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ABSTRACT

In this thesis, we study several algorithms for approximating common fixed points of
nonexpansive-type mappings on both linear and nonlinear domains. We give an introduc-
tion of fundamentally nonexpansive mappings and a-nonexpansive mappings. Sufficient
conditions for the existence of a unique common fixed point of contractive-type map-
pings are obtained in a metric space. We introduce some algorithms for approximating
common fixed points of a finite number of nonexpansive mappings in a CAT'(0) space
and a hyperbolic space. Applications of our results to convex feasibility and minimization
problems are presented. Finally, we propose an algorithm for approximating common end-
points of two multivalued generalized nonexpansive mappings. Consequently, our results
approximate common fixed point of fundamentally nonexpansive and a-nonexpansive

single-valued mappings in hyperbolic spaces.
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Chapter 1

Introduction

1.1 Metric Space

Definition 1.1.1. Let X be a nonempty set. A metric on the set X is a function

d: X x X — R" satisfying the following axioms:

1. d(m,w) > 0 for all m,w € X.

2. d(m,w) =0 for m,w € X if and only if m = w.

3. d(m,w) = d(w, m) for all m,w € X.

4. d(m,w) < d(m,u) + d(u,w) for all m,w,u € X (triangle inequality).
X coupled with a metric d is called a metric space (X, d).

Definition 1.1.2. Let X denote a linear vector space defined over a field of scalars F.

A norm is a function ||.|| : X — R™ satisfying the following conditions:
L. |m| > 0 for all m € X and |jm|| = 0 if and only if m = 0.
2. |lam|| = |af||m|| for all m € X and « € F.
3. ||m +wl|| < ||m]|| + ||w]|| for all m,w € X (triangle inequality).

The pair (X, ||||) is called a normed space.



Remark 1.1.3. Every normed space is a metric space i.e. if (X, ||||) is a normed space,

then (X, d) is a metric space where d(m,w) = ||m — w|| for all m,w € X.

Definition 1.1.4. A sequence {w,} in a metric space (X, d) is called a Cauchy sequence

if for each € > 0, there is an N(¢) € N such that d(wy,,w,,) < € for all n,m > N.

Definition 1.1.5. A sequence {w,} in a metric space (X, d) converges to w € X if and

only if, for each € > 0, there is an N(e¢) € N such that d(w,,w) < € for all n > N.

Definition 1.1.6. We say a metric space (X, d) is complete if every Cauchy sequence in
X is convergent.

A complete normed space (X, ||||) is called a Banach space.

1.2 Fixed Point Problem

Suppose that X is a nonempty set and A;, Ay € X with A; N Ay # 0. A point a € A,
is a fixed point of the mapping G : A; — A, if Ga = a. The symbol F(G) shall denote
fixed point set of G. The fixed point problem entails setting appropriate conditions on

X, the set A; and the mapping G in order to establish the following:
1. Existence and uniqueness of a fixed point
2. Iterative techniques for approximating the fixed points
3. Properties of the fixed point set.

Finding common fixed point of a family of mappings is an intrinsic part of fixed point
theory. Let G, H : A; — Ay be two mappings. A point a € A, such that Ga = a = Ha

is called common fixed point of G and H.

1.2.1 Well-known Iteration Processes

An iterative process is a mathematical technique using an initial guess to produce a

sequence of elements with the nth step depending on the (n-1)th step. Suppose that U

2



is a nonempty subset of a metric space (X,d). Let G : U — U and F(G) # ). For a
given o € C and n = 0,1, ..., some well-known iteration processes for approximating

fixed point of G are defined below:
1. Picard Iterations: x,.1 = Gz,.
2. Mann iteration scheme: x,.1 = v,Gz, + (1 — v, )z, for 0 <, < 1.

3. Ishikawa iteration scheme :

Tp+1 = ’ynGyn + (1 - f)/n)xn

for 0 < A,y < 1.
4. Halpern iterations: for any u € X, z,11 = (1 — ,)u + £,Gx, where 0 < 3, < 1.

5. Noor three-step iteration scheme:

Un = MGz + (1= Nz,

where 0 < A\, fn, 7 < 1.

1.3 Hyperbolic Space
A metric space (X, d) coupled with W : X? x [0, 1] — X fulfilling the following conditions.

Dd (e, W (m,w, 7)) < 7d(c,m) + (1 — 7)d(c, w)

(
(1)
(2) d(W(m,w, A1), W(m,w, A2)) = |\ = Aa| d(m, w)
3) W(m,w,7) = W(w,m,1 —7)

(

4) d(W(m,v,7), W(w, z,7)) < 7d(m,w) + (1 — 7)d(v, 2)

for all m,c,v,w,z € X and 7, A1, Ay € [0,1] is called a hyperbolic space.



For all v,m,w € X, u > 0 and 0 < £ < 2, a hyperbolic space X [112] is uniformly
convex if there is 0 < 8 < 1 such that d (W (m,w, 3),v) < (1 — )p, whenever d(m,v) <
p, d(w,v) < pand d(m, w) = p.

If W(m,w,r) € U for all m,w € U and 7 € [0, 1], then U is a convex set.

Here are two important examples of a uniformly convex hyperbolic space:

1.3.1 Uniformly Convex Banach Space

For sequences, we denote strong convergence, weak convergence and weak-star conver-

gence by — ,— jand —*, respectively. Let X* be the dual of a Banach space X and
) 1
Y(p) = mt{l = gllw+m| : | <1, [m]| <1, fm —wl| = p}.

X is uniformly convex if for each 0 < p < 2, we have that ¥ (u) > 0.
Let Sy ={w € X : ||lw| = 1}. X is said to be smooth if the norm of X is Gateaux

twl|— .
Icttoli=liml] it

differentiable i.e. for each m,w, € Sx, 11_{%
For f € X* and w € X, the value of f at w is denoted by (w, f) and is called the
duality pairing. By normalized duality mapping, we mean a mapping J : X — 2%
defined by
J(w) ={f € X" (w,f) = w]* [lw] = /]I}, Ywe X.

By the Hahn-Banach theorem, we have that J(w) is nonempty. If {w,} C X and w, —
w € X imply that J(w,) —=* J(w), we say J is weakly sequentially continuous. If X is a
Hilbert space, Riesz representation theorem and the inner product properties of X imply
that J is the identity mapping.

Moreover, X satisfies the Opial condition [18] if for any sequence {w,} with w,, — w,
we get lim sup ||w, —w|| < limsup ||w, —m|| for all m € X with m # w. (1 < p < 00),
Hilbert ;;ai:oes and finite dirg;j;onal Banach spaces satisfy the Opial condition. X is

smooth and satisfies the Opial condition( [52], [117]) if X admits a weakly sequentially

continuous duality mapping.



Lemma 1.3.1 ([120]). For a ¢ > 0 and uniformly convex Banach space X, there is a

continuous strictly increasing convex function g : [0,00) — [0, 00) with g(0) = 0 such that
[€m + (1 = &w|]* < gllml* + (1 = Ellw]* — &1 = E)g(lm — w]))

for any |[m][, [Jw]| < ¢ and € € [0,1].

1.3.2 CAT(0) Space

Let (X, d) be a metric space and Z = [0,1] C R. A mapping ¢ : Z — X with the property
that ©(0) = a1, (1) = ag, and d(¢(s1), @(s2)) = |s1 — so| for all 0 < 51,59 < 1 is known
as a geodesic path from a; to as.The image of ¢ is the geodesic segment connecting
a; and ay and [ag,as] represents the unique segment joining a; to as. If a geodesic
segment connects any two points of X, then (X, d) is called a geodesic space. Moreover,
X is uniquely geodesic if such segment is unique for every pair of elements of X. A
geodesic triangle A(mq, ma, mg) comprises of three points mq,mg,m3 in X as well as
geodesic segments connecting any two of the points mq, mo, m3 . For A(my, ms, ms3) in
(X,d), a comparison triangle is defined as A(mq, mg, ms3) := A(my, Mz, m3) in R? with
dg2 (T, my) = d(mj,my) for j,k =1,2,3. A CAT(0) space is a metric space such that
any given two points are connected by a segment and for every m, w € A(my, my, m3) in
X and every m,w € A := A(my, Tz, ms) in R?,
d(m,w) < dg2(m,w) holds.

By u = (1 — s1)my @ symse, we mean u is a point on the geodesic segment joining m; with
ms where d(ms,u) = (1 — s1)d(mq1,ms) and d(mq,u) = s1d(mq, ms). For any p € [0, 1],
and wq, wy, w3 in a CAT(0) space X, we have the (C'N) inequality [21]:

d*((1 = pun ® pws, wz) < (1 — p)d*(wi, ws) + pd? (w2, ws) — p(l — p)d*(wr, wy).

Simply connected Riemannian manifold, R-trees, Pre-Hilbert spaces, the complex

Hilbert ball with a hyperbolic metric and Euclidean spaces ( [71]) are some well-known

examples of CAT(0) space.



Lemma 1.3.2 ([32]). Let X be a CAT(0) space. For any m,w,z,r € X and ¢ € [0,1].

we have the following:
1d(Cm® (1= Qw,2) < Cd(m, 2) + (1 — O)d(w, )
2. d(Cm @ (1 = Qw,&m @ (1 — Hw) = ¢ — ¢ld(m, w)
3. d(Cm ® (1 = Qw, ¢z @ (1= ¢)r) < (d(m, 2) + (1 = ()d(w, 7).

Definition 1.3.3 ([11]). A pair (m,w) € X? is called a vector and is denoted by mab.
For any m, w, z,7 € X, the quasilinearization is the map (.,.) : (X?) x (X?) — R defined
by

@mjm:%w%mm+fm¢yw%m@—fmmﬂ. (1.3.1)

We can easily show that for any m,w, z,r,u € X,
<mvﬁ> = <ﬁam>v <mvﬁ> = _<m7 ?>

and (i, zF) + (ub, zF) = (mab, zF).
A geodesic space is CAT(0) space if and only if it satisfies the Cauchy-Schwartz inequality

([14]):

(1.3.2)

(m, z#) < d(m,w)d(z,r) for all m,w, z,r € X.

Definition 1.3.4. Let U be a nonempty convex subset of a CAT(0) space X and z € X.

A metric proection is the mapping Py : U — 2V defined by
Pom={w e U :d(m,w)=d(m,U)}.
In a complete CAT(0) space, a metric projection is a single-valued mapping [18].

Moreover, characterization of a metric projection in a complete CAT(0) spaces X is

given as follows:

Lemma 1.3.5 ([30]). Let U be a nonempty closed and convex subset of a complete CAT(0)

space X and Py : U — U be a metric projection . Let z € U and m € X. Then,

2= Pym if and only if (w2, zm) >0 for allw € U.



1.4 The A-convergence

The concept of A-convergence was introduced by Lim [84]. Kirk and Panyanak [73]
showed that A-convergence in C'AT(0) space, and in general hyperbolic space, is similar

to weak convergence in a Banach space.

Definition 1.4.1. Let X be a metric space. For a bounded sequence {w,} € X and

w € X, define r(.,{w,}) : X — [0,00) by

r(w, {w,}) = limsup d(w, wy,).

n—oo

Then:

(a) the asymptotic radius of {w,} in relation to U C X is defined by

ry(w,) = inf{r (w,{w,}) : w e U}

(b) for any m € U C X, the asymptotic center of {w,} in relation to U is defined by
Ap(wy,) ={w e X 1 r(w,{w,}) < r(m,{w,})}.

Definition 1.4.2. If every subsequence {w,,} of {w,} has a unique asymptotic center

w € X, we say {w,} C X, A-converges to w. Symbolically, A — lim w, = w.

n—oo

Remark 1.4.3. {w,} is said to be regular relative to U if for every subsequence {w,, }
of {w,}, we have ry(w,) = ry(w,,) . In a Banach space with Opial condition, weak

convergence is the same as A-convergence (cf.[77]).

Lemma 1.4.4 ([09]). Let (X,d, W) be a uniformly convex hyperbolic space and w €

X. Let {an} € [c1,¢a] for some ci,co € (0,1) and {a,},{b.} C X. If for some ¢ >

0, limsupd(a,,w) < ¢, limsupd(b,,w) < ¢ and lim d(W (ay,bn, ), w) = (. Then
n—oo

n—oo n—oo

lim d(ap,b,) = 0.

n—oo
Lemma 1.4.5 ([32]). In relation to any nonempty closed and convex subset U of a
complete uniformly convex hyperbolic space X, the asymptotic center of every bounded

sequence {w,} in X is unique.



Lemma 1.4.6 ([22]). Let {y,} be a subsequence of a bounded sequence {z,} of a complete
uniformly convexr hyperbolic space X. Suppose the asymptotic center of {z,} and {y.},

respectively, are z and m. If {d(z,,m)} is convergent, then we have that z = m.

1.5 Review of Nonexpansive-Type Mappings

Let U be a subset of a metric space (X, d). A mapping G : U — X is called :
1. Nonexpansive if for every m,w € U, d(Gm,Gw) < d(m,w).
2. Mean nonexpansive if for A;, Ao > 0 and A\; + Ay < 1,
d(Gm, Gw) < A\id(m,w) + Aad(m, Gw) holds for all m,w € U.

3. Quasi-nonexpansive when F(G) # () and d(Gm,w) < d(m,w) for all m € U,w €

F(G).

1.5.1 Fundamentally Nonexpansive Mapping

A mapping G : U — X is said to be fundamentally nonexpansive [10] if for any m,w € U,
we have

d(G*m, Gw) < d(Gm,w).
Lemma 1.5.1 ([29]). If G is a fundamentally nonexpansive mapping on a subset U of a
metric space X, then for all m,w € U, the following holds:
d(m, Gw) < 3d(m,Gm) + d(m, w).
Definition 1.5.2 ([11]). We say a mapping G : U — X satisfies condition (F) if for
some p > 1, we have
d(m,Gw) < pd(m, Gm) + d(m,w) for all m,w € U.

By Lemma 1.5.1, the class of fundamentally nonexpansive mappings is a subclass

of the set of mappings satisfying condition (E). Ghoncheh and Razani [10] introduced



fundamentally nonexpansive mappings in Banach space and Moosaei [38] showed that a

commutative family of fundamentally nonexpansive mappings has common fixed point.

In a complete CAT(0) space, Salahifard et al. [110] studied fundamentally nonexpan-
sive mappings while Suanoom and Klin-eam [111] extended the results to a hyperbolic
space. Recently, Fukhar-ud-din and Khan [10] proved common fixed results of fundamen-

tally nonexpansive mapping and a-nonexpansive mapping in uniformly convex hyperbolic

space.

1.5.2 a-nonexpansive Mapping

In 2011, Aoyama and Kohsaka [10] initiated the study of a-nonexpansive mapping. For

a<land m,we U, G:U — X is a a-nonexpansive mapping if
d*(Gm, Gw) < ad*(Gm,w) + ad*(Gw, m) + (1 — 2a)d*(m,w) holds. (1.5.1)

Ariza et al. [12] showed that for « < 0, T" becomes the identity mapping. Among various
generalizations of nonexpansive mapping, this class is pertinent because it contains sev-
eral important nonlinear mappings with application to minimization problem, variational
inequality and zeros of maximal operators ([107], [27], [31]). Recently, Song et al. [113]

defined GG to be a-nonexpansive mapping if it satisfies
d(Gm,Gw) < ad(Gm,w) + ad(Gw,m) + (1 — 2a)d(m,w) for all m,w € C. (1.5.2)

Using convexity of the mapping ¢t — ¢2, it is easy to see that (1.5.2) implies (1.5.1). We
give an example to show that the class of mappings satisfying (1.5.2) is indeed a proper
subclass of the class of mappings satisfying (1.5.1). Define a mapping G : [0,3] — [0, 3]
by

0, m#3

Gm =
2, m=3.

It is easy to see that 2||Gm — Guwl|]* < [|[Gm — wl|]* + |m — Gw||*( See [33]). However,

there is no a < 1 such that for m,w € [0, 3], ||Gm — Gw|| < a||Gm —w||+ a||Gw —m)||+



(1 —2a)||m — w|| holds. Indeed, for m = 2,w =3
|IGm — Gu|| =2, |I[m—w| =1, |m—-Gu| =0, |lw—Gm| =3
and [|[Gm — Gw|| < o||Gm — w| 4+ o||Gw — m|| + (1 — 2a)|jm — w|| holds only if o > 1.

In this thesis, we consider a-nonexpansive mapping in the sense of Aoyama and
Kohsaka [10] i.e. mapping for which (1.5.1) holds.

Muangchoo-in et al. [91] have studied common fixed point approximation of two a-
nonexpansive mappings via Ishikawa iterations. Moreover, Mongkolkeha et al. [37] proved
strong and weak convergence of a new iteration involving two nonspreading mappings
and an a-nonexpansive mapping to a common fixed point. Very Recently, Fukhar-ud-
din [37] has approximated common fixed points of mappings satisfying condition(C) and
a—nonexpansive mapping through a one step iterative scheme.

In Banach spaces with normal structure, Zhang [124] proved that his newly introduced
mean nonexpansive mapping possesses unique fixed point. Consequently, this mapping
was further studied in linear spaces by many authors including Wu and Zhang [119],
Gu [53]. Bose [15] showed that two mean nonexpansive mappings have common fixed
point and gave Picard-like iterations for estimating their common fixed point. Later, Gu
and Li [51] proved that the Ishikawa iteration associated with two mean nonexpansive
mappings converges to a common fixed point of both mappings. Fixed point theory of
a mean nonexpanive mapping was extended to C'AT'(0) space by Zhou and Cui [125],
where they established the non-emptiness of its fixed point set and convergence of its

associated Ishikawa iterations.

Lemma 1.5.3 ([75]). Let U be a nonempty subset of a metric space (X,d). IfG:U — X

is a mean nonexpansive mappings, then G is an a-nonexpansive mapping.

Lemma 1.5.4 ([10]). Let U be a nonempty subset of a metric space (X,d). Let G : U —

X be an a-nonexpansive mapping for some 0 < a < 1. Then, for all m,w € U

1
d*(m, Guw) < ] ra

2
d*(m, G

[ad(m, w) + d(Gm, Gw)]d(m, Gm) + d*(m,w).

