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ABSTRACT

In this thesis, we study several algorithms for approximating common fixed points of

nonexpansive-type mappings on both linear and nonlinear domains. We give an introduc-

tion of fundamentally nonexpansive mappings and α-nonexpansive mappings. Sufficient

conditions for the existence of a unique common fixed point of contractive-type map-

pings are obtained in a metric space. We introduce some algorithms for approximating

common fixed points of a finite number of nonexpansive mappings in a CAT (0) space

and a hyperbolic space. Applications of our results to convex feasibility and minimization

problems are presented. Finally, we propose an algorithm for approximating common end-

points of two multivalued generalized nonexpansive mappings. Consequently, our results

approximate common fixed point of fundamentally nonexpansive and α-nonexpansive

single-valued mappings in hyperbolic spaces.
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  ملخص الᘘحث

  

 نم للتعيينات الشائعة الثابتة النقاط لتقريب الخوارزميات من العديد ندرس الأطروحة، هذه في

 عنبشكل أساسي  مقدمة نعطي. الخطية وغير الخطية المجالات من كلا على الموسع غير النوع

 نقطة  لوجود  كافية  شروط  على  الحصول  يتم. التوسعية  يرغ-غير التوسعية وتعينات ألفا  التعيينات

 بعض نقدمكما . فضاء متري في الانقباضي النوع من للتعينات نوعها من فريدةو  مشتركة ثابتة

فضاء  في الموسعة غير التعيينات من محدود لعدد الشائعة الثابتة النقاط لتقريب الخوارزميات

CAT (0)   التقليل  مسائلو  محدبة  جدوى  دراسة  على  نتائجنا  تطبيقات  عرض  يتم.  زائدي  وفضاء .

 الموسعة غير المعممة التعيينات من لاثنين الشائعة النهاية نقاط لتقريب خوارزمية نقترح أخيرًا،

 التعيينات منبشكل أساس  مشتركة ثابتة نقطة تقارب نتائجنا فإن وبالتالي،. المتعددة القيم ذات

 .الزائدة الفضاءات في الموسعة غير-وتعينات ألفا الموسعة غير القيمة أحادية

ix



Chapter 1

Introduction

1.1 Metric Space

Definition 1.1.1. Let X be a nonempty set. A metric on the set X is a function

d : X ×X → R+ satisfying the following axioms:

1. d(m,w) ≥ 0 for all m,w ∈ X.

2. d(m,w) = 0 for m,w ∈ X if and only if m = w.

3. d(m,w) = d(w,m) for all m,w ∈ X.

4. d(m,w) ≤ d(m,u) + d(u,w) for all m,w, u ∈ X (triangle inequality).

X coupled with a metric d is called a metric space (X, d).

Definition 1.1.2. Let X denote a linear vector space defined over a field of scalars F.

A norm is a function ∥.∥ : X → R+ satisfying the following conditions:

1. ∥m∥ ≥ 0 for all m ∈ X and ∥m∥ = 0 if and only if m = 0.

2. ∥αm∥ = |α|∥m∥ for all m ∈ X and α ∈ F.

3. ∥m+ w∥ ≤ ∥m∥+ ∥w∥ for all m,w ∈ X (triangle inequality).

The pair (X, ∥∥) is called a normed space.
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Remark 1.1.3. Every normed space is a metric space i.e. if (X, ∥∥) is a normed space,

then (X, d) is a metric space where d(m,w) = ∥m− w∥ for all m,w ∈ X.

Definition 1.1.4. A sequence {wn} in a metric space (X, d) is called a Cauchy sequence

if for each ϵ > 0, there is an N(ϵ) ∈ N such that d(wn, wm) < ϵ for all n,m ≥ N .

Definition 1.1.5. A sequence {wn} in a metric space (X, d) converges to w ∈ X if and

only if, for each ϵ > 0, there is an N(ϵ) ∈ N such that d(wn, w) < ϵ for all n ≥ N .

Definition 1.1.6. We say a metric space (X, d) is complete if every Cauchy sequence in

X is convergent.

A complete normed space (X, ∥∥) is called a Banach space.

1.2 Fixed Point Problem

Suppose that X is a nonempty set and A1, A2 ⊆ X with A1 ∩ A2 ̸= ∅. A point a ∈ A1

is a fixed point of the mapping G : A1 → A2 if Ga = a. The symbol F (G) shall denote

fixed point set of G. The fixed point problem entails setting appropriate conditions on

X, the set A1 and the mapping G in order to establish the following:

1. Existence and uniqueness of a fixed point

2. Iterative techniques for approximating the fixed points

3. Properties of the fixed point set.

Finding common fixed point of a family of mappings is an intrinsic part of fixed point

theory. Let G,H : A1 → A2 be two mappings. A point a ∈ A1 such that Ga = a = Ha

is called common fixed point of G and H.

1.2.1 Well-known Iteration Processes

An iterative process is a mathematical technique using an initial guess to produce a

sequence of elements with the nth step depending on the (n-1)th step. Suppose that U
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is a nonempty subset of a metric space (X, d). Let G : U → U and F (G) ̸= ∅. For a

given x0 ∈ C and n = 0, 1, ..., some well-known iteration processes for approximating

fixed point of G are defined below:

1. Picard Iterations: xn+1 = Gxn.

2. Mann iteration scheme: xn+1 = γnGxn + (1− γn)xn for 0 ≤ γn ≤ 1.

3. Ishikawa iteration scheme :

xn+1 = γnGyn + (1− γn)xn

yn = λnGxn + (1− λn)xn

for 0 ≤ λn, γn ≤ 1.

4. Halpern iterations: for any u ∈ X, xn+1 = (1− βn)u+ βnGxn where 0 ≤ βn ≤ 1.

5. Noor three-step iteration scheme:

xn+1 = γnGyn + (1− γn)xn

yn = λnGzn + (1− λn)xn

zn = µnGxn + (1− µn)xn

where 0 ≤ λn, µn, γn ≤ 1.

1.3 Hyperbolic Space

A metric space (X, d) coupled with W : X2×[0, 1] → X fulfilling the following conditions.

(1)d (c,W (m,w, τ)) ≤ τd(c,m) + (1− τ)d(c, w)

(2) d(W (m,w, λ1),W (m,w, λ2)) = |λ1 − λ2| d(m,w)

(3) W (m,w, τ) = W (w,m, 1− τ)

(4) d(W (m, v, τ),W (w, z, τ)) ≤ τd(m,w) + (1− τ) d(v, z)

for all m, c, v, w, z ∈ X and τ, λ1, λ2 ∈ [0, 1] is called a hyperbolic space.
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For all v,m,w ∈ X, µ > 0 and 0 < ξ ≤ 2, a hyperbolic space X [112] is uniformly

convex if there is 0 < β ≤ 1 such that d
(
W (m,w, 1

2
), v

)
≤ (1− β)µ, whenever d(m, v) ≤

µ, d(w, v) ≤ µ and d(m,w) ≥ ξµ.

If W (m,w, τ) ∈ U for all m,w ∈ U and τ ∈ [0, 1], then U is a convex set.

Here are two important examples of a uniformly convex hyperbolic space:

1.3.1 Uniformly Convex Banach Space

For sequences, we denote strong convergence, weak convergence and weak-star conver-

gence by → ,⇀ , and ⇀∗, respectively. Let X∗ be the dual of a Banach space X and

ψ(µ) = inf{1− 1

2
∥w +m∥ : ∥w∥ ≤ 1, ∥m∥ ≤ 1, ∥m− w∥ ≥ µ}.

X is uniformly convex if for each 0 < µ ≤ 2, we have that ψ(µ) > 0.

Let SX = {w ∈ X : ∥w∥ = 1}. X is said to be smooth if the norm of X is Gateaux

differentiable i.e. for each m,w,∈ SX , lim
t→0

∥m+tw∥−∥m∥
t

exists.

For f ∈ X∗ and w ∈ X, the value of f at w is denoted by ⟨w, f⟩ and is called the

duality pairing. By normalized duality mapping, we mean a mapping J : X → 2X
∗

defined by

J(w) = {f ∈ X∗ : ⟨w, f⟩ = ∥w∥2, ∥w∥ = ∥f∥}, ∀w ∈ X.

By the Hahn-Banach theorem, we have that J(w) is nonempty. If {wn} ⊂ X and wn ⇀

w ∈ X imply that J(wn)⇀
∗ J(w), we say J is weakly sequentially continuous. If X is a

Hilbert space, Riesz representation theorem and the inner product properties of X imply

that J is the identity mapping.

Moreover, X satisfies the Opial condition [48] if for any sequence {wn} with wn ⇀ w,

we get lim sup
n→∞

∥wn − w∥ < lim sup
n→∞

∥wn −m∥ for all m ∈ X with m ̸= w. lp(1 ≤ p <∞),

Hilbert spaces and finite dimensional Banach spaces satisfy the Opial condition. X is

smooth and satisfies the Opial condition( [52], [117]) if X admits a weakly sequentially

continuous duality mapping.
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Lemma 1.3.1 ([120]). For a q > 0 and uniformly convex Banach space X, there is a

continuous strictly increasing convex function g : [0,∞) → [0,∞) with g(0) = 0 such that

∥ξm+ (1− ξ)w∥2 ≤ ξ∥m∥2 + (1− ξ)∥w∥2 − ξ(1− ξ)g(∥m− w∥)

for any ∥m∥ , ∥w∥ ≤ q and ξ ∈ [0, 1].

1.3.2 CAT(0) Space

Let (X, d) be a metric space and I = [0, 1] ⊂ R. A mapping φ : I → X with the property

that φ(0) = a1, φ(1) = a2, and d(φ(s1), φ(s2)) = |s1 − s2| for all 0 ≤ s1, s2 ≤ 1 is known

as a geodesic path from a1 to a2.The image of φ is the geodesic segment connecting

a1 and a2 and [a1, a2] represents the unique segment joining a1 to a2. If a geodesic

segment connects any two points of X, then (X, d) is called a geodesic space. Moreover,

X is uniquely geodesic if such segment is unique for every pair of elements of X. A

geodesic triangle △(m1,m2,m3) comprises of three points m1,m2,m3 in X as well as

geodesic segments connecting any two of the points m1,m2,m3 . For △(m1,m2,m3) in

(X, d), a comparison triangle is defined as △(m1,m2,m3) := △(m1,m2,m3) in R2 with

dR2(mj,mk) = d(mj,mk) for j, k = 1, 2, 3. A CAT (0) space is a metric space such that

any given two points are connected by a segment and for every m,w ∈ △(m1,m2,m3) in

X and every m,w ∈ △ := △(m1,m2,m3) in R2,

d(m,w) ≤ dR2(m,w) holds.

By u = (1− s1)m1⊕ s1m2, we mean u is a point on the geodesic segment joining m1 with

m2 where d(m2, u) = (1 − s1)d(m1,m2) and d(m1, u) = s1d(m1,m2). For any µ ∈ [0, 1],

and w1, w2, w3 in a CAT (0) space X, we have the (CN) inequality [21]:

d2((1− µ)w1 ⊕ µw2, w3) ≤ (1− µ)d2(w1, w3) + µd2(w2, w3)− µ(1− µ)d2(w1, w2).

Simply connected Riemannian manifold, R-trees, Pre-Hilbert spaces, the complex

Hilbert ball with a hyperbolic metric and Euclidean spaces ( [71]) are some well-known

examples of CAT (0) space.
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Lemma 1.3.2 ([32]). Let X be a CAT (0) space. For any m,w, z, r ∈ X and ζ ∈ [0, 1].

we have the following:

1. d(ζm⊕ (1− ζ)w, z) ≤ ζd(m, z) + (1− ζ)d(w, z)

2. d(ζm⊕ (1− ζ)w, ξm⊕ (1− ξ)w) = |ζ − ξ|d(m,w)

3. d(ζm⊕ (1− ζ)w, ζz ⊕ (1− ζ)r) ≤ ζd(m, z) + (1− ζ)d(w, r).

Definition 1.3.3 ([14]). A pair (m,w) ∈ X2 is called a vector and is denoted by −−→mw.

For any m,w, z, r ∈ X, the quasilinearization is the map ⟨., .⟩ : (X2)× (X2) → R defined

by

⟨−−→mw,−→zr⟩ = 1

2

[
d2(m, r) + d2(w, z)− d2(m, z)− d2(w, r)

]
. (1.3.1)

We can easily show that for any m,w, z, r, u ∈ X,

⟨−−→mw,−→zr⟩ = ⟨−→zr,−−→mw⟩, ⟨−−→mw,−→zr⟩ = −⟨−−→wm,−→zr⟩

and ⟨−→mu,−→zr⟩+ ⟨−→uw,−→zr⟩ = ⟨−−→mw,−→zr⟩.
(1.3.2)

A geodesic space is CAT (0) space if and only if it satisfies the Cauchy-Schwartz inequality

([14]):

⟨−−→mw,−→zr⟩ ≤ d(m,w)d(z, r) for all m,w, z, r ∈ X.

Definition 1.3.4. Let U be a nonempty convex subset of a CAT(0) space X and x ∈ X.

A metric proection is the mapping PU : U → 2U defined by

PUm = {w ∈ U : d(m,w) = d(m,U)}.

In a complete CAT(0) space, a metric projection is a single-valued mapping [18].

Moreover, characterization of a metric projection in a complete CAT (0) spaces X is

given as follows:

Lemma 1.3.5 ([30]). Let U be a nonempty closed and convex subset of a complete CAT(0)

space X and PU : U → U be a metric projection . Let z ∈ U and m ∈ X. Then,

z = PUm if and only if ⟨−→wz,−→zm⟩ ≥ 0 for all w ∈ U.

6



1.4 The △-convergence

The concept of △-convergence was introduced by Lim [84]. Kirk and Panyanak [73]

showed that △-convergence in CAT (0) space, and in general hyperbolic space, is similar

to weak convergence in a Banach space.

Definition 1.4.1. Let X be a metric space. For a bounded sequence {wn} ⊆ X and

w ∈ X, define r(., {wn}) : X → [0,∞) by

r(w, {wn}) = lim sup
n→∞

d(w,wn).

Then:

(a) the asymptotic radius of {wn} in relation to U ⊂ X is defined by

rU(wn) = inf{r (w, {wn}) : w ∈ U}

(b) for any m ∈ U ⊂ X, the asymptotic center of {wn} in relation to U is defined by

AU(wn) = {w ∈ X : r (w, {wn}) ≤ r(m, {wn})}.

Definition 1.4.2. If every subsequence {wni
} of {wn} has a unique asymptotic center

w ∈ X, we say {wn} ⊆ X, △-converges to w. Symbolically, △− lim
n→∞

wn = w.

Remark 1.4.3. {wn} is said to be regular relative to U if for every subsequence {wnk
}

of {wn}, we have rU(wn) = rU(wnk
) . In a Banach space with Opial condition, weak

convergence is the same as △-convergence (cf.[77]).

Lemma 1.4.4 ([69]). Let (X, d,W ) be a uniformly convex hyperbolic space and w ∈

X. Let {αn} ∈ [c1, c2] for some c1, c2 ∈ (0, 1) and {an}, {bn} ⊆ X. If for some ζ >

0, lim sup
n→∞

d(an, w) ≤ ζ, lim sup
n→∞

d(bn, w) ≤ ζ and lim
n→∞

d(W (an, bn, αn), w) = ζ. Then

lim
n→∞

d(an, bn) = 0.

Lemma 1.4.5 ([82]). In relation to any nonempty closed and convex subset U of a

complete uniformly convex hyperbolic space X, the asymptotic center of every bounded

sequence {wn} in X is unique.
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Lemma 1.4.6 ([22]). Let {yn} be a subsequence of a bounded sequence {zn} of a complete

uniformly convex hyperbolic space X. Suppose the asymptotic center of {zn} and {yn},

respectively, are z and m. If {d(zn,m)} is convergent, then we have that z = m.

1.5 Review of Nonexpansive-Type Mappings

Let U be a subset of a metric space (X, d). A mapping G : U → X is called :

1. Nonexpansive if for every m,w ∈ U , d(Gm,Gw) ≤ d(m,w).

2. Mean nonexpansive if for λ1, λ2 ≥ 0 and λ1 + λ2 ≤ 1,

d(Gm,Gw) ≤ λ1d(m,w) + λ2d(m,Gw) holds for all m,w ∈ U.

3. Quasi-nonexpansive when F (G) ̸= ∅ and d(Gm,w) ≤ d(m,w) for all m ∈ U,w ∈

F (G).

1.5.1 Fundamentally Nonexpansive Mapping

A mapping G : U → X is said to be fundamentally nonexpansive [46] if for any m,w ∈ U ,

we have

d(G2m,Gw) ≤ d(Gm,w).

Lemma 1.5.1 ([89]). If G is a fundamentally nonexpansive mapping on a subset U of a

metric space X, then for all m,w ∈ U , the following holds:

d(m,Gw) ≤ 3d(m,Gm) + d(m,w).

Definition 1.5.2 ([44]). We say a mapping G : U → X satisfies condition (E) if for

some µ ≥ 1, we have

d(m,Gw) ≤ µd(m,Gm) + d(m,w) for all m,w ∈ U.

By Lemma 1.5.1, the class of fundamentally nonexpansive mappings is a subclass

of the set of mappings satisfying condition (E). Ghoncheh and Razani [46] introduced

8



fundamentally nonexpansive mappings in Banach space and Moosaei [88] showed that a

commutative family of fundamentally nonexpansive mappings has common fixed point.

In a complete CAT (0) space, Salahifard et al. [110] studied fundamentally nonexpan-

sive mappings while Suanoom and Klin-eam [114] extended the results to a hyperbolic

space. Recently, Fukhar-ud-din and Khan [40] proved common fixed results of fundamen-

tally nonexpansive mapping and α-nonexpansive mapping in uniformly convex hyperbolic

space.

1.5.2 α-nonexpansive Mapping

In 2011, Aoyama and Kohsaka [10] initiated the study of α-nonexpansive mapping. For

α < 1 and m,w ∈ U , G : U → X is a α-nonexpansive mapping if

d2(Gm,Gw) ≤ αd2(Gm,w) + αd2(Gw,m) + (1− 2α)d2(m,w) holds. (1.5.1)

Ariza et al. [12] showed that for α < 0 , T becomes the identity mapping. Among various

generalizations of nonexpansive mapping, this class is pertinent because it contains sev-

eral important nonlinear mappings with application to minimization problem, variational

inequality and zeros of maximal operators ([107], [27], [34]). Recently, Song et al. [113]

defined G to be α-nonexpansive mapping if it satisfies

d(Gm,Gw) ≤ αd(Gm,w) + αd(Gw,m) + (1− 2α)d(m,w) for all m,w ∈ C. (1.5.2)

Using convexity of the mapping t → t2, it is easy to see that (1.5.2) implies (1.5.1). We

give an example to show that the class of mappings satisfying (1.5.2) is indeed a proper

subclass of the class of mappings satisfying (1.5.1). Define a mapping G : [0, 3] → [0, 3]

by

Gm =

0 , m ̸= 3

2 , m = 3 .

It is easy to see that 2∥Gm − Gw∥2 ≤ ∥Gm − w∥2 + ∥m − Gw∥2( See [33]). However,

there is no α < 1 such that for m,w ∈ [0, 3], ∥Gm−Gw∥ ≤ α∥Gm−w∥+α∥Gw−m)∥+

9



(1− 2α)∥m− w∥ holds. Indeed, for m = 2, w = 3

∥Gm−Gw∥ = 2 , ∥m− w∥ = 1 , ∥m−Gw∥ = 0, ∥w −Gm∥ = 3

and ∥Gm−Gw∥ ≤ α∥Gm− w∥+ α∥Gw −m∥+ (1− 2α)∥m− w∥ holds only if α ≥ 1.

In this thesis, we consider α-nonexpansive mapping in the sense of Aoyama and

Kohsaka [10] i.e. mapping for which (1.5.1) holds.

Muangchoo-in et al. [91] have studied common fixed point approximation of two α-

nonexpansive mappings via Ishikawa iterations. Moreover, Mongkolkeha et al. [87] proved

strong and weak convergence of a new iteration involving two nonspreading mappings

and an α-nonexpansive mapping to a common fixed point. Very Recently, Fukhar-ud-

din [37] has approximated common fixed points of mappings satisfying condition(C) and

α−nonexpansive mapping through a one step iterative scheme.

