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THESIS ABSTRACT

NAME: Ahmad Mahadi Mugbil Ahmad

TITLE OF STUDY:  Asymptotic Properties of Solutions for Some Fractional
Integro-differential Equations

MAJOR FIELD: Mathematics

DATE OF DEGREE: May, 2016

There are many results in the literature on the asymptotic behavior of ordinary
differential equations. Under certain conditions, solutions of some ordinary dif-
ferential equations are asymptotic to lines or in general to polynomials. In con-
trast, there are very few studies on the asymptotic behavior of solutions fractional
integro-differential equations. In this dissertation we would like to contribute
in filling this gap by studying the asymptotic (long-time) behavior of solutions
for some general classes of fractional integro-differential equations. There exist
different kinds of fractional derivatives in the literature. We consider the most
commonly used ones: the Riemann-Liouville and Caputo fractional derivatives.
Reasonable sufficient conditions under which the solutions behave like power func-

tions at infinity are established. For this purpose, we combine and generalize some

viil



well-known integral inequalities with some desingularization techniques.

The nonexistence of solutions of some classes of fractional integro-differential
inequalities is investigated. The Caputo and Riemann-Liouville fractional deriva-
tives of sub-first and sub-second orders are treated both. The nonlinear source
term consists of a convolution of a (possibly singular) kernel with a polynomial
of the state. We establish various criteria under which there are no (nontrivial)
global solutions. To that end, the test function method to the weak formulation
of the problem is applied. Then, we use suitable estimation techniques and in-
equalities to achieve our objectives. Some examples are provided to illustrate our
findings.

Our results could be utilized to identify the limitations of many physical sys-
tems and to analyze the behavior of solutions of some nonlinear fractional differen-
tial equations and inequalities for which the explicit solution may not be available.
Also our results will extend the abundant results on integer-order problems to the

(limited results available for) fractional-order problems.
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CHAPTER 1

INTRODUCTION

In this chapter we present the motivation and outline of our investigation. A brief
history of fractional calculus and some recent areas of applications of fractional
differential equations are given in Section 1.1. A short overview of the long-time
behavior of solutions of differential equations is introduced in Section 1.2. In
Section 1.3, we state the problems of study. The objectives of our research are
listed in Section 1.4. In Section 1.5, we explain our approaches to achieve the
research objectives. The significance of the study of the asymptotic properties of
solutions for fractional integro-differential equations is discussed in Section 1.6.
We highlight our main contributions in Section 1.7 and give an outline of the

remaining chapters in Section 1.8.

1.1 Fractional Calculus

Fractional calculus is the generalization of the classical Newtonian calculus to

arbitrary orders. It deals with the generalizations of differentiation and integration



to any order, not necessarily integer. The fractional derivatives and integrals are
not local properties. Thereby they take into account the history of the system
and the nonlocal effects. So it seems that fractional calculus interprets the reality
of nature better.

The theory of fractional derivatives goes back to Leibniz’s notes, in which
the meaning of the derivative of order % is discussed. L’Hopital wrote a letter
to Leibniz dated 30th September 1695, asking what would be the result if the

1

order n = 5 in particular notation Leibniz has used for the nth derivative of a

& f(@) _

function ==
X

D" f (x), where n is a positive integer. Leibniz replied “It will
lead to a paradox. From this apparent paradox, one day useful consequences will
be drawn.” Indeed these few words announced the birth of fractional calculus.
Studies over the last three hundred years have proved Leibniz’s prediction. Later
the question turned out to be: Can n be any fractional, real or complex num-
ber? The answer of this question was affirmative but the name still fractional
order derivatives and it might be better to called them arbitrary order deriva-
tives. During the time, foundations of fractional calculus has been established by
many famous mathematicians, e.g. Grunwald, Liouville, Riemann, Euler, Abel,
Lagrange, Heaviside, Fourier etc. Many of them set original approaches, which
outlined in [1, 2].

In fractional calculus, the fractional derivatives are defined through fractional

integrals. Several different derivatives have been defined and studied: Grunwald-

Letnikov, Riemann-Liouville, Caputo, Hadamard and Erdélyi—Kober are just a



few to name [3, 4, 2]. A recent generalization of the Riemann-Liouville and
Hadamard fractional operators introduced by Katugampola in 2011 [5, 6]. In this
dissertation we consider only the most common derivatives, Riemann-Liouville
and Caputo which will be presented in Chapter 3. Some major contributions and
events in fractional calculus during the last fifty years are reported in [7, 8, 9, 10].

For three centuries the theory of fractional derivatives developed mainly as a
pure theoretical field of mathematics. Many books were written on the theories
and developments of fractional calculus [11, 12, 13, 3, 14, 15, 16, 4, 2, 17, 18, 19]. In
[3] and [2], Kilbas et al. and Samko et al., respectively, provided a comprehensive
study of the subject.

In the last few decades, the theory of fractional differential equations turned
out to be very attractive not only to mathematicians but also to physicists, en-
gineers, biologists, and economists. Numerous phenomena in various fields of
science and engineering can be described by fractional differential and integro-
differential equations. The differential and integro-differential equations of nonin-
teger orders describe many systems better than those of integer orders especially
while studying hereditary phenomena and systems with memory. A consider-
able interest in the theory and applications of fractional differential equations
is witnessed in [20, 21, 22, 3, 14, 23, 2, 24]. Some recent applications include
viscoelasticity [25, 26, 27, 28, 29], mechanics [30, 31, 32, 33, 34, 35], electro-
magnetic theory [36, 37], rheology [38, 39], polymer physics [40], control systems

[41, 42, 43, 44], bioengineering [45, 46], digital circuit synthesis [47], robots, nan-



otechnology [48, 20, 49], and stochastic processes [50, 51, 52, 53, 54] and so many

others [55, 56, 57, 58, 22, 59, 60, 61, 62].

1.2 Long-time Behavior

Analyzing the asymptotic behavior of functions is a mathematical analytic tool
that describes limiting behavior. It is a main tool for studying the ordinary and
partial differential equations which arise in the mathematical models of real life
phenomena. Indeed, the asymptotic behavior analysis is used to determine the
asymptotic behavior of solutions to a differential equation without fully solving
it. The asymptotic behavior has many applications in different scientific fields. It
is used in applied mathematics to construct numerical methods to approximate
solutions. In the theoretical physics it is used to analyze the behavior of physical
systems when they are very large. In computer science, the asymptotic behavior
is used in analyzing the performance of algorithms when applied to very huge
input data sets.

Several aspects of the qualitative theory of differential equations and dynamical
systems deal with asymptotic properties of solutions. These properties are about

what happens with the system after a long period of time.



1.3 Problem Statement

We consider the following class of nonlinear fractional integro-differential equa-

tions

(Dh.x) (1) = f (t, (D). [ Kt (D) <s>>ds) t>0, (LD

supplied with appropriate initial data. The derivatives Df, D(’i and Dy, repre-
sent either the Caputo or the Riemann-Liouville fractional derivatives of orders
i, 8 and -y, respectively, where 0 < f < p and 0 < v < pu. The definitions of the
Caputo and the Riemann-Liouville fractional derivatives are given in Chapter 3,

Section 3.2.

1.4 Research Objectives

1. We study the asymptotic behavior of solutions for the nonlinear fractional
integro-differential equation (1.1) when the fractional derivative is of Caputo
type and Riemann-Liouville type and 1 < u < 2. More precisely, we achieved

the following:

(a) Studying different types of the nonlinear function f and the kernel k.

In this regard, we considered the following cases:
- Cases of fractional and non-fractional source terms.

- Cases of convolution and non-convolution kernels.



- Cases of bounded kernels.
- Case of singular kernel.
- Case of delay.
(b) Finding an appropriate underlying space.
(c) Making use of some known and ad-hoc inequalities.
(d) Determining sufficient conditions on the different nonlinearities.

(e) Illustrating our results as much as possible with examples.

2. Under some sufficient conditions, we prove some boundedness results for
solutions of (1.1) when the fractional derivative is of Caputo type and 0 <

w <1

3. We study the power-type decay of solutions for the nonlinear fractional
integro-differential equation (1.1) when the fractional derivative is of Riemann-

Liouville type and 0 < pu < 1.

4. We discuss nonexistence of (nontrivial) global solutions for the initial value
problem formed by (1.1) subject to some appropriate initial conditions when
0<p<land1l < pu <2 The function f in the right-hand side of (1.1)

satisfies

7 (4080, [ o5 (D) (0)05)

> —a(Dg+x)(t)+/0 h(t — s)|a(s)|? ds,



for some nonnegative locally integrable function h, o = 0,1. We establish
some criteria under which there are no (nontrivial) global solutions. These
criteria are in the form of sufficient conditions on the kernel h, the orders,

the exponent ¢, and the initial conditions. In this regard, we
- find an appropriate underlying space,

- determine a suitable test function,

- find the weak formulation of the problem,

- set sufficient conditions on the different parameters,

- consider general forms of the kernel in the convolution term,

- discuss how the (integer or fractional) damping affects the range of non-

existence,

- illustrate our results with examples and special well-known equations.

1.5 Methodology

The main procedures and techniques we used to achieve our objectives include:

- Fractional calculus theory and tools to treat the terms involving fractional
integrals and derivatives.

- Considering the associated Volterra integral equations corresponding to (1.1).

- Using the properties of fractional derivatives to find appropriate underlying
spaces for the solutions based on specific equations or inequalities.

- Test function method to establish non-existence results.



- Desingularization techniques to estimate the singular terms.

- Making use of some crucial estimations.

- Making use of some known or ad-hoc inequalities.

- Making use of generalized versions of Bihari-type inequalities and comparison
tests to obtain bounds.

- Selecting the appropriate initial conditions based on the fractional derivative
type.

- Making use of asymptotic theories to analyze the long run behavior of the

solutions.

1.6 Significance of Study

From both the theoretical point of view and the application point of view, it
is of great importance to have an idea about the behavior of solutions for large
values of the time variable. The significance of studying the asymptotic properties
for solutions of differential and integral equations is well recognized especially
when these equations cannot be solved explicitly. The study of asymptotically
linear solutions to linear and nonlinear ordinary differential equations is important
in many fields like fluid mechanics, differential geometry, bidimensional gravity,
Jacobi fields, etc. see e.g. [63].

The existence of asymptotically linear solutions is related to many analytic
properties like existence of bounded, monotonic, non-oscillatory, square integrable

solutions and eventually positive (negative) solutions. As a consequence, the topic



of long-time behavior of solutions for ordinary differential equations attracted
many researchers, e.g. see [64, 65, 66, 67, 68, 69, 70, 71, 72, 73, 74, 75, 76, 77, 78,
79, 80, 81, 82, 83].

The study of the asymptotic behavior of the solutions is not well-developed
in the theory of fractional differential equations and fractional integro-differential
equations. Indeed, we can find only very few papers [84, 85, 86, 87, 88, 89, 90, 91,
92, 93] in the literature dealing with special kinds of problems.

It is known from the definitions of fractional derivatives that they use in some-
way all the history of the state through a convolution with a singular kernel.
Moreover, in the case of fractional integro-differential equations, the source term
may involve additional singularities in the kernel. Because of all these issues, it is
difficult to apply the existing approaches and methods in the literature for integer
order to the noninteger.

As is well known, studying nonexistence of solutions for differential equations
is as important as studying the existence of solutions. The sufficient conditions of
nonexistence of solutions provide necessary conditions for existence of solutions.
Investigating the nonexistence of solutions for differential equations provide very
important and necessary information on limiting behaviors of many physical sys-
tems. It is also interesting to know what could happen to these solutions such
as blowing up in finite time or at infinity. In industry, knowing the blow up in
finite time can prevent accidents and malfunction. It helps also improving the

performance of machines and extending their life-span.



1.7 Main Contribution

We establish useful results for analyzing the long-time behavior of many history
dependent systems. Reasonable sufficient conditions ensuring that no (nontriv-
ial) solutions can exist for all time, are determined. Some nonexistence criteria
when the fractional derivatives are of Caputo type or Riemann-Liouville type are
found. We generalize and extend the relevant existing results for integer orders
and provide new benchmarking and study cases to the community of computing
and analysis.

To the best of our knowledge, there are no similar investigations on the long-
time behavior and nonexistence of solutions for fractional integro-differential equa-
tions and inequalities of type (1.1). The situation is different from the integer
order. The few works on nonexistence of solutions, we aware of, are concerned
with a polynomial type source. This is of course a special case corresponding to
the Dirac delta function as kernel in our proposed nonlocal problem.

Our results could be used to analyze the long-time behavior of solutions for
the nonlinear fractional integro-differential problems which have no explicit so-
lutions. Such problems arise in many areas such as: optimal control, dynamic
systems, mechanical structures, viscoelasticity. In the area of mathematical anal-
ysis, our results will extend the results for integer order problems to fractional

order problems.

10



1.8 Dissertation Outline

This dissertation consists of seven chapters, including the current introduction
chapter which introduces the research work, provides motivation and significance
of study, states the problem, the research objectives, the research approach, and
our main contribution.

Chapter 2 contains a review of previous works concerning existence, asymptotic
behavior, long-time behavior, blow-up and nonexistence of solutions for differential
and integro-differential equations of integer and noninteger orders.

In Chapter 3 we present the used notations, underlying function spaces, back-
ground material and some preliminary results. It contains, in particular, the
definitions and basic properties of the fractional integrals and derivatives used in
this dissertation. Some useful lemmas and inequalities that will be used later in
our proofs are listed there.

The asymptotic behavior of solutions is studied in detail in Chapter 4. In this
chapter, we consider the initial value problem formed by the nonlinear fractional
integro-differential equation (1.1) of order 1 < u < 2 subject to some appropri-
ate initial conditions. Several sufficient conditions related to different cases of
nonlinearities are handled.

Chapter 5 is concerned with the long-time behavior of solutions when 0 < p <
1. The boundedness of solutions is investigated when the fractional derivative is
of Caputo type. For the Riemann-Liouville fractional derivative, the power-type

decay is discussed in this chapter.

11



In Chapter 6 the problem of nonexistence of nontrivial global solutions is tack-
led in a weighted space of continuous functions by the method of test functions.
Different nonexistence criteria are established in the form of sufficient conditions
on the kernel, the derivative, the orders, the exponent, and the initial conditions.
Conclusions and possible directions for future works are briefly discussed in the

last chapter, Chapter 7.

12



CHAPTER 2

LITERATURE REVIEW

This chapter is devoted to a review of the literature. We review works concern-
ing existence, nonexistence, blow-up, decay and asymptotic behavior of solutions
of some differential and integro-differential equations of integer and noninteger
orders. Section 2.1 contains results on existence of solutions for some classes of
fractional integro-differential equations. In Section 2.2, we survey recent results
on the long-time behavior of solutions for several classes of differential, integro-
differential, fractional and fractional integro-differential equations. Section 2.3 is

devoted to some nonexistence and blow-up results existing in the literature.

2.1 Existence Results for Fractional Integrodif-

ferential Equations

There is a great volume of literature on existence of solutions for various classes

of fractional differential and integro-differential equations, (e.g. see [94, 95, 96,

13



97, 98, 99, 100, 101, 102, 103, 104, 105, 106, 107, 108, 109, 110, 111, 112, 113]).
Agarwal, et al. surveyed in [94] many of these existence results. They focused
on initial and boundary value problems for fractional differential equations with
Caputo fractional derivatives of orders between 0 and 1 and between 1 and 2.
Furati and Tatar considered in [103], the Cauchy-type fractional differential

problem

D¢ x) (t) = —l—f (t,s,x(s))ds, t >0,
(03.2) o o
lim t'=2z(0") =b, beR,

0+

where Dg, is the Riemann-Liouville fractional derivative of order o, 0 < o < 1.
They used the Schauder fixed point theorem to prove a local existence result in the
C1-4 [0, 00) (see Definition 3.6 in Section 3.1) for some classes of the nonlinearities
f and k involving some power functions on ¢, s and x. The case of £ = 0 has been
studied by Delbosco and Rodino [114], Kilbas et al. [115], and many others.

In their paper [108], Kirane, Medved, and Tatar, considered the second-order

semilinear Volterra integro-differential problem

2'(t)=Ax(t)+ f(t)+ f g <t s, z(s), (Dgix> (8), s (Dgim> (5)) ds, t >0,

z(0) = xg, 2'(0) = z1, w0, 71 € X,

where the fractional derivatives Dgi, 0< p; <1,7=1,..,n, are of Riemann-
Liouville or Caputo type. Here A is an operator that generates a strongly con-
tinuous cosine family of bounded linear operators in the Banach space X. The

nonlinear function f : Ry = [0,00) — X is assumed to be continuously differen-

14



tiable and the nonlinear function g : Ry x Ry x X x ... x X — X is assumed
to be continuous, continuously differentiable with respect to its first variable and
Lipschitz continuous with respect to the other variables.

They proved existence and uniqueness of the solutions in the space of contin-
uously differentiable functions in case of Caputo fractional derivatives. When the
fractional derivatives Dgfr are of Riemann-Liouville type, they also required the
continuity of these derivatives.

In 2012, Trujillo et al. [98] established the existence and uniqueness of solutions

for the nonlinear fractional integro-differential problem

(D3a) (1) = (& (ODLx) (0, [ g (ts,2(s) ds) , t € (a,],

t®(a) =cp, k=0,1,...,m—1,

where CDZEr is the Caputo fractional derivative of order a, m — 1 < a < m,
n—l<p<n, f<a,mnéeN, f:[ab]xRxR — Rand g: [a,b]x][a,b]xR - R
are continuous functions.

They showed that this problem has a unique solution z € C™![a,b] with
CDgﬁrx € C'[a, b]. Their main tool is the fixed point theorem for nonself mappings.
First, using a suitable substitution, they constructed an equivalent fractional inte-
gral equation. Then, used some fractional integral inequalities and the nonlinear
alternative Leray-Schauder type to achieve their existence result. Moreover, under
an additional condition, the uniqueness of solution was established by using the

Banach contraction principle.
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2.2 Asymptotic Behavior Results

The long-time behavior of solutions of differential equations attracted many re-
searchers. In many cases, the main idea is to establish sufficient reasonable con-
ditions ensuring comparison or similarity with the long-time behavior of solutions
of simpler differential equations. This section is divided into three subsections. In
the first subsection we present some results in the literature concerning the asymp-
totic behavior of solutions for different forms of integer order differential equations.
Subsection 2.1.2 contains similar results for fractional differential equations. The
few available works on the long-time behavior of solutions for some fractional

integro-differential equations are indicated in Subsection 2.1.3.

2.2.1 Asymptotic Behavior of Solutions for Differential
Equations of Integer Order

The asymptotic behavior of solutions for ordinary second order differential equa-
tions has been studied by many authors, e. g. Bihari [65], Cohen [66], Constantin
[67], Tong [116], Trench [117], Naito [118], Kusano, et al. [72, 71], Rogovchenko
[119], Rogovchenko, et al. [120], Philos [121], Philos, et al. [122] and [123], Pinto
[124], Pachpatte [125], Coppel [68], Agarwal, et al. [64], Mustafa [78, 79], Mustafa,
et al. [93, 80, 81, 82, 83].

In 1957, using his generalization of Bellman Lemma, Bihari [65] studied the
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second order nonlinear differential equation

and showed that lim 2’ (t) exists, provided that f : [1,00) - R, g : R — R are

t—o00

continuous functions satisfying

/ t|f(t)|dt < oo and Mgh(@) for all y, t > 1,

1

where h : [0,00) — [0,00) is nondecreasing, continuous function with h(0) = 0,
h(y) > 0 for all y > 0 and [;* %dt = 00

Cohen [66] proved in 1976 that the nonlinear differential equation
" (t) = f(t,x (1)), t > 1, (2.2)

has a solution asymptotic to a + bt at infinity, where a, b are real constants, b # 0.

The function f in (2.2) is assumed to satisfy the following conditions:

1. f(t,x) is continuous in D = {(t,z) : t > 1, z € R},

2. 9 exists and satisfies % >0on D,

ox

3. |f (t,2)] < 2D |4 (#)] on D,

4. f1 af(to dt < oo.

The asymptotic behavior of solutions for (2.2) has been the subject of intensive
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research and studied under different conditions by many other authors see e.g.
Tong [116] (1982), Kusano and Trench [72], [71] (1985), Rogovchenko [119] (1998),
Constantin [126] (2005), Mustafa and Rogovchenko [80] and [81] (2006).

