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Fundamental problems in turbulence were investigated using numerical methods. For

the first time, a new type of turbulence generating grid, the Sparse 3D Multiscale

Grid Turbulence Generator [Malik, N. A. Patent US 9,599,269 B2, (2017); Malik N.

A. Patent EP 2,965,805 B1, (2017)], or 3DS for short, is investigated using Direct

Numerical Simulations (DNS). In the 3DS each scale in a (typically) fractal grid is

held in its own co-frame and is separated from the next co-frame by some distance

in an overall co-planar arrangement. This expands the parameter space in the 3DS

as compared to 2D flat fractal grids (2DF) and classical regular grids (RG). The

objective is that the 3DS system could provide better control of turbulence than previous

grids. Turbulence characteristics downstream of all three grids placed in a conduit
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with periodic walls and inflow and outflow in the streamwise direction are compared

for Kolmogorov scale Reynolds number Reη = 300. The blockage ratio (solidity) of

the RG and 2DF grids was σ = 32%, while in the 3DS it was varied: σMax
3DS = 15%,

24%, and 32%. Variations in the ordering of the co-frames in the 3DS for the case:

σMax
3DS = 32% was also investigated. However, the separation distances between the

three co-frames were kept constant throughout this work. It was found that: (1) the

3DS generates much higher peak turbulence intensities, I = u′/Umean, than the RG

and 2DF for the same blockage ratio. (2) 3DS with σMax
3DS = 24% is closest to the

performance of the 2DF. (3) The downstream turbulence can be divided in to three

regions: (a) near-field region close to the grid where the turbulence is generated, (b)

the intermediate region where the turbulence decays rapidly, (c) the far-field region

downstream where the turbulence intensity is sustained and even increases along the

channel centerline. (4) There exists a central core region around the centerline which

is approximately homogeneous and isotropic in the far-field. (5) The main mechanism

that sustains the turbulence intensity in the far-field is re-entrainment of turbulent

fluid from outside of the central core region in to it; if the rate of entrainment is

high enough then the turbulence intensity may increase downstream. (6) The order of

arrangement of co-frames in the 3DS has comparatively less effect on the turbulence

intensities than changes in blockage ratio, the case with decreasing scales (the natural

case) produces the highest intensities. (7) Fully developed Kolmogorov spectrum was

observed in the 3DS systems with blockage ratio 32%, but the best spectrum was in the

natural case. (8) The distribution of vorticity intensity Iω(x) = ∥ω′∥L/Umean shows

much less variation suggesting that vorticity generation plays a relatively weak role

xix



in 3DS systems. (9) Passive scalar transport was investigated for different Schmidt

numbers 0.25 ≤ Sc = ν/D ≤ 2; the overall trends in scalar fluctuations decay were

similar in all 3DS systems. In a second part of this study, a new theory for turbulent

inertial particle pair diffusion in the inertial subrange was postulated and investigated

numerically using Kinematic Simulations (KS) [N. A. Malik, PLoS ONE, 10(10):

e0189917 (2017)]. The new theory is an extension of the non-local fluid particle

pair diffusion theory; here we postulate that for all Stokes numbers, in the limit of

heavy point particles released close together inside the inertial subrange, with one-way

coupling, pair separation will be ballistic because the particle kinetic energy dominates

over the small scale turbulence energy, and the pair diffusion coefficient will scale

like Kp(l) ∼ l where l is the pair separation variable. As the particle pair separation

increases, and if the subrange is large enough, the pair diffusion transits slowly towards

the fluid pair diffusion, Kp(l) → Kf (l) ∼ lγ, which has been shown to follow non-

Richardson scaling laws because of non-local effects [Malik, N. A. PLoS ONE (2018)]

with γ > 4/3 for Kolmogorov turbulence. By considering the balance of momentum

and energies, the transition length scale lc at which the ballistic regime starts to transit

towards the non-ballistic regimes scales like, lc/η ∼ St0.5 if St < 1, and scales like

lc/η ∼ St1 if St > 1, where η is the Kolmogorov scale; a crossover between these two

scalings occurs at St = 1. All of the predictions of the new theory have been confirmed

numerically using KS.
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الرسالة ملخص

اسامه محمد سيد سم: ا

كيناميتك و بالشبكة المتولدة النطاقات متعددة سبارس بٔعاد ا ثية بالث اضطراب من سيموليشن نوميريكل دايركت

بالقصورالذاتي الجسيمات من زوج من نشر من سيموليشن

الدراسة: عنوان

الرياضيات التخصص:

2019 يناير العلمية: الدرجة تاريخ

تحليل يتم دٔاء. ا عالية حوسبة باستخدام الحواس متعددة الشبكات تولده الذي ضطراب ل مباشرة عددية محاكاة اجٕراء يتم طٔروحة ا هذه في

التاكٔيد وتم القديمة النتائج صحة من التحقق تم المتشابهة. الطبيعة ذات والعددية التجريبية دٔبيات با ومقارنتها المحاكاة هذه عن الناتج الناتج

تقديم تم سيكية. الك العادية الشبكة من اعٔلى الفركتالية المربعة الشبكة عن الناتج ضطراب ا شدة تكون ، نسداد ا نسبة لنفس بالنسبة انٔه على

كل انٔ بمعنى ، الفركتالية للشبكات تعميم وهي ، بٔعاد ا متفرقة بٔعاد ا متعددة شبكات ثة ث وهي ، القياسات متعددة الشبكات من جديدة فئة

مجموعة الٕى الفركتلي التكرار كل بين المسافات تضيف ، الطريقة وبهذه اخٓر. الٕى موازٍ مستوى في تكمن الفركتالي للنموذج المفاصل متعددة تكرارية

الرئيسية المعلمات والفركتالية. العادية للشبكات تعميم فهي ثم ومن ، بٔعاد ا ثية ث المتناثرة النقاط متعددة الشبكات لوصف زمة ال المعلمات من

الخصائص هذه تاثٔير دراسة تمت القناة. وطول وسمك ، ت الفركت تكرار بين والمسافة ، الفعال الشبكي والحجم ، للشبكات نسداد ا نسبة هي

لوحظ المضطرب. القنوات لتدفق الخ. والتناضح ، والجزئيات ، الضغط وتدرج ، السرعة تقلبات مثل الفيزيائية الخواص على للشبكات الهندسية

حدية دراسة اجٕراء يتم المسطقتين. الشبكتين مع بالمقارنة متفرقة لشبكات القناة في عام بشكل اعٔلى ومزيج دائم تاثٔير مع ضطراب ا كثافة ارتفاع

التي الجديدة القياس قوانين وتوقع لمراقبة و الغريب القصدير رقم حجم على الكيمائية المحاكاة باستخدام الذاتي بالقصور الجسيمات ازٔواج نتشار

الظاهرة. هذه تحكم

xxi



CHAPTER 1

INTRODUCTION

Fluid mechanics is concerned with the mechanical properties of fluids, forces acting

upon them and their movement. It is a challenging phenomenon that scientists and

engineers have been investigating for centuries and turbulence is the area in fluid

mechanics which is considered one of the most difficult problem in science. The fluid

(liquid, gas, plasma etc.) is assumed to be a continuum leaving the information

out that it is made up of atoms and molecules and only considering a macroscopic

perspective, Turbulence remains a largely unsolved problem in the sense that it is not

predictable except in some broad statistical sense. This makes turbulence extremely

hard to control and can be hazardous in some cases such as during flight. On the

other hand, turbulence is also necessary for life because without it pollen and seeds

would not spread far and climate would not be. For this reason control of turbulence

is important and highly desirable.
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1.1 Literature Review

Turbulence is common in natural flow as well as in engineering fields. Navier-Stokes

equations describe the mechanics of fluids as detailed in Section 2.2. Although ex-

istence and uniqueness of three-dimensional Navier-Stokes equations is an unsolved

problem, it is the best representation of the two most important fluid motions namely

laminar flow and turbulent flow. Laminar flow is defined as the flow in which layers

of the fluid flow parallel to each other without disruption or perpendicular motion

[1]. Laminar flow is smooth, predictable and has parallel layers of fluid flowing over

each other forming streamlines [2]. Turbulent flow is chaotic, has eddies and is an

agent of mixing (see Figure 1.1). The transition from laminar flow to turbulent flow

was experimentally studied for the first time by Reynold in 1880 and it is still an

unsolved mystery. Prandtl in 1925 [3] introduced mixing length theory, which states

that velocity fluctuation is equal to component of velocity gradient times a length

scale. He gave the idea of boundary layer, which is now recognized as fundamental to

aerodynamics. Taylor in 1931 [4], developed the theory of statistical approach towards

turbulence.

After some groundbreaking contribution by great scientists like Poincare [4],

Reynold and Prandtl [5], the Russian Mathematician Kolmogorov in 1941 revolu-

tionized the approach towards turbulence statistics by giving an exact measurement

of the rate of homogeneous isotropic turbulence [6]. Other notable names in the 1950’s

are Burgers [7], Lipschitz [8], Hopf, von Karman, Batchelor [2], Corrsin, Hiesenberg,

Landau [5], Lumley, Townsend and Hinz [1]. In the 1970’s the use of powerful com-
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Figure 1.1: Examples of turbulence in nature (left to right) Volcano, cup of tea,
barrage, hurricane, boat in the sea and a tornado.

putational tools was a key factor in the development of turbulence studies [9], [10],

[11], [12], [13], [14], [4], [15], [16].

In 1970, Deardoff proposed Large eddy simulation model (LES) [17]. In LES large

scales are resolved exactly whereas the small scales are modeled. In 1972, Launder

et. al. introduced RANS (Reynold’s averaged Navier-Stokes equations) in which you

solve directly for the mean turbulence quantities [5]. When small scale details are not

so important then RANS model is used, as in weather prediction, where as in most of

the industrial and engineering applications LES is considered favorable.

Direct Numerical Simulation (DNS) was introduced by Orszag and Patterson in

1972 [18]. DNS is different from LES in that all scales are resolved down to the

smallest grid scale. In effect DNS is the exact solution of Navier-Stokes equation

to a given resolution [19]. It is more accurate than RANS and LES as there is no

modeling involved. DNS is being extensively used as a benchmark for other turbulence

experiments and simulations as it produces exact solution at the grid points [20].

Although DNS is highly accurate and simple, it is not applicable in real world problem
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solving because it requires very high computing power which comes at high costs and

it will continue to be a challenge in the coming years [1].

Onsager (1949) first noted the near singular flow pattern of turbulence [21]. Pio-

neering works by Novikov (1970), Mandelbrot (1974), Frisch, Sulem and Nelkin (1978),

Lundgren (1982), Parisi and Frisch (1985) dealt with this subject theoretically and

the common conclusion was that turbulence is multiscale phenomenon and fractal

like, and without an ’absolute’ self similarity. The same observation was numerically

studied by Frisch (1995), Hunt and Vassilicos (1991). Extensions of those results as

multifractals and multispirals were developed by Perry, Henbest and Chong (1986).

Lesieure and McComb (1990), Smith and Woodruff (1998) and Sain, Pandit and Pan-

dit (1998) made the modifications that enabled the scientists to solve Navier-Stokes

equation directly [5]. Classical Regular grids are cross patterns with fixed length,

width and thickness that generate turbulence close to the grid [22].

Caratheodory (1914) and Housdorff (1918) gave ideas of non-integer dimensions

[23]. The concept of fractals echoed in geometric function theory which has contributed

to many areas of pure and applied mathematics with the most recent contribution in

solving Fermat’s last theorem. Mandelbrot (1970) developed the mathematics of self-

similar fractal geometries. DNS was introduced by Fox and Lily (1972), Orzag and

Patterson (1972) were among the pioneers in using DNS as a tool [1]. Rogallo (1981)

improved the DNS model to include homogeniety in it. Rogallo and Moin (1984) then

used those techniques to study near wall behavior of fluid in turbulent flow. Kim et

al. performed DNS of plane channel for the first time in 1987. Other contributions

came from Moin (1987), Kristoffersson and Andersson (1993), Sumitani and Kasagi
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(1995), Neves and Moin (1994), Choi et al. and Kasagi et al. (1992). Bradshaw

(1994) said that perhaps the biggest fallacy about turbulence is that it can be reliably

described (statistically) by a system of equations which is far easier to solve than the

full time-dependent three-dimensional Navier-Stokes equations [5]. Feiereisen et al.

(1981) studied compressible flows using DNS followed by Lee et al. (1991), Blaisdell

et al. (1993), Coleman et al. (1995) and Vreman et al. (1996).

The use of grids as turbulence generators to investigate flow characteristics for

better understanding and testing is common place in experimental framework [2]. In

the 1980’s fractal geometry attracted the attention of the fluid dynamics community

and applications were found in grid generated turbulence. Figure 1.2 shows some

examples of the fractal patterns found in nature.

Figure 1.2: Examples of fractals in nature (left to right) an ice crystal, cracks in ice,
leaves, bronchus, shell, pollen, broccoli, and aloe.

A regular grid (see Figure 3.1) can be completely described by its mesh size and

blockage ratio where as fractal grid (see Figure 3.2) requires more parameters for
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complete description. Queiros et al. (2001) used fractal grids to generate turbulence

in wind and water tunnels. Staicu et al. (2003) studied the effect of fractal grids on the

transport of scalars. Experiments on various fractal grids were performed by Hurst and

Vassilicos (2007) where they showed that fractal square grids produce higher average

turbulence intensity as compared to regular grids and the rate of energy decay of fractal

grids does not follow the power law decay of regular grids . Seoud and Vassilicos

(2007), Stresing, et al. Mazellier and Vassilicos (2010) performed experiments of

similar nature. Discetti, et al., Laizet and Vassilicos, Valente and Vassilicos, (2011)

performed experiments as well as simulations to validate the fractal grid turbulence

phenomenon. In 2011, Laizet and Vassilicos used DNS to show that fractal square

grids show higher turbulence intensity on average as compared to regular grid having

the same solidity [24], [13], [17], [22].

Lindstedt et al. (2013) used fractal grids in experiments such as flames and thrust

analysis of turbulence. New scaling laws have been formulated for energy decay and

some old ones have been validated by Laziet et al. (2015) [12]. Vassillicos et al.

(2016) showed that vortex can trap eddies and as a result slow down mixing in grid

generated turbulence [25]. Flow quality can be improved by using grid in channel

flow both for producing turbulence as well as for regulating it, depending of course

on the Reynolds number of the flow. Grid generated turbulence studies have become

the new benchmark for turbulence studies as it has provided a new insight into the

process and generation of turbulence especially since the emergence of multi-scale

grids. Turbulence is a multiscale phenomenon and hence multi-scale grids affect it

differently as compared to classical regular ones. Nagata et al. (2017) studied the
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effect of multiscale grids on non-equilibrium dissipation of grid generated turbulence

using particle image velocimetery [26]. Zhang et al. (2018) recently presented how

different scales of fractals effect mixing in channel flow. Malik (2017) generalized

fractal grid design by developing the concept of three-dimensional sparse multi-scale

grids and this is the main topic of this thesis [27].

1.2 Motivation

Turbulence generated by multi-scale grids is a relatively new idea. Wind tunnel ex-

periments on grids have revealed that regular grid generated turbulence displays high

intensity but decays very fast where as fractal grid with the same surface area dis-

plays higher average peak intensity and decays more slowly downstream [24], [10].

Computational fluid dynamics (CFD) is a multi-disciplinary area in which fluid flow

is simulated for engineering as well as research purposes. It is the biggest consumer

of computational resources in the world as this usually means that Navier-Stokes

equations are solved on a high resolution domain over a long period of time.

Accurate numerical schemes, code optimization strategies and parallelization tech-

niques are combined to perform massive calculations. Computer Aided Design (CAD)

softwares help engineers and scientists to use these packages for practical applications

resulting in reduction of prototype testing and costs and experimental complexities.

The standard procedure followed in these studies is as follows:

• Observing a fluid dynamics problem.

• Describing the problem.
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Figure 1.3: Isosurfaces at value 0.5 of normalized vortices in x-direction (in blue) and
vorticity magnitude (in green) of fractal grid generated turbulence at a point in time.

• Selecting or developing appropriate discretization scheme and solver.

• Designing the simulation domain and setting up the flow system.

• Providing necessary initial and boundary conditions, fluid properties etc.

• Discretizing the domain using appropriate scheme. (This is very important and

time consuming.)

• Running simulation either in serial or on a parallel setup depending upon the

size and refinement level for the simulation domain and mesh.

• Post processing and analysis of the results after obtaining numerical solutions

once the desired accuracy has been achieved.

Available commercial and open-source CFD packages, cover a vast range of fluid

systems with new packages being added on a regular basis. Benchmark level studies of

turbulence requires significantly higher computation resources and exceptionally good

numerical techniques.
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In this work, we have used the latest algorithms on state of the art computation

environment to get a better understanding of grid generated turbulence and explored

some of its endless possibilities.

1.3 Aims and Objectives

The aim of this investigation is to study a new type of multi-scale turbulence that

has been introduced recently, the three dimensional sparse multi-scale grid turbulence

generator (3DS) [27] using high performance computing.

• The objective is to use DNS of 3DS generated turbulence in a channel and to

compare the turbulence characteristics with those generated by RG and 2DF

grids.

• Data generated by DNS will be analyzed and results compared to those by

Laizet and Vassilicos [24] for comparison and validation. Since the results of

[24] are already validated against experiments [10], it suffices for us to compare

our numerical simulations to theirs.

• A parametric study of 3DS for different values of blockage ratios and different

grid arrangements will be performed.

• Of particular interest in this study are turbulence characteristics such as in-

tensity, velocity, vorticity and concentration profiles. Also, energy spectra and

scalar transport and mixing characteristics will be computed.

Some questions that we address in our investigation are:
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• How does the turbulence intensity from 3DS compare to the intensity for same

blockage ratio as RG and 2DF grids?

• Does the energy decay region of 3DS depend upon the position and geometry

of the grids?

• Is the turbulence generated by 3DS homogeneous and isotropic in any region

within the channel?

• Does turbulence generated by 3DS follow the same scaling laws of energy decay

as RG and 2DF?

• Which of the three grids causes better mixing in the sense of distribution of

scalar concentration?
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CHAPTER 2

INTRODUCTION TO

TURBULENCE

2.1 The Phenomenon of Turbulence

Turbulence is one of the most common naturally occurring phenomenon. The flow of

fluids is sensitive to many variables such as temperature, pressure, viscosity, density,

particles and obstacles and electromagnetism. Turbulent flow is random, essentially

three dimensional, multiscale, rotational and strongly dependent on initial and bound-

ary conditions. A journey in this field is challenging, exciting and inspiring. From the

scales of microorganisms to atmosphere and beyond, turbulence is extensively studied

and applied in all areas of science and technology.

