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THESIS ABSTRACT

NAME: Hafed Ahmed Mohsen Saeed
TITLE OF STUDY: Saddle Point Systems in Optimization
MAJOR FIELD: Mathematics

DATE OF DEGREE: December, 2020.

Saddle point systems appear in many applications such as optimization problems, dis-
cretizing Darcy and non-Darcy equations and solving partial differential equations. In
our study, we consider the saddle point systems obtained from optimization problems.
This study focuses on properties, particularly spectral properties, of the coefficient ma-
trix and gives a view of the available numerical methods used to solve these systems.
Also, in this woke, we establish a block triangular preconditioner matrix for solving
saddle point systems that arise of primal-dual interior point algorithms in linear and
quadratic programming. The preconditioner has the attractive property of improved
eigenvalue clustering with increased ill-conditioning of the saddle point matrix. There-
fore, the new preconditioner matrix with a new parameter v give us well condition

number whatever the value of the nullity (high or low).
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CHAPTER 1

INTRODUCTION

1.1 Motivation and Overview

Saddle point systems appear in many application such as: optimization problems,
discrediting Stokes and Navier-Stokes problem, optimal control , electrical circuits and
networks, image reconstruction problems, parameter identification problems, solving
partial differential equations, finance, economics and discrediting Darcy and non-
Darcy equations.

A saddle point problem is a linear system with the form:

G B| |u f

By, —C| |v g

where G € R™" B e R™" C e R™ ™ with n> m. Problem (1.1) can be

written as

Az =10 (1.2)



with

Problem (1.1) is called generalized saddle point system, in case C' = 0, it is called
saddle point system. The above system appears in many domains such as what we
mentioned above [1].
If Bp=By=Band G =GY, C=CTin (1.1) then the system is symmetric and
becomes of the form:

G BT\ |u f

= (1.3)

B —-C| |v g
Problem (1.3) appears in many domains. It emerges, for example, when constrained
optimization problems are solved by interior point methods [1-3]. Also, problem (1.3)
obtained from discretizing the Euler-Lagrange equations associated with the image
deblurring problem as in [4].
If By = By = B and C = 0 in equation (1.1), we have

G BT u_f 14

B 0 v g
Problem (1.4) arises in many optimization problems for instance it emerges as the the
first-order optimality conditions for the next equality-constrained quadratic program-

ming problem [5]



min f(u) = su’'Gu — fTu
subject to
(1.5)
Bu=g
u e R"

In this case the variable v represents the vector of Lagrange multipliers. Any solution

(u,vs) of (1.4) is a saddle point for the Lagrangian
L r T T
L(u,v) = U Gu— ffu+v' (Bu—g)

hence the name ‘saddle point problem’ given to (1.4). Recall that a saddle point is a
point (u,v,) € R™™ that satisfies
L(us,v) < L(us,vi) < L(u,v,) for any u € R™ and v € R™
or, equivalently,
mjn mazx L(u,v) = L(uy,v,) = mazx mjn L(u,v) [1, 2].
Also, problem (1.4) arises in fluid dynamics (Stokes’ problem) and constrained

least squares problem [2]
If C=01in (1.1), we get the following problem
G BT| |u f
= (1.6)
By, 0 v g
System (1.6) appears in many applications, and numerical solution methods have been
extensively explored for this type of problem [6].

We consider the saddle point systems of the form (1.3) and (1.4). These systems ob-



tained from optimization problems. This work is focused on studying the properties of
these system and numerical methods for solving them. These linear systems are large,
indefinite and often have poor spectral properties. Due to these properties, numerical
solutions of such systems have been a major challenge for solver developers because
they require a huge amount of computer time and storage.

In the literature, one can identify two family of methods to solve Problem (1.3) and
(1.4). The first are direct. The other are iterative. These include multigrid methods,
stationary methods, and Krylov subspace methods [2], but the iterative methods that
are nowadays applied to large-scale linear systems are mostly Krylov subspace meth-
ods. The converge of Krylov methods is very slow, because the condition number
of such system is huge. To overcome this drawback preconditioning techniques are
needed [7].

Preconditioning is a technique that converts the linear system (1.2) into another sys-

tem

P 'Az =P 'b. (1.7)

The matrix P, called a preconditioner, is easy to invert and the preconditioned matrix
P~ A has a good clustering behavior of the eigenvalues.

In the literature, there are different types of preconditioners, such as
e Schur complement preconditioners.
« diagonal preconditioner.

o Hermitian and skew-Hermitian splitting (HSS) preconditioner.



o Triangular preconditioner.

1.2 Definite and indefinite linear systems

We consider the system (1.3) where G, B and C are as in (1.1). Then A is positive
definite if 27 Az > 0 for z # 0 or negative definite, i.e. 27 Az < 0 for z # 0, other

wise, the system is classified as indefinite.

If G and C are symmetric (GT = G and CT = C), then A is symmetric (A7 = A).

1.3 Contributions

The thesis contributions are outline below:

o We introduce a new preconditioner

2k
G+ 2Z:B"W'B (1 + k:—+1) BT

P:
0 —-W

where k£ > 1.

o We introduce new parameters for W = I, for quadratic programming v =

% or v = % (where c is constant) these parameters fit with

the initial steps of interior point methods.

o We introduce new parameters for W = ~I,, for quadratic programming ~v =

18113

[Clamas@re) 20 7 =

m (where c is constant) these parameters fit with all

interior point methods steps.



1.4 Outline Of Thesis

The outline of this thesis is as follows. In Chapter 2, we introduce the saddle point
systems that arise in optimization problems such as using interior point methods to
solve linear, quadratic and nonlinear programming, and linear systems of saddle point
type commonly arise when solving least squares problems. Chapter 3 discusses the
properties of saddle point matrices (basic algebraic properties such as invertibility,
the existence of their block factorizations, the expressions for their inverses and the
analysis of their spectral properties such as eigenvalue localization). In Chapter 4,
we present the fundamental definitions of preconditioning techniques, the literature
review of preconditioning techniques, and show the main results analysis. Chapter 5,
reports our numerical experiments results. Finally, in Chapter 6, we provide briefly

the conclusion and the recommendations for future work.



CHAPTER 2

APPLICATIONS LEADING TO

SADDLE POINT PROBLEMS IN

OPTIMIZATION

As already mentioned, large-scale saddle point systems appear in many application
such as : optimization problems, discreditizing Stokes and Navier-Stokes problem,
electrical circuits and networks, image reconstruction problems, parameter identifica-
tion problems, partial differential equations, finance, economics, optimal control and
discreditizing Darcy and non-Darcy equations. In this study we consider saddle point

systems obtained from optimization problems [1, 2, 8-14].



2.1 Saddle point systems from interior point

methods

Interior point methods for linear, quadratic and nonlinear optimization in many details
are different but they depend on the same linear algebra kernel. In the following we

discuss the three cases

2.1.1 Linear Programming (LP) Problem

An LP is defined as maximizing or minimizing a linear function subject to linear con-

straints(equality or/and inequality). The standard form of LP problem is as follows,

min cTu
subject to
(2.1)
Bu =g,
u>0

where ¢, u € R", B € R™" ge& R™ m <n (we assume that m < n, otherwise the
system Bu = g is infeasible or contains redundant rows. If m = n the system Bu = g
has a unique solutions.)

A solution to the LP problem is a vector u, € R" such that ¢’'u, is minimized and the
constraints Bu, = g, u, € R™ are each satisfied. Throughout this work, we assume

that B has full row rank.



The Karush-Kuhn-Tucker (KKT) conditions

The Karush-Kuhn-Tucker (KKT) conditions can be summarised in the following the-

oremn:

Theorem 2.1 Consider the problem of minimizing a smooth objective function f :
R"™ — R with respect to a collection of constraints {g;(u) > 0V g;(u) = 0}, where
gi : R™ — R is also a smooth function. Let L be the Lagrangian associated with this
problem. Suppose u* is a solution of this problem, and that the subset of constraints
satisfying {g;(u*) = 0} has the property that {Vg;(u*)} is linearly independent. Then

there is a vector of Lagrange multipliers v* for which the following holds:

e Vy(u*,v*)=0

All of the constraints are satisfied at u*.

e v >0

For all 1 <i <m,v;g;(u*) =0.

Newton Search Directions

Suppose F': R" — R™ is a continuously differentiable vector valued function, and
write in general F(y) = (Fi(y), F2(y), ..., F;'u(y))". The Jacobian of F(y), denoted
J(y), is the m x n matrix of first derivatives of F"

J(y) = (%%(jy)))i,j ,1 <i<m,1<j <n. Since we are trying to solve the equation

F(y) = 0. Then one iteration of Newton’s given by

J(y)px = —F(y)



where py is the the Newton direction and y = (u, v, s) is initial point. For the conver-
gence of this method, (see [10]).
Notice that convexity of the problem ensures that KKT conditions are sufficient for

a global minimum [15].

2.1.2 The primal approach

We associate a barrier function D(u, u) defined as

D) = "= ' Inu) (22)
j=1
where p > 0 is real. Now we consider

miﬂg D(u,p) subjectto Bu=g (2.3)
ue R™

where p > 0 is a barrier parameter.

From (2.2) In(u;) is concave, which implies —p In(u;) is convex. Therefore, the D(u, p1)
is a positive sum of convex functions, which implies that D(u, u) is convex then the
KKT conditions are sufficient to get the optimal solution .

Consider the Lagrange function

L(u,v; p) = cfu — '“Z In(u;) — v" (Bu — g) (2.4)

j=1

where v € R™ are the Lagrange multipliers for the Bu = g and the KKT conditions

10



are
VuL(u,v;p) =c—puU e — BTv =0
(2.5)
Vo,L(u,v; ) = g — Bu
where e = (1,1,...,1)T and U = diag(uy, us, ..., u,)

Introducing the vector s = pU~'e. The KKT conditions in (2.5) can be rewritten in

light of the definition of s to yield

Bu=g, u>0
BTv+s=c (2.6)

Us = pe or USe = pe

where S = diag(s1, S2, ..., Sn)

Since the objective function in (2.2) is convex, then the optimality (KKT) conditions
are sufficient to get the optimal solution (see [16] p.244). The first set of equalities
in (2.6) enforces primal feasibility, the second set enforces dual feasibility, and the
last set is the complementarity condition perturbed by p . Let (u(p),v(w),s(p)) be
a solution to (2.6) for some g > 0 . Then u(u) is primal feasible. Furthermore,
BTv(p) + s(n) = ¢ and s(u) = pU~te > 0, which shows (v(p), s(p)) is dual feasible.
In other words (u(u),v(n), s(i)) is a primal-dual feasible pair. Therefore, the duality

gap can be computed as follows,

chu(p)—g"v(p) = u' (n)s(p) = " U(u)s(p) = e’ (pe) = pele = pn (2.7)

Any solution that satisfies (2.6), and is optimal solution to (2.3), defines a

11



primal-dual feasible pair. The system (2.6) can be rewritten as F(u,v,s) =
T
Bu—g BTw+s—c USe—pe| =0 where FF: R*™ ™ — R* ™ Solving the

nonlinear equations (2.6) by Newton’s method. That is solving the system

B 0 0| |Au Mp
0 BT 1| |Av|= |n: (2.8)

S 0 U| |As Ny

where n, = g— Bu ng=c— B"v—s n, = pe— USe By elimination of
As = U 'y, — U 'SAu from the second equation we get the (n x m) x (n x m)

symmetric indefinite augmented system of linear equations

9~1 BT| |-Au f

B 0 Av g

where ' =U1S, f=n-U'n,, g=-n

where 71 € R™" (diagonal), B € R™", with n > m and assuming B has full
rank (rank(B) = m). We first observe that the ill-conditioning in the saddle point
system (2.9) is a consequence of the properties of the diagonal scaling matrix. From
the complementarity condition for linear programs we know that, at the optimum,
ujs; = 0, 7 € 1,2,...,n. The condition u;s; = 0 is satisfied if at least one of the
variables u; and s; is zero.

