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THESIS ABSTRACT

NAME: Ali Al Safwan

TITLE OF STUDY: On certain exact solutions of non-vacuum Einstein’s
Equations

MAJOR FIELD: Mathematics
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The main aim of this thesis is to investigate some specific Bianchi type-I cosmological
solutions of the Einstein field equations (EFFEs). In particular, we study Bianchi-I type
cosmological model with variable gravitational and cosmological constants in two cases,
which allow or otherwise particle creation. Considering certain ansdtze for scale factor

t of evolution respectively, we provide

A(t) satisfying power t™ and exponential laws e™
certain cosmological solutions of the EFEs and discuss their physical implications. It
is shown that the vacuum energy density A is positive and proportional to t=2, and
assuming particle creation we find that G «~ t=1. The values of the dark-energy density
parameter Q5 and the matter density parameter 2, are calculated. It is observed that

the best numerical values obtained are in good agreement with the 5-years WMAP

observations. The physical and geometrical behavior of this model is also discussed.

Xii



A ) s

Olsine I e oY)
el 30 lazi T alslal 23 ol o o sl ydl Ol e

2020 plo Al da)dl 256

e It il Jae SVsl IS 150 g5 e O g3 @ g ALl 0ds e ol
5 0L e B S e e el b1 G S a1l GO 1S 58 A
Uzl G gy pe ) 3

o AT N 1 1 58 53 P A(E) bl Jolall By ) )y plainil
Jat o L) Lol 2l sl OVll Wil JoH am de g U3 e 3ol 105!
Sl Ll of ad sl Gle 21l 10 oo Lok ks 2 s 22100 L) BE Ol i o
L3y 2 5500 BE Jule 5 O k) B BE Wole Gad Sk Lal g5 ot e Lo b ol
WMAP. LS 315 Ll Lo gl dsaal (31 01

235 1 b 5 L Slsld) 28l 08 s

xiii



CHAPTER 1

PRELIMINARIES

1.1 Introduction and Literature review

The theory of general Relativity provides a most successful framework in describing
effect of strong gravitational fields (those at which Newtons theory fails and we have
to consider the curvature of spacetime, as in neutron stars or blackholes). Before the
development of general theory of Relativity in 1915 by Albert Einstein [1], classical
Newtonian mechanics was the framework to describe gravitational interaction. In
Newtonian mechanics, the force is responsible for all motions via Newton’s equation of
motion. In general Relativity (GR), the Newtonian force is equivalent to the dynamics
of geometry via the space-time curvature. This suggests that in GR, all motions take
place due to the presence of curvature of space-time and not due to force. This
relationship between curvature of space-time and gravity, had a very fruitful impact
on mathematics via the newly conceived relationship between differential geometry
of Riemann and tensor calculus of Ricci and Levi-Civita. It was due to this reason

that the tensor calculus and Riemannian geometry underwent rapid development in



the twentieth century. One of the main goals of general theory of Relativity is to
understand the evolution of universe and help analyze dynamics of the celestial bodies
like planets, stars, and galaxies. In order to achieve this goal, it is necessary to
understand the behavior and structure of their gravitational fields, which is achieved
by studying the solutions of the EFEs. For good references discussing basic principles
of general theory of Relativity, the reader is referred to Misner et al. [2], Carrol [3] or
Wald [4].

In this thesis, our aim is to first present and discuss exact solutions of the EFEs
which have physical and historical significance. Second, we present a derivation of an
exact solution to the EFEs which describes the evolution of the universe as modeled
via the well-known class of space-time metrics, generally known as Bianchi metrics [5].
We have many well established methods for finding exact solutions to the EFEs, rang-
ing from symmetry analysis, to assuming ansatz for the gravitational or matter fields.
A comprehensive review of the procedures and methods used in finding exact solutions
are discussed in literature, for example, is provided by Stephani et al. [6] and Misner
et al. [2]. There are numerous known solutions to the EFEs that can be found in the
literature, among the most important solutions - in terms of their physical interpreta-
tion and historical significance - are the Schwarzschild [7], Reissner-Nordstrom [8] and
Kerr [10] solutions. As for the Schwarzschild solution, it describes the gravitational
field in the space-time outside a static, spherically symmetric uncharged object. The
Reissner-Nordstrom solution of the EFEs describes the gravitational field outside a
spherically-symmetric, non-rotating charged object. The Kerr metric describes the

gravitational field outside of an uncharged, rotating, axially-symmetric object.



Modern physical cosmology begun hand in hand with general Relativity, when Al-
bert Einstein found a static cosmological solution for his equations [11]. A major
problem with the model proposed by Einstein was that it did not account for the
expansion of the universe. The accepted model for the universe was later devel-
oped, independently, by Friedmann, Lemaitre, Robertson and Walker (abbreviated as
FRW or FLRW) model and described an exact solution of the EFEs, representing an
isotropic, homogeneous, expanding universe [12], [13], [14], [15].

[sotropic cosmological models are considered the most acceptable models in the study
of the evolution and large scale structure of the universe. However, it is believed that
isotropy may have been violated in the early stages of the universe, this prediction
leads to investigate anisotropic cosmological models [16]. The simplest generalization
of FRW model which account for anisotropy is given by the Bianchi type-I cosmologi-
cal model, where we relax the criterion of isotropy in the flat FRW metric. Moreover,
current observations provide an evidence that the cosmological and gravitational con-
stants may well be time-dependent if the correct answers are to be found to discuss the
dark matter and energy [17]. Keeping these points in mind, it seems ideal to explore
Bianchi type-1 cosmological models with time-varying gravitational and cosmological
parameters in the context of the present thesis.

There exits a wide body of literature on studies of such models. Beesham [18] consid-
ered a Bianchi-I model with variable gravitational and cosmological parameters. By
assuming power law for the gravitational parameter GG, he found a solution in which
the cosmological parameter A varies proportionally to ¢~2, he also showed that for

a constant energy density p, Bianchi-I models cannot evolve with exponential form.



Yadav et al. [20] studied locally rotationally symmetric (LRS) Bianchi-I cosmologi-
cal model in the presence of magnetized dark energy. By assuming that the metric
potentials are proportional, they found the isotropic distribution of magnetized dark
energy leads to the present accelerated expansion of the universe in Bianchi type-I
models. Singh et al. [21] presented a class of solution of EFEs in the context of
Bianchi-I model with variable gravitational and cosmological parameters, and found
that in most cases GG increases in a perpetually expanding universe.

In this thesis, we present an alternative interpretation of Bianchi type-I cosmological
models with variable G and A, by assuming the possibility of matter creation processes
in the early Universe by means and as a result of time dependency of G and A. Since
the calculations can be extremely complicated for general values of the scale factor, we
restrict ourselves to certain specific ansatze for the scale factor. With these ansatz, we
provide solutions to the (generalized) EFEs and discuss their physical implications.
This thesis consists of the following chapters:

Chapter 1 In this chapter we provide an overview of necessary tools which are pivotal
to the general theory of Relativity. For this matter, a brief overview of tensor calculus
is presented.

Chapter 2 In this chapter we present a derivation of the EFEs in two ways, namely,
tensorial and variation formulation via Einstein-Hilbert action. In the same chapter,
we also provide a brief discussion of the physical implications of the EFEs equations.
Chapter 3 Here, we discuss some of the most important exact solutions to the
Einstein field equations. In this context, we provide a detailed derivation of the

Schwarzschild solution. Afterwards, we discuss the FRW cosmological models, and



solve the Friedman equations in simple cases. Finally, we briefly discuss the Reissner-
Nordstrom and Kerr solutions.

Chapter 4 In this chapter, we present our original work, in which we provide some
cosmological solutions to the EFEs working considering a spacetime metric (gravita-
tional theory) describing Bianchi-I model by taking the gravitational and cosmological
constants to be time-dependent parameters.

Chapter 5 In the last chapter, we summarize the main ideas of this thesis, and we

finalize by pointing toward alternative theories to general Relativity.

1.2 Definitions, Formulas and Conventions

1.2.1 n-dimensional space

In three dimensional Cartesian space, the coordinates of a point are given by (z,v, 2).
More conveniently we write (z!, 2% 23) for (z,y,2). In general, the coordinates of a

point in n-dimensional space are given by (z!, 22, ..., 2").

1.2.2 Subscript and superscript

In the symbol T,:,{ the upper indices 7, j are called contravariant indices and the lower

indices k, [ are called covariant indices.



1.2.3 Einstein’s summation convention

The Einstein summation convention is used through out this thesis. According to
this convention, the summation is taken over two repeated indices appearing in the

sea-saw form given by:

n
a‘e; = E dle; = atey + aleg + -+ a"e, .

=1

1.2.4 Free and dummy indices

A free index is an index which occurs only once in an expression A dummy index is
any index which repeats in the sea-saw form as below,

iy, .k
ag T .

Here k is a dummy index, while i, j are free indices.

1.2.5 Scalars, vectors and tensors

A scalar is a single value with no directional indicator which represent a quantity that
does not change under coordinate transformation, e.g. density, energy.

A vector is a quantity whose specification requires n-numbers (in n-dimensional
space) called the components of the vector (with respect to some basis) e.g. force,
acceleration.

A tensor (of order n) is an object whose specification in any coordinate system



requires 3" numbers, called the components of a tensor e.g. stress-energy tensor.

1.2.6 Transformation of coordinates

Let (2%, 2%,...,2") be the coordinates of a point in X-coordinate system, and let
(z',7%,...,7") be the coordinates of the same point in Y-coordinate system.
We can write 7', 72,...,7" as independent functions of x!, 2%, ..., 2™, so that,
—1 _ =1 2 n
- ('I 9 x I 9 x ) 9
=2 _ =2/ 1 2 n
o =7 (2%, ..., 2"),
- __ =N 2 n
- (I’ ) T ’ ) T )
More concisely,
—i i1 2 n .
T =7(x,2%,...,2"), i=1,...,n. (1.1)
Solving these equations and expressing ¢ as functions of 7', Z2, ..., T", we have,
7' =17, 7 z") (1.2)
ST, ) )

Equations (1.1) and (1.2) are said to be transformation of the coordinates from one

coordinate system to another.