In 1985, Kusano and Trench [71] established some conditions ensuring that the

solutions of the nonlinear differential equation
™ 4 f(t,x) =0, t >ty >0, (E)
exist on [tg, 00) and have the asymptotic behavior

lim ¢ "2 (t) = ¢ # 0.

t—o00

These conditions are explicitly given in the following theorem:

Theorem Suppose that f is continuous and satisfies an inequality of the form
|f(t, )| < ¢(t)F(x) for (¢, x) € [to,00) x (0,00), to >0,

where ¢ : [tg,00) — [0,00) and F : (0,00) — [0,00) are continuous, F(1) =1
and

1 [e'e)
m/ "o F(tM)dt = M < oo, k € {0,1,...,n — 1}.
n—k—1)"1J,

Suppose also that F' satisfies one of the following conditions:

(Cy) F is non-decreasing and lim F(z)/x =0,

t—0t
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(Cs) F is non-decreasing and tlim F(z)/x =0,
—00
(C3) F is non-increasing.
In addition, if F(xz) < F(x)F(z) for x,z> 0, 6 and c are positive constants

with 0 < 6 < 1, the equation (E) has a solution xo on [ty,00) which belongs to
X :={z € Clty,00) : |x(t) —ct*| < cht*, t > 1y, 1<k <n—1},

and satisfies tlggo t=Fzo(t) = ¢ # 0, provided c is sufficiently small if (C1)holds,
or sufficiently large if (Cy) or (C3) holds.

In 2004, Philos, et al. [122], studied solutions that behave asymptotically at
infinity like polynomials of degree at most n—1 for the nth order (n > 1) nonlinear

ordinary differential equation
2™(t) = f(t.2(t), t 210 >0, (E,)

where f is a continuous real-valued function on [tg, o0) x R. Their main result is
formulated in the following theorem:

Theorem Let m be an integer with 1 < m <n — 1, and assume that

2]

£t )] < plt)g (—) L q(t) for all (£ 2) € [fo, 00) x R,

tm

where p and q are nonnegative continuous real-valued functions on [tg, 00) such
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that

/‘ﬂ%@ﬁ<m,/‘W%@ﬁ<m
to to

and g is a nonnegative continuous real-valued function on [0,00) which is not
wdentically zero. Let ag,aq, ..., a, be real numbers and T > ty, and assume that

there exists a positive constant C' so that

[/Tm %ms)ds] sup {g<z> << o +fj T'm'}

+/TOO wgs)ds <C.

Then, the differential equation (E;) has a solution x on the interval [T, 00), which

15 asymptotic to the polynomial ag + art+--~+ant, for t — oo, i.e.
z(t) = ag + art + - + apty, + o(1).

The asymptotic behavior of solutions for the problem

o’ (t) = f(t,z(t), 2" (¢), t>1,
(2.3)

r(l)=c, 2’ (1) =co, 1,02 €R,
has been studied by Dannan [69] in 1985. He proved that any solution x of (2.3)
is asymptotic to a + bt + o (t) as t — oo, under the following conditions:
1. the function f(t,u,v) is continuous on D = {(t,u,v) : t > 1, u,v € R},

2. 1f(t,u,0)| < 6(t) g (%) 4 (t) |v] for (t,u,v) € D, where ¢ (t) and ¥ (¢)
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are nonnegative continuous functions on [1, 00),

3. g(u) is a nonnegative, continuous, nondecreasing function on [0,00), and

satisfies

9 (au)] < ¢ () g (u),

for « > 1, u > 0, where ¢; () > 0 is continuous for o > 1,

4. [ (t)dt = 6; < oo, [ ¢(t)dt = 6, < oo and there exists M > 1 such

oo Coniosu ]

where ¥ (t) = exp [flt@/) (s) ds}, such that |c1| + |co| < M and

that

lim / f(s,z(s),2' (s))ds

t—o00 1

always exists.

The problem (2.3) also has been studied by Constantin [67] (1993), Rogovchenko
[119] (1998), Rogovchenko [120] (2000), Lipovan [127] (2003), Mustafa and Ro-
govchenko [83] (2002), [82] (2004) and others.

Levin [73] in 1963 considered the equation

and proved that if h > 0, /’ < 0, " > 0, " <0, zg(x) > 0 for x # 0, and
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foioo g(§)dé = oo, then x — 0, 2/ — 0, 2" — 0 as t — co.
Halanay in [70] studied the same equation and obtained the same results of
Levin but using less restrictive conditions on h, namely h(t) — ege™*! defines a

positive kernel (¢ > 0), A’ € L', and lim h(t) exists.
—00

The global existence and uniqueness for the problem

under a generalized Lipschitz-type condition on f and for a continuous kernel
h(t,s) on A = {(t,s) : 0 < s <t <T < oo} is proved in [128]. Well-posedness
for a similar problem has been proved in [129] using Darbo’s fixed point theorem
for a smooth kernel and under some growth condition on the nonlinearity. When
the kernel is summable over (0,00) and its L'-norm is small enough, the global
existence of solution is established (see [129]).

In 2013, Cheng and Ding [130] investigated the asymptotic behavior of solu-

tions to the linear Volterra integro-differential system

1) = as(t) + b(Omi(t) + Y /0 Kis(t, 5),(s)ds,

where t € Ry, 7+ = 1,2,...,n. They proved that there exists a solution x =
(v1, 2, ....,2,)T : Ry — R" for this system such that x(t) is asymptotic to (¢; +

Ai(8)Bi(t), t = 00,i=1,2,....,n, with ¢ = (¢1, ¢, ..., c,)T € R and ¢; + A;(t) > 0
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provided that

0 < lim inf B;(f) < lim sup B;(t) < oo, lim inf (¢; + A;(t)) > 0,
t—o00 t—r00 t—o0

where a;,b; : Ry =+ Rand K;; : Ry xRy = R, 4,57 =1,2,...,n are all continuous
functions,

! a;(s)

Al = o Bi(s)

ds, Bi(t) =exp (/Ot bi(s)ds) , teR,,

Kij(t,s)g”T(g‘ ds) dt < 1.

teR 4

n 00 t
A; = sup |A;(t)| < oo, and 0 < Z/ (/
= Jo 0

2.2.2 Asymptotic Behavior of Solutions for Fractional Dif-
ferential Equations

Recently, few papers discussed the issue of asymptotic behavior for some types of
fractional differential equations, see [93, 84, 85, 86, 131, 88, 90, 91].
In [93], Baleanu and Mustafa proved that the solution of the nonlinear frac-

tional differential problem

(D(‘)ﬂ(a:—xo)) t)=f(tz(), 0<a<l t>0,

z(07) =z, 29 € R,

is asymptotic to o (t**) as t — oo, 0 <1 —a < a. They assumed that

Fal <o ().
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and

t 93/2
tlas/a)[1-a1(1-a)] {/ [h(s)]* ds} <M@E+1), t>0,
0

for some sufficiently large constant M, ¢1, ¢2, g3 > 1,a € (0,1), g : [0,00) — [0, 00)
is continuous, nondecreasing function and the function A : [0,00) — [0,00) is

continuous with
+as/q)1-aq1(1-a)] HhH%B%(O,t) = O (t*) when t — oc.

In 2010, Baleanu et al. discussed in [86] the long-time behavior of solutions to
some linear fractional differential equations of order greater than one. They proved

that the problem

(Dg.x) (t) = h(t)z(t), 0<a <1, t>0,

lim (t'7@x(t)) = co, o € R,

t—0t

where Df, is the Riemann-Liouville fractional derivative of order «, has a solution

z € C((0,00),R) such that

lim (t'"*z(t)) = c1,¢1 € R,

t—o0
and it has the asymptotic expansion

1

z(t) = (co + O(1)) ol 4 (m

+ 0(1)> t* when t — oo,
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provided that the functional coefficient h(t) satisfies the conditions: A : (0,00) —

R is continuous such that for some T" > 0,

/ s*Th(s)| ds < oo,
T

and

T o]
nmﬂLT{/'%iu&+/ 5% |h(s)|ds < T(a + 1).
o+ S T

Also, the authors in [84] established under the condition

Ed
(1+1t)

U@xﬂ§¢G, ),tEQxGR,

(f : [0,00) x R — R is continuous and ¢ : [0,00) x [0,00) — [0,00) is continu-
ous function and it is assumed nondecreasing in the second argument), that the

solution of the nonlinear fractional differential equation
(Dgia’) () + f(t,z) =0, 0 <a <1, t>0,

can be expressed asymptotically as ¢; + cot® + O(t*71) when t — 00 , ¢1, ¢ € R.
In [90] and [91], Medved studied the problem of asymptotic integration of
nonlinear higher order fractional differential equations of Caputo type.

In 2012, Medved [91] studied the behavior of solutions for the fractional dif-
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ferential problem

(Do) ()= f(tx (D). t>a>1 1<a<2, (2.5)

z(a) = co, ' (a) = co.

He showed that problem (2.5) has a solution asymptotic to b+ ct as t — oo, for

some b, ¢ € R, provided that
1. f(t,u) is continuous in D = {(t,u) : t € [0,00), v € R},

2. There are continuous nonnegative functions h : R, — R, g : Ry — Ry

and ¢ is nondecreasing with v > 0 and p(y — 1) + 1 > 0 such that

If (t,u)] <t h(t)g ('?—') , >0, (t,u) €D,

Wherep>1,]9((34—2)—1—1>0,(]z}%,vzi%—oz—i—l
o0 OOSqfl
/ hi(s)ds < oo and / ——ds = .

The fractional differential equation of Caputo type
(“Defle) (1) = ft,x(t),2'(1), a>1,0<a <1,

has been studied in [91] with analogous conditions to the above ones. It has been

proved also that all solutions of this equation are asymptotic to cit+co, ¢1,c5 € R.
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In [90], Medved also showed that all solutions of the initial value problem

(“Diftz) (t) = f(t,z(t), t>a>1, 0<a<]l,

z(a) = 1,2 (a) = e,

where CD:;T ! is the Caputo fractional derivative of order a + 1, are asymptotic to

a line for large values of ¢, provided that the following conditions hold:
1. f(t,u) is continuous in A = {(t,u) : t € [0,00),v € R}.

2. There are continuous nonnegative function A : R, — R, continuous non-
negative nondecreasing function g : R, — R, and real numbers A > 0,

p>1gq= 7 withp(A—1)+1>0, A =2—a—  such that

|f(t,x)| < ' h(t)g (@) >0, (t,z) €A,

* a1t
/ hi(s)ds < oo and / = 0.
@ o 9(t)

In 2015, Medved and Pospissil considered in the paper [92] a more general case
when the right-hand side depends on Caputo fractional derivatives of the solution.
They proved that there exists a constant b € R such that any global solution of

the initial value problem

(“Dex) (t) = f (t,x(t), 2" (), ... ™D (t), (“Dx) (1), ..., (D) (1)),

@ (a)=¢;, i=0,1,...,n—1, n €N,

wheret >aandn—-1<a; <a<n,j=1,2,...,mmec N, is asymptotic to bt"
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with 7 = max {n — 1, a,, }.

2.2.3 Asymptotic Behavior of Solutions for Fractional Integro-
differential Equations

In 2004, Momani, et al. [132] discussed the Lyapunov stability and asymptotic

stability conditions for the solutions of the fractional integro-differential equations
t
Uﬁmﬂﬂ:f@x@yﬁ/k@&ﬂgma0<a§Lt2@ (E,)
with the initial condition (I);%z) (a*) = ¢y € R. The assumptions
£ (&, 2(t)] < ~(t) |],

/k@@x@ﬂogﬂwm,seMﬂ

where v(t) and §(¢) are continuous nonnegative functions and

Sup/ (t — s)* y(s) + 6(s)]ds < oo,

were imposed. The authors proved that every solution x(t) of (E,) satisfies
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and if

6= 9 )+ s)lds =0 (2~ "),

then |z(t)| < Co(t — a)* ! where Cj is a positive constant, and hence the solution
of (E) is asymptotically stable.

Furati and Tatar [104] considered the equation (E) subject to the initial con-
dition

lim ('"“x(t)) =b, beER, 0<a <1, a=0,

t—at

and showed that solutions decay polynomially for some nonlinear functions f and
k. When k = 0, they proved in [131] that solutions of the problem exist globally
and decay as a power function in the space C{  [0,00) defined in (4.65), see
Section 4.5. In 2007, the same authors considered in [88] the equation (E) and
found bounds for solutions on infinite time intervals and also provided sufficient
conditions assuring decay of power type for the solutions.

In 2014, Brestovanska and Medved studied in [87] the initial-value problem

() + f(t,z(t), 2" (t) —i—Zh fo (t—8)"""gi(r,z(7),2' (1)) dr =0,

z(l)=0c, /(1) =ca 1,00 €R,

where 0 < a; < 1,72=1,2,....m, m € N and ¢ > 0. Sufficient conditions for all

solutions of the above problem to be asymptotic at infinity to a line are found.
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2.3 Nonexistence Results

2.3.1 Nonexistence Results for Differential and Integrod-
ifferential Equations of Integer Order

There are many results in the literature regarding the nonexistence of solutions
and blow up of solutions for differential, integral and integro-differential equations
of integer orders (ordinary or partial), see e.g. [133, 134, 135, 136, 137, 138, 139,
140, 141, 142, 143, 144, 145, 146, 147].

For the nonlinear integral equations especially Volterra integral equations, we
refer the reader to [148, 149, 150, 151, 152, 153, 154, 155, 156, 157, 158, 159, 160,
161, 162, 163, 164] and the references therein. A comprehensive bibliography can
be found in [165]. Some recent results on blow-up solutions for nonlinear Volterra
integral equations of the second kind are surveyed in [159].

It is well-known that the Bernoulli differential equation

o' (t) +x(t) = 24(t), t >0, ¢ > 1, (2.6)

has the solution
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which blows up in finite time

if and only if the initial data zo > 1, (see e.g. [165]).

The nonlinear second-order ordinary differential equation

2 (t) = 29(t), (2.7)

subject to

z(0) = zo, 2'(0) = x4,

has the solution

when z, = qTQngH, 2o > 0, and this solution blows up in finite time
2 qg+1 i
Ty = ——\| —x,° . 2.9
b q—1 5 o (2.9)

The nonlinear Volterra integro-differential equation
t
2 (t) = —c+/ x¥(s)ds, t >0, ¢ > 1, (2.10)
0

can be transformed by differentiation into (2.7).

When ¢ = qT21x8+1, xo > 0, the solution of (2.10) is given by (2.8)and it
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blows up in the finite time (2.9).

Agarwal et al., showed in [133] that the integro-differential inequalities
n t
(1) 22 () 2/ F(t—s,2(s)ds, t>0, n=01,2 ..
0

have no positive solutions on [0, 00) for n = 0 and no bounded positive solutions

on [0,00) for n > 1 if the inequalities
—u* -l—/ e’ h(s)ds > 0, forall u >0, n=0,1,2, ...,
0

hold, where k : C'[0,00) x (0,00) — [0,00) and h : C'[0,00) — [0, 00) satisfy the

following:

1. k:C[0,00) x (0,00) — [0,00) such that k (¢,u) # 0 on J x (0,00) for some

subinterval J of [0,T], T > 0.
2. h:C0,00) — [0,00) is not identically zero on [0, 7T]].

3. There exists a positive constant T3 such that @ > h(t) for (t,u) € [0,T)x

(0,77).

In [151], Malolepszy and Okrasinski, considered the nonlinear Volterra integral

equation

x(t) = /Otk(t —s)f(z(s))ds, t >0, (2.11)

where the function f : [0,00) — [0,00) is continuous, strictly increasing and
f(0) = 0. The kernel k : (0,00) — [0,00) is positive and locally integrable such
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that tlim K(t) = fot k(s)ds = oo. They proved that solutions of (2.11) blow up
— 00
if ¢ is a strictly increasing, positive and continuous function with g(t) < f(¢) for

t € (c,), g(c) = f(c), hm (t) = 0 and the series

2 )
converges for some point t € (¢,00). The solution z of (2.11), they considered, is

assumed to be continuous with z (0) =0 and > 0 in (0, 7).

When the function

is positive, absolutely continuous and strictly increasing such that f(0) =0 and

11m+ 7@ = 0, the same authors found in [150] that the convergence of the integral
t—0

CK(r)

o TlnT

dr, (2.12)

for any t € (0,1) is a necessary and sufficient condition for existence of blow-up
solutions to equation (2.11).

Based on the above results and other related results from [156, 157], the authors
also established in 2010 lower and upper estimates of the blow-up time for solutions
of (2.11), (see [149]).

In 2012, Malolepszy and Niedziela, showed that every nontrivial solution of
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equation (2.11) with f given by

tn, 0<t<1, 0<q <1,
f@) =

2t >1, g > 1,

blows up in finite time. They relaxed the condition tlim K(t) = ooto tlim K(t)>1
— 00 — 00

and the integral (2.12) to converge only for a sufficiently small ¢. By a nontrivial

solution, they mean a continuous function x defined on [0,7") such that x(0) = 0

and z(t) > 0 for all t € (0,7, where [0,7) is the maximal interval of existence

and 0 < T < o0.

Mydlarczyk proved in [152] that the positive continuous solution of

x(t) = /0 (t—5)* 1 (8) fa(x (s) + f3(s))ds, t,a >0,

blows up if and only if

/m(i)i§<oo for any v > 0
. fQ(S) S ) y )

where f;, (i = 1,2,3) are nondecreasing and continuous for ¢t # 0, f;(t) = 0 for
t <0 and f;(t) >0 for t > 0. For f3 =0, he gave the following implicit form for

lower and upper bounds on the blow-up time 75,

To1 > “d 1
o ff‘(S)dSS/O (ﬁ(s)) ?SS(&+1)be1”‘(Tb),O<a§1,

34



a(zz—_l)/of (S”M/ooo (f%@)i@s@ Ui sy ds, as 1

§ 0

He also studied the asymptotic growth of the blowing up solution near the blow-up

time 7}, and showed that there exist constants aq,as > 0 such that
1
gF_l ((11 (Tb — t)) S T (t) S F_l ((ZQ (Tb — t)) , t— Tb_,
where F~! is the inverse function of

o= (J”;(s))i T

In 2011, Ma showed in [141] that the solution of the nonlinear VIDE

o' (t) +x(t) = /0 k(t—s)f (x(s))ds, t>0,

blows up in finite time if and only if for some § > 0,

ds
— < 00, for any v > 0,

:\;

3
N
Kﬁ
=l
~

e
[

where k() is a positive and locally integrable function with tlim fot k(s)ds
—00

(2.13)

(2.14)

= OQ.

The function f(¢) is assumed to be continuous, nonnegative and nondecreasing

fort >0, f=0fort <0, and ltlim %t) = 0o. Clearly, if f(z (s)) = |z(s)|* in the
—00

equation (2.13), the condition (2.14) simply means that ¢ > 1.

Brunner and Yang (2012) considered in [148] the blow-up behavior of the
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Hammerstein-Volterra integral equation

z(t) = g (¢) —{—/0 k(t—s)f (s,x(s))ds, t >0, (2.15)

where

(i) f: Ry xRy — Ry is continuous function with f(¢,0) = 0 and

f(tl,‘rl) < f(tg,xg) for (0,0) < (t1,$1> < (tQ,IQ) and 1 7é Ta,

(iii) g(¢) is a positive, nondecreasing, continuous function,

(iv) the kernel k (t) = t°~'h (t),3 > 0, h(t) > 0 is bounded in any finite interval

and inf h(¢) > 0 for some o > 0.
te[0,0]

They proved, under the conditions (i)-(iv), that the solution of (2.15) blows

up in finite time if and only if there exists ¢; such that

g(t1) + min {/Olkz(tl—s)f(s,u)ds—u >0,

u€[0,00)

x :
/ (f(ts )) §<ooforalll/>0.
v 1, S S

In 2013, the same authors generalized this result to the delayed Hammerstein-
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Volterra integral equation (see [164])

x(t) :g(t)—i—/(: k(t—s)f(s,x(s))ds, t >,

where the delay function ¢ (¢) is continuous with tg — 7 < ¢ (t) < ¢ for all t €

(tg,00) and 7 > 0. Also, x(t) = (t), to — 7 <t < 1o is an initial given function.

2.3.2 Nonexistence Results for Fractional Differential and
Integro-differential Equations

For the fractional integro-differential case we cannot find much. The few works we
are aware of are concerned with a polynomial source. This is of course a special
case corresponding to the Dirac delta function in our case.

