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THESIS ABSTRACT

NAME: Soh Edwin Mukiawa
TITLE OF STUDY:  On some problems arising from a suspension bridge
MAJOR FIELD: Mathematics

DATE OF DEGREE: May 2016

This dissertation aims at studying some fourth-order partial differential equations
with non-classical boundary conditions, serving as models for describing the dis-
placement of a suspension bridge in the downward direction. We shall establish
well-posedness, stability and general decay results for weak solutions of some prob-
lems. We use the Faedo-Galerkin approximation method and/or the semigroup
theory to establish the well-posedness and use the Multiplier method and/or ezist-
ing techniques such as concavity and perturbation methods to establish the stability

and general decay results.
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CHAPTER 1

GENERAL INTRODUCTION

1.1 Suspension bridge

A suspension bridge is a type of bridge in which the load bearing region (the deck)
is hung below suspension cables on vertical suspenders. In this type of bridge, the
hangers are suspended between towers and with vertical suspended cables which

carry the weight of deck below it as in figure 1.1.

towers

Figure 1.1: The structure of suspension Bridges

Since any external load added or applied to the suspension bridge is transformed
into a tensional force, the cables of a suspension bridge must be anchored at each
end of the Bridge. The main hangers (cables) of the bridge pass beyond the main

1



towers (pillars) to the load bearing region (deck-level) supports, and are finally
anchored into the ground.

Even though suspension bridges are in limited number compared to other type
of bridges, a high attention has been directed towards the structural behaviour
and the instability of these bridges. This is due to the large number of suspen-

sion bridge failures occurring after construction. In 1940, the Tacoma suspension

Figure 1.2: The Tacoma suspension bridge collapse, 1940

bridge (figure 1.2) categorized by many authors as one of the most historical sus-
pension bridge disaster (because of available videos) occurred, see [3, 45, 88, 89] for
web videos and update of other suspension bridge disasters. Also, in a PhD thesis
at the University of Cambridge in 2004, Imhof [44] reported that a huge number of
around 400 suspension bridges have collapsed after construction and about 70 of
those failures occur after 2000. Thus, there is need for precise mathematical mod-
els to describe the structural behaviour and the instability of suspension bridges.
However, not enough work has been done in this area.

In this dissertation, we consider a simple rectangular plate model by Ferrero and
Gazzola [30] and investigates this model in the presence of damping due to in-
ternal friction and the viscosity, as well as the viscoelastic (viscous and elastic)

behaviour of materials used in construction.



1.2 Ferrero and Gazzola’s plate model

In this section, we describe the first attempt to model a suspension bridge as a
simple rectangular plate by Ferrero and Gazzola [30] in 2015. They considered a
simple thin rectangular plate representing the roadway of a suspension bridge of
length L and width 2¢ (assuming that 2¢ = %) hinged in the vertical edges (y-
axis) but free on the horizontal edges (x— axis), and been anchored to the ground.
In what follows, the thin rectangular plate is represented by € = (0, L) x (—¢, /).
The thin plate €2 is assumed to have surface principal curvatures K; and Ky of
the graph of a function u that describes the downward vertical motion of the

suspension bridge. For a deformed plate €2, the bending energy can be modelled

by the following energy functional

vd? K? + K2
Ep(u) = 0 L2 4 6K, K, | dvd 1.1
B(u) 6(1—0)/9( 5 + ok 2) zray, (1.1)
where dj is the thickness of plate, o = ﬁ is called the Poisson ratio and v, A

are the Lamé moduli. Due to physical reasons, v > 0 and A > 0; therefore

0<o<—. (1.2)

When the deformation u of the rectangular plate €2 is small, the following approx-

imations hold

(K1 + Ky)? = (Au)?, K Ky = det(D*u) = Uzt — u’

xy*



Therefore,

(Kf+K§

1
5 + 0K1K2> ~ §(Au)2 + (0 — 1)det(D*u).

Suppose that f is an external force including both live and dead load as well as
gravity acting on the plate €2, then it follows that the total bending energy for

small deformation u of the plate takes the form

Pr(w) = Ea(w)~ [ fudsdy

3
vd

= o) /Q (%(Au)Q + (0 = 1) (Upatiyy — uiy)) drdy — /Q fudzdy.

If the external force f is replaced by 6(%80) f, then we can rewrite the total bending

energy Er up to a constant of multiplier as

Er(u) /Q K%(m)? (0 = 1)ttty — ugy)> _ fu] dedy.  (13)

When the plate € is at the equilibrium position, the function u is a minimizer of

the functional E7 and it is the unique solution of the Euler-Lagrange equation

A*u(x,y) = f(z,y), in Q. (1.4)



Now, since the bridge is usually anchored to the ground on the vertical edges

(x = 0,2 = L, that is the y— axis) only, the boundary conditions in this case are

w(0,y) = (0, y) = (L, y) = usa(L,y) = 0.

Figure 1.3: Thin rectangular plate 2

Figure 1.3 shows the thin rectangular plate anchored at z = 0 and x = L with
the blue region indicating where hangers act.

The case of fully anchored thin rectangular plate Q (that is u = Au =0, on 9)
has been studied by Navier [82] in 1823. Since the horizontal edges (y = —¢,y = ¢,
that is the x— axis) of the plate (2 are free, different types of boundary conditions
should be considered. Rectangular plate problems in which the vertical edges are
simply supported, has been discussed by several authors, see [57, 63, 81].
Realistically, a rectangular plate €2 in which the horizontal edges are free should

necessarily be considered. In this case, (see Ventsel and Krauthammer [90]) the



remaining boundary conditions are

Uyy (2, £0) + Uy, (x, £0) =0, for z,€ (0,L), 15)
1.5

Uyyy (T, £L) + (2 = 0)ugay(z, £0) =0, for z € (0,L),
To recapitulate, (see Ferrero and Gazzola [30] for more details), a rectangular
thin plate 2 as a model for a stationary suspension bridge is represented by the

fourth-order boundary-value problem

Au(z,y) = f(x,y), in Q,

U(O,y) = uxx(oay) = U(L,y) = u9636<L7y) = Oa RS (—6, 6)7
(1.6)

Uyy (2, £0) + Uy, (z, £0) =0, z € (0,L),

Uyyy (T, £0) + (2 — 0)Ugay(x, £0) =0, x € (0,L).

Since the ”suspension” bridge is suspended by cables (hangers), Ferrero and Gaz-

zola [30] considered the action of the cables (hangers) by introducing a nonlinear

function h(z,y,u) that has a potential energy / H(z,y,u)dzdy. Therefore, the
Q

energy functional (1.3) takes the form

1

Br(u) = /Q KE(AWHU—1)<umuyy—u§y)) + H(z,yu) — fu| dedy. (1.7)



By minimizing the convex functional (1.7), the following stationary problem is

obtained

APu(z,y) + h(z, y, u(z,y)) = f(z,y), in Q,

U(O,y) = uxx(oay) = U(Lay) = uxa:(Lvy) = Oa (/S (—f, E)a
(1.8)

Uyy (2, £0) + ouyy(x, £0) =0, = € (0,L),

Uyyy (T, £0) + (2 — 0)Ugay(x, £0) =0, z € (0,L).

Supposing that the external load f is time dependent; that is f = f(x,y,t), they

1
—/u?dxdy
2 Ja

to the total static energy. Therefore, the total energy (1.7) takes the form

added a kinetic energy term

1
Er(u) = E/Qufdxdy

* /Q K%(AU)Q + (0 = 1) (Uarttyy — Uiy)) + H(x,y,u) — ful| dedy,

and the equation of motion of the bridge is then given by

(2, y, 1) + A%u(x,y, t) + hz, y,u(z,y,t) = flo,y,t). (1.9)

Due to internal friction or viscosity, they added a damping term du; (§ > 0 is

frictional constant). Thus, the equation of motion of the bridge (1.9) becomes

(2, y, ) + dug(x, y,t) + A%u(z,y, t) + hix,y, u(z.y,t) = f(z,y,t).  (1.10)



Ferrero and Gazzola in [30] have studied equation (1.10) together with initial
data and the boundary conditions of problem (1.8) and established the existence
of unique weak global solution.

The model (1.10) is much more reliable and gives some realistic responses
compared to beam models with less degree of freedom, however there is still room
to study several forms of it in order to obtain further assured responses and
suggestions for future designs. The above model (1.10) does not take into account
the possible nonlinear behaviour of damping, as elastic materials are expected to
exhibit large velocities when friction increases superlinearly. The damping may
also be as a result of the viscoelastic (viscous and elastic) nature of the materials
used, resulting to weak damping mechanism (e.g see [27]) as proposed in [48].

