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h>1aAa �"ah_�*h

L�J1, JQ?KK�/ Pi?K�M �H :�M#2`

hAhG1 P6 ahl.u, � ;2M2`�HBx�iBQM Q7 �?H7Q`b@a+?r�`x G2KK�

J�CP_ 6A1G., J�i?2K�iB+b

.�h1 P6 .1:_11, LQp2K#2` kyky

a+?r�`xǶb H2KK� Bb � F2v iQQH BM +QKTH2t �M�HvbBb �M/ ;2QK2i`v i?�i ;Bp2b

/2`Bp�iBp2 2bBiK�i2b Q7 ?QHQKQ`T?B+ 7mM+iBQMbX AM � `2+2Mi T�T2` #v sm2vm�M q�M-

a+?r�`xǶb H2KK� r�b ;2M2`�HBx2/ iQ i?2 +�b2 i?2 /QK�BM Bb _B2K�MM bm`7�+2 r?BH2

i?2 i�`;2i Bb � +QKTH2t 6BMbH2` K�MB7QH/X AM i?Bb /B2bb2`i�iBQM- r2 T`2b2Mi i?2

M2+2bb�`v #�+F;`QmM/ Q7 +QKTH2t K�MB7QH/ �M/ >2`KBiB�M ;2QK2i`v iQ BHHmbi`�i2

q�MǶb i?2Q`2K BM i?2 +�b2 i?2 /QK�BM Bb i?2 mMBi /BbF Q7 i?2 +QKTH2t TH�M2X

t



ˬЏȌόȴЏđ ʔ̟ͲЖ

ȴ̇ͽ϶ ǡоđ ǰȌ͹̉ϡ ȥ͹̞Ж �˔όԽԲđ
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ŶȌ˴ϘȌΑȴЏđ �ʔ̺̟̈Џđ
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RXR >BbiQ`B+�H #�+F;`QmM/ �M/ JQiBp�iBQM

a+?r�`x H2KK� Bb � r2HH@FMQrM 7�+i BM +QKTH2t �M�HvbBb i?�i ;Bp2b �M 2biBK�i2 7Q` i?2

/2`Bp�iBp2b Q7 ?QHQKQ`T?B+ 7mM+iBQMb 7`QK i?2 mMBi /BbF iQ Bib2H7X .2`Bp�iBp2 2biBK�i2b

�`2 mb2/ iQ BMp2biB;�i2 i?2 +QMp2`;2M+2 Q7 b2[m2M+2b Q7 K�Tb- r?B+? Bb 2bb2MiB�H BM

bQHpBM; �M�HviB+ �M/ ;2QK2i`B+ 7mM+iBQM�H T`Q#H2KbX PM2 T�`iB+mH�` i?2Q`2K BM +QK@

TH2t �M�HvbBb r?B+? T`QpB/2b bm{+B2Mi +QM/BiBQMb 7Q` i?2 +QMp2`;2M+2 Q7 � ;Bp2M 7�KBHv

Q7 7mM+iBQMb Bb JQMi2HǶb i?2Q`2K �bb2`iBM; i?�i � HQ+�HHv #QmM/2/ 7�KBHv Q7 ?QHQKQ`@

T?B+ 7mM+iBQMb Bb MQ`K�HX h?2 +QM/BiBQM Q7 #QmM/2/M2bb ?Qr2p2` Bb MQi T`272``2/ BM

;2QK2i`v �b Bi Bb MQi BMp�`B�Mi mM/2` BbQK2i`B2b 2X;X i?2 BbQK2i`v #2ir22M i?2 mMBi

/BbF �M/ i?2 mTT2` ?�H7@TH�M2X _�i?2`- QM2 rQmH/ HBF2 iQ ;2i �M 2biBK�i2 #�b2/ QM

;2QK2i`B+ BMp�`B�Mib bm+? �b i?2 +m`p�im`2- r?B+? Bb i?2 bm#D2+i Q7 i?Bb T�T2`X

AM Bib +H�bbB+�H 7Q`K- a+?r�`xǶb H2KK� Bb ;Bp2M #v

h?2Q`2K RXR Ua+?r�`xǶb G2KK�V G2i f : D → D #2 � ?QHQKQ`T?B+ 7mM+iBQM 7`QK

R



i?2 mMBi /BbF iQ Bib2H7 bm+? i?�i f(0) = 0X h?2M

Ç |f(z)| ≤ |z| 7Q` �HH z ∈ DX

Ç |f ′(0)| ≤ 1

JQ`2Qp2`- B7 |f ′(0)| = 1 Q` |f(z)| = |z| 7Q` bQK2 z ∈ D \ {0}- i?2M f(z) = cz 7Q` bQK2

+QMbi�Mi c ∈ C rBi? |c| = 1X

h?2 i?2Q`2K r�b BKT`Qp2/ #v :2Q`; SB+F 2bb2MiB�HHv #v /`QTTBM; i?2 +QM/BiBQM i?�i

i?2 7mM+iBQM f }t2b i?2 Q`B;BMX

h?2Q`2K RXk Ua+?r�`x@SB+F G2KK�V G2i f : D → D #2 � ?QHQKQ`T?B+ 7mM+iBQM

7`QK i?2 mMBi /BbF iQ Bib2H7X h?2M

|f(z)′| ≤ 1− |f(z)|2

1− |z|2

7Q` 2p2`v z ∈ D �M/ i?2 2[m�HBiv ?QH/b B7 �M/ QMHv B7 f Bb �M �miQKQ`T?BbKX

AM RNj3- �?H7Q`b (R) /Bb+Qp2`2/ i?�i i?2 /2`Bp�iBp2 2biBK�i2 BM a+?r�`xǶb H2KK� Bb

� +QMb2[m2M+2 Q7 i?2 M2;�iBpBiv Q7 i?2 +m`p�im`2 Q7 i?2 mMBi /BbF BM SQBM+�`û K2i`B+c

?Bb rQ`F b?Qrb i?�i ?QHQKQ`T?B+ 7mM+iBQMb 7`QK i?2 mMBi /BbF BMiQ i?2 +QKTH2t TH�M2

�`2 +QMi`�+iBQMb rBi? `2bT2+i iQ i?2 SQBM+�`û K2i`B+- vB2H/BM; � bi`QM; �M�HviB+�H

+QMbi`�BMi, 2[mB+QMiBMmBivX h?2 SQBM+�`û K2i`B+ Bb ;Bp2M #v

ds2z = λ(z)dz ⊗ dz̄,

k



r?2`2 λ(z) = 1

(1− |z|2)2 X h?2 :�mbbB�M +m`p�im`2 Q7 D BM i?Bb K2i`B+ Bb

K(z) =
−2

λ(z)

∂2

∂z∂z̄
HQ; (λ(z)) = −4.

:Bp2M � ?QHQKQ`T?B+ 7mM+iBQM f : D → D- i?2 TmHH#�+F Q7 ds2z Bb /2}M2/ #v

f ∗ds2z = f ∗λ(z)dz ⊗ dz̄,

r?2`2 f ∗λ(z) =
|f ′(z)|2

(1− |f(z)|2)2 X >2M+2- a+?r�`x@SB+F H2KK� +�M #2 bi�i2/ �b

f ∗λ(z) ≤ λ(z). �?H7Q`b ;2M2`�HBx2/ i?Bb 7�+i iQ _B2K�MMB�M bm`7�+2b BX2X QM2@

/BK2MbBQM�H +QKTH2t K�MB7QH/b 2M/Qr2/ rBi? >2`KBiB�M K2i`B+X

h?2Q`2K RXj G2i f : D → M #2 � ?QHQKQ`T?B+ K�T 7`QK i?2 mMBi /BbF iQ � _B2@

K�MMBM bm`7�+2 M 2[mBTT2/ rBi? � >2`KiB�M K2i`B+ ds2M bm+? i?�i Bib +m`p�im`2 Bb

#QmM/2/ #v � M2;�iBp2 MmK#2` −KX h?2M

f ∗ds2M ≤ 4

K
ds2D,

r?2`2 ds2D Bb i? SQBM+�`û K2i`B+ Q7 i?2 mMBi /BbF

h?Bb F2v /Bb+Qp2`v ?�b H2/ Qi?2`b iQ +QMbB/2` ?QHQKQ`T?B+ K�Tb BM n@/BK2MbBQM�H

+QKTH2t K�MB7QH/bX Ai im`M2/ Qmi i?�i B7 i?2 /QK�BM Bb � _B2K�MMB�M bm`7�+2 i?2M

QM2 +�M ;2M2`�HBx2 a+?r�`xǶb H2KK� mbBM; i?2 7�+i i?�i i?2 ?QHQKQ`T?B+ b2+iBQM�H �M/

#Bb2+iBQM�H +m`p�im`2b /Q MQi 2t+22/ i?Qb2 Q7 i?2 �K#B2Mi K�MB7QH/X PM i?2 Qi?2`

?�M/- B7 i?2 /QK�BM Bb Q7 /BK2MbBQM irQ Q` ?B;?2` M2r T`Q#H2Kb �`2 T`2b2Mi2/X 6Q`

j



2t�KTH2- ?Qr /Q r2 +QKT�`2 i?2 TmHH#�+F Q7 i?2 >2`KBiB�M K2i`B+- r?B+? Bb KmHiB@

/BK2MbBQM�H- iQ i?2 +�MQMB+�H K2i`B+ Q7 i?2 mMBi #�HH\ "v miBHBxBM; iQQHb 7`QK >2`KBiB�M

:2QK2i`v- aXaX *?2`M (k) �M/ uX*X Gm (j) `2bQHp2/ i?2 +�b2 7Q` K�Tb 7`QK i?2 +QKTH2t

n@/BK2MbBQM�H mMBi #�HH BMiQ >2`KBiB�M K�MB7QH/bX �//BiBQM�HHv- u�m (9) �M/ _Qv/2M

(8) i�+FH2/ i?2 +�b2 Q7 r?2M i?2 /QK�BM Bb � +QKTH2i2 E ?H2`B�M K�MB7QH/bX

:2M2`�HBx�iBQMb Q7 a+?r�`xǶb H2KK� �`2 biBHH �M QM;QBM; 2zQ`iX PM2 T�`iB+mH�`

/B`2+iBQM 7Q` i?Bb }2H/ Q7 `2b2�`+? Bb iQ +QMbB/2` K�Tb rBi? � +Q/QK�BM i?�i 6BMbH2`

BX2X BMbi2�/ Q7 ?�pBM; � BMM2` T`Q/m+i QM i?2 i�M;2Mi bT�+2- � MQ`K Bb ;Bp2MX _2+2Mi

�/p�M+2K2Mi ?�b #22M �+?B2p2/ #v q�M (e)X q�M i�+FH2/ i?2 +�b2 Q7 i?2 /QK�BM

#2BM; � _B2K�MMB�M bm`7�+2 �M/ i?2 i�`;2i #2BM; � 6BMbH2` K�MB7QH/X h?2 ;Q�H Q7

i?Bb /Bbb2`i�iBQM Bb BMi`Q/m+2 i?2 M2+2bb�`v #�+F;`QmM/ iQ T`Qp2 i?2 7QHHQrBM; bBKTH2`

p2`bBQM Q7 q�MǶb i?2Q`2KX

h?2Q`2K RX9 G2i (M,F ) #2 � +QKTH2t 6BMbH2` K�MB7QH/ rBi? ?QHQKQ`T?B+ b2+iBQM�H

+m`p�im`2b #QmM/2/ �#Qp2 #v � M2;�iBp2 +QMbi�Mi −K- D i?2 mMBi /BbF- �M/ f : D → M

� ?QHQKQ`T?B+ K�TX G2i λ(z) #2 i?2 +Q2{+B2Mi Q7 i?2 TmHH2/ i2MbQ` f ∗F X h?2M

λ(z) ≤ 2

K(1− |z|2)2 , 7Q` �HH z ∈ D

RXk h?2bBb P`;�MBx�iBQM

AM T`2T�`�iBQM iQ T`Qp2 i?2 bBKTH2` p2`bBQM Q7 q�MǶb i?2Q`2K- i?2 T�T2` Bb /BpB/2/

BMiQ 7Qm` +?�Ti2`bX

*?�Ti2` k #2;BMb rBi? � /Bb+mbbBQM Q7 i?2 #�bB+b Q7 +QKTH2t K�MB7QH/ i?2Q`vX .27@

9



BMBiBQMb Q7 +QKTH2t K�MB7QH/b- ?QHQKQ`T?B+ K�Tb QM +QKTH2t K�MB7QH/b- �M/ +2`i�BM

QT2`�iQ`b QM +QKTH2t K�MB7QH/b �`2 ;Bp2MX ai�M/�`/ 2t�KTH2b �`2 BM+Hm/2/ 7Q` � #2ii2`

+Q?2`2M+2 Q7 i?2 +QM+2Tib /Bb+mbb2/X

*?�Ti2` j /2}M2b i?2 >2`KBiB�M bi`m+im`2 QM +QKTH2t K�MB7QH/bX h?2 }`bi irQ

b2+iBQMb 7Q+mb QM i?2 +�b2 r?2M i?2 >2`KBiB�M bi`m+im`2 Bb M�im`�HHv `2H�i2/ iQ i?2

�bbQ+B�i2/ _B2K�MMB�M bi`m+im`2 BX2X i?2 +�b2 r?2M i?2 *?2`M +QMM2+iBQM +QBM+B/2b

rBi? G2pB@*BiBp� +QMM2+iBQMX h?2 b2+QM/ T�`i /2�Hb rBi? i?2 +�b2 r?2M i?2 G2pB@

*BiBp� +QMM2+iBQM Bb MQ HQM;2` p�HB/ iQ bim/v i?2 +QKTH2t bi`m+im`2bX AM #Qi? +�b2b-

i?2 MQiBQM Q7 +m`p�im`2- M�K2Hv i?2 >2`KBiB�M +m`p�im`2 Bb /2}M2/ �M/ 7Q`KmH�b 7Q`

+QKTmiBM; Bi �`2 ;Bp2MX G�biHv- i?2 +?�Ti2` 2M/b rBi? T`QpBM; i?2 MQM@BM+`2�bBM;

T`QT2`v Q7 ?QHQKQ`T?B+ b2+iBQM�H +m`p�im`2X

*?�Ti2` 9 KB``Q`b i?2 rQ`F /QM2 BM *?�Ti2` j #mi 7Q` 6BMbH2` bi`m+im`2X

*?�Ti2` 8 ;Bp2b i?2 T`QQ7 q�MǶb i?2Q`2K BM i?2 +�b2 i?2 /QK�BM Bb i?2 mMBi .BbFX
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*>�Sh1_ k

*PJSG1s ah_l*hl_1 �L.

*PJSG1s J�LA6PG.a

kXR >QHQKQ`T?B+ J�Tb BM Cn

h?2 bT�+2 Q7 +QKTH2t MmK#2`b C Bb B/2MiB}2/ ?QK2QKQ`T?B+�HHv rBi? i?2 `2�H TH�M2 R2

#v b2M/BM; i?2 +QKTH2t MmK#2`b z = x+ iy iQ i?2 +QQ`/BM�i2b (x, y) = (_2 z, AK z)X

JQ`2 ;2M2`�HHv- Cn +�M #2 B/2MiB}2/ rBi? R2n #v pB2rBM; i?2 TQBMi (z1, ..., zn) ∈

Cn- zj = xj + iyj- �b (x1, y1, ..., xn, yn) = (_2 z1, AK z1, ...,_2 zn, AK zn)X qBi? i?Bb

B/2MiB}+�iBQM- i?2 /2}MBiBQM Q7 � 7mM+BiQM QM Cn #2BM; ?QHQKQ`T?B+ Bb 2ti2M/2/ �b

7QHHQrX

.2}MBiBQM kXR � 7mM+iBQM f : D ⊆ Cn → C- r?2`2 D Bb QT2M- Bb ?QHQKQ`T?B+ B7 Bi Bb

bKQQi? �b � K�T 7`QK D ⊆ R2n BMiQ R2 �M/ b�iBb}2b i?2 7QHHQrBM; *�m+?v@_B2K�MM

2[m�iBQMb,
∂(_2 f)

∂xj
=
∂(AK f)

∂yj
,

∂(AK f)

∂xj
= −∂(_2 f)

∂yj
,

e



7Q` �HH j = 1, ..., nX

.2}MBiBQM kXk � K�T f : D ⊆ Cn → Cm- r?2`2 D Bb QT2M- Bb ?QHQKQ`T?B+ B7 Bi Bb

bKQQi? �b � K�T 7`QK D ⊆ R2n BMiQ R2m �M/ b�iBb}2b i?2 7QHHQrBM; *�m+?v@_B2K�MM

2[m�iBQMb +QKTQM2MirBb2Hv,

∂(_2 fi)

∂xj
=
∂(AK fi)

∂yj
,

∂(AK fi)

∂xj
= −∂(_2 fi)

∂yj
,

7Q` �HH j = 1, ..., n �M/ i = 1, ...,mX

� mb27mH +?�`�+i2`Bx�iBQM Q7 ?QHQKQ`T?B+ K�Tb Bb ;Bp2M #v i?2 +QM+2Ti Q7 � +QKTH2t

bi`m+mim`2X *QMbB/2` i?2 K�T Jn =: Cn → Cn ;Bp2M #v Jn(z1, ..., zn) = (iz1, ..., izn).

LQiB+2 i?�i Jn pB2r2/ �b � K�T 7`QK R2n Bb `2T`2b2Mi2/ #v i?2 K�i`Bt

Jn =





J

X X X

J




,

r?2`2 J Bb i?2 K�i`Bt

J =




0 −1

1 0





S`QTQbBiBQM kXj � bKQQi? K�T f : D ⊆ Cn → Cm Bb ?QHQKQ`T?B+ B7 �M/ QMHv B7

df ◦ Jn = Jm ◦ df - r?2`2 df Bb i?2 /Bz2`2MiB�H Q7 f BX2X i?2 C�+Q#B�M Q7 f X

d



S`QQ7X q`Bi2 f = (f1, ..., fm)X h?2M- i?2 /Bz2`2MiB�H df Bb `2T`2b2Mi2/ #v i?2 K�i`Bt

df =





∂(_2 f1)
∂x1

∂(_2 f1)
∂y1

. . . ∂(_2 f1)
∂xn

∂(_2 f1)
∂yn

∂(AK f1)
∂x1

∂(AK f1)
∂y1

. . . ∂(AK f1)
∂xn

∂(AK f1)
∂yn

XXX XXX

∂(_2 fn)
∂x1

∂(_2 fn)
∂y1

. . . ∂(_2 fn)
∂xn

∂(_2 fn)
∂yn

∂(AK fn)
∂x1

∂(AK fn)
∂y1

. . . ∂(AK fn)
∂xn

∂(AK fn)
∂yn





.B`2+i K�i`Bt KmHiBTHB+�BiQM ;Bp2b

df ◦ Jn =





∂(_2 f1)
∂y1

−∂(_2 f1)
∂x1

. . . ∂(_2 f1)
∂yn

−∂(_2 f1)
∂xn

∂(AK f1)
∂y1

−∂(AK f1)
∂x1

. . . ∂(AK f1)
∂yn

−∂(AK f1)
∂xn

XXX XXX

∂(_2 fn)
∂y1

−∂(_2 fn)
∂x1

. . . ∂(_2 fn)
∂yn

−∂(_2 fn)
∂xn

∂(AK fn)
∂yn

−∂(AK fn)
∂x1

. . . ∂(AK fn)
∂yn

−∂(AK fn)
∂xn





Jm ◦ df =





−∂(AK f1)
∂x1

−∂(AK f1)
∂y1

. . . −∂(AK f1)
∂xn

−∂(AK f1)
∂yn

∂(_2 f1)
∂x1

∂(_2 f1)
∂y1

. . . ∂(_2 f1)
∂xn

∂(_2 f1)
∂yn

XXX XXX

−∂(AK fn)
∂x1

−∂(AK fn)
∂y1

. . . −∂(AK fn)
∂xn

−∂(AK fn)
∂yn

∂(_2 fn)
∂x1

∂(_2 fn)
∂y1

. . . ∂(_2 fn)
∂xn

∂(_2 fn)
∂yn





Ai Bb +H2�` i?�i 2[m�HBiv Q7 i?2 irQ K�i`B+2b Bb 2[mBp�H2Mi iQ *�m+?v@_B2K�MM 2[m�iBQMbX

h?2 K�T Jn Bb +�HH2/ i?2 bi�M/�`/ +QKTH2t bi`m+im`2 QM Cn �M/ Bi rBHH #2 mb2/ BM
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i?2 bim/v Q7 +QKTH2t K�MB7QH/b BM i?2 M2ti b2+iBQMX

kXk *QKTH2t ai`m+im`2b QM o2+iQ` aT�+2b

kXkXR .2}MBiBQMb �M/ S`QT2`iB2b

G2i V #2 � }MBi2@/BK2MbBQM�H `2�H p2+iQ` bT�+2X � +QKTH2t bi`m+im`2 QM V Bb � HBM2�`

K�T J : V → V b�iBb7vBM; J2 = −I- r?2`2 I Bb i?2 B/2MiBiv QM V X 1tBbi2M+2 Q7 bm+?

