Angle
Y, Desired Yaw Angle
ey, = (y —q) Fractional Yaw Angle Error
K, Proportional Gain
K, Derivative Gain
K; Integral Gain

I,, The Moments of Inertia around z
4.4.3.4 Positions Controller of Fractional system

4.4.3.4.1 x Position Controller in Fractional System

A PID controller is designed to govern the x position in fractional system. It produces the
virtual control input Us,- Therefore, the derived control law will be as follows:
m
Us, =U—1<erxf+KDéxf+Kifexf dt) (4.23)
Where
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Xf Fractional Actual x Position

xq  Desired x Position

= (xf — x4) Fractional x Position Error
K,  Proportional Gain

K,  Derivative Gain

K; Integral Gain

U,  Altitude Controller

m Quadrotor Mass

4.4.3.4.2 y Position Controller in Fractional System

Another PID controller is designed to govern the y position in fractional system. It produces

the virtual control input Uy,. Hence, the derived control law will be as follows:

m .
ny = U—I(eryf + KDeyf + Ki f eyf dt) (424)
Where
yr  Fractional Actual y Position

vy  Desired y Position

ey, = (¥f — yq) Fractional y Position Error
K,  Proportional Gain

K,  Derivative Gain
K; Integral Gain

U,  Altitude Controller
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m Quadrotor Mass
4.4.4 PID Control Simulation

We used the GA to obtain the gains of altitude PID controller (K, ,K; and Kp)with a
desired value z, of 2 m. The control parameters produced by the GA were K,, = 0.0127 ,

K; = 0.000524 and K, = 10. The objective function utilized to assess the GA was

minimizing the ITAE performance criteria. The process being tested was the obtained

transfer function (5(—(53)) in Equation (4.25) which have been found by using Linear
1

Analysis tool (LAT) as shown in Figure 4-5and this tool depends on selecting the system
inputs (U, ,U,, Uz and U,) and outputs (¢, 0,9, x,y and z) as shown Simulink block
diagram (see Figure 4-4)

z(s) 2.058
U,(s)  s240.001307s

(4.25)

Correspondingly, we obtained the PID controller gains of attitude, heading and positions

controllers using GA. Equations (4.26), (4.27) and (4.28) indicate the obtained transfer

x(s) y(s) @) 6(s) and P(s)

funCtlonS (Ul(s) ) Ul(s) ) Uz(S) 4 U3(S) U4(S)

) that were tested with GA.

x(s) y(s)  1815e-—8

Uy(s)  Uy(s) s2+40.001145s (4.26)
o(s) B 6(s) B 51.48 (4.27)
Uy,(s) Us(s) s2+1.318e06

P(s) 0.0001273 (4.28)

Uy(s) s2
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Also, Table 4-2 shows the optimal values of the objective functions that have been used to
assess the GA approach of tunning the PID controller parameters and getting the optimal

ones.

Table 4-2: Optimal Values of the Objective Functions as PID Controllers Applied

Optimal Objective
Functions IAE ITAE ISE ITSE
System States
Altitude (2) 0.05376 0.002353 0.02964 | 0.000582
Position (x and y) 1.010 0.5050 1.010 0.5050
Attitude (@ and 0) 1.0085 0.5042 1.0071 0.5034
Heading (y) 1.0077 0.5043 1.0055 0.5018

Table 4-3 represents the summary of obtained altitude, attitude, heading and positions PID
controllers using GA. As a result of quadrotor symmetry, the Roll and Pitch controllers
have the same gains of PID controller as shown in Table 4-3. Similarly, x and y position
controllers are the same. Therefore, they will have the same parameters of PID controller

as represented in Table 4-3.

Table 4-3: PID Controller Parameters with System States

System States K, K; Kqg
Altitude (2) 0.0127 0.000524 10
Position (x and y) 9.998 10 10
Attitude (¢ and 0) 24.999 25 25
Heading (v) 25 24.998 25

57



Case Study 1: Step Inputs Trajectories (with PI1D)

We study both integer and fractional systems of quadrotor by applying PID control
approach and setting the references or the inputs (x, y, z and ) as step inputs as shown in
Table 4-1.

Table 4-4 shows the summary of the systems (integer/fractional ones) performance in terms
of overshoot OS, and rising time RT when PID controllers applied and the step inputs stated

as desired references.

Table 4-4: Integer and Fractional Systems Performance as PID Controllers Applied

System States Desired Integer System Fractional System
Values
OS% | RT (sec) 0S % RT (sec)
Altitude (2) 2m 0.486 | 0.194 0.505 0.189
Position (x and y) 1m 9.341 | 0.158 9.341 0.154
Heading (y) 5° 2.234 | 0.167 2.234 0.167

(Figure 4-7, Figure 4-8 and Figure 4-9) show the responses of x and y positions and altitude
states of both integer and fractional systems with the desired values (1 m, 1 m and 2 m)
respectively. While, the responses of angle states of both integer and fractional systems are
shown in (Figure 4-10, Figure 4-11 and Figure 4-12). Also, the fractional angle states

(¢ and 6¢) with ((pdf = de = 0°) are shown in (Figure 4-13 and Figure 4-14).

The PID control inputs of both integer and fractional systems that controlled the quadrotor
altitude, attitude, heading and positions are shown in (Figure 4-15, Figure 4-16, Figure
4-17 and Figure 4-18) and the PID virtual control inputs (U, and Uxf , Uy and ny) of

both integer and fractional systems are shown in (Figure 4-19 and Figure 4-20).
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Observation:

It can be observed that all the fractional responses (x¢ , y , z¢) have oscillations comparing
with integer responses (x, y, z) because of applying the fractional scheme transformation

on transitional subsystem which becomes a subsystem with memory effect as described in
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[60]-[62]. However, the fractional transformation doesn’t implement on rotational

subsystem, the fractional responses of Roll and Pitch angles (¢f,6f) have oscillations
because they are affected by the virtual control inputs (U, , U,) which are used to obtain
the desired Roll and Pitch angle (¢4, 6,) that control the quadrotor's positions. Also, we
observed that Ulf, Uz U3f, Uxf and ny have oscillations due to fractional
transformation, whereas U, s doesn’t has oscillations because it doesn’t affect by the

fractional transformation.

On the other hand, as observed in Table 4-4, the transient states of fractional responses

(x¢,¥r,2zs ) are improved in terms of rising time comparing with integer responses
(x,y,z). While the overshoots of (xf,yr) and (x,y) are the same and the overshoot of

(Zf) comparing with (z) doesn’t improved.

Case Study 2: Circular Shape Trajectory (With PID)

We move the quadrotor of both the integer and the factional systems along a circular path
which was presented in Table 4-1 as second case study (Case 2) and it is shown in Figure
4-21 as 3D plot. The responses of integer and fractional angles of quadrotor are shown in
Figure 4-22 and Figure 4-24. The Yaw angle () is set to be as a step function; however,
the Roll and Pitch angles (¢, 8) follow their desired angles, that are provided by the outer
loop which controls the quadrotor's position, because changing those angles changes the

positions x and y. Also, the PID control inputs (U, and Uz, Us and Us;, Uy and U4f)

that control the quadrotor angles of both integer and fractional systems are shown in

separate figures (Figure 4-25, Figure 4-26 and Figure 4-27).
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On the other hand, the responses of integer and fractional positions and altitudes of
quadrotor are illustrated in separate figures (Figure 4-28, Figure 4-29 and Figure 4-30).
Furthermore, the PID control and virtual inputs that control the quadrotor altitude and
positions of both integer and fractional systems are shown in separate figures (Figure 4-31,

Figure 4-32 and Figure 4-33).
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Helical Shape Trajectory (With PID)

We move the quadrotor of both the integer and the factional systems along a helical path
(Case 3) and it is as shown as 3D plot in Figure 4-34. The responses of integer and
fractional angles, positions and altitude states of quadrotor are shown respectively in

separate figures (Figure 4-35, Figure 4-37, Figure 4-38, Figure 4-39 and Figure 4-40).

Also, the PID control and virtual inputs are shown respectively in separate figures (Figure

4-41, Figure 4-42, Figure 4-43, Figure 4-44, Figure 4-45 and Figure 4-46).
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4.45 PID Results and Discussion

The proposed PID controllers have been tested and simulated using MATLAB/SIMULINK

software. FOMCON Toolbox has been used for the fractional calculus.

The main objective of implementing PID controller is to stabilize the UAV of both systems

(integer and fractional ones) as well as follows a desired reference with better performance.

We observed that the stated PID controllers stabilized both the integer and the fractional

systems of UAV and followed the desired references as shown in above figures.

Because of transforming the translational equations to fractional ones and keeping the
rotational equations as integer ones, the simulated and obtained results of applying step
inputs as desired references show that the fractional position states (xg, yy and z;) are
improved in terms of (Rising Time) comparing with integer position states (X, y and z),
while the overshoots of (x and x;) and (y and yy) are the same and the overshoot of

(z and z¢) is not improved as shown in Table 4-4.

Also, the obtained results of driving the quadrotor along circular and helical trajectories
reveal that the quadrotor of both integer and fractional systems doesn't really follow the

path well and also, they have poor transient and steady states.

Furthermore, we employed the GA technique to tune and obtain the optimal parameters of
the proposed PID controllers, and the objective functions used to evaluate the GA were
minimizing IAE, ITAE, ISE, and ITSE, as shown in Table 4-2. When compared to the

others, the ITSE was the best.
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4.5 FOPID Control Design

45.1 Introduction

In this section, we will implement a Fractional Oder PID (FOPID) controller for both

integer and fractional systems. Figure 4-47 shows the block diagram of the FOPID.

e

A
1 : System State
— s Z) Quadrotor Dynamics >
3

-
_.-_, s

Set Point + O

Figure 4-47: FOPID Block Diagram

PID Controllers are improved in a fractional order technique of form as PI*D* controllers.

