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THESIS ABSTRACT

NAME: AMIDU YUSUF
TITLE OF STUDY: Kalman Particle Filter
MAJOR FIELD: Mathematics

DATE OF DEGREE: April, 2021

The main purpose of this thesis is to present a general Bayesian estimation and its
numerical implementation for the stochastic Gaussian and non-Gaussian state space
model. Thus, we discussed important results and recent developments of the Bayesian
Kalman filter and smoother for the linear and nonlinear Gaussian state space model.
In a special case, where analytical solution for the filtering problem was not achieved
due to high dimensional intractable integral or non-Gaussian noise, an approximation
using Monte-Carlo simulation is employed. Furthermore, in a scenario where it is
impossible to sample from the posterior distribution, an importance sampling tech-
nique is applied, which is an accurate method, capable of estimating high-dimensional
integration and carrying out global optimization. The Bayesian Kalman filter that is
build on the sequential Monte Carlo sampling approach is called particle Kalman filter.

The particle filter was developed and applied in numerous areas due to its capability to

Xi



process measurements generated by nonlinear state-space models with non-Gaussian
noise. In addition, particle filters suffer from two drawback that are known as sample
degeneracy and impoverishment. To resolve these issues, a resampling step is intro-
duced to improve the efficiency of the particle Kalman filter. Numerical simulations
and real data application are presented to show the efficiency of the Bayesian and

particle filters.
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CHAPTER 1

INTRODUCTION

Numerous problems in science and engineering require estimation of states of dynam-
ical systems and these are often achievable by considering a sequence of observations.
The Kalman and Particle filters are algorithms that recursively update an estimate
of the state and find the innovations driving a stochastic process given a sequence
of observations [5]. The Kalman and Particle filters have been employed by sveral
researchers on many occasions to examine system’s behavior of state space models. In
the field of Bayesian approach, special attention has been paid to estimation of state
vectors in order to obtain essential information which aid in describing the system.
Generally in state estimation, an update is always needed due to new data received
and this is often possible by filtering; an approach which allows data to be sequentially
processed. Moreover, particle filter approximates the probability density functions of
a system. Since the probability density function embodies all available statistical in-
formation, it may be said to be the complete solution to the estimation problem of
the system.

It is essential to note that the main problem with Kalman filters is that they can



only be used to model scenarios described in terms of Gaussian noises. In special
cases where the problem involved requires certain transformations before carrying out
the required approximation, However, an advanced method called Particle filters is
employed. Although it is computationally expensive when compared to the Kalman
filters but can be used to solve complicated non-Gaussian noise problems. Also, while

Kalman filters is an analytic method, Particle filters uses simulation for estimation.

1.1 Outline

Chapter 2 examines Bayesian inference and its application on some statistical models
(Binomial and Exponential) in order to obtain ideal estimation of unknown parame-
ters. Also, several methods used in determining the prior distributions were properly
examined.

Chapter 3 discusses state space models specifically the deterministic and stochastic
forms of models with an example to describe how nonlinear systems of multivariables
are carefully handled through linearization.

Chapter 4 focuses on Monte Carlo integration methods where several approaches were
examined depending on the dimensions of the integrals. Furthermore, the confidence
interval was used to access the outcome of the adopted sampling methods when the
results are compared to the exact solutions of the integrals.

In Chapter 5, the Kalman filter was examined as well as its application on the linear
time invariant system. Moreover, the Kalman Gain was obtained from the system

models.



Chapter 6 presents the Particle filters and its application on models specifically the
nonlinear and non-Gaussian models. In addition, numerical simulation was imple-
mented.

Chapter 7 draws relevant Conclusion on the estimation techniques by comparing rel-

evant features of the two filters.



CHAPTER 2

BAYESIAN INFERENCE

Bayesian inference is the process of fitting a probability model to a set of data and
summarizing the outcome by a probability distribution on the parameters of the model
and on unobserved data such as predictions for new observations. Besides, it is a
technique which uses Bayes rule to make inference on desirable variables and observed
data to deduce the unknown characteristics and properties of probability distribution

from the original observation.

2.1 Bayes Rule:

The Bayes rule deals with the conditional probability; that is the probability of an
event conditional on the occurrence of another event. The probability statement
on a parameter # given a sample u requires a joint probability distribution model
for  and w. This joint probability distribution (discrete or continuous) is obtained
by multiplying two densities; prior and likelihood denoted by P(f) and P(u | 0)

respectively [6]. Given the observed data u, the conditional distribution of 6 is given



(2.1)
_ P(u]0)P(0)
Pl
The left hand side of the above equation is called the posterior and it is the probabil-
ity of the unknown parameter after taking sample of observation. Furthermore, the
likelihood function P(u | €) is the model of the experiment and P(#) is the probability
of the unknown parameter before taking the sample; it is often regarded as the prior.

It should be noted that marginal distribution P(u) also known as prior predictive

distribution is define by:

P(u) = / P(u | 9)P(6)dS. (2.2)

Since the parameter ‘0’ is unknown, the prior P(u) can be regarded as a constant and

the equation (2.1) becomes
P(# | u) < P(u|8)P(0). (2.3)

Equation (2.3) is called the unnormalized posterior density and it states that the joint
probability is proportional to the product of the likelihood and prior distribution.

Suppose we want to predict the unknown and observable variable % given the observed



data u, This can be described by the equations below

P(a|u) = /P(&,G | w)do,
= / P(@ | 6,u)P(0 | u)do, (2.4)
:/P(a|9)P(0\u)d9.
The last two steps describes the posterior predictive distribution as an average of
conditional prediction over posterior distribution of the parameter 6. Finally, the last

step of (2.4) follows from the assumed conditional independence of @ and u given the

parameter 6 [6].

2.2 Means and Variances of Conditional Distribu-

tions

Given observed data w, the conditional mean and variance of the unknown random

variable u can be calculated as:

Bu) = / / wP(u, w)duduw,
_ / E(u | w)P(w)dw, (2.5)

= E(E(u|w)),



with the conditional variance

= B(E(v* |w)) — (B(E(u | w)))?,
(2.6)
= E(E(u? | w)) = E((E(u | w))?) + E((E(u | w))?*) = (E(E(u | w)))?,

= FE(Var(u | w)) + Var(E(u | w)).

Note that the conditional mean in (2.5) and variance in (2.6) hold for vector quantities

uw and w and hence E(u) is a vector and Var(u) is a matrix.

2.3 Single-Parameter Models

To clarify the discussion in this section, we present examples to estimate the unknown

parameter 6 for Binomial, Normal and Exponential distributions.

2.3.1 Probability Estimation for Binomial Data

In an experiment, we define the variable U to be the number of success in n inde-
pendent Bernoulli trials, where the probability of successes is denoted by 6 and that
of failure is 1 — 6. The variable U can take discrete values say 0,1, 2,...,n. The aim
of Binomial distribution is to determine the probability that U takes specific value u.

Assuming there are u successes observed, then there are n — u failures. This, can be



mathematically defined as

PO |u)oxx0x0x..x0x(1=0)x(1-0)x.. x(1-0)=0"1-0)""" (2.7)

-~ - 7

. Vv
u times (n—u) times

Therefore, the Binomial distribution can be written as

n

PU=u|0)=Bin(u|n,0) = ( )9“(1 —6)n . (2.8)

u

For w = 0,1,2,...,n. Hence, U is a Binomial random variable having n and 6 as
parameters.

Example 1: Female Birth Probability Estimation [6]
Two centuries back in Europe, female birth has a population proportion estimated
to be less than 0.5. In the present century, the acceptable proportion established is
around 0.485. Let the parameter 6 denote the female birth proportion. Suppose u
denotes the number of girls in n birth recorded, then using the binomial model (2.8),
it means that the #, and the number of births n are conditionally independent.
To apply Bayesian Inference on the model (2.8), a prior distribution for ¢; denoted
by P(0) is required. Determining the prior can take various forms. However, for
simplicity, we use a prior which is a uniform distribution on [0, 1]. The equation (2.3)
becomes

PO | u) oc 0711 — )"t ~ Beta(u +1,n —u + 1). (2.9)



Assuming that 6 has a prior uniform distribution on [0, 1] then

P(9 € (91,92),’&)
P(u) ’

 P(u] 6)P(0)
:/91 g (2.10)

[

o= (; ) 1=
(Z) 6(1 — 0)""do,
(

n)Beta (u+1,n—u+1),
u

P(0 € (01,02) | u) =

where,

(2.11)
ul(n —u)!
a (n—u)!u! (n+ 1)
1
Tl
u=0,1,2...n

The above computation shows that all possible values of u are equally likely a priori.

2.3.2 The Posterior Mean

The Posterior Mean of the parameter ¢ given an observation u can be expressed as

the posterior probability of success for a future draw from a given population and it



can be evaluated as

L ggu(1 — 0)nudp
E(0 =
@] /0 Bu+1,n—u+1)’

B /1 6v (1 — )" "df
o Blu+l,n—u+1)
_ B(u+2,n—u+1) (2.12)
Bu+1,n—u+1)
C(w+ D —w)! (n+1)!
(n+2)  ul(n—u)l
u+1

n+2

Equation (2.12) shows that the posterior mean is an expectation of the parameter

estimate using the posterior distribution.

2.4 Bernstein-Von Mises Theorem

The classical Bernstein-Von Mises Theorem asserts that for regular parametric models,
under mild smoothness conditions on the prior distribution, after centering around the
maximum likelihood estimate and rescaling, the posterior distribution of the parame-
ter is asymptotically Gaussian and that the limiting covariance matrix coincides with
the inverse of the Fisher information matrix [8]. In Bayesian analysis, the Bernstein-
Von Mises Theorem focuses on the asymptotic nature of the posterior distribution of
the targeted parameter. Specifically, it corresponds to the asymptotic normality of
the posterior distribution of the parameter say # with mean and asymptotic variance
0 and o> respectively. If 0 is the true parameter, then 0 is asymptotically distributed

as a Gaussian random variable with mean 6 and variance o2 [9].

10



2.5 Prior Distribution

The prior distribution is the probability of the unknown parameters before taking the
sample. Prior distributions can be considered to have two essential meanings. Its
determination in terms of population interpretation denotes a population of possible
parameter values, from which the targeted parameter say ‘0" has been drawn. Besides,
for subjective state of knowledge interpretation, the unlikelihood and knowledge re-
garding 6 as its value could be considered as a random realization from the prior
distributions.