K�T TH�+2b � `2bi`B+iBQM QM i?2 /BK2MbBQM Q7 V X

S`QTQbBiBQM kX9 A7 � MQM2@2KTiv p2+iQ` bT�+2 V �/KBib � +QKTH2t bi`m+mi`2 J - i?2M

i?2 /BK2MbBQM Q7 V Bb �M 2p2M MmK#2`X

S`QQ7X aBM+2 J2 = −I- i?2 KBMBK�H TQHvMQKB�H Q7 J Kmbi /BpB/2 X2 + 1X h?mb- J

?�b MQ `2�H 2B;M2Mp�Hm2bX G2i x1 #2 � MQM@x2`Q p2+iQ` BM V �M/ b2i y1 = Jx1X h?2 p2+@

iQ`b x1 �M/ y1 Kmbi #2 HBM2�`Hv BM/T2M/2Mic 7Q` B7 x1 = λy1,λ ∈ R- i?2M Jx1 = −λx1

r?B+? +QMi`�/B+ib i?2 7�+i i?�i J ?�b MQ `2�H 2B;2Mp�Hm2bX LQr bmTTQb2 � HBbi Q7 HBM@

2�`Hv BM/2T2M/2Mi p2+iQ`b {x1, y1, ..., xn, yn}, r?2`2 yi = Jxi ?�b #22M 7QmM/ �M/ i?�i

/BKUV ) = k > 2nX G2i xn+1 #2 � p2+iQ` BM V #mi MQi BM i?2 bT�M Q7 {x1, y1, ..., xn, yn}

�M/ b2i yn+1 = Jxn+1X q2 b?�HH b22 i?�i i?2 p2+iQ`b {x1, y1, ..., xn+1, yn+1} �`2 HBM2�`Hv

BM/2T2M/2MiX amTTQb2 7Q` bQK2 `2�H MmK#2`b ai, bi ∈ R, i = 1, ..., n + 1 r?B+? �`2 MQi

�HH x2`Q i?�i

a1x1 + b1y1 + ...+ an+1xn+1 + bn+1yn+1 = 0. UkXRV

"2+�mb2 Q7 i?2 +?QB+2 Q7 xn+1- i?2 MmK#2` bn+1 +�MMQi #2 x2`QX "v `2�``�M;BM;

N



�M/ `2H�#HBM; bQK2 i2`Kb- QM2 ;2ib

a1x1 + b1y1 + ...+ an+1xn+1 = yn+1. UkXkV

LQi2 i?�i an+1 +�MMQi #2 x2`Q �b i?�i rQmH/ BKTHv −xn+1 = Jyn+1 Bb BM i?2 bT�M Q7

{x1, y1, ..., xn, yn}X >2M+2- QM2 +�M r`Bi2

a1x1 + b1y1 + ...+ xn+1 =
1

an+1
yn+1. UkXjV

6BM�HHv- �TTHvBM; i?2 K�T J - QM2 Q#i�BMb

− a1y1 + b1x1 + ...− 1

an+1
xn+1 = yn+1. UkX9V

1[m�iBQMb kXk �M/ kXj BKTHv i?�i a2n+1 = −1- r?B+? Bb � +QMi`�/B+iBQMX Ai 7QHHQrb

i?�i {x1, y1, ..., xn+1, yn+1} Bb � HBbi Q7 HBM2�`Hv BM/2T2M/2Mi p2+iQ`bX h?Bb +QKTH2i2b

i?2 T`QQ7 #v BM/m+iBQMX

�M 2t�KTH2 Q7 +QKTH2t bi`m+mi`2 Bb i?2 �+iBQM #v � 90◦ `Qi�iBQM Q7 i?2 TH�M2 BX2X

V = R2 �M/ J Bb `2T`2b2Mi2/ BM i?2 bi�M/�`/ #�bBb #v




0 −1

1 0





:Bp2M � `2�H p2+iQ` bT�+2 V - Bib +QKTHBtB7+�iBQM Bb i?2 +QKTH2t p2+iQ` bT�+2 VC :=

C⊗ V X 1H2K2Mib Q7 VC rBHH #2 r`Bii2M �b X + iY := 1⊗X + i⊗ Y, r?2`2 X, Y ∈ V X

�Mv +QKTH2t bi`m+im`2 QM V 2ti2M/b mMB[m2Hv iQ � HBM2�` bi`m+im`2 JC bm+? i?�i i?2

Ry



7QHHQrBM; /B�;`�K +QKKmi2b
V

J−−−→ V
.

.

VC
JC−−−→ VC

6Q` T`QQ7b �M/ 7m`i?2` /2i�BHb `272` iQ (d)X 1bb2MiB�HHv i?2 K�T JC b2M/b i?2 p2+iQ`

X + iY iQ JX + iJY - �M/ Bi +�M #2 b22M i?�i J2
C = −IVC - r?2`2 −IVC X h?Bb BM im`M

BKTHB2b i?�i JC ?�b 2B;2Mp�Hm2b i �M/ −iX 6Q` bBKTHB+Biv- JC rBHH #2 /2MQi2/ #v J �b

r2HHX

S`QTQbBiBQM kX8 G2i V #2 � `2�H p2+iQ` bT�+2 �M/ J � +QKTH2t bi`m+im`2 QM V X h?2

2B;2MbT�+2b Q7 i?2 +QKTH2tB}2/ bT�+2 VC �`2 ;Bp2M #v

V1,0 := {x− iJx, x ∈ V }, V0,1 := {x+ iJx, x ∈ V }

S`QQ7X G2i x ∈ V X h?2M J(x − iJx) = Jx + ix = i(x − iJx) �M/ J(x + iJx) =

Jx− ix = −i(x+ iJx)X >2M+2 2p2`v p2+iQ` BM V1,0 Q` V0,1 Bb �M 2B;2Mp2+Q` �bbQ+B�i2/

rBi? i Q` −i- `2bT2+iBp2HvX LQiB+2 i?�i �Mv p2+iQ` x+ iy ∈ VC +�M #2 r`Bii2M �b

x+ iy =
1

2
(x− iJx) +

1

2
(x+ iJx) +

i

2
(y − iJy) +

i

2
(y + iJy).

=
1

2
[x+ Jy − iJ(x+ Jy)] +

1

2
[x− Jy + iJ(x− Jy)] ∈ V1,0 + V0,1

h?2 b2ib V1,0 �M/ V0,1 �`2 +HQb2/ mM/2` �//BiBQM �M/ +QKTH2t KmHiBTHB+�iBQM- �M/

?2M+2 �`2 bm#bT�+2b Q7 VCX 6B�MHHv- B7 x ∈ V1,0 ∩ V0,1- i?2M ix = Jx = −ix r?B+?

BKTHB2b i?�i x = 0X h?2`27Q`2- V = V1,0 ⊕ V0,1X

h?2 M2ti T`QTQbBiBQM b?Qrb ?Qr iQ ;2i � #�bBb 7Q` i?2 2B;2MbT�+2bX

RR



S`QTQbBiBQM kXe G2i {x1, y1, ..., xn, yn}- r?2`2 yj = Jxj- #2 � #�bBb 7Q` V X h?2M i?2

b2i Q7 p2+iQ`b {z1, ..., zn}- r?2`2 zj =
1
2(xj − iyj)- 7Q`Kb � #�bBb 7Q` V1,0X

S`QQ7X hQ b22 i?�i i?2 b2i {z1, ..., zn} bT�Mb V1,0- H2i X ∈ V1,0X "v /2}MBiBQM-

X = x− iJx 7Q` bQK2 x ∈ V X q`BiBM; x BM i2`Kb Q7 i?2 #�bBb {x1, y1, ..., xn, yn}- QM2

Q#i�BMb

x = ajxj + bjyj

h?2M

X = ajxj + bjyj − i(ajyj − bjxj)

= aj(xj − iyj) + ibj(xj − iyj)

= 2(aj + ibj)zj

LQr bmTTQb2 cjzj = 0- r?2`2 cj = aj + ibj �`2 +QKTH2t MmK#2`bX h?2M

0 = 2cjzj = (aj + ibj)(xj − iyj)

= ajxj + bjyj + i(bjxj − ajyj)

h?2 HBM2�` BM/2T2M/2M+2 Q7 i?2 p2+iQ`b {x1, y1, ..., xn, yn} Qp2` R BKTHB2b i?�i aj =

bj = 0 7Q` j = 1, ..., nX

_2K�`F kXd � bBKBH�` T`QQ7 b?Qrb i?�i i?2 p2+iQ`b z̄j = 1
2(xj + iyj) 7Q`K � #�bBb 7Q`

V0,1- �M/ ?2M+2 i?2 b2i {z1, ..., znz̄1, ..., z̄n} 7Q`Kb � #�bBb 7Q` VCX

h?2 +QM+2Ti Q7 +QKTH2t bi`m+im`2 2ti2M/b iQ i?2 /m�H bT�+2 V ∗ �M/ i?2 2ti2`BQ`

Rk



�H;2#`� Λ(V )X � #`B27 i`2�iK2Mi i?�i Bb M22/2/ 7Q` i?Bb T�T2` Bb ;Bp2M #2HQrX

*QKTH2tB}2/ .m�H aT�+2

�b #27Q`2- H2i V #2 � }MBi2@/BK2MbBQM�H `2�H p2+iQ` bT�+2- J � +QKTH2t bi`m+im`2-

�M/ /2MQi2 #v J∗ Bib /m�H QT2`�iQ`X Ai Bb +H2�` i?�i J∗ /2}M2b � +QKTH2t bi`m+im`2 QM

V ∗ bBM+2 7Q` �Mv 7mM+iBQM�H f ∈ V ∗ �M/ �Mv p2+iQ` x ∈ V - J∗J∗f(x) = f(JJx) = −fxc

?2M+2- J∗J∗f = −f Q`- J∗J∗ = −IV ∗ X "v T`QTQbBiBQM kX8- i?2 +QKTH2tB}2/ /m�H bT�+2

+�M #2 r`Bii2M �b (V ∗)C = (V ∗)1,0 ⊕ (V ∗)0,1- r?2`2 (V ∗)1,0 = {f − iJ∗f, f ∈ V ∗} �M/

(V ∗)0,1 = {f + iJ∗f, f ∈ V ∗}X

G2i {x1, y1, ..., xn, yn} #2 � #�bBb 7Q` V r?2`2 yj = JxjX G2i {ζ1, η1, ..., ζn, ηn}

/2MQi2b i?2 /m�H #�bBb BX2X

ζj(xk) = ηj(yk) = δjk, ζj(yk) = ηj(xk) = 0.

LQiB+2 i?�i J∗(ζj) = −ηj �M/ J∗(ηj) = ζjX G2i

θj = ζj + iηj UkX8V

h?2M � T`QQ7 bBKBH�` iQ i?2 QM2 BM kXe b?Qrb i?�i i?2 b2i {θ1, ..., θn} 7Q`Kb � #�bBb 7Q`

(V ∗)1,0 �M/ Bib +QMDm;�i2 b2i {θ̄1, ..., θ̄n} BX2X θ̄j = ζj−iηj- 7Q`Kb � #�bBb 7Q` (V ∗)0,1X h?2

K�Tb θj �M/ θ̄j �`2 +QKTH2t@p�Hm2b 7mM+iBQM�Hb QM V #mi +�M #2 +�MQMB+�HHv 2ti2M/2/

iQ VC #v θj(a + ib) := ζj(a) − ηj(b) + i(ζj(b) + ηj(a))- 7Q` 2�+? j �M/ a, b ∈ V X h?Bb

;Bp2b i?2 B/2MiB+�iBQM (V ∗)C = (VC)∗- r?B+? +�M #2 b22M BM i?2 M2ti H2KK�X

G2KK� kX3 h?2 2B;2MbT�+2b (V ∗)1,0 �M/ (V ∗)0,1 �`2 +QKTH2t /m�H iQ V1,0 �M/ V0,1-

Rj



`2bT2+iBp2HvX

S`QQ7X G2i {x1, y1, ..., xn, yn} �M/ {z1, ..., znz̄1, ..., z̄n} #2 #�bBb 7Q` V �M/ VC �b BM

T`QTQbBiBQM kXe �M/ `2K�`F kXdX G2i {θ1, ..., θn} #2 #�bBb 7Q` (V ∗)1,0- r?2`2 θjǶb �`2

/2}M2/ #v 2[m�iBQM kX8X "v /B`2+i +QKTmi�iBQMb-

θj(zk) = (ζj + iηj)(
1

2
(xk − iyk))

=
1

2
(ζj(xk − iyk) + ηj(ixk + yk))

= δjk

θj(z̄k) = (ζj + iηj)(
1

2
(xk + iyk))

=
1

2
(ζj(xk + iyk) + ηj(ixk − yk))

= 0.

Ai 7QHHQrb i?�i i?�i {θ1, ..., θn} Bb i?2 /m�H #�bBb 7Q` {z1, ..., zn}X aBKBH�`BHv-

θ̄j(z̄k) = (ζj − iηj)(
1

2
(xk + iyk))

=
1

2
(ζj(xk + iyk)− ηj(ixk − yk))

= δjk

R9



θ̄j(zk) = (ζj − iηj)(
1

2
(xk − iyk))

=
1

2
(ζj(xk − iyk)− ηj(ixk + yk))

= 0,

r?B+? b?Qrb i?�i {θ̄1, ..., θ̄n} Bb i?2 /m�H #�bBb 7Q` {z̄1, ..., z̄n}X

6Q` bBKTHB+Biv- i?2 bT�+2b (V ∗)1,0 �M/ (V ∗)0,1 rBHH #2 /2MQi2/ #v V 1,0 �M/ V 0,1- `2bT2+@

iBp2Hv- �M/ i?2 bT�+2 (V ∗)C #v V ∗
C X

*QKTH2tB}2/ *Qp�`B�Mi h2MbQ`b

G2i V #2 � }MBi2@/BK2MbBQM�H p2+iQ` bT�+2X � F@+Qp�`B�Mi i2MbQ` QM V Bb � `2�H@

p�Hm2/ KmHiBHBM2�` K�T Q7 k p2+iQ`b Q7 V X am+? i2MbQ` Bb +�HH2/ �Hi2`M�iBM; B7 BMi2`@

+?�M;BM; irQ Q7 Bib �`;mK2Mib +?�M;2b Bib bB;MX �M 2t�KTH2 Q7 �M �Hi2`M�iBM; i2MbQ`

Bb i?2 +`Qbb T`Q/m+i BM R3X h?2 bT�+2 Q7 �HH k@+QMp�`B�Mi �Hi2`M�iBM; i2MbQ`b QM V Bb

/2MQi2/ #v Λk(V ∗)X A7 α Bb � k@�Hi2`M�iBM; i2MbQ`- �M/ β Bb �M l@�Hi2`M�iBM; i2MbQ`-

Bi Bb TQbbB#H2 iQ /2}M2 � M2r �Hi2`M�iBM; i2MbQ` +�HH2/ i?2 r2/;2 T`Q/m+i Q7 α �M/ β-

/2QMQi2/ #v α ∧ β- r?B+? rBHH #2 � (k + l)@�Hi2`M�iBM; i2MbQ`X 6Q` KQ`2 /2i�BHb QM

�Hi2`M�iBM; i2MbQ`b �M/ r2/;2 T`Q/m+i- `272` iQ (3)X Ai 7QHHQrb 7`QK T`QTQbBiBQM kX8

i?�i

Λk(V ∗
C ) =

⊕

p+q=k

Λp(V 1,0) ∧ Λq(V 0,1)

kXkXk >2`KBiB�M �M/ C@AMp�`B�Mi AMM2` S`Q/m+ib

G2i V #2 � `2�H p2+iQ` bT�+2 2[mBTT2/ rBi? � +QKTH2t bi`m+im`2 J X �M BMM2` T`Q/+mi

〈., .〉 QM V Bb J@BMp�`B�Mi B7 7Q` �Mv X, Y ∈ V - 〈X, Y 〉 = 〈JX, JY 〉X h?2 1m+HB/2�M

R8



BMM2` T`Q/m+i QM R2n Bb �M 2t�KTH2 � J@BMp�`B�Mi BMM2` T`Q/m+i BX2X r?2M J Bb i?2

bi�M/�`/ +QKTH2t bi`m+im`2X hQ b22 i?Bb- H2i {x1, y1, ..., xn, yn} /2MQi2b i?2 bi�M/�`/

+QQ`/BM�i2b QM R2n- �M/ H2i v = ajxj + bkyk �M/ w = csxs + dtyt irQ p2+iQ`b BM R2nX

h?2M

〈v, w〉 = 〈ajxj + bkyk, c
sxs + dtyt〉

=
n∑

j=1

ajcj + bjdj

= 〈ajyj − bkxk, c
sys − dtxt〉

= 〈Jv, Jw〉

AM 7�+i- �Mv BMM2` T`Q/m+i 〈., .〉′ QM � p2+iQ` bT�+2 V rBi? � +QKTH2t bi`m+im`2 J

BM/m+2b � J@BMp�`B�Mi BMM2` 〈., .〉 T`Q/m+i �++Q`/BM; iQ i?2 2[m�iBQM

〈X, Y 〉 = 〈X, Y 〉′ + 〈JX, JY 〉′ .

h?2 M2ti T`QTQbBiBQM /2}M2b � +Q``2bTQM/�M+2 #2ir22M J@BMp�`B�Mi BMM2` T`Q/m+ib QM

V �M/ >2`KBiB�M BMM2` T`Q/m+ib QM V1,0X h?2 T`QQ7 mb2b i?2 7QHHQrBM; H2KK�X

G2KK� kXN G2i V #2 � p2+iQ` bT�+2 2[mBTT2/ rBi? � +QKTH2t bi`m+im`2 J X h?2 K�T

φ : X → V1,0 /2}M2/ #v φ(X) = (X − iJX)/2 Bb �M BbQKQ`T?BbK bm+? i?�i

φ(JX) = iφ(X), φ−1((a+ ib)φ(X)) = (a+ bJ)X,

7Q` �Mv X ∈ V �M/ a, b ∈ RX

Re



S`QQ7X GBM2�`Biv �M/ BMD2+iBpBiv Q7 φ �`2 +H2�` 7`QK i?2 /2}MBiBQMX am`D2+iBpBiv +�M

#2 b22M 7`QK T`QTQbBiBQM kX8X >2M+2- φ Bb �M BbQKQ`T?BbKX LQiB+2 i?�i

φ(JX) = (JX − iJ2X)/2 = i(X − iJX)/2 = iφ(X).

Ai 7QHHQrb i?�i

φ((a+ bJ)X) = (a+ ib)X.

�TTHvBM; φ−1 iQ #Qi? bB/2b- QM2 ;2ib

(a+ bJ)X = φ−1((a+ ib)φ(X)).

S`QTQbBiBQM kXRy h?2`2 Bb � 1−1 +Q``2bTQM/�M+2 #2ir22M J@BMp�`B�Mi BMM2` T`Q/m+ib

QM V �M/ >2`KBiB�M BMM2` T`Q/m+ib QM V1,0X

S`QQ7X G2i φ #2 �b BM H2KK� kXNX amTTQb2 (., .) Bb � >2`KBiB�M BMM2` T`Q/m+i QM

V1,0X G2i 〈X, Y 〉 := _2(φ(X),φ(Y ))X h?2M

Ç "BHBM2�`Biv, i?2 K�Tb _2 �M/ φ �`2 `2�H@HBM2�`- �M/ (., .) Bb `2�H #BHBM2�`X

Ç avKK2i`v, _2(φ(X),φ(Y )) = _2(φ(Y ),φ(X)) = _2(φ(Y ),φ(X))X

Ç SQbBiBp2@/2}MBi2M2bb, 〈X,X〉 = _2(φ(X),φ(X)) = (φ(X),φ(X)) ≥ 0X

Ç J@BMp�`B�M+2, 7`QK H2KK� kXN

〈JX, JY 〉 = _2(iφ(X), iφ(Y )) = _2 i(−i)(φ(X),φ(Y )) = 〈X, Y 〉.