In this dissertation, we will consider several variants of equation (1.10), supple-
ment them with the boundary conditions of (1.8) and initial data, and investigate
the existence and long-time behaviour of weak solutions. Our main objectives are
to treat these two situations; that is: when the linear damping is replaced by a
nonlinear damping and in the presence of viscoelastic damping. Our future works

will examine the effect of delay on the stability of the model.

1.3 Results Description

In this dissertation, we are mainly concerned with the investigation of the well-
posedness, stability and general decay of weak solutions for fourth-order plate

equations as models for the downward displacement of a suspension bridge. Our



results take advantage of this first attempt to model suspension bridges as a thin
rectangular plate by improving on several results and well-established techniques
by Messaoudi in [70, 71, 72, 80] for second order hyperbolic equations. For other
models that could be improved, see [25, 35].

This dissertation is divided into four chapters. Our contributions to literature
begins in chapter two. For convenience, we set L = 7 throughout this thesis.
Chapter Two: In this chapter, we consider the following fourth-order nonlinear

wave equation

Ut + 5|ut’p_2ut + AQU + h(x7 y7 U,) = f7 in Q X (07 T)7

w(0,y,t) = uwe(0,y,t) =0, for (y,t) € (=¢,0) x (0,7,

u(m, Yy, t) = Uge(m,y,t) =0, for (y,t) € (—=¢,¢) x (0,7,
(1.11)

Uyy (@, £0,1) + ougy(x, £0,1) = 0, for (z,t) € (0,7) x (0,7),

uyyy(l', ig? t) + (2 o U)u$$y<x> iga t) = 07 for (Qf,t) < (077T) X (07 T)a

w(z,y,0) =uo(z,y), w(x,y,0)=u(z,y), for (z,y) €,

where Q = (0,7) x (—£,/) CR?* 2 < p < oo, § > 0is a constant, 0 < 0 < % is
the Poisson ratio. In this model, the function u = w(z,y,t) represents the verti-
cal displacement in the downward direction of the suspension bridge, &|u|P~u; is
the nonlinear frictional damping, h = h(x,y,u) is the restoring force of hangers,
f = f(x,y,t) is an external load. Under suitable assumptions on h and f, we will
establish a well-posedness as well as a stability result for the energy functional of

the problem (1.11).



Chapter Three: In chapter, we consider a model with a general frictional damp-

ing and a time dependent frictional damping coefficient

wg + A%u + B(t)g(ug) + h(u) = 0, in Qx(0,7),

w(0,y,t) = uze(0,y,t) = 0, for (y,t) € (—=¢,¢) x (0,7,

w(m,y,t) = uge(m,y,t) =0, for (y,t) € (=¢,0) x (0,7,
(1.12)

Uyy(x, £0,1) + ougy(x, £0,1) =0, for (z,t) € (0,7) x (0,7),

Uyyy (2, £0,8) + (2 = 0)Uggy(x, £0, 1) =0, for (z,t) € (0,7) x (0,71,

U(.T,y,O) = UO(xay)a ut(x,y,()) = Ul(ﬂf,y), for (-T,y) € Q?

where § and g are known functions to be specified later and h is the hangers
restoring force and other parameters remains the same as in chapter two. Our
task here is to establish well-posedness and an explicit and general decay estimates
for (1.12) with suitable hypothesis on 3, g and h.

Chapter Four: In chapter four, we consider a model in the presence of a vis-

coelastic term, namely

t
uy + A%u + / g(t — s)A%u(z,y,s)ds =0, in Qx(0,7T),
0

w(0,y,t) = uze(0,y,t) = 0, for (y,t) € (—=¢,¢) x (0,7,
w(m,y,t) = Upe(m,y,t) =0, for (y,t) € (—¢,0) x (0,T),
(7, y,t) (m,y,t) (y,t) € ( )()(1.13)
Uyy(x, £, 1) + ougy(x, £0,1) =0, for (x,t) € (0,7) x (0,7),

Uyyy (2, £0,1) + (2 — 0)Uggy(x, £0, 1) =0, for (z,t) € (0,7m) x (0,7),

u(z,y,0) = uo(z,y), w(z,y,0) =u(x,y), for (z,y)ecQ,

10



where ¢ is a positive, decreasing relaxation function to be specified later. Our
main objective in this chapter is to establish a well-posedness and a general decay

result for problem (1.13) with suitable conditions on the relaxation function g.

1.4 Literature Review

1.4.1 History and results on suspension bridge models

As mentioned in section 1.1, the history of suspension bridge failures after con-
struction is quiet large. The available video [89] of the Tacoma suspension bridge
failure in 1940 has inspired a large number of studies in this direction, see [86]
and reference therein. Thus, Mathematicians and Engineers have shown more in-
terest in the last three decades to develop mathematical models that can be used
in describing the instability and structural behaviour of such type of bridge. In
this light, various nonlinear models have been developed to describe the dynamics
of suspension bridges. However, the best nonlinearities responsible for the phe-
nomena (torsional oscillation) exhibited during the Tacoma bridge failure is still
obscure. The investigation of the dynamics of suspension bridges goes back to the
pioneer work of Glover et al. [38] in which they considered the following damped
coupled beam system

U + Ut + Ugggr + Y1Ugt + k(u - U)Jr - f:
(1.14)

€V — Vg + 120 — k(u —0)T =g,

11



where 71,72 > 0 are damping constants,

u,v:[0,L] x R" — R

stand for the downward oscillation of a one-dimensional beam as suspension bridge
(single-rod representing the roadway) and the vertical displacement of string re-
spectively, f and g are external forcing terms, k(u — v)* is the string restoring
force and k£ > 0 is a constant. They established the existence and stability of
nonlinear oscillations for (1.14). The existence of global attractor for the coupled
system (1.14) has also been established by Ma and Zhong in [62]. When the cables
holding the suspended beam are replaced by rigid rod, the couple damped system

(1.14) was reduced by Lazer and Mckenna [56] to the fourth-order equation

Up + Uggaw + vy + Kut = f, 2€(0,1), t >0, (1.15)

where u = u(x,t) represents the downward displacement of the bridge in the ver-
tical plane, u™ = max{0,u} the positive part of u, f is the forcing term and k
is a positive constant. They proved the existence of periodic solutions by assum-
ing the suspension bridge to be bending beam. Mckenna and collaborators in
(66, 67, 68, 69] proved the existence of travelling wave solutions (by considering
the suspension bridge as a vibrating beam) and torsional oscillations for a sus-
pension bridge beam model. The key assumption used by Mckenna to establish

travelling wave solutions was slackening the hangers as a nonlinear phenomenon.

12



It should be noted that, this (slackening phenomenon) is a well known assumption
for Engineers, see also [17, 48]. Other authors, [28, 74], have as well treated the
slackening phenomenon in complex beam models. Bochicchio et al. [16] and [2, 22]
have carried out different analysis on the system (1.14) or its modified version.

Recently, in 2012, Bochicchio et al. [15] established explicit stationary solu-
tions to the following beam system

mevy — Hoge + 00 — k(u —0)T = q. + fo(x,t), 2 € (0,7),t >0, : )
1.16

Myl + E[u:c:r:a:x + 5but + [7 - MHUI”LQ(OJF)]UJ?I + k(“ - U)+ =q + fb(xa t),
where v and u represent the vertical displacements of the cable and the beam, m..
and my, are the masses of cable and beam, ¢. and ¢, are forces due to dead loads
of the cable and the beam, f. and f;, are external forces of cable and the beam
while others are constants that depend on the elasticity and physical materials.

The nonlinear term (u — v)™

was suggested by McKenna while the nonlocal term
[v — M||ug||L2(0,7) | tae Was first suggested by Woinowsky-Krieger in [92]. In 1941,
Ammann et al. [7] considered the appearance of torsional oscillations in their
report on the Tacoma bridge disaster. Thus, it appears the beam model have
less degree of freedom to describe the actual phenomenon of the Tacoma bridge
before it collapses. In this regard, Mckenna et al. [67] also studied general models
that account for torsional oscillations, and established numerically the sudden

transition from vertical to torsional oscillation. The well-posedness of another

interesting model have been established in [29].