There are various methods used in selecting prior distributions. Some of these include

informative and noninformative, proper and improper prior distributions.

2.5.1 Informative Prior Distributions

The prior distribution is specifically selected based on the knowledge or information
available in order to make a precise posterior distribution. The informative prior
distribution reveals substantive information required for some particular parameter
values. Under this distribution, we can further explore Binomial model by taking
advantage of prior distribution of parametric family with unique case of uniform dis-
tribution.

Therefore, we consider the likelihood of the form:

P(u] 6) o 6"(1 — 0)"", (2.13)

11



having the same form of prior density whereby the prior density is parameterized to
give

P(6) o 0°7*(1 — 0)°~! = Beta(a, B). (2.14)

By comparing (2.13) and (2.14), we deduce that the prior density ‘successes’ and
‘failures’ are (a—1) and (8—1) respectively. The symbol a and § are hyperparameters.
Suppose we can moderate values for o and f3, using (2.13) and (2.14), we can compute

the posterior density as

PO | u) o< 61 —6)" 071 (1 — )1,

— Qu—l—a—l(l . Q)n—u—l-ﬁ—l’ (215)

= Beta(0 | o+ u, 5 +n —u).

Since the prior and posterior distribution belong to the same class, the prior is called
a conjugate prior.
Proceeding with the Binomial model which has Beta prior distribution, the posterior

mean is defined as

a+u

EO|lu)=——F7—. 2.16
00) = S (216)

This usually falls within the prior mean and sample proportion 4

n

The posterior variance is defined as
Var(t |u) = G
o n)?(« n

(2.17)

_ B u)(1—E@ | u))
(a+B+n+1)

12



The equations (2.16) and (2.17) are the definitions of conditional mean and variance

of the estimate parameter 6 given the value u.

2.6 Conjugate Prior Distributions, Exponential

Families and Sufficient Statistics

The class F is said to be an exponential family if it has members of the form
Plu; | 0) = f(ui)g(0)em®" . (2.18)

Where u; and 6 denote the data points and parameter respectively. 7(0) and wu(u;)
represent vectors with same dimension as 6. The function 7(6) is a natural param-
eter in F. Assuming that we consider u = (uq,us,...u,) to be an independent and

identically distributed sequence of observations, then the likelihood can be defined as

P(u|0) (Hf U ) "exp (W(@)TZU<UZ)> ,
=1 (2.19)

P(u6) x g(B)"e™ @ 7w,

Where r(u) = > u(u;) is called the sufficient statistic for 6. Suppose the prior has

similar form as the likelihood above, then it can be given by

P(6) x g(6)7e™ ", (2.20)

13



and the posterior density can now be obtained as
PO | u) o g(6) 1O (rlw+m) (2.21)

The outcome of the posterior density reveals that the selected prior is conjugate.
Generally, it is essential to know that the exponential families are the only class that

exhibit priors with property of natural conjugacy.

2.7 Normal Mean with Known Variance

Most times, we use the normal distribution to model statistical problems especially
when such problems of likelihood are difficult to evaluate analytically. In case of a
bad fit, the normal model can be used as a representation or component in evaluating
complicated models which have finite mixture distribution. For single data, this can
be achieved by considering the likelihood of a single value u obtained from a parame-
terized normal distribution with # and o2 which denote the mean and variance of the
distribution respectively.

Assume that o2 is known, then we have the likelihood defined by

1
P(ul0) = mG_Q;Q(u_G)Q, (2.22)

with a conjugate prior density

P(0) oc e 3201, (2.23)

14



Assume that the hyperparameters p and 7 from (2.23) are known and 6 ~ N(p, %),
then it is expected that the posterior distribution will be of same form as the conjugate

prior density since they belong to the same class [6]. The posterior distribution is

defined as
P(0 | u) x P(O)P(u|0),
_1(( @w=02  (0-w?
x e 2(( P ))7
(2.24)
x e_ﬁ(g_ulf
9 | U~ N(Nlale)'
Where,
1 1 1
2T 9 T T
oo T (2.25)
-
/’Ll — % + 7%

Where the equations in (2.25) show the precisions of the prior and posterior distribu-

tions.

2.7.1 Posterior Predictive Distribution

For a future observation u, we can calculate the posterior predictive distribution P(4 |

u) by integration given as

(2.26)

15



The mean and variance of the posterior predictive distribution are defined as

E(ul|6)=29,
(2.27)
Var(a| 0) = o>
Also,
E(a|u)=E(E(@|0,u)|u)=E@]u)=pn (2.28)
Similarly, the variance can be determined as
Var(a | u) = E(Var(a | 0,u) | u)+ Var(E(Q| 0,u) | u),
= E(0® | u) + Var(f | u), (2:29)

:a2+7'12.

Therefore, the posterior predictive distribution of @ has mean equal to the posterior
mean of # and two components of variance; the predictive variance ¢? from the model

and the variance 72 due to posterior uncertainty in 6.

2.8 Normal Distributions with Multiple Observa-

tions

A normal model with single data can be extended to one with multiple observations
which are independent and identically distributed. Suppose that v = (uq,us, ..., uy,)

represents a sequence of observations, then the posterior distribution can be defined

16



PO | u) x P(O)P(u | 6),

O] Pew10)

X e 27'2 (6 u H ’LLZ 9)2

(—%(—”:5‘) -0 )
xX e .

In this model, @ = = 3> | u; is the sample mean and also called the sufficient statistic.

(2.30)

Treating # as a single normal observation since 4 | 6, 0% o< N(0, 2 ) then

PO ] a) =N pn, 77),

—

PO | uy,ug,...,;up,) =

le 3
+

fin = : (2.31)

—_
UE L
+ +

WE L=

3\\

qml 3
_|_

ﬂml —

It happens that we get equal outcome if we sum information for the observations
Uy, Us, ..., U, one point at a given time by taking the posterior distribution at every
stage to represent the prior distribution for next stage.

Looking at the posterior mean and variance expression above, — = and ; which denote
the prior and data precision respectively with similar role. The posterior distribution

is widely determined by o2 and @ when n is large.

As 72 remain fixed and n tends to infinity, or n is fixed and 7 tends to infinity, then

PO|u) ~N (9 | 4, "—2) , (2.32)

17



which is, in practice, an ideal estimation whenever prior beliefs are relatively diffused

over the range of # where the likelihood is substantial.

2.8.1 Known Mean with Unknown Variance of a Normal Dis-
tribution

This type of Normal distribution serves as a building block in estimating complicated
models. It is also essential in estimating scale parameters. Considering P(u | 0, 0?),

2

assuming 6 is known but ¢° is unknown, then the likelihood for the sequence u =

(u1,us, ..., u,) which is independently and identically distributed is given by:

P(u ‘ 02) . O_—neﬁ Z?Zl(ui_9)27

(2.33)

Where ¢t = £ 31" | (u; — 0)? is called the sufficient statistic.
The conjugate prior density corresponding to the above equation is given by inverse-

gamma.

P(0?) o (%)~ @+Des? (2.34)

Where (a, 8) are called the hyperparameters of the distribution. A parameterization

which is distributed with scaled inverse -x? distribution with 0? and v; are scale and

degree of freedom (dof) respectively. A nonstandard notation 0% ~ inv — x%(vy, 0?) is
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used and we now have a posterior density for o2 as [6]

P(o* | u) o< P(0*)P(u | 0%),

A
0—% 2+ —ula% 9\ =n —ny
X € 202 (o‘ ) 2 e 202 ,

52
d (2.35)
x (02)_<(ngyl)+1>e%(”1”%+"”)7
2
o? | u ~inv — x? (V1+n,ylgl—+ny) :
vi+n

The above equation is called a scaled inverse x? distribution and also Its scale is
equal to the dof weighted average of the prior and data scale while the dof equals the

addition of data dof and prior.

2.8.2 Noninformative Prior Distributions

The prior distribution is deliberately chosen to be vague so that it plays a minimal
role in the posterior distribution. This type of prior distributions is one which gives
clueless idea about the value of 6. It is often dominated by the likelihood and fails to
provide an easy to use prior distribution. Such prior distribution is called flat, diffuse,
vague or noninformative. Noninformative prior distribution is often used specifically
when we expect ‘the data to express themselves’ such that inference on the data is
devoid of external information or personal belief.

In addition, there are several approaches used in defining noninformative prior distri-

butions. Below is one of such methods.
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2.8.3 Jeffreys’ Invariance Principle

Jeffreys defined noninformative prior distributions by considering parameters which
are one-to-one say ® = t(6).
The term P(6), which is the prior density is equivalent to prior density on ¢ based

on variables transformation so that we have
P(®) = P(0) o = P(O)|t'(0)]". (2.36)

The principle established by Jeffreys is that in determining P(#) which is the prior,
any rule used should have same result. This means that when we find P(#) and apply
(2.36) to get P(®) directly from transformed model, P(u, ®) = P(®)P(u | D).

The noninformative prior distance density is defined by

P0) x 1/ J(8). (2.37)

From the equation in (2.37) the term J() is called Fisher information for # and .J(f)

0) = B <(dlog1;(§u | 9))2 | 9> |

d*log P(u | 6)
_p(Eeruln )

is defined by

(2.38)

Jeffreys prior model is confirmed to be invariant to parameterization by considering

J(0) at 6 = t1(®)

20



@) = —E (d2log(;(2u | @)) |

. <d2 log P(u| 6 = t1(®)) | do

o2 dd

) | (2.39)

2

J(®) = J(0) j—i

\/J@):\/J(e)‘;l—i .

For multiparameter models, Jeffreys principle is not often recommended due to incon-

)

sistency in results when compared to simpler approaches. Therefore, the alternative

method often considered is the hierachical model method.

2.8.4 Jeftreys’ Prior for Binomial Parameter

From the Binomial model, we have the likelihood defined as

n

P(u|6) = ( )euu — gy (2.40)

u

Taking the logarithm and differentiating twice both sides of the equation in (2.40), we

obtain the log-likelihood as:

d U n—u
Jglog P(u|0) =5 - (nv), (2.41)
d2
_ ~u (n—u)
d92 log P(U ’ 6) - 92 (1—6)27 (242)
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by taking the expectation of both sides of the equation in (2.42), we obtain

_ B(u|6)  nB(|0) - E(u]6)
0 (1—0) ’

nb n —nb
_w 2.43
# oo (2.43)
n — nf + nb
6(1—06) °

Now,

=021 (1— )2, (2.44)

Which is the Jerrys’ prior density for Binomial distribution.
Example 2: Jeffreys’ prior distribution for normal sample [1]
Let u = (uy, ug, ..., u,) where each element of the vector u is independent and identi-

cally distributed with N (6, 6032).

