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This thesis studies the vibration of an axially moving micro-beam over varying

electrostatic gaps based on the modified couple-stress theory. The varying elec-

trostatic gaps considered in this study include: linearly increasing electrostatic

gap model and linearly decreasing electrostatic gap model. The micro-beam is

moving axially over two simple supports. The primary objective of this work is

to investigate the effect of the varying electrostatic gap on the vibration of the

micro-beam and to examine the effect of different parameters on the dynamic

behavior of the system. These parameters include axial speed, applied tension,

length scale, fringing field parameter, and quality factor. The Galerkin method

with a first mode-shape function of simply supported beams is utilized to develop
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a mathematical model that describes the static and dynamic behaviors of the ax-

ially moving micro-beam.

Numerical solutions of the developed model are obtained using a fourth-order

Runge-Kutta algorithm in the commercial software MATLAB. The natural fre-

quencies are calculated, and the results are compared with those for stationary

beam under classical beam theory. Results showed that when the small size effect

is considered the natural frequencies became higher than those in the classical

beam theory.

Frequency response curves are obtained to study the forced vibration of the ax-

ially moving micro-beam over a linearly varying electrostatic gap. When the

micro-beam is axially moving numerical solutions showed, in the case of linearly

increasing electrostatic gap, that the increase of the angle of the fixed electrode

increased the maximum deflection in the frequency response curves. Also, in the

case of a linearly decreasing electrostatic gap, the increase in the angle decreased

the maximum deflection. However, when the micro-beam is stationary, the effect

of increasing or decreasing the angle is negligible.
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 الرسالة ملخص

 : مصطفى طاهر محمد الشقاقلاسم الكاملا

 : اهتزاز ذراع صغير متحرك افقيا تحت تأثير قهوة كهروستاتيكية غير منتظمةعنوان الرسالة

 : الهندسة الميكانيكيةالتخصص

 2018: مايو تاريخ الدرجة العلمية

على سطح كهروستاتيكي غير منتظم يعتمد على  أفقيا صغيرة متحرك ذراعتقدم هذه الرسالة دراسة عن اهتزاز 

نظرية الإجهاد الزوجي المعدلة. تشمل السطوح الكهروستاتيكية غير المنتظمة التي تم دراستها في هذه الدراسة: 

عتبر ي المتباينة المتقاربة. السطوحالمتباينة المتقاربة ، و لسطوحالمتقاربة ، وا السطوحالمتباعدة ، و السطوح

. الهدف الرئيسي من هذا العمل هو دراسة تأثير السطح أفقيامدعوم ببساطة يسير  ذراعبمثابة  دقيقال الذراع

على الاستجابة  عدد من العوامل المختلفةوالتحقيق في تأثير  ذراعالكهروستاتي غير الموحد على اهتزاز ال

حقل التهيج  معامل، مقياس الطول ،  الذراعالشد على ،  فقية، السرعة الأ عواملالديناميكية للنظام. تتضمن هذه ال

لاهتزاز الذراع الدقيق المرتكز على دعامات بسيطة  مع شكل أول قالركين طريقةاستخدام  تم، وعامل الجودة. 

 .أفقيا المتحرك الدقيق للذراعلتحقيق نموذج رياضي يصف السلوك الساكن والديناميكي  كدوال أساسية 

من المرتبة الرابعة تحت بيئة  كتا-رنجددية للنموذج المطور باستخدام خوارزمية يتم الحصول على الحلول الع

 العامودتحت نظرية  الثابت لذراع الدقيقمقارنة النتائج مع تلك ل وتمحساب الترددات الأساسية  تم. ماتلاب

 الكلاسيكية. 

قوة تأثير التحت أفقيا  متحركال ذراع الدقيقمنحنيات التردد الزاوي لدراسة الاهتزاز القسري لل ايجاد تم

. أظهرت الحلول العددية أن منحدر السطح الكهروستاتيكي له تأثير تليين في منحنى الاستجابة ةالالكتروستاتيكي

لها تأثير التخميد  الأفقيةالترددية. أيضا ، في حالة وجود سطح إلكتروستاتي متباعد ، فإن الزيادة في السرعة 

لها تأثير معاكس في حالة  الأفقية. ومع ذلك ، فإن هذه الزيادة في السرعة الدقيق راعللذعلى الانحراف الأقصى 

 للذراعزيادة انحراف أقصى  إلىيؤدي زيادة السرعة  بحيث سطح متقارب ، 
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Chapter 1

Introduction

1.1 Motivation

With the emerging technologies of the internet of things, smart consumer electron-

ics, and smart cities, the demand for MEMS / NEMS devises is increasing [1–4].

Therefore, high rate production of these small size devices is needed. Roll-based

manufacturing techniques have been over years the method of choice for boosting

production rates [5]. Under roll-based processing, components move axially while

being exposed to mechanical, electrical, magnetic, optical, chemical and thermal

effects [6]. Due to this, researchers have recently started to study vibrations of

axially moving micro-beams as well as axially moving nano-beams, which consti-

1



tute the basic building blocks of MEMS / NEMS structures.

The need for accurate simulation tools and models has been recognized by many

researchers and engineers in the micro/nano electromechanical systems commu-

nity. Many challenges face MEMS researchers and engineers when trying to model

and simulate the mechanical behavior of MEMS. These challenges can be divided

into three main groups: nonlinearities, small-scale phenomena, physical field cou-

pling.

Nonlinearities are present in the macro-scale; however, their presence on the micro-

scale is more significant and dominant. Therefore, overlooking these nonlinearities

can lead to inaccurate predictions of the mechanical behavior of NEMS. Sources

of nonlinearities in NEMS include forcing, damping, and stiffness. Nonlinearities

introduced by force can be found in actuation and detection mechanisms. For

instance, the parallel-plate electrostatic force is nonlinear by nature – the electro-

static force is a function of the gap width squared between the moving and fixed

electrodes. Other nonlinear forces include callipary forces due to humidity and

van-der Waals forces due to the proximity of two microstructures.

2



There are several examples of nonlinearites coming from damping mechanisms.

The most common one is squeeze-film damping, which is a function of the gap

cubed between two adjacent surfaces. Its influence is evident in large surface area

between two close surfaces.

When small-size structures are actuated, they undergo a large deflection in com-

parison with the other dimensions of the structure. This relatively large deflection

amplifies geometric nonlinearities of the structure [7, 8]. In macro-structure, we

can apply linear theory because the deflection is small as compared with the other

dimensions of the structure. However, in micro/nano structures, the deflection is

relatively large and geometric nonlinearities such as mid-plane stretching might

be induced which results in significant change in its stiffness and dynamical be-

havior [9].

Focusing on the nonlinearities due to forcing; more specifically the electrostatic

force in the parallel-plate actuators, and since the forcing term depends on the gap

width squared – We need to investigate what would happen to the dynamic be-

havior of micro/nano structures under electrostatic force when the fixed electrode

is not uniform. This non-uniformity might be intentionally induced to achieve

3



certain dynamical behaviors, or to account for the difficulty in accurately manu-

facture parallel-plate actuators.

1.2 Small-size Beams

Many experiments have shown that classical continuum theory failed in accurately

predicting the mechanical behavior of small size structures [10–13]. In order to

accurately analyze the dynamical behavior of these small-size structures, size-

dependent continuum theories should be utilized. These theories model small-size

structures with greater accuracy because they include size-dependent parame-

ters. There are different size-dependent mathematical models for small-size beams.

These models include: modified couple stress theory [14], non-local elasticity the-

ory [15] ,and strain gradient elasticity theory [16].

Some researchers in 1960s introduced the couple-stress elastic theory [17, 18] In

the constitutive equation of this theory, some higher-order material length scale

parameters were introduced in addition to the two classical lame constants. Yang

et al. [14] debated that there is another equilibrium equation that should be con-

sidered in addition to the classical equilibrium equations of forces and moments of

forces. This new equation is the equilibrium of moments of couples. They showed

4



that the new equilibrium relations stated that the couple stress tensor must be a

symmetric tensor. Based on this result, a modified couple-stress theory was de-

veloped. In this new modified couple-stress framework, only one material length

scale parameter is required.

The other theory is called the nonlocal elasticity theory which was established

in 1972 by Eringen and Edelen [15]. Unlike the classical theory, which states that

the stress at a point is a function of the strain at that point, nonlocal elasticity

theory states that the stress at a point is a function of strains of all points in the

continuum. The original theory is defined as an integral nonlocal model which is

difficult to solve mathematically. To simplify this integral model, a certain ap-

proximation is made [16], and the new model is then defined as a strain gradient.

The strain gradient model regards the stress at a point as a function of the strain

and strain gradients at that particular point.

1.3 Thesis Objectives

The followings are the main objectives of this thesis:

1. To calculate the natural frequencies of the simply supported axially moving

micro-beam and to study the effect of system’s parameters like the length

5



scale, tension, stretching parameter, and critical velocity on the obtained

natural frequencies.

2. To investigate the free response of the system. This includes studying the

effect of the parameters mentioned above on the free vibration.

3. To study the forced vibration due to applied voltages. This is by determining

the pull-in voltage and by examining the effect of the fringing field parameter

along with system’s parameters on the forced responses.

4. To investigate the forced response of the system for different cases where

the electrostatic gap is varying linearly. The varying electrostatic gaps are

quantified by the angle formed between a horizontal line parallel to the

moving beam.

5. To examine frequency response curves and to point out the non-linearity

induced due to each parameter including the fixed electrode’s slope.

1.4 Thesis Overview

In Chapter 2 after the introduction, we will present some literature review on the

area of small size beams and axially moving beams, and explain our contribution

to this field. In Chapter 3, the mathematical model of axially moving micro-beam

6



used in this thesis will be developed based on Euler-Bernoulli beam theory. In

Chapter 4, we will examine the free vibration of the axially moving micro-beam in

terms of natural frequencies and critical velocities. In Chapter 5, we will discuss

forced vibration of axially moving micro-beam under electrostatic force. We will

consider three cases for the electrostatic gap. The first case discusses a constant

electrostatic gap, and Chapter 6 discusses the other two different non-uniform

electrostatic gaps: linearly increasing and linearly decreasing electrostatic gaps.

The results will be given in the form of frequency response curves and phase

portrait.

7
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Chapter 2

Literature Review

In this chapter, we will make a review of the work done in the area of nonlinear

dynamics of small-size beams. Section 2.1 covers the work done to study the

dynamic characteristics and the vibration of beams on the basis of the modified

couple-stress theory and nonlocal elasticity theory. Section 2.2 includes studies

on the vibration of axially moving macro-beams. More studies on the vibration

of axially moving micro-beams and nano-beams are presented in section 2.3 and

section 2.4, respectively. Finally, section 2.5 explains the contribution of this

thesis in the field.
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2.1 Small Size Beams

Park and Gao [19] studied a Bernoulli-Euler cantilever beam under modified cou-

ple stress theory consideration. They found that the rigidity of the cantilever

beam under small size effect was larger than that predicted by the classical beam

model. When the beam thickness was below 10 µm, there was a significant dif-

ference of the beam deflection between the two models; the size-dependent model

always showed a smaller beam deflection. However, as the beam thickness in-

creased, that difference in the beam deflection diminished. These findings agreed

with work observed in experiments [20].

Miandoab et al. [21] examined the static pull-in voltages and natural frequen-

cies for a polysilicon nano-beam on the basis of both modified couple-stress and

Eringen’s nonlocal elasticity theories. They concluded that the results obtained

from the modified couple-stress theory matched experimental results better than

the results obtained from Eringen’s nonlocal elasticity and classical theories.