In Banach spaces with normal structure, Zhang [124] proved that his newly introduced

mean nonexpansive mapping possesses unique fixed point. Consequently, this mapping

was further studied in linear spaces by many authors including Wu and Zhang [119],

Gu [53]. Bose [15] showed that two mean nonexpansive mappings have common fixed

point and gave Picard-like iterations for estimating their common fixed point. Later, Gu

and Li [54] proved that the Ishikawa iteration associated with two mean nonexpansive

mappings converges to a common fixed point of both mappings. Fixed point theory of

a mean nonexpanive mapping was extended to CAT (0) space by Zhou and Cui [125],

where they established the non-emptiness of its fixed point set and convergence of its

associated Ishikawa iterations.

Lemma 1.5.3 ([55]). Let U be a nonempty subset of a metric space (X, d). If G : U → X

is a mean nonexpansive mappings, then G is an α-nonexpansive mapping.

Lemma 1.5.4 ([40]). Let U be a nonempty subset of a metric space (X, d). Let G : U →

X be an α-nonexpansive mapping for some 0 ≤ α < 1. Then, for all m,w ∈ U

d2(m,Gw) ≤ 1 + α

1− α
d2(m,Gm) +

2

1− α
[αd(m,w) + d(Gm,Gw)]d(m,Gm) + d2(m,w).
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Lemma 1.5.5 ([38]). Let U be a nonempty closed and convex subset of a complete uni-

formly convex hyperbolic space (X, d,W ). Let G : U → U be a nonexpansive mapping.

If {wn} ⊂ U is such that lim
n→∞

d(wn, Gwn) = 0 and {wn}, △− converges to w, then

w ∈ F (G).

Definition 1.5.6. Let U be a nonempty subset of a metric space (X, d). A mapping

G : U → X is :

(i) Nonspreading if 2d2(Gm,Gw) ≤ d2(m,Gw) + d2(w,Gm) ∀ m,w ∈ U .

(ii) Hybird if 3d2(Gm,Gw) ≤ d2(m,Gw) + d2(w,Gm) + d2(m,w) ∀ m,w ∈ U .

Remark 1.5.7.

1. Nonspreading and hybird mappings are examples of α-nonexpansive mappings.

2. Set of quasi-nonexpansive mappings is a proper subset of the set of fundamental

and α-nonexpansive mappings. It is easy to see that nonexpansive mappings are

mean nonexpansive and α−nonepansive mappings. Moreover, unlike nonexpansive

mappings, mean nonexpansive and α−nonepansive mappings need not be conti-

nous.
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Chapter 2

Common Fixed Point Results

2.1 Unique Common Fixed Point of Contractive-type

Mappings

In this section, we extend and complement recent main result of Górnicki [50] and Bisht

[16] for a pair of asymptotically regular mappings. These results simultaneously extend

the famuous Banach contraction principle and Kannan fixed point result for two map-

pings.

2.1.1 Introduction

Browder and Petryshyn [19] introduced the notion of asymptotic regularity. A self-

mapping T of a metric space (X, d) is said to be asymptotically regular if lim
n→∞

d(T nx, T n+1x) =

0 for all x ∈ X.

Recently, Górnicki [50] has obtained the following generalization of a result of Reich

[104]:

Theorem 2.1.1. Suppose that (X, d) is a complete metric space and T is a continuous

asymptotically regular self-mapping on X satisfying the following condition:

d(Tx, Ty) ≤Md(x, y) +K{d(x, Tx) + d(y, Ty)} for all x, y ∈ X, (2.1.1)
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where M ∈ [0, 1) and K ∈ [0,∞). Then T has a unique fixed point p ∈ X and T nx → p

for each x ∈ X.

We recall some weaker forms of continuity:

Definition 2.1.2 ([26]). If T is a self-mapping of a metric space (X,d), then the set

O(T, x) = {T nx : n = 0, 1, 2, · · · } is called the orbit of T at x. T is called orbitally

continuous at a point z ∈ X if for any sequence {xn} ⊂ O(T, x) for some x ∈ X,

lim
n→∞

xn = z implies lim
n→∞

Txn = Tz.

Clearly, continuity of T implies that T is orbital continuous. The example below shows

that the converse is not true.

Example 1. Let X = [−1, 1] be endowed with the usual metric and T : X → X be defined

by :

Tx =


2x
3
, x ≥ 0

1 , x < 0
.

Then T is orbitally continuous but discontinuous at x = 0.

Definition 2.1.3 ([97]). A self-mapping T of a metric space (X,d) is called k-continuous,

k ∈ N if lim
n→∞

T k−1xn = z implies lim
n→∞

T kxn = Tz.

Note that 1-continuity is equivalent to continuity and for any k ∈ N, k-continuity

implies (k + 1)-continuity while the converse is not true. Moreover, continuity of T k and

k-continuity of T are independent conditions when k > 1(see [97], Examples 1.2-1.5).

Bisht [16] improved Theorem 2.1.1 as follows :

Theorem 2.1.4. Suppose that (X, d) is a complete metric space and T : X → X is an

asymptotically regular mapping satisfying (2.1.1). Then T has a unique fixed point p ∈ X

provided T is either k-continuous for some k ≥ 1 or orbitally continuous. Moreover,

T nx→ p for each x ∈ X.

Recently, Bisht and Singh [17] extended Theorem 2.1.4 for a pair of self-mappings S

and T satisfying the following Lipschitz-Kannan type condition:

d(Tx, Ty) ≤Md(Sx, Sy) +K{d(Tx, Sx) + d(Ty, Sy)} for all x, y ∈ X.
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In this section, we extend Theorem 2.1.4 for a pair of asymptotically regular mappings

satisfying a contractive condition of type (2.1.1). We also establish results for mappings

satisfying (2.1.1) but are not asymptotically regular.

2.1.2 Main Results

We need the following technical result:

Lemma 2.1.5 ([122]). Let {an} be a sequence of non-negative real numbers satisfying

an+1 ≤ (1− αn)an + αnβn, n ≥ 0 where αn ∈ (0, 1) and {βn} ⊆ R such that

(i)
∞∑
n=0

αn = ∞ (ii) lim sup
n→∞

βn ≤ 0 or
∞∑
n=0

|αnβn| = ∞.

Then {an} converges to zero as n→ ∞.

We now present our main result by following the arguments of Geraghty [45] and

Boyd and Wong [20]:

Theorem 2.1.6. Suppose that (X, d) is a complete metric space, T and S are asymptot-

ically regular self-mappings on X satisfying the following condition

d(Tx, Sy) ≤Md(x, y) +K{d(x, Tx) + d(y, Sy)} for all x, y ∈ X , (2.1.2)

where 0 ≤M < 1 and 0 ≤ K <∞. Suppose further that T and S are either k-continuous

for some k ≥ 1 or orbitally continuous. Then T and S have a unique common fixed point

p. Additionally, lim
n→∞

T nx = p = lim
n→∞

Snx for any x ∈ X.

Proof. We prove the result in three steps:

Step 1: For any x ∈ X, we prove that lim
n→∞

d(T nx, Snx) = 0.

For S = T , the result is trivial. Suppose S ̸= T and M = 0. Then (2.1.2) becomes

d(Tx, Sy) ≤ K{d(x, Tx) + d(y, Sy)} for all x, y ∈ X .

For any x ∈ X, let x1 = T nx and y1 = Snx1. Then,

d(T n+1x, Sn+1x) ≤ K{d(T nx, T n+1x) + d(Snx, Sn+1x)}.
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Taking limit on both sides as n→ ∞, it follows from the asymptotic regularity of S and

T that lim
n→∞

d(T n+1x, Sn+1x) = 0. Moreover,

d(T nx, Snx) ≤ d(T nx, T n+1x) + d(T n+1x, Sn+1x) + d(Snx, Snx). (2.1.3)

Applying asymptotic regularity of S and T to (2.1.3), we have that

lim
n→∞

d(T nx, Snx) = 0.

Next, suppose that S ̸= T and M ̸= 0. Define x1 = T nx and y1 = Snx for any x ∈ X.

Then (2.1.2) becomes

d(T n+1x, Sn+1x) ≤Md(T nx, Snx) +K{d(T nx, T n+1x) + d(Snx, Sn+1x)}.

Let an = d(T nx, Snx) , αn = 1−M and

βn =
K

1−M
d(T nx, T n+1x) +

K

1−M
d(Snx, Sn+1x).

By asymptotic regularity of T and S, we get that lim
n→∞

βn = 0. Moreover,
∞∑
n=1

αn = ∞.

Hence by Lemma 2.1.5, we have that lim
n→∞

d(T nx, Snx) = 0 for any x ∈ X.

Step 2: Let xn = T nx for any x ∈ X. Then, we prove that {xn} is Cauchy and thus

converges to p ∈ X. Moreover, Snx converges to p ∈ X.

Suppose {T nx} is not Cauchy. Then there exists an ϵ > 0 and sequences of integers

{m(k)}, {n(k)} with m(k) > n(k) ≥ k such that for k = 1, 2, · · · , we have

d(Tm(k)x, T n(k)x) ≥ ϵ (2.1.4)

By choosing m(k) to be the smallest number exceeding n(k) for which (2.1.4) holds, we

may assume that d(Tm(k)−1x, T n(k)x) < ϵ. Now,

ϵ ≤ d(Tm(k)x, T n(k)x) ≤ d(Tm(k)x, Tm(k)−1x) + d(Tm(k)−1x, T n(k)x)

< d(Tm(k)x, Tm(k)−1x) + ϵ.

(2.1.5)

Letting k → ∞ in (2.1.5), it follows by asymptotic regularity of T that

lim
k→∞

d(Tm(k)x, T n(k)x) = ϵ. (2.1.6)
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Moreover, asymptotic regularity of T and the inequality

d(Tm(k)−1x, T n(k)−1x) ≤ d(Tm(k)−1x, Tm(k)x) + d(Tm(k)x, T n(k)x)

+ d(Tm(k)x, T n(k)−1x)

imply

lim
k→∞

d(Tm(k)−1x, T n(k)−1x) = ϵ. (2.1.7)

Now, (2.1.2) implies

d(Tm(k)x, T n(k)x) ≤ d(Tm(k)x, Sn(k)x) + d(Sn(k)x, T n(k)x)

≤ d(Sn(k)x, T n(k)x) +M [d(Tm(k)−1x, T n(k)−1x) + d(T n(k)−1x, Sn(k)−1x)]

+K[d(Tm(k)−1x, Tm(k)x) + d(Sn(k)−1x, Sn(k)x)].

Letting k → ∞, it follows by (2.1.6), (2.1.7) and asymptotic regularity of T and S that

ϵ ≤ Mϵ. This is a contradiction. Hence {xn} is Cauchy. Since X is complete, {xn}

converges to p ∈ X. Moreover,

d(Snx, p) ≤ d(Snx, T nx) + d(T nx, p).

It follows from Step 1 and convergence of {xn} to p ∈ X that Snx converges to p.

Step 3: p is the unique common fixed point of S and T .

Suppose that T is k-continuous. Since lim
n→∞

T k−1xn = p, k-continuity of T implies

that lim
n→∞

T kxn = Tp. By uniqueness of the limit, Tp = p. Analogically, suppose that T

is orbitally continuous. Since lim
n→∞

xn = p, orbital continuity implies that lim
n→∞

Txn = Tp.

This yields Tp = p.

Similarly, since lim
n→∞

Snx = p, we have that Sp = p whenever S is k-continuous or

orbitally continuous. Hence p ∈ F (T )∩F (S). Suppose that there is q ̸= p in F (T )∩F (S).

Let x = p and y = q. Then (2.1.2) becomes d(p, q) ≤ Md(p, q). Hence a contradiction.

In conclusion, p is the unique common fixed point of S and T .

We give an example to illustrate Theorem 2.1.6.

Example 2. Let X = [−1, 1] be endowed with the usual metric. Suppose that T, S : X →
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X are mappings defined by :

Tx =


2x
3
, x ≥ 0

1 , x < 0
Sx =

 0 , x ≤ 0

−1 , x > 0 .

It is easy to verify that |Tx−Sy| ≤ 1
6
|x−y|+ |x−Tx|+ |y−Sy|. Moreover, T and S are

asymptotically regular, orbitally continuous and discontinuous at 0. All the assumptions

of Theorem 2.1.6 hold, so T and S have 0 as their unique common fixed point. Also,

lim
n→∞

T nx = 0 = lim
n→∞

Snx for any x ∈ X.

As a special case of our result, we have the following generalization of Theorem 1.4

of Górnicki [50].

Corollary 2.1.7. Suppose that (X, d) is a complete metric space, T and S are self-

mappings on X for which Tm and Sq are asymptotically regular for some positive integers

m and q, respectively. Suppose that the following condition holds:

d(Tmx, Sqy) ≤Md(x, y) +K{d(x, Tmx) + d(y, Sqy)} for all x, y ∈ X, (2.1.8)

where M ∈ [0, 1) and K ∈ [0,∞). Then T and S have a unique common fixed point

p ∈ X provided both Tm and Sq are either k-continuous for some k ≥ 1 or orbitally

continuous.

Proof. Take f = Tm and g = Sq. Then for all x, y ∈ X, (2.1.8) becomes

d(fx, gy) ≤Md(x, y) +K[d(x, fx) + d(y, gy)]. (2.1.9)

By Theorem 2.1.6, f and g have a unique common fixed point p. Now, f(Tp) = Tm(Tp) =

Tm+1p = T (fp) = Tp implies that Tp is a fixed point of f . Similarly, we have that Sp

is also a fixed point of g. Using (2.1.9), we have that Sp = Tp. By the uniqueness of

common fixed point of f and g, it follows that Sp = Tp = p. Suppose that z is a common

fixed point of S and T . Then fz = gz = z. Uniqueness of common fixed point of f and

g implies p = z.

Remark 2.1.8. For M + 2K < 1, asymptotic regularity and continuity are not necessary

for the existence of unique common fixed point of S and T ( See [62]).
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Next, we consider mappings that are not necessarily asymptotically regular but satisfy

(2.1.1).

Theorem 2.1.9. Suppose that (X, d) is a complete metric space and T : X → X is a

continuous mapping satisfying (2.1.1). Suppose that T has an approximate fixed point

sequence i.e. there exists a sequence {xn} ⊂ X such that d(xn, Txn) → 0 as n → ∞.

Then T has a unique fixed point p. In particular, xn → p as n→ ∞.

Proof. Suppose that m > n. Then using triangle inequality and (2.1.1), we get

d(xn, xm) ≤ d(xn, Txn) + d(Txn, Txm) + d(Txm, xm)

≤ d(xn, Txn) +Md(xn, xm) +K{d(xn, Txn) + d(xm, Txm)}

+ d(Txm, xm).

Now (1−M)d(xn, xm) ≤ (1+K){d(xn, Txn)+d(xm, Txm)} implies that lim
n,m→∞

d(xn, xm) =

0. Hence {xn} is Cauchy. By completeness of X, {xn} converges to p ∈ X. Since

lim
n→∞

d(xn, Txn) = 0, continuity of T implies p is a fixed point of T . The uniqueness of

the fixed point follows from the inequality (2.1.1).

Example 3. Let X = [0, 1] be endowed with the usual metric and T : X → X be defined

by Tx = 1− x, for all x ∈ [0, 1]. It is easy to verify that

|Tx− Ty| ≤ (1− 2a)|x− y|+ a{|x− Tx|+ |y − Ty|} for all x, y ∈ X,

where a ∈ [0, 1
2
). Theorem 2.1.4 fails since T is not asymptotically regular and for

any x ̸= 1
2
, lim

n→∞
T nx 9 1

2
, the unique fixed point of T . However, there is a sequence

xn+1 = (1 − λ)xn + λTxn, where 0 < λ < 1 and n ≥ 0 such that |xn − Txn| → 0 as

n→ ∞. By Theorem 2.1.9, T has a unique fixed point 1
2

and xn converges to 1
2
.

The following common fixed point theorem can be established easily on the lines of

proof of Theorem 2.1.9.

Theorem 2.1.10. Suppose that (X, d) is a complete metric space , T and S are contin-

uous self-mappings on X satisfying the following condition:

d(Tx, Sy) ≤Md(x, y) +K{d(x, Tx) + d(y, Sy)} for all x, y ∈ X, (2.1.10)
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where M ∈ [0, 1) and K ∈ [0,∞). Suppose that T and S have a common approximate

fixed point sequence i.e. there exists a sequence {xn} ⊂ X such that d(xn, Txn) → 0

and d(xn, Sxn) → 0 as n → ∞.Then T and S have a unique common fixed point p. In

particular, xn → p as n→ ∞.

Remark 2.1.11. Our work in this section improves Theorem 1 of Kannan [65] and Corol-

lary 3.3 of Jo [62] in the sense that the mappings may be discontinuous at their unique

common fixed point.

2.2 Kirk Type Iteration Process in CAT(0) Space

In this section, we establish △−convergence and strong convergence of Kirk-type iteration

process in CAT (0) spaces. As an application, we use our algorithm to solve consistent

and inconsistent convex feasibility problems in CAT (0) spaces.

2.2.1 Introduction

Kirk [74] introduced an iteration process for estimating fixed point of a nonexpansive

mapping in a uniformly convex Banach space and proved:

Theorem 2.2.1 ([74]). Let K be a subset of a uniformly convex Banach space X and

T be a compact ( i.e. T maps bounded subsets of X into precompact subsets of X) and

nonexpansive mapping of K into K with at least one fixed point. Define U : X → X by

Ux = α0x+ α1T
1x+ α2T

2x+ . . .+ αkT
kx =

k∑
i=0

αiT
ix (2.2.1)

where αi ≥ 0, α1 > 0, and
k∑

i=0

αi = 1. Let xn+1 = Uxn. Then for each x0 ∈ X, the

sequence {xn} converges to a fixed point of T .

Recently, Dehici [31] studied generalized Kirk process in order to approximate common

fixed point of a finite number of nonexpansive mappings. To do that, he introduced the

notion of punctual inequality defined below in (2.2.3). Let Ti : K → K (i = 1, 2, · · · , k)
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be mappings and S : K → K be defined as

S = α0I + α1T1 + α2T2 + · · ·+ αkTk =
k∑

i=0

αiTi

where αi ≥ 0, α1 > 0,
k∑

i=0

αi = 1 and T0 is the identity mapping on K. For x0 ∈ K, define

{xn} by

xn+1 = α0xn + α1T1xn + α2T2xn + · · ·+ αkTkxn = Sxn (2.2.2)

Then, {xn} is called generalized Kirk iteration process associated with the mappings Ti.

Theorem 2.2.2 ([31]). Let C be a convex subset of a Banach space X and Ti (i =

1, 2, · · · , k), k ≥ 2, be self-mappings on C satisfying the punctual inequality (i.e. for all

x ∈ C and for all integers i, j = 1, 2, · · · , k, (i < j), there exists an integer 1 < n(x) < k

such that

∥Ti(x)− Tj(x)∥ ≤ ∥x− Tn(x)∥ ). (2.2.3)

Set S as above. Then,

F (S) =
k⋂

i=1

F (Ti).

Theorem 2.2.3 ([31]). Let X be a uniformly convex Banach space and let Ti(i =

1, 2, · · · , k), k ≥ 2, be nonexpansive and compact self-mappings on X satisfying the as-

sumption (2.2.3). Define the mapping S as above. If
k⋂

i=1

F (Ti) ̸= ∅, then for each x0 ∈ X,

the Picard sequence {Snx0} converges to a common fixed point of the mappings Ti.

2.2.2 Preliminaries and Notations

We first introduce Kirk type iteration process for a finite number of mappings in CAT (0)

spaces.

Definition 2.2.4 ([94]). Let K be a nonempty closed and convex subset of a CAT (0)

space X and Ti : K → X (i = 1, 2, · · · , k) be mappings on K, k ≥ 2. Let {αi}ki=1 ⊆

(0, 1) and
k∑

i=1

αi = 1. Set aj =
k∑

i=j

αj, (j = 1, 2, · · · , k). Define the mapping S0 : K → X
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as S0 = Tk. If k ≥ 3, for i = 1, 2, · · · , k − 2, define Si : K → X by

Si =
αk−i

ak−i

Tk−i ⊕
ak−i+1

ak−i

Si−1.

Then, the mapping T : K → X defined by

T = (1− a2)T1 ⊕ a2Sk−2 (2.2.4)

is a convex combination of mappings Ti, (i = 1, 2, · · · , k).