10



Lemma 1.5.5 ([38]). Let U be a nonempty closed and convezr subset of a complete uni-
formly convex hyperbolic space (X,d,W). Let G : U — U be a nonexpansive mapping.
If {w,} C U is such that nh_)rxolo d(wy, Gw,) = 0 and {w,}, A— converges to w, then
w e F(G).

Definition 1.5.6. Let U be a nonempty subset of a metric space (X,d). A mapping
G:U— Xis:

(i) Nomspreading if 2d*(Gm, Gw) < d*(m, Gw) + d*(w,Gm) ¥ m,w € U.
(ii) Hybird if 3d*(Gm, Gw) < d*(m, Gw) + d*(w, Gm) + d*(m,w) ¥ m,w € U.
Remark 1.5.7.
1. Nomnspreading and hybird mappings are examples of a-nonexpansive mappings.

2. Set of quasi-nonexpansive mappings is a proper subset of the set of fundamental
and a-nonexpansive mappings. It is easy to see that nonexpansive mappings are
mean nonexpansive and a—nonepansive mappings. Moreover, unlike nonexpansive
mappings, mean nonexpansive and a—nonepansive mappings need not be conti-

nous.

11



Chapter 2

Common Fixed Point Results

2.1 Unique Common Fixed Point of Contractive-type
Mappings

In this section, we extend and complement recent main result of Gérnicki [50] and Bisht
[16] for a pair of asymptotically regular mappings. These results simultaneously extend

the famuous Banach contraction principle and Kannan fixed point result for two map-

pings.

2.1.1 Introduction

Browder and Petryshyn [19] introduced the notion of asymptotic regularity. A self-
mapping T of a metric space (X, d) is said to be asymptotically regular if lim d(T"z, T""'z) =
n—o0

0forall z € X.

Recently, Goérnicki [50] has obtained the following generalization of a result of Reich
[104]:

Theorem 2.1.1. Suppose that (X,d) is a complete metric space and T is a continuous

asymptotically reqular self-mapping on X satisfying the following condition:

d(Tz,Ty) < Md(x,y) + K{d(z,Tx) + d(y,Ty)} for all z,y € X, (2.1.1)
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where M € [0,1) and K € [0,00). Then T has a unique fized point p € X and T"x — p

for each x € X.
We recall some weaker forms of continuity:

Definition 2.1.2 ([20]). If T is a self-mapping of a metric space (X,d), then the set
OT,z) = {T"x : n = 0,1,2,---} is called the orbit of T" at . T is called orbitally
continuous at a point z € X if for any sequence {x,} C O(T,x) for some =z € X,

lim z, = z implies lim Tz, = Tz.
n—o0 n—oo

Clearly, continuity of 1" implies that 7" is orbital continuous. The example below shows

that the converse is not true.

Example 1. Let X = [—1, 1] be endowed with the usual metric and T': X — X be defined

by :
%”“, x>0
Ty =
1, x<0

Then T is orbitally continuous but discontinuous at x = 0.

Definition 2.1.3 ([97]). A self-mapping 7" of a metric space (X,d) is called k-continuous,

k € Nif lim T% 'z, = z implies lim T%x, = Tz.

n—o0 n—o0

Note that 1-continuity is equivalent to continuity and for any k£ € N, k-continuity
implies (k + 1)-continuity while the converse is not true. Moreover, continuity of 7% and
k-continuity of 7" are independent conditions when k > 1(see [97], Examples 1.2-1.5).

Bisht [16] improved Theorem 2.1.1 as follows :

Theorem 2.1.4. Suppose that (X,d) is a complete metric space and T : X — X is an
asymptotically reqular mapping satisfying (2.1.1). Then T has a unique fized point p € X
provided T is either k-continuous for some k > 1 or orbitally continuous. Moreover,

Tz — p for each x € X.

Recently, Bisht and Singh [17] extended Theorem 2.1.4 for a pair of self-mappings S

and T satisfying the following Lipschitz-Kannan type condition:
d(Tx, Ty) < Md(Sxz,Sy) + K{d(Tz,Sz) + d(Ty, Sy)} for all z,y € X.

13



In this section, we extend Theorem 2.1.4 for a pair of asymptotically regular mappings
satisfying a contractive condition of type (2.1.1). We also establish results for mappings

satisfying (2.1.1) but are not asymptotically regular.

2.1.2 Main Results

We need the following technical result:

Lemma 2.1.5 ([122]). Let {a,} be a sequence of non-negative real numbers satisfying

any1 < (1 —ap)a, + @, fn, n >0 where o, € (0,1) and {B8,} C R such that

(1) Zan =o0 (1) limsupf, <0 or Z |, Bn| = o0.
n=0 n=0

n—oo

Then {a,} converges to zero as n — oo.

We now present our main result by following the arguments of Geraghty [15] and

Boyd and Wong [20]:

Theorem 2.1.6. Suppose that (X,d) is a complete metric space, T and S are asymptot-

ically regular self-mappings on X satisfying the following condition
d(Tz,Sy) < Md(z,y) + K{d(z,Tx) + d(y, Sy)} for all z,y € X, (2.1.2)

where 0 < M <1 and 0 < K < oco. Suppose further that T and S are either k-continuous
for some k > 1 or orbitally continuous. Then T and S have a unique common fixed point

p. Additionally, lim T"x = p = lim S"x for any v € X.
n—oo

n—oo

Proof. We prove the result in three steps:

Step 1: For any x € X, we prove that lim d(T"x, S™z) = 0.

n—o0

For S =T, the result is trivial. Suppose S # T and M = 0. Then (2.1.2) becomes
d(Txz,Sy) < K{d(z,Tz) + d(y, Sy)} for all z,y € X .
For any z € X, let 1 = T"z and y; = S"x1. Then,

d(T" 'z, S" ) < K{d(T"z, T" ' x) + d(S™x, S"*'x)}.

14



Taking limit on both sides as n — oo, it follows from the asymptotic regularity of S and

T that lim d(T"" 'z, S""'z) = 0. Moreover,

n—oo

d(T"z, S"x) < d(T"x, T"'x) + d(T" 'z, S"'x) + d(S"x, S"x). (2.1.3)
Applying asymptotic regularity of S and T to (2.1.3), we have that

lim d(T"z, S"z) = 0.

n—oo

Next, suppose that S # T and M # 0. Define x; = T"x and y; = S™x for any x € X.

Then (2.1.2) becomes
d(T" 'z, S" ) < Md(T"x, S"x) + K{d(T"z, T" ' x) + d(S"x, S"*'z)}.

Let a, = d(T"x,S"z), a, =1 — M and

K

— Tn Tn+1
- Md( x, r) +

B d(S"x, S" ).

1—M
By asymptotic regularity of T" and S, we get that lim 3, = 0. Moreover, Y «, = oc.
n—oo

n=1

Hence by Lemma 2.1.5, we have that lim d(7"z, S"z) = 0 for any = € X.

n—oo
Step 2: Let x, = T"x for any z € X. Then, we prove that {z,} is Cauchy and thus
converges to p € X. Moreover, S"z converges to p € X.

Suppose {T"z} is not Cauchy. Then there exists an € > 0 and sequences of integers

{m(k)}, {n(k)} with m(k) > n(k) > k such that for k =1,2,---, we have
A(T™® g, T"M ) > € (2.1.4)

By choosing m(k) to be the smallest number exceeding n(k) for which (2.1.4) holds, we
may assume that d(77*) 1z, T"®)z) < e. Now,

e < d(TmWg, TrM ) < q(TW g, TR 1y 4 d(Tm0 g TR )

(2.1.5)
< d(T™W g, TR 1) 4 e,
Letting £ — oo in (2.1.5), it follows by asymptotic regularity of 7" that
lim d(T™ Wz, T z) = ¢. (2.1.6)

k—o0
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Moreover, asymptotic regularity of 7" and the inequality
(T TR~y < d(Tm By TR gy 4o g (TR g, TR )

+ d(T™W®) g, TR )

imply
lim d(T™® g TR~y — ¢, (2.1.7)

ko0
Now, (2.1.2) implies
A(T™ Wy, T"W ) < d(T™Wg, S"®a) 4 d(S" P, T"F)y)
< d(S"W g, TR ) 4 M[d(Tm(k)_lx, T”(k)_lx) +d(T"W) 1y, S”(k)_la:)]
+ K[d(Tm(k)_lzc, T ® g) + d(S"F 1y, S”(k)x)}.

Letting & — oo, it follows by (2.1.6), (2.1.7) and asymptotic regularity of 7" and S that
e < Me. This is a contradiction. Hence {z,} is Cauchy. Since X is complete, {z,}

converges to p € X. Moreover,
d(S"z,p) < d(S"z,T"x) +d(T"z,p).

It follows from Step 1 and convergence of {x,} to p € X that S™z converges to p.
Step 3: p is the unique common fixed point of S and T'.
Suppose that T is k-continuous. Since lim 7% 'z, = p, k-continuity of 7" implies

n—oo

that lim 7%z, = T’p. By uniqueness of the limit, Tp = p. Analogically, suppose that T

n—oo

is orbitally continuous. Since lim z,, = p, orbital continuity implies that lim Tz, = Tp.
n—oo n—oo

This yields T'p = p.

Similarly, since lim S"x = p, we have that Sp = p whenever S is k-continuous or
n—oo

orbitally continuous. Hence p € F(T)NF'(S). Suppose that there is ¢ # p in F(T)NF(S5).
Let x = p and y = ¢. Then (2.1.2) becomes d(p,q) < Md(p,q). Hence a contradiction.

In conclusion, p is the unique common fixed point of S and T. O

We give an example to illustrate Theorem 2.1.6.

Ezample 2. Let X = [—1, 1] be endowed with the usual metric. Suppose that 7,5 : X —

16



X are mappings defined by :

Z x>0 0, <0
Tl’: Sx:
1, <0 -1, 2>0.

It is easy to verify that [Tz — Sy| < ¢l —y|+ |z —Tz|+ |y — Sy|. Moreover, T and S are
asymptotically regular, orbitally continuous and discontinuous at 0. All the assumptions
of Theorem 2.1.6 hold, so T" and S have 0 as their unique common fixed point. Also,

lim 7"z =0 = lim S"x for any x € X.

n—oo n—oo

As a special case of our result, we have the following generalization of Theorem 1.4

of Gérnicki [50].

Corollary 2.1.7. Suppose that (X,d) is a complete metric space, T and S are self-
mappings on X for which T™ and S? are asymptotically reqular for some positive integers

m and q, respectively. Suppose that the following condition holds:
d(T"x,S%) < Md(x,y) + K{d(z, T"x) + d(y, S%)} for all xz,y € X, (2.1.8)

where M € [0,1) and K € [0,00). Then T and S have a unique common fized point
p € X provided both T™ and S? are either k-continuous for some k > 1 or orbitally

continuous.

Proof. Take f =T™ and g = S9. Then for all z,y € X, (2.1.8) becomes

d(fz,gy) < Md(z,y) + K[d(z, fx) + d(y, gy)]- (2.1.9)
By Theorem 2.1.6, f and g have a unique common fixed point p. Now, f(Tp) = T™(Tp) =
Ty = T(fp) = Tp implies that Tp is a fixed point of f. Similarly, we have that Sp
is also a fixed point of g. Using (2.1.9), we have that Sp = Tp. By the uniqueness of
common fixed point of f and g, it follows that Sp = Tp = p. Suppose that z is a common

fixed point of S and T'. Then fz = gz = 2. Uniqueness of common fixed point of f and

g implies p = z. Il

Remark 2.1.8. For M + 2K < 1, asymptotic regularity and continuity are not necessary

for the existence of unique common fixed point of S and T'( See [62]).
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Next, we consider mappings that are not necessarily asymptotically regular but satisfy

(2.1.1).

Theorem 2.1.9. Suppose that (X,d) is a complete metric space and T : X — X is a
continuous mapping satisfying (2.1.1). Suppose that T has an approximate fived point
sequence i.e. there exists a sequence {x,} C X such that d(x,,Tx,) — 0 as n — oo.

Then T has a unique fived point p. In particular, x, — p as n — co.

Proof. Suppose that m > n. Then using triangle inequality and (2.1.1), we get
d(xp, ) < d(xp, Txy,) + ATy, Txy) + d(T2, )
< d(xp, Tx,) + Md(zp, x) + K{d(zp, Tx,) + d(2, TTm)}
+ d(Txp, T0m).
Now (1-M)d(zy, xm) < (1+K){d(zp, Tx,)+d(zp, Txy)} implies that  lm  d(x,, x,,) =

7,M—00
0. Hence {z,} is Cauchy. By completeness of X, {z,} converges to p € X. Since
lim d(x,,Tz,) = 0, continuity of 7" implies p is a fixed point of 7. The uniqueness of
n—0o0

the fixed point follows from the inequality (2.1.1). O

Ezxample 3. Let X = [0, 1] be endowed with the usual metric and 7' : X — X be defined
by Tx =1 — z, for all z € [0,1]. It is easy to verify that
Tz —Ty| < (1 —2a)lx —y|+a{|lz —Tz|+ |y — Ty|} for all z,y € X,

where a € [0, %) Theorem 2.1.4 fails since T is not asymptotically regular and for

any r # %, Jgr;o Tz - %, the unique fixed point of 1. However, there is a sequence

Tpt1 = (1 = N)a, + ATz, where 0 < A < 1 and n > 0 such that |z, — Tz,| — 0 as

n — 00. By Theorem 2.1.9, T" has a unique fixed point % and z,, converges to %

The following common fixed point theorem can be established easily on the lines of

proof of Theorem 2.1.9.

Theorem 2.1.10. Suppose that (X,d) is a complete metric space , T and S are contin-

uwous self-mappings on X satisfying the following condition:
d(Tx,Sy) < Md(x,y) + K{d(z,Tx) + d(y, Sy)} for all z,y € X, (2.1.10)
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where M € [0,1) and K € [0,00). Suppose that T and S have a common approrimate
fized point sequence i.e. there exists a sequence {x,} C X such that d(z,,Tz,) — 0
and d(x,,Sx,) — 0 as n — 00.Then T and S have a unique common fixed point p. In

particular, x, — p as n — Q.

Remark 2.1.11. Our work in this section improves Theorem 1 of Kannan [65] and Corol-
lary 3.3 of Jo [62] in the sense that the mappings may be discontinuous at their unique

common fixed point.

2.2 Kirk Type Iteration Process in CAT(0) Space

In this section, we establish A—convergence and strong convergence of Kirk-type iteration
process in C'AT(0) spaces. As an application, we use our algorithm to solve consistent

and inconsistent convex feasibility problems in C AT'(0) spaces.

2.2.1 Introduction

Kirk [71] introduced an iteration process for estimating fixed point of a nonexpansive

mapping in a uniformly convex Banach space and proved:

Theorem 2.2.1 ([71]). Let K be a subset of a uniformly convex Banach space X and
T be a compact (i.e. T maps bounded subsets of X into precompact subsets of X ) and

nonexpansive mapping of K into K with at least one fized point. Define U : X — X by
k

Ur = aor + T + Tz + ...+ aTFz = Z a; Tl (2.2.1)
i=0
k
where a; > 0, a4 > 0, and > a; = 1. Let x4y = Ux,. Then for each xy € X, the
i=0

sequence {x,} converges to a fixed point of T.

Recently, Dehici [31] studied generalized Kirk process in order to approximate common
fixed point of a finite number of nonexpansive mappings. To do that, he introduced the

notion of punctual inequality defined below in (2.2.3). Let T; : K — K (i =1,2,--- k)
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be mappings and S : K — K be defined as

k
S =apl + a1 +asTy + -+« + a1y ZZ%Ti
i=0

k
where ; > 0, a; > 0, > a; = 1 and Ty is the identity mapping on K. For xy € K, define

=0
{zn} by

Tpi1 = QoTyp + a1, + agThx, + -+ + apTyr, = Sx, (2.2.2)
Then, {x,} is called generalized Kirk iteration process associated with the mappings T;.

Theorem 2.2.2 ([31]). Let C be a convexr subset of a Banach space X and T; (i =
1,2,--- k), k > 2, be self-mappings on C satisfying the punctual inequality (i.e. for all
x € C and for all integers 1,5 = 1,2,--- ,k, (i < j), there exists an integer 1 < n(x) < k
such that

ITi(x) = Ti(@)|| < |z = Tal )- (2.2.3)

Set S as above. Then,

Theorem 2.2.3 ([31]). Let X be a uniformly convex Banach space and let T;(i =

1,2,--+ k), k > 2, be nonexpansive and compact self-mappings on X satisfying the as-
k

sumption (2.2.3). Define the mapping S as above. If (| F(T;) # 0, then for each xo € X,
i=1

the Picard sequence {S™xo} converges to a common fized point of the mappings T;.

2.2.2 Preliminaries and Notations

We first introduce Kirk type iteration process for a finite number of mappings in C AT'(0)

spaces.

Definition 2.2.4 ([91]). Let K be a nonempty closed and convex subset of a C'AT(0)
space X and T; : K — X (i = 1,2,--- ,k) be mappings on K, k > 2. Let {a;}F, C

k k
(0,1)and > a; =1. Set aj = > «j, (j =1,2,---, k). Define the mapping Sp : K — X
£ =

i=1
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as Sg =Ty If k>3, fort=1,2,--- |k — 2, define S; : K — X by

Qg

Q—i+1
Ty i ® Si—1.
Ap—; Af—g

S; =
Then, the mapping T': K — X defined by
T=(1-a)Ti ® aSk_2 (2.2.4)
is a convex combination of mappings T;, (i = 1,2, , k).
Remark 2.2.5. In the case of linear domain, the mapping 7" in (2.2.4) becomes T =

k
Z Oézﬂ
i=1

Definition 2.2.6. Let K be a nonempty closed and convex subset of a CAT'(0) space X
andT;: K — K (i=1,2,--+ ,k) bemappingson K, k > 2, with 7} = I, the identity mapping on K.
Let T be as defined above. For zy € K, define {z,} by

Tni1 = Tx,. (2.2.5)

Then {z,} defined by (2.2.5) is called Kirk-type iteration process associated with the

mappings 7; defined on X.

The following known lemmas are needed to prove our main results.