The onset of turbulence can be predicted roughly by Reynolds number Re = ul
ν

which describes the ratio between inertial and viscous forces. When inertial force

dominates Re >> 1, the flow is turbulent and when viscous force dominates the

inertial ones Re < 1, then the flow is laminar.
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Navier-Stokes equations is an accurate description of the momentum balance for

incompressible Newtonian fluids in terms of mass and momentum conservation. New-

tonian fluid is a fluid whose viscosity does not change with the rate of the flow. For-

tunately, most common fluids are Newtonian. However, non-linearity and coupling

between pressure and velocity pose immense difficulty in solving the system of equa-

tions for which reason computational methods are employed to solve these equations

subject to numerical constraints. Another approach is performing experiments which

also prove extremely expensive and in most cases, downright impossible, especially at

high Reynolds number. Wind tunnel experiments are often used to validate numeri-

cal simulation followed by prototype testing. These findings have paved the way for

experimental and numerical investigations in grid generated turbulence.

2.2 Navier-Stokes Equations

The Navier-Stokes equations (NSE) can be derived by applying continuum hypothesis

on fluids and using conservation of mass and momentum laws on a fluid element such

as a cube. NS equations governing three dimensional incompressible flow are given

by:

ρ

(
∂u
∂t

+ u.∇u
)

= −∇p+ µ∇2u + f, (2.1)

∇.u = 0, (2.2)

where ∇ = ⟨ ∂
∂x
, ∂
∂y
, ∂
∂z
⟩ is the gradient, u(x, t) = ⟨u, v, w⟩(x, t) is the velocity

vector, p is pressure, ρ is density (constant), µ is dynamic viscosity and f is any
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external force such as gravity.

Exact or analytic solution of this system of equations in 2D or 3D are very few, even

under very restrictive conditions for example the analytic solution of burger’s equation

in cartesian coordinates. The reason is non-linearity through the advection term

and non-locality through the pressure gradient term, and also the velocity pressure

coupling. Equation (2.1) is the momentum conservation equation describing Newton’s

second law of motion. The left hand side of the equation is the total derivative of

velocity consisting of time derivative and convection term.

D

Dt
=

∂

∂t
+ u · ▽ (2.3)

On the right hand side of equation (2.1) we have the pressure gradient, the diffu-

sion and the external force. For time dependent three dimensional flow, independent

variables are x, y, z and t where as p and u are the dependent variables, so the in-

compressibility constraint (2.2) and momentum equation (2.1) are a system of four

non-linear, second order, partial differential equations with four independent vari-

ables and four unknowns which together with initial fields and appropriate boundary

conditions can be solved numerically.

Euler equations are a special ideal case of NS equations with µ = 0 meaning

the fluid has no viscosity. This marks a clear distinction between a fluid with no

viscosity and a fluid where viscosity approaches to zero, because the order of the

spatial differentiation is reduced from second order to first order only when µ = 0.

It is a good idea to reduce the number of parameters in NS equations by non-
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dimensionalization. If L, U and L/U are characteristic length, velocity and time

scales respectively then (2.1) is non-dimensionalized as:

∂u∗

∂t∗
+ (u∗ · ∇∗)u∗ = −∇∗p∗ +

1

Re
∇∗2u∗ + f ∗ (2.4)

where u∗ = u/U , t∗ = Ut/L, p∗ = p/ρU2, ∇∗ = L∇ and Reynolds Number

Re =
ρUL

µ
(2.5)

Re is the ratio of inertial forces to the viscous forces and in turbulent flow, inertial

forces dominate viscous forces and thus turbulent flows are high Reynolds number

flows as evident from the scaled Navier-Stokes Equations.

At the end of this section it is important to mention that for three dimensional

Navier-Stokes equations, long time existence of weak solution has been established

but uniqueness has not been proven up till now [28]. Uniqueness of only short time

strong solution is established but the existence and uniqueness of regular solution to

the Navier-Stokes equations has been an unsolved mathematical problem for over a

century [28]. However, from an application point of view, the numerical solution of

Navier-Stokes equations when compared with experimental investigation has estab-

lished these equations as a fruitful approach to fluid mechanical problems over a wide

range of parameter values and over a wide range of applications from aerodynamics

to turbulent diffusion.
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2.3 Reynolds Decomposition

The random motion of fluid masses or eddies describes turbulent flow and therefore

a statistical approach to study the phenomenon was inevitable. Reynolds introduced

the decomposition of turbulence velocity signal [5], [29] into its mean and fluctuating

components in 1884 as

u(x, t) = U(x) + u′(x, t), (2.6)

where U(x) = u(x, t) denotes the mean velocity and u′ = U −u(x, t) is the turbulent

fluctuation velocity.

This defines turbulence intensity I given by:

I =
k

U
(2.7)

where U is the mean velocity and k is the turbulence kinetic energy (TKE) given

by

k =

√
1

3
(u′2

x + u′2
y + u′2

z ) (2.8)

where u′ = ⟨u′
x, u

′
y, u

′
z⟩.

The temporal average of u(x, t) where x ∈ Ω ⊂ Rj, j = 2, 3 and t > 0 is given

by:

u = U(x) = lim
T→∞

1

T

∫ t0+T

t0

u(x, t) dt. (2.9)

where t0 > 0 is initial time.
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The root mean square velocity fluctuation is defined as:

(u′2)1/2 = lim
T→∞

√
1

T

∫ T

0

[u′(x, t)]2 dt, (2.10)

as a result we get a signal that shows the deviation of velocity from its mean at desired

locations in the domain.

Sometimes spatial averaging is needed based on the physical requirements. Spa-

tial average at time t of u(x, t) is denoted by ũ defined as:

ũ(t) = 1

VΩ

∫
Ω

u(x, t) dx. (2.11)

where VΩ is the volume of the domain.

Consider a sequence {uj(x, t)Nj=1} of realizations of u(x, t) where x ∈ Ω ⊂ R3 and

t ∈ [0, T ], then the ensemble average ⟨.⟩ is

⟨u(x, t)⟩ = 1

N

N∑
j=0

uj(x, t). (2.12)

Ensemble average is the average over flow realizations which is based on the prob-

ability density function approach (see Appendix (A.3)). In experiments we do not

have an ensemble of velocity field realizations and therefore rely on Taylor’s Frozen

Field Hypothesis given in Equation (2.6) to convert temporal averages into spatial

ones [30].
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2.4 Correlations and Energy Spectrum

Let u ∈ L2(0, T ), then the autocorrelation function of a stationary signal u for

τ < T is defined as:

Ru(τ) =
⟨u(t), u(t+ τ)⟩

∥u(t)∥2
. (2.13)

Cauchy-Schwartz inequality shows that | Ru |≤ 1 showing that the function is nor-

malized. The correlation function can be used to define an integral time scale T

as:

T =

∫ ∞

0

ru(τ) dτ (2.14)

The time scale refers to the time over which the signal is correlated thereby serving

as a type of memory of the signal.

For a sequence of statistically stationary functions {uj(t)} ⊂ L2(0, T ), crosscor-

relation function is defined as

Rjk(τ) = ⟨uj(t), uk(t+ τ)⟩. (2.15)

Crosscorrelation is generalization of autocorrelation that represents how two different

signals are correlated over time. The quantity Rjk(0) = ⟨uj(t), uk(t)⟩ is the Reynolds

stress which is the fundamental quantity to model in CFD.

Consider the Fourier transform pair for Equation (2.15):

Φjk(ω) =
1

2π

∫ ∞

−∞
e−iwτRjk(τ) dτ (2.16)
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Rjk(τ) =

∫ ∞

−∞
eiwτΦjk(ω) dω (2.17)

If Rjk(τ) represents cross-correlation function of velocity fluctuations, then (2.16)

for τ = 0 and j = k we obtain turbulence kinetic energy

k =

∫ ∞

0

Φjj(ω) dω (2.18)

where k is formally defined in Appendix (A.4). It must be noted that here we have

used the symmetry of both Rjk and Φjk.

Similarly, if cross-correlation of velocity fluctuations in space are considered, then

we get the following Fourier Transform pair:

Φjk(K) =

∫∫∫ ∞

−∞
e−iK·xRjk(x) d3x (2.19)

Rjk(x) =
1

2π3

∫∫∫ ∞

−∞
eiK·xΦjk(K) d3K (2.20)

where K is the wave number vector from the Fourier transform of the space vector

x ∈ Ω.

Substituting x = 0 and j = k, we have

Rjj(0) =

∫ ∫ ∫ ∞

−∞
Φjj(K) dK (2.21)

Let K =∥ K ∥, then Equation (2.21) becomes :

Rjj(0) =

∫ ∞

−∞

∮
Φjj(K) dS(K)dK (2.22)
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where S(K) is an element of the surface area defined in terms of K in wave number

space.

Energy density function is defined by:

E(K) =

∮
1

2
Φjj(K)dS(K) (2.23)

which is also referred to as the Energy Spectrum.

Therefore, the turbulence kinetic energy k = 1
2
⟨uj(r), uj(r)⟩ can be obtained as:

k =

∫ ∞

0

E(K) dK. (2.24)

where we have again used the symmetry of Φjj. The Equation (2.24) reveals that

energy spectrum is the turbulence energy density per wave number.

2.5 Turbulence Scales

We conceive of turbulence as consisting of a continuous range of scales of eddying mo-

tion which are continuously interacting among themselves, transferring kinetic energy

among different scales of motion. The largest scales contain most of the energy and

it is thought that on average the transfer of energy proceeds down the scale to the

smaller scales until the smallest viscous scales are reached where the kinetic energy

dissipates to heat. In general turbulence looses energy to the mean flow. Thus un-

forced turbulence is a decaying phenomenon - it requires external agent (like stirring)

to be sustained. Kolmogorove in 1941 proposed a scaling law called K41 theory which
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is one of the few exact results in the study of turbulence [4].

Turbulence Reynold’s Number based on the integral length scale and turbulence

kinetic energy is given by,

Reℓ =
u′ℓ

ν
(2.25)

where u′ =

√
u′2+v′2+w′2

3
is the turbulence kinetic energy per unit mass. ℓ is the

integral length scale. Considering the rate of dissipation ϵ as a function of vorticity

ω′ = ∇× u′, we have ϵ = ν < ω′.ω′ >, so we can construct on dimensional grounds,

ℓ =
u′3

ϵ
. (2.26)

Thus we obtain the Kolmogorov’s length scale η,

η =

(
ν3

ϵ

) 1
4

(2.27)

Kolmogorov’s time scale is,

τ =
(ν
ϵ

) 1
2
. (2.28)

The ratio of these quantities gives the Kolmogorov’s velocity scale. The ratio be-

tween Kolmogorov’s lengthscale and integral lengthscale is an important quantity in

turbulence research. Here we will see why. From (2.27)

η ∼
(

ν3

|u′|3/ℓ

) 1
4

,
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using (2.5) we have
η

ℓ
∼ Reℓ

− 3
4 ,

so that
ℓ

η
∼ Reℓ

3
4 . (2.29)

So the ratio between Kolmogorov’s microscale and integral lengthscale is related to the

Reynold’s number. If E(K) is the energy spectrum with wave number K, dimensional

analysis of (2.5) gives

E(K) = CKϵ
2
3K− 5

3 (2.30)

the Kolmogorov Spectrum. CK is Kolmogorov’s constant which has been experimen-

tally found to be around 1.5 [6] and K− 5
3 provides the essential inertial subrange where

energy cascades from larger scales to the smaller scales and so on as shown in Figure

2.1.

2.6 Taylor’s Hypothesis

Taylor introduced the hypothesis which asserts that turbulence at a point in time is

approximately the same as due to convection of a spatial pattern [2]. This phenomenon

is arguably true for any low intensity turbulent flow such as the ones being studied in

this work. This is known as Taylor’s frozen field hypothesis and it means that flow

properties obtained over time are approximately equal to those obtained over space

via the transformation
∂

∂t
= u

∂

∂x
. (2.31)
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Figure 2.1: turbulence energy cascade [1]

This result is widely used in experiments to convert temporal data into spatial data

and vice versa. There are some contentions as to whether the hypothesis is valid on

a large scale but for the purpose of this study, it is valid and we see it being used on

many occasions for such experiments in the literature.
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CHAPTER 3

MULTI-SCALE GRIDS

In this chapter details of two-dimensional classical, fractal and the new three-

dimensional sparse multiscale grids are given. The lengths, thicknesses and scales

of the grids are defined as functions of physical characteristics such as blockage ratio,

effective mesh size and distance between each co-frame. It needs to be mentioned here

that all the grids studied in this work are passive grids meaning . Here a parametric

study is performed by varying some parameters such as scaling factors, blockage ratios

and grid thicknesses.

3.1 Classical Regular Grid

Classical grids have a flat square pattern (see Figure 3.1) that causes turbulence when

a fluid flows through the square gaps. These grids have been extensively used as

benchmark experimental method for the study of homogeneous isotropic turbulence.

Corrison (1963) [5] showed that turbulence decays as a function of time (or space

through Taylors hypothesis) when produced using classical grids. By performing ex-
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periments on grids, he concluded that there is a power law decay of turbulence if

thickness of the bars is very small as compared to the length of the bars. Regular

grid (RG) can be completely described by its thickness d and number of bars N . An

important scale of RG is the mesh number M defined as the distance between the

centers of two consecutive squares of the grid. Blockage ratio σ is the ratio between

areas of grid and channel cross section. If H2 is the area of cross-section of a square

channel of length H, then M = H/N . Then blockage ratio of RG is given by

σRG = 1− (1− d

M
)2. (3.1)

The perimeter P of a single square of RG is 4M(1− d
M
) and there are N2 squares in

total so

P = 4M

(
H

M

2)(
1− d

M

)
(3.2)

Equating d
M

in Equation (3.1) and Equation (3.2) we get an expression for the mesh

size of RG defined in terms of blockage ratio, channel width and perimeter as

M =
4H2

P

√
1− σ (3.3)

This defines a generalized mesh size for multi-scale grids. Experiments on RG [10]

reveal that regular grid generated turbulence decays over the region x/M ≥ 20. Mesh

size is a scale length that characterizes turbulence as detailed in the later chapters.
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Figure 3.1: Classical regular grid

Decay of kinetic energy as function of time t is given by [10]

⟨u2⟩ = t−n (3.4)

Using Taylors hypothesis, we have

⟨u2⟩ = (
x− x0

M
)−n. (3.5)

where x0 is the position of the grid in the channel. It is believed that 1 ≤ n ≤ 1.4

for homogeneous isotropic turbulence, however some studies suggest that the decay

rate goes up to n = 2 [10] which is quite far from the established norm. The same

studies have suggested that this decay is affected by initial conditions but for fully

developed turbulent flow, initial conditions should not be this significant according to

[2]. Hence this is another area in regular grid generated turbulence research which
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requires further investigation. Any study showing marked difference from the classical

grid generated turbulence case is of interest in the scientific circles.

3.2 Fractal Grid

Fractal square grid (2DF) is a multiscale grid with repeating self-similar square fractal

pattern as shown in Figure 3.2. 2DF display a higher peak turbulence intensity on

average as compared to RG [13] with the same blockage ratio. This is attributed to

the multi-scale nature of the fractal grids which resembels the multiscale nature of

turbulence. It is important to define 2DF in terms of blockage ratio and mesh size

because they affect physical properties of the flow. Let lj and dj denote, respectively,

the length and thickness of the jth iteration (0 ≤ j ≤ N − 1) of fractal in 2DF, then

2DF can be described by the largest length l0 and highest thickness d0 of the initial

pattern and the ratio of lengths Rl and thicknesses Rd defined as,

Rj
l =

lj
l0
, (3.6)

where Rl is the ratio of lengths of jth to the maximum length l0 of the fractal and

Rj
d =

dj
d0

. (3.7)

Rd is the ratio of thickness of jth to the maximum thickness d0 of the fractal. Let

aj be the number of fractal patterns on the jth fractal, then in case of fractal square

grids, a = 4. For there to be no crossing over of the fractals Rl ≤ 1/2 and Rd << 1.
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Figure 3.2: Flat fractal square grid

The surface area of 2DF is then given by

A :=
N−1∑
j=0

aj+1ljdj = a
N−1∑
j=0

l0d0(aRlRd)
j. (3.8)

This means that the blockage ratio of 2DF is

σ2DF :=
al0d0
H2

1− (aRlRd)
N

1− aRlRd

. (3.9)

Note that in the above formula which is generally used in most experiments, the

overlapping of bars is not considered, hence the actual blockage should be slightly less

than the value given in Equation (3.9). The error can be removed by deleting all the

overlaps, then the corrected area of 2DF is

A2DF :=
N−1∑
j=0

aj
[
aljdj −

a

2
djdj−1

]
. (3.10)

Then corrected blockage ratio of fractal grid with patterns a number of iteration N

length ratio Rl, thickness ratio Rd cross-section length and width 2l0 and largest length
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and thickness l0 and d0 is given by,

σ2DF :=
ad0
4l20

[
l0
1− (aRlRd)

N

1− aRlRd

− d0
2Rd

1− (aR2
d)

N

1− aR2
d

]
. (3.11)

Fractal dimension D is the scaling exponent of fractals and is defined as,

D =
log(a)

log(1/Rl)
. (3.12)

This shows that, for a fractal square grid with scaling factor 1/Rl = 2, the fractal

dimension D = 2.

RG is a special case of 2DF with a = Rl = Rd = 1, l0 = H and d0 = d.

3.3 Sparse Multiscale Grids

A recent innovation in multi-scale grid generated turbulence is the three dimensional

sparse grid (3DS) [27]. The 3DS (Figure 3.3 ) is generalization of 2DF as each multi-

scale iteration is separated into its own plane in a co-planar arrangement. This results

in an overall reduction in the blockage ratio of 3DS as compared to 2DF of the same

projected surface area. Moreover, a new parameter is introduced in 3DS as compared

to 2DF in the form of separation distance between consecutive co-frames.

The surface area of jth iteration of 3DS is given by

Aj = aj+1ljdj = al0d0(aRlRd)
j. (3.13)
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Figure 3.3: 3D sparse multiscale grid

So that the maximum blockage ratio of 3DS is

σMax
3DS = MaxN−1

j=0 {
al0d0(aRlRd)

j

H2
}. (3.14)

Now let us compare a special case of 3DS and 2DF of the same total surface areas.

Although the length and thickness ratio of multi-scale grids need not be equal but for

the sake of simplicity, let Rl = Rd = r for r < 1 and number of grid iterations N = 3.