Below are list of important formulas for tensor calculus, put together here for quick



reference. The details and derivations of these formulas are to be discussed later.

1.2.7 Summary of important formulae

In this section, we present a summary of important formulae used in this thesis for
quick reference. These formulas are to derived later.

1- Christoffel symbol

1
w = §gdc(gda,b + Gvd,a — Gab.d) - (1.3)
If the metric g, is diagonal, then
a a 1 aa
ab — Lba — 59 Jaa,b (14)
a 1 aa
b= "9 Gobas (1.5)
=0 ifa#b#c. (1.6)
2- Riemann curvature tensor
Zbc - FZc,b - Zb,c + Fch Zb - FibFZc : (17)
3- Ricci tensor
Ry =Ty —Thep + [ S R (1.8)



or

0
Rap = Zb,c - Fgc lC)d - (@UOQ V |g|))7b : (19>

4- Ricci scalar

R=g"Ry,. (1.10)

1.3 Tensor calculus

1.3.1 Contravariant, covariant, and mixed tensors

™ in the X-coordinate sys-

Let T%,T?,...,T™ be functions of coordinates z!', 2%, ..., x
temn. If the functions T are transformed to T' in the Y-coordinate system according

to the following transformation law:

P i
T = 17, 1.11
e (1.11)
then T% are called component of contravariant vector.
Let T;,i = 1,...,n be n functions of the coordinates x!, 22, ..., 2" in the X-coordinate

system. If the functions 7} are transformed to T; in the Y-coordinate system according

to the following transformation law:

(1.12)

then T; are called components of covariant vector. The contravariant (or covariant)

vectors are also called a contravariant (or covariant) tensor of rank one.



Note that a superscript is always used to indicate a contravariant components, whereas
a subscript is used to indicate a covariant component.

Now, following the rules of transformation for contravariant and covariant tensors
of rank one (vectors), we can define contravariant, covariant and mixed tensors of rank
two, as well as the general rule for tensors of rank m + n:

A contravariant tensor of tank two transforms as:

—ij 0T T
dzk Ozt

A covariant tensor of rank two transforms as:

T oxk oz

5= owow
And a tensor of mixed tensor of rank two transforms as:

— 0T o2t

i~ aam
Note that this is also called a tensor of type (1,1), where the first component indicates
the rank of contravariant tensor and the second component indicates the rank of a

covariant tensor. A contravariant tensor of rank m transforms as:

L =t1 YAt =t
Rt oz 0z oz'm Tirj2-jm

o @x]l ax.ﬁ U 8x]m

10



A covariant tensor of rank n transforms as:

1102...0n ozt T2 T P J1j2---jn

And a tensor of rank m + n transforms as:

701 et 7 h b2 !
0" 07 ox'™  Ox" Ox OT™ koo,

i
Jgzedn T Hoky Qoke T Qokm Gt iz T e T ll2edn

(1.13)

We also say the above is a tensor of type (m,n).

1.3.2 Tensor addition and subtraction

Just like ordinary vectors, higher-order tensors can be added and subtracted by adding
or subtracting their corresponding components, provided that the tensors to be added
have the same contravariant and covariant rank. The result of tensor addition or
subtraction is also a tensor that has the same covariant and contravariant rank of the

tensors that are added or subtracted, e.g. for tensors of rank two we have:

A £ B = ("
Aij :l: Bij — Cij y (114)

Al + Bl =Ch.

Theorem 1.1 The sum (or difference) of two tensors which have the same number

of covariant of contravariant and covariant rank is again a tensor of the same rank

11



and type of the added (or subtracted) tensors

Proof. Consider two tensors of the same rank A;llzji ’jm and Bﬁ;i . Then,

according to the law of transformation (1.13):

o ‘ ‘ i L9l !
itizeim oz 0x* ox'™ Oz' 0x*  Ox'™ Pl

Jj2edn T paky 9gke T Qe 9t iz T g T hlzedn

and
—itizim  OT' OT? Oz Qah Oz Qalr Bk
Jj2edn T paky 9pke T Qgkm  Opit g2 T e T hlzedn

Then

oz 0x*2 o™ Ozl Ol Oxln

—11%2...% —1112...1
Iz dm NJzedn Gk Ok T Qxkm gt Oz T gmdn e Lz
If we define
1112.. — 11%2.. Zm 11%92..
C]1J2 Jn AJ1]2 + BJ1]2 Jn

then we have

Firizim _ oz gr>  Jz'™ 9dah 9z P .
Jzedn = Gk Ogke T Ok gzt g2 T e hledn

Hence our new tensor satisfies the transformation property of a tensor of rank m + n,

given by equation (1.13).

12



1.3.3 Tensor multiplication

The multiplication of tensors will result in a tensor whose rank will be the sum of the

ranks of the multiplies tensors, as the following theorem shows.

Theorem 1.2 The result of multiplication of two tensors is a tensor whose rank is

the sum of the ranks of the two tensors to be multiplied.

Proof. Consider two tensors, A%°2"" which is a tensor of rank m +n, and Bll;ll,il;ﬁ

which is a tensor of rank s+ ¢. Then, according to the law of transformation (1.13):

oz O™ Jxh oz

Zi'li'z---i'm _ P1P2.--Pm
J1J2---Jn Oxpr " Oxpm O T Qe T N192In
and
—lilz.-ls oTh oz M Dt alaz...os

Bk1k2~~-kt - Orer T s (%51 8E5f B1B2...0: °

Their product will be

—itiz-im Fhia-ds ozh ox'm Oxt Oz Ozh ozls dxk
Juzen TRikzeke T fapyr T apm gt T e Gpor T Qs 9P
Oxk

p1p2...pm Boqaz...as
TP T Tnezean B1B2...B *

Now, if we define

U’ilig...im l1l2...1s o Zilhmim —=lila...1s
Jij2--jn kika. ke T “Tj1g2..gn T kika. ke

then we have

vizim Lla-ols _(35“ ox'm Ord Oxi» OFh Ozl OxPr
Do ke = gunt T rmm g i O Do

Bt
aa’: P1P2---Pm 1Q2...0s
te afkt q192...qn B1B2...0¢

13



This is the transformation law of a tensor of rank (m + s) + (n + t) or of type
(m+s,n+1t). |
Example : We want to show that the product of two tensors AY and By is a
tensor of tank 3. By the law of transformation of contravariant tensor of rank 2 (1.1):

—ij  0x' o
1] _ UL g af
4 x> 0xP 4

and the transformation law for a covariant tensor of rank 1:

This is the law of transformation of a tensor of rank 3. So, A% By, is indeed a tensor

of rank 3.

1.3.4 Tensor contraction

To contract a tensor, we set one covariant index equal to a contravariant index, and
then sum over the repeated index. This process leads to a tensor of rank two less than
the rank of the tensor that we contracted.

Example Let 7| ,ij be a tensor of rank 3 (in 3-D space), we contract this tensor in

14



the first and third indices to get a new tensor of rank 1:

T/ =T +T7 + Ty = A

)

Theorem 1.3 The contraction of a tensor of rank m+n is a tensor of rank m+mn — 2

Proof. For simplicity, we show this for a tensor of rank 2+1, the general case
follows the same procedure. Let T, ,ij be a tensor of rank 241, this tensor obeys the

transformation law:

—ij 0T 0T 0x* _,
T oxl oxt ok TS

Contracting the first and third indices we get

g oo o
¢ ozl 0zt Oxt
safj l
=g
-
T oxt
oz’
=T
oxt

1

(1.15)

Where 6] is the Kronecker delta function, defined as:

ors ]., if s :l7

0, ifs#I.

Eq. (1.15) is the transformation rule for a contravariant tensor of rank 1 (1.1).

Hence, we showed that a contraction of rank 3 tensor is a tensor of rank 3 —2 =1

15



tensor. The proof for the general case follows exactly the same procedure. |

1.3.5 The inner product of a tensor

Consider the tensors AY and B,

if we first take their outer product, we get a 2+ 3
tensor A BF | if we then contract a contravariant index with a covariant index of this
product tensor, for example by setting i = [, we get the rank 3 tensor AYBF = C% |
this tensor is called the inner product of the given two tensors.
In summary, the inner product is formed by taking the product of two tensors then
contracting the result.

Example Let Vkij be a mixed tensor of rank 3, and U; be a mixed tensor of rank

2, we show that their inner product V¥U; is a mixed tensor of rank 3.

V. Transforms as
—ij 0T o 0z
Mg Qg Ok Y

and U; transforms as
Us _ oT? aLCB a
b oz ozt P

Multiplying the above two tensors, and setting k = s we get

—ijrrs oz 07 Oz 0F°  OxP
Vali= dxd 8xp(5%5 8x0‘> ozt
oz’ 0T’ oxP
— w QpyTOe
Ox1 dap (%) ozt Vw Us
_ a_f@a_xﬁ Vg,

Oz QxP OT

VerUs

which is the transformation law of a tensor of type (2,1).

16



1.3.6 The metric tensor

The metric tensor, also called the metric, plays a most central part in Riemannian
geometry as well as general Relativity. In R? | the distance between two points (x,y, 2)

and (z + dz,y + dy, z + dz) is given by

ds® = da® + dy* + d2* .

In his revolutionary work on differential geometry, Bernhard Riemann generalized this
definition to any n-dimensional space. For 2% and z’ +dx' two points in n-dimensional

space X, the distance ds is given by the quadratic differential form

ds? =g dztdet + grodetda® + - - - + grpdatda™
+ ggldedxl + 922d$2dx2 + -+ gzndIde"
+. . . . .+ . ..+

+ guidz?dat + guoda™da® + - - - + gppdada™ .

Or, using the Einstein summation convention

ds® = g;jdx'da’ (1.16)

where the matrix elements g;; = g;;(*), and the determinant of this matrix, denoted

by ¢ is non-zero

g =95 #0.