1\ (1 )
P(u\@)z( _%9%) e (2—9%;(%—91))

n n 1
24

(2.45)
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By taking the first and second partial derivatives of the equation in (2.45) with respect

to 6y yields,

n

0 1
20, log P(u | 0) = 2 Z(uz —01),

2 =1

1 n

2 \i=1
0? -n
90 log P(u | 0) = 7

Similarly, the first and second partial derivatives of the equation in (2.45) with respect

to 05 gives

0

892 log P(u | 0) = 942

52 (2.47)
amlogP(uW 294—962

The partial derivatives of the equation in (2.45) with respect to 6; and 6, gives

2

0
50,90, log P(u | 0) 94 Z (2.48)

The Fisher information matrix is

) %0
Jo) =" . (2.49)

2.9 Multiparameter Models

Often times we are required to determine specific multiple unknown parameters.
Bayesian approach enables us to find one or more parameters of a given model. Most

times, specific parameters are obtained by finding their marginal posterior distribu-

23



tions using Bayesian analysis. The procedure entails integrating the joint probability
distributions of the entire unknowns over the uninterested unknown parameters. Al-
ternatively, by simulation, the joint posterior distribution is considered while samples
are drawn from it. Next, we focus on interested parameters while ignoring the un-
wanted unknown parameters. Unknown parameters which are not of specific interest
are termed nuisance parameters.

Suppose we have a parameter which is 2-dimensional say 6 = (6, 0;) in which our main
point of interest is on the parameter 6, while taking 6, as the nuisance parameter. A
good instance is u | pu, 0% ~ N(u,0?) where u and o2 denote 6, and 6, respectively.
As mentioned above, our interest will now be on pu.

The joint posterior density is given by:
P(0a; 0y | u) = P(u | 0o, 0,)P(0a, 65) (2.50)
The marginal posterior density is given by:
P, w) = [ POty 0t = [ PO, 6P| Wity (250

The marginal posterior density is a combination of the conditional posterior distribu-

tions given the nuisance parameters.
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2.9.1 A noninformative prior distribution P(u,o?)

Suppose we consider prior independence location and scale parameters for a prior

density for a p and ¢ uniform on (u,log o), then

P(u,0%) = (e*)71. (2.52)

2.9.2 The joint posterior distribution P(u,0? | u)

Here we consider an improper prior distribution where the joint posterior distribution

is defined as

P(p, 0% [ u) o< P(u | p1,0°)P(p, 0%),

x o2 <a*"e_2$2( ?:1(“i—ﬁ)2—”(ﬁ—“)2))

(2.53)

)

_ (=182 4n(a—p)?
x o " % 202

where @ = £ 377" | u; is called the sample mean and S? = L= 3" (u; — @) is called

the sample variance. Finally, (@, .5?) is known as the sufficient statistic for (u,o?).

2.9.3 Conditional posterior distribution P(u | 0%, u)

The conditional posterior distribution is considered so that we can derived the joint
posterior density. The posterior distribution of x4 and o is determined using (2.11) to
find the posterior distribution of u given o? for the mean with known variance of a

normal distribution with a uniform prior distribution:

2

P(u] 0% u) ~ N(a, 2).
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2.9.4 Marginal posterior distribution P(c? | u)

To determine the Marginal posterior distribution, we need to average the joint distri-

bution over pu.

o _(7L71)52+n(127u)2
Po?|u)x | o7 2 202 d
22
o _(m=1s? _na-p)?

x o " e 2? /e 202 dyu,
(2.54)
n-1s? [27102
x o "2 w2 ,
n
_ (n—1)s?

. (02)—(”7“)6 2
The above result is called a scaled inverse-x? density [6].
This means that o | u ~ inv — x*(n — 1, 5%).
The marginal posterior density for ;1 can be determined by integrating the joint pos-

terior density over o?.

P | u) = / " P(uo? | w)do?

(2.55)
o0 2 = 2
oo _(n=1)S%+n(a—p)
:/ o " % 207 do?
0

(n—1)8%+n(a—p)?
202

B

Suppose that B = and x = -5, we now have the unnormalized gamma

integral.

P(p | u) o B_2n/ 2" e " dx,
0

o [(n—1)S? +n(p— )% "2, (2.56)
n(p—u)’] "
x [1 = 1)52}

The above result is termed the ¢, ;(u, %2) density.
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2.9.5 Conjugate Prior Distribution of a Normal Data

Firstly, we always consider the assumption of a conjugate prior for the two-parameter
univariate normal sampling model which substitutes the noninformative prior distri-
bution. It is a product of marginal and conditional distributions. We have this as
P(u | 0?)P(0?). The marginal distribution of o2 is scaled inverse-x? while the condi-
tional distribution p | 0% is a normal distribution. The parameterization of the two
are given below:

o2
M\UQNN(,Uo,k—)a

0 (2.57)
o? ~inv — x*(, 0p).

The joint prior density is:

P(p,0%) o 07! (0%) % H1emam (Crithotoi)

Y

) (2.58)

o
N — Inv — x*(po, k_o; 0, 0)-
0

The last term denotes density which represents the location and scale of 1 and degree
of freedom and scale of o2 respectively. In the joint conjugate prior density,  and o

must be dependent.
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2.9.6 Joint posterior distribution, P(u,o? | u)

The joint posterior distribution can be determined by the following [6]

P(u,0% | u) 0_1(02)%04’1@_?(1/03%0(1/0—#)2)0—%@—4("71)5223(&7}!)2,
2 (2.59)
=N — Inv — x? <,un, = Vn,afl> )
Where
k’o X no_
n — u,
H k’Q + n'uo k?o + n
kn = ko -+ n,
(2.60)
Vg =1y + n,
Vo2 = 1ol + (n —1)S% + Kor (@ — po)>.
nn 0 kD +n

i is the weighted average of the prior mean and mean sample.
v, is the posterior degree of freedom.

n is the sample size.

2.9.7 Conditional posterior distribution P(u | 0% u)

The conditional posterior distribution P(u | 0, u) is defined by

2
u|02,u~N(un,Z—),

2.61
_N<%uo+%ﬂ 1 ) (261)

ko n 7 ko n
02"'02 2+02
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2.9.8 Marginal posterior distribution P(c? | u)

The Marginal posterior distribution of o2 given the observation u is a scaled inverse
x? defined by: o2 | u ~ Inv — x*(v,, 02).

This also implies that the marginal density of 6% in P(u,0? | u) is a scaled inverse-y>.

2.9.9 Multivariate Normal Model with a Known Variance

We provide a detailed explanation of the distributional outcomes of the parameters of
a multivariate normal distribution which is an extension of a single variable normal
distribution. In this section, we establish a method of solving problems using Bayesian

inference.

2.10 Likelihood of a Multivariate Normal Distribu-
tion

The basic model incorporate an observable vector u of d-dimensions with the
multivariate normal distribution. Suppose we make the following definitions

w | p, 1T ~ N(p, IT).

4 = d-dimensional column vector.

Il = variance of size d x d which is positive definite and symmetric for a single
observation, the likelihood function is

P(u | p, IT) o |IT| "2~ 2 (wmm T up)

For the observations wu, us, ..., u,, which are independent and identically distributed,
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the likelihood function is defined as

Py, g, ooty |, IT) o [T]75 72 Rl i),
(2.62)
= |[I|" 5 e(~atr(T"50)),

Where Sy = >, (u— p)(u; — p)7 is the matrix of ‘sum of squares’ relative to p.

2.10.1 Conjugate Analysis

Unlike the univariate normal model, the multivariate normal model will be examined
by starting with the case of known variance I of the normal model.

The conjugate prior distribution for p with known I7 is the multivariate normal dis-
tribution called conjugate prior distribution and the parameterized form of it is given
as 1~ N(po, A).

Similarly, the posterior distribution of p with known variance II is defined as

I

P(p | w, IT) o e~z (o) TAT (umpro) #5200 (i) I (i =)

x 6—%(#—;Ln)T/\EI(M—Mn)7 (2.63)
= N(u | pn, Ar).
Where
. = (A 40T HIT g + Il a0),
(2.64)

A=A+ Il

The above equations are in order with the outcomes of univariate normal model.
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2.10.2 Bayesian Simple linear Regression using the Reference
Prior

The reference prior can be used to obtain the posterior distribution of o and 5 sim-
ilar to frequentist result. The main target of this section is to use the observations
T1,U1, ..., Tn, Uy in updating the distribution of the unknown parameters a, 8 and o2

2 a constant variable and e which is normally distributed and a random vari-

with o
able U; which is conditioned on the variable u; | z;,a, 3,0% ~ N(a + Bx;,0?) for

i =1,2,...,n. Suppose that the random variables are denoted by U = {uy, usg, ..., u,}

and X = {x1, z9, ..., x, }, then the likelihood of the distribution is defined as

1
vV 2mo?

P(u; |z, 0, B,0%) = e~ 5oz (Mim(a+Pz))? (2.65)
Since each u; is independent, the likelihood is obtained by multiplying each of P(u; |
7, @, 3,0%) which can be represented by L(«a, 3, 0?).
Suppose that the joint prior distribution of «, 3, 02 is inversely proportional to o2,
then
9 1
P(O&, 5) g ) X —

ot (2.66)
Using the hierachical model framework, this is similar to the assumption of the
joint prior distribution of o and 3 conditional to ¢?; which is the uniform prior. If

the prior distribution of o is inversely proportional to o2, then the two priors can be

defined as
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P(a, 3| 0% x 1, (2.67)

and

P(0?) x —. (2.68)

The joint prior distribution is defined below as

P(a,8,0%) o« P(a, B | 0*)P(c?)
(2.69)

Once the data uy, us, ..., u, have been observed, the Bayes’ rule is used to obtain the

joint posterior distribution

P(a, B,0% | up, ug, ... ty) X HP(ul | a, B,0%) | P(a, B,0%),
i=1
o | L g a—(atgo? L (atgea?| L (2.70)
= s X gl

1 __1_ s o )2
P(oz,ﬁ,a2 |, Ugy ..y Uy) X —e 207 2oz (wi—(atBi))”

(%)=

The Marginal Posterior distribution of 3 is given by

P(B | ur,ug,y ..., uy) = / / P(Oz,ﬁ,a2 | uy, ug, ...,un)dadJQ,
0 o (2.71)

xrx

L G2 . )
B[ul,ug,...,unwt(n—Z,ﬂ,S—) —15(71—2,5,(5'65) )

The centre of the above distribution is # with (f — 2) degree of freedom. The scale
o2 5
= (Sep)? and 3 is the slope estimate.

parameter is
xxr
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The marginal posterior distribution of « is given by

P(a | uy,ug, ... uy) = / / P(a, B,0% | u1, us, ..., u,)dBdo?,
0 e , (2.72)
1z
| up, U, oy Uy ~ t (n —2,4,6° (— + ; )> =t (n - 2,4, (Sea)2) .
n xxr

With (n — 2) degree of freedom, y-intercept estimate & and scale parameter
o (% + %) = (Seqy )%

The marginal posterior distribution of o2

P(0? | up, ug, oy Uyp) = / / P(a, 3,07 | u1, ug, ..., u, )dod3 (2.73)
0 —00

The marginal posterior distribution of o2 is in the form of Gamma distribution with

precision P.