In the last two decades the nonexistence of local and global solutions and
blowing-up solutions are investigated for ordinary and partial fractional differen-
tial equations, we refer to [166, 167, 168, 169, 170, 171, 172, 173, 174, 175, 176,
177, 178, 179, 180, 181, 182, 183] and the references therein.

In 2010, Laskri and Tatar investigated nonexistence of global solutions for the
Cauchy problem

(Dga) () > 7 [z()]", t>0, 0<a <1, ¢g>1,
(2.16)

(Dg'w) (07) = zo, x0 € R,
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in the space
={z e L"(0,b), Dyyz € L' (0,b)}, a,b>0.

They found that problem (2.16) does not admit nontrivial global L, solutions
when 6 > —a, 1 < ¢ < & and zo > 0. They also showed that the exponent ; £+1 H
is critical (see [180]).

In 2013, Furati, Kassim and Tatar considered in [168] the problem

<D0+I)()>t7|x(t)|q, t>0,¢g>1, 7R,
(2.17)

(D(’)\jlw) (0F)=20>0, A\=a+ 5 —ap,

where

o d
Do =1 )dtlgﬂ, O<a<l1l 0<B<I,

and I/, is the Riemann-Liouville fractional integral of order p > 0. Using the test
function method introduced in [184], they proved that when v > —a, 1 < ¢ < 122
and xy > 0, the problem (2.17) has no global nontrivial solution in the weighted
space of continuous functions C7 , [0,b]. Furati and Kirane showed in [167] that

the fractional differential equation
() + (“Diix) (1) = =), t>0,0<a <1, ¢>1, (2.18)

admits no global solutions when x(0) = zo > 0.

In 2014, Kadem et al., proved in [169] that the global solutions of the following
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fractional differential systems with exponential nonlinearities

() +p(“Dgx) (1) =e'D, t>0, p>0, 0<a<l,

y'(t) +q (CD§+y> (t)=e"®, t>0, ¢>0,0<B<1,

p(°Dg.x) (t) =XV, t>0, p>0, 0<a<l,
q(cDéiy)(t):/\eI(t), t>0, g>0, %gAgl, 0<p<1,
subject to the initial conditions z(0) = zo > 0,y(0) = yo > 0, blow up in a finite
time. They also provided bounds on the blow-up time of the solution for each
system. Using the methods developed in [162], they discussed the asymptotic
behavior of the solutions of the systems near the blow-up by working on their

corresponding systems of Volterra integral equations.
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CHAPTER 3

PRELIMINARIES

In this chapter we briefly introduce some basic definitions, notions and properties
from the theory of fractional calculus and fractional differential equations. We
present some preliminary results related to the fractional integrals and derivatives
to be used in the next chapters. More details about the theory of fractional

integrals and derivatives can be found in [3, 4, 2].

3.1 Some Function Spaces

This section contains definitions of some important spaces such as the spaces of
p-integrable, continuous, continuously differentiable, absolutely continuous and
some weighted spaces of continuous functions. We present also some relations
and properties of these spaces that will be used later in formulating our theorems

and proofs.

Definition 3.1 [3] Let —o00 < a < b < oo. The space L* (a,b) (1 < p < o0)
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consists of all Lebesque real-valued measurable functions f on (a,b) for which

| f]l, < oo, where

b 1/p
an,,:(/ |f(8)|pds> Cl<p<oo

[flloe = ess sup [f(£)],
a<t<b
and ess sup |f (t)| is the essential supremum of the function |f (t)].

Definition 3.2 [185] The space L}, (a,b) consists of all Lebesque measurable
functions f : (a,b) — R for which || f]|;, < oo on all strictly contained subsets

Q of (a,b).

Definition 3.3 [3] We denote by Cla,b] and C"[a,b], n € Ny = N U {0},
the spaces of continuous and n—times continuously differentiable functions on

[a, b],with the norms

[flle = max [f ()],

tela,b]

1llen = ZHf e = ZggaXI“

, TLGN(),

respectively, where C'[a,b] = C° [a, b].

Definition 3.4 [186] A function f : [a,b] — R is absolutely continuous if for
every positive number €, there is a positive number § such that whenever a finite

sequence of pairwise disjoint sub-intervals (a;,b;) of [a,b] satisfies Z( —a;) <

d then > (f (b)) — f(ai)) < e. We denote by ACa,b] the space of absolutely

i

continuous functions on [a,b].
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It is known (see [3]) that AC [a,b] coincides with the space of primitives of

Lebesgue integrable functions

fEAC[a,b]<:>f(t)20+/tg(s)ds, g€ L' (a,b).

Therefore the absolutely continuous function f has an integrable derivative f' = ¢
almost everywhere on [a,b] and ¢ = f(a). In general, we have the following

definition.

Definition 3.5 For n € N, we denote by AC™ [a,b] the space of all real-valued
functions which have continuous derivatives up to order n — 1 on [a,b] such that

D" 'f € AC[a,b], D = <, that is

= %7
AC™ [a,b] = {f : [a,b] = R such that D"~'f € AC[a,b]} .

Note that AC [a,b] C C[a,b] and AC™" [a,b] C C™[a,b] C AC™[a,b], n > 1.

Definition 3.6 [3/ We denote by C, [a,b], 0 < v < 1, the following weighted
space of continuous functions
Cyla, bl ={f:(a,b] > R: (t—a)” f(t) € Cla,b]}, (3.1)
with the norm
Iflle, =t =a)" f @l

In particular, C |a,b] = Cy[a, b].
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Definition 3.7 [3]/ For n € N and 0 < v < 1, we denote by C![a,b], the
following weighted space of continuously differentiable functions up to order n — 1

with nth derivative in C. [a,b],
Cla,b] ={f:(a,b] > R| feC" " ab], f™ eC,lab]},

with the norm

n—1
Iflles = D NPl + 1F, -

k=0

In particular, C, [a,b] = CY [a, b].
We have the following characterization of the space C7 [a, b].

Lemma 3.1 /3] Letn € N and 0 <« < 1. The space C7 [a,b] consists of those

and only those functions f which can be represented in the form

F@) =g 0+ et —a),

where g € C, [a,b],

and ¢ (k=0,1,...,n — 1) are arbitrary constants.

Moreover,

f* (a)
R

g:f(n)v Cr =
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Note that C7 [a,b] C AC™[a,b], n > 1. Furthermore, we have the following

relationship.

Lemma 3.2 [187] Let 0 < v < 1, n > 1. Then, f™ € C, [a,b] if and only if

f el a,b].

From the definitions of the spaces C™ [a,b] , C. [a,b] and C7 [a, b], we have the

following continuous embedding.

Lemma 3.3 [3] The following embedding holds:
C"la,b] = C} [a,0] = C}, [a, 0], n € No, 0 <y < pp <1,
with
ey, < K Wflley K = min [1, (b — @) ™].

In particular,

C [a, b] - Cm [a: b] - Cuz [aa b] )

with

1lle,, < ®—a)* | f,. -

3.2 Fractional Integrals and Derivatives

In this section we introduce some notation, definitions and preliminary results
from fractional calculus related to two derivatives we are going to use throughout
this study, namely the Riemann-Liouville and Caputo fractional derivatives.
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3.2.1 Riemann-Liouville Fractional Derivative

Definition 3.8 The Riemann-Liouville left-sided and right-sided fractional inte-

grals of order a > 0 are defined by

o = L t — 5)* tu(s)ds, a

() () = oy / (t — )" ‘u(s)ds, a < t < b, (3.2)
« _ 1 ’ a—1

(Ib7U) (t) = m/t (S — t) u(s)ds, a<t< b, (33)

respectively, provided the right-hand sides exist. We define
ou=1)u=u.
The function I'(«) is the Euler gamma function defined by
['(a)= /000 t* e tdt, a > 0.

Definition 3.9 The Riemann-Liouuville left-sided and right-sided fractional deriva-

tives of order a > 0, are defined by

(D&u) (t) = D" (I %) (1), t > a, (3.4)
(Dy-uw) (t) = (=1)"D"™ (I;"u) (t), t <b, (3.5)
respectively, where D™ = jt—z, n = [a|+1, [a] is the integral part of a. In particular,
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when o = m € Ny, it follows from the definition that
D% u=D"u, D;*u=(—1)"D"u.
Lemma 3.4 [3] Let a >0, n=[a]+1 and 0 < < 1. Ifu € C'[a,b], then the

fractional derivatives D% u and Dy u exist on (a,b] and [a,b), respectively.

The next lemma shows that the Riemann-Liouville fractional integral and
derivative of the power functions yield power functions multiplied by certain co-
efficients and with the order of the fractional derivative added or subtracted from

the power.

Lemma 3.5 [3/ I[fa >0, 8> 0, then

(1 (s =) (1) = % (t—a)** ¢ >a,

(18- 0= 97 (0 = e (=07 o<t
(D5 (=) () = o (=) e
(Dg_ (b— s)f“) (t) == (Fﬁ(@a) b—t)" "t <b
In particular, if 8 = 1, then
(t—a) b0

(Dey1) () = Ti=a) (Dy-1) (t) = ri—a)
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Lemma 3.6 [3] For j =1,2,..,n, n=[a] + 1, we have

(Dg+ (s—a)a*j) (1) = 0, t>a,

(D;j‘_ (b—s)a’j> (t) = 0, t<b.

3.2.2 Caputo Fractional Derivative

The next fractional derivative we define is called the Caputo fractional derivative
introduced by Caputo in his paper [188] in 1967 and adopted in the framework
of the theory of linear viscoelasticity by Caputo and Mainardi [189]. Actually,
this is the kind of fractional derivative which is commonly used by engineers. We

present here its definition and some of its properties.

Definition 3.10 The Caputo left-sided and right-sided fractional derivatives of

order a > 0, are defined by

n—1 U(]) a .
(D) () = ( 2 <u<s>—z . ><s—a>3>)<t>,

J J:

nol,6) .
(“Dyu) (t) = (Dg_ (u(s) — ,Fb) (b— s)f)> (t),

respectively, where n = [a] + 1 for a ¢ Ny and n = a for « € Ny. In particular,
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when o = n € Ny, it follows from these definitions that
DYy =°DY)_u=u, °Du = D"u, “Dj-u = (—1)"D"u.
Note that if u)(a) = 0 for all j =0,1,...,n — 1, then
D% u = D%u,
and if uU)(b) =0 for all j =0,1,...,n — 1, then
D u = Diu.

Lemma 3.7 Let « > 0, 8 >0, n = [a]+ 1 for a ¢ Ny and n = a for a € Ny.
Ifu € AC™[a,b], then “D* u and °Dg u exist almost everywhere on [a,b] and are

represented by

(“Deu) (t) = (I'7“D™u) (1), (3.6)

(“Dg_u) (t) = (—1)" (I}7*D™u) (t), (3.7)

Lemma 3.8 [3] Let « >0, 8> 0,n=[a]+ 1 for a ¢ Ny and n = « for a € Ny.

Then, the following relations hold

(D5 (5= ) (0= 5 s =) 5>
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(D -9 ) 0 = Do g,

(6 —a)

(“D& (s —a)™) (1) =0, (“Dy=(b—9)")(t) =0, m=0,1,...,n— 1.

In particular, if m = 0, then the Caputo fractional derivative of a constant is equal

to zero.

Though the Riemann—Liouville fractional derivative is the most studied deriva-
tive in the fractional calculus, the Caputo fractional derivative is the most popu-
lar among physicists and engineers. The reason is that the differential equations
modeled in terms of Caputo derivative require ordinary initial conditions just as
ordinary differential equations do. On the contrary, fractional differential equa-
tions with Riemann—Liouville derivative require unusual initial conditions involv-
ing fractional integrals that are difficult to evaluate. This limits its applications
in physics and other sciences but makes it more interesting and challenging for
mathematicians.

For more details about fractional integrals and fractional derivatives, the reader

is referred to the books [15, 44, 2, 3].

3.3 Preliminary Results

In this section we present some other important definitions, lemmas, theorems
and properties which justify the assumption, tools and the methods utilized in

our results later.
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3.3.1 Fractional Calculus Lemmas

Lemma 3.9 [2/ (Fractional Integration by Parts) Let a« > 0, my > 1,ms > 1
andm%jtm% <1l+4+a (my#1 and my # 1 in the case whenm%%—m% =1+a) If

1 € L™ (a,b) and @2 € L™ (a,b), then

[ o0z 0= [ e () O a

The Riemann fractional integration operator /7, has the semigroup property

expressed in the following lemma.

Lemma 3.10 [3]/ Let « >0, >0 and 0 <~y < 1. Then
T = I

almost everywhere in [a,b] for u € L?(a,b) and holds at any point in (a,b] if

ue C,la,b. When ue Cla,b], then this relation is valid at every point in |a,b].

The fractional differentiation is an inverse operation of the fractional integra-

tion from the left as shown in the following lemma.

Lemma 3.11 [3/ Let « > 0 and 0 <y < 1. Ifu € C, [a,b], then the relation
Doy Igyu =

holds at every point in (a,b]. When u € C'|a, b] this relation is valid at every point
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in [a,b].

Lemma 3.12 [3/ Let 0 < f < a and 0 <~y <1. Ifue C, [a,b], then

DY 1% u = 1%""u

at every point in (a,b]. When u € C [a,b], this relation is valid at every point in
la,b]. In particular, if B =m € N and o > m, then DI v = I, ™.
Lemma 3.13 /98] Letn—1<a<n,m—1<f<m and < a.

1. Ifu € Cla,b], then

DI I =1"u
at every point in [a,b],
2. Ifu e C " a,b] and °D¢,u € C|a,b], then D, u € C[a,b].

Now we consider some other properties of the Riemann-Liouville fractional

integral I, in the space C, [a, b] defined in Definition 3.6.
Lemma 3.14 [3]/ Let « > 0 and 0 <y < 1.
(i) Then, 12, is bounded from C. [a,b] into C, [a,b].

(ii) If v < «, then I$, is bounded from C, [a,b] into C [a,b].
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Lemma 3.15 [190] Let 0 <~y <1 and a > ~. Ifu € C, a,b], then

(I2u) (a) = lim (I2u) (t) =0.

t—at

The following result is about the composition I, D¢, of the Riemann-Liouville

fractional integration and differentiation operators.

Lemma 3.16 [3/ Let « > 0, 0 < v < 1, n = [a|+ 1. Ifu e C, [ab] and

1" %u € CF [a,b], then

N " (D" ) (a) i
( +Da+u Z a—+l —f-)l) (t_a)
1=1

for all t € (a,b]. In particular, if 0 < a <1, u € C, [a,b] and I,;%u € C [a,b]
then

(12, DE ) () = u () — % (t—a) " (3.8)

The next Lemma is an analog of Lemma 3.16 for the Caputo fractional deriva-

tive.

Lemma 3.17 /3] Let « > 0 and n = — [—a]. If u € AC"[a,b] or u € C"[a, ],
then

(1:°Dgvu) (1) = u (1) -

for all t € (a,b]. In particular, if 0 < o < 1 and u € AC[a,b] or u € C'[a,b],
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then

(186D (t) = u(t) — u(a), t€ (a,b]. (3.9)

3.3.2 Some Useful Inequalities

We mention here some useful basic inequalities and some linear and nonlinear

integral inequalities to be used in the next chapters.

Lemma 3.18 [191] If A, v, w > 0, then, for any t > 0, we have
t
/ (t—s)" M lemwsds < Ot
0
where C' 1s a positive constant independent of t. In fact,
C=max{1,2"""}T(A) 1+ A\+1) /v)w .

The inequalities in the next lemma are of Jensen’s inequalities type.

Lemma 3.19 [192] Let a;, i = 1,....,m, m € N, be nonnegative real numbers.

Then,

Moreover, if a; > 0 for all i =1,...,m, then

m q m
(Zaz) qu’lzaf for 0 <q<1.
i=1 i=1
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Lemma 3.20 [193] (Hélder’s Inequality) Suppose that 1 < p,q < oo with %—{—% =

1. Ifu € L?(a,b) and v € L7 (a,b) then uv € L' (a,b) and
lwolly < lull, lvll, -

Lemma 3.21 [194] (Bihari’s Inequality) Let u and X be continuous and nonneg-
ative functions on [a,00) and w be continuous and nondecreasing functions on

[0,00) and positive on (0,00) . If

u(t) < c+/ A(s)w(u(s))ds, t € [a,00),

where ¢ is a positive constant, then

u(t) <w! {W(c) + /at)\(s)ds} t € a,bi],

where

v g
W(v):/ T > 0,00 > 0,
v W(T)

WL is the inverse function of W and by is chosen so that
t
W(e) +/ A(s)ds € Dom (W), for allt € [a,bi],

Dom here denotes the domain of the function W1,
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Let S C R be a set. For two functions f,g: S — R/ {0}, we say that f o g if
g/ [ is nondecreasing on S.
In his paper [124], Pinto extended the Bihari’s inequality to two nonlinearities

as shown in the following Lemma.

Lemma 3.22 ([12/], Lemma 1) Let u, \;,i = 1,2 be continuous and nonnegative
functions on I = [a,b] and w;, i = 1,2 be continuous and nondecreasing functions

on [0,00) and positive on (0,00) such that wy o wy and let ¢ be a positive constant.
If
t ¢
u(t) < c+/ A1(s)wr(u(s))ds +/ Ao(8)wa(u(s))ds, t € [a,b],

then, fort € [a,b;],

w5 (Wate) + [ o).

where

1. Wi(v) = [} wf(TT),v >0,Wa(v) = [ wj(TT)U > 0,090 > 0,i=1,2 and W, " is
the inverse function of W;.

2. The constants co and ¢y are given by co = ¢ and ¢, = Wfl <fabl /\1(s)d3>.

3. by 1s the largest number such that by > a and

By induction on n, Pinto generalized Lemma 3.22 to a finite number of non-

linearities.
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Lemma 3.23 (/124], Theorem 1) Let u, \;,i = 1,...,n be continuous and non-
negative functions on I = [a,b] and the functions w;, i = 1,...,n be continuous
nonnegative and nondecreasing on [0,00) such that wy o wy o ... o wy,. Assume

further that ¢ is a a positive constant. If

u(t) < c—i—Z/ Ai(s)wi(u(s))ds, t € [a,b],

then, fort € [a,by],

where

1. Wi(v) = [’ d(TT),v > 0,v; > 0,i=1,....,n and W; ! is the inverse function

Vi Wy

Of Wz .

2. The constants ¢; are given by ¢ = ¢ and ¢; = W, <1/V,~(cz~_1) + ffl )\i(s)ds) ,

)

Lemma 3.24 ([124], Theorem 4) Let u, \j,w;, i = 1,2,3 and ¢ be as in Lemma
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3.23. If

)< et [ nulshentulonas + [ datsgen ([ utriatutryar ) ds

then, fort € [a,by],

u(t) < Wyt (Wg(cz) + /at Ag(s)ds) :

where Wi, W, ' i =1,2,3 and cy, c1, ¢y are the same as in Lemma 3.23.
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CHAPTER 4

ASYMPTOTIC BEHAVIOR OF
SOLUTIONS FOR
FRACTIONAL
INTEGRO-DIFFERENTIAL

EQUATIONS

This chapter is devoted to the study of the asymptotic behavior of solutions for
the fractional integro-differential equation (1.1) with the Caputo and Riemann-
Liouville fractional derivatives of orders 1 < 4 < 2,0 < g < pand 0 < v < pu.
We begin this chapter by discussing the existence and uniqueness of solutions of
(1.1). Section 4.2 is devoted to definitions of some classes of functions needed

throughout this study. In Section 4.3, we present and prove some important
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results that represent useful tools in proving our theorems. Section 4.4 is devoted
to our main results on the asymptotic behavior of solutions for the fractional
integro-differential equation (1.1) when the fractional derivatives are of Caputo
type. This is followed by a section on similar results with the Riemann-Liouville

fractional derivatives.

4.1 Well-posedness

There is fairly a large number of works on the well-posedness of fractional differ-
ential equations. In fact most of the analytical investigations are on existence and

uniqueness. Several nonlinearities of the form

f(t, x), f(t,x,Déix), f(t,x,Dngx,g k(s,t, Dg+x(s))ds>,

(with different kinds of fractional derivatives) or even more general have been
treated. The local existence has been proved under weak conditions. For our
purpose here, the local existence holds under the simple continuity of the nonlin-
earities (see[94, 96, 97, 98, 99, 100, 101, 104, 106, 107, 108, 110, 195]). Assump-
tions such as uniform boundedness, boundedness by continuous functions or by
the product of functions of time in certain Lebesgue spaces times polynomials in
the state, power type functions of the state or more generally increasing functions
of the state (like our assumptions (4.14) and (4.15)) also have been used (see

[99, 98, 97, 196, 103, 88, 107, 113]). As our interval of (local) existence is bounded

59



then the continuity of the nonlinearities combined with appropriate underlying
spaces (like our spaces (3.1), (4.7) and (4.65) here in the present dissertation)
ensures the local existence of solutions. The initial data as well as the initial
conditions are taken into account in the selection of the underlying space. To this
end, several methods and techniques have been used: Shauder fixed point the-
orem, Shaefer fixed point theorem, Krasnoselskii’s fixed point theorem, Banach
contraction principle, Leray-Shauder alternative, upper, lower solutions, etc.