17



The g;; term in (1.16) defines a symmetric, non-degenerate, covariant tensor of rank
two. Since this tensor relates the coordinate differentials daz’da’ in various coordinates
to the distance (squared) ds®, which is an invariant quantity over all coordinates, g;;
is usually called the metric or fundamental tensor.

All the geometric and causal structures of spacetime used to define physical notions
such as distance, time, curvature, angle, volume, are captured in the metric.

Key properties of the metric tensor are:

(a) Raising and lowering indices

gz‘jTj =1,

§T =T,
ik k

9ii 1y = let .

2

(b) ga» is a symmetric tensor (g, = gra), With n° components reduced to

n(n+1)

5 components due to symmetry .

(c) g% = ﬁ and ¢g,, = 62 = n in R™.

Examples

1- The Euclidean metric in polar coordinates : (z!,2%) = (r,0)

ds® = ds® + r’dp?

18



2- The Euclidean metric in spherical coordinates : (z!, 22 23) = (1,0, ¢)
ds* = dr?® + r*d6* + r*sin(0)*d¢? .

2- The Minkowski metric in spherical coordinates : (z° 2! 2% 2%) =

(t,7.6,0)

ds® = —2dt* + dr® + r?d6? + r?sin()?d¢? .

1.3.7 Covariant differentiation and the Christoffel symbol

The idea of the covariant derivatives comes from the differentiation of the basis vectors.
In the case that the basis vectors are Cartesian, the differentiation of such basis is
zero, thus reducing the covariant derivative to ordinary derivative. In general, the
derivative of the general basis vector may not be zero. This extra contribution from
differentiation of the basis vector is what distinguishes the covariant derivative and

the partial derivatives. Consider a vector A = (A, A%, A3) in R3, A can be written as
A= A161 + A2€2 + A3€3 s

where e, e5, and ez are orthonormal basis vectors. Taking the partial derivative of A

w.r.t 27, where j = 1,2, 3 gives

0A O(Ale; + A%ey + Ades)
oxd oxJ
_ O(Ae;)
oxI
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T
DA 4

where I'}; are called the Christoffel symbols (of second kind), and they represent the
weighting coefficients for the change in basis vectors.

The Christoffel symbols are defined as

(1.18)

Using Christoffel symbols, we have a way of differentiating a vector or any higher
rank tensor that takes into account the change of the basis vectors used to expand the
tensor in a given coordinate system.

1- Covariant Derivative of a Contravariant Vector

Using the same analysis as in (1.17), we have

DA DAl -
9o~ oo AT
0A!

—(

ox?

The covariant derivative is defined as the quantity inside the parentheses.
Common notation for the covariant derivative is to use a semicolon (;) in front of the

index which the covariant derivative is to be taken. Thus, covariant derivative of a
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contravariant vector defined by:

04

7 Qud

+ AR (1.19)

2- Covariant Derivative of a Contravariant Vector

A similar analysis for expanding the vector A in covariant coefficients leads to the

covariant derivative of a covariant vector

0A;

3- Covariant Derivative of Higher Order Tensors

The process of covariant differentiation can be also applied to higher order tensors,
this simply requires the addition of a Christoffel symbol for each contravariant index

and the subtraction of a Christoffel symbol for each covariant index.

L1 g
kT oxk _'_Tjrlk""T F?k?

oT;;
T;j;k = %,j - lerék - Tz‘lrék )

Ii il
ik = Gk + ;1 — T,
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And, for a tensor of type (m,n) we have

9192...0m
ilig...im _ ,]1]2]n ai2...im il ila...im i2 . ilig...oz im
g w = gpr ~ + Lgnlan T 1505, 0 Vak -+ T Uk
_ ritigedma Aritisedma itise.im e
Ta]g]n Fjlk T]la.]n F]Qk 7}1]2& F]nk :

Common derivative notation
There are multiple notations for partial derivatives in the, such as:

OAI

Common notation for the covariant derivative:
A’ k= VA7

It is common in the context of tensor calculus to use the comma notation for partial
derivatives % = Afk, and semi-colon for covariant derivatives A’ . » henceforth we
will stick to these notations throughout the rest of this thesis.

Properties of the Christoffel symbols

1- The Christoffel symbols are connected to the metric by the following important

equation

1
FZ’ - §9kl<9li,j + Gjti = Gijk) - (1.21)
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2- Symmetry in the lower indices

i _ i

3- Al T, vanish if all g;; are constants.
In many cases in applications, we have a diagonal metric, and in this case we have
a simpler way of calculating the Christoffel symbols:

4- Christoffel symbols for a diagonal metric

1

ab = Lba — 59 Gaa,b >
a 1 aa
bb = 29 9bb,a
Iy, =0 it a #b# c.

5- In the special case when an upper and a lower index match

Ty, = (log\/|g])s . (1.22)

where g = |gq| is the determinant of the metric tensor.
Properties of the covariant derivative
1- The covariant derivative of a tensor of type (m,n) is a tensor of type (m,n+1)

2- The covariant derivative of the metric is zero:

Gijie = 0.
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3- The covariant derivative distributes over summation of tensors

(A+ B);k = Ay + By .

4- The covariant derivative obeys the product rule for derivatives

(AB>;k = (A;k)B + A(B;k)-

1.3.8 The divergence of a tensor

Given a covariant vector V¢, the divergence is defined by

Vi =Va+ VT,

which by (1.22) can be written as

Ve =Vi+VHlog/Igl)x-

Following the same procedure, we can define the divergence of a rank two tensor as

T3 =T + T, + T (log /|g]) & ,
Ty = Tury — Tio Tty — Turl}, (1.23)

Ty, = Ty + Ty (log /]g]) e — Ti T, -
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1.4 The Curvature Tensors

The Riemann curvature tensor is used to express the curvature of Riemannian mani-
folds. It assigns a tensor to each point of a Riemannian manifold, that measures the
extent to which the metric tensor is not locally isometric to that of Euclidean space.In
a coordinate basis, the Riemann curvature tensor is determined by transporting a
covariant vector T, along two different directions and then taking the difference. this
transportation can be expressed as a covariant derivative. Therefore, starting with a
covariant vector T, and transporting the vector along zb, we get T, , we transport

the above vector along the direction of z¢, to get

Ta;b;c .

Now we transport the vector T, again, but this time along x¢ then z°, and we take
the deference T,.p.c — Thicip -

To calculate Ty, , we take the covariant derivative of T}, first w.r.t. xb

Tuw = Top — ThIE, (1.24)

we call this result T,;,. Now we take the covariant derivative of T,, w.r.t. x°

Tab;c - Tab,c - karic - Takrlgc . (125)
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Using the expression from (1.24) into (1.25) we get

Tovie = Tape — Tel'Fy o — T elFy — (T — T 5T — (Top — TIE)TE.. (1.26)

ab,c
Similarly, we can find T,

Tovie = Taeo — Tel'F ) — ThplF, — (T — T3 )TE, — (Top — TS TR, . (1.27)

ac,b
Now, we subtract (1.27) from (1.26), and canceling common terms, we get

Toep = Toer = —Tilhy o + Tiley, + TT5Ta, — T3 Ty

ab,c ac,b

= ( o Ftslb,c + FZbFIZC - 261—‘51)) TS :

ac,b

The Riemann curvature tensor is defined to be the term between the parentheses in
the above equation

abe = L abe T F’;c Zb - I_‘kbrzc . (128)

abc ac,b — +ab,c a

The Riemann tensor measures the curvature of the space; Rj.;, = 0 if and only if the
space is flat.

In order to study the symmetry properties of the Riemann tensor, we define the fully
covariant form

1
Rabcd - §(gbc,ad — Yae,bd + Gad,bc — gbd,ac) - gef(reacrfbd - Feadrfbc) . (129)
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From above we notice that the Riemann tensor satisfies, but not limited to, the fol-

lowing properties:

First skew symmetry Roped = —Rpacd
Second skew symmetry Roped = —Rapde
Second Bianchi identity bedze T Bheca T Rpgee = 0

1.4.1 Ricci and scalar curvature

The Ricci tensor is the unique (up to sign) non-trivial contraction of the Riemann
tensor

Ry =17

ab,s

— ot e s — ey, (1.30)

The following formula is useful in calculations

c c d /
Rab = Labe — cm bd (%(ZOQ |g|))7b : (131>

here |g| is the determinant of the metric tensor ggp.
Note: depending on the definition of Ricci tensor (either contracting the first and
third indices or the first and forth indices of the Riemann tensor) we may introduce
a negative sign to the EFEs.

The Ricci scalar or scalar tensor is the contraction of the Ricci tensor

R=g"Ry =Ry =R +R3+... R.

n
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1.4.2 The Einstein tensor

Starting from the second Bianchi identity

a a a —
bedse + Rbec;d + Rbde;c =0 )

contract a with ¢

a a a —
bad;e + Rbea;d + Rbde;a =0.

Now, note that Rj,;. = Rpse and Ry, , = —Rpj,.q = Rpea by the second skew

symmetry and the definition of the Ricci tensor. Thus we have

Rbd;e — Rbe;d + Rgde;a =0. (132)

Now multiply (1.32) by ¢* to get

gbd(Rbd;e - Rbe;d + Rl()lde;a) =0 )

which raises the index d to a contravariant index

RY, — R, + R, =0.

de;a

Noting that R¢ is the Ricci scalar, we get

R;e - RZ;a - RZ;a =0.
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Moreover, noting that R.., = 0 R, , we can factor out the covariant derivative to get

(2R" — 6°R),, = 0.

Now, multiply the quantity between the parenthesis by g4, to get
9ab(2RE — 6 R):a = 0,
since gap,e = 0 we can move it inside the parentheses, hence
(290 Re — g0 R);a = 0.
Using the lowering property of the metric tensor, we get
(2Rpe — gevR).a = 0.
Finally, we relabel the indices, so we have

1
(Rab — §gabR);e = 0. (133)

If we define the symmetric tensor of type (0,2)

1
Gab - Rab - §gabRa (134)
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we see that (1.33) is equivalent to

Gupe = 0. (1.35)

Hence, the tensor G, is a divergence free, symmetric tensor of type (0,2), which
is constructed from the metric and its first and second derivatives, as well as the
Riemann tensor. This tensor is known as the Einstein tensor, and it is of central

importance in general Relativity.
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CHAPTER 2

THE EINSTEIN FIELD

EQUATIONS

2.1 The Einstein field equations

Einstein’s theory of gravity, or general relativity, is the modern theory of gravity. To
formulate the Einstein field equations, we use the methods of Riemannian geometry
and tensor calculus from the previous chapter.