Remark 2.2.5. In the case of linear domain, the mapping T in (2.2.4) becomes T =
k∑

i=1

αiTi.

Definition 2.2.6. Let K be a nonempty closed and convex subset of a CAT (0) space X

and Ti : K → K (i = 1, 2, · · · , k) be mappings onK, k ≥ 2, with T1 = I, the identity mapping on K.

Let T be as defined above. For x0 ∈ K, define {xn} by

xn+1 = Txn. (2.2.5)

Then {xn} defined by (2.2.5) is called Kirk-type iteration process associated with the

mappings Ti defined on X.

The following known lemmas are needed to prove our main results.

Lemma 2.2.7 ([82]). Let K be a subset of a CAT (0) space X and {xn} be a bounded

sequence in X with asymptotic center AK({xn}) = {c}. Let {αn} and {βn} be real se-

quences such that αn ≥ 0 for all n ∈ N, lim sup
n

αn ≤ 1 and lim sup
n

βn ≤ 0. If for each

y ∈ K, there exist p and N ∈ N such that

d(y, xn+p) ≤ αnd(c, xn) + βn for all n ≥ N,

then y = c.

Lemma 2.2.8 ([94]). Let K be a nonempty and convex subset of a CAT (0) space X.

Suppose that T : K → K is a nonexpansive mapping and S = (1− λ)I ⊕ λT where I is

the identity mapping and 0 < λ < 1. Then for x, y ∈ K, we have

d(Sx, Sy) ≤ (1− λ)d(Sx, y) + λ(1− λ)d(x, Sy) + (1− λ)2d(y, Sy) + λ2d(x, y).
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Lemma 2.2.9 ([11]). Let K be a nonempty closed and convex subset of a complete

CAT(0) space X and T : K → X a nonexpansive mapping with F (T ) ̸= ∅. If T is

asymptotically regular at x ∈ K, then the Picard iterates {T n(x)}, △−converge to a fixed

point of T .

2.2.3 Approximation Results for Nonexpansive Mappings

In this subsection, we establish △−convergence and strong convergence of the Kirk-type

process in CAT (0) spaces.

Lemma 2.2.10 ([109]). Let K be a nonempty convex subset of a CAT (0) space X.

Suppose that T1, T2 : K → X are nonexpansive mappings with F (T1) ∩ F (T2) ̸= ∅. Then

for any 0 < t < 1, the mapping T : K → X defined by T = (1 − t)T1 ⊕ tT2 is a

nonexpansive mapping and F (T ) = F (T1) ∩ F (T2).

We prove an important proposition to develop our main result.

Proposition 2.2.11. Let K be a nonempty convex subset of a CAT (0) space X and

Ti (i = 1, 2, · · · , k) be nonexpansive self-mappings on K. Let T be as defined in (2.2.4).

Then

(i) For each i = 0, 1, · · · , k − 2, Si and T are nonexpansive mappings.

(ii) If
k⋂

i=1

F (Ti) ̸= ∅, , then F (T ) =
k⋂

i=1

F (Ti).

Proof. For k = 2, by Definition 2.2.4, Sk−2 = S0 = Tk = T2. Thus, S0 is nonexpansive

and T = (1 − a2)T1 ⊕ a2S0 = (1 − a2)T1 ⊕ a2T2. So, it follows by Lemma 2.2.10 that T

is nonexpansive. Moreover, if F (T1) ∩ F (T2) ̸= ∅, we have F (T ) = F (T1) ∩ F (T2). By

successive application of Lemma 2.2.10 , we have the desired result for k ≥ 3. Indeed,
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for k ≥ 3, i = 1, 2, · · · k − 2, we compute:

d(Six, Siy) = d(
αk−i

ak−i

Tk−ix⊕
ak−i+1

ak−i

Si−1x,
αk−i

ak−i

Tk−iy ⊕
ak−i+1

ak−i

Si−1y)

≤ αk−i

ak−i

d(Tk−ix, Tk−iy) +
αk−i+1

ak−i

d(Sk−ix, Sk−iy)

≤ αk−i

ak−i

d(x, y)

+
αk−i+1

ak−i

d(
αk−i+1

ak−i+1

Tk−i+1x⊕
ak−i+2

ak−i+1

Si−2x,
αk−i+1

ak−i+1

Tk−i+1y ⊕
ak−i+2

ak−i+1

Si−2y)

≤ αk−i

ak−i

d(x, y) +
ak−i+1

ak−i

[
αk−i+1

ak−i+1

d(x, y) +
ak−i+2

ak−i+1

d(Si−2x, Si−2y)

]
...

≤ αk−i

ak−i

d(x, y) +
αk−i+1

ak−i

d(x, y) +
αk−i+2

ak−i

d(x, y) + · · ·+ αk−1

ak−i

d(x, y)

+
αk

ak−i

d(S0x, S0y)

≤ αk−i

ak−i

d(x, y) +
αk−i+1

ak−i

d(x, y) +
αk−i+2

ak−i

d(x, y) + · · ·+ αk−1

ak−i

d(x, y)

+
αk

ak−i

d(x, y)

= d(x, y).

That is, d(Six, Siy) ≤ d(x, y) for i = 1, 2, · · · , k − 2. Hence, Si are nonexpansive for

i = 0, 1, 2, · · · , k − 2. In particular, Sk−2 is nonexpansive and by Lemma 2.2.10, T is

nonexpansive. Also, by Lemma 2.2.10 , F (S1) = F (Tk) ∩ F (Tk−1), F (S2) = F (Tk−2) ∩

F (S1) = F (Tk−2)∩F (Tk)∩F (Tk−1), · · · , F (Sk−2) = ∩k
i=2F (Ti) and hence, it follows that

F (T ) =
k⋂

i=1

F (Ti).

Lemma 2.2.12 ([11]). Let X be a CAT (0) space and K be as above. Assume that T is

nonexpansive and x ∈ K. Then:

(i) For all k ≥ 1, Rk = lim
n→∞

d(T n+kx, T nx) exists and Rk ≤ kR1

(ii) L = lim
n→∞

d(Tnx,x)
n

exists and is independent of x

(iii) L ≤ rK(T ) ≤ R1, where rK(T ) = inf{d(x, Tx) : x ∈ K} is the minimal displace-

ment.

Next, we give a detailed proof of a result stated in [94].
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Theorem 2.2.13 ([94]). Let K be a nonempty convex subset of a CAT (0) space X.

Suppose that T : K → K is nonexpansive. Define S : K → K by S = (1 − λ)I ⊕ λT ,

λ ∈ (0, 1). Then for each x ∈ X and k ∈ N, we have

lim
n→∞

d(Sn+1x, Snx) =
1

k
lim
n→∞

d(Sn+kx, Snx) = lim
n→∞

d(Snx, x)

n
= rK(S).

Proof. By Lemma 2.2.10 , S is nonexpansive. Also, by Lemma 2.2.12 , we have

lim
n→∞

d(Sn+k, Snx) ≤ k lim
n→∞

d(Sn+1x, Snx).

For reverse inequality, we use induction on k, that is,

lim
n→∞

d(Sn+kx, Snx) ≥ k lim
n→∞

d(Sn+1x, Snx). (2.2.6)

For k = 1, it is trivially true. Assume (2.2.6) holds for k = j, that is,

lim
n→∞

d(Sn+jx, Snx) ≥ j lim
n→∞

d(Sn+1x, Snx). (2.2.7)

Since lim
n→∞

d(Sn+kx, Snx) exists, therefore we get

lim
n→∞

d(Sn+k+1x, Sn+1x) = lim
n→∞

d(Sn+kx, Snx).

By Lemma 2.2.8,

d(Sn+j+1x, Sn+1x) = d(S(Snx)), S(Sn+jx)

≤ (1− λ)d(Sn+1x, Sn+jx) + λ(1− λ)d(Snx, Sn+j+1x)

+ (1− λ)2d(Sn+jx, Sn+j+1x) + λ2d(Snx, Sn+jx).

Thus,

λ(1− λ)d(Sn+j+1x, Snx) ≥ d(Sn+j+1x, Sn+1x)

− (1− λ)d(Sn+jx, Sn+1x)

− (1− λ)2d(Sn+jx, Sn+j+1x)

− λ2d(Sn+jx, Snx).

(2.2.8)

Taking limit of (2.2.8) as n→ ∞ and using induction hypothesis (2.2.7) and Proposition

2.2.11(i), we get

lim
n→∞

d(Sn+j+1x, Snx) ≥ (j + 1) lim
n→∞

d(Sn+1x, Snx).
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Hence (2.2.6) holds for k = j + 1. So by induction, (2.2.6) holds for all k ≥ 1 and hence

lim
n→∞

d(Sn+1x, Snx) =
1

k
lim
n→∞

d(Sn+kx, Snx).

As d(Sn+kx, Snx) ≤ d(Skx, x) for all n, k ≥ 1, so we have

lim
n→∞

d(Sn+kx, Snx)

k
≤ d(Skx, x)

k
for all k ≥ 1

So, lim
n→∞

d(Sn+1x, Snx) = 1
k
lim
n→∞

d(Sn+kx, Snx) implies

lim
n→∞

d(Sn+1x, Snx) ≤ lim
n→∞

d(Snx, x)

n

Now by Lemma 2.2.12(iii), we have the desired result.

Theorem 2.2.14. Let K be a nonempty convex subset of a CAT (0) space X. Let Ti :

K → K (i = 1, 2, · · · , k) k ≥ 2, be nonexpansive mappings with T1 = I, the identity mapping on K.

Suppose further that
k⋂

i=1

F (Ti) ̸= ∅. Let T be as defined in (2.2.4). Then T is asymptoti-

cally regular on K.

Proof. By Definition 2.2.4, T = (1− a2)I ⊕ a2Sr−2 where

Si =
αk−i

ak−i

Tk−i ⊕
ak−i+1

ak−i

Si−1 for i = 1, 2, · · · k − 2, k ≥ 3,

S0 = Tk,

(αi)
k
i=1 ⊆ (0, 1) ,

k∑
i=1

αi = 1 and aj =
k∑

i=j

αi, j = 1, 2, · · · , k.

By Proposition 2.2.11, Sr−2 and T are nonexpansive mappings and

F (T ) =
k⋂

i=1

F (Ti) ̸= ∅. By Theorem 2.2.13,

lim
n→∞

d(T n+1x, T nx) = rK(T ).

Since F (T ) ̸= ∅, there exists x ∈ K such that d(x, Tx) = 0. Hence rK(T ) = 0 and

consequently,

lim
n→∞

d(T n+1x, T nx) = 0.

So T is asymptotically regular on K.

Theorem 2.2.15. Let K be a nonempty convex subset of a complete CAT (0) space

X. Let Ti : K → K (i = 1, 2, · · · , k) , k ≥ 2 ,be nonexpansive mappings with T1 =

I, the identity mapping on K. Suppose further that
k⋂

i=1

F (Ti) ̸= ∅. Let T be as defined
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in (2.2.4). Then {xn} in (2.2.5), △−converges to a common fixed point of Ti, (i =

2, 3, · · · , k).

Proof. For each n ≥ 1, xn = T nx0. It follows from Theorem 2.2.14 and Proposition

2.2.11 that T is asymptotically regular nonexpansive mapping and F (T ) ̸= ∅. By Lemma

2.2.9, we have {T nx0} △−converges to a fixed point of T . By Proposition 2.2.11, F (T ) =⋂k
i=1 F (Ti). Hence, we have the desired result.

Definition 2.2.16 (Condition (A)). A finite family {Ti, i = 1, 2, · · · , k} of self-mappings

on a nonempty convex set K is said to satisfy condition (A) if there is a nondecreasing

function f : [0,∞) → [0,∞) with f(0) = 0 and f(r) > 0 for all r ∈ (0,∞) such that

d(x, Tx) ≥ f(d(x, F )) for all x ∈ K,

where T is as defined in (2.2.4) and F =
k⋂

i=1

F (Ti).

Now, we prove a strong convergence result.

Theorem 2.2.17. Let K be a nonempty convex subset of a complete CAT (0) space

X. Let Ti : K → K (i = 1, 2, · · · , k) k ≥ 2, be nonexpansive mappings with T1 =

I, the identity mapping on K. Suppose further that
⋂k

i=1 F (Ti) ̸= ∅. Let T be as defined

in (2.2.4). If Ti satisfies condition (A), then the sequence {xn} in (2.2.5), converges to

a common fixed point of the mappings Ti (i = 2, · · · , k).

Proof. For any x0 ∈ K, xn+1 = T n+1x0. By Proposition 2.2.11, T is nonexpansive and

F (T ) ̸= ∅. Thus d(xn+1, p) = d(Txn, p) ≤ d(xn, p) for any p ∈ F (T ). This implies that

{d(xn, F (T )} is decreasing and bounded below. Hence its limit exists.

T = (1− a2)I + a2Sk−2, so we have d(T nx0, T
n+1x0) = a2d(xn, Sk−2xn). Thus

d(xn, Txn) = d(xn, (1− a2)xn ⊕ a2Sk−2xn)

= a2d(T
nx0, T

n+1x0).

Since T is asymptotically regular (i.e. lim
n→∞

d(T nx0, T
n+1x0) = 0), lim

n→∞
d(xn, Txn) =

lim
n→∞

d(xn, xn+1) = 0. As Ti satisfy Condition (A), we have d(xn, Txn) ≥ f(d(xn, F (T )).
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Taking limit on both sides, we have lim
n→∞

f(d(xn, F (T )) ≤ 0.

Now f(0) = 0 and f is nondecreasing imply that

lim
n→∞

d(xn, F (T )) = 0. (2.2.9)

By Proposition 2.2.11(ii), we have the desired result.

2.2.4 Application to Convex Feasibility Problem

In this subsection, we study image recovery problem in the setting of CAT (0) spaces.

The image recovery problem may be stated as follows: Let C1, C2, · · · , Ck be nonempty

closed and convex subsets of a Hilbert space H such that C0 =
⋂k

i=1Ci ̸= ∅; the original

unknown image z is a known priori belonging to C0; given only the metric projection Pi

of H onto Ci, i = 1, 2, · · · , k, recover z by an iteration process.

In 1991, Crombez [29] proved the following: Let T = α0I +
k∑

i=1

αiTi with Ti = (1 −

λi)I + λiPi for all i = 1, 2, · · · , k, 0 < λi < 2, αi > 0 and
k∑

i=0

αi = 1 where each Pi is the

metric projection of H onto Ci and C0 ̸= ∅. Then for any x ∈ H, the sequence {T nx}

converges to an element of C0. Takahashi and Tamura [116] extended results in [29] to

uniformly convex Banach space setting and the case of Pi being nonexpansive retraction

of C onto Ci. Takahashi and Tamura [116] also considered the inconsistent feasibilty

problem i.e. C0 =
⋂k

i=1Ci = ∅.

Definition 2.2.18. Let C be a closed and convex subset of a complete CAT (0) space

X, Ci ⊆ C.

(i) A mapping P : C → Ci is called a nonexpansive retraction of C onto Ci if P is

nonexpansive and for all x ∈ Ci, Px = x.

(ii) Ci is called a nonexpansive retract of C if there exists a nonexpansive retraction of

C onto Ci.

(iii) P is said to be sunny if P ((1− t)x⊕ tPx) = Px whenever (1− t)x⊕ tPx ∈ C for

x ∈ C and t ≥ 0.

27



Theorem 2.2.19. Let X be a complete CAT (0) space and C a nonempty closed and

convex subset of X. Let Ci, (i = 1, 2, · · · , k) be nonexpansive retracts of C with C0 ̸= ∅.

Define Ti : C → C by T1 = I, the identity mapping on C and for i = 2, 3, · · · , k, Ti =

(1− λi)I ⊕ λiPi where λi ∈ (0, 1) and Pi is a nonexpansive retraction of C onto Ci. Let

T be as defined in (2.2.4). Then for each x0 ∈ C, {xn} defined in (2.2.5), △−converges

to an element of C0.

Proof. For i = 2, 3, · · · , k, Pi is a retraction of C onto Ci. Thus, F (Ti) = Ci, (i =

2, 3, · · · , k). By Lemma 2.2.10, Ti, (i = 2, 3, · · · , k) are nonexpansive and F (Ti) =

F (Pi) = Ci. Hence ∩k
i=1F (Ti) =

⋂k
i=1Ci ̸= ∅. By Theorem 2.2.15, we have the de-

sired result.

We establish some results on inconsistent feasibility problem in CAT (0) spaces by

following the line of action of Takahashi and Tamura [116].

Lemma 2.2.20. Let X be a complete CAT (0) space and C a nonempty closed and convex

subset of X. Let Ci, i = 1, 2, · · · , k, k ≥ 2, be nonempty bounded nonexpansive retracts

of C. Let Ti = (1 − λi)I ⊕ λiPi where λi ∈ (0, 1) and Pi is nonexpansive retraction of

C onto Ci, i = 1, 2, · · · , k. Let T be as defined in (2.2.4). Then F (T ) is nonempty.

Moreover, if C0 = ∅, then F (T ) ∩ Ci = ∅ for some i.

Proof. Let x ∈ C. Consider a closed ball BR[x] of center x and radius R containing

all the sets Ci, (i = 1, 2, · · · , k). Then we have {T nx} ⊂ BR[x] ∩ C. This implies that

{T nx} is bounded. By Proposition 2.2.11, T is nonexpansive. Let u ∈ C be the unique

asymptotic center of {T nx}. Then for all n ∈ N, d(Tu, T n+1x) ≤ d(u, T nx). Applying

Lemma 2.2.7 with y = Tu, xn = T nx, p = 1, N = 0, αn = 1, βn = 0, we have Tu = u.

Thus T has a fixed point.

Suppose C0 = ∅ and let x, y ∈ F (T ). First, we shall show that

a2d(Sk−2x, y) ≤
k∑

i=2

αid(Tix, y).
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If k = 2, the above inequality holds trivially in view of Sk−2x = T2x. For k ≥ 3, i =

1, · · · , k − 2, we have

ak−id(Six, y) = ak−id(
αk−i

ak−i

Tk−ix⊕
ak−i+1

ak−i

Si−ix, y)

≤ αk−id(Tk−ix, y) + ak−i+1d(Si−1x, y).

Setting i = k − 2, we have

a2d(Sk−2x, y) ≤ α2d(T2x, y) + a3d(Sk−3x, y)

≤
k∑

i=2

α2d(Tix, y).

Recall that x, y ∈ F (T ). Hence, it follows that

d(x, y) = d(Tx, y) = d((1− a2)T1x⊕ a2Sk−2x, y)

≤ (1− a2)d(T1x, y) + a2d(Sk−2x, y)

≤
k∑

i=1

αid(Tix, y) =
k∑

i=1

αid((1− λi)x⊕ λiPix, y)

≤
k∑

i=1

αi((1− λi)d(x, y) + λid(Pix, y)).

That is,

d(x, y) ≤
k∑

i=1

αi[(1− λi)d(x, y) + λid(Pix, y)]. (2.2.10)

Similarly, by y ∈ F (T ), it follows that

d(Pix, y) = d(Pix, Ty) ≤
k∑

i=1

αi[(1− λi)d(Pix, y) + λid(Pix, Piy))].

Hence,
k∑

i=1

αiλid(Pix, y) ≤
k∑

i=1

[(αi − 1)d(Pix, y) + αiλid(Pix, Piy)]. (2.2.11)
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Using (2.2.11) in (2.2.10), we have

d(x, y) ≤
k∑

i=1

[αi(1− λi)d(x, y) + (αi − 1)d(Pix, y) + αiλid(Pix, Piy)]

≤
k∑

i=1

αi[(1− λi)d(x, y) + λid(Pix, Piy)] Since 0 < αi < 1

≤
k∑

i=1

αi[(1− λi)d(x, y) + λid(x, y)]

=
k∑

i=1

αid(x, y) = d(x, y).

Thus,

d(x, y) = d((1− λi)x⊕ λiPix, y) = d(Pix, Piy).

Suppose y ∈ F (T ) ∩ Ci for all i, Then Piy = y and we have

d(x, y) = d((1− λi)x⊕ λiPix, y) = d(Pix, y).

Since X is strictly convex, we get x = Pix for all i. Hence F (T ) ⊆
k⋂

i=1

Ci. This contradicts

the fact that the fixed point set of T is nonempty, as
k⋂

i=1

Ci = ∅. Hence F (T ) ∩ Ci = ∅

for some i.