13



Recently, Gazzola [31] revisited the nonlinear structural behaviour of suspen-
sion bridges, motivated by the results in [32, 33| in which the following non-linear

beam equation was studied

Warza () — Twes (1) + fw(z)) = 0, (1.17)

where w stands for the vertical displacement of the beam, T" the tension and f a
non-linear restoring force. The existence of solutions with wide oscillations which
blows up in finite space was established for this equation. Also, the structural
instability of suspension bridges have been investigated recently in a number of
models, see [6, 9, 14]. In 2001, Scott [86] emphasized in his book that the cor-
rect way to model a suspension bridge is through a thin rectangular plate. But,
suspension bridge models as a plate appear complicated and not much work has
been done in this area.

A first attempt to model suspension bridges through a thin rectangular plate
was by Ferrero and Gazzola in [30] where their fundamental work established the
fourth-order hyperbolic equation (1.10). Recent result by Al-Gwaiz et al.[6] have
proved the the existence of bending and stretching energies of the rectangular
plate model suggested in [30]. For more details on suspension bridge plate models

by Gazzola and collaborators, we refer the reader to [10, 13, 36, 37].

14



1.4.2 Nonlinear plate problems

In 2000, Messaoudi in [73] considered the so-called Petrovsky system

;

v + A% + alvg| ™20, = blv|P?v, in Q x (0,7),

v=2 =0, on 009 x[0,7T),

= =

v(x,0) =vo(z), v(z,0) =wv1(x), in €

\

(1.18)

where a,b > 0 are constants and 2 € RY, N > 1 is a bounded domain with a

smooth boundary 9€2. For p > m, he proved the existence of a weak local solution.

In addition, he showed that, for negative initial energy (that is F(0) < 0), the

local solution blows up in finite time. He also established the existence of global

solution when m > p. The result in [73] has been improved by Chen and Zhou

[21], where global nonexistence and a finite time blow for varnishing initial energy

(that is E(0) = 0) have been established. Yang [93] studied the following plate

problem

;

vtt+A2v+5vt:Z?:1a,~ (g—;), in Qx(0,7),

Uzg—:;:o, on 092 x[0,7),

v(z,0) = wvo(z), vi(x,0) =wvi(x), in €

\

(1.19)

0 > 0 is a constant, a; = «;(s), i« = 1,2,..., N, are known nonlinear functions

and Q C RY is a bounded domain with a smooth boundary 9. He established

the existence of global weak solution and exponential decay result under suitable

15



conditions on the nonlinear terms and initial data. Guesmia in [39] considered

v (z,t) + A?v(z,t) + q(x)v(z, t) + g(vi(z, 1)) =0, in Q x (0,400)

v="9"=0, on 90 x [0,00) (1.20)
n
U(%,O) = Uo(i'), Ut(xa()) = Ul(x)a in Qv
\

where ¢ is a continuous, increasing function with ¢(0) = 0, ¢ : @ — R is a
bounded function and Q@ c RN, N > 1 is a bounded domain with a smooth
boundary 0f2. He proved global existence and a decay (exponential and poly-
nomial) result with some suitable assumptions on g. Similar result have been
obtained in [40] when the system (1.20) is coupled with a similinear wave equa-
tion. The system (1.20) has been studied by Aassila and Guesmia in [1] when the
term q(x)v(x,t) + g(ve(z,t)) is replaced by A?vy(z,t) + A(g(Av(z,1))).

In 2014, Wang [91] considered the following fourth-order plate equation

vy 4 6v; + A% 4 av = |v|P 2, (1.21)

where a = a(z,y,t) is a bounded and measurable sign-changing function and
2 < p < oo . He then supplement (1.21) with the boundary conditions of (1.8)
and initial data, and proved the existence and uniqueness of a weak local solution
when 2 < p < oo and a finite time blow up result. For the analysis of other

interesting plate problems, we refer the reader to [26, 49, 50, 53, 55, 87].
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1.4.3 Viscoelastic plate problems

For a review of plate problems with memory term, we begin with the work of

Cavalcanti et al. [20] in which the following Von Karman system was considered

ug + A%u — [u,v] —gx A?u =0, in Qx(0,00),

A?v + [u,u] =0, in Qx(0,00),
u=uv=0, on 02 x [0,00), (1.22)
g—";;:g—z:O, on 09 x [0,00),

v(z,0) =vo(z), v(x,0)=wvi(z), in €
where 0 C R? is a bounded domain with a smooth boundary 052,

(g w)(t) = / o(t — syu(s)ds,

and

(U, V] = UpyUyyy + Uy Vs — Uy Vg

They established the well-posedness and sharp decay estimates when the relax-

ation function ¢ satisfies the assumption
g'(s) < H(g(s)), Vs >0, (1.23)

where H is a known continuous, convex, increasing and positive function with

H(0) = 0. We note here that the condition (1.23) was first introduced by
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Alabau-Boussouira and Cannarsa [5] in 2009. Other interesting analysis of the
von Karman plate equation with memory or boundary memory can be found in
(12, 23, 24, 41, 52, 65, 76, 77, 84].

Alabau-Boussouira et al. [4] looked into the following problem

(

vy + A%v — /tg(t —5)A%v(s)ds = f(v), in Qx(0,T),
0

v=2"=0, on 09 x[0,7), (1.24)
U(HQO) = Uo(l'), ’Ut(ZC,O) = Ul('r)? n Qa

\

and established exponential and polynomial decay results for sufficiently small

initial data. Andrade et al. [8] and Liu et al. [60] considered the following system

(

v+ A% — A —gx Av—Avy + f(v) =0, in Qx(0,7T),

v=Av =0, on 00 x[0,7), (1.25)

v(x,0) = vo(z), v(z,0) =v(x), in Q,

where

Ay = div(|Vu[P~2Vo)

is the usual p—Laplacian operator and

(9% Av)(t) = /O g(t — s)Av(s)ds.

By assuming that the relaxation kernel g decays exponentially, the authors proved

the well-posedness and obtained an exponential decay result for the solution of
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problem (1.25). Rivera et al. in [75] studied the following fourth-order equation
t

vy + YAy + Ao — / g(t —)A*(T)dr =0, in Qx (0,T) (1.26)
0

together with initial and dynamical boundary conditions. They proved that the
sum of the first and second energies decays exponentially (polynomially) if the

kernel g decays exponentially (polynomially). Lin and Li [58] considered

Vg + YAy + A% — /t g(t — 7)A*(7)dr = div (c(f(Vv)Vv)), in Q x (0,7)
0
(1.27)
together with initial and dynamical boundary conditions similar to those imposed
by Rivera et al. [75], and established a decay result, similar to that of Rivera et

al.[75]. Mustafa and Ghassan [79] considered the Kirchoff plate equation
v+ A% =0, in Qx (0,+0c0) (1.28)

with viscoelastic boundary localized damping conditions and established a gen-
eral decay result. Santos and Junior in [85] also considered (1.28) with mem-
ory boundary conditions and established that the solution decays exponentially
(polynomially) if the relaxation function decays exponentially (polynomially) at
the same rate. For similar result on equation (1.28), see the result of Horn and
Lasiecka in [42]. For more results on the Kirchoff plate equation with memory, we

refer the reader to [43, 51, 78|.
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1.5 Important Notations and inequalities

In this section, we state some notations and important inequalities that will be
used repeatedly throughout this dissertation. The standard L?*(f2), H?*(Q) and

H*(Q2) Sobolev spaces will be used throughout this work.

e Suppose 2 C RY is a domain and p € R such that 1 < p < oco; we set
LP(Q) = {f : Q — R is measurable and / |fIP < oo} :
Q

with norm

[

T ( / |f|p)” |

e For p = oo, we set
L>=(Q) ={f:Q — Ris measurable and 3C : |f(z)] < C a.e on Q},
with norm

| flloo = [[fllzoe() =inf {C>0: |f(z)] <C a.eonQ}.

e Let m > 1 be an integer and 1 < p < co. we define

WmP(Q) ={ue LP(Q) : D*u € LP(Q), V |a| < m},
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with norm

lllmp = Nllwmany = llull, + Y (1D ull,.

1<]al<m

By D%u, we mean the a — th weak partial derivative g of the function u
satisfying

Jupo= 1" [ go. voe .
Q Q
When p = 2, we denote W™?(Q)) = H™(Q)

Vf= (220 . 20

Ox1? Oz’ """ dxn

2% f 02 f 22 f
Af T Oxi11 + Ozroxo + + orNTN
np oy (2
83: s \ O,
7j=1 i=1 I
2
Uy = %; Ut %

C5°(2) denotes the space of continuously differentiable functions with com-

pact support in €.