The first step of the primal dual algorithm consists of solving (2.8),

12



o U Au

(3 = |v + AU (210)

Sk s As

where u, v, s are the starting points and Au, Av, As are the Newton’s direction that
obtained in (2.8) equation and then a new point is obtained for a suitable choice of

«. For the choosing of a see([9])

2.1.3 A dual approach

The standard for the dual of (2.1):

max gt
subject to
(2.11)
BTv+s=c,
5s>0
We can introduce the barrier term to the dual problem as follows.,
max  glvo+p Yt In(s;)
subject to
(2.12)
BTv+s=c,
s>0

13



The Lagrange function is given by

L(u,v,s) = g"v + /LZ In(s;) —u'(BTv+s—c).

J=1

where u denote the Lagrange multipliers

The optimality(KKT) conditions are,

VuL(u,v,8) =c—s—BTv=0, s>0
V.L(u,v,8) = g— Bu=0,

VL(u,v,8) =puS e —u=0.

This equation is equivalent to

Bu =y,
BTw+s=c¢, s5>0

Us = pe

(2.13)

(2.14)

(2.15)

The solution for the nonlinear (2.14) is exactly the same process what we did in (2.6).

14



2.1.4 The primal-dual approach

A set of the first optimal conditions for the barrier problem was obtained in both

primal and dual cases. The combination of these two sets of optimal conditions gives

Bu =g, u >0
BTv+s=c s5>0 (2.16)

Us=pe or USe = pe

These conditions are called the perturbed Karush-Kuhn-Tucker (KKT) conditions,
because they are identical to the KKT conditions to original LP problem, except the
complementary conditions have been perturbed by p . Therefore, a solution to (2.16)
for a sufficiently small y is a good approximation to the optimal solution.

Solving the nonlinear equations (2.16) by Newton’s method . That is solving the

system

B 0 0] |Au Mp

0 BT I| |Av|=|nl- (2.17)

S 0 U| |As Ny

where n, =g — Bu ny=c— B'v—s 1, = pe— USe By elimination of
As = U 'n, — U 'SAu from the second equation we get the symmetric indefinite
augmented system of linear equations

o=t BT| |-Au f
=", (2.18)

B 0 Av g

15



where
-1 =U"'S (diagonal), f=ns—U"'n,, g=-n,
where §~' € R"™ " B e R™" with n > m and assuming rank(B) = m. Exactly

as (2.9).

Remark 1 The conditions in system (2.16) are equivalent to central path equations
and, p = pf STT“ where B is constant. This method give us better result of taking p = 0

even if p is large value , and gradually reduce it toward 0 as the algorithm proceeds.

Remark 2 The primal-dual interior-point methods in the case of barrier function
differ in one key point from the strict primal methods: the Newton direction is computed
for (v,s) as well as for u, but the primal-dual in case p > 0 gives better result than

primal-dual in the case p = 0.

2.1.5 Quadratic programming

Consider the convex quadratic programming problem

min sufQu+ cfu
subject to
(2.19)
Bu =g,
u>0

where () € R™" is positive semidefinite matrix, B € R™*" has full rank

(rank(B) =m), ¢, u€ R*, Be R™" andge R™

16



As we did with linear programming above replacing inequality constraints with the

logarithmic barriers to get

min suTQu+ cTu—p S In(uy)
subject to (2.20)

Bu =g,
Where p > 0 is a barrier parameter. By The Lagrangian

1

Llwvip) = 50" Qut"u— " In(uy) — o7 (Bu —g)

j=1
where v € R™ are the Lagrange multipliers and the KK'T conditions are

VouL(u,v;p) = c+ Qu — puU~te — BTv =0
(2.21)

VoL(u,v,0) =g—Bu=0
where U = diag(uq, us, ..., uy)
Setting s = uU te,i.e  USe = pe
where S = diag(sy, $2, ..., 8,) and e = (1,1,...,1)7.

The KKT conditions in (2.21) can be rewritten in light of the definition of s to yield

Bu=g
BTw+s—Qu=c
(2.22)
USe = pe
(u,s) >0



Solving the nonlinear equations (2.22) by Newton’s method. That is solving the

System

B 0 0| [Au Mp

—Q BT I Av| = Na | > (223)

S 0 U| |As Ny

where 1, = g— Bu, 14 = c—BTv—s+Qu, 1, = pe—USe and gradually decreasing the
Barrier parameter p. Eliminating As = U~'n, — U 'SAu from the second equation
we get the symmetric indefinite augmented system of linear equations

Q+6' BT| |-Au f
=", (2.24)

B 0 Av g

where 7' =US, f=n-U"1'n,, g=-n

where (Q +607') e R™" Be R™" with n> m and assuming B has full rank
(rank(B) = m). As we saw with LP since the saddle point system (2.24) contains
6! then it is ill-conditioning for the same reasons. Solving the systems in (2.23) and

(2.24) to obtain the Newton direction and for the solution do the same process as in

(2.8) .

Remark 3 If we replace the condition uw > 0 by u € R™ then using Lagrangian and
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the KK'T condition we obtain the following matrix

Q B"| |u S
= , (2.25)
B 0 v g
where f = —c and u, v are the solution and the above system can be rewritten as the

form in ([15] p.451).

Remark 4 Strictly conver quadratic programming are those in which () is positive

definite.

Remark 5 In saddle point systems in (2.19) if the constraint Bu = g is replaced by
the inequality constraint then we get saddle point system as (2.25) but last block not

equal zero for the details see ([15] p.480-483) but in this work we consider as in (2.19).

2.1.6 Nonlinear convex programming
Consider the convex nonlinear optimization problem
min fuw)

subject to (2.26)

h(u) <0,

where u € R", and f:R™ — R and h : R" — R™ with h(u) = (h(u), ..., b (u))T
are convex, twice differentiable. Having replaced inequality constraints with an equal-

ity h(u) +x = 0, where x € R™ is a nonnegative slack variable, we can formulate the

19



associated barrier problem:

min flu) — > In(ay)

subject to (2.27)

where p > 0
The corresponding Lagrangian is
Lu,v, ;1) = f(u) — pd i In(z;) + 07 (h(uw) + ) Writing the KKT conditions for

this problem

VoL(u,v,z;p0) = h(u) + =0 (2.28)

where X = diag(xy, 72, ..., 7)) , e = (1,1,...,1)T.

The KKT conditions (2.28) can be rewritten by the folowing form

(2.29)

where V' = diag(vy,vs, ..., v), Vf(u) denotes the gradient and defined as V f(u) =

(agi?), o %fT(:) )7, and the term Vh(u) denotes here the matrix Vh(u) € R™*" defined

as Vh(u) = (Vhy(u), ..., Vi, (uw))T.
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Solving the nonlinear equations (2.29) by Newton’s method . That is solving the

System

H(u,v) Bu)?™ 0| |Au ~Vf(u) — B(u)tv
B(u) 0 Il |Av| = —h(u) —z ; (2.30)
0 X V| [Azx pe —VXe

where  B(u) = Vh(u) € R™", H(u,v) = V2f(u) + >.7", v;V*h;(u) € R™" and
gradually decreasing the Barrier parameter p

By elimination of Az = uV~le — Xe — XV~1Av

from the second equation we get

H(u,v) Bu)? | |Au —Vf(u) — B(u)'v
- , (2.31)

B(u) —XV7'| |Av —h(u) — puVle

The above saddle point system is symmetric and indefinite since f and g is
convex, the matrix H is positive semi-definite and if f is strictly convex H is positive

definite.[1, 2]

2.2 Least Squares with Equality Constraints

Linear systems of saddle point type commonly arise when solving least squares prob-

lems. Consider the following least squares problem with linear equality constraints:
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min || Au — b[|3

(2.32)
subject to Bu=g
where Ae V& e R", beRY Be R™" ge R™, n>m,q>n.
by Lagrangian
1
L) = 5[ Au = b3 + 7 (Bu — g). (i)

where v € R™. Since

1 1 1
§|\Au —b|j3 = §(Au — )T (Au—b) = E[UTATAU —uT ATb — " Au + b7b] (ii)

from (i) and (ii)
1
L(u,v) = §[UTATAU —ul AT — b Au + b"b) + v" (Bu — g). (iii)

by KKT conditions for (iii)

VuL(u,v) = [ul (ATA+ ATA) = b7 A - bT Al + "B =0
=ulATA—-b'A+0TB =0
(2.33)
= AT Au— ATb+ BTv = 0

V,L(u,v) = (Bu—g)' =Bu—g=0
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From the above systems

ATA BT

rewrite the above system as

G BT

B 0

where G = ATA  f= ATh

AT
= , (2.34)
g
/
=", (2.35)
g

The above system called saddle point system which arise form solving optimization

problem using least square method [17]

Remark 6 since ul AT Au = (Au)T (Au) = ||[ATA|2 >0

therefore G = AT A is positive semidefinite.
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CHAPTER 3

PROPERTIES OF SADDLE

POINT MATRICES

This chapter is dedicated to the establishment of basic algebraic properties of saddle
point matrix A such as the existence of different factorizations, invertibility, spectral
properties and conditioning. In developing solution algorithms, knowledge of these

properties is important.

3.1 Block factorizations and the Schur complement

The saddle point matrix A when G is nonsingular can be factorized in the three

following block triangular factorizations:

G BT 1 0| |G 0 I G'BT
A= = (3.1)

B -C BG™ I| |0 —-C-BG'BT| |0 1
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B —C - BG'BT| |0 I
where S = —(C + BG™'BT) is the Schur complement of G in A . In this work,
we can’t use these properties since G is singular, as we saw in chapter 2 then the
Schur complement does not exit, but we can use augmented Lagrangian techniques to
replace G by M = G + BTW=1B, where W~ is m x m symmetric positive definite

and M is nonsingular.

3.2 Solvability conditions

G is needed to be nonsingular, so A is invertable if only if S is. Unfortunately, we can
say very little in general about the invertibility of S. Placing some restrictions on the
matrices G, B and C' are necessary. Of course, our saddle point system is symmetric
whether G is singular or not. We begin with G symmetric positive definite in (1.4).
The Schur complement in this case reduces to S = —BG !B, a symmetric negative
semidefinite matrix. It is obvious that S, and thus A4, is invertible if and only if B has
full row rank (rank(B) = m), hence S is symmetric negative definite. The discussion
for saddle point system in (1.3) where G is symmetric positive definite, C' # 0 is
symmetric positive semidefinite and S = —(C' + BG~'BT) can be summarized in the

following theorem
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Theorem 3.1 Assume G is symmetric positive definite and C' is symmetric positive
semidefinite. If null( BT)Nnull(C) = 0, then the saddle point matriz A is nonsingular.

In particular, A is invertible if B has full rank.

When the condition G positive definite is relaxed. Then A may be singular, even if B
has full rank. See the example ([18], p.17). Now we have the following result for the

case (G is symmetric positive semidefinite.