1
D=5 |u1,u2,...,un~Gamma( ;23

2

The joint posterior distribution of 3,02 and that of o, 0? are both Normal-Gamma.

Below are the posterior distributions.

2 5 0°
B | 0% data ~ N B,S ,

1 —2
a|a2,data~N(6¢, (——i— ° ))
n S:m:

2.11 Multivariate Normal Distribution [1]

(2.74)

The Multivariate Normal Distribution is a multidimensional generalization of the one
dimensional distribution. It represents the multivariate random variable that contains

random variables which can be correlated with one another.
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For a single real-valued variable z, the Normal or Gaussian distribution is defined as

1 1 (

V2ro? ¢

z—p)?

F(x|p,o%) = (2.75)

Where p and 02 are the governing parameters which represent the mean and variance
respectively. vo?and § = C% denote the standard deviation and precision respectively.

Under the Normal distribution, the average value of x is evaluated as

E(z) = /_Z Flx | p,0*)zdr = p. (2.76)
The second order moment is defined as
B(?) = /_ Z F(z | g, 0%)ade = 12+ 0°. (2.77)
The variance of x is defined as:
Var(z) = E(2®) — (E(z))? = o> (2.78)

By considering the Normal distribution defined over an n-dimensional vector X of

continuous variables, the Normal distribution is defined as

11
(2m)2 |32

FX|p32) = e~ 2 {X-m TR )} (2.79)

The mean p is an n-dimensional vector while Y is an n x n matrix called the covari-

ance with |X| denoting its determinant. Suppose we have N observation of scalars X
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represented by X = (21, 79, ..., x)T. Assume that each observation is drawn indepen-

2 are unknown and

dently from a Normal distribution whose mean p and variance o
we try to determine the two unknown parameters p and o2, since the assumed data

X is independent and identically distributed, then the probability of the data given

the parameters 1 and o2 is defined as

N

P(X | :U’70-2) = H]:(xz | M70-2)' (280)

=1

The above equation represents the likelihood function of the Normal distribution con-
sidered as function of y and ¢2. Using an observed data set, a general criterion for
determining the unknown parameters in a probability distribution is to look for the
parameter values that maximizes the likelihood function. In practice, an efficient
method is to maximize the log of the likelihood function. Since the log is a monoton-
ically increasing function of its argument, it is essential to note that maximization of
the log of a function is equivalent to maximization of the function itself. Taking the

log on both sides of (2.80) gives
N
1 N N
In P(X | p,0%) = ~5,7 E_ - —lna ey In(27). (2.81)

Now, we Maximize (2.81) as follows

a%lnp(x | 1 0%) = % (Z(af —u)) ,

(2.82)



From the above equation, % In P(X | p,0%) = 0 implies that u = jiyp = 7.

N
——InP(X|po*)=—-= <0. (2.83)
v o

The maximum g = fipp = T is the sample mean of the observed value {z;}

Similarly,
) 1 (& N
1 P(X | p,0?) = ALY
952 n ( ‘,U/,o' ) 2(0_2)2 (Zl(x M) > 252’
= (2.84)
N [, 1& )
——m g —N;(%—M) :
From the above equation, when 3% In P(X | p,0?) = 0, we obtain 02 = 63,5 =
% ZzNzl(xz - /lMLE)2;
similarly,
———InP(X | u,0°) <0. (2.85)

B(02)2
A~ N A~ . . .
Therefore, 63,5 = ~ > ieq (Ti— farre)? is the sample variance measured with respect

to the sample mean (finpg).

2.12 Bayesian Linear Regression

The linear regression is a model between the dependent and one independent variable.
It is essential to note that the regression line of a data set can be estimated using simple
linear regression. Suppose that the random variables x; and u; (i = 1,2, ...,n) are the

1th independent and dependent observations respectively, then the estimation can be
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determined using the following model

Where « and § are the unknown parameters and ¢; are independent and identically

distributed. The fitted observation is defined as

0 = & + B, (2.87)

It is essential to note that >, (x; —Z) =0and ). (x; — T)z; = 1. Also, the fitted
value residuals is defined as é = u; — ;. Therefore, the parameters o and 8 are being

estimated under the posterior distribution.

2.12.1 Sum of Squares

Sum of squares is a statistical method used in regression analysis to determine the
dispersion of data points. Total sum of squares is the sum of squared deviations about
the sample mean of the observed values u when no predictors are taken into account.

Some equations known as the corrected sums of squares used for estimation are defined
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below as

S:m: = i(xz - i‘)Q?
i=1
Suu = i(uz - 6)27

! (2.88)

~2
€ .

M=

i=1 i=1
The estimates of the y-intercept «, and slope 3, are represented by & and B respectively

and are therefore defined as

/é: n — 2 7

=1~ ) (2.89)

_ SIEU

B sz,

and,
& =i — 7,
" (2.90)
=1 — SZE

SSE (1 T2 R 1 T2
S = n—2 E+S -7 ﬁ—i_S ’
o o (2.91)

Using the t-statistics, the confidence intervals of o and (3 are

tr = % and t} = %, both having (n — 2) degree of freedom.
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2.13 Multivariate Linear Regression

A Multivariate Linear regression is a model with multiple dependent variables which
further provides the relationship between these variables and a set of regressors
variables. The Linear Regression is very essential because it uses predictors to predict

outcomes of responses. The multivariate linear model is of the form

U=XB+e (2.92)

It can further be expressed as

ur = Bo + bz + By + €

Uy = 50 + 61%21 + ...BprP + €9

(2.93)
Ug = 50 + leql + ...ﬁp:cqp + €q
Uy Iz 212 0 Ty
Us 1 wo1 229 -+ Ty
U= , X = (2.94)
Uqg 1 zpn xg Tap
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Bo €0
B €1

B = , €= : (2.95)
By €q

If we consider n observations where U contains n data points on ¢ variables and X

represents the design matrix then we have

Uir Uiz T Ulq 1z oz - Tip
U1 U2 - Uq 1 xo1 xop -+ Top
U= , X = , (2.96)
Unpl  Up2 e Ungq 1 Tpl Tp2 ~°° Tpp
501 502 T BOq €11 €12 - €1p
511 ﬁm e '51q €21 €22 - €gp
B = , €= . (2.97)
5n1 /8712 e ﬁnq €nl €n2 " Enp
Assumptions

By taking {i =1,2,...,n}, {j =1,2,...,p} and {k = 1,2, ...q} then

u;r € R is the kth real value response for ith observation.

Do is the regression intercept for kth response.

Bjr € N is the jth predictor’s regression slope for kth response.

x;; € N is the jth predictor for the ith observation.
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o (€1 €2 -+ €q) ~ N(04 %) called multivariate normal vector.
o ¢ ~ N(0,,0kkl,) where € is the k — th column of e.

e ¢~ N(0,,,%) where ¢; is the ith row of €.

Where ) _
of oty e o,
2 2 2
012 02 "+ 03
Y= i (2.98)
o—%q qu e 0-3
also, Var(eyy) = Var(ey) = -+ = Var(en) = o3

2.13.1 Estimation of Parameters [2], [3]

Suppose that we consider the linear equation of the form

U=Xp3+e,
U=Xp3, (2.99)
e=U— Xp.

For least square estimation, the aim is to determine a vector of parameters which

minimizes error sum of squares. Mathematically, the sum of square error is defined as

d e =c"e (2.100)
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For i = 1,2,...,n. Now, the normal equation in matrix form is

X'xp=X"U. (2.101)

Since consistency is always guaranteed for normal equation, then there is always a
solution to the equation in (2.101). Also, assuming that X7 X is invertible, then there

is a unique solution to the equation (2.101) given as

B=(XTX)'XTU. (2.102)

2.13.2 Properties of the Ordinary Least Squares [4]

o Unbiasedness: An unbiased estimator of a population parameter is an estimator
whose expected value is equal to that parameter. An estimator B for parameter

B is said to be unbiased if E(B) = f.

o Efficiency: Given two unbiased estimators Bl and BQ for a parameter 3, the

estimator with a smaller variance is said to be more efficient.

o Consistency: An unbiased estimator is said to be consistent if the difference
between the estimator and the target population parameter becomes smaller as

sample size increases.

Theorem 2.1 The least squares estimator 3 is an unbiased estimate of 3 [10].
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Proof.

= ( (x; — Z)(a+ ﬁacﬁ) :
i=1 (2.103)

Theorem 2.2 The least squares estimator & is an unbiased estimate of a [10].

Proof.

(2.104)

0.2

[10].

Theorem 2.3 The variance of the estz’mator@ is 5
n xxr

43



Proof.

= 512 Var (% zn:uz(xl — :E‘)) ) (2.105)

1 1
= — (x; — x)QVar(u,),
2 2
Sxxn i=1
DR 5o OF
— S%xEZ(:CI_x) o° = Y,

Theorem 2.4 The variance squares estimator B and u are uncorrelated and therefore
they are independent and normally distributed under the normality assumption of u;
fori=1,2,3,...,n [10].

Proof.