The fundamental idea behind general relativity is that gravity is a consequence of
curvature of spacetime. Mass and energy affects how spacetime curves and in turn
the curvature of spacetime influences the movement of mass and energy.

Starting from the idea that
gravity < curvature in spacetime,

the "derivation” of the EFEs is relatively easy.
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One of the basic assumptions of physics is that spacetime is homogeneous, i.e. no
point in space or time is special, so the same basic laws of physics should govern all
of space at any moment of time. In a homogeneous spacetime, the laws of physics
are invariant under translation in time and space, hence, it follows from Noether’s
theorem that both energy and momentum are conserved [22].

This conservation law is expressed in mathematical terms by saying that the covariant

divergence of the stress-energy tensor vanishes

Topp =0, (2.1)

where the tensor Ty, is called the energy-momentum tensor or the stress-energy tensor,
and it is a divergence-free, symmetric tensor of type (0,2).

Now, we need to describe the curvature of spacetime mathematically. Using the ideas
of Riemannian geometry, we know that the fundamental object in this geometry is the
metric. We need to construct a tensorial object from the metric that is divergence free,
symmetric tensor of type (0,2) that is function of the metric and at most its second
derivative. It turns out that there is a unique tensor that satisfies these criteria, which

is the Einstein tensor (1.34)

1
Gab = Rab - §gabR .

This interplay between curvature in space-time and energy-momentum is represented
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by the famous Einstein field equations [3]

1 8rG
Rab - _gabR -

: — T (2.2)

where G is the gravitational constant and c is the speed of light in space.

The EFEs (2.2) are a set of 16 coupled, non-linear partial differential equations for
the metric and its first and second derivatives, due to symmetry in the metric tensor
are reduced to 10 [3]. On the left hand side, the Einstein tensor, which describes
curvature of space-time, and on the right hand side, the energy-momentum tensor,
which represents the matter content of the universe.

The Einstein field equations carry a lot of information that cannot be overempha-
sized. For instance, in 1915, Albert Einstein used his equations to correctly calculate
the anomalous precession of Mercury [1], a riddle that confused physicists since New-
ton, as well as the calculating the deflection of light rays by the sun’s gravitational
field. Mathematicians and cosmologists used these equations to model and under-
stand the expansion and dynamics of the universe. Moreover, in their weak field limit
(where we have a weak gravitational source), one can derive Newton’s inverse square
law for gravitation from the EFEs [3]. Other important predictions and application

of these equations include gravitational waves, tidal forces and GPS.
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2.2 The Einstein-Hilbert action

2.2.1 Einstein’s equations in vacuum

General theory of relativity is a field theory, hence we can derive the governing equa-
tions using variational principle starting from a suitable Lagrangian. The advantage
of deriving the field equations using the variational approach is that it makes explicit
the connection between symmetries and conservation laws: any symmetry of a theory
corresponds to a conservation law.

In 1915, the famous mathematician David Hilbert proposed the action that yields

the Einstein field equations, known as the Einstein-Hilbert action [3]

03
TEH — e / d*z\/—gR, (2.3)

where ¢ is the determinant of the metric tensor g,, and R is the Ricci scalar. This
action describes gravitational fields in the absence of matter.

We shall now derive the Einstein field equations in vacuum (7, = 0) by varying
the action (2.3) with respect to the metric tensor g, -

Varying (2.3) and requiring that 677 = 0

03
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Using the product rule, we get

sreH — _©

- / d5(5y/=g R+ =g OR). (2.4)

So, in order to find 67*" we need to calculate §/—g, and R as gap — Gab + 0Gap
(to first order terms in g )
1- Evaluation of §,/—g

Since g = g(gap) , by the chain rule

dg = dGap - 2.5
g D9us Jab (2.5)
It can be established that [3]
9y b
= gg®. 2.6
g~ (2.6)
Thus (2.5) becomes
859 = 99°0gas - (2.7)

Furthermore, by the properties of the metric tensor

gabg“bzéa“:n, 0<a<n-1

so that

5(gaprg™) = on = 0.
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However, by the product rule

5(9a59™) = 89ap9™ + 9apdg®

hence we get

gabdgab = —gab59ab . (2-8)

Substituting by (2.8) into (2.7), we get
59 = —99a09™ . (2.9)

Finally, by the chain rule

1
= —5V=9 69 . (2.10)

2- Evaluation of 0R

To calculate R, we start from the definition of the Ricci scalar
R = gabRab 3

thus, by the chain Rule

SR =0gRy + "0 Ry .
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For the second term we use the Platini Identity [3]:

ORy = <5F2b);c - (Ffw);b? (2'11>

so that

9"0Ray = g [(6T %) — (Tac)l = (9005 ):e — (9™ T

= (g"0T%, — 9" 0T G0 ):e (2.12)

where we used the property gq.. = 0 in the last equation.
Now, the term (g*0I'¢, — g¢6T¢,). is a covariant divergence of a vector; it can be
shown using Gauss’s theorem that this term vanishes when integrated over the 4-

volume /—g d*x. Consequently, we have

SR = 69" Ry, + surface terms. (2.13)

Now, using (2.10) and (2.13) in (2.4),

C3
(SIEH = m/d4x<5\/ —gR+ V=g 5R)
G Ty (Ruy — ~gus R)5g" (2.14)
- 167TG xz g ab 2gab g - .

By imposing

SIPH =0, Y §g%
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we get the Einstein field equations in vacuum

1
Rab — §gabR =0.

We can further simplify these by contracting the above equation by ¢* to get

1 1
9" (Rap — §gabR) = Ry — 5533 =0

Since 62 = 6§ + -+ -+ 03 = 4 we get
R—2R=—-R=0. (2.15)

Thus, in vacuum R = 0. Therefore, the Einstein equations in vacuum can be

written as

Ry =0. (2.16)

2.2.2 Einstein’s equation with source

In the presence of a source of a gravitational field such as a matter field or elec-
tromagnetic field, we modify the action (2.3) to accommodate for this source, such

that

[total — [EH + Ifields
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The corresponding equations can be found by varying the total action with respect to

the metric tensor g
5Itotal — 5]EH + 5]fields — 0, Y 5gab

We calculated the first term in the previous section to be

1
EH 4 /_ 21

It can be shown that the variation of the matter field is given by [3]:

, oL 1
5Ifleld8 — / /_g [@ - iﬁgab] (Sgab’ (218)

where L is the Lagrangian density.

If we define the stress-energy tensor to be
1
§L'gab] , (2.19)

then the variation of the total action can be written as

1 e

grtetel = 167T oG / d*z/—g [R, 5900 B — —Ta) g™ =0, (2.20)
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from which the Einstein field equations

1 8¢
Rab — ZGab R=

9 C4 Tab

immediately follow.
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CHAPTER 3

SOME EXACT SOLUTIONS OF

THE EINSTEIN EQUATIONS

3.1 The Schwarzschild solution

Is it possible to solve the Einstein field equations for any metric g, ? If one examines
how g, enters Ricci and Einstein tensors, one could readily see the high degree of
non-linearity possessed by these equations. Thus, any solution of the Einstein field
equations will not be easy to obtain. However, this problem becomes simpler if one
assumes that the spacetime admits certain symmetries. Karl Schwarzschild obtained
the first exact solution of the Einstein field equation in 1916. The Schwarzschild
solution is obtained under the assumptions that:
1- Spacetime is spherically symmetric: invariant under rotations.
2- Spacetime is static: the metric components are independent of time.
3- Spacetime is empty: we are solving the field equations with T,;, = 0.

4- The signature of the metric is (4,-,-,-).
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5- Spacetime is asymptotically flat: it approaches the Minkowski metric of special
relativity in the limit » — oo .

To derive the Schwarzschild solution, we start with a general metric

ds?® = ggdz®da®, 0<a,b<3

Writing the metric tensor g,;, explicitly

goo Yo1 JGo2 YJos

gio 911 G12 913
Gab =

g20 Gg21 Yg22 G223

g30 931 932 g33

The metric is a symmetric tensor, that is g., = gpa

goo go1 YGo2 9Go3

gor G911 Y12 9g13
Gab =

go2 Gi12 G2 g3

Jo3 d13 g23 033

Since the metric is spherically symmetric, it is convenient to write it in spherical
coordinates

(xo,asl,xQ,:v3) = (t,7,0,0).
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And it is unchanged under # and ¢ reversal (0§ — —0,¢ — —¢), hence

9a2:—9a2:>9a2:07 G#Q

9a3:—9a3:>9a3:0-a7é3

Thus

goo gor O 0

gor 9gu 0 O
Gab =
0 0 g2 0

0 0 0 gss
Next, we impose that the metric is static and symmetric under time reversal
a. static metric % = 0, components of g,, are time-independent.

b. symmetric under time reversal (t — —t)

900 = —9a0 = gao =0.a #0

Thus
go O 0 O
0 gun 0 0

Gab =
0 0 g2 O

0 0 0 gss3
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Now, the sought metric has the form

ds® = goodt® + gidr® + gaadf? + gs3dg® .

From the fact that spherical surfaces with constant t and r have line element

ds* = r?df* + r? sin®(0)d¢*

Now, for constant ¢,0 and ¢ (i.e. on the radial line) the metric should only depend
on the radial coordinate r; to preserve the spherical symmetry, which means that the
metric components for time and radius, g;; and gee, must be functions of r only.

This simplifies the metric even further to:

ds® = U(r)dt* + V (r)dr? + r*d0 + r* sin®(0)d¢” .