Rd



PM i?2 Qi?2` ?�M/- bmTTQb2 � J@BMp�`B�Mi BMM2` T`Q/m+i 〈., .〉 Bb ;Bp2MX .2}M2 (., .) #v

(Z,W ) := 〈φ−1(Z),φ−1(W )〉+ i〈φ−1(Z), Jφ−1(W )〉.

h?2M

Ç aF2r@bvKK2i`v,

(Z,W ) = 〈φ−1(Z),φ−1(W )〉+ i〈φ−1(Z), Jφ−1(W )〉

= 〈φ−1(W ),φ−1(Z)〉+ i〈Jφ−1(Z), J2φ−1(W )〉

= 〈φ−1(W ),φ−1(Z)〉 − i〈φ−1(W ), Jφ−1(Z)〉

= (W,Z)

Ç SQbBiBp2@/2}MBiM2bb, i?Bb 7QHHQrb 7`QK i?2 TQbBiBp2@/2}MBi2M2bb Q7 〈., .〉 �M/ i?2

7�+i i?�i 7Q` �HH X ∈ V,

〈X, JX〉 = 〈JX, J2X〉 = −〈X, JX〉 = 0.

Ç *QMDm;�i2@HBM2�`Biv, HBM2�`Biv Qp2` �//BiBQM 7QHHQrb 7`QK i?2 HBM2�`Biv Q7 〈., .〉

�M/ φ−1X G2i a, b #2 `2�H MmK#2`b �M/ X = φ−1(Z)X h?2M

R3



((a+ ib)Z,W ) = 〈φ−1((a+ ib)Z),φ−1(W )〉+ i〈φ−1((a+ ib)Z), Jφ−1(W )〉

= 〈φ−1((a+ ib)φ(X)),φ−1(W )〉+ i〈φ−1((a+ ib)φ(X)), Jφ−1(W )〉

= 〈(a+ bJ)X,φ−1(W )〉+ i〈(a+ bJ)X, Jφ−1(W )〉

= a(〈φ−1(Z),φ−1(W )〉+ i〈φ−1(Z), Jφ−1(W )〉)

+ b(〈Jφ−1(Z),φ−1(W )〉+ i〈Jφ−1(Z), Jφ−1(W )〉)

= a(Z,W ) + ib(i〈φ−1(Z), Jφ−1(W )〉+ 〈φ−1(Z),φ−1(W )〉)

= (a+ ib)(Z,W ),

r?2`2 BM i?2 i?B`/ HBM2 H2KK� kXN r�b mb2/X

� >2`KBiB�M BMM2` T`Q/m+i (., .) /2}M2/ QM V1,0 +�M #2 2ti2M/2/ iQ � #BHBM2�` 7Q`K h

QM VC #v b2iiBM;

h(Z, W̄ ) = (Z,W ), r?2`2 Z,W ∈ V1,0,

�M/

h(Z,W ) = h(Z̄,W ) = h(Z̄, W̄ ) = 0- 7Q` �HH Z,W ∈ V1,0.

S`QTQbBiBQM kXRR G2i 〈., .〉 #2 � J@BMp�`B�Mi BMM2` T`Q/m+i QM V - �M/ H2i h #2 i?2

�bbQ+B�i2/ #BHBM2�` 7Q`K QM VCX h?2M 7Q` �HH X, Y ∈ V - 〈X, Y 〉 = _2 h(X, Y ).

S`QQ7X G2i (., .) /2MQi2b i?2 >2`KBiB�M BMM2` T`Q/m+i QM V1,0 �bbQ+B�i2/ rBi? 〈., .〉X

RN



"v T`QTQbBiBQM kXRy-

_2 h(X, Y ) = _2 h(φ(X) + φ(X),φ(Y ) + φ(Y ))

= _2 (φ(X),φ(Y ))

= _2 (〈X, Y 〉+ i〈X, JY 〉)

= 〈X, Y 〉

G2i {X1, Y1, ..., Xn, Yn} #2 #�bBb 7Q` V bm+? i?�i Yj = JXj 7Q` j = 1, ..., n- {Z1, ..., Zn}

#�bBb 7Q` V1,0 �b BM T`QTQbBiBQM kXe- �M/ {θ1, ..., θn} #2 i?2 /m�H #�bBbX h?2M i?2 #BHBM2�`

7Q`K h Bb ;Bp2M #v

h = hjk̄θ
j ⊗ θk̄,

r?2`2 hjk̄ = h(Zj, Zk̄)X LQi2 i?�i i?2 #�` BM hjk̄, Zk̄, θ
k̄... 2i+ Bb Tmi Qp2` i?2 BM/2t

`�i?2` i?�M i?2 bvK#QHX h?Bb +QMp2MiBQM rBHH #2 mb2/ 7`QK MQr QMX .2}M2 i?2 7Q`Kb

g := hjk̄(θ
j ⊗ θk̄ + θk̄ ⊗ θj)/2 �M/ ω := ihjk̄(θ

j ⊗ θk̄ − θk̄ ⊗ θj)/2 = ihjk̄θ
j ∧ θk̄X aBM+2

h̄jk̄ = h(Zj, Zk̄) = (Zk, Zj) = hkj̄- QM2 ?�b g = ḡ �M/ ω = ω̄ BX2X #Qi? 7Q`Kb �`2 `2�HX

Ai Bb +H2�` i?�i

h = g − iω,

�M/ i?�i i?Bb /2+QKTQbBiBQM /Q2b MQi /2T2M/ QM i?2 +?QB+2 Q7 #�bBbX 6BM�HHv- 7`QK

T`QTQbBiBQM kXRR- g Bb i?2 J@BMp�`B�Mi BMM2` T`Q/m+i QM V �bbQ+B�i2/ rBi? hX h?2 7Q`K

ω Bb +�HH2/ i?2 �bbQ+B�i2/ (1, 1) 7Q`K Q7 hX

ky



kXj *QKTH2t J�MB7QH/b

.2}MBiBQM kXRk �M n@/BK2MbBQM�H +QKTH2t K�MB7QH/ M Bb � 2n@/BK2MbBQM�H bKQQi?

K�MB7QH/ i?�i �/KBib �M �iH�b Q7 +?�`ib (Uα,φα) +QKT�iB#BH2 rBi? i?2 bKQQi? bi`m+im`2

�M/ bm+? i?�i i?2 i`�MbBiBQM K�Tb φα ◦ φ−1
β : R2n = Cn → R2n = Cn �`2 ?QHQKQ`T?B+X

AM i2`Kb Q7 +QQ`/BM�i2b- � +?�`i K�T φα ?�b i?2 7Q`K φα = (z1, ..., zn)- r?2`2 2�+? zi

Bb � bKQQi? K�T 7`QK M BMiQ R2X

�b BM i?2 bKQQi? K�MB7QH/ +�b2- i?2 +QHH2+iBQM Q7 �HH +?�`ib i?�i �`2 +QKT�iB#H2 rBi?

� ;Bp2M �iH�b- BX2X i?2 i`�MbBiBQM K�Tb �`2 ?QHQKQ`T?B+- Bb +�HH2/ � +QKTH2t bi`m+im`2

1s�JSG1a,

RX h?2 bi�M/�`/ +QKTH2t bi`m+im`2 QM i?2 +QKTH2t TH�M2 Bb /2}M2/ #v i?2 ;HQ#�H

+?�`i K�T φ : C → C- φ(z) = zX

kX � /Bz2`2Mi +QKTH2t bi`m+im`2 QM i?2 +QKTH2t TH�M2 Bb ;Bp2M #v i?2 +?�`i K�T

ψ(z) = z̄X h?Bb Bb � /Bz2`2Mi bi`m+im`2 bBM+2 i?2 K�T ψ ◦φ−1 Bb MQi ?QHQKQ`T?B+X

jX h?2 n@/BK2MbBQM�H +QKTH2t bT�+2 Cn rBi? i?2 B/2MiBiv K�T Bb � +QKTH2t K�M@

B7QH/X

9X h?2 n@/BK2MbBQM�H +QKTH2t mMBi #�HH Bn := {(z1, ..., zn) ∈ Cn;
∑n

i=1 |zi|2 < 1}

rBi? i?2 BM+HmbBQM K�T Bb � +QKTH2t K�MB7QH/X

8X h?2 n@/BK2MbBQM�H +QKTH2t T`QD2+iBp2 CPn bT�+2 Bb i?2 b2i Q7 �HH QM2@/BK2MbBQM�H

bm#bT�+2b BM Cn+1X �M 2H2K2Mi BM CPn +�M `2T`2b2Mi2/ #v � TQBMi [z1, ..., zn+1]-

r?2`2 zi ∈ CX G2i Ui #2 i?2 b2i Q7 HBM2b [z1, ..., zn+1] bm+? i?�i zi .= 0 �M/ /2}M2

kR



i?2 K�T φi : Ui → Cn #v

φi([z
1, ..., zn+1]) = (

z1

zi
, ...,

zi−1

zi
,
zi+1

zi
, ...,

zn+1

zi
).

h?2 BMp2`b2 Q7 φi Bb ;Bp2M #v

φ−1
i (z1, ..., zn) = [z1, ..., zi−1, 1, zi, ..., zn].

h?2M 7Q` i > j-

φi ◦ φ−1
j (z1, ..., zn) = (

z1

zi
, ...,

zj−1

zi
,
1

zi
,
zj

zi
...,

zi−1

zi
,
zi+1

zi
, ...,

zn

zi
),

r?B+? Bb � ?QHQKQ`T?B+ QM φj(Ui ∩ Uj)X h?2 +�b2 7Q` j > i Bb bBKBH�` �M/ i?2

+QHH2+iBQM Q7 +?�`ib (Ui,φi) ?2M+2 /2}M2 � +QKTH2t bi`m+im`2 QM CPnX

.2}MBiBQM kXRj G2i M #2 � +QKTH2t K�MB7QH/X � 7mM+iBQM f : M → C Bb ?QHQKQ`@

T?B+ B7 7Q` 2�+? +?�`i (U,φ) QM M - i?2 7mM+iBQM f ◦ φ−1 Bb ?QHQKQ`T?B+X :2M2`�HHv- �

7mM+iBQM f : M → N #2ir22M irQ +QKTH2t K�MB7QH/b Bb ?QHQKQ`T?B+ B7 7Q` 2�+? +?�`i

(U,φ) QM M - �M/ 2�+? +?�`i (V,ψ) QM N - i?2 K�T ψ ◦ f ◦ φ−1 Bb ?QHQKQ`T?B+X

LQi2 i?�i /m2 i?2 +QKT�i�#BHBiv #2ir22M /Bz2`2Mi +?�`ib- � 7mM+iBQM Bb ?QHQKQ`T?B+ B7

r?2M 2tT`2bb2/ BM HQ+�H +QQ`/BM�i2b- 2�+? +QKTQM2Mi Bb ?QHQKQ`T?B+X �MQi?2` mb27mH

+?�`�+i2`Bx�iBQM +�M #2 Q#i�BM2/ 7`QK +QKTH2t bi`m+im`2b BM � bBKBH�` K�MM2` iQ r?�i

?�b #22M b?QrM BM b2+iBQM kXRX

G2i M #2 �M n@/BKM2bBQM�H +QKTH2t K�MB7QH/ �M/ p ∈ M X h?2`2 Bb � M�im`�H +QK@

kk



TH2t bi`m+im`2 QM TpM /2}M2/ �b 7QHHQr, G2i φ #2 �Mv +?�`i K�T QM � M2B;?#Q`?QQ/

Q7 pX .2}M2 J = dφ−1 ◦ Jn ◦ dφX

S`QTQbBiBQM kXR9 h?2 K�T J /2}M2/ �#Qp2 Bb � +QKTH2t bi`m+im`2 QM TpM �M/ Bi

BM/2T2M/2Mi Q7 i?2 +?QB+2 Q7 +?�`iX

S`QQ7X h?2 K�T J /2}M2b � +QKTH2t bi`m+im`2 bBM+2

J2 = dφ−1 ◦ Jn ◦ dφ ◦ dφ−1 ◦ Jn ◦ dφ

= dφ−2 ◦ J2
n ◦ dφ

= dφ−1 ◦ (−ICn) ◦ dφ

= −ITpM .

amTTQb2 ψ Bb �MQi?2` +?�`i �i pX Ai bm{+2b iQ b?Qr i?�i

dψ−1 ◦ Jn ◦ dψ = dφ−1 ◦ Jn ◦ dφ,

Q`

Jn = dψ ◦ dφ−1 ◦ Jn ◦ dφ ◦ dψ−1.

lbBM; i?2 7�+i i?�i dψ◦dφ−1 = d(ψ◦φ−1) �M/ dφ◦dψ−1 = d(φ◦ψ−1) �`2 ?QHQKQ`T?B+-

�M/ Jn +QKKmi2b rBi? ?QHQKQ`T?B+ K�Tb �b b?QrM BM T`QTQbBiBQM kXj- QM2 +�M b22

i?�i J /Q2b MQi /2T2M/ QM i?2 +?Qb2M +?�`iX

.2}MBiBQM kXR8 G2i M #2 � bKQQi? K�MB7QH/X �M �HKQbi +QKTH2t bim`+im`2 Bb �

bKQQi? (1, 1) i2MbQ` J QM M bm+? i?�i 7Q` 2�+? p ∈ M - Jp : TpM → TpM Bb � +QKTH2t

kj



bi`m+im`2 BX2X J2
p = −ITpM X

Ai 7QHHQrb 7`QK i?2 7�+i i?�i +?�`i K�Tb �`2 bKQQi? �M/ T`QTQbBiBQM kXR9 i?�i �

+QKTH2t K�MB7QH/ M �Hr�vb �/KBib �M �HKQbi +QKTH2t bi`m+im`2- /2MQi2/ ?2M+27Q`i?

#v JM X

S`QTQbBiBQM kXRe G2i M �M/ N #2 irQ +QKTH2t K�MB7QH/bX � K�T f : M → N Bb

?QHQKQ`T?B+ B7 �M/ QMHv B7 df ◦ JM = Jn ◦ df X

S`QQ7X G2i p ∈ M #2 �M �`#Bi`�`v TQBMi- φ � ?QHQKQ`T?B+ +QQ`/BM�i2 K�T �i p- �M/

ψ � ?QHQKQ`T?B+ +QQ`/BM�i2K�T �i f(p)X LQiB+2 i?�i

df ◦ JM = JN ◦ df ⇔ df = JN ◦ df ◦ J−1
M

⇔ df = dψ−1 ◦ Jn ◦ dψ ◦ df ◦ dφ−1 ◦ J−1
m ◦ dφ

⇔ dφ ◦ df ◦ dψ−1 = dφ ◦ dψ−1 ◦ Jn ◦ dψ ◦ df ◦ dφ−1 ◦ J−1
m ◦ dφ ◦ dψ−1

⇔ dφ ◦ df ◦ dψ−1 ◦ Jm = Jn ◦ dφ ◦ df ◦ dψ−1,

r?2`2 BM i?2 7Qm`i? HBM2 r2 mb2/ i?2 7�+i i?�i i?2 bi�M/�`/ +QKTH2t bi`m+im`2b Jn

�M/ Jm +QKKmi2b rBi? i?2 ?QHQKQ`T?B+ 7mM+iBQM dφ ◦ dψ−1- b22 T`QTQbBiBQM kXjX h?2

+QM+HmbBQM 7QHHQrb 7`QK kXj �b r2HHX

aBKBH�` iQ i?2 +�b2 Q7 � +QKTH2t bi`m+im`2 QM � p2+iQ` bT�+2- �M �HKQbi +QKTH2t

bi`m+im`2 QM K�MB7QH/ ;Bp2b � /2+QKTQbBiBQM QM i?2 i�M;2Mi bT�+2X G2i M #2 � +QKTH2t

K�MB7QH/- p � TQBMi BM M - �M/ (x1, y1, ..., xn, yn) #2 � ?QHQKQ`T?B+ +?�`i �i pX h?2M

k9



�b BM T`QTQbBiBQM kX8- QM2 ?�b i?2 7QHHQrBM; /2+QKTQbBiBQMb

TpMC = TpM1,0 ⊕ TpM0,1,

r?2`2 TpM1,0 = bT�M{ ∂
∂zj },

∂
∂zj := 1

2(
∂

∂xj − i ∂
∂yj ) �M/ TpM0,1 = bT�M{ ∂

∂z̄j },
∂

∂z̄j :=

1
2(

∂
∂xj + i ∂

∂yj ).

TpM
∗
C = TpM

1,0 ⊕ TpM
0,1,

r?2`2 TpM1,0 = bT�M{dzj}- dzj := dxj + idyj �M/

TpM0,1 = bT�M{dz̄j}- dz̄j := dxj − idyjX h?2 bT�+2 Λk(TpMC) ?�b i?2 7QHHQrBM;

/2+QKTQbBiBQM

Λk(TpM
C) =

⊕

m+n=k

Λm(TpM
1,0) ∧ Λn(TpM

0,1).

h?2b2 /2+QKTQbBiBQMb BM/m+2 i?2 7QHHQrBM; #mM/H2 /2+QKTQbBiBQMb

TMC = TM1,0 ⊕ TM0,1,

TM∗
C = TM1,0 ⊕ TM0,1,

Λk(TMC) =
⊕

m+n=k

Λm(TM1,0) ∧ Λn(TM0,1).

6Q` bQK2 }M�H `2K�`Fb QM i?2 `2H�iBQM #2ir22M +QKTH2t �M/ �HKQbi +QKTH2t bi`m+@

im`2- `2+�HH i?�i � +QKTH2t K�MB7QH/ ?�b � M�im`�HHv /2}M2/ �HKQbi +QKTH2t bi`m+im`2

BM/m+2/ #v i?2 ?QHQKQ`T?B+ +QQ`/BM�i2X h?2 QTTQbBi2 Q7 i?Bb Bb MQi �Hr�vb i`m2 BX2X

bi�`iBM; rBi? �M �HKQbi +QKTH2t bi`m+im`2- QM2 K�v MQi �Hr�vb }M/ ?QHQKQ`T?B+

k8



+QQ`/BM�i2b i?�i �`2 +QKT�iB#H2 rBi? i?2 �HKQbi +QKTH2t bi`m+im`2X � 7�KQmb 2t@

�KTH2 Q7 bm+? Bb ;Bp2M QM S6 BM (N)X AM 7�+i- bm{+B2Mi �M/ M2+2bb�`v +QM/BiBQM 7Q`

i?2 2tBbi2M+2 Q7 ?QHQKQ`T?B+ +QQ`/BM�i2b QM �M �HKQbi +QKTH2t K�MB7QH/ Bb ;Bp2M #v

L2rH�M/2`@LB`2M#2`; i?2Q`2K

h?2Q`2K kXRd �M �HKQbi +QKTH2t K�MB7QH/ (M,J) Bb � +QKTH2t K�MB7QH/ B7 �M/ QMHv

B7 i?2 GB2 #`�+F2i Q7 �Mv irQ (1, 0) p2+iQ` }2H/b Bb (1, 0) p2+iQ` }2H/bX

� T`QQ7 Q7 i?Bb i?2Q`2K +�M #2 7QmM/ BM (Ry)X AM i?Bb T�T2`- i?2 7Q+mb rBHH #2 QM

+QKTH2t K�MB7QH/b bQ Bi rBHH �Hr�vb #2 �bbmK2/ i?�i ?QHQK`QT?B+ +QQ`/BM�i2b 2tBbi

QM �Mv TQBMiX

kXjXR ∂ �M/ ∂̄ PT2`�iQ`b

G2i M #2 � +QKTH2t K�MB7QH/ � bKQQi? b2+iBQM Q7 Λk(TMC) Bb +�HH2/ � k@7Q`KX h?2

bT�+2 Q7 �HH k@7Q`Kb Bb /2MQi2/ #v Ek(M) �M/ Bi +�M #2 /2+QKTQb2/ �b

Ek(M) = ⊕p+q=kE
p,q(M),

r?2`2 Ep,q(M) Bb � b2+iBQM Q7 Λp(TM1,0)∧Λq(TM0,1)X 1H2K2Mib BM Ep,q(M) �`2 (p, q)

7Q`Kb- Q` 7Q`Kb Q7 ivT2 (p, q)X G2i (z1, ..., zn) #2 � HQ+�H #�bBb �M/ H2i I �M/ J #2 � b2i

Q7 Q`/2`2/ BM/2+2b 1 < i1 < ... < ip < n �M/ 1 < j1 < ... < jq < nX h?2 i2`K dzI ∧ dz̄J

Bb /2}M2/ �b

dzI ∧ dz̄J = dzi1 ∧ ... ∧ dzip ∧ dz̄j1 ∧ ... ∧ dz̄jq .

ke



lbBM; i?Bb 2tT`2bbBQM- � 7Q`K α Q7 ivT2 (p, q) Bb r`Bii2M HQ+�HHv �b

α =
∑

I,J

αI,Jdz
I ∧ dz̄J ,

r?2`2 αI,J �`2 bKQQi? +QKTH2t@p�Hm2/ 7mM+BiQMb �M/ i?2 bmK Bb i�F2M Qp2` �HH Q`/2`2/

BM/B+2bX

h?2 2ti2`BQ` /Bz2`2MiB�iBQM QT2`�iQ` d /2}M2/ QM M �b � bKQQi? K�MB7QH/ 2ti2M/b

iQ � +QKTH2t HBM2�` QT2`�iQ` �+iBM; QM i?2 bT�+2 Q7 � b2+iBQMb Ek(M)X LQiB+2 i?�i

d(dzj) = d(dxj) + id(dyj) = 0,

�M/

d(dz̄j) = d(dxj)− id(dyj) = 0,

7Q` �HH j = 1, ..., nX Ai 7QHHQrb i?�i i?2 2ti2`BQ` /Bz2`2MiB�H Q7 i?2 (p, q) 7Q`K α Bb ;Bp2M

#v

dα =
∑

I,J

∂αI,J

∂zk
dzk ∧ dzI ∧ dz̄J +

∂αI,J

∂z̄k
dz̄k ∧ dzI ∧ dz̄J .

h?2 }`bi i2`K QM i?2 `B;?i@?�M/ bB/2 Bb � (p + 1, q) 7Q`K r?BH2 i?2 b2+QM/ i2`K Bb �

(p, q + 1) 7Q`KX h?Bb KQiBp�i2b i?2 7QHHQrBM; /2}MBiBQMX

.2}MBiBQM kXR3 h?2 QT2`�iQ`b ∂ �M/ ∂̄ �`2 /2}M2/ iQ b2M/ � (p, q) 7Q`K α iQ i?2

(p+ 1, q) �M/ (p, q + 1) +QKTQM2Mib Q7 dα- `2bT2+iBp2HvX

LQi2 i?�i �Hi?Qm;? i?2 /2+QKTQbiBQM Q7 dα BMiQ (p+1, q) �M/ (p, q+1) +QKTQM2Mib r�b

;Bp2M BM +QQ`/BM�i2b- i?2 /2}MBiBQM Bb BM/2T2M/2Mi Q7 i?2 +?QB+2 Q7 +QQ`/BM�i2b bBM+2

kd



i?2 irQ +QKTQM2Mib �`2 HBM2�`Hv BM/2T2M/2MiX �HbQ- MQi2 i?�i rBi? i?Bb /2}MBiBQM- QM2

+�M r`Bi2 d = ∂ + ∂̄X

G2KK� kXRN h?2 7QHHQrBM; `2H�iBQMb �`2 i`m2

∂2 = ∂̄2 = 0, ∂∂̄ + ∂̄∂ = 0.