Suppose further that l0 = sH for s < 1 and d0 = w. Then the maximum blockage

ratio of three fractal iteration square grid is

σ2DF = (sw − w2)(4 + 16r2 + 64r4)− w2(8r + 32r3). (3.15)

Let σ1, σ2 and σ3 be the blockage ratios of the first, second and third fractal
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iterations of 3DS, then

σ1 = 4(qw − w2), (3.16)

σ2 = 4r2σ1, (3.17)

σ3 = 16r4σ1. (3.18)

So that σMax
3DS = Max{σ1, σ2, σ3}.

Clearly σMax
3DS ≤ σ2DF .

Figures 3.4 show the variation in blockages σ as function of r with w = 0.05 for

cases s = 0.5 and s = 0.7. It can be seen that the optimal value of length and thickness

ration is r = 0.5 at which point we can see that σj are all equal and nearly one-third

of σ2DF , because σ1 = σ2 = σ3 = σ and σ2DF = σ1 + σ2 + σ3 = 3σ Relative blockage

Figure 3.4: Blockage ratio σ vs scaling ratio r of 3DS and 2DF grids with w = 0.05
and a = 0.5 (left) and a = 0.7 (right).
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ratio from 2DF to 3DS is defined as

R(σ, s, r) =
σMax
3DS

σ2DF

. (3.19)

For each separate iteration of multi-scale grids, scale by scale relative blockage

ratio is defined as

R1(σ, s, r) =
σ1

σ2DF

(3.20)

R2(σ, s, r) =
σ2

σ2DF

(3.21)

R3(σ, s, r) =
σ3

σ2DF

. (3.22)

Investigation of different relative blockages of multi-scale grids is displayed in Figure

3.5. Relative blockage R as a function of scaling factor r are shown in Figure 3.5 for

w = 0.05 with s = 0.5 and s = 0.7 respectively. A minimum of Rσ can be observed at

r = 0.5. Moreover the solidity of 3DS is much lower as compared to 2DF, for a three

generation multi-scale grid, the solidity of 3DS is one third the solidity of 2DF and

this is one of the main features of using 3DS for turbulence investigation. We have

seen so far that the optimal reduction of relative solidity occurs when r = 0.5. The

mass flux rate M through this system of a given pressure drop can be approximated

as,

M = (1− σ)F (Re; ρ, U, µ, l) (3.23)

where F is some function for example, propotional to the pressure drop F ∝ ▽p.

Usually F is a function of the pressure p, µ the dynamic viscosity, ρ the density, U the
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Figure 3.5: Relative solidity R vs scaling ratio r of 3DS and 2DF grids with w = 0.05
and s = 0.5 (left) and s = 0.7 (right).

mean velocity and l the characteristic length scale with Reynolds number Re defined

in these terms. The relative rate of increase in mass flow from 2DF to 3DS can be

defined as

fσ(w, s, r) =
M3DS

M2DF

u
1− σ3DS

1− σ2DF

. (3.24)

Similarly for each separate iteration, mass flux rate is

f1(w, s, r) =
1− σ1

1− σ2DF

(3.25)

f2(w, s, r) =
1− σ2

1− σ2DF

(3.26)

f2(w, s, r) =
1− σ3

1− σ2DF

. (3.27)

So that

fσ u f1 + f2 + f3. (3.28)

In Figure 3.6, mass flux rates for w = 0.05 with s = 0.5 and s = 0.7 are plotted

against r. For s = 0.5 and w = 0.05, 3DS shows a 21% increase in mass flux as
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Figure 3.6: Mass flow rate f vs scaling ratio r of 3DS and 2DF grids with w = 0.05
and s = 0.5 (left) and s = 0.7 (right).

compared to 2DF whereas for s = 0.7 there is a 40% increment. Although for large

values of r, we see a rapid increase in the mass flux rate, we know that as 1− σ → 0

and mass flux goes to zero.

From a theoretical point of view, 3DS grids display lower maximum blockage ratio

and higher mass flux rate than 2DF grids. Another important conclusion is that

the optimum scaling value for length and thickness is 1/2. Now the question is how

these differences translate in the study of grid generated turbulence using numerical

simulations of actual turbulent flows.
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CHAPTER 4

NUMERICAL SETUP

In this chapter, continuity and momentum equations are discretized on a three di-

mensional cubic structured mesh using finite volume method. Numerical technique is

discussed in detail and the simulation algorithm is described.

4.1 Discretization of NS Equations

Consider a three dimensional domain Ω ⊂ R3. The problem can be described using

the following system.



∂u
∂t

+∇ · uu = −∇P + ν∆u, in Ω× (0, T )

∇ · u(x, t) = 0, in Ω× (0, T )

u(x − h, t) = u(x + h, t), on ∂Ω× (0, T )

u(x, 0) = u0(x), in Ω

(4.1)

The system of equations(4.1) describes the momentum and mass conservation equa-

tions with periodic boundary conditions in lateral direction and an initial inflow field
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in the streamwise direction describing Navier-Stokes equations for a incompressible

Newtonian fluid with constant dynamic viscosity ν, dynamic pressure P = p/ρ and

velocity vector u. The exact solution for the above problem in three dimensional

space over all times is called the last unsolved problem of classical physics. The nu-

merical solution to the above problem of turbulence will be solved using finite volume

approach.

Consider a collocated mesh arrangement where all flow variables are recorded at

the cell centers. In tensorial notation, the jth momentum equation 2 ≤ j, k ≤ 3 can

be written as

∂uj

∂t
+

∂ujuk

∂xk

= − ∂P

∂xj

+ ν
∂2uj

∂xk∂xk

+ fj (4.2)

In the above equation the first term is called unsteady term as it represents rate of

change over time, the second term is the convection term and on the right hand side,

we have pressure gradient, diffusion and body forcing terms. Tensoral notation

is used here. Integrating the above equation over time interval [t, t+△t] and control

volume V we get

∫ t+△t

t

∫∫∫
V

[
∂uj

∂t
+

∂ujuk

∂xk

]
dV dt =

∫ t+△t

t

∫∫∫
V

[
− ∂P

∂xj

+ ν
∂2uj

∂xk∂xk

+ fj

]
dV dt

(4.3)

Using divergence theorem with outward pointing unit vector n on the surface S of

control volume V ∫∫∫
V

∇ ·GdV =

∫∫
S

G · ndS (4.4)
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on convection, pressure and diffusion terms and using backward Euler time stepping

technique we have

uj − u
(0)
j

∆t
V +

∫∫
A

ujuknjdA = −
∫∫

A

PnjdA+

∫∫
A

ν
∂uj

∂xk

nkdA+ fjV (4.5)

where u
(0)
j is the previous time step and backward Euler is a first order implicit tech-

nique where next time step is solved using the previous one. Assuming that the mesh

is cuboid and there is no body force, the surface integrals can be written as summation

over each face, so that

uj − u
(0)
j

∆t
V +

∑
k=nb

(ujuknkA) = −
∑
k=nb

(PnjA) +
∑
k=nb

(
ν
∂uj

∂xk

nkA

)
(4.6)

Here the sum is taken over each neighboring face to the jth cell in the domain. For a

two dimensional domain, the discretised x-momentum equation with cell center j and

velocity vector (u, v) is given by

uj − u
(0)
j

∆t
−

(uju

∆x

)
w
+
(uju

∆x

)
e
−

(
ujv

∆y

)
s

+

(
ujv

∆y

)
n

= −
(
Pnj

∆x

)
w

−
(
Pnj

∆x

)
e

−
(
Pnj

∆y

)
s

−
(
Pnj

∆y

)
n

−
(
ν
∂uj

∂x

1

∆x

)
w

+

(
ν
∂uj

∂x

1

∆x

)
e

−
(
ν
∂uj

∂y

1

∆y

)
s

+

(
ν
∂uj

∂y

1

∆y

)
n

(4.7)

where w,e,n,s are the west east north and south neighbor grid points of the two

dimensional system of equations and n1 = (1, 0), n2 = (0, 1), u1 = u and u2 = v.

Partial derivatives can be calculated using some interpolation techniques. In practice,

finite volume method is the closest to an exact solution at the grid points of the
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domain. However, interpolations, truncation and approximations introduce errors.

Continuity equation for Newtonian, incompressible fluid is given by

∇ · u = 0 (4.8)

Using divergence theorem (4.4) implies

∫∫∫
V

∇ · udV =

∫∫
S

u · ndS =
∑
k=nb

uknkA = 0. (4.9)

This means that the mass flux is conserved since the amount of fluid entering and

leaving through the cell faces is balanced out.

4.2 Numerical Method

Pressure Implicit Split Operator Algorithm (PISO) was proposed in 1986 by Issa and

it requires lesser computing effort than many similar algorithms to solve Navier-Stokes

equations.

• The equation (4.6) is solved using the initial velocity u(0) , pressure p and bound-

ary conditions to get an intermediate velocity field, the pressure thus obtained

is not correct. As mentioned before we have used finite volume discretisation,

the non-linearity is removed by using uγ
k

∂uγ
j

∂xk
= uγ−1

k

∂uγ
j

∂xk
where γ − 1 represents

a fractional time step. Gauss linear scheme is used in spacial discretisation

and the resulting system of linear equations is solved using biconjugate gradient

method. The velocity thus obtained is u∗. The pressure p∗ may or may not be
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correct.

• Since the velocity and pressure fields on the previous time step are known, in

matrix form, the momentum equation can be written as,

au
PuP = H(u)−∇P (4.10)

where H(u) =
∑

au
NuN + r. Applying gradient and using divergence free con-

dition on equation (4.10) we have the pressure equation,

∇ ·
[
(au

P )
−1∇p

]
= ∇ ·

[
(au

P )
−1H(u)

]
. (4.11)

The term on the right hand side represents the mass flux on each cell face and

the equation (4.11) is Poisson equation for pressure. By calculating the flux

on right hand side of the equation (4.11) we can solve the resulting poisson

equation.

• Once the the equation (4.11) is solved, we get pressure correction p∗∗ to the NS

system. The pressure correction can now be used to correct the mass flux.

• Define p′ = p∗∗ − p∗ and u′ = u∗∗ − u∗ as the correction factors for pressure

and velocity. Now velocity is corrected by using p∗∗ as the initial pressure in

(4.6) to calculate the corrected u∗∗. This is called the first corrector step. In

PISO, second corrector step is recommended [31]. The procedure is repeated

until prescribed tolerance is achieved.
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• The same procedure is repeated for each time step.

The Pressure Implicit Split Operator method is favored over others because of its

unconditional stability over collocated mesh [32] as we have used in our work. It also

permits a larger time step and thus reduces CPU time.

4.3 Direct Numerical Simulation

Direct Numerical Simulation (DNS) is the numerical solution of Navier-Stokes equa-

tions to study turbulence without modeling. DNS is a benchmark investigation of

fluid flow where all scales of turbulence are resolved up to machine accuracy. Due to

the very high mesh resolution requirement of DNS, it is not yet feasible to adopt this

method for industrial purposes as for many coming years, even at the current rate of

rise in computation powers, the computational cost of DNS will remain an unresolved

issue [33].

Kolmogorov microscale η defined in equation (2.27) is the smallest scale that has

to be resolved so that for a mesh size h, h < η. Moreover the resolution N ≥ ℓ/h

for the largest scales to remain within the domain, where ℓ is integral length scale as

defined in (2.26). Using (2.26) and (2.27) we have

ℓ

η
∼

(
u′ℓ

ν

)3/4

(4.12)

So that
ℓ

η
∼ Re3/4 (4.13)
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This implies that for a three dimensional cubic domain N3 ≤ Re9/4. If Nt is the

number of time steps and Nt ≤ N because of the courant condition u∆t
∆x

< 1, then

N3Nt ≤ Re3. The total number of operations to perform on a cubic domain with

mesh points N and time steps Nt grows like Re3. Computation power is measured in

flops which is the number of floating point operations per second. Therefore on a large

domain such as atmosphere or hurricane etc., where Reynolds number is very high, it

is impossible to use DNS whereas for investigation of grid generated turbulence, it is

the ideal tool.

4.4 Simulation Setup

Flow in a conduit under the influence of multiscale grids is investigated in a cuboid

domain

Ω = {(x, y, z) ⊂ ℜ3|0 ≤ x ≤ T,−l0 ≤ y, z ≤ l0}. (4.14)

The numerical setup as discussed in the previous section has been applied in the

simulation setup.

General purpose open source CFD packages are robust and effective for numerical

simulation of fluid flow but the challenge that they are so far unable to meet is that

they do not support a very high resolution mesh which in our case is essential. We

have used a second order finite-volume discretisation with Pressure Implicit Split

Operator (PISO) Algorithm to simulate incompressible fluid flow. The advantage of
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PISO algorithm is its unconditional stability on collocated grids [31] and larger time

step admissibility. Such simulations produce tera-bites of data as output which is

impossible to visualize on a normal computer or laptop. Parallel Python script has

to be used to visualize simulation outputs through Paraview and parallellized Matlab

codes for some plotting. The idea is to write a robust algorithm for incompressible

flow simulation on burst-buffer for Domain Discretization, Numerical Simulation and

Post-Processing all-in-one. Details of the simulation are as follows:

Case 1 Case 2
Parameters RG1 2DF1 3DS1 RG2 2DF2 3DS2

σ(%) 32 32 15 32 32 15
lx/dmin 460.8 460.8 460.8 576 576 576
l0/dmin 115.2 57.6 57.6 115.2 57.6 57.6
l1/dmin - 28.8 28.8 - 28.8 28.8
l2/dmin - 14.4 14.4 - 14.4 14.4
d0/dmin 2.6 8.5 8.5 2.6 8.5 8.5
d1/dmin - 2.915 2.915 - 2.915 2.915
d2/dmin - 1 1 - 1 1
r1/dmin - - 17 - - 17
r2/dmin - - 8.5 - - 8.5

Table 4.1: Details of grid designs for two sets of simulations. All lengths are normalized
by the smallest bar thickness dmin of 2DF1. These grids vary according to parameters
such as channel length dminj, blockage ratio σ, scaling factor Rl = 0.5 and Rd = 0.343
as defined in equation (3.6)

• The turbulence generating grid G is placed slightly downstream of conduit to

avoid spurious initial flow field effects. Let x0 > 0 be the position of the grid

inside the domain Ω defined in (4.14). Mathematically, the grid G ⊂ Ω and for

a cell b ∈ Ω with b ∩ G ̸= ∅, then G = {b ∈ Ω|ub = 0} i.e. a set of cells in the

domain where no-slip boundary condition is imposed so that the grid acts as a

blockage in the path of the flow.
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• Table 4.1 refers to a set of simulations that have been carried out to investigate

grid generated turbulence. The three set of grids are RG, 2DF and 3DS and

there are different cases based on various parameters. The cases are based on the

blockage ratio σ of the various grids. Comparisons made for the same projected

blockage. In Case 1, the channel length lx = 460.8dmin and for all other cases

T = 576dmin. The channel width 2l0 = 115.2 for all cases.

• The doamin is discretized using finite volume method with ∆x = ∆y = ∆z =

0.2dmin. The total number of spatial discretization cells in Case 1 is 2304 ×

576× 576 and for all other cases, the number of cells is 2880× 576× 576. Table

4.2 describes a set of 3DS grids exclusively with grids differing either in their

blockage ratios or the order in which the co-frames are arranged. Since the

number of parametric variations to consider is limitless, the grid separations

have been kept constant in this work at r1 = 17 dmin and r2 = 8.5 dmin.

• The values of r2 and r2 where chosen in a way that the wakes generated by the

next co-frame interact with the solid surface of the next co-frame and thereby

disrupt the velocity field even further than 2DF grids. A parametric study on

was performed to see what optimum position of r1 and r2 should be taken,

however the values are not optimum.

• In order to perform DNS on such a fine mesh, the domain is decomposed into

2048 classes where each of these classes is assigned to a CPU core. So in Case

1, 2048 CPU cores are used on HPC facility and in all other cases 2360 CPU

cores are used to perform parallel simulations.
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• Probes and pencils are placed in places of interest to record physical character-

istics over time. The probes record various flow characteristics such as velocity,

gradients, pressure, vorticity, Reynolds stress tensors and passive scalars etc. A

pencil is a sequence of probes placed in the domain.

Case 3 (a) Case 3 (b)
Parameters 3DS3 3DS4 3DS5 3DS6

σ(%) 25 32 32 32
lx/dmin 576 576 576 576
l0/dmin 57.6 57.6 57.6 57.6
l1/dmin 28.8 28.8 28.8 28.8
l2/dmin 14.4 14.4 14.4 14.4
d0/dmin 14.4 18.4 18.4 18.4
d1/dmin 2.915 2.915 2.915 2.915
d2/dmin 1 1 1 1

order (by Zj) Z0, Z1, Z2 Z0, Z1, Z2 Z1, Z0, Z2 Z2, Z1, Z0

r1/dmin 17 17 17 17
r2/dmin 8.5 8.5 8.5 8.5

Table 4.2: Case 3(a) of comparison of grids varying according to the blockage ra-
tio. Case 3(b) of comparison of 3DS grids having equal blockage ratios but different
arrangement of the sparse iterations Zj. Zj are defined in the figures 4.1c.

• Passive scalars transport is studied by solving the convection diffusion equation

∂c

∂t
+∇ · (uc) = ∇ · (D∇c) (4.15)

where c is the scalar being transported, u is the flow velocity and D is the

diffusivity of the scalar. Scalar transport is analogous to a dye or ink in a fluid

to see how it mixes.

• All quantities are normalized by the smallest bar thickness d2 = dmin of the

fractal grid (2DF) and a time scale based on dmin is defined by dmin

U∞
where U∞
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(a) Z0 (b) Z1

(c) Z2

Figure 4.1: Three different fractal iterations of the sparse multiscale grid. Each itera-
tion is separated by a distance rj and held in its own frame in the yz-plane at different
locations along the x-axis.
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is the inflow velocity.

• Reynolds number Redmin
= dminU∞

ν
= 300 where ν is the dynamic viscosity

of the fluid and normalized inflow velocity U∞ = 1. All the parameters were

chosen to match the DNS of LV2012 in order to facilitate the validation and the

comparison with our own DNS.

• Total simulation time was based on experience and literature [13] which suggests

that around fifty thousand times steps are required to get a fully developed

turbulent flow.

• Time averaging is done over the time when the flow is fully developed. The time

from 350dmin/U∞ to 650dmin/U∞ is a good sample set for statistical analysis of

turbulence [24]. We took averages over different time intervals starting from 200

dmin/U∞ and found that the variation in results are no more than 5%.

• Channel is long enough to establish turbulence developed all the way down-

stream and wide enough to allow generation of large scales from the mean flow.