The most typical structure of the fractional order PID (FOPID) can be stated as:

1
P(S) = Kp + KI§ + KDSH (429)
Where
K, Proportional Gain

K, Integral Gain
K, Derivative Gain
A Non-integer Order of Integral Term

u  Non-integer Order of Derivative Term

FOPID controller will be an integer order PID controller when A1 and u = 1.

Furthermore, it can be observed that the FOPID controller adjusted by tunning five
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parameters (K, K; ,Kp , A and u) comparing with integer order PID which regulates by
three parameters (K, K; , Kp). This develops FOPID controller from point to plane - as

shown in Figure 4-48 - and adding more accuracy and flexibility to the controller design.

Derivative Order

/\
. |pD PID
# 9
Fractional Order|PID
PI
s  —»
0 1  Integral Order

Figure 4-48: Expansion of FOPID from Point to Plane

4.5.2 FOPID Control Design of Integer System

The same procedure that we have done with integer order PID in integer system as shown
in Equations (4.5), (4.6), (4.7) and (4.8), we will design four FOPID control inputs (

Usropip ' U2ropip + Usropip @0 Uapoprp) that govern the altitude, orientation of the

quadrotor with two more parameters (A and u) as shown below in Equations (4.30), (4.31),

(4.32) and (4.33). Also vritual FOPID control inputs (U, U

y ) that control the
FOPID

FOPID’

quadrotor position are shown in Equations (4.34) and (4.35).
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Uiropip = C(p% [( Kye, + Ki(ll(ez)) + Kq(D*(ez)) ) + g] (4.30)

Uz popip = x| (Kpey + Ki(1*(e4)) + Ka(D*(e0)) )] (4.31)

Uspopip = lyy[(Kpeo + Ki(I7(e9)) + Ka(D*(e9)) )] (4.32)

Uspoprp = loz[( Kpey + Ki(I*(ey)) + Ka(D*(ey)) )] (4.33)

Usronn = G [(Kpex + Ki(I*(e0)) + Ka@*@))]  (a38)
FOPID

UyFOPID - Ul::mn [( Kpey + Ki(ll(ey)) + Kq(D*(ey)) )] (4.35)

where,
I*  Fractional Integral with order 1

D*  Fractional derivative with order u
4.5.3 FOPID Control Design of Fractional System

Using the same technique as stated in Equations (4.19), (4.20), (4.21) and (4.22) for
integer order PID in fractional systems, we constructed four FOPID control inputs that
regulate the quadrotor's altitude, attitude, and heading with two additional parameters (A
and u) as shown below in Equations (4.36), (4.37), (4.38) and (4.39). Also, Equations
(4.40) and (4.41) indicate the virtual FOPID control inputs that govern the quadrotor

position.

UlfFOPID - W [( Kyez, + Ki (IAer)) + Kq(D*(ez,)) ) + g] (4.36)

= Le [( Kpeg, + Ki (I7(ey))) + Ka(DH(ey))) )] (4.37)

2f FopID
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37 oo = v | (Kneo, + K (I%(eo))) + Ka(D*(eo,)) )| (4.38)

s pomp = loz | ( Koy, + K (18(ep)) + Ka(D (e ) )| (4.39)

Xf popID % [( erxf +Ki (Iz(exf)) + Ky (D”(exf)) )] (4.40)
FOPID

Yfropip U1fm [( Kpey, + K; (Il(eyf)) + Ka(D¥(ey,)) )] (4.41)
FOPID

45.4 FOPID Control Simulation

We used the GA approach to obtain the optimal parameters
(Kp ,K; , A, K4 and p) of FOPID controllers. The objective function was minimizing

the ITAE performance criteria. The processes being tested were the transfer functions in

Equations (4.25), (4.26), (4.27) and (4.28).

Table 4-5 shows the optimal values of objective functions that have been used to assess the

GA approach of tunning the FOPID controller parameters and obtaining the optimal ones.
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Table 4-5: Optimal Values of the Objective Functions as FOPID Controllers Applied

Optimal Objective
Functions IAE ITAE ISE ITSE
System States
Altitude (2) 0.06083 | 0.005175 | 0.03344 | 0.000761
Position (x and y) 1.010 0.5050 1.010 0.5050
Attitude (¢ and 0) 1.0072 0.5037 1.0044 0.5024
Heading (y) 1.0076 0.5033 1.0052 0.5016

Case Study 1: Step Inputs Trajectories (with FOPID)

We study both integer and fractional systems of quadrotor by applying FOPID control

technique and setting the references or the inputs (x, y, z and ).

Table 4-6 represents the summary of obtained altitude, attitude, heading and positions PID

controllers using GA.

Table 4-7 shows the summary of the systems (integer/fractional ones) performance in terms

of overshoot OS, and rising time RT with FOPID controllers and step inputs as desired

references.
Table 4-6: FOPID Controller Parameters with System States
System States K, K; A Kgq u
Altitude (2) 3.27e-05 0.00294 0.9800 10 0.9800
Position (x and y) 9.9999 9.9865 0.5075 9.9998 0.9787
Attitude (¢ and 6) 24.9976 25 0.5001 | 24.9989 | 0.5006
Heading () 24.9992 | 24.9945 | 0.5009 | 24.9999 | 0.9800
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Table 4-7: Integer and Fractional Systems Performance as FOPID Controllers Applied

System States Desired Integer System Fractional System
Values | 0OsS% RT (sec) 0S % RT (sec)

Altitude (2) 2m 0.505 0.213 0.505 0.209

Position (x and y) 1m 11.80 0.166 11.80 0.162

Heading (y) 5° 0.639 0.151 0.639 0.151

(Figure 4-49, Figure 4-50 and Figure 4-51) show the responses of x and y positions and
altitude states of both integer and fractional systems with the desired values (1 m, 1 m and
2 m) respectively with FOPID controllers. Whereas, the responses of angle states of both
integer and fractional systems with FOPID controllers are shown in (Figure 4-52, Figure
4-53 and Figure 4-54). Also, the fractional angle states (¢ and 6¢) with (0°) with FOPID
controllers are shown in (Figure 4-55 and Figure 4-56).

The FOPID control inputs of both integer and fractional systems that controlled the
altitude, attitude and heading of the quadrotor are shown in (Figure 4-57, Figure 4-58,
Figure 4-59 and Figure 4-60). Also, the FOPID virtual control inputs of both integer and

fractional systems are shown in (Figure 4-61 and Figure 4-62)
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Figure 4-50: y and y Position States with Desired Reference (1 m) with FOPID Controller and the Error
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Figure 4-58: FOPID Attitude Control Inputs ( U, ,sz) of Integer and Fractional Systems and the Error
Between Them
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Figure 4-59: FOPID Attitude Control Inputs ( U; ,Ugf) of Integer and Fractional Systems and the Error
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Figure 4-62: FOPID y Position Control Input (U, , ny) of Integer and Fractional Systems and the Error
Between Them

Observation:

It can be observed that the oscillations that appear in the fractional responses (z¢ , xf , yr)

with PID controllers have been eliminated when the FOPID controllers are implemented
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however, the transient states of fractional responses (x; , ys , z¢ ) are notimproved in terms

of rising time comparing with integer responses (x, y, z) as shown in Table 4-7.

Also, FOPID controllers remove the oscillations that appear in the fractional responses of
Roll and Pitch angles (¢ , 65). Moreover, the FOPID control inputs in fractional system

have small oscillations comparing with FOPID control inputs in integer system.

Case Study 2: Circular Shape Trajectory (With FOPID)

We build FOPID controllers that regulate the altitude, positions, attitude, and heading of a
quad-rotor in both integer and fractional systems while moving it in a circular route case
(2) and it is seen in Figure 4-63 as 3D plot. The responses of integer and fractional angles
of quadrotor are seen in (Figure 4-64 and Figure 4-65). The FOPID control inputs that
control the quadrotor angles in both integer and fractional systems are shown in separate

figures (Figure 4-66, Figure 4-67 and Figure 4-68).
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Figure 4-63: 3D Plot of Circular Trajectory with FOPID Controllers
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Figure 4-68: FOPID Control Inputs (U, and U4f) and the Error Between Them

On the other hand, the responses of integer and fractional positions and altitudes of
quadrotor are illustrated in separate figures (Figure 4-69, Figure 4-70 and Figure 4-71).
Furthermore, the FOPID control and virtual inputs of both integer and fractional systems

are shown in separate figures (Figure 4-72, Figure 4-73 and Figure 4-74).
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Figure 4-69: x Position Responses (x and x;) with FOPID Controller and the Error Between Them
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Figure 4-71: z Altitude Responses (z and z;) with FOPID Controller and the Error Between Them

99



f - - U,-FOPID

1500+
e U -FOPID
€T
= 1000
E
:E‘ 500
. J
! ; 0 15
time (sec)
. T e,~-FOPID
QL
ERR
i
= -10
L 1
5 10 15

time (sec)
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Figure 4-74: FOPID Virtual Control Inputs (U, and ny) and the Error Between Them

Case Study 3: Helical Shape Trajectory (With FOPID)

The quadrotor of both the integer and fractional systems is moved along a helical trajectory,
(Case 3) and it is shown in Figure 4-75 as 3D plot. The responses of the quadrotor's integer
and fractional angle, position, and altitude states are presented in separate figures (Figure
4-76, Figure 4-77, Figure 4-78, Figure 4-79 and Figure 4-80). Also, the FOPID control and
virtual inputs are shown in separate figures (Figure 4-81, Figure 4-82, Figure 4-83, Figure

4-84, Figure 4-85 and Figure 4-86).
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455 FOPID Control Results and Discussion

MATLAB/SIMULINK was used to test and simulate the proposed FOPID controllers. The

fractional calculus was accomplished with the FOMCON Toolbox.

The primary goal of the FOPID controller design is to stabilize the UAV as well as follows

a desired reference with greater performance than a PID controller.

We observed that the stated FOPID controllers stabilize both the integer and the fractional

systems of UAV.