S`QQ7X h?Bb 7QHHQrb 7`QK i?2 7�+i i?�i d2 = 0X A7 α Bb 7Q`K Q7 ivT2 (p, q)- i?2M

0 = d2α = ∂2α + ∂̄2α + (∂∂̄ + ∂̄∂)α.

h?2 i2`K ∂2α Bb Q7 ivT2 (p+ 2, q)- ∂̄2α Bb Q7 ivT2 (p, q+ 2)- �M/ (∂∂̄ + ∂̄∂)α Bb Q7 ivT2

(p+ 1, q + 1)X aBM+2 i?2b2 i2`Kb �`2 HBM2�`Hv BM/2T2M/2Mi- i?2v Kmbi �HH 2[m�H x2`QX

� k@7Q`K α Bb +�HH2/ d@+HQb2/ B7 dα = 0X Ai Bb b�B/ iQ #2 d@2t�+i B7 i?2`2 2tBbib

� (k − 1)@7Q`K β bm+? i?�i α = dβX aBKBH�`BHv- � (p, q) 7Q`K α Bb +�HH2/ ∂̄@+HQb2/ B7

∂̄α = 0X Ai Bb b�B/ iQ #2 ∂̄@2t�+i B7 i?2`2 2tBbib � (p, q− 1) 7Q`K β bm+? i?�i α = ∂̄βX Ai

7QHHQrb 7`QK i?2 T`2pBQmb H2KK� i?�i � ∂̄@2t�+i 7Q`K Bb ∂̄@+HQb2/X h?2 +QMp2`b2 Bb i`m2

#mi HQ+�HHv r?B+? Bb ;Bp2M #v .QH#2�mHi@:`Qi?2M/B2+F H2KK�X 6Q` � T`QQ7- b22 (Ry)X

h?2Q`2K kXky U.QH#2�mHi@:`Qi?2M/B2+F H2KK�V G2i α #2 � (p, q)@7Q`K bm+?

i?�i q > 0 �M/ ∂̄α = 0X h?2M- HQ+�HHv i?2`2 2tBbib � (p, q − 1) 7Q`K β bm+? i?�i

α = ∂̄βX

k3



*>�Sh1_ j

>1_JAhA�L ahl_*hl_1 PL

*PJSG1s J�LA6PG.a

h?Bb +?�Ti2` /2}M2b i?2 >2`KBiB�M bi`m+im`2 QM � +QKTH2t K�MB7QH/- �M/ /Bb+mbb2b �

bT2+B�H +�b2 Q7 >2`KBiB�M K�MB7QH/b- M�K2Hv- E ?H2` K�MB7QH/bX *?�`�+i2`BxBM; T`QT@

2`iB2b �M/ 2t�KTH2b Q7 E ?H2` K�MB7QH/b rBHH #2 T`2b2Mi2/X h?2 +?�Ti2` +QM+Hm/2b

rBi? i?2 /2}MBiBQM �M/ +QKTmi�iBQMb Q7 i?2 +m`p�im`2 i2MbQ` 7Q` E ?H2` K�MB7QH/bX

jXR >2`KBiB�M �M/ E ?H2` J2i`B+b

G2i M #2 � +QKTH2t K�MB7QH/X � >2`KBiB�M K2i`B+ QM M Bb � C@p�Hm2/ bKQQi?

2@+Qp�`B�Mi i2MbQ` h QM TMC bm+? i?�i 7Q` �HH z ∈ M �M/ Z,W ∈ TzM1,0

RX hz(Z,W ) = hz(Z̄,W ) = hz(Z̄, W̄ ) = 0

kX hz(Z, W̄ ) = hz(W, Z̄).

jX hz(Z, Z̄) ≥ 0 �M/ hz(Z, Z̄) = 0 ⇔ Z = 0X

kN



h?2 `2bmHib Q7 b2+iBQM kXkXk b?Qrb i?�i � >2`KBiB�M K2i`B+ BM/m+2b � J@BMp�`B�Mi _B2@

K�MM�BM K2i`B+ g = _2 h QM M - �M/ pB+2 p2`b�X G2i {z1, ..., zn} #2 � HQ+�H ?QHQKQ`T?B+

+QQ`/B�Mi2X h?2M h +�M #2 2tT`2bb2/ �b

h = hjk̄dz
j ⊗ dzk̄,

r?2`2 hjk̄ = h( ∂
∂zj ,

∂
∂zk̄

)X h?2 �bbQ+B�i2/ (1, 1)@7Q`K Q7 h ;Bp2M #v ω = ihjk̄dz
j ∧ dzk̄ Bb

r2HH@/2}M2/ BX2X BM/2T2M/2Mi Q7 i?2 +?QB+2 Q7 +QQ`/BM�i2bX hQ b22 i?Bb- H2i {w1, ..., wn}

#2 �MQi?2` ?QHQKQ`T?B+ +QQ`/B�Mi2b �M/ H2i ∂
∂zj = akj

∂
∂wk �M/ dzj = bjkdw

kX h?Bb

BKTHB2b i?�i akl b
j
k = δjl X h?2M

ω = ih(
∂

∂zj
,
∂

∂zk̄
)dzj ∧ dzk̄

= iasja
t
k̄b

j
mb

k̄
nh(

∂

∂ws
,
∂

∂wt̄
)dwm ∧ dwn̄

= ih(
∂

∂ws
,
∂

∂wt̄
)dws ∧ dwt̄

.2}MBiBQM jXR � >2`KBiB�M K2i`B+ h QM M Bb +�HH2/ � E ?H2` K2i`B+ B7 7Q` 2�+? TQBMi

BM M i?2`2 2tBbib � +QQ`/BM�i2 +?�i {z1, ..., zn} �M/ � `2�H@p�Hm2/ 7mM+iBQM ψ /2}M2/

QM i?2 +?�`i bm+? i?�i

hjk̄ =
∂2ψ

∂zj∂zk̄

7Q` j, k = 1, ..., n �M/ �HH TQBMib BM i?2 +?�`iX h?2 7mM+iBQM ψ Bb +�HH2/ � E ?H2`

TQi2MiB�HX

h?2Q`2K jXk G2i h #2 � >2`KBiB�M K2i`B+ QM � +QKTH2t K�MB7QH/ M X h?2M i?2

jy



7QHHQrBM; �`2 2[mBp�H2MiX

RX h Bb E ?H2`

kX 6Q` 2�+? TQBMi BM M i?2`2 2tBbib � +?�`i {z1, ..., zn} bm+? i?�i

∂hjk̄

∂zl
=
∂hlk̄

∂zj
,

∂hjk̄

∂z l̄
=
∂hjl̄

∂zk̄

7Q` �HH j, k, l = 1, ..., nX

jX h?2 �bbQ+B�i2/ (1, 1)@7Q`K ω Bb +HQb2/

S`QQ7X (1) ⇒ (2) :Bp2M � TQBMi BM M - H2i {z1, ..., zn} #2 +QQ`/BM�i2 +?�`i �i i?�i

TQBMi rBi? � E ?H2` TQi2MiB�H 7m+iBQM ψX h?2M

∂hjk̄

∂zl
=

∂3ψ

∂zl∂zj∂zk̄

=
∂3ψ

∂zj∂zl∂zk̄

=
∂hl,k̄

∂zj

aBKBH�`Hv-

∂hjk̄

∂z l̄
=

∂3ψ

∂z l̄∂zj∂zk̄

=
∂3ψ

∂zk̄∂zj∂z l̄

=
∂hjl̄

∂zk̄

jR



(2) ⇒ (3) LQiB+2 i?�i

∂hjk̄

∂zs
dzs ∧ dzj ∧ dzk̄ =

1

2

∂hjk̄

∂zs
dzs ∧ dzj ∧ dzk̄ +

1

2

∂hjk̄

∂zs
dzs ∧ dzj ∧ dzk̄

=
1

2

∂hjk̄

∂zs
dzs ∧ dzj ∧ dzk̄ − 1

2

∂hjk̄

∂zs
dzj ∧ dzs ∧ dzk̄

=
1

2

∂hjk̄

∂zs
dzs ∧ dzj ∧ dzk̄ − 1

2

∂hjk̄

∂zs
dzs ∧ dzj ∧ dzk̄

= 0,

r?2`2 BM i?2 i?B`/ HBM2 i?2 BM/2t2b QM i?2 b2+QM/ i2`K r2`2 br�TT2/ �M/ i?2 �bbmKT@

iBQM BM (2) r�b mb2/X aBKBH�` +QKTmi�iBQM b?Qrb i?�i ∂hjk̄

∂zs̄
dzs̄∧dzj ∧dzk̄ = 0X >2M+2-

dω = 0X

(3) ⇒ (1) "v SQBM+�`û HQ+�H 2t�+iM2bb H2KK�- i?2`2 2tBbib � `2�H R@7Q`K η/2}M2/

HQ+�HHv bm+? i?�i ω = dηX G2i η = η1,0 + η0,1 #2 Bib /2+QKTQbBiBQM #v ivT2X h?2M

ω = (∂ + ∂̄)(η1,0 + η0,1) = ∂η1,0 + ∂̄η0,1 + ∂η0,1 + ∂̄η1,0.

aBM+2 ω Bb Q7 ivT2 (1, 1)- ∂η1,0 = ∂̄η0,1 = 0X Ai 7QHHQrb 7`QK .QH#2�mi@:`Qi?2M/B2+F

H2KK� i?�i HQ+�HHv i?2`2 2tBbib � 7mM+BiQM φ bm+? i?�i η0,1 = ∂̄φX aBM+2 η Bb `2�H-

η1,0 = η0,1 �M/ i?mb η1,0 = ∂φ̄X h?2`27Q`2-

ω = (∂ + ∂̄)(∂φ̄+ ∂̄φ) = ∂∂̄φ+ ∂̄∂φ̄.

jk



lbBM; i?2 B/2MiBiv ∂∂̄ + ∂̄∂ = 0, QM2 Q#i�BMb

ω = ∂∂̄(φ− φ̄).

G2i ψ = −i(φ− φ̄) �M/ MQiB+2 i?�i hjk̄ =
∂2φ

∂zj∂zk̄
Bb 2[mBp�H2Mi iQ ω = i∂∂̄φX

*Q`QHH�`v jXj 1p2`v >2`KBiB�M K2i`B+ h QM � QM2@/BK2MbBQM�H +QKTH2t K�MB7QH/ M

Bb � E ?H2` K2i`B+X

S`QQ7X aBM+2 �i 2p2`v z ∈ M TzMC ?�b +QKTH2t /BK2MbBQM k- i?2 j@7Q`K dwz Kmbi

#2 x2`Q BX2X ω Bb +HQb2/X

1s�JSG1a,

RX h?2 1m+HB/2�M K2i`B+ QM Cn /2}M2/ #v hjk̄ = δj,k̄ Bb ;Bp2M #v i?2 E ?H2` TQi2MiB�H

7mM+iBQM ψ(z1, ..., zn) = |z1|2 + ...+ |zn|2X

kX h?2 SQBM+�`û K2i`B+ QM i?2 mMBi /BbF D := {z ∈ C; |z| < 1} Bb /2}M2/ #v

h =
dz ⊗ dz̄

(1− |z|2)2 .

aBM+2 D Bb � QM2@/BK2MbBQM�H +QKTH2t K�MB7QH/- h Bb E ?H2`X Ai +�M #2 2�bBHv

+?2+F2/ i?�i ψ(z) = − HQ;(1− |z|2) Bb � E ?H2` TQi2MiB�H 7Q` hX

jX h?2 SQBM+�`û K2i`B+ Bb � bT2+B�H +�b2 i?2 K2i`B+ QM i?2 n@/BK2MbBQM�H mMBi #�HH

Bn = {z ∈ Cn; |z| < 1} /2}M2/ #v

hjk̄ =
∂2

∂zj∂zk̄
(− HQ;(1− ‖z‖2)).

jj



Ai Bb +H2�` i?�i bm+? K2i`B+ Bb E ?H2` B7 Bi r�b b?QrM iQ #2 >2`KBiB�MX "v /B`2+i

+QKTmi�iBQM-

hjk̄ =
δj,k̄(1− ‖z‖2) + zkzj̄

(1− ‖z‖2)2 .

AM K�i`Bt 7Q`K i?Bb #2+QK2b

[hjk̄] =
1

(1− ‖z‖2)2





1− ‖z‖2 + ‖z1‖2 z2z1̄ . . . znz1̄

z1z2̄ 1− ‖z‖2 + ‖z2‖2 . . . znz2̄

XXX XXX X X X XXX

z1zn̄ z2zn̄ . . . 1− ‖z‖2 + ‖zn‖2





r?B+? Bb >2`KBiB�M bvKK2i`B+X G2i c = (c1, ..., cn) ∈ Cn #2 � +QKTH2t p2+iQ`X

q2 rBHH b?Qr i?�i

(1− ‖z‖2)2c∗[hjk̄]c > 0.

AM/22/- H2i αi = 1− ‖z‖2 + ‖zi‖2X h?2M

(1− ‖z‖2)2[hjk̄]c =





c1α1 + z1̄(
∑n

i=1 cizi − c1z1)

c2α2 + z2̄(
∑n

i=1 cizi − c2z2)

XXX

cnαn + zn̄(
∑n

i=1 cizi − cnzn)





j9



JmHiBTHvBM; #v c∗ r2 Q#i�BM

(1− ‖z‖2)2c∗[hjk̄]c =
n∑

j=1

‖cj‖2αj + cj̄zj̄(
n∑

i=1

cizi − cjzj)

=
n∑

j=1

‖cj‖2αj +
n∑

i=1

cicj̄zj̄zi − ‖cj‖2‖zj‖2

= ‖cj‖2(1− ‖z‖2) + ‖c · z‖2 > 0,

r?2`2 c · z Bb i?2 /Qi T`Q/m+i Q7 c �M/ zX Ai 7QHHQrb i?�i [hjk̄] Bb TQbBiBp2 /2}MBi2

�M/ ?2M+2 /2}M2b � >2`KBiB�M K2i`B+ QM BnX

9X h?2 6m#BMB@aim/v K2i`B+ QM i?2 +QKTH2t T`QD2+iBp2 bT�+2 Bb /2}M2/ mbBM; i?2

?QHQKQ`T?B+ +QQ`/BM�i2b /2}M2/ BM +?�Ti2` k #v

hjk̄ =
∂2

∂zj∂zk̄
HQ;(1 + ‖z‖2).

hQ b22 i?�i i?Bb /Q2b MQi /2T2M/ QM i?2 +?QB+2 Q7 +QQ`/B�Mi2b- bmTTQb2 � TQBMi

HB2 BM U1 ∩ U2- r?2`2 U1 �M/ U2 �`2 �b /2}M2/ BM T�;2 kRX G2i (z1, ..., zn) �M/

(w1, ..., wn) /2MQi2 i?2 +QQ`/BM�i2b QM U1 �M/ U2- `2bT2+iBp2HvX h?2M

w1 =
1

z1
, �M/ wj =

zj

z1
7Q` j = 2, ..., n.

j8



Ai 7QHHQrb i?�i

‖z‖2 + 1 = z1z1̄ + ...+ znzn̄ + 1

=
1

w1w1̄
+

w2w2̄

w1w1̄
+ ...+

wnwn̄

w1w1̄
+ 1

=
1 + ‖w‖2

w1w1̄
,

�M/

∂

∂z1
= −w1wj ∂

∂wj

∂

∂zj
= w1 ∂

∂wj
7Q` j = 2, ..., n

dz1 = − 1

(w1)2
dw1

dzj =
1

w1
dwj − wj

(w1)2
dw1 7Q` j = 2, ..., n.

LQiB+2 i?�i 7Q` �Mv j, k = 1, ..., n-

∂2

∂wj∂wk̄
HQ;(1 + ‖w‖2

w1w1̄
) =

∂2

∂wj∂wk̄
HQ;(1 + ‖w‖2) := h̃jk̄.

q`Bi2

h = h11̄dz
1 ⊗ dz1̄ + h1k̄dz

1 ⊗ dzk̄ + hj1̄dz
j ⊗ dz1̄ + hjk̄dz

j ⊗ dzk̄

r?2`2 i?2 bmK BM BM/2t2b j �M/ k Bb 7`QK k iQ nX am#iBimiBM; i?2 +?�M;2 Q7

je



p�`B�#H2 2[m�iBQMb �#Qp2- QM2 }M/b i?�i

h11̄dz
1 ⊗ dz1̄ = h̃st̄

wswt̄

w1w1̄
dw1 ⊗ dw1̄

h1k̄dz
1 ⊗ dzk̄ = h̃sk̄(

ws

w1
dw1 ⊗ dwk̄ − wswk̄

w1w1̄
dw1 ⊗ dw1̄)

hj1̄dz
j ⊗ dz1̄ = h̃jt̄(

wt̄

w1̄
dwj ⊗ dw1̄ − wjwt̄

w1w1̄
dw1 ⊗ dw1̄)

hjk̄dz
j ⊗ dzk̄1 = h̃jk̄(

wjwk̄

w1w1̄
dw1 ⊗ dw1̄ − wj

w1
dw1 ⊗ dwk̄

− wk̄

w1̄
dwj ⊗ dw1̄ + dwj ⊗ dwk̄),

r?2`2 s �M/ t `mM 7`QK R iQ nX amKKBM; i?2b2 ;Bp2b

h = h̃jk̄dw
j ⊗ dwk̄.