As for the integer order case, the uniqueness is proved under extra Lipschitz
conditions on the nonlinearities (see [98, 196, 108, 195]).

In this dissertation we will be concerned mainly with asymptotic properties of
solutions. Therefore, the local existence (which we will assume throughout this
document) justifies our investigations. There is no need for uniqueness as our
result will apply for all possible solutions. Unlike blow up in finite time, for the

"nonexistence” results we shall not need any local existence result.

4.2 Notation and Abbreviations

Before presenting our results we need to define the following classes of functions:

Definition 4.1 We say that a function h : [0,00) — [0,00) is of type H, if

h e C|0,00) and t°h(t) € L' (1,00), o > 0.

Definition 4.2 We say that a function h : [0,00) — [0,00) is of type H. if
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h € C0,00) with k' € L* (0,00) and

/t s (t —s)l(s)ds € L' (1,00),

for some function | of type H,.

Definition 4.3 We say that a function h : [0,00) X [0,00) — [0, 00) is of type M

if it is continuous on {(t,s) : 0 < s <t < oo} with t* max h(r,t) € L' (1,00).
TZ

Definition 4.4 We say that a function g is of type G if it is continuous nonde-

creasing on [0,00) and positive on (0,00).

Definition 4.5 We say that a function g is of type Gy if it is of type G and

9(v) <ug(y), u>1,0>0.

Definition 4.6 We say that a function g is of type Go if it is of type Gi and

t dr
to 3y — O as t — oo for any to > 0.

The above classes are not empty. Examples showing this fact are given in

sections 4.4 and 4.5 and their subsections.

4.3 Some Useful Lemmas

In this section, we prove some auxiliary lemmas needed in the next two sections.
In the next lemma, we prove a version of Pinto’s Lemmas 3.22 and 3.23, without

the monotonicity and the ordering requirements.
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Define the functions

¢1(t) := max {w; (s)},

SE[O,t} (41)
pilt) = max { 5 Lo i (), i =2,m.
Note that ¢;, i = 1,...,n are nonnegative nondecreasing functions on [0, 00),

wi (t) < ;i (t),i=1,...,n for all t € [0,00) and @1 o @y o ... & @,,.

Lemma 4.1 Letwu, \;, 1 = 1,2 be as in Lemma 3.22 and w;, © = 1,2 be continuous
functions on [0,00) and positive on (0,00). Assume further that ¢ is a positive

constant. If
u(t) < c+/atA1(S)wl(U(S))ds+/at Aa(s)wa(u(s))ds, t € [a,b],
then, fort € [a,b],
u(t) < 05t (q>2(c1) +/at )\g(s)ds) : (4.2)

where

v g v
(131(2)):/ %—(TT),%(U)Z/ ¢2—(Tﬂ’ v>0, v >0,

@i are as in (4.1), 1= 1,2, and ®; ' is the inverse function of ®;.

2. The constants cy and ¢y are given by cog = ¢ and ¢; = <I>1_1 <fabl Al(s)ds>.
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3. by is the largest number such that by > a and

b 00
! d
/ Ms)dss/ T i=12
a ci_1 SO’L(T)

Proof. Let

vy (t) = c+/ A1 (s)wr(u(s))ds,ve (t) = / Ao(8)we(u(s))ds, t € [a,b],

and v = vy + v9. Clearly, u < v and

V(t) = M (u(t) + Ae(t)wa(ult) < Ai(E)er(u(t)) + Aa(t)@2(u(t))

< M()pr(v(t)) + Aa(t)p2(v(t), ¢ € [a, ]
Then,
Ly w) = -2 < a0 + alt)w (0(1)) (4.3)
i (D) ’ |

where ¢ (v(t)) = zfgzggg is nonnegative nondecreasing function on [0, 00).

Integrating (4.3) over [a,t], t < by, yields

/at A (s)ds + /at Xo(s)¥ (v (s))ds

< ar+ [ Xa(s)Y(v(s))ds,

a

@y (v (1))

IN

where @, (v(a)) =0 and a; = fabl A1(s)ds.
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Let y (t) = &1 (v (t)), then

y(t) <+ / Mo(5)0 (@ (y(5))) ds, ¢ € [a,by].

and using Bihari’s inequality (Lemma 3.21), we obtain

y(t) < vt (\If (a1) + /at )\g(s)ds> . t€la, by,

where ¥ (u) = fcz W, co = @) (vp). Now, as u < v = &' (y), it appears
that
t
u(t) < vt (\I/ (ay) +/ )\Q(S)d8> , L€ la,by]. (4.4)
In view of
¥ () v gdr /‘Pf(u) ' (s)ds /“Pf(u) ds
u) = _—_—— e _— s
c2 ZZJ (q)l_l (7_)) <I>1_1(c2) 1/} (S> v 902(5>
we entail that ¥ = &, o ®;' and (4.4) imply (4.2). |

Using Lemma 4.1 and induction on n, we can prove the following lemma which

improves Lemma 3.23.

Lemma 4.2 Let u,\;,i = 1,....,n be continuous and nonnegative functions on
I = [a,b] and the functions w;, i = 1,...,n be continuous functions on [0,00) and

positive on (0,00). Assume that c is a positive constant. If

u(t) < c—i—Z/ Ai(s)wi(u(s))ds, t € [a,b],
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then, fort € [a,by],

1. ®;(v) = fvv gojl(‘l:r)’v > 0,v; > 0,¢; are as in (4.1),i =1,...,n and ®;" is the

verse function of ;.

2. The constants c; are given by co = ¢ and ¢; = <I>Z-_1 <<I>i(ci_1) + fabl /\i(s)ds> ,

3. The number by € |a,b] is the largest number such that

by < dr
)\isdsg/ i=1,...,n.
/a ( ) Ci—1 ()07/(7—)

We will need to deal with the limit of the ratio of the Riemann-Liouville

fractional integral % ! of a function and the power function t* as ¢ — oco. This

is treated in the next lemma.

Lemma 4.3 Let f € L'(a,00), a > 0. Suppose that v and v are real-valued

functions defined on [a,0), then

lim l/ (t—9)"f (s,u(s),v(s))ds = h (s,u(s),v(s))ds.
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Proof. It is enough to prove that

lim
t—oo

=0.

i [ =t )0 6in - s [ e ds

Notice that

i [0 - [T 1.0

[a= Dt e@ds— [ a0 ds

~ w7 |) (e (1=3) =1) s a0 (o) s
<t ) Pea (1=3) =1 Gl as
where
o () = 1, s € la,t] |
0, s ¢ [a,t]
As

. S\«
tlg?o Xa,1] (5) <1 — ;) =1, for s < t,

we obtain by the Dominated Convergence Theorem [193],

lim
t—o00

[ Fat o) - g [ F st s
o () (1= 2)" =117 5, u(s), v () s

< lim

t—o0 a
[e's)
= lim
a t—o00

which is the desired result.

Vo (5) (1= 2)" = 1|1f (s, u(s), 0 () ds =0,
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4.4 Equations with Caputo Fractional Deriva-

tives

In this section, we consider the following special case of (1.1),

(CDW:U) ():f( (°DS,x)(t), /0 k(t.s, (D], ) (s)) ds), t>0, (4.5)

subject to

z(0) = co, (CD8‘+$) (07) =c1, co,c1 €R, (4.6)

where 0 < f < a < land 0 <~vy < a < 1. The functions f and k satisfy the

following hypotheses:
(Hy) f(t,u,v) is a continuous function in D = {(t,u,v) : t > 0, u, v € R}.
(Hs) k(t,s,u) is continuous in F = {(¢,s,u) : 0 < s <t < o0, u € R}.

Definition 4.7 We mean by a solution x of (4.5) — (4.6), a function x : [0,00) —
R, that it is continuable (continuous defined on [0,00) ), satisfies the equation (4.5)

and the initial conditions (4.6) and is in the space C*' [0, 00) defined by

CoL[0, 00) = {x e Cl0,00), (°Dgx) €0, oo)} . (4.7)

Throughout this section and its subsections wherever we mention the solutions
of the problem (4.5) — (4.6) and its special forms, we mean the classical solutions

in the sense of Definition 4.7.
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In this section, we investigate the asymptotic behavior of solutions of (4.5) —

(4.6), but before that we need the following two lemmas.

Lemma 4.4 Let x be a solution of problem (4.5)—(4.6) with f € L' (0,00). Then,

a0 (g
t—oo t—woo ['(a+1)

_ ﬁ@;ﬁ /0 h f(s,(CDg+x)(s) /0 (s, (CD7 ) (ﬂ)m) ds>.

Proof. Integrating both sides of (4.5) over [0, ] yields

(cDgw)()—clJr/Otf( (“DE.x)(s), /Osk;( (DY, ) (7)) dT) ds. (4.8)

Applying I, to both sides of equation (4.8), taking into account the semigroup

property (Lemma (3.10)) and Lemmas 3.17 and 3.5, we get

o) =+ s+ (101 (5 DR, [ ks (Dja) ()ar ) ) 0
(4.9)

Next, we divide both sides of (4.9) by t%, to obtain for ¢ > 0,

1 S
)t (1 (5D 90, [ b (D) ()i ) ) )
Mla+1) ¢ 0
By taking the limit as t — oo, the result follows from (4.8) and Lemma 4.3. |
Lemma 4.5 If x is a solution for the problem (4.5) — (4.6) and the functions f
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and k satisfy (Hy) and (Hy), then

|z (t)]

t s
< ai s [ (s, [ b (D3 (ryir )| as, (10
0 0
for all t > 1, where
|1 1
A = L =
=l + mn gy AT ra D
Proof. It follows from (4.9) that
|ca] ¢
< e
[z(t)] < el + Tat1)
(15 |1 (s 00, [ kGsim (D) (e ) ) 1)
0
< t
= |CO|+F(O& 1) (|Cl|
t s
+ / (t—s)*|f (3,(CD€+;E)(S), / k(s,7, (°DY, z) (T))dT) ds)
0 0
|ca] ¢
<
s ol 75D
ta t S
a1 ) /0 f(s,(CDgix)(s), /0 k(s,7, (°Dy.x) (7))d7) ds(4.11)
for all £ > 0. Dividing by t*, t > 1, completes the proof. I

The rest of this section is divided into five subsections organized according to

the types of conditions on the nonlinear function f and the kernel k.
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4.4.1 Case of a Non-fractional Source

In this subsection, we consider the problem (4.5) — (4.6) with f = v = 0 and

0 < a <1, that is,

(°Dgex) () = f (t,x(t),/o k(t,s,x(s))ds), t>0, (4.12)

subject to

I(O) = Co, (CD3+x) (0+) = C1, Cp,C1 (- R (413)

In addition to the conditions (H;) and (Hs), the functions f and k are assumed

here to satisfy the hypotheses

(H3) There are functions hq, hg of type He, he of type Ho, and g; of type G,

1 =1,2,3 with ¢g; o g5 o g3 such that
(b w0)] < h@gi(ul) + haDga(ol), (Luv) €D,  (414)

|k(t,s,u)| < hs(s)gs(|u]), (t,s,u) € E. (4.15)

A nonlinear integral inequality for several nonlinearities is obtained in the

following lemma.
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Lemma 4.6 Let A, and As be positive constants, and

uw>=m+&4m@mwm@
us (t) = AQ/(] ha(s)g2 (us (s)) ds, (4.16)

ug (t) = /0 hs(s)gs (|z(s)|) ds, for allt >0,

where hy, hy are of type Hy, hso is of type Ho and g; are of type Go, i = 1,2,3 and

x s a solution for the problem (4.12) — (4.13). Then,

u(t) < u(1)+A2/1 sahl(s)gl(u(s))ds—i-Ag/l ha(s)g2(u (s))ds

+ /t s%hg (s) gs(u (s))ds, for allt>1, (4.17)
1

where

u = uy + uz + ug, (4.18)

and

um==&+&AM®MMﬂW+MAM®m%@MS

+Am@mmmw. (4.19)

Proof. We start by differentiating the expression u defined in (4.18), to obtain

u' (t) = Asha (1) g1 (|2 (1)]) + Azha(t)ga(us (1)) + hs(t)gs(|z(t)]), ¢ > 0.
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Since

a(z@)]) < tagl<‘x(t)\

, forall t>1,

x(t
we@l) < o ()
we see that, for all ¢t > 1,

|z (t)]

ta

Let

At) = Ayt Ay / ha(s)gn (|2(s)])ds

- [ hatoigs [ mutras(to)ir ) ds, 120,

0

It is clear from Lemma 4.5 and the condition (Hj) that

|z (t)|

tOL

< z(t) for all £ > 1.

Also, we have

2(t) <wu(t) and ug(t) <wu(t), foral t>0.
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So for all ¢ >1,
u' (t) < Agt®ha(t)gr(u(t)) + Agho(t)ga(u (1)) + t*hs(t) gs(u(t)). (4.24)

Integrating both sides of (4.24) over [1,¢] leads to

u(t) < u(1)+A2/1 so‘hl(s)gl(u(s))ds—l—Ag/l ha(s)g2(u (s))ds

+ / S h(s)ga(u (5))ds,

where u (1) can be expressed using (4.18) as given in (4.19). |

The main result of this section is given in the following theorem.

Theorem 4.1 Suppose that the functions f and k satisfy (Hy), (Hy) and (Hs).
Then, any solution of the problem (4.12)—(4.13) is asymptotic to bt* whent — oo,

for some b € R.

Proof. Direct application of Lemma 3.23 to (4.17) (see Lemma 4.6) yields for

t>1

Y

u(t) < G3' (Gg(cg) + /j sahg(s)ds) ,

where

v g
Gi(v)—/ %,1»0, v>0 =123
v; gi\o
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and G ' is the inverse function of Gj,

Co = A4, Cl = Gl_l (Gl(CO) +/ Sahl(s)ds) s
1

C, Gyt (GQ(Cl) + /100 hQ(S)dS) .

Note that the hypotheses of Lemma 3.23 are all satisfied with b; = oo because

Gi(o0) = tzo gf("a) = 00,1 =1,2,3, for any tq > 0.

As [ s%hi(s)ds < oo, [T ha(s)ds < oo, [{° s*hs(s)ds < oo, G;' is nonde-

creasing, ¢+ = 1,2, 3, we see that
G1(Co) +/ s%hy(s)ds < oo, Ga(Ch) —i—/ ha(s)ds < oo,
1 1

Gyl (G3<02)+ /1 N so‘hg(s)ds) < o0,

and
u(t) < As; for some constant As > 0. (4.25)
Since
t
|xt(a)| <u(t) forall t>1, (4.26)

we conclude that

< A, forall t>1. (4.27)
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where

is uniformly bounded by (4.25) and (4.27).

Hence the integral

is absolutely convergent and

lim s, x(s sl{?STJ}T dr | ds < oo
i [ (sa(o). [ blsmatrar ) ds < o

5



which in view of (4.8) in the proof of Lemma 4.3 implies that there exists a real

number b such that

b S0 o [ 1o [ b)) -

Finally, we deduce from Lemma 4.4 that

and the proof is complete. |

Example 4.1 Consider the fractional integro-differential equation

t A2
(°Dgex) () = t*e™t (|x(t)) + thze™ (/ st (12(5)[)™ ds) >0,
0
(4.28)
where
O<a<l, 0< A <X <A3<1 and pq, po, 13 > 0.
Let

hi (t) =thie Pt g () =tY, 0<p<1,i=1,23,
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Obviously, the conditions (H,), (Hy) and (Hj) are satisfied

/ tahl (t) dt < / Zfah‘l (t) dt - / ta+ﬂ1€_p1tdt — m < 00,
1 0 0

p?—&-#ﬁ-l

/ ho (t) dt < / ho (t) dt = / th2e—pP2t Jt — % < 00,

1 0 0 pg
/ ths (t) dt < / thy (t) dt = / tetizemPatdt = % < 0,

1 0 0 P3 :

o dt > dt

/ = / o= 00, G (U) = U)\i < uli)\i'U/\i = ug; <E> s u=>1, vt > 0.

w 9i(t) Sy N “

All the conditions of Theorem 4.1 are fulfilled. We conclude that every solution

of the problem (4.28) — (4.13) is asymptotic to dit* when t — oo, d; € R.

Remark 4.1 Theorem 4.1 and Lemma 4.6 can be proved without the monotonic-
ity condition of the functions g; and the condition gy o< go o g3 as we will show

in the next results.
Consider the following hypotheses:

(H,) There are functions hq, hg of type H,, he of type Ho, and g; of type Gy,

i =1,2,3 such that (4.14) and (4.15) are satisfied and

bodr
—— =00 ast— 00,ty > 0,
to 901(7—)

where

Q

t) = , palt) = { 2(8)} &
pr(t) = max {g1 (s)}, o(t) = maxc( 5155 ¢ e1(t) (4.29)

palt) = max { 5L ea(t), £20.

7



The fact that g; (t) < ¢; (t), i =1,2,3 for all t € [0, 00) clearly leads, in view

of Lemma 4.6, to the following result.

Lemma 4.7 Suppose that x is a solution for the problem (4.12) — (4.13). Let u,

u;, h; be as in Lemma 4.6 and let g; be as in (Hy), i =1,2,3. Then,

u(t) < u(l)—I—Ag/1 so‘hl(s)gol(u(s))ds+A2/ ho(s)pa(u (s))ds

1

_|_/t s%hg (s) ps(u(s))ds, for allt >1, (4.30)
1

where p;, 1 =1,2,3 are as in (4.29).

Note that applying Lemma 3.23 to (4.30) gives

u(t) < o3 (cbg(cz) + /lt Sahg(s)ds) L t>1,

where

v g
;(v) :/ (U), v>0, 0>0, i=1,23 (4.31)
v; Pil0

@i, i =1,2,3 are as in (4.29) and CIDi_l is the inverse function of ®,,

Co= Ay, Cy =7} (CI>1(C'0) + floo Sahl(s)ds) ’ (4.32)

02 = @2_1 (@2(01) + floo hQ(S)dS) .
Therefore, the following result can be proved in the same way as Theorem 4.1.

Theorem 4.2 Suppose that the functions f and k satisfy the conditions (H),
(Hy) and (Hy). Then, any solution of the problem (4.12) — (4.13) is asymptotic
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to bt when t — oo, for some b € R.

4.4.2 Case of a Bounded Non-convolution Kernel

We investigate, in this subsection, the asymptotic behavior of solutions of (4.12) —

(4.13) when the functions f and k satisfy the following hypotheses

(Hs) There are functions hy of type He, ho of type Ho, h of type M and g; of

type G1, ¢ = 1,2, 3, such that the functions f, k and ¢;,72 = 1,2, 3, satisfy

(4.14)
|k (t, s, u)| < h(t, s)gs(lul), (£ s,u) € E, (4.33)
and
t
d
/—T—>ooast—>oo,to>0, (4.34)
to SOZ(T)

where @;, i = 1,2,3 are given in (4.29).

An example of the function h of type M, in (Hs), is h (¢, s) = se” 5t with

/ £ max h(r,t)dt = / e e tdt < 6_1/ t*Heldt = e 'T' (o + 2) < <.
1 = 1 0

Lemma 4.8 Let u be a continuous and nonnegative function on [1,00) and let ¢

be a positive constant. Assume that

u(t) < C+/1 sahl(s)gol(u(5))d$—i—/1 ha(s)pa(u(s))ds

t
+/ s*h(t, s)ps (u(s))ds, forallt>1,
1
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where hy, ha, h and @;, i = 1,2,3, satisfy (Hs). Then,

u(t) < 03! (q>3(02) + /1 5 max h(r, s)ds) , (4.35)

1<7<¢t

where ®;, ®;7' and C; are as in (4.31) and (4.32).