The grids used in this study are chosen from literature review. These studies

suggest that the channel length should be atleast 10 times the width for homogeneity

and isotropy, but that would be computationally very expensive. Also Df = 2 is

the optimum fractal dimension and physically accurate blockage ratio of sparse grid

is the maximum of blockage of the co-frames rather than their sum. Moreover, to

resolve all scales of turbulence, the simulation resolution should be five times smaller

than smallest bar thickness. This implies ∆x = ∆y = ∆z ≤ dmin/5. Time step
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∆t = 0.015dmin/U∞ and the mesh size ∆x = 0.2dmin. The flow is simulated for total

time of 800dmin/U∞ but due to computation costs and storage limitations only 30 full

field snapshots are recorded randomly out of the total 55 thousand flow realizations.

Inflow velocity is uniform U∞ with inlet outlet boundary conditions along x-axis and

periodic boundary conditions along y- and z-axis. Probes and pencils were also placed

at important locations in the channel to record flow characteristics over the entire

simulation time resulting in a few tera bites of simulation output requiring heavy

computation resources for post processing images, graphs and other calculations. All

simulations were carried out on the Falcon High Performance Computing Platform at

King Abdullah University of Science and Technology KAUST Shaheen II HPC.
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CHAPTER 5

RESULTS AND DISCUSSION

5.1 Comparison of RG1, 2DF1 and 3DS1

In this section three grids, the classical regular grid (RG1) Fig.3.1, the flat fractal

square grid (2DF) Fig.3.2 and the 3D sparse grid (3DS) Fig.3.3 are investigated in a

channel flow configuration. The purpose is to firstly, validate the results of our direct

numerical simulation against those of Laizet and Vassillicos [24] and secondly, to

compare those results with the new 3DS grids. As we will see, there is a large number

of co-frame arrangements and co-frame solidities of the same maximum solidity and

it will not be possible to cover all the cases in this piece of work, so we have selected

a few cases to be investigated as an initial case study of the 3DS grids. This section

describes simulation of RG, 2DF and 3DS grids having equal effective mesh sizes and

compares the results with [24]. The channel is a conduit of dimensions Lx × Ly × Lz,

where Lx/dmin = 460.8 and Ly/dmin = Lz/dmin = 115.2. The grid is placed at

x0/dmin = 10 inside the channel to avoid any spurious effects from the initial flow

field. The streamwise thickness of the three grids RG1, 2DF1 and 3DS1 is 2.4dmin.
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The inflow velocity is a uniform U∞ = 1 and initial velocity field is set at (U∞, 0, 0)

at the inlet of the channel, which yields a Reynolds number based on dmin to be,

Re =
U∞dmin

ν
= 300. (5.1)

Inlet-outlet boundary condition is set on the outlet boundary to avoid any reverse flow

that might cause the system to violate mass conservation. The inlet-outlet boundary

condition is a type of mixed boundary condition which has a switch whereby at the

outlet we have a Drichlet type boundary condition if the streamwise velocity is directed

into the channel but it switches to Neumann type boundary condition if the streamwise

velocity is directed out of the channel. Periodic boundary conditions are applied at

the walls in the other two directions. Blockage ratio σRG1 = σ2DF1 = 32% where

as σ3DS1 = 15%. The parameters of 2DF1 are {lj, dj}. In 3DS1 grids, there are

additional parameters r1 = x1−x0 and r2 = x2−x1 which are the inter-frame distances

between consecutive co-frames, making its parameter space larger than that of RG1

and 2DF1. xj is the plane of jth frame in 3DS1 (j = 0, 1, 2) in the channel and the

non-dimensionalized distances between the frames r1/dmin = 17 and r2/dmin = 8.5.

Details of the grids are given in Table 4.1 and Fig.5.1 describes the 3D sparse grid in

a channel flow configuration.

Figures 5.2-5.13 show comparisons of turbulence characteristics obtained from

RG1, 2DF1, and 3DS1 grids from DNS. The RG1 and 2DF1 plots match the results

of Laziet & Vassilicos [24], which validates the current DNS for these calculations

because our parameter values have been based upon the simulations that they ran.
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Figure 5.1: 3DS grid in a conduit where 3D sparse multiscale grid having three frames
is placed at the inlet of the conduit and the arrows represent the streamwise direction
in which the fluid is flowing.

Results from DNS of Laizet et.al. [24] were validated against experiments on fractal

grid turbulence given in Hurst et. al. [10] which adds to the authenticity of the DNS

results of Laizet et. al (2012) and therefore, also our work.

Figures 5.2a,5.2b and 5.2c show the plots of the streamwise turbulence intensity

⟨(u′(x))2⟩1/2/U∞ where the mean is taken over time, and the streamwise mean flow,

U(x)/U∞, along the centerline of RG1, 2DF1 and 3DS1 respectively. The values

of mean flows in the 2DF1 and 3DS1 are close for most of the channel length, and

both are significantly higher than in the RG1 grid. The turbulence intensity peaks at

x/dmin u 10, dies slowly downstream of the grid in RG1 and dies down close to the

grid but sustains till the end of the channel. In 2DF1, the intensity increases close

to the grid till it reaches a peak around x/dmin u 180, which we call the production

region but farther downstream both RG1 and 2DF1 decay down to a low intensity.

In 3DS1, the intensity seems to be half that of 2DF1 which is understandable as the

blockage ratio of 3DS1 is also half that of 2DF1.

Figures 5.3a,5.3b and 5.3c compare the streamwise turbulence intensities
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(a) RG1 (b) 2DF1

(c) 3DS1

Figure 5.2: Streamwise root mean square velocity and time averaged velocity along
centerline of the channel.
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⟨(u′)2⟩1/2/U∞ along pencils in the streamwise direction of the channel, starting at

various (0, y, z) locations as indicated by the different colors.

The peak intensities in the RG1 case occurs very early downstream but then dies

down rapidly (possibly indicating rapid mixing). The peak intensities in the 2DF1 is

comparable to RG1, but the peaks in the 3DS1 are about 50% lower. The locations of

the peaks in the 2DF1 and 3DS1 occur at similar locations between x/dmin = 25−180.

Furthermore, the intensities in the 2DF and the 3DS is sustained for much longer

downstream than in the RG1 – in the former two the intensities are still significant at

the end of the channel. But although the 3DS1 shows lower peak intensities, the level

of intensity towards the end of the channel after x/dmin ≈ 200 is only slightly lower

than in the 2DF1 – this is remarkable considering that the blockage ratio in the 3DS1

is 15%, which is half that of the 2DF1. In fact, the intensity profile in the 2DF1 is

declining faster than in the 3DS, so it is possible that in a longer channel the 3DS1

may yet show higher level much further downstream – this will be investigated in the

next section.

Figures 5.4 show the mean streamwise velocity, U(y)/U∞ , against the transverse

coordinate, y/dmin, in different planes downstream of the channel as indicated by the

colours. The RG1 mean flow is close to unity and nearly flat for x/dmin > 150. The

2DF1 mean flow shows a flat region with U(y)/U∞ ≈ 1.2 in the central portion, and

U(y)/U∞ ≈ 0.85 further out from the center at x/dmin ≥ 150. This profile then

smoothens out and decays to lower peak values for x/dmin > 150 . The 3DS1 profile

at x/dmin = 150 is nearly flat at a level comparable to the 2DF1 at U(y)/U∞ ≈ 1.1,

but further downstream develops a central plateau like the 2DF1 case that flattens at
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(a) RG1 (b) 2DF1

(c) 3DS1

Figure 5.3: Streamwise root mean square velocity along x-axis of six different pencils
in yz-plane as shown in the legends.
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(a) RG1 (b) 2DF1

(c) 3DS1

Figure 5.4: Time mean of x-component of velocity at five different locations from
x/dmin = 150 to x/dmin = 450 along y-axis where z=0.
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the edges close to unity.

Figures 5.5 show the streamwise turbulence intensites, ⟨(u′)2⟩1/2/U∞ against

y/dmin, for the three grid cases. The RG1 is essentially flat at x/dmin = 150 around

8% and then decaying towards zero further downstream, and the 2DF1 starts at much

higher intensity of around 25% and decays to a nearly flat 10% by the end of the

channel. In the 3DS1, the intensity averages around 10% throughout the length of

the channel although it is much more peaked in the center than in the RG1 or the

2DF1 grids, which suggests that the turbulence activity is more confined within a

narrower central region.

Figures 5.6 and 5.7 are the transverse velocity counterparts to Fig.5.4 and Fig.5.5

respectively, V (y)/U∞ and ⟨(v′)2⟩1/2/U∞, against the transverse direction, y/dmin,

taken in the same yz-planes as before. Figures 5.6 show that mean y-velocity is

almost always negative for 2DF1 and 3DS1 case. Figure 5.7 show that y-intensity is

highest at the center in 2DF1 and lowest at the center in 3DS1.

Figures 5.8 and 5.9 are the vertical velocity counterparts to 5.4 and 5.5, respec-

tively, W (y)/U∞ and ⟨(w′)2⟩1/2/U∞, against the transverse direction, y/dmin, taken

at different stations along the channel as indicated by the colours in the legend.

Figure 5.4, 5.6 and 5.8 show that the mean velocities in the lateral directions are

on average close to zero. This is excepted because the inflow is streamwise. However,

the order of magnitude of the turbulence intensities in the lateral directions, and also

in 5.3, in the respective grids are non-zero and of comparable magnitude, indicating

roughly isotropic production of turbulence energy in all cases.

Figure 5.10a, 5.10b and 5.10c show the turbulence energy frequency spectrum
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(a) RG1 (b) 2DF1

(c) 3DS1

Figure 5.5: Root mean square of x-component of velocity fluctuations at five different
locations from x/dmin = 150 to x/dmin = 450 along y-axis where z=0.
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(a) RG1 (b) 2DF1

(c) 3DS1

Figure 5.6: Time mean of y-component of velocity at five different locations from
x/dmin = 150 to x/dmin = 450 along y-axis where z=0.
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(a) RG1 (b) 2DF1

(c) 3DS1

Figure 5.7: Root mean square of y-component of velocity at five different locations
from x/dmin = 150 to x/dmin = 450 along y-axis where z=0.
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(a) RG1 (b) 2DF1

(c) 3DS1

Figure 5.8: Time mean of z-component of velocity at five different locations from
x/dmin = 150 to x/dmin = 450 along y-axis where z=0.
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(a) RG1 (b) 2DF1

(c) 3DS1

Figure 5.9: Root mean square of z-component of velocity at five different locations
from x/dmin = 150 to x/dmin = 450 along y-axis where z=0.
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(a) RG1 (b) 2DF1

(c) 3DS1

Figure 5.10: Log-log of the Power spectra of streamwise component of velocity fluc-
tuation at seven locations from x/dmin = 13 to x/dmin = 91.
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along the centerline of the channel in the production region. The probes were located

at different xk/dmin, (k = 1, 2, ..7) that recorded streamwise velocity u(xk, t) of the

flow which were converted into frequency spectrum using Welch window. Equation

(2.22) is used to convert the velocity field into turbulence energy spectrum as explained

in [5], [4]. Taylor’s frozen field hypothesis is then applied to convert the freqeuncy

spectra into wavenumber spectra as it implies that frequency spectrum K ∼ w/U∞

where K is the wavenumber as defined in equation (2.22). The results of 5.10a and

5.10b match with those of [24] and therefore validate the accuracy of our numerical

simulation. 5.10c shows log-log of turbulence energy spectrum E(K) = Φuu/U
2
∞dmin

against Kdmin (ωdmin/U∞) from 3DS1. The Kolmogorov turbulence E ∼ K−5/3 de-

velops quite early in RG1 and over a range of scales in the 2DF1, K−5/3 spectrum

develops further downstream x/dmin > 90. But in 3DS1 the range of K−5/3 spectrum

is much smaller. The spike in 3DS1 at around 8×10−2 could be the reason of the tur-

bulence caused from the smallest frame in 3DS1. Clearly 3DS1 delays the onset of fully

developed turbulence as compared to RG1 and 2DF1. 2DF1 clearly follows −5/3rd

law at the probes farthest from the grid and RG1 displays quick energy dissipation

as there is no significant difference in the values of Φuu downstream of the channel.

It can be concluded that in the production region, 2DF1 and 3DS1 display trends

towards Kolmogorov energy spectrum but the mechanism for the energy cascade is

not fully apparent [29], [5], [11].

Figures 5.11 show the root mean square vorticity (ω′2(x))1/2 profiles of RG1, 2DF1

and 3DS1 grids respectively, along the axial direction of the channel. RG1 shows

higher vorticity intensity which also decays very fast. Theory suggests that vortex
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(a) RG1 (b) 2DF1

(c) 3DS1

Figure 5.11: RMS of the streamwise component of vorticity along x-axis at six different
points in the yz-plane shown in colors on the grid legend.
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tubes play vital role in energy transfer in turbulence due to their interaction with the

mean flow and each other [29]. However vortices by themselves are not effective in

mixing since the local motion is like solid body rotation. The turbulent vorticity pro-

duction and decay is notably different in the 2DF1 and 3DS1. Both show staggered

or delayed peaks downstream depending upon the pencil - an indication of inhomo-

geneity. Although the locations of the peaks in the 2DF1 and 3DS1 are at similar

yz-planes, the peaks in 3DS1 are about 50% of that in the 2DF1 along most of the

pencils.

Mean scalar transport profiles of RG1, 2DF1 and 3DS1 are shown in Fig.5.12

for a range of turbulence Schmidt numbers Sct = νt
Dt

where νt = 1d3min/U∞ is the

local eddy viscosity and Dt = 0.25, 0.5, 0.75, 1, 1.33, 2d3min/U∞ is the diffusivity. The

passive scalar is a line along the z-axis where x/dmin = 5, y/dmin = 0, with initial

concentration set equal to unity. The trends in all scalar concentrations for different

Sct values are very similar quantitatively, with the only exception of Sct = 0.5 at

where higher intensity can be seen in Fig.??.

RMS scalar fluctuations along centerline of RG1, 2DF1 and 3DS1 is displayed

in Fig.5.13 for a range of turbulence Schmidt numbers Sct = 0.5, 0.75, 1, 1.333, 2, 4.

As Sct increases, concentration variation of scalar decays steadily downstream of the

channel. For Sct > 0.5 the scalar concentration fluctuations are also qualitatively

similar. This is an indicator of better mixing and Fig.5.13c shows how concentration

intensity rises throughout for all variations of Sct consistently. This is equivalent of a

concentrated dye being placed in the fluid at the center and recording the variation

in its concentration along the centerline of the channel. At the end, the dye will have
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(a) RG1 (b) 2DF1

(c) 3DS1

Figure 5.12: Streamwise mean scalar concentration profile of a passive scalar pencil
along centerline of the channel with six different turbulence schmidt numbers Sct.
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(a) RG1 (b) 2DF1

(c) 3DS1

Figure 5.13: Streamwise RMS fluctuations of the concentration of a passive scalar
pencil along centerline of the channel with six different Schmidt numbers Sct =
0.5, 0.75, 1, 1.333, 2, 4.
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dissolved in 3DS1 as well as it would in the grids 2DF1 and RG1 grids which have

a much higher blockage ratio than 3DS1. Because of the large parameter space that

3DS grids offer, one can cover a vast range of parametric studies of turbulence which

spans almost all aspects of grid generated turbulence.

5.2 Comparison of RG2, 2DF2 and 3DS2

The study of 2DF1 and 3DS1 in the previous section reveals that the domain consid-

ered in the previous section is not sufficiently large to make conclusive remarks on how

turbulence is carried farther downstream of the grid. Keeping all other parameters

the same as in Case 1, a longer channel is now considered. The new grid Cases with

channel length Lx/dmin = 576, Ly/dmin = Lz/dmin = 115.2 are named RG2, 2DF2

and 3DS2 and the aspect ratios of the new channel are 5 : 1 : 1. This does not change

the numerical method but due to the addition of millions of new discretization cells

to the simulation, number of CPUs required has to increase to be able to complete

the simulation withing a reasonable time. 2560 CPU cores on Shaheen HPC plat-

form at KAUST University were employed in a project for the simulation. Around

50 hours of clock time per simulation generated the results discussed in this section.

The clocktime for postprocessing of those results was an additional 4 hours per sim-

ulation on 16 CPU cores. Moreover, the design of the grid and channel, adjustments

in the algorithm according to the new configuration and continuous monitoring of the

simulations adds additional clock time.

Fig.5.14 shows root mean square velocity fluctuation contours in the yz-planes at
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Figure 5.14: RMS velocity fluctuations of RG2, 2DF2 and 3DS2 in the yz-plane
at locations x/dmin = 30, 60, 90, 200 where dark blue color indicates RMS velocity
fluctuation value of 0 and dark red color indicates RMS velocity fluctuations at value
of 0.5. Lighter colors indicate values somewhere in between.The RMS is calculated
over the time from 300T to 600T .

four different downstream locations of the RG2, 2DF2 and 3DS2 grids. As we move

farther from the grid we see the blue color dominating which shows that intensity is

decreasing. In RG2, even at x/dmin = 30 we can already see that the intensity is not

as high as that shown by 2DF2 and 3DS2. The signatures of the grids can be seen in

both 2DF2 and 3DS2 all the way down to x/dmin = 200 but in RG2, the image of the

grid has almost complete drowned out that far away from the grid.

RMS velocity fluctuations are retained in 2DF2 and 3DS2 even farther downstream

of the conduit which, considering the low blockage ratio and low peak intensity of 3DS2
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(a) RG2 (b) 2DF2

(c) 3DS2

Figure 5.15: Streamwise root mean square velocity percentage profile along x-axis of
six different points in yz-plane as shown in the legends.
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it wasn’t expected to happen as seen in Fig.5.15. In Fig.5.17c this can be more clearly

observed along the centerline. Both 2DF2 and 3DS2 show a signature of turbulence

and mixing far downstream of the conduit and both grids retain intensity of around

10% for x/dmin > 400.

Figure 5.16: Mean x-components of velocity contours of 2DF2 and 3DS2 in the yz-
plane at locations x/dmin = 30, 60, 90, 200 where dark blue color indicates mean ve-
locity value of -0.5 and dark red color indicates mean velocity of 1.5. Lighter col-
ors indicate values somewhere in between. The mean is taken over the time from
300− 600T

Contours of mean velocity profiles of 2DF2 and 3DS2 are shown in figure 5.16. In

2DF2 reverse flow can be observed in the form of the blue color present at x/dmin =

30−90 while in 3DS the signature of the reverse flow has already died out at x/dmin =

60. In both 2DF2 and 3DS2, symmetry of the flow is evident as suggested by the theory

of homogeneous turbulence [4]. At x/dmin = 200, both grids show similar averaged

velocities except that 2DF2 shows higher velocity along the centerline whereas in 3DS2

higher average velocities are along planes y = 0 and z = 0.