Lemma 2.2.7 ([32]). Let K be a subset of a CAT(0) space X and {x,} be a bounded
sequence in X with asymptotic center Ax({x,}) = {c}. Let {a,} and {B,} be real se-

quences such that o, > 0 for alln € N, limsupa,, < 1 and limsup 5, < 0. If for each

n n

y € K, there exist p and N € N such that
Ay, Tnip) < and(c,z,) + By, for alln > N,
then y = c.
Lemma 2.2.8 ([91]). Let K be a nonempty and convex subset of a CAT(0) space X.

Suppose that T : K — K is a nonexpansive mapping and S = (1 — X\)I & AT where I is

the identity mapping and 0 < X < 1. Then for x,y € K, we have

d(Sxz, Sy) < (1 —N)d(Sz,y) + M1 — Nd(z, Sy) + (1 — X\)?d(y, Sy) + \d(z,y).
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Lemma 2.2.9 ([I1]). Let K be a nonempty closed and convex subset of a complete
CAT(0) space X and T : K — X a nonexpansive mapping with F(T) # (0. If T is
asymptotically reqular at x € K, then the Picard iterates {T"(x)}, A—converge to a fized

point of T.

2.2.3 Approximation Results for Nonexpansive Mappings

In this subsection, we establish A—convergence and strong convergence of the Kirk-type

process in C'AT(0) spaces.

Lemma 2.2.10 ([109]). Let K be a nonempty convex subset of a CAT(0) space X.
Suppose that Ty, Ty : K — X are nonexpansive mappings with F(Ty) N F(Ty) # 0. Then
for any 0 < t < 1, the mapping T : K — X defined by T = (1 — )T} & tTs is a

nonezpansive mapping and F(T) = F(T1) N F(T5).
We prove an important proposition to develop our main result.

Proposition 2.2.11. Let K be a nonempty convezr subset of a CAT(0) space X and
T, (i =1,2,--- k) be nonexpansive self-mappings on K. Let T be as defined in (2.2.4).
Then

(i) For eachi=0,1,--- k—2,S; and T are nonexpansive mappings.
k k
(i7) ]leF(Ti) £ 0, ,then F(T) = ZD1F(TZ)
Proof. For k = 2, by Definition 2.2.4, Sy_o = Sy = T = T». Thus, Sy is nonexpansive
and T = (1 — ag)Th @ a2So = (1 — ag)Ty @ asTy. So, it follows by Lemma 2.2.10 that T°
is nonexpansive. Moreover, if F(Ty) N F(Ty) # 0, we have F(T) = F(Ty) N F(Ty). By

successive application of Lemma 2.2.10 , we have the desired result for £ > 3. Indeed,
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for k>3, i=1,2,---k— 2, we compute:

A Af—; A Af—;
d(Siz, Syy) = d(Z2T e @ S a, Iy o LS, y)
Af—i Ag—; Af—i Ag—g

Ofe—g A

< d(Th—iz, Th—iy) + L d(S_i, Sk_iy)
Af—j Af—g
Of—g

< d

S 2 (z,y)

+ ak_Hld(ak_HleiH&? D i Si_o, Tkl Ty—it1y @ Thi2 Si—2y)
Af—; Ag—i+1 Ag—it+1 Ag—it+1 Ag—it+1
Qlg—; Qp_; (677 Ak—j

< d(n,y) + —— | S d(w, y) + 2 d(Siaw, Siay)
Qp—j Qf—j Ak —it1 Af—i41
O Ap—; Ap—g Qg

< —d(wy) + ———d(w,y) + ——d(w,y) + -+ ——d(z,y)
Ap—j Qp—g Qp—i Ap—j

+ d(SO'Ta‘SOy)
Af—;
Ap_; (077 (077 Q. —

< —d(n,y) + ——d(w,y) + ——d(r,y) + -+ ——d(,y)
Ag—; Af—; ag—; Ag—;

k

+ d(x,
_— (z,y)

= d(z,y).

That is, d(S;z, S;y) < d(z,y) for i = 1,2,--- |k — 2. Hence, S; are nonexpansive for
1 =0,1,2,--- ,k — 2. In particular, S;_o is nonexpansive and by Lemma 2.2.10, T is
nonexpansive. Also, by Lemma 2.2.10 , F/(Sy) = F(Ty) N F(Ty-1), F(S2) = F(Tr—2) N
F(S)) = F(T, o) NF(Ty) N F(Ty_1),- -+ , F(Sk_s) = NE_,F(T;) and hence, it follows that
FT) = (Y F(T). s

Lemma 2.2.12 ([11]). Let X be a CAT(0) space and K be as above. Assume that T is

nonexpansive and x € K. Then:
(i) For all k> 1, Ry = lim d(T""*x,T"x) exists and Ry, < kR,
n—oo

(ii) L = lim M exists and is independent of x
n—oo

(iii) L < rg(T) < Ry, where rg(T) = inf{d(z,Tx) : x € K} is the minimal displace-

ment.

Next, we give a detailed proof of a result stated in [94].
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Theorem 2.2.13 ([91]). Let K be a nonempty convex subset of a CAT(0) space X.
Suppose that T : K — K is nonexpansive. Define S : K — K by S = (1 — \)I @& AT,
A€ (0,1). Then for each x € X and k € N, we have

1
lim d(S™ ™z, S"z) = — lim d(S"™z, S"r) = lim

n—00 k‘ n—oo n—oo n

Proof. By Lemma 2.2.10 , S is nonexpansive. Also, by Lemma 2.2.12 | we have

lim d(S™** S"z) < k lim d(S™" 'z, S"x).

n—o0 n—oo

For reverse inequality, we use induction on k, that is,

lim d(S" ™z, S"z) > k lim d(S" "'z, S"x). (2.2.6)

n—oo n—oo

For k =1, it is trivially true. Assume (2.2.6) holds for k£ = 7, that is,

lim d(S" "z, S"x) > j lim d(S"" 'z, S"x). (2.2.7)

n—o0 n—oo

Since lim d(S™"**x, S"x) exists, therefore we get
n—oo

lim d(S" ™y, S"y) = lim d(S"*x, S"x).
n—oo n—oo
By Lemma 2.2.8,
d(S™HH g, S ) = d(S(S™z)), S(S™H )
< (1= Nd(S" Mz, S"Mx) + A1 — \)d(S"z, S" )
+ (1 = X)2d(S™Hx, S™ T g) + N2d(S™x, S" ).
Thus,
M1 = N)d(S™H g, Sx) > d(S™H ey, S )
— (1= N\)d(S"ax, S"Ma)
(2.2.8)
. (1 . )\)Qd(SnJrjl’, Sn+j+1x)

— Nd(S" g, S"x).
Taking limit of (2.2.8) as n — oo and using induction hypothesis (2.2.7) and Proposition

2.2.11(i), we get

lim d(S"7 ™z, S"z) > (j+1) lim d(S"" 'z, S"x).

n—oo n—oo
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Hence (2.2.6) holds for k = j + 1. So by induction, (2.2.6) holds for all £ > 1 and hence

1
lim d(S"*z, S"z) = z lim d(S" ™z, S"x).

As d(S™trx, S"x) < d(S*z,x) for all n,k > 1, so we have
d(S"tkx, S™r) < d(S*z, x)

lim < forallk >1
n—00 k
So, lim d(S™*'z,S"z) = ¢ lim d(S"**z, S"x) implies
n—oo n—oo
s
lim d(S" "'z, S"z) < lim 5"z, z)
n—00 n—00 n
Now by Lemma 2.2.12(iii), we have the desired result. O

Theorem 2.2.14. Let K be a nonempty convex subset of a CAT(0) space X. Let T; :

K—K (=12 k) k> 2, be nonexpansive mappings with Ty = I, the identity mapping on K.
k

Suppose further that (| F(T;) # 0. Let T be as defined in (2.2.4). Then T is asymptoti-
i=1

cally regular on K.

Proof. By Definition 2.2.4, T'= (1 — a3)I & asS,_o where

S, = oip il fori=1,2,- k-2, k>3,
Ag—; Ak —;
SO - Tk7

k k
(), C(0,1),Yay=1landa;=> oy, j=1,2,--- k.

i=1 =
By Proposition 2.2.11, S,_5 and T' are nonexpansive mappings and

k
F(T)= () F(T;) # 0. By Theorem 2.2.13,
i=1

lim d(T" 2, T"z) = rg(T).

n—oo

Since F(T) # 0, there exists x € K such that d(z,Txz) = 0. Hence rx(T) = 0 and

consequently,
lim d(T" 2, T"z) = 0.
n—oo
So T' is asymptotically regular on K. O]

Theorem 2.2.15. Let K be a nonempty convex subset of a complete CAT(0) space
X. LetT; - K - K (i =1,2,---,k) ,k > 2 ,be nonexpansive mappings with Ty =

k
I, the identity mapping on K. Suppose further that (| F(T;) # (0. Let T be as defined

=1
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in (2.2.4). Then {x,} in (2.2.5), A—converges to a common fized point of T;, (i =

2,3, k).

Proof. For each n > 1, x, = T"zy. It follows from Theorem 2.2.14 and Proposition
2.2.11 that T is asymptotically regular nonexpansive mapping and F(T) # (). By Lemma
2.2.9, we have {T™z} A—converges to a fixed point of T'. By Proposition 2.2.11, F/(T) =
ﬂle F(T;). Hence, we have the desired result. ]

Definition 2.2.16 (Condition (A)). A finite family {7;,7 =1,2,--- |k} of self-mappings
on a nonempty convex set K is said to satisfy condition (A) if there is a nondecreasing

function f : [0,00) — [0, 00) with f(0) =0 and f(r) > 0 for all » € (0, 00) such that
d(x,Tz) > f(d(x, F)) for all z € K,

k
where T is as defined in (2.2.4) and F = (| F(T).

=1

Now, we prove a strong convergence result.

Theorem 2.2.17. Let K be a nonempty convex subset of a complete CAT(0) space
X. LetT; - K —» K (i = 1,2,--- k) k > 2, be nonexpansive mappings with Ty =
I, the identity mapping on K. Suppose further that ﬂle F(T;) #0. Let T be as defined
in (2.2.4). If T; satisfies condition (A), then the sequence {x,} in (2.2.5), converges to

a common fized point of the mappings T; (i =2,--- k).

Proof. For any zy € K, x,,1 = T""2y. By Proposition 2.2.11, T' is nonexpansive and
F(T) # (0. Thus d(zpy41,p) = d(Tx,,p) < d(z,,p) for any p € F(T). This implies that
{d(z, F(T)} is decreasing and bounded below. Hence its limit exists.

T = (1 —ag)I + aySk_2, so we have d(T"xq, T" ' z0) = asd(x,, Sy_ox,). Thus

d([En, Txn) = d(l‘na (]- - Clg)l‘n % GQSk;—ZIn)
= agd(TnZL’o, Tn+1370).

Since T is asymptotically regular (i.e. lim d(T"zo, T"'zo) = 0), lim d(z,,Tx,) =

n—o0 n—o0

lim d(x,,2,+1) = 0. As T; satisfy Condition (A), we have d(z,, Tx,) > f(d(z,, F(T)).

n—oo
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Taking limit on both sides, we have lim f(d(x,, F(T)) <0.

n—oo

Now f(0) =0 and f is nondecreasing imply that

lim d(z,, F(T)) =0. (2.2.9)
n—oo
By Proposition 2.2.11(ii), we have the desired result. O

2.2.4 Application to Convex Feasibility Problem

In this subsection, we study image recovery problem in the setting of C'AT'(0) spaces.
The image recovery problem may be stated as follows: Let C4,Cs, -+ ,Cy be nonempty
closed and convex subsets of a Hilbert space H such that Cy = ﬂle C; # 0; the original
unknown image z is a known priori belonging to Cp; given only the metric projection P;
of H onto C;, 1 =1,2,--- ,k, recover z by an iteration process.

k
In 1991, Crombez [29] proved the following: Let T = agl + > oT; with T; = (1 —
=1

MN)I+ NP foralli=1,2,--- Jk, 0< \; <2, o; >0 and iai = 1 where each P; is the
metric projection of H onto C; and Cy # (). Then for anzyzox € H, the sequence {T"x}
converges to an element of Cy. Takahashi and Tamura [116] extended results in [29] to
uniformly convex Banach space setting and the case of P; being nonexpansive retraction

of C' onto C;. Takahashi and Tamura [/ 10] also considered the inconsistent feasibilty

problem i.e. Cy = ﬂle C; = 0.

Definition 2.2.18. Let C be a closed and convex subset of a complete C'AT'(0) space
X,C; CC.

(i) A mapping P : C' — C; is called a nonexpansive retraction of C' onto C; if P is

nonexpansive and for all z € C;, Pr = .

(ii) C; is called a nonexpansive retract of C' if there exists a nonexpansive retraction of

C onto C;.

(iii) P is said to be sunny if P((1 — t)z @ tPx) = Px whenever (1 — t)x @ tPx € C for

reCandt>0.
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Theorem 2.2.19. Let X be a complete CAT(0) space and C a nonempty closed and
conver subset of X. Let Cy, (i =1,2,--- k) be nonexpansive retracts of C with Cy # ().
Define T; : C — C by Ty = I, the identity mapping on C and for i = 2,3,--- k, T; =
(1 = X)) & NP, where \; € (0,1) and P; is a nonexpansive retraction of C' onto C;. Let
T be as defined in (2.2.4). Then for each xo € C, {x,} defined in (2.2.5), AN—converges

to an element of Cy.

Proof. For i = 2,3,--- k, P; is a retraction of C' onto C;. Thus, F(T;) = C;, (i =
2,3,--+,k). By Lemma 2.2.10, T;, (i = 2,3,---,k) are nonexpansive and F(T;) =
F(P) = C;. Hence Nt F(T;) = N, Ci # 0. By Theorem 2.2.15, we have the de-

sired result. O

We establish some results on inconsistent feasibility problem in C'AT'(0) spaces by

following the line of action of Takahashi and Tamura [ 10].

Lemma 2.2.20. Let X be a complete CAT(0) space and C' a nonempty closed and convex
subset of X. Let C;, i =1,2,--- |k, k > 2, be nonempty bounded nonexpansive retracts
of C. Let T; = (1 — X)L & NP, where \; € (0,1) and P; is nonexpansive retraction of
C onto C;jyi = 1,2,--- k. Let T be as defined in (2.2.4). Then F(T) is nonempty.
Moreover, if Co =0, then F(T)NC; =0 for some i.

Proof. Let © € C. Consider a closed ball Bg[z] of center z and radius R containing
all the sets C;, (i = 1,2,--- k). Then we have {T"x} C Bg[z] N C. This implies that
{T"z} is bounded. By Proposition 2.2.11, T' is nonexpansive. Let u € C' be the unique
asymptotic center of {T"z}. Then for all n € N, d(Tu, T"z) < d(u,T"z). Applying
Lemma 2.2.7 with y = Tu, x, =T"x, p=1, N =0, o, =1, 3, =0, we have Tu = u.
Thus T has a fixed point.

Suppose Cy = ) and let x,y € F(T'). First, we shall show that
k

asd(S_2x,y) < Z a; d(Tix, y).

=2
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If £ = 2, the above inequality holds trivially in view of Sy_ox = Thx. For k > 3,1 =
1,--- .k —2, we have

ak,id(Six, y) = ak,id< Qi Tk,ix @ i Si,il‘, y)
Qp—; Af—;
< apoid(Th—iz, y) + ap—iv1d(Sic12,y).
Setting ¢« = k — 2, we have
asd(Sp—2x,y) < agd(Tex,y) + azd(Sk_3z,y)
Recall that x,y € F(T). Hence, it follows that
dz,y) =d(Tz,y) = d((1—ax)Tiz® azSk_2x,y)

< (1 — ag)d(Tl.T, y) + a2d(Sk72x7 y)

: k
< Z o d(Tiw, y) = Z a;d((1 = Ag)x ® A P, y)
: —

< ZO‘Z d(z,y) + Nd(Pix,y)).
That is,
k

Similarly, by y € F(T), it follows that

k
d(Px,y) = d(P, Ty) < Y os[(1 = N)d(Pi, y) + Nid(Pir, Py))].
=1
Hence,

k
Zal)\ d(Piz,y) < Z d(Piz,y) + a;Nd( Py, Py)). (2.2.11)

=1
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Using (2.2.11) in (2.2.10), we have
k
d(z,y) < Y ei(1 = N)d(z,y) + (i — 1)d(Pix, y) + aihid( Pz, Py)]
i=1
k
Z a;[(1 = N)d(z,y) + Nd(Pz, Pyy)] Since 0 < o < 1
i=1
k

=1

IN

IN

Thus,
d(xz,y) =d((1 — \)z ® \;Px,y) = d(Px, Py).

Suppose y € F(T) N C; for all i, Then Py = y and we have

d(w,y) = d((1 = Nz @ AP, y) = d(P, ).

DX

Since X is strictly convex, we get © = Pz for all i. Hence F(T') C () C;. This contradicts

i

k
the fact that the fixed point set of T' is nonempty, as (| C; = 0. Hence F(T)NC; =0
0

1

=1
for some 3.

Let C' and D be nonempty convex subsets of a complete CAT'(0) space. We set
(i) icD={2z€ D: forany x € C, 3 X € (0,1) with \x & (1 — \)z € D}
(ii) oD ={z€ D: forany A € (0,1), 3z € C with \x & (1 —\)z ¢ D}.