Rahaeifard et al. [22] studied the size-dependent dynamic behavior of micro-

cantilevers under suddenly applied DC voltage based on the modified couple stress

theory. They found that the modified couple stress theory predicted the size-
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dependent dynamic behavior of micro-beams unlike the classical theory, which

did not account for the small size of micro-beams. In agreement with [19] they

showed that when the thickness of the beam was minimal, in order of its material

length scale, the difference between the results given in classical theory and the

results predicted by the modified couple stress theory was considerable. However,

when the thickness increased, the results given by the classical theory and the

modified couple stress theory were close to each other. Furthermore, Rahaeifard

et al. [23] investigated the static deflection and pull-in of micro-bridges based on

the modified couple stress theory to predict the size effects for structures in the

micron scale. The results showed that when the beam thickness was small, in or-

der of its internal material length scale, there was a significant difference between

the results given by the modified couple stress theory and the classical theory.

Mojahedi [24] studied the non-linear vibration of clamped-clamped micro-beam

under an electrostatic force based on Euler-Bernoulli and Timoshenko beams the-

ory. He considered the modified couple stress theory to take care of the beam’s

small size. He studied the effect of implementing the size-dependent theory on

the amplitude frequency response curve. He concluded that considering the small

size effect had a decreasing effect on the amplitude of the nonlinear vibration as
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well as strengthening the linear frequency response curve, by increasing the length

scale parameter the frequency response curve exhibited linear behavior.

Rokni et al. [25] investigated the effect of the material length scale parameter on

the static pull-in behavior in electrostatic micro-actuators based on the modified

couple stress theory. They found that micro-cantilever beams were more sensitive

to the size effect than clamped-clamped micro-beams. Furthermore, they found

that the material length scale parameter for silicon and polysilicon was in the

order of magnitude of 10−1
µm.

Asghari et al. [26] formulated a functionally graded Timoshenko beam on the

basis of the modified couple stress theory. They investigated the static and free

vibration of a functionally graded cantilever and functionally graded simply sup-

ported beams. They found that beams modeled based on the modified couple

stress theory had more stiffness than classically modeled beams. Moreover, for

small beam thickness, the difference between the results obtained from the modi-

fied couple stress theory and the classical theory was significant.

Chen and Meguid [27] studied the non-linear vibration of a clamped-clamped
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micro-beam under electrostatic force at different values of DC and AC voltages.

They designed a chart in terms of DC and AC voltages that showed whether the

resulting frequency response curve exhibited linear, hardening or softening effect.

Also, they examined the effect of the fringing field parameter and concluded that

there was insignificant effects on the frequency response curves when the fringing

field parameter was considered.

Li [28] investigated the vibration characteristics of a micro/nanoscale beam within

the framework of the strain gradient nonlocal theory. The nonlocal elastic theory

states that the stress at a point is a function of the strain of all points in the con-

tinuum. This is called the integral nonlocal elasticity. However, simplifications

were made to this original theory to convert it into strain gradient theory which

states that the stress at a point is a function of the strain and strain gradients in

that particular point. This simplification agrees well with the molecular dynamic

simulation, and therefore many researchers adopted the strain gradient nonlocal

elasticity theory in their work. They considered different boundary conditions,

simply supported, fully clamped, flexible fixed ends and cantilever micro-nano

beams. Their work showed that as the small-size parameter increased, the natural

frequencies of micro-nano scale beams decreased. Also, as the tension increased,
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the natural frequency increased. Furthermore, when comparing the first natu-

ral frequency obtained from the classical theory, nonlocal strain gradient theory

and molecular dynamic simulation, considering the small-size parameter made the

natural frequency higher than that in classical theory and close to molecular dy-

namics simulation.

Akgoz and Civalek [29] studied the free transverse vibration of axially function-

ally tapered graded micro-beams on the basis of modified couple stress theory.

They examined the effect of material length scale, taper ratio for the width and

taper ratio for the height on the natural frequencies. They concluded that natural

frequencies obtained within modified couple stress theory were higher than those

obtained from classical theory. Also, the increase in the taper ratio for the height

and the taper ratio for the width increased the natural frequencies.

Ouakad et al. [30] considered a multilayer actuator. They compared a single

micro-beam actuator with a double micro-beam actuator in terms of their static

deflection and pull-in voltage. They found that the maximum deflection of the

upper beam of the double micro-beam actuator was higher than a single micro-

beam actuator. Also, the pull-in voltage was much larger for double micro-beam
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actuators than that in single micro-beam actuators.

Reddy [31] studied the bending, buckling, and vibration of nano-beams based on

nonlocal differential elasticity theory. He considered Euler-Bernoulli, Timoshenko,

Reddy and Levinson beam theories in modeling nano-beams. After incorporating

the nonlocal elasticity theory in the four models, he compared these models in

terms of the natural frequencies. Also, he concluded that the appearance of the

nonlocal effect increased the deflections; however, it decreased the natural fre-

quencies and buckling loads.

Li et al. [32] investigated the nonlocal transverse vibration of nano-beams with

a variable axial load based on nonlocal elasticity theory. They concluded that

nonlocal nanoscale parameter and axial tension increased the natural frequencies.

While the compression load decreased the natural frequencies.

Akgoz and Civalek [33] studied the free vibration of a single-layer graphene sheet

within the framework of modified couple stress theory. This graphene sheet is

embedded in an elastic matrix. They modeled the graphene sheet using KTPT1.

They found that the increase in the length scale parameter increased the natural

1Kirchhoff thin plate the
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frequencies. Moreover, this size-dependency effect was significant when the length

and width of SLGS2 were small. Also, the small-scale effect was considerable for

higher modes.

Liu et al. [34] studied bending, buckling and vibration of graphene nanosheets

within the context of nonlocal elasticity theory. They modeled graphene sheets

as plate using KTPT. They found that the new model they developed gave larger

deflection, lower frequencies, amplitude, and buckling load when compared with

the classical model.

Naghinejad et al. [35] examined the free vibration of nano-beams on the basis

of nonlocal integral elasticity theory. They developed a nonlocal finite element

method to study the free vibration of nano-beams. They concluded that the nat-

ural frequencies were affected by the length to height ratio. Furthermore, the

natural frequencies for clamped boundary condition were larger when compared

with those for simply supported and cantilever boundary conditions.

Mobki et al. [36] investigated the nonlinear vibration of nano-beams under MCST3.

2Single-layered graphene sheet
3Modified couple stress theory
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They found that ignoring the size-dependency would result in an order of magni-

tude error in static pull-in voltages, i.e., as the length scale parameter increased

the pull-in voltage increased.

Bagdatli [37] studied nonlinear transverse vibration of nano-beams under axial

tension based on nonlocal elasticity theory. He found that the increase in the ax-

ial tension caused the natural frequencies to increase. Also, in frequency response

curves, axial tension and stretching parameter of neutral axis induced hardening

non-linearity type.

Kivi et al. [38] performed a bifurcation analysis of nano-beams under an elec-

trostatic excitation on the basis of MCST. They concluded that when modified

couple stress theory was considered the pull-in voltage increased.

2.2 Axially Moving Beams

In 1990s, Wicker and Mote [39] studied the classical vibration of axially moving

continua. First, they modeled roll-to-roll webs as axially moving strings, and

then as axially moving beams. They developed the equations of motion under the

framework of the linear theory. They found that linear analyses cannot accurately
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predict the response for high-speed regime.

Wickert [40] studied the free non-linear vibration of an axially moving, elastic,

tensioned beam over sub- and supercritical transport speed ranges. He investi-

gated the longitudinal and transverse vibrations of a beam moving at constant

axial speed. He derived two coupled, non-linear differential equations that de-

scribe the beam vibration along the longitudinal and transverse directions. He

also simplified the transverse equation of motion by suppressing the appearance

of the longitudinal displacement in the transverse equation. This is done by ap-

proximating the dynamic tension component as a function of time alone. The

simplification is based on results from experimental work which showed that lon-

gitudinal disturbances propagate significantly faster than transverse ones [41].

2.3 Axially Moving Micro-Beams

Marynowski [42] studied the free vibration of an axially moving micro-scale panel

on the basis of modified couple stress theory. He found that the dynamic behavior

of the panel in the over critical range of transport speed is mostly affected by the
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time histories of lowest frequencies of free flexural vibrations.

Dehrouyeh-Semnani et al. [43] studied the dynamic characteristics of axially mov-

ing micro-beam considering the size-dependency based on modified couple stress

theory. They investigated the effect of the axial speed on the fundamental fre-

quencies. They found that the critical speed, speed at which instability occurs,

and the fundamental frequencies of the micro-beam both increased with the in-

crease of the small size parameter.

All of the aforementioned authors studied the free vibration of micro-beams under

constant temperature field. It is known that the change in temperature has sig-

nificant impact on the bending of beams. Subsequently, vibration characteristics

and dynamics of the beam change.

Abouelregal et al. [44] investigated the vibration of a thermoelastic axially mov-

ing microbeam under harmonic transverse excitation and harmonic pulse heating.

They examined the effect of pulse-width of thermal vibration, axial speed, and

harmonic excitation on the transverse vibration, temperature, displacement, and

bending moment of the micro-beam. They concluded that, the effect of axial ve-
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locity was significant on the amplitude of transverse vibration, displacement and

bending moments. However, the effect of axial velocity on the temperature was

little pronounced.

2.4 Axially Moving Nano-Beams

Lim et al. [45] studied the free transverse vibration of axially moving nano-beams

based on nonlocal elasticity theory. They investigated the effect of nonlocal

nanoscale parameter, dimensionless axial velocity and the applied tension on the

natural frequencies of nano-beams. They found that each of the aforementioned

parameters had significant effects on the dynamic behavior of nano-beams. The

increase in the nanoscale parameter increased the stiffness of nano-beams, hence,

natural frequencies were increased.

Li et al. [46] investigated the effect of thermal fields on the natural frequencies

and critical velocities of an axially moving nano-beam based on nonlocal elasticity

theory. They considered nano-beams with simply-supported, clamped, and can-

tilevered boundary conditions. They concluded that the nanoscale parameter had

a significant effect on the dynamic behavior of the nano-beam. Also, the effect of

the thermal field appeared to be weak and showed that at low temperature field
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the increase of temperature difference caused the natural frequency to increase,

while at high temperature fields, the temperature difference caused the natural

frequency to decrease.

Li et al. [46] studied the dynamical characteristics of visco-elastic axially acceler-

ating nano-beams on the basis of modified nonlocal theory. They showed that the

nanoscale parameter, small visco-elastic damping, and the time-dependent veloc-

ity all had significant effect on the unstable zone of the nano-beam.

Liu et al. [47] studied the transverse vibration and stability of axially moving

nano-plates based on nonlocal elasticity theory. They investigated the effects of

axial speed, nanoscale parameter and boundary conditions using both the com-

plex mode and Galerkin methods. They found that for moving simply supported

nano-plates the natural frequencies decreased with the increase of the nanoscale

parameter and axial speed in the sub-critical regions, but for fully a clamped

case, the natural frequencies decreased with the increase in the nanoscale param-

eter only when the axial speed exceeded a specific value. Also, the critical speed

decreased with the increase of the nanoscale parameter and therefore decreased the

sub-critical regions. They reported that the sub-critical regions for fully clamped
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nano-plates were larger than those of simply supported.

Li [27] investigated the vibration of axially moving piezoelectric nano-beams with

thermo-electro-mechanical coupling within the framework of nonlocal elasticity

theory. He studied the natural frequencies for simply supported and fully clamped

nano-beams. He concluded that the natural frequency decreased with the increase

of the applied positive external voltage, axial compressive force and change of tem-

perature.

Liu et al. [48] studied the dynamical response and stability of axially moving

nano-beams with time-dependent velocity based on the nonlocal stress gradient

theory. They concluded that natural frequencies of nano-beams decreased with

stronger nonlocal effects.

Mukhtari et al. [49] investigated the vibration response of axially moving nano-

beams under thermal loads within the framework of modified coupled stress the-

ory. They analyzed the vibration of nano-beams using a wavelet-based spectral

method. They studied the effect of axial velocity, tensile force and thermal loads

on the vibration and wave characteristics.
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Guo et al. [50] investigated the free vibration characteristics analyses of axially

moving and rotating nano-beams based on nonlocal strain gradient theory. They

found that the natural frequency of axially moving nano-beams decreased with

the increase of the axial velocity. However, the natural frequencies of rotating

nano-beams are divided into forward and backward frequencies. As the rotating

velocity increased, the forward frequency increased, while the backward frequency

decreased. Also, the nonlocal parameter decreased natural frequencies of nano-

beams, while the strain gradient parameter decreased the natural frequencies.