Also, the major advantage of implementing FOPID controllers are eliminating the
oscillations that appear when the PID controllers are applied with the quadrotor's systems
(integer and fractional ones) as shown in above figures. However, the transient states of
integer and fractional responses with FOPID controllers aren’t enhanced comparing with

PID controllers when we apply the step inputs as desired references as shown in Table 4-7.

Moreover, the obtained results of moving the quadrotor along circular and helical
trajectories show that the quadrotors of both integer and fractional systems with FOPID
controllers follow the trajectories better than PID controllers and have considerably

superior transient and steady states.

In addition, we utilized the GA approach to tune and get the optimal parameters of the
proposed FOPID controllers, with the goal functions minimizing IAE, ITAE, ISE, and

ITSE, as shown in Table 4-5. The ITSE was the best when compared to the others.
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CHAPTER 5 SMC AND FOSMC DESIGNS

5.1 Sliding Mode Control (SMC) Design

In this section, we proposed a nonlinear SMC to control the quadrotor states because the

quadrotor system is a type of nonlinear systems.
5.1.1 Introduction

Sliding mode control (SMC) consists of an algorithm that is fundamentally resilient in
parameter, nonlinear, external and insecure adjustments. It is introduced where the
robustness criterion in drive systems is highly necessary and in the face of strong
uncertainty [39]. It employs a fast switching control rule to drive state courses to track and
maintain a predefined, customer surface in the states space and to keep them there [63]. As
in [58], the control law of SMC (U.;) has two rules of control as shown in Equation (5.1);
an equivalent control rule (ugy) and a corrective control rule (uc). To achieve the
corrective control function, any deviations in the state trajectories from the sliding surface
will be compensated while, the equivalent control ensures that the state routes remain on

the sliding surface by maintained the surface rate to zero.

Uer = uc + ugq (5.1)
Where
Uc,  Sliding Mode Control Law

uc  Corrective Control
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ugo  Equivalent Control

We introduce three case studies that have also been examined in order to highlight the
issues that quadcopter control systems may meet when attempting to achieve the required
tracking. The first case study was the step input, the second case study was the circular
path, and the third case study was the helical path. Table 5-1 shows the states of these case

studies together with their reference trajectories.

Table 5-1:Case Studies with Reference Trajectories (RT)

RT Reference Reference Reference
States Trajectory Trajectory Trajectory
0] 2u(t) 2u(t) 2u(t)
(7] 2u(t) 2u(t) 2u(t)
¥ 5u(t) u® 10
X u(t) cos(t) cos(t)
y u(t) sin(t) sin(t)
z 2u(t) u(t) 0.2t
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5.1.2 SMC Design of Integer System

In this section we proposed fractional sliding mode controllers that control the integer
quadrotor states in Equation (3.11). The SMC of fractional order nonlinear systems can be
built using two methods, as shown in [60], [64], [65]. The first relates to a class of fractional
nonlinear systems, while the second applies to nonlinear systems of both fractional and

integer order. The second strategy, which was outlined in [65], will be used in this research.
Given the following system as a general form of integer order nonlinear systems,

x=w(x) +v(x)u(t) (5.2)
Where
w(x) and v(x) Functions of States as Vectors

u(t) Control Input

Now, defining the sliding surface as,
s =q(x —xq) (5.3)
Where
q Positive Constant Vector (g7 € R™) and ( n the system order)
x Vector States

Xq Desired Vector States to be Tracked

Let,

s=—qsgn(s) ;q>0 (5.4)
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We select § = —gsgn(s) to guarantee that the sliding condition (s § < 0) for s # 0. And
Selecting Lyapunov functionas V = %sz and its rate is V = s $ which ensures the stability

and therefore s is asymptotically stable. If we select s as,

s =—qsgn(s) —ks ;qandk >0 (5.5)

The sliding condition (s $) will be also less than zero (s s < 0) and increasing the term (k)

will increase s and this will result in quicker approach towards s = 0.

Therefore, in order to design control law of the given system Equation (5.2), taking
15tderivative on both sides of the defined sliding surface in Equation (5.3) as follows,
§ = q(x — %a) (5.6)
Comparing Equation (5.6) and Equation (5.5) indicates
—qsgn(s) — ks = q(x — x,) (5.7)
Substituting (x)from Equation (5.2) implies,
—gqsgn(s) —ks = q [w(x) + v(x)u(t) ] — gxq

1
u(t) = qv00 [—gsgn(s) — ks — qw(x) + q x4] (5.8)

Based on above steps, we can design the sliding mode controllers that control altitude,
attitude and heading and X, y positions of the integer quadrotor dynamic model as
represented in the following sections. Firstly, we define the sliding surfaces in Equation
(5.9) and the Lyapunov functions that ensure the stability of the proposed SMCs in

Equation (5.10).
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Si = { ki—1(xi21 — XG-1ya) + ki(xi —xi0) /0

(5.9)
€{2,4,6,8,10,12}
With
k Positive Constant Vector (kT € R™) and ( n the system order)
X Vector States
Xq Desired Vector States to be Tracked
V= {%s,? /i€{2,4,6,8,10,12} (5.10)
Let,
S=—qsgn(S) ;q9>0 (5.11)

We select S = —gsgn(S) to guarantee that the sliding condition (SS < 0) for s # 0. Also,
we choose V = %SZ and its rate V = SS which ensures the stability and therefore S is

asymptotically stable.

As discussed in [60], selecting the sliding rate as,

S=—qsgn(S) —kS ;qandk >0 (5.12)

The sliding condition (SS) will be also less than zero (SS < 0) and increasing the term (k)

will increase S and this will result in quicker approach towards S = 0.
5.1.2.1 Altitude SMC Design in Integer System

In this part, the altitude sliding mode controller (ASMC) is developed to track a reference

trajectory z,.

From Equation (3.11), the altitude dynamic ( z) is
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.7.('11 = xlz (513)

X12 = AeX12 — g + be(€pCe)Uy (5.14)

Therefore, and based on Equation (5.9), the altitude sliding surface is defined as,
Sz = S12 = k11(x11 — x110) + k12(X12 — X124) (5.15)
Taking the derivative of the sliding surface (S,) would results:

S, = _CIZSgn(Sz) —k,S, (5-16)

Where

- (q,sgn(S,) + k,S,) represents the discontinuous part that satisfies the reachability

condition.

qg,and k, >0

Sy = kg (h1q — X11q) + k12(F12 — X124) = —qz5gn(S,) — k;S, (5.17)

Substituting the altitude dynamic equations (x,; and x;,) implies,

k11(x12 — X114) + k12(Aex12 — g + beCyCoU1 — X124)

(5.18)
= —q,sgn(S;) — k,S,
Therefore, the sliding law control of altitude will be calculated as follows:
1 . :
Uy =7————I[—q,sign(S,) — k,S,; — ki2(asx12 — g — X124)
k12b6 €4Co (5.19)

— k11 (x12 — X114)]
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Stability Analysis

The primary goal of any control system design is to stabilize the original system. To ensure
the stability of the proposed controller, a Lyapunov function is applied as a positive definite

function, and its rate must be negative definite or semi-negative definite.

Therefore, and based on Equation (5.10), the altitude Lyapunov function is defined as,

1
V, =V, = ESZZ (5.20)
Taking its time derivative as,
I}'z = I./12 = SZ Sz (521)
(5.22)

V, = Vip = S, [kq1 (%12 = %110) + k12(@6X12 — g + DeCypCoU1 — %124) ]

Now, substitute (U,) from Equation ((5.19) and simplify the result,
V, =V, =S, [kll(xlz — X110) + [—qzsign(S,) — k, S, — ki1 (42 — 551101)]]
V,=Vi, =S, [—q,sign(S,) — k,S,]
V, =Vi; = —q,IS,| — k,S2 <0 (5.23)

Which is negative V t , since q, ,k, >0
5.1.2.2 Attitude SMC Design in Integer System

The quadrotor's orientation is determined by the rotation angles. To govern the roll, pitch,

and yaw angles, three different controllers can be designed. Based on Equation ((5.9), the
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sliding surface is constructed in the same way as the altitude control design, and the control

law is stated as follows:

5.1.2.2.1 Roll Angle SMC in Integer System
From Equation (3.11), the roll angle dynamics ( ¢) are

X, =X, (524)

XZ = a1x4x6 + bl-er4 + CleZ + d1U2 (525)

From Equation (5.9), the sliding surface can be defined as

Sp =Sz = k1 (%1 — x14) + ko (X2 — x24) (5.26)

Taking the derivative of the sliding surface (S,,) would results:
Sp = S2 = —q,59n(Sy) — kypS, (5.27)

—>
S(p = S2 = k1 (% — X1q0) + ko (X2 — X24) = —Q<p59n(5¢) - k(ps(p (5.28)

Substituting the roll angle dynamic equations (x; and x,) implies,
kq(xy — %1q) + kp(a124%6 + b0, x4 + ¢12,° + dq U, — X3q)

(5.29)
= —q(psgn(Sq,) — koS

Now, solving for U,

1
=——1[-q,591n(S,) — k,S, — ky(aX4xc + b12,X, + C1X3% — X24)
kzd1[ q,59 ((p) 029 2(A1X4X¢ 1 4 1X2 2d (5.30)

— k1(x; — x419)]

U,
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Stability Analysis

From Equation (5.10), the roll angle Lyapunov function is defined as,

V=V, = 555 (5.31)
Taking its time derivative as,
Vo =V2=S5,$, (5.32)

V(p - VZ - S(p [kl(xZ - 5C1d) + kz(a1x4x6 + bl..er4 + CleZ + dle - kzd)] (533)

Now, substitute (U,) from Equation ((5.30) and simplify the result,
V(p = Vz = S(p [kl(xz - de) + [—q(psgn(S(p) - k(pS(p - kl(XZ - .xld)]]

Vo = V2 = Sy [~psign(S,) — ke S,]
Vo =Vo = —q,|Sy| —k,S2 <0 (5.34)