Theorem 2.2.21. Let X be a complete CAT(0) space and C' be a nonempty closed and
convex subset of X. Let C;, (i = 2,--- ,k) be nonempty bounded sunny nonexpansive
retracts of C such that for each i, an element of OcC; is an extreme point( i.e. for
xi,yi € 0cCyy t € (0,1), ta; ® (1 —t)y; & 0cC;). Let Ty = I, the identity mapping on C
and fori =2,--- k, T; = (1=X\) [®&N\; P, where \; € (0,1) and P; nonexpansive retraction
of C onto C;. Let T as defined in (2.2.4). If }(]1 C; = 0, then, for any xq € C, {x,}

defined in (2.2.5), A—converges to a unique fized point of T'.
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Proof. By Definition of T" in (2.2.4), we have T' = (1 — ag)l @ a3Sk_3. Now, it follows
from Lemma 2.2.20 and the fact that Si_» is nonexpansive, that F'(Sx_2) is a nonempty
closed and convex subset of C'. Moreover, F'(Sy_5) N C; = 0 for some j =2,3,--- k. As
shown in the proof of Lemma 2.2.20, for any x,y € F(Sy_2), d(z,y) = d(Pjz, Pjy) and
by convexity of F(Sk_2), A\x @ (1 — \)y € F(Sk_2), for XA € (0,1). Hence,
d*(Pi(Ax & (1 - N)y), APz & (1= N Pyy) < M (P(Ax @ (1 - N)y), Py)
+ (L=Nd*(P(A\x & (1= Ny), Pyy)
— A1 = Nd*(P;,zPy)
= A’(A\z D (1—N)y),z)
+ (1=NdA\z® (1 - Ny),y)
— M= N)d(z,y)
< M1 = N)2d*(z,y)
+ (1= N\ (2,y)
— A= Nd*(z,y)
= 0.
So, d*(Pj(Ax & (1 — \)y), APz ® (1 — \)Pjy) = 0 and
PiAx® (1 —=Ny) = APz ® (1 —\)Py. (2.2.12)
That is, P; is a one-to-one affine mapping of C' onto C;. Moreover, for any = €
F(Sk—2), j =2,3,--- ,k, Pjx € 0cC;. Suppose otherwise; then there exists A € (0, 1)
such that Az @ (1 — A\)Pjxz € C;. Since P; is a retraction of C' onto C;, we have
P;(Ax®(1—=\)Pjz) = Az @ (1—\)Pjx. Moreover, P; is sunny, thus, Pj(Az@(1—\)Pjx) =
Pjz. It follows that ,
A @ (1 —=N)Pjx=P;(A @ (1—-\)Pjz) = Pz
Hence, = Pjx for all j = 2,3,---, k. This is a contradiction in view of
F(Sk—2)NC; =0 for some j =2,3,--- k. Hence, Pjx € 0oC} for any x € F(Sk_2), j =
2,3,--- k. Let z,y € F(Sk_2) with x # y. Then, Pjx # P;y . Since x,y € F(Sk_2),
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we have that Az @ (1 — Ny € F(Sk_2) and Pj(Ax & (1 — N)y) € 0cC;. By (2.2.12),
AP;x & (1 — NPy € 0cC;. This contradicts elements of doC; being an extreme point
of C;. Hence Si_» has a unique fixed point. Consequently, 7" has a unique fixed point.
Using Theorem 2.2.14, it is easy to show that 7T is asymptotically regular. Hence by

Lemma 2.2.9, we have the desired result. O
Remark 2.2.22.

1. Proposition 2.2.11(ii) extends Theorem 2.2.2 in a CAT(0) space without the punc-

tual inequality.

2. Our Theorem 2.2.17 is an analogue of Theorem 2.2.3 with a weaker Condition (A)

and free of the punctual inequality.

3. Our results generalize the corresponding results of Khan et al. [67], Kuhfittig [78]

and Rhoades [106] from Banach spaces to CAT'(0) spaces.

4. Our Theorem 2.2.19, Lemma 2.2.20 and Theorem 2.2.21 generalize Theorem 3.3,
Lemma 4.1 and Theorem 4.2 of Takahashi and Tamura [I16], respectively, on a

nonlinear domain.

2.3 An Algorithm of Three Nonexpansive Mappings

In this section, we introduce a three-step iterative algorithm for three nonexpansive map-
pings in a hyperbolic space and establish A—convergence and strong convergence results
for it. We apply our results to solve a common minimization problem in C'AT'(0) spaces.

An example is presented to validate the new findings.

2.3.1 Introduction and Preliminaries

Glubudom [17] introduced a three-step iterative algorithm for three nonexpansive map-

pings in a Banach space as follows:
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Let C' be a nonempty convex subset of a real Banach space X and let T; : C'— C be
given mappings, where i € I = {1,2,3}. Then for a given z; € C, define
zn = ay vz, + (1 — ap)z,
Yn = by Toz, + Tz, + (1 — b, — )y (2.3.1)
Tnt1 = 0 Tayn + BnTozn + v Thxn + (1 — oy — By — Vo) Zn,
where 0 < ay, by, Cn, O, By Y < 1.
It was shown that this algorithm generalizes Ishikawa iterations involving three nonex-
pansive mappings, and its weak and strong convergence to a common fixed point of the

mappings was established. We extend the iterative algorithm in (2.3.1) to a uniformly

convex hyperbolic space as under:
Let C be a nonempty convex subset of a uniformly convex hyperbolic space X and

T; (i € I) be given self-mappings on C. For a given x; € C, we define

Zn = W (Tlxna L,y an)

Yn = w (T2zn7 w (Tlxna T, 1C—nb> 7bn>

Tpe1 = W (Tgyn,W (ngn,,W (Tlxn,xn, Tn ) Fn ) ,an> n>1

l—ap,—03,) " 1—a,

(2.3.2)
Where 0 S an7 bn7 CTL? an’ /67177717 bn + CTL’ an + 5”7 an + /Bn + ’7n S 1'

2.3.2 Convergence Analysis

In what follows, we assume F' = F(T) N F(Ty) N F(T3). We begin with the following

technical result.

Lemma 2.3.1. Let (X,d, W) be a complete uniformly convex hyperbolic space and C be
a nonempty closed and convex subset of X. LetT; : C' — C' be nonexpansive mappings.
For a given x, € C, let {x,}, {yn} and {z,} be as defined in (2.3.2). If ' # 0, then

lim d(x,,p) exists for all p € F.
n—oo
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Proof. Clearly,
d(zn,p) = dW(Thzp, T, an), p)
< Clnd(Tll’n,p) (1 - an)d(xmp> (233)

< d(xn, D)

d(yn7p) = d (W (TQZna w <T1[L‘n, T, ]_C_—nb) >bn) 7]9)

bnd(Tozp, p) + (1 = bn)d (W (Tlx"’ g inb ) ’p)

Cn 1—-0,—c,
bnd(2n, p) + (1 = by) L 0 (Thn,p) + Td(-fl?mp)]

bnd(xnvp) + Cnd(xnap) (1 - bn - Cn)d(xnvp)

= d(xmp>'

and

IN

IN

IN

That is,

d(Yn,p) < d(n, p)- (2.3.4)

With the help of (2.3.3) and (2.3.4), we have

d([)fn+17p) = d (W <T3yn7W (TQZ’rUW (Tlxn7xn7 1 — a,yn_ B ) ; 1 ﬁna ) 7an> 7p>
and(T3ynap)

+ (1—a,)d <W (Tzzn, w (Tl%xm 1— J:— Bn) 1 fna) ’p)

and(Yn, p)

IN

IN

1— ﬁn T23n7p):|

+ (1—ay) [1 1_an (W <T1$n71’ml_07ﬁ),p)}
)

+ (1—ap)

S (xrwp + Bn (TQZnap)
+ (1 — Qp — ﬁn) {ﬁd(Tlan)) + ! Oin — %ﬁ_ In d(xmp):|
< and(@0,p) + Bud(wn, D) + Ynd(2n, p) + (1 = an = B — Yn)d(n, p)

d(xna p).

Thus, d(z,,p) is a decreasing and bounded sequence of real numbers. Hence, lim d(z,,p)
n—oo
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exists. OJ

Lemma 2.3.2. Let (X,d,W) be a complete uniformly convex hyperbolic space and C' a
nonempty closed and convex subset of X. Let T; : C' — C' be nonexpansive mappings.

For a given x, € C, let {xn},{yn} and {z,} be as defined in (2.3.2). Assume that F # 0.

(i) If an € [a,b] and limsup(a, + B,) < 1 where 0 < a <b <1, then

n—oo

lim d ( Tay,, W ( Tozn, W ( Tyay, 2, — D —0.
n—00 1_0571_671 I—ay,

(i7) If 0 < liminf o, < limsup(a, + B,) < 1 and b, € [a,b] where 0 < a < b < 1, then
n—oo

n—o0

lim d | 1oz, W | Tiz,, z,, G =0.
n—o0 1-0,

(ii7) If 0 < liminf o, < limsup(a, + 5,) < 1 and, a,,b, € [a,b] where 0 < a <b < 1,
n—oo

n—oo

then lim,, o d(T1x,, x,) = 0.

Proof. (i) Assume a,, € [a,b] and limsup(a, + 8,) < 1 where 0 < a < b < 1. By Lemma

n—oo

2.3.1, lim d(z,,p) exists for each p € F. Let lim d(z,,p) = c¢ for some ¢ > 0. For ¢ = 0,
n—oo n—oo

we are done. Assume ¢ > 0. Using (2.3.3) and (2.3.4), we have

Ad(T5yn,p) < d(yn,p) < d(zn,p), thatis limsupd(Tsy.,p) < c. (2.3.5)
n—oo
Similarly,
d(Tozp,p) < d(xp,p) gives that limsupd(T2z,,p) < c. (2.3.6)
n—oo

Since limsup,,_, (e, + 8,) < 1, we have

Y Y
d Ty, xp, ——— |, p | L ————d(Thzy,
(W( T,y T l—an—ﬁn) p) pp—y (T1xy,p)

l—an—Bn—17
n =P =y 2.3.7
+ —y (T, p) ( )
< d(wy, p)
that is,
liglﬁsotipd (W (Tlxn,a:n, 1_;#) ,p) <ec. (2.3.8)
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Using (2.3.7) and (2.3.8) and the fact that limsup(a, + 8,) < 1, we have

n—oo
Tn Bn B
d T: T < d
<W< QZnaW( lxnaxnvl_an_ﬂn)al_an)vp) = ].—Ozn (xn7p)
Therefore,
: Tn Bn
limsupd | W | Toz,, W | Tixp, 20, , p| <ec (2.3.9)
n—00 l—a,—8,) 1—a,

Using Lemma 2.3.1, it follows from (2.3.5), (2.3.9) and lim d(z,,p) = c that
n—oo

lim d (Tgyn,W (TQZn,W (Tlxn,xn, T 5 ) Fn >) — 0. (2.3.10)

n—00 71_0‘71

(ii) Suppose that 0 < liminf o,, < limsup(a, + 3,) < 1 and b, € [a,b].

n—oo n—00
Note that
d (W Tz, 2, — < G d(Tyx,,p) + (1 — Cn Yd(zp, D)
1+4n, n71_bn D _].—bn 1Tn, P ]_—bn ny P
< d(zn,p)- (2.3.11)
(2.3.11) implies that
limsup ( W | Tix,, x,, o 0l <ec (2.3.12)
n—00 1— bn

Now,

Wensrp) = 4 (W <T3y"’W <T22"’ v (Tlx”’x”’ T 5 > 1 fﬂa ) ’a"> ’p>

and<T3ym p)

Tn 571
(]. Oén)d <W (TQZna W (TIxn,xn, 1—a, — 571) "1 - an) ’p)

d(T3yn7p)

IN

+

IN

+ (1 - an)d <W (T2znu w (Tll'n,l'n, 1— O?:— 671) ) 1 _/Bnan> aT3yn)
+ (1= an)d(Tsyn,p)

< d(Yn, D)

+ (1 - an)d (W (TQZna W (Tlxna o 1 — C;ynn_ 5n7) 1 anm) aTSyn) .

Taking liminf over both sides of the above inequality and using (2.3.10), we have ¢ <
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liminf d(y,,p). Also from (2.3.6), we have ¢ < liminfd(y,,p) < limsupd(y,,p) < c.

Hence

lim d(y,,p) = c. (2.3.13)
n—oo

By Lemma 1.4.3, (2.3.7), (2.3.12) and (2.3.13), we have

lim d (TQZH,W (Tlxn,xn, Cn )) —0. (2.3.14)

n—00 1-0,

(iii) Suppose 0 < liminf «,, < limsup(a, + 8,) < 1 and , a,, b, € [a,b].

n—0o0 n—oo

d(ynap) =d (W (TQZna w (Tlxn7$n7 ]_c_—nb) 7bn) 7p)

S bnd(T2zn7p) + (1 - bn)d (W (Tlxnv L 1C_—nb> ap)

S bnd(T2zn7p) + (1 - bn)d (W (lena T, 1C_—nb> 7T2Zn)

+ (1 = bn)d(T22n, p)

S d(zn;p) + (1 - bn)d (W <T1$n7$n7 1C_—nb) 7T2Zn) .

Taking liminf in the above inequality and using (2.3.13) and (2.3.14) , we have ¢ <

liminf d(z,,p) < limsupd(z,,p) < c. Hence

n—00 n—00
lim d(z,,p) = c. (2.3.15)
n—oo
By Lemma 2.3.1, it follows that lim,, ., d(Tiz,, x,) = 0. O

Lemma 2.3.3. Let (X,d,W) be a complete uniformly convex hyperbolic space and C' a
nonempty closed and convex subset of X. Let T; : C' — C' be nonexpansive mappings.
For a given x1 € C, let {xn},{yn} and {z,} be as defined in (2.3.2). Assume that F # ().

If the following conditions hold :

(i) 0 <0 < liminf o, < limsup(ay, + 6,) < 1,
n—oo

n—o0

(77) by, an € [a,b] where 0 <a <b <1,
then

lim d(Tix,,z,) = lim d(Tyz,,x,) = lim d(T3z,,z,) = 0.

n—o0 n—oo n—oo
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Proof. By Lemma 2.3.2(iii), we have lim d(Tx,,x,) = 0. Proof of the other conclusions
n—o0

of this lemma go as follows:

d(xp, 2n) = d(xy, W(T12y, Ty, ay,))

(2.3.16)
< and(Tlxna xn) + (1 - an)d(xna xn) = and(Tlmna mn)
and,
d(Tozn, xn) < d(Tozn, Toxy) + d(Toxy, ;)
(2.3.17)
< and(Thp, ) + d(Tox,, x,).
Note that
AW (T1, T, f—"b), ) € T d(Tizy, 2,)
oo B 3 (2.3.18)
d(W(Tl.Tn, T, dﬁ), l’n) S md(ﬂxn, xn)
It follows from (2.3.16) and (2.3.18) that
d(Tan; xn) S d(Tana TQZn) + d(TQZna W(Tlxnv T, ]_C—nb))
+d(W(Tixp, z,, 1C_—nb)a$n)
S and(Tlxna xn) + d(TQZna W(Tll‘na T, ]_C—nb))
Cn
+ - bnd(Tlxn,xn).
Taking limit as n — oo and using Lemma 2.3.2((ii), (iii)), we have
lim d(Tyx,, z,) = 0. (2.3.19)
n—0o0
By (2.3.17) and (2.3.18), we have
d($n> yn) =d ([L’n, w (TZZna w (Tlxna o 1C_—nb) 7bn))
S bnd(TQZn, xn)
(2.3.20)

+ (1 — bn)d (W (Tlxn,xn, lc——nb) ,$n>

S anbnd(Tlxna xn) + and(Tana xn) + and(Tana xn)
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Finally, with the help of (2.3.17), (2.3.18) and (2.3.20), we get

d(Tsx,, x,) < d(Tsx,, T3y,)

+ d( Tyyn, W ( Tz, W ( Ty, 2y, —" P
1—a, — B, 1—a,
Y B
d T T
+ (W(2Zn7W( lxn;mnal_an_ﬁn>71_an)7xn)
d(xp, yn) + d | T3yn, W | Tozny, W | Thzp, x,, T B
b b ) ) ) 1 _ an _ ﬁn b 1 _ Qn

B Bn Vn
T 1-— T, _
+ 1—Oénd( 2Zn>xn+ 1—Oén a{(w 1Tn, Tn, 1_an_ﬁn y Ty

anbnd(T1 2y, ) + and(Toxp, )

+ d | Ty, W ( Tozn, W  Thie, 2y ——" , Bn
1_an_ﬁn 1_an

IN

IN

an n n n
+ 1 _ﬁand(Tlxml’n) + 1 fand(szn;J?n) + dﬂd(]}l’m ;L’n)
Appealing to Lemma 2.3.2((i), (iii)) and using (2.3.19), we have lim d(T3x,,x,) =0. O
n—0o0

Let (X,d) be a metric space, C C X and T : C — C be a mapping. Then, T is
completely continuous if for a bounded sequence {z,} in C, the sequence {T'z,} has a

convergent subsequence in C'.

Theorem 2.3.4. Let (X,d, W) be a complete uniformly convex hyperbolic space and C
be a nonempty closed and convex subset of X. LetT; : C'— C' be nonexpansive mappings.
For a given x1 € C, let {xn},{yn} and {z,} be as defined in (2.5.2). Suppose that F # ()

and the following conditions are satisfied:

(i) 0 < lirginfan < limsup(a, + 5,) < 1.

n—o0

(71) by, an € [a,b] where 0 <a <b< 1.

If one of the T; is completely continuous, then {x,},{y.} and {z,} converge strongly to

a common fixed point of Tj.
Proof. By Lemma 2.3.3, we have

lim d(T\x,, z,) = lim d(Thx,, x,) = lim d(Tsx,, x,) = 0. (2.3.21)

n—oo n—oo n—o0
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Without loss of generality, let T} be completely continous. By Lemma 2.3.1, {z,,} C C
is bounded and thus there exists a subsequence {x,, } of {z,} such that Tjx,, converges.
Since nh_)rrolo d(Thxy,x,) = 0, {z,,} converges to say q. By Lemma 2.3.1, we have that
{z,,} converges strongly to fixed point g of T7. It follows from (2.3.21) and the fact that

T, and T3 are continous that ¢ is a fixed point of Ty and T3. Therefore, {x,} converges

strongly to common fixed point of T;. From (2.3.16) and(2.3.20), we have that

lim y, = ¢ = lim z,.
n—o0 n—oo

Next, we establish a AA— convergence result.

Theorem 2.3.5. Let (X, d, W) be a uniformly convex hyperbolic space and C' a nonempty
closed and convex subset of X. Let T; : C' — C' be nonexpansive mappings. For a given

x1 € C, let {z,}, {yn} and {z,} be as defined in (2.3.2). Suppose that F # () and the

following conditions are satisfied:

(i) 0 < liminf o, < limsup(a, + 3,) < 1,
n—oo

n—0o0

(i1) by, an € [a,b] where 0 <a <b< 1.
Then {x,},{y,} and {z,}, A—converge to a common fized point of T;.