Theorem 3.2 Assume that G is symmetric positive semidefinite, B has full-row rank,
and the last block C = O in (3.1). Then null(G) N null(B) = {0} is a necessary and

sufficient condition for the saddle point matriz A to be nonsingular.

Proof. Let z = [u?l oT]T be such that Az = 0. Hence, Gu+ BYv =0 and Bu =0,
i.e., u € null(B). It follows that u’ Gu = —u’ BTv = —(Bu)"v = 0. We prove that
since G is symmetric positive semidefinite, u? Gu = 0 implies Gu = 0. (see [2], p.21).
This gives u € null(G) then v € null(G) Nnull(B) = {0}, implying v = 0. Also we
have v = 0, since BTv = —Gu = 0 and B7 has a full-column rank. Therefore, z = 0
and A is nonsingular.

Assume now that null(G) Nnull(B) # {0}. Taking u # 0 such that Bu = 0 and

Gu = 0, we have that

u 0
A = : (3.4)
0 0
This, however, implies that A is singular. |
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Example 3.1 Consider the saddle point matrix :

1 00
A=10 0|1
0 110
10
Since G = is symmetric positive semidefinite and the off-diagonal block
00

T T T
BT = [0 1] satisfying null(G) = span{ [0 1] }, null(B) = span{ {1 01 1
T
and null(G) Nnull(B) = {[0 0] }.
Then by theorem (3.2) A is nonsingular.

Example 3.2 Consider the saddle point matrix

1 01
A=100]0
1 01]0
10
Since G = is symmetric positive semidefinite and the off-diagonal block
00

BT = {1 0] satistying null(G) = span{ [0 1]T}, null(B) = span{ [0 1} 1,
and null(G) N null(B) = span{ [O 1} T}.

Since theorem (3.2) is not satisfied then A is singular.
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3.3 The inverse of a saddle point matrix

If G is nonsingular, then it is clear from equations (3.1),(3.2) and (3.3) that the
matrix A is nonsingular if and only if S = —(C' + BG~!BT) is nonsingular, and we

have the explicit expression for the inverse of A in the form

-1 —1 —1
G BT I G'BT Gt 0 I 0
Al = = (3.5)
B —-C 0 I 0 S |BG! I
G '+ G BTS1BG™ -G 'BTS™!
—-S~1BG! St
In the above equation if (' is nonsingular but G is singular, one can give an analogous
expression if we assume that the matrix G4+B7C~!' B, the Schur complement of C' in A,
is nonsingular. An interesting special case arises when G is symmetric positive definite,
C =0, 8 = —BG'BT is nonsingular, and ¢ = 0. Then the explicit expression for
A~ shows that the solution (u,,v,) of (1.4)) is given by

U, (I +G'BTS\B)G-'f
_ (3.7)

v, ~S'BG'f

An alternative expression can be given for the inverse of A when G is positive
semidefinite, B has full rank, C' = 0 and null(G) Nnull(B) = 0 which by theorem (3.2)
imply that A nonsingular. Denote by Z € R"*("~™) any matrix whose columns form
a basis for null(B). It also follows from null(G) Nnull(B) = 0 that the matrix G is

symmetric positive definite on null(B), i.e., Z'GZ > 0 for all Z # 0 where ZTGZ is
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a n —m X n —m nonsingular matrix and symmetric positive definite. Then, we can

express the inverse of A as

-1

= G BT X (I-XG)BT(BBT)™!

B 0 (BBT)"'B(I-GX) —(BBT)"'B(G—GXG)BT(BBT)~
(3-8)

where X = Z(Z1GZ-Y)ZT

3.4 Spectral properties of saddle point matrices

To solve saddle point matrices by iterative methods we need to know their spectral
properties. Now assume that G is symmetric positive definite and BT has a full-
column rank, and C' (possibly zero) is symmetric positive semidefinite. Then from

(3.1) we have

I o| |G BY||I -G'BT G 0

-BG™' I| |B —-C| |0 I 0o S

where S = —(C' + BG™!BT) is symmetric negative definite, since A is congruent to
the block diagonal matrix (3.9), it follows from that A is indefinite, with n positive
and m negative eigenvalues [1, 2, 19].

This still true when G is symmetric positive semidefinite and the condition null(G) N
null(B) = {0} is satisfied. The proof as follows: using the QR factorization of BT

where BT € R»™
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Let

B = {Y Z} Jz ,{Y Z}T{Y Z} =1 (3.10)

Where Y € R™™ a matrix whose columns form an orthonormal basis of the rang(B7),
and Z € R™"™™ is any matrix whose columns form an orthonormal basis of the null(B)
so that BZ = 0 and the matrix { 7 y] is orthogonal. Then the matrix is congruent

to the 3-by-3 block matrix

- T T
{Z Yr 0| |G BT {Z y} 0 {Z Y} G[Z Y} {Z Y} BTR™
0 RT||B 0 0 R ) RTB {Z y} 0
_ZTGZ ZTGY ZTBTR*_ _ZTGZ ZTGY 0_
YT'GZ YTGY YTBTR'|=|YTGZ|Y'GY I
RTBZ RTBY 0 0 I 0
) S ©(3.11)

since null(G) N null(B) = 0 then ZTGZ € R*™ " ™ is SPD with n — m positive

eigenvalues.
YTGY 1
The schur complement matrix of with respect to (3.11) is
I 0
—1 -1
YTGY I YTGZ YIGY I
ZT'GZ — [ZTGY 0} = Z'GZ where =
I 0 0 I 0
0 I
I -YT'GY
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YTGQY 1
The spectrum of G is given by the schur complement Z7GZ and as we

1 0

saw above that ZTGZ has n — m positive eigenvalues and we need to find the eigen-

YTQY I
values of which has m positive eigenvalues and m negative eigenvalues

1 0

as we will see in the following

Proposition 3.1 Assume G € R™" be a symmetric positive semidefinite matrix

with the eigenvalues 0 < \,(G) < ... < \(G), and assume B € R™" be equal to

G 1
B =1. Then A = has all nonzero eigenvalues and they are given as

TNG) £ V/N(G)+4 =125 ....n

Proof.

=\ (3.12)

from the above equation we follow:

Gu +v = Au. (a)

U= A\v. (b)

where A # 0 ((if A =0 then from (a) and (b) u = 0,v = 0).
Substitute (b) in (a) to get
AGv + v = Ao for any non negative eigenvalues \;(G) > 0 of G then we have

A =2(N(G) £/ N(G) +4) for i=1,2,3 ....n positive and eigenvalues. |
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Remark 7 (i) Assume G is nonsingular with eigenvalues 0 < \,(G) < ... < A\ (G).

Then it is clear that for all vectors y € R™, we have \,(G)||y|]*? < yTGy <

(@) ly*.

(i) Assume B has full-row rank with singular values 0 < o,,(B) < -+ -+ < o1(B).
Then we have for all z € R™ and for ally € rang(BT) = (null(B))*

om(B)|2ll < BTz < o(B)|l2ll . om(B)y < Byl < o1(B)|yll-

Proposition 3.2 [1, 2/ Assume G € R™ ™ be symmetric positive definite with eigen-
values 0 < A\, (G) < ... < \(G), and let B € R™™ be of full-row rank with singular
values 0 < 0,,(B) < ... < 01(B). Let o(A)denote the spectrum of A. Then
o(A)CcItul-

where

It = D (G), S (G) + VNHG) + 402(B) )]

2

and

I7 = [3(M(G) = V/A2(G) + 40%(B)), 2 (M(G) — VA3(G) + 402,(B) )]

T
Proof. For each eigenvalue A € o(.A) and its corresponding eigenvector [UT UT] #
0

Gu+ BTv =\ (a)
Bu = X\v (b)

since rank(B) = m and from (a) BTv = Au — Gu if u =0 the v =0
So, u # 0
Let A > 0 be a positive eigenvalues. Taking the inner product of (a) with u im-
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plies u'Gu + u" BTv = M||ul|> (c). Taking the inner product of (b) with v imlies
v Bu = AMv||*> (d) from (c) and (d) we get u” Gu+\||v]|* = MJul|* (e) from remark
(7) we get A\nllul|? + AJvl|* < Allu||? this implies (A, — A)||ul|* < —A||v]|* < 0 which
lead to the inequality A,(G) < A. Now taking the inner product of (b) with Bu this
gives u” BTv = $||Bul|? subtitiuting this into (c) we get A?||ul|]* = A’ Gu— || Bu||? =
from remark(7) we can bounded the left half side from the the previous equation

(A2 = MG\ = o1(B)|lul]? < X|Ju||*> = \uTGu — ||Bul||?> = 0 this gives the bound

A < 2((G) +/N(G) + 403(B))

If A < 0 be a negative eigenvalues and (A2 =\, (G)A—o1(B))||u/* < A?||u||? = u® Gu—

|Bu||* = 0 then A > 1(X,(G) — \/A2(G) + 40}(B))
At the end consider the orthogonal decomposition of u = u|nus) + Ulrangs™)

where u|napy € null(B) and ul,qngpry € rang(B) substituting u into (b) it fol-

lows that v = %Bu!mng(B:r). Taiking the inner product of (a) with u|,.,e5r) to get

u|f€ng BT)GU + u|reng(BT BTy = )\u|f(mg(BT)u substituting v and v into this equation
we get

u|£mg 51y Gtlnuan(s) u|£mg 51 GUlrang(BT) — 1Bl rangs7)ll + At rangsry || bound-
ing this equation from below we got u|fang BT)Gu]nu”(B) > (A= MG) -
U’%” )Hu!mng pryl>. To obtain the upper bound take the inner product of

Gulpans)y < (A= X(G))ulpanp |2 < 0 so

(a) with ulmnpm) we got u|rang(BT

A = M(G)X = a2 |ulangsmy | = 0 if wlf gy = 0 then v = 0 and Gulwan(p) =
/\u|nun(3) with A < 0 which can not be the -case. Therefore we have
N = M (G = 02 [tlangsmy > = 0 and A < 1(0(G) — /X3(G) + 402,(B)) |
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Proposition 3.3 (/2]) Assume G € R™™ be symmetric positive semidefinite with
eigenvalues 0 = \,(G) < ... < M\ (G) satisfying also y* Gy > Xo(GQ)||y||* for some
Mo(G) > 0 and for ally € null(B). Let B € R™ ™ be of a full-row rank with singular

values 0 < 0,,(B) < ... < 01(B).Let 0(A) denote the spectrum of A. Then

o(A) cItulI-

where

I = Xo(@), (M(G) + VX (G) + 403(B) )]

and

I~ = L((G) — VA2(G) + 403(B)), 5 (M(G) — V/X(G) + 402,(B) )]

Remark 8 FEverything done in this chapter was when B has full rank. For the rank-

deficient ( see [1, 2] )

3.5 Conditioning issues

In practice several saddle point systems can be conditioned very poorly, therefore,
when applying and developing solution algorithms attention must be paid during the
development. When G = G7 is a positive definite, B has a full rank, and C' = O.
In this case A is symmetric and the condition number of A K(A) = 22 where A,
is the maxmium and A is the minimum eigenvalues of A. From Proposition 3.2 one
can notice that the condition number of A grows unboundedly as either A\; = A

or 01 = Opmin(B) goes to zero where ,,;,,(B) is the minimum singular value of B and

Amin 18 the minimum eigenvalue of G .
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3.6 Krylov Subspaces Methods

Let

Az =10, (3.13)

be a linear system

where A is a nonsingular matrix and b a given vector. Assume that z; is an initial
guess for the solution z of (3.13) and starting with the initial residual ro = b—Az,
the sequence of nested spaces K}, and Ly (constraint spaces) for k = 0,1, ... are build
and the sequence of approximate solutions z; are computed such that they satisfy the

Petrov-Galerkin condition

2 € 2o+ Ky, rp =b—Azg L Ly, (314)

It is clear that the Krylov subspaces form a nested sequence that ends with dimen-
sion d = dimK, (A, 10) < n+m, ie, Ki(Arg) C -+ C Ky(Ayrg) = - - - =
Kpim(A,ro) [1]. In particular, for each d > k, the Krylov subspace Kj(A,ry) has
dimension k. There are three iterative methods to solve large-scale linear systems
such as multigrid methods, stationary methods, and Krylov subspace methods [2] but
the Krylov subspace methods are the iterative methods that are nowadays applied
to large-scale linear systems. This class of methods corresponds to K = K (A, o),
where Ky (A,rg) denotes the k-th Krylov subspace associated with A and ry defined
as Ky (A, 7o) = span(rg, Arg, ..., A¥"1rg). Tt follows then from (3.14) that for the error

z.—z, and for the residual 7, we have z,—zp = pr(A)(2.—20) and 7, = px(A)ro, respec-
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tively, where py stands for some polynomial of degree at most k satisfying px(0) = 1.
The whole class of such polynomials will be denoted as p;. The convergence of Krylov
methods is very slowly, because the condition number of such system is huge to over-
come this drawback preconditioning technique is needed.