Since we want the metric to be invariant, and asymptotically reduce to the

Minkowski metric, we write it as

ds®> = U(r)dt* — V(r)dr® — r*df* — r? sin®(0)d¢? . (3.1)

Now, we want to solve the Einstein field equations in vacuum

1
Rab - Egab R=0
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for the metric (3.1), written in diagonal form as

gay = diag(U(r), =V (r), —r?, —r?sin*()) .

Since it is a diagonal matrix, its inverse

TR IS B e S
= — =dia —
g Gab g U(r) V(r)" r2’ r2sin?(0)

).

To find the values of the Ricci tensor R, we first need to calculate the Christoffel

symbols for our metric: The non-zero Christoffel symbols are given by (primes denote

[y =T = %900900,1 = %,

1ﬁ(l)o = _%911900,1 = %,

Fh = %911911,1 = % ,

1%2 = —%911922,1 = —%,

33 = _%911933,1 = —% sin?(#),
Pf2 = Fgl = %922922,1 = %,

3 = _%922933,2 = —cos(0) sin(0) ,
Fgl = F?s. = %933933,1 = %,

1 cos(0)
1—\3 — F3 — 33 — .
271287 50 9827 g )
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From which we calculate the Ricci tensor (1.8)
Ry =T5 = Thosp + ks, — eIy,

The non-vanishing Ricci tensors turn out to be

U// U/v/ (U/)Z U/
oo = =5y T yr Y agv v

Rii4i=—_-7 - _
WWoUu T aur T aUuv v

rU’ _'_l_ rV’ B
20V V. 2V2

)

R22 =

R33 = Sin2(0>R22 .

Thus, the Ricci scalar R is the contraction of the Ricci tensor

R=g"Ru = g"Roo + g"' Ri1 + g"*Ras + g** Ra3

1 1 1 1
— EROO — VRII — 7“_2R22 — 7"2 S]n2(0) Sin (6)R22
1 1 2
— EROO - VRH - _2R22
U’ uv’ U’)? 20’ 2V 2 1
) T a——

v v Yoy T hov T T

Now that we have calculated the values of the Ricci tensors and scalar for our metric
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(3.1), we can substitute them into the vacuum equations

1
Rab—§gabR=0. 0<a,b<3 (3.2)

First we note that since both Ry, and g4, vanish for a # b, then the only survivng
equations are the diagonal equations, that is when @ = b. And since the (a,b) = (3, 3)
equation is a multiple of the (2,2) equation, they are linearly dependent, hence we
only need one of them.

Thus, after simplification, the vacuum equations (3.2) for the components

(a,b) = {(0,0),(1,1),(2,2)} are given by

Vv’ 1 1
U’ 1 1
—— (1) =0, (3.4)

uoveoeu" UV or(U)?
vtV T ooy T 7Y (3:5)

Now, we want to find the value of V' (r) and U(r).

From (3.3)
A AV
ro V(V=-1)°
integrating both sides
—1
—Inr+C=1In V-1
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where C is an integration constant. Simplifying the above expression, we get

c_v-1
r )

(3.6)

from which we can solve for
1

v, c. C
Z (1= = =
1-—)-35=0,

au C dr
U r2—-0Cr "’
integrating both sides, we have
U= =<
r
which we can solve for
C
Ur)y=1-—. (3.7)

T

26M - the

c2

Substituting by the values of U and V into (3.1), and Identifying C' =
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Schwarzschild metric becomes

2GM

c2r

1

2GM>
1 - c2r

ds®* = (1 — )dt? — ( dr? — r*df* — r*sin®(0)d¢? . (3.8)

The Schwarzschild metric (3.8) describes the geometry around a point mass. The

equation shows that there are two singular points, the first at » = 0, and the second

02
2GM *

at r = The former is called an essential singularity, and physically, it represents
the center of a black hole. Whereas at the second singularity r, = 2GM /c? there is a
discontinuity in spacetime. This radius r; known as the Schwarzschild radius, and the
spherical shell defined by this radius is called the event horizon. The Schwarzschild

radius divides the black hole into two connected regions. The region within the black

hole 0 < r < 7y, and the region outside the black hole ry < r < oc.

2GM
2

However, by carefully studying at the line element (3.8), it turns out that r =
is not a singularity of the spacetime, but rather a coordinate singularity, which is not
a real physical singularity but rather an artifact that appears due to our choice of
coordinates. One method used to determine weather we have a coordinate singularity
for a given metric is to calculate the curvature invariants for that metric. Curvature
invariants are a set of scalars formed from the Riemann and Ricci tensors, such as
R, Ry R™ and Rg.qR% . Since these are scalars, they are not affected by our choice
of coordinate, therefore coordinate singularities do not appear on them.

For the Schwarzschild metric (3.8), these invariants turn out to be [3]

R=0, (3.9)
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RyR™ =0, (3.10)

48G? M?
abed __
RadeR - Ar6 . (311)
Since neither of the invariants (3.9), (3.10) and (3.11) has ry = 24" as a singularity,

it is indeed a coordinate singularity.

Figure 3.1 shows a sketch of Schwarzschild and its singularities.

Ll
o~
"

E-*:""t;;ﬁ*"‘b

singularity

evenl
horizon

Figure 3.1: Schwarzschild blackhole

3.2 The Friedmann-Robertson-Walker cosmologi-

cal models

The Friedmann-Robertson-Walker (FRW) metric is defined as [3]

ds® = dt* — a(t)*( dr® + r*d6? + r? sin®(0)d¢?) . (3.12)

1
1—kr?
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We can see that the FRW metric (3.12) describes a homogeneous universe because
of the spherical symmetry of the metric, and it describes an isotropic universe, since
it does not have cross terms between time and space variables, there is no privileged
direction.

The factor a(t) is called the scale factor [3], and it tells us how the expansion of the
universe depends on time.

The number & € {—1,0, 1}, is known as the curvature constant. It takes the value
k = —1 for negatively curved space, k = +1 for positively curved space, and k = 0 for
flat space.

We want to solve the Einstein equations taking into account the effect of dark energy,
a relativistic energy density that carries negative pressure and is responsible for the
accelerated expansion of the universe, and it is expressed in the form of cosmological

constant A [23]. In this case, the EFEs become [3]

1
Rap — égabR — Agap = 871Gy, (3-13)

for the FRW metric (3.12) and a stress-energy tensor [3]

T = (p+ P)tatty — DYab - (3.14)

The tensor (3.14) represents a perfect fluid model with energy density p and matter

density p, where u, = (ug, u1, uz,u3) = (1, 0,0, 0) is the macroscopic speed of the fluid.
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From the line element (3.12), we get the metric tensor

1 0 0 0
0 —a(t)—=s 0 0
Gab =
0 0 —a(t)*r? 0
(3.15)
0 0 0 —a(t)?r?sin?(9)
; —af(t)? 2,2 2,2 i 2
= diag(1, T o2 —a(t)“re, —a(t)r"sin*(0)),
where diag means the diagonal elements of the matrix.
Since our metric tensor is represented by a diagonal matrix, its inverse g% = ﬁ
gv = diag(1, (3.16)

a(t)? " a(t)*r?’ a(t)?r? SiHQ(Q)) '

Since the metric tensor is diagonal, the determinant g can be found by multiplying

the elements of the diagonal

—abrtsin? 6

— (3.17)

g= ’gab’ =

By substituting the values of g, into (3.14), we find the non-vanishing components of

the stress-energy tensor to be

Too = (P+P>U3 — PYoo = P

a(t)?
1—kr? P

Ty = (p +p)u% — Pgi1 =
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Tos = (p+p)ui — pgu1 = a(t)*r’p,

Ts3 = (p + p)ui — pgi = a(t)’r?sin®(6) p.

And the non-vanishing components of the fully contravariant form 7% = g%*g¢* T,,

are

TOO — (900)2 TOO =y,

1 — kr?
T = (") i = =5 p,
22 2212 1
T :(9 >T22:Wp’
1

= —' p .
a2r?sin’ 6

Writing T, and T in a more compact form,

a(t)?

Toy = diag(p, TP a(t)*r*p, a(t)*r? sin?(0)p) (3.18)
— kr
and
1—kr? 1 1
T = di : 3.19
iag(p, 2 PP pragn?e ) ( )

To find the values of the Ricci tensor R,;,, we first need to calculate the Christoffel

symbols for our metric (3.15).

53



The non-zero Christoffel symbols are given by

1 aa
FO — __,00 e
11 29 g11,0 12
1 .
Fg2 = _5900922,0 = aar? ,
1 .o .
33 = —590933,0 = aar’sin’(0),
1 a
Fl — Fl — — 11 _ ¢
01 10 29 g11,0 pE
1 kr
11 29 d111 g2
1 a
Fl == — = 1 = —
22 29 9221 o
1 a
33 29 g33,1 e
2oz Lo, O
02 — 20—29 922,o—a,
1 1
P2 — F2 _ 22 _ =
12 21 29 9221 g
1
F§3 = —5922933,2 = —sinfcosd,
1 a
B, =03 = —¢* _ ¢
03 30 29 g33,0 pE
1 1
F3 — FS — — 33 _ =
13 31 29 g33,1 e

1
1—%3 = F§2 = 593393372 = cot 9,
from which we calculate the Ricci tensor (1.8)

_ 18 s k 1s k s
Rab - I'_‘ab,s - Fas,b + Fabrsk - Fas kb

we find the non-vanishing Ricci tensors to be
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Rop = =32,
a

R 2k +240° +ai
U k2

Roy = dar? + 2a%r% + 2kr? ,
R33 = SiIl2 0 R22 .

The Ricci scalar R is the contraction of the Ricei tensor

R=g"Ru = g"Roo + g"' Riy + g"*Ras + g** Ra3

aa+a® +k
a2

= 6 )

After calculating Ry, and R, we can write the set of EFEs.

For (a,b) = {(0,0),(1,1),(2,2)},

1
Rab - igabR - Agab - 87TGTab ;

gives the following set of equations

a, 881G AN k
)2 == — - — 2
(=) 5 Ptg 2 (3.20)
i 1,4, A 1k
a + 5(5) = —4nGp + E - 5? ) (321>
i 14, A 1k
a + 5(5) = —4nGp + § - 5? (3'22)

Since (3.22) is that same as (3.21), hence we only have two independent equations.