COU(B | u) = Cov (gx“,u> ,

1
ng:

Cov (Spu, ),

. n (2.106)
= nSm:CO”U (Z(l’l — .Z‘)U“’LL) 5

i=1

= n2;ww Cov (Z(mz — T)uy, ZZlm) ,

i=1

We assume that €s are independent and identically distributed and that » . ;¢ =0

so that
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Cov(us, ug) = E(((wi — E(wi))(u; — E(uy))),
= E(ei, €j).
E(e,e;) =0 if i = j and E(e;,e;) =01if i # j.

Hence,

Theorem 2.5 The variance of the estimator & is given as o> <% +

Proof.
Var(&) = Var(a — &),
— Var(i) + #*Var(3) — 2zCouv(a, ),
2 72 R
= % + xS; —2zCov(u, f)
But,

(2.107)

(2.108)

1,2
Szz

) [11].

(2.109)

(2.110)

Since w;, 1 <i < n are independent, Cov(u;, u;) = 0, for ¢ < j so that we now have

i BN
Cov(u,u;) = Cov (ﬁ jzluj,uZ) ,

1 n
= Z Cov(uj, u;),
7=1

1 2
= —Cov(u;, u;) = 7
n n
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Now,

2 n
Cov(i, B) = n‘; (z; — 7) = 0. (2.112)
TL =1
Finally,
1 =2
Var(a) = o? <E + ; ) . (2.113)

2

Theorem 2.6 The estimator 62 is an unbiased estimator of o* [11].

Proof.

E(6*) =E (n i 5 Z(u - @zi)2> : (2.114)

but,

E (Z(Uz — ﬁz)2> = Var (Z(Uz - ﬁz)z) )

=1

= Z Var(u;) + Z Var(i;) — 2 Z Cov(u;, 1;), (2.115)
i=1 i=1 i=1

n n
=no’ + ZVar(di) -2 Z Cov(u;, Uy;).
i=1 i=1
We now evaluate the term Var(4;) from the above equation

Var(i;) = Var(é + fz;)

= Var(a) + 22Var(3) + 22;Cov(a, ) (2.116)

T 2,2 .
= o2 <— 4= ) + US:BZ + 22,Cov(&, )
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But,

(2.117)
= Cov(a, B) — zVar(B),
B _0292
B wa .
Similarly,
1 2 2 2%
Var(i;) = o® (——l—; +§Z — ;x),
o1 (zi— %)
=0 —
n Sz
Now, the second term of the equation in (2.115) becomes
Z Var(i;) = o + 5 Z(a:z —1)?
=1 =1 (2.119)
2
=0+ g—mSM = 202
From the third term of the equation in (2.115), we have
Cov(ug, ;) = Cov(u;, &) + 2;Cov(u;, 3),
(o zo(z;—T)? N o’ri(v; — T)
(2.120)

n 2 n
o
Cov(u;, ;) = 0% + T — )%
3 Confui =+ £ 3 o5

=02+ 0% =257
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The first step in (2.115) gives

E (Z(uZ — 121)2> = no? + 202 — 402,

i=1 (2.121)
= (n—2)o%
Finally,
1 n
BE(e)=E 5> (i 122)2) :
n j—
i=1 (2.122)
2
o
— —92) = ¢?
p— 2(n )=o0

2.13.3 Confidence Interval

Suppose that an interval I is assumed to contain the actual value of an unknown
parameter, then such interval is called Confidence Interval. The main aim of using
Confidence Interval is to determine the precision or imprecision of the sample study
estimates as population values [12]. Often times, statisticians use Confidence Interval
to express the degree of uncertainty associated with a sample statistic. The Confidence
Interval is also an interval estimate combined with a probability statement. Since we
can not evaluate the actual values of the parameters of a linear regression, but can
only find the estimate values, therefore we can construct confidence intervals for the
slope and intercept parameters S and « respectively.

A two-sided 100(1 — )% Confident Interval of the slope of a simple linear regression
is calculated as Bit(l_%)7(n_2) sp- We understand that B and SB are the calculated

slope and estimated standard deviation respectively. The standard error of the slope
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is defined as

Sf = S
\/Zz 1X X

\/2
n—2

From the regression tables, S? is usually obtained as Mean Square Error (MSE).

(2.123)

A one-sided 100(1 — )% upper confidence limit is computed as

B+ t(l—%),(n—2)s,f3’ and for the other one-sided, we have 100(1 — )% lower confidence
limit defined by B — t(l—%),(n—2)SB'

Assume that T = t(l_%%(n_m Sp then we refer to it as the distance between the mean
and the edge intervals inclusive. T' is called half-width, precision or margin error. For

one-sided interval, the value « replaces 5.

2.13.4 Credible Interval

An interval (c, d) is a Bayesian credible interval of size 1 — a such that

Pc<to<d|z)=1-a

d
/ PO |z)dd=1-a.

Often times, probability is applied to Bayesian credible interval after the data has

(2.124)

been collected. Numerous choices of (¢, d) are possible based on the definition of the
credible interval. This sometimes depend on the type of problems available at hand.
Assuming we wish that the credible interval should have equal probability at both

end tails, then we have the following definitions
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PO <cl|x)= 2,125

|9 [\3'|Q

PO >d| )=
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CHAPTER 3

STATE SPACE MODEL

A State Space model is a linear representation of the dynamics of an nth order system
(either discrete or continuous) as a first order differential equation in an n-vector form
which is called space. In the absence of any external input of a system, the state gives
sufficient information of the system which can aid us to predict its future behavior

13].

3.1 Deterministic Discrete Time State-Space Sys-

tem

Let u(t) € U C R™ be a vector of input signals, y(t) € Y C R! a vector of output
signals, and let z(¢) € X C R"™ be a vector of the state of the system. Given that U, X

and Y are the input, state and output space respectively, below is a representation of

o1



the discrete time state-space system.

z(t+1) = g(t,z(t),u(t)), (3.1)

y(t) = h(t,z(t),u(t)). (3.2)

Wheret e T CZ,g:TxXxU — Xand h: T x X xU — Y. The equation
x(t+1) = g(t,z(t),u(t)) is called the difference equation; it shows the time evolution
of the state of the system, z(¢). Given the state x and the input u at time instant ¢,
the state at time instant ¢t + 1 can also be determined. The above system of equation
is referred to as time-invariant if for every triple of signals (¢, z(t),u(t)) that satisfies
(3.1) and (3.2) are satisfied by the time-shifted signals (u(t — ), z(t — 1), y(t — 1))
for all t,l € Z. Functions that do not vary over time can be used to describe the

time-invariant system.

3.2 State-Space Description

A linear system can be illustrated using an equation of the form:

#(t) = A(t)x(t) + B(t)u(t),

y(t) = C()z(t) + D(t)u(t).

Assuming we have a system with p input and ¢ output terminals, then u and y are
p x 1 and ¢ x 1 vectors respectively. If z(t) has n variables, then z(t) has n x 1

vectors. The dimensions of the matrices A, B, C, and D will be n x n, n x p, ¢ X n
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and ¢ x p. The state-space system are assumed to be continuous time equations for

all time (¢t € R).

Definition 3.1 A system is called time-invariant if for all state-input-output pair,

z(to)
— y(t), t> 1

u(®), t>t
and for any time sampling T', we have (Time Shifting)
x(to + T)

—y(t—"T), t>to+T.
u(t —T), t >t

Definition 3.2 A system is said to be linear if for all initial time ty, and any two
state-input-output pairs,

x;(to)
—yi(t), t>to,

u(t), t>tg
for 1 =1,2, satisfies the following conditions:
(1) Additivity
For any two states X1,Xo and inputs uy, uy

3\

X1 (to) + X9 (to)

w () +up(t) ¢ = Yilt) +y2(t), =t

t> 1
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(2) Homogeneity

For any 8 € R,

B (to)
— Byi(t), t=>to.
Bui(t), t>to
The combination of the two conditions above gives the Superposition property. That

18
)

Bixi(to) + Baxa(to)

Bruy (t) + Boup(t) ¢ = Biyi(t) + Baya(t), = to.

t > 1o

/

If the Superposition property fails, then the system is said to be nonlinear.

The well-known Linear Time-Varying State Model can be described by the following

equations

Where A(t) € R™™ B(t) € R™™ C(t) € R*™ and D(t) € R>*™.
In cases where the matrices A(t), B(t), C(t) and D(t) in the above system are time

invariant then the resultant system is known as Linear Time-Invariant State Model
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and it can be represented by

x(t+1) = Azx(t) + Bu(t), (3.6)

y(t) = Cx(t) + Du(t). (3.7)

3.3 Stochastic State-Space Model

The nth order differential equation can be described by the general stochastic contin-

uous state space model which is defined as

Discretizing the general state space model, gives the general nonlinear state-space

model that can be represented by [14], [15]:

z(t+1) = g(z(t), u(t), (), (3.10)

y(t) = h(z(t), u(t),6(1)). (3.11)

Where t = 1,2,---,T stands for the sample size. The vector z(t) is called the state
variable which is unobservable, while y(¢) is an observable vector. The error terms ¢,
and ¢, are mutually independently distributed according to a known distributed func-

tion. The vector functions g and h are possibly nonlinear functions with appropriate
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dimensions.

3.3.1 Linearization

Under certain conditions, some nonlinear equations can be approximated by lineariza-
tion. Taking into consideration an initial state and an input function uy(¢), assuming

that the solution of (3.8) is xo(t) then we have the following nonlinear state equation

Xo(t) = g(xo(t), uo(t),t).

Moreover, if there is a slight perturbation of the input and state functions which yield

u(t) +u(t) and xo(t) + x(t) respectively, then (3.8) can be expanded as seen below

d

7 (Xo() +x(1)) = g(x0(t) +x(2), uo(t) +u(t). 1),

= g(X(t), u<t>7 t) + Ox

By considering a finite input and state variables,

g1 "

g3 xs3

Oxy

092

Oxo

993

Oxo

dg1
oxs3

dg2
Ox3

993
Ox3

Uy

U2




291 Og1
oul Ous
0
B(t) = %8 ow o
ou Ou;  Ousz
Og93  0g3
ouq Ous

The matrices A(t) and B(t) are called Jacobian matrices. By truncating (3.13), the

equation reduces to

x(t) = A()x(t) + B(t)u(t). (3.14)

The equation (3.14) is called the linear state-space equation. It is essential to note
that this same linearization technique can be employed on (3.9). In summary, the two
nonlinear equations can be linearized. Discrete-Time Systems Unlike the continuous
case which focuses on real time variables, the discrete-time system works with integer
time variables. If T denotes the sampling period of both input and output of a
discrete-time system, then the input and output are of the form u[k] = u(kT) and
ylk] = y(kT) for k € Z. Similarly, if the additivity and homogeneity properties are
satisfied, then the discrete-time system is said to be in a linear form.