�MQi?2` +?�`�+i2`Bx�iBQM Q7 E ?H2` K2i`B+b Bb ;Bp2M #v HBM2�` +QMM2+iBQMbX :Bp2M

� _B2K�MMB�M K2i`B+ (M, g)- i?2`2 2tBbib � mMB[m2 +QMM2+iBQM

D : Γ(TM)× Γ(TM) → Γ(TM),

r`Bii2M �b (X, Y ) → DXY r?B+? b�iBb}2b

RX 6mM+iBQM HBM2�` BM i?2 }`bi �`;mK2Mi,

Df1X1+f2X2Y = f1DX1Y + f2DX2Y, 7Q` �HH f1, f2 ∈ C∞(M).

jd



kX _2�H HBM2�` BM i?2 b2+QM/ �`m;K2Mi,

DX(a1Y1 + a2Y2) = a1DXY1 + a2DXY2, 7Q` �HH a1, a2 ∈ R.

jX S`Q/m+i `mH2, DXfY = Xf + fDXY, 7Q` �HH f ∈ C∞(M)X

9X J2i`B+ +QKT�iB#BHBiv, DXg(Y, Z) = g(DXY, Z) + g(Y,DXZ),X

8X hQ`bBQM@7`22, DXY −DYX = [X, Y ] = XY − Y XX

_2+�HH i?�i B7 h Bb � >2`KBiB�M K2i`B+ QM � +QKTH2t K�MB7QH/ M - i?2M i?2 2@7Q`K

g = _2 h Bb _B2K�MMB�M K2i`B+- �M/ ?2M+2 QM2 +�M i�HF �#Qmi i?2 G2pB@*BiBp� +QM@

M2+iBQM �bbQ+B�i2/ rBi? hX �HbQ- Bi +�M #2 b22M i?�i i?2 T`QT2`iB2b Q7 +QMM2+iBQMb �`2

biBHH T`2b2p2/ B7 Bib /QK�BM Bb 2ti2M/2/ iQ +QKTH2t p2+iQ` }2H/b BX2X

D : Γ(TMC)× Γ(TMC) → Γ(TMC).

G2KK� jX9 G2i M #2 � >2`KBiB�M K�MB7QH/- h #2 Bib >2`KBiB�M K2i`B+- �M/ J #2

Bib �HKQbi +QKTH2t bi`m+im`2X G2i g �M/ ω #2 i?2 �bbQ+B�i2/ _B2K�MMB�M K2i`B+ �M/

(1, 1)@7Q`K Q7 hX h?2M 7Q` �Mv +QKTH2t p2+iQ`b Z,W -

ω(Z,W ) = g(JZ,W ).
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S`QQ7X G2i X, Y #2 `2�H p2+iQ`bX h?2M

g(X, Y )− iω(X, Y ) = h(X, Y )

= h(φ(X) + φ(X),φ(Y ) + φ(Y ))

= h(φ(X),φ(Y ))

= −ih(φ(JX),φ(Y )) U#v H2KK� 2.9)

= −ig(JX, Y ) + g(JX, JY ) U#v T`QTQbBiBQM 2.10)

h?2`27Q`2- ω(X, Y ) = g(JX, Y )X LQr H2i Z = X1 + iY1 �M/ W = X2 + iY2- r?2`2

X1, X2, Y1, Y2 �`2 `2�H p2+iQ`bX h?2M

ω(Z,W ) = ω(X1 + iY1, X2 + iY2)

= ω(X1, X2) + iω(X1, Y2)− ω(Y1, Y2) + iω(Y1, X2)

= g(JX1, X2) + ig(JX1, Y2)− g(JY1, Y2) + ig(JY1, X2)

= g(J(X1 + iY1), X2 + iY2)

= g(JZ,W )

h?2Q`2K jX8 G2i h #2 � >2`KBiB�M K2i`B+ QM � +QKTH2t K�MB7QH/ M - �M/ H2i J #2

Bib �HKQbi +QKTH2t bi`m+im`2X G2i D /2MQi2b i?2 G2pB@*BiBp� +QMM2+iBQM �bbQ+B�i2/ rBi?

hX h?2M i?2 7QHHQrBM; �`2 2[mBp�H2Mi

RX DZW Bb Q7 ivT2 (1, 0) B7 W Bb Q7 ivT2 (1, 0) 7Q` �Mv +QKTH2t p2+iQ` ZX
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kX DXJY = JDXY 7Q` �Mv +QKTH2t p2+iQ` }2H/b X, Y

jX DXω(X1, X2) = ω(DXX1, X2) + ω(X1, DXX2) 7Q` �Mv +QKTH2t p2+iQ` }2H/b

X,X1, X2

9X h Bb E ?H2`X

S`QQ7X (1) ⇔ (2) �bbmK2 DXW Bb Q7 ivT2 (1, 0) B7 W Bb Q7 ivT2 (1, 0) 7Q` �Mv

+QKTH2t p2+iQ` XX LQiB+2 i?�i bBM+2 DXW = DX̄W - D b2M/b � (0, 1) }2H/ iQ � (0, 1)X

G2i (z1, ..., zn) #2 ?QHQKQ`T?B+ +QQ`/BM�i2b �M/ H2i X #2 �Mv +QKTH2t p2+iQ`X h?2M

DXJ
∂

∂zj = DXi
∂

∂zj = iDX
∂

∂zj = JDX
∂

∂zj bBM+2 DX
∂

∂zj Bb Q7 ivT2 (1, 0)X aBKBH�`BHv-

QM2 +�M b?Qr i?�i DXJ
∂

∂zj̄
= JDX

∂
∂zj̄

X Ai 7QHHQrb #v i?2 HBM2�`Biv Q7 D Qp2` R i?�i

DXJY = JDXY 7Q` �Mv p2+iQ` }2H/ X �M/ Y X PM i?2 Qi?2` ?�M/- B7 (2) Bb b�iB}2/- W

Bb � p2+iQ` }2H/ Q7 ivT2 (1, 0) �M/ X Bb �Mv +QKTH2t p2+iQ`- i?2M JDXW = DXJW =

iDXW X h?Bb BKTHB2b i?�i DXW Bb Q7 ivT2 (1, 0)X

(2) ⇔ (3) �bbmK2 (2) ?QH/b �M/ H2i X,X1, X2 #2 �Mv +QKTH2t p2+iQ` }2H/b QM M X

lbBM; jX9 �M/ K2i`B+ +QKT�i�#BHBiv-

DXω(X1, X2) = Xg(JX1, X2)

= g(DXJX1, X2) + g(JX1, DXX2)

= g(JDXX1, X2) + g(JX1, DXX2)

= ω(DXX1, X2) + ω(X1, DXX2)

PM i?2 Qi?2` ?�M/- B7 (3) ?QH/b �M/ X, Y, Z �`2 �Mv `2�H p2+iQ` }2H/b- i?2M i?2 �#Qp2
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+QKTmi�iBQM b?Qrb i?�i

g(DXJY, Z) = g(JDXY, Z)

aBM+2 Z Bb �`#Bi`�`v- Bi 7QHHQrb i?�i DXJY = JDXY X "v +QKTH2t HBM2�`Biv Q7 D �M/

J - i?2 `2bmHi 2ti2M/b iQ +QKTH2t p2+iQ` }2H/bX

(3) ⇒ (4) �bbmK2 (3) ?QH/b �M/ X0, X1, X2 �`2 �Mv +QKTH2t p2+iQ`b QM M X lbBM;

i?2 BMp�`B�Mi 7Q`mKmH� Q7 i?2 2ti2`BQ` /2`Bp�iBp2 Ub22 G22 R9XjkV �M/ i?2 iQ`bBQM@7`22

+QM/BiBQM Q7 i?2 +QMM2+iBQM D-

dω(X0, X1, X2) = X0ω(X1, X2)−X1ω(X0, X2) +X2ω(X0, X1)

− ω([X0, X1], X2) + ω([X0, X2]X1)− ω([X1, X2], X0)

= ω(DX0X1, X2) + ω(X1, DX0X2)

− ω(DX1X0, X2) + ω(X0, DX1X2)

+ ω(DX2X0, X1) + ω(X0, DX2X1)

− ω(DX0X1 −DX1X0, X2)

+ ω(DX0X2 −DX2X0, X1)

− ω(DX1X2 −DX2X1, X0)

= 0

h?Bb BKTHB2b i?�i ω Bb � +HQb2/ 7Q`K �M/ Bi 7QHHQrb 7`QK i?2Q`2K jXk i?�i h Bb E ?H2`X

(4) ⇒ (2) amTTQb2 h Bb E ?H2`X Ai bm{+2 iQ b?Qr i?�i 7Q` �Mv +QKTH2t p2+iQ`

}2H/b X, Y, Z-

g(DXJY − JDXY, Z) = 0.
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LQiB+2 i?�i i?2 B/2MiBiv QM i?2 H27i Bb 7mM+iBQM HBM2�`- �M/ ?2M+2 Bi +�M #2 �bbmK2/

i?�i X, Y, Z �`2 +QQ`/BM�i2 p2+iQ`b }2H/b BX2X +QKKmi2X h?2M QM2 BKK2/B�iHv Q#i�BMb-

dω(X, Y, Z) = Xω(Y, Z)− Y ω(X,Z) + Zω(X, Y ).

"v EQbxmH 7Q`KmH� Ua22 .QǶ *�`KQV- J@BMp�`B�M+2 Q7 g- �M/ H2KK� jX9-

2g(DXJY, Z) = Xg(JY, Z) + JY g(X,Z)− Zg(X, JY )

= Xω(Y, Z) + JY ω(JZ,X) + Zω(X, Y )

�M/

2g(DXY, JZ) = Xg(Y, JZ) + Y g(X, JZ)− JZ(X, Y )

= −Xω(JY, JZ)− Y ω(X,Z)− JZω(X, JY )

h?2M-

2g(DXJY − JDXY, Z) = 2g(DXJY, Z)− 2g(JDXY, Z)

= 2g(DXJY, Z) + 2g(DXY, JZ)

= Xω(Y, Z)− Y ω(X,Z) + Zω(X, Y )

−Xω(JY, JZ)− JZω(X, JY ) + JY ω(JZ,X)

= dω(X, Y, Z)− dω(X, JY, JZ)

= 0
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_2K�`F jXe LQiB+2 i?�i B7 h Bb F ?H2`- Bi +QKT�iB#H2 rBi? G2pB@*BiBp� +QMM2+iBQM BX2X

A7 X, Y, Z �`2 +QKTH2t p2+iQ` }2H/b- i?2M

DXh(Y, Z) = DX(g(Y, Z)− iω(Y, Z))

= g(DXY, Z) + g(Y,DXZ)− iω(DXY, Z)− iω(Y,DXZ)

= h(DXY, Z) + h(Y,DXZ)

jXk *m`p�im`2 Q7 E ?H2` J2i`B+

G2i h #2 � E ?H2` K2i`B+ QM � +QKTH2t K�MB7QH/ M �M/ H2i X, Y, Z,W #2 +QKTH2t

p2+iQ`b BM TpMC 7Q` bQK2 p BM M X h?2 +m`p�im`2 i2MbQ`b Q7 h /2MQi2/ #v RXYZ �M/

R(Z,W,X, Y ) �`2 /2}M2/ #v

RXYZ := DXDYZ −DYDXZ −D[X,Y ]Z,

�M/

R(Z,W,X, Y ) = h(RXYZ,W ).

r?2`2 D Bb i?2 G2pB@+BiBp� +QMM2+iBQM �bbQ+B�i2/ rBi? hX G2i (z1, ..., zn) #2 ?QHQKQ`T?B+

+QQ`/BM�i2b �i pX h?2 +m`p�im`2 i2MbQ` +Q2{+B2Mib BM i?2b2 +QQ`/BM�i2b �`2 /2}M2/ �b

Rsjkl = h(R ∂
∂zk

∂
∂zl

∂

∂zs
,
∂

∂zj
),
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r?2`2 s, j, k, l = 1, ..., n, 1̄, ..., n̄X h?2b2 /2}MBiBQMb T�`�HH2H i?2 QM2b BM _B2K�MM ;2QK@

2i`v �M/ Bi Bb 2�bv iQ p2`B7v i?�i i?2v �`2 7mM+iBQM HBM2�`X AM i?Bb b2+iBQM- bvKK2iv

`2H�iBQMb QM i?2 i2MbQ` +Q2{+B2Mib �M/ 7Q`KmH�b iQ +QKTmi2 i?2K BM � ;Bp2M +QQ`/BM�i2

rBHH #2 T`2b2Mi2/X

hQ bBKTHB7v i?2 MQi�iBQM- i?2 bvK#QHb ∂j �M/ Dj rBHH #2 mb2/ iQ /2MQi2 ∂
∂zj �M/

D ∂
∂zj

- `2bT2+iBp2HvX JQ`2Qp2`- i?2 �HT?�#2ib j, k, l...2i+ rBHH #2 mb2/ iQ /2MQi2 #Qi?

(1, 0) �M/ (0, 1) p2+iQ`b r?BH2 i?2 ;`22F H2ii2`b α, β, γ...2i+ rBHH #2 mb2/ iQ /2MQi2 (1, 0)

QMHvX 6Q` 2t�KTH2- ∂α Bb Q7 ivT2 (1, 0)- ∂ᾱ Bb Q7 ivT2 (0, 1)- �M/ ∂j +�M #2 Q7 2Bi?2`

ivT2bX

h?2 *?`BbiQz2H bvK#QHb Q7 h BM � ;Bp2M +QQ`/BM�i2b (z1, ..., zn) �`2 /2}M2/ #v

Dj∂k = Γl
jk∂l.

S`QTQbBiBQM jXd A7 h Bb E ?H2`- i?2M

RX �HH *?`BbiQz2H bvK#QHb p�MBb? 2t+2Ti TQbbB#Hv Γγ
αβ �M/ Γγ̄

ᾱβ̄
.

kX Γγ
αβ = hσ̄γ∂αhβσ̄- r?2`2 hσ̄γ Bb i?2 BMp2`b2 Q7 hγσ̄X

jX Γγ̄
ᾱβ̄

= hγ̄σ∂ᾱhσβ̄X

S`QQ7X "v i?2Q`2K jX8- i?2 G2pB@*BiBp� +QMM2+iBQM T`2b2`p2b i?2 ivT2X >2M+2- �HH

*?`BbiQz2H bvK#QHb Q7 i?2 7Q`K Γβ̄
jα �M/ Γβ

jᾱ p�MBb?X 6`QK i?2 iQ`bBQM 7`22 +QM/BiBQM

Q7 D-

Dᾱ∂β −Dβ∂ᾱ = [∂̄α, ∂β] = 0,
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r?B+? BKTHB2b i?�i

Γγ
ᾱβ∂γ = Γγ̄

βᾱ∂γ̄.

aBM+2 2�+? bB/2 Bb Q7 /Bz2`2Mi ivT2- QM2 Kmbi ?�p2

Γγ
ᾱβ = Γγ̄

βᾱ = 0.

h?Bb +QKTH2i2b URVX hQ b?Qr UkV MQiB+2 i?�i

∂αhβσ̄ = h(Dα∂β, ∂σ̄) + h(∂β, Dα∂σ̄)

= h(Γν
αβ∂ν , ∂σ̄)

= Γν
αβhνσ̄

JmHiBTHvBM; #Qi? bB/2b #v hσ̄γ - QM2 Q#i�BMb

hσ̄γ∂αhβσ̄ = hσ̄γΓν
αβhνσ̄

= Γν
αβδ

γ
ν

= Γγ
αβ

S�`i UjV 7QHHQrb /B`2+iHv 7`QK i?2 7�+i Dᾱ∂β̄ = Dα∂β.

*Q`QHH�`v jX3 Γγ
αβ = Γγ

βαX

S`QQ7X .B`2+i +QMb2[m2M+2 Q7 E ?H2`B�M T`QT2`iv ∂αhασ̄ = ∂βhβσ̄.

aQ 7�` BM i?2 i`2�iK2Mi Q7 i?Bb T�T2`- +QQ`/BM�i2 +?�`ib r2`2 QMHv i�F2M iQ #2 ?QHQ@
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KQ`T?B+X Ai im`Mb Qmi i?�i QM2 +�M �Hr�vb }M/ +2`i�BM ?QHQKQ`T?B+ +QQ`/BM�i2b i?�i

bBKTHB7v i?2 2tT`2bbBQM Q7 i?2 >2`KBiB�M K2i`B+X am+? +QQ`/BM�i2b rBHH #2 T�`iB+mH�`BHv

mb27mH r?2M /2�HBM; rBi? TQBMirBb2 BM7Q`K�iBQM bm+? �b i2MbQ`bX

S`QTQbBiBQM jXN G2i M #2 � +QKTH2t K�MB7QH/- h � >2`KBiB�M K2i`B+ QM M - �M/ p

� TQBMi BM M X h?2M i?2`2 2tBbib � ?QHQKQ`T?B+ +QQ`B/M�i2 bvbi2K z = {z1, ..., zn} bm+?

i?�i

RX xUTV4y

kX hjk̄(p) = δj,k̄

jX ∂lhjk̄(p) = −∂jhlk̄(p)

S`QQ7X ai�`iBM; rBi? �M �`#Bi`�`v +?�`i- Bi rBHH #2 b?QrM i?�i bm+? bvbi2K 2tBbib

#v �TTHvBM; bmBi�#H2 +QQ`/BM�i2 +?�M;2b-X >2M+2- H2i φ = (z1, ..., zn) #2 � ?QHQKQ`T?B+

+QQ`/BM�i2b �i pX h?2 }`bi +QM/BiBQM Bb �+?B2p2/ #v �TTHvBM; � HBM2�` i`�MbH�iBQM BX2X

H2i φ(z) := φ(z) − φ(p)X G2i B /2MQi2b i?2 >2`KBiB�M K�i`Bt [hjk̄(p)] BM i?2b2 M2r

+QQ`/BM�i2bX LQi2 i?�i #2BM; >2`KBiB�M- B �/KBib � /2+QKTQbBiBQM B = UDU∗-

r?2`2 D Bb � /B�;QM�H `2�H K�i`Bt �M/ U Bb � mMBi�`v K�i`Bt BX2X UU∗ = InX .2}M2

i?2 +QQ`/BM�i2b ψ = (w1, ..., wn) = D1/2Ū ◦ φX h?2 K�T ψ Bb ?QHQKQ`T?B+ bBM+2 Bi Bb

QMHv � HBM2�` i`�Mb7Q`K Q7 φ- �M/ Bi b�iBb}2b ψ(p) = D1/2Uφ(p) = 0X hQ b22 i?�i ψ

b�iBb}2b i?2 b2+QM/ +QM/BiBQM- r`Bi2

U = [Ujk], D = [Djk], �M/ B = [Bjk].
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h?2 K�i`Bt 2[m�iBQM UBU∗ = D BKTHB2b i?�i

∑

s,t

UjsBstŪkt = Djk.

�HbQ- Bi 7QHHQrb 7`QK ψ = D1/2Ū ◦ φ i?�i

zs =
∑

k

UksD
−1/2
kk wk.

h?2M

h(
∂

∂wj
,
∂

∂wk̄
) = h

(
∂zs

∂wj

∂

∂zs
,
∂z t̄

∂wk̄

∂

∂z t̄

)

= D−1/2
kk D−1/2

jj

∑

s,t

UjsBstŪkt

= D−1/2
kk D−1/2

jj Djk

= δjk

aQ QM2 +�M �bbmK2 i?�i (z1, ..., zn) b�iBb}2b i?2 }`bi irQ +QM/BiBQMbX h?2 H�bi +QM/BiBQM

Bb Q#i�BM2/ #v �TTHvBM; i?2 [m�/`�iB+ +?�M;2 wj = zj + Aj
klz

kzl 7Q` bmBi�#H2 +QKTH2t

MmK#2`b Aj
klX LQiB+2 i?�i wj(p) = 0 �M/ ∂

∂wj

∣∣∣∣
p

=
∂

∂zj

∣∣∣∣
p

7Q` j = 1, ..., nX >2M+2

+QM/BiBQM R �M/ k �`2 T`2b2`p2/ #v i?2b2 +QQ`/BM�i2 +?�M;2bX G2i

hjk̄ = h

(
∂

∂zj
,
∂

∂zk̄

)
h̃jk̄ = h

(
∂

∂wj
,
∂

∂wk̄

)
.
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Ai 7QHHQrb i?�i

hjk̄ =
∂ws

∂zj
∂wt̄

∂zk̄
h̃s,t̄

= (δsj + 2As
jqz

q)(δt̄k̄ + 2At̄
k̄q̄z

q̄)h̃s,t̄

h?2M
∂hjk̄

∂zr
= 2δt̄k̄A

s
jrh̃s,t̄ + (δsj + 2As

jqz
q)(δt̄k̄ + 2At̄

k̄q̄z
q̄)
∂h̃s,t̄

∂zr

�i z = p- zq = 0- h̃s,t̄ = δs,t̄, �M/ ∂

∂wj
=

∂

∂zj
X >2M+2-

∂hjk̄

∂zr

∣∣∣∣
p

= 2Ak
jr +

∂h̃jk̄

∂wr

∣∣∣∣∣
p

.

h?2 /2bB`2/ +QKTH2t MmK#2`b �`2 i?2M ;Bp2M #v

Ak
jr =

1

4

(
∂h̃jk̄

∂zr

∣∣∣∣∣
p

+
∂h̃r,k̄

∂zj

∣∣∣∣∣
p



 ,

�b +�M #22M b22M BM

∂h̃jk̄

∂wr

∣∣∣∣∣
p

+
∂h̃r,k̄

∂wj

∣∣∣∣∣
p

=
∂h̃jk̄

∂zr

∣∣∣∣∣
p

+
∂h̃r,k̄

∂zj

∣∣∣∣∣
p

− 2Ak
jr − 2Ak

rj = 0.