In Fig.5.17c, mean velocity of RG2 and 2DF2 are similar but rms of velocity fluc-
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(a) RG2 (b) 2DF2

(c) 3DS2

Figure 5.17: Streamwise root mean square percentage velocity and time mean velocity
along centerline of the channel.
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tuations in 2DF2 are higher than 3DS2 due to its higher blockage ratio. However

farthest downstream of the grid, both 2DF2 and 3DS2 display sustained rms fluctu-

ations. 3DS2 having blockage ratio of only 15% compared to 32% of 2DF2, this is

remarkable. Therefore further investigation of 3DS grids having comparable blockage

ratios to those of RG and 2DF will be covered in the next section.

Figure 5.18: x-component of instantaneous velocity contours of RG2, 2DF2 and 3DS2
in the yz-plane at locations x/dmin = 30, 60, 90, 200 where dark blue color indicates
velocity -0.5 and dark red color indicates velocity 1.5. Lighter colors indicate values
somewhere in between. The velocity contour snapshots are taken at the simulation
time 500T .

In the figure 5.18 we see instantaneous streamwise velocity component slices in the

yz-plane at locations x/dmin = 30, 60, 90, 200 of the conduit. At x/dmin = 30, RG2,

shows almost no reverse flow unlike 2DF2 and 3DS2 where dark blue color represents
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reverse flow. At x/dmin = 60, only 2DF2 shows signs of reverse flow still present

where as in RG2 and 3DS2 the flow is directed along the streamwise direction. The

effect of the grids is visible even at x/dmin = 90 in all three grids but 2DF2 shows more

randomness which indicate better mixing that RG2 and 3DS2 and it can be seen that

this is still the production region 10 ≤ x/dmin ≤ 180 of the conduit. At x/dmin = 200

the velocity field has homogenized in all three grids, the contours of 2DF2 and 3DS2

are very similar and in RG2 no variations are visible from this point on.

All the plots of 2DF2 and 3DS2 show strong evidence of entrainment. Entrainment

occurs across the boundary of two bodies of flows, such as in the boundary of jets and

wakes. Swirling and fluctuating motions regularly engulf small bodies of fluid from

the outside to the inside. In Fig.5.18 it can be seen that although the turbulence

along the centerline is primarily low, but it is being continuously swept from around

the centerline into the center. Thus it is a mechanism which maintains the centerline

turbulence intensity for so long downstream. Such a mechanism is not possible in the

case of RG grids which are homogenized very early.

Mean scalar concentration along the centerline of the channel is shown in Fig.5.19

for a range of schmidt number values Sc = 0.5, 0.75, 1, 1.3, 2, 4 as seen in the legend.

The concentration profiles of RG2, 2DF2 and 3DS2 are very similar. Increasing the

length of channel has no effect on the mean scalar diffusion in the sense that the

mean scalar concentration in steady state is almost constant all along the centerline

of the conduit for all variations of the turublent schmidt number except when Schmidt

number is 0.5. As schmidt number grows, diffusivity is reduced and hence the rate

of increase in concentration as a function of channel length decreases with increase
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(a) RG2 (b) 2DF2

(c) 3DS2

Figure 5.19: Streamwise mean scalar concentration profile of a passive scalar pencil
perpendicular to the centerline of the channel with seven different Schmidt numbers.
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in schmidt number. This indicates that steady state is reached and the increase in

mean scalar concentration along the axial direction of the flow indicates homogeneity

farthest downstream of the channel. The mean scalar profile of 3DS2 lies somewhere

between those of RG2 and 2DF2 with RG2 having the highest concentrations fol-

lowed by 3DS2, while 2DF2 displays slightly lower concentration of the passive scalar

downstream.

Root mean square of scalar concentration fluctuations in axial direction of the flow

for RG2, 2DF2 and 3DS2 is shown in Fig.5.20. Highest levels of scalar fluctuations

are seen in RG2 when schmidt number is very small. But as the turbulence schmidt

number grows, the scalar fluctuations rise in 2DF2 grid as well as in 3DS2. Overall,

the concentration fluctuations decrease downstream of the channel and become almost

constant after x/dmin = 450 for all the grids. From the graphs it can be stated that

when schmidt number of the passive scalar increases, the concentration fluctuations

rise in the multiscale grids. On the other hand increasing schmidt number does not

affect the classical regular grid as much. An overall flat scalar concentration profile

for all the grids indicates homogeneity and continuous mixing of the passive scalar.

Lowest value of scalar concentration fluctuation is observed for Sc = 1 and highest

value is observed for Sc = 0.5.
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(a) RG2 (b) 2DF2

(c) 3DS2

Figure 5.20: Streamwise root mean square scalar diffusion profile of a passive scalar
pencil perpendicular to the centerline of the channel with six different turbulence
Schmidt numbers Sct.
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5.3 Comparison of 3DS2, 3DS3, and 3DS4

The 3DS grids possess a much larger parameter space than 2D fractal grids. The

new parameters exclusive to the 3DS grids are maximum blockage ratios σMax
3DS =

Max{σ0, σ1, σ2} where σj’s are the blockage ratios of the jth co-frame of the 3DS grid

system, frame separation rj and order of co-frame arrangement Zj. In this section the

3DS grids 3DS2, 3DS3 and 3DS4 are compared as the grids have equal frame separation

{r1 = 17dmin, r2 = 8.5dmin} and the same order of co-frame arrangement Z0, Z1, Z2

but different maximum blockage ratios. The blockage ratios of 3DS2, 3DS3 and 3DS4

are 15%, 24% and 32% respectively which is achieved by altering the thickness d0 of

the first co-frame of each of the sparse grid system. Since all other parameters are

the same, this study will highlight the effect of variation in the blockage ratios of the

grids. The set of simulations was also conducted using the robust finite volume based

PISO algorithm on KAUST Shaheen HPC environment using C++ based toolbox. As

before, probes and pencils were placed in the channel to record spatial and temporal

sequences of data over a time over which the flow reached steady state. Over fifty

thousand time steps of data is recorded and at the same time, complete snapshots

of the domain at thirty random points in time are also saved. Due to limitations in

data storage, not everything can be saved as the data generated by these simulations

is very large.

Starting with 3DS2 as our base case we increase the maximum blockage ratio of

the new grid 3DS3 to 24% and eventually reach 3DS4 whose blockage ratio is 32%

which is equal to that of the 2D flat grids RG2 and 2DF2. There are many ways
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(a) 3DS3 (b) 3DS4

Figure 5.21: Streamwise component of the mean velocity in green and RMS velocity
fluctuations in red along the centerline of the channel for sparse grids 3DS3 and 3DS4.

to obtain σMax
3DS and all the cases cannot be covered in this study, we have therefore

restricted ourselves to minimalistic variation in the parameters, we selected a few

cases vt altering the thickness d0 of the largest co-frame. It should be noted that it is

not necessary to only change the blockage ratio of only one of the three frames. We

could as well have chosen to make the blockage ratios of all the frames equal but that

would be a completely different comparison than the one as we are doing here with

2DF2 and RG2. The immense size of the new parameter space that the 3DS offers is

impractical to be covered in one.

Fig.5.21a and Fig.5.21b show mean and RMS velocity profiles from the 3DS3 and

3DS4 grids and we are comparing them with the profiles of 3DS2 and 2DF2 as given in

Fig.5.21a and Fig5.17b respectively. These results are remarkable as 3DS3 and 3DS4

generate higher peak intensities along the centerline of the grids than from 2DF2
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with blockage ratio 32% which is the same as that of 3DS4. The intensity and average

velocity of 2DF2 is roughly comparable to that of 3DS3. This is a remarkable reduction

in the blockage ratio from 32% to 24%. If we compare the 3DS2 from figure 5.34 with

3DS3 and 3DS4 from Fig.5.21, the mean flow U(x) develops in a similar manner in

all the grids, it peaks around x/dmin u 30. The peak value in the mean U(x)/U∞ and

rms velocity fluctuations ⟨(u′2)1/2⟩/U∞ is strongly dependent on σMax
3DS . The mean

velocity peaks at u 1.5, 1.8 and 2.6 in the 3DS2, 3DS3 and 3DS4 respectively. The

rms turbulence intensities peak at u 1.0, 1.9 and 4.3 respectively. The peak is most

pronounced in 3DS4 and it decays down to around 12% at x/dmin u 200 and is then

sustained at this level all the way down the channel. The rms turbulence peak intensity

is around the same location x/dmin u 150 and the peak intensity in 2DF2(32%) is

almost equal to that of 3DS3(24%). The peak intensity in 3DS4(32%) is almost 143%

which is twice as high as that of 2DF2(32%), then it decays down until x/dmin ≥ 300

where it oscillates around 15% to the end of the channel.

Comparison between the plots of 3DS2, 3DS3 and 3DS4 from Fig.5.22 and Fig.5.15

shows that the RMS velocity fluctuations are highest everywhere in the case of 3DS4

having blockage ratio 32%. The peak intensity in 3DS3(24%) is comparable to

2DF2(32%) which demonstrates the remarkable effect of the staggered co-planar 3DS

grid arrangement. The higher peak intensities displayed by 3DS3 and 3DS4 as com-

pared to 2DF2 and 3DS2 is higher all across the yz-plane and it may be an indication of

higher turbulence production. However the highest peak intensity in 2DF2 and 3DS2

was along the blue pencil, whereas in 3DS3 and 3DS4 it is along the magenta pencil

which is close to the periodic wall of the channel. Otherwise the trends in the results
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(a) 3DS3 (b) 3DS4

Figure 5.22: Root mean square velocity fluctuations along the channel length at dif-
ferent points on the grid. Each graph is colored according to the position of the pencil
in the yz-plane as shown in the legend.

of 3DS3 and 3DS4 are qualitatively similar to the ones seen in 3DS2 and 2DF2. We

observe three phases or regimes of flow. The first, in the near field production region

from the position of the grid up to x/dmin u 150 where turbulence is being generated.

Then the decay regime 150 ≤ x/dmin ≤ 300 where the turbulence is dissipating along

the centerline. Finally, in the far field, the slow dissipation region x/dmin ≥ 300 where

we see a very slow decay in intensity. We see some evidence of intensity rising again

along the centerline in all cases except 2DF2 where the decay is more pronounced. It

can be noticed that the location of peaks is similar in all 3DS cases which is probably

due the position and arrangement of the frames {Z0, Z1, Z2} and which probably gen-

erates turbulent structures such as wakes and vortices of similar size and extent but

different intensities.

The results indicate that that the maximum persistent turbulent fluctuation inten-
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sity is along the centerline of the channel meaning that turbulence can be experienced

most readily at the centerline. LV2012 [24] shows comparison of different blockage

ratios of 2DF grids. We have compared 2DF2 from LV2012 with the 3DS3 grid but

another interesting result in LV2012 is the grid 2DF(23%) which is comparable to the

results from 3DS2(15%) although some of the peak intensity of 2DF(23%) is higher

than 3DS2 but much lower than 3DS3 (which is comparable to 2DF2(32%)). The

intensity is sustained most along the centerline where we see a peak at x/dmin u 150

and then the fast decay region up to x/dmin u 300, and then an oscillation region in

the far field till the end of the channel. 3DS4 shows higher peaks sustained longer than

2DF2 and 3DS3 in all aspects. The significance of this result is that by adjusting the

maximum blockage ratio σMax
3DS = Max{σ0, σ1, σ2} in the coplanar grid arrangement,

we can improve control of the turbulence generated downstream of the channel in a

3DS grid channel configuration. Moreover, even with lower blockage ratios, we still

obtain high peak intensity which could be advantageous in engineering applications.

Figs.5.24-5.28 show the mean velocity profiles and the rms turbulence intensity

profiles along the y-axis (z=0) at different x-locations, for respectively the u-, v- and

w- components of velocity, e.g U(y)/U∞ and ((u′(y))2)1/2/U∞ etc., from 3DS3 and

3DS4 grids. Figs.5.29-5.30 show the mean and rms concentration profiles along the

centerline from the 3DS3 and 3DS4 grids.

The mean velocity profiles in Fig.5.23, 5.25 and 5.27 show similarity between

3DS2(15%) and 3DS3(24%) grid turbulence statistics, although the 3DS3 grid statis-

tics posses higher mean velocity than 3DS2. Similarly Figs.5.24, 5.26 and 5.28 show

higher rms fluctuations in velocity than 3DS2. The difference between rms velocity
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(a) 3DS3 (b) 3DS4

Figure 5.23: Mean x-velocity profile along y-axis at z = 0 , at five different locations
in streamwise direction at x/dmin = 150, 225, 300, 375, 450.

fluctuations of 3DS2 and 3DS3 is around 15%.

There is similarity between turbulence characteristics of 3DS4 and 2DF2 grids

which both posses the same blockage ratio (32%), but the levels in 3DS4 are much

higher as compared to the levels in 2DF2. For example the central peak in Figs.5.23

and 5.4 shows that the in 3DS3 peak intensity is around U/U∞ u 1.7 but in 2DF1

U/U∞ u 1.2, and the rms turbulence intensities central plateau in Fig.5.5 for 2DF2 is

around 25% where as for 3DS4 in Fig.5.24, it is around 42%. Furthermore the results

from 2DF2 and 3DS4 show a pronounced higher velocity central region around the

centerline -almost certainly due to the lack of obstacle in the central passage region in

the grids. These grids show a jet-like structure due to the increased blockage (32%).

The turbulence intensity profiles of each component of the velocity fluctuations in

3DS4 in the centerline region are close to 40% showing a remarkable degree of isotropy,

even higher than 2DF1 where the component intensities differ from ∼ 17% to ∼ 25%.
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(a) 3DS3 (b) 3DS4

Figure 5.24: Root mean square of x-velocity fluctuations along y-axis at z = 0, at five
different locations in streamwise direction at x/dmin = 150, 225, 300, 375, 450.

Further downstream, this isotropy is fairly well sustained in the far field even though

the intensity level decays to around 12% and the central region expands across most

of the lateral direction.

The sustaining of the turbulence intensity so far downstream, which is also

isotropic, suggests that there must be a mechanism responsible for this. The only

available mechanism is re-entrainment of turbulent fluid from outside of the central

region into the central region. There will be evidence of this when we observe contour

plots of the velocity field and scalar field later in this work.

The mean and rms fluctuations in the scalar fields show similar trends in all 2DF

and 3DS cases except for 3DS4 in which the level of fluctuations in concentrations is

a little higher throughout. This may be related to enhanced re-entrainment of scalars

from surrounding fluid which sustains both concentration and velocity fluctuations

alike. As such we cannot draw firm conclusions on which grid has better mixing
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(a) 3DS3 (b) 3DS4

Figure 5.25: Mean y-velocity fluctuations along y-axis at z = 0, at five different
locations in streamwise direction at x/dmin = 150, 225, 300, 375, 450.

(a) 3DS3 (b) 3DS4

Figure 5.26: Root mean square of y-velocity fluctuations along y-axis at z = 0, at five
different locations in streamwise direction at x/dmin = 150, 225, 300, 375, 450.
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(a) 3DS3 (b) 3DS4

Figure 5.27: Mean z-velocity profile along y-axis at z = 0, at five different locations
in streamwise direction at x/dmin = 150, 225, 300, 375, 450.

properties.

Fig.5.31 shows the RMS voriticity along the streamwise direction given by (ω′2)1/2

where ω = ∇×u′. Fig.5.31a is from 3DS3 and Fig.5.31b is from 3DS4, we can compare

these with the vorticity intensities from 2DF2 and 3DS2 in Fig.5.31. Unlike turbulence

intensity, the RMS vorticity fluctuations do not vary a great deal basically 10-40%,

even though the peak velocity intensities differ by much more -around 30-90% in

Fig.5.22. However the x-locations of the peaks are the same as for the velocity peaks.

After the peak vorticity intensity is attained, the decay is smooth and continuous till

the end of the channel to low values of around 1-3%.

The figure 5.32 shows the energy density spectrum, obtained from the velocity time

signals along the centerline, using Taylor’s frozen turbulence hypothesis. The results

are plotted in the form Φuu/U
2
∞dmin, against wdmin/U∞ where w is the frequency. The

figure 5.32 shows energy spectrums for 3DS3 and 3DS4 which are being compared to
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(a) 3DS3 (b) 3DS4

Figure 5.28: Root mean square of z-velocity fluctuations along y-axis at z = 0, at five
different locations in streamwise direction at x/dmin = 150, 225, 300, 375, 450.

(a) 3DS3 (b) 3DS4

Figure 5.29: Mean scalar concentration graphs along the channel centerline with each
color representing different Schmidt number Sct as given in the legend.
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(a) 3DS3 (b) 3DS4

Figure 5.30: Root mean square of concentration fluctuation graphs along the channel
centerline with each color representing different Schmidt numbers Sct as given in the
legend.

(a) 3DS3 (b) 3DS4

Figure 5.31: Vorticity profiles of four sparse multiscale grids along the streamwise
direction in the flow. The legend shows location of pencils along the streamwise
direction of the channel along which the vorticity is plotted.
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(a) 3DS3 (b) 3DS4

Figure 5.32: Frequency power spectrum of the sparse multiscale grids described in
table 4.2 with probes recording velocity u(t) at seven locations along the centerline of
the channel where x/dmin = 13, 26, 39, 52, 65, 78, 91

.

2DF2 and 3DS2 from figures 5.10b and 5.10c. We compared our results of energy

density with those of LV2011 with 2DF2(32%) and 2DF2(23%) and found that the

3DS3(24%) spectra sgiw fully developed turbulence ∼ K−5/3 over a short range at

lower wavenumbers over about 1.5 decade. This develops early 2×10−2 5 wdmin/U∞ 5

0.8. There is a small peak at ∼ 0.8 and at higher wave numbers the spectrum decays

fast. In 2DF(23%) case the spectrum does not attain a fully developed turbulence

K−5/3. In 3DS4(32%) case and in 2DF1(32%) case we gave comparable fully developed

turbulence spectra. However, 3DS4 attains this much faster than in 2DF1 case: from

x/dmin u 26 in 3DS4 and u 65 in 2DF1 case, just under two decades. The presence of

a small peak in the 3DS4 case might be due to the vorticity generated by the smallest

frames of thickness dmin = 1.
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(a) 3DS5 (b) 3DS6

Figure 5.33: Root mean square velocity fluctuations along the channel length at dif-
ferent points on the grid. Each graph is colored according to the position of the pencil
in the yz-plane as shown in the legend.

5.4 Comparison 3DS4, 3DS5 and 3DS6

In this section the new 3DS grids are compared in terms of different parameters a

channel of dimensions Ly = Lz = 115.2dmin and Lx = 576dmin. The maximum

blockage ratios σMax
3DS = 32% for 3DS4, 3DS5 and 3DS6. The difference between

3DS4, 3DS5 and 3DS6 is the order in which the blockages are placed as evident

from the Table4.2. The main purpose of this study is to see the effect of changes in

order of co-frame arrangement on the flow characteristics such as intensity, vorticity,

concentration and mean velocity.