Preconditioning is a technique that uses to fast the convergence of Krylov methods.
Precisely, it is to convert the linear system Az = b into another system P~' Az = P~'b
where P is the preconditioner matrix such that it is easy to invert and the precondi-
tioned P~!' A has a good clustering behavior of its eigenvalues. The different versions
of Krylov subspace methods arise from different choices of the subspace L; and from
the ways in which the system is preconditioned. Two broad choices for L; give rise to

the best-known techniques:

o L = Ki(A,ro) FOM method for nonsymmetric systems and Conjugate Gradi-

ent Method (CG) method for symmetric positive definite systems.

o Ly = AKi(A,ry) Generalized Minimal Residual Method (GMRES) method for
nonsymmetric systems and ) Minimal Residual Method (MINRES) method for

symmetric indefinite systems Biorthogonalization methods

o L, = Ki(A”,r9) (QMR method for nonsymmetric systems, Bi-CG method for

nonsymmetric systems)

Remark 9 For Preconditioned Krylov subspace methods we use :

(i) Conjugate Gradient Method (CG) for symmetric positive-definite system and

symmetric positive-definite preconditioner.
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(7i) Minimal Residual Method (MINRES) for symmetric indefinite system and sym-

metric positive-definite preconditioner.

(iii) Generalized Minimal Residual Method (GMRES) for Symmetric indefinite sys-

tem and nonsymmetric indefinite preconditioner.
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CHAPTER 4

PRECONDITIONERS FOR

SADDLE POINT SYSTEMS

4.1 Preconditioning techniques

Preconditioning is a technique that converts the linear system Az = b into another
system P71 Az = P~'b. The matrix P, called a preconditioner, is easy to invert and

the preconditioned matrix P~' Az has a good clustering behavior of the eigenvalues.

4.2 Literature Review

The systems obtained in optimization problems are huge and ill-conditioned. These
properties complicate developing an efficient numerical algorithms. We know that
using direct methods for solving such systems (1.3) and (1.4) requires O(n?) and
hence they are not applicable. For these systems, iterative methods like Krylov

subspace methods are applicable. However, their convergence is too slow because they
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are sensitive to the condition number. Hence the idea of preconditioning is needed to
accelerate the convergence of the Krylov subspace methods. In the literature, many
preconditioners in [1, 20] are developed for a saddle point problem. Preconditioning
is a technique that uses a preconditioning matrix P to convert a linear system of the
form Az = b into another system to improve the spectral properties of the system
matrix. A preconditioner is a matrix P such that this matrix is easy to invert and
the preconditioned matrix P~'A has a good clustering behavior of the eigenvalues.
Because rapid convergence is often associated with a clustered spectrum of P~!A.
In the Preconditioning technique, we solve P~'Az = P~} instead of solving the
original one Az = b because the new system P~ ' Az = P~'b will converge rapidly
when we use a suitable preconditioner. To apply the preconditioner matrix P within
a Krylov subspace method, we need to compute a matrix times a vector of the form
xr = Pr at each iteration. Hence, evaluating this product must be cheap. In the
literature, several preconditioners [1] are developed for a special linear system such
as block preconditioners and constraint preconditioners. For diagonal preconditioner
we refer to Silvester and Wathen [21] & [22]. For the block triangular preconditioners
we refer to Bramble and Pasciak [23] and also [21, 24-27] and the references therein.
For the Constrain preconditioners, for example Axelsson and Neytcheva [28]. For
the augmented Lagrangian preconditioners, Fortin and Glowinski [29]. Another
preconditioners based on the Hermitian/skew-Hermitian splitting are studied in [30],
[31], [30] and [32]. Other preconditioners are used for solving the systems (1.3) and/or
(1.4). Sue Dolla et. al. [33] showed how new methods for the solution of saddle point

system of the form (1.3) that arises in optimization problems which can be derived
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from the Bramble—Pasciak conjugate gradient method. Yvan Notay [34] use a matrix
of symmetric saddle point system of the linear systems using the iterative solution
method. He addressed several solution techniques which depends on the knowledge
of a preconditioner. Also, there are many methods used to solve system of the form
(1.4) Jennifer Pestana and Tyrone Rees [35] depend on incomplete versions of a par-
ticular null-space factorization to develop preconditioning. The study compared the
equivalent Schur complement based preconditioners with their performance. Tyrone
Rees Jennifer Scott [36] addressed the fitness of exploiting null-space factorizations to
derive sparse direct methods. They attend numerical results for both academic and
practical problems. Susanne Bradley [37] studied the iterative solution of symmetric
saddle point problems with a rank deficient leading block. Two preconditioners were
developed by the study such that, under certain assumptions on the rank structure
of the system, yield a preconditioned matrix with a constant number of eigenvalues.
Also, there are different methods for solving system of the form (1.6). Ron Estrin and
Chen Greif [38] introduced a new way of saddle-point minimum residual methods.

He used a minimum residual or quasi-minimum method to solve saddle-point problem.

In our study, we propose a suitable preconditioner and iterative method for

solving (1.3) and/or (1.4).
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4.3 Literature Review of Preconditioning Tech-

niques

We adopt the general notation for saddle point systems that arise of using interior
point to solve linear and quadratic problems and for saddle point systems that arise

when solving least squares problems as:

A= (4.1)

where G € R™", B € R™*" has full rank (rankB =m) and n > m .

to represent the saddle point matrices (2.9), (2.17), (2.24) and (2.35).

Remark 10 As we saw in chapter 2 that G is symmetric positive semidefinite and
assuming its nullity is s and B has full row rank. Where the assumption that A is

nonsingular implies that null(G) Nnull(B) = 0, which we use in our analysis later.

We start our discussion when G is nonsingular, there are two ideal block diagonal

Schur complement preconditioners :

G 0 G 0
P = and P, = (4.2)
0 BG'BT 0 —BG'BT
where £BG~'B” is the Schur complement of G in A. Considering (4.1) with (4.2) it

has been shown that the preconditioned matrices
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» I G-'BT » I G-'B"

(BG-'BT)"'B 0 —(BG-'BT)"'B 0

(14+V5)
2

are diagonalizable. P*flA has only three distinct eigenvalues 1, which implies

that preconditioned MINRES is expected to converge (in the absent of roundoff errors)

(14iv/3)
2

within three iterations ([2, 3]). P~;'A has only three distinct eigenvalues 1,
implies that preconditioned GMRES is expected to converge (in the absent of roundoff
errors) within three iterations also, there are two ideal block triangular preconditioners

G 0 G 0
Py = and Py = (4.4)

B BG™ BT B —BG'BT

Considering (4.1) with (4.4) it has been shown that the preconditioned matrices

. I G'BT . I G'BT
Pty A= and P~y A= (4.5)
0o I 0 I
have only two distinct eigenvalues —1,1 and one distinct eigenvalue 1 respectively
which implies that preconditioned GMERS is expected to converge within two and
one iterations respectively (in the absent of roundoff errors), but the first one is diago-
nalizable, whereas the others not. [1-3, 39-42]. However, when G is singular(positive

semidefinite) or ill-conditioned which is our studying focus as we mentioned in chapter

2. Of course the Schur complement does not exist when G is singular in (4.1) because
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G can not be inverted. So dealing with the systems by augmentation, i.e. by replacing
G with G + BTW !B is one possible way, where W € R™*™ is a symmetric positive
definite weight matrix.

The following block triangular preconditioner was considered

G+ B"W™'B kBT

0 w
where W is m x m symmetric positive definite weight matrix and k is scalar.
The authors in [43] showed that P;'A has eigenvalues A = 1 with multiplicity

—k+V4+k?
2

n—mand A = , each with multiplicity s. The remaining 2(m — s) eigenvalues

satisfy the relation

(k= 1) &+ /(kp — 1) +4u(1 + 1)

A= — ,
2(1+p)

where u are the 2(m — s) positive generalized eigenvalues of uGu = BTW™'Bu. In
case m = s, only three distinct eigenvalues were obtained A\ = 1 with multiplicity
n—m and \ = —REVAEES V24+k2, each with multiplicity m. If k = 0 (see [43, 44]), P, *A has

eigenvalues A = 1 and A = —1 with multiplicity n and s respectively, the remaining

eigenvalues lie in the interval (—1,0) and satisfy the relation A = —ﬁ where 1 are

the m — s positive generalized eigenvalues of uGu = BTW =1 Bu. Furthermore, in case
m = s, only two distinct eigenvalues A = 1 and A = —1 with multiplicity n and m

respectively. The authors in [43] showed if K = —1, P ' A has eigenvalues A = 1 with

1+/5
2

multiplicity n —m and A = , each with multiplicity s, the remaining eigenvalues
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2(m — s) lie in the interval (1= 0) U (1,£Y3). Huang et al.[40] established the

following preconditioner

G+ B™W-'B (1— k)BT
Py = (4.7)

0 EW

where k # 0 is a parameter, and

G+kB™W™'B kBT

0 AW
where 1 # k > 0 is a parameter.

The authors in [40] showed that the preconditioned matrix P, 'A has the eigen-
values A\; = 1 with multiplicity n and Ay = ’71 with multiplicity s. The remaining
m — s eigenvalues lie in the interval (0,7%) when k<0 or (5,0) when &> 0.
The authors discussed the case k = —1, and showed that the matrix P, ' A has the
eigenvalues A = 1 with multiplicity n + s and the remaining m — s eigenvalues lie
in the interval (0,1). The preconditioner P; 'A has the eigenvalues \; = 1 with
multiplicity n and Ay = ﬁ with multiplicity s. The remaining m — s eigenvalues
lie in the interval (0,-%5) when k& >1 or (+%,0) when & < 1. The authors
discussed the case k = 2, and showed that the matrix P; ' A has the eigenvalues A = 1
with multiplicity n + s and the remaining m — s eigenvalues lie in the interval (0, 1).

Furthermore, the authors conclude that the proposed preconditioners are more effi-

cient than those of Tim Rees and Chen Grief in [43]. Cui-Xia Li et al.[45] introduced
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two augmentation block triangular preconditioners

G+ kB"W'B (1+ k)BT G+ EkB™W-'B (1 - k)BT
Py = and P; =

0 W 0 W
(4.9)

where k is assumed to be positive.