Proof. Let h(t,s) = max h(r,s). Clearly, h(t,s) is nonnegative and nonde-

T<t

creasing in ¢ for each fixed s and h(t,s) < h(t,s) for all 1 < s < t. Let

where T is arbitrarily chosen such that 1 < T < oo. Clearly, u (t) < y(¢) and

y(t) < c+ / s ha(s)e (y (5))ds + / ha(s)pa(y (5))ds

b [ R os (o) ds, 1< T, (4.36)

The result follows by applying Lemma 3.23 to (4.36) because T is arbitrarily
chosen. |

The main result of this subsection is given next.

Theorem 4.3 Suppose that the functions f and k satisfy (Hy), (Hy) and (Hs).
Then, any solution of the problem (4.12)—(4.13) is asymptotic to bt® when t — oo,

for some b € R.
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Proof. We know from the condition (Hjs) that t*hy(t), ha(t), t* max h(r,t) €

L' (1,00), ®; " is nondecreasing and ®; (00) = oo, i = 1,2,3, thus

1 (Ch) +/ s%h1(s)ds < oo, Po(Ch) +/ ha(s)ds < oo,
1 1

P3(Cs) +/ s* max h(T,s)ds < oo.
1 T=

Consequently, there exists a constant Bs > 0 such that (4.35) implies that

u(t) < B forall ¢> 1, (4.37)
and
’xg)’ <u(t) < Bs, forall t>1. (4.38)
Therefore,
Ot / (S,x(s),/osk(SJ,x(T))dT) ds

< [ (moytisto) + hatstgs [ bisiman(toer) ) as

+ /1 t (sam(s)@l ('xij”) + ()2 (u (s))) ds
As




is uniformly bounded from (4.37) and (4.38), the integral

/Otf (s,x(s),/osk (S,T,x(T))dT) ds

is absolutely convergent and the rest of the proof is as in the proof of Theorem

4.2. |

4.4.3 Case of a Convolution Kernel

In this subsection, we discuss the asymptotic behavior of solutions of (4.12)—(4.13)

when the functions f and k satisfy the following hypotheses

(Hg) There are functions h; of type H,, he of type Ho, h of type H! and g; of
type Gy, © = 1,2,3 such that the functions f, k and ¢;,7 = 1, 2,3 satisfy
(4.14) ,

|k(t, s,u)| < h(t —s)l(s)gs(|ul), (t,s,u) € E,
and (4.34), respectively.

Lemma 4.9 Suppose that x is a solution for the problem (4.12) — (4.13). Let

u,uy; and us be as in Lemma 4.6 with

ug (t) = /0 h(t — s)L(s) gs(|z(s)|)ds, for allt >0,
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where hy, ho, h and g;, i = 1,2,3 satisfy (Hg). Then,

u(t) < &+A%[ﬁm®wW$Wk+&[VM$wwka

+ /t s®h(t — s)l(s) 3 (u(s))ds, forallt>1, (4.39)

where

A = A1+A2/0 hl(s)gl(]x(s)Dds—i-Ag/O ho(s)g2 (ug (s)) ds

+ [ max h(t — s)l(s) gs(|z(s)|)ds. (4.40)

o 0si<1

and p;, 1 =1,2,3 are as in (4.29).

Proof. For u = uy + us + usz, we see that

u(t) = A]_+A2/0 hl(s)gl(]x(s)\)ds~l—A2/0 ha(s)g2 (us (s)) ds

+/0 h(t — )1 (s) g3 (|2(s)]) ds

IN

Aty [ (o) (o)) ds-+ Aa [ ha(s)aa s (5) s

—l—/l h(t —s)l(s) g3 (Jz(s)|) ds,

where A, is the constant given in (4.40). Let

2(t) = A+ AQ/O hi(s)g1(|x(s)|)ds
+ Ag/o ha(s)ga (/OS h(s — 1)L (1) g3(|x(7)|)d7) ds, t > 0(4.41)
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Clearly,

ug (t) <wu(t) and z(t) <wu(t), forall ¢t>0.

We have from Lemma 4.5 and the assumption (Hg) that

|z (?)]

tOL

< z(t) for all £ > 1.

Since ¢g; and g3 are of type G; and ¢; < p;, 1 = 1,2, 3, we deduce that

u(t) < A +A2/1 s%h1(s)er (u (s))d3+A2/1 ho(s)pa (u(s))ds

+/1 s*h(t — s)l(s) ps (u(s)) ds.

for all £ > 1. |

Lemma 4.10 Let u be a continuous and nonnegative function on [1,00) and let

¢ be a positive constant. Assume that

u(t) < C+/1 Sahl(s)gol(u(s))ds—i-/l ha(s)pa(u(s))ds

t
+/ s*h(t — s)l(s) 3 (u(s))ds, forallt>1,
1
where hy, ho, h and @;, i = 1,2,3 satisfy (Hg). Then,

u(t) < o' <q>3(02) + /ItH(s)ds) , for allt > 1, (4.42)
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where

H(#) = h(0)1 (£) + t°1 (t)/ (s —1)|ds, t> 1,
1
and <I>Z-_1, ®; and C;, 1 =1,2,3, are as in 4.31 and 4.532.

Proof. Let

y(t) = c+/1 sahl(s)gol(u(s))ds+/l ha(s)pa(u(s))ds,

+/1 s*h(t — s)l(s) @3 (u(s))ds, t> 1.

Then, u (t) <y (t) for all t > 1, and

y () = t*ha(t)pr(u(t)) + ha(t)pa(u () + t*h(0)L (1) s (u (1))

+ /1 SCR(t — $)1(5) 3 (u (5)) ds

IN

t%hy (£)@1(y (1)) + ha(t)@2(y (1) + *R(0)L(E) s (y (1))

b [ = 919 ()

IN

t*ha ()1 (y (1) + ha(t)pa(y () + 1*R(0)L(E) 3 (y (1))

3Awmw—ﬂu@%@@»w. (4.43)

Suppose that

w= [ W ([ e ) iz
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The derivative of y; takes the form

i = we-0i( [ @ aEa) [ W0 v
() (=) (y (¢ — )] ds
- |h't—1|/ et o) [ )
—/ (= )" 1(t = 5) [W(5) s (y (¢ — ) s
— - 1) \/ ) dr + 1 (t) (y(t))/lt\h’(o—lﬂda
S G P e

Now, setting

leads to

w' (t) = t*hi(t)pr(u(t)) + ha(t)pa(u () +t*h(0)] (t) @3 (u (1))
/ SH (= )1 (5) s (u <>>ds+|h't—1|/rz )i (y (7)) dr
0 (1 /]h’a—l |da—/ L) W (t — o) 03 (y () do
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Clearly, u (t) <y (t) <w(t) for all t > 1, so,

W (1) < Eh(enly (1) + ha(t)ealy (1) + EhO)] (1) s (3 (1)
+/tvm~@um s ds -] [ 7o
e /Wwa—lwa—/ (= o) 1(0) s (y () do
(B (w (1) + ha(Bpalw () + ER(O) (1) s (w (1))
+|h'(t—1)|/1t7'°‘l(7')g03( (7)) dr + 1 (£) /|h'7—1 \dr.

Integrating both sides of this inequality over [1,t] gives

w ()

IN

c+[shw><<»@+/ 2(s)eal (5))ds

+h(0)/ ds+/yh's—1 (/ (7)o (w0 (T))dT)ds
+[¥%@m%wwn(ﬂ|wu—1Wﬁ)w

= c—l—/1 s%h1(s)e1(w (s ))ds+/ ha(s)pa(w (s))ds

#40) [ 1) tw ) ds+ [0 ([ W= Dlds) s o () ar
w [ 9 ([ W = vldr) gt e s

:c+[shﬂ>((»%+/hx>(( w+/H ) s (w (5)) ds,

where

o0

H (s) = h(0)sl (s) + sl (3)/ | (7 — 1) dT + %1 (s) /18 |/ (7 —1)| dr.
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Lemma 3.23 allows us to conclude the result. |

Here is our main result of this subsection.

Theorem 4.4 Suppose that the functions f and k satisfy (Hy), (Hy) and (Hg).
Then, any solution of the problem (4.12)—(4.13) is asymptotic to bt* whent — oo,

for some b € R.

Proof. Under the condition (Hg), the inequality, (4.42) implies that there exists

a constant Bs > 0 such that

u(t) < Bs for all ¢t > 1. (4.44)

Thus,
|z(2)]

tOé

< Bjs, forall t>1, (4.45)

and

—

(s, x(s), /08 k(s,7,z(T))dr

N—

The first integral on the right-hand side is finite by the continuity of the integrand
functions over [0, 1] and the second one is uniformly bounded by (4.44) and (4.45).

The conclusion is achieved as in the proof of Theorem 4.2. |
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Example 4.2 The functions

k(t,s,x(s)) = (z(s)), ht)=e™, 1(t)=e and g3 (t) =", 0 < A <1,

14 tes

all satisfy (Hg). Indeed, it is obvious that

/ t1(t) dt </ t*etdt =T(a+1) < 00
1 0

/ R (t —1)|dt = / Nt < oo,
o t
/ s*h(t — s)l (s)ds = / s%e 972 s = —e_t/ s%e*ds,
100 t t '
/ / s (t — s)l (s) ds| dt = / e’ (/ so‘e_sds) dt
1 1
< / et (/ saesds) dt <T'(a+ 1)/ e tdt < .
1 1 1

4.4.4 Case of a Singular Kernel

Notice that, in all the above subsections, we assumed the continuity of the kernel
k on [0,00). Here we treat the singular kernel appeared in the fractional integral
o B

perator g, .

Consider the following equation

(CD%x) (1) = f <t,x(t), (z@x) (t)) L t>0,0<a<1, #>0,  (4.46)

subject to

2(0) = co, (“Dgez) (0) =c1, co,c1 €R. (4.47)

89



We suppose that the function f satisfies the following hypotheses

(H;) f satisfies (H;) and there are functions hy; € Ha, hy € Ha+s and g; € G,

1 = 1,2 with g; o go such that

(8w, 0)| < By (8)gi([ul) + ha(t)g2(lv]), (t,u,v) € D.

Lemma 4.11 If x is a solution for the problem (4.46) — (4.47) and the functions

f satisfies (Hz), then

|:ct(;5)|7 ‘(Ifiiz ) ‘ < z(t), forall t>1, (4.48)

where

hi(s)g1(l(s)[)ds

ha($)g2 <‘ (I@x) (S)D ds, t >0, (4.49)

_ |1 [col e
A = maX{|CO|+F(a—|—1)’F(ﬁ+1)+F(a+ﬁ+1)}’

A = {r(a1+ 1)’ (o +16 +1) } ‘

Proof. Integrating both sides of (4.46) over [0, ¢] yields

(CDgx) () =) + /0 y (s, z(s), (J{;x) (s)) ds. (4.50)
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Next, applying %, to both sides of equation (4.50) gives

n (fgfl f (s,m(s), <I§+x> (s))) (1), t >0,

and

‘ (t)l < ’ ‘ |Cl| ¢ to /t
x Col + +

f (s,x(s), <[05+:1:> (s)) ‘ ds, t > 0. (4.51)

For ¢t > 1, (4.51) implies that

x(t c 1 t
TP TR
0

to IMNa+1) I'(a+1

f (s,x(s), (Iéix) (s)) ‘ ds.

From condition (H7), we have

|c1 1

T+l Tatl) /0 T (s)g1(Jz(s)|)ds

+ ﬁ/{) hz(s)gz(

(I@x) (S)D ds, forall t > 1, (4.52)

Also, for all t > 0,

c18%

()0 = 1 (s 5o+ (150 (et (1) @) ) 0

0 ’ “ oo a+pB+1
- T : D T s o+ (B (e, (Be) @) @
ds) .

<s,x(s), (Iéix) (S))

8 a+B t
’(foﬂﬂ”) “)‘ = r|(2)|i1) * F(a:6+1) <|cl| +/0 /
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For t > 1, we deduce that

(Bo) O] _ ol o L
B < o red T T [, Onels)as
1 ! 5

+ NCEE) /0 ha(s)g2 () (Io+a:) (S)D ds, (4.53)
for all £ > 1. The result is obtained from (4.52) and (4.53). |

The next theorem represents the main result of this subsection.

Theorem 4.5 Suppose that the functions f satisfies (H;). Then, any solution of

the problem (4.46) — (4.47) is asymptotic to bt* when t — oo, for some b € R.

Proof. Differentiating the expression z, given by (4.49), we obtain

2 (8) = Aehi (D1 (D)) + Asha(t)gs (| (1) ()]}, ¢ = 0.
We concluded from (4.48) and the monotonicity of ¢g; and g, that
2 (t) < Agt®hy () gr(2(t)) + Ast®Phy(t)ga(2(t)). (4.54)
Integrating both sides of (4.54) over [1,¢] leads to
t t
z(t) < z(1)+ AQ/ s%h1(s)g1(z (s))ds + Ag/ s P hy(s)ga(2 (s))ds.  (4.55)
1 1

As hy € Hy, hy € Hats and g; € Go, applying Lemma 3.23 to (4.55) gives, for all
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z(t) < As, Az >0 is a constant. (4.56)

Recalling (4.49) and (4.50), we deduce

|(“Dg.) (1)

< z(t) for all ¢ > 0.
Tlot D) < z(t) forall t>0

In view of the relation (4.48), it follows that

(©Dg2) )] e | (ex) )

Mla+1) 7 t> 7 tots

< As, forall t>1. (4.57)

Now, the proof can be completed by following the same process of the above

proofs. |

4.4.5 Case of Fractional Source Terms

Now, we are going to generalize the result of Theorem 4.1 to the problem (4.5) —
(4.6), where 0 < S <a < land 0 <7y <a< 1. Westart by estimating the two

derivatives CD&JB and CDg+x as shown in the following lemma.
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Lemma 4.12 Let x be a solution of problem (4.5) — (4.6). Then,

|er| t* 7 N P
MNa—-p+1) TIa—pg+1)

<[ (5 D5 0, [ hGsim, (ODg) ()

)| £ o=

Tla—7+1) Tla—7+1)

<[ 7 (5 D5 0, [ hGsim, (CDgu) ()

(D) <

ds,

|[(“Dg.z) (0)] <

ds,

for allt > 0.

Proof. We know that applying I ! to both sides of equation (4.8) yields

Clta

f@:ﬁ+0ﬁ7((DwM)A}( @%wﬂﬂm)yw
(4.58)

x(t) =co +

With help of Lemma 3.5 and Lemma 3.13, CDg+x and CD07+x take the forms

Cltafﬂ
Tla—B11)

# (10 (5 Dp 9 [ ks (D) () ar) ) 0

( D0+x)( )

e[t

Ma—v+1)

+ (IS‘;”“f( (“Dg.) (s), /0 k(5,7 (D) (1) df)) (t).

(“Dyx) (1) =
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Therefore,

ds

c1|tep
DL < 5
# (5 |r (s PR @), [kl (D) () ar ) | ) 0
|ey| te=? 1
T Tla—-p+1) Tla—B+1)
/0 (t — ) 5‘f( D) (9. [ Ks.r, (D) ()
o el b N te=h
-~ INa—p+1) T(a—pg+1)
<[l (s o0, [ wsir (@Dg0) (yar ) s
for all £ > 0.
The same can be done for [(“Dy,z) (t)]. |

Lemma 4.6 can be generalized without major changes in the proof.

Lemma 4.13 Let
t
(51 (t) = A1+A2/ hl(S) (
0

w(t) = A / ha(8)g2 (us (5)) ds,
us () = / ha(5)ga(| (DY, ) ()] )ds,

(“Df)(5)| s,

for all t > 0, where hy € Hao—p, ha € Ho, hs € Ha—y and g; are of type Go,
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i=1,2,3. Assume that x is a solution for the problem (4.5) — (4.6). Then,

u(t) < u(l)—i—Ag/l sa_ﬁhl(s)gl(u(s))d8+A2/ ho(s)ga(u (s))ds

1

+ /t s Ths (s) g3(u (s))ds, for allt > 1, (4.59)
1

where

u = uy + us + ug, (4.60)

and

W) = At A [ (Do) )ds + Ax [ ha(o)gn () s

—i—/o h3(s)gs (|(CD3+.75) (3)|) ds. (4.61)

Theorem 4.6 Suppose that the functions f and k satisfy (Hy), (Hz) and (Hs)
with h1 € Ho—p, ho € Ho, hs € Ha—y. Then, any solution of the problem

(4.5) — (4.6) is asymptotic to bt® when t — oo, for some b € R.

Proof. We first note that the relation (4.59), implies, in view of Lemma 3.23,

that

u(t) < Gy' (Gg(CQ) +/1t s“ﬂhg(s)ds> >,

where Cg = Ggl (GQ(Cl) + floo hQ(S)dS) 3 Cl = Gfl (Gl(Co) + floo So‘_ﬁhl(s)ds) s

Coy = As. Therefore, there exists a constant A; > 0 such that

‘CD€+37<t)‘

pr < A; forall t>1, (4.62)
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and consequently by exploiting the continuity of CD0+x CDO+ZU (see Lemma 3.13),

we see that

[ (s, [ kem @Dy ) ar)
s/ol (h1(5> | DG ) )] + hals)g2 </08h3(7) (D) (+ )l)d7>>ds

+/1t s hy(s)gr —)( Do)t

@B

ds

+ ha(s)g2 (u(s)) | ds,

is uniformly bounded for all ¢ > 0, and as in the proof of previous theorems

li (C 0+l’) ( )
m ———F— 1 .
t—o0 F(Oé —+ ]_) t—oo %

The proof is complete. |

4.5 Equations with Riemann-Liouville Fractional

Derivatives

When 1 < p < 2, we write D, = D', 0 < o < 1, in the equation (1.1). It
is clear that DD, = (D(C)“+)/ = DS‘:r !'in case of the Riemann-Liouville fractional
derivative.

In this section, we consider the equation

(Do) (t) = f (t (DS x)(t), /0 k(t,s, (D), z) (s)) ds), t >0, (4.63)
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subject to

(I;7%2) (07) = a1, ( D§ix)(07) =as, a1,as €R, (4.64)

where Dgf ' D§+ and D, are the Riemann-Liouville fractional derivatives of or-
ders oo + 1, 8 and =, respectively, 0 < f <a<land 0 <y < a < 1. We assume

that the functions f and k satisfy the hypotheses
(H,) f(t,u,v)is a Ci_, function in D = {(t,u,v) : t > 0, u, v € R}.

and (H,), respectively.
We study the asymptotic behavior of solutions for the problem (4.63) — (4.64)

in the sense of the following definition.

Definition 4.8 We mean by a solution x of (4.63)—(4.64), a function x : (0,b] —
R, that it is continuable, satisfies the equation (4.63) and the initial conditions

(4.64) and is in the space C*71[0,b], 0 < b < oo, defined by

Crra[0,b] ={z: (0,b) = R | 2 € C1_, [0,b], Dgt'z € Cy_4[0,0]},  (4.65)

where the space Cy_, [0,0] is defined in (3.1).

4.5.1 Some Useful Lemmas

The following lemmas will be needed in the next subsections.

Lemma 4.14 Let 0 < a < 1. If x € C7F, [0,b], then DS,z € C[0,].
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Proof. Note that if z € C*) [0,b], then Dy'a = D2, I)7% € C1_, [0,b] and
we have from Lemma 3.2, I); %z € C%_, 0,8 C AC*[0,b] C C'[0,b]. Therefore

DI}z = D w € C'[0,0). |

Lemma 4.15 Let x be a solution of problem (4.63) — (4.64) with f € L' (0, 00).

Then,

@ Y (D0+x>()
t—oo % t—oo I'(aw+ 1)

_ ﬁ <a2—|—/ooof(s (0g.) (5),/08 k(s,7, (DY, 2) (T))df) ds).

Proof. Applying I, to both sides of equation (4.63) and then applying I% to

the resulting equation, taking into account Lemmas (3.10), 3.16 and 3.5, we get

(DS ) (t) = ay + /0 t f<s (DS x)(s), /0 Sk( , (D], ) m)m) ds,  (4.66)

= e (1 (5 0. [ ks (D) () ) 0
(4.67)

for all ¢ > 0. Taking the limit of the ratio % as t — oo gives the desired result
with help of Lemma 4.3. |

The next two lemmas provide estimates for some integrals which will appear

later in our results.