*QQ`/BM�i2b r?B+? b�iBb}2b i?2 +QM/BiBQMb BM T`QTQbBiBQM jXN �`2 +�HH2/ >2`KBiB�M

MQ`K�H +QQ`/BM�i2bX LQiB+2 i?�i #v i�FBM; i?2 +QMDm;�i2 Q7 i?2 b2+QM/ +QM/BiBQM- QM2
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Q#i�BMb

∂l̄∂hkj̄(p) = −∂j̄∂hkl̄(p)

�M/ i?2 M2ti irQ +Q`QHH�`B2b 7QHHQr BKK2/B�i2HvX

*Q`QHH�`v jXRy G2i h #2 � E ?H2` K2i`B+ �M/ (z1, ..., zn) #2 >2`KBiB�M MQ`K�H +QQ`@

/BM�i2b �i pX h?2M

dhjk̄(p) = 0 7Q` �HH j, k = 1, ..., n.

*Q`QHH�`v jXRR �HH Q7 *?`BbiQz2H bvK#QHb p�MBb? BM >2`KBiB�M MQ`K�H +QQ`/BM�i2bX

lbBM; >2`KBiB�M MQ`K�H +QQ`/BM�i2b ;Bp2b � b?Q`i T`QQ7 Q7 i?2 7QHHQrBM; i?2Q`2K �#Qmi

i?2 +m`p�im`2 i2MbQ`bX

h?2Q`2K jXRk G2i h #2 � E ?H2` K2i`B+ �M/ (z1, ..., zn) #2 �Mv ?QHQKQ`T?B+ +QQ`/B@

M�i2bX h?2M

RX �HH +m`p�im`2 +Q2{+B2Mi p�MBb? 2t+2Ti TQbbB#Hv Rαβ̄γσ̄ �M/ Rαβ̄γ̄σX

kX h?2 i2MbQ` +Q2{+B2Mib Rαβ̄γσ̄ +QKTH2i2Hv /2i2`KBM2b i?2 +m`p�im`2 i2MbQ`X

jX h?2 +m`p�im`2 i2MbQ` +Q2{+B2Mib �`2 bvKK2i`B+ rBi? `2bT2+i iQ brBi+?BM; BM/2t2b

Q7 i?2 b�K2 ivT2 BX2X Rαβ̄γσ̄ = Rγβ̄ασ̄ = Rασ̄γβ̄XXX2i+X

9X h?2 +m`p�im`2 i2MbQ` +Q2{+B2Mib �`2 +QMDm;�i2 bvKK2i`B+ r?2M �HH BM/2t2b Q7

/Bz2`2Mi ivT2b �`2 brBi+?2/ BX2X Rαβ̄γσ̄ = Rσγ̄βᾱ.

S`QQ7X _2+�HH i?�i

Rsjkl = h(R∂k∂l∂s, ∂j),

9N



�M/

R∂k∂l∂s = DkDl∂s −DlDk∂s −D[∂k,∂l]∂s = DkDl∂s −DlDk∂s.

Ai Bb +H2�` 7`QK i?2 /2}MBiBQM Q7 � >2`KBiB�M K2i`B+ �M/ i?2 7�+i i?�i i?2 G2pB@*BiBp�

+QMM2+iBQM T`2b2`p2b i?2 ivT2 Q7 p2+iQ` }2H/b i?�i �HH +m`p�im`2 i2MbQ` +Q2{+B2Mib

p�MBb? 2t+2Ti TQbbB#Hv Rαβ̄klX Ai `2K�BMb iQ b?Qr i?�i Rαβ̄σγ = Rαβ̄σ̄γ̄ = 0X LQiB+2

i?�i bBM+2 i?2 i2MbQ`b �`2 7mM+iBQM@HBM2�`- Bi +�M #2 �bbmK2/ i?2 +QQ`/B�Mi2b (z1, ..., zn)

�`2 >2`KBiB�M MQ`K�HX h?2M +Q`QHH�`v jXRR ;Bp2b

R∂σ∂γ∂α = (DσDγ −DγDσ)∂α

= Dσ(Γ
ν
γα∂ν)−Dγ(Γ

ν
σα∂ν)

= (∂σΓ
ν
γα − ∂γΓ

ν
σα)∂ν

6`QK T`QTQbBiBQM jXd �M/ +Q`QHH�v jXRy-

∂σΓ
ν
γα = ∂σ(h

µ̄ν∂γhαµ̄) = ∂σ∂γhαν̄ .

aBKBH�`Hv-

∂γΓ
ν
σα = ∂γ∂σhαν̄ .

h?Bb b?Qrb i?�i R∂σ∂γ∂α = 0X PM2 +�M �HbQ b?Qr BM i?2 b�K2 r�v i?�i R∂σ̄∂γ̄∂α = 0X

h?Bb +QKTH2i2b i?2 T`QQ7 Q7 URVX S�`i UkV 7QHHQrb 7`QK i?2 7m+MiBQM HBM2�`Biv Q7 i?2

i2MbQ` �M/ i?2 7�+i i?�i Rαβ̄γσ̄ = −Rαβ̄σ̄γ X hQ T`Qp2 UjV �M/ U9V- Bi +�M �;�BM #2
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�bbmK2/ i?�i i?2 +QQ`/B�Mi2b �`2 >2`KBiB�M MQ`K�HX h?2M

Rαβ̄γσ̄ = h((DγDσ̄ −Dσ̄Dγ)∂α, ∂β̄)

= −h(Dσ̄Dγ∂α, ∂β̄) (Dσ̄∂α = 0)

= −h(Dσ̄(Γ
ν
γα∂ν), ∂β̄)

= −h(∂σ̄(h
µ̄ν∂γhαµ̄)∂ν , ∂β̄)

= −hµ̄νhνβ̄∂σ̄∂γhαµ̄ (β = µ = ν)

= −∂σ̄∂γhαβ̄ (β = µ = ν)

h?2 +QM+HmbBQM MQr 7QHHQrb 7`QK i?2Q`2K jXk �M/ i?2 >2`KBiB�M bvKK2i`v Q7 hX

G2i (M, g) #2 � _B2K�MM�BM K�MB7QH/- �M/ H2i u, v ∈ TpM #2 `2�H p2+iQ`b �i bQK2

TQBMi p BM M X h?2 _B2K�MMB�M b2+iBQM�H +m`p�im`2 Q7 i?2 b2+iBQM bT�MM2/ #v u �M/ v

Bb ;Bp2M #v

K(u, v) =
g(DuDvv −DvDuv −D[u,v]v, u)

‖u‖2‖v‖2 .

h?2 �M�HQ;Qmb /2}MBiBQM 7Q` +QKTH2t K�MB7QH/ Bb ;Bp2M #2HQrX

.2}MBiBQM jXRj G2i (M,h) #2 � >2`KBiB�M K�MB7QH/ �M/ H2i X #2 � p2+iQ` Q7 ivT2

(1, 0)X h?2 ?QHQKQ`T?B+ b2+iBQM�H +m`p�im`2 BM i?2 b2+iBQM bT�MM2/ #v X Bb /2}M2/ �b

H(X) :=
R(X, X̄,X, X̄)

h(X, X̄)2
.

:Bp2M �Mv ?QHQKQ`?TB+ +QQ`/B�Mi2b (z1, ..., zn)- i?2 p2+iQ` X +�M #2 r`Bii2M �b X =

8R



Xα∂αX h?2M

R(X, X̄,X, X̄) = Rαβ̄γσ̄XαX β̄XγX σ̄

= Rβᾱσγ̄X
ᾱXβX γ̄Xσ

= R(X, X̄,X, X̄)

h?2`27Q`2- H(X) Bb `2�HX LQi2 i?�i 7Q` �Mv MQM@x2`Q +QKTH2t MmK#2` λ- H(λX) =

H(X) BX2X Bi bm{+2 iQ +QMbB/2` p2+iQ`b rBi? MQ`K 2[m�H iQ R iQ /2}M2 i?2 ?QHQKQ`T?B+

b2+iBQM�H +m`p�im`2X

S`QTQbBiBQM jXR9 G2i (M,h) #2 � >2`KBiB�M K�B7QH/- u ∈ TM � `2�H p2+iQ`- �M/

X = (u− iJu)/2X h?2M

K(u, Ju) = 2H(X).

S`QQ7X G2i g /2MQi2 i?2 J@BMp�`B�Mi K2i`B+ �bbQ+B�i2/ rBi? hX h?2M #v /2}MBiBQM-

K(u, Ju) =
g(RuJuJu, u)

g(u, u)g(Ju, Ju)
.

LQiB+2 i?�i h(X, X̄) = h(X + X̄,X + X̄) = h(u, u) = g(u, u) bBM+2 i?2 �bbQ+B�i2/

(1, 1) 7Q`K b�iBb}2b ω(u, u) = 0X �HbQ- g(u, u) = g(Ju, Ju)X Ai 7QHHQrb i?�i

K(u, Ju) =
g(RuJuJu, u)

h(X, X̄)2
.

8k



lbBM; T`QTQbBiBQM kXRR-

g(RuJuJu, u) = _2 h(RuJuJu, u)

= _2 R(Ju, u, u, Ju)

= _2 R(i(X − X̄), X + X̄,X + X̄, i(X − X̄))

= _2 R(X, X̄,X, X̄)− _2 R(X, X̄, X̄,X)

= 2_2 R(X, X̄,X, X̄)

= 2R(X, X̄,X, X̄)

h?2`27Q`2-

K(u, Ju) =
2R(X, X̄,X, X̄)

h(X, X̄)2
= 2H(X).

jXj >2`KBiB�M *�MQMB+�H *QMM2+iBQM

G2i (M,h) #2 � >2`KBiB�M K�MB7QH/X Ai r�b b?QrM BM i?2 T`2pBQmb b2+iBQM i?�i 7Q` �

C@HBM2�` �{M2 +QMM2+iBQM ∇ iQ 2tBbi QM TMC- r?B+? T`2b2`p2b i?2 ivT2 Q7 p2+iQ` }2H/b

�M/ b�iBb}2b #Qi? K2i`B+ +QKT�iB#BHBiv �M/ iQ`bBQM@7`22M2bb- h Kmbi #2 E ?H2`X 6Q` �

;2M2`�H >2`KBiB�M K2i`B+- QM2 Q7 i?2 +QM/BiBQMb i?�i ∇ b�iBb}2b ?�b iQ #2 /`QTT2/-

�M/ Bi Bb ;2M2`�HHv �;`22/ i?�i Bi Bb i?2 iQ`bBQM@7`22 +QM/BiBQM i?�i Bb MQi �bbmK2/X

G2i T #2 i?2 iQ`bBQM i2MbQ` Q7 ∇ BX2X

T (X, Y ) = ∇XY −∇YX − [X, Y ].

8j



G2KK� jXR8 amTTQb2 T b�iBb}2b T (X, X̄) = 0 7Q` �Mv (1, 0) ivT2 p2+iQ`X h?2M

T (X, Ȳ ) = 0,

7Q` 2p2`v (1, 0) ivT2 p2+iQ`b X, Y X

S`QQ7X :Bp2M X, Y BM TM1,0- QM2 ?�b

0 = T (X + Y, X̄ + Ȳ ) = T (X, Ȳ ) + T (Y, X̄),

r?B+? BKTHB2b T (X, Ȳ ) = T (X̄, Y )X am#biBimiBM; iY BM TH�+2 Q7 Y - QM2 Q#i�BMb

−T (X, Ȳ ) = T (X̄, Y ). h?2`27Q`2-

T (X, Ȳ ) = −T (X, Ȳ ) = 0.

Ai im`M2/ Qmi i?�i i?Bb r2�F2` iQ`bBQM@7`22 +QM/BiBQM Bb `2+Qp2`�#H2 7Q` � ;2M2`�H >2`@

KBiB�M K2i`B+ �b rBHH #2 /2KQMbi`�i2/ BM i?2 M2ti i?2Q`2KX

h?2Q`2K jXRe G2i (M,h) #2 � >2`KBiB�M K�MB7QH/X h?2M i?2`2 2tBbib � mMB[m2

C@HBM2�` �{M2 +QMM2+iBQM ∇ r?B+? b�iBb}2b

RX ∇ T`2b2`p2b i?2 ivT2 Q7 p2+iQ` }2H/bX

kX ∇ Bb +QKT�iB#H2 rBi? i?2 K2i`B+X

jX h?2 iQ`bBQM i2MbQ` T Q7 ∇ b�iBb}2b T (X, X̄) 7Q` �Mv X ∈ TM1,0X
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S`QQ7X G2i X �M/ Y #2 ivT2 (1, 0) p2+iQ`b �M/ /2}M2

∇X̄Y = [X̄, Y ]1,0, ∇X Ȳ = [X, Ȳ ]0,1, UjXRV

r?2`2 i?2 [X̄, Y ]1,0 �M/ [X, Ȳ ]0,1 BM/B+�i2 i?2 (1, 0) �M/ (0, 1) +QKTQM2Mib Q7 [X̄, Y ]

�M/ [X, Ȳ ]- `2bT2+iBp2HvX LQi2 i?�i i?Bb BKTHB2b i?2 iQ`bBQM i2MbQ` b�iBb}2b +QM/BiBQM

(3) BX2X

T (X, X̄) = ∇XX̄ −∇X̄X − [X, X̄] = [X, X̄]0,1 + [X, X̄]1,0 − [X, X̄] = 0.

h?2 p2+iQ` }2H/b ∇XY �M/ ∇X̄ Ȳ �`2 /2}M2/ #v i?2 2[m�iBQMb

h(∇XY, Z̄) = Xh(Y, Z̄)− h(Y, [X, Z̄]0,1)

h(Z,∇XY ) = 0

h(Z,∇X̄ Ȳ ) = X̄h(Z, Ȳ )− h([X̄, Z]1,0, Ȳ )

h(∇X̄ Ȳ , Z̄) = 0,

UjXkV

r?2`2 Z Bb �Mv �`#Bi`�`v (1, 0) p2+iQ` }2H/X "v b2iiBM;

∇XY = ∇X1,0Y1,0 +∇X0,1Y1,0 +∇X1,0Y0,1 +∇X0,1Y0,1

7Q` �`#Bi`�`v +QKTH2t p2+iQ` }2H/b X, Y - Bi Bb +H2�` i?�i ∇ Bb � C@HBM2�` �{M2 +QMM2+iBQM

QM TMCX Ai Bb �HbQ +H2�` 7`QK UjXRV �M/ UjXkV i?�i ∇ T`2b2`p2b i?2 ivT2 Q7 p2+iQ` }2H/b
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�M/ b�iBb}2b K2i`B+ +QKT�iB#BHBivX hQ b?Qr mMB[m2M2bb- bmTTQb2 ∇̃ Bb �MQi?2` bm+?

+QMM2+iBQMX h?2M H2KK� jXR8 BKTHB2b i?�i 7Q` p2+iQ` }2H/b X �M/ Y Q7 ivT2 (1, 0)

0 = T (X, Ȳ ) = ∇̃X Ȳ − ∇̃ȲX − [X, Ȳ ].

aBM+2 ∇̃ T`2b`2p2b i?2 ivT2 Q7 p2+iQ` }2H/b- QM2 Kmbi ?�p2

∇̃X Ȳ = [X, Ȳ ]0,1

∇̃ȲX = −[X, Ȳ ]1,0

6BM�HHv- K2i`B+ +QKT�iB#BHBiv BKTHB2b i?�i

Xh(Y, Z̄) = h(∇̃XY, Z̄) + h(Y, ∇̃XZ̄),

Q`

h(∇̃XY, Z̄) = Xh(Y, Z̄)− h(Y, [X, Z̄]0,1)

*QM/BiBQM (1) BKTHB2b i?�i h(Z, ∇̃XY ) = 0X aBKBH�` `2�bQMBM; rBHH b?Qr i?�i

h(Z, ∇̃X̄ Ȳ ) = X̄h(Z, Ȳ )− h([X̄, Z]1,0, Ȳ )

h(∇̃X̄ Ȳ , Z̄) = 0.

h?2`27Q`2- i?2 +QMM2+iBQM ∇̃ Kmbi +QBM+B/2 rBi? ∇X

h?2 mMB[m2 +QMM2+iBQM BM i?2Q`2K jXRe Bb +�HH2/ i?2 >2`KBiB�M +�MQMB+�H +QMM2+iBQM

8e



Q7 hX Ai Bb �HbQ bQK2iBK2b +�HH2/ i?2 *?2`M +QMM2+iBQM Q7 hX

G2i (z1, ..., zn) #2 ?QHQKQ`?TB+ +QQ`/BM�i2bX �b BM i?2 E ?H2` +�b2- i?2 *?`BbiQz2H

bvK#QHb Q7 � >2`KiB�M +QMM2+iBQM rBHH #2 /2MQ�i2/ #v Γl
jkX Ai 7QHHQrb 7`QK i?Q2`2K

jXRe i?�i �HH *?`BbiQz2H bvK#QHb p�MBb? 2t+2Ti TQbbB#H2 Γγ
αβ �M/ Γγ̄

ᾱβ̄
X �HbQ- i?2 b�K2

+QKTmi�iBQM i?�i ?�b #22M /QM2 7Q` i?2 E ?H2` +�b2 b?Qrb i?�i

Γγ
αβ = hσ̄γ∂αhβσ̄

Γγ̄
ᾱβ̄

= hγ̄σ∂ᾱhσβ̄.

UjXjV

h?2 +m`p�im`2 i2MbQ`b �M/ i?2 i2MbQ` +Q2{+B2Mib �`2 /2}M2/ �b BM i?2 E ?H2` +�b2X

h?2M

h?2Q`2K jXRd G2i h #2 � >2`KBiB�M K2i`B+ �M/ (z1, ..., zn) #2 �Mv ?QHQKQ`T?B+ +Q@

Q`/BM�i2bX h?2M

RX �HH +m`p�im`2 +Q2{+B2Mi p�MBb? 2t+2Ti TQbbB#Hv Rαβ̄γσ̄ �M/ Rαβ̄γ̄σX

kX h?2 i2MbQ` +Q2{+B2Mib Rαβ̄γσ̄ +QKTH2i2Hv /2i2`KBM2b i?2 +m`p�im`2 i2MbQ`X

jX Rαβ̄γσ̄ = −∂σ̄∂γhαβ̄ + hν̄µ(∂σ̄hµβ̄)(∂γhαν̄)X

S`QQ7X aBM+2 i?2 *?2`M +QMM2+BiQM T`2b2`p2b i?2 ivT2 Q7 p2+iQ` }2H/b- Bi Bb +H2�` i?�i

�HH i2MbQ`b +Q2{+B2Mi p�MBb? 2t+2Ti i?Qb2 Q7 i?2 7Q`K Rαβ̄jkX �bb2`iBQM (1) Bb T`Qp2/
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B7 Bi Bb b?QrM i?�i R∂α∂β∂γ = R∂ᾱ∂β̄∂γ̄ = 0. "v /2}MBiBQM-

R∂α∂β∂γ = ∇α∇β∂γ −∇β∇α∂γ

= ∇α(Γ
σ
βγ∂σ)−∇β(Γ

σ
αγ∂σ)

= (∂αΓ
σ
βγ + Γµ

βγΓ
σ
αµ − ∂βΓ

σ
αγ − Γµ

αγΓ
σ
βµ)∂σ.