The authors showed that P;'A has two eigenvalues A = 1 and A\ = % with
multiplicity n and s, respectively. The remaining m — s eigenvalues satisfy the
relation A\ = # where p are the (m — s) positive generalized eigenvalues of
uGu = BTW='Bu. The authors also, discussed the case k = 1, and showed that
the matrix P, ' A has eigenvalues A = 1 with multiplicity n + s and the remaining
m — s cigenvalues satisfy the relation A = 2A7. If null(G) = m then P’ ' A has one
eigenvalue A = 1 with multiplicity n + m. For the matrix P;'A the discussion is
similar to P, ' A. Yuping Zeng, Chenliang Li citezeng2011new introduce the following
preconditioner involving two parameters

G+nB"W-B (1-nk)B”
P = (4.10)

0 EW
where n > 0 and k # 0.
The authors showed that the preconditioned matrix P, ,i.A has the eigenvalues
A1 = 1 with multiplicity n and Ay = ;—; with multiplicity s. The remaining m—s

eigenvalues lie in the interval (0, ;—k{) when k < 0 or (;—;, 0) when k& > 0. The authors

discussed the case nik = —1, and showed that the matrix PJ,%.A has the eigenvalues
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A = 1 with multiplicity n + s and the remaining m—s eigenvalues lie in the interval
(0,1). Zhi-Hao Cao [46] considered a set of augmentation block preconditioners:

G+ BTW-'B ;BT
Py = (4.11)

0 kW
where k,j # 0.

The author showed that the preconditioned matrix ijklA has the eigenvalues A = 1
with multiplicity n — m while the other eigenvalues discussed in the following cases
Case 1
When k # _sz. Then \ = %\/km, each with multiplicity s

If ¥ # 1 — j. The remaining of 2(m—s) eigenvalues satisfy the relation A =

k—jpctn/ (k—jp)2+4kp(pu+1)
2k(p+1)

where p are the m—s finite nonzero eigenvalues of the gen-
eralized eigenvalue problem pGu = BTW'Bu. If k = 1 — j,then 1 is eigenvalue with
multiplicity m — s ( A = 1 with multiplicity n — m + 2s +m — s) which isn + s, the
remaining (m—s) eigenvalues satisfy the relation m

Case 2

When k = %jz . Then 2 is an eigenvalue of multiplicity 2s

<N

If j # 2, then the remaining 2(m—s) eigenvalues satisfy the relation A =

Aptjn/(G+4p)> = 16p(u+1)
2j(p+1)

If j = 2, then A = 1 with multiplicity n + s. The remaining (m—s) eigenvalues
satisfy the relation A = ﬁ% where i as mentioned above. Then he discussed when
nullity(G) = m and got better results of all previous cases. Li-Tao Zhang [47] dis-

cussed the preconditioner matrix (4.10), but the author assumed 7 # 0 instead of
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1n > 0. The author showed that the preconditioned matrix PnfklA at # —1 has the

-1

eigenvalues \; = 1 with multiplicity n and Ay = o

with multiplicity s. The remain-

ing m—s eigenvalues lie in the interval (0, ;—;) when nk < 0 or (=:,0) when nk > 0

and discussed the case m = s and got A\; = 1 with multiplicity n and Ay = ;—; with
multiplicity m . The author also, discussed the case nk = —1 and showed that the
matrix P - L A has the eigenvalues A = 1 with multiplicity n + s and the remaining
m—s eigenvalues lie in the interval (0,1) and the author discussed the case m = s
and got \; = 1 with multiplicity n and Ay = ;—; with multiplicity m. He conclude
that When nk = —1, then preconditioner P, ;A is the optimal in the augmentation
block preconditioner set P LA where 1, k # 0 real. If nk = —1 (which is the optimal
parameter) A = 1 with multiplicity n + m at the end he conclude at the optimalm
parameter of P, (nk = —1) and P;; (j=2,k=-1) have the same spectral clustering.
Qingbing Liu [48] discussed two preconditioners

G+ B"W™B ;BT G+ BTW™'B jBT
PG = and P7 = (412)

0 -W 0 (1— )W

The preconditioner matrix P; discussed above by letting & = 1—7 in (4.11) and showed

that the preconditioned matrix P;'A has the eigenvalues A = 1 with multiplicity

JEy/§2-4

n—m and \ = 5

, each with multiplicity s. The remaining 2(m—s) eigenvalues

(145 E4/ (I+ip)2—4p(p+1)
2(p+1)

satisfy the relation A = where ;1 as mentioned in all the above

preconditioners. The author considered the case j = 1 and showed that A\ = 1 with

multiplicity n — m and A = %, each with multiplicity s. The remaining 2(m—s)
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2,2 - F2
V24l gince the A = 2V with

eigenvalues satisfy the relation A = % + S 5

multiplicity 2s are unbounded as 7 — 0o, he concluded that j should be of moderate
size and they conclude that j = 2 Py, P; are the same and they compare their studying
with Tim Rees and Chen Grief [43] and got better results. Yi-Fen Ke ect. [49] have

introduced augmentation block triangular preconditioners

G +tBTW-'B ;BT
P = (4.13)

0 EW

and showed that Ptfj?kA for any t,j,k (tk # 0 ) the preconditioned matrix Pt_JlkA
has eigenvalue A = 1 of multiplicity n—m: when 52 + 4tk # 0 and tk + j = 1 (that

is, kt # —1 andj # 2), the matrix Ptjll—tk,kA has eigenvalueA = 1 of multiplicity n

(n—m+s+m—s), A\ = 7+ with multiplicity s and the remaining (m—s) eigenvalues

satisfy the relation \ = When j? + 4tk = 0 and j = 2(that is, tk = —1), the

_n
k(tp+1) "
matrix Pt;kA has eigenvalue A = 1 of multiplicity n + s and the remaining (m—s)

eigenvalues satisfy the relation A = k%u’ very strong spectral clustering and he showed
when null(G) = m, the preconditioned matrix Pt’]lkA has exactly one eigenvalue A = 1
of multiplicity n+m. Therefore, they concluded tha j = 2 and tk = —1 are the optimal
parameters, and he introduced The preconditioner matrix

G+tBTW-'B jBT
= (4.14)

—1
0 =W
when j = 2 is the strong cluster for any ¢t # 0. Litao Zhang [50] introduced a new
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preconditioner matrix :

G+kBTW-'B (1- k)BT
Py = (4.15)

0 w
and discussed the same as the discussion in P in (4.9), but he assumed that k& # 0.
Jun He, Ting-Zhu Huang [51] introduced different augmentation preconditioner from
all the previously preconditioners as the following

G+ BTW-B BT
Py = (4.16)

B -W

and showed that the preconditioned matrices P; 'A has the eigenvalues A\ = 1 with

multiplicity n — m and \ = ITi’(z = v/—1), each with multiplicity s. The remain-
ing 2(m—s) eigenvalues satisfy the relation A = 3 + 1 % Cui-Xia Li et al.[52]

introduced a new preconditioner matrix

G+B"W-'B (1++2)BT
Py = (4.17)

(1-+2)B —2W
to improved (4.16), and showed that the preconditioned matrix Pj;' A has the eigen-
values A = 1 with multiplicity n —m + 2s. The remaining 2(m—s) eigenvalues satisfy
the relation A = E% which we can write it in anther form the preconditioned matrices

P~ A has the eigenvalues A = 1 with multiplicity n + s. The remaining (m—s) eigen-

values satisfy the relation A\ = ﬁ and we can change the number 2 by any constant
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t with difference results.

4.4 Main Results

In this section, we consider the following preconditioner

2k
G+ kz—ﬁBTW—lB (1 + k—+1) BT

P= (4.18)

0 -Ww
where k > 1.

Theorem 4.1 Assume that A is nonsingular and its (1.4) block G is symmetric
positive semidefinite with nullity s. Then the preconditioned matriz P~*A has two

distinct eigenvalues which are given by

E+1

A=1 d A=
an o

(4.19)

with algebraic multiplicity n and s, respectively. The remaining m — s eigenvalues

satisfy the relation

A= (4.20)
(1) m+1)
where 1 is a positive generalized eigenvalue of
puGu = B'"W ™' Bu (4.21)

Let {xz;}7" be a basis of the null space of B, let {y;};_, be a basis of the null space of G,
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and {z;}27° be a set of linearly independent vectors that complete null(G) U null(B)
to a basis of R™. Then the n — m wvectors [x7 07T (i = 1,2,....,n — m), the s

vectors [y, —(W'By)T|"(i = 1,...,s), and the m — s vectors [z}, —(W1Bz)T|"

)

(1 =1,2,...,m — s) are linearly independent eigenvectors associated with A\ = 1 and

the s vectors [y, —25 (W' By;)"]"(i = 1, .., s) are linearly independent eigenvectors

(k+1)
2%k -

associated with \ =

Proof. Let A be an eigenvalue of P~' A with eigenvector [u”,v”]T. So, we have

P'A = A (4.22)

Moreover, equation (4.22) satisfies the generalized eigenvalue problem

2

G BT u G + kQ_lewalB (1 + —k> BT u
= bl (4.23)

B 0 v 0 -W v

or

T 2k 2k T

Gu+Bv=ANG+——B'"W ' B|lu+A|(1l+——)Bv (4.24)
E+1 E+1

Bu=—-\Wwv (4.25)

Because A is nonsingular, it follows that A # 0. Substituting for v = %W‘lBu from
(4.25) in (4.24) we obtain
2k 2k
A=A —— N =1+ ——= | A+1| B"W 'Bu= 4.2
( )Gu+[<k+1> ( +k;—|—1) + ] W™ Bu=0 (4.26)
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which we can write as

2k
A=D1 [AGu+ (A —— | —1)B"W'Bu| =0 (4.27)
E+1
If A =1, then equation (4.27) is satisfied for any nonzero vector u € R", and from
equation (4.25) (u,—W™'Bu) is an eigenvector of P7'A. To show that A = 1 has

algebraic multiplicity n, let u € null(G) to get, from equation (4.27)

A—1) (A <k2—f1> - 1) BTW'Bu =0 (4.28)

since BTW !B is symmetric positive definite then BTW 1B > 0 which implies that

A= %L or A = 1. The eigenvalue A = £ has (u, —%W’IBU) as an eigenvector.
The eigenvalue A = 1 has (u, —W~'Bu) as an eigenvector. This shows that both
eigenvalues have algebraic multiplicity s.

If w € null(B), then (4.27) gives
(A= 1)AGu = 0. (4.29)

The nonzero vector u ¢ null(G) because rankB = m and null(G) N null(B) = 0.
Therefore Gu # 0 and (A — 1)\ = 0. It follows that (u, —W~'Bu) is an eigenvector
associated with A = 1. This shows that the eigenvalue A = 1 has algebraic multiplicity
n—m.

k+1

T From

Next, we consider the remaining 2(m — s) eigenvalues; so we assume \ #
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equation (4.26), we find that by letting r = %

(A =NGu+ [r\> = (1+7r)A+1] B"W ™ 'Bu=0 (4.30)

from the above equation

A— )2

= BTW~'Bu. 4.31
R —(I+r)A+1] B (4.31)

Since u ¢ null(G) and u ¢ null(B), then " BYW ' Bu > 0 and therefore v Gu > 0.