Razae et al. [51] investigated the nonlocal small-scale effects on the vibration and

stability of a nano-beam with a time-dependent axial velocity. They analyzed the

system using the multiple scales method. They concluded that instability occurs

when the frequency of velocity fluctuation is close to twice that of any natural

frequency of nano-beams.

Kiani [52] investigated the longitudinal, transverse and torsional vibrations of

axially moving single-walled carbon nanotubes within the framework of nonlocal

elasticity theory. He studied the effect of the axial velocity, small-size parame-
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ter on the stability and dynamic behavior on the system. He concluded that the

presence of the small-size parameter made the occurrence of divergence and flutter

instabilities took place at lower values of axial speed. Kiani [53] also examined

the longitudinal and transverse vibrations and stabilities of functionally graded

nanobeam based on nonlocal elasticity theory. His results showed that the vari-

ation of small-size, power-law index and velocity of nano-beam have significantly

affected the natural frequencies of the nano-beam. Furthermore, the threshold

velocity of divergence and flutter instabilities was reduced as the small-size pa-

rameter increased.

Guo et al. [54] studied the torsional vibration of axially moving carbon nanotube

based on nonlocal strain gradient theory. They included the velocity gradient ef-

fect in the model to account for the small-scale size of the nanotube. They investi-

gated the effect of axial velocity, two small-scale parameters and velocity gradient

parameter on the torsional frequencies of the nanotube. Their results showed that

the increase in the strain gradient parameter strengthened the stiffness while the

nonlocal parameter weakened the stiffness of the nanotube. Furthermore, they

concluded that when the strain gradient effect was larger than nonlocal effect,

the torsional frequencies obtained were greater than those predicted by the clas-
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sical theory. When the strain gradient effect was smaller than nonlocal effect,

the torsional frequencies were lower than those obtained by the classical theory.

And when the effect of both nonlocal and strain gradient were equal, the torsional

frequencies were the same as those predicted by the classical theory. The increase

in axial velocity resulted in a decrease in torsional frequencies and the critical ve-

locity increased with the increase of the strain gradient parameter and decreased

with the increase of nonlocal parameter.

Other than axially moving nano-beams, Ilkhani et al. [55] studied the transverse

vibration of rotating nano/micro-beams on the basis of the modified couple-stress

theory. They investigated the effect of angular velocity of the beam, axial load,

and the small scale parameter on the dynamic characteristics of the beam. They

found that as the rotation of the beam increased, natural frequencies divaricated

into forward and backward whirls. As the angular velocity increased, the forward

frequencies increased while the backward frequencies decreased. The compressive

load tended to decrease both the backward and the forward natural frequencies.

Moreover, the small scale parameters increased both the forward and backward

natural frequencies.
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Shen et al. [56] studied the vibration of axially moving silicon nano-beams con-

sidering nonlocal elasticity and surface energy. Numerical results showed that the

increase in axial motion decreased the natural frequencies.

2.5 Contribution

In all of the previously covered literature, one can conclude that free vibrating

axially moving small-size beams were given most consideration. Comparatively

speaking, none was published so far on forced vibration analysis of axially moving

small-size beams. This thesis endeavor to shed light on the influence of non-

uniform electrostatic force on vibration characteristics of axially moving micro-

beams. For this purpose, vibrations of an axially moving micro-beam, which

extends between two sets of guiding rolls and is attracted to a stationary electrode,

is considered.
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Chapter 3

Analytical Model

In this chapter, we derive the equation of motion for an axially moving micro-

beam using Hamilton’s principle. Also, we utilize Galerkin methods to solve the

equation of motion.

3.1 Mathematical Modeling of Simply Supported

Micro-Beam

Using Cartesian frame of reference (x− z), Figure 3.1 shows a micro-beam trav-

elling with a constant velocity v in the x direction. This beam has a flexural

rigidity of EI and axial stiffness of EA where E is Young’s modulus, A is the
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cross-sectional area, and I is the second area moment of inertia. This micro-beam

is assumed as simply supported at both ends. The longitudinal displacement of

the micro-beam is given as u(x, t) and transverse displacement is given as w(x, t).

The model is simplified such that [40] the beam is modeled using Euler-Bernoulli

theory in which rotary inertia and shear deformation are neglected, the axial

stiffness is sufficiently large in which the longitudinal deformation resulting from

the pretension is negligible, cross-sectional area is considered constant during vi-

bration, the longitudinal displacement is sufficiently small so that the non-linear

strain derived from u is negligible and the small-size effect is captured using the

modified couple stress theory [14].

x

z
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Fixed electrode

Moving micro-beam
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Figure 3.1 Simply supported axially moving micro-beam under an electrostatic force
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The boundary conditions are

u(0, t) = u(L, t) = 0 (3.1)

w(0, t) = w(L, t) =
∂w2

dx2
(0, t) =

∂w2

dx2
(L, t) = 0 (3.2)

3.2 Strain

x

z

P

P ′

ds

dxx

u
dx̄

dz̄

w

θ

Figure 3.2 A segment on the beam before and after deformation

Consider a differential element of length dx with initial position defined by a

point on that element, P . This point is located at a distance x along the x-axis

as shown in Figure 3.2. The point P is displaced by a distance u along the x-axis

and by a distance w along the z-axis. Also, the element length i.e. dx is deformed
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to a length ds with an angle θ. The x and z components of ds are dx̄ and dz̄,

respectively. Therefore, the new coordinates of the point P ′ after deformation are

expressed as

x̄ = x+ u (3.3)

z̄ = w (3.4)

The variation of the position of on the deformed element can be expressed by

taking the derivative of eqs. (3.3) and (3.4) with respect to x. This yields

dx̄ =
(

1 +
∂u

∂x

)
dx = (1 + ux)dx (3.5)

dz̄ =
(∂w
∂x

)
dx = wxdx (3.6)

where the subscript x denotes derivative with respect to x. The length of the

deformed element is then given as

ds =
√
dx̄2 + dz̄2 =

√
(1 + ux)2 + w2

xdx (3.7)

Next, the axial strain is expanded in Taylor series and terms up to cubic order of

wx are retained [57]

ε = ux +
1

2
w2
x + . . . (3.8)
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3.3 Kinetic Energy

Upon taking the time derivative of eqs. (3.3)–(3.4) we get

dx̄

dt
=
∂x

∂t
+
∂u

∂x

∂x

∂t
+
∂u

∂t
= v + vux + ut = v(1 + ux) + ut (3.9)

dz̄

dt
=
∂x

∂x

∂x

∂t
= wxv + wt (3.10)

where the subscript t denotes derivative with respect to the time and ∂x
∂t

= v is the

axial velocity of the micro-beam. Therefore, the velocity of a differential element

in the micro-beam becomes

v̄ = vlî+ vtk̂ = [v(1 + ux) + ut ]̂i+ [vwx + wt]k̂ (3.11)

The kinetic energy is then given as [58]

T =
ρA

2

∫ L

0

[
(v(1 + ux) + ut)

2 + (vwx + wt)
2
]
dx (3.12)

where ρA is the constant mass per unit length of the beam material.

3.4 Strain Energy

The strain energy of the beam is due to the axial and flexural elastic deformation.

And by considering the small size effect of the beam, based on the modified couple-
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stress theory [14], the strain energy is given as

U =

∫ L

0

[
Pε+

1

2
EAε2 +

1

2
(EI +GAl2)w2

xx

]
dx (3.13)

where G is shear modulus, l is the material length scale parameter and P is the

axial tension

3.5 Hamilton Principle Application

The Hamilton principle states that for a particular period [t1 − t2], for a conser-

vative mechanical system, the integral of the Lagrangian, which is the difference

between the kinetic and the potential energy, of the system is stationary [58], then

∫ t2

t1

(δT − δU + δW )dt = 0 (3.14)

where, T is the kinetic energy, U is the strain energy and W is the non-conservative

work exerted on the system.
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3.5.1 Variation of The Kinetic Energy

Let us expand the kinetic energy eq. (3.12) before applying Hamilton Principle to

get

T =
ρA

2

∫ L

0

[
u2
t + 2vutux + 2utv + v2u2

x + 2v2ux + v2w2
x

+ v2 + 2vwtwx + w2
x

]
dx

(3.15)

To find the variation of the kinetic energy δT , we let ut → ut + δut and wt →

wt + δwt after that we recover the original kinetic energy expression. Or we can

use the following expression to find δT

δT =
∑(

∂T

∂ut
∂ut +

∂T

∂wt
∂wt +

∂T

∂ux
∂ux +

∂T

∂wx
∂wx

)
(3.16)

Note that the terms inside the integral can be written as

vδut = d
dt

(vδu)

utδut = d
dt

(utδut)− uttδu

vuxδut = d
dt

(vuxδu)− vuxtδu

wtδwt = d
dt

(wtδw)− wttδw

vwxδwx = d
dt

(vwxδw)− vwxtδw

vutδux = d
dx

(vutδu)− vuxtδu
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v2uxδux = d
dx

(v2uxδu)− v2uxxδu

v2δux = d
dx

(v2δu)

vwtδwx = d
dx

(vwtδw)− vwtxδw

v2wxδwx = d
dx

(v2wxδw)− v2wxxδw

Now let us substitute back the new expressions into eq. (3.16) to get

δT = ρA

∫ L

0

( d
dx

(vδu) +
d

dt
(utδu)− uttδu+

d

dt
(vuxδu)− vuxtδu

+
d

dt
(wtδw)− wttδw +

d

dt
vwxδw − vwxtδw +

d

dt
(vutδu)− vuxtδu

+
d

dx
(v2uxδu)− v2uxxδu+

d

dx
(vwtδw)− vwxtδw

+
d

dx
(v2wxδw)− v2wxxδw

)
dx

(3.17)

We integrate from t1 to t2 over time and from 0 to L over the length, x to get∫ t2

t1

δTdt = ρA

{∫ L

0

([
vδu
]t2
t1

+
[
utδu

]t2
t1

+
[
vuxδu

]t2
t1

+
[
wtδw

]t2
t1

+
[
vδw

]t2
t1

)
dx

+

∫ t2

t1

([
vutδu

]L
0

+
[
v2uxδu

]L
0

+
[
v2δu

]L
0

+
[
vwtδw

]L
0

+
[
v2wxδw

]L
0

+
[
v2wxδu

]L
0

+
[
v2wxδu

]L
0

)
dt

−
∫ t2

t1

∫ L

0

([
uttδu

]
+
[
vuxtδu

]
+
[
wttδw

]
+
[
vwxtδw

]
+
[
vuxtδu

]
+
[
v2uxxδu

]
+
[
vwtxδw

]
+
[
v2wxxδw

])
dxdt

}

(3.18)
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For the considered boundary conditions eq. (3.2), there is no displacement at

x = 0 and x = L. Evaluating the integrals in eq. (3.18)

∫ t2

t1

δTdt = −ρA
∫ t2

t1

∫ L

0

{(
utt + 2vuxt + v2uxx

)
δu+

(
wtt + 2vwxt + v2wxx

)
δw
}
dxdt

(3.19)

3.5.2 Variation of the potential energy

Substituting the strain eq. (3.8) into the potential energy eq. (3.13) yields

U =

∫ L

0

[1

2
(AGl2 + EI)w2

xx +
1

2
AEu2

x +
1

2
AEuxw

2
x + Pux

+
1

8
AEw4

x +
1

2
Pw2

x

]
dx

(3.20)

The variation of the potential energy, δU , is given as [58]

δU =
∑(

∂U

∂ux
δux +

∂U

∂wx
δwx +

∂U

∂wxx
δwxx

)
(3.21)

Evaluating the three terms of the variation of the potential energy eq. (3.21)

∂U

∂ux
δux =

(
1

2
AEw2

x + P + AEux

)
δux (3.22)