Which is negative V t , since q, ,k, >0

5.1.2.2.2 Pitch Angle SMC in Integer System

Similarly, from Equation (3.11), the pitch angle dynamics are
_9'53 = X4 (535)

X4 = QXX + bylle Xy + €2, + dyUs (5.36)

Using the same procedures as roll angle and altitude SMC designs, the designed controllers

(U3) for pitch angle can be derived as follows,
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Us [—qesign(Se) — kgSy

~ kyd, (5.37)
— ky(azx,%6 + b2, X3 + €2X4% — %4q) — k3 (X4 — ¥34)]

Stability Analysis

Based on Equation (5.10), the pitch angle Lyapunov function is designed as,

1
Vo=V, = 555 (5.38)

After simplification, the time derivative is
Vo = Vi =—qolSel —kgS§ <0 (5.39)
5.1.2.2.3 Yaw Angle SMC in Integer System

From Equation (3.11), the yaw angle dynamics are

%s = X (5.40)
5(6 = A3zXyXy + b3X62 + C3U4 (541)

Using the same procedures as roll angle and altitude SMC designs, the designed controller

(U,) for yaw angle can be derived as follows,

1 ) |
U, = _k(,Cs [_Q¢Slgn(5¢) - k¢S¢ — k6(a3x2x4 + b3x62 _ xﬁd)

(5.42)
— ks(xg — X54)]
Stability Analysis
Based on Equation (5.10), the yaw angle Lyapunov function is designed as,
1 2
Vy =Vs=§5¢ (5.43)
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After simplification, the time derivative is

5.1.2.3 Position SMC Design in Integer System

In this section we designed the virtual control inputs (U, and U,)) which controlled the
quadrotor x and y positions. Based on Equation (5.9), the sliding surfaces of both (x, y) are
defined as:

Sy =8g =k;(x; — x54) + kg(xg — xgq) (5.45)

Sy = S10 = ko(xg — X9q) + Kk19(X10 — X104) (5.46)

After substituting and simplification, the control signals (U, , U,,) are

1 . |
Us=23T [—q.sign(Sy) — k,Sy — kg(asxg — xgq) — k7(xg — %74)]  (5.47)
8Y4 Y1
1 i . 5.48
Uy= [—aysign(S,) — kS, — kio(asx1o — *104) (5.48)
k10b5 U1

— ko(x19 — X9q)]

Stability Analysis

Based on Equation (5.10), the position Lyapunov functions are designed as,

1
Ve =Vg = ES’% (5.49)
1 5.50
Vy =Vio = 553% ( )

After simplification, the time derivative is

I./x = I./8 = _CIxIle - ka.’)% <0 (551)
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V, = Vio = —qy|Sy| — k,S2 <0 (5.52)

Which are negative V t , since q, , qy, ky,k, >0
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5.1.3 Sliding Mode Control (SMC) Design of Fractional System

In this section we will use the second method of designing SMC that can be applied to

fractional order and integer order nonlinear systems, it was discussed in [60], [64], [65].

The proposed integer sliding mode controllers was applied to the fractional states

(transitional equations) of Equation (3.17)
Given the following system as a general form of fractional order nonlinear systems,

DBx = w(x) + v(x)u(t) (5.53)
B Fractional Order (where 0 < 8 < 1)
w(x) and v(x) Functions of States as Vectors

u(t) Control Input

Now, defining the sliding surface as,
s=q(x —xy) (5.54)
q Positive Constant Vector (g7 € R™) and ( n the system order)
X Vector States

Xgq Desired Vector States to be Tracked

Let,

DBs = —qsgn(s) ;q>0 (5.55)

For integer order nonlinear systems, § =1, s = —gsgn(s) which guarantees that the
sliding condition (ss < 0) for s # 0. Selecting Lyapunov functionas V = %sz and its rate

is V = s$ which ensures the stability and therefore s is asymptotically stable.
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For fractional order nonlinear systems,
DBs = —qsgn(s) ;q>0 (5.56)
Taking /8 integral of both sides » s = —qD#sgn(s)
Taking 1% derivative — § = —gD' Psgn(s)
For 0 < B < 1, D' Psgn(s) will stay positive, and this ensures that ss < 0. If we select
DFs as,
DBs = —qsgn(s) —ks ;qandk >0 (5.57)
The sliding condition (ss) will be also less than zero (ss < 0) and increasing the term (k)

will increase $ and this will result in quicker approach towards s = 0.

Therefore, in order to design control law of the given system Equation ((5.53), taking

B derivative on both sides of the defined sliding surface as follows,

s =q(x — xa)

(5.58)
DBs = qDFx — qDPx,
Comparing Equation (5.57) and Equation (5.58) indicates
—gsgn(s) — ks = qDFx — qDfx, (5.59)
Substituting (Df x)from Equation (5.53) implies,
—qsgn(s) — ks = q [w(x) + v(x)u(t) ] - ¢DFxq
(©) = —— [~gsgn(s) — ks — qw(x) + q D] (5.60)
u =—7|—qgsgn(s) — KS — q wx X .
qv(®) qasg q q d

Based on above steps, we can design the sliding mode controllers that control altitude, and

X, Y positions of the fractional quadrotor dynamic model as represented in the following
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sections. Firstly, we define the sliding surfaces in Equation (5.61) and the Lyapunov

functions that ensure the stability of the proposed SMCs in Equation (5.62).

Sfi - { qi-3 (xfi—3 N xf(i—3)d) t 42 (xfi—z N xf(i—z)d)

+qi1 (xfi—l - xf(i_l)d) *4; (xfi o xfid)

\i €{10,14,18}
With
q Positive Constant Vector (g7 € R™) and ( n the system order)

X Vector States

xr, Desired Vector States to be Tracked

1
— 2 :
vy = {Esfi /i €{10,14,18}

Let,

DBS = —ysgn(S) ;¥ >0
Taking 8 integral of both sides —» S= —yD #sgn(S)
Taking 1% derivative » S = —yD*Fsgn(S)

(5.61)

(5.62)

(5.63)

For 0 < B < 1, D' Asgn(S) will stay positive, and this ensures that SS < 0. If we select

DES as,

DBS = —ysgn(S) — oS ;yando >0

(5.64)

The sliding condition (SS) will be also less than zero (SS < 0) and increasing the term (o)

will increase S and this will result in quicker approach towards S = 0. In our systems and

designs we assume that ¢ = 0.5
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5.1.3.1 Altitude SMC Design in Fractional System

The altitude sliding mode controller (ASMC) of the fractional system is designed to track

a fractional order reference trajectory z .
From Equation (3.17), The fractional dynamics of the quadrotor altitude are

Do.sxf15 = *f16
(5.65)

D0'5xf18 = aeXy, — g+ be(cpca)Us

Based on Equations (5.61), the fractional altitude sliding surface can be defined as,

S, =518 = Gis (xf15 N xflSd) * e (xf16 N xf16d)

(5.66)
t a7 (xf17 - xf17d) t s (xf18 - xled)
Taking half derivative (for @ = 0.5) of both sides,
DO.szZ — DO.SS18 = qqs (DO.Sxf15 _ DO.SxfISd)
td16 (DO'Sxfm N DO'Sxfwd) Y (DO.Sfo - Do.sxf17d) (5.67)
0.5 _ pnos5
t s (D *f 18 D xflSd)
Now, let
DO'SSfZ = —y,sgn (sz) - 0,5, ;¥.ando, >0 (5.68)

Comparing Equation (5.68) and Equation (5.67) implies,
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~YzSgn (sz) — 025, = s (D *oxp s — D% 15d)
+q16 (DO'Sxf16 - DO'Sxfled) t 17 (Do.sxf17 N Do'sxf17d) (5.69)

0.5 __no0.5
+ dis (D Xp1g D xled)
H H 0.5 0.5 0.5 0.5 H H H
Substituting ( D Xf oo D Xf o D Xf s D xf1s) from the fractional dynamic altitude

of the quadrotor Equation (5.65)

—YzSgn (sz) — 0,5,

(5.70)
— _ no0.5 _ no.5
= 1s (xf16 b xflSd) t 16 (xf17 b xf16d)
+q17 (xf18 — D°'5xf17d) + qug (a6xf17 — g+ becycoUy — D°'5xf18d)
Now, solving for Uy,
U —;[— sn(S )—O‘S — (x — D%x )
17 qughs CyCo LEL AN P 22f, ~ Q15 (¥f16 f15d
0.5 0.5 5.71
T (xf17 -D xf16d) 47 (xf18 -D xf17d) G.71)
0.5
~ 8 (anfﬂ —g9-D xf1ad)]
Stability Analysis
Based on Equation (5.62), the Lyapunov function can be defined as follows,
1
— _ _ 2
Ve, =Vr o= 3 sz (5.72)
Taking the first-time derivative of the Lyapunov function as
Vr, = Vre = 5,5, (5.73)

Now, we define DO-SSfZ as,
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i)O.SSfZ = —Y,Sgn (sz) — aZSfZ ;vzand o, >0 (5.74)
Taking half integral of both sides - S, = —yZ:D—°-5ggn(5fz) - GZ@—O-SSfZ
Taking 1% derivative - Sy = —y,D*°sgn(5 ) — 0, D%%S;_

Therefore,
sz = Vf18 = sz[—nyDO'ssgn(sz) — O'ZDO'SS]CZ]
Vp, =Vp, = —1,D° |sfz| —0,D%38% <0 (5.75)

D5 |sz| and D°-5Sf22 always positive as proved and discussed in [60], [65], and this

ensures that S Sy <0

5.1.3.2 Position SMC Design in Factional System

We developed the position sliding mode controllers (U, , U,) which are designed to track

fractional order reference trajectories xf, YF g respectively.