A—)\?
Hence 2= (1) 3] > (. Let

A— N2
A2 — (L +7r) A+ 1]

= u for some p > 0.

Solving for A,

(L4 p(1+7) £ /(1 +p( +r)? —4p(l + pr)
2(1+ pr)

A= (4.32)

then Ay =1 and \y = , each with multiplicity m — s

K
(1+rp)
We therefore get A € (0,5H) as p — 0,00. Let {z;}/]" be a basis of the
null space of B, and let {y;};_; be a basis of the null space of G. Because
null(B) N null(G) = {0}, the vectors {z;}7{" and {y;};_, are linearly independent
and together span the subspace null(B) U null(G). Let the vector {z;}/=;° complete

null(G) Unull(B) to a basis of R™. Tt follows the vectors [z, 0T]T (i =1,2,...n —m),

the vectors [y!, —(W™'By,)"]"(i = 1,...,s), and the vectors [z], —(W'Bz;)"]"

)
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(1 = 1,2,...,m — s), are linearly independent eigenvectors associated to A = 1 and

the vectors [y;7, —%(W’lByi)T] are linearly independent eigenvectors associated

: _ (k4D

Corollary 1 Let k = 1, then the matriz P~*A has one eigenvalue which is given
by A = 1 with algebraic multiplicity n + s. The remaining m — s eigenvalues satisfy
the relation N = -t~ where p are some positive generalized eigenvalue of uGu =

ptl

BTW=1Buv.

Corollary 2 If null(G) = m, then the matrit P~*A has two eigenvalues which are

given by A = 1 with algebraic multiplicity n and \ = % with algebraic multiplicity s.

Corollary 3 If null(G) = m and k = 1, then the matriz P~' A has one eigenvalues

which is given by A\ = 1 with algebraic multiplicity n + m.
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CHAPTER 5

NUMERICAL EXPERIMENTS

In this chapter, we report numerical experiments to illustrate the performance of P~ A

with our preconditioner matrix P (4.18) and W = ~vI,,. We compare P~' A at new

e — 113 — I1BIIF ; ;
positive parameter y; = [Glamaz@/e) OF 12 = [Grmaz(G/o) (where c is constant) with
15113 IBIIF

P 'Aat v = Gl OF V4 = gy, 88 discussed in the literature.

[1
We consider the following version of the CUTEst (constrained and unconstrained

testing environment for numerical optimization.) matrix CVXQP1 (quadratic pro-

gramming example)

A= , (5.1)

where G € R000x1000 i gymmetric positive semidefinite and B € R?00%1900 hag fyll
rank.
This system is obtained in solving the quadratic programming problem by interior

point method, (2.19). From the matrix A in (5.1) we construct the following four
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saddle point-type matrices

A; = . i=1,2,34 (5.2)

where G; is constructed from G in two ways, the first case is constructed by making
its first ¢ x m/4, i = 1,2,3,4 columns and rows equal to zero entries. Note that
G, is symmetric positive semidefinite real and its nullity is ¢ x m/4. Since our new

preconditioner matrix P works with any nullity with the new positive parameters

18113

———4—— we can construct the second case for GG; from
[Gllimaz(G/c)

m= ||G||2lﬂlc§(0/c> and 72 =
G by making its first ¢, ¢ = 1, ..., m columns and rows equal to zero entries. Note that
(G; is symmetric positive semidefinite real and its nullity is .

We use GMRES, BICGSTAB and MINRES methods to solve the following four saddle

point-type systems:

Aiz=0b, i=1,234 (5.3)

We also take i = 1 and ¢ = 10 from the second case where the right-hand side b; in the

two cases is taken such that the solution z is all ones. The stopping criterion is 1e~'?

[ Az—b]|
lloll

for the relative residual norm < 107'2, where the initial guess is zero, which is

the default of GMRES, BICGSTAB and MINRES.

In our experiment, we choose the value of ¢ as the following:

1. At the parameter (k > 1), if G; has the nullity m then, ¢ can be taken between

1 and 100 with 7; (in our experiment we set ¢ = 10 ).

2. At the optimal parameter (k = 1) and the nullity of G is close to m, then it is
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recommended to take y; or v, and ¢ between 10 and 40.

3. At the optimal parameter (kK = 1) and G is almost less than 5% of m, then it
is recommended to take y; and ¢ between 1 and 5 (when i is less than 167 we
take ¢ = 1 in our work).

4. At k£ > 1 do the same case 2 and case 3. However, when 7 is less than 200 we
take ¢ = 1.5.

2
In Table 5.1, we use v, = HgHi in our preconditioner matrix P for G1,G2,G3, G4 with
restart 10.

k| Nullity | Itoumresqoyp-1a)y | Reseuresaoyp-14) | Itprcastapip-14) | Resproasrapp-1.4)

1 500 1(4) 1.8 x10717 2.5 9.6 x10713

1 375 289(10) 9.9 x10713 301 9.6 x10713

1 250 1236(6) 1 x10712 non conv. to this tol. —

1 125 | non conv. to this tol. — 460.5 9.7 x1071
100 | 500 1(4) 2.7 1017 3 2 x10 1
100 | 375 254(10) 1 x10712 619.5 9.8 x10~13
100 | 250 981(10) 1 x10712 non conv. to this tol. —

100 125 1231(3) 1 x10712 491.5 7.3 x10713

Table 5.1: Iteration numbers of GMRES(10) and BICGSTAB of preconditioned matrix

P~ A with v, at k = 1,100 for G1,G2,G3,G4

18113

In Table 5.2, we use v in our preconditioner matrix P for

[Gll2maz(G/c)

G1,G2,G3, G4 with restart 10.

k| Nullity | Itayresaoyr-14) | Resauresaoyp-14) | {tsrocsrapp—14) | Respioasrapp-14) | €
1 500 1(4) 6.7 x10~1° 4 2.6 x10~ 10
1 | 375 2(4) 18 <10 8 11 <10 ™ 1
1 250 2(4) 9.3 x10713 8.5 1.9 x1078 2
1| 125 2(4) 7.3 x10° 13 85 9.3 x10° 1
100 | 500 1(4) 17 x10 ™ 1 3 x10 1 10
100 | 375 1(10) 15 10 85 14 %105 1
100 250 1(10) 8.5 x10~1 8.5 9 x10713 2
100 125 2(5) 1.5 x10~ 1 9.5 4.7 x10713 2

Table 5.2: Iteration numbers of GMRES(10) and BICGSTAB of preconditioned matrix
P71 A with v at k = 1,100 for G1,G2,G3, G4
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Comparing Table 5.1 and Table 5.2, whenever £ = 1 or k = 100, we notice that the
number of iterations in Table 5.2 is better than the number of iterations in Table 5.1
except when the value of nullity of G is full nullity (nullity(G)=500) . However, the
value at the nullity (G) = 500 shown in Table 5.2 is still very close to the value at
the nullity(G)=500 shown in table 5.1. Therefore, our work gives good results for any

nullity.

1Bl
Gl

%)

Remark 11 We apply v, = that discussed in the literature with tolerance e — 12

to our preconditioner matrix P for i = 1 and i = 10 at k = 1,100 but no solution

(convergence) found in this case.

I1B13

TClamas(G/e I our preconditioner matrix P for ¢ = 1

In Table 5.3, we use v; =

and 7 = 10 at k£ = 1, 100.

k| Nullity | Itguresaoyp-14) | Reseuresaoyp—1a) | Itsrcastasip-14) | Respreasrasrp—1a) | €
1 i=1 2(7) 9.5 x10~14 9 2.3x10°13 1
1 | =10 2(7) 9.6 x10 * 85 9 %101 1
100 | i=1 2(5) 6.3 x10° 13 10 8.6 x10 ™ 15
100 i=10 2(5) 4 x10713 9 7.4 x10713 1.5

Table 5.3: Iteration numbers of GMRES(10) and BICGSTAB of preconditioned matrix
P~'A with ~; at k=1,100 for i = 1 and i = 10

Comparing Remark (11) with Table 5.3, there is a convergence whenever k = 1 or

k = 100, but when using Remark (11) for preconditioner matrix P when ¢ = 1 and

1 =10 at k = 1,100, no convergence was found.

18113

e in our preconditioner matrix P for G1,G2,G3, G4

In Table 5.4, we use 4 =

with restart 500.
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k| Nullity | Itgureseo)p—1a) | Resevmressonp-14) | Itercasrapp—1a) | Respreasrasp-14)
1 500 1(4) 1.8 x10~17 2.5 9.6 x10713
1 375 1(154) 6.1 x10~1 301 9.6 x10~13
1 250 1(293) 5.9 x10713 non conv. to this tol. —
1| 125 1(436) 35 x10 1 160.5 9.7 X101
100 | 500 1(4) 2.7 x10° 7 3 2 %1013
100 375 1(152) 2.6 x10716 619.5 9.8 x10713
100 250 1(289) 1.1 x10713 non conv. to this tol. —
100 125 1(423) 6.7 x10~13 491.5 7.3 x10713

Table 5.4: Iteration numbers of GMRES(500) and BICGSTAB of preconditioned ma-
trix P~'A with 74 at & = 1,100 for G1,G2,G3, G4

In Table 5.5 we use v, = 113 G7g in our preconditioner matrix P for

[Gll2maz(

G1,G2,G3, G4 with restart 500.

k| Nullity | Itgyreseonp-14) | Resauressonp-1.4) | Iteicastapip-va | Respioastapp-14) | ©
1 | 500 1(4) 6.7 101 1 2.6 x10 1* 10
1 375 1(11) 3.6 x10~13 8 4.1 x10713 4
1 250 1(11) 2.3 x10713 8.5 1.9 x10~13 2
1| 125 1(13) 9.5 x10 1 10 2 X101 2
100 | 500 1(4) 17 x10 ™ 3 %1014 10
100 | 375 1(10) 15 %101 85 14 101 1
100 250 1(10) 85 x10~14 8.5 9 x10~13 2
100 125 1(11) 3.2 x10713 9.5 4.7 x10713 2

Table 5.5: Iteration numbers of GMRES(500) and BICGSTAB of preconditioned ma-
trix Pt A with v, at & = 1,100 forG1, G2, G3, G4

Comparing Table 5.4 and Table 5.5, whenever £ = 1 or £ = 100, we notice that
the number of iterations in Table 5.5 is better than the number of iterations in Ta-
ble 5.4 except when the value of nullity of G is full nullity (nullity(G)=500). However,
the value at nullity(G)=500 shown in Table 5.5 is still very close to the value at
nullity(G)=500 shown in table 5.1. Therefore, our work gives good results for any

nullity.