UjX9V

lbBM; 2[m�iBQM jXj-

∂αΓ
σ
βγ = ∂α(h

µ̄σ∂βhγµ̄) = (∂αh
µ̄σ)(∂βhγµ̄) + hµ̄σ∂α∂βhγµ̄ UjX8V

aBKBH�`Hv-

∂βΓ
σ
αγ = (∂βh

µ̄σ)(∂αhγµ̄) + hµ̄σ∂β∂αhγµ̄ UjXeV

LQiB+2 i?�i hµη̄hν̄µ = δνη - BKTHB2b hµη̄∂αhν̄µ = −hν̄µ∂αhµη̄X h?2M

Γµ
βγΓ

σ
αµ = hν̄µ(∂βhγν̄)h

η̄σ(∂αhµη̄)

= −hµη̄h
η̄σ(∂αh

ν̄µ)(∂βhγν̄)

= −(∂αh
µ̄σ)(∂βhγµ̄)

UjXdV

ar�TTBM; α �M/ β- QM2 ;2ib

Γµ
αγΓ

σ
βµ = −(∂βh

µ̄σ)(∂αhγµ̄) UjX3V
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am#biBimiBM; UjX8V- UjXeV- UjXdV- UjX3V BM UjX9V ;Bp2b i?�i

R∂α∂β∂γ = 0.

� bBKBH�` �`;mK2i b?Qrb i?�i R∂ᾱ∂β̄∂γ̄ = 0X �bb2`iBQM (2) 7QHHQrb 7`QK i?2 7�+i i?�i

Rαβ̄γσ̄ = −Rαβ̄σ̄γ X �bb2`iBQM (3) Bb T`Qp2/ #v i?2 7QHHQrBM; /B`2+iBQM +QKTmi�iBQMX

aBM+2 ∇β̄γ = 0-

R∂γ∂σ̄∂α = −∇σ̄∇γ∂α = −∂σ̄Γµ
γα∂µ.

h?2M

Rαβ̄γσ̄ = h(R∂γ∂σ̄∂α, β̄)

= −hµβ̄∂σ̄Γ
µ
γα

= −hµβ̄∂σ̄(h
ν̄µ∂γhαν̄)

= −∂σ̄∂γhαβ̄ − hµβ̄(∂σ̄h
ν̄µ)(∂γhαν̄)

= −∂σ̄∂γhαβ̄ + hν̄µ(∂σ̄hµβ̄)(∂γhαν̄)

h?2 ?QHQKQ`T?B+ b2+iBQM�H +m`p�im`2 Bb �HbQ /2}M2/ �b BM i?2 E ?H2` +�b2 BX2X 7Q`

� p2+iQ` Q7 ivT2 (1, 0) i?2 ?QHQKQ`T?B+ b2+iBQM�H +m`p�im`2 BM i?2 b2+iBQM bT�MM2/ #v

X Bb ;Bp2M #v

H(X) =
R(X, X̄,X, X̄)

h(X, X̄)2
.
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jX9 *m`p�im`2 Q7 am#K�MB7QH/ BM i?2 >2`KBiB�M

*�b2

h?2 ;Q�H Q7 i?Bb b2+iBQM Bb iQ T`2b2Mi i?2 /2+`2�bBM; T`QT2`iv Q7 ?QHQKQ`T?B+ b2+iBQM�H

+m`p�im`2b BX2X i?2 ?QHQKQ`T?B+ b2+iBQM�H +m`p�im`2 Q7 � bm#K�MB7QH/ +�MMQi 2t+22/

i?�i Q7 i?2 �K#B�Mi K�MB7QH/X G2i (M,h) #2 � >2`KBiB�M K�MB7QH/ Q7 /BK2MbBQM m+n-

�M/ H2i M ′ #2 � bm#K�MB7QH/ Q7 M Q7 /BK2MbBQM nX h?2 BM/m+2/ >2`KBiB�M K2i`B+ QM

M ′ rBHH #2 /2MQi2/ #v h′X G2i ∇ �M/ ∇′ /2MQi2 i?2 *?2`M +QMM2+iBQM �bbQ+B�i2/ rBi?

h �M/ h′- `2bT2+iBp2HvX

S`QTQbBiBQM jXR3 6Q` �Mv p2+iQ` }2H/b X �M/ Y QM M ′- i?2 p2+iQ` }2H/ Bb ∇XY Bb

r2HH@/2}M2/ BX2X Bi /Q2b MQi /2T2M/ QM i?2 2ti2MbBQM Q7 X Q` Y BM M X

1bb2MiB�HHv i?2 T`QQ7 ;Q2b QM iQ b?Qr i?�i i?2 p�Hm2 Q7 ∇XY �i � TQBMi p ∈ M

/2T2M/b QMHv QM i?2 p�Hm2 Xp �M/ i?2 p�Hm2b Q7 Y �HQM; �Mv +m`p2 λ(t) BM M ′ bm+?

i?�i dλ

dt

∣∣∣∣
p

= YpX h?2 T`QQ7 Q7 i?2b2 7�+ib +�M #2 7QmM/ BM (RR)X

.2}MBiBQM jXRN G2i Γ(TM ′
C) /2MQi2 i?2 bT�+2 Q7 b2+iBQMb Q7 TM ′

CXh?2 b2+QM/ 7mM@

/�K2Mi�H 7Q`K Q7 M ′ BM M Bb i?2 #BHBM2�` K�T Π : Γ(TM ′
C) × Γ(TM ′

C) → Γ(TMC)

;Bp2M #v

Π(X, Y ) = ∇XY −∇′
XY.

Ai Bb +H2�` i?�i Π Bb i2MbQ`B�H BM #Qi? �`;mK2Mib BX2X 7Q` bKQQi? +QKTH2t@p�mH2/

7mM+iBQMb f �M/ g QM M ′- QM2 ?�b

Π(fX, gY ) = fgΠ(X, Y ).

ey



Ai 7QHHQrb i?2M 7`QK i?2Q`2K jXRe i?�i

Π(X, Ȳ ) = Π(X̄, Y ) = 0,

7Q` �Mv p2+iQ`b X �M/ Y Q7 ivT2 (1, 0)X

S`QTQbBiBQM jXky 6Q` �Mv p2+iQ`b X- Y �M/ Z Q7 ivT2 (1, 0) QM M ′-

h(Π(X, Y ), Z̄) = 0.

S`QQ7X "v /B`2+i +QKTmi�iBQM-

h(Π(X, Y ), Z̄) = h(∇XY, Z̄)− h(∇′
XY, Z̄)

= h(∇XY, Z̄)− h′(∇′
XY, Z̄)

= Xh(Y, Z̄)− h(Y,∇XZ̄)−Xh′(Y, Z̄) + h′(Y,∇′
XZ̄)

= h(Y,∇′
XZ̄)− h(Y,∇XZ̄)

= −h(Y,Π(X, Z̄))

= 0

G2i R �M/ R′ /2MQi2 i?2 +m`p�im`2 i2MbQ` Q7 M �M/ M ′- `2bT2+iBp2HvX h?2M

h?2Q`2K jXkR 6Q` �Mv p2+iQ`b X, Y, Z,W Q7 ivT2 (1, 0) QM M -

R(X, Ȳ , Z, W̄ ) = R′(X, Ȳ , Z, W̄ ) + h(Π(Z,X),Π(W̄ , Ȳ )).

eR



S`QQ7X bBM+2 i?2 R- R′ �M/ h �`2 i2MbQ`b- Bi Bb 2MQm;? iQ T`Qp2 i?2 i?2Q`2K BM �

+QQ`/BM�i2bX G2i (z1, ..., zn, ..., zn+m) #2 bHB+2 +QQ`/BM�i2b QM M BX2X (z1, ..., zn) 7Q`K �

+QQ`/BM�i2 bvbi2K QM M ′X .2MQi2 #v Παβ i?2 p2+iQ` }2H/ Π(∂α, ∂β)X h?2M #v /2}iMBQM-

Rαβ̄γσ̄ = h(R∂γ∂σ̄∂α, β̄)

= −h(∇σ̄∇γ∂α, ∂β̄)

= −∂σ̄h(∇γ∂α, ∂β̄) + h(∇γ∂α,∇σ̄∂β̄),

r?2`2 α, β, γ, σ = 1, ..., n. am#biBimiBM; ∇γ∂α = ∇′
γ∂α +Πγα �M/ ∇σ̄∂β̄ = ∇′

σ̄∂β̄ +Πσ̄β̄

;Bp2b

Rαβ̄γσ̄ = −∂σ̄h(∇′
γ∂α + Πγα, ∂β̄) + h(∇′

γ∂α + Πγα,∇′
σ̄∂β̄ + Πσ̄β̄).

Ai 7QHHQrb 7`QK T`QTQbBiBQM jXky �M/ K2i`B+ +QKT�iB#BHBiv i?�i

Rαβ̄γσ̄ = −∂σ̄h(∇′
γ∂α, ∂β̄) + h(∇′

γ∂α,∇′
σ̄∂β̄) + h(Πγα,Πσ̄β̄)

= −∂σ̄h′(∇′
γ∂α, ∂β̄) + h′(∇′

γ∂α,∇′
σ̄∂β̄) + h(Πγα,Πσ̄β̄)

= −h′(∇′
σ̄∇′

γ∂α, ∂β̄) + h(Πγα,Πσ̄β̄)

= R′
αβ̄γσ̄ + h(Πγα,Πσ̄β̄)

6Q` � ;Bp2M p2+iQ` X Q7 ivT2 (1, 0)- H2i H(X) �M/ H ′(X) /2MQi2 i?2 ?QHQKQ`T?B+

b2+iBQM�H +m`p�im`2 BM M �M/ M ′- `2bT2+iBp2HvX h?2M � /B`2+i +QMb2[m2M+2 Q7 i?2

ek



T`2pBQmb i?2Q`2K Bb

*Q`QHH�`v jXkk 6Q` �Mv p2+iQ` X Q7 ivT2 (1, 0) QM M -

H(X) = H ′(X) +
‖Π(X,X)‖2

‖X‖4 .

AM T�`iB+mH�` H ≥ H ′X

ej



*>�Sh1_ 9

6ALaG1_ ah_l*hl_1 PL

*PJSG1s J�LA6PG.a

G2i M #2 � +QKTH2t K�MB7QH/ �M/ /2MQi2 � TQBMi BM TM #v (z, ζ)- r?2`2 z Bb i?2

#�b2 +QQ`/BM�i2 �M/ ζ Bbi ?2 }#2` +QQ`/BM�i2X � +QKTH2t 6BMbH2` bi`m+im`2 QM M Bb �

7mM+BQM F : TM → R r?B+? b�iBb}2b

RX F Bb bKQQi? QmibB/2 i?2 x2`Q b2+iBQM Q7 TM

kX F (z, ζ) ≥ 0 7Q` �HH (z, ζ) ∈ TM �M/ F (z, ζ) = 0 ⇔ ζ = 0X

jX F (z,λζ) = |λ|2F (z, ζ), 7Q` �HH (z, ζ) ∈ TM �M/ λ ∈ CX

AM i?Bb +?�Ti2`- Bi rBHH #2 b?QrM ?Qr � +QKTH2t }MbH2` bi`m+im`2 ;Bp2b `Bb2 iQ � >2`KB@

iB�M bi`m+im`2 QM i?2 T`QD2+iBpBx�iBQM Q7 i?2 i�M;2Mi #mM/H2- �M/ ?Qr QM2 +�M /2}M2

i?2 ?QHQKQ`T?B+ +m`p�im`2 7Q` i?Bb +�b2X h?2 Q`B;BM�H rQ`F +�M #2 7QmM/ BM (Rk)X

e9



9XR S`QD2+iBp2 �M/ SmHH#�+F "mM/H2

.2}MBiBQM 9XR � ?QHQKQ`T?B+ p2+iQ` #mM/H2 E Qp2` � +QKTH2t K�MB7QH/ M Bb � p2+iQ`

#mM/H2 rBi? � T`QD2+iBQM K�T π : E → M r?B+? b�iBb}2b

RX h?2 }#2`b Q7 E �`2 +QKTH2t p2+iQ` bT�+2bX

kX h?2 iQi�H bT�+2 E Bb � +QKTH2t K�MB7QH/X

jX h?2 K�T π Bb ?QHQKQ`T?B+X

6Q` 2�+? p ∈ M - i?2 }#2` π−1(p) rBHH #2 /2MQi2/ #v EpX h?2 `�MF Q7 E Bb i?2

/BK2MbBQM Q7 Bib }#2`bX G2i PEp /2MQi2 i?2 T`QD2+iBpBx�iBQM Q7 EpX

.2}MBiBQM 9Xk G2i E #2 � ?QHQKQ`T?B+ p2+iQ` #mM/H2X h?2 T`QD2+iBp2 #mM/H2 �bbQ@

+B�i2/ rBi? E- /2MQi2/ #v PE- Bb i?2 +QHH2+iBQM Q7 �HH T`QD2+iBpB2/ }#2`b BX2X

PE = ∪p∈MPEp.

Ai 7QHHQrb i?�i B7 E ?�b `�MF r- i?2M i?2 `�MF Q7 PE Bb r − 1X PM2 b?QmH/ i?BMF Q7 �

TQBMi BM PE Qp2` p ∈ M �b � +QKTH2t HBM2 BM EpX h?2M i?2`2 Bb � M�im`�H T`QD2+iBQM

K�T πP : PE → M r?B+? b2M/b x ∈ PE iQ p ∈ M B7 x ∈ PEpX h?Bb T`QD2+iBQM BM im`M

BM/m+2b � #mM/H2 Qp2` PE +�HH2/ i?2 TmHH#�+F #mM/H2 r?B+? Bb /2}M2/ �b 7QHHQrX G2i

Ẽ = {(x, v) ∈ PE × E; πP (x) = π(v)} 2[mBTT2/ rBi? i?2 bm#bT�+2 iQTQHQ;v �M/ i?2

T`QD2+iBQM K�T π̃ : Ẽ → PE ;Bp2M #v π̃(x, v) = xX G2i e : Ẽ → E #2 i?2 T`QD2+iBQM

e8



QMiQ i?2 b2+QM/ 7�+iQ` BX2X e(x, v) = vX h?2M QM2 ?�b i?2 7QHHQrBM; +QKKmiBM; /B�;`�K

Ẽ
e−−−→ E

π̃

.
.π

PE πP

−−−→ M

Ai Bb mb27mH iQ i?BMF Q7 Ẽ BM i2`Kb Q7 Bib }#2`bX A7 x Bb � TQBMi BM PE- r?B+? Bib2H7

`2T`2b2Mib � HBM2 BM Ep Qp2` bQK2 TQBMi p BM M - i?2M �M 2H2K2Mi BM Ẽx Bb � p2+iQ` BM

Ep �ii�+?2/ iQ i?2 HBM2 xX "v i�FBM; �HH i?2 p2+iQ`b BM Ẽx r?B+? HB2 QM i?2 HBM2 x- �M/

i?2M i�FBM; i?Bb +QHH2+iBQM 7Q` �HH x ∈ PE- QM2 Q#i�BMb i?2 i�miQHB;B+�H HBM2 bm##mM/H2

L ⊂ ẼX

hQ ;2i � HQ+�H 2tT`2bbBQM 7Q` i?2 �#Qp2 +QMbi`m+iBQMb- H2i (z1, ..., zn) #2 � HQ+�H

?QHQKQ`T?B+ +QQ`/BM�i2b QM M X G2i (s1, ..., sr) #2 � HQ+�H 7`�K2 7Q` E �M/ (ζ1, ..., ζr)

#2 Bib /m�H 7`�K2 bQ i?�i (z1, ..., zn, ζ1, ..., ζr) �`2 ?QHQKQ`T?B+ +QQ`/BM�i2b 7Q` EX "v

b2iiBM;

Zj = ζj ◦ e,

QM2 Q#i�BMb i?2 HQ+�H +QQ`/BM�i2b (z1, ..., z1, ζ1, ..., ζr, Z1, ..., Zr) 7Q` ẼX h?2M i?2 i�m@

iQHQ;B+�H HBM2 #mM/H2 Bb /2}M2/ #v

Zj = ζj.

_2K�`F 9Xj RX Bi Bb BKTQ`i�Mi iQ MQi2 i?�i i?2 +QQ`/BM�i2b (ζ1, ..., ζn) �`2 ?Q@

KQ;2MQmb BM i?2 b2Mb2 i?�i �Mv [m�MiBiv /2}M2/ QM PE Q` Ẽ BMpQHpBM; i?2K

?�b iQ #2 +QMbi�Mi rBi? `2bT2+i iQ b+�HBM; #v � +QKTH2t MmK#2`X

kX Ai 7QHHQrb i?�i 7Q` MQM@x2`Q +QKTH2t MmK#2` λ- i?2 2[m�iBQMb Zj = λζj biBHH

ee



/2}M2b i?2 i�miQHQ;B�H HBM2 #mM/H2X

9Xk 6BMbH2` J2i`B+- *QMM2+iBQM- �M/ *m`p�im`2

G2i M #2 � +QKTH2t K�MB7QH/- P(TM) i?2 T`QD2+iBpB2/ i�M;2Mi #mM/H2- �M/ T̃M i?2

BM/m+2/ TmHH#�+F #mM/H2 rBi? (z1, ..., zn, ζ1, ..., ζn, Z1, ...Zn) �b HQ+�H +QQ`/BM�i2bX G2i

F #2 � 6BMbH2` bi`m+mim`2 QM M X h?2 _QK�M H2ii2`b j, k, s... rBHH #2 mb2/ iQ BM/B+�i2

i?2 /2`Bp�iBp2 rBi? `2bT2+i iQ z r?BH2 i?2 :`22F H2ii2`b α, β, γ... rBHH #2 mb2/ 7Q`

/2`Bp�iBp2b rBi? `2bT2+i iQ ζX JQ`2Qp2`- i?2 7QHHQrBM; MQi�iBQMb rBHH #2 mb2/X

∂α =
∂

∂ζα
, ∂j =

∂

∂zj
,

Fα = ∂αF, Fj = ∂j̄F, Fαj̄ = ∂α∂j̄F · · · �M/ bQ QMX

_2+�HH i?�i- #v /2}MBiBQM- F (z,λζ) = |λ|2F (z, ζ) 7Q` �Mv +QKTH2t MmK#2` λX h�F@

BM; i?2 /2`Bp�iBp2 Q7 #Qi? bB/2b rBi? `2bT2+i iQ λ- QM2 Q#i�BMb

Fα(z,λζ)ζ
α = λ̄F (z, ζ).

.Bz2`2MiB�iBM; #Qi? bB/2b �;�BM rBi? `2bT2+i iQ λ̄ �M/ H2iiBM; λ = 1 ;Bp2b

Fαβ̄(z, ζ)ζ
αζ β̄ = F (z, ζ). U9XRV

PM i?2 Qi?2` ?�M/- /Bz2`2MiB�iBM; F (z,λζ) = |λ|2F (z, ζ) rBi? `2bT2+i iQ ζα �M/ i?2M

ed



rBi? ζ β̄ r?2M λ .= 0 vB2H/b

Fαβ̄(z,λζ) = Fαβ̄(z, ζ). U9XkV

h?2b2 2[m�iBQMb �HHQrb mb iQ /2}M2 � #BHBM2�` 7Q`K F̃ QM T̃M r?B+? BM HQ+�H +QQ`/B�Mi2b

Bb ;Bp2M #v

F̃(z,ζ) = Fαβ̄(z, ζ)Z
α ⊗ Z β̄ U9XjV

LQiB+2 i?�i 2[m�iBQM U9XkV BKTHB2b i?�i F̃ Bb r2HH@/2}M2/ 7Q` +QKTH2t HBM2b BM

P(TM)X JQ`2Qp2`- #v 2[m�iBQM U9XRV-

F̃z,ζ(ζ, ζ̄) = F (z, ζ), U9X9V

BX2X `2bi`B+iBM; F̃ QM i?2 i�miQHQ;B+�H HBM2 #mM/H2- QM2 +�M `2+Qp2` BM7Q`K�iBQM �#Qmi

i?2 6BMbH2` K2i`B+ F X A7 i?2 K�i`Bt (Fαβ̄) Bb >2`KBiB�M- i?2M F̃ Bb � >2`KBiB�M K2i`B+

QM T̃M �M/ i?2 i?2Q`v Q7 +?�Ti2` j +�M #2 �TTHB2/c BM i?Bb +�b2- i?2 6BMbH2` bi`m+im`2

Bb b�B/ iQ #2 +QMp2t- r?B+? rBHH #2 �bbmK2/ 7`QK MQr QMX

G2i ∇ /2MQi2 i?2 *?2`M +QMM2+iBQM �bbQ+B�i2/ rBi? F̃ �M/ H2i s �M/ t #2 b2+iBQMb

BM T̃M X 6Q` �Mv p2+iQ` }2H/b X �M/ Y QM PTM - i?2 +m`p�im`2 i2MbQ`b RXY s �M/

R(s, t,X, Y ) Bb ;Bp2M #v

RXY s = ∇X∇Y s−∇Y∇Xs−∇[X,Y ]s,

R(s, t,X, Y ) = F̃ (RXY s, t).