∂U

∂wx
δwx =

(
Pwx +

1

2
AEw3

x + AEuxwx

)
δwx (3.23)

∂U

∂wxx
δwxx =

(
AGl2 + EI

)
wxxδwxx (3.24)
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Substituting eqs. (3.22)–(3.24) into the variation of the potential energy eq. (3.21)

to get

δU =
1

2
AEw2

xδux + Pδux + AEuxδux + Pwxδwx
1

2
AEw3

xδwx

+ AEuxwxδwx + (AGl2 + EI)wxxδwxx

(3.25)

Let us rewrite each term in eq. (3.25) as

1
2
AEw2

xδux = d
dx

(1
2
AEw2

xδu)− AEwxwxxδu

Pδux = d
dx

(Pδu)

AEuxδux = d
dx

(AEuxδu)− AEuxxδu

Pwxδwx = d
dx

(Pwxδw)− P (wxxδw)

1
2
AEw3

xδwx = d
dx

(
1
2
AEw3

xδw
)
− 3

2
AEw2

xwxxδw

AEuxwxδwx = d
dx

(AEuxwxδw)− AE(uxxwx + uxwxx)δw

(AGl2 +EI)wxxδwxx = d
dx

[(AGl2 +EI)wxxδwx]− d
dx

[(AGl2 +EI)wxxxδw] +

(AGl2 + EI)wxxxxδw
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Substituting the above expanded terms into eq. (3.21) and integrate it over time

from t1 to t2. This yields∫ t2

t1

δUdt =

∫ t2

t1

{[
1

2
AEw2

xδu

]L
0

+ [Pδu]L0 + [AEuxδu]L0 +

[
1

2
AEw3

xδw

]L
0

+ [AEuxwxδw]L0 +
[
(AGl2 + EI)wxxxδw

]L
0

+
[
(AGl2 + EI)wxxδwx

]L
0
−
∫ L

0

(
AEwxwxxδ + AEuxxδu+ Pwxxδw

+
3

2
AEw2

xwxxδw + AE(uxxwx + ux + wxx)δw

+ (AGl2 + EI)wxxxxδw
)
dx

}
dt

(3.26)

And by evaluating the integrals reduces eq. (3.26) to∫ t2

t1

δUdt = −
∫ t2

t1

∫ L

0

{
(AEwxwxx + AEuxx)δu+

(
Pwxx +

3

2
AEw2

xwxx

+ AE(uxxwx + wxwxx) + (AGl2 + EI)wxxxx

)
δw

}
dxdt

(3.27)

The integral of the variation of the external forces is expressed as

δW =

∫ L

0

(Fdamp + Felec) dx (3.28)

where Fdamp is the viscous damping force, which is given as

Fdamp = −c wt (3.29)
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with c being the damping coefficient per unit length. The electrostatic force with

fringing field is calculated by Palmer’s formula [59] as

Felec =
εb [VDC + VAC cosωt]2

2(g − w)

(
1 + β

g − w
b

)
(3.30)

Finally, substituting eqs. (3.19), (3.27) and (3.28) into eq. (3.14) yields∫ t2

t1

(δT − δU + δW ) =

∫ t2

t1

∫ L

0

(
− ρA(utt + 2vuxt + v2uxx)δu

− ρA(wtt + 2vwxt + v2wxx)δw

+ AE(wxwxx + uxx)δu

+
[
Pwxx +

3

2
AEw2

xwxx

+ AE(uxxwx + uxwxx)− (AGl2 + EI)wxxxx

+
εb[VDC + VAC cosωt]2

2(g − w)
(1 + β

g − w
b

)

− cwt
]
δw

)
dxdt

(3.31)

Since the above equation must hold for any arbitrary δu and δw, the integrand part

must be zero, which gives the governing equations of motion for transverse and

longitudinal vibrations of the beam. By collecting the terms with the coefficients

δu one can get

[
− ρA(utt + 2vuxt + v2uxx) + AE(wxwxx + uxx)

]
δu = 0 (3.32)
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And the longitudinal vibration equation is

{
ρA(utt + 2vuxt + v2uxx)− AE

∂

∂x
(wux +

1

2
w2
x)

}
= 0 (3.33)

Similarly, after collecting the terms with the coefficients δw, one can get[
− ρA(wtt + 2vwxt + v2wxx) + Pwxx +

3

2
AEw2

xwxx

+ AE(uxxwx + uxwxx)− (AGl2 + EI)wxxxx

+
εb[VDC + VAC cosωt]2

2(g − w)
(1 + β

g − w
b

)− cwt
]
δw = 0

(3.34)

Dropping δw and moving the forcing term to the right hand side results in

−ρA(wtt + 2vwxt + v2wxx) + Pwxx +
3

2
AEw2

xwxx + AE(uxxwx + uxwxx)

−(AGl2 + EI)wxxxx − cwt =
εb[VDC + VAC cos(ωt)]2

2(g − w)
(1 + β

g − w
b

)

(3.35)

And by rearranging the terms we get the transverse vibration equation as(
AGl2 + EI

)
wxxxx + ρAwtt + cwt + 2ρAvwxt + ρAv2wxx − Pwxx

−AE ∂

∂x

(
(ux +

1

2
w2
x)wx

)
=
εb[VDC + VAC cos(ωt)]2

2(g − w)2

(
1 + β

g − w
b

) (3.36)

The longitudinal displcament u could be eliminated in the transverse vibration

eq. (3.36) by using the approximation given by [40]. It is assumed that the effect

of the longitudinal inertia is small, then eq. (3.33) becomes

∂

∂x

(
ux +

1

2
w2
x

)
= 0 (3.37)
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And the axial strain is approximated to

∂ux
∂x

= εx =

∫ L

0

1

2
w2
xdx (3.38)

Substituting eqs. (3.37) and (3.38) into eq. (3.36) yields

(AGl2 + EI)wxxxx + ρAwtt + cwt + 2ρAvwxt + (ρAv2 − P )wxx

−AEwxx
(∫ L

0

1

2
w2
xdx
)

=
εb[VDC + VAC cos(ωt)]2

2(g − w)2

(
1 + β

g − w
b

) (3.39)

Equations (3.33) and (3.39) describe the longitudinal and transverse vibrations of

the micro-beam, respectively. To solve these equations, we introduce the following

non-dimensional variables for normalization:

ŵ =
w

g
x̂ =

x

L
t̂ =

t

T
(3.40)

Substitute the non-dimensional variables into eq. (3.39) we get

(AGl2 + EI)
∂4 (gŵ)

∂ (Lx̂)4 + ρA
∂2 (gŵ)

∂
(
T t̂
)2 + c

∂ (gŵ)

∂
(
t̂T
) + 2ρAv

∂2 (gŵ)

∂
(
Lx̂T t̂

)+

(
ρAv2 − P

) ∂2 (gŵ)

∂ (Lx̂)2 − AE
∂2 (gŵ)

∂ (Lx̂)2

(∫ 1

0

1

2

(
∂ (gŵ)

∂ (Lx̂)

)2

dx

)

=
εb
[
VDC + VACcos

(
ωt̂T

)]2
2 (g − gŵ)2

(
1 + β

g − gŵ
b

)
(3.41)
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By further simplification(
AGl2g

L4
+
EIg

L4

)
ŵx̂x̂x̂x̂ +

ρAg

T 2
ŵt̂t̂ +

cg

T
ŵt̂ +

2ρAvg

LT
ŵx̂t̂ +

(
ρAv2g

L2
− Pg

L2

)
ŵx̂x̂−

1

2

AEg3

L4
ŵx̂x̂

(∫ 1

0

ŵ2
x̂dx

)
=
εb
[
VDC + VACcos

(
ωt̂T

)]2
2g2 (1− ŵ)2

(
1 +

βg

b
(1− ŵ)

)
(3.42)

Multiply the above equation by L4

EIg(
AGl2

EI
+ 1

)
ŵx̂x̂x̂x̂ +

ρAL4

EIT 2
ŵt̂t̂ +

cL4

TEI
ŵt̂ +

2ρAvL3

EIT
ŵx̂t̂+(

ρAv2L2

EI
− PL2

EI

)
ŵx̂x̂ −

1

2

Ag2

I
ŵx̂x̂

(∫ 1

0

ŵ2
x̂dx

)
=

εbL4
[
VDC + VACcos

(
ωt̂T

)]2
2EIg3 (1− ŵ)2

(
1 +

βg

b
(1− ŵ)

) (3.43)

By writing the explicit expressions of A = bh and I = ( 1
12

)bh3 to cancel out b from

all terms, except from the fringing field term, eq. (3.43) becomes(
AGl2

EI
+ 1

)
ŵx̂x̂x̂x̂ +

ρAL4

EIT 2
ŵt̂t̂ +

cL4

TEI
ŵt̂ +

2ρAvL3

EIT
ŵx̂t̂+(

ρAv2L2

EI
− PL2

EI

)
ŵx̂x̂ −

6g2

h2
ŵx̂x̂

(∫ 1

0

x̂2
x̂dx

)
=

6εL4
[
VDC + VACcos

(
ωt̂T

)]2
Eh3g3 (1− ŵ)2

(
1 +

βg

b
(1− ŵ)

) (3.44)
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Introducing the dimensionless quantities in Table 3.1, we get the following dimen-

sionless governing equation:

(ζ + 1) ŵx̂x̂x̂x̂ + ŵt̂t̂ + ĉŵt̂ + 2v̂ŵx̂t̂ +
(
v̂2 − P̂

)
ŵx̂x̂ − αŵx̂x̂

(∫ 1

0

ŵ2
x̂dx

)
=[

V̂DC + V̂ACcos
(
Ωt̂
)]2

(1− ŵ)2

(
1 + β̂ (1− ŵ)

) (3.45)

Let us further simplify eq. (3.45) by dropping the hat notation to get

(ζ + 1)wxxxx + wtt + cwt + 2vwxt +
(
v2 − P

)
wxx − αwxx

(∫ 1

0

w2
xdx

)
=

[VDC + VACcos (Ωt)]2

(1− w)2

(
1 + β(1− w)

) (3.46)
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Table 3.1 Dimensionless quantities

Parameter Definition

ζ = GAl2

EI
Dimensionless size effect

α = 6
(
g
h

)2
Stretching parameter

v̂ = vL
√

ρA
EI

Dimensionless axial velocity

P̂ = PL2

EI
Dimensionless residual axial force

T = L2
√

ρA
EI

Dimensionless time parameter

β̂ = 0.65g
b

Fringing field parameter

ĉ = cL2
√
ρAEI

Dimensionless damping coefficient

V̂DC = VDC

√
6εL4

Eh3g3
Dimensionless DC voltage

V̂AC = VAC

√
6εL4

Eh3g3
Dimensionless AC voltage amplitude

Ω = ωT Dimensionless angular frequency
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Chapter 4

Free Vibration

4.1 Galerkin Methods

We solve Equation (3.46) by applying the Galerkin method to discretize it into a

set of non-linear ordinary differential equations. We select the eigenfunctions of a

simply-simply supported beam as the basis functions for the following:

w(x, t) =
n∑
i=1

φi (x) qi (t) (4.1)

where φi (x) is the mode shape of the transverse motion of a simply supported

beam given as

φi (x) = sin (iπx) (4.2)
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where i is the number of vibration mode, and q (t) represents the time function for

transverse displacement. By removing the electrostatic force terms from eq. (3.46)

we get

(ζ + 1)wxxxx + wtt + cwt + 2vwxt +
(
v2 − P

)
wxx − αwxx

(∫ 1

0

w2
xdx

)
= 0 (4.3)

Equation (4.3) describes the free transverse vibration of a simply supported ax-

ially moving micro-beam. Considering the first mode shape (i.e., i = 1) and

substituting eqs. (4.1) and (4.2) and their derivatives into eq. (4.3) we get

(ζ + 1)φxxxxq1 + φq̈1 + cφq̇1 + 2vφxq1 +
(
v2 − P

)
φxxq1

−αφxxq1

∫ 1

0

φ2
xq

2
1dx = 0

(4.4)