Proof. Since {x,} is bounded by Lemma 2.3.1, it has a unique centre say x. By Lemma
1.5.5 and (2.3.21), z is a fixed point of T;. Let {u,} be any subsequence of {z,} with
asymptotic centre u. It follows from Lemma 1.5.5 and (2.3.21) that u is a fixed point of
T;. Thus, nh—r>1<>10 d(x,,u) exists by Lemma 2.3.1. Suppose x # u. Then by the uniqueness

of asymptotic centres, we have

lim sup d(un, ) < limsup d(uy,, x)

n—oo n—oo

< limsup d(x,, )

n—o0

< limsup d(x,, u)

n—o0

= limsup d(u,, u).
n—oo
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This is a contradiction. Thus x = wu ,that is, x is the unique asymptotic centre of
every subsequence {u,} of {z,}. This shows that {z,}, A—converges to a common

fixed point of T;. The conclusion for {y,} and {z,} follows from (2.3.16) and (2.3.20),

respectively. Il

2.3.3 Application to Convex Minimization Problem

Definition 2.3.6. Let (X, d) be a CAT(0) space, F a convex subset of X and f : F —

(—00, 00| a mapping.
(i) f is convex if for any v : [a,b] — E, we have
FOy(®) < tf(v(a)) + (1 =) f(7(b)) for allt € [a, b].

(ii) f is lower semi-continuous at a point x € E if f(x) < liminf f(z,) whenever
n—oo
x, — x. Moreover, if f is lower semi-continuous at any point of E, we say f is

lower semi-continuous on F

Definition 2.3.7. Let X be an arbitrary set, Y a totally ordered set and f: X — Y a

function. The minimizers of f is the set
argmingex f(v) = {z € X|f(z) < f(y) vy € X}.
Definition 2.3.8 ([03]). Let (X, d) be a CAT(0) space and A > 0, the Moreau-Yosida

resolvent of f : X — (—o0, 00] is defined by

1
Ia(z) = argmingex | f(y) + ﬁdQ(y, x)| forall z € X.

Lemma 2.3.9 ([63]). Let (X,d) be a complete CAT(0) space and f : X — (—o0, 0]
be proper convexr and lower semi-continuous. For any X > 0, the resolvent Jy of f is a

NONETPANSIVE MAPPING.

Lemma 2.3.10 ([11]). Let (X,d) be a CAT(0) space. For any X\ > 0, the set of fized

points of the resolvent associated with f, F(Jy), equals the set argmingex f(z).

We now approximate common minimizers of three proper convex and lower semi-

continuous mappings as follows.
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Theorem 2.3.11. Let (X,d) be a complete CAT(0) space. Let f; : X — (—o00,00]
(1 € I) be proper convex and lower semi-continuous functions. Let T;(i € I) be resolvent
associated with f;, respectively. Suppose that Q = N3_jargminf;(x) # 0. For a given
1 € C, let {z,},{yn}, and {z,} be as defined in (2.5.2). If

(i) 0 < lirginf a, < limsup(a, + 5,) < 1,

n—oo

(77) by, an € [a,b] where 0 <a <b<1,
then {x,},{y,} and {z,}, AN—converge to a common minimizer of f;.

Proof. By Lemmas 2.3.9 and 2.3.10, T; are nonexpansive and F(7;) = argmingex f(y).
Thus Q # (). So, by Theorem 2.3.5, {x,,}, {y,} and {z,}, A—converge to a common fixed

point of T;. Since minimizer of f; coincides with F(7;), the result follows. O
As Hilbert spaces are C AT'(0) spaces, so we have:

Corollary 2.3.12. Let H be a Hilbert space and f;, T;(i € I) be as above. For a given
x1 € C, let {x,},{yn} and {z,} be as defined in (2.5.2). If

(i) 0 < liminf o, < limsup(a, + 3,) < 1,
n—oo

n—0o0

(i) by, a, € [a,b] where 0 <a <b<1,

then {x,}, {yn} and {z,}, A—converge to a common minimizer of f;.

2.3.4 Numerical Example

We illustrate approximation of a common minimizer of three proper convex semi-continous
mappings by means of the algorithm (2.3.2).

For this, we solve the following minimization problem in the Euclidean space X = R*.
Ezxample 4. Find

) 1
min { el -+ Gllolla + (2.2, 2,17+ 6 Lol 4a0 ol
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where C' = {z = (wy, wy, w3, wy) : —10 < wy, wy, w3, wy < 10},

1 2 -1 0 -2 1 0 2 1

3 4 0 1 1 0 1 =2 0
Al - 3 A2 - b2 =

-1 3 4 2 1 3 -1 0 -5

2 3 1 1 -5 2 0 4 3

and

For all z € C, we define f; : C — (—o0,00] ,i € I, by fi(z) = [|z|1 + 3|zl +
(2,2, =2, )2 +6, fa(x) = [|[Azl3, fi(z) = [[Aez — ba[l3.
It is easy to verify that fi, fo and f3 are proper convex and lower semi-continous func-
tions. Using the ideas of proximity operator [27] and soft thresholding operator [56], the

resolvents of f; , respectively, can be computed as follows:

Ji(z) = argmingex {fl(y)Jr%dQ(y,w)}

<x —(2,2,-2, 1)T)
= prox,
2 2
-2/-1 -2|-1
= (max{m+,0} sgn(wl—Z),max{m#l,O} sgn(wg — 2),
2| -1 -1 -1
max {m%, 0} sgn(ws + 2), max {%, O} sgn(wy — 1)) :

hle) = argmingex |Fulo) + 3(0)| = (7 + AT,

Ba) = argmingex |Fao) + 3(0.0)| = (7 + Ao+ AT)

Choose Tjx = Ji(x),1=1,2,3 and a, = Toni = Un = Cny 0 = B =Y = % in Theorem

2.3.11. Now, the algorithm (2.3.2) becomes:

In +1
10n+1 10n+1
n &+ 1
n = Toz, + ——Tiz, n 2.3.22
T e Ty Bt Ty ( )
—1T +1T +1T —1—1
Tnt1 = 4 3Un 4 1%n 4 1Tn 41'”

For the initial point 2; = (0,0,0,0)7 in this algorithm, we get the numerical results in
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Table 2.1 and Fig. 2.1.

Table 2.1: Numerical results for the algorithm (2.3.22)

m M) (") (n))T

nox, = (W, wy ws Y wy [|Tn — Tn_1ll2

1 (0,0,0,0)

2 (-4.13223140e-03, -4.13223140e-03, 4.13223140e-03, 3.14418630e-18))  0.6110108045

3 (-0.37401024, -0.38833395, 0.29749375, -0.01284134) 0.3927601385

4 (-0.60587885, -0.6273907, 0.50250756, -0.01104301) 0.2535988776

5 (-0.7517022, -0.77512559, 0.64609222, -0.00653723) 0.1647547863

26 (-0.999996873, -1.00012599, 0.999475999, 4.46560317 x 10~7) 0.0001397104

46 (-1.00000003, -1.00000029, 0.999998971, 9.33856363 x 10~%) 2.76898627435 x 10—7
47 (-1.00000002, -1.00000021, 0.999999235, 6.94593460 x 10~%) 2.0590057241 x 107
48 (-1.00000002, -1.00000016, 0.999999431, 5.16611441 x 10~%) 1.53106623952 x 10~7
49 (-1.00000001, -1.00000012, 0.999999577, 3.84222330 x 10~5) 1.13849223161 x 1077
50 ( -1.00000001, -1.00000009, 0.999999685, 2.85751546 x 10~5) 8.46575758251 x 10

We note from Table 2.1 that {z,} converges to (—1,—1,1,0)" which is a common
minimizer of the three proper convex and semi-lower continuous mappings f;. Hence,

(—1,—1,1,0)7 is a solution of our minimization problem. For the three proper convex and

semi-lower continuous mappings f; defined above, choose u = (1,2, —1,1)T, «, = 23”0—_;

and the intial point z; = (0,0,0,0). Then, Halpern-type algorithm studied in [60] takes

the form:
zn = Tix,
2n—1 . 29n + 1T
Tpt1 = u n
17 T30 30n

The corresponding numerical results of algorithm (2.3.23) are shown in Table 2.2.
From Table 2.2 and Fig 2.1, we note that the algorithm (2.3.22) approaches quickly to

the common minimizer (—1,—1,1,0)7 than algorithm (2.3.23).

Remark 2.3.13.

1. Our results in this section generalize and provide analogue of the corresponding
known results in uniformly convex Banach space([116], [17]) and uniformly convex

hyperbolic space([3%], [70]).
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Table 2.2: Numerical results for the algorithm (2.3.23)

() )

_ () (W\T
xn = (w7 ws  wy " wy”)

||$n - xnleZ

O R W N B

(0,0,0,0)

(-0.90465845, -0.89855279, 0.75361047, 0.0032449)

(-0.96438928, -0.95911053, 0.91342019, 0.00946986)
(-0.97689728, -0.96971717, 0.95889315, 0.00856403)
(-0.98265731, -0.97588115, 0.97479045, 0.00713104)

1.4811290652
0.1811433365
0.0483483274
0.0180540995

26 (-0.99723692, -0.99598772, 0.99667877, 0.00123305) 0.0002518265

46 (-0.998499255, -0.997818935, 0.998203695, 6.71404388 x 107*)
47 (-0.998531208, -0.997865330, 0.998242123, 6.57149706 x 10~%)

(- 7.27680342981 x 1075
(
48 (-0.998561829, -0.997909792, 0.998278941, 6.4348768210 x 10~%)
(
(

6.9666376265 x 107°
6.67588975247 x 1075
6.40297197854210 x 1075
6.14645553081 x 1075

49 (1-0.998591200,-0.997952440, 0.9.98314248, 6.30382110e10 x 10~%)
50 (-0.9.98619394, -0.997993382, 0.9.98348135, 6.17799674 x 10~4)

—— QOur Algorithm
Halpern-type Algorithm

LoUl

.ooos |

0.8 4 o 00006 \

0.6 - \ £ pogoa |

0002
0.4 + \

0000 =
L 13 Fi} 3 £ E 2 45 L
Nurmber of iberaticnsin)

T T
0 10 20 30 40 50
Number of iterations(n)

Figure 2.1: Comparison of the convergence of various algorithms

2. By means of a numerical example, we showed that our algorithm (2.3.22) converges

quicker to a common minimizer than algorithm (2.3.23) known in literature.
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Chapter 3

Halpern’s Type Algorithm for

a-nonexpansive Semigroup

3.1 Introduction

We start with the definition of a-nonexpansive semigroup.

Definition 3.1.1. A one-parameter a-nonexpansive semigroup is a family 7 = {7(¢) :

t € Rt} of mappings on a closed and convex subset C' of a metric space X satisfying :
(i) T(0)x =z for all x € C.
(ii) T(t+s) = T(t)T(s) for all s,t > 0.

(iii) for each ¢t > 0, T(t) is a-nonexpansive i.e. for some 0 < o < 1 and z,y € C,
(T (t)x, T(t)y) < ad*(T(t)z,y) + ad*(T(t)y, =) + (1 - 2a)d*(z, y).
Finding common fixed point for classical nonexpansive semigroup has been extensively

studied by several authors in different spaces under different conditions. Xu [121] studied

the following implicit iterations for the nonexpansive semigroup in a Hilbert space:

Ty = auu+ (1 — ay)oy, (x,)
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for each n > 1, where oy(x) is the average given by

1 t
o) = ;/ T(s)xds for any t > 0.
0
Later, Benavides et al. [13] and Aleyner and Censor [0] studied strong convergence of the

Halpern’s iterations

Tt = apu+ (1 — a)T(tn) s

under the assumption that the semigroup 7 satisfies uniform asymptotic regularity con-
dition. Over the years, many researchers have extended the classical semigroup of non-
expansive mappings for a wider class of nonlinear mappings and spaces using various
iterative schemes. For example, Cho and Kang [25] studied pseudo-contraction semi-
groups in Banach spaces; Cho et al. [24] studied nonexpansive semigroup in C' AT(0)
space and Zegeye et al. [123] studied asymptotically nonexpansive semigroup in Banach
spaces.

Inspired by work of Naraghirad [93] and Song et al. [113], we consider Halpern’s type
iterations for an a-nonexpansive semigroup 7 and establish strong convergence of this
iteration in Banach spaces as well as C' AT (0) spaces. Throughout this chapter, we denote

the set of fixed point of T'(¢), t > 0 by F(T'(t)) and set F' = Ny F(T'(t)).

3.2 Preliminaries in Banach and C'AT(0) spaces

The following definitions and lemmas would be instrumental for the development of our

results.

Definition 3.2.1. Let X be a real Banach space X with C,D € X and D C C. A

mapping (Jp : C' — D is said to be :
(a) sunny if Qp(Qpx + t(x — Qpz)) = Qpx for each z € X and ¢t > 0.
(b) a retraction if Qpx = x for each x € C.

If X = H(real Hilbert space), then Qp = Pp, the metric projection of C' onto D.
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Lemma 3.2.2 ([103]). Let X be real Banach space with normalized duality mapping
J. Let C;D C X with D C C and Qp : C — D as retraction. Then Qp is sunny

nonexpansive if and only if

(z = Qp(2), J(w—Qp(2))) <0

forall z € C and w € D.

Lemma 3.2.3 ([103]). Let J be the normalized duality mapping of a real Banach space
X. Then,

Iz + wl* < l2* + 2{w, (2 + w))
forall z,w € X.

Lemma 3.2.4 ([92]). Let C be a nonempty subset of a uniformly convex Banach space
X with the Opial conditon. Let T : C — C' be an a-nonexpansive mapping for some

0<ax<l.

(i) If F(T) # 0. then T is quasi-nonexpansive and F(T) is closed and conver.
(i) If {x,} converges weakly to y and lim ||z, — Tx,|| =0, then Ty = y.
n—oo

Definition 3.2.5. A one parameter semigroup 7 = {7'(¢) : t > 0} is said to be uniformly

asymptotically regular (u.a.r.) if for any s > 0 and any bounded subset K of C, we have

lim sup d(T'(s)T(t)z, T(t)z) = 0.

100 pc K
Here are examples of uniformly asymptotically regular semigroups.
Ezample 5 ([13]). Let H be a Hilbert space and C' a nonempty bounded, closed and
convex subset of H. If T : C — (' is a contraction, then 7 = {T™ : n € N} is a u.a.r.

contraction semigroup.

Example 6 ( [7]). Let X = [*(N) be Hilbert space consisting of all functions x from N into
R satisfying > |z(k)|*> < oo with inner product (x,y) = > z(k)y(k). Define a bounded,

keN keN
closed and convex subset C' of X by

C={reX:0<uk)<p}

48



where p, = 272 . Then {T'(t) : t > 0} defined by
(T'(t)z)(k) = max {x(k) — tpz, O}
is a u.a.r. nonexpansive semigroup.

The concept of uniform asymptotic regularity extends to a sequence of mappings as

follows:

Definition 3.2.6. A family {7,,} of self-mappings on a nonempty set C' is said to be
uniformly asymptotically regular (u.a.r.) if, for each positive integer m and any bounded
subset K C C, we have

lim sup d(T,,(T,z), Tpx) =0

N0 peK
Lemma 3.2.7 ([122]). If {a,} is a sequence of nonnegative real numbers such that
a1 < (1 —bp)ay +bye, Yn>1
where 0 < b, <1 and ¢, € R satisfy the following conditions:

1. an =00 2. limsupe, <0 or Z |brcn| < o0,
n=1

n—oo n=1

then lim a, = 0.
n—oo

Lemma 3.2.8 ([30]). Let {a,} be a real sequence that has a subsequence {a,,} which

satisfies ap, < Gp,4+1 for all k. Then there exists an increasing sequence of integers

{my} C N such that

1. lim my =00 2. apm, < Apmpt1 3. Ak < Gyt
k—o0

for all (sufficiently large) numbers k € N.

Lemma 3.2.9 ([61]). Let X be a complete CAT(0) space, {x,} a sequence in X and
x € X. Then {x,} A-converges to x if and only if limsup,,_,. (xx,, xy) < 0 for all

yeX.

Lemma 3.2.10 ([102]). Let X be a complete CAT(0) space, {z,} a sequence in X and

x € X. Suppose there exists a nonempty subset K of X satisfying :
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(i) For every z € K, lim d(z,, z) exists
n—oo
(ii) If a subsequence {x,, } of {xz,} is A-convergent to x € X, then x € K.
Then {x,} A-converges to x € K.

Lemma 3.2.11 ([18], [32]). For any z,y,z,w in a CAT(0) space X and t € [0, 1] with

u =tz @ (1 — t)w, we have the following:
(i) (i, urfy) < t(zE, wh) + (1 — )Wk, wf).
(ii) (wit, z)) < (=2, Z0) + (1 - t)(wd, Z0).
(iti) (i, wh) < t(zt,wh) + (1 — t)(ws, wy).

Lemma 3.2.12 ([30]). Let X be a CAT(0) space and x,y,z,€ X. Then for each \ €
0,1], we have

Pz @ (1— Ny, 2) < XN2dP(xz,2) + (1 — N)2d%(y, 2) 4+ 2X(1 — N\ (22, 7).

Lemma 3.2.13 ([92]). Let E be a nonempty subset of a CAT(0) space X. Let K : E — X

be an a-nonerpansive mapping for some 0 < a < 1.
(i) If F(K) # 0, then K is quasi-nonexpansive. Moreover, F(K) is closed and convez.

(i7) If {z,} is a sequence in E such that lim d(z,, Kz,) =0 and A — lim x,, = z for

n—oo n—oo

some z € X, then z € E and Kz = z.

3.3 Convergence Results in Banach space

Throughout this section, X is considered to be a real uniformly convex Banach space

which admits weakly sequentially continuous duality mapping .J.

Theorem 3.3.1. Let C' a nonempty closed and convex subset of X. Let T = {T(t) : t >

0} be the u.a.r. semigroup of a-nonexpansive mappings from C into itself with F # ().

20



Let {x,} be the sequence defined by

uweC, z;€C (chosen arbitrarily) (33.1)

Tp4+1 = QU + (]- - an)[/\nxn + (1 - )\n)T(tn)ZEn]

Let {a,}, {\n} be sequences in [0,1] and t, > 0 satisfy the following assumptions:
(i) lim o, =0
n—oo
(ii) > a, =00
n=1

(7i) 0 < liminf A\, < limsup A, < 1
n—oo

n—oo

(iv) nh_r)gotn = 00.