5.1.3.2.1 SMC of Position x in Factional System

From Equation (3.17), The fractional dynamics of the quadrotor x position are

DO'SXf9 = xflO (576)

Based on Equations (5.61), the fractional sliding surface of x position can be defined as,
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Sfx2510:Q7(xf7_xf7d)+q8(xf8_xf8d)+q9(xf9_xf9d)

(5.77)
* q1o0 (xf10 N xf10d)
Taking half derivative (for @ = 0.5) of both sides,
DO.szx — DO.SS10 = q, (DO.Sxf7 _ DO.Sxf7d)
+qg (DO'Sxf8 — D°'5xf8d) + qo (DO'Sxf9 — D°'5xf9d) (5.78)
* 10 (DO.Sxfw N DO'Sxfmd)
Now, let
DO'SSfx = —Y,Sgn (Sfx) —0ySp, Yxand oy >0 (5.79)
Comparing Equation (5.79) and Equation (5.78) implies,
~asgn (57,) — 0xS;, = 47 (D°x7, — D*x, )
+qg (DO'Sxf8 - DO'Sxfsd) + qo (D‘)'Sxf9 - DO'Sxfgd) (5.80)

0.5 _ no0.5
* q10 (D X9~ D xf10d)
Substituting ( D**x;_, D°-5xf8, D°-5xf9, D°-5xf10) the fractional dynamics of the
quadrotor x position Equation (5.76)

—YxSgn (Sfx) - GxSfx = a7 (fo B DO-Sxf7d)

5.81
L (xf9 N DO.Sfod) t (xf10 - DO.SxfCJd) oo

+ qu (a4xf9 + b4UxU1 - DO.SxflOd)

Now, solving for U,,
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1

_ L _ _ o5
u,= d1ob, U, [—V,sgn (Sfx) axSfx q, (xfs D xf7d)
0.5 0.5 5.82
_qB(xf'a_D xfsd)_q9(xf10_D xf9d) (582)
0.5
~ 10 (a4xf9 -D xflOd)]
Stability Analysis
Based on Equation (5.62), the Lyapunov function can be defined as follows,
= _le 5.83
Vi, =Vie =73 5, (5.83)
Taking the first-time derivative of the Lyapunov function as
Now, we define DO°S; as,
QO'SSfx = —Y,Sgn (Sfx> —0xSy_ Yxrand oy >0 (5.85)
Taking half integral of both sides - 5y = —yx®‘°-5sgn(5fx) — afo‘O'SSfx
Taking 1% derivative — Sfx = —yx®°-5sgn(5fx) - axi)O-SSfx
Therefore,
fo = VflO = Sfx [—yfoO'Ssgn(Sfx) - O'xQO'SSfx]
fo = VflO = —yx®0'5 |Sfx| - O'xDO'SSfo <0 (586)

D5 |Sfx| and DO-SS}X always positive and this ensures that Sy _ Sfx <0
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5.1.3.2.2 SMC of Position y in Factional System
From Equation (3.17), The fractional dynamics of the quadrotor y position are

0.5 —

D™xr 1, = %5y,
0.5 —

D™xr = %r 15

(5.87)

0.5 —

D™xr o = X5y,

D°'5xf14 = asxy , + bsUyU;
Following the same steps as altitude and x position SMC designs, the designed controller

(U,) for the quadrotor y position in fractional system can be derived as follows,

1

_ _ _ o5
Uy = q14b U1[ Y,Sgn (Sfy) aySfy 911 (xf12 b xflld)
0.5 0.5 5.88
" 12 (xf13 -D xled) K (xf14 -D xf13d) (589)
05
LT (a5xf13 -D xf14d)]
Stability Analysis
Based on Equation (5.62), the Lyapunov function is designed as,
= Ll 5.89
Vi, =Vr =5 57, (5.89)
After simplification, the time derivative is
Vr, =V, = 105 |S; | - o,D05SE <0 (5.90)
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5.1.3.3 Attitude SMC Design in Fractional System

Because the rotating subsystem was not subjected to the fractional scheme transformation,
the sliding mode controllers for the fractional system are the same as for the integer system,

as shown in Equations (5.30), (5.37) and(5.42).
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5.1.4 SMC Simulation

In this section, we present the simulation results of the proposed SMCs, which are
applied for integer and fractional order systems, and we investigate them using three
different case studies.

Case Study 1: Step Inputs Trajectories (with SMC)

We study both integer and fractional systems of quadrotor by applying SMC approach and

setting the references or the inputs (¢, @ and ) and (x, y, z) as step inputs as shown in

Table 5-1.

Table 5-2 shows the summary of the systems (integer/fractional ones) performance in terms
of overshoot OS, and rising time RT when SMCs applied and the step inputs stated as

desired references.

Table 5-2: Integer and Fractional Systems Performance when SMCs are Applied

System States Desired Integer System Fractional System
Values | 0s% RT (sec) 0S % RT (sec)

Altitude (2) 2m 0.505 0.217 0.881 0.008

Position (x and y) Im 0.505 0.216 0.892 0.008

Attitude (¢ and 9) 2° 0.505 0.864 0.505 0.864

Heading (y) 5 0.505 1.303 0.505 1.303

Figure 5-1, Figure 5-2 and Figure 5-3 show the responses of integer and fractional systems'
x and y positions, as well as altitude states, with the desired values (1 m,1 m and 2 m)
respectively when the SMCs are applied. While, the responses of angle states in both
integer and fractional systems are shown in (Figure 5-4, Figure 5-5 and Figure 5-6) with
the desired values ( 2°,2° and 5°) respectively.
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Figure 5-7, Figure 5-8, Figure 5-9 and Figure 5-10 depict the sliding mode control inputs
in both integer and fractional systems that controlled the quadrotor's altitude, attitude and
heading, while the virtual sliding mode control inputs in both integer and fractional systems

are shown in (Figure 5-11 and Figure 5-12)

Figure 5-1: x and x; Position States with Desired Reference (1 m) under SMCs and the Error Between Them
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Figure 5-2:y and y; Position States with Desired Reference (1 m) under SMCs and the Error Between Them
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Figure 5-12: SMC Inputs (U,, and ny) in both Integer and Fractional Systems and the Error Between Them

Observation:

It can be observed that all the fractional responses (x¢,yr , z¢) are improved in terms of
rising time (RT) comparing with integer responses (x,y,z) as shown in figures (Figure
5-1,Figure 5-2 and Figure 5-3) and Table 5-2. While, the responses of angle states in both

integer and fractional systems are the same because we do not apply the fractional scheme
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transformation on the rotational subsystem of the quadrotor model. Also, the SMC inputs
in fractional system has less chattering comparing with the SMC inputs in integer system,
while the SMC inputs that control the quadrotor angles are the same in both systems and

they have high chattering.

Case Study 2: Circular Shape Trajectory (With SMC)

We move the quadrotor of both the integer and the factional systems along a circular path
which is listed in Table 5-1 as second case study (Case 2) and it is shown in Figure 5-13 as
3D plot. The roll, pitch and yaw angles (¢,6,1) are set to be as step functions
(2°,2°,5°) and their responses in both integer and fractional systems are shown in Figure
5-14. Also, the SMC inputs that control the quadrotor angles in both integer and fractional

systems are shown in Figure 5-15.

On the other hand, the responses of quadrotor positions in both integer and fractional
systems are shown in Figure 5-16. Furthermore, the SMC inputs that control the quadrotor

positions in both systems are also shown in Figure 5-17.
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Case Study 3: Helical Shape Trajectory (With SMC)

We drive the quadrotors of both the integer and factional systems along a helical route,
which is stated as third case study (Case 3) in Table 5-1 and shown as a 3D plot in Figure
5-18. The roll, pitch and yaw angles (¢, 8, ) are defined as step functions (2°,2°,5°) and
their responses in both integer and fractional systems are shown in Figure 5-19. Also, the

SMC inputs that control the angles of the quadrotor in both integer and fractional systems

are shown in Figure 5-20.

On the other hand, the responses of quadrotor positions in both integer and fractional
systems are shown in Figure 5-21. Furthermore, Figure 5-22 depicts the SMC inputs that

regulate the quadrotor positions in both systems.
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Figure 5-19: Roll, Pitch and Yaw Angles Responses in Integer and Fractional Systems under SMC - Case 3

200
=] B
E A
0 B
200! . .
0 5 10 15 !
=l H time (sec) 1 time (sec)
- e, SMC |—(54—HM(3
3
Z0
9
£
2
. . o1 . .
5 10 15 0 5 10 15
Homao (oo o (eon
(a) Control Inputs U, and Uzp (b) Control Inputs Uz and Us,
! - - =U,-SMC
I Uy,-SMC
-0.5
0 5 10 15
1 time (sec)
[ e, -SMC
£
£
f=9
£
z
-1
0 5 10 15

tima fear)

(c) Control Inputs U, and Usp
Figure 5-20: Angle SMC Inputs in Integer and Fractional Systems and the Error Between Them — Case 3

143



= position (m)

Amplitude

Figure 5-21: x Position Responses in Integer and Fractional Systems under SMC and the Error Between Them —

Amplitude

Amplitude

e,-SMC

10 15

time (sec)

Case 3
10 % 10 100
5 e
= 0
0 g
=
5 | 100 | |
0 3 10 15 0 5 10 15
_ x 10* time (sec) time (sec)
2 —-SMC 100 —,-SMC
0 :
5 E)
= =
-
i | -100 | |
0 5 10 15 0 5 10 15
oo oo Hemo fencl
(@) Control Inputs U, and Usf (b) Control Inputs U,, and ny
108
- - =[-SMC
< 10 ‘ U],-SMC‘
2
0
0 10 15
. = 10" time (sec)
3 1 e,-SMC
]
2
ER
P
0
0 10 15

tima fear)

(c) Control Inputs U, and Ulf
Figure 5-22: Position SMC Inputs in Integer and Fractional Systems — Case 3

144



5.1.5 SMC Results and Discussion

The primary goal of designing SMC is to improve the performance in both integer and

fractional systems by stabilizing them and following a desired reference.

We observed that the proposed SMCs stabilize both the integer and the fractional systems

and followed the desired trajectories as shown above in the stated case studies.