1BII?
IGT

In Table 5.6, we use v4 = in our preconditioner matrix P for + = 1 and ¢ = 10

at k= 1,100 with restart 500.
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k| Nullity | Itgyreseorp-14) | Resaureso0) (p-14) Itprcasrappr-14) Resprcasrapp-14)
1

i=1 2(63) 9.9 x10~13 508.5 8.8 x10~13
1 i=10 2(83) 1 x10712 465.5 9.6 x10713
100 | i=1 1(488) 9.5 x10~13 523.5 9.5 x10713
100 | =10 1(495) 6.4 x10~13 non conv. to this tol. —

Table 5.6: Iteration numbers of GMRES(500) and BICGSTAB of preconditioned ma-
trix P71 A with v4 at k= 1,100 for i = 1 and ¢ = 10

18113

In Table 5.7, we use v; = TGllamaz(G/e)

in our preconditioner matrix P for ¢ = 1

and ¢ = 10 at £k = 1,100 with restart 500.

k| Nullity | Itgureseonp-14) | Resgureseonp-14) | Itrcasrappp-14) | Respreasrapip-1a) | ©
1 i=1 1(14) 34 x10~14 10.5 1.1 x10~ 13 2
1 i=10 1(14) 3.1 x107™ 10.5 3.1 x10713 2
100 | =1 1(13) 3.7 x10713 11 5.9 x10~13 3
100 i=10 1(13) 2.1 x10713 11 2.3 x10713 3

Table 5.7: Iteration numbers of GMRES(500) and BICGSTAB of preconditioned ma-
trix P~' A with v, at k= 1,100 for i = 1 and i = 10
Comparing Table 5.6 and Table 5.7, whenever £ = 1 or k = 100, we notice that the
number of iterations in Table 5.7 is better than the number of iterations in Table 5.6.
In Table 5.8 and Table 5.9 we use BICGSTAB method with v, = % in

our preconditioner matrix P with ¢ = 1 for any nullity at £ = 1 and ¢ = 1.5 for any

k > 1 for any nullity.

k | Nullity | Itpicasrasp-1a) | Respioasrapip-14) | €
1 500 4 2.6 x10714 10
1 490 4 4.4 x1071° 1
1 430 6 9.7 x10~ 14 1
1 350 6.5 1.2 x1071 1
1 300 7 2 x10713 1
1 260 7.5 7.4 x1071 1
1 150 8.5 7.2 x10714 1
1 70 8.5 3 x1071 1
1 30 9 9.5 x10~4 1
1 7 9 1.9 x107 1 1
1 1 9 2.3 x10713 1
1 0 9 2.4 x10713 1

Table 5.8: Iteration numbers of BICGSTAB of preconditioned matrix P~' A with ~,
at k = 1 for different random nullity.
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k Nullity | Itprcgsrapip-14) | Respioasrapip-1a) | ¢ | Iticasrapwp-1a) | Respicasrapp-1a) | ¢
100 500 5 8.9 x10713 1 5 3.8 x10~ 14 1.5
100 490 5 2.1 x10713 1 5 6.2 x1071° 1.5
1000 430 6.5 3.2 x10713 1 6. 4.1 x10713 1.5
2000 350 7.5 1.1 x10713 1 7.5 1.1 x10~ 13 1.5
5000 300 7.5 6 x107% 1 8 4.9 x10~14 1.5
10000 260 7.5 4.7 x1071 1 8 6.5 x10~4 1.5
10000 150 8 1.2 x10713 1 8.5 3.4 x10713 1.5
20000 70 8.5 3.7 x10713 1 9 9.7 x10713 1.5
90000 30 9 3.2 x10°™ 1 10 6.5 x10~ 14 1.5

100000 7 8 3.7 x10713 1 10 3 x10~14 1.5
100000 1 8.5 8.2 x10713 1 9.5 8.8 x10~13 1.5
1000000 0 8.5 5.6 x10713 1 9.5 6.1 x10713 1.5

Table 5.9: Iteration numbers of BICGSTAB of preconditioned matrix P~'A with ~,
for different random k and different random nullity

In Table 5.10, we use 74 and v, in preconditioner matrix P, for different nullity.
Now we apply our new ~; in Fy

G+ BTW-'B 0
Py =

0 w

to find the number of iteration of Py A and compare it with P, A at 44 as discussed

in the literature.

Nullity | Ity yprspyta) @ Yo | Besyivprspyiay) @ Y | hyinerspyiay @ 1 | Resyiyprspyia) 66 M

500 2 2.7 x1071 5 7.6 x10~H
500 2 2.7 1071 4 at c=10 4.1 x107H
375 220 9.7 x10713 7 2 x1071
250 403 8.1 x1071 8 9.7 x10716

125 528 6.6 x10713 8 9.9 x1071°

10 715 8 x1071 8 3.3 x1071

1 729 6.8 x10~" 8 4.7 x107H1

0 722 9 x1071 8 4.8 x10~1*

Table 5.10: Iteration numbers of MINERS of preconditioned matrix Py *A at 44 and
7 (c=.01)

IBI17
Gl

In Figure 5.1 and Figure 5.2, we use 4 = in our preconditioner matrix P for
G1,G2,G3,G4 to plot the distribution eigenvalues of P~'A at k = 1 and k = 100,

respectively.
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Comparing a, b, c and d in Figure 5.1 and Figure 5.2 with a, b, ¢ and d in Figure 5.3
and Figure 5.4, respectively, whenever £k = 1 or kK = 100 we notice that the distribu-
tion and cluster of the eigenvalues in Figure 5.3 and Figure 5.4 are better than the
distribution and cluster of the eigenvalues in Figure 5.1 and Figure 5.2 except when
the value of nullity of G at d is full nullity. However, the distribution and cluster of the
eigenvalues d shown in Figure 5.3 and Figure 5.4 is still very close to the distribution
and cluster of the eigenvalues d shown in Figure 5.1 and Figure 5.2. Therefore, our
work gives good distribution and cluster of the eigenvalues for any nullity.

2
In Figure 5.3 and Figure 5.4, we use y; = I3 ) in our preconditioner matrix

[Gllzmax(G/e

P for G1,G2,G3,G4 to plot the distribution eigenvalues of P~'A at k = 1 and

k = 100, respectively.
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In Figure 5.5, we use v4 = Gl and 7, = [Gllamax(G/a) 1 our preconditioner matrix

P for nullity = 1 and k = 1, respectively to plot the distribution eigenvalues of P~ A.
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In Figure 5.6, we use v, = in our preconditioner matrix
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From Figure 5.5, Figure 5.6 and Figure 5.7 that the distribution and cluster of the
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eigenvalues at v, = is better than v4 = , whatever the value of k£ and
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We can notice that in all the previous cases we take A where the initial point
up > 0 is given and s( obtained from sy = c+Qu — BTv > 0. vy € R™ is also, taken as
random vector that make sy > 0 and all the previous tables and figures are taken at
the first iteration. It is noticed that in some saddle point systems at the beginning of
the solution of interior point point methods that the value 3 and ~, are large which
makes the condition number of P71 A is larger than the condition number of A. We
introduce new parameters ; and 7, which overcome the drawbacks of using 3 and 7,
and give good condition number and good cluster behavior for eigenvalues of P~ A.
However, there are some problems with using v; and 7, when the solution approach
the optimal value in interior point method. Therefor, we introduce v5 = m

which works with all the iterations of interior point method. Also, we replete G by @

1113 I1B1IF

in ma:v(%) in v; and 7, to become y; = TCTamas @73 and vy =

[CThimaatare 20d this
modification make them work with all iterations in interior point method.
In Table 5.11 we use BICGSTAB method with 75 and 4 respectively in our pre-

conditioner matrix P with ¢ = .01, tol = 107 and start point uy and sy where j is

the number of interior point method iteration.

J | Itpicasrapip-14) at 5 | Time | Nullity(G) | Itpicgsrapp-1.4) at va | Time | Nullity(G)
1 6.5 2.5416 0 150 33.5430 0
2 4.5 1.8149 0 206.5 45.7184 0
3 2 1.3275 0 62.5 15.3329 0
4 4 1.7099 0 123.5 28.1549 0
5 2 1.2617 0 50 12.7219 0
6 2 1.2728 0 24 6.1942 0
7 1.5 1.1759 0 28 7.0523 0
8 1.5 1.1777 0 11.5 3.3315 0
9 1.5 1.1635 0 12.5 3.6717 0
10 1.5 1.1762 0 5 1.8797 0
11 1.5 1.1435 0 2 1.3607 4
12 1.5 1.2013 10 1.5 1.1405 10
13 1.5 1.2008 10 1 1.0027 10
14 1.5 1.1560 12 1 0.9932 12
15 1.5 1.1376 12 1 0.9877 12
16 1.5 1.1544 13 1 1.0683 13

Table 5.11: Iteration numbers and time of BICGSTAB of preconditioned matrix P~ A
at v5 and 74 respectively with ¢ = .01, £k = 1 and start point ug and sy.
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In Table 5.12 we use MINERS method with 5 and ~4 respectively in the precon-
ditioner matrix Py with ¢ = .01, tol = 107 and start point ug and sy where j is the

number of interior point method iteration.

J | Ttyinprspoia 8t s | Time | Nullity(G) | Ity yprspia) 86 74 | Time | Nullity(G)
1 11 2.4569 0 396 28.3714 0
2 8 1.4527 0 270 19.2489 0
3 4 1.3476 0 91 7.3024 0
4 7 1.5472 0 229 16.2154 0
) 4 1.2259 0 47 4.3188 0
6 4 1.1563 0 85 7.0031 0
7 3 1.1771 0 48 4.2704 0
8 3 1.1508 0 32 3.0822 0
9 3 1.11152 0 25 2.6134 0
10 3 1.1302 0 7 1.4183 0
11 3 1.0759 10 4 1.2869 0
12 4 1.1341 10 3 1.0803 10
13 4 1.1894 12 2 1.1284 11
14 4 1.3183 12 2 0.9751 12
15 4 1.1397 12 2 0.9805 12
16 4 1.3925 13 2 0.9810 15
17 - — — 2 1.0054 15

Table 5.12: Tteration numbers and time of MINERS of preconditioned matrix Py *.A
at v5 and 7, respectively with ¢ = .01 and start point uy and s

In Table 5.13 we use BICGSTAB method with 75 and 4 respectively in our pre-
conditioner matrix P with ¢ = .01, tol = 107% and start point ug and % where j is

the number of interior point method iteration.

J | Itpicasrapip-14) at 5 | Time | Nullity(G) | Itgicasrapp-1a4) at 4 | Time | Nullity(G)
1 6.5 2.6178 0 115 26.7769 0
2 6 2.3249 0 124 28.1630 0
3 2.5 1.5154 0 88.5 20.9376 0
4 4.5 1.9500 0 138.5 32.1706 0
5 3 1.6595 0 112 26.4020 0
6 2.5 1.5451 0 105.5 24.6976 0
7 2 1.5687 0 42 10.3280 0
8 1.5 1.2483 0 13 3.7856 0
9 1.5 1.2638 0 11 3.3543 0
10 1 1.1838 0 4 1.7884 0
11 1 1.122 8 0 2.5 1.3444 0
12 1 1.1512 10 1.5 1.3637 10
13 1 1.1838 10 1 1.0060 10
14 1 1.2231 1 1 1.0270 12
15 1 1.1582 12 — — —

Table 5.13: Iteration numbers and time of BICGSTARB of preconditioned matrix P~1 A
at v5 and 7y respectively with ¢ = .01, k = 1 and start point ug and 3.
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In Table 5.14 we use MINERS method with 5 and ~4 respectively in the precon-
ditioner matrix Py with ¢ = .01, tol = 107% and start point uy and % where j is the

number of interior point method iteration.

J | Ttyiversipria 8t ¥5 | Time | Nullity(G) | Ity nprspoia) 8t 74 | Time | Nullity(G)
1 10 2.0755 0 370 26.8552 0
2 10 1.6612 0 312 22.4239 0
3 5 1.3158 0 98 7.9203 0
4 7 1.4364 0 310 23.0764 0
5 6 1.2971 0 215 16.5441 0
6 5 1.2546 0 148 1.4082 0
7 4 1.1979 0 67 5.6200 0
8 3 1.1313 0 38 3.6168 0
9 3 1.0863 0 19 2.3427 0
10 2 1.0164 0 9 1.5774 0
11 2 1.0299 0 5 1.2131 0
12 2 1.0037 10 3 1.1134 10
13 2 1.0443 10 2 1.0262 10
14 3 1.1335 12 2 1.0508 12
15 3 1.0811 12 2 1.1795 12

Table 5.14: Tteration numbers and time of MINERS of preconditioned matrix Py A
at 5 and 7y respectively with ¢ = .01 and start point uy and 3.