Substiting the explicit expression of the mode shape eq. (4.2) with its derivatives

yields

π4(ζ + 1) sin(πx)q1 + sin(πx)q̈1 + c sin(πx)q̇1 + 2πv cos(πx)q1

−π2(v2 − P ) sin(πx)q1 + π4α sin(πx)q3
1

∫ 1

0

cos(πx)2dx = 0

(4.5)
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Multiplying eq. (4.5) by the first mode shape then integrating with respect to x

over the domain from 0 to 1 we get

π4(ζ + 1)q1

∫ 1

0

sin(πx)2dx+ q̈1

∫ 1

0

sin(πx)2dx+ cq̇1

∫ 1

0

sin(πx)2dx

+2πvq1

∫ 1

0

sin(πx) cos(πx)dx− π2(v2 − P )q1

∫ 1

0

sin(πx)2dx

+
1

2
π4αq3

1

∫ 1

0

sin(πx)2 = 0

(4.6)

And by evaluating the integrals

π4

2
(ζ + 1)q1 +

1

2
q̈1 +

1

2
cq̇1 −

π2

2
(v2 − P )q1 +

1

4
π4αq3

1 = 0 (4.7)

Multiplying eq. (4.7) by 2 and rearranging the terms to get

q̈1 + c q̇1 +
[
π4(ζ + 1) + π2(P − v2)

]
q1 +

1

2
π4αq3

1 = 0 (4.8)

The natural frequency of the beam is given as

ω2
1 = π4(ζ + 1) + π2(P − v2) (4.9)

Finally

q̈1 + c q̇1 + ω2
1q1 +

π4

2
αq3

1 = 0 (4.10)

Equation (4.10) describes the free transverse vibration of the micro-beam. A

quality factor is frequently used to study the damping effect. Therefore, the
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damping coefficient in eq. (4.10) can be replaced by

c =
ω

Q
(4.11)

For the second mode shape (i.e., i = 2) the equation of motion becomes

q̈2 + cq̇2 + 8
[
π4(ζ + 1) + 2π2(P − v2)

]
q2 +

1

2
π4αq3

2 = 0 (4.12)

And the second natural frequency of the beam is

ω2
2 = 8π4(ζ + 1) + 2π2(P − v2) (4.13)

For the third mode shape (i.e., i = 3) the equation of motion becomes

q̈3 + cq̇3 + 81
[
π4(ζ + 1) + 9π2(P − v2)

]
q3 +

81

2
π4αq3

3 = 0 (4.14)

And the third natural frequency of the beam is

ω2
3 = 81π4(ζ + 1) + 9π2(P − v2) (4.15)

An axially moving micro-beam made of silicon material is used with the following

properties (Table 4.1) to understand the dynamic behavior of the micro-beam.
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Table 4.1 Micro-beam properties and dimensions

Definition Value Unit

Youngs Modulus E = 160 GPa

Poisson’s ratio ν = 0.26 —

Density ρ = 2332 kg m−3

Beam thickness h = 10 µm

Length scale parameter l = [0− 1]h µm

Beam width b = 50 µm

Dimensionless tension P = [0− 5] —

Beam length L = 500 µm

Gap width g = 2 µm

VDC [2− 70] V

Permittivity of free space ε = 8.85× 10−12 F m−1

VAC [0− 2] V
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4.2 Natural Frequencies

The normalized natural frequencies of the beam using properties and dimensions

given in Table 4.1 are

ω1 = 9.87

ω2 = 39.48

ω3 = 88.83

(4.16)

4.2.1 Length scale parameter

Figure 4.1 shows the effect of the length scale parameter on the natural frequencies.

As the length scale parameter increases the dimensionless frequencies increase. We

can see that the third natural frequency increases faster. Therefore, the variation

of the third natural frequency with respect to the length scale parameter is sig-

nificant.

4.2.2 Dimensionless axial velocity

Figure 4.2 shows the effect of the dimensionless axial velocity on the dimensionless

natural frequencies of the micro-beam. Also, a contour plot Figure (4.3) shows

the effect of sweeping both l and v on the first dimensionless frequency. As we

can see from the plot, as the axial velocity increased the dimensionless frequencies
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Figure 4.1 Variation of the dimensionless frequencies with respect to l

decreased. The axial velocity at which the natural frequency becomes zero is

called the critical axial velocity. Therefore, the critical velocities for the three

modes were 3.2, 6.4 and 9.5, respectively.

4.2.3 Dimensionless tension

Figure 4.4 shows that as the applied dimensionless tension increasesd, the dimen-

sionless natural frequencies increased as well. Figure 4.5 shows a contour plot

showing the efft of changing both P and v on the first dimensionless frequency.
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Figure 4.2 Variation of dimensionless frequencies with respect to v
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Figure 4.3 Variation of the first dimensionless frequency with respect to v and l
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Figure 4.4 Variation of the dimensionless frequencies with respect to P
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Figure 4.5 Variation of the first dimensionless frequency with respect to v and P
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4.3 Critical Axial Velocity

The critical axial velocity of a moving micro-beam is the value that makes the

fundamental frequency vanish [60]. If we set eqs. (4.9), (4.13) and (4.15) to zero

and solve for the dimensionless axial velocity, we get

vcr1 =
√
P + π2(ζ + 1) (4.17)

vcr2 =
√
P + 4π2(ζ + 1) (4.18)

vcr3 =
√
P + 9π2(ζ + 1) (4.19)

Figure 4.6 shows the effect of the length scale parameter on the dimensionless

Figure 4.6 Variation of dimensionless critical axial velocity with respect to l

critical velocities for the three modes. As the length scale parameter increased the

54



critical velocities increased. Figure 4.7 shows that as the dimensionless tension

increased the critical axial velocity increased. Figure 4.8 shows the combined

effect of both the dimensionless tension and the length scale parameter on the

critical axial velocity of the first mode.

Figure 4.7 Variation of dimensionless critical axial velocity with respect to P
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Figure 4.8 Variation of dimensionless critical axial velocity with respect to P and l
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4.4 Time History

In this section, we invistigate the time history due to initial conditions. The prop-

agation of the waveform is studied with respect to different parameters including:

dimensionless axial velocity, length scale parameter and dimensionless tension.

4.4.1 Effect of dimensionless axial velocity

Figure 4.9 shows the wave form when the dimensionless axial velocity is in the

range of [0–2.5] when q1 = 0.01 and q̇1 = 0. We can see that as the axial velocity

increases the natural frequency decreases.

4.4.2 Effect of length scale parameter

Figure 4.10 shows the effect of the material length scale parameter on the wave

form. Although the effect is not clear, we note that the maximum displacement

shifted for different values of l. This indicates that the natural frequency changed

and this change is quadratic, by tracing the peak values in the waveform.

4.4.3 Effect of dimensionless tension

Figure 4.11 shows the waveform at various tensions P . We can see the linear

effect of changing P by examining the maximum displacement that occured at
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Figure 4.9 Waveform at various v

each value of P . The effect of P was clear by stretching the waveform outward

therefore increasing the natural frequency of the micro-beam.
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Figure 4.10 Waveform at various l
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Figure 4.11 Waveform at various P
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Chapter 5

Forced Vibration

Equation (3.46) can be simplified if we multiply it by (1 − w)2 to remove the

transverse displacement from the denominator. This yields

(1− w)2 (ζ + 1)wxxxx + (1− w)2wtt + (1− w)2 cwt + (1− w)2 2vwxt

+ (1− w)2 (v2 − P
)
wxx − α (1− w)2wxx

(∫ 1

0

w2
xdx

)
= [VDC + VAC cos (Ωt)]2 (1 + β (1− w))

(5.1)

To solve eq. (6.9), we apply Galerkin method to descritize it into a set of ordinary

differential equations. The transverse displacement is expressed as

w (x, t) =
n∑
i=1

qi (t)φi (x) (5.2)
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Substituting eq. (6.10) into eq. (6.9), and multiply it by the mode shape φi(x)

and integrate over x from 0 to 1 lead to∫ 1

0

φi

(
1−

n∑
i=1

qiφi

)2

(ζ + 1)
n∑
i=1

qiφ
′′′′

i dx+

∫ 1

0

φi

(
1−

n∑
i=1

qiφi

)2 n∑
i=1

q̈iφidx

+c

∫ 1

0

φi

(
1−

n∑
i=1

qiφi

)2 n∑
i=1

q̇iφidx+ 2v

∫ 1

0

φi

(
1−

n∑
i=1

qiφi

)2 n∑
i=1

qiφ
′

idx

+
(
v2 − P

) ∫ 1

0

φi

(
1−

n∑
i=1

qiφi

)2 n∑
i=1

qiφ
′′

i dx

−α
∫ 1

0

φi

(1−
n∑
i=1

qiφi

)2 n∑
i=1

qiφ
′′

i

∫ 1

0


(

n∑
i=1

qiφ
′

i

)2
 dx

 dx
=

∫ 1

0

φi [VDC + VAC cos (Ωt)]2
(

1 + β

(
1−

n∑
i=1

qiφi

))
dx

(5.3)

Using four terms (n = 4) in the Galerkin expansion reduces eq. (6.12) to

q̈1

(
1− 16

3π
q1 +

3

4
q2

1

)
+ c q̇1

(
1− 16

3π
q1 +

3

4
q2

1

)
+ A1 q1 +B1 q

2
1

+C1 q
3
1 +D1 q

4
1 + E1 q

5
1 + F1 = 0

(5.4)

q̈2

(
1 +

3

4
q2

2

)
+ c q̇2

(
1 +

3

4
q2

2

)
+ A2 q2 +B2 q

2
2 + C2 q

3
2 +D2 q

4
2

+E2 q
5
2 + F2 = 0

(5.5)

q̈3

(
1− 16

3π
q3 +

3

4
q2

3

)
+ c q̇3

(
1− 16

3π
q3 +

3

4
q2

3

)
+ A3 q3 +B3 q

2
3

+C3 q
3
1 +D3 q

4
3 + E3 q

5
3 + F3 = 0

(5.6)
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q̈4

(
1 +

3

4
q2

4

)
+ c q̇4

(
1 +

3

4
q2

4

)
+ A4 q4 +B4 q

2
4 + C4 q

3
4 +D4 q

4
2

+E4 q
5
4 + F4 = 0

(5.7)

Equations (5.4)–(5.7) can be written in matrix form as

Mq̈ + cMq̇ + Aq +Bq2 + Cq3 +Dq4 + Eq5 + F = 0 (5.8)

where

q =
[
q1 q2 q3 q4

]T
(5.9)

M =
[(

1− 16

3π
q1 +

3

4
q2

1

) (
1 +

3

4
q2

2

) (
1− 16

3π
q3 +

3

4
q2

3

) (
1 +

3

4
q2

4

)]T

(5.10)

A =
[
A1 A2 A3 A4

]T
(5.11)

B =
[
B1 B2 B3 B4

]T
(5.12)

C =
[
C1 C2 C3 C4

]T
(5.13)

D =
[
D1 D2 D3 D4

]T
(5.14)

E =
[
E1 E2 E3 E4

]T
(5.15)

F =
[
F1 F2 F3 F4

]T
(5.16)
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The Coefficients of eqs. (6.18)–(6.23) are as follows:

A1 = β[VDC + VAC cos(Ωt)]2 + π2(P − v2) + π4(ζ + 1)

B1 =
16

3
[(π(v2 − P )− π3(ζ + 1)]

C1 =
1

4
[3π2(P − v2) + 3π4(ζ + 1) + 2π4α]

D1 = −8

3
π3α

E1 =
3

8
π4α

F1 = − 4

π
(β + 1)[VDC + VAC cos(Ωt)]2

(5.17)

A2 = β[VDC + VAC cos Ωt]2 + 4π2(P − v2) + 16π4(ζ + 1)

B2 = 0

C2 = 3π2(P − v2) + 12π4(ζ + 1) + 8απ4

D2 = 0

E2 = 6π4α

F2 = 0

(5.18)
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A3 = β[VDC + VAC cos Ωt]2 + 9π2(P − v2) + 81π4(ζ + 1)

B3 = π16(v2 − P )− π3144(ζ + 1)

C3 =
1

4
[27π2(P − v2) + 243π4(ζ + 1) + 162απ4]

D3 = −72απ3

E3 =
243

8
π4α

F3 = − 4

3π
(β + 1)[VDC + VAC cos Ωt]2

(5.19)

A4 = β[VDC + VAC cos Ωt]2 + 16π2(P − v2) + 256π4(ζ + 1)

B4 = 0

C4 = 12π2(P − v2) + 192π4(ζ + 1) + 128απ4

D4 = 0

E4 = 96π4α

F4 = 0

(5.20)
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The natural frequencies are

ω1 =
√
β[VDC + VAC cos(Ωt)]2 + π2(P − v2) + π4(ζ + 1) (5.21)

ω2 =
√
β[VDC + VAC cos Ωt]2 + 4π2(P − v2) + 16π4(ζ + 1) (5.22)

ω3 =
√
β[VDC + VAC cos Ωt]2 + 9π2(P − v2) + 81π4(ζ + 1) (5.23)

ω4 =
√
β[VDC + VAC cos Ωt]2 + 16π2(P − v2) + 256π4(ζ + 1) (5.24)

To study the ”static” behavior (pull-in voltage of the axially moving micro-beam

under DC voltage) the time-varying model coordinates are set to zero and the

resulted nonlinear algebraic equations are solved numerically using the New-

ton–Raphson method. To find the frequency response curves, the second-order

differential eq. (5.8) are solved numerically by the commercial software MATLAB.