Let C and D be nonempty convex subsets of a complete CAT (0) space. We set

(i) iCD = {z ∈ D : for any x ∈ C, ∃ λ ∈ (0, 1) with λx⊕ (1− λ)z ∈ D}

(ii) ∂CD = {z ∈ D : for any λ ∈ (0, 1), ∃ x ∈ C with λx⊕ (1− λ)z /∈ D}.

Theorem 2.2.21. Let X be a complete CAT (0) space and C be a nonempty closed and

convex subset of X. Let Ci, (i = 2, · · · , k) be nonempty bounded sunny nonexpansive

retracts of C such that for each i, an element of ∂CCi is an extreme point( i.e. for

xi, yi ∈ ∂CCi, t ∈ (0, 1), txi ⊕ (1 − t)yi /∈ ∂CCi). Let T1 = I, the identity mapping on C

and for i = 2, · · · , k, Ti = (1−λi)I⊕λiPi where λi ∈ (0, 1) and Pi nonexpansive retraction

of C onto Ci. Let T as defined in (2.2.4). If
k⋂

i=2

Ci = ∅, then, for any x0 ∈ C, {xn}

defined in (2.2.5), △−converges to a unique fixed point of T .
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Proof. By Definition of T in (2.2.4), we have T = (1 − a2)I ⊕ a2Sk−2. Now, it follows

from Lemma 2.2.20 and the fact that Sk−2 is nonexpansive, that F (Sk−2) is a nonempty

closed and convex subset of C. Moreover, F (Sk−2) ∩Cj = ∅ for some j = 2, 3, · · · , k. As

shown in the proof of Lemma 2.2.20, for any x, y ∈ F (Sk−2), d(x, y) = d(Pjx, Pjy) and

by convexity of F (Sk−2), λx⊕ (1− λ)y ∈ F (Sk−2), for λ ∈ (0, 1). Hence,

d2(Pj(λx⊕ (1− λ)y), λPjx⊕ (1− λ)Pjy) ≤ λd2(Pj(λx⊕ (1− λ)y), Pjx)

+ (1− λ)d2(Pj(λx⊕ (1− λ)y), Pjy)

− λ(1− λ)d2(Pj, xPjy)

= λd2(λx⊕ (1− λ)y), x)

+ (1− λ)d2(λx⊕ (1− λ)y), y)

− λ(1− λ)d2(x, y)

≤ λ(1− λ)2d2(x, y)

+ (1− λ)λ2d2(x, y)

− λ(1− λ)d2(x, y)

= 0.

So, d2(Pj(λx⊕ (1− λ)y), λPjx⊕ (1− λ)Pjy) = 0 and

Pj(λx⊕ (1− λ)y) = λPjx⊕ (1− λ)Pjy. (2.2.12)

That is, Pj is a one-to-one affine mapping of C onto Cj. Moreover, for any x ∈

F (Sk−2), j = 2, 3, · · · , k, Pjx ∈ ∂CCj. Suppose otherwise; then there exists λ ∈ (0, 1)

such that λx ⊕ (1 − λ)Pjx ∈ Cj. Since Pj is a retraction of C onto Cj, we have

Pj(λx⊕(1−λ)Pjx) = λx⊕(1−λ)Pjx. Moreover, Pj is sunny, thus, Pj(λx⊕(1−λ)Pjx) =

Pjx. It follows that ,

λx⊕ (1− λ)Pjx = Pj(λx⊕ (1− λ)Pjx) = Pjx.

Hence, x = Pjx for all j = 2, 3, · · · , k. This is a contradiction in view of

F (Sk−2)∩Cj = ∅ for some j = 2, 3, · · · , k. Hence, Pjx ∈ ∂CCj for any x ∈ F (Sk−2), j =

2, 3, · · · , k . Let x, y ∈ F (Sk−2) with x ̸= y. Then, Pjx ̸= Pjy . Since x, y ∈ F (Sk−2),
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we have that λx ⊕ (1 − λ)y ∈ F (Sk−2) and Pj(λx ⊕ (1 − λ)y) ∈ ∂CCj. By (2.2.12),

λPjx ⊕ (1 − λ)Pjy ∈ ∂CCj. This contradicts elements of ∂CCj being an extreme point

of Cj. Hence Sk−2 has a unique fixed point. Consequently, T has a unique fixed point.

Using Theorem 2.2.14, it is easy to show that T is asymptotically regular. Hence by

Lemma 2.2.9, we have the desired result.

Remark 2.2.22.

1. Proposition 2.2.11(ii) extends Theorem 2.2.2 in a CAT(0) space without the punc-

tual inequality.

2. Our Theorem 2.2.17 is an analogue of Theorem 2.2.3 with a weaker Condition (A)

and free of the punctual inequality.

3. Our results generalize the corresponding results of Khan et al. [67], Kuhfittig [78]

and Rhoades [106] from Banach spaces to CAT (0) spaces.

4. Our Theorem 2.2.19, Lemma 2.2.20 and Theorem 2.2.21 generalize Theorem 3.3,

Lemma 4.1 and Theorem 4.2 of Takahashi and Tamura [116], respectively, on a

nonlinear domain.

2.3 An Algorithm of Three Nonexpansive Mappings

In this section, we introduce a three-step iterative algorithm for three nonexpansive map-

pings in a hyperbolic space and establish △−convergence and strong convergence results

for it. We apply our results to solve a common minimization problem in CAT (0) spaces.

An example is presented to validate the new findings.

2.3.1 Introduction and Preliminaries

Glubudom [47] introduced a three-step iterative algorithm for three nonexpansive map-

pings in a Banach space as follows:
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Let C be a nonempty convex subset of a real Banach space X and let Ti : C → C be

given mappings, where i ∈ I = {1, 2, 3}. Then for a given x1 ∈ C, define

zn = anT1xn + (1− an)xn

yn = bnT2zn + cnT1xn + (1− bn − cn)xn

xn+1 = αnT3yn + βnT2zn + γnT1xn + (1− αn − βn − γn)xn

(2.3.1)

where 0 ≤ an, bn, cn, αn, βn, γn ≤ 1.

It was shown that this algorithm generalizes Ishikawa iterations involving three nonex-

pansive mappings, and its weak and strong convergence to a common fixed point of the

mappings was established. We extend the iterative algorithm in (2.3.1) to a uniformly

convex hyperbolic space as under:

Let C be a nonempty convex subset of a uniformly convex hyperbolic space X and

Ti (i ∈ I) be given self-mappings on C. For a given x1 ∈ C, we define

zn = W (T1xn, xn, an)

yn = W

(
T2zn,W

(
T1xn, xn,

cn
1− bn

)
, bn

)
xn+1 = W

(
T3yn,W

(
T2zn, ,W

(
T1xn, xn,

γn
1− αn − βn

)
,

βn
1− αn

)
, αn

)
n ≥ 1

(2.3.2)

where 0 ≤ an, bn, cn, αn, βn, γn, bn + cn, αn + βn, αn + βn + γn ≤ 1.

2.3.2 Convergence Analysis

In what follows, we assume F = F (T1) ∩ F (T2) ∩ F (T3). We begin with the following

technical result.

Lemma 2.3.1. Let (X, d,W ) be a complete uniformly convex hyperbolic space and C be

a nonempty closed and convex subset of X. Let Ti : C → C be nonexpansive mappings.

For a given x1 ∈ C, let {xn}, {yn} and {zn} be as defined in (2.3.2). If F ̸= ∅, then

lim
n→∞

d(xn, p) exists for all p ∈ F .
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Proof. Clearly,

d(zn, p) = d(W (T1xn, xn, an), p)

≤ and(T1xn, p) + (1− an)d(xn, p)

≤ d(xn, p)

(2.3.3)

and

d(yn, p) = d

(
W

(
T2zn,W

(
T1xn, xn,

cn
1− bn

)
, bn

)
, p

)
≤ bnd(T2zn, p) + (1− bn)d

(
W

(
T1xn, xn,

cn
1− bn

)
, p

)
≤ bnd(zn, p) + (1− bn)

[
cn

1− bn
d(T1xn, p) +

1− bn − cn
1− bn

d(xn, p)

]
≤ bnd(xn, p) + cnd(xn, p) + (1− bn − cn)d(xn, p)

= d(xn, p).

That is,

d(yn, p) ≤ d(xn, p). (2.3.4)

With the help of (2.3.3) and (2.3.4), we have

d(xn+1, p) = d

(
W

(
T3yn,W

(
T2zn,W

(
T1xn, xn,

γn
1− αn − βn

)
,

βn
1− αn

)
, αn

)
, p

)
≤ αnd(T3yn, p)

+ (1− αn)d

(
W

(
T2zn,W

(
T1xn, xn,

γn
1− αn − βn

)
,

βn
1− αn

)
, p

)
≤ αnd(yn, p)

+ (1− αn)

[
βn

1− αn

d(T2zn, p)

]
+ (1− αn)

[
1− αn − βn

1− αn

d

(
W

(
T1xn, xn,

γn
1− αn − βn

)
, p

)]
≤ αnd(xn, p) + βnd(T2zn, p)

+ (1− αn − βn)

[
γn

1− αn − βn
d(T1xn, p) +

1− αn − βn − γn
1− αn − βn

d(xn, p)

]
≤ αnd(xn, p) + βnd(xn, p) + γnd(xn, p) + (1− αn − βn − γn)d(xn, p)

= d(xn, p).

Thus, d(xn, p) is a decreasing and bounded sequence of real numbers. Hence, lim
n→∞

d(xn, p)
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exists.

Lemma 2.3.2. Let (X, d,W ) be a complete uniformly convex hyperbolic space and C a

nonempty closed and convex subset of X. Let Ti : C → C be nonexpansive mappings.

For a given x1 ∈ C, let {xn}, {yn} and {zn} be as defined in (2.3.2). Assume that F ̸= ∅.

(i) If αn ∈ [a, b] and lim sup
n→∞

(αn + βn) < 1 where 0 < a ≤ b < 1, then

lim
n→∞

d

(
T3yn,W

(
T2zn,W

(
T1xn, xn,

γn
1− αn − βn

)
,

βn
1− αn

))
= 0.

(ii) If 0 < lim inf
n→∞

αn ≤ lim sup
n→∞

(αn + βn) < 1 and bn ∈ [a, b] where 0 < a ≤ b < 1, then

lim
n→∞

d

(
T2zn,W

(
T1xn, xn,

cn
1− bn

))
= 0.

(iii) If 0 < lim inf
n→∞

αn ≤ lim sup
n→∞

(αn + βn) < 1 and, an, bn ∈ [a, b] where 0 < a ≤ b < 1,

then limn→∞ d(T1xn, xn) = 0.

Proof. (i) Assume αn ∈ [a, b] and lim sup
n→∞

(αn + βn) < 1 where 0 < a ≤ b < 1. By Lemma

2.3.1, lim
n→∞

d(xn, p) exists for each p ∈ F . Let lim
n→∞

d(xn, p) = c for some c ≥ 0. For c = 0,

we are done. Assume c > 0. Using (2.3.3) and (2.3.4), we have

d(T3yn, p) ≤ d(yn, p) ≤ d(xn, p), that is lim sup
n→∞

d(T3yn, p) ≤ c. (2.3.5)

Similarly,

d(T2zn, p) ≤ d(xn, p) gives that lim sup
n→∞

d(T2zn, p) ≤ c. (2.3.6)

Since lim supn→∞(αn + βn) < 1, we have

d

(
W

(
T1xn, xn,

γn
1− αn − βn

)
, p

)
≤ γn

1− αn − βn
d(T1xn, p)

+
1− αn − βn − γn

1− αn − βn
d(xn, p)

≤ d(xn, p)

(2.3.7)

that is,

lim sup
n→∞

d

(
W

(
T1xn, xn,

γn
1− αn − βn

)
, p

)
≤ c. (2.3.8)
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Using (2.3.7) and (2.3.8) and the fact that lim sup
n→∞

(αn + βn) < 1 , we have

d

(
W

(
T2zn,W

(
T1xn, xn,

γn
1− αn − βn

)
,

βn
1− αn

)
, p

)
≤ βn

1− αn

d(xn, p)

+

(
1− βn

1− αn

)
d(xn, p)

= d(xn, p).

Therefore,

lim sup
n→∞

d

(
W

(
T2zn,W

(
T1xn, xn,

γn
1− αn − βn

)
,

βn
1− αn

)
, p

)
≤ c. (2.3.9)

Using Lemma 2.3.1, it follows from (2.3.5), (2.3.9) and lim
n→∞

d(xn, p) = c that

lim
n→∞

d

(
T3yn,W

(
T2zn,W

(
T1xn, xn,

γn
1− αn − βn

)
,

βn
1− αn

))
= 0. (2.3.10)

(ii) Suppose that 0 < lim inf
n→∞

αn ≤ lim sup
n→∞

(αn + βn) < 1 and bn ∈ [a, b].

Note that

d

(
W

(
T1xn, xn,

cn
1− bn

)
, p

)
≤ cn

1− bn
d(T1xn, p) + (1− cn

1− bn
)d(xn, p)

≤ d(xn, p). (2.3.11)

(2.3.11) implies that

lim sup
n→∞

(
W

(
T1xn, xn,

cn
1− bn

)
, p

)
≤ c. (2.3.12)

Now,

d(xn+1, p) = d

(
W

(
T3yn,W

(
T2zn,W

(
T1xn, xn,

γn
1− αn − βn

)
,

βn
1− αn

)
, αn

)
, p

)
≤ αnd(T3yn, p)

+ (1− αn)d

(
W

(
T2zn,W

(
T1xn, xn,

γn
1− αn − βn

)
,

βn
1− αn

)
, p

)
≤ d(T3yn, p)

+ (1− αn)d

(
W

(
T2zn,W

(
T1xn, xn,

γn
1− αn − βn

)
,

βn
1− αn

)
, T3yn

)
+ (1− αn)d(T3yn, p)

≤ d(yn, p)

+ (1− αn)d

(
W

(
T2zn,W

(
T1xn, xn,

γn
1− αn − βn

,

)
βn

1− αn

)
, T3yn

)
.

Taking lim inf over both sides of the above inequality and using (2.3.10), we have c ≤
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lim inf
n→∞

d(yn, p). Also from (2.3.6), we have c ≤ lim inf
n→∞

d(yn, p) ≤ lim sup
n→∞

d(yn, p) ≤ c.

Hence

lim
n→∞

d(yn, p) = c. (2.3.13)

By Lemma 1.4.3, (2.3.7), (2.3.12) and (2.3.13), we have

lim
n→∞

d

(
T2zn,W

(
T1xn, xn,

cn
1− bn

))
= 0. (2.3.14)

(iii) Suppose 0 < lim inf
n→∞

αn ≤ lim sup
n→∞

(αn + βn) < 1 and , an, bn ∈ [a, b].

d(yn, p) = d

(
W

(
T2zn,W

(
T1xn, xn,

cn
1− bn

)
, bn

)
, p

)
≤ bnd(T2zn, p) + (1− bn)d

(
W

(
T1xn, xn,

cn
1− bn

)
, p

)
≤ bnd(T2zn, p) + (1− bn)d

(
W

(
T1xn, xn,

cn
1− bn

)
, T2zn

)
+ (1− bn)d(T2zn, p)

≤ d(zn, p) + (1− bn)d

(
W

(
T1xn, xn,

cn
1− bn

)
, T2zn

)
.

Taking lim inf in the above inequality and using (2.3.13) and (2.3.14) , we have c ≤

lim inf
n→∞

d(zn, p) ≤ lim sup
n→∞

d(zn, p) ≤ c. Hence

lim
n→∞

d(zn, p) = c. (2.3.15)

By Lemma 2.3.1, it follows that limn→∞ d(T1xn, xn) = 0.

Lemma 2.3.3. Let (X, d,W ) be a complete uniformly convex hyperbolic space and C a

nonempty closed and convex subset of X. Let Ti : C → C be nonexpansive mappings.

For a given x1 ∈ C, let {xn}, {yn} and {zn} be as defined in (2.3.2). Assume that F ̸= ∅.

If the following conditions hold :

(i) 0 < 0 < lim inf
n→∞

αn ≤ lim sup
n→∞

(αn + βn) < 1,

(ii) bn, an ∈ [a, b] where 0 < a ≤ b < 1,

then

lim
n→∞

d(T1xn, xn) = lim
n→∞

d(T2xn, xn) = lim
n→∞

d(T3xn, xn) = 0.
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Proof. By Lemma 2.3.2(iii), we have lim
n→∞

d(T1xn, xn) = 0. Proof of the other conclusions

of this lemma go as follows:

d(xn, zn) = d(xn,W (T1xn, xn, an))

≤ and(T1xn, xn) + (1− an)d(xn, xn) = and(T1xn, xn)

(2.3.16)

and,

d(T2zn, xn) ≤ d(T2zn, T2xn) + d(T2xn, xn)

≤ and(T1xn, xn) + d(T2xn, xn).

(2.3.17)

Note that

d(W (T1xn, xn,
cn

1− bn
), xn) ≤

cn
1− bn

d(T1xn, xn)

d(W (T1xn, xn,
γn

1− αn − βn
), xn) ≤

γn
1− αn − βn

d(T1xn, xn).

(2.3.18)

It follows from (2.3.16) and (2.3.18) that

d(T2xn, xn) ≤ d(T2xn, T2zn) + d(T2zn,W (T1xn, xn,
cn

1− bn
))

+ d(W (T1xn, xn,
cn

1− bn
), xn)

≤ and(T1xn, xn) + d(T2zn,W (T1xn, xn,
cn

1− bn
))

+
cn

1− bn
d(T1xn, xn).

Taking limit as n→ ∞ and using Lemma 2.3.2((ii), (iii)), we have

lim
n→∞

d(T2xn, xn) = 0. (2.3.19)

By (2.3.17) and (2.3.18), we have

d(xn, yn) = d

(
xn,W

(
T2zn,W

(
T1xn, xn,

cn
1− bn

)
, bn

))
≤ bnd(T2zn, xn)

+ (1− bn)d

(
W

(
T1xn, xn,

cn
1− bn

)
, xn

)
≤ anbnd(T1xn, xn) + and(T2xn, xn) + and(T2xn, xn).

(2.3.20)
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Finally, with the help of (2.3.17), (2.3.18) and (2.3.20), we get

d(T3xn, xn) ≤ d(T3xn, T3yn)

+ d

(
T3yn,W

(
T2zn,W

(
T1xn, xn,

γn
1− αn − βn

)
,

βn
1− αn

))
+ d

(
W

(
T2zn,W

(
T1xn, xn,

γn
1− αn − βn

)
,

βn
1− αn

)
, xn

)
≤ d(xn, yn) + d

(
T3yn,W

(
T2zn,W

(
T1xn, xn,

γn
1− αn − βn

)
,

βn
1− αn

))
+

βn
1− αn

d(T2zn, xn +

(
1− βn

1− αn

)
d

(
W

(
T1xn, xn,

γn
1− αn − βn

)
, xn

)
≤ anbnd(T1xn, xn) + and(T2xn, xn)

+ d

(
T3yn,W

(
T2zn,W

(
T1xn, xn,

γn
1− αn − βn

)
,

βn
1− αn

))
+

anβn
1− αn

d(T1xn, xn) +
βn

1− αn

d(T2xn, xn) +
γn

1− αn − βn
d(T1xn, xn).

Appealing to Lemma 2.3.2((i), (iii)) and using (2.3.19), we have lim
n→∞

d(T3xn, xn) = 0.

Let (X, d) be a metric space, C ⊂ X and T : C → C be a mapping. Then, T is

completely continuous if for a bounded sequence {xn} in C, the sequence {Txn} has a

convergent subsequence in C.

Theorem 2.3.4. Let (X, d,W ) be a complete uniformly convex hyperbolic space and C

be a nonempty closed and convex subset of X. Let Ti : C → C be nonexpansive mappings.

For a given x1 ∈ C, let {xn}, {yn} and {zn} be as defined in (2.3.2). Suppose that F ̸= ∅

and the following conditions are satisfied:

(i) 0 < lim inf
n→∞

αn ≤ lim sup
n→∞

(αn + βn) < 1.

(ii) bn, an ∈ [a, b] where 0 < a ≤ b < 1.

If one of the Ti is completely continuous, then {xn}, {yn} and {zn} converge strongly to

a common fixed point of Ti.