Finally, we have two independent equations (3.20) and (3.21) with four unknowns:
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a, p,p and k. Therefore, we need two more equations to be able to solve our system
of equations.
We can get one more equation from the conservation of energy-momentum Tgb = 0.

It follows from (1.23) that the divergence of the stress-energy tensor

T5b =T + THTY, + T (log v/—9) & = 0.

For 20 = 2° = t the formula reads

T;%O = Tféo + TkOFZO + T%(log vV—9)r=0.

Since T is diagonal, the only surviving terms will be

7% + T""T9, + T%(log v/=g) 0 = 0, (3.23)

where we employed the Einstein summation convention on the second term.

The first part in this equation is
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As for the second part

Ty, =TTy + THY, + T#T5, + TTy,

1 — kr? '
:( r)p_ad + pzadr2—|—

.92 .9
aar® sin” (60
a? 1—Fkr?2  a?r (9)

a2r?sin’ 6

a
=3-p.
a

Moreover

0 abr4 sin? 0
T%(1 — = p—{1 R —
(logv=9).0 = pz,(log\| —57)

0 1
= pa(?)loga +2logr + logsin 6 — 3 log(1 — kr?))

:32,0.
a

Consequently (3.23) becomes
) a
p+3(p+p)- =0. (3.24)

This equation is known as the fluid equation.

Equations (3.20), (3.21) and (3.24), called the Friedman equations, which describe the
evolution and expansion (or contraction) of the universe, under the assumption that
the universe is isotropic and homogeneous.

Now, we need to define the behavior of energy density p for any given mass/energy

component. This behavior is generally expressed through the equation of state, which
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expresses the relation between pressure and energy density

p=uwp, (3.25)

where w is a constant that takes the following values for each given component

- For non-relativistic matter like cosmic dust or planets : w = 0.

- For radiation: w = L.

w

- For dark energy: w = —1.

In reality, the universe contains a mix of each of these components. However, it
is known that there are epochs in the evolution of the universe where one of these
components was dominant. Having this in mind, solving the Friedman equation for
each of these components lets us understand the evolution of the universe through
that certain epoch.

Substituting by (3.25) into the fluid equation (3.24)
) a
p+3(1—|—w)pa =0,

separating the variables, we get

d d
P 314w,
p a
integrating both sides
po(@) = puoa 30H) (3.26)
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where p,, o is the energy density of a component with equation of state parameter w
at the current time.

We can derive certain information about the evolution of the universe from the evo-
lution of the energy density (3.26).

- For a universe filled with matter only (w) = 0: pxa
- For a universe filled with radiation only (w =1/3): pxa
- For a universe filled with dark energy only (w = 2): p = constant .

We can see that radiation decreases most rapidly in time. It follows that going
back in time, it must increase the fastest, that is, at its early stage, the universe was
dominated by radiation. As we go forward in time, radiation will dilute the fastest as
matter becomes the dominant component. Finally, as we continue in time, all matter
and radiation will dilute yet the dark energy stays constant, dominating the content
of the universe.

Now we are ready to present few solutions to the Friedman equation (3.20) in

simple scenarios.

1- Flat, matter dominated universe

In this case, k = 0 and w = 0. Friedmann equation (3.20) becomes
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Substituting by (3.26) into the above equation

a e _
(a)Z = — Pmo @ 37

3

where p,, o is the current energy density of matter.

Which we write as

ala)2 _ 87erm70 ol

(E 3

Taking the square root of both sides, and separating the variables

a'?dt = +4/ %pm,o dt .

Integrating both sides

2 |87G
§a3/2 =+ Tpm’[) t.

Therefore, for a flat, matter dominated universe, the scale factor grows as
a(t) o< t%/%.

2- Flat, radiation dominated universe

In this case, K = 0 and w = 1/3. Friedmann equation (3.20) becomes
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Substituting by (3.26)

i, 8nG 4
(a) - 3 pT,Oa’ 9

where p, o is the current energy density of radiation.

Taking the square root of both sides, and separating the variables

a da = i\/?ﬂm dt .

Integrating both sides

8rG
5(12 ==+ TPT’O t.

We see that for a flat, matter dominated universe, the scale factor grows as
a(t) oc tY2.

3- Flat, dark energy dominated universe

In this case, k = 0 and w = —1. Friedmann equation (3.20) becomes
a., 8nG
(D) =—3»

Substituting by (3.26)

a, 8nG
(a) - 3 pA707

where the constant pj o is the current dark energy density.
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Simplifying the above expression

da &G

— = ——pap dt.

a 3
Integrating both sides

[87G
loga =+ WTpA,O dt .

For a flat universe dominated by dark energy, the scale factor grows as

a(t) o< e
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3.3 Other solutions of physical interest

In this section, we will briefly discuss other important solutions to EFE without going

into the details of the derivations.

3.3.1 The Reissner-Nordstrom solution

Reissner-Nordstrom metric represents one of the most important exact solutions of
the coupled Einstein equations with a stress-energy-momentum tensor due to a point
charge. This Reissner-Nordstrom line element describes the geometry of the spacetime

surrounding a static charged object admitting spherical symmetry, and is given by [3]

2 2 2 2
gt = (12 Sy g B %)*dﬁ — 20 — r2sin®(0)de?,  (3.27)
T T

r 72

where m is the mass and () is the electric charge of the resulting black hole.
The Reissner-Nordstrom metric features two roots of singularity, namely, it is singular

at

r? —2mr+ Q* =0,

implying that

ri2=m=E/m?—Q?.

This suggests that we have three possibilities for m? — @Q? < 0, m? — Q? = 0 or
m? — Q% > 0. At m = Q, the concentric event horizons corresponds to an extremal

black hole. The concept of an extremal black hole is theoretical, and none have thus
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far been observed in nature. However, many theories are based on their existence.
Black holes with m < @ are believed not to exist in nature because they would
contain a naked singularity, one that is not hidden behind an event horizon. Their
appearance would contradict Roger Penrose’s cosmic censorship hypothesis which is
generally believed to be true [3].

Charged black holes with m > @) are similar to Schwarzschild black holes, they have
two horizons: the event horizon and an internal horizon known as Cauchy horizon.

Figure 3.2 shows a sketch of Reissner-Nordstrom and its singularities

QOuter Event Horzon

Inner Event Horzaon

Figure 3.2: Reissner-Nordstrom blackhole

64



3.3.2 The Kerr solution

The Schwarzschild solution (3.8) represents a non-rotating black hole, the endpoint of
stellar collapse. But from observations, we know that stars and planets rotate around
their axes. However, the problem for an uncharged, rotating body of mass M and
angular momentum .J , turns out to be a much more complicated, and it was unsolved
for 48 years, until the solution was found in 1963 by mathematician Roy Kerr [10].

The line element for the Kerr metric is given by [24]

2mr dmrasin® 6
ds>’=—(1— ———  Vdt*? — —————— " dtd
° ( r2 4+ a2 cos? 0 2 4+ a2 cos? 6 ¢
2 2 052
+ ( I arcos )dr? + (r* + a” cos® 0)d6? (3.28)

r2 — 2mr + a2
2mra? sin® 6

T )sin?6 do®.
r2 4+ a2 00829>Sm ¢

+(r*+d” +

The metric above, is given in the Boyer—Lindquist coordinates, related to Cartesian

coordinates by

x=Vr?+a? sinfcos ¢,
y=Vr2+a® sinfsing,
z=rcosf,

and

Note that in the limit @ — 0 (i.e. when we have no rotation), the Kerr metric

(3.28) reduces to the Schwarzschild metric (3.8).
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The Kerr metric has singularities either when

r? 4+ a®cos? 0 = 0,

—r=0 and ezg (3.29)

or when

r? —2mr +a* =0,

=r=ry=mxvm?—a? (3.30)

To check if these are real or coordinate singularities, we look at the invariant
quantity [24]

48m?(r? — a® cos? 0)[(r* + a* cos® §)* — 16r?a® cos? 0]

Ra . Rabcd —
bed (r2 4 a? cos? 6)°

We see that the only real curvature singularity is the first case (3.29), at r =
0 and 60 = 7 since Rapea R — oo there. As for (3.30), it is a coordinate
singularity that shows up because of our choice of coordinates. Moreover, in the
Schwarzschild limit as a — 0 we have r. — 2m. This is the location of the horizon in
the Schwarzschild metric, we will therefore identify r1 as the outer and inner horizons.

Figure 3.3 shows a sketch of Kerr blackhole and its singularities.
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Figure 3.3: Kerr blackhole
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CHAPTER 4

BIANCHI TYPE 1

COSMOLOGICAL MODEL WITH

TIME-DEPENDENT

GRAVITATIONAL AND

COSMOLOGICAL CONSTANTS

4.1 Introduction

Motivated by the occurrence of the large dimensionless numbers, which are ratios of
some physical constants, Dirac proposed a the large number hypothesis, allowing the
gravitational constant G to be time-dependent [25]. This suggestion lead researchers

to contemplate several arguments, speculations and new ideas in cosmology by allow-
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ing G and A to be taken as functions of time. This consideration became a topic of
great interest, and since then several investigations have been carried out such as re-
ferred in [26], [27], [28], [29], [30], [31], [32], [33], [34], [35]. In one of the recent papers,
it is argued that the accelerated expansion of the universe is due to dark energy as
revealed by type Ia supernovae observations [36], [37], [38]. In their work, Pradhan
et al. [38] pointed out that present observations strongly reveal a small and positive
value of the effective cosmological constant at the timeline of cosmological epochs and
subsequent evolution of the Universe from the Big Bang to the present epoch. The
Wilkinson Microwave Anisotropy Probe [39], [40] combined with more accurate SN
Ia data [41] indicates that the Universe is almost spatially flat and the dark energy
accounts to about 70% of the total content of the Universe. In their paper Chen
and Wu [33] show that, in Friedman Robertson Walker (FRW) model, the effective
cosmological model A(t) should vary as a=? (where a(t) is the scale factor). Carvalho
et al.[32] generalized their work by taking A = aa™? + SH? where H is the Hubble
parameter and «, § are adjustable constants. Bertolami [42] was the first to consider
cosmological model where A varies as 2. Al-Rawaf and Taha [43], Al-Rawaf [44],
Arbab [45], [46], Overdin and Cooperstock [47], investigated cosmological models with
A=p %, where [ is constant.