Example 3 [14]

A communication satellite of mass m orbiting around the earth can be described using
a satellite in an orbit. Suppose that r(t), 6(t) and ¥ (t) represent the altitude of the
satellite, it is possible to control the orbit by three orthogonal thrust w,(t), ug(t) and

uy(t). The state, input, and output of the system are selected as
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The system can be represented by

A solution which represents a circular equitorial orbital can be given as

X0<t)

,r',
r62cos®p + rip — Tﬁz +

0

—270 + 204 siny 4+ _uo

r cosp mrcosy

—Bcosihsiny — g

To

(,L)Ot

Wo
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ur(t) r(t)

uy(t) ¥(t)

(3.15)

(3.16)

(3.17)



where k = r3w3 denotes a physical constant.
The satellite remains in the orbit provided there are no disturbances. If the satellite
tilts from the orbit, thrusts must be applied to push it back to the orbit. We define

the following

x(t) = xo(t) + %(1), u(t) =wo(t) + 1, y(t) = yo(t) +y(t).

Assuming that there is a slight perturbation, then (3.16) can be linearized and is given

by

b
I
i

=

- - B (3.18)
0 010
L 010
0 0] 0

+ u(t),
0 10
mro

0 010
0 0 |-t

- mro -
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100 0]0 O

001000 ]|X®. (3.19)

i
I

000O0j1 O

This six-dimensional state equation describes the system. In this equation, the ma-
trices A, B, and C' are constants. If the orbit is an elliptic one, then they will be time
varying. It can be observed that the three matrices are all block diagonals therefore
the equation can be decomposed into two uncoupled parts, one involving r and 6, the

other ¢. Studying these two parts independently can simplify analysis and simulation.
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CHAPTER 4

MONTE CARLO METHODS

Monte Carlo Methods are numerical algorithms that use random sampling produced
by probability distribution to generate statistical estimates. The methods comprise an
aspect of experimental mathematics which mainly deals with random variables [16].
The simulations involved the use of probability distributions to handle probabilistics
and deterministic problems. When compared with deterministic methods, Monte
Carlo methods are more efficient specifically for high-dimensional problems. Moreover,
Monte Carlo methods are very important due to their physical applications in fields

such as Engineering and Statistical Computing.

4.1 Monte Carlo Integration

The classical Monte Carlo Integration is a simulation technique that approximates

integration of functions by using random sampling from a probability distribution
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[17]. A generic form of this integration is to compute the integral of the form:

By (g(X)) = / o) f(x)de, (4.1)

where X denotes the random variables randomly selected from the set x and f repre-
sents the density function [18]. The integral in equation (4.1) can be evaluated using

two methods.

4.1.1 Hit or Miss Monte-Carlo Method

Suppose we wish to evaluate the integral

= /abg(ac)dx, (4.2)

for simplicity, we make the following assumptions:

(1) One-dimension integral.

(2) A bounded function 0 < g(z) < ¢, within a rectangle Q = {(z,y) :a <2z <b, 0 <
y < c}.

We assume that the sampling (X, Y") are uniformly distributed with a uniform distri-

bution function fxy defined by

C(bl_a)a ($, y) € Q>

fxy(z,y) = (4.3)

0, elsewhere.
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Let S = {(x,y) : y < g(x)} represent the area under the function g(z) and P the

probability that (X,Y") lies entirely within .S, then

_Areaof S 1
~ Areaof Q  c(b—a)

(4.4)

By generating N samples; (Xi,Y7), (X2,Y2), ..., (Xn,Yx), we can approximate the
value of P by P; that is

. Ny
P=— 4.5
- (45)

Where Ny denotes the the sample points that resides in S and NN represents the total
number of sample points in 2.

Now we have

Nu

I~0;=c-—- a)W. (4.6)

To determine whether the function 6; is biased or unbiased, we compute the expected

value of 0, as

E(6,) =E (c(b - a)%) ,

_ c(b— a>E(NH), (4.7)
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Since F(0;) = I, then 0, is an unbiased estimate of I.

Now, we evaluate the variance of P

, Ny
P) = el
Var(P) = Var ( N ) :

1
= mV&I‘(NH),

= —NP(1-P),

_Llpra-p
c(b]— 2 {1 - c(b]— a)] ’

[C(bi—am[c(b—a)—l].

e e

Therefore, the variance of #; can be calculated as

~

Var(6) = Var(c(b — a)P),

(4.9)

The standard deviation of 6; is defined as

oo, = [Var(6,)]Z = N"2[I[c(b — a) — I]]=. (4.10)
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By applying Chebyshev’s inequality, we can find the distance between ¢; and I as

Pl — 1] < d > 1 - Y20 (4.11)

)
62

for any € > 1.

Similarly, a variation of Chebychev’s inequality can be expressed as

Pll0y — I| < € > a, (4.12)

where « denotes the confidence level. By comparing (4.11) and (4.12), we have

o S 1— Vargé’l)’
€ (4.13)
1 P(1 — P)[c(b— a)]?
Ne? '

Hence, the following inequality estimates the minimum number of random samples

required
1-P)P —a))?
N>l )P(c(b —a))* (4.14)
(1—a)e?
For large N, the confidence interval is of the form
Zo[P(1— P))2(b—
0, + Lil Nf] (b—a)e (4.15)

Where Z, can be obtained from the inverse of the standard normal table.
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4.1.2 Sample Mean Monte Carlo Method

To evaluate the integral

b
= / g(x)dz, (4.16)

we employ the sampling mean methods to obtain an estimate using the following steps

_ / g(z)dx = / fi(faz) fx(@)de. (4.17)

Where fx(x) is the uniformly distributed density function defined by

1

2 , a<x<b,
fx(x)=°"¢ (4.18)
0, otherwise.
From (4.17) above we have
=(b—a)E(g(x)). (4.19)

Since the distribution is uniform, then we redefine (4.19) as

b= (b~ ) D (). (4.20)

i=1
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To show that 05 is an unbiased estimator, we evaluate the expected value of 65 by:

_ ! (4.21)

Moreover, the variance of the estimator 65 can be evaluated by

N

Var(6y) = Var{(b — a)% Z 9(w)},

_ (bNafivmg(xi»,

= O g ) — (B,
- @ - L]
_ ;Va)2 U:gQ(I)b i T i2a)2] ’
_ % {(b —a) /ang(x)d:p - IQ] :

We now present an example to estimate an integral using Monte Carlo method.

(4.22)

Example 4 Suppose we consider the sine integral below

= /7T sin(z)dx = 0. (4.23)

—T

Now, we will estimate the sine integral using Monte Carlo integration; this is achiev-

able by generating N random samples from the uniform distribution. In using the
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Monte Carlo to evaluate I we obtain I = —0.0167 with standard deviation equal to

0.699. The 99% confidence interval

C.1 = —-0.0167 £ 2.5758 ( 069 ) ,

/1000 (4.24)

= [~0.074, 0.040].

4.1.3 Efficiency of Monte-Carlo

If in repeated samples of a given size, the variance of the estimated integral is the
lowest of any other estimator, then we say that the estimator is efficient. The Monte
Carlo algorithms overtime tend to be simple, flexible, and efficient. When the method
is applied to physical systems, it reduces complex models to a set of basic events and
interactions, opening the possibility to encode model behavior through a set of rules
which can be efficiently implemented on a computer [19].

The main objectives of Monte Carlo Methods are to obtain the following

(1) To estimate numerical quantities.

(2) To verify that the estimated integrals #; and #y are unbiased.

tVart, -
tQVareg ’

Efficiency = € = (4.25)

which implies that #, is more efficient than 6s.
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4.1.4 Law of Large Numbers

Given a sequence of independent and identically distributed random variables {X;},

for i =1,2,...,00 then [20]

E(h(X)) = lim %Zh(Xi). (4.26)

N—oo

Where h(X) = 22k

fx(z)
Proposition
Var(6y) < Var(6,),
Proof:
Since
1
Var(6,) = N[C(b —a)—1],
/ . (4.27)
Var(6y) = N {(b — a)/ g*(z)dx — [2] .
Therefore,
b
Var(#,) — Var(fy) = %(b —a) {c[ — / gQ(x)dm] : (4.28)
We know that
0<g(z) <c,
c—g(x) >0,
(4.29)

b
cl —/ g*(z)dx >0,

= Var(6,) — Var(6,) > 0.
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For two dimensional integrals, we present an example to demonstrate estimation of
such integral.

Example 5 The following integral can be estimated using Monte Carlo method

2 4
/ / 62y drdy = 84. (4.30)
1 J2

Using Monte Carlo simulation, we make the following assumptions

From the equation in (4.30) we let the limits of the integrals to be
ar =2, br =4, ay =1, by = 2. (4.31)

Assume that N = 1000, we now carryout Monte Carlo simulation with the following

formula

N
/2 /4 6zy*drdy ~ (bz — ax])\gby — ) Z (i, i) (4.32)
1 J2 i=1

Standard Monte Carlo integration is an ideal approach if it is possible to sample from
the desired distribution. However, when the targeted distribution becomes difficult to

sample from, we seek an advance method called the importance sampling.

4.2 Importance Sampling

Importance Sampling is an advance method of integration which permits drawing of

samples from a proposed probability density function and re-weigh the integration
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using importance weights so that the correct distribution targeted can be obtained.
The reason for switching to Importance Sampling is that the initial probability density

function p(x) may not be the best function for Monte Carlo integration. Suppose that
I= /g(m)dm, r €D CR", (4.33)

if we assume that

g € *(x) ( / g*(v)dx exists) :

I= /g(az‘)d:c:/ 9(x) fu(x)dx, (4.34)

fo(T)
dil

We now present an example to illustrate the use of the above formula.

Example 6 Evaluate the following integral

= /01 cos (7;—96) dr =~ %Z cos (7;—96) : (4.35)

Using uniformly random distribution with Monte Carlo distribution, we obtain vari-

ance Var(E) = 0.095. Using Importance Sampling, we can evaluate I by

[ 2cos(5x) 3(1 — 2?)
I —/0 30— 42) 5 dx. (4.36)
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By sampling from 2 szt , we obtain a variance of Var(I) = 0.00099.