Proof. By Lemma 2.3.3, we have

lim
n→∞

d(T1xn, xn) = lim
n→∞

d(T2xn, xn) = lim
n→∞

d(T3xn, xn) = 0. (2.3.21)
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Without loss of generality, let T1 be completely continous. By Lemma 2.3.1, {xn} ⊂ C

is bounded and thus there exists a subsequence {xnk
} of {xn} such that T1xnk

converges.

Since lim
n→∞

d(T1xn, xn) = 0, {xnk
} converges to say q. By Lemma 2.3.1, we have that

{xn} converges strongly to fixed point q of T1. It follows from (2.3.21) and the fact that

T2, and T3 are continous that q is a fixed point of T2 and T3. Therefore, {xn} converges

strongly to common fixed point of Ti. From (2.3.16) and(2.3.20), we have that

lim
n→∞

yn = q = lim
n→∞

zn.

Next, we establish a △− convergence result.

Theorem 2.3.5. Let (X, d,W ) be a uniformly convex hyperbolic space and C a nonempty

closed and convex subset of X. Let Ti : C → C be nonexpansive mappings. For a given

x1 ∈ C, let {xn}, {yn} and {zn} be as defined in (2.3.2). Suppose that F ̸= ∅ and the

following conditions are satisfied:

(i) 0 < lim inf
n→∞

αn ≤ lim sup
n→∞

(αn + βn) < 1,

(ii) bn, an ∈ [a, b] where 0 < a ≤ b < 1.

Then {xn}, {yn} and {zn}, △−converge to a common fixed point of Ti.

Proof. Since {xn} is bounded by Lemma 2.3.1, it has a unique centre say x. By Lemma

1.5.5 and (2.3.21), x is a fixed point of Ti. Let {un} be any subsequence of {xn} with

asymptotic centre u. It follows from Lemma 1.5.5 and (2.3.21) that u is a fixed point of

Ti. Thus, lim
n→∞

d(xn, u) exists by Lemma 2.3.1. Suppose x ̸= u. Then by the uniqueness

of asymptotic centres, we have

lim sup
n→∞

d(un, u) < lim sup
n→∞

d(un, x)

≤ lim sup
n→∞

d(xn, x)

≤ lim sup
n→∞

d(xn, u)

= lim sup
n→∞

d(un, u).
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This is a contradiction. Thus x = u ,that is, x is the unique asymptotic centre of

every subsequence {un} of {xn}. This shows that {xn}, △−converges to a common

fixed point of Ti. The conclusion for {yn} and {zn} follows from (2.3.16) and (2.3.20),

respectively.

2.3.3 Application to Convex Minimization Problem

Definition 2.3.6. Let (X, d) be a CAT (0) space, E a convex subset of X and f : E →

(−∞,∞] a mapping.

(i) f is convex if for any γ : [a, b] → E, we have

f(γ(t)) ≤ tf(γ(a)) + (1− t)f(γ(b)) for all t ∈ [a, b].

(ii) f is lower semi-continuous at a point x ∈ E if f(x) ≤ lim inf
n→∞

f(xn) whenever

xn → x. Moreover, if f is lower semi-continuous at any point of E, we say f is

lower semi-continuous on E

Definition 2.3.7. Let X be an arbitrary set, Y a totally ordered set and f : X → Y a

function. The minimizers of f is the set

argminx∈Xf(x) = {x ∈ X|f(x) ≤ f(y) ∀y ∈ X}.

Definition 2.3.8 ([63]). Let (X, d) be a CAT (0) space and λ > 0, the Moreau-Yosida

resolvent of f : X → (−∞,∞] is defined by

Jλ(x) = argminy∈X

[
f(y) +

1

2λ
d2(y, x)

]
for all x ∈ X.

Lemma 2.3.9 ([63]). Let (X, d) be a complete CAT (0) space and f : X → (−∞,∞]

be proper convex and lower semi-continuous. For any λ > 0, the resolvent Jλ of f is a

nonexpansive mapping.

Lemma 2.3.10 ([11]). Let (X, d) be a CAT (0) space. For any λ > 0, the set of fixed

points of the resolvent associated with f , F (Jλ), equals the set argminx∈Xf(x).

We now approximate common minimizers of three proper convex and lower semi-

continuous mappings as follows.
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Theorem 2.3.11. Let (X, d) be a complete CAT (0) space. Let fi : X → (−∞,∞]

(i ∈ I) be proper convex and lower semi-continuous functions. Let Ti(i ∈ I) be resolvent

associated with fi, respectively. Suppose that Ω = ∩3
i=1argminfi(x) ̸= ∅. For a given

x1 ∈ C, let {xn}, {yn}, and {zn} be as defined in (2.3.2). If

(i) 0 < lim inf
n→∞

αn ≤ lim sup
n→∞

(αn + βn) < 1,

(ii) bn, an ∈ [a, b] where 0 < a ≤ b < 1,

then {xn}, {yn} and {zn}, △−converge to a common minimizer of fi.

Proof. By Lemmas 2.3.9 and 2.3.10, Ti are nonexpansive and F (Ti) = argminy∈Xf(y).

Thus Ω ̸= ∅. So, by Theorem 2.3.5, {xn}, {yn} and {zn}, △−converge to a common fixed

point of Ti. Since minimizer of fi coincides with F (Ti), the result follows.

As Hilbert spaces are CAT (0) spaces, so we have:

Corollary 2.3.12. Let H be a Hilbert space and fi, Ti(i ∈ I) be as above. For a given

x1 ∈ C, let {xn}, {yn} and {zn} be as defined in (2.3.2). If

(i) 0 < lim inf
n→∞

αn ≤ lim sup
n→∞

(αn + βn) < 1,

(ii) bn, an ∈ [a, b] where 0 < a ≤ b < 1,

then {xn}, {yn} and {zn}, △−converge to a common minimizer of fi.

2.3.4 Numerical Example

We illustrate approximation of a common minimizer of three proper convex semi-continous

mappings by means of the algorithm (2.3.2).

For this, we solve the following minimization problem in the Euclidean space X = R4.

Example 4. Find

min
x∈C

{
∥x∥1 +

1

2
∥x∥2 + (2, 2,−2, 1)Tx+ 6, ∥A1x∥22, ∥A2x− b2∥22

}
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where C = {x = (w1, w2, w3, w4) : −10 ≤ w1, w2, w3, w4 ≤ 10},

A1 =



1 2 −1 0

3 4 0 1

−1 3 4 2

2 3 1 1


, A2 =



−2 1 0 2

1 0 1 −2

1 3 −1 0

−5 2 0 4


b2 =



1

0

−5

3


and

∥x∥1 =
4∑

i=1

|wi|, ∥x∥2 =

√√√√ 4∑
i=1

w2
i .

For all x ∈ C, we define fi : C → (−∞,∞] , i ∈ I, by f1(x) = ∥x∥1 + 1
2
∥x∥2 +

(2, 2,−2, 1)x+ 6, f2(x) = ∥A1x∥22, f3(x) = ∥A2x− b2∥22.

It is easy to verify that f1, f2 and f3 are proper convex and lower semi-continous func-

tions. Using the ideas of proximity operator [27] and soft thresholding operator [56], the

resolvents of fi , respectively, can be computed as follows:

J1(x) = argminy∈X

[
f1(y) +

1

2
d2(y, x)

]
= prox ∥.∥2

2

(
x− (2, 2,−2, 1)T

2

)
=

(
max

{
|w1 − 2| − 1

2
, 0

}
sgn(w1 − 2),max

{
|w2 − 2| − 1

2
, 0

}
sgn(w2 − 2),

max

{
|w3 + 2| − 1

2
, 0

}
sgn(w3 + 2),max

{
|w4 − 1| − 1

2
, 0

}
sgn(w4 − 1)

)
,

J2(x) = argminy∈X

[
f2(y) +

1

2
d2(y, x)

]
= (I + AT

1A1)
−1x,

J3(x) = argminy∈X

[
f3(y) +

1

2
d2(y, x)

]
= (I + AT

2A2)
−1(x+ AT

2 b2).

Choose Tix = Ji(x), i = 1, 2, 3 and an = n
10n+1

= bn = cn, αn = βn = γn = 1
4

in Theorem

2.3.11. Now, the algorithm (2.3.2) becomes:

zn =
n

10n+ 1
T1xn +

9n+ 1

10n+ 1
xn

yn =
n

10n+ 1
T2zn +

n

10n+ 1
T1xn +

8n+ 1

10n+ 1
xn

xn+1 =
1

4
T3yn +

1

4
T1zn +

1

4
T1xn +

1

4
xn.

(2.3.22)

For the initial point x1 = (0, 0, 0, 0)T in this algorithm, we get the numerical results in
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Table 2.1 and Fig. 2.1.

Table 2.1: Numerical results for the algorithm (2.3.22)

n xn = (w
(n)
1 , w

(n)
2 , w

(n)
3 , w

(n)
4 )T ||xn − xn−1||2

1 (0, 0, 0, 0)
2 (-4.13223140e-03, -4.13223140e-03, 4.13223140e-03, 3.14418630e-18)) 0.6110108045
3 (-0.37401024, -0.38833395, 0.29749375, -0.01284134) 0.3927601385
4 (-0.60587885, -0.6273907, 0.50250756, -0.01104301) 0.2535988776
5 (-0.7517022, -0.77512559, 0.64609222, -0.00653723) 0.1647547863
... ... ...
26 (-0.999996873, -1.00012599, 0.999475999, 4.46560317× 10−5) 0.0001397104
... ... ...
46 ( -1.00000003, -1.00000029, 0.999998971, 9.33856363× 10−8) 2.76898627435× 10−7
47 ( -1.00000002, -1.00000021, 0.999999235, 6.94593460× 10−8) 2.0590057241× 10−7

48 ( -1.00000002, -1.00000016, 0.999999431, 5.16611441× 10−8) 1.53106623952× 10−7

49 (-1.00000001, -1.00000012, 0.999999577, 3.84222330× 10−8) 1.13849223161× 10−7

50 ( -1.00000001, -1.00000009, 0.999999685, 2.85751546× 10−8) 8.46575758251× 10−8

We note from Table 2.1 that {xn} converges to (−1,−1, 1, 0)T which is a common

minimizer of the three proper convex and semi-lower continuous mappings fi. Hence,

(−1,−1, 1, 0)T is a solution of our minimization problem. For the three proper convex and

semi-lower continuous mappings fi defined above, choose u = (1, 2,−1, 1)T , αn = 2n−1
30n

and the intial point x1 = (0, 0, 0, 0). Then, Halpern-type algorithm studied in [60] takes

the form:

zn = T1xn

yn = T2zn

xn+1 =
2n− 1

30n
u+

29n+ 1

30n
T3yn.

(2.3.23)

The corresponding numerical results of algorithm (2.3.23) are shown in Table 2.2.

From Table 2.2 and Fig 2.1, we note that the algorithm (2.3.22) approaches quickly to

the common minimizer (−1,−1, 1, 0)T than algorithm (2.3.23).

Remark 2.3.13.

1. Our results in this section generalize and provide analogue of the corresponding

known results in uniformly convex Banach space([116], [47]) and uniformly convex

hyperbolic space([38], [70]).
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Table 2.2: Numerical results for the algorithm (2.3.23)

n xn = (w
(n)
1 , w

(n)
2 , w

(n)
3 , w

(n)
4 )T ||xn − xn−1||2

1 (0, 0, 0, 0)
2 (-0.90465845, -0.89855279, 0.75361047, 0.0032449) 1.4811290652
3 (-0.96438928, -0.95911053, 0.91342019, 0.00946986) 0.1811433365
4 (-0.97689728, -0.96971717, 0.95889315, 0.00856403) 0.0483483274
5 (-0.98265731, -0.97588115, 0.97479045, 0.00713104) 0.0180540995
... ... ...
26 (-0.99723692, -0.99598772, 0.99667877, 0.00123305) 0.0002518265
... ... ...
46 (-0.998499255, -0.997818935, 0.998203695, 6.71404388× 10−4) 7.27680342981× 10−5

47 ( -0.998531208, -0.997865330, 0.998242123, 6.57149706× 10−4) 6.9666376265× 10−5

48 ( -0.998561829, -0.997909792, 0.998278941, 6.4348768210× 10−4) 6.67588975247× 10−5

49 ( -0.998591200,-0.997952440, 0.9.98314248, 6.30382110e10× 10−4) 6.40297197854x10× 10−5

50 ( -0.9.98619394, -0.997993382, 0.9.98348135, 6.17799674× 10−4) 6.14645553081× 10−5

Figure 2.1: Comparison of the convergence of various algorithms

2. By means of a numerical example, we showed that our algorithm (2.3.22) converges

quicker to a common minimizer than algorithm (2.3.23) known in literature.
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Chapter 3

Halpern’s Type Algorithm for

α-nonexpansive Semigroup

3.1 Introduction

We start with the definition of α-nonexpansive semigroup.

Definition 3.1.1. A one-parameter α-nonexpansive semigroup is a family T = {T (t) :

t ∈ R+} of mappings on a closed and convex subset C of a metric space X satisfying :

(i) T (0)x = x for all x ∈ C.

(ii) T(t+s) = T(t)T(s) for all s, t ≥ 0.

(iii) for each t > 0, T(t) is α-nonexpansive i.e. for some 0 ≤ α < 1 and x, y ∈ C,

d2(T (t)x, T (t)y) ≤ αd2(T (t)x, y) + αd2(T (t)y, x) + (1− 2α)d2(x, y).

Finding common fixed point for classical nonexpansive semigroup has been extensively

studied by several authors in different spaces under different conditions. Xu [121] studied

the following implicit iterations for the nonexpansive semigroup in a Hilbert space:

xn = αnu+ (1− αn)σtn(xn)
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for each n ≥ 1, where σt(x) is the average given by

σt(x) =
1

t

∫ t

0

T (s)xds for any t > 0.

Later, Benavides et al. [13] and Aleyner and Censor [6] studied strong convergence of the

Halpern’s iterations

xn+1 = αnu+ (1− αn)T (tn)xn

under the assumption that the semigroup T satisfies uniform asymptotic regularity con-

dition. Over the years, many researchers have extended the classical semigroup of non-

expansive mappings for a wider class of nonlinear mappings and spaces using various

iterative schemes. For example, Cho and Kang [25] studied pseudo-contraction semi-

groups in Banach spaces; Cho et al. [24] studied nonexpansive semigroup in CAT (0)

space and Zegeye et al. [123] studied asymptotically nonexpansive semigroup in Banach

spaces.

Inspired by work of Naraghirad [93] and Song et al. [113], we consider Halpern’s type

iterations for an α-nonexpansive semigroup T and establish strong convergence of this

iteration in Banach spaces as well as CAT (0) spaces. Throughout this chapter, we denote

the set of fixed point of T (t), t ≥ 0 by F (T (t)) and set F = ∩t≥0F (T (t)).

3.2 Preliminaries in Banach and CAT (0) spaces

The following definitions and lemmas would be instrumental for the development of our

results.

Definition 3.2.1. Let X be a real Banach space X with C,D ⊂ X and D ⊂ C. A

mapping QD : C → D is said to be :

(a) sunny if QD(QDx+ t(x−QDx)) = QDx for each x ∈ X and t ≥ 0.

(b) a retraction if QDx = x for each x ∈ C.

If X = H(real Hilbert space), then QD = PD, the metric projection of C onto D.
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Lemma 3.2.2 ([103]). Let X be real Banach space with normalized duality mapping

J . Let C,D ⊂ X with D ⊂ C and QD : C → D as retraction. Then QD is sunny

nonexpansive if and only if

⟨z −QD(z), J(w −QD(z))⟩ ≤ 0

for all z ∈ C and w ∈ D.

Lemma 3.2.3 ([103]). Let J be the normalized duality mapping of a real Banach space

X. Then,

∥z + w∥2 ≤ ∥z∥2 + 2⟨w, J(z + w)⟩

for all z, w ∈ X.

Lemma 3.2.4 ([92]). Let C be a nonempty subset of a uniformly convex Banach space

X with the Opial conditon. Let T : C → C be an α-nonexpansive mapping for some

0 ≤ α < 1.

(i) If F (T ) ̸= ∅. then T is quasi-nonexpansive and F (T ) is closed and convex.

(ii) If {xn} converges weakly to y and lim
n→∞

∥xn − Txn∥ = 0, then Ty = y.

Definition 3.2.5. A one parameter semigroup T = {T (t) : t ≥ 0} is said to be uniformly

asymptotically regular (u.a.r.) if for any s > 0 and any bounded subset K of C, we have

lim
t→∞

sup
x∈K

d(T (s)T (t)x, T (t)x) = 0.

Here are examples of uniformly asymptotically regular semigroups.

Example 5 ([13]). Let H be a Hilbert space and C a nonempty bounded, closed and

convex subset of H. If T : C → C is a contraction, then T = {T n : n ∈ N} is a u.a.r.

contraction semigroup.

Example 6 ( [5]). Let X = l2(N) be Hilbert space consisting of all functions x from N into

R satisfying
∑
k∈N

|x(k)|2 <∞ with inner product ⟨x, y⟩ =
∑
k∈N

x(k)y(k). Define a bounded,

closed and convex subset C of X by

C = {x ∈ X : 0 ≤ x(k) ≤ pk}
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where pk = 2
−k
2 . Then {T (t) : t ≥ 0} defined by

(T (t)x)(k) = max
{
x(k)− tp2k, 0

}
is a u.a.r. nonexpansive semigroup.

The concept of uniform asymptotic regularity extends to a sequence of mappings as

follows:

Definition 3.2.6. A family {Tn} of self-mappings on a nonempty set C is said to be

uniformly asymptotically regular (u.a.r.) if, for each positive integer m and any bounded

subset K ⊂ C, we have

lim
n→∞

sup
x∈K

d(Tm(Tnx), Tnx) = 0

Lemma 3.2.7 ([122]). If {an} is a sequence of nonnegative real numbers such that

an+1 ≤ (1− bn)an + bncn ∀n ≥ 1

where 0 ≤ bn ≤ 1 and cn ∈ R satisfy the following conditions:

1.
∞∑
n=1

bn = ∞ 2. lim sup
n→∞

cn ≤ 0 or
∞∑
n=1

|bncn| <∞,

then lim
n→∞

an = 0.

Lemma 3.2.8 ([86]). Let {an} be a real sequence that has a subsequence {ank
} which

satisfies ank
< ank+1 for all k. Then there exists an increasing sequence of integers

{mk} ⊂ N such that

1. lim
k→∞

mk = ∞ 2. amk
≤ amk+1 3. ak ≤ amk+1

for all (sufficiently large) numbers k ∈ N.

Lemma 3.2.9 ([64]). Let X be a complete CAT (0) space, {xn} a sequence in X and

x ∈ X. Then {xn} △-converges to x if and only if lim supn→∞⟨xxn, xy⟩ ≤ 0 for all

y ∈ X.

Lemma 3.2.10 ([102]). Let X be a complete CAT (0) space, {xn} a sequence in X and

x ∈ X. Suppose there exists a nonempty subset K of X satisfying :
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(i) For every z ∈ K, lim
n→∞

d(xn, z) exists

(ii) If a subsequence {xnk
} of {xn} is △-convergent to x ∈ X, then x ∈ K.

Then {xn} △-converges to x ∈ K.

Lemma 3.2.11 ([18], [32]). For any x, y, z, w in a CAT (0) space X and t ∈ [0, 1] with

ut = tz ⊕ (1− t)w, we have the following:

(i) ⟨−→utx,−→uty⟩ ≤ t⟨−→zx,−→uty⟩+ (1− t)⟨−→wx,−→uty⟩.

(ii) ⟨−→utx,−→zy⟩ ≤ t⟨−→zx,−→zy⟩+ (1− t)⟨−→wx,−→zy⟩.

(iii) ⟨−→utx,−→wy⟩ ≤ t⟨−→zx,−→wy⟩+ (1− t)⟨−→wx,−→wy⟩.

Lemma 3.2.12 ([30]). Let X be a CAT (0) space and x, y, z,∈ X. Then for each λ ∈

[0, 1], we have

d2(λx⊕ (1− λ)y, z) ≤ λ2d2(x, z) + (1− λ)2d2(y, z) + 2λ(1− λ)⟨−→xz,−→yz⟩.