Let f € C*(Q) (space of k— times continuously differentiable functions)
and a = (aq, ag, ..., ay) is a multi-index of length |a] = oy + a9 + ... + a,

la] <k, then

ol f

aq a9 an
0x{" 03?0}

Dof =
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e The support of f(continuous functions) is defined by

supp(f) == {z € Q: f(z) # 0}.

Throughout this work, ¢ and/or C' (sometimes ¢; and C;, i = 0, 1,2, ...) are generic
constants that may change from line to line.

The following inequalities will be use repeatedly in this dissertation.

1. Young’s inequality. Let 1 < r,s < oo and A, B > 0 such that % + % =1

Then for all € > 0, we have
AB < eA" 4+ C.B?®,

—L _ In particular, when r = s = 2, we obtain

where C, =
s(er)r

1
AB < eA? + — B2
de

2. Holder’s inequality. Let u € L"(Q2), v € L*(2) and 1 < r,s < oo such

that + +1 = 1. Then uv € L*(2) and

/QU’U S HUHLr(Q)HUHLs(Q). (1.29)

In the inequality (1.29), for r = s = 2, we obtain the Cauchy-Schwarz

inequality.
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3. Green’s formula. Suppose € is a bounded domain with a regular boundary

and let v € H'(Q) and u € H*(Q). Then we have

/vAu:/ U%—/VUVU,
Q a0 On Q

where g—z is the normal derivative of v on the boundary 02 of €.

4. Jensen’s Inequality. Let ¢ be a convex function on R, f an integrable

function over €2 and pof integrable over () also. Then

eo([1)= e

5. We say that two functions or functionals F' and L are equivalent and denote

it by F' ~ L, if there exist two positive numbers a; and as such that

a F(t) < L(t) < asF(t), Yt > 0.

6. Let H be a Hilbert space equipped with the inner product (,). A linear

operator A : D(A) C H — H is said to be maximal monotone iff

e For all u € D(A), we have (Au,u)y >0

e For all f € H there exists a unique v € D(A) such that (I + A)u = f
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1.6 Some useful materials

Throughout this work, Q = (0, 7)x(—¢, £). Let us introduce as in [30] the following

Sobolev space

HZ(Q) = {we H*(Q) : w(0,y) = w(m,y) =0, Vy € (—(,0)}, (1.30)
Y
l
w=20 O w =10
0 - T
—/

together with the inner product

(u,v)p2 = /[(AUAU + (1 = 0) (2UpyVay — UzzUyy — UyyVsz)|dxdy, (1.31)
Q

and denote by

H*(Q) = dual of HZ(R).

For the completeness of the space H2((2), we recall some results by Ferrero and

Gazzola in [30].

Lemma 1.1 [30] Assume 0 < o < 3. Then, the norm ||.|p2@q) given by
H'”%’E(Q) = (.,.)mz is equivalent to the usual H?*(Q2)-norm. Moreover, H?(S)) en-
dowed with the scalar product (.,.)y2 is a Hilbert space.
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Theorem 1.1 [30] Assume 0 < 0 < & and let f € L*(2). Then, there exists a

unique u € H2(Q) such that

/ AUAD+ (1= 0) (2t Dy — a0y — 1ty 02| drdy — / fo, Vo e HAQ). (1.32)
Q Q

Furthermore, the weak solution u € H*(Q), of (1.32), is in H*(Q) and there exists

C=C(lo) >0 such that
[ull @) < Cllfllr2@)- (1.33)

Remark: The function v € H?(Q) satisfying (1.32) is called the weak solution of

the stationary problem

p

Alu=f,

U(O,y) = umﬂ(ovy) = u(ﬂ-v y) = uzx(ﬂ-v y) = 07
(1.34)

Uyy (2, £0) + oUgy (2, £0) =0,

Uyyy (T, £L) + (2 = 0)Ugay (T, £0) = 0.
\
We also recall the following important Lemmas that will be used in this work.

Lemma 1.2 Suppose u € H*(Q) satisfying the boundary conditions of (1.34) and
v € H*Q). Then,

/QUAZu = (u,0) 2y - (1.35)
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Proof. Using Green’s formula we obtain

O0Au ov
vA%y = / AuAv +/ v — Au—1. 1.36
/Q Q 89[ on 377] ( )

Integrating the left hand side of (1.35) leads to

/QUA2u = /QA’LLA’U - /va(x, —0) [ty (2, =€) + Uy (, —0)]dx
(2, 0) [ty (2, €) + tyyy (., 0)]dz

UZJ(CU) _E) [umg(l‘, _6) + uyy(x, —g)]dl‘

|
|
[ v ety
|
/

Oy (2, ) [tz (2, €) + yy (, €)]d

020, ) [tk ) O]

This gives

/ A%y =
Q

S~

AulAv — / (2, =) [Ugay (2, —0) + Uyyy(z, —L)|dx
0

(@, 0) [ty (2, 0) + Uy (, 0)]dx

™

?Jy({L', _E) [um(x, _E) + uyy(x, _E)]dx

T

Uy (2, 0) [ty (2, ) + wyy(, 0)]d. (1.37)

+
— — —
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By using the boundary conditions of (1.34), we obtain

/Q pAZy = /Q Audo + (1 — o) /0 1002, Oty (2, —0) — (@, D)ty (7, 0)]d

+ (1—-o0) /Ow[vy(a:, —O)ugy(x, =) — vy (2, £)Ugy (2, £)]de. (1.38)

By performing similar integration by part on the right hand side of (1.31), we

obtain (1.38). Hence the result. |

Lemma 1.3 [91] Let u € H2(Q2) and assume 1 < p < +oco. Then, there exists a

positive constant C, = C(€),p) > 0 such that
Jully < CeHUH];{g(Q)' (1.39)

Lemma 1.4 (Compacity Lemma [59]) Let V,X and W be Banach spaces
such that V-C X C W,V and W are reflezive and the embbeding V- C W is com-
pact. If (uy,) is bounded in LP ((0,T);V) and (u}*) is bounded in L ((0,T); W),

1 < p,q < +oo. Then there exists a subsequence (u') such that
(u') — u strongly in LP((0,T); X)

Lemma 1.5 (Lions [59]) Let V C H C V*, with V a reflexive Banach space,

H a Hilbert space and V* the dual of V' such that the embeddings are continuous.
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Ifue LP((0,7),V) and uy € L9((0,T),V*), where %4—% =1, then
we C(0,T)], H).

Lemma 1.6 Suppose X and Y are two Banach spaces with X continuously em-

bedded in'Y . Ifu e L*((0,7),X) and u € Cy([0,T],Y), then u € C,([0,T], X).

Lemma 1.7 For any a,b € R and p > 2, we have
(|alP"2a — |b]P~?b)(a — b) > 2> P|a — b|P. (1.40)

Lemma 1.8 (Komornik [46]) Let E : Rt — R™ be non-increasing function.

Assume that there exist v > 0 and A > 0 such that
/ EY(#)dt < AE(s),0 < s < 00.

Then, there exists C,w > 0 such that

C
E(t) < — VE>0, if v >0,

(1+t)~

E(t) <Ce ™ Vt>0, if v=0.
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CHAPTER 2

EXISTENCE AND STABILITY

RESULTS FOR A

FOURTH-ORDER NONLINEAR

WAVE PROBLEM

This chapter is devoted to the global existence and stability of the following fourth-

order nonlinear wave problem

(

utt+5|ut|p_2ut+A2u+h(xay>u) = f7 iIl Q X (OvT)
w(0,y,t) = g (0,y,t) =0, for (y,t) € (—£,0) x (0,T)
u(m,y,t) = g (m,y,t) =0, for (y,t) € (—¢,¢) x (0,7)

(2.1)
Uyy(x, £0,1) + ougy(x, £0,t) =0, for (z,t) € (0,7) x (0,7,

Uyyy (T, £0,1) + (2 — 0)Uggy(x, £0, 1) =0,  for(x,t) € (0,7) x (0,7,

L u(x,y,O) = UO(I7y)> ut(x,y,O) = U1<$7y), n Qv
31



where u = u(z,y, t) stands for the vertical displacement in the downward direction
of the suspension bridge, = (0,7) x (=[,]) CR%), 2 <p<o0,0< 0 < % is the
Poission ratio, h is the hanger restoring force, f = f(x,y,t) is the forcing term
and &|us|P~u; is the nonlinear frictional damping with a damping constant § > 0.
This chapter is divided into the following sections. In section 2.1, we present
some assumptions to be used in this chapter. In section 2.2, we establish the well-
posedness of problem (2.1). Finally, in section 2.3, we state and prove a stability

result for problem (2.1) in the absence of the external load, that is when f = 0.