The simulated results of the all the case studies show that the responses of the position
states in fractional system are enhanced in term of tracking accuracy and response speed.
Also, The SMC introduces high chattering due to the discontinuity in the controller but,
the designed SMCs that control the positions of quadrotor in fractional system have less

chattering comparing with those in integer system as shown in above figures.
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5.2 Fractional Order Sliding Mode Control (FOSMC) Design

In this section, we proposed a nonlinear FOSMC to control the quadrotor states because

the quadrotor system is a type of nonlinear systems.
5.2.1 Introduction

Sliding mode control (SMC) is a form of variable structure control system that provides
discontinuous feedback by switching once the system reaches the sliding surface and then
forcing the system to stay there. The sliding variable is a function of the system states, and
when the controlled states enter the sliding surface, it represents the behavior of the
controlled system, resulting in a lower dynamics order than the original system. As a result,
SMC is classified as robust control since the lowered order has the benefit of being

insensitive to parameter uncertainty and disturbances.

Recently, the fractional order was added to the SMC to enhance the control system, and it

is known as the FOSMC.
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5.2.2 FOSMC Design of Integer System

As shown in the next sections, we propose fractional order sliding mode controllers to
control the integer quadrotor dynamic model's altitude, attitude, heading, and X, y positions.
To begin, we define the sliding surfaces in Equation (5.91) and the Lyapunov functions in

Equation (5.92) that ensure the stability of the proposed FOSMCs.

Si, = { kica(%ii1 — X-1ya) + ki DY (i — xi0) /i

(5.91)
€{2,4,6,8,10,12}
With
k Positive Constant Vector (kT € R™) and ( n the system order)
x Vector States
xq  Desired Vector States to be Tracked
DY  Fractional derivative ( y the fractional order)
(5.92)

1
V,-f={is,?f /i€{2,4,6,810,12}

5.2.2.1 Altitude FOSMC Design in Integer System

In this part, the altitude fractional order sliding mode controller (AFOSMC) in integer
system is developed to track a reference trajectory z; and based on Equation (5.91), it can

be defined as:

Szf = S12; = k11011 — X11a) + k12DY (X412 — X124) (5.93)

Taking the derivative of the sliding surface (S,) would results:
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Sz = =z, 59N (Szf) — k.S, (5.94)
Where
(9, £Sgn (SZ f) + kaSZf) represents the discontinuous part that satisfies the

reachability condition.

z, and sz >0

Szf = k11(5511 - 5511d) + k12Dy(5C12 - J'512d)

(5.95)
= _CIZngn (SZf) - kaSZf
Substituting the altitude dynamic equations (x;, and x,,) implies,
k11 (X12 — X11a) + k12DY (@X12 — g + bsCyCoU1 — X124)
(5.96)
= _quSgn (SZf) - kaSZf
Using the linear property of the fractional order operator,
k11 (x12 — %11q) + k12D (@ex12 — g) + k12bDY (cycoU1) — k12DV X124
(5.97)

— Tz59m (SZf) Kz, Sz
Now, solving for the controller U,
k12b6Dy(U1C¢C9)
= T ,59n (Szf) — k. Sy, — k1aD"(@eX12 — g) + k12DVk1pq  (5.98)

—k11(x12 — X114)
Using the commutative property of the fractional order operator, we multiply both sides by

D~Y to cancel the existing DY
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k12b6D_”D”(Ulc¢,cg) = —quD_”sgn (Szf) - kaD_”SZf
(5.99)
—k;D7YDY(agx12 — g) + k12D7VDY %154 — k11 D7V (X1 — X114)

k12b6(Uicyco) = —q, D" "sgn (Szf) — kDTS, — kip(agx1; — 9)

(5.100)
Rk, — ki D7V (X1 — Xq10)

Therefore, the fractional sliding mode control law of altitude in integer system will be

calculated as follows:

U, [~q,,07"sgn(S,,) -k, DS,

-~ kazbe ¢y (5.101)

—kiz(agx1z — g — X124) — k11 D7V (X132 — X114)]

Stability Analysis

A Lyapunov function is built as a positive definite function, with its time derivative being
negative definite or semi-negative definite, in order to guarantee the stability of the

designed controller.

Based on Equation (5.92), the Lyapunov function can be defined as,

1
Taking its time derivative as,
Vi =Vige = Sz, Sy, (5.103)
sz = V12f = Szf[k11(x12 — X110) + k12D (aeX12 — g + becycoUy (5.104)

- led)]

Now, substitute (U,) from Equation (5.101) and simplify the result,
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Vige = Sy, [k1y (2 — %110) + DY (621, — g — q,,D 7 sgn (Szf) (5.105)
- kaD‘VSZf —(agx12 — 9 — X124) — k11 D7V (X142 — X114)
- led)]
Vig, = Sz;DY[~qz D7V sgn (Szf) — kD75, ] (5.106)
Vig, = Sz;[~4zp59m (Szf) — k. S;,] (5.107)
Viz, = —4z,|Ss,| — k;, 57, <0 (5.108)

5.2.2.2 Attitude FOSMC Design in Integer System

This part shows the fractional order sliding mode controllers that govern the roll, pitch and
yaw angles. Using Equation (5.91), the sliding surfaces can be defined in the same way as

the altitude FOSMC design, and the control laws are stated as follow:

5.2.2.2.1 Roll Angle FOSMC in Integer System
The sliding surface can be defined as

Spp =Sz, = ky(x1 — x14) + kDY (%3 — X24) (5.109)

Taking the derivative of the sliding surface (S, f) would results:

Sop =Sz = —ap,597(Sp, ) = Ky, Sy, (5.110)

Se; = k1(ity = %14) + ka DY (% — %24) (5.111)

= oSN (S<Pf) —kopSep

Substituting the roll angle dynamic equations (x; and x,) implies,
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ki(xy — %14) + kyDY (a1x4%6 + b1y x4 + c10,% + d U, — X24) (5.112)

= TqySgn (S‘Pf) ~koSe,

Using the linear property of the fractional order operator,
ki(xy — %14) + kyDY (agx4x6 + b1y x4 + ¢1%,%) + (d1k,DYU,) (5.113)

— (k;DY%54) = —qyp SN (S(pf) —ky Sy,

Now, solving for the controller U,

dlkszUz = _q¢fsgn (S¢f) - k(PfS§0f - kZDy(a1x4x6 + bl.QrX4 + C1x22) (5114)

+ ko DVpq — kq (X2 — X1q)
Using the commutative property of the fractional order operator, we multiply both sides by

D~Y to cancel the existing DY

d,k,D7YDYU, = —q(pr_”sgn (S(pf) - kq,fD_VS(pf
(5.115)
—k,D7VDY (ayx4%g + bif2. x4 + €1%2%) + ;DYDY %55 — k D7V (%, — X14)
dikoUy = =G, D7Vsgn (S, ) =k, DYS,,

(5.116)
—ka(a1x4xs + b1y x4 + ¢1%%) + koXoqg — ki D7V (xy — X14)

Therefore, the sliding mode control law of roll angle will be calculated as follows:

1

U, = —d1k2 [—qq,fD‘ngn (Sq,f) — kq,fD‘VS(pf
(5.117)

—ky(ayx4X6 + 12,4 + €1X2%) + Kpkpqg — kyD 7V (X — X14)]

Stability Analysis

Based on Equation (5.92), the Lyapunov function can be defined as,
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1
— —_c2
V¢f =V = ES‘P!’ (5.118)
Taking its time derivative as,
V¢f = sz = S¢f S¢f (5119)
Vfﬁf = VZf = Splk1(xz = %1a) + k2 DY (a1x4%6 + b1fdyx4 + 1% + (5.120)

d1Uz — %34)]

Now, substitute (U,) from Equation (5.117) and simplify the result,

V12f = Sy [ky (xz = %1a) + DY (@1X4X6 + b2 Xy + €127

— 4, D7sgn(Sy,) =k, DS, (5.121)
— (ayx4xg + b0, x4 + c1x,%) + %yq — kD77 (xy — %X14)
— X2q4)]
Vs, = Sg,D"[~qp,D"sgn (5¢f) — kg, DY"Sy,] (5.122)
sz = S¢,[—ag,59m (S¢f) — k¢, So,] (5.123)
sz = —qg S, — k¢f53¢f <0 (5.124)

5.2.2.2.2 Pitch Angle FOSMC in Integer System

Using the same procedures as roll angle and altitude FOSMC designs, the designed

fractional order sliding model controller (U3) for pitch angle can be derived as follows,

1

U3 = m [—qng_ysgn (ng) — kng_ySGf
(5.125)

—ky(azx,%6 + D202, X5 + C2X4% — X4q) — k3D 7V (x4 — X34)]
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Stability Analysis

Based on Equation (5.92) the Lyapunov function is designed as,

1

— — 2
Vo, = Va, = 559/‘ (5.126)
After simplification, the time derivative is
Vo, = Vs, = —qo, |So,| — ko, 53, < 0 (5.127)

5.2.2.2.3 Yaw Angle FOSMC in Integer System

The designed fractional order sliding model controller (U,) for yaw angle can be derived

using the same steps as the altitude, roll and pitch angles FOSMC designs:

1 _ _
Us = 3k [=qy,D""sgn (S'Pf) — ky DTSy,
(5.128)
—ke(a3x,x4 + b3x6% — X6q) — ksD ¥ (xg — X54)]
Stability Analysis
Based on Equation (5.92) the Lyapunov function is designed as,
= _le 5.129
Vg = Ve, =555, (5.129)
After simplification, the time derivative is
L )
Vy, =V, = —ay, |Sy,| — ky,S3, <0 (5.130)
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5.2.2.3 Position FOSMC Design in Integer System

In this section, we developed the virtual control inputs that controlled the x and y positions
of the quadrotor. According to Equation (5.91),the sliding surfaces of both (x, y) are

defined as follows:

Sey = Ss; = ky (%7 = Xra) + kD (x5 — X50) (5.131)
Syf = 510f = ko(xg — X9q) + k10DY (x10 — X104) (5.132)

After substituting and simplification, the control signals (U, , U,) are

x = [_qfo_YSign Sxf - kfo_YSxf - k8(a4x8 - xﬂd)
kgbs Uy (5:) (5.133)

— k;D7Y(xg — X74)]

1 Yo - . (5.134)
U, = WA [-q,,D Ysign (Syf) —k, D YSyf — kyo(asxqo — X104)
- D_Ykg(xm — X94)]
Stability Analysis
Based on Equation (5.92), the Lyapunov functions are designed as,
= ey (5.135)
V;cf - VSf - ESXf )
(5.136)
Vor = Vio, = ESJ%J‘
After simplification, the time derivative is
Vi, = Vg, = —Qx, [Sx,| — Ky S5, < 0 (5.137)
7 V.. — 5.138
Vy, =Vio, = —ay, |Syf| —ky, S5, <0 ( )

Which are negative V t , since Qs r Qyp s kxf,kyf >0
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5.2.3 Fractional Ordre Sliding Mode Control (FOSMC) Design of Fractional

System

In this section, we proposed three fractional order sliding mode controllers
(U, , Uy and U,,) that control altitude, and X, y positions of the fractional quadrotor
dynamic model. While, the fractional order sliding mode controllers (U, , U; and U,) that
controlled the quadrotor's attitude in the fractional system remain unchanged from those in

the integer system as shown in Equations [(5.117), (5.125) and (5.128)].