Fig.5.33 shows the rms turbulence intensity of the streamwise velocity component

along pencils parallel to the centerline, similar to the previous cases. Cases from 3DS5

and 3DS6 are shown here. 3DS4, 3DS5 and 3DS6 are re-arrangements of the co-frames

{Z0, Z1, Z2}.
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3DS4: [x0, x1, x2] = [Z0, Z1, Z2]

3DS5: [x0, x1, x2] = [Z2, Z0, Z1]

3DS6: [x0, x1, x2] = [Z1, Z2, Z0]

Thus in 3DS6, the largest scale Z0 is the third frame downstream, x2 = Z0. All three

of the 32% 3DS grids above produce peak intensities which are generally higher than

from the 32% 2DF2 grid. The 3DS4 produces the highest peaks of any grid examined

here. The location of the peaks shifts slightly downstream from 3DS4 to 3DS5 to

3DS6 -almost certainly due to the shift in Z0 downstream which indicates that the

peak location is governed by the location of Z0 of the largest fractal scale. This in

turn suggests that the peaks are a manifestation of flow structure (jet, wake, vortex)

of characteristic size.

The purple line close to the domain periodic boundary, shows the highest peak

in 3DS4. Overall, it is important to note that nearly all the three 32% 3DS grids

show higher peaks than 2DF indicating higher turbulence energy in the entire cross-

sectional plane. There are fine differences between the 3DS4, 3DS5 and 3DS6 grids

but it is clear overall that the staggered co-planar arrangement of the grids produces

significantly different characteristics to 2DF2 with generally higher peaks in inten-

sity. Furthermore, the level of turbulence intensity is sustained generally at higher

level further downstream than in 2DF2. Fig.5.34 shows the centerline mean and rms

turbulence intensity from 3DS5 and 3DS6. Here the far field intensity seams to be

actually increasing downstream in the far field. This is something new which has not

been previously observed in any grid system. The question is what mechanism causes

the turbulence intensity to rise downstream of the channel along the centerline?
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(a) 3DS5 (b) 3DS6

Figure 5.34: Root mean square velocity fluctuations along the channel length at dif-
ferent points on the grid. Each graph is colored according to the position of the pencil
in the yz-plane as shown in the legend.

In the absence of any source of turbulence generation, the only mechanism must

be re-entrainment of turbulent fluid from outside of the central region towards the

central region. There is evidence of this from the contour plots of velocity and scalar,

to be presented later.

Compared to the fractal grid of the same blockage ratio, the 3DS4, 3DS5 and

3DS6 display much higher turbulence intensity and it is sustained longer downstream

along the centerline as displayed by the red curves in figure 5.33. The peak is reached

at around x/dmin = 150 in all four cases which is interesting considering the different

order of arrangements of the grids. However 3DS4 shows a higher average intensity

in streamwise direction which is understandable as in 3DS4, the blockages are placed

in order of descending blocakge ratios of the fractal iterations in agreement with the
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theory of energy cascade. 3DS4 shows a higher intensity even along other pencils in

the channel. In 3DS5 and 3DS6, the peak is shifted slightly downstream as compared

to 3DS3 and 3DS4. The reason is because the main contribution to the intensity seems

to be coming from the thickest grid iteration. However the peak does not seem to be

based on the blockage ratio of the grids as for grid with blockage ratio 24%, the peak

intensity lies at around 20, where as for other grids it rises to about 40. In fractal

square grid 2DF2, the blockage ratio was 32% and the peak intensity was around 25.

This difference in peak intensity by 3DS grids is a significant deviation.

Figure 5.34 shows percentage root mean square velocity along the centerline of

the channel in red and mean velocity profile in green multiplied by a factor of 10.

Mean velocity is also significantly higher in case of grids having blockage ratio 32%.

The average velocity sustains longer down the channel in 3DS4, 3DS5 and 3DS6 and

becomes constant after x/dmin = 300. We donot see a fall in the average or root mean

square velocity profiles which means that turbulence is sustained all the way down

the channel. For a powerlaw decay defined by

u′2

U∞
= c

(
x

dmin

)−n

(5.2)

the value of n is highest for 3DS6 in the decay region n u 0.3 and smallest in the decay

region of 3DS3 n u 0.05. The decay region is always in the range 80 ≤ x/dmin ≤ 250

-this strongly suggests that a local flow structure, such as a jet or wake or vortex has

formed which depends only upon the grid size. Therefore the rate of decay is higher

in grids having higher blockage ratio as previously observed by Laizet and Vassilicos
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(a) 3DS5 (b) 3DS6

Figure 5.35: Mean x-velocity profile along y-axis at z = 0 , at five different locations
in streamwise direction at x/dmin = 150, 225, 300, 375, 450.

in [23], [10], [13].

Mean streamwise velocity component profile along spanwise direction in the chan-

nel along pencils at x/dmin = 150, 225, 300, 375 and 450 are shown in figure 5.35. The

lateral profiles of velocity field components at different x-locations along the channel

are shown in Figs.5.34-5.40. The mean and rms turbulence profiles can be seen in

these images at locations as in the previous cases.

The near field profile, the red lines, clearly show the sinosidal-like variation which

is a signature of the grid close to the grid. Further downstream, all the mean and rms

profiles follow trends similar to those observed in 3DS3 and 3DS4. It is important to

note that an approximate isotropy is observed in the turbulence intensity from all the

3DS grids. These results indicate that although there are differences in the details of

the turbulence characteristics, the mechanism of turbulence generation, decay in the

near-field, and turbulence sustenance in the far field downstream are broadly similar.
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(a) 3DS5 (b) 3DS6

Figure 5.36: Root mean square of x-velocity fluctuations along y-axis at z = 0, at five
different locations in streamwise direction at x/dmin = 150, 225, 300, 375, 450.

The main difference appears to be the level of turbulence generated and sustained.

Figure 5.36 shows the root mean square fluctuation counterpart of 5.35. RMS

velocity fluctuations display a similar wave pattern in all the grids. The velocity fluc-

tuations peak away from the center and die down further downstream of the channel

and follow a self-similar pattern in general.

Figure 5.37 shows radial mean velocity profile in spanwise direction of the channel

at five different locations downstream of the grid. Unlike mean streamwise velocity

component, the radial mean velocity components are highly effected by the order of

grid arrangement in the channel. Velocity fluctuates around zero in all four grids

but consistently remains negative except in the grid where thickest fractal iteration is

placed farthest downstream. In 3DS6 radial velocity component is either positive or

a small negative number near the center. This is interesting because a slight change

in the order of the grid arrangement can alter flow characteristics quite significantly.
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(a) 3DS5 (b) 3DS6

Figure 5.37: Mean y-velocity fluctuations along y-axis at z = 0, at five different
locations in streamwise direction at x/dmin = 150, 225, 300, 375, 450.

(a) 3DS5 (b) 3DS6

Figure 5.38: Root mean square of y-velocity fluctuations along y-axis at z = 0, at five
different locations in streamwise direction at x/dmin = 150, 225, 300, 375, 450.
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(a) 3DS5 (b) 3DS6

Figure 5.39: Mean z-velocity profile along y-axis at z = 0, at five different locations
in streamwise direction at x/dmin = 150, 225, 300, 375, 450.

Figure 5.38 shows RMS fluctuation of y-component of velocity. In 3DS4 the fluc-

tuations lie between 10 and 30 just like their x-component fluctuation counterpart in

figure 5.36. Overall the value of the isotropy indicator is greater than 1 in all grids

which is also the case with fractal grids [24].

Mean z-velocity components shown in figure 5.39 are mostly positive as opposed

to y-velocity mean which were negative mostly.

The RMS fluctuations of the z-velocity component in figure 5.40 have similar profile

as that of y-velocity fluctuations in 5.38 representing the symmetry of the flow.

Figure 5.41 shows the log-log turbulence power spectrum [5] showing how energy

cascades down to the smallest scales. Only the production region of the channel is

considered x/dmin = 13, ..., 91 along the centerline of the channel. Three sizes of eddies

are produced due to the grids and their interactions reveal three distinct regimes of

energy.Inertial subrange is visible in 3DS4 and 3DS6 where E(K) ∼ K−5/3 law is
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(a) 3DS5 (b) 3DS6

Figure 5.40: Root mean square of z-velocity fluctuations along y-axis at z = 0, at five
different locations in streamwise direction at x/dmin = 150, 225, 300, 375, 450.

(a) 3DS5 (b) 3DS6

Figure 5.41: Frequency power spectrum of the sparse multiscale grids of case 3 de-
scribed in table 4.2 with probes recording velocity u(t) at seven locations along the
centerline of the channel where x/dmin = 13, 26, 39, 52, 65, 78, 91

.
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(a) 3DS5 (b) 3DS6

Figure 5.42: Vorticity profiles of four sparse multiscale grids along the streamwise
direction in the flow. The legend shows location of pencils along the streamwise
direction of the channel along which the vorticity is plotted.

established. This is interesting because these three grids have blockage ratio of 32%,

thus indicating that a fully developed K−5/3 spectrum may be governed principally

by σMax
3DS . All grids show that spectrum falls around the frequency wdmin/U∞ = 0.8

which must be close to the Kolmogorov scale η and which corresponds to the smallest

thickness in the grid system dmin = 1.

Figure 5.42 shows the rms turbulence vorticity fluctuation from 3DS5 and 3DS6.

Peak in vorticity intensity is observed around 200x/dmin and a decay in vorticity

fluctuation is observed from this point onwards. Vorticity intensity is much higher in

the regions away from the centerline of the channel and reaches its peak closer to the

grid. Otherwise the vorticity profiles from 3DS5 and 3DS6 differ a great deal from

3DS4 qualitatively or quantitatively. This indicates that the vorticity generation may

not be the critical mechanism in these grid systems and it is relatively unaffected by
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(a) 3DS5 (b) 3DS6

Figure 5.43: Mean scalar concentration graphs along the channel centerline with each
color representing different Schmidt numbers as given in the legend.

the grid arrangements as the plots suggest.

Fig.5.43 shows mean scalar concentration profile along the centerline for different

schmidt numbers as in previous cases 0.5 ≤ Sc ≤ 4. Fig.5.45 shows rms fluctuation

profile of scalar concentration along the centerline from 3DS5 and 3DS6. These trends

are broadly similar to those in 3DS2, 3DS3 and 3DS4. There may not be much

difference in the mixing of scalars in the far field but in the near and intermediate

fields, there are fine observable differences between the different grids.

In the Fig.5.44, contour plots of the scalar fields in the yz-plane are shown. For

higher schmidt numbers Sc ≥ 1, the scalar fields look similar. For Sc ≤ 1 (large

diffusivity) the scalar diffuses rapidly downstream and laterally.

Figure 5.45 shows the streamwise variation of the intensity of concentration fluc-

tuations along the centerline of the four sparse grids. For lower diffusion coefficients,

the concentration fluctuations have a low peak around 150x/dmin which is in line with
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Figure 5.44: Instantaneous passive scalar diffusion profile showing transport of the
normalized scalar at time 500T with red color indicating concentration of 0 and red
color indicating concentration of 0.5 for different values of the Schmidt number Sc in
the grid 3DS4 in the xz-plane at y=0.

the peak velocity fluctuations of these grids as seen in 5.34. Higher value of diffusivity

represents higher flux and the concentration intensity increases with the rise in mass

flux in grid generated turbulence [34], [35].
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(a) 3DS5 (b) 3DS6

Figure 5.45: Root mean square of concentration fluctuation graphs along the channel
centerline with each color representing different Schmidt numbers Sc as given in the
legend.

5.5 Discussion

We have investigated turbulence generated by a new type of grid, the three-

dimensional sparse multi-scale grid turbulence generator which we refer to as 3DS

for short. To our knowledge this is the first study of its kind on 3DS generated

turbulence. The investigation was carried out numerically using Direct Numerical

Simulations (DNS) which resolves the complete Navier-Stokes equations (NSE) for

incompressible flow down to the finest grid imposed on the system. Details of the

DNS used here was set out in Chapter 4. Previous studies of flat fractal grids, such

as the 2DF in LV2012 show that some flat fractal grids effect turbulence differently

as compared to classical regular grids. The main idea behind the flat fractal grids is

that multiple turbulence length scales are excited initially simultaneously and in one

plane, as opposed to classical grid turbulence which generates turbulence through an
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energy cascade forced typically at a single scale, the mesh size M .

The new 3DS grid, due to Malik [27], goes further than the 2DF system by stagger-

ing the different length scales in to different grids, or co-frames, in an overall co-planar

arrangement, see Fig.5.1. In this manner the generation of different turbulence scales

is not limited to a single plane and so provides more flexibility to the system.

An immediate effect of the co-planar 3DS system is that the maximum blockage

ratio, or solidity, of the 3DS grid system is greatly reduced as compared to the 2DF

flat fractal grid counterpart from which it was obtained. In a three frame 3DS system,

for example, the maximum blockage ratio is, σ3DS = Max{σ0, σ1, σ2}, but because

σ2DF = σ0+σ1+σ2, then σ3DS << σ2DF . For example, in the 2DF square fractal grid

that LV2012 investigated, we have σ2DF ≈ 32%, and in the counterpart 3DS grid we

have σMax
3DS ≈ 15%. The reduction in maximum blockage ratio is bound to affect the

turbulence generated downstream of the grid, and it is a part of the aim of this work

to investigate this feature.

Furthermore, the 3DS system has a much greater parameter space than the 2DF or

RG systems, because there are several new parameters in the 3DS system. First, there

is the inter-frame spacing between successive co-frames, r1 = x1 − x0, r2 = x2 − x1.

Second, the co-frame set {Z0, Z1, Z2} possesses the blockage ratio set {σ0, σ1, σ2};

so long as one of the σi’s is equal to σMax
3DS , say σ0, then the other two can take arbitrary

values less than or equal to σmax
3DS , and this provides, potentially, an infinite number of

3DS systems for the same σmax
3DS .

Thirdly, for each choice of the co-frame set {Z0, Z1, Z2}, you can arrange the co-

frames in any order to obtain a new 3DS system. For example, swapping the first and
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second frames, we obtain {Z1, Z0, Z2} , with the blockage ratio set {σ1, σ0, σ2}. In the

a 3-frame system there are 3! possible arrangements.

At the current time, the choice of these parameters is somewhat ad hoc because no

previous study exists on the 3DS system. For this study, we have chosen parameters

values on an approximate physical basis. Thus, the inter-frame distances r1 and r2

were chosen to be approximately where we except that the wakes from the upstream

grid would intersect. The ordering of the co-frame set {Z0, Z1, Z2} was chosen to be

the largest scale first Z0, then the next scale in Z1, and the smallest scale was in

Z2. The initial blockage ratio set {σ0, σ1, σ2} = {15%, 15%, 15%} was then obtained

directly from the 2DF flat fractal after separating each scale.

The main aim of this study is to begin an investigation of the turbulence generated

by the different 3DS grids. Key questions are, how does the turbulence compare to

the 2DF system? How do the different parameters affect the turbulence generated?

In this study we have investigated these issues through examining the statistics of the

generated turbulence, and through contour visualizations of the velocity fields and

diffusing scalar fields.

However, using DNS as the numerical method of investigation we cannot investi-

gate the full range of parameters, or even all the new parameters, because the DNS is

time consuming. In this study we have therefore limited the calculations to a select

number of cases. This has given us an overall view of the sensitivity to some of the

parameters, although of course more of the parameter ranges will eventually have to

be carried out in the future.

Here, we have opted to investigate only the variation of the blockage ratio set
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{σ0, σ1, σ2}, and the order of the co-frames {Z0, Z1, Z2}. Changes in the inter-frame

separations have been left for future studies. In all the 3DS grids simulated here, we

have kept r1 = 17dmin And r2 = 8.5dmin.

LV2012 was chosen as the base case for our initial system, because LV2012 in-

vestigated the RG and 2DF through turbulence statistics in a 4 : 1 : 1 channel with

inflow and outflow conditions and periodic wall conditions. Initially, we used this

exact system as a comparator, and we simulated the RG1, 2DF1 and the 3DS1 grids

in this channel. The RG1 and 2DF1 (which have 32% solidity) results were similar to

those in LV2012, which validates our current DNS calculations.

However, channels with aspect ratio 5:1:1 were later adopted to see the turbulence

development further downstream – RG2, 2DF2, and 3DS2. The 3DS2 grid, has max-

imum blockage ratio of 15%. The sensitivity of the turbulence to the blockage ratio

was examined by changes to the largest scale co-frame Z0, keeping all other parame-

ters the same. The thickness of the bars, d0, was increased, so that in 3DS3 we have

σ3DS3 = 24%, and in the 3DS4 we have, σ3DS4 = 32%.

Then, the sensitivity of the turbulence to the ordering of the frames was examined,

starting from 3DS4 as the base case, such that in 3DS5 we have the order {Z1, Z2, Z0}

thus {σ0, σ1, σ2} = {15%, 15%, 32%}, and in the 3DS6 we have the order {Z2, Z0, Z1}

thus {σ0, σ1, σ2} = {15%, 32%, 15%}. Note that in the 3DS4, 3DS5, and 3DS6 we

have σmax
3DS = 32%.

The results show remarkable sensitivity of the turbulence to the system parame-

ters, and significant difference in the turbulence characteristics generated by the 3DS

as compared to the Regular Grid RG and the flat fractal grids 2DF.
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The peak turbulence intensities from the 3DS2 were much lower than in the RG1

and 2DF1 especially away from the centerline in the near-field region close to the

grids; but the turbulence intensity persisted at a level comparable to the 2DF far

downstream.

The peak intensities generated in the 3DS4 (32%) is the highest yet observed in

any grid system, at times nearly twice the intensity in the 2DF peaking at more than

60% away from the centerline in the near-field region. Furthermore, in the turbulence

persisted far downstream at a high level of around 15% till the end of the channel. In

fact, in the three 32% 3DS grids, in the far-field region x > 300dmin the mean flow

and the turbulence intensity along the centerline actually increased towards the end

of the channel, perhaps due to a high level of entrainment.

The 24% 3DS3 grid approached the profiles observed from the 3DS4, although the

peaks were not so high especially along the centerline, and the turbulent spectrum was

not so well developed. The significance of this result is that most of the turbulence

statistics from 32% grids can be matched to fair approximation from a 24% 3DS grid

system. This is important in applications where the blockage ratio, and the associated

mean pressure gradient, can be reduced while retaining most of the turbulence. There

could be applications where this is an acceptable trade off.