2.1 Main Assumptions

In this section, we present some useful assumptions needed in this chapter. For
this, we assume f € L*(Q x (0,7)) and the function h admits the following
hypotheses:

(A1) h: QxR — R isnondecreasing and locally Lipschitz with respect to s such
that A(.,.,0) = 0.

(A2) H(z,y,s) = / h(z,y,7)dr is positive such that
0
sh(.,.,s)—H(.,.,s) >0, Vs € R.
Examples: An example of a function that satisfy assumptions (A;) and (Ay) is

h(s) = |s[P~?s, p > 2.

32



1. To prove our existence and uniqueness result, we exploit the method of Lions

[59] with modifications to suit our problem.

2.2 Well posedness

In this section, we state and prove a well-posedness result for problem (2.1). First,

we give the definition of a weak solution of problem (2.1).

Definition 2.1 A function
u e C([0, 7], HZ(Q)) N C([0, T, L*(2)) N C*([0, 7], 1" (2))

and

w € LP(Q x (0,T))

is called a weak solution of (2.1), if

;

d
— utw—l—é/\ut]pZutw+(u,w)H3+/h(x,y,u)w:/fw, Yw € HZ(Q)
dt Jq Q Q Q

u(z,y,0) = uo(z,y), w(z,y,0)=u(zx,y), (2.2)

for a.ete (0,T).

Now, we give an existence and uniqueness result for problem (2.1).

Theorem 2.1 Suppose f € L*(Q x (0,T)) and the assumptions (A;) and (As)
hold. Let (ug,uy) € H2(Q2) x L*(Q) be given. Then problem (2.1) has a unique

global weak solution.
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Proof. We exploit the Galerkin approximation method. Note that HZ(Q) is
separable, so it has a countable basis. Let {w;}32; be a basis of H?(Q2) and define

the finite-dimensional subspace
Wi = span{wi, ..., wy, }.

Let

y) =Y ogwi(z,y) and ui(x,y) Zﬁawj z,y)
j=1

be sequences in H2(2) and L%(2) respectively, such that
ul' — ug in HX(Q), u" — u; in L*(Q). (2.3)

We look for a solution of the form

"™(z,y,t) Zaj wj(x,y)

which satisfies the following approximation problem

)
/ufgwj—i-é/ lug™ [P~ 2ut wj—i-(um,wj)Hg—l—/h(m,y,um)wj:/fwj,
Q Q Q Q

j=12.m
(2.4)

u™(z,y,0) = ui(z,y), u(z,y,0) =ul(z,y),

\ for a.et e (0,7).

We note that (2.4) is equivalent to a finite-dimensional system of ODE, thus

standard ODE theory guarantees the existence of functions a;, j = 1,2,...,m
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such that

a;: [0,tn) >R, 0<t, <T,

for which (2.4) is satisfied for a.e 0 <t < t,,.
Next, we show that t,, = T,Vm > 1. For this, we multiply (2.4) by @ and sum

over j =1,2,....m to get

/uﬁu?%—(S/ |u?|p+(um,uzn)gg—|—/h(x,y,um)u;”:/fu;”.
Q Q Q Q

This gives

7 {5/ |uy T 5”“ ||§{$ +/H(Ivy7u )} "’5/ uf"|P = / Ju. (2.5)
Q Q Q @

Integrating equation (2.5) over (0,t), 0 <t < t,,, we obtain

Em(t)+5/0t/ﬂ|ur|f’:Em(0)+/0t/gfu;n, (2.6)

where

(0 =5 [ 1 Gl + [ g (2.7

Using Young’s inequality, we get, ¥V t € (0,t,,),

g o [ [r<eroe [ [upe [ [ur e
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We know that

H(Jc,y,s):/ h(x,y,T)dT.
0

Thus, on the account of assumption (Ay) and Lemma 1.3, we get

/ H g, a)dedy < / a2, ) [,y ) drdy < Ol |z (2.9)
Q Q

Now, combining (2.8) and (2.9), with the fact that (u{') and (u}") are bounded

sequences (as convergent sequences) in H2(Q2) and L?(Q2) respectively , we obtain

1 1 t
—/|u:”|2+—||um||fqz—i—/H(w,y,um)—l—(S/ /|u;”|p C. + €T sup /|u;”|2
2 Jq 2 - Q 0 Jo (0, tm)

210

Observe that each term in (2.10) is positive , so we can take supremum over

€ (0,t,,) to get

— sup / ™ 4 = sup |lu™ ||H2 + sup /H T, Y, U

2 (0,tm) (0,tm)
T
+5/ /|u;§”|p§46’6—|—46T sup/|u7t"|2.
0 Ja 0,tm) JQ

We choose € = 16—T and obtain

L sup / iP5 s
? m

40, tm)
—i—sup/H:Ey, +5//|ut]p
0, tm

36
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where C'is a constant independent of m. So, we can extend the interval of solution

of (2.4) to [0,T"). Moreover, we deduce from (2.11) that

(u™) is bounded in L* ((0,7T), H*(Q)),
(2.12)

(uf) is bounded in L> ((0,7), L*(2)) N L* (2 x (0,7)) .

Therefore, we can extract a subsequence (u*) of (u™) such that

uf — u weakly star in L> ((0,7), H*(Q)) and weakly in L? ((0,T), H2(2)),

uk — u, weakly star in L ((0,T), L2(Q)) and weakly in L? ((0,T), L2(Q)) (2-13)

uf — wu; weakly in LP ((0,T), LP(9)).

\

Since u¥ is bounded in L? ((Q x (0,7T))), we have that

[ fessies = [ e = [ e <o

So,

uFP~24%) is a bounded sequence in L1 (Q x 0,7)).
T T

Thus, we can extract a subsequence denoted by (|u![P~2ul) such that

W P2l — o weakly in L51(Q x (0,7T)). 2.14
t
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Now, we have that

uf — u weakly in L? ((0,T), H2(Q2)),
(2.15)

uf — uy weakly in L2 ((0,7), L*(Q)) .

Hence due to the compact embedding of H2(2) in L?*(2) and Lemma 1.4, we can

extract a subsequence, still denoted by (u') such that
u' — w strongly in L* ((0,7), L*(2)) (2.16)

and

u — wa.ein Q x (0,7).

Thus, using the lipschitz continuity of h, we obtain
h(a,y, u' (2,9, 1)) — bz, y,ulz,y,t)) a.ein Qx(0,T).

Now, we replace (u™) by (u') in (2.4) and integrate over (0,t) to get

/utw]+5/ /]ut\p 2utw]+/t(ul w;) g
[ ften o it [ e

By using (2.12) and the embedding of HZ(€) in L>(Q) (since 2 C R?), we get

(2.17)

that (u') is bounded in L>(Q x (0,7T)). Thus, there exists a constant C' > 0 such
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that

||| Lo x 0y < C, V1> 1. (2.18)

It follows from (A;), Holder’s inequality and (2.16) that

s = [ [ hey s
/ /mm% By

Scmﬂmmﬁﬂw—ﬂm@

(2.19)

< COT sup |u' —ulz2) = 0, as | — +oc.
te(0,7)

By letting [ — +00 in equation (2.17), we obtain

/utw]+6/ /%Uwg /t(uij)H%
// T,Y, U /ule //fwj7 vj =

which gives

/Qutw = —(5/0t/ﬂww—/0t(u,w)H3—/Ot/Qh(x,y,u)w
/Quler/Ot/wa, Yw € H%(Q). (2.20)

Observe that each term on the right- hand side of (2.20) is absolutely continu-
ous as functions of ¢ defined by integrals over (0,t), hence differentiable almost

everywhere. Thus, differentiating equation (2.20) for almost every t € (0,7), we
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obtain

Zf utw+5/ww+ u w)Hz—l—/h(as,y,u)w:/fw, Yw € H?(Q). (2.21)
Q Q

Next, we show that

’Ut|p72ut = 1.