In Table 5.15 we use BICGSTAB method with ~4 and ~4 respectively in our pre-
conditioner matrix P with ¢ = .01, tol = 107 and start point uy and sy where j is

the number of interior point method iteration.

7 [tBICGS’I‘AB(Pfl,A) at Y6 Time Z\Yull'm;(G) [tBICGSTAB(PflA) at Y4 Time IVU”’Lfy(G)
1 6.5 3.5009 0 150 36.9578 0
2 4 2.4951 0 206.5 50.1548 0
3 2 2.3890 0 62.5 16.2623 0
4 3.5 2.3745 0 123.5 30.4663 0
5 2 1.9907 0 50 13.9289 0
6 2 1.9566 0 24 6.6771 0
7 1.5 1.8042 0. 28 7.7575 0
8 1.5 2.2438 0 11.5 3.3.7104 0
9 1.5 2.2593 0 12.5 4.0371 0
10 1.5 1.8060 0 5 2.2369 0
11 1.5 1.8104 0 2 1.4411 4
12 1.5 1.8028 10 1.5 1.2988 10
13 1.5 1.8035 10 1 1.1701 10
14 1.5 1.8420 12 1 1.1408 12
15 1.5 1.8548 13 1 1.1683 12
16 1.5 1.8413 13 1 1.1700 13

Table 5.15: Iteration numbers and time of BICGSTAB of preconditioned matrix P! A
at 76 and 74 respectively with ¢ = 1, k = 1 and start point ug and sq

In Table 5.16 we use MINERS method with 4 and ~4 respectively in the precon-
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ditioner matrix Py with ¢ = 1, tol = 107% and start point ug and sy where j is the

number of interior point method iteration.

J | Ttyiverspia) 8t 76 | Time Nullity(Q) Ity nerspotay 272 | Time Nullity(Q)
1 3 1.4269 0 396 28.2646 0
2 4 1.3517 0 2170 19.8509 0
3 4 1.2986 0 91 7.3303 0
4 4 1.2715 0 229 16.4352 0
5 3 1.3199 0 47 4.1907 0
6 4 1.2708 0 85 6.8095 0
7 3 1.1687 0 48 4.2661 0
8 3 1.1102 0 32 3.0494 0
9 3 1.1425 0 25 2.6029 0
10 3 1.1209 0 7 1.3856 0
11 3 1.1176 0 4 1.1108 0
12 3 1.0845 10 3 1.0545 10
13 3 1.1452 10 2 1.1023 10
14 5 1.1628 12 2 0.9567 11
15 5 1.3354 12 2 0.9750 12
16 4 1.2352 13 2 0.9877 12
17 — — — 2 0.9745 15

Table 5.16: Iteration numbers and time of MINERS of preconditioned matrix Py 'A
at v¢ and 74 respectively with ¢ = 1 and start point uy and sq.
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approaches theoretical convergence.
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Figure 5.9: MINERS iteration count for "CVXQP1”,n=1000,m=500 preconditioner
P iterations with ~4 are represented by ’o’,preconditioner P iterations with v, are
represented by "*’. The preconditioner P iterations with 7 is consistently better and
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approaches theoretical convergence.

In Tables 5.17, 5.18 and 5.19 we use BICGSTAB method at 4 and ~, respectively

with some preconditioners matrices that done in the literature at ¢ = 1, tol = 107%

and difference k.

10 12 14

QP Step

18

J | Itpregsrapp-14) at 6 | Time | Nullity(G) | Itgrcasrapp-1.4) at 4 Time | Nullity(G)
1 15 5.3661 0 stop without conv. — —
2 10 4.0756 0 stop without conv. — —
3 5.5 2.9261 0 579 136.2355 0
4 9.5 3.8164 0 stop without conv. — —
5 4 2.3729 0 565 131.780 0
6 5.5 2.9767 0 144.5 34.1069 0
7 5.5 3.7269 0 193.5 45.3543 0
8 3 3.0304 0 73 17.6165 0
9 3 2.9347 0 13.5 4.0265 0
10 4 2.9780 0 10 3.0802 0
11 4 2.6697 0 6 2.2708 0
12 4 3.4023 10 3.5 1.6317 10
13 4 3.2255 10 3 1.5438 10
14 2.5 2.8212 15 2.5 1.4273 12
15 2.5 2.1700 12 2.5 1.4116 12
16 2.5 2.0767 13 2.5 1.4059 13

Table 5.17: Iteration numbers and time of BICGSTAB of preconditioned matrix P; ' A

at 76 and 74 respectively with ¢ = 1, k = 2 and start point ug and sg.
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J | Itgregsrapp-1.a) at v | Time | Nullity(G) | Itgrcasrapp-14) at 4 | Time | Nullity(G)
1 5 2.8313 0 231 56.1978 0
2 3.5 2.2095 0 79 22.5667 0
3 2 1.8470 0 83.5 11.6092 0
4 3 2.0551 0 128.5 32.9967 0
5 2 1.8925 0 23.5 6.1621 0
6 2 1.7839 0 35.5 9.0220 0
7 1.5 1.6989 0 16 4.6034 0
8 1.5 1.6835 0 12.5 3.7525 0
9 1.5 1.7234 0 12.5 3.7258 0
10 1.5 1.7325 0 10.5 3.7457 0
11 1.5 1.7121 0 2.5 1.6809 0
12 1.5 1.6954 10 1.5 1.2969 6
13 1.5 1.6486 10 1.5 1.1737 10
14 1.5 1.6706 12 1 1.0675 11
15 1.5 1.6786 12 1 1.0690 12
16 1.5 1.6505 13 1 1.0665 12

Table 5.18: Iteration numbers and time of BICGSTAB of preconditioned matrix P; ' A

at 76 and 74 respectively with ¢ = 1, k = 2 and start point ug and s.

J | Itpicastapip-14) at v | Time | Nullity(G) | Itgrcastapp-1.4) at 74 | Time | Nullity(G)
1 8.5 4.0315 0 185 44.7071 0
2 5 2.8112 0 306.5 71.4652 0
3 2 2.3809 0 82.5 19.7976 0
4 4 2.3695 0 180.5 42.3379 0
5 2 1.8691 0 62 15.2820 0
6 2 2.2070 0 34.5 9.1848 0
7 2 3.1611 0 26.5 6.8895 0
8 1.5 2.2923 0 24.5 6.5375 0
9 1.5 1.8842 0 6 2.2257 0
10 1.5 2.1527 0 3 1.5721 0
11 1.5 2.4856 0 2.5 1.4051 0
12 1.5 2.0094 10 1.5 1.1811 10
13 1.5 1.9305 10 1 1.0287 10
14 1.5 1.9225 12 1 1.0354 12
15 1.5 1.8862 12 1 1.0456 12
16 1.5 1.9773 13 1 1.0482 13

Table 5.19: Iteration numbers and time of BICGSTAB of preconditioned matrix P;' A

at v and 7, respectively with ¢ = 1, and start point ug and sg.
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We consider another example of the CUTEst matrix MOSARQP2 (quadratic pro-
gramming example) where n = 2500, m = 700, GG is symmetric positive definite and

rank(B) = 700. We use this example for any u € R” as in (2.25).

k | Nullity | Itgrogsrapwp-14) at s | Resprogsrapwp-1a | ¢ | Ilprogsrapwp-14) al 4 | Resprogsrapr-14)
1 700 1.5 1 x1071 1 2 3.1 x10°™
1 525 4.5 8.8 x10~1 0.001 60.53 9.3 x10~13
1 350 5 8.8 x10~ 1 0.001 100.5 7.3 x10713
1| 175 5 9.1 x10713 0.001 129.5 5.4 x10713
1 10 5.5 8.4 x10~1 0.001 132.5 7.9 x10713
1 1 5.9 8.3 x10~1 0.001 130 8.1 x10~13
1 0 5.5 8.5 x10~1 0.001 129.5 8.6 x10713

Table 5.20: Iteration numbers of BICGSTAB of preconditioned matrix P~ A with ~
and 74 respectively at k = 1 and tol = 1072 for saddle point in (4.25).

k| Nullity | Itpicasrapp—14) ot Y6 | Resproasrapipr—a | ¢ | Itpicasrasip-14) at 4 | Resproasrasp-14
100 700 1.5 2.2 x10713 0.001 2 8.2 x10~1°
100 | 525 5 1.3 x10713 0.001 54 8.4 x1071
100 350 6 8.9 x10~ 0.001 88.5 8.6 x10713
100 175 6 9.5 x10~14 0.001 115.5 6.5 x10~13
100 10 6 8.7 x10~ ™ 0.001 120 5.6 x10713
100 1 6 8.7 x10~H 0.001 125 6.3 x10713

Table 5.21: Iteration numbers of BICGSTAB of preconditioned matrix P~ A with ~
and 74 respectively at k = 100 and tol = 10712 for saddle point in (2.25).
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CHAPTER 6

CONCLUSION AND FUTURE

WORK

6.1 Conclusion

In this work, we explain how the saddle point systems arise from optimization problems
and we study the proprieties of these saddle point systems. The knowledge of these
proprieties help to solve the saddle point systems. As we have seen in literature, each
study had preconditioner matrices with optimal parameters, and those parameters
are optimal when the nullity of null(G) = m, otherwise, those parameters are not
necessary to be optimal. For example, in Py, if the nullity of G is small, then the
GMRES method, when k is large, produces better results than taking the optimal
parameter k = 1 (as shown in [45]). We introduce a block triangular preconditioner
matrix with new  for saddle point systems whose coefficient has singular blocks (1.4)
or very ill-conditions. The preconditioner has the attractive property of improved

eigenvalues clustering when using the optimal parameter in practice. Also, with the
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new 7, the eigenvalues clustering are improved for any nullity and any parameter k.
Numerical experiments further confirm the effectiveness of our preconditioner. we
notice that in all cases we take A where the initial point uy > 0 is given and s
obtained from sy = ¢+ Qu — BTv > 0. vy € R™ is also, taken as random vector
that make sy > 0. It is noticed that in some saddle point systems at the beginning of
the solution of interior point point methods that the value 3 and ~, are large which
makes the condition number of P~!A is larger than the condition number of A. We
introduce new parameters ; and 7, which overcome the drawbacks of using 3 and 7,
and give good condition number and good cluster behavior for eigenvalues of P~ A.
However, there are some problems with using v; and 7, when the solution approach
the optimal value in interior point method. Therefor, we introduce v5 = m

which works with all the iterations of interior point method. Also, we replace G by

IB1F

TCTimaz(Q/<) and this

. : B2
Q in max(%) in ; and 7, to become v; = W and v, =

modification make them work with all iterations in interior point method.

6.2 Future Work

As a future work, we suggest to consider the saddle point system of the form :

G BT
A:

B -C

and study some preconditioners matrices for this form in three cases :

1. When G is symmetric positive definite and C' is symmetric positive semidefinite.
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. When G is symmetric positive semidefinite and C' is symmetric symmetric pos-

itive definite.

. When G is symmetric positive semidefinite and C'is symmetric positive semidef-

inite.
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