Lemma 3.2.13 ([92]). Let E be a nonempty subset of a CAT (0) space X. Let K : E → X

be an α-nonexpansive mapping for some 0 ≤ α < 1.

(i) If F (K) ̸= ∅, then K is quasi-nonexpansive. Moreover, F (K) is closed and convex.

(ii) If {xn} is a sequence in E such that lim
n→∞

d(xn, Kxn) = 0 and △− lim
n→∞

xn = z for

some z ∈ X, then z ∈ E and Kz = z.

3.3 Convergence Results in Banach space

Throughout this section, X is considered to be a real uniformly convex Banach space

which admits weakly sequentially continuous duality mapping J .

Theorem 3.3.1. Let C a nonempty closed and convex subset of X. Let T = {T (t) : t ≥

0} be the u.a.r. semigroup of α-nonexpansive mappings from C into itself with F ̸= ∅.

50



Let {xn} be the sequence defined byu ∈ C, x1 ∈ C (chosen arbitrarily)

xn+1 = αnu+ (1− αn)[λnxn + (1− λn)T (tn)xn].
(3.3.1)

Let {αn}, {λn} be sequences in [0, 1] and tn > 0 satisfy the following assumptions:

(i) lim
n→∞

αn = 0

(ii)
∞∑
n=1

αn = ∞

(iii) 0 < lim inf
n→∞

λn ≤ lim sup
n→∞

λn < 1

(iv) lim
n→∞

tn = ∞.

Then, the sequence {xn} defined in (3.3.1) converges to QFu, where QF is a sunny non-

expansive retraction from X onto F .

Proof. By Lemma 3.2.4(i), it follows that T (tn) is a quasi nonexpansive mappping and

the sunny nonexpansive retraction from X onto F is well defined. Define z = QFu.

Step 1: {xn} and {T (tn)xn} are bounded.

Let yn = λnxn+(1−λn)T (tn)xn. Then xn+1 = αnu+(1−αn)yn. Let p ∈ F . By Lemma

1.3.1, there exists a continuous strictly increasing convex function g : [0,∞) → [0,∞)

with g(0) = 0 such that

∥yn − p∥2 = ∥λn(xn − p) + (1− λn)(T (tn)xn − p)∥2

≤ λn∥xn − p∥2 + (1− λn)∥T (tn)xn − p∥2

− λn(1− λn)g(∥xn − T (tn)xn∥)

≤ λn∥xn − p∥2 + (1− λn)∥xn − p∥2

− λn(1− λn)g(∥xn − T (tn)xn∥)

= ∥xn − p∥2 − λn(1− λn)g(∥xn − T (tn)xn∥).

Hence,

∥yn − p∥2 ≤ ∥xn − p∥2 − λn(1− λn)g(∥xn − T (tn)xn∥) (3.3.2)
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and

∥yn − p∥ ≤ ∥xn − p∥. (3.3.3)

Now, (3.3.3) implies that

∥xn+1 − p∥ = ∥αnu+ (1− αn)yn − p∥

= ∥αn(u− p) + (1− αn)(yn − p)∥

≤ αn∥u− p∥+ (1− αn)∥yn − p∥

≤ αn∥u− p∥+ (1− αn)∥xn − p∥.

By induction, we have

∥xn+1 − p∥ ≤ max{∥u− p∥, ∥x1 − p∥}

for all n ∈ N. Thus {xn} is bounded. Since ∥T (tn)xn − p∥ ≤ ∥xn − p∥, we also have that

{T (tn)xn} is bounded.

Step 2: For any n ∈ N, we prove that

∥xn+1 − z∥2 ≤ (1− αn)∥xn − z∥2 + 2αn⟨u− z, J(xn+1 − z)⟩. (3.3.4)

By (3.3.1), we have

∥xn+1 − z∥2 = ∥αnu+ (1− αn)yn − z∥2

≤ αn∥u− z∥2 + (1− αn)∥yn − z∥2.

Using (3.3.2), we get

∥xn+1 − z∥2 ≤ αn∥u− z∥2

+ (1− αn)[∥xn − p∥2 − λn(1− λn)g(∥xn − T (tn)xn∥)].
(3.3.5)

Setting M = sup{∥u− z∥2 − ∥xn − z∥2 + λn(1− λn)g(∥xn − T (tn)xn∥)}, we have that

λn(1− λn)g(∥xn − T (tn)xn∥) ≤ ∥xn − z∥2 − ∥xn+1 − z∥2 + αnM . (3.3.6)
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By Lemma 3.2.3 and (3.3.1), we can deduce that

∥xn+1 − z∥2 = ∥αnu+ (1− αn)yn − z∥2

≤ ∥αnu+ (1− αn)yn − z − αn(u− z)∥2

+ 2⟨αn(u− z), J(xn+1 − z)⟩

= (1− αn)∥yn − z∥2 + 2αn⟨u− z, J(xn+1 − z)⟩

≤ (1− αn)∥xn − z∥2 + 2αn⟨u− z, J(xn+1 − z)⟩.

Step 3: If lim
n→∞

∥xn − T (tn)xn∥ = 0, then lim
n→∞

∥xn − T (s)xn∥ = 0 for any s > 0.

By (3.3.1), we have that

yn − xn = (1− λn)(xn − T (tn)xn) and xn+1 − yn = αn(u− yn).

With the aid of the assumption lim
n→∞

∥xn−T (tn)xn∥ = 0 and condition (i), we can deduce

that as n→ ∞,

∥yn − xn∥ → 0 and ∥xn+1 − yn∥ → 0. (3.3.7)

Since ∥xn+1 − xn∥ ≤ ∥xn+1 − yn∥+ ∥yn − xn∥, we have that

lim
n→∞

∥xn+1 − xn∥ = 0. (3.3.8)

Using T is u.a.r. and condition (iv), it follows that for any s > 0

lim
n→∞

∥T (s)T (tn)xn − T (tn)xn∥ ≤ lim
n→∞

sup
x∈K

∥T (s)T (tn)x− T (tn)x∥ = 0 (3.3.9)

where K is any bounded subset of C containing {xn} and {T (tn)xn}.

For any s > 0, let x = T (tn)xn, y = xn and T = T (s) in Lemma 1.5.4 . Then, we have

∥T (tn)xn − T (s)xn∥2 ≤ 1 + α

1− α
∥T (tn)xn − T (s)T (tn)xn∥2 + ∥T (tn)xn − xn∥2

+
2α

1− α
∥T (tn)xn − xn∥∥T (tn)xn − T (s)T (tn)xn∥

+
2

1− α
∥T (s)xn − T (s)T (tn)xn∥∥T (tn)xn − T (s)T (tn)xn∥

≤ 1 + α

1− α
∥T (tn)xn − T (s)T (tn)xn∥2 + ∥T (tn)xn − xn∥2

+
2

1− α
V ∥T (tn)xn − T (s)T (tn)xn∥

where V = sup{α∥T (tn)xn − xn∥+ ∥T (s)T (tn)xn − T (s)T (tn)xn∥ .
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Using the assumption lim
n→∞

∥xn − T (tn)xn∥ = 0 of Step 3 above and (3.3.9), we have

lim
n→∞

∥T (tn)xn − T (s)xn∥ = 0. (3.3.10)

Also,

∥xn+1 − T (s)xn∥2 = ∥αnu+ (1− αn)yn − T (s)xn∥2

= ∥αnu+ (1− αn)[λnxn + (1− λn)T (tn)xn]− T (s)xn∥2

= ∥αn(u− T (tn)xn) + (1− αn)λn(xn − T (tn)xn)

+T (tn)xn − T (s)xn∥2

≤ 2αn∥u− T (tn)xn∥+ 4(1− αn)λn∥xn − T (tn)xn∥2

+ 4∥T (tn)xn − T (s)xn∥2.

By lim
n→∞

∥xn − T (tn)xn∥ = 0, condition (i) and (3.3.10), we get

lim
n→∞

∥xn+1 − T (s)xn∥ = 0. (3.3.11)

Hence for any s > 0,

∥xn+1 − T (s)xn∥ = ∥xn − xn+1 + xn+1 − T (s)xn∥

≤ ∥xn − xn+1∥+ ∥xn+1 − T (s)xn∥ .

From (3.3.8) and (3.3.11), we conclude that

lim
n→∞

∥xn − T (s)xn∥ = 0. (3.3.12)

Step 4: We prove that xn → z as n→ ∞.

Case 1: Suppose that there exists n0 ∈ N such that {∥xn − z∥}∞n=no
is nonincreasing.

Then lim
n→∞

∥xn − z∥ exists. Using conditions (i),(iii) and (3.3.6), we deduce that

lim
n→∞

g(∥xn − T (tn)xn∥) = 0.

By the properties of g, we have that

lim
n→∞

∥xn − T (tn)xn∥ = 0. (3.3.13)

Thus by Step 3, (3.3.12) holds. Since {xn} is bounded, there exists a subsequence {xnk
}

of {xn} such that {xnk+1}converges weakly to y. It follows from (3.3.12) and Lemma
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3.2.4 that y ∈ F . We have that

lim sup
n→∞

⟨u− z, J(xn+1 − z)⟩ = lim
k→∞

⟨u− z, J(xnk+1 − z)⟩

= ⟨u− z, J(y − z)⟩ .

Using Lemma 3.2.2, we conclude that

lim sup
n→∞

⟨u− z, J(xn+1 − z)⟩ ≤ 0. (3.3.14)

Let an = ∥xn+1 − z∥2, bn = αn and cn = ⟨u− z, J(xn+1 − z)⟩ in (3.3.4). Then, we deduce

by conditions (i), (ii) and Lemma 3.2.7 that xn → z.

Case 2: Suppose {∥xn−z∥}∞n=no
is not nonincreasing, i.e. that there exists a subsequence

{nk} of {n} such that

∥xnk
− z∥ < ∥xnk+1 − z∥ ∀k ∈ N.

Then by Lemma 3.2.8, there exists an increasing sequence of integers {mk} ⊂ N such

that

1. lim
k→∞

mk = ∞ 2. ∥xmk
− z∥ ≤ ∥xmk+1 − z∥ 3. ∥xk − z∥ ≤ ∥xmk+1 − z∥

for all (sufficiently large) numbers k ∈ N. This, together with (3.3.6) implies that

λmk
(1− λmk

)g(∥xmk
− T (tmk

)xmk
∥) ≤ ∥xmk

− z∥2 − ∥xmk+1 − z∥2

+ αmk
M

≤ αmk
M.

Conditions (i),(iii) and properties of g imply

lim
k→∞

∥xmk
− T (tmk

)xmk
∥ = 0.

As shown before, we have

lim sup
k→∞

⟨u− z, J(xmk+1 − z)⟩ ≤ 0 . (3.3.15)

From (3.3.4), we obtain

∥xmk+1 − z∥2 ≤ (1− αmk
)∥xmk

− z∥2 + 2αmk
⟨x− z, J(xmk+1 − z)⟩. (3.3.16)
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This together with ∥xmk
− z∥ ≤ ∥xmk+1 − z∥ implies that

αmk
∥xmk

− z∥2 ≤ 2αmk
⟨x− z, J(xmk+1 − z)⟩

and thus,

∥xmk
− z∥2 ≤ 2⟨x− z, J(xmk+1 − z)⟩ .

It follows from (3.3.15) that

lim
k→∞

∥xmk
− z∥ = 0.

Consequently, (3.3.16) ensures that

lim
k→∞

∥xmk+1 − z∥ = 0 .

Recalling that for sufficiently large k ∈ N,

∥xk − z∥ ≤ ∥xmk+1 − z∥,

and so we conclude that lim
k→∞

∥xk − z∥ = 0. Hence, xn → z as n→ ∞.

Corollary 3.3.2. Let C a nonempty closed and convex subset of X. Let T = {T (t) : t ≥

0} be the u.a.r. semigroup of α-nonexpansive mappings from C into itself with F ̸= ∅.

Let {xn} be the sequence defined byu ∈ C, x1 ∈ C (chosen arbitrarily)

xn+1 = αnu+ (1− αn)Sλ(tn)xn.
(3.3.17)

where Sλx = λx+(1−λ)T (t)x for any λ ∈ (0, 1) and t > 0. Let {αn} in [0, 1] and tn > 0

satisfy the following assumptions:

(i) lim
n→∞

αn = 0

(ii)
∞∑
n=1

αn = ∞

(iii) lim
n→∞

tn = ∞.

Then, the sequence {xn} defined in (3.3.17) converges to QFu, where QF is a sunny

nonexpansive retraction from X onto F .

Proof. Put λn = λ for all n in Theorem 3.3.1.
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Corollary 3.3.3. Let C a nonempty closed and convex subset of X. Let T = {T (t) : t ≥

0} be the u.a.r. semigroup of any of the following self-mappings on C :

1. Mean nonexpansive mappings.

2. Nonspreading mappings.

3. Hybird mappings.

Suppose that F ̸= ∅. Let {xn} be the sequence defined byu ∈ C, x1 ∈ C (chosen arbitrarily)

xn+1 = αnu+ (1− αn)[λnxn + (1− λn)T (tn)xn].
(3.3.18)

Let {αn}, {λn} in [0, 1] and tn > 0 satisfy :

(i) lim
n→∞

αn = 0

(ii)
∞∑
n=1

αn = ∞

(iii) 0 < lim inf
n→∞

λn ≤ lim sup
n→∞

λn < 1

(iv) lim
n→∞

tn = ∞.

Then, the sequence {xn} defined in (3.3.18) converges to QFu, where QF is a sunny

nonexpansive retraction from X onto F .

Proof. (1). Put α = b
2

in Theorem 3.3.1 .

(2). Put α = 1
2

in Theorem 3.3.1 .

(3). Put α = 1
3

in Theorem 3.3.1 .

Replacing the terms T (tn) and T (s) of Theorem 3.3.1 with the terms Tn and Tm,

respectively, we have the following result which improves and extends ([113], Theorem

3.4) and ([96], Theorem 4.1).

Theorem 3.3.4. Let C a nonempty closed and convex subset of X. Let {Tn} be the

sequence of u.a.r. α-nonexpansive mappings from C into itself with F ̸= ∅. Let {xn} be
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the sequence defined byu ∈ C, x1 ∈ C (chosen arbitrarily)

xn+1 = αnu+ (1− αn)[λnxn + (1− λn)Tnxn].
(3.3.19)

Let {αn}, {λn} be sequences in [0, 1] and

1. lim
n→∞

αn = 0, 2.
∞∑
n=1

αn = ∞, 3. 0 < lim inf
n→∞

λn ≤ lim sup
n→∞

λn < 1 .

Then, the sequence {xn} defined in (3.3.19) converges to QFu, where QF is a sunny

nonexpansive retraction from X onto F .

3.4 Convergence Results in CAT (0) space

Theorem 3.4.1. Let X be a complete CAT (0) space and C a nonempty closed and

convex subset of X. Let T = {T (t) : t ≥ 0} be the u.a.r semigroup of α-nonexpansive

mappings from C into itself with F ̸= ∅. Let {xn} be the sequence defined byu ∈ C, x1 ∈ C (chosen arbitrary)

xn+1 = αnu⊕ (1− αn)[λnxn ⊕ (1− λn)T (tn)xn].
(3.4.1)

Let {αn}, {λn} in [0, 1] and tn > 0 satisfy the following conditions :

(i) lim
n→∞

αn = 0

(ii)
∞∑
n=1

αn = ∞

(iii) 0 < lim inf
n→∞

λn ≤ lim sup
n→∞

λn < 1

(iv) lim
n→∞

tn = ∞.

Then, the sequence {xn} defined in (3.4.1) converges to x = PFu, where PF is the metric

projection of X onto F .

Proof. Let z ∈ F and yn = λnxn ⊕ (1− λn)T (tn)xn.

Step 1: {xn} and {T (tn)xn} are bounded.
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By (CN) inequality and Lemma 3.2.13(i), we obtain

d2(yn, z) ≤ λnd
2(xn, z) + (1− λn)d

2(T (tn)xn, z)

− λn(1− λn)d
2(xn, T (tn)xn)

≤ λnd
2(xn, z) + (1− λn)d

2(xn, z)− λn(1− λn)d
2(x, T (tn)xn)

= d2(xn, z)− λn(1− λn)d
2(x, T (tn)xn)

≤ d2(xn, z).

By replacing ∥.− .∥ with d(., .) in Step 1 of the proof of Theorem 3.3.1, we have

d(xn+1, z) ≤ max{d(u, z), d(x1, z)}.

Hence, {xn} and {T (tn)xn} are bounded.

Step 2: If lim
n→∞

d(xn, T (tn)xn) = 0, then lim
n→∞

d(xn, T (s)xn) = 0 for any s > 0.

By replacing ∥.−.∥ with d(., .) in Step 3 of the proof of Theorem 3.3.1 and using properties

of d in a CAT (0) space, it is easy to verify that

lim
n→∞

d(xn, yn) = 0 and lim
n→∞

d(xn, xn+1) = 0. (3.4.2)

Moreover, using arguments similar to those in Step 3 of the proof of Theorem 3.3.1 and

replacing ∥.− .∥ with d(., .), we get

lim
n→∞

d(T (tn)xn, T (s)xn) = 0 and lim
n→∞

d(T (s)T (tn)xn, T (tn)xn) = 0. (3.4.3)

Now,

d(yn, T (s)xn) ≤ d(yn, T (tn)xn) + d(T (tn)xn, T (s)xn)

= λnd(xn, T (tn)xn) + d(T (tn)xn, T (s)xn).

Taking limit as n→ ∞, we have

lim
n→∞

d(yn, T (s)xn) = 0. (3.4.4)
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By (CN) inequality, we have

d2(xn+1, T (s)xn) = d2(αnu⊕ (1− αn)yn, T (s)xn)

≤ αnd
2(u, T (s)xn) + (1− αn)d

2(yn, T (s)xn)

− αn(1− αn)d
2(u, yn)

≤ αnd
2(u, T (s)xn) + (1− αn)d

2(yn, T (s)xn).

By condition (i) and (3.4.4), it follows that

lim
n→∞

d(xn+1, T (s)xn) = 0. (3.4.5)

Hence, for any s > 0,

d(xn, T (s)xn) ≤ d(xn, xn+1) + d(xn+1, T (s)xn)

and

lim
n→∞

d(xn, T (s)xn) = 0. (3.4.6)

Step 3: xn → x ∈ F as n→ ∞ .

Case 1: Suppose that there exists n0 ∈ N such that {d(xn, z)}∞n=no
is nonincreasing.

Then lim
n→∞

d(xn, z) exists. With the aid of Lemma 1.3.2 and reasoning as in Step 2 of the

proof of Theorem 3.3.1, we can show that

λn(1− λn)d
2(xn, T (tn)xn) ≤ d2(xn − z)− d2(xn+1, z) + αnM.

Since lim
n→∞

d(xn, z) exists, it follows from conditions (i) and (iii) that

lim
n→∞

d(xn, T (tn)xn) = 0. (3.4.7)

Consequently, we deduce from Step 2 above that

lim
n→∞

d(xn, T (s)xn) = 0 and lim
n→∞

d(xn, yn) = 0. (3.4.8)

Since {xn} is bounded, it follows by Lemma 1.4.4 that there exists a subsequence {xnk
} of

{xn} that △-converges to x ∈ X. Using (3.4.6) and Lemma 3.2.13, we have that x ∈ F .

Now, Lemma 3.2.10 ensures that {xn} △-converges to x ∈ F .

Exploiting properties of quasilinearization in (1.3.1), Cauchy-Schwartz inequality and
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Lemma 3.2.12, we have

d2(xn+1, x) = d2(αnu⊕ (1− αn)yn, x)

≤ α2
nd

2(u, x) + (1− αn)
2d2(yn, x) + 2(αn(1− αn)⟨

−→
ux,

−→
ynx⟩

≤ α2
nd

2(u, x) + (1− αn)
2d2(xn, x)

+ 2αn(1− αn)[⟨
−→
ux,−−→ynxn⟩+ ⟨−→ux,−−→xnx⟩]

≤ (1− αn)d
2(xn, x)

+ αn

[
αnd

2(u, x) + 2(1− αn)[d(u, x)d(yn, xn) + ⟨−→ux,−−→xnx⟩]
]
.

Since {xn} △-converges to x, it follows by Lemma 3.2.9 that lim sup
n→∞

⟨ux, xnx⟩ ≤ 0. This

inequality, (3.4.8) and condition(i) imply

lim sup
n→∞

[
αnd

2(u, x) + 2(1− αn)[d(u, x)d(yn, xn) + ⟨−→ux,−−→xnx⟩]
]
= 0.