To begin, we define the fractional order sliding surfaces in Equation (5.139) and the

Lyapunov functions that ensure the stability of the proposed FOSMCs in Equation (5.140).

Srosmc; = { qi-3 (xfi_3 - xf(i—3)d) +qi2 (xfi_z - xf(i—z)d)

(5.139)
i (xfi—1 B xf(i—l)d) +q:D" (xfi B xfid)
\i €{10,14,18}
With
q Positive Constant Vector (g7 € R™) and ( n the system order)
xy  Vector States
Xf Desired Vector States to be Tracked
DY Fractional derivative (y the fractional order)
(5.140)

1 =
Vrosmc; = {ES%OSMC,- /i €{10,14,18}
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5.2.3.1 Altitude FOSMC Design in Fractional System

The altitude fractional order sliding mode controller (AFOSMC) in fractional system is

designed to track a fractional order reference trajectory z¢,.

Based on Equations (5.139),the fractional order altitude sliding surface can be defined as,

Srosmc1g = Q15 (Xf15 - xflSd) + q16 (xflﬁ - xf16d)

(5.141)
— Y _
Y (xf17 xf17d) + 41D (xfls xf18d)
Taking half derivative (for g = 0.5) of both sides,
D°*Srosmcyg = dus (DO'Sxfls - DO'SxfISd)
+a16(DSx = D%Sxp )+ qi; (D% —D%Sxp ) (5.142)
0.5 _ o5
+ 41gD” (D *f 18 b xflSd)
Now, let
DO'SSFOSMclg = _pzsgn(SFOSMclg) — K;Srosmcig 3 Pz and k, (5.143)
> 0 '
Comparing Equation (5.143) and Equation (5.142) implies,
—stgn(smsmclg) - KZSFOSMC13 = (15 (DO'Sxf15 - Do.sxfISd)
+q16 (D("Sxf16 - D0'5xf16d) + g4 (Do'5xf17 - D°'5xf17d) (5.144)

0.5 0.5
+ q18D¥ (D Xf18 D xflSd)
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it 0.5 0.5 0.5 0.5 i i i
Substituting (D™>x¢ , D™ x¢ ., D™"xp _, D™>x¢ ) from the fractional dynamic altitude

51
of the quadrotor Equation (5.65)
_ 0.5
_pzsgn(SFOSMClg) — K;Srosmcqg = q1s (xfl6 -D xflSd)
+a1e (xf17 N DO.Sxfmd) t 7 (xf18 - DOlsxflm) (5.145)

+ q15DY (a6xf17 — g+ bec,coUq — D°'5xf18d)

Using the linear property of the fractional order operator,

_pzsgn(SFOSMclg) - KZSFOSMC18 = (15 (xf16 - DO'SxfISd)

+q16 (xf17 - D0'5xf16d) + q17 (xf18 - D°'5xf17d) (5.146)

+q:1DY(agxp , — g — D°'5xf18d) + beq1gD¥c ,coUy

Now, solving for the controller U

b6q18DyC<pC9 U, = _pzsgn(SFOSMClg) - KZSFOSMClg
—q1s (xf16 - DO'SXflsd) — 16 (Xf17 - Do.sxfléd) (5.147)
—q17 (xf.  — D%x — qigDY(agxs . — g —D%x, )
17\ 18 f17a) ~ D18 6Xf1;, =9 f18d

Using the commutative property of the fractional order operator, we multiply both sides by

D~Y to cancel the existing DY
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b6q18D_yDyC(pC9 U, = —PZD_YSQR(SFOSMclg) - KzD_ySFOSMclg

—q1sD7Y (xf16 N DO.SxflSd) ~ QD77 (xf17 - DO.Sxf16d)

(5.148)
~ D77 (xfw B DO'Sxfnd) ~ @1gD7" DY (aexy , — g
_ nos
D xf18d)
beq,gCpCoUs = _pzD_ySgn(SFOSMClg) — Kk, D7 Sposmcg
(5.149)

— -y —_ no.5 _ -y _ no0.5
Q15D (xflﬁ D xf15d) G16D (xf17 D xflGd)
—q,D77 (x;. —D%x —qig(agxs _ —
417 f18 174 q18(AeXf . — 9

_—Nno.5
b xled)
Hence, the fractional order sliding mode control law of altitude in fractional system will be

calculated as follows:

1

Uj=——
beq,gc,Co

[—pZD_”sgn(SpogMclg) — kD7 Srosmcyg
(5.150)

— -y — o5 _ -y __ o5
q15D (xfm b xf15d) 916D (xf17 b xf16d)
—qu7D77 (xf18 - Do.sxf17d) - ¢I1a(a6xf17 -9
0.5
-D xflSd)]

Stability Analysis

Based on Equation (5.140), the Lyapunov function can be defined as follows,

VFOSMC18 = E S%OSMClg (5151)

Taking the first-time derivative of the Lyapunov function as
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VFOSMClg = SFOSMclgsFOSMClg (5.152)

Now, we define D°Srosuc, g @S,

0.5 — .
D*>Sposmcig = —stgn(SFosmclg) — KzSrosmcig Pz and K,

>0

(5.153)

Taking half integral of both sides — Sposmc,s = —P2D " sgn(Srosmc,g) —

KD ™% Sposmcqg
Now, taking 1% derivative of both sides;
- SFOSMClg = —PzDO'SS.gn(SFOSMClg) - KzDO'55F05M618

Now, substituting (Sroswmc,g) in Equation (5.152),
VFOSMclg = SFOSMclg[—PzDO'Ssgn(SFOSMclg) - KzDO'SSFOSMclg]
VFOSMC18 = —PzDO'5|SF05Mclg| - KzSI%OSMclg (5.154)

D> |SF05M618| and S,%OSMClS always positive and as shown in [60], [65], and this ensures

that

Srosmc,gSFosmcg < 0

5.2.3.2 Position FOSMC Design in Factional System

5.2.3.2.1 x Position FOSMC in Factional System

Based on Equations (5.139), the fractional order sliding surface of x position can be defined

as,
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Srosmcqg = 97 (xf7 - xf7d) * s (xfg - fod) *+ g9 (xfg - xf9d)

(5.155)
+ q10D” (xflo N xflOd)
Taking half derivative (for g = 0.5) of both sides,
0.5 _ 05, _ o5
D™>Srosmcy, = a7 (D X, —D xf7d)
+qg (DO'Sxf8 — DO'Sxfsd) + qq (D°'5xf9 - D°'5xf9d) (5.156)
+ q10DY (D°'5x — D%y )
f10 f10a
Now, let
DO'SSFOSMclo = _pxsgn(SFOSMclo) — KxSrosmcyg 5 Px and ky (5.157)
>0
Comparing Equation (5.157) and Equation (5.156) implies,
— (5 ) — k.S — Do — pos
PxSGM\SFosmcqg KxoFrosmc1y = 47 Xf Xf o4
+qg (DO%xr, = DOSx; ) + g (DO%x, — DOSxy ) (5.158)

Y 0.5 _ nos5
+ 410D (D Xpo =D xflOd)
Substituting ( D°-5xf7, D°-5xf8, D°-5xf9, D°-5xf10) the fractional dynamics of the

quadrotor x position, Equation (5.76);

—pngTl(SFOSMC10) — KxSrosmciy = 47 (xfg - Do'sxfm)
5 5
+qg (xf9 -D° xfsa) + qo (xf1o - D° xf9d) (5.159)
5
+ qloDy (a4xf9 + b4UxU1 - DO xflOd)
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Using the linear property of the fractional order operator,

—px5gn(Srosmcyo) — KxSrosmcyy = A7 (xfg - DO'Sxfm)
+qs (xf9 — D°'5xf8d) + qo (xf10 — D°'5xf9d) (5.160)

+ q10DY (a4xf9 - DO'SxfIOd) + q10b4DY (U, Uy)

Now, solving for U,,

d10bsDY (U1 Uy) = [—szgn(SFosmclo) — KxSrosmcyg
4 (xfs N DO'Sxfm) ~ds (xfg - DO'Sfod)
(5.161)

4o (xf10 N DO.Sxft)d)

~ G10D” (a4xf9 B DO.Sxfwd)]
Using the commutative property of the fractional order operator, we multiply both sides by

D~Y to cancel the existing DY
q10D7YDYb, U U, = [—PxSQ"D_y(SFOSMclo) — kxD7 " Srosmcyy
—a,D™" (xfs B DO'Sxfm) ~4sD (xf9 B DO.Sxfsd) (5.162)
—qoD7" (xf10 N DO-Sxffad) ~ q10D7"DY (a4xf9 B DO.Sxflod)]
G10b4U Uy = [‘PngnD_y(SFOSMclo) — kxD7Sposmcy,