Let A(w) = |w[P~w and define y! as follows

I g W) — Al (wh — w w p 2 . )
X —/O /Q(A( 1) — Aw))(uz —w), Yw e LP((0,T), H () (2.22)

Then x! > 0 by Lemma 2.4. We have that

X' = /OT/QA(Ui)Ui—/OT/QA(uﬁ)w—/OT/QAw Ul
= [ = [ [ [ awui-n e

By replacing (u™) by (u') in (2.5), integrating over (0, 7)) and replacing in (2.23),

we get

1
= gl [l e 2 [ HC)
1
+ gl WP bl +2 [ HC. o)
25" ),

3 [t [ [ [ [t o
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Now, we know that, if z, — = in X (X a Banach space), then

|z||x <liminf ||z,|x. (2.25)

Also, using the same reasoning as in (2.18)-(2.19), Hélder’s inequality and the fact

that u}, — ug strongly in H2(Q), we have (Mean Value Theorem)

[ty = )| < [ il wl -

<C [ Violuh — wal < Gl — wallzey =0, as 1 = o
Q

where iy = aul) + (1 — a@)ug, a € (0,1). Similarly, using (2.16) we can show that

/QH(.,.,ul)—>/QH(.,.,u) as 1 — oo. (2.27)
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Combining (2.25)-(2.27) and letting [ — 400, we obtain

0 < limsupy’

IN

1
imsup =52 [ P+ ' +2 | B

. 1
+ hmsup%[/ |ul1|2+||u6||%12—|—2/H(.,.,u6)]

T limsup - //fu // (ub)uw // (ul — w)

< —liminf—[/ |ut|2—|—Hul||H2—i—2/H(.,.,u
25 Q * Q

1 2 2
bl ol 2 [ )

20" Jq ’ Q

1 T T T
+—//fut—//A(ut)w—//Awu—

5 0 Q 0 Q 0 Q

1

< sl e +2 [ HC )

1
+ —[/ |u1|2+||uo||zz+2/H<.,.,uO
20 Jq * Q

e 3 L= [ o= [ [ A (2.28)

Replacing w by u; in (2.21) and integrating over (0,7") leads to

e 1
5/0 /qut = 2—5[/Qlut(-,-,T)|2+||u(.,.,T)||§IE]
1

— g5l TP+
+//¢“t+ / H(.,ul.,.. T)) = H(.,.,u))] (2.29)
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Thus, substituting (2.29) into (2.28), we obtain

0 < limsupy!

[[fou [ foo [ foreo
- /OT/Qw — A@w))(w — w)

IN

So,

/0 /Q(w —A(w))(w, —w) >0, Yw € Lp((O,T),Hf(Q)),

Now, let w = Av +u; for A # 0 and v € LP(Q x (0,T)) (by density of HZ(2) in

LP(2)). Then we get
—)\/T/(@/J —AAv+uy))v >0, VA#0, Yo e LP(2 x (0,7)).
0o Ja

For A > 0, we get

/OT/Q(w — AW+ u))o < 0. (2.30)

For A < 0, we obtain

/OT/QW — AQw+ ) > 0. (2.31)

Claim: As A N\, 0, we obtain

/OT/QW ~ A <0, Y v € IPQ x (0,T)). (2.32)
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To see this, we let () be any sequence such that A, “\, 0 as n — oo and consider
the sequence of functions J(\,) = A(A\,w + u;). By using the continuity of A,
J(An) = A(ug) as n — oo (pointwise). Also, since (A,) is bounded (as a conver-

gent sequence), we have

[T = Aaw + w7 ol < 272 (A" el A+ Ju )l

< C(wl™ +Ju )| € LYQ x (0, 7).

By applying dominated convergent Theorem to (2.30), we obtain the claim.

Similarly, as A 0, we get
T
/ /(2/1 ~ Afug))v > 0. (2.33)
0o Ja
Combining (2.32) and (2.33), it follows that
’Lp = A(ut) = |ut]p72ut.

Therefore equation (2.21) becomes

d
—/utw+5/ e [P 2w + (u, w) g

(2.34)
+ [ o= [ fovo € D(0.7), 1))
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Now, from (2.13), we have that

ul — w weakly in L*((0,T), H3(Q)),
(2.35)

ul — uy weakly in L? ((0,T), L*()).

Thus by Lions” Lemma (i.e Lemma 1.5), we conclude that, up to a subsequence,
u' — win C([0,T), L*(Q)). (2.36)

Now, as in [30] and [64], let ¢ € C°(0,T) and replace u™ by u' in (2.4) to get for

any j <

[0 0) oy O = =5 [ (PP 0),0,) g SO
- /0 (' (1), 03) o o S0V
= [t 0). 1) g ol

" / (1), w5) 1oy D0V (2.37)

On the account of (2.19) and letting | — 400, we obtain that

~ [ O S OF = =5 [ (0,10 1 ol
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which gives

[ e 08 = =5 [ (O ule). 0) g o)
— [ w0 olt)
_ /0 (o, u(8)),10) 2y D)

T / (F(1), 0) g2y O(E)t, Yo € HA(Q).
0
So, uy € L* ([0, T], H*(Q2)) . Thus,

u € L* ((0,T),L*() , uy € L* ([0, T], H* () = u; € C([0,T), H*(Q)).
(2.38)
Next, we show that our solution u satisfies the regularity in definition (2.1). Tt

follows from (2.13) and (2.36) that
w € L((0,T), H*(Q)) N C([0,T], L*(2)).
Thus, we get from Lemma 1.6 that
u € Cyu([0,T], H2(Q)). (2.39)
Again, from (2.13) and (2.39), we obtain that
ug € L=((0,T), L*(Q)) N C([0, T], H*(2)).
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So, we obtain from Lemma 1.6 that
ue Cy(0,T], L* (), (2.40)
where C,, means weak continuity. It follows from (2.39) and (2.40) that
u € Cyu(0,T], H2(Q)) N CL([0,T], L*(2)). (2.41)

To have the conclusion in definition 2.1 (strong continuity), we just show that the
function

t— g(t) = ||ul|32 + ||u||12qg is continuous in [0, T].
For this, we multiply (2.34) by u; and integrate over 2 to obtain

d
229(t) = =20 [urllfy = 208, w), w)ze + 2(F.wi)e (2.42)

Integrating both sides between t; and t, leads to

lg(t2) — g(t1)] =

to
/ (=26l 2y — 205 10), w12 + 2 F, 0)22) dt‘
t1

: (2.43)
g/(Mm%ﬁ%M@+@M

t1

e 113 d.

Observe that from (2.11), the right-hand side of (2.43) is L'([0,T],R), thus con-

verges to 0 as to — t;. Thus, we obtain that

lg(ta) — g(t1)| — 0 as to — t5.
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Hence,

u e C([0,T), HX(Q)) N C' ([0, T], LA(2)). (2.44)

For the initial conditions, we let ¢ € C?([0,T], H2(Q)) with ¢(T) = ¢(T) = 0.

Then by using (2.34), integration by parts leads to

T T T
/ (u, Py )dt + 5/ (e [Py, @) dt + / (u, w)p2dt
0 0 0 (2.45)

+A<m»m@mzﬁu@w+wwmw»—wm@my

Again, replacing (u™) by (u') in (2.4) and integrating by parts gives

T T T
/(¢¢Mﬁ+5/(MW%A@ﬁ+/<%wMﬂt
0 0 0

+Aﬂmwmww=mea+wwﬁwwwwm@@y

As | — 00, we obtain

T T T
/ (u, Py )dt + 5/ (e [P~ %y, @) dt + / (u, w) 2dt
0 0 0 (2.46)

+A<mwm@ﬁzﬁm@ﬁ+mw@w%w@@x

since u!(0) — uo and u}(0) — u;y. Since ¢(0) and ¢;(0) are arbitrary, a com-

parison of (2.45) and (2.46) gives

U’(‘T7 Y, O) = UO(:Ev y)a and Ut(l’, Y, 0) = Ul(fL‘, y) in 2. (247)
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For the uniqueness, we suppose u' and u? satisfy (2.34) and (2.47).

Then, u = u' — u? satisfies

d
w5 [ il ol = 2o + (o)
dt ; :
+/[h($,y,ul) - h<x7y7u2)]w =0, Vw € Lp((O7T)7Hf(Q))7 (248)
Q

u(z,y,0) = u(x,y,0) =0,

The system (2.48) remains true for any w € C§°(€2 x (0,7)). Hence, valid for any

w € L?(Q x (0,T)) by density. Thus, replacing w by u; in (2.48), we obtain

5o L Gl +8 [ (a2l = ) = o

—1—/9 [h(x,y,ul) — h(x,y,uz)} uy = 0.