Then, the sequence {x,} defined in (3.3.1) converges to Qru, where Qp is a sunny non-

expansive retraction from X onto F.

Proof. By Lemma 3.2.4(i), it follows that T'(¢,) is a quasi nonexpansive mappping and
the sunny nonexpansive retraction from X onto F' is well defined. Define z = Qru.
Step 1: {z,} and {T(t,)z,} are bounded.

Let y, = A\ +(1—=X,)T(t,)2,. Then 41 = apu+(1—ay,)y,. Let p € F. By Lemma
1.3.1, there exists a continuous strictly increasing convex function g : [0,00) — [0, 00)
with ¢(0) = 0 such that

Iy = pII* = (@0 = p) + (1 = X)(T ()2 — p) |
< Anllan = pll* + (1 = M) T (ta) 20 — pl|*
= A1 = A)g(llzn — T(tn)znl)
< Anllen = pl* + (1 = Xa)llzn — pII*
= A1 = A)g(llzn — T(tn)2al)
= [z =l = X1 = Xa)g(llzn — Ttn)2nl)).

Hence,

g = pII* < llzn = pI* = An(L = A)g (|20 — T(ta)zall) (3.3.2)
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and

190 = 2l < llzn = pll.
Now, (3.3.3) implies that

[0t = pll = llanu+ (1 = an)yn = pll

= llom(u=p) + (1 = ) (yn = p)l

IN

anflu=pl + (1 = an)ly. = pll

IN

anllu = pll + (1 = an)||zn — pl|.
By induction, we have

201 = pll < max{[ju = pl|, 21 = pll}

(3.3.3)

for all n € N. Thus {x,} is bounded. Since ||T'(t,)x, — p|| < ||z, — pl|, we also have that

{T(t,)x,} is bounded.

Step 2: For any n € N, we prove that

[n1 = 2l1* < (1= an)llan — 2] + 200w — 2, J (@041 — 2)).

By (3.3.1), we have
2 = 2l = flanu+ (1= an)y, — 2|
< agllu— 2l + (1= an)lly. — 2%
Using (3.3.2), we get

Hxn—H - ZH2 < an“u - ZH2

+ (1= an)lllzn = plI* = A1 = Aa)gllzn = T(ta)zal)]-

(3.3.4)

(3.3.5)

Setting M = sup{||lu — z||* — ||z, — 2[]* + A\ (1 — M) g(||zn — T'(tn)4]])}, we have that

AL = A)g(lzn = T(t)zall) < llon — 21° = llznss — 2I* + an M .
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By Lemma 3.2.3 and (3.3.1), we can deduce that

|z =27 = flonu+ (1= an)ys — 2|
< o+ (1 = ap)yn — 2 — an(u — 2)|?
+ 2{an(u—2), J(xhe1 — 2))
= (1= an)llyn — 2I1° + 200 (u — 2, J (2041 — 2))

< (1 —a)||zn — z||2 + 200, (u — 2z, J (a1 — 2)).

Step 3: If nh_)rrgo |zn — T(t,)x,|| = 0, then nll_{lolo |zn — T(s)x,|| = 0 for any s > 0.
By (3.3.1), we have that
Yn — Ty = (L = X)) (xy — T(ty)xy,) and  xpi1 — Yn = ap(u — yy).
With the aid of the assumption 1}1—{1010 |z —T'(t,)z,] = 0 and condition (i), we can deduce

that as n — oo,

Y — Zp|| = 0 and ||@ns1 — yal — 0. (3.3.7)

Since ||zp41 — Tul| < |Tnt1 — Ynll + ||Yyn — 4|, we have that
lim ||z,41 — x| = 0. (3.3.8)
n—oo

Using 7T is u.a.r. and condition (iv), it follows that for any s > 0

lim ||T(s)T(tn)xn — T(tn)x,| < nlim sup |T(s)T(t,)x — T(t,)zx|]| =0 (3.3.9)

where K is any bounded subset of C' containing {z, } and {T'(t,)z,}.

For any s > 0, let x = T'(t,)x,, y =, and T'=T(s) in Lemma 1.5.4 . Then, we have

1+«
l—«

T (tn)zn — T(s)zal* < 1T (tn) 2 — T($)T (tn)anl® + |7 (t0) 20 — 4l

() — T (s =TT (k)
+ %IIT(S)% — T()T (tn)wall[|T (tn) 0 — T(8)T (t) 2|
sif?ﬁwmﬁT@ﬂm%wﬂw@mﬁﬁw

2

+ T VIT ()2, = T()T (ta)a

where V' = sup{a||T(t,)x, — xu|| + [|T(8)T (t) 20 — T(s)T(tn) 0] -
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Using the assumption lim ||z, — T'(t,)z,|| = 0 of Step 3 above and (3.3.9), we have
n—oo

li_)rn T (tn)xn — T(s)z,| = 0. (3.3.10)
Also,
|Znt1 — T(S)anQ = Jlanu + (1 — an)y, — T(S)anQ

= |lanu + (1 — o) [Anzn + (1 = XN)T(tn) 0] — T(8)2,|)?
= |lap(u—T(ty)z,) + (1 — an) (@0 — T(t)xn)

+T(tp)zn — T(8)xn |

IA

2ap ||lu — T(tn)xn| + 4(1 — ap) A ||n — T(tn):ztn|]2
+ AT (tn)wn — T(8)zn|*

By lim ||z, — T(t,)z,|| = 0, condition (i) and (3.3.10), we get
n—oo

lim ||zn41 — T(s)z,|| = 0. (3.3.11)
n—o0
Hence for any s > 0,
[ 201 = T(s)znll = llon = Tpsr + 2nr = T(s)zn]|

< lon = 2ol + llenga = Ts)aa]
From (3.3.8) and (3.3.11), we conclude that
lim ||z, — T(s)z,|| = 0. (3.3.12)
n—oo

Step 4: We prove that z, — z as n — oo.
Case 1: Suppose that there exists ng € N such that {||z, — z|/}7Z, is nonincreasing.
Then nh—>Holo ||z, — z]|| exists. Using conditions (i),(iii) and (3.3.6), we deduce that
T g7, — T(t2)2]) = 0.
By the properties of g, we have that

lim ||z, — T (t,)x,| = 0. (3.3.13)

n—o0

Thus by Step 3, (3.3.12) holds. Since {x,} is bounded, there exists a subsequence {z,, }

of {x,} such that {z,, 1 }converges weakly to y. It follows from (3.3.12) and Lemma
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3.2.4 that y € F'. We have that

limsup(u — z, J(xp11 — 2)) = klim (u—2z,J(xp, 41— 2))
= (u—2zJ(y—2).

Using Lemma 3.2.2, we conclude that

limsup(u — z, J(z,41 — 2)) < 0. (3.3.14)

n—oo

Let a, = ||Tp1 — 2|, bn = o and ¢, = (u— 2, J (2,1 — 2)) in (3.3.4). Then, we deduce

by conditions (i), (ii) and Lemma 3.2.7 that z,, — 2.

Case 2: Suppose { |z, —z||};2,,, is not nonincreasing, i.e. that there exists a subsequence

{ni} of {n} such that
[, = 2l < ll#np2 =2l VEEN

Then by Lemma 3.2.8, there exists an increasing sequence of integers {m;} C N such

that

Lolimme =00 2 [[zm, = 2 < fomerr =2 3. ow = 20| < o — 2]
k—o00

for all (sufficiently large) numbers k& € N. This, together with (3.3.6) implies that

A (1= A )9 (|2, = Tt )Tm, ) < 2w, — 217 = 2,1 — 2

+ oy, M

k

< ay, M.

k
Conditions (i),(iii) and properties of g imply

As shown before, we have

lim sup(u — z, J (@, 41 — 2)) < 0. (3.3.15)
k—ro0
From (3.3.4), we obtain
||xmk+1 - Z”2 < (1 - amk)”fﬁmk o Z||2 + 2amk <3j - % ‘](xmk-i-l - Z)> (3316)
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This together with ||x,,, — 2z|| < ||Zm,+1 — #|| implies that
Ay [Ty, = 2" < 200m, (2 = 2, J (Tm 41 = 2))
and thus,

@, — 2]1* < 2(x — 2, J(Timp1 — 2)) -

It follows from (3.3.15) that

lim ||z, — 2] =0.
k—o0

Consequently, (3.3.16) ensures that
1 [z, 1 2] = 0.
Recalling that for sufficiently large k € N,
[ = 2] < [[emerr = 2],
and so we conclude that ’}LIEO ||z — z|]| = 0. Hence, x,, — z as n — o0. O
Corollary 3.3.2. Let C' a nonempty closed and convex subset of X. Let T = {T(t) : t >

0} be the u.a.r. semigroup of a-nonexpansive mappings from C into itself with F # ().

Let {x,} be the sequence defined by

ueC, x, €C (chosen arbitrarily) (33.17)

Tni1 = apu+ (1 — ) S (tn)x,.
where Sxa = Ax+ (1= \)T'(t)x for any A € (0,1) andt > 0. Let {c,} in [0,1] and t, >0

satisfy the following assumptions:

(i) lim o, =0

n—oo
(i) > a, =00
n=1
Y e
(1i7) lim 2, = o0
Then, the sequence {x,} defined in (3.3.17) converges to Qru, where Qp is a sunny

nonexpansive retraction from X onto F.

Proof. Put A\, = X for all n in Theorem 3.3.1. O
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Corollary 3.3.3. Let C' a nonempty closed and convex subset of X. Let T = {T'(t) : t >

0} be the u.a.r. semigroup of any of the following self-mappings on C :
1. Mean nonexpansive mappings.
2. Nonspreading mappings.
3. Hybird mappings.

Suppose that F # (. Let {x,} be the sequence defined by

ueC, x;€C (chosen arbitrarily)
(3.3.18)
Tpi1 = aptt + (1 — ap) Ay + (1 — X)) T (80) 2]

Let {a,}, {\n} in [0,1] and t,, > O satisfy :
%) g, 0n =0
(i) > a, =00
n=1

(7i) 0 < liminf A\, < limsup A, < 1
n—oo

n—oo

(iv) lim t, = oco.
n—oo

Then, the sequence {x,} defined in (3.3.18) converges to Qru, where Qr is a sunny

nonexpansive retraction from X onto F.

Proof. (1). Put a = % in Theorem 3.3.1 .
(2). Put a = % in Theorem 3.3.1 .

(3). Put a = 3 in Theorem 3.3.1 . O

Replacing the terms 7'(t,) and T'(s) of Theorem 3.3.1 with the terms 7,, and T,,,
respectively, we have the following result which improves and extends ([!13], Theorem

3.4) and ([96], Theorem 4.1).

Theorem 3.3.4. Let C' a nonempty closed and conver subset of X. Let {T,} be the

sequence of u.a.r. a-nonexpansive mappings from C into itself with F # 0. Let {x,} be
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the sequence defined by

uweC, z;€C (chosen arbitrarily)
(3.3.19)
Tpt1 =+ (1 — ap)[Anxn + (1 = X)) Thzy).

Let {a, }, {\n} be sequences in [0,1] and

1. lim o, =0, 2. ) a, =00, 3.0<liminf), <limsupA, <1.
n=1

n—00 n—00 n—00
Then, the sequence {x,} defined in (3.3.19) converges to Qru, where Qr is a sunny

nonexpansive retraction from X onto F.

3.4 Convergence Results in CAT(0) space

Theorem 3.4.1. Let X be a complete CAT(0) space and C a nonempty closed and
conver subset of X. Let T = {T(t) : t > 0} be the u.a.r semigroup of a-nonerpansive

mappings from C into itself with F # (). Let {x,} be the sequence defined by

ueC, z1€C (chosen arbitrary) (3.4.1)

Tpr1 = @ (1 — ap)[Anzy @ (1 — X)) T (tn)xy).
Let {a, }, {\n} in [0,1] and t,, > O satisfy the following conditions :

(¥ 2g,em=0
(i) > a, =00
n=1
(777) 0 < liminf A\, <limsup A, <1
n—o0 n—00
(iv) lim t,, = oco.
n—oo

Then, the sequence {x,} defined in (3.4.1) converges to T = Ppu, where Pg is the metric

projection of X onto F.

Proof. Let z € F and y,, = A\, ® (1 — X)) T (t) .

Step 1: {z,} and {T(t,)z,} are bounded.
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By (C'N) inequality and Lemma 3.2.13(i), we obtain
P (Yn, 2) < Aad? (0, 2) + (1= X)) (T(t,) 20, 2)

— (1 =M\ (2y, T(tn) )

< AN (2, 2) + (1= X)) (0, 2) — M(1 = N (2, T(t,) )
= d*(zp,2) — A\(1 = NP (2, T(t,)zn)
< d*(zy, 2).

By replacing ||. — .|| with d(.,.) in Step 1 of the proof of Theorem 3.3.1, we have

d(xpi1, 2) < max{d(u, z),d(z,2)}.
Hence, {z,} and {T'(t,)x,} are bounded.

Step 2: If lim d(z,,T(t,)z,) =0, then lim d(x,,T(s)z,) =0 for any s > 0.

n—oo n—0o0

By replacing ||.—.|| with d(.,.) in Step 3 of the proof of Theorem 3.3.1 and using properties

of d in a CAT(0) space, it is easy to verify that

lim d(z,,y,) =0 and lim d(z,,2,+1) = 0. (3.4.2)

n—oo n—oo

Moreover, using arguments similar to those in Step 3 of the proof of Theorem 3.3.1 and

replacing ||. — .|| with d(.,.), we get
lim d(T(tp)xn, T(s)z,) =0 and  lm d(T(s)T (t,)xn, T (t,)x,) = 0. (3.4.3)
n— o0 n—oo

Now,

A(Yn, T(s)2n) < d(Yn, T(tn)wn) + d(T(t,) 2, T(5)7y)
= Md(xn, T(tn)x,) + d(T(ty)xn, T(s)zy,).
Taking limit as n — oo, we have

lim d(yn, T(s)z,) = 0. (3.4.4)

n—oo
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By (C'N) inequality, we have
P (xpy1, T(s)1,) = d*(au® (1 — ay)yn, T(s)r,)
< and*(u, T(8)m,) + (1 — ) d* (yn, T(8)20)
— (1 — an)d*(u, )
< and*(u, T(s)w,) + (1 — an)d* (Yn, T(5)Tn).
By condition (i) and (3.4.4), it follows that

lim d(zp41,T(s)z,) = 0. (3.4.5)

n—o0

Hence, for any s > 0,
d(x,, T(8)xn) < d(Tp, Tpi1) + d(xps1, T(S)2,)

and

lim d(z,,T(s)z,) = 0. (3.4.6)

n—oo
Step 3: z, > T € Fasn— .

Case 1: Suppose that there exists ng € N such that {d(zy,2)};2, is nonincreasing.
Then lim d(z,, z) exists. With the aid of Lemma 1.3.2 and reasoning as in Step 2 of the

n—oo

proof of Theorem 3.3.1, we can show that
M1 = M)A (2, T(tp) ) < d*(my — 2) — d*(Tpy1, 2) + M.

Since lim d(z,, z) exists, it follows from conditions (i) and (iii) that
n— o0

lim d(x,, T (t,)x,) = 0. (3.4.7)

n—oo

Consequently, we deduce from Step 2 above that

lim d(x,,T(s)x,) =0 and lim d(z,,y,) = 0. (3.4.8)

n—oo n—oo

Since {z,} is bounded, it follows by Lemma 1.4.4 that there exists a subsequence {z,, } of
{z,,} that A-converges to T € X. Using (3.4.6) and Lemma 3.2.13, we have that T € F.

Now, Lemma 3.2.10 ensures that {x,} A-converges to T € F.

Exploiting properties of quasilinearization in (1.3.1), Cauchy-Schwartz inequality and
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Lemma 3.2.12, we have

& (n11,T) = d*(anu® (1 = an)yn, T)

02d%(u,T) + (1 — )2y, T) + 2(0n(1 — 00, (1F, yo)

IN

IN

Q2d*(u,T) + (1 — a,)?d*(zp, @)

20,(1 — o)[(uF, Grzr) + (0%, Trd)]

+

IA

(1 — an)d* (2, 7)
+ a, [andZ(u,f) +2(1 — ap)[d(u, T)d(yn, xn) + (u_%, %—%H] :

Since {x,} A-converges to 7, it follows by Lemma 3.2.9 that lim sup(uz, z,7) < 0. This

n—oo

inequality, (3.4.8) and condition(i) imply

lim sup [andz(u,x) +2(1 — ap)[d(u, ) d(Yn, ) + (u_%, ﬁﬂ} = 0.

n—oo

By Lemma 3.2.7, we have that lim d(z,,7) =0 . Hence z,, > 7 € F as n — 0.

n—o0

Case 2: Suppose {d(zn,2)};2,,. is not nonincreasing. So, there exists a subsequence
{ny} of {n} such that
d(zp,,2) < d(zp,41,2) VEkeN.

Then by Lemma 3.2.8, there exists an increasing sequence of integers {m;} C N such

that

1. klim m =00 2.d(Tm,,2) <d(@m,41,2) 3. d(zk, 2) < d(Tmy41, 2)
—00

for all (sufficiently large) numbers k£ € N. As shown before, we have
A (L= A )P (X, T (b ) Tmy) < AP (X, 2) — d?(Tmy 11, 2) + i M.
This inequality, condition (i) and d(xp,, 2) < d(Zm, 11, 2) imply
k11_>r£10 d(zpy,, T (tm, ) Tm, ) = 0.

Moreover, we have from Step 2 that for any s > 0,

lim d(zpm,, Ym,) =0 and lm d(z,,,T(s)xm,) = 0.

k—00 k—oo
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As in Case 1 above, {z,,, } A-converges to T € F' and
d2<xmk+lvj) < (1 - amk)dQ(xmlﬂj)
[, @0, ) + 21 = 0, ) A1, D) (Y T + (0, T )]

Since d(zy,,, 2) < d(Tm,+1, 2), we have that

d2(xmk,f) < amde(u,f) +2(1 — ap, ) [d(u, T)d(Yimy s Ty, ) + (1%, T, X ).