LQi2 i?�i i?2 7`�K2 (s1, ..., sn) �bbQ+B�i2/ rBi?(ζ1, ..., ζn) +�M M�im`�HHv #2 mb2/ �b �

e3



7`�K2 QM T̃M �bbQ+B�i2/ rBi? (Z1, ..., Zn)X h?2M i?2`2 �`2 7Qm` ivT2b Q7 +m`p�im`2

i2MbQ` +Q2{+B2Mib- r?B+? �`2 ;Bp2M #v

Rαβ̄γσ̄ = F̃ (Rγσ̄sα, sβ̄)

Rαβ̄γk̄ = F̃ (Rγk̄sα, sβ̄)

Rαβ̄jk̄ = F̃ (Rjk̄sα, sβ̄)

Rαβ̄jσ̄ = F̃ (Rjσ̄sα, sβ̄)

Ai 7QHHQrb 7`QK i?2Q`2K jXRd i?�i

Rαβ̄γσ̄ = −Fαβ̄γσ̄ + F ν̄µFαν̄γFµβ̄σ̄

Rαβ̄γk̄ = −Fαβ̄γk̄ + F ν̄µFαν̄γFµβ̄k̄

Rαβ̄jk̄ = −Fαβ̄jk̄ + F ν̄µFαν̄jFµβ̄k̄

Rαβ̄jσ̄ = −Fαβ̄jσ̄ + F ν̄µFαν̄jFµβ̄σ̄

U9X8V

:Bp2M � MQM@x2`Q p2+iQ` X ∈ TMz- i?2 ?QHQKQ`T?B+ b2+iBQM�H +m`p�im`2 BM i?2

b2+iBQM bT�MM2/ #v X Bb /2}M2/ #v

H(X) =
F̃zζ(RXX̄X̃, X̃)

F̃z,ζ(X̃, X̃)F (X)
,

r?2`2 X̃ Bb �Mv MQM@x2`Q p2+iQ` BM L(z,[X])X A7 X = ζj∂j- i?2M X̃ = ζjsjX Ai 7QHHQrb

eN



7`QK U9X9V �M/ U9X8V i?�i

H(X) =
1

F (z, ζ)2
Rαβ̄jk̄ζ

αζ β̄ζjζ k̄. U9XeV

9Xj *m`p�im`2 Q7 am#K�MB7QH/ BM i?2 6BMbH2` *�b2

AM +?�Ti2` j- Bi r�b b?QrM i?�i i?2 ?QHQKQ`T?B+ b2+iBQM�H +m`p�im`2 Q7 � >2`KBiB�M

K�MB7QH/ +�MMQi #2 H2bb i?�M i?2 +m`p�im`2 Q7 �Mv bm#K�MB7QH/X h?2 b�K2 Bb i`m2 7Q`

6BMbH2` K�MB7QH/b �b rBHH #2 b?QrM BM i?Bb b2+iBQMX

G2i (M,F ) #2 � 6BMbH2` K�MB7QH/ Q7 /BK2MbBQM m+n- M ′ � bm#K�MB7QH/ Q7 /BK2M@

bBQM n- �M/ E = TMC �M/ E ′ = TM ′
C i?2 +QKTH2tB}2/ i�M;2Mi #mM/H2X _2bi`B+iBM; E

iQ M ′- E ′ +�M #2 b22M �b � bm##mM/H2 Q7 E- �M/ ?2M+2 i?2 6BMbH2` bi`m+mi`2 F `2bi`B+ib

iQ � 6BMbH2` bi`m+im`2 QM M ′X G2i (s1, ..., sn, ..., sm+n) #2 � ?QHQKQ`T?B+ 7`�K2 7Q` E

bm+? i?�i (s1, ..., sn) Bb � 7`�K2 7Q` E ′X h?2M +H2�`Hv B7 (Fjk̄)- 1 ≤ j ≤ k ≤ m + n Bb

>2`KBiB�M- i?2 bm#K�i`Bt (Fjk̄)- 1 ≤ j ≤ k ≤ n Bb >2`KBiB�MX h?�i Bb- B7 F Bb +QMp2t-

i?2M Bib `2bi`B+iBQM- /2MQi2/ ?2M+27Q`i? #v F ′- Bb �HbQ +QMp2tX

G2i Ẽ �M/ Ẽ ′ /2MQi2 i?2 TmHH#�+F #mM/H2 Qp2` i?2 T`QD2+iBpB2/ #mM/H2b PE �M/ PE ′-

�M/ �HbQ H2i ∇ �M/ ∇′ /2MQi2 i?2 *?2`M +QMM2+iBQM �bbQ+B�i2/ rBi? i?2 K2i`B+ BM/m+2/

#v i?2 6BMbH2` bi`m+im`2 �b /2}M2/ BM i?2 T`2pBQmb b2+iBQMX h?2M QM2 +�M /2}M2/ i?2

b2+QM/ 7mM/�K2Mi�H 7Q`K Q7 M ′ BM M �b � i?2 #BHBM2�` K�T Π : Γ(T (PE ′)C)×Γ(Ẽ ′) →

Γ(Ẽ ′) ;Bp2M #v

Π(X, s) = ∇Xs−∇′
Xs.

Ai 7QHHQrb 7`QK i?2 /2}MBiBQM Q7 � *?2`M +QMM2+iBQM i?�i 7Q` � p2+iQ` X i�M;2Mi iQ

dy



i?2 T`QD2+iBpB2/ #mM/H2 PE ′ �M/ � p2+iQ` s BM E ′ #Qi? Q7 ivT2 (1, 0)-

Π(X, s̄) = Π(X̄, s) = 0.

S`QTQbBiBQM 9X9 G2i X #2 � i�M;2Mi p2+iQ` BM PE ′ Q7 ivT2 (1, 0) �M/ s, t #2 p2+iQ`b

BM E ′ Q7 ivT2 (1, 0)X h?2M

F̃ (Π(X, s), t̄) = 0.

S`QQ7X h?2 �`;mK2Mi Bb bBKBH�` iQ i?2 QM2 ;Bp2M 7Q` T`QTQbBiBQM jXky �b +�M #2 b22M

BM i?2 7QHHQrBM; /B`2+i +QKTmi�iBQMX

F̃ (Π(X, s), t̄) = F̃ (∇Xs, t̄)− F̃ (∇′
Xs, t̄)

= F̃ (∇Xs, t̄)− F̃ ′(∇′
Xs, t̄)

= XF̃ (s, t̄)− F̃ (s,∇X t̄)−XF̃ ′(s, t̄) + F̃ ′(s,∇′
X t̄)

= F̃ (s,∇′
X t̄)− F̃ (s,∇X t̄)

= −F̃ (s,Π(X, t̄))

= 0

�b BM b2+iBQM jX9- H2i R �M/ R′ /2MQi2 i?2 +m`p�im`2b Q7 M �M/ M ′- `2bT2+iBp2HvX

h?2Q`2K 9X8 6Q` �Mv p2+iQ`b X �M/ Y Q7 ivT2 (1, 0) QM PE ′ �M/ �Mv b2+iBQMb s �M/

dR



t Q7 Ẽ ′ Q7 ivT2 (1, 0) QM2 ?�b

R(s, t̄, X, Ȳ ) = R′(s, t̄, X, Ȳ ) + F̃ (Π(X, s),Π(Ȳ , t̄)).

S`QQ7X aBM+2 i?2 R- R′ �M/ F̃ �`2 i2MbQ`b- Bi Bb 2MQm;? iQ T`Qp2 i?2 i?2Q`2K BM �

+QQ`/BM�i2bX G2i (s1, ..., sn, ..., sm+n) #2 � HQ+�H 7`�K2 QM Ẽ bm+? i?�i (s1, ..., sn) Bb �

HQ+�H 7`�K2 QM Ẽ ′X .2MQi2 #v Πjα i?2 p2+iQ` }2H/ Π(∂j, sα)X h?2M 7Q` α, β = 1, ..., p

�M/ j, k = 1, ..., n-

Rαβ̄jk̄ = F̃ (R∂j∂k̄sα, sβ̄)

= −F̃ (∇∂k̄∇∂jsα, sβ̄)

= −∂k̄F̃ (∇∂jsα, sβ̄) + F̃ (∇∂jsα,∇∂k̄sβ̄)

= −∂k̄F̃ (∇′
∂jsα, sβ̄) + F̃ (∇′

∂jsα,∇
′
∂k̄
sβ̄) + F̃ (Πjα,Πk̄β̄)

= −∂k̄F̃ ′(∇′
∂jsα, sβ̄) + F̃ ′(∇′

∂jsα,∇
′
∂k̄
sβ̄) + F̃ (Πjα,Πk̄β̄)

= R′
αβ̄jk̄ + F̃ (Πjα,Πk̄β̄)

G2i H �M/ H ′ /2MQi2 i?2 ?QHQKQ`T?B+ b2+iBQM�H +m`p�im2`b Q7 M �M/ M ′X :Bp2M �

p2+iQ` X = ζj∂j i�M;2Mi iQ M ′ �i i?2 TQBMi (z)- QM2 ?�b

dk



H(X) =
1

F (z, ζ)2
Rαβ̄jk̄ζ

αζ β̄ζjζ k̄

=
1

F (z, ζ)2
(R′

αβ̄jk̄ + F̃ (Πjα,Πk̄β̄))ζ
αζ β̄ζjζ k̄

= H ′(X) +
F̃ (Π(X, X̃),Π(X̄, X̃))

F̃ (X̃, X̃)

h?2`27Q`2- Bi +�M #2 +QM+Hm/2/ i?�i i?2 ?QHQKQ`T?B+ b2+iBQM�H +m`p�im`2 Q7 � bm#K�M@

B7QH/ +�MMQi 2t+22/ i?�i Q7 i?� �K#B�MiX

dj



*>�Sh1_ 8

a*>q�_wǶa G1JJ� 6P_

6ALaG1_ J�LA6PG.a

G2i (M,F ) #2 � +QKTH2t 6BMbH2` K�MB7QH/ �M/ H2i D ⊂ C #2 i?2 mMBi /BbFX � ?QHQ@

KQ`T?B+ K�T f : D → M BM/m+2b � (1, 1) +Qp�`B�Mi i2MbQ` f ∗F QM D ;Bp2M �b 7QHHQrX

G2i (z) #2 i?2 bi�M/�`/ ?QHQKQ`T?B+ +QQ`/BM�i2 QM DX h?2M 7Q` �Mv z0 ∈ D-

f ∗Fz0 = λ(z0)dz ⊗ dz̄, U8XRV

r?2`2 λ(z0) = F
(
df ∂

∂z |z0

)
X Ai 7QHHQrb 7`QK i?2 /2}MBiBQM Q7 � 6BMbH2` K2i`B+ i?�i B7

i?2 /Bz2`2MiB�H Q7 f /Q2b MQi p�MBb? �i �Mv TQBMi- i?2M f ∗F /2}M2b � E ?H2` bi`m+im`2

QM DX

h?2Q`2K 8XR Uq�M kyRN- (e)V G2i (M,F ) #2 � +QKTH2t 6BMbH2` K�MB7QH/ rBi? ?QHQ@

KQ`T?B+ b2+iBQM�H +m`p�im`2b #QmM/2/ �#Qp2 #v � M2;�iBp2 +QMbi�Mi −K- D i?2 mMBi

d9



/BbF- �M/ f : D → M � ?QHQKQ`T?B+ K�TX h?2M

λ(z) ≤ 2

K(1− |z|2)2 , 7Q` �HH z ∈ D

S`QQ7X G2i z ∈ D #2 ;Bp2M �M/ �bbmK2 i?�i df |z .= 0X h?2M HQ+�HHv f Bb �M

2K#2//BM; BX2X i?2`2 2tBbib � M2B;?#Q`?QQ/ U �`QmM/ z bm+? i?�i f(U) Bb �M 2K#2//2/

R@/BK2MbBQM�H bm#K�MB7QH/ Q7 M X h?Bb BKTHB2b i?�i f : (U, f ∗F ) → (f(U), F ) Bb �M

BbQK2i`v �M/ ?2M+2 i?2 ?QHQKQ`T?B+ b2+iBQM�H +m`p�im`2 Q7 D �i z- /2MQi2/ #v HD(z)

Bb i?2 b�K2 �b i?2 ?QHQKQ`T?B+ b2+iBQM�H +m`p�im`2 Q7 f(U) �i f(z)X Ai 7QHHQrb 7`QK

i?2 /2+`2�bBM; T`QT2`iv Q7 ?QHQKQ`T?B+ b2+iBQM�H +m`p�im`2 U`272` iQ b2+iBQM 9XjV i?�i

HD(z) Bb MQi ;`2�i2` i?�M i?�i Q7 M �i f(z) BX2X HD(z) ≤ −KX

G2i u(z) = (1− |z|2)2λ(z)X qBi?Qmi HQbb Q7 ;2M2`�HBiv- Bi +�M #2 �bbmK2/ i?�i u(z)

Bb MQi B/2MiB+�HHv x2`QX h?2 T`QQ7 i?2M Bb #`QF2M BMiQ irQ +�b2bX

*�b2 R, i?2 7mM+iBQM u �ii�BMb Bib K�tBKmK �i � TQBMi z0 ∈ DX

aBM+2 u(z0) .= 0- QM2 +�M HQ+�HHv /2}M2 i?2 7mM+iBQM HQ;(u(z))- r?B+? rBHH �HbQ

�ii�BMb Bib K�tBKmK �i z0X Ai 7QHHQrb 7`QK i?2 b2+QM/ T�`iB�H /2`Bp�iBp2 i2bi i?�i

∂2

∂z∂z̄
HQ;(u(z))

∣∣∣∣
z0

≤ 0

>2M+2-

0 ≥ ∂2

∂z∂z̄
HQ;((1− zz̄)2)

∣∣
z0
+

∂2

∂z∂z̄
HQ;(λ)|z0 U8XkV

d8



"v /B`2+i +QKTmi�iBQM-

∂2

∂z∂z̄
HQ;((1− |z|2)2) = −2

(1− |z0|2)2
.

PM i?2 Qi?2` ?�M/-

HD(z0) = − 1

λ(z0)

∂2

∂z∂z̄
HQ;λ|z0 ,

r?B+? BKTHB2b
∂2

∂z∂z̄
HQ;(λ)|z0 = −λ(z0)HD ≥ λ(z0)K.

am#biBimBM; BM U8XkV ;Bp2b

0 ≥ −2

(1− |z0|2)
+ λ(z0)K,

�M/ i?2`27Q`2
2

K
≥ u(z0) ≥ u(z),

�b u(z0) Bb i?2 K�tBKmK Q7 u(z)X

*�b2 k, i?2 7mM+iBQM u /Q2b MQi �ii�BM Bib K�tBKmK BM DX

6Bt z0 ∈ DX Ai rBHH #2 b?QrM i?�i 2

K
≥ u(z0). qBi?Qmi HQbb Q7 ;2M2`�HBiv- �bbmK2

u(z0) .= 0. *?QQb2 � +QMbi�Mi r bm+? i?�i 1 > r > |z0| �M/ H2i Dr = {z ∈ D; |z| < r}X

.2}M2 ur(z) = r−2(r2− |z|2)2λX aBM+2 ur p�MBb? �i i?2 #QmM/�`v Q7 Dr- Bi Kmbi �ii�BMb

Bib K�tBKmK BMbB/2 Dr- b�v �i z1X h?2M �b #27Q`2-

∂2

∂z∂z̄
HQ;(ur(z))|z1 ≤ 0.

de



6QHHQrBM; i?2 b�K2 HBM2 Q7 +�H+mH�iBQMb �b BM i?2 T`2pBQmb +�b2 ;Bp2b

2

K
≥ ur(z1) ≥ ur(z0).

aBM+2 r Bb �`#Bi`�`BHv +?Qb2M- i?2 BM[m�HBiv

2

K
≥ ur(z0)

?QH/b 7Q` �HH r �M/ i?2`27Q`2 �b r → 1- QM2 Q#i�BMb

2

K
≥ u(z0).

6BM�HHv- bBM+2 z0 Bb �#Bi`�`v- i?2 bi�i2K2Mi 7QHHQrb 7Q` �HH z BM DX

Ai Bb rQ`i? `2Bi2`�iBM; i?�i i?2 Q`B;BM�H rQ`F #v q�M +QMbB/2`2/ i?2 +�b2 Q7 K�Tb

Q`B;M�iBM; 7`QK � _B2K�MM bm`7�+2 `�i?2` i?�M i?2 mMBi /BbFX JQ`2Qp2`- i?2 2[m�HBiv

+�b2 Q7 i?2 2biBK�i2 7Q` K�Tb 7`QK i?2 mMBi /BbF iQ � 6BMbH2` K�MB7QH/ ?�b #22M bim/B2/

#v _Qv/2M BM (Rj)X

dd
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(R) GX oX �?H7Q`b- ǳ�M 2ti2MbBQM Q7 a+?r�`xǶb H2KK�-Ǵ h`�MbX �KX J�i?X aQ+X- pQHX 9j-

TTX j8NĜje9- RNj3X

(k) aX b?2M *?2`M- ǳPM ?QHQKQ`T?B+ K�TTBM;b Q7 ?2`KBiB�M K�MB7QH/b Q7 i?2 b�K2

/BK2MbBQM-Ǵ 1MiB`2 6mM+iX �M/ _2H�iX S�`ib Q7 �M�HX- G� CQHH�- *�HB7X RNee- S`Q+X

avKTX Sm`2 J�i?X RR- R8d@Rdy URNe3VX- RNe3X

(j) uX +X Gm- ǳ>QHQKQ`T?B+ Q7 +QKTH2t K�MB7QH/b-Ǵ CX .Bz2`X :2QKX- pQHX k- TTX

kNNĜjRk- RNe3X

(9) aX u�m- ǳ� ;2M2`�H b+?r�`x H2KK� 7Q` F ?H2` K�MB7QH/b-Ǵ �K2`X CX J�i?X- pQHX

Ryy- TTX RNdĜkyj- RNd3X

(8) >X GX _Qv/2M- ǳh?2 �?H7Q`b@a+?r�`x H2KK� BM b2p2`�H +QKTH2t p�`B�#H2b-Ǵ *QK@

K2MiX J�i?X >2HpX- pQHX 88- TTX 89dĜ883- RN3yX

(e) sX q�M- ǳ>QHQKQ`T?B+ b2+iBQM�H +m`p�im`2 Q7 +QKTH2t 6BMbH2` K�MB7QH/b-Ǵ CX

:2QKX �M�HX- pQHX kN- MQX R- TTX RN9ĜkRe- kyRNX

(d) qX *X "`QrM- � b2+QM/ +Qm`b2 BM HBM2�` �H;2#`�X qBH2v- RN33X

(3) CX JX G22- AMi`Q/m+iBQM iQ bKQQi? K�MB7QH/bX aT`BM;2`- kyRjX

d3



(N) qX "�HHK�MM- G2+im`2b QM E ?H2` K�MB7QH/bX 1m`QT2�M J�i?2K�iB+�H aQ+B2iv-

kyyeX

(Ry) GX a+?M2Tb �M/ *X oQBbBM- >Q/;2 h?2Q`v �M/ *QKTH2t �H;2#`�B+ :2QK2i`vX R

U*�K#`B/;2 bim/B2b BM �/p�M+2/ K�i?2K�iB+b c deVX *�K#`B/;2 lMBp2`bBiv S`2bb-

kyykX

(RR) CX JX G22- _B2K�MMB�M K�MB7QH/bX aT`BM;2`- RNNdX

(Rk) aX EQ#�v�b?B- ǳL2;�iBp2 p2+iQ` #mM/H2b �M/ +QKTH2t 6BMbH2` bi`m+im`2b-Ǵ L�;Qv�

J�i?X CX- pQHX 8d- TTX R8jĜRee- RNd8X

(Rj) >X GX _Qv/2M- ǳh?2 �?H7Q`b@a+?r�`x H2KK�, h?2 +�b2 Q7 2[m�HBiv-Ǵ CX �M�HX

J�i?X- pQHX 9e- TX keRĜkdy- RN3eX

dN
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