By using condition (A;) and Lemma 1.3, we have

o |l e 0 [ a2 = ) - o
s/ﬁmwwww—huyw%mw|
Q
szq/WmmASmeﬂmmy
Q

I
< Sllullze + S llwllz < © [Ilutl\iz +lullZz | (2.49)

L
2

where Lj is a lipschitz constant. Thus, it follows from Lemma 1.7 and (2.49), we

obtain

d
= [l + ullfe ] < C [lleellfe + ull%) (2:50)
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Applying Gronwall’s Lemma to (2.50) lead to

el 12 + [l

e < Cet | [u(O)]3 + u(0)3:] =0,

It follows that u! = u?. |

2.3 Stability

In this section we consider (2.1) with f = 0 and study the stability of the associ-

ated energy functional of the problem

Uy + O|ug [P 2uy + A%u + h(z,y,u) =0, in Qx(0,7),

u(0,y,1) = 2(0,y,t) = 0, for (y,t) € (=1,1) x (0,7),

w(m, Yy, t) = uge(m,y,t) =0, for (y,t) € (=1,1) x (0,7,
(2.51)

Uyy (2, £, 1) + oug, (v, £1,1) =0, for  (x,t) € (0,7) x (0,7),

Uyyy (T, £, 1) + (2 — 0)Uggy (2, £, 1) =0,  for (x,t) € (0,m) x (0,7).

u(z,y,0) = uo(z,y), w(zr,y,0) =u(z,y), in Q.

The energy functional associated to problem (2.51) is defined by

1 1
B(0) =5 [ luPd+ Slulfee + [ Hvo), (2.52)
Q Q

We state some technique Lemmas that will be needed to prove our stability result.

Lemma 2.1 Letw € HYQ)NH?(Q) satisfying the boundary conditions of (1.34).
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Then,

/wAQw — ol (2.53)
Q
Proof. Let v =wv in Lemma 1.2. |

Lemma 2.2 The energy functional defined in (2.52) satisfies,

dEw) _ / gl < 0 (2.54)
dt 5

Proof. Multiply (2.51) by u; and integrate over €2, we obtain

d (1 1
4 (5 [1uras gl + [ A@aw)+o [ur=o.  (5)
Q Q Q

This lead to

dE(t
dEw) _ —5/ P < 0. (2.56)
dt ;

Thus F is non-increasing. |
Theorem 2.2 Let (ug,u;) € H2(Q2) x L*(Q) be given and assume (Ay) and (As)

hold. Then the energy functional (2.52) satisfies

E(t)SLz7 Vt>0,if p>2
(141t)r2

E{t)<Ce™, Vt>0, if p=2

where C,w are positive constants.
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Proof. We exploit the multiplier method. So, we multiply (2.51) by E9(¢)u and
integrate over Q X (s,T7),T > s > 0 and for ¢ > 0 to be specified later. Hence, we

get

T
/ Eq(t)/ <uttu + ||u||§{3(9) + S|ug|Pugu + h(w, y,u)u> dxdydt = 0.
s Q

After some calculations, this leads to

/ ") ([ T =)+
+/STE61(15) (5/9|ut|p_2utu+/ﬂh(.,.,u)u) =0,

which gives

[ [+ [ o0 (3 [ i + [ #.0)
S e [ polte <o [ ] Bl
2 J)s Ja 2 /s s Ja

+ /ST E9(1) /Q[uh(., ) — H(, )] = 0.

Then, taking account of (2.52), we get

T T 3 T
/ ET N ()dt = —/ /Eq(t)(uut t+§/ /Eq
s 1 ?p 0
- / ()l — 6 / / B9 () P ur
Q

. /ST q(t)/Q[H(., Ju) = uh(., ., w)ul.

DO |
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By using assumption (As), we obtain

/STEq“(t)dt < —/ST/Q(Eq(t)uut)t+q/sT/QEq_1(t)E’(t)uut

— 5/ST/QE‘1(L‘)|ut|p_2utu+;/ST/QE"(t)uf. (2.57)

By using Young’s inequality and Lemma 1.3, we estimate the integrals in the

right-hand side of (2.57). For the first term, we have

-/ /f(Eq(t)uutm < | [ BT+ [ Bs)uls)us)

L5 [ (4200 T) 1)

IN

+ %Eq(s) /Q (u*(2,y,5) +ui(2,y,5)) .

Now, using the fact F is nonincreasing and

(Celu® By + Il (®) 220 ) < CE),

DO | —

(@32 + ue(®) 320y ) <

DN | —

we obtain

‘_/Q/s (EY(t)uuy)e| < C(Eq+1(T) + pat (8)) < CE™(s). (2.58)
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For the second term, we have

\q/sT/QEq—l(t)E'(t)uuq < —q/sT/QEq_l(t)E’(t)\uut|

< —g/s Eq_l(t)E’(t)/Q(u2($,y,t)+uf(x,y,t))
< [ porn--c | e
< CE™(s). (2.59)

For the third term, we have

T T
= / / B9 (t) P ugu] < 6 / 200 / P
s Q s Q
T
gd/ Ba(t) <e/ yu\uce/ \utyp)
s Q 0

—66/ST/QE‘1(t)|u|p—|—C’E /ST EY()(—E' (1))

< Coe / B )l + CET(5) (2.60)
ST )

= Ce [ B0 ullz)® + CE)
ST )

< 056/ E1(t)(E(t))? + C.ET(s)

ya
2

< eCH (E(0)2 " /T BN (t) + OB (s).

For the fourth term, we first note that p > 2 and €2 is bounded, so

el 222y < Cllwe] o ().
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Thus, we have

3 T T T
3| B < 5[ EOllieg <c [ B0l

e / B9(t)(~E'(1)).

NN GV]

Now, using Young’s inequality with » = ¢ + 1 and »' = %, we arrive at

|-// Bt |<e/ Eq“(t)—l—C’G/ST( )5

At this point, we choose ¢ so that

2 1 -2
g+ ):1, hence q:p—.

P 2

Consequently, we obtain

|g/Q/STEq(t)uf| < e/sT ‘1+1()dt+0/sT( B (1)t

T
< e/ BT (t)dt + C.E(s).
Combining (2.58), (2.59), (2.60) and (2.62), we obtain from (2.57) that

/ TEq“(t)dt < CE(s) + CoeE271(0)) / TEQ“(t)

T
+ C.E(s) + e/ BT (t)dt + C.E(s).

S
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This leads to

(1 —€— ech%—1(0)> /T ET ()dt < (C+ COET™ (s) + C.E(s).  (2.64)

s

Now, we choose € small enough so that (1 — e — eCdEZ~(0)) > 0, to arrive at

/ CENndt < C(EAs) + B(s))

p—2

= C(E= (s)E(s) + E(s))

p—2

C(E= (0)E(s) + E(s))

IN

IN

CE(s). (2.65)

By letting 7" — oo in (2.65) and applying Komornik Lemma (Lemma 1.8), we

arrive at the following conclusion

(1+t)r—2
Et)<Ce™, Vt>0, if p=2.

This completes the proof. I
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CHAPTER 3

EXISTENCE AND GENERAL

DECAY RATES FOR A

FOURTH-ORDER WEAKLY

DAMPED WAVE PROBLEM

In this chapter we study the following fourth—order weakly damped wave problem

2

wy + A%u + B(t)g(ug) + h(u) = 0, in Qx(0,7),

w(0,,£) = (0, ,1) = 0, for (y,1) € (—,0) x (0,T),
w(m, Y, t) = Uge(m,y,t) =0, for (y,t) € (=4,0) x (0,7, 51)
Uy (2, £0,1) + Oty (z, 2L, 1) = 0, for (z,t) € (0,7) x (0,T), |

Uyyy (T, £0,1) + (2 — 0)Ugay(x, £0,t) =0, for (x,t) € (0,7) x (0,T),

L u(%?%()) = UO(%Q); ut(x7y70) - U1($7y>a in Q7
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where Q = (0,7) x (=,]) CR*} 0 <o < % is the Poission ratio, h is the hangers
restoring force and 3, g are given functions to be specified later. In this prob-
lem, u = u(z,y,t) represents the displacement of a vibrating suspension bridge of
length L under the effect of a weak internal frictional damping ¢ with damping co-
efficient 5. We will establish a well-posedness as well as explicit and general decay
results without imposing restrictive growth conditions on the frictional damping
term. This chapter is partitioned into the following sections: In section 3.1, we
outline some important assumptions that will be helpful throughout this chapter.
In section 3.2, we state and prove a well-posedness result for problem (3.1). In
section 3.3, we sate and prove an explicit as well as general decay estimates for

problem (3.1). Finally, in section 3.4, we illustrate our results with some examples.