The turbulence also showed some sensitivity to the order of arrangement of the

co-frames, although the differences for the same blockage ratio 32% was not as great

as between cases with different blockage ratios. The development of fully developed

turbulence was best in the 3DS4 grid where the order of co-frames is from large scales

to successively smaller and smaller scales. The other orderings, in 3DS5 and 3DS6,
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for the same maximum blockage ratio of 32% produced lower the peak intensities

and the turbulence did not develop such a clear -5/3 spectrum over a wide range of

wavenumbers.

Overall, the blockage ratio was the most important parameter in the cases that

we investigated.

Broadly, the turbulence downstream can be divided in to three regions. First,

the near-grid turbulence production region in the approximate range 0 < x < 50dmin

where the turbulence intensities rise rapidly to their peak values. This is follows by

the mid-range region 50 < x < 250 where the turbulence intensities decrease rapidly.

Finally, there is the far-field range x > 250dmin where the turbulence appears to be

reasonably well mixed, though not entirely homogeneous, and the turbulence intensity

appears to be well sustained, at least close to the centerline.

The 3DS systems are characterized by a central core region close to the centerline

where the turbulence is reasonable homogeneous and approximately steady in the far-

field region. However, far from the central core region in the lateral directions the

turbulence dies down. This is important for experiments because in the past, the

RG grids have produced fully developed homogeneous and isotropic turbulence but

only over a very short near field region. But by optimizing the 3DS parameters, it

may be possible to produce a core region over an extended region downstream that is

reasonably homogeneous, isotropic, and steady. This could allow such turbulence to

be examined more easily and greater detail than in the past.

In view of the limited number of calculations that we have carried out, it is difficult

at this stage to draw definitive conclusions on the overall performance of the 3DS.
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However, a few tentative ideas can be highlighted for future work.

With the sensitivity of the turbulence to system parameters so clearly in evidence,

it is critical to find and understand optimal limiting cases, such as which parameter

ranges will produce the most turbulence intensity for the minimum pressure gradient;

and what parameter settings will produce the best homogeneous turbulence in a core

region?

It is important to relate the turbulence statistics in the three regions to the local

flow structures. For example, is the length of the near-region directly related to the

scale of the vortex structure that arise, or to the length scale of wake interactions?

Does the decay of the turbulence intensity in the mid-region follow a power law

decay law – if so, then what is the value of the power law?

Another questions of interest, is what is the mechanism that sustains the tur-

bulence intensity for so long at such a high level downstream in some of the 3DS

systems?

5.6 Conclusion

We have investigated, for the first time, the new 3D sparse grid turbulence generator

(3DS) which is a system of co-planar arrangement of grids as detailed in [27]. The

3DS possess a much bigger parameter space than previous grid such as the regular

grid RG and 2D flat fractal grid 2DF. The 3DS has much lower maximum blockage

ratio, σMax
3DS << σ2DF , than the corresponding 2DF grid.

We have examined turbulence characteristics generated by 3DS systems with dif-
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ferent σMax
3DS and with different order of the co-frames [x0, x1, x2] = [Z0, Z1, Z2] etc.

However, in this study we have kept the inter-frame distances unchanged, r1 = 17dmin,

r2 = 8.5dmin.

In summary we can draw the following conclusions from our numerical investiga-

tion.

• For 3DS2, σMax
3DS = 15% << σ2DF = 32%, the turbulence intensities are much

reduced and the onset of fully developed turbulence is delayed significantly.

• The 3DS3, σMax
3DS = 24%, is the closes to the performance of 2DF2 in LV2012.

• The three cases with σMax
3DS = 32%- 3DS4, 3DS5 and 3DS6- produced the highest

level of peak turbulence intensity yet observed in multi-scale grid systems.

• Fully developed Kolmogorov spectrum E ∼ K−5/3 was observed in the 3DS4

system.

• In 3DS4, 3DS5 and 3DS6 systems, a central core region around the centerline

is observed where the turbulence is approximately homogeneous and isotropic,

and turbulence intensity is sustained downstream into the far-field, and even

increases most likely due to the re-entrainment of turbulent fluid from the sur-

round regions. To our knowledge this is the first time that such a mechanism is

identified for sustained turbulence intensity in such a grid system.

It is clear that, by adjusting different system parameters, we can adjust the fine

details of the turbulence produced. This can be useful for control of turbulence in

practical applications. For example the 3DS3 (24%) system was close to the 2DF
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(32%) system; it may be possible to produce similar turbulence but with lower applied

pressure gradient.

In future we will investigate 3DS further for adjustments in various parameters

especially inter-frame distances r1 and r2.
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CHAPTER 6

TURBULENT INERTIAL

PARTICLE PAIR DIFFUSION

It has recently been shown that turbulent fluid particle pair diffusion is governed

by local and non-local diffusional processes which produces non-Richardson diffusion

regimes in the inertial subrange [N. A. Malik, PLoS ONE, 13(10): e0202940 (2018)]

. Here, we extended this concept to inertial particle pair diffusion and show that in

general this leads to a two parameter family of regimes in which the scale dependent

inertial particle pair diffusion coefficients, Kp, are functions of the size of the inertial

subrange Rk, and the Stokes’ number St, where l is the pair separation variable.

Initially the relative diffusion is always ballistic because the inertia dominates over

the turbulent energies in the smallest scales. The diffusion then transits sowly over an

extended range of scales towards the non-Richardson fluid particle regimes, Kp → Kf ;

except if the Stokes number is high, St > Rk, then the ballistic regimes persist through

the entire inertial subrange. By considering the balance of momentum and energies,
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the transition length scale lc at which the ballistic regime starts to transit towards

the non-ballistic regimes scales like, lc/η ∼ St0.5 if St < 1, and scales like lc/η ∼ St1

if St > 1, where η is the Kolmogorov scale; a crossover between these two scalings

occurs at St = 1. All of these theoretical predictions are confirmed and observed using

the Kinematic Simulations (KS) [R. H. Karichnan, Phys. Fluids 13, 22 (1970); N. A.

Malik, PLoS ONE, 10(10): e0189917 (2017)].

6.1 Introduction

The transport of particles through dispersion and convection is one of the main fea-

tures of turbulent flows. It is common place in nature, from the movement of particle

laden dust storms, clouds, hail, snow, and other forms of percipitation to climate

modeling. Pollution from soot, and plastics, in the atmosphere and oceans are mostly

in the form of small inertial particles, sometimes chemically reacting. The dispersion

of pollens and seeds which are essential for life are inertial particles which are carried

by the wind and ocean currents. Turbulent particle transport also plays an impor-

tant role in many engineering systems wherever turbulence is present, sometimes in

multi-phase turbulent systems such as suspensions of droplets, bubbles, and finite-size

particles, [36], [37], [38], [39], [40], [41].

Inertial particles deviate from streamlines which makes their transport difficult to

model. The transport equations that describe the motion of individual inertial par-

ticles is not fully developed yet, although simplified descriptions in specific contexts

have been proposed, for example by Maxey & Riley [42] and Reeks [43]. Furthermore,
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the suspended particles have drag, and finite size, and densities that are different

from that of the carrier fluid, and the interactions between the particle and the un-

derlying flow structures plays an important role in their movement. It is well known,

for instance, that heavy particles are expelled out of vortical structures, while light

particles tend to concentrate in their cores leading to preferential concentration and

the formation of inhomogeneities in the particle distribution [44], [45], [46].

The motion of groups of particles is important in understanding the clustering of

particles in to regions of preferential concentration. It is a challenging phenomena

caused by particles’ interactions with the fluid flow, and has been the subject of a

great number of research articles of which [47], [48], [49], [50], [51], [52], [53], [54], [55],

[56], [57], [58], [59], [60] is a sample.

Such group dispersion can often be related to the relative motion of particles

pair diffusion. In 1926 Richardson [61], [62], [63] proposed a theory for turbulent

fluid particle pair diffusion based on a locality hypothesis. However, recently it has

been shown that fluid pair diffusion is in fact governed by both local and non-local

processes and this leads to different, non-Richardson, scaling laws for the fluid pair

diffusion coefficient [64], [27].

The main purpose of this article is to investigate whether the principle of local and

non-local diffusional processes can be extended to inertial particle pair diffusion, and

to test the new theory numerically using Kinematic Simulations (KS) [65], [66], [67].

In Section II, we summaries fluid particle pair diffusion theory. In Section III, we

develop a new theory for turbulent inertial pair diffusion based on the idea of local and

of non-local diffusionla processes. In Section IV, we present a theory for the scaling
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of the transition scale between ballistic and non-ballistic regimes. In Section V, we

use KS to simulate inertial particle pair trajectories to test the predictions of the new

theory. The KS results are presented in Section VI. We conclude with discussion of

the results in Section VII.

All the plots that will be presented here are in color. For interpretation of the

references to color in the figure legends, the reader is referred to the web version of

this article.

6.2 Fluid Particle Pair Diffusion

Richardson’s theory of pair diffusion of fluid particles was based upon the idea of a scale

dependent pair diffusivity, Kf (l), where l is the distance between two fluid particles,

and on the locality hypothesis which states that only energy in the turbulent scales

which are of a similar size to the pair separation � itself is effective in further increasing

the pair separation. This yields the 4/3-scaling for the pair diffusion coefficient,

Kf (l) ∼ l4/3 (6.1)

Obukhov [62] showed that this is equivalent to σ2
l = ⟨l2⟩ ∼ t3 known as the RO-t3−

regime. ⟨·⟩ is the ensemble average. In the ensuing discussions, we follow the usual

convention of replacing the scaling on l with its rms value, i.e. l ∼ σl.

However, recent studies in turbulent particle pair diffusion [67], [64], [27] has shown

that both local and non-local processes govern turbulent pair diffusion. For generalised
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energy spectrum, E(k) ∼ k−p , k1 < k ≤ kη, 1 < p ≤ 3, in the limit of very large

inertial subrange, Rk = kη/k1 → ∞, the theory predicts the non-Richardson regimes,

Kf (l) ∼ σγ
l , (1 + p)/2 < γ(p) < 2, as Rk → ∞ (6.2)

where γ(p) is intermediate between the purely local, (1 + p)/2, and the purely non-

local, 2, limits.

It was also shown that a second non-Richardson quasi-local regime exists for short

inertial subranges, Rk ≈ 102, because then the entire inertial subrange is effectively

local to the pair separation,

Kf (l) ∼ σγ
l , γ(p) ≈ (1 + p)/2, for 1 ≪ Rk ≪ ∞ (6.3)

Kinematic Simulations (KS) has verified all of these predictions [27]. For example,

it was found that for Kolmogorov spectrum, E(k) ∼ k−5/3, KS yielded,

Kf (l) ∼ σ1.525
l , for Rk = 106. (6.4)

and,

Kf (l) ∼ σ
4/3
l , for Rk = 102 (6.5)
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Figure 6.1: Log-log of the inertial pair diffusion coefficient Kp/ηvη against the rms
pair separation σl/η from KS simulations with energy spectrum E(k) ∼ k−5/3 and
inertial subrange of size Rk = 101, and for different Stokes numbers between St = 0.1
and 50 as indicated. (For interpretation of the references to color in the figure legend,
the reader is referred to the web version of this article.)

For turbulence with intermittent power law spectrum E(k) ∼ k−1.72, KS yielded,

Kf (l) ∼ σ1.556
l , for Rk = 106. (6.6)

and,

Kf (l) ∼ σ1.43
l , for Rk = 102 (6.7)

Equation (6.6) is particularly important because this is within 1% of the re-

appraised 1926 geophysical dataset, see Fig. 1 in [64].
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Figure 6.2: Similar to Fig. 1, except for inertial subrange size Rk = 102.

6.3 Turbulent Inertial Pair Diffusion: a new the-

ory

Diffusion of inertial particle pairs has received some interest in recent works, such as

[68], [69], [70], [71] in the limit of Stoke’s drag, and Kelken et al [72] who consider

inertial particle pair diffusion in the presence of gravity. Bragg et al [73], [74] consider

the form of the diffusion coefficient in forward and backward time dispersion. See also

[75], [76], [77], [78]. In [74], the diffusion coefficient for inertial particles is derived

using PDF phase-space theories, and it involves two contributions, one of which is the

second order inertial particle-pair relative velocity structure function, which dominates

the behavior of the diffusion coefficient for St ≥ O(1) in the dissipation range. This

structure function is known to have a power law behavior in the dissipation range,

where the exponent is related to the correlation dimension for the inertial particle

spatial distribution.
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Figure 6.3: Similar to Fig. 1, except for inertial subrange size Rk = 103.

Here, we focus only on inertial subrange scalings for the inertial pair diffusion

coefficient.

Although a general theory for inertia particle transport has not been developed,

the theory of Maxey & Riley [42] has gained widespread acceptance. Maxey & Riley’s

transport equation contains up to seven terms, including terms associated with added

mass, density differences, gravity, and memory effects. Like many previous researchers

in the field, we neglect all terms except the Stoke’s drag term. We investigate turbulent

pair diffusion in the inertial subrange for different sizes of the inertial subrange and

in the Stokes drag limit.

A particle trajectory is then obtained by integrating the coupled particle tansport

equations,

dx⃗

dt
= v⃗(t) (6.8)

dv⃗

dt
= − 1

τp
(v⃗(t)− u⃗(x⃗, t)) (6.9)
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Figure 6.4: Similar to Fig. 1, except for inertial subrange size Rk = 104, and St
between 0.1 and 75 as indicated.

where u⃗(x⃗, t) is the fluid velocity at (x⃗, t), and v⃗(t) is the particle velocity at the same

location and time, and τp is the particle relaxation time which accounts for the particle

inertia.

The global Stokes number St is defined to be,

St =
τp
tη

(6.10)

where tη ∼ ε−1/3η2/3 is the Kolmogorov time scale of the turbulence. ε is the rate of

energy dissipation per unit mass, and η is the Kolmogorov length scale.

A local Stoke’s number St(l), which depends on the local separation, can also be

defined as,

St(l) =
τp
tl

(6.11)
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Figure 6.5: Similar to Fig. 1, except for inertial subrange size Rk = 105, and St
between 0.1 and 75 as indicated.

where tl ∼ ε−1/3l2/3 is the turbulence time scale at length scale l.

Equations (6.8) and (6.9) are particle transport equations for inertial particles in a

fluid flow – they are not field equations. However, following Richardson’s reasoning we

will assume that turbulent particle transport can be modelled by a diffusion equation.

The correctness of a diffusion equation for turbulent pair diffusion is questionable;

however, it is known to be correct in the limit of point source release. We will therefore

consider an effective point source release of inertial particles and assume that inertial

pair diffusion can be described by a diffusion equation with a scale dependent diffusion

coefficient Kp (also called the diffusivity).

In the limit of Stoke’s drag, the system of equations (6.8) and (6.9) describes

a two-parameter family of diffusion regimes yielding diffusion coefficient, Kp(l) =

Kp(l;St,Rk), where St and Rk are the governing parameters; Rk is the size of the
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Figure 6.6: Log-log of the inertial pair diffusion coefficient Kp/ηvη against the rms
pair separation σl/η from KS simulations with energy spectrum E(k) ∼ k−1.72 and
inertial subrange of size Rk = 101, and for different Stokes numbers between St = 0.1
and 50 as indicated. (For interpretation of the references to color in the figure legend,
the reader is referred to the web version of this article.)

inertial subrange which is defined by,

Rk ∼ kη
k1

(6.12)

where the inertial subrange is in the wavenmber range, k1 ≤ k ≤ kη.

An effective point source release means that the initial separation is small compared

to all other length scales in the system; in application, it is sufficient that the initial

separation is equal to the Kolmogorov scale, l0 = η.

After release, for small separations and for all Stokes numbers St > 0 the particle

inertia should dominate over the small scale turbulent energy. The motion remains

well correlated to its initial conditions, and this should lead to ballistic relative motion
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Figure 6.7: Similar to Fig. 6, except for inertial subrange size Rk = 102.

and a diffusion coefficient that is linear in the separation,

Kp ∼ σ1
l , σl < σc. (6.13)

Although this relationship should be independent of St and Rk, the length scale up

to which this ballistic regime persists is itself a function of these two parameters,

σc = σc(St,Rk).

If Rk < σc/η then the ballistic regime will persist through the entire inertial

subrange. We will show later that this corresponds to the case of very large inertia,

St > Rk equation (6.25), when the turbulent energies are not strong enough to force

the particles to deviate from their initial conditions.

If Rk > σc/η, as the Stokes number increases then the ballistic regime will pene-

trate further up the inertial subrange before decorrelating with its initial coniditions

at the transition scale σc. After that, the pair diffusion will then asymptote towards

the fluid particle pair regime because the energies in the larger inertial scales begin to
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Figure 6.8: Similar to Fig. 6, except for inertial subrange size Rk = 103.

dominate over the inertia of the particles. Whether this transition occurs quickly or

slowly, and how σc scales with St are unknown and are questions of interest which we

address below. If the Stokes number is small enough the diffusion will attain to the

quasi-local fluid particle regimes, equations (6.5) and (6.7).

Thus, for E(k) ∼ k−5/3 and short inertial subrange, Rk ≈ 102, the new theory

predicts that provided St < Rk then,

Kp(l) → Kf (l) ∼ σ1.34
l , σl ≫ σc, Rk ≪ ∞ (6.14)

and for large inertial subranges the diffusion will asymptote towards the non-local

fluid paticle regime, equations (6.4) and (6.6),

Kp(l) → Kf (l) ∼ σ1.525
l , σl ≫ σc, Rk → ∞ (6.15)
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Figure 6.9: Similar to Fig. 6, except for inertial subrange size Rk = 104, and St
between 0.1 and 75 as indicated.

For the intermittent spectrum, E(k) ∼ k−1.72, these regimes are, respectively,

Kp(l) → Kf (l) ∼ σ1.43
l , σl ≫ σc, Rk ≪ ∞ (6.16)

and,

Kp(l) → Kf (l) ∼ σ1.556
l , σl ≫ σc, Rk → ∞ (6.17)

As the Stokes’ number increases, St → Rk we expect the ballistic regime to pene-

trate further in to the inertial subrange before transition.

6.4 Transition from ballistic to inertial scaling

An important question is, at what separation after release do the ballistic regimes

transition to the non-ballistic regimes? This occurs when the particle pair relative
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Figure 6.10: Similar to Fig. 6, except for inertial subrange size Rk = 105, and St
between 0.1 and 75 as indicated.

velocity decorrelates with its initial relative velocity. This time we call the transition

time, tc, and the length scale at which this occurs we call the transition scale σc.