2

Suppose that

I= /g(m)dx. (4.37)

The above integral can be obtained using the following

_[9@) o (=) g g(a)
1= [ o = S50 439

To check that the function 9(z)

f(x)

is unbiased, we evaluate the expectation of the func-

tion % This means that
9(z)] _ [ g9(@) _ _
E [m} = /mf(x)dx = /g(x)dx =1. (4.39)
This means that the function > is unbiased. For the variation, let p = @ then
f(x) f(z)

Var(6y) = E(?) — [E(p)]? = / 1 ()i — 12

_ 9*(x) 2 — 12
_ /ﬁf%¢>f()d I?, (4.40)
:/f@)

dr — I*.
f(z)

Theorem 4.1 The minimum variance Var(py) = ([ g(z ) - I%

Let

flz) = M@I (4.41)



Substituting (4.41) into (4.42) below

Proof.
Vas(en) = [ lgtola | %m—ﬁ,
- / l9(@)|dz / lg(a)|dz — I?, (4.42)

- (/ |g(x)|d:17>2 — I’

Theorem 4.2 The variance Var(py) < Var(p).

Proof. This can be obtained using the Cauchy Schwatz inequality by showing that

( / Ig(ﬂc)ldﬂc)2 < if((j))dm. (4.43)

< [, / f(w)de, (4.44)

Note that [ f(z)dz =1 since f(z) is a distribution function. |

Theorem 4.3 If g(x) > 0, then the optimal function f(x) is defined by f(zx) = #ﬁr).

73



CHAPTER 5

KALMAN FILTERS

We consider the state space equation of linear time invariant system defined by

i1 = Fyoy + Gy, (5.1)

Y = Ht + Vt. (52)

Where F; and H; are matrices. Also, u; and v; are mutually independent sequences
of zero means white Gaussian noise with joint covariance matrices. This means that
ur ~ N(0,Q;) and v; ~ N(0, R;). Moreover, the initial state x, is considered to be
independent and identically distributed. Assuming that we need to estimate the state
of the system above while given a sequence of observed data Y = {Y,, ..., Y} }, then it

can be estimated by the conditional mean i.e, z, = E(z; | V7).

Lemma 5.1 The prediction of the future state is given by xy 1 = Fyay).
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Proof.

Teg1|e = Bz | Yot]?
= E[Ftl’t + Gtut | %t],
= F B[z, | Yyl + GiEluy | Yy,

= FElx, | Y5),

from the equation (5.2) we have

yr = Hy + vy,

= Ht<Ft71xt*1 + Gt—lutfl)a

y; depends on ug, U, ..., u;_1 so that

Elu; | Y§] = Elug] = 0.

Substituting (5.5) into (5.3) yields

We note that

Tl = FtIt|t

Pt+1|t = E[<$t+1 — xt+1|t>($t+1 — $t+1|t)T ’ th]
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Now we consider the equations

L1t = FtﬂUt\ta (5-8)

Ti41 = Efﬂt + Gtut. (59)

Subtracting (5.8) from (5.9) gives

Ty — Tppap = Fy(rp — 2oe) + Gy (5.10)

E[(%H - $t+1\t)($t+1 - $t+1|t)T] = FtE[(ka - $k+1\k)T]FtT + GtE[Ut - utT]Gf7

(5.11)
= F,PuF + GQ.G/ . (5.12)
We now show that the state x4 is unbiased
E[It+1|t+1] = E[K£+1xt+1|t + Ky Hypiwepr + Kt+1vt+1],
= K\ Elryp) + Ky Hi Eloga] + K Elogga, (5.13)
= (Kiy + Ky Hipr) Bl
But
E[xt+1|t] = FtE[.fCﬂt]. (514)
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From the equation (5.13), let I = K|, | + Ky 1Hyyq.

Therefore,

Tt = (I — Kot He1)Tpap + Kis1Yesr (5.15)

5.1 Kalman Gain

The Kalman Gain is a term which discusses the uncertainty in the error of the esti-
mate.It can be used by the Kalman filter as an indicator to change the estimate when
a sequence of measurement is given. Mathematically, it can be derive from the state
space equations. It is often denoted by the matix notation K and can be obtained as

follows

K =Ry H'[HPy H™ + Qi) 7,
= Rt-i—l\t-i—lRt__|_11|t+1Rt+l|tHTQt_th[HRt+l|tHT + Qi
= Repipni Ry R T Qp H R HY Q4 1),
= R [Rp)y + H QU HI Ry H'Q (HR o H Q7 + 1071, (5:16)
= Ryl + H'Q ' HRypy|H Q  {H Ry HT QU+ 17,
= Riipnn H QNI + HRyp 1y HT QN [HR  H Q + 1071,

T—1
:Rt+1\t+1H Qt .

7



CHAPTER 6

PARTICLE FILTERS

6.1 Introduction

The Kalman and Particle filtering have been used by many researchers on state-space
system to examine the system behavior. To mention a few of them, Ferandez and
Juan [21] discussed likelihood-based interference in dynamic macroeconomic models.
They both estimated structural parameters of the model by using the particle filter.
Consequently, their findings showed that three factors influence volatility variation.
First of all, it was observed that there was a sign of stochastic volatility on United
States collected data. Next, there was an observation of low and falling summation
volatility from the used data. Finally, they discovered that for a lot of the varia-
tion in volatility obtained in the second outcome above, there was a preference and
investment-specific modern technique which influence the account. In the work of Fer-
riandez, Santo and Rubio [22], they proved the existence of the first-order which has
effects on the function obtained through the solution of second-order approximation

error of a model. Aderson and Moore [23] examined a discussion of engineering-type
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applications of Kalman filter. Fama and Gibbons [24] made an early application of
the state space models and the Kalman filter to examine the unobserved ex-ante real
interest by considering it as a state variable which can be describe by AR(1) process.
Clarl [25] made a meaningful contribution by decomposing quarterly real GNP data
using unobserved models into two independent components which involved cyclical
and stochastic trend components. Meinhold and Singpuwalla [26] used the Kalman
filter models to examine the normality of the wide range between the observed data
and prior density. Consequently, they concluded that there is always unrealistic poste-
rior density. Besides, it was noted that the approximation of the required densities is
important than the nonlinear nonnormal filtering problem. Over the years, a Gaussian
filter has been used by Alspach and Sorenson [27] and [28] respectively to approximate
the densities of a given data. To approximate the nonlinear non-Gaussian state-space
models, a more sophisticated algorithm is required. This leads to the establishment
and utilization of another invented algorithm commonly referred to as ‘Particle Fil-
ter) Particle Filter [29] has the capability to approximate any form of probability
density function and this has led to considerable attention among engineers and other
researchers. A research on ‘detail survey on convergence result’” was conducted by
Liu and Chen [30]. It was established that error in approximation is inevitable and
besides, there are specific mixing factors needed to have error free approximations. In
other words, excessive error could be avoided by adding more particles within a given
period of time. An immense contribution was made by Chopin [31], he worked on the
‘Central Limit Theorems for Particle Filter’ and established the asymptotic variance

which has certain similarity with other algorithms.
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6.2 NONLINEAR BAYESIAN FILTERS

In this chapter, we assume that ¢t € N! and consider the following general nonlinear

non-Gaussian state space model; that is given by:

Ty = ft(xt—l,vt—l), (6-1)

where the nonlinear function f; : R x R™ — R" and the state x;_; € R™. The
process noise sequence v;_; is an i.i.d. with dimension n,. The output measurements

are generated according to the following equation

Zt = ht(:ct,nt), (62)

where the domain of the nonlinear function h; is R"* x R™" and its range is R™=. Also,
the measurement noise n; is an i.i.d. sequence. In particular, we are looking for a
filtering estimate of the state z; based on the set of all past and current measurements
214 = {2, =1,--- ,t}; that is all observed data up to time ¢.

The Bayesian filter computes an estimate of the state x; conditionaly on the ob-
served data z,, via constructing a pdf p(x;|z1.). Additionally, it is assumed that the
prior distribution of the state vector p(xo|z9) = p(zo) is known. It should be noted
that the pdf p(z;|z1.4) can be calculated in two steps recursively; i.e. prediction and
filtering.

If the pdf p(z;_1|z1.4—1) at time (¢ — 1) is available, then the prediction step of the
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state at time ¢ of model (6.1) is calculated by marginalized p(x;, ;_1]214-1) as follows

p($t|Z1:t—1) = /p<xtaxt—1|zlzt—l>dxt—la (6-3)

and noting that p(zy,z;_1]|z14-1) = p(a|zi_1, 214-1)p(24_1|214-1) to obtain the

Chapman-Kolmogorov integral

p(xe]z1:0-1) = /p(mtlxt_l)p(:vt_l|Z1:t_1)d:vt_1 (6.4)

where p(x|zi_1,214-1) = p(z¢|z—1), since (6.1) is of order one Markovian process.
Moreover, the pdf p(z;|z;—1) is obtained from the state equation (6.1) since the statis-

tics of v4_1 is known
p(@e|re-1) = /p(xt|xt—1aUt—l)p(vt—1|xt—1)dvt—1-
Furthermore, p(v;_1|z;—1) = p(vs_1), since v;_; is independent of x;_;. Hence,

p(re|wiy) = /5($t — fe(zi—1,ve-1)) (V1 ) dve—s. (6.5)

By noting that 6(+) is the well known Dirac delta function, equation (6.5) means that
if x;_1 and v;_; are observed, and hence x; can be determine uniquely.

Using Bayes’ theorem and the observed data z;, the filter step (update step) can
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be computed as follows

p(Zt|$t)p($t|21;t—1)

Tel21:4) = 6.6
p( t| Lt) p(zt|21:t—1) ( )

where the normalizing constant
p(2t|21:t71) = /P(Zt|$t)p($t|21:t1)dllft- (6-7)

While the second part of the right hand side of (6.7) is obtained from the prediction
step, the first part is the likelihood function defined by the observation model (6.2)

as follows

p(zi|xy) = /5(zt — hy(zy,me))p(ng)dny.

Thus, the optimal Bayesian solution of the state filtering problem was built on the
iterative computation of (6.4) and (6.6). However, the exact solutions for many cases
for such problem exist only for a very restrictive assumptions, e.g. for linear and
Gaussian model, that will be presented in the next section. Note that, the analytic
solution is difficult, and hence the solution is approximated using example such as the

grid based filters or the the particle filters.