Bianchi I cosmological models with variable gravitational and cosmological constants
were studied by Beesham [18] showing that there is no internal inflationary solution
for purely exponential form. Sistero [19] investigated cosmological models, where the
cosmological and gravitational constants are treated as coupling scalars, and G o a™.

Generalized field equations with time-varying G and A were first proposed by Lau
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[48] and Lau and Prokhovnick [49] in their attempt to reconcile the general theory of
Relativity with the large number hypothesis. A detailed analysis of FRW cosmological
models in several scalar-tensor theories of gravity have been carried out by Barrow
and Parsons [30], as well as Damour, Gibbons and Taylor [34]; obtaining limits on the
variability of G using binary-pulsar data. Matter creation in cosmology and its phe-
nomenology also attracted many researchers lately [50], [32], [51], [52]; these classes of
models considered the effect of matter creation by introducing additional pressure (or
bulk viscosity) terms in the expression of the stress-energy tensor T, = Ta(l:n) +T a(lf)
with Té;n) the stress-energy tensor of matter and Téz) describing matter creation, hence
the stress-energy tensor of matter is no longer a conserved quantity Tég)b # 0 (the
total stress-energy tensor is still a conserved quantity Té’;b = 0), where a ; represents
the covariant derivative of the metric. The fact that the divergence of the matter

) is also non-zero in models with time-varying G and A leads

stress-energy tensor 7"
to the possibility that the matter dominated phase in the evolution of the universe was
by large non energy-conserving event caused by a time-varying gravitational and cos-
mological "constants”. DerSarkissian [53] developed in a systematic way this point of
view in a cosmological model that is consistent with the principle of absolute dark mat-
ter confinement, which suggested a new mechanism for matter creation as irreversible,
localized and solitary vacuum fluctuations with finite, maximum hadronic mass den-
sity and temperature. Rahman [54] and Beesham [55] re-discussed and corrected the
model proposed by DerSakissian as well as the problem of energy conservation. Ozer

and Taha [56] investigated a cosmological model with a cosmological constant but

without applying the conservation of the matter stress-energy tensor tentatively to
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solve the entropy problem.

Following Dirac in [57], many authors were in favor of G(t) oc t~!, but it lost interest
because of the Viking-lander-range data on the orbit of Planet Mars [35], this idea
regain interest again after Massa resolved this issue in [35] by means of introducing
matter creation process inside the source, and by following Zel’dovich’s A term and
assuming Hubble parameter H o< t~!, he found that A oc t72 and G(t) oc ¢! [58].
The possibility that in the early universe entropy generation processes and particle
creation were the result of false vacuum decay in the case of variable gravitational
and cosmological constants have been studied in detail by Harko and Mark [51], [59].
Recently, Singh [60] and Ullah et al. [61] analyzed LRS Bianchi-V cosmological model
with time-varying gravitational and cosmological “constants” in the presence and ab-
sence of particle creation, where the particle creation rate is uniquely determined by
the variation of cosmological and gravitational constants.

In this chapter, we present our study on the evolution and dynamics of perfect fluid
Bianchi I cosmological model with time-varying gravitational and cosmological con-
stants, taking into account the phenomenological description of matter creation by
means and as a result of the time-dependence of G and A. We obtain exact solutions
to the Einstein field equations in the case of particle creation and in the absence of

particle creation.
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4.2 Einstein Field equations

We consider the Bianchi type I metric which is given by the line element [65],
ds® = —dt* + A*(t)dz* + B*(t)dy* + C*(t)d2* . (4.1)

The Einstein field equations with time-dependent gravitational and cosmological con-
stants are[65],

1
Rab = 50012 = —87G (O Ty + A(t) g (42)

where R, T,, and R respectively represent Ricci & stress tensor and Ricci scalar.
Here we have taken the speed of light ¢ = 1.

By (4.1), the components of the metric tensors are

Jab = y (43)

= diag(—1, A(t)*, B(t)*, C(t)?).

The stress-energy tensor Ty, is chosen to represent a perfect fluid, given by [65],

T = (p + )ttty + DYap » (4.4)
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where p and p respectively denote energy density and pressure, and wu, =

(uo, u1, ug, uz) = (—1,0,0,0) is the four-velocity vector.

Using (4.3) into (4.4), we find the non-vanishing components of the stress-energy ten-

sors to be

Too = (p + p)ug + pgoo = p
T = (P +p)U% + pgi1 = pA(t)Q»
Tos = (p+ p)uj + pgor = p B(t)?,

Tys = (p + p)uj + pgss = pC(t)*.

The Christoffel symbols for Bianchi type I metric (4.1) are given by

1 .
I = —5900911,0 = A(t)A(t),

1 .
ry, = —5900922,0 = B(t)B(t),

1 )
gy = —5900933,0 =C()C(t),
Fl _ Fl o 1 11 _
01 — 110~ 29 9110 = 5

1
F%o = F(2)2 = 5922922,0 = 5

1
Fgo = F83 = 5933933,0 = =

From which we calculate the Ricci tensors (Note: In this chapter, we contract the
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first and forth indices of Riemann tensor to form the Ricci tensor, which introduce a

negative sign to (1.8))

Ry =T5 =Ty + | A S

ab,s

which turn out to be

Aty Buy €@
oo =50 "B T o
Ru——mmAw+A@g%ﬂﬂ+A®ggaw%
Ry — — @(t)ﬁ%c(t) N C(t)gEgC(t) L W)

Ricci scalar is simply the summation of all Ricci tensors above

2A(t)  2A(t)B(t)  2A()C(t)  2B(t) 2B#)C(t)  2C(t)

B=~Chty T AmBm T Amew T B T BOCW T o))

Finally, the field equations (4.2) for Bianchi type I metric (4.1), with stress tensor

given by (4.4), take the form

AB BC AC

a5 T BC + yrohu 8rG(t)p + Alt), (4.5)
B C BC
A C AC



B AB

i
Tt ap = STGHp+A®), (4.8)

where a single and double dots respectively represent the first and second derivatives
with respect to time.

We can get one more important equation from the conservation of the Einstein tensor

(1.33). Multiplying (4.2) by g*°

1
gaCRab - EgacgabR - _SWG(t)gac ab + A(t)gacgab 9 (49)

Using the raising property of the metric tensor and ¢*“g,;, = J;, where J; is Kronecker’s
delta

1
Ry — S05R = —87G(1)Ty + A(1)5; (4.10)

Since the Einstein tensor is divergence free, it follows that the L.H.S. of (4.10) is also

divergence free by ¢*“(Gap.) = (9°°Gap) . = 0, hence so is the R.H.S. of (4.10), so that
(=87G(t)T§ + A(t)5;).. = 0.
Distributing the covariant derivative
—8nG(t) Ty — 8nG(t)Ty,, + A(t) 0y =0,

hence

(87G(8) JTE — A(t),). (4.11)
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For ¥ = 2° = t, we have A(t), = A(t) and

Z Gt G()T) = =G(t)p,

since G(t) is a function of time only and TY) = ¢®Tyy = —p.

Thus the R.H.S of (4.11) becomes

G SO0~ Ato) = (Gl + gogi)
As for the L.H.S. of (4.11), it follows from (1.23) that
Tt = T+ To (log /19l) & — TiTs,
Since all the components of 7' depends on 2° = ¢ only, then
Ts. = Too = (9"To0) .0 = —p

as for

)
Ty (log V). = 15 (log V/1gl).0 = —p- (log(ABC))

A B B

(A+B+B)p
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For the last term, k = ¢ since the stress tensor is diagonal, so that

chrgc = TOOFSO + Tllr(ln + T22F(2)2 + T??ng

A B C
_ o A 2 D 33 U
=g T11A+9 T22B+9 T33C
AL BB
‘AT BT BP

Hence L.H.S of (4.11) becomes

Ts.. = Tg . + Ty (log \/|g]) . — TET,
A B B
_ 4, 2.5 4.1
p—(p+n)(G+5+3) (4.13)

By (4.12) and (4.13), the conservation of Einstein tensor leads to

) (4.14)

For the metric given in (4.1), we define the generalized Hubble parameter to be [65]

1A B C
H_ﬁ(Z+E+5) (4.15)
Using (4.15) into (4.14), we obtain
: G A
p+3H(p+p) = —(5P+%)- (4.16)

In the early universe, the particle content is formed by a non-interacting co-moving
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fluid with number density n(¢) and obeys the equation of state given by [61],

n =no(£)s (417)
Po
p=ap, (4.18)

where ny and pgy are constants and 0 < o < 1. Now, from [61], the particle balance
equation is given by

n+3Hn=T(t)n, (4.19)

where I'(¢) is the particle production rate. Dividing both sides by n

% +3H =T(t). (4.20)
On the other hand, from (4.17)
n_ Lp
n l+ap
and from (4.16) | |
= (Gt o) — -

Using the above two equations into (4.20), we get the equation for particle production

rate as
1 G A

PO =G50, @ T e

(4.21)

In the case of particle creation, we have I'(t) > 0, which in presence of (4.21) requires
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that

G A

Whereas in the case of no particle creation, I'(¢) = 0 leads to particle conservation

law in cosmology,

A+87Gp=0, (4.23)

and energy-momentum conservation
p+3H(1+a)p=0. (4.24)

The matter and the dark-energy density parameters given respectively by €2, =

L
3H?