Bec et al [71] have argued on the basis of locality that the transition will occur

when the local time scales of turbulence and inertia are in balance, i.e. when the local

Stokes number is unity, St(σc) = 1, which occurs when tc = τp. On this basis, they

obtain a scaling between the σc and the Stokes number St,

σc

η
∼ St3/2. (6.18)

However, time scales alone do not take in to account the momentum or energy

of the particles. Physically, for inertial particles with large Stokes number, St > 1,

we might expect that their momemtum will cause them to ’punch’ their way through

the fluid flow independently of the turbulence. If we make the assumption that the

relative velocity v(σc) of the inertial pair when σl = σc scales like ∼ σc/τp, and that
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this takes a constant value independent of turbulence characterisics, then we obtain

v(σc) ∼ σc

τp
∼ C, for St > 1. (6.19)

This yields,

σc

η

η

τη

τη
τp

∼ C, for St > 1 (6.20)

or σc

η
∼ St, for St > 1. (6.21)

For small Stokes numbers, St < 1, we make the assumption that the inertial

particle pair will behave like fluid particle pairs; thus the diffusion coefficient will be

approximately the same as the fluid pair diffusion coeffiicient, leading to,

Kp(σc) ≈ Kf (σc), (6.22)

or σ2
c

τp
≈ η2

tη
. (6.23)

This leads to the following scaling,

σc

η
= St1/2, for St < 1. (6.24)

The two regimes in equations (6.21) and equation (6.24) are coincident when St = 1,

where we can expect a crossover in the scalings.

Note that the assumption in equation (6.22) is consistent with the linear ballistic

scaling and with equation (6.19) because, Kp(σc) ∼ σ2
c/τp ∼ Cσ1

c .
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Figure 6.11: Log-log of the inertial pair diffusion coefficient Kp/ηvη against the rms
pair separation σl/η from KS simulations with energy spectrum E(k) ∼ k−5/3 for
different inertial subranges as indicated, and for Stokes numbers St = 1. (For inter-
pretation of the references to color in the figure legend, the reader is referred to the
web version of this article.)

For large Stokes numbers, we can obtain an estimate for the Stokes number needed

for the ballistic regime to penetrate through the inertial subrange, by combining Rk =

σc/η mentioned earlier with equation (6.21). Together, we find that the ballistic regime

will penetrate through the inertial subrange if,

St > Rk. (6.25)

6.5 Numerical Simulations

6.5.1 Previous works

The Lagrangian diffusion model Kinematic Simulations (KS) was used to obtain the

statistics of particle pair diffusion. KS is an established method, and we refer the
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Figure 6.12: Similar to Fig. 11 except for Stokes number St = 2.

reader to [65], [66], [67], [79] for details. Here we give a summary of the method.

In KS one specifies the second order Eulerian structure function through the power

spectrum E(k) which can take any form. Here we examine Kolmogorov turbulence

with E(k) ∼ k−5/3, and also a case of intermittent turbulence with E(k) ∼ k−1.72. KS

can generate inertial subranges large enough to test pair diffusion scaling laws over

extended inertial subranges.

KS generates turbulent-like non-Markovian particle trajectories by releasing par-

ticles in flow fields which are prescribed as sums of energy-weighted random Fourier

modes. By construction, the velocity fields are incompressible and the energy is dis-

tributed among the different modes by a prescribed Eulerian energy spectrum, E(k).

The essential idea behind KS is that the flow structures in it - eddying, straining,

and streaming zones - are similar to those observed in turbulent flows, although not

precisely the same, which is sufficient to generate turbulent-like particle trajectories.

KS has been used to examine single particle diffusion [80], [81], and pair diffusion
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Figure 6.13: Similar to Fig. 11 except for Stokes number St = 5.

[66], [82], [83], [25], [84], [64], [27]. KS has also been used in studies of turbulent

diffusion of inertial particles [30], [85]. Meneguz & Reeks [30] found that the statis-

tics of the inertial particle segregation in KS generated flow fields for statistically

homogeneous isotropic flow fields are similar to those generated by DNS.

KS pair diffusion statistics have been found to produce close agreement with DNS

at low Reynolds numbers, incuding the flatness factor of pair separation [25].

Concerns about KS has been expressed because it produces fluid particle pair

diffusion scalings that are not consistent with Richardson’s 4/3 locality scaling law,

[86], [84], [87]. It has been speculated by these authors that this is because KS does

not possess the correct dynamical sweeping of the small inertial scales by the large

convective scales, leading to larger than expected power law scalings for the diffusion

coefficient. However, these concerns have been addressed in [67] where a detailed

numerical analysis has shown that such errors are in fact very small and therefore it

is the hypothesis of locality that is in error not KS.
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Figure 6.14: Similar to Fig. 11 except for Stokes number St = 20.

6.5.2 The KS velocity fields and energy spectra

An individual Eulerian turbulent flow field realization in KS is generated as a truncated

Fourier series,

u(x, t) =
∑Nk

n=1

(
(An × k̂n) cos(kn · x + ωnt)

+ (Bn × k̂n) sin(kn · x + ωnt)
)

(6.26)

where Nk is the number of representative wavenumbers, typically hundreds for very

long spectral ranges, Rk ≫ 1. k̂n is a random unit vector; kn = knk̂n and kn = |kn|.

The coefficients An and Bn are chosen such that their orientations are randomly dis-

tributed in space and uncorrelated with any other Fourier coefficient or wavenumber,

and their amplitudes are determined by ⟨A2
n⟩ = ⟨B2

n⟩ ∝ E(kn)dkn, where E(k) is the

energy spectrum in some wavenumber range k1 ≤ k ≤ kη. The angled brackets ⟨·⟩

denotes the ensemble average over space and over many random flow fields. The associ-
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Figure 6.15: Similar to Fig. 11 except for Stokes number St = 75.

ated frequencies are proportional to the eddy-turnover frequencies, ωn = λ
√
k3
nE(kn).

There is some freedom in the choice of λ, so long as 0 ≤ λ < 1. The construction in

equation (6.26) ensures that the Fourier coefficients are normal to their wavevector

which automatically ensures incompressibility of each flow realization, ∇·u = 0. The

flow field ensemble generated in this manner is statistically homogeneous, isotropic,

and stationary.

The energy spectrum E(k) can be chosen freely within a finite range of scales, even

a piecewise continuous spectrum, or an isolated single mode are possible. To incorpo-

rate the effect of large scale sweeping of the inertial scales by the energy containing

scales, the simulations are carried out in the sweeping frame of reference by setting

E(k) = 0 in the largest scales, for k < k1 [67]. We choose the energy spectrum in the

inertial subrange to be,

E(k) ∼ k−p, k1 ≤ k ≤ kη (6.27)
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Figure 6.16: Similar to Fig. 11 except from KS with spectrum of E(k) ∼ k−1.72, and
St = 75.

for p = 5/3 and 1.72. The spectrum is normalised such that the total energy is always

equal to,
∫ kη
k1

E(k)dk = 3/2. The largest represented scale of turbulence is 2π/k1 and

smallest is the Kolmogorov micro-scale η = 2π/kη.

A particle trajectory, x(t), is obtained by solving equations (6.8) and (6.9) in time.

Pairs of trajectories are harvested from a large ensemble of flow realizations and pair

statistics are then obtained from it for analysis.

6.6 Results

6.6.1 Scaling for Kp(l;St,Rk)

KS was run for two diferrent spectra, first the Kolmogorov spectrum E(k) ∼ k−5/3,

and then for an intermittent spectrum E(k) ∼ k−1.72. A parametric study for a wide

range of Stokes number and inertial subranges was carried out for the two spectra.

Each run contained an ensemble of about 30,000 inertial particle pair trajectories.
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Figure 6.17: Log-log of the pair separation σc where transition occurs against the
Stokes number St. The cases for E(k) ∼ k−5/3 and ∼ k−1.72 are shown. Lines of slope
0.5 and 1 are shown for comparison. (For interpretation of the references to color in
the figure legend, the reader is referred to the web version of this article.)

Fig. 1 shows the log-log plot of the inertial pair diffusion coefficient, Kp/ηvη,

against the rms separation, σl/η, for Kolmogorov turbulence E(k) ∼ k−5/3, and for

an inertial subrange size of Rk = 101; cases for Stokes number from St = 0.1 to 75

are shown. Figs. 2 to 5 are similar to Fig. 1 except for inertial subrange sizes of,

Rk = 102, 103, 104, and 105 repectively.

In these figures, lines of slope 1 are shown for comparison with ballistic motion, and

lines of slope 4/3 is shown for comparison with the Richardson’s locality hypothesis,

and lines of slope 1.525 are shown to compare with the asymptotic fluid pair diffusion

for large inertial subranges [27].

The results show initial ballistic regimes, equation (6.13), in all cases. However,

the ballistic regimes penetrate further and further in to the inertial subrange as the

Stoke’s number increases.

The St = 0.1 cases are always close to fluid pair diffusion.
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For very large Stokes numbers the ballistic regimes penetrate through the entire

inertial subrange.

In Fig. 1, the inertial subrange is too short, Rk = 101, to observe inertial subrange

scalings.

In Figs. 2 to 5, after the initial ballistic period, either the quasi-local fluid pair

diffusion ∼ σ1.34
l is observed for short inertial subranges and small Stokes number,

Fig. 2, or it asymptotes to the fluid non-local regime if the inertial subrange is big

enough, Kp → Kf ∼ σ1.525
l as Rk → ∞, see [67], [64].

Figs. 6 to 10 for enegy spectrum of E(k) ∼ k−1.72 show similar trends to Figs. 1

to 5. Lines of slope 1, 1.43, and 1.556 are shown to compare with the asymptotic fluid

pair diffusion for large inertial subranges for this spectrum [27].

Inspection of all the plots presented here shows that the the ballistic regimes

penetrate the entire the entire inertial subrange if St > Rk, to fair approximation,

thus confirming the validity of the prediction in eqution (6.25)

The results also show that the transition between the ballistic and fluid pair dif-

fusion regimes, if it occurs, takes place slowly over an extended range of scales.

Finally, it is important to note that it is apparent from Figs. 1-10 that the inertial

pair diffusion is initially faster than fluid pair diffusion at small separations, but this

behaviour reverses at larger separations. This effect is enhanced as the Stokes number

increases. This is probably because initially at very small separations the inertial pair

’punch’ their way through the flow like bullets, but later as the turbulence energy

begins to dominate at larger separations the inertia acts like a drag on the particle

motion thus reducing their realtive diffusivity as compared to fluid pairs at the same
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average separation.

6.6.2 Scaling for the transition scale σc

The transition scale between the ballistic and non-ballistic regimes is obtained by

replotting the results for different Rk, for each Stokes number. Fig. 11 shows the

plots for the case E(k) ∼ k−5/3 and for St = 1. The transition point is indentified

where the ballistic regimes diverge for the different R′
ks. Figs. 12 to 15 are similar

except for St = 2, 5, 20 and 75 respctively. The results for E(k) ∼ k−1.72 show a

similar trend, and only the cases for St = 75, Fig. 16, is shown here.

Fig. 17 shows the plot of σc/η against St obtained from the KS results for both

spectra as indicated. For St < 1, we observe an approximate σc/η ∼ St0.5 scaling.

For St > 1 we observe an approximate σc/η ∼ St1 scaling. It is apparent in Fig. 18

that the crossover between the two scalings occurs at St = 1, as predicted.

These results confirms the theory developed in Section V.

6.7 Discussion

Understanding the transport processes governing turbulent inertial particle motion

and their statistical properties is of great importance in many areas of science and

engineering. In this aticle, the concept of local and non-local diffusional processes,

first ellucidated in [64], [27] has been extended to inertial particle pair diffusion in

the inertial subrange. This study is important because of its possible application to

the theory and modeling of inertial particle transport and to the spreading of groups
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of inertial particles, such as in the spread of clouds, percipitation, dust storms, and

pollen and pollution dispersion.

In general, inertial particle pair diffusion forms a two parameter family of diffusion

regimes characterised by the diffusion coefficient Kp(l;St,Rk), with governing param-

eters being the Stokes number St and the size of the inertial subrange Rk, and l is

the pair separation variable.

The theory developed here predicts short time ballistic regimes where the inertia is

dominant, and long time asymptotic regimes approaching fluid particle pair diffusion

where the turbulent energy dominates over the inertia, provided that the Stokes num-

ber is finite. For very large Stokes number, St > Rk, the ballistic regimes penetrate

through the entire finite inertial subrange.

All predictions of the theory have been observed and validated using KS for Kol-

mogorov energy spectrum, E(k) ∼ k−5/3, and for an intermittent spectrum, k−1.72.

For large inertial subranges corresponding to Rk > St, the long time regime ap-

proches the fluid particle non-local scaling predicted in [64], [27], which justifies our

inital assumption of extending the concept of local and non-local diffusional processes

to inertial particle pair diffusion.

The scaling for the transition scale σc at which the ballistic regime begins to transits

asymptotically to the fluid pair diffusion regime differs from the theory of Bec et al

[71] who argued that the transition occurs when particle and turbulent frequencies

are equal, Stc = 1, which leads to the scaling σc/η ∼ St3/2. Here, we argue that

consideration of momentum and energies is more important, and this leads to the

scalings σc/η ∼ St0.5 for St < 1, and σc/η ∼ St1 for St > 1. The results from KS
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presented here supports this new theory.

It is important to note that initally the inertial particle pair diffusion is faster

than the fluid pair diffusion because the inertial pair ’punch’ their way through the

small scale turbulent energies like bullets, but this reverses at bigger separations as

the tubulent energies increase and dominate the motion because the inertia than most

probably acts like a drag thus reducing the diffusion compared to fluid pairs.
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APPENDIX A

SUPPLEMENTARY MATERIAL

1. Dynamical system A dynamical system is a mathematical description of a

real world phenomenon using equations and inequalities with assumptions and

conditions.

2. Trajectory The path followed by point in a dynamical system.

3. Flow The parametric set of trajectories of a dynamical system is called flow.

4. Continuum The concept that the fluid continuously distributed and fills the

entirety of the region in which it is present. This assumption is vital for the

fluid mechanics.

5. Eddy An eddy is a structure in flow which carries some mass and momentum

of the flow. A vortex is an example of an eddy.

6. Intermittent Intermittency is the irregular kinetic energy dissipation which

causes a shift in the behavior of the dynamical system.
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7. Autocorrelation Autocorrelation is a function that describes the memory of a

signal.

8. Structure Function Structure functions are averages of differences between

turbulence quantities measured at different locations in a flow.

9. Ensemble Average The average taken over an ensemble of some quantities in

a dynamical system over space or time is called ensemble average. It is denoted

by ⟨.⟩.

10. Flatness or Kurtosis It represents a comparison with Gaussian distribution

in that higher flatness means sharper peak. Its formula is:

F (u) =
⟨u4⟩
⟨u2⟩2

(A.1)

where ⟨u⟩ represents an average and u represents some signal.

11. Skewness It is the third moment of fluctuation normalized by the intensity of

the signal. Its formula is

S(u) =
⟨u′3⟩
⟨u′2⟩ 3

2

(A.2)

12. Probability density function (pdf) pdf of a random variable expresses the

probability of finding a particular value of the variable over the range of defini-

tion of the variable.
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∫ ∞

∞
P (u) du = 1 (A.3)

where P (u) du is the probability of a value to be between u and u + du. As

expected P (u) ∈ [0, 1].

13. Power spectral density, PSD The power spectrum of a signal is a function

that gives the power (amplitude) of the signal (usually in decibels, dB) as a

function of frequency or wavenumber.

14. Fractal An object that has a pattern repeating over different scales.

15. Fractal Dimension A fractal dimension is the ratio of some geometric charac-

teristic of self similar patterns having different scales.

16. Multifractal Multi-fractal has multiple fractal characteristics.

17. Stationary Stationary means that dynamical system is time independent.

18. Dissipation range Range of scales over which dissipation occurs is called dis-

sipation range.

19. DNS DNS stands for for the direct numerical simulation in which Navier-Stokes

Equations are solved without any modeling, on a high resolution mesh to capture

all the scales on which turbulence occurs.

20. Eddy turnover time The time taken for an eddy to perform one complete

rotation.
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21. Eddy Viscosity The constant of proportionality between turbulent stresses

and mean strain rate.

22. Taylor’s Hypothesis For a moderately turbulent flow, characteristics over

space are nearly equal to the characteristics at a point in time.

23. Energy cascade Energy cascade refers to the transfer of kinetic energy from

large, macroscopic scales of motion, where it is presumed to be input to the

flow, through successively smaller scales, ending with viscous dissipation and

conversion to heat.

24. Homogeneous turbulence Turbulence that is independent of position is called

homogeneous turbulence.

25. Inertial range The range of scales in a flow where inertial forces are dominant

is called inertial range.

26. Compressibility The measure of change in volume due to change in pressure.

27. Isotropic Turbulence that is independent of direction is called isotropic turbu-

lence.

28. K41 theory The K41 theory refers to results published by Kolmogorov in a

series of papers in 1941.

29. LES LES stands for Large-Eddy Simulation.

30. RANS Reynolds-Averaged Navier–Stokes approach for turbulence studies.
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31. Taylor Microscale The intermediate length scales between the integral scale

and the dissipation scale.

32. Turbulence kinetic energy Turbulence kinetic energy is the kinetic energy

calculated with turbulent fluctuating velocities as given by:

k =

√
u′2 + v′2 + w′2

3
(A.4)

33. Turbulence energy dissipation rate Turbulence energy dissipation rate is

the rate at which turbulence energy is being converted to thermal energy by

viscous effects on small scales as given by:

ϵ = ν
∂u′

i

∂xj

∂u′
i

∂xj

(A.5)

34. Equilibrium We say that turbulent flow has reached equilibrium if production

and dissipation of energy balance out. At this point the averaged flow charac-

teristics are consistent and robust.

35. Weak Solution Weak solution of a partial differential equation is a solution

that satisfies the partial differential equation but all the derivatives involved

may not exist.

36. Strong Solution Strong solution of a partial differential equation is one which

not only satisfies the equation, but all derivatives of all orders exist everywhere.

37. Vorticity The curl of velocity is called vorticity.
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38. Enstrophy The squared L2 norm vorticity is called enstrophy. It is a measure

of the energy density.

39. Vortex stretching Vortex deformation due to turbulence where the eddies

are visibly stretched is called vortex stretching. It marks a difference between

homogeneous and in-homogeneous turbulence.

40. Reynolds stress RANS model produces Reynolds stress that effects mean flow

just like pressure or viscosity.

41. Blockage Ratio Blockage ratio is the ratio between solid area of the grid and

frontal area of the model. In a channel flow environment, it is the surface area

of the blockage divided by the cross-sectional area of the channel.

42. Boussinesq hypothesis The Boussinesq hypothesis states that small-scale tur-

bulent stress should be linearly proportional to the mean strain rates.

43. Closure Terms such as Reynolds stress in RANS are such that there is no way

to remove the fluctuation from the Reynolds Averaged Navier Stokes Equations

and hence require modeling to have a solvable system. This is called the problem

of closure.
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