By Lemma 3.2.7, we have that lim
n→∞

d(xn, x) = 0 . Hence xn → x ∈ F as n→ ∞.

Case 2: Suppose {d(xn, z)}∞n=no
is not nonincreasing. So, there exists a subsequence

{nk} of {n} such that

d(xnk
, z) < d(xnk+1, z) ∀k ∈ N.

Then by Lemma 3.2.8, there exists an increasing sequence of integers {mk} ⊂ N such

that

1. lim
k→∞

mk = ∞ 2. d(xmk
, z) ≤ d(xmk+1, z) 3. d(xk, z) ≤ d(xmk+1, z)

for all (sufficiently large) numbers k ∈ N. As shown before, we have

λmk
(1− λmk

)d2(xmk
, T (tmk

)xmk
) ≤ d2(xmk

, z)− d2(xmk+1, z) + αnM.

This inequality, condition (i) and d(xmk
, z) ≤ d(xmk+1, z) imply

lim
k→∞

d(xmk
, T (tmk

)xmk
) = 0.

Moreover, we have from Step 2 that for any s > 0,

lim
k→∞

d(xmk
, ymk

) = 0 and lim
k→∞

d(xmk
, T (s)xmk

) = 0.
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As in Case 1 above, {xmk
} △-converges to x ∈ F and

d2(xmk+1, x) ≤ (1− αmk
)d2(xmk

, x)

+ αmk

[
αmk

d2(u, x) + 2(1− αmk
)[d(u, x)d(ymk

, xmk
) + ⟨−→ux,−−−→xmk

x⟩]
]
.

Since d(xmk
, z) ≤ d(xmk+1, z), we have that

d2(xmk
, x) ≤ αmk

d2(u, x) + 2(1− αmk
)[d(u, x)d(ymk

, xmk
) + ⟨−→ux,−−−→xmk

x⟩.

Condition (i) and the fact that lim sup
n→∞

⟨ux, xmk
x⟩ ≤ 0 imply that lim

k→∞
d(xmk

, x) = 0 and

consequently, lim
k→∞

d(xmk+1, x) = 0. Finally,

d(xk, x) ≤ d(xmk+1, x) implies that lim
k→∞

d(xk, x) = 0.

Hence the desired result follows.

Step 4: Now we show that x ∈ F is the nearest common fixed point of T to u i.e.

x = PFu.

For any z ∈ F , it follows from (1.3.1) that

d2(xn, z) = d2(αnu⊕ (1− αn)yn, z)

≤ αnd
2(u, z) + (1− αn)d

2(yn, z)− αn(1− αn)d
2(u, yn)

≤ d2(u, z) + d2(xn, z)− αn(1− αn)d
2(u, yn).

(3.4.9)

Since d(yn, x) ≤ d(xn, x), we have that yn → x as n → ∞. Taking limit as n → ∞ in

(3.4.9), we have

d2(x, z) ≤ d2(u, z) + d2(xn, z)− αn(1− αn)d
2(u, yn) .

This implies d(u, x) ≤ d(u, z) ∀z ∈ F . Hence x = PFu.

Remark 3.4.2.

1. An analogue of Theorem 3.3.1 for a sequence of u.a.r. α-nonexpansive mappings

on a CAT (0) space can be easily established on the lines of its proof.

2. Theorem 3.3.1 and Corollaries 3.3.2 - 3.3.3 extend and improve Theorem 3.3 of

Song et al. [113], Theorem 3.2 of Benavides et al. [13] and Theorem 20 of Aleyner

and Censor [6]
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Chapter 4

Common Endpoints of Multivalued

Mappings in Hyperbolic Space

In this chapter, we introduce a new modified iteration process for approximating common

endpoint of a multivalued α-nonexpansive mapping and a multivalued mapping satisfying

condition (E ′) in uniformly convex hyperbolic spaces. As a by-product, we improve the

main results of Panyanak [100] with a new and faster algorithm for two multivalued

mappings. Moreover, we give a numerical example to substantiate our results. Our work

is new and holds simultaneously in uniformly convex Banach spaces as well as CAT (0)

spaces.

4.1 Introduction and Preliminaries

Let U be a nonempty subset of metric space (X, d). Recently, Pant and Shukla [98]

introduced a mapping R : U → U as generalized α-nonexpansive mapping if for 0 ≤ α < 1

and any m,w ∈ U , 1
2
d(m,Rw) ≤ d(m,w) implies

d(Rm,Rw) ≤ αd(Rm,w) + αd(Rm,w) + (1− 2α)d(m,w).

They showed by means of an illustrative example that it is independent of α-nonexpansive

mapping.

Extending valid single-valued fixed point results to the multivalued case is natural
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in view of many useful applications of the latter mappings in applied sciences.( See [83],

[75]).

In what follows, the notations K(U) and CB(U) will stand for the family of compact

and closed and bounded subsets of U , respectively.

We shall employ the following terminology in the sequel:

The distance fromm ∈ X to U = d(m,U) := inf{d(m,w) : w ∈ U},

The radius of U relative to m = η(m,U) := sup{d(m,w) : w ∈ U},

Diameter of U = Diam(U) := sup{d(m,w) : m,w ∈ U},

TheHausdorff metric H on CB(X); H(U,Q) := max{sup
m∈U

d(m,Q), sup
q∈Q

d(q, U)}.

Definition 4.1.1. For a multivalued mapping G : X → 2X , we say m ∈ X is (i) a fixed

point of G if m ∈ Gm. (ii) an endpoint of G if Gm = {m}.

Endpoint is also referred to as stationary point [61] or strict fixed point [72]. Moreover,

by End(G), we mean the set of endpoints.

Definition 4.1.2 ([99]). A multivalued G : U → CB(U) is said to have an approximate

endpoint property if inf
w∈U

η(w,Gw) = 0. Equivalently, G has an approximate endpoint

property if it has an approximate endpoint sequence {wn} (i.e. lim
n→∞

η(wn, Gwn) = 0).

Remark 4.1.3. Note that End(G) ⊆ F (G). Moroever, the existence of fixed point of G

does not imply the existence of its endpoint(See [99]). For a single-valued mapping, these

two notions coincide.

A multivalued mapping R : X → 2X is:

(1) nonexpansive if

H(Rm,Rw) ≤ d(m,w) ∀ m,w ∈ X.

(2) quasi-nonexpansive if F (R) ̸= ∅ and

H(Rm,Rw) ≤ d(m,w) ∀ w ∈ F (R), m ∈ X.
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Motivated by the work of Garcia-Falset et al. [44], several authors have studied multi-

valued mappings satisfying condition (E)( See [76], [4]).

Definition 4.1.4 ([4]). We say a multivalued mapping G : U → CB(U) satisfies condi-

tion (E) if for some µ ≥ 1, we have

d(m,Gw) ≤ µd(m,Gm) + d(m,w) for all m,w ∈ U.

Contrary to Proposition 4 in [76], a multivalued mapping satisfying condition (E)

need not be quasi-nonexpansive.

Example 7. Let U = [−1, 1] with the usual metric. Define G : U → CB(U) by

Gw =

[−w, 1] , w ∈ [−1, 0)

[−1, 1− w] , w ∈ [0, 1]
.

We note that F (G) = [0, 1
2
] and G satisfies condition (E). However, for m = −1 and

w = 0, we get H(Gm,G0) = 2 and d(m,w) = 1. Therefore, G can not be quasi-

nonexpansive.

Inspired by the contributions in [3], we consider a rich subclass of mappings satisfying

condition (E).

Definition 4.1.5. If for some µ ≥ 1, G : U → CB(U) satisfies

H(Gm,Gw) ≤ µd(m,Gm) + d(m,w) for all m,w ∈ U,

then, we say G satisfy condition (E ′).

Example 8 ( [59], [108]). A multivalued generalized α-nonexpansive mapping G : U →

CB(U) satisfies condition (E ′). In fact, for any m,w ∈ U , we have

H(Gm,Gw) ≤ 2
1 + α

1− α
d(m,Gm) + d(m,w).

Definition 4.1.6 ([55]). A mapping R : U → CB(U) is α-nonexpansive if for α ∈ [0, 1)

and any m,w ∈ C, we have

H2(Rm,Rw) ≤ αd2(Rm,w) + αd2(Rw,m) + (1− 2α)d2(m,w).
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Hajisharifi [55] showed that the class of α-nonexpansive mapping contains the class

of multivalued mean nonexpansive mapping introduced in [23].

We present an example to show that the set of mappings satisfying condition (E ′)

and the class of α-nonexpansive mappings are different.

Example 9. Let U = {(4, 0), (4, 5), (5, 4), (0, 0), (2, 0), (0, 4)} ⊂ R2 . Define a metric

d((w1,m1), (w2,m2)) = |w1 − w2|+ |m1 −m2| and the mapping G by

Gm =



{(0, 0), (2, 0)} , m ∈ {(2, 0), (0, 4), (4, 0)}

{(4, 0)} , m = (4, 5)

{(0, 4)} , m = (5, 4)

{(0, 0)} , m = (0, 0)

.

Then G satisfies condition (E ′), F (G) = {(0, 0), (2, 0)} and End(G) = {(0, 0)}. For

x = (5, 4) and y = (4, 5), we have

H2(Gm,Gw) = 64 > 4 + 42α

= 4(1− 2α) + 25α + 25α

= (1− 2α)d2(m,w) + αd2(m,Gw) + αd2(Gm,w).

Hence, G is not α-nonexpansive for any α < 1.

Many researchers have shown that fixed point and endpoint exist for different mul-

tivalued contractive-type mappings.(See [61], [9]). Some applications of endpoint results

to optimization problems can be found in the works of Lin and Du [85] and Corley [28].

Corley, for example, showed that maximization in relation to a cone is comparable to the

case of finding endpoints of multivalued mappings. Several authors ([99], [23], [109], [80],

[43], [57]) have studied existence and approximation results for endpoint of nonexpansive

mappings.

In 2018, Panayak [100] introduced a modified Ishikawa iteration for approximating

endpoints of multivalued nonexpansive mapping S : U → K(U) in a uniformly convex

Banach space. Particularly, he showed that under some given conditions, the following
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algorithm converges to an endpoint of a multivalued nonexpansive mapping:

zn = βnyn + (1− βn)wn

wn+1 = αnvn + (1− αn)wn ,

where w1 ∈ U , yn ∈ Swn with ∥wn − yn∥ = η(wn, Swn) and vn ∈ Szn with ∥zn − vn∥ =

η(zn, Szn).

This result naturally gives rise to the following question:

Question: Can common endpoints of two multivalued nonexpansive mappings be ap-

proximated with a faster iteration process ?.

For a possible solution to the above question, we follow new results of Piri et al. [101]

and Iqbal et al. [59] and introduce a new algorithm for approximating common endpoint

in uniformly convex hyperbolic spaces. Consequently, we find an affirmative answer. In

Section 4.2, we show that endpoint of multivalued α-nonexpansive mappings and map-

pings satisfying condition (E ′) exist. In section 4.3, we establish convergence theorems

for the proposed algorithm. In section 4.4, we provide an example to substantiate our

results. Moreover, we show the efficiency of our algorithm in approximating common

endpoints of two nonexpansive mappings by comparing its results with common fixed

point results of Fukhar-ud-din et al. [41] and Chang et al. [22].

The following known lemmas are needed to prove our main results.

Lemma 4.1.7 ([58]). Let U and V be nonempty subsets of a metric space X, and let

m ∈ X. Then

d(m,U) ≤ d(m,V ) +H(U, V ).

Lemma 4.1.8 ([99]). Let U be as in Lemma 4.1.7, G : U → CB(X) a multivalued

mapping and wn ⊂ U . Then lim
n→∞

η(wn, Gwn) = 0 if and only if lim
n→∞

d(wn, Gwn) = 0 and

lim
n→∞

Diam(Gwn) = 0. Moreover, η(m,Gm) = 0 if and only if m ∈ End(G).

Lemma 4.1.9 ([109]). Let U be as in Lemma 4.1.7 and G : U → CB(X) a multivalued

mapping. Let m,w ∈ U . If w′ ∈ Gm, then it follows that

d(m,w′) ≤ η(m,Gm) +H(Gm,Gw).
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4.2 Existence of Endpoint

Lemma 4.2.1. Let U be a nonempty subset of a metric space (X, d). For a multivalued

α-nonexpansive mapping G : U → CB(U), we have

d2(m,Gw) ≤ d2(m,w)

+ [
(1 + α)d(m,Gm) + 2αd(m,w) + 2H(Gm,Gw)

1− α
]d(m,Gm).

(4.2.1)

Proof. For any m,w ∈ X, Lemma 4.1.7 implies that

d2(m,Gw) ≤ [d(m,Gm) +H(Gm,Gw)]2

= d2(m,Gm) + 2d(m,Gm)H(Gm,Gw) +H2(Gm,Gw).

By the definition of the mapping G, we have

d2(m,Gw) ≤ d2(m,Gm) + 2d(m,Gm)H(Gm,Gw) + αd2(m,Gw)

+ αd2(w,Gm) + (1− α)d2(m,w).

(4.2.2)

Using

d2(w,Gm) ≤ [d(w,m) + d(m,Gm)]2

= d(m,w)2 + 2d(m,w)d(m,Gm) + d2(m,Gm)

(4.2.3)

in (4.2.2), we have

(1− α)d2(m,Gw) ≤ (1− α)d2(m,w)

+ [(1 + α)d(m,Gm) + 2αd(m,w)]d(m,Gm)

+ 2H(Gm,Gw)d(m,Gm).

Hence the result.

Proposition 4.2.2. Let U be as in Lemma 4.2.1. Then, a multivalued α-nonexpansive

mapping G : U → CB(U) is a quasi-nonexpansive mapping.

Proof. It follows by (4.2.1) and (4.2.3).

Theorem 4.2.3. Let U be a nonempty closed and convex subset of a complete uniformly

convex hyperbolic space X. Then, a multivalued α-nonexpansive mapping, G : U →

K(U), has a bounded approximate endpoint sequence if and only if G has an endpoint.
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Proof. Assume that {wn} is a bounded approximate endpoint sequence of G. Then,

lim
n→∞

η(wn, Gwn) = 0 i.e.

lim
n→∞

d(wn, Gwn) = 0 and lim
n→∞

Diam(Gxn) = 0. (4.2.4)

We may assume {wn} is regular relative to U by passing through a subsequence. It follows

by Lemma 1.4.4 that {wn} has a unique asymptotic center w. By Lemma 4.2.1, we have

d2(wn, Gw) ≤ d2(wn, w)

+ [
(1 + α)d(wn, Gwn) + 2αd(wn, w) + 2H(Gwn, Gw)

1− α
]d(wn, Gwn).

Taking limit superior as n→ ∞, we obtain

lim sup
n→∞

d(wn, Gw) ≤ lim sup
n→∞

d(wn, w). (4.2.5)

Compactness of Gw implies there exists mn ∈ Gw, such that

d(wn, Gw) = d(wn,mn),

for each n ∈ N. Moreover, and we have a subsequence {mnk
} of {mn}, such that mnk

→

m ∈ Gw. Hence,

lim sup
k→∞

d(wnk
,mnk

) = lim sup
k→∞

d(wnk
, Gw)

≤ lim sup
n→∞

d(wn, Gw)

≤ lim sup
n→∞

d(wn, w).

Consequently, we get lim sup
k→∞

d(wnk
,m) ≤ lim sup

n→∞
d(wn, w). This inequality and regularity

of {wn} imply that

rU(wnk
) ≤ lim sup

k→∞
d(wnk

,m) ≤ lim sup
n→∞

d(wn, w) = rU(wn) = rU(wnk
).

Hence, m,w ∈ AU(wnk
) and w = m ∈ Gw.

Next we show that w is an endpoint of G. Using (4.2.3), (4.2.5) and the definition of

G, it follows that

lim sup
n→∞

H(Gwn, Gw) ≤ lim sup
n→∞

d(wn, w). (4.2.6)

Let h be an arbitrary element in Gw. Then there exists cn in Gwn such that d(h, cn) =
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d(h,Gwn). Then,

lim sup
n→∞

d(wn, h) ≤ lim sup
n→∞

d(wn, cn) + lim sup
n→∞

d(cn, h)

≤ lim sup
n→∞

η(wn, Gwn) + lim sup
n→∞

H(Gwn, Gw)

= lim sup
n→∞

H(Gwn, Gw).

Using (4.2.6), we have lim sup
n→∞

d(wn, h) ≤ lim sup
n→∞

d(wn, w). Then, uniqueness of the

asymptotic center of {wn} implies that w = h. Therefore, Gw = {w}

Conversely, If G has an endpoint, then obviously G has a bounded approximate

endpoint sequence.

Theorem 4.2.4. Let U be as in Theorem 4.2.3. Then, a multivalued mapping satisfying

condition (E ′), G : U → K(U), has a bounded approximate endpoint sequence if and

only if G has an endpoint.

Proof. Let wn, mn, m and w be as in the proof of Theorem 4.2.3. Then, by condition

(E ′) and Lemma 4.1.7 , we get

d(wnk
,m) ≤ d(wnk

,mnk
) + d(mnk

,m)

= d(wnk
, Gw) + d(mnk

,m)

≤ d(wnk
, Gwnk

) +H(Gwnk
, Gw) + d(mnk

,m)

≤ (µ+ 1)d(wnk
, Gwnk

) + d(wnk
, w) + d(mnk

,m),

(4.2.7)

and lim sup
k→∞

d(wnk
,m) ≤ lim sup

n→∞
d(wn, w). Moreover, it follows from condition (E ′) that

lim sup
n→∞

H(Gwn, Gw) ≤ lim sup
n→∞

d(wn, w). (4.2.8)

By (4.2.7), (4.2.8) and reasons similar to those in the proof of Theorem 4.2.3, we get that

w is an endpoint of G.

Theorem 4.2.5. Let U be as in Theorem 4.2.3, G : U → K(U) be a multivalued mapping

satisfying condition (E ′) and R : U → U be a α-nonexpansive mapping. If G has

a bounded approximate endpoint sequence in End(R) = F (R), then R and G have a

common endpoint in U .
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Proof. Let {wn} be an approximate endpoint sequence for G in End(R). We may assume

{wn} is regular relative to U with a unique asymptotic center w. By Theorem 4.2.3,

w ∈ End(G). From (4.2.5), we have

lim sup
n→∞

d(wn, R(w)) ≤ lim sup
n→∞

d(wn, w).

Since asymptotic center of {wn} is unique, we have that R(w) = w. Hence the result.

In the example below, we observe that commutativity of R and G does not guarantee

existence of a common endpoint.

Example 10 ([80]). Let U = [0, 1] with the usual metric. Define G : U → K(U) and

R : U → U as follows:

R(w) =
w

2
and Gw = [w, 1] for all w ∈ U.

It is easy to check that R is α-nonexpansive and G satisfies condition (E ′) with µ = 2.

Moreover, R and G are commuting mappings. However, End(R) = {0} and End(G) =

{1}.

4.3 Approximation of Common Endpoints

By Theorem 4.2.3 and Theorem 4.2.4, we can easily deduce the following technical result.

Lemma 4.3.1. Let U be a nonempty closed and convex subset of a uniformly convex

hyperbolic space X and G : U → K(U) be one of the following:

1. Multivalued α-nonexpansive mapping

2. Multivalued mapping satisfying condition(E ′).

If a sequence {mn} in X △-converges to m and lim
n→∞

η(mn, Gmn) = 0, then m ∈ End(G).

Inspired by the works of Iqbal et al. [59] and Panyanak [100], we come up with a

new modified algorithm to approximate common endpoint of two multivalued mappings

G : U → K(U) and R : U → K(U) as follows:
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For any x1 = x ∈ U , let {xn} be the sequence given by
xn+1 = W (wn, vn, αn)

zn ∈ Rtn and d(tn, zn) = η(tn, Rtn)

tn = W (xn, un, βn)

(4.3.1)

where 0 < αn, βn < 1, wn ∈ Rzn with d(zn, wn) = η(zn, Rzn), un ∈ Rxn with d(xn, un) =

η(xn, Rxn) and vn ∈ Gwn with d(vn, wn) = η(wn, Gwn).

Next, we consider an important class of multivalued mappings called (L ′)-type.