8rG

I are useful tools for comparing different cosmological models.

p,and Q) =
Recent measurements show that the values of these parameters are €2, = 0.279 and

Q= 0.726 [63)].
4.3 Solutions of the Field equations
Subtracting (4.6) From (4.7) we obtain,
A B A BC
1 5 G e (4:25)

Similarly, subtracting (4.6) from (4.8) and subtracting (4.7) from (4.8) respectively,

we get

A ¢ A C.B
Z_E+<Z_6)§_O7 (4.26)



and

B C B C.A
E—G—F(E—E)Z—O. (4.27)

Form the symmetry of the above three equations, we can exchange between A, B and
C, it follows that

B=kA, (4.28)

and

C = koA, (4.29)

where k; and ko are constants.

Substituting (4.28) and (4.29) into (4.5) we get

A2

Similarly, from (4.6) we find that
—ZA—A2—8G —A (4.31)
1~ a2 = 8mGp . :
Adding the above two equations
i A

At this stage, we deal with the problem in two different cases, one by one, (I) Absence

of particle creation and (II) Presence of particle creation.
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4.3.1 Case (I): Absence of Particle creation

In this case, I' = 0. By substituting (4.28) and (4.29) into (4.15), we obtain,
A
H=—. 4.33
= (1.33)
From the property of conservation law (4.24) we get,

A
p—i-BZ(l—i-a)p:O. (4.34)

Solving above equation in p we obtain,
p= A3+ (4.35)

For convenience we took the integration constant to be 1. Substituting (4.35) into
(4.32) and solving for G we get,

B A1+3°‘(—AA—|—A2)

¢= An(1+ ) (4:36)

Finally, using the above two equations into (4.31) gives us

1+ 3a A2 2 A
— I 4.
A 1—|—ozA2+1+ozA (4.37)
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Thus we have our dynamical variables B, C, p, G and A all functions of A(t). We
now describe the models resulting from different dynamical laws in two cases using

ansatz in A(t).

Case (Ia, Power Law): A= jgt"

In this case § and m are arbitrary positive constants. From (4.28) and (4.29) we

obtain:

B(t) = ki ft™, and C(t) = ko ft™, thus we have

ds? = —dt* + B2 (da® + kndy® + kad2?). (4.38)

For this metric, the Hubble parameter (4.15)

H:?, (4.39)
while, using (4.35), (4.36), and (4.37) we obtain,
p=(ptm)—20H), (4.40)
mﬁi’)(l—&-a)

= 30+ajm=2 (4.41)

47(1 + @) ’

1 2_2m 1

_ 31 +a)m m (4.42)

1+« 2’

Computing the dark-energy and matter density parameters for this model, it is found
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that they are given respectively by,

2
Qy=1- 4.43
and
2
0, =—: 4.44
3(1+a)m (444)

We note that both the energy density Fig.4.1, 4.3 and the cosmological parameter
Fig.4.5 starts at infinite value at the big-bang at ¢ = 0, and then approaches to small
positive values later as t — oo. Moreover, it can also be noted that in this case A oc =2
which, in time-dependent cosmology, enjoys a broad consensus [62]. To determine the
value of the constant m, we find the best fit for the values of 2, and €2, given above
against those found by WMAP in [63], where Q4 = 0.726 and 2, = 0.279, assuming
stiff fluid (a« = 1) and matter dominated universe (a« = 0). For the model given by

(4.38), we find that the two best fits matching the data are,

a| m Qa Qo | Q) wamar | (Qn)waap
1] 1.0710.724 | 0.263
2.4 10.722 | 0.278 0.726 0.279

Table 4.1: Comparing best fit theoretical results with experimental values.
(1): Non particle creation

We note that for these values of m and «, The gravitational constant G increases
rapidly with time Fig.4.2, 4.4. This problematic case, as we will see later, can be fixed

by assuming particle creation.
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Figure 4.2: The variation of G vs. t. (o = 0)
Case I: Non particle creation
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Case I: Non particle creation
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Figure 4.5: The variation of A vs. t.
Case I: Non particle creation
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Case (Ib, Exponential Law): A = fe™

Here § and m are arbitrary positive constants. From (4.28) and (4.29) we obtain,

B(t) = k1pe™ and C(t) = koe™ For this model the metric becomes,

ds® = —dt* + B*e*™ (da” + kidy® + kod2?),

(4.45)

The Hubble parameter (4.15) is now a constant, as expected for a de-sitter type

universe

H=m,

while from (4.35), (4.36), and (4.37) we get,

p= 0166—3771(1—&—@)757
G =0,
A = 3m?

A
=g =t
8t
U= =0
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In this model, there is no gravitational coupling, as G = 0, hence there is no effect
of gravitational force. The matter energy density p decreases with time eventually
reaching zero as t — oo, where we have a flat universe that is totally occupied by
dark-energy in the form of cosmological constant. This may not be a viable model
for the evolution of the universe, but rather for the fate of the universe, where it ends

up in a big-freeze scenario.

4.3.2 Case (II): Presence of Particle creation

In this case, I'(t) > 0. Here we have three independent equations (4.30), (4.32) and
(4.21) in five unknowns A, G, p, A, I'. Fo a deterministic solution, we need two
more conditions. As ansatzes, we will take A and p in two cases, like in the previous

part, first, as power law, and second, as exponential law.

Case (Ila, Power Law): A =0bt"  p=kt"

The Hubble parameter (4.15) for this line element is

="
t

Using the values of A and p in equation (4.32), we obtain

mt—(Q—l—n)

0= v

(4.49)
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Following [57] and [58], we assume that n = —1 to get G(¢) oc t 1.

Using the above equation with (4.30)

3(1+a)m? —2m

At) = 4.50
*) (1+ a)t? ( )
From (4.21), we find the particle production rate
314+ a)ym—1
I'(t) = 4.51
®) (14 a)t (451)
For the matter and dark-energy density parameters,
A 2
h=—=1—-—— 4.52
AT 3H? 31+a)m’ (4.52)
811G 2
Q,, = = , 4.53
sz’ T 31+ am (4:53)

Note that 2y + €2,,, = 1, which is the case of flat universe dominated by matter and
dark energy in the form of A. To ensure that the particle creation criterion holds
(T(t) > 0), the value of m must satisfy m > ¢ when o =0 or m > § when a = 1.
Now, to determine the value of the constant m, we find best fit for 2, against those
found by WMAP in [63] where Q4 = 0.726 and 2, = 0.279. assuming stiff fluid
(a = 1) and matter dominated universe (a = 0) and for brevity we considered k = 1.
We see from Fig.4.6, The particle creation rate decreases as the universe expands,
and as a result, the dark-energy A and the density p decrease as well, approaching

small positive values in the present epoch. Moreover, assuming particle creation, we
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a| m | Oy | Q| (Q)wwar | (Cn)waap
0 2.4 [ 07220278
1122|0727 | 0273 0726 0.279

Table 4.2: Comparing best fit theoretical results with experimental values.
(2): Particle creation

28 0.33‘-
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101
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(a) The variation of I' vs. t. (b) The variation of G vs. t.
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(¢) The variation of A vs. t. (d) The variation of p vs. t.

Figure 4.6: The variations of I', G, A & pvs. t
Case II: Particle Creation

get G o< t~1, which is widely supported in time-dependent gravity [35], [58].
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Case (IIb, Exponential Law): A =be™  p= ke™

where b, k, m and n are constants. From (4.32), we find the value of G to be,

G(t)=0. (4.54)
Since I' o« G71, it follows that I' = oo.
For the cosmological constant, (4.30) gives
A(t) = 3m?>. (4.55)
As before, the Hubble parameter (4.15)
H=m
Consequently, the matter and dark-energy density parameters,
Qp = % =1, (4.56)
and
= igfp —0. (4.57)

In this case, we see that even assuming particle creation, exponentially evolving uni-

verse well be free of gravitational attraction, since the gravitational coupling G =0,
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and totally dominated by dark energy, suffering the same consequences as in case (Ib).
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CHAPTER 5

CONCLUSION AND

RECOMMENDATION

In this work, we reviewed the necessary tensor calculus in order to understand the
theory of General Relativity. Then we derived the Einstein field equations using
two methods, first by appealing to physical intuition and the relation of geometry of
space-time to gravity, then by the variational formulation using the Einstein-Hilbert
action. Furthermore, we have reviewed the most important exact solution to the EFEs,
including a detailed derivation of the Schwarzschild metric, and a light discussion of
the Reissner-Nordstrom and Kerr solutions. Moreover, we have derived the Friedman
equations of cosmology and reviewed simple Friedman-Robertson-Walker cosmological
models.

The standard models of cosmology, those based on the FRW metric, are built on the
basis of the cosmological principle, the assumption that the universe is homogeneous

and isotropic on large scales. However, recent observations from the Plank Mission [67]
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have called this view into question. These observations lead to investigate anisotropic
cosmological models. The simplest generalization of FRW model which accounts for
anisotropy is given by the Bianchi type-I cosmological model. Therefore, it seems ideal
to explore Bianchi type-I models of the universe as an alternative to the standard FRW
models of cosmology.

In the last chapter, we have presented a discussion of the evolution and dynamics of
Bianchi I cosmological model under variable gravitational and cosmological constants.
In this process, we have obtained a class of exact solutions of the EFE in two cases;
(i) considering a universe with no particle creation in which the particle production
rate I' = 0 , and (ii) introducing the process of particle creation with I' > 0. In
both cases, we considered situations in which both the scale factor A and the matter
density p obey the power (A o t™) and exponential (A oc e™) laws. By calculating
the dark-energy density parameter 2, and the matter density parameter €2,,, we have
obtained the best numerical values for the constants involved in the ansatz of A and
p, and which are in a good agreement with the results obtained from WMAP [63].

Recently, many authors have questioned the validity of General Relativity as the
correct theory of gravity, and questioned the mysterious dark matter term A due
to difficulty of experimental confirmation. This has lead to consider modification of
the general theory of relativity. Among the interesting alternatives are f(R) gravity,
in which the higher curvature terms are added to the gravitational action [68], and
f(R,T) gravity, in which we introduce a coupling between geometry and energy-
momentum [69]. In both theories Einstein-Hilbert action is modified to give a more

general equations than EFEs, and it is hoped that it may provide new understanding
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of dark matter or even inflation [70].
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