The function ode45, based on an explicit Runge-Kutta method, is adopted. The

initial conditions, deflection and velocity, are taken to be zero (q1 = q̇1 = 0). The

equation is solved over a long period of dimensionless time t = [0−2000] to obtain

the steady-state solution, the so-called long-time integration.
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5.1 Effect of Applied Voltages on The First Nat-

ural Frequency

The fundamental frequency eq. (5.21) of the beam is a function of the applied

DC and AC voltages. Figure 5.1 shows the variation of the first dimensionless

frequency with respect to the applied DC voltage. The AC voltage amplitude

equals 0. We can see that the effect of the DC voltage is due to the presence of

the fringing field parameter β and as this parameter increases the effect of the DC

voltage on the dimensionless frequency becomes relatively significant.

9.87

9.87
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9.872

9.872

9.874

9.874
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9.878

9.88

9.882

9.884

Figure 5.1 Variation of ω1 with respect to VDC and β
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5.2 Response Under DC Load

The static behavior and voltage pull-in for simply supported micro-beams are

presented in this section. For static response, all terms with time varying are set

to zero. The time-varying model coordinates are replaced with unknown constant

coefficients. The result is a system of nonlinear algebraic equations, which can

be solved numerically using the Newton–Raphson method [9] . Equation (5.4)

becomes

A q1 +B q2
1 + C q3

1 +D q4
1 + E q5

1 + F = 0 (5.25)

where

A = βV 2
DC + π2(P − v2) + π4(ζ + 1)

B =
16

3

[
π(v2 − P )− π3(ζ + 1)

]
C =

1

4

[
3π2(P − v2) + 3π4(ζ + 1) + 2π4α

]
D = −8

3
π3α

E =
3

8
π4α

F = − 4

π
(β + 1)V 2

DC

(5.26)
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5.2.1 Effect of governing parameters

Throughout the analysis of the static response, we will take the length scale pa-

rameter as l = 0 µm and the gap width is g = 2 µm unless otherwise mentioned.

The following subsections show the effect of dimensionless axial velocity, applied

DC voltage on the deflection of the beam.

Effect of dimensionless axial velocity

Figure 5.2 shows that as the axial velocity increases the beam’s deflection in-

creases. This might be critical when the applied DC voltage is near the pull-in

voltage

Figure 5.2 Beam deflection versus beam length at VDC = 50 V
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Effect of applied DC voltage

Figure 5.3 shows the effect of changing the DC voltage on the deflection of the

beam. It is clear that as the DC voltage increases the beam deflects more and

more.

Figure 5.3 Beam deflection versus beam length at v = 0

5.2.2 Pull-in Voltage

The applied DC voltage has an upper limit after which the electrostatic force

does not balance the elastic restoring force in the deformable micro-beam. When

the applied DC voltage exceeds this limit, the micro-beam collapses. This phe-

nomenon is called pull-in instability which has been observed experimentally by

early studies [61,62]. In designing MEMS devices, the determination of the pull-in
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voltage is crucial. For some applications like micro-mirrors, e.g., [63] and micro-

resonators, e.g., [64] the designer needs to avoid this critical voltage to achieve a

stable motion. While in switching applications, e.g., [65], the designer takes ad-

vantage of this phenomenon to enhance the performance of their devices. Several

factors affect the accuracy of determining the pull-in voltage including the elec-

tromechanical coupling and the nonlinear nature of the electrostatic force. Fring-

ing field effect, mid-plane stretching, axial tension, small-size effect add further

complexity to the model. Therefore, numerical investigations of the parameters

mentioned above are considered in this section.

Figure 5.4 shows the maximum deflection of the beam which occurs at x = L
2

at different DC voltages. The pull-in voltage was found to be 72 V.

Figure 5.4 Maximum deflection versus DC voltage
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Dimensionless axial velocity

Figure 5.5 shows the effect of increasing the dimensionless axial velocity on the

pull-in voltage. As shown in the figure, the increase in the dimensionless axial

velocity caused the pull-in voltage to drop significantly. That is, the increase in

the axial velocity weakened the stiffness of the micro-beam. The percent drop of

pull-in voltage at different velocities are presented in Table 5.1.

Figure 5.5 Maximum deflection versus DC voltage at different v

Table 5.1 Percent drop in pull-in voltage for different velocities

v Vpull−in Percent drop in Vpull−in

0 71 0
1 67.5 4.93
2 55 22.53
3 21.5 69.72
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Length scale parameter

The effect of the material length scale parameter is shown in Figure 5.6. As the

material scale parameter increased, the pull-in voltage increased. In other word,

the appearance of the material length scale parameter increased the stiffness of the

micro-beam. The percent increase in the pull-in voltage is presented in Table 5.2.

Figure 5.6 Maximum deflection versus DC voltage at different l

Table 5.2 Percent increase in pull-in voltage for different length scale parameters

l Vpull−in Percent increase in Vpull−in

0 71 0
0.5h 105 47.98
h 170.5 140.14

1.5h 243 242.25
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Fringing field parameter

Figure 5.7 shows a zoom-in view of the effect of the fringing field parameter on

the pull-in voltage. It was observed that when the fringing field was considered,

the pull-in phenomenon occured at lower voltages.

Figure 5.7 Pull-in voltages at different β

Dimensionless tension

The effect of the dimensionless tension, in the studied levels, was insignificant.

Figure 5.8 shows that the effect of P takes place in increasing the maximum

deflection of the micro-beam before pull-in voltage occured. However, the pull-in

voltage was found to be the same 72 V.
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Figure 5.8 Pull-in voltages at different P

Mid-plane stretching parameter

Figure 5.9 indicates that as the stretching parameter increased the the pull-in

voltage increased as well.

Figure 5.9 Pull-in voltages at different α
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5.3 Response Under DC and AC Loads

The dynamic response of the system was analyzed through phase portrait, time

history and frequency response curves for primary resonance excitation.

5.3.1 Phase portrait for stationary micro-beams

Waveforms and phase portraits can be used to differentiate chaotic behaviors from

regular behaviors of dynamical systems. In this section, we plot the waveform and

phase portrait for the forced vibration of an axially moving micro-beam in trans-

verse vibration.

Generally, visualization of time waveforms is a straightforward method for dy-

namic system analysis because periodic waveforms represent a patter. On the

other hand, chaotic waveforms appear to be shaking. Waveforms of equilibrium

or periodic behaviors are regular while waveforms of chaotic behaviors are irreg-

ular.

The phase portrait is the geometric representation of the system trajectories in the

phase plane and includes coordinate frames defined by the independent variables

that describe the system dynamics where all possible states (position and veloc-
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ity) can be represented. Phase portraits are essential for the study of dynamical

systems. They unveil information such as whether an attractor or a limit cycle is

presented for a chosen parameter values. In the phase plane, a fixed point repre-

sents a stationary system, while a closed orbit (limit cycle) represents a periodic

system. Chaotic behavior is characterized by irregular trajectories confined to a

well-defined region in the phase plane, known as stranger attractor, where orbits

never repeat the same trajectory.

The phase portrait and time history for a stationary micro-beam are shown in

Figure 5.10. We consider two sets of applied DC and AC voltages. The first set

is when VAC = 2 V and VDC = 50 V. And the second one is when VAC = 2 V and

VDC = 50 V. The AC frequency Ω is 8 which is near the fundamental frequency

of the micro-beam (ω1 = 9.87). For a higher applied DC voltage Figure 5.10(a),

the deflection was larger than the one in Figure 5.10(b) which was anticipated

since higher DC voltages resulted in a higher deflection of the micro-beam. The

selection of these two sets of applied voltages will be justified when we discuss the

frequency response amplitude.
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(a)

(b)

Figure 5.10 Phase portraits when VAC = 2 V and (a) VDC = 50 V (b) VDC = 20 V
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5.3.2 Phase portrait for axially moving micro-beams

In this subsection, we study the effect of the axial speed on the phase portrait

and the time history of the micro-beam. We apply two different sets of DC and

AC defined in the previous Section 5.3.1.

Figure 5.11 shows the phase portrait and time history when VDC = 50 V and

VAC = 2 V for different axial speeds. Figures 5.11(a)–5.11(e) indicate that the

micro-beam was stable over this range of velocities. The maximum deflection of

the micro-beam that could occur without losing stability was shown in the case

of Figure 5.11(b). However, once the axial speeds exceeded 2.1 the micro-beam

collapsed as shown in Figures 5.11(f) and 5.11(g). The corresponding natural fre-

quency and maximum deflection at each level of the axial velocity are presented

in Table 5.3(a).

Figure 5.12 shows the phase portrait and time history when VDC = 20 V and

VAC = 2 V. All figures show stable response. However, when the axial velocity

v was1.8 the fundamental frequency of the micro-beam ω1 became 8.1 which

is very close to the excitation frequency Ω; hence, the amplitude increased at
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this particular axial velocity as shown in Figure 5.12(d). Once the axial velocity

further increased, the fundamental frequency decreased and shifted away from the

excitation frequency. The fundamental frequencies and maximum deflections are

presented in Table 5.3(b).
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(a)

(b)
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(c)

(d)
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(e)

(f)
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(g)

Figure 5.11 Phase portrait and time history at VDC = 50 V and VAC = 2 V for (a) v = 0.5
(b)) v = 1 (c) v = 1.5 (d) v = 1.8 (e) v = 2 ((f) v = 2.5 (g) v = 3. The trajectories start from
( ) and end at ( )

Table 5.3 Maximum deflections and natural frequencies at different v

(a) Figure 5.11

v ω1 q1

0 9.88 0.327
0.5 9.75 0.367
1 9.37 0.821

1.5 8.68 0.293
1.8 8.1 0.362
2 7.62 0.454

2.5 5.99 2.145
3 2.96 2.485

(b) Figure 5.12

v ω1 q1

0 9.88 0.046
0.5 9.75 0.048
1 9.37 0.058

1.5 8.68 0.098
1.8 8.1 0.181
2 7.62 0.067

2.5 5.99 0.081
3 2.96 0.448
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(a)

(b)
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(c)

(d)
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(e)

(f)
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(g)

Figure 5.12 Phase portrait and time history at VDC = 20 V and VAC = 2 V for (a) v = 0.5
(b)) v = 1 (c) v = 1.5 (d) v = 1.8 (e) v = 2 ((f) v = 2.5 (g) v = 3. The trajectories start from
( ) and end at ( )
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5.3.3 Frequency response curves

Effect of applied voltages

Consider the the micro-beam properties given in Table 4.1. Figure 5.13 indicates

a linear frequency response when the applied AC and DC voltages are low, i.e.,

VDC = 5 V and VAC = 0.1 V, The maximum deflection changed gradually with

the increase of the dimensionless angular frequency. At a given angular frequency

Ω, slight increase in Ω resulted in a gradual decrease of the maximum deflection.