—qoD™Y (xfw - DO'Sxftad) ~ 1o (a4xf9 h DO.SxflOd)]
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Hence, the fractional order sliding mode control law of x position in fractional system will

be calculated as follows:

1
U, = 410U [_pxsgnD_y(SFOSMclo) — KxD"VSrosmcqg
_ -y _ pos5 _ -y _ pos5 5.164
q7D (xfs D xf7d) qsD (xf9 D xde) ( )

—qoD7" (xfm h Do.sxfgd) ~ 1o (a4xf9 B DO'Sxfmd)]

Stability Analysis

Based on Equation (5.140), the Lyapunov function can be defined as follows,

VFOSMC10 = 2 SIgOSMclo (5.165)

Taking the first-time derivative of the Lyapunov function as

VFOSMclo = SFOSMclosFOSMclo (5.166)

Now, we define SO'SSFOSMClo as,

0.5 _ .
D*>Srosmcqy = _pxsgn(SFOSMclo) — KxSrosmcyg 5 Px and ky

>0

(5.167)

Taking half integral of both sides - SFOSMClO=—pr‘°-55gn(SFOSMclo)—

-0.5
KxD ™" Sposmcy

Now, taking 1% derivative of both sides;
- SFOSMclo = —PxDO'SSQn(SFOSMclo) - KxDO'SSFOSMclo

Now, substituting (Sroswmc,,) in Equation (5.166),
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VFOSMC10 = SFosmclo[—PxDO'Ssgn(SFOSMCIO) - KxDO'SSFOSMclo]
VFOSMCw = _PxD0'5|SF05Mc10| - KxSEOSMcm (5.168)
D3 |Sgosmcyo| and Stosuc,, always positive and as shown in [60], [65], and this ensures

that

Srosmc19SFosmcyg < 0

5.2.3.2.2 y Position FOSMC in Factional System

Following the same steps as altitude and x position FOSMC designs, the designed

controller (U,,) for the quadrotor y position in fractional system can be derived as follows,

U,=——[-p.D Vsgn(S —k,D'S
A U1[ P, g (FOSMC14) x FOSMC14

05
ul Xf12 D xflld)

%
130 Xf1a ~ xf13d)

"(
D (xfB _po 5xf12d) (5.169)
(
WD~ Y(

Stability Analysis

Based on Equation (5.140), the Lyapunov function can be defined as follows,

1
Vrosmcqy = 2 SEOSMCM, (5.170)

After simplification, the time derivative is

Veosmca = —PyD°%|Srosmcyal = Ky Stosmcy, (5.171)

163



5.2.4 FOSMC Simulation

In this part, we show the simulation results of the proposed FOSMCs that are applied for
integer and fractional order systems and we study it for three different case studies. The

used fractional order of the proposed FOSMC is (8 = 0. 3).

Case Study 1: Step Inputs Trajectories (with FOSMC)

We study both integer and fractional systems of quadrotor by applying FOSMC technique

and setting the references or the inputs (¢, 6 and ) and (x, y, z) as step inputs as shown

in Table 5-3.

Table 5-3 shows the summary of the systems (integer/fractional ones) performance in terms

of overshoot OS, and rising time RT when FOSMCs are applied and the step inputs stated

as desired references.

Table 5-3: Integer and Fractional Systems Performance when FOSMCs are Applied

System States Desired Integer System Fractional System
Values | 0s% RT (sec) 0S % RT (sec)

Altitude (2) 2m 0.505 0.210 0.871 0.0066

Position (x and y) Im 0.505 0.210 0.974 0.0067

Attitude (¢ and 9) 2° 2.58 0.282 0.505 0.290

Heading (y) 5 2.58 0.298 0.505 0.310

(Figure 5-23, Figure 5-24 and Figure 5-25) show the responses of x and y positions, as well
as altitude states, in both integer and fractional with the desired values (1 m, 1 m and 2 m)

respectively when the FOSMCs are applied. While, the responses of angle states in both
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integer and fractional systems are shown in (Figure 5-26, Figure 5-27 and Figure 5-28)

with the desired values (2°,2° and 5°) respectively.

(Figure 5-29, Figure 5-30, Figure 5-31 and Figure 5-32) depict the fractional sliding mode
control inputs of both integer and fractional systems that controlled the quadrotor's altitude,
attitude and heading, while the fractional sliding mode control inputs

(Uyand U, Fo U, and ny) in both integer and fractional systems are shown in (Figure

5-33 and Figure 5-34)
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Figure 5-23: x and x; Position States with Desired Reference (1 m) under FOSMCs and the Error Between
Them
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Observation:

It can be observed that all the fractional responses (xf,yy , zf) are improved in terms of

tracking accuracy and rising time (RT) comparing with integer responses (x, y, z) as shown
in (Figure 5-23, Figure 5-24, and Figure 5-25) and Table 5-3. Also, the FOSMC inputs in

integer system have huge chattering comparing with the FOSMC inputs in fractional

system.

Case Study 2: Circular Shape Trajectory (With FOSMC)

We move the quadrotor of both the integer and the factional systems along a circular path
which is listed in Table 5-1 as second case study (Case 2) and it is shown in Figure 5-35 as
3D plot. The roll, pitch and yaw angles (¢,6,y) are set to be as step functions

(2°,2°,5°) and their responses in both integer and fractional systems are shown in Figure
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5-36. Also, the FOSMC inputs that control the quadrotor angles in both integer and

fractional systems are shown in Figure 5-37.

On the other hand, the responses of quadrotor positions in both integer and fractional
systems are shown in Figure 5-38. Also, Figure 5-39 shows the positions (z and z;) plots
with different fractional orders. Furthermore, the FOSMC inputs that control the quadrotor

positions in both systems are also shown in Figure 5-40.
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Figure 5-35:Circular Trajectory Response under FOSMC - Case 2
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Case Study 3: Helical Shape Trajectory (With FOSMC)

We drive the quadrotors of both the integer and factional systems along a helical course,
which is stated as third case study (Case 3) in Table 5-1 and shown as a 3D plot in Figure
5-41. The roll, pitch and yaw angles (¢, 6, ) are defined as step functions (2°,2°,5°) and
their responses in both integer and fractional systems are shown in Figure 5-42. Also, the
FOSMC inputs that control the angles of the quadrotor in both integer and fractional

systems are shown in Figure 5-43.

On the other hand, the responses of quadrotor positions in both integer and fractional
systems are shown in Figure 5-44. Also, Figure 5-45 shows the positions (x and x;) plots
with different fractional orders. Furthermore, Figure 5-46 depict the FOSMC inputs that

regulate the quadrotor positions in both systems.
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5.2.5 FOSMC Results and Discussion

The major purpose of FOSMC is to boost performance in both integer and fractional
systems by stabilizing them and following a desired reference, and as shown in the
simulation section, the FOSMCs stabilize both systems and follow the desired references

in all the stated case studies.

The simulated results of the all the case studies show that the responses of the position
states in fractional system are enhanced in term of tracking accuracy, response speed and

chattering comparing with those in integer systems.

One of the drawbacks of sliding mode control is the chattering issue, and the high amplitude
and frequency of the chattering may cause serious damage to mechanical components of
the system, such as the quadrotor's motors. Therefore, fractional order sliding mode control
has a significant effect on lowering controller chattering. The altitude and the x position
FOSM controllers in both integer and fractional systems were tested by varying the
fractional order (B) with three different values and comparing the results. As can be seen
in the above figures (Figure 5-39 and Figure 5-45), the fractional order has significantly
reduced the chattering of the controller. However, this increase in the fractional order
affects the transient performance of the outputs which are the altitude and x position of the
quadrotor. Furthermore, the results reveal that decreasing the value of fractional order in
FOSMC performs well in the fractional system but poorly in the integer system, however

increasing that value of fractional order yields the opposite results.
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The fractional order parameters (8) were chosen to produce high output performance as
well as better control input behavior. They were not chosen to reduce the chattering at the
expense of system performance, and vice versa. Hence, there is a trade-off between both

behaviors.
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Conclusion and Future work

The purpose of this study was to use fractional calculus to derive an accurate mathematical
model for the quadrotor Unmanned Aerial Vehicle (UAV), as well as to design linear and
nonlinear control techniques to stabilize the transitional and rotational states of quadrotor
UAV and to evaluate the results of these control systems using simulation software

(MATLAB).

The quadrotor dynamic model was constructed in precise details, including aerodynamic
effects and rotor dynamics, which we observed absent in various literature reviews. Four
control approaches were then designed and synthesized; a linear Proportional-Integral-
Derivative Proportional-Derivative (PD) controller, a Fractional Order PID controller, a
nonlinear Sliding Mode Controller (SMC) and a nonlinear Fractional Order SMC. On the
basis of the developed mathematical model of the quadrotor, a comprehensive simulation
was therefore implemented in MATLAB/Simulink. The simulation environment was
utilized to assess and compare the dynamic performances of the stated controllers under

various input scenarios.

We employed the Genetic Algorithm (GA) to tune the parameters of the PID and FOPID
controllers where the objective function was minimizing the ITAE. The four proposed
controllers perform perfectly to stabilize both the integer and fractional systems of the
quadrotor and the fractional order states of the quadrotor’s altitude, x and y positions are
improved in terms response speed. When the quadrotor was ordered to fly in a different

trajectories, the SMC and FOSMC in fractional systems performed significantly better than
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the typical PID and FOPID controllers. The FOSMC comparing with others in fractional
system produced the best results in terms of tracking accuracy, response speed, and

chattering reduction.

6.1 Future work

1. Transform the whole integer quadrotor model into a fractional one.
2. Test the obtained fractional model in a load drop application.

3. Propose a linear optimal controller such as LQR and compare it with the proposed

controllers in this thesis.

4. Develop adaptive control algorithms to count for the system uncertainties would

enhance the performance of the quadrotor when operating in a real environment.
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