6.3 Linear Gaussian State Space Model

Assume f; and ¢; in (6.1) and (6.2) are linear functions and the two additive noises vy

and n; are Gaussian, then the model is called linear Gaussian state-space model [32].
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This form of model can be described by the equations below

= fi(zio1,v1) = Froqme g + vy, (6.8)

Zt — ht(l't, nt) = Ht.’ll't -+ 1. (69)

Where F; and H; are n, X n, and n, X n, known matrices. The process and measure-
ment noises are Gaussian white noises having zero mean and variance represented by
Q¢ and R; respectively. The initial state denoted by xo ~ N (¢ : 2o|0, Fojo) is Gaussian

with mean xg)p and variance Fyo.

Theorem 6.1 Assume the posterior density p(zi—1|z14-1) = N(z41
Ty_1je—1, Pi1je—1) is given at time step t; then the filter step for (6.8) and (6.9) is

calculated as follows

p(wy|21:0-1) = N (2 : Ti|t—1, Pt\t—l)a

and the update step is computed as

p($t|2’1:t) = N(% F Tty Pt|t)-

Where p(xo|2z0) = N(xo : xojo, Pojo), and xy—1ji—1, Tej—1, Prye—1, Pr—1je—1 are determined
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via the following Kalman filter recursions

Tit—1 = Ft$t—1|t—17

Py = FtPtfl\tletT + Qr-1,
Topp = Ty + Ko(ze — Hyzge—1),
Pyt = Pyy—1 — KeHi Py,
Ky = P H S,

Sy = HyPy—1H + R,.

6.3.1 Main idea of the proof
p(we_1|z1:-1) ~ N(zy : Tt—1lt—15 Pt71|t71)-

Now,

podzrs) = [ plar | a)per e s)dos
= /N(l’t CF e, Qw&l)N(xtfl Tt 1t-1s Pt—1|t—1)d$t4
= N(xy 1 tgp—1, Pye—1).
Where Py;_; = Ft_lPt,”t,ngil + Q1.

« Update step of the above filtering recursion is

p(2t|$t)p($t‘zlst—l) _ pt(zt‘xt)p<xt’21:t—l)
p(zt|zl:t—1) p<zt|zlzt—1)

P($t|21:t) =

84



o Substituting the above Gaussian forms into the numerator gives

p($t|21:t) X pt(2t|$t)p($t|21:t—1),

X N(Zt : Hyzy, Rt)N(xt * Tt|t—1, Pt\t—l)a

x exp {—% {lo— )" R [ - Htxt]}} ,

1

< exp {_5 {foe = ogemi] " Py o0 — ] }} 7
scexp { = {[on =] Py [ =]} }.

= N(.Z't . xt‘t, pt|t)'

In the next section, we present a linearization approach to the nonlinear Gaussian
state space model which will be used to provide an analytic solution to our problem.
Linearization is a process of computing the gradient of a nonlinear function with
respect to all variables to create a linear representation of the model at the equilibrium
point. Thereafter, we apply the Extended Kalman Filter (EKF) in order to estimate

the unknown states.

6.4 Nonlinear Gaussian Model

The nonlinear Gaussian state space model can be described as follows

Top1 = fe(@e) + vy, (6.10)

241 = ht(a:tﬂ) + Ngy1- (611)
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Where the functions f; and h; are known nonlinear vector functions. Moreover, the
process and the measurement noises v; and n; are i.i.d. white Gaussian with zero
means and covariances represented by (); and R; respectively.

To mimic the technique developed in the previous section, we linearized equations
in (6.10) and (6.11) by using the Taylor series expansion around the equilibrium point

Tt S0 that we can describe the actual state as

Ty = Tpe + Ty

Where 7, is a small variation around the equilibrium point. Hence, the approximate

linear model that represent the dynamics of z; is given by:

Ty = Ty — Tie,

= filwy) + v — flae).

Now, we calculate the Taylor series expansion of f;(x;) around the equilibrium point

Tie AS

T R fe(@re) + Fi(wy — 3e) + v — fi(@re),

= Ei’t + Vg
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Where

Ofi(ze) .. Ofi(me)
ox O0xn
Ft —
Ofn(me) . Ofn (@)
or1 Oxp, | PR

A similar linearization approach can be derived for the measurement equation (6.11)

by expanding h(x;) in a Taylor series around the equilibrium point ;. which gives

h(xt) =~ h(xte) + Ht(xt - xte)v

ah(l‘t)
ox

where H;, = |o,=,.. Hence, we can re-write equation (6.11) as
2t & hy(xge) + Hy(xp — T4e) + 14
By letting z, = z; — h(x), we can obtain the output linearized equation as follows

2y = Ht.fi't -+ Ny.

Consequently, we use the following lemma to calculate the update step; i.e. p(z¢]z1.4).

Lemma 6.1 [33] Assume that the posterior distribution p(xi_1|Z14-1) ~ N(z4—1 :
Ty_1je—1, Pi1ji—1) s Guassian and given; then the filtering step for (6.11) and (6.10)
can be calculated as

P(z¢|z1:0-1) = N (2 : T|t—1, Pt|t—1)7
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while the updating step can calculated by

p(wx| Z1k) = N(zp, Tk, Pk|k)-

Where p(xo|20) = N (0 : Zojo, Fojo), and 141, Teje—1, Pye—1, Pim1p—1 can be calculated

via the Extended Kalman Filter (EKF) recursions

Tje—1 = fe(Ti1pe-1)-

Py = katflh‘,flﬁT + Q1.
Ty = Topp—1 + Ko (20 — ha(@g0-1)).-
Py = Py — KeHi Py s
K; = Py H]'S; "

Sp = ﬁtpt\t—lﬁtT + Ry.

The Extended Kalman Filter (EKF) is a specific Kalman method which allows in-
corporation of measurements from multiple sensors to make more robust estimations.
Also, the EKF is based on the approximation of P(z; | z1.4).

Most of the real world applications are non-Gaussian and hence the analytical
solutions are difficult to compute even for linear state space model. In next section,
we will discuss the solution to the nonlinear non-Gaussian state space model with the

aid of Monte Carlo method.
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6.5 Nonlinear Non-Gaussian Model

The nonlinear non-Gaussian state model can be described as

Ty = ft(mt—lavt—l)a (6-12)

2z = hy(xy,my), fort=1--- T. (6.13)

The output is a measurable vector z; € R™ while the state vector x; is unmeasurable.
The state and measurement noises v; and n; are mutually independent and non-
Gaussian distributed with zero mean and covariance (); and R; respectively. The
known vector functions fi(-) and h(-) are possibly nonlinear functions.

In some cases analytic solution may not be achieved, hence, we use Monte-Carlo
method to approximate the prediction and filtering estimation for the state x;. With
Monte-Carlo method, we can work with highly complex probability distribution. Sup-
pose that it is possible to sample and simulate N independent and identically dis-
tributed random variables, {z! ;7 = 1,..., N} with regards to p(z;_1|214_1), then

distribution can empirically be estimated by:

N
1 .
p(ri—1|z10-1) = N E i1 — xy_q). (6.14)
i=1
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Hence, the prediction step or the Chapman-Kolmogorov integral can be calculated as

p(xt‘zlztfl) = /P(%’%l)p(iﬁtl‘zu1)d$t17

— %th(xﬁxf_)l). (6.15)

Since a new output data z; is observed, the filter step or update step can be calculated

by

p(Zt|$t)p($t "let—l)
p(2t|21:t—1)

_ halzle) § 3o filwla?y)

p(Zt|let—1)

p(xt|21:t> =

Y

and the denominator or the normalizing constant of the above equation is defined as

p(2t|21;t—1) = /p(2t|$t)p($t|21:t—1)d$t7

N
1 i
— [ el - fanlel?) )
1=1

Thus, with the aid of the knowledge of the posterior density p(z;|z1.), it is possible
to calculate the optimal filter estimate of the state x;. For example, we can calculate

the minimum mean square error; that is

Tt = E{l‘t|2’1:t} = /l‘tp(fft|2’1:t)d$t-
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The next algorithm summarizes the discussion

Algorithm

o Generate the state space model
o initialization: generate N samples from z, ~ p(zo) and z{ ~ hy(zo|z})
o fort=1,.---,T

— Sample z! ~ fi(x]zl )

— Sample 2! ~ gi(z]z! )

In case it is difficult to sample from the posterior density function p(z;|z1.) or
if the variance of the estimate is large; then we can apply the importance sampling
method. The importance sampling generate samples that have more influence on the
parameter estimation and hence it can be viewed as a variance reduction method.
Therefore, the prediction step (6.15) can be modified using the importance sampling

technique as following

91



where the normalized importance weights are

and

B = p(It—ﬂZl:t—ﬂ
() q(z})

It is clear from the above equation that the selection of the importance sampling has
a vital impact on the Performance of the particle filter. Though, the selection of the
importance density function should fit the application; however, the optimal density
function is

q(a1) = pladlai_y, 20).

But the optimal density function is not feasible since it requires sampling from
p(zy|xt |, 2) and to evaluating it in p(z¢|z!_;). However, the most favored and prac-

tical sub-optimal density function is
q(x) = p(xe|z;_y).

6.6 Numerical Simulation

We now present a benchmark simulation as an example to problems which are non-
linear and non-Gaussian in nature that can not be evaluated using all the analytic

approaches mentioned earlier.
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Example 8

Tg—1 Ti—1
= 20—+ 8 1.2¢
Ty 5 + 57, + 8 cos( ) + wy,

Where w; ~ N(0,02 = 10) and v; ~ N(0,0% = 1) and x5 ~ N(0,10). The densities

representations are

Th Th—
fr(xp|rr—1) = N(xg : =y 25’9—21 + 8 cos(1.2k), 02),

2 1+,
xi 2
hk(zk’xk) = N(Zk : 2—0701]).
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Observation vs filtered observation by the particle filter

20

—observation

—filtered observation|

Figure 6.1: Simulation
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CHAPTER 7

CONCLUSION

In estimating the state of a given system, the recursive technique called the Kalman
filter is very useful due to its practical applications through propagation of the condi-
tional probability density function over the unknown state of the linear and Gaussian
state space equations. However, the Particle filter has proved to be more effective and
efficient due to its applications on nonlinear and Non-Gaussian state space models
with the aid of techniques such as sample mean and Importance sampling along with
Monte Carlo simulation. Therefore, the particle filter is a method which yields an

optimal solution.
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