We did not observe any jump phenomenon.

Figure 5.14 shows a hardening frequency response behavior when we increased

the applied DC and AC voltages to 20 V and 2 V, respectively. The maximum

deflection increased gradually with the increase of the dimensionless angular fre-

quency. Then the maximum deflection suddenly decreased, this point is called the

first saddle-node bifurcation point. When the dimensionless angular frequency de-

creases from a high value, the maximum deflection increases gradually to a point

where the maximum deflection jumps to the highest point, this point is called

second-saddle bifurcation point.

Figure 5.15 indicates a softening frequency response when both DC and AC
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voltages are at high values, VDC = 50 V and VAC = 2 V. The maximum de-

flection increased with the increase of the dimensionless angular frequency to a

point where it suddenly jumped to a maximum value, first saddle-node bifurcation

point. Then, the maximum deflection gradually decreased.

Figures 5.14 and 5.15 show that in order to have nonlinear frequency response,

the AC voltage should be high enough, VAC = 2 V. The value of the applied DC

voltage determines whether it is softening or hardening.

Figure 5.13 Linear frequency-response curve VDC = 5 V and VAC = 0.1 V
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Figure 5.14 Hardening frequency response curve when VDC = 20 V and VAC = 2 V. SN1 and
SN2 are saddle-point bifurcation

Effect of stretching parameter

Figure 5.16 shows the effect of increasing the stretching parameter α when we

have hardening frequency response (i.e., VDC = 20 V and VAC = 2 V. It is shown

that when the stretching parameter increaded, the hardening effect strenghtened

due to increasing the mid-plane stretching which has a hardening effect.

Figure 5.17 shows the effect of increasing α when we have softening frequency

response. When the stretching parameter was low (α = 0.24) the electrostatic

force dominated and hence we had softening effect. As the stretching parameter

increased to 6, we observed that the effect of mid-plane stretching dominated the

electrostatic force, and hence the frequency response exhibited hardening behav-
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Figure 5.15 Softening frequency response curve when VDC = 50 V and VAC = 2 V. SN1 and
SN2 are saddle-point bifurcation

ior.

The stretching parameter α quantifies the effect of mid-plane stretching, by in-

creasing α the mid-plane stretching becomes more significant.

Effect of quality factor

Figures 5.18 and 5.19 shows the frequency response of the micro-beam at different

levels of the quality factor. Both figures indicate that increasing the quality factor

increased the hardening and softening effects. Therefore, the minimum AC volt-

age required to induce a softening / hardening nonlinearities decreased with the
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Figure 5.16 Hardening frequency response curves at different stretching parameters

increase of the quality factor. By referring to Equation (4.11), it indicates that

the quality factor is inversely proportional to the dimensionless damping coeffi-

cient c. Therefore, the increase of Q reduced the damping effect, which eventually

increased the beam’s deflection. In this case, the nonlinear effects due to mid-

plane stretching and electrostatic force became more significant, and a smaller

AC voltage was needed to induce nonlinear frequency responses.

Effect of dimensionless axial velocity

Figures 5.20 and 5.21 show the frequency-response curves for different dimension-

less velocities, v. It was observed that as the axial velocity increased the first

saddle-node bifurcation points occured at lower dimensionless angular frequency.
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Figure 5.17 Softening frequency-response at different stretching parameters

This is explained by referring to the free vibration(Chapter 4) and see the effect of

the axial velocity on the natural frequency which as the axial velocity increased the

natural frequency of the micro-beam decreased Figure 4.4. Moreover, the shape

of the frequency response curves were remained unchanged for both combinations

of AC and DC voltages.

Effect of length scale parameter

Figure 5.22 depicts the effect of the length scale parameter on the softening fre-

quency response (VDC = 50 V and VAC = 2 V) when the micro-beam is stationary.

The increase in the length scale parameter decreased the maximum amplitude in

the frequency response. Furthermore, the nonlinearity of the system decreased,
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Table 5.4 Maximum deflection at different quality factors for (a) hardening frequency and (b)
softening frequency.

(a) Figure 5.19

Q c wmax
Percent
Increase

100 0.0987 0.179 0
700 0.0141 0.764 3.08
1000 0.0055 0.782 3.17
1800 0.0099 0.867 3.62

(b) Figure 5.18

Q c wmax
Percent
Increase

100 0.0987 0.714 0
700 0.0141 0.993 0.34
1000 0.0055 1.010 0.36
1800 0.0099 1.061 0.43

by observing the shift of the nonlinear resonance frequency toward the linear nat-

ural frequency ω1 (See Table 5.5). The same observation isshown for a hardening

frequency response (VDC = 20 V and VAC = 2 V) in Figure 5.23.

Table 5.5 Occurrence of jump phenomenon for softening and hardening frequency response
curves at different l

(a) Softening

l Ω
ω1

0 0.858
0.5h 0.949
h 0.983

1.5h 0.992

(b) Hardening

l Ω
ω1

0 0.997
0.5h 0.998
h 0.999

1.5h 0.999

Fringing field effect

The fringing field effect due to the finite size of the beam width is described by a

fringing field parameter β which is defined in Table 3.1. The frequency response

curves at different levels of the fringing field parameter are depicted in Figure

5.24. It was observed that the effect of β at the studied level wasinsignificant.
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Figure 5.18 Frequency response curves at different quality factors when VDC = 50 V and
VAC = 0.5 V

Effect of dimensionless tension

Figure 5.25 shows the effect of the dimensionless tension on the frequency response

curves when the applied DC and AC voltages are 50 V and 20 V, respectively. As

shown in the figure, the frequency response curves kept their shapes unchanged,

but each curve shifted to the left. This is due to the increase of the dimension-

less tension. From the free vibration chapter in Figure 4.4, we showed that the

dimensionless natural frequency increased as the dimensionless tension increased.
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Figure 5.19 Frequency response curves at different quality factors, when VDC = 50V and
VAC = 0.5V

Figure 5.20 Softening frequency-response curves at at different v, when VDC = 50 V and
VAC = 2 V
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Figure 5.21 Hardening frequency-response curves at at different v, when VDC = 50 V and
VAC = 2 V

Figure 5.22 Softening frequency response curves at different l, when VDC = 50 V and VAC = 2
V
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Figure 5.23 Hardening frequency response curves at different l, when VDC = 20 V and VAC = 2
V

Figure 5.24 Softening frequency-response curves at different β
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Figure 5.25 Softening frequency-response curves at at different P
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Chapter 6

Micro-Beams Over Linearly

Varying Electrostatic Gap

In this Chapter, we will consider two non-uniform electrostatic gap width models.

The first model is when the micro-beam axially moves over a linearly increasing

electrostatic gap width. The second model is when the micro-beam moves over a

linearly decreasing electrostatic gap width.
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Figure 6.1 Axially moving micro-beam over linearly varying electrostatic gap

Figure 6.1 depicts an axially moving micro-beam over linearly varying electro-

static gap. This gap between the electrode and the bottom of the axially moving

micro-beam has value of g1 at x = 0 and a value of g2 at x = L. The slope of the

electrode, m, is given as

m =
g2 − g1

L
(6.1)

Note that if g2 is greater than g1, m is positive and the gap is linearly increasing,

and if g2 less than g1, m is negative, the gap is linearly decreasing. If m = 0, the

gap is constant. Therefore, the explicit expression of the electrostatic gap size is

g(x) = g1 +mx (6.2)

Following the normalization given in eq. (3.40), the coordinate x should be nor-

malized with respect to the beam length. Therefore, eqs. (3.40) and (6.1) are
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substituted in eq. (6.2) to get the explicit expression of the gap size as

g(x̂) = g1 + (g2 − g1) x̂ (6.3)

Hence, the electrostatic force becomes

Fes =
εb
[
VDC + VAC cos(ωt)

]2

2(g(x̂)− w)2

(
1 + β

g(x̂)− w
b

)
(6.4)

The electrostatic force eq. (6.4) is a function of two variables the transverse dis-

placement w and the coordinate x. The dependence on x through the gap width

in eq. (6.4) makes the electrostatic force to be variable over the beam’s length. In

other words, a point on the beam located near x = 0 experiences less attraction

force than a point on the beam located near x = L. The transverse displacement

is normalized with respect to the average gap size as follows:

ŵ =
w

ḡ
,where ḡ =

g1 + g1

2
(6.5)

Substituting eq. (6.5) in eq. (6.4) and simplifying gives

Fes =
εb
[
VDC + VAC cos(ωt)

]2

2ḡ (γg (x̂)− ŵ)2

(
1 +

βḡ

b
(γg (x̂)− ŵ)

)
(6.6)
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where γ = 1
ḡ
. Then, the equation of motion for the transverse vibration becomes

(ζ + 1) ŵx̂x̂x̂x̂ + ŵt̂t̂ + ĉŵt̂ + 2v̂ŵx̂t̂ +
(
v̂2 − P̂

)
ŵx̂x̂ − αŵx̂x̂

(∫ 1

0

ŵ2
x̂dx

)

=

[
V̂DC + V̂AC cos

(
Ωt̂
)]2

(γg(x̂)− ŵ)2

(
1 + β̂ (γg (x̂)− ŵ)

) (6.7)

For convenience, let us drop the hat notation in eq. (6.7). This yields

(ζ + 1)wxxxx + wtt + cwt + 2vwxt +
(
v2 − P

)
wxx − αwxx

(∫ 1

0

w2
xdx

)
=

[VDC + VAC cos (Ωt)]2

(γg(x)− w)2

(
1 + β (γg(x)− w)

) (6.8)

6.1 Galerkin Method

Equation (6.8) is simplified if it is multiplied by (γg(x)−w)2 to remove the trans-

verse displacement from the denominator. In order to reduce the computational

cost in the numerical integration, this yields

(γg(x)− w)2 (ζ + 1)wxxxx + (γg(x)− w)2wtt + (γg(x)− w)2cwt

+ (γg(x)− w)22vwxt + (γg(x)− w)2(v2 − P )wxx − α(γg(x)− w)2wxx

(∫ 1

0

w2
xdx

)

= [VDC + VAC cos(Ωt)]2
(

1 + β(γg(x)− w)
)

(6.9)
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To solve eq. (6.9), we apply the Galerkin method to get the reduced-order model

(ROM) [66]. The transverse deflection is approximated as

w (x, t) =
n∑
i=1

qi (t)φi (x) (6.10)

where φi(x) is the mode shape of the transverse motion of a simply supported

stationary beam, which is given as

φi(x) = sin(iπx) (6.11)

Substituting eq. (6.10) into eq. (6.9), multiplying by the mode shape φi (x), then

integrating the resulting equation over x from 0 to 1 lead to∫ 1

0

φi

(
g(x)−

n∑
i=1

qiφi

)2

(ζ + 1)
n∑
i=1

qiφ
′′′′

i dx+

∫ 1

0

φi

(
g(x)−

n∑
i=1

qiφi

)2 n∑
i=1

q̈iφidx

+ c

∫ 1

0

φi

(
g(x)−

n∑
i=1

qiφi

)2 n∑
i=1

q̇iφidx+ 2v

∫ 1

0

φi

(
g(x)−

n∑
i=1

qiφi

)2 n∑
i=1

qiφ
′

idx

+
(
v2 − P

) ∫ 1

0

φi

(
g(x)−

n∑
i=1

qiφi

)2 n∑
i=1

qiφ
′′

i dx

− α
∫ 1

0

φi

(g(x)−
n∑
i=1

qiφi

)2 n∑
i=1

qiφ
′′

i

∫ 1

0


(

n∑
i=1

qiφ
′

i

)2
 dx

 dx
=

∫ 1

0

φi [VDC + VAC cos (Ωt)]2
(

1 + β

(
g(x)−

n∑
i=1

qiφi

))
dx

(6.12)
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Using four terms (n = 4) in the Galerkin expansion converts eq. (6.12) into

A1 q̈1 +B1 q̇1 + C1 q1 +D1 q
2
1 + E1 q

3
1 + F1 q

4
1 +G1 q

5
1 +H1 = 0 (6.13)

A2 q̈2 +B2 q̇2 + C2 q2 +D2 q
2
2 + E2 q

3
2 + F2 q

4
2 +G2 q

5
2 +H2 = 0 (6.14)

A3 q̈3 +B3 q̇3 + C3 q3 +D3 q
2
3 + E3 q

3
3 + F3 q

4
3 +G3 q

5
3 +H3 = 0 (6.15)

A4 q̈4 +B4 q̇4 + C4 q4 +D4 q
2
4 + E4 q

3
4 + F4 q

4
4 +G4 q

5
4 +H4 = 0 (6.16)

Equations (6.13)–(6.16) are written in matrix form as

A q̈ +B q̇ + C q +D q2 + E q3 + F q4 +G q5 +H = 0 (6.17)
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where

A =
[
A1 A2 A3 A4

]T
(6.18)

B =
[
B1 B2 B3 B4

]T
(6.19)

C =
[
C1 C2 C3 C4

]T
(6.20)

D =
[
D1 D2 D3 D4

]T
(6.21)

E =
[
E1 E2 E3 E4

]T
(6.22)

F =
[
F1 F2 F3 F4

]T
(6.23)

G =
[
G1 G2 G3 G4

]T
(6.24)

H =
[
H1 H2 H3 H4

]T
(6.25)

The coefficients Ai, Bi, Ci, Di, Ei, Fi, Gi and Hi are given in Section A.1.