Definition 4.3.2. Let U be a nonempty subset of a metric space (X, d) and R : U →

CB(U). We say R is (L ′)-type if for any w ∈ U and lim
n→∞

d(wn, Rwn) = 0, then we have

lim sup
n→∞

H(Rwn, Rw) ≤ lim sup
n→∞

d(wn, w). (4.3.2)

Example 11. The α-nonexpansive mapping in Theorem 4.2.3 and mapping satisfying

condition (E ′) in Theorem 4.2.4 are (L ′)-type.

Lemma 4.3.3. Let U be a nonempty closed and convex subset of a uniformly convex

hyperbolic space X. Let G : U → K(U) be a multivalued mapping satisfying condition

(E ′) and R : U → K(U) be a multivalued α-nonexpansive mapping. Suppose that F =

End(R) ∩ End(G) ̸= ∅. Let {xn} be the sequence given by (4.3.1). Then lim
n→∞

d(xn,m)

exists for all m ∈ F . Moreover, lim
n→∞

η(xn, Rxn) = lim
n→∞

η(xn, Gxn) = 0.

Proof. By Proposition 4.2.2 and condition (E ′), R and G are quasi-nonexpansive. Let

m ∈ F ,

Step 1: We show that lim
n→∞

d(xn,m) exists and {xn} is bounded.

d(tn,m) = d(W (xn, un, βn),m)

≤ βnd(xn,m) + (1− βn)d(un,m)

= βnd(xn,m) + (1− βn)d(un, Rm)

≤ βnd(xn,m) + (1− βn)H(Rxn, Rm)

≤ βnd(xn,m) + (1− βn)d(m,xn)

= d(xn,m).

(4.3.3)
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Also,

d(zn,m) = d(zn, Rm)

≤ H(Rtn, Rm)

≤ d(tn,m)

≤ d(xn,m).

(4.3.4)

Similarly, we have

d(un,m) ≤ d(xn,m), d(wn,m) ≤ d(zn,m) ≤ d(xn,m)

and d(vn,m) ≤ d(wn,m) ≤ d(xn,m).

(4.3.5)

Now, using (4.3.2) and (4.3.3), we have

d(xn+1,m) = d(W (wn, vn, αn),m)

≤ αnd(wn,m) + (1− αn)d(vn,m)

= αnd(wn, Rm) + (1− αn)d(vn, Gm)

≤ αnH(Rzn, Rm) + (1− αn)H(Gwn, Gm)

≤ αnd(zn,m) + (1− αn)d(wn,m)

≤ αnd(xn,m) + (1− αn)d(xn,m)

= d(xn,m).

(4.3.6)

This implies that for any m ∈ F , {d(xn,m)} is nonincreasing and thus convergent.

Step 2: We prove that lim
n→∞

η(xn+1, Gxn+1) = 0.

Assume that

lim
n→∞

d(xn,m) = k. (4.3.7)

It follows from (4.3.2), (4.3.3) and (4.3.4) that

lim sup
n→∞

d(vn,m) ≤ k, lim sup
n→∞

d(un,m) ≤ k, lim sup
n→∞

d(wn,m) ≤ k (4.3.8)

and

lim sup
n→∞

d(wn,m) ≤ k, lim sup
n→∞

d(tn,m) ≤ k. (4.3.9)
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By (4.3.7) and Lemma 1.4.3,

k = lim
n→∞

d(xn+1,m) = lim
n→∞

d(W (wn, vn, αn),m)

implies that

lim
n→∞

d(wn, vn) = 0. (4.3.10)

Hence,

lim
n→∞

η(wn, Gwn) = 0. (4.3.11)

Notice that lim sup
n→∞

η(vn, Gvn) ≤ lim sup
n→∞

H(Gwn, Gvn). The fact that S is an (L′)-type

mapping gives

lim sup
n→∞

η(vn, Gvn) ≤ lim sup
n→∞

d(wn, vn).

Therefore, (4.3.10) implies that

lim
n→∞

η(vn, Gvn) = 0. (4.3.12)

For each n, let x′n+1 ∈ Gxn+1 be such that

η(xn+1, Gxn+1)−
1

n
≤ d(xn+1, x

′
n+1) ≤ η(xn+1, Gxn+1).

A combination of G is an (L ′)-type mapping, (4.12) and Lemma 4.1.7 gives

lim sup
n→∞

d(vn, x
′
n+1) ≤ lim

n→∞
η(vn, Gvn) + lim sup

n→∞
H(Gvn, Gxn+1)

≤ lim sup
n→∞

d(vn, xn+1)

= lim sup
n→∞

d(vn,W (wn, vn, αn))

= lim sup
n→∞

αnd(vn, wn).

From (4.3.10), we get

lim
n→∞

d(vn, x
′
n+1) = 0. (4.3.13)

On the same lines as before, we have

lim
n→∞

d(wn, x
′
n+1) = 0. (4.3.14)
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Taking limit as n→ ∞ in the following expression

d(xn+1, x
′
n+1) = d(W (wn, vn, αn), x

′
n+1)

≤ αnd(wn, x
′
n+1) + (1− αn)d(vn, x

′
n+1),

we obtain by (4.3.13) and (4.3.14) that

lim
n→∞

d(xn+1, x
′
n+1) = 0.

Hence,

η(xn+1, Gxn+1) ≤
1

n
+ d(xn+1, x

′
n+1)

implies

lim
n→∞

η(xn+1, Gxn+1) = 0.

Step 3: We show that lim
n→∞

η(xn, Rxn) = 0.

Using (4.3.5) in

d(xn+1,m) ≤ αnd(wn,m) + (1− αn)d(vn,m),

we obtain d(xn+1,m) ≤ d(wn,m). Consequently, k ≤ lim inf
n→∞

d(wn,m). This inequality

and (4.3.8) give

lim
n→∞

d(wn,m) = k.

It follows easily by (4.3.2), (4.3.3) and (4.3.4) that lim
n→∞

d(tn, p) = k. Moreover, we obtain

from (4.3.6), (4.3.7) and Lemma 4.1.7 that

lim
n→∞

d(xn, un) = 0.

Therefore,

lim
n→∞

η(xn, Rxn) = lim
n→∞

d(xn, un) = 0. (4.3.15)

Step 4: We prove that lim
n→∞

d(xn, xn+1) = 0.
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Combining (4.3.15), Lemma 4.1.9 and the fact that R is a (L′)-type mappings, we obtain

lim sup
n→∞

d(un, wn) ≤ lim sup
n→∞

d(un, xn) + lim sup
n→∞

d(xn, wn)

≤ lim sup
n→∞

d(wn, xn)

≤ lim sup
n→∞

η(xn, Rxn) + lim sup
n→∞

H(Rxn, Rzn)

≤ lim sup
n→∞

d(zn, xn)

≤ lim sup
n→∞

η(xn, Rxn) + lim sup
n→∞

H(Rxn, Rtn)

≤ lim sup
n→∞

d(tn, xn)

= lim sup
n→∞

d(xn,W (xn, un, βn))

≤ lim sup
n→∞

βnd(xn, un).

Also, (4.3.15) implies that

lim
n→∞

d(un, wn) = 0. (4.3.16)

Moreover, (4.3.15), (4.3.16) and d(wn, xn) ≤ d(wn, un) + d(un, xn) give

lim
n→∞

d(wn, xn) = 0. (4.3.17)

Similarly, using (4.3.10) and (4.3.17), we obtain lim
n→∞

d(vn, xn) = 0.

Now,

d(xn+1, xn) = d(W (wn, vn, αn), xn)

≤ αnd(wn, xn) + (1− αn)d(vn, xn),

gives that

lim
n→∞

d(xn+1, xn) = 0. (4.3.18)

Step 5: We prove that lim
n→∞

η(xn, Gxn) = 0.

G is an (L ′)-type mapping and thus,

lim sup
n→∞

d(xn, Gxn) ≤ lim sup
n→∞

d(xn, xn+1) + lim sup
n→∞

d(xn+1, Gxn+1)

+ lim sup
n→∞

H(Gxn+1, Gxn)

≤ 2 lim sup
n→∞

d(xn, xn+1).
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Hence,

lim
n→∞

d(xn, Gxn) = 0. (4.3.19)

For each n ∈ N, Gxn is compact. Thus, there exist pn and qn in Gxn such that

Diam(Gxn) = d(pn, qn).

By Lemma 4.1.9, we have

Diam(Gxn) = d(pn, qn) ≤ d(pn, xn+1) + d(xn+1, qn)

≤ 2H(Gxn, Gxn+1) + 2η(xn+1, Gxn+1).

It follows from (4.3.18) and Step 3 that lim
n→∞

d(pn, qn) = 0 and thus,

lim
n→∞

Diam(Gxn) = 0. (4.3.20)

Combining (4.3.19) and (4.3.20), we get lim
n→∞

η(xn, Gxn) = 0.

Theorem 4.3.4. Let U be a nonempty compact and convex subset of a complete uniformly

convex hyperbolic space X. Let G : U → K(U) be mapping satisfying condition (E ′) and

R : U → K(U) be a multivalued α-nonexpansive mapping with F ̸= ∅. Then, {xn} given

by (4.3.1) converges strongly to a common endpoint of R and G.

Proof. By Lemma 4.3.3, we have that {xn} is bounded and

lim
n→∞

η(xn, Rxn) = lim
n→∞

η(xn, Gxn) = 0. (4.3.21)

There exists a subsequence xnk
of {xn} such that xnk

converges to some m ∈ U since U

is compact. Then, it follows from (4.3.21) and Lemma 4.3.1 that m ∈ F . Consequently,

the existence of lim
n→∞

d(xn, x) (as in Lemma 4.3.3) gives xn → m ∈ F as n→ ∞.

Multivalued version of Condition (I) of Fukhar-ud-din and Khan [40] and Senter and

Dotson [111] in relation to endpoint is defined as follows:

Definition 4.3.5. We say two multivalued mappings R,G : U → 2U satisfy Condition

(AV) if we can find a nondecreasing function Θ : [0,∞) → [0,∞) with Θ(0) = 0,Θ(µ) > 0

for any µ ≥ 0 and 1
2
[η(w,Gw) + η(w,Rw)] ≥ Θ(d(w,F)) for all w ∈ U .
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Theorem 4.3.6. Let U be as in Lemma 4.3.3, G : U → K(U) be a mapping satisfying

condition (E ′) and R : U → K(U) be a multivalued α-nonexpansive mapping with F ̸= ∅.

If R and G satisfy condition (AV), then {xn} generated by (4.3.1) converges strongly to

a common endpoint of R and G.

Proof. Using the condition (AV), we have

Θ(d(xn,F) ≤ 1

2
[η(xn, Gxn) + η(xn, Rxn)].

So by (4.3.21), lim
n→∞

Θ(d(xn,F)) = 0. Since Θ is nondecreasing and Θ(0) = 0, we get

lim
n→∞

d(xn,F) = 0. Now, there exist a subsequence {xnk
} of {xn} and mk ∈ F such that

d(xnk
,mk) ≤ 1

2k
for all k ∈ N. Using (4.3.18), we have

lim
k→∞

d(xnk+1, xnk
) ≤ lim

k→∞
d(xnk+1,mk) + lim

k→∞
d(mk, xnk

)

≤ lim
k→∞

d(mk, xnk
) + lim

k→∞
d(xnk

,mk)

≤ 1

2k−1
.

Therefore, it follows that {xnk
} converges to a point w ∈ U . Since {xn} is bounded, it

follows that lim
n→∞

xn = w. By (4.3.21) and Lemma 4.3.1, we get w ∈ F .

Definition 4.3.7. We say a multivalued mapping G : U → 2U is semi-compact if for any

approximate endpoint sequence {wn} in U , there is a subsequence {wnk
} of {wn} and

w ∈ U such that lim
k→∞

wnk
= w.

Theorem 4.3.8. Let U be as in Lemma 4.3.3, R : U → K(U) be a multivalued α-

nonexpansive mapping and G : U → K(U) be a multivalued mapping satisfying condition

(E ′) with F ̸= ∅. If R and G are semi-compact, then {xn} generated by (4.3.1) converges

strongly to a common endpoint of R and G.

Proof. By Lemma 4.3.3, we have

lim
n→∞

η(xn, Rxn) = lim
n→∞

η(xn, Gxn) = 0.

Then, semi-compactness of R and G implies that there is a subsequence xnk
of {xn} which

converges to w. Subsequently, it follows from (4.3.21) and Lemma 4.3.1 that w ∈ F . Since

lim
k→∞

d(xn, w) exists by Lemma 4.3.3, we have that {xn} converges strongly to w ∈ F .
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Theorem 4.3.9. Let U be as in Lemma 4.3.3, G : U → K(U) be a multivalued mapping

satisfying condition (E ′) and R : U → K(U) be a multivalued α-nonexpansive mapping

with F ̸= ∅. Then, {xn} given by (4.3.1) △-converges to a common endpoint of R and

G.

Proof. Set W△({xn}) =
⋃

{un}⊂{xn}
AU({un}). Proving our result is equivalent to show-

ing that W△({xn}) ⊂ F = End(R) ∩ End(G) and W△({xn}) is singleton. Let w ∈

W△({xn}). Then, we have a subsequence {cn} of {xn} with asymptotic center w. By

Lemma 1.4.5, there exists a subsequence {rn} of {cn} with △− lim
n→∞

rn = b ∈ U . Using

(4.3.21) and Lemma 4.3.1, we have that b ∈ F . Since {d(xn, b)} converges, it follows

from Lemma 1.4.6 that b = w. Hence w ∈ F and W△({xn}) ⊂ F . Let w be an arbi-

trary element of W△({xn}) and z be the unique asymptotic center of {xn}. By definition

of W△({xn}), there is a subsequence {cn} of {xn} with asymptotic center w. Since

w ∈ W△({xn}) ⊂ F and limit of {d(xn, w} exists by Lemma 4.3.3, we conclude using

Lemma 1.4.6 that w = z. Hence the result.

On the lines of proof of Theorems 4.3.6 and 4.3.8, we can established the following

common endpoint result.

Theorem 4.3.10. Let U be as in Lemma 4.3.3, R : U → K(U) and G : U → K(U) be

either multivalued α-nonexpansive mappings or multivalued mappings satisfying condition

(E ′) with F ̸= ∅. If R and G are semi-compact or satisfy condition (AV), then {xn}

given by (4.3.1) converges strongly to a common endpoint of R and G.

As a consequence of the above theorems, we get an extension of ([100], Theorem 3.5)

as follows:

Corollary 4.3.11. Let U be as in Lemma 4.3.3 and R,G : U → K(U) be multivalued

nonexpansive mappings with F ̸= ∅. If R and G are semi-compact or satisfy condition

(AV), then {xn} generated by (4.3.1) converges strongly to a common endpoint of R and

G.
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4.4 Numerical Experiment

Example 12. Let U = [0, 1] with the usual metric. Define R,G : U → K(U) as follows :

Rm =

[m, 1−m] , m ∈ [0, 1
2
)

[1−m,m] , m ∈ [1
2
, 1]

and Gm =

[m, 2m+1
4

] , m ∈ [0, 1
2
]

{1
2
} , m ∈ [1

2
, 1] .

Note that F (R)∩F (G) = [0, 1
2
], End(R)∩End(G) = {1

2
} and U is compact. Moreover,

it is easy to show that R and G are multivalued nonexpansive mappings.

Fig 4.1a : Initial value = 0.2

Fig 4.1b : Initial value = 0.7

First, we note that for any m ∈ [0, 1] and w ∈ Rm, d(w,m) = η(m,Rm) imply that
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Table 4.1: Iterations for comparison

New Iteration zn = βnxn + (1− βn)(1− xn)
yn = (1− zn)
xn+1 = αn(1− yn) + (1− αn)cn

Fukhar-ud-din et al.[41] yn = βnPRxn + β′
nxn + (1− βn − β′

n)un
xn+1 = αnPGyn + α′

nxn + (1− αn − α′
n)vn

Chang et al. [22] yn = βnPGxn + (1− βn)xn
xn+1 = αnPGxn + (1− αn)PRyn

w = 1−m. Moreover, for any m ∈ [0, 1], define w ∈ Gm as follows :

w =


2m+1

4
, m ∈ [0, 1

2
]

1
2
, m /∈ [1

2
, 1]

.

Then, d(w,m) = η(m,Gm). Thus, our algorithm (4.3.1) becomes the new algorithm in

Table 4.1 where

cn =


1
2
, yn ∈ [0, 1

2
]

3−2yn
4

, yn ∈ [1
2
, 1]

.

Moreover, some needed components of the other algorithms in Table 4.1 turn out to be

PRx = {y ∈ Rx : d(y, x) = d(x,Rx)} = {x} and

PGx =

x , x ∈ [0, 1
2
]

1
2
, x ∈ [1

2
, 1]

,

where PRx is the best approximation operator of R(See [66] for more details). It is easy

to show that PG and PR are nonexpansive. Take αn = n
2(n+1)

, α′
n = n2+2n−2

2n2+2n
, βn = 1

2(n2+1)
,

β′
n = n2

n2+1
, un = 1

n
and vn = 1

n2 .

For initial values x1 = 0.2 and x1 = 0.7, respectively, we depict numerical results in

Table 4.2.

From Figures 4.1a, 4.1b, Table 4.2 and Table 4.3, we make the following observations:

1. Unlike known algorithms that converge to common fixed point of two multivalued

mappings, our algorithm approximates common endpoint of the mappings irrespec-

tive of initial values and without any restrictions on the parameter sequences.
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Table 4.2: Numerical results for several iterations

x1 = 0.2 x1 = 0.7
Iter. Fukhar Chang New Iter. Fukhar Chang New
1 0.200000 0.20000 0.200000 1 0.700000 0.700000 0.700000
2 0.600000 0.20000 0.537500 2 0.800000 0.612500 0.437500
3 0.508333 0.20000 0.495000 3 0.608333 0.545000 0.504167
4 0.472106 0.20000 0.500188 4 0.526273 0.515469 0.499713
5 0.451627 0.20000 0.499992 5 0.492575 0.504914 0.500007
6 0.437905 0.20000 0.500000 6 0.477489 0.501488 0.500000
... ... ... ... ... ... ... ...
10 0.410755 0.20000 0.5000000 13 0.437705 0.5000000 0.5000000
... ... ... ... ... ... ... ...
19 0.391996 0.20000 0.5000000 19 0.427287 0.5000000 0.5000000
20 0.390972 0.20000 0.5000000 20 0.426170 0.5000000 0.5000000

Table 4.3: Inferences from Table 4.2

Initial Value Iter. Value (6 decimal places) Iter. No.
Chang et al. [22] 0.2 0.2 1
New iteration 0.2 0.5 6
Chang et al. [22] 0.7 0.5 13
New iteration 0.7 0.5 6

2. In Example 12, Chang et al. algorithm converges to the initial values x1 for x1 ∈

[0, 1
2
). However, the algorithm converges to the endpoint 1

2
whenever x ≥ 1

2
. Since

this can not be said for multivalued nonexpansive mappings in general, the work

in [22] is not very useful as it stands for approximating common endpoint.

3. Our algorithm converges faster than Chang et al. algorithm to common endpoint

of two multivalued nonexpansive mappings. For example, in Table 4.3, we see that

our algorithm approximates the endpoint 1
2

in 6th iteration while the algorithm of

Chang et al. does the same job in 13th iteration.

4. For a multivalued nonexpansive mapping, our algorithm converges faster to an

endpoint than an Ishikawa-type iteration process. Hence, our work significantly

improves recent results of Panyanak [100].
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4.5 Suggestions For Future Work

This thesis opens the door for possible research in the following aspects.

1. Extension of Theorem 2.1.6 in the context of some important subclasses of a metric

space as motivated by the work of Alfuraidan [7] and Alfuraidan et al. ([8], [1])

2. Finding applications of α-nonexpansive semigroups to differential equations and

minimization problems.

3. Introduction and investigation of fast algorithms that would approximate fixed

point of α-nonexpansive mappings as well as solve proximal split minimization

problems using recent work of Abbas et al. [2] and Izuchukwu et al. [60] as a

starting point.

4. Investigation of sufficient conditions for the existence of common fixed point of

non-commutative mappings.

5. Investigation of the endpoint set of multivalued mappings studied in Theorem 4.2.3

and Theorem 4.2.4 by following the ideas of Khan [66].
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