Lemma 4.16 Let by, by and by be positive constants and z (t) be a continuous and
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nonnegative function on [0,00). Assume that

2(t) < by + bst + byt /Ot (h1(s)g1 (2(8)) + ha(s)ge (2(5))) ds, t >0, (4.68)

where hi, hy € Hy and g1, g2 € Go with g1 o< go. Then,

Gyl (dy), 0<t <1
z(t) < ,

tGy' (ds), t>1

where

fol hi(s)ds

dy = Gs(dy)+ /D ho(s)ds, dy = G <G1<d0>+ T(a+ 1)

) 9 dO - b2 + b37
d3 = GQ(@l) + b4/ Shg(S)dS, €1 = Gl_l (Gl(d4) + b4/ Shl(S)dS) s
1 1

I = o+ bG35 (@) [ ha(ds+ b (G5 (@) [ o),

and G is the inverse function of G; (t) = ftz %, 1=1,2,t5>0,t>0.

Proof. For 0 <t < 1 we obtain from (4.68)

2(t) < by + b3 + 64/0 hi(8)g1(z(s))ds + 64/0 ha(s)g2 (2(s)) ds.

It follows from Lemma 3.23 that

2(t) < Gyt (dy) .
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For ¢ > 1, we have from (4.68)

A < bt by [l 60ds by [ o) (50 ds
di + by /1 () (@) ds + by /1 ' sha(s)gn (ﬁ) ds. (4.69)

S S

IN

dr
9i(7)

Now, the hypotheses of Lemma 3.23 are satisfied with b; = oo (because ftzo

00, ¢ = 1,2). Then, (4.69) for ¢ € [1,00) leads to

This completes the proof. |

Lemma 4.17 Let by, by and by be positive constants and let z(t) be a continuous

and nonnegative function on [0,00). If

t s

(0 < bttt [ (o)) + halolae ([ ha(am(e(yar ) ) s, e
0 0

(4.70)

where hy, hs are of type Hi, hs is of type Ho and g; is of type Go, i = 1,2,3 with

g1 & g O g3. Then,
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where

1 1
M = Gg (dz) +/ hg(S)dS, dz = G;l (GQ(dl) + b4/ hg(s)ds) y
0 0
1
dl = Gl_l (Gl(do) + b4/ hl(S)dS) N do = b2 + bg,
0

[e.9]

G3(62)+/100 shs(s)ds, eg = Gy (G2(61)+b4/1 hg(s)ds),
er = G (Gl(M2)+b4/loosh1(s)ds),

My = do+ bagi(G3t (M) /0 ha(s)ds - bags (gg (G5 (M) /O 1 h3(r)dr> /0 (s)ds.

M,

Proof. For 0 <t < 1, we obtain from (4.70)
t S
2(t) < by + b3+ b4/ <h1(3)91 (2(8)) + ha(s)ge (/ hg(T)gg(z(T))dT)) ds.
0 0
It follows from Lemma 3.24 that
2(t) <GP (M) forall 0 <t < 1.

For t > 1, we have from (4.70),
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Let uw = uy + us + ugz, where

up (t) = M2+b4/0 hi(s)g1(z(s))ds,

t t
up (t) = b4/ ha(s)g2 (us (s)) ds, us(t) = / hs(s)gs(z(s))ds, t > 0.
0 0
Differentiating u, we get, in virtue of the monotonicity of ¢;,7 = 1,2, 3,
u' (t) < bathy (t)gr (u (1)) + baha(t)ga (u (1)) + ths(t)gs (u (1)) . (4.71)

for all t > 1. Integrating both sides of (4.71) over [1,¢] gives

u(t) < u(1)+64/1 shl(s)gl(u(s))ols+b4/1 ho(s)ga(u (s))ds
—|—/1 shs(s)gs(u(s))ds. (4.72)

=00, 1= 1,2,3 for any ty > 0, the hypotheses of Lemma 3.23

: oo dr
Now, since fto (

g9i(7)
are satisfied with b; = oo. Therefore, by Lemma 3.23, the inequality (4.72) leads

to

u(t) < Gz (M), forallt > 1.

The proof is now complete. I
Although the estimates in Lemmas 4.16 and 4.17 are not the best, they ensure
that all the involved integrals are bounded, which is the most useful fact we need

in the next subsections.
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4.5.2 Case of a Non-fractional Source

In this subsection, we consider the problem (4.63) — (4.64) with § = v = 0 and

0 < a <1, that is,

(Dgt'a) (1) = f (t,x(t),/o k(t,s,x(s))ds) , t>0, (4.73)

subject to
(I;7%2) (07) = a1, (D§sx) (07) =as, ai,as €R. (4.74)

First, we need the following condition:

(1:13) There are functions hq,hs € Hi,ho € Ho and ¢g; € Go, i = 1,2,3 with

g1 o go o g3 such that

()] < ha(t)g, (t'i') Fha(t)ga(ol), ()€ D, (475)
and
|k(t, s, x)] < hs(s)gs (%) , (t,s,x) € E. (4.76)

Now, we prove the main result in this subsection.

Theorem 4.7 Suppose that f and k satisfy (Hy), (Hy) and (Hs). Then, any
solution of the problem (4.73) — (4.74) is asymptotic to ct* when t — oo, for some

ceR.

Proof. For the case of the Riemann-Liouville fractional derivative, applying
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I ! to both sides of the equation in (4.73) yields

() = “;’2:)1 + F(fo 5 <Igj1 (s,x(s), /0 Sk(S,T,x(T))dT>) (t).

Then, for all ¢t > 0,

o (t)] | | aslt t [ [2(s)]
i S F(a)+F(a—|—1)+F(a+1)/0 {h1(8)91(3a1>

+ha(s)gs ( /0 " hs(7)gs (%) df)] ds. (4.77)

Let us denote the right hand side of inequality (4.77) by z(t) for all ¢ > 0, then

|z(t)]

tafl

< z(t), forallt >0, (4.78)

and consequently,

a1 |az| t

WS o) T Tar ) Tt 1)/0 ()1 (=(5))
+hy(8)ge (/o h3(7)93(2<7))d7):| ds for all t > 0. (4.79)

It follows from Lemma 4.17 that

2(t) < tG3' (M), for all t > 1,
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and we have from (4.78) that

t
|xt<a)’ < Mj:= G3' (M), forall t > 1. (4.80)

Let

ds, t > 0.

J = /Ot f(s,x(s),/osk(s,r,:c(T))dT>

Using the assumption (Hs) and (4.78) we see that

r< [ 1 (510 (:9) + hals)an [ ha(rian(a(r)yar )| s
+/1t [hl(s)gl(z(s))+h2(s)gg (/O hg(T)gg(z(T))dT)} ds, t > 1. (4.81)

The second integral on the right-hand side of (4.81) can be estimated using (4.78)

as follows

i< [stn0mds+ [ o ([ a0 i
+ /18 hg(T)gg(z(T))dT) ds
< 00) [ shils)ds + (w00 [ (e + g5(0) [ rhafr)ir)

« /1 ha(s)ds.

for all t > 1. As hy,hg € Hi, hy € Hg, we deduce that Jy is uniformly bounded
and so is J.

It means that the integral fot [ (s,2(s), [y k(s, 7, (7))dr) ds is absolutely con-
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vergent and so

lim Ot f <s,x(s),/08 kz(s,T,m(T))dT) ds < oo.

t—o00

Integrating both sides of (4.73) over the interval [0, ¢] yields
t s
(D) (t) = ay +/ f (3,3:(5),/ k:(s,T,a:(T))dT) ds.
0 0
Now, (4.82) insures that there is a real number ¢ such that
tlgglo Dgrx(t) = ¢.

By Lemma 4.15

DY t
lim 2(t) = lim —( O+x) ®) =
t—oo ¢ t—00 F(a + 1)

c:= ﬁ This completes the proof.

4.5.3 Case of a Singular Kernel

Consider the following equation

Do la(t) = f (t,x(t), (Jgix) (t)) L t>0,0<a<1,0<a+f<l,

subject to

(I;7%2) (07) = a1, (D§sx) (07) =as, ai,as € R.
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To study the asymptotic behavior of solutions for the problem (4.83) — (4.84),

we assume that the function f satisfies the condition

(ﬁ7) There are functions hy, ho € H; and g1, go € G with g; o g such that

000 < a0 () + el (G )« () € D.

Theorem 4.8 Suppose that f satisfies the conditions (Hy), and (H;). Then, any
solution of the problem (4.83) — (4.84) is asymptotic to ct* when t — oo, for some

ceR.

Proof. We have from the condition (Hy) after applying IS5 to both sides of

equation (4.83),

1-a |aa |as|t t ' |z(s)|
F Ol < F(a)+F(oa+1)+F(a—|—1)/0 {hl(s)m(sal)

M ds, t > 0, (4.85)

+ha(s)g2 Sath
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for all ¢ > 0, we arrive at

|a1| totB—1 ’a2| tatb

‘(Ig*x>(t)‘ = T(a+p) P(oé+6+1)+[gé*+ﬁ+1

|a1| totB—1 totB t
+ az| +
Fla+8)  Dla+B+1) (‘ 2 /O

7 (ra), (Ix) ()] () @)

f (s,x(s), ([éix) (s)) ’ ds> :

or equivalently with help of (fI7),

e () )] < r<(Lal+| 5) " Tla +tﬁ 1) (‘“2' i /0 {hl@gl <M>

+ha(s)ga (%)] ds) forall £ > 0. (4.86)

Now, let

2(t) = Ay + Aot + Agt/ot (hl(s)gl ('ff?') + Da(3) g (%)) ds,

(4.87)

for all t > 0, where

B ‘a1| |a1| B |a2| |CL2’
A = maX{F(a)’F(oz+ﬁ)}’ Az—maX{F(a+1)’F(a+ﬁ+1>}>

o 1 1
> T max{r(aﬂ)’r(wml)}'

It is not difficult to see from the relations(4.85) — (4.87), that

te e, 10 | () ()] < 20, >0,
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and consequently, for t > 0,
t t
2(t) < Ay + Ast + Agt/ hi(s)g1(z(s))ds + A3t/ ha(s)g2 (2(s)) ds, t > 0.
0 0
It follows from Lemma 4.16 that
2(t) <tGy ' (d3), for all t > 1,

where G5 ' and d3 are given in Lemma 4.16. Now, the proof can be completed in

a similar manner of the proof of Theorem 4.7. |

4.5.4 Case of Delay

Here we consider the following equation

Dg‘flx(zﬁ) =f (t,x(w (1)), /Ot k(t,s,z(¢ (s)))ds) , >0, 0<a<l1, (4.88)

subject to

(I;7%2) (07) = a1, (Dgsx) (07) =as, ai,as € R. (4.89)

In order to study the asymptotic of solutions for the problem (4.88) — (4.89),

we set the following condition:

(Hg) There are functions hy, hg € Hi,he € Ho, g; € Go, © = 1,2,3 with ¢; o

g2 o g3 and a function ¢ which is nonnegative continuous on [0, c0) with
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Y (t) <t and 1tlim ¥ (t) = oo such that
—00

i

Yot (t)

‘f(t>uvv)| < hl(t)gl ( ) +h2(t)92(yv|)7 (t’u>v) € D>

|k(t,s,2)] < hs(s)gs ( ’5’3‘( )> , (t,s,x) € E.

wafl s

Theorem 4.9 Suppose that [ and k satisfy the conditions (ﬁl), (H;) and (Hg).
Then, any solution of the problem (4.88)—(4.89) is asymptotic to ct* whent — oo,

for some c € R.

Proof. We have here for all t > 0,

f(satw o, [ s matv @) ) 0)).

[z(®)] _ ] t |
ol = T(a) T(at1) ('“2’ * <[0

Therefore,

|2(t)] |ai] |as|t ¥ (s))l
ol S T TlatD) a+1 [ (¢a1(5>>

Hho(s)go (/05h3( )93 (’zi ye >’) )}ds £>0.  (4.90)

Let us denote the right hand side of inequality (4.90) by z(¢) for all ¢ > 0, then

|z(t)]

tafl

|z (¥ (1))l
e = z(¥ (@), t>0. (4.91)

< z(t) and
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We also see from the condition (Hg) on ¢ and from the monotonicity of z,

ECION
<z(t), t>0, 4.92
<= () (1.92)

and thereafter,
e g MO
— Ia) T(a+1) T(a+1) ),
+ho(8)g2 (/ h3(7‘)93(2’(’7’))d’7’>:| ds, t > 0. (4.93)
0

The rest of the proof is similar to that of Theorem 4.7. I

4.5.5 Case of Fractional Source Terms

We study in this subsection the asymptotic behavior of solutions for the problem

(4.63) — (4.64) under the following condition:

(Hip) There are functions hy,hgy € Hiy, ho € Ho and g; € Go,i = 1,2,3, with

g1 X go o g3 such that

00,00 < a0 (s ) + ka0l (t0) € D,

|k (t, s,2)[ < hs(s)gs (ta’_aj_l) , (t,s,z) € E.

Now, we are ready to state and prove the main result of this subsection.

Theorem 4.10 Suppose that f and k satisfy the conditions (ﬁl), (Hy) and
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(Hyy). Then, any solution of the problem (4.63) — (4.64) is asymptotic to ct*

when t — oo, for some ¢ € R.

Proof. Here we have

a) T(la+1
(4.94)
O _ el |t P (D, 2)(s)
ot Slwo+wa+u+ma+nA Mo | o

+ha(s)ga (/08 hs(T)g3 (%) dT) ds, t >0. (4.95)

Applying D§+ and Dy, to both sides of (4.94), and taking Lemma 3.5 and Lemma

3.12 into account, we have

alta_ﬁ_l i agta_ﬁ
INGRS) F(1+a—f3)

(Dgra)(t) =

a,ltaifyil Qot* ™7
Fla=v) TA+a-—19)

# (151 (5. 0o, [ sm (D) () ) ) @000,

(Dngx) (t) =
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respectively. Therefore for all ¢ > 0,

£ |(Dg.2) (1)
\ml al C (D) (s)]
S Ta-p ' Tara—p " F(1+a—ﬁ)/0 fls)on (W ds

t t ) |(Dg.) (7)]
+m/o ha(s)go (/0 h3(7)gs (T) dT) ds, t>0.

(4.96)

Now, let

by = ’a1|max{r(a)’F(a—ﬁ)’F(a—v)}’ by = |az| b,
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and

2(t) = bz+b3t—|—b4t/0t hi(s)g1 M

ga—B-1

+ha(s)g2 </08 hs(7)gs <@%) dT)] ds, t > 0.

Then, we obtain for all ¢ > 0,

D? x)(t) v
(o)) [0 [(D3.2) ()]

ja 1 papl and pr— < z(t). (4.98)
The remaining steps of the proof are similar to those of Theorem 4.7. |
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CHAPTER 5

BOUNDEDNESS AND
POWER-TYPE DECAY OF
SOLUTIONS FOR
FRACTIONAL
INTEGRO-DIFFERENTIAL

EQUATIONS

In this chapter, we consider the fractional integro-differential equation (1.1) with
the Caputo and Riemann-Liouville fractional derivatives of orders 0 < f < u < 1
and 0 <~y <p<l1.

The long-time behavior of solutions is investigated for the initial value prob-
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lem composed of the equation (1.1) with the initial conditions x(0) = ¢y and
Ié; Hz(0") = ¢1, where ¢g,c; € R, when the fractional derivatives are of Caputo
and Riemann-Liouville types, respectively. The first section is dedicated to the
study of boundedness of the solutions of (1.1) for all the time with the Caputo frac-
tional derivatives. The power-type decay of the solutions is discussed in Section
5.2 when the derivatives are the Riemann-Liouville fractional derivatives.

Throughout this chapter, we use the following classes of functions.

Definition 5.1 We say that a function h : [0,00) — [0,00) is of type He,s if

h € C0,00) and t°h°(t) € L' (1,00), 0 > —1, 5 > 1.

Definition 5.2 We say that a function h : [0,00) — [0,00) is of type 4calH,,, if

h e C[0,00) and t"e?h? € L' (0,00), O§T<%,n>0 and ¢ > 1.

5.1 Equations with Caputo Fractional Deriva-

tives

The equation (1.1) with the Caputo fractional derivatives of orders 0 < 3,v <

i < 1, is considered in this section, that is

(°Di, ) (t) = f (t, (CDngx)(t), fgk (t.s, (“Dge) (s)) ds) , 120, (5.1)

z(0) = ¢y, o €R.
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We discuss the boundedness of the continuable solutions of (5.1) in the space

C* [0, 00) defined by
c* [0,00) = {f : {O, OO) — R | | | 17, Ophfeco o).

In addition to the hypotheses (H;) and (Hy), introduced in Chapter 4, Section

4.4, we suppose that the functions f and k satisfy the following assumptions:

(Hy1) There are functions hy, hy of type H,q—14, hs of type Ho1; ¢ > 1, and g;,

i =1,2,3, are of type G with g{ oc gi o g3 such that
|f(t7 U, U)| < hl(t)gl (tﬁ ’u|) + hQ(t)QZ (|U|) ) (t,u, U) €D,

|k(t, s, u)] < ha(s)gs (s7 [ul), (t,5,u) € E,

/°° 97 tdr /°° dr /°° T dr fs 0
= 00, = o0, = 00, 1o .
to gg(’r) to gg<7_> to 93(7—)

The main result of this section is stated in the following theorem.

Theorem 5.1 Suppose that the functions f and k satisfy (H,), (Hy) and (Hjy, ).
Then, there exists a positive constant ¢ € R such that any continuable solution

x € C*[0,00) of problem (5.1) satisfies

lz(t)] < e, ‘(Déx)(t)‘ <ct™ and |(Dgyx) (t)| < ct™ for all ¢ > 0.
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Proof. Applying I/, to both sides of the equation in (5.1), we obtain

o) =co+ (1 (5080, [ ko (D) (e ) ) 0, (52

for all t > 0. Taking the derivatives CDg+ and “DJ, of (5.2), gives in view of

Lemma 3.13 and Lemma 3.5,
CDE.2)(t) = It 5f( Da)(s) [ Hom (D) o >>df) (o).

(D) )= (171 (DG, [ Rsvr (D) (rir ) ) )

By virtue of (Hy;), we have

[z(t)] < leol +

o ts(t — syt [iu(s)an (o° (DG
+ ha(s)go (/0 hs(1)gs (77 |(CDO+I) (1 )|) dT)} ds, (5.3)

forallt>0,wherel~zit =t7h(t),i=1,2,r=1—-pu— 1-—p+p<?i
p

p?

1—pu+7y <3 L and p = -%. Similarly, we get for all ¢ > 0,

(Do) <
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Using Holder’s inequality, we find

[ =y hntsian (5| Dhas)]) ds

< (/Ot(t—s)p(“l)sp’"ds>; </ R4 (s)g? ( ﬁ] (°DE.x)(s )D ds); t>0.

Notice that

¢
/ (t — s)p(“’_l)sprds = (]gj(f_l)ﬂspr) (t).
0

Since p(u — 1)+ 1> 0 and pr + 1 > 0, we see, from Lemma 3.5, that

t
/ (t — S)p(u—l)sp?“ds = L(pr+1) tp(u+7“—1)+1’ t>0.
0 Cp(p+r—1)+2)

Therefore,
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1
o I'(pr+1) P
where Bl = <m> . AISO,

0

< Byt ( /0 ()8 < /O ha(r)gs (77 | (CD7 ) (7)) dT) ds)é .

/ (= )5 a()m ( /0 ha(r)gs (7 |(€DY,x) (7)) d7> s

Recalling that p+r — 1+ % =0, so (5.3) becomes

w0 < leo+ 2 ([ B0t (0800 a5)’
F(M) 0
B

+ oo ([t ([ oo (13 0] ar ) s "6

for all £ > 0. Similarly, we get the following estimates on CD§+x and CDg+x for

all t > 0,

(D)) < Bat™?

([ st (520109 ds)é
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|=

1
o 1 I'(pr+1) P . 1 I'(pr+1) P
where By = 17,5 (F(p(u—6+r—1)+2)> and By = 7, (F(p(u—w+r—1)+2)> -

Let

1
q

0 = a3 ([ Wt (2| Dh )] s

1
q

B, ( /0 i (s)g8 ( /O hy(P)gs (77 (DY, ) (7)) dT) ds) G7)

for all t > 0, where

By
By = —— . By, By ¢ .
4 maX{F(/,L)’ 2 3}

It is obvious from the inequalities (5.4), (5.5), (5.6) and (5.7) that
2(t)] < =(t), ¢° ’(CDg+x)(t)‘ < (), 0 |(CDLa) (B)] < 2(1), t>0.  (58)

As g1, go and g3 are nondecreasing functions, it clear that

1
q

(0 =l B ([ Mot ) as)

+ By (/Ot hi(s)gd (/0 hs(T)gs (2 (T))dT) ds)é Lt > 0.