To study the ”static” behavior (pull-in voltage of the axially moving micro-

beam under DC voltage) the time-varying model coordinates are set to zero and

the resulted nonlinear algebraic equations are solved numerically using a New-

ton–Raphson scheme. To find the frequency response curves, the second-order

differential eqs. (6.13)–(6.16) are solved numerically using MATLAB. The func-

tion ode45, based on an explicit Runge-Kutta method, is utilized. The initial

conditions, of deflection and velocity, are set to zero (i.e., q1 = q̇1 = 0). In order
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to obtain the steady-state solution, the equation is solved over a long period of

dimensionless time t = [0− 2000], the so-called long-time integration.

6.2 Numerical Illustrations and Discussion

An axially moving micro-beam made of silicon, with the properties listed in Ta-

ble 4.1 is investigated to understand its dynamic behavior.

6.2.1 Stationary Micro-beams

As a first step, the pull-in and frequency response curves are investigated in this

section. When the micro-beam is stationary (i.e., v = 0).

Pull-in Voltage

Figure 6.2 shows to configurations of the fixed electrode. In Figure 6.2(a), positive

values of the angle θ (g2 >g1) represent a linearly increasing electrostatic gap. On

the other, negative values of the angle θ (g2 <g1) represent a linearly decreasing

electrostatic gap as shown in Figure 6.2(b).

Figure 6.3 shows the effect of changing the slope m (or the angle θ between

the electrode and a horizontal line) on the pull-in voltage. Different values of the

108



angle are considered while keeping the average gap width unchanged of ḡ = 2 µm.

The same pull-in voltage of Vpull−in = 70 V is observed for all angles.

(a)

Axially moving micro-beam

θ = 0◦
θ = 0.0299◦
θ = 0.0458◦
θ = 0.0688◦

ḡ = 2 µm

(b)

Axially moving micro-beam

θ = 0◦
θ = −0.0299◦
θ = −0.0458◦
θ = −0.0688◦

ḡ = 2 µm

Figure 6.2 Illustration of how the electrode’s angle is calculated (a) positive angle θ and (b)
negative angle θ

Frequency Response Curves

Numerical results in this paper are obtained for two sets of AC and DC voltages.

The first set is when the applied DC and AC voltages are 20 V and 2 V, respec-

tively. The second set is when DC and AC voltages are 50 V and 2 V, respectively.

This selection of different voltages because the first set of DC and AC voltages

produces hardening frequency response curves while the other one produces soft-

ening frequency response [27]. Since we are going to change parameters such as

the angle θ and the velocity v, we need to examine the effect of the parameters

mentioned above on the two selected sets of AC and DC voltages (hardening /

softening behaviors).
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Figure 6.4 shows the frequency response curves for positive and negative elec-

trode’s angles when the applied DC and AC voltages are 20 V and 2 V, respec-

tively. As shown in the figure, the change of the angle θ did not affect the response.

Figure 6.5 shows that same conclusion is observed when the applied DC and AC

voltages are 50 V and 2 V, respectively.
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(a)

(b)

Figure 6.3 Pull-in voltages when v = 0 for different angles (a) positive θ and (b) negative θ
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(a)

(b)

Figure 6.4 Frequency response curves for (a) positive θ and (b) negative θ. The applied DC
and AC voltages are 20 V and 2 V, respectively
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(a)

(b)

Figure 6.5 Frequency response curves for (a) positive θ and (b) negative θ. The applied DC
and AC voltages are 50 V and 2 V, respectively
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6.2.2 Axially Moving Micro-Beams

Pull-in voltage

The effect of the axial speed on the pull-in voltage is shown in Figure 6.6. As the

axial speed increased, the pull-in voltage decreased. For all selected angles θ, the

reduction in the pull-in voltage is the same for the selected angles.

(a)

Frequency Response Curves

In this section, we examine the frequency response curves for different electrode

angles θ along with different applied voltages. Figure 6.7 shows the effect of in-

creasing the axial speed on the frequency response curves when the angle θ is
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(b)

Figure 6.6 Pull-in voltage at different axial speeds when (a) θ = −0.0917◦ and (b) θ = 0.0917◦

0.0917◦. As the the axial speed increases, the maximum amplitude increases. In

other words, the effect of increasing the axial speed contributes to decrease the

damping of the system.

Figure 6.8 shows the effect of increasing the axial speed when angle θ is −0.0917◦.

In contrast, as the axial speed increases, the maximum deflection decreases. This

is because the negative slope (or angle) contributes to increase the damping of the

system which in turns decreases the maximum deflection. Furthermore, the effect

of the high damping, when v is 0.1 , results in a linear frequency response.
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(a)

(b)

Figure 6.7 Frequency response curves for different axial speed when θ = 0.0917◦ (a) VDC = 20
V and VAC = 2. (b) VDC = 50 V and VAC = 2
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(a)

(b)

Figure 6.8 Frequency response curves for different axial speed when θ = −0.0917◦ (a) VDC = 20
V and VAC = 2.(b) VDC = 50 V and VAC = 2
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Waveform and phase portrait

Figure 6.9 shows the waveforms and phase portraits when the angle of the elec-

trode is 0.0917◦ and the applied DC and AC voltages are 20 V and 2 V, re-

spectively. Figure 6.9(a) depicts the phase portrait and time history when the

micro-beam is stationary. In this case, the micro-beam is stationary and the max-

imum deflection is 0.05. However, when the system starts to move axially, the

maximum deflection starts to increase with time. And as the axial speed increases,

the system loses its stability faster. This is shown in Figure 6.9(b), the axial speed

is 0.5 and the maximum deflection reached when t = 10 is 0.2. For higher axial

speed, v = 1, Figure 6.9(c) shows the maximum deflection reached when t = 10 to

be 2. The same conclusion is observed, as the axial speed increases, the amplitude

increases.

Figure 6.10 depicts the case when the electrode has an angle of −0.0917◦ under

the same applied DC and AC voltages of 20 V and 2 V, respectively. As shown

in Figure 6.10(a), the system behavior is similar to that shown in Figure 6.9(a)

when it is stationary. The differences become significant when the micro-beam

moves axially. In contrast to Figures 6.9(b) and 6.9(c), as the axial speed increases

the maximum deflection decreases. This decrease in maximum deflection becomes
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faster for higher axial speeds as shown in Figures 6.10(b) and 6.10(c).

Figures 6.11 and 6.12 show the cases when θ is 0.0917◦ and −0.0917◦, respec-

tively. The applied DC and AC voltages are 50 V and 2 V, respectively. The

same conclusion is observed, for positive angles, the increase of the axial speed

is found to increase the maximum deflection, and for negative angle electrodes,

the increase in the axial speed results in a decrease of the maximum deflection.

However, in these cases, the increase in the axial speed resulted in a significant

increase in the maximum deflection. The percent increase and decrease of the

maximum deflection with respect to the axial speed for the cases mentioned above

are summarized in Table 6.1

Table 6.1 Maximum deflection at different axial speeds with the percent increase/decrease for
each case.

(a) Figure 6.9

v wmax % increase in wmax

0 0.046 0%
0.5 0.181 293%
1 2.281 1154%

(b) Figure 6.10

v wmax % decrease in wmax

0 0.046 0%
0.5 0.041 10.7%
1 0.039 4.9%

(c) Figure 6.11

v wmax % increase in wmax

0 0.314 0%
0.5 4 1174%
1 8.61 115%

(d) Figure 6.12

v wmax % decrease in wmax

0 0.314 0%
0.5 0.245 28%
1 0.219 12.4%
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(a)

(b)
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(c)

Figure 6.9 Phase portrait and time history at different axial speeds when θ = 0.0917◦. The
applied DC and AC voltages are 20 V and 2 V, respectively. (a) v = 0, (b) v = 0.5 and (c)
v = 1. The trajectories start from ( ) and end at ( )

(a)
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(b)

(c)

Figure 6.10 Phase portrait and time history at different axial speeds when θ = −0.0917◦. The
applied DC and AC voltages are 20 V and 2 V, respectively. (a) v = 0, (b) v = 0.5 and (c)
v = 1. The trajectories start from ( ) and end at ( )
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(a)

(b)
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(c)

Figure 6.11 Phase portrait and time history at different axial speeds when θ = 0.0917◦. The
applied DC and AC voltages are 50 V and 2 V, respectively. (a) v = 0, (b) v = 0.5 and (c)
v = 1. The trajectories start from ( ) and end at ( )

(a)
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(b)

(c)

Figure 6.12 Phase portrait and time history at different axial speeds when θ = −0.0917◦. The
applied DC and AC voltages are 50 V and 2 V, respectively. (a) v = 0, (b) v = 0.5 and (c)
v = 1. The trajectories start from ( ) and end at ( )
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Chapter 7

Conclusion

The problem of the axially moving micro-beam over linearly varying electrostatic

gap was analyzed within the framework of the modified couple stress theory. The

mathematical model of the considered system included the internal material length

parameter, which allowed the prediction of small-size effect. Relevant to mass pro-

duction of MEMS / NEMS was the studying of the dynamic behavior of a small-

size beam running over roller supports. The transverse vibration of a simply

supported axially moving Euler-Bernoulli micro-beam was analytically modeled

via Hamilton’s principle. Galerkin method was then used to discretize the ob-

tained partial differential equation into a set of ordinary differential equations.

Nonlinear vibration characteristics of the axially moving micro-beam were consid-
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ered for various axial velocities, different angles, and the representative applied

voltages. Numerical results showed that:

1. The increase in axial speed had significantly decreased the pull-in voltage.

2. Increasing the axial speed changes the value of first saddle-node bifurcation

point in the frequency response.

3. The slope of the electrode did not affect the pull-in voltage of the stationary

micro-beam.

4. In the case of a linearly increasing gap, an increase in the micro-beam axial

speed was found to increase the maximum deflection of the micro-beam,

whereas in the case of a linearly decreasing gap, the increase of the micro-

beam axial speed decreased the maximum deflection of the micro-beam.
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A.1 Coefficients of Equations (6.18)–(6.25)

A1 =
[
g2

1γ
2 + γ2m2

(1

3
− 1

2π2

)
+ g1γ

2m
]
− 8

3π

(
2γg1 + γm

)
q +

3

4
q2

B1 = c
[
g2

1γ
2 + γ2m2

(1

3
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