Condition (i) and the fact that lim sup(uZ, z,,,T) < 0 imply that klim d(zp,,T) =0 and
n—o0 —00
consequently, klim d(xpm,+1,7) = 0. Finally,
—00
d(zy,T) < d(xpm,+1,T) implies that klim d(zy,7) = 0.
—00

Hence the desired result follows.
Step 4: Now we show that ¥ € F' is the nearest common fixed point of T to u i.e.
T = Pru.
For any z € F, it follows from (1.3.1) that
d* (2, 2) = d*(a,u ® (1 — ) Yn, 2)
< apd®(u, 2) + (1 — ) d* (Yn, 2) — (1 — ) d? (u, yn) (3.4.9)

< d*(u, 2) + d* (@, 2) — (1 — o) d* (u, yn)-
Since d(yn,T) < d(x,,T), we have that y, — T as n — oco. Taking limit as n — oo in

(3.4.9), we have

d*(T,2) < d*(u, 2) + d* (2, 2) — an(1 — an)d*(u, y,,) -
This implies d(u,7) < d(u, z) Vz € F. Hence T = Pru. O
Remark 3.4.2.

1. An analogue of Theorem 3.3.1 for a sequence of u.a.r. a-nonexpansive mappings

on a CAT(0) space can be easily established on the lines of its proof.

2. Theorem 3.3.1 and Corollaries 3.3.2 - 3.3.3 extend and improve Theorem 3.3 of
Song et al. [113], Theorem 3.2 of Benavides et al. [13] and Theorem 20 of Aleyner

and Censor [0]
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Chapter 4

Common Endpoints of Multivalued

Mappings in Hyperbolic Space

In this chapter, we introduce a new modified iteration process for approximating common
endpoint of a multivalued a-nonexpansive mapping and a multivalued mapping satisfying
condition (£') in uniformly convex hyperbolic spaces. As a by-product, we improve the
main results of Panyanak [100] with a new and faster algorithm for two multivalued
mappings. Moreover, we give a numerical example to substantiate our results. Our work
is new and holds simultaneously in uniformly convex Banach spaces as well as CAT'(0)

spaces.

4.1 Introduction and Preliminaries

Let U be a nonempty subset of metric space (X,d). Recently, Pant and Shukla [9%]
introduced a mapping R : U — U as generalized a-nonexpansive mapping if for 0 < o < 1
and any m,w € U, %d(m, Rw) < d(m,w) implies

d(Rm, Rw) < ad(Rm,w) + ad(Rm,w) + (1 — 2a)d(m, w).
They showed by means of an illustrative example that it is independent of a-nonexpansive
mapping.

Extending valid single-valued fixed point results to the multivalued case is natural
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in view of many useful applications of the latter mappings in applied sciences.( See [33],

[75])-

In what follows, the notations K (U) and C'B(U) will stand for the family of compact
and closed and bounded subsets of U, respectively.
We shall employ the following terminology in the sequel:
The distance fromm € X to U =d(m,U) = inf{d(m,w) : w € U},

Theradius of U relativeto m = n(m,U) := sup{d(m,w) : w € U},
Diameter of U = Diam(U) := sup{d(m,w) : m,w € U},

The Hausdorff metric H on CB(X); H(U, Q) := max{sup d(m,Q),supd(q,U)}.

meU qeQ
Definition 4.1.1. For a multivalued mapping G : X — 2%, we say m € X is (i) a fixed
point of G if m € Gm. (ii) an endpoint of G if Gm = {m}.
Endpoint is also referred to as stationary point [(1] or strict fixed point [72]. Moreover,

by End(G), we mean the set of endpoints.

Definition 4.1.2 ([99]). A multivalued G : U — CB(U) is said to have an approximate
endpoint property if infU n(w, Gw) = 0. Equivalently, G has an approximate endpoint
we

property if it has an approximate endpoint sequence {w,} (i.e. lim n(w,, Gw,) = 0).
n—oo

Remark 4.1.3. Note that End(G) C F(G). Moroever, the existence of fixed point of G
does not imply the existence of its endpoint(See [99]). For a single-valued mapping, these

two notions coincide.

A multivalued mapping R : X — 2% is:

(1) nonexpansive if

H(Rm, Rw) < d(m,w) V m,w € X.

(2) quasi-nonexpansive if F(R) # () and

H(Rm, Rw) < d(m,w) Vw e F(R), me€ X.
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Motivated by the work of Garcia-Falset et al. [11], several authors have studied multi-

valued mappings satisfying condition (E)( See [76], [1]).

Definition 4.1.4 ([!]). We say a multivalued mapping G : U — CB(U) satisfies condi-

tion (F) if for some p > 1, we have
d(m, Gw) < pd(m, Gm) + d(m,w) for all m,w € U.

Contrary to Proposition 4 in [70], a multivalued mapping satisfying condition (F)

need not be quasi-nonexpansive.

Ezample 7. Let U = [—1, 1] with the usual metric. Define G : U — CB(U) by
—w, 1|, we |[—1,0
o _Jre 1,0
(1,1 —w], w € [0,1]

We note that F(G) = [0, 3] and G satisfies condition (E). However, for m = —1 and

w = 0, we get H(Gm,G0) = 2 and d(m,w) = 1. Therefore, G can not be quasi-

nonexpansive.

Inspired by the contributions in [3], we consider a rich subclass of mappings satisfying
condition (E).
Definition 4.1.5. If for some > 1, G : U — CB(U) satisfies

H(Gm,Gw) < ud(m,Gm) + d(m,w) for all m,w € U,
then, we say G satisfy condition (E').
Example 8 ( [59], [108]). A multivalued generalized a-nonexpansive mapping G : U —
CB(U) satisfies condition (E'). In fact, for any m,w € U, we have
1
H(Gm,Gw) < 21+—ad(m, Gm) + d(m, w).
—a

Definition 4.1.6 ([75]). A mapping R : U — CB(U) is a-nonexpansive if for a € [0,1)
and any m,w € C, we have

H*(Rm, Rw) < ad*(Rm,w) + ad®*(Rw,m) + (1 — 2a)d*(m,w).
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Hajisharifi [55] showed that the class of a-nonexpansive mapping contains the class
of multivalued mean nonexpansive mapping introduced in [23].
We present an example to show that the set of mappings satisfying condition (E ')

and the class of a-nonexpansive mappings are different.

Ezample 9. Let U = {(4,0),(4,5),(5,4),(0,0),(2,0),(0,4)} € R* . Define a metric

d((w1,my), (w2, mz)) = [wy — wa| + |my — my| and the mapping G by

{(0,0),(2,0)}, m € {(2,0),(0,4),(4,0)}
Gm = 4 {(470)}’ m = (47 5)

{(0,4)}, m = (5,4)

\{(070)}’ m = (070)

Then G satisfies condition (E'), F(G) = {(0,0),(2,0)} and End(G) = {(0,0)}. For
x = (5,4) and y = (4,5), we have

H*(Gm,Gw) = 64 > 4+ 42a
= 4(1 - 2a) + 25 + 25a
= (1 -2a)d*(m,w)+ ad*(m, Gw) + ad*(Gm,w).
Hence, G is not a-nonexpansive for any o < 1.

Many researchers have shown that fixed point and endpoint exist for different mul-
tivalued contractive-type mappings.(See [61], [9]). Some applications of endpoint results
to optimization problems can be found in the works of Lin and Du [35] and Corley [28].
Corley, for example, showed that maximization in relation to a cone is comparable to the
case of finding endpoints of multivalued mappings. Several authors ([99], [23], [109], [20],
[43], [57]) have studied existence and approximation results for endpoint of nonexpansive
mappings.

In 2018, Panayak [100] introduced a modified Ishikawa iteration for approximating
endpoints of multivalued nonexpansive mapping S : U — K(U) in a uniformly convex

Banach space. Particularly, he showed that under some given conditions, the following
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algorithm converges to an endpoint of a multivalued nonexpansive mapping:

W1 = auvp + (1 — ap)w,,

where wy € U, y, € Sw,, with ||w,, — y,| = n(w,, Sw,) and v, € Sz, with ||z, —v,| =
N(zn, Szn)-

This result naturally gives rise to the following question:

Question: Can common endpoints of two multivalued nonexpansive mappings be ap-
proximated with a faster iteration process 7.

For a possible solution to the above question, we follow new results of Piri et al. [101]
and Igbal et al. [59] and introduce a new algorithm for approximating common endpoint
in uniformly convex hyperbolic spaces. Consequently, we find an affirmative answer. In
Section 4.2, we show that endpoint of multivalued a-nonexpansive mappings and map-
pings satisfying condition (F’) exist. In section 4.3, we establish convergence theorems
for the proposed algorithm. In section 4.4, we provide an example to substantiate our
results. Moreover, we show the efficiency of our algorithm in approximating common
endpoints of two nonexpansive mappings by comparing its results with common fixed
point results of Fukhar-ud-din et al. [11] and Chang et al. [22].

The following known lemmas are needed to prove our main results.

Lemma 4.1.7 ([58]). Let U and V' be nonempty subsets of a metric space X, and let
m € X. Then
d(m,U) < d(m, V) + H(U,V).

Lemma 4.1.8 ([99]). Let U be as in Lemma 4.1.7, G : U — CB(X) a multivalued
mapping and w, C U. Then lim n(w,, Gw,) = 0 if and only if lim d(w,, Gw,) =0 and

lim Diam(Gw,) = 0. Moreover, n(m,Gm) = 0 if and only if m € End(QG).

n—oo

Lemma 4.1.9 ([109]). Let U be as in Lemma 4.1.7 and G : U — CB(X) a multivalued

mapping. Let m,w € U. If w' € Gm, then it follows that
d(m,w") < n(m,Gm) + H(Gm, Gw).
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4.2 Existence of Endpoint

Lemma 4.2.1. Let U be a nonempty subset of a metric space (X,d). For a multivalued

a-nonexpansive mapping G : U — CB(U), we have

d*(m, Gw) < d*(m,w)
N [(1 + a)d(m, Gm) + 2ad(m,w) + 2H (Gm, Gw)

11—«
Proof. For any m,w € X, Lemma 4.1.7 implies that

(4.2.1)

|d(m,Gm).

d*(m,Gw) < [d(m,Gm)+ H(Gm,Gw))?
= d*(m,Gm) + 2d(m, Gm)H(Gm, Gw) + H*(Gm, Gw).

By the definition of the mapping G, we have

d*(m, Gw) < d*(m,Gm) + 2d(m,Gm)H(Gm, Gw) + ad*(m, Gw) : )
4.2.2

+ ad®(w, Gm) + (1 — a)d*(m, w).
Using

&(w, Gm) < [d(w,m) + d(m, Gm)]? (4.23)

= d(m,w)* + 2d(m,w)d(m, Gm) + d*(m, Gm)
in (4.2.2), we have

(1 — a)d*(m, Gw)

IN

(1 — a)d*(m,w)
+ [(1+ a)d(m,Gm) + 2ad(m,w)]d(m, Gm)
+ 2H(Gm,Gw)d(m,Gm).
Hence the result. ]

Proposition 4.2.2. Let U be as in Lemma 4.2.1. Then, a multivalued a-nonexpansive

mapping G : U — CB(U) is a quasi-nonexpansive mapping.
Proof. 1t follows by (4.2.1) and (4.2.3). O

Theorem 4.2.3. Let U be a nonempty closed and convex subset of a complete uniformly
convex hyperbolic space X. Then, a multivalued a-nonexpansive mapping, G : U —

K(U), has a bounded approximate endpoint sequence if and only if G has an endpoint.
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Proof. Assume that {w,} is a bounded approximate endpoint sequence of G. Then,

lim n(w,, Gw,) =0 i.e.

n—oo

lim d(w,, Gw,) =0 and lim Diam(Gz,) = 0. (4.2.4)

n—oo n—o0

We may assume {w, } is regular relative to U by passing through a subsequence. It follows
by Lemma 1.4.4 that {w,} has a unique asymptotic center w. By Lemma 4.2.1, we have

d*(wy, Gw) < d?*(wy, w)
(1+ a)d(wy,, Gw,) + 2ad(w,, w) + 2H (Guw,, Gw)

+ [ 1—a Jd(wy, Gw,).
Taking limit superior as n — 0o, we obtain
lim sup d(w,,, Gw) < limsup d(w,, w). (4.2.5)

n—oo n—oo

Compactness of Gw implies there exists m,, € Gw, such that
d(wy,, Gw) = d(w,, m,),

for each n € N. Moreover, and we have a subsequence {m,, } of {m,}, such that m,, —

m € Gw. Hence,

limsup d(wy, , my,) = limsupd(wy,, Gw)
k—o0 k—o0

< limsup d(w,, Gw)

n—oo

< lim sup d(wy,, w).

n—oo

Consequently, we get lim sup d(w,,,, m) < limsup d(w,, w). This inequality and regularity
k—oo n—00

of {w,} imply that

ru(wy,) < limsup d(w,, , m) < limsup d(w,, w) = ry(w,) = ry(wy, ).
k—oo n—o00

Hence, m,w € Ay(w,,) and w =m € Guw.
Next we show that w is an endpoint of G. Using (4.2.3), (4.2.5) and the definition of
G, it follows that

lim sup H (Gw,,, Gw) < limsup d(w,, w). (4.2.6)

n—o0 n—oo

Let h be an arbitrary element in Gw. Then there exists ¢, in Gw,, such that d(h,c,) =
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d(h, Gw,). Then,

limsup d(w,,h) < limsupd(w,,c,) + limsupd(c,, h)

n—oo n—oo n—oo

< limsup n(w,, Gw,) + limsup H(Gw,, Gw)

n—oo n—oo

= limsup H(Gw,, Gw).

n—oo

Using (4.2.6), we have limsupd(w,,h) < limsupd(w,,w). Then, uniqueness of the
n—oo n—o0
asymptotic center of {w, } implies that w = h. Therefore, Gw = {w}
Conversely, If G has an endpoint, then obviously G has a bounded approximate

endpoint sequence. O]

Theorem 4.2.4. Let U be as in Theorem 4.2.3. Then, a multivalued mapping satisfying
condition (E'), G : U — K(U), has a bounded approzimate endpoint sequence if and

only if G has an endpoint.

Proof. Let w,, m,, m and w be as in the proof of Theorem 4.2.3. Then, by condition
(E') and Lemma 4.1.7 | we get
d(wn,,m) < d(wn,, M,,) + (M, m)
= d(wy,, Gw) + d(my, ,m)
(4.2.7)
< d(wy,, Gwy,, ) + H(Gw,, , Gw) + d(m,, ,m)

< (p + Dd(wn,, Gwy, ) + d(wp, , w) + d(my,, ,m),

and lim sup d(w,,, ,m) < limsup d(w,,w). Moreover, it follows from condition (E ') that

k—o0 n—00
lim sup H(Gw,,, Gw) < limsup d(w,,, w). (4.2.8)
n—oo n—oo

By (4.2.7), (4.2.8) and reasons similar to those in the proof of Theorem 4.2.3, we get that

w is an endpoint of G. O

Theorem 4.2.5. Let U be as in Theorem 4.2.3, G : U — K(U) be a multivalued mapping
satisfying condition (E') and R : U — U be a a-nonexpansive mapping. If G has
a bounded approximate endpoint sequence in End(R) = F(R), then R and G have a

common endpoint in U.
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Proof. Let {w,} be an approximate endpoint sequence for G in End(R). We may assume
{w,} is regular relative to U with a unique asymptotic center w. By Theorem 4.2.3,

w € End(G). From (4.2.5), we have
lim sup d(w,,, R(w)) < limsup d(w,,, w).
n—o0 n—0o0

Since asymptotic center of {w,} is unique, we have that R(w) = w. Hence the result. [

In the example below, we observe that commutativity of R and G does not guarantee

existence of a common endpoint.

Example 10 ([30]). Let U = [0, 1] with the usual metric. Define G : U — K(U) and
R:U — U as follows:

R(w) = % and Gw = [w, 1] for all w € U.

It is easy to check that R is a-nonexpansive and G satisfies condition (£') with p = 2.

Moreover, R and G are commuting mappings. However, End(R) = {0} and End(G) =

{1}.

4.3 Approximation of Common Endpoints

By Theorem 4.2.3 and Theorem 4.2.4, we can easily deduce the following technical result.

Lemma 4.3.1. Let U be a nonempty closed and convex subset of a uniformly convex

hyperbolic space X and G : U — K (U) be one of the following:
1. Multivalued c-nonexpansive mapping
2. Multivalued mapping satisfying condition(E").
If a sequence {m,} in X A-converges to m and nILHOLO n(my,, Gmy) =0, then m € End(G).

Inspired by the works of Igbal et al. [59] and Panyanak [100], we come up with a
new modified algorithm to approximate common endpoint of two multivalued mappings

G:U— KU)and R:U — K(U) as follows:

71



For any z; =z € U, let {z,,} be the sequence given by
Tpy1 = W(wp, vy, o)
zn € Rt, and d(t,, z,) = n(t,, Rt,) (4.3.1)
ty, = Wz, tun, Bn)

where 0 < ay,, B, < 1, w, € Rz, with d(z,,w,) = n(z,, Rz,), u, € Rz, with d(z,,u,) =

n(x,, Rx,) and v, € Gw, with d(v,, w,) = n(w,, Gw,).

Next, we consider an important class of multivalued mappings called (L ’)-type.

Definition 4.3.2. Let U be a nonempty subset of a metric space (X,d) and R : U —
CB(U). We say R is (L')-type if for any w € U and lim d(w,, Rw,) = 0, then we have

n—oo
lim sup H (Rw,,, Rw) < limsup d(w,, w). (4.3.2)
n—00 n—0oo

Example 11. The a-nonexpansive mapping in Theorem 4.2.3 and mapping satisfying

condition (E£') in Theorem 4.2.4 are (L')-type.