Using Lemma 3.19, we obtain

where By = 3771 |¢y|? and Bs = 3971 B}. Let u(t) = (2(t))?, then we have for all
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t>0,

t t s
wws&+&/Vmwmw@MH4@/@wﬁ(/mwmwwmm)w
0 0 0
From Lemma 3.24, with

() = BhI(t), Malt) = Behd(t), Ao(t) = hy(t),

we deduce that

t
ut) < Wyt (Wg(CQ) + / /\3(3)d8)
0
< wy'! <W3(02) +/ )\3(8)d8) =M forall t >0,
0
where M is a positive constant. The desired result follows in virtue of (5.8). |

Remark 5.1 As special case of Theorem 5.1 with f = v = 0, there exists a
positive constant ¢ € R such that any continuable solution x € C*[0,00) of the

problem
(CDt,x) (1) = f (t,x(t),fgk(t,s,x(s))ds) >0,

z(0) =cp, ¢y €R,

satisfies |z(t)] < ¢, for allt > 0.

Remark 5.2 [t is not hard to see that the conclusion of Theorem 5.1 is still valid
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if we replace the condition (Hyy) by the following condition: There are functions
ki of type Hyuq—1,4, ko of type Hoa, ¢ > 1 and f; of type G with fif] o f5 such

that

‘f(t>uvv)’ S kl@)fl(tﬁ ‘u’)f2<‘v‘)> (t7u> U) € D>

|k(t7 Svu)’ < k2(5>f3(37 |u’)7 (t757u) S E7

TV < ra=ldr

to fl ) f5(79) % w  f3(7)

=00, tg > 0.

5.2 Equations with Riemann-Liouville Fractional

Derivatives

Here we consider the following problem

(Dgw) (1) = f (4 (DG 2)(8), fy k(t. s, (D},x) (5))ds) . >0,

(ISI“Q;) (07) =c1, 1 €R,

(5.9)

where Dy, Dg+, Dy, are the Riemann-Liouville fractional derivative of orders s,
B and 7, respectively, with 0 < f <pu<land 0 <~y <p<l1.

We study the power-type decay of continuable solutions for the problem (5.9)
in the space C}", [0,00) defined in (4.65). Before stating and proving our next

theorem, we assume that the functions f and k satisfy the following:

(Hi2) There are functions hy, hy of type (H,.,, hs of type Ho and g; of type G,
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i=1,2,3 with g ocgd x g3 0<r< L= L n>0and ¢ > 1 such that

u
ol < o (55 ) + k0o (D) (o) €D,
ks < ha(s)as (’“‘) (tsu) € B, 0<fy<p<l,

Tq 1d7’ o dT o ra-lqr
= 00, =00, tg > 0.
to to to 93(7—)

Theorem 5.2 Suppose that the functions f and k satisfy the conditions (ﬁl),
(H;) and (Hyy). Then, there exists a positive constant ¢ such that any continuable

solution x € C1"_, [0,00) of the problem (5.9) satisfies
lz(t)] < cth ‘(D0+a:)( )) < ct' P71 and | (DJiz) ()| < et for all t > 0.

Proof. Applying If, to both sides of the equation in (5.9) gives

o) = L (81 (5. D)), [ hsir (By0) () ) ) 0, 020
(5.10)

Lemma 3.5 and Lemma 3.12 allow us to write,

D300 = 2 (577 (5080, [ Ksir, (03r) (i ) ) 0,
(5.11)

(030) 0 = o (1577 (s (D3, [ Ksm (D) () ) ) €0
(5.12)
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for all ¢ > 0. In virtue of the condition (Hys3), we observe that for all ¢t > 0,

A T (D}x)(s)
o)) < i s [ e (e

+ iLQ(S)gQ </OS hg(T)gg (%) dT) dS] . (513)

5#‘5_1

Furthermore,

|Cl|t’u7’871 1

(20| < Fa=py *Fg) /Ot“ =8P )

b x)(s t
X g1 (%) ds + ﬁ/{) (t — s)" P s e ™ hy(s)

X g2 (/Os hs(7)gs (%) dT) ds, (5.14)

and

|Cl| th=r—1 1

C—7)  Tla—~r

b.x)(s t
X g1 (%) ds + ﬁ/@ (t — s)" 7 LsTe T Ry (s)

X 3o (/OS hg(T)gg <@#T)‘> dT) dS, (515)

where h;(t) = temhi(t), i = 1,2, n > 0,1 —pr > 0,

(D) ()] < = spmrehng

max{l —pu+p,1—pn+~} and p = 7.

Using Hélder’s inequality and Lemma 3.18, the estimates (5.13) — (5.15) be-
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come

(D)) el ¢

tp—B-1 S F(N_ﬁ) + F(ﬂ_ﬁ) (/0 h(f(s)glll ( Gh—B—1

ot T T(u—9)  T(p—n

where

c7:nmx{L2M1H@Iw1—¢w)<1+(1—pﬂ(2—pﬂ)
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plp—p—-1)+1

(L—pr)(2—pr)
plp—v—-1)+1

<pn)pr—1 )

) ()™ ",
) (pn)" "



Defining

2(t) = A+ Ay (/Ot he(s)g? (UZ?—ZM) ds) !
+A, (/t ﬁg(s)gg (/S hs(T)gs (%) dT) d8>q7 t>0,
and using

2] |P800] |(03,0) 0)

=17 th—B-1 " th—y—1

< z(t), for all t > 0, (5.16)

we arrive at

where

1 1 1
A = |Cl|maX{F(u)’ T(p—pB) F(M—V)}’

o or o
Ay = X L 2 .
» = lafma {F(u)’F(uB)’F(uv)}

Taking the power ¢ > 1 of both side and using Lemma 3.19 with m = 3, we obtain

3=

ult) < v+ A [ Bttt o0ds + As [ 3o ([ hatritad 3 ) s,

for all t > 0, where u(t) = 29(t), A3 = 377 1Al A, = 3971 AL
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Now, we conclude from Lemma 3.24, that there exists a positive constant M,
such that

u(t) < M for all t > 0.

1

Hence, z(t) < ¢ := M{ and as a result of inequality (5.16), the assertion of the

theorem 1is established. |

Example 5.1 Consider the equation

ol
=

t At
(Dh.x) (1) =e" (z(t))® +e* (/0 mx(s)ds) , >0, (5.17)

where 0 < p < 1 and X > —p — 1. The right-hand side of the equation (5.17) can

be rewritten as

w|—

sh—1

L t
3Dt =@®)* +e! (/ 3)‘+“’1e’(3+t)—x(8) ds) . t>0.
0
Let
hy (1) = 30 Ve Ml py(8) = e hy (t) = e N> —p ¢ 0,

O<n<n <1 1=1,23, ¢, () = gg(t):t% and g3 (t) =t, t > 0.

Clearly, these functions satisfy the condition (Hs) with =~ = 0.
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CHAPTER 6

NONEXISTENCE OF GLOBAL
SOLUTIONS FOR
FRACTIONAL
INTEGRO-DIFFERENTIAL

EQUATIONS

The aim of this chapter is to study the nonexistence of (nontrivial) global solutions
for the initial value problem formed by (1.1) subject to some appropriate initial

conditions when

F (8080 [ ke (D) (o))

> —o(Dla)(t)+ [ bt =) la(o)ds.
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for some nonnegative function h. The constant ¢ could be any nonnegative real
number. For the purpose of studying the effect of considering one or two fractional
derivatives, we choose o to be either 0 or 1.

Our objective is to establish some criteria under which there are no (nontrivial)
global solutions in some specific underlying space. To the best of our knowledge
there are no investigations on the nonexistence of solutions for such fractional
integro-differential inequalities. This chapter is organized as follows: In the next
section we introduce a test function and derive some of its properties. Section 6.2 is
devoted to the statements and proofs of our results when the fractional derivatives
are of Caputo type. Examples for special types of kernels are provided. In Section
6.3 we study the nonexistence of global nontrivial solutions for problems with the

Riemann-Liouville fractional derivatives.

6.1 The Test Function, Some Identities and In-
equalities

In this section, we consider the test function

T2(T—t), 0<t<T,
p(t) = (6.1)
0, t>1T.

This function enjoys the following properties.
Lemma 6.1 Let ¢ be as in (6.1) and r > 1, then, for A\ >nr — 1, n=0,1,2, ...,
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we have

T
/<ﬁr®uW¢@Vﬁ:CmT”CT>Q
0

where

(CA+1)

Crr = A—nr+ 1) (TA—n+1)

Proof. Since the nth derivative of ¢ is

Do) = ()" AXA=1DA=2).A=n+ )TN T —=t)*"

(=D)"TA+1) ., A-n
= TM(T =)™, forall 0<t<T
TO—ny L @T=077 forall 0t <T,

we deduce that

[ e menra = (2 o [fa g ra

A—n+
= CnerI*mﬂ, forall 0<¢t<T.

Lemma 6.2 Let a > 0 and ¢ be as in (6.1) with A > o — 1, then, we have for all
0<t<T,

(Dh-0) 0 = e

T(T — )M, (6.2)
T

L/ t" (DG ) (t) dt = GpaT™ % m=0,1,2,...,n—1, n=[a] +1, (6.3)
0

(—1)™mIT(A+1)

where Gm,)\ = m
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Proof. For all 0 <t <T, we have from Lemma 3.5

D5-9) () = (0517 T =) ) = s

For m =0, it is obvious that

/T (DF—¢) (t)dt = Flﬂ()‘——i_l)Tl—a.

A—a+2)
For m =1,2,...,n — 1, an integration by parts m times over [0, 7], gives
T m—1 m!
/ t" (D7-¢) { ———— ™ (I DS p) (1)
0 20 =)

TMT —t)*

T

0

+(=1)™m! / s o) (1) d.

Using (6.2) and Lemma 3.5, we find that for all 0 <t <T

(17 D5-0) (1) = (Ar_(iﬁ% R

_ t))\—a+j+1 ’

(I7-DF-p) (t) = (A E(;\——::iz—i- 1)

Therefore

[ (57 D) (8)]y =0 for all j = 0,1,2,.m — 1,
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and

r L(A+1)
I7- D7) (t) dt = et :
| arpiowan- rm i (6.6
Now, substituting (6.5) and (6.6) in (6.4) gives the desired result in (6.3). |

Lemma 6.3 Let a > 0, n = [a] + 1 and ¢ be as in (6.1) with A > a — 1, then

(1) () = ooy =0,

for all 0 <t <T. Moreover, 1I7-%p € AC™[0,T].
Proof. It follows from Lemma 3.5 that

(1570) () = (= (T T =) ) () = 7 8 1(2 - ;)+ gl =t

for all 0 < ¢ < T, which is clearly in the space AC"[0,T] for A > a — 1. |

Lemma 6.4 Let o« > 0 and n = [o] + 1 for o« ¢ Ny and n = « for « € Ny. For

g € Cla,b] and f,1}"“g € AC"[a,b], we have

[ a0 Coznyai= [ 10059 0 der Y [(0577) () (005) ()],

Proof. As f € AC"[a,b], we obtain from the definition (3.6),

/ g(t) (D f) () dt = / g (t) (I"72D™ f) (t)dt.
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Now, as g € L™ (a,b) for any my > 1 and D"f € L'(a,b), we deduce from

Lemma 3.9,

/ab()(I"“D"f Pt — /D" ) (I"g) (1)dt.

Since []'"%g € AC™ [a,b] and D" ' f € AC [a,b], the integrating by parts n times

yields
b n—1 ‘ ‘
[0 Conn @ar = 3 [(0F5 ) 0 (0 5) o),
@ =0
+ ( /f )D"™ (I7~%g) (t) dt,
which is the desired result with the help of (3.5). |

Lemma 6.5 Let o« > 0 and ¢ be as in (6.1) with A > max {0, — 1}. Suppose

that f € AC™[0,T], n=[a] + 1 for a« ¢ Ny and n = « for « € Ny. Then,

| et @osny@a= [ 10050 0@ -3 G (075 0),

r(A+1)

where Gj o = TOti—a—jtn) "

Proof. From (6.2) in Lemma 6.2, we have for j =0,1,2,....n — 1

T\ + 1)

(D7) (0) = TA+1l—a—j+n)

n—o—j
T )

(DSH77") (T) = 0.
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As ¢ € C[0,T] for A > 0 and I7.-%¢p € AC"[0,T] by Lemma 6.3, the result follows

from Lemma 6.4. |

Lemma 6.6 Let p > 0, n = [p|+ 1 and r > 1. Let ¢ be as in (6.1) with \ >
nr — 1. Suppose that h is a nonnegative function which is different from zero

almost everywhere and t"™P~Vhp1=" (t) € L}, [0,00). Then, for any T > 0,

/OT (Do) (8) (/tT h(s — ) (s) ds)

where CA'M = (F(nlip)> Chry Cny is given in Lemma 6.1.

1—r

T
dt < C,, T / trn=r=Upl=r(t)dt,
0

Proof. It is clear that o) (T) = 0 for all j = 0,1,...,n — 1. Hence Df_¢
= YDl _p. Also, as ¢ € AC™0,T] for A > n — 1, it follows that “Df_¢ =

(=1)"I;="D"¢ and

(D5-) (0 < (D"l () = s [ (s =77 (D7) (0] s

i [ T =0 (T =0 (9|0 (9] ds

Using Holder’s inequality with % + % =1, we find

(D500 < s ( / " hls = 1) (s) ds) ’
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Therefore,

[ oy ([ w6-ne d) at

<b | ' / (s Y0P B (s~ 1) () |(D") (9)] dd
o [0 s 0t () D) o) s
b, / AN O ([ =0 s = at) s

,
where by = (F(nl—p)> . Let 7 = s — t in the inner integral, we obtain the uniform

bound

s T
/ =P DT () dr < / =P Dpl=r (1) dr.
0 0

Now the result follows from Lemma 6.1. |

6.2 Problems with Caputo Fractional Derivatives

We consider in this section the initial value problem

(“Df,x) (t) + a( O+x> >f0 (t —s)|z(s)|*ds, t >0, g > 1,

2(0) = 20, 2'(0) = 21, ..., 2""D(0) = z,,_1,

(6.7)

where “D} , and CDg , are the Caputo fractional derivatives of orders p and 3,
respectively, n —1 < < pu<n,n €N, o=0,1and zg,21,...,t,1 € R, are
given initial data.

Clearly, x = 0 is the trivial solution of (6.7) (in case of zero initial data). We
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shall exclude this situation and consider only nontrivial solutions.

By a global nontrivial solution to the initial value problem (6.7), we mean a
nonzero function x € AC™[0,7T] for all T' > 0, for which the inequality in (6.7)
holds for all £ > 0 and satisfying the initial data in (6.7).

Note that the two spaces C*'[0,T] and C*[0,T] defined in Section 4.4 and
Section 5.1, respectively, are subspaces of AC'[0,T] for all T' > 0.

To the best of our knowledge there are no investigations on the nonexistence
of global solutions for fractional integro-differential inequalities of type (6.7).

Observe that when 0 < 4 < 1, 8 = ¢ = 1 and h(t) = 4(t) (the Dirac delta
function) in (6.7) then we recover (2.18). Also, when 4 = 1, 0 =1, § = 0
and h(t) = 6(t), the equation corresponding to (6.7) is equivalent to (2.6). The
nonlinear Volterra integro-differential equation (2.10) is a special case of (6.7)
with a constant kernel and p = 8 =1. If y =0 =1 and f = 0 in (6.7) and
g(z (s)) = |z(s)|? in (2.13), we have an equivalence between (6.7) and (2.13).

We prove nonexistence of (nontrivial) global solutions for the initial value
problem (6.7) in the space AC™[0,T], for all T" > 0 and under some integral
conditions on the kernel A. The proof is based on the test function method due
to Mitidieri and Pohozaev [184] adopted here to the fractional case.

To investigate the competition between the roles of the first order derivative
and the fractional derivatives of orders 0 < p# < 1 and 1 <y < 2 in determining

the nonexistence criteria, we consider the following two cases.
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6.2.1 CaseO0<pu<l1,pg=1

In this subsection we prove nonexistence results for the problem

od'(t) + (“Df,x) (t >f0 (t—s)|z(s)|*ds, t >0, ¢>1, 0 < pu<1,

(6.8)
z(0) = x, o € R.
We start first with the case o = 0, that is,
(“Dfy, ) (t >f0 (t—s)|z(s)|?ds, t >0, ¢>1, 0 < pu<1, 69)
6.9

z(0) = o, x9 € R.

Theorem 6.1 Let 0 < < 1 and h be a nonnegative function which is different

from zero almost everywhere with t=#4 h'=% (t) € L}, [0,00). Assume that,

T
lim 77 / tH BRI (1) dt = 0, (6.10)
T—o00 0

where ¢ = ﬁ. Then, the problem (6.9) does not admit any global nontrivial

solution when xq > 0.

The condition (6.10) is satisfied by a large number of functions h. Some
examples and classes of h are given below, for instance, see Corollary 6.2 and
Example 6.1.

Proof.  Assume, on the contrary, that a solution x € AC[0,T] exists for all
T > 0. By establishing decaying bounds on the different terms arising in the

weak formulation of the problem, we show that such a solution must be the trivial
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solution.

Multiplying both sides of the inequality in (6.9) by the test function ¢ defined

in (6.1) with A > 2¢’ — 1 and integrating, we obtain

T T t
/ o (t) (“Df ) (t)dt > / X0 (/ h(t — s) |z(s)|* ds) dt.
0 0 0
We have from Lemma 6.5,
T T R
| e (Dla) e = [ at) (Dh-o) () dt 3o, T
0 0
where CAJOW = % Substituting (6.12) in (6.11) yields

T
J + oo, T < / z (t) (Di-w) (t) dt,
0

where

J = /OTgp(t) (/Oth(t— ) \x(s)yqu) dt.

To obtain a bound for the expression .J, we rewrite J as

J:/0T|x(s)|q </5Th(t—s)go(t)dt) ds:/0T|x(s)|qK(s)ds,

where
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(6.13)
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By Holder’s inequality with % + i = 1, we obtain

/0 z(t) (DE_g) (1) dt < /0 v () Ka (t) K™ (t) (DE_) (t) dt

1
7

K% (1) (D"_0)" (1) dt) "

VAN
VR
o\

S

B

=

= 3

=

QL

~
~__

Q=
N
o

>y ~

Therefore (6.13) can be rewritten as

S
Py

T , ,
J 420G, T H < J s < / K™% (t) (D! )" (t) dt> . (6.17)
0
From the positivity of J, CAJO,# and the nonnegativity of zq, we get from (6.17),

1
Py

J<Ji (/OTK—%' () (D! )" (t)dt) ,

which implies that

J < /0 Tkt (D_ o) (1) dt. (6.18)

But, we see from Lemma 6.6 that

/
/

J < /OTK—Z'@) (D! )" (t)dt—/OT </tTh(s—t)g0(s)ds)1_q (DE_ ) (t) dt

< Cu T / 1 B (t)dt. (6.19)
0
It follows, from the assumption (6.10), that = 0 and this completes the proof. |
As a corollary of Theorem 6.1, we have the following result.

Corollary 6.1 Let 0 < o < 1 and h be a nonnegative function which is different
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from zero almost everywhere with t=*9 b= (t) € L} _[0,00). Assume that, for

any T > 0, there are some positive constants ¢ and

0 < —— 6.20
— (6:20)
such that
T / /
/ tHC R () dt < T, (6.21)
0
where ¢ = . Then, the problem (6.9) does not admit any global nontrivial

q—1

solution when xq > 0.

Proof. To prove this corollary it suffices to notice that the conditions (6.20) and
(6.21) imply that the hypothesis (6.10) is fulfilled. Indeed, in virtue of (6.21), we
have

T
0< T / ORI (1) dE < ¢TI
0

We find from (6.20) that 1 — ¢’ + 6 < 0 and the condition (6.10) follows. |
The following corollary of Theorem 6.1 is concerned with a large class of kernels

that appear in applications.

Corollary 6.2 Let 0 < p <1 and g > 1. Suppose that h(t) > at™, t > 0, for
some constant a > 0, where 1 —q (1 —pu) <v <2+ q(u—1). Then, the problem

(6.9) does not admit a global nontrivial solution when xy > 0.