Lemma 4.3.3. Let U be a nonempty closed and convex subset of a uniformly convex
hyperbolic space X. Let G : U — K(U) be a multivalued mapping satisfying condition
(E') and R : U — K(U) be a multivalued c-nonexpansive mapping. Suppose that F =
End(R) N End(G) # 0. Let {x,} be the sequence given by (4.3.1). Then nh_}n(;lo d(x,, m)

exists for all m € F. Moreover, lim n(z,, Rx,) = lim n(z,, Gz,) = 0.

n—0o0 n—oo
Proof. By Proposition 4.2.2 and condition (E'), R and G are quasi-nonexpansive. Let
m e F,

Step 1: We show that lim d(z,,m) exists and {z,} is bounded.

d(tn,m) = d(W (2, tn, B,), m)
< Bnd(xy,m) + (1 — B,)d(u,, m)
= Bnd(xn,m) + (1 = B,)d(un, Rm)
(4.3.3)
< Bud(xn, m) + (1 — B,)H(Rx,, Rm)
< Bud(zy,m) + (1 — B,)d(m, z,,)

= d(zp, m).
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Also,

< H(Rt,, Rm)
(4.3.4)
< d(tn,m)
< d(xn, m)
Similarly, we have
At 1) < d(zy ), d(wnym) < d(z0,m) < (0, m)
(4.3.5)
and  d(v,,m) < d(w,,m) < d(x,,m).
Now, using (4.3.2) and (4.3.3), we have
d(Lny1,m) = d(W (wn, vn, o), m)
< apd(wy, m) + (1 — ap)d(vy,, m)
= apd(wy,, Rm) + (1 — oy, )d(v,, Gm)
< a,H(Rz,, Rm) + (1 — a,,) H(Gw,,, Gm) (4.3.6)

< apd(zn,m) + (1 — ay,)d(wy,, m)
< apd(zp,m) + (1 — ay)d(x,, m)
=d(zp,m).
This implies that for any m € F, {d(x,, m)} is nonincreasing and thus convergent.
Step 2: We prove that nh_)rgo N(Tpi1, Grpyr) = 0.
Assume that

lim d(z,,m) = k. (4.3.7)

n—oo

It follows from (4.3.2), (4.3.3) and (4.3.4) that

limsup d(v,,m) <k, limsupd(u,,m) <k, limsupd(w, m)<k (4.3.8)
and
limsup d(w,,m) <k, limsupd(t,,m) < k. (4.3.9)
n—00 n—00

73



By (4.3.7) and Lemma 1.4.3,

k= nll_>n010 d(zpi1,m) = nh_)rlolo AW (W, U,y 0 ), M)

implies that

lim d(w,,v,) = 0. (4.3.10)
n—oo
Hence,
lim n(w,, Gw,) = 0. (4.3.11)
n—oo

Notice that lim sup n(v,, Gv,,) < limsup H(Gw,, Gv,). The fact that S is an (L')-type
n—o0 n—oo

mapping gives

lim sup n(vy,, Gv,) < limsup d(wy,, v,).

n—o0 n—oo

Therefore, (4.3.10) implies that
lim n(v,, Gv,) = 0. (4.3.12)

n—oo

For each n, let 2, ,, € Gx,41 be such that
1
N(Tn1, GTpg1) — n < d($n+17$;+1) <n(@nt1, Gpya).
A combination of G is an (L')-type mapping, (4.12) and Lemma 4.1.7 gives

limsup d(v,, 2),,;) < lim n(v,, Gv,) + limsup H(Gv,, Gxpy1)

n—o00 n—oo n—00

IA

lim sup d(vy,, T 11)
n—oo

= limsup d(v,, W(wy, vn, )

n—o0

= limsup a,,d(v,, w,).
n—oo

From (4.3.10), we get
lim d(vy,,z;,,,) = 0. (4.3.13)

n—oo
On the same lines as before, we have

lim d(w,, ;) =0. (4.3.14)

n—oo
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Taking limit as n — oo in the following expression

A(Tnt1, Tppg) = AW (W, vy ), T04)
< and(wn, 75, 44) + (1 — an)d(va, 77,41),
we obtain by (4.3.13) and (4.3.14) that

lim d(x x! =0.
nyoo ( n+1 n+1)

Hence,

1
77($n+17 Gxn-&-l) < ﬁ + d(xn—&-la xfn—f—l)

implies

lim n(z,.1, Gryper) = 0.

n—oo

Step 3: We show that lim n(x,, Rz,) = 0.
n—oo
Using (4.3.5) in

d(xpi1,m) < apd(wy,,m) + (1 — ay)d(v,, m),

we obtain d(z,41,m) < d(w,, m). Consequently, k£ < liminf d(w,,m). This inequality
n—oo

and (4.3.8) give

nll_I)IOlo d(w,, m) = k.

It follows easily by (4.3.2), (4.3.3) and (4.3.4) that lim d(t,,p) = k. Moreover, we obtain
n—oo
from (4.3.6), (4.3.7) and Lemma 4.1.7 that

lim d(z,,u,) = 0.

n—oo

Therefore,

lim n(z,, Rx,) = lim d(z,,u,) = 0. (4.3.15)

n—o0 n—oo

Step 4: We prove that lim d(z,,z,.1) = 0.

n—o0
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Combining (4.3.15), Lemma 4.1.9 and the fact that R is a (L')-type mappings, we obtain

lim sup d(un, w,) < limsupd(u,,z,)+ limsup d(z,, w,)
n—o00 n—o00 n—00

IN

lim sup d(wy,, ;)
n—oo

IN

lim sup n(x,,, Rz,) + lim sup H(Rz,, Rz,)

n—oo n—o0

IN

lim sup d(zy,, x,)
n—oo

IN

lim sup n(z,, Rz,) + limsup H(Rx,, Rt,)

n—oo n—0o0

IN

lim sup d(t,,, x,)

n—oo

lim sup d(xp,, W2y, un, Bn))

n—oo

IN

lim sup B,d(xy,, uy).

n—oo

Also, (4.3.15) implies that
lim d(u,,w,) = 0. (4.3.16)

n—o0

Moreover, (4.3.15), (4.3.16) and d(wy,, x,,) < d(wp, uy,) + d(uy,, x,) give

lim d(wy,x,) = 0. (4.3.17)

n—o0

Similarly, using (4.3.10) and (4.3.17), we obtain lim d(v,,z,) = 0.

n—o0
Now,
d(xpi1,2,) = dW(wp,v,, ), x,)
< and(Wn, 7)) + (1 — o) d(vn, ),
gives that
nh—>Holo d(xps1,2,) =0. (4.3.18)

Step 5: We prove that lim n(x,, Gz,) = 0.
n—oo

G is an (L')-type mapping and thus,

limsupd(z,, Gz,) < limsupd(z,,T,+1) + limsup d(z,q1, GTpi1)

+ limsup H(Gzpy1, Gxy)
n—oo

< 2limsupd(zp, Tpi1)-

n—oo
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Hence,

lim d(z,,Gz,) = 0. (4.3.19)

n—ro0

For each n € N, Gxz,, is compact. Thus, there exist p, and ¢, in Gz, such that
Diam(Gz,) = d(pn, gn)-

By Lemma 4.1.9, we have

Dzam(Gmn) = d(pna Qn) S d(pna :L‘n-l—l) + d($n+1a Qn)

< 2H(Gxy,, Grpyr) + 20(xpa1, Gragr).

It follows from (4.3.18) and Step 3 that lim d(p,,q,) = 0 and thus,
n—oo

lim Diam(Gzx,) = 0. (4.3.20)
n—oo
Combining (4.3.19) and (4.3.20), we get lim n(z,,Gz,) = 0. O
n— o0

Theorem 4.3.4. Let U be a nonempty compact and convex subset of a complete uniformly
convez hyperbolic space X. Let G : U — K(U) be mapping satisfying condition (E") and
R:U — K(U) be a multivalued a-nonexpansive mapping with F # 0. Then, {x,} given

by (4.3.1) converges strongly to a common endpoint of R and G.

Proof. By Lemma 4.3.3, we have that {z,} is bounded and

lim n(z,, Rx,) = lim n(z,,Gz,) = 0. (4.3.21)

n—oo n—o0

There exists a subsequence z,, of {z,} such that z,, converges to some m € U since U
is compact. Then, it follows from (4.3.21) and Lemma 4.3.1 that m € F. Consequently,

the existence of lim d(x,,z) (as in Lemma 4.3.3) gives z,, - m € F as n — o0. O
n—oo

Multivalued version of Condition (I) of Fukhar-ud-din and Khan [10] and Senter and

Dotson [111] in relation to endpoint is defined as follows:

Definition 4.3.5. We say two multivalued mappings R, G : U — 2V satisfy Condition
(AV) if we can find a nondecreasing function © : [0, 00) — [0, c0) with ©(0) = 0,0 (u) > 0

for any p > 0 and 3[n(w, Gw) + n(w, Rw)] > O(d(w, F)) for all w € U.
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Theorem 4.3.6. Let U be as in Lemma 4.3.3, G : U — K(U) be a mapping satisfying
condition (E') and R : U — K(U) be a multivalued a-nonexpansive mapping with F # ().
If R and G satisfy condition (AV), then {x,} generated by (4.5.1) converges strongly to

a common endpoint of R and G.
Proof. Using the condition (AV), we have
1
O(d(r,, F) < 5[77(]:71’ Gzy) + n(xn, Ray)].

So by (4.3.21), lim O(d(z,,F)) = 0. Since © is nondecreasing and O(0) = 0, we get
n—oo

lim d(z,, F) = 0. Now, there exist a subsequence {x,, } of {z,} and m; € F such that

n—oo

d(zp,,my) < 55 for all k € N. Using (4.3.18), we have

Qi d(@nir, 2py) <l d(zg, 0, me) + L d(my, 2,

< lim d(my, T, ) + Jim. d(xp, , my)

1
2k—1'

IN

Therefore, it follows that {x,, } converges to a point w € U. Since {z,} is bounded, it

follows that lim xz, = w. By (4.3.21) and Lemma 4.3.1, we get w € F. O

n—o0

Definition 4.3.7. We say a multivalued mapping G : U — 2V is semi-compact if for any
approximate endpoint sequence {w,} in U, there is a subsequence {w,, } of {w,} and

w € U such that lim w,, = w.
k—o0

Theorem 4.3.8. Let U be as in Lemma 4.3.3, R : U — K(U) be a multivalued o-
nonezpansive mapping and G : U — K(U) be a multivalued mapping satisfying condition
(E') with F # 0. If R and G are semi-compact, then {x,} generated by (4.3.1) converges

strongly to a common endpoint of R and G.
Proof. By Lemma 4.3.3, we have

lim n(z,, Rx,) = lim n(z,, Gz,) = 0.

n—oo n—o0

Then, semi-compactness of R and G implies that there is a subsequence z,,, of {x,,} which
converges to w. Subsequently, it follows from (4.3.21) and Lemma 4.3.1 that w € F. Since

lim d(x,,w) exists by Lemma 4.3.3, we have that {z, } converges strongly to w € F. [

k—o00

78



Theorem 4.3.9. Let U be as in Lemma 4.3.3, G : U — K(U) be a multivalued mapping
satisfying condition (E') and R : U — K(U) be a multivalued a-nonexpansive mapping
with F # (. Then, {x,} given by (4.3.1) NN-converges to a common endpoint of R and
G.

Proof. Set Wa({z,}) = U  Av({u,}). Proving our result is equivalent to show-
ing that Wa({z,}) C f{u;}CE{ZLc}é(R) N End(G) and Wa({z,}) is singleton. Let w €
Wa({z,}). Then, we have a subsequence {c,} of {z,} with asymptotic center w. By
Lemma 1.4.5, there exists a subsequence {r,} of {¢,} with A — nh_{](f)lo r, =0b¢€ U. Using
(4.3.21) and Lemma 4.3.1, we have that b € F. Since {d(z,,b)} converges, it follows
from Lemma 1.4.6 that b = w. Hence w € F and Wa({z,}) C F. Let w be an arbi-
trary element of Wa ({z,}) and z be the unique asymptotic center of {z, }. By definition
of Wa({z,}), there is a subsequence {c,} of {x,} with asymptotic center w. Since
w € Wa({z,}) C F and limit of {d(z,,w} exists by Lemma 4.3.3, we conclude using

Lemma 1.4.6 that w = z. Hence the result. ]

On the lines of proof of Theorems 4.3.6 and 4.3.8, we can established the following

common endpoint result.

Theorem 4.3.10. Let U be as in Lemma 4.5.3, R: U — K(U) and G : U — K(U) be
either multivalued a-nonexpansive mappings or multivalued mappings satisfying condition
(E') with F # 0. If R and G are semi-compact or satisfy condition (AV), then {x,}

given by (4.3.1) converges strongly to a common endpoint of R and G.

As a consequence of the above theorems, we get an extension of ([100], Theorem 3.5)

as follows:

Corollary 4.3.11. Let U be as in Lemma 4.3.3 and R,G : U — K(U) be multivalued
nonexpansive mappings with F # 0. If R and G are semi-compact or satisfy condition

(AV), then {x,} generated by (4.8.1) converges strongly to a common endpoint of R and
G.
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4.4 Numerical Experiment

Ezample 12. Let U = [0, 1] with the usual metric. Define R, G : U — K (U) as follows :

Rm — [m71_m]7m€ [07%) and Gm — [m7 anﬁ_l]a m e [07 %]
[1_m7m]am€[%71] {%}7 me[%al]

Note that F(R)NF(G) = [0, 3], End(R)NEnd(G) = {1} and U is compact. Moreover,

it is easy to show that R and G are multivalued nonexpansive mappings.

Iteration Values
=
=Y

0.25

0.2 —@—= _ _ _ _ _ _ _ _
0 2 4 5 8 10 12 14 16 18 20
Mumber of lterations

Fig 4.1a : Initial value = 0.2

0.8 4
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075 —&— Fukhar |
Chang
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Iteration Values
(=]
[=2]

0 2 4 5 8 10 12 14 16 18 20
Mumber of Iterations

Fig 4.1b : Initial value = 0.7

First, we note that for any m € [0,1] and w € Rm, d(w, m) = n(m, Rm) imply that
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Table 4.1: Iterations for comparison

New Iteration Zn = Bntn + (1 — Bp)(1 — )

Yn = (1 —2,)

Tpy1 = an(l - yn) + (1 - an)cn
Fukhar-ud-din et al.[11] || y, = 5, Prxn + Bhxn + (1 — B — B))un

Tpi1 = 0 Poyn + iz, + (1 — o, — )0,
Chang et al. [22] Yn = BuPaxn + (1 — Bn)n

Tni1 = i Pon + (1 — an) Pryn

w =1 —m. Moreover, for any m € [0, 1], define w € Gm as follows :

il om0, 4]

5 mél[3]]
Then, d(w, m) = n(m,Gm). Thus, our algorithm (4.3.1) becomes the new algorithm in
Table 4.1 where
L Y €03
Cn =

=y €[5, 1]

Moreover, some needed components of the other algorithms in Table 4.1 turn out to be

Prx ={y € Rz : d(y,x) = d(z, Rz)} = {z} and

PglE = s
3> 7€ [51]
where Prx is the best approximation operator of R(See [66] for more details). It is easy
to show that Py and Pg are nonexpansive. Take a,, = ﬁ, al = ”;;Z%:gf, Bn = m7
2
B, = i, Un = 5 and v, = 5.

For initial values z; = 0.2 and xy = 0.7, respectively, we depict numerical results in
Table 4.2.

From Figures 4.1a, 4.1b, Table 4.2 and Table 4.3, we make the following observations:

1. Unlike known algorithms that converge to common fixed point of two multivalued
mappings, our algorithm approximates common endpoint of the mappings irrespec-

tive of initial values and without any restrictions on the parameter sequences.
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Table 4.2: Numerical results for several iterations

T, = 0.2 T = 0.7
Iter. Fukhar  Chang  New Iter. Fukhar  Chang New
1 0.200000 0.20000  0.200000 |1 0.700000 0.700000  0.700000
2 0.600000 0.20000  0.537500 | 2 0.800000 0.612500  0.437500
3 0.508333 0.20000  0.495000 | 3 0.608333 0.545000  0.504167
4 0.472106 0.20000  0.500188 | 4 0.526273 0.515469  0.499713
5 0.451627 0.20000  0.499992 | 5 0.492575 0.504914  0.500007
6 0.437905 0.20000  0.500000 | 6 0.477489 0.501488  0.500000
10 0.410755 0.20000  0.5000000 | 13 0.437705 0.5000000 0.5000000
19 0.391996 0.20000  0.5000000 | 19 0.427287 0.5000000 0.5000000
20 0.390972 0.20000  0.5000000 | 20 0.426170 0.5000000 0.5000000

Table 4.3: Inferences from Table 4.2
Initial Value | Iter. Value (6 decimal places) | Iter. No.

Chang et al. [22] | 0.2 0.2 1
New iteration 0.2 0.5 6
Chang et al. [22] | 0.7 0.5 13
New iteration 0.7 0.5 6

2. In Example 12, Chang et al. algorithm converges to the initial values x; for z; €
[0, %) However, the algorithm converges to the endpoint % whenever x > % Since
this can not be said for multivalued nonexpansive mappings in general, the work

in [22] is not very useful as it stands for approximating common endpoint.

3. Our algorithm converges faster than Chang et al. algorithm to common endpoint
of two multivalued nonexpansive mappings. For example, in Table 4.3, we see that
our algorithm approximates the endpoint % in 6th iteration while the algorithm of

Chang et al. does the same job in 13th iteration.

4. For a multivalued nonexpansive mapping, our algorithm converges faster to an
endpoint than an Ishikawa-type iteration process. Hence, our work significantly

improves recent results of Panyanak [100].

82



4.5 Suggestions For Future Work

This thesis opens the door for possible research in the following aspects.

1. Extension of Theorem 2.1.6 in the context of some important subclasses of a metric

space as motivated by the work of Alfuraidan [7] and Alfuraidan et al. ([3], [1])

2. Finding applications of a-nonexpansive semigroups to differential equations and

minimization problems.

3. Introduction and investigation of fast algorithms that would approximate fixed
point of a-nonexpansive mappings as well as solve proximal split minimization
problems using recent work of Abbas et al. [2] and Izuchukwu et al. [60] as a

starting point.

4. Investigation of sufficient conditions for the existence of common fixed point of

non-commutative mappings.

5. Investigation of the endpoint set of multivalued mappings studied in Theorem 4.2.3

and Theorem 4.2.4 by following the ideas of Khan [66].
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