Proof. It suffices to show that the function h satisfies (6.10). Indeed, h(t) >
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at™, implies that A= (t) < o'~ 7" ¢ > 0, and

T T
/ t—ra pl=d (t)ydt < al=7 / wld'=1)—nd gy
0 0

1—q
a ’ /
_ v(q'—1)—pq'+1

[ ( )—H ,

v(g —1)—pg +1

where v (¢’ — 1) — ug’ + 1 > 0 as a consequence of v > 1 — ¢ (1 — u). Therefore,

T al—q’
T / tH R (H)dt < T2vHd o),
0 Tv(d—1) —pg+1

It follows from v < 2+ ¢q(p—1) that 2— v+ ¢ (v —pu—1) < 0 and so (6.10) is

satisfied. |

Remark 6.1 Corollary 6.2 can be looked at also as a consequence of Corollary

6.1 with

_q(l-—p)+r-1
_ —

, 0< <.

It is clear from 1 —q(1 —p) <v <2 —q(1 —pu) that 0 < 6 < q%l.
The next example treats a special case of the kernel h in Corollary 6.4.

Example 6.1 Consider the problem

(°Dhyr) (1) > (I 12()) (1), 1>0, 0<p<1, fi>0, g>1, o)

z(0) = zg, w9 > 0.
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This problem is a special case of the problem (6.9) with

ht)=t""1, 0<pr<q(l—p), 0<pu<l.

Therefore, as a consequence of Corollary 6.2 with h(t) = t7%, v = 1 — 1, the

problem (6.22) does not admit a global nontrivial solution when zq > 0.

Now, to investigate the effect of the first-order derivative and the fractional
derivative of order 0 < p < 1, (when combined together) we consider the problem

(6.8) with o = 1.

Theorem 6.2 Let 0 < pu < 1. Suppose that h is a nonnegative function which s

different from zero almost everywhere with h'=¢ +=#4 b= (t) € L} [0,00) and
! ! T / T ! /
lim 77 (Tq / R'TT(t)dt + / tHeplma (t)dt) =0, (6.23)
T—o0 0 0
where ¢ = q%l. Then, the problem
o' (t) + x) (t) > [T h(t —s) |x(s)|"ds, t >0, ¢ > 1,
(“Poy) (1) = fy (6.24)

z(0) = g, xo € R,

does not admit any global nontrivial solution when xqy > 0.

Proof.  Assume, on the contrary, that a solution x € AC[0,T] exists for all
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T > 0. We have

/OTw o+ | "o (6) (D) (1t > / o) (/ it - s) ols)ds ) .
(6.25)

A simple integration by parts (a special case of Lemma 6.5), yields
T T
/ o (t) 2/ (t)dt = —/ x(t)' (t) dt — xo.
0 0
Therefore,
A T T
Tt (14 Go, ) < / 2 (8) (—¢ (8)) dt + / £ () (D' ) () dt, (6.26)
0 0

where J is given in (6.14) and (6.15). We deduce after applying Holder’s inequality

to the integrals in the right-hand side of (6.26),
J + (1 + GO,HTH) <J (Ai + Bi) , (6.27)
where
T q ’ T d 4
A= / K 7 (t)(=¢ ()" dt, B:= / K™ 4 (t) (Dh_o(t)" dt.  (6.28)
0 0
The inequality (6.27) leads to
VAT 1
J<Ju (A«z’ +Bq’>,
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or

J <2971 (A+ B). (6.29)
The integral A is estimated by

A= R0 (o () dt = / ' ( / Ch(s — g (9 d) (Db (1) dt

T

< O T / h'=7 (t)dt, (Lemma 6.6 with p = 1). (6.30)

0
We know from the proof of Theorem 6.1 that
Jay / T ! /
B<C,, T / £ R (1) . (6.31)
0

Substituting (6.30) and (6.31) in (6.29) we end up with

T T
J < C(Tl‘Qq' / A (t)dt + T / t—ﬂq’hl—Q’(t)dt>, (6.32)
0 0

where €' = 271 maX{CA'Lq/,CA'u’q/}. It follows from the assumption (6.23) that
x = 0 which leads to a contradiction since the solution is supposed to be nontrivial.
|

In line with the Corollary 6.1 of Theorem 6.1, we can prove the following

corollary of Theorem 6.2.

Corollary 6.3 Let 0 < pu < 1 and suppose that h is a nonnegative function which

is different from zero almost everywhere with h'=7 t=rh1=7 (t) € L} [0,00).
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Assume that, for any T > 0, there are some positive constants ¢y, ca,

+1 1
such that
T ! T / /
/ R () dt < e T™ and / tRC R () dt < )T, (6.34)
0 0
where ¢ = q%r Then, the problem (6.24) does not admit any global nontrivial

solution when xqy > 0.

Proof. It enough to show that the conditions (6.33) and (6.34) imply that (6.23)

is satisfied. Since
! ! T / T ! / ! /
o< T (Tq / R'TT(t)dt + / tHapla (t)dt) < T2 Tt
0 0
we conclude from (6.33) that 1 —2¢' + 6, <0, 1 —¢ + 65 <0 and the condition

(6.23) is fulfilled. |

Corollary 6.4 Let 0 < pu <1 and g > 1. Suppose that h(t) > at™, t > 0, for
some constant a > 0, where 1 —q (1 —pu) <v <2+ q(u—1). Then, the problem

(6.24) does not admit a global nontrivial solution when xy > 0.

Proof. Showing that h satisfies (6.23) suffices to prove our assertion. Since
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h(t) > at™, a > 0, it is easy to see that

T T 1—¢’
/ p(tdt < a' 7 / Rl — U b}
0 B 0 vig —1)+1
T / / a/l_q/ / /
/ t=R R (1) dt < T =)+
0 v(g'—1)—pg +1

and

’ T ’ ’ T ’ ’ 1_q/TUI al_q/TUQ
T2 / B9 (£)dt+ T / rd pl=d (gt < — 2 + ,
, ) 0 10 ) S R P gy

where

o=2—-v+qdWw—-2),00=2—-v+q¢d v—pn-1).

Now, the assumption v < 2+ ¢ (1 — 1) implies that both o7 and g, are negative.

The proof is complete. |

Remark 6.2 The presence of the first order derivative of the solution does not
prevent the nonexistence of nontrivial global solutions when 0 < p < 1. It does
not effect the range of values of the exponent v in the case of power-type kernel in
corollaries 6.2 and 6.4 neither. Indeed, the fractional derivative plays the role of

a damping term in the problems treated in Theorem 6.2 and its corollaries.
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Remark 6.3 With

a'=v a'~?
g = —————, = ,
: vig —D)+1" 7 v(g—1) —pg +1
qg+v—1
0, = —1)4+1=
1 (q )+ q—l )
1— -1
0y = V(Q’—l)—uq’+1=q( “)J;V , 0<p<l,
q_

Corollary 6.4 can be derived from Corollary 6.3.

6.2.2 Casel<u<2 =1

This subsection is devoted to the study of the nonexistence of nontrivial global
solutions for the problem (6.7) in the space AC?[0,T] forall T > 0 with 1 < pu < 2,

B=1. Forl<pu<2and o =0, we have

(“Dfy, ) (t >f0 (t—s)|x(s)|%ds, t >0, ¢>1, 1 <pu<2, (6.35)

z(0) = o, 2/(0) = 21, xo, 1 € R.

Theorem 6.3 Let 1 < pu < 2. Assume that h is a nonnegative function which is

different from zero almost everywhere with t(1—"4 pl=4" ¢ L} 10,00) and

T
lim 712 / tA=ma p1=4 (1) dt = 0, (6.36)
0

T—o00

where ¢ = qqu. Then, the initial value problem (6.35) does not admit any global

nontrivial solution when xy, x1 > 0.
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Proof. For the sake of contradiction, suppose that a (nontrivial) solution
r € AC?|0,T] exists for all T > 0. Then, as in the proof of Theorem 6.1, we

obtain from the weak formulation of the problem

7

T , ,
J —+ $0é17uT1_“ + $1GO’MT2_M S Ja (/ Ki% (t) (D;,g&)q (t) dt) s
0

where J is as in (6.14). Accordingly, for 1 < p < 2, from Lemma 6.6 with

1 < p=p<2, we have

T ! ’ A~ 7 T / /
/ K™ (t) (Dt ¢)" (t)dt < O, o T2 / t1=md p1=4' (1) dt.
0 0

By the assumption (6.36), we get © = 0 and the proof is complete. |

Corollary 6.5 Let 1 < p < 2. Suppose that h(t) > at™, t > 0, for some
constant a > 0, where 1 —q (2 —p) <v < 2+4q(u—1). Then, the problem (6.35)

does not admit a global nontrivial solution when xq,x; > 0.

Proof. It suffices to notice that the kernel h satisfies the hypotheses of Theorem

6.3. Clearly,

T T
/ R ()t < o' / Lt = 6,
0 0
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where

al=q
VA )

o= v -N+0-pd+1=

q2—-—p)+v—1
q—1 '

Since
q(1—p)+v—2
qg—1

1-2¢+n=2—-v+qdwv—-1—p)= <0,

then (6.36) is satisfied. |

For the case 1 < < 2, f =0 = 1, we have the main theorem.

Theorem 6.4 Let 1 <y < 2. Assume that h is a nonnegative function which is

different from zero almost everywhere with h'~7  tU=MIp1=4" (1) € L} [0,00) and

T T
lim 712 ( / h=9 (t)dt + / t(l‘“)q'hl_q'(t)dt) =0, (6.37)
0 0

T—oo

where ¢ = q%’l. Then, the initial value problem

o' (t) + x) (t) > [T h(t —s) |x(s)|"ds, t >0, ¢ > 1,
(“Dey) (1) = Jy 6.3

z(0) = xg, 2'(0) = x1, xp, 21 € R,

does not admit any global nontrivial solution when xqy,x1 > 0.
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Proof. Assume, on the contrary, that a solution z € AC?|0,T] exists for all

T > 0. Proceeding analogously to the proof of Theorem 6.2 gives
J + To (1 + él,HTli'u) + I1GQ,HT27“ < J% (A% + B%) ,

where J, A and B are as in (6.14) and (6.28). From Lemma 6.6 with p = 1 and

l<p=p<2,

T
A < C&¢TP%:/ A= (t)dt,
0

1—¢’

B - /OT(/tTh(s—t)gp(s)ds) (D) (1) dt

T
< C%WTI%:/ t1=ma =4 (t)dt,
0

respectively. The assumption (6.37) allows us to conclude. |

For kernels satisfying h(t) > ¢t=", Theorem 6.4 implies the corollary below.

Corollary 6.6 Let 1 < p < 2. Suppose that h(t) > at™, t > 0, for some
constant a > 0, where 1 — q (2 — pu) < v < 2. Then, the problem (6.38) does not

admit a global nontrivial solution when xq, x1 > 0.

Proof. It suffices to notice that the kernel h satisfies the hypotheses of Theorem
6.4. Indeed,

T / ! T !
/hH@W§dW/tW*wz@Wa
0 0

T T
/ t(1=w)d 1= (t)dt < alq// wd =D+0-w)d g — by T,
0 0
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where

) al—q’ al—q’
L ovl -+ 7 v -+ (- + 1
qg+v—1
— 1 1=
m vig —1)+ 1

Moreover, it is easy to check that 1,7, > 0 and 1 —2¢' + 11,1 — 2¢' + 12 < 0. I

Remark 6.4 We can get the same results of Theorem 6.4 and Corollary 6.6 with
less restrictive conditions on the initial data. Instead of requiring xo and xq to
be both nonnegative, it is enough to require agxg + ajxy > 0 for some positive
constants ag and ay. Indeed, ag and ay can be expressed in terms of the constants

T, éO,,u and Gl,#'

Remark 6.5 Note that v < 2+ q(u— 1) in Corollary 6.5 while v < 2 < 2+
q(p—1),1<p<2, in Corollary 6.6. We observe that the first derivative plays

the role of a damping term when the order of the fractional derivative is 1 < p < 2.

In the next subsection, we consider the case of two fractional derivatives of

general order.

6.23 Casen—1<pg8<u<n

We return now to the initial value problem (6.7) and establish the following general

theorem.
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Theorem 6.5 Letn —1 < < pu <n and h be a nonnegative function which is
different from zero almost everywhere. Suppose that (t("_“_l)q/ + aq't(”_ﬁ_l)q') R~ (t) €

Ll

loc

[0,00) and

T—oo

T
lim 7 ( / (t(”_”_l)ql + aq’t<n—ﬁ—l>q’) hl—q’(t)dt) =0, (6.39)
0

where ¢ = —L=. Then, the problem (6.7) does not admit any global nontrivial solu-
q—1
tion when apro+a1xy1, ...+ a,_12,_1 > 0 for some positive constants ag, aq, ..., Ap_1

to be determined.

Proof. As in the proof of Theorem 6.1, we have here from Lemma 6.5,

/OTSO (t) (“Dyx) (1) dt = /OTx(t) (Df-p) (t) dt — ”Z‘l Gy a1y, (6.40)
/0 o) (°Dl,) (@) dt = / ") (Df-w) (bt~ Z Gy .

(6.41)

n—1
J + Z (GA(J‘#Tn_u_j + O'GjﬁTn_ﬁ_j) Tn—1—j

=0
1 T v\ N N
< Ji (/ K~ (D) dt) +a(/ K Q(DT_w) dt> ,
0 0

which leads to

T , , , T o ’
J< 20 (/ K~ (DE_p)" dt + o7 / K5 (D} p) dt> . (642)
0 0
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We have from Lemma 6.6,

T / , ~ , T / ’
/ K=5()|DE_o )" (t)dt < CppT / tnmr DR () dt, (6.43)
0 0

T / ! ~ , T / /
/ K~ a(t) ’Df_gp () dt < Gy T / =B DE p1=d (1) gt (6.44)
0

0

Using (6.43) and (6.44) in (6.42) and considering the condition (6.39) complete

the proof. |

Corollary 6.7 Letn — 1 < f < u < n and ¢ > 1. Suppose that h(t) > at™",
t >0, for some constant a > 0, where 1 —q(n — p) <v < 2+q (68 —1). Then, the
problem (6.7) does not admit a global nontrivial solution when agry + ayy, ... +

Gp_1%Tn_1 > 0 for some positive constants ag, a, ..., a,_1 to be determined.
Proof. Here

T
piw ([ (et i) 90
0

ql—4' 2—v+d (v—p-1) al—4 g4 2—v+d (v=5-1)

_q’(1/+n—u—1)—y—|—1+q’(v+n—5—1)—u+1'

Therefore, (6.39) is satisfied when 1 —q(n —pu) <v <2+4+¢q (8 —1). |
Note that the upper bound of the exponent v is determined in terms of the

smaller derivative (3.
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6.3 Problems with Riemann-Liouville Fractional

Derivatives

In this section, we consider the initial value problem

D".z) (t) + o(DP . x) >f (t —s)|z(s)|*ds, t>0, ¢>1,
(Dg: @) o+ 0 (6.45)

(I;:"2) (07) = ¢y, e € R,
where 0 < g < pu<1and o =0,1.
A nonexistence result of nontrivial global solutions » € Cf',[0,T] for all
0 < T < oo, is investigated. Here the space C7',[0,T] is the weighted space

of continuous functions defined in (4.65).

Theorem 6.6 Let 0 < 8 < p < 1 and h be a nonnegative function which is

different from zero almost everywhere. Assume that (t*“q/ + Uq'tfﬁq/) hl=7 (t) €

L} 10,00) and
/ T / ! / T ! /
lim 77 < / tHT I (4)dt + o / t=Pa pla (t)dt> =0, (6.46)
T—o00 0 0
where ¢ = qf’l. Then, the problem (6.45) does not admit any global nontrivial

solution when cy > 0.

Proof. Suppose, contrary to our claim, that a solution x € C}" . [0, T] exists for

all T'> 0. Multiplying both sides of the inequality in (6.45) by the test function
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¢ defined in (6.1) with A > 2¢’ — 1 and integrating, we obtain

1< [Cepa) Waree [ 0La 0@ 647

where J is given in (6.14). An integration by parts for each integral in right-hand

side of (6.47) gives

T

/0 ) o (t) (D) (t)dt = [p (t) (15" 2) (1)],_, — /0 ! S (1) (I710) (t) dt,
and
[ ew@ia0a=[o0 () 0] - [[vo (1) o
As ¢ (T) =0, ¢ (0) = 1 and (Ip:"z) (0%) = co, we find
/OT o (t) (D) () dt = —co — /OT o (1) (I72) (1) dt.

Also, since Iéjﬁx = Iéﬁ:'gféj”x and Ié;“x € C'[0,T], we see from Lemma 3.15

that (ISIﬁx> (07) = 0. Hence

/0 () (D) (0t~ — / oo (1) W
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and (6.47) becomes

J < —c¢o— /OT o (8) (I7"2) (t) dt — a/OT o' (t) ([3;5 ) (t) dt. (6.48)

Having in mind that ¢y > 0 and ¢’ is negative, we entail that

J < %ﬁ(—w%ﬂ)U&“@(wdﬁ+alf(—w%w)C$“m)@ﬁﬁ

IN

| @) oo [ e w) (1527 1el) 0)dr 649

Applying Lemma 3.9 to each integral in the right-hand side of (6.49), we obtain

J< /0 @ (0)] (I (=) () dt + o /0 2O (177 (=) Wdt. (6.50)

Next, we insert K %(t)K *é(t) inside each integral in the right-hand side of (6.50)

and apply Holder’s inequality,

1

q/

J< Ja < /0 g () (12" ()" @) dt) ;,M ( /O o (t) (1;:5 (—wf))q' (t) dt)

In view of the fact

Dy o= D p=—I;""¢,

we find that
—1 Loy 7 N 8 ¢
J <20 /K 7(t) (Di_ ) (t)dt+oq/ K (t) (DT,¢> (t)dt ) .
0 0
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Using Lemma 6.6, we get

T T
J <o ( / tH R () dt + o / t—ﬁq’hl—q’(t)dt> , (6.51)
0 0

A

where C} = 29~ max {CM/, é‘g,q/}. The assumption (6.46) leads to a contradic-

tion since the solution is supposed to be nontrivial. |

Remark 6.6 If we consider h(t) > at™,a>0,1—q(1 —p) <v<2+q(f—-1)
and 0 < < u < 1, then, the problem (6.45) does not admit a global nontrivial

solution when cy > 0. Further,

[ =9 e s = (2 ) @), a(=5) = 1< 5 <al1=p).

can be considered here as a special case of the problem (6.45).

Remark 6.7 We believe that it is possible to extend the result of Theorem 6.6
to any arbitrary orders n — 1 < 8 < pu < n. This will be the subject of future

investigations.
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CHAPTER 7

CONCLUSION AND FUTURE

WORK

In this dissertation, we considered some classes of fractional integro-differential
equations with the Caputo or Riemann-Liouville derivatives in the left-hand sides
and right-hand sides depending on the solution, its fractional derivatives as well
as an integral of a kernel involving the solution or its fractional derivatives. We
assumed the continuity of the nonlinearities and the boundedness of these nonlin-
earities by sums or products of continuous functions of time, in certain Lebesgue
spaces, and nondecreasing functions of the states. Under these nonlinear growth
conditions on the nonlinearities, we treated initial value problems for which, in
general, solutions cannot be found explicitly. We found that their solutions, un-
der certain conditions, behave like the solutions of the associated linear fractional
differential equations with zero right-hand sides.

In addition to the singularity of the fractional operators, one of the challenges
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that we have faced is the validity of most of the estimates and inequalities at or
near zero. We solved this issue by using the desingularization techniques to have
the appropriate estimates. By going around this obstruction, we improved several
results in the literature, concerning the integer and noninteger orders, where the
authors avoided working near zero.

In the study of the nonexistence of nontrivial global solutions, different frac-
tional damping for a class of fractional integro-differential problem have been
considered. Unlike existing results, the source term is a convolution and there-
fore nonlocal in time. Polynomials and fractional integrals of polynomials become
special cases. The weak formulations for the problem with an appropriate test
function and several appropriate estimations have been used. Reasonable condi-
tions ensuring nonexistence of global solutions are determined. Singular kernels
illustrating interesting cases in applications which correspond to fractional inte-
grals (of polynomials of the state) have been provided and discussed. The results
can be used to analyze many models with nonlocal source terms. The examples
we have provided represent a wide class of kernels and clearly illustrate, in suitable
manner, the results.

Our study opens many possible directions for future works. We leave the
consideration of other kinds of derivatives to future investigations. Our ap-
proaches can be generalized to problems involving the p-Laplacian (or, generally
¢-Laplacian) operators. We plan to extend our results to other systems of frac-

tional integro-differential equations. Our approaches can be used to study the
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long-time behavior and nonexistence of solutions for fractional differential equa-
tions with different distributed delays and arguments such as piecewise constant

arguments.
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