3.1 Main Assumptions

We assume that the functions £, g and h admit the following assumptions:
(Ay) f: Ry — R, is a non-increasing differentiable function.
(A2) h: R — R is a locally lipschitz non-decreasing function such that h(0) =0

and denote H(s) = / h(7)dT positive such that
0
sh(s) — H(s) >0, Vs € R.

(A3) g : R — R is a nondecreasing C*— function such that, there exist €, ¢y, ¢y > 0

and an increasing function M € C' ([0, +00)) with M linear or M (0) = M’'(0) = 0
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is a strictly convex C?- function on [0, €) such that

cils] < [g(s)] < cals], if |s[ e,
(3.2)

s+ g*(s) < M~ '(sg(s)), if |s| <e
Remarks:

1. We obtain from assumption (Ajz), that g is locally lipschitz and sg(s) > 0

for s # 0.

2. The assumption (A3) with e = 1 was first introduced by Lasiecka and Tataru
[54], where decay estimates for second-order nonlinear wave equation with

nonlinear boundary damping have been established.

3. To achieve our decay result, we borrow the techniques used by Mustafa and
Messaoudi in [80] to prove decay estimates for a second-order wave equation

with Dirichlet boundary conditions.

3.2 Well posedness

In this section, we discuss the well-posedness of problem (3.1). We begin with the

definition of a weak solution for problem (3.1).

Definition 3.1 We say that a function

ue C([0,T],H2(Q)) nC* (0,77, L*(2)) (3.3)
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is a weak solution of (3.1), if

[ d
g Qutw + (U, W) o + B(?) /Qg(ut)w + /Q h(uv)w =0, Yw € HZ(Q),
u(0) = o, wi(0) =, o
for a.ete (0,T).

Now, we reformulate problem (3.1) into a semigroup setting. Let u; = v, then

problem (3.1) becomes

U, + AU = F(t,U),

(3.5)
U(0) = Uy,
where,
U —v 0 U
U= , AU = , F(t,U)= , U=
v A2y —h(u) - B(t)g(v) w
We introduce the Hilbert space
H=H2(Q) x L*(Q)
equipped with the inner product
(U, V)u = (u, a)Hf(Q) + (v, 77)1:2(9) 5 (3.6)

where

U= (u,v)", V= (1,0)" e
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Next, we introduce the following notation

(
ua:ac(07 y) - uac:c(7T7y) - Oa

Uyy (T, £0) + oUyy(x, £0) = 0, (3.7)

Uyyy (2, £0) + (2 — 0)Ugay(z, £0) = 0.

\

The domain of the operator A is defined as

D(A) = {(u,v) € H :u € HYQ) satisfying (3.7) and v € HZ(Q)} .

Lemma 3.1 We have

(A%u,v)2(0) = (u,v)g2,  Vu,v € D(A). (3.8)

Proof. See Lemma 1.2. |

We have the following existence and uniqueness result for problem (3.5).

Theorem 3.1 Let Uy € H be given. Assume that (A1) — (As) hold. Then problem

(3.5) has a unique global weak solution

UeC(0,T],H)).

Proof. To achieve this result, we show that the operator A is maximal monotone

and [ is locally lipschitz continues.
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u

Monotonicity: Let U = € D(A) and making use of Lemma 3.1, we have
v
—v u )
(AU, U)H = ) - = (u7 U)HZ(Q) + (A u, U)L2(Q) =0.
A?y v
H

Thus, A is a monotone operator.

Maximality: Let G = (k,l) € ‘H and consider the stationary problem

U+ AU =G, (3.9)

u
where U = . This gives

u—v==Fk, in H2(Q)
(3.10)

v+ A%u=1, in L*9).

Adding (3.10); and (3.10), gives
u+ A*u=k+1, in L*(Q). (3.11)
The weak formulation of (3.11) is then

[ w6+ by = [ (000, Vo € @), (312)
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Define on H2(2) the following bilinear and linear forms

Bu,¢) = /Q w6+ (0, D)y, L£(0) = /Q (& + 1)o.

We can check that B and £ are bounded, and B is coercive. Indeed

[B(u, 9)] < ullzzll@llez + [lullmz ¢l
< (Ce+ Dlullnzléllaz = Cllullnz[¢] a2
and
B(u,u) = |lull7z + [JullF > [|ullz-
Hence B is bounded and coercive. Also,
IL(@)] < (Nkllez + [1Ulz2) @Ml 2 < (Cellkllmz + [ 22)Cell ol 2 = Cll¢ | 12

Thus L is bounded. So, Lax- Milgram Theorem guarantees the existence of a

unique u € H2() satisfying (3.12), which yields
(s Oz = [ (b+1= )6, 6 € HHQ).
0

Since k + 1 — u € L*(2), then Theorem 1.1 implies u € H*(2). Thus,

u € H2(Q) N HY(Q).
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Now, let ¢ € C5°(Q) (C5°(R2) € HZ(Q)), then integration by parts in (3.12) leads
to

/[u + A% — (k+ D))o =0, Yo € CF(Q).
Q

This implies (by density)

/[u+A2u— (k+0)]¢ =0, Vo € L*(Q). (3.13)

Thus,

u+ A*u=k+1, in L*(Q). (3.14)

We take
v=u—kin H>(Q).
Again, let ¢ € C=(Q) N H2(2). Then integrating (3.12) by parts gives

14

/[U + A% = (k+ )6+ / [ttae (7, ) 2 (7, ) — 102 (0, ) 02 (0, y) | dy

Q —L

+ /OW{[uyy(xag) + oz (@, )]0y (2, €) — [uyy(x, =) + ougs(z, —0)|¢y(2, —0) }da
+ /0 Lty (2, —0) + (2 — 0Yttgy (2, ~0) Sz, Il

— /Oﬂ[uyyy(x,é) + (2 = 0) gy (2, 0)]¢(2, O)dx = 0, Vo € C®(Q) N HZ(Q).
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It follow from (3.14) that

O A
‘/m+ 2, +m¢+/JmﬂmyWAmw—ummeAQwMy

+ /Oﬂ{[uyy(xv E) + Uum(xv é)]gby(% 6) - [uyy<x> _E) + Uum(z? —E)]gby(a:, —é)}dx
-+Aﬁ%w@f%w+@—ammaL—@W@JMx

— /Ow[uyyy(x,ﬁ) + (2 = 0) gy (2, 0)]p(2, O)dx = 0, Vo € C®(Q) N HZ(NQ).

The arbitrary choice of ¢ € C*(Q) N H2($) implies that the coefficients of

Go(m,y), 0:(0,y), @y(x,0), ¢y(x,—l)

are identically zero. Therefore we obtain (3.7) and thus there exists a unique

satisfying (3.9). Hence, A is a maximal operator.
Local lipschitzness: Let U,V € Bg = {(u,v) € D(A) : |[(u,v)||» < R}. By

using Lemma 1.3, the local lipschitzness of A and ¢, and the boundedness of j3,
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we get

2

IF(LU) = FE V)3, = : - :
—h(u) — B(t)g(v) —h(@) = BBg(@) ]|
_ / [(h(@) — h(u)) + B(t)(g(7) — g(v)]?
< 20kl — @32y + 2CRB*(0)[[v — B]22(q
< 2CRCe|lu — || %20) + 2CRB*(0)[Jv — T2
< (ol + v = 32
= U=V (3.15)

So, F'is locally lipschitz. Thus, by the semigroup theory Pazy [83], we obtain

local existence solution
UeC(0,T,,),H), forsome T,, > 0.

To obtain global existence, it suffice to show that ||U(t)||# is bounded indepen-

dently of ¢. To this end, we multiply (3.1); by w, and integrate over € to get

%(%/ﬂu?jté\lullég—F/ﬂH(u)) =—ﬁ<t)/gutg<ut> <0 (3.16)

on the account of assumption (As) and remark number 1. Thus, we obtain

IV @15 = lluelzz + llul

2 < B(t) < E(0),
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where
1 1
3 [ sl + [ H.
Q Q

This completes the proof. |

3.3 Decay of the energy

In this section, we discuss the decay rates of the energy functional associated to
problem (3.1). For this, we state and prove several Lemmas that will be funda-

mental in establishing the main result.

3.3.1 Technical Lemmas

Lemma 3.2 For u € H*(Q) N H2(Q) satisfying (3.9) , we have

/uA2u = Jlulse (3.17)
Q

Proof. Let v =wv in Lemma 3.1. |

Let’s introduce the energy functional associated to problem (3.1), namely

1 1
B =5 [ TP+ 5l + [ Hw (3.18)
Q Q

Lemma 3.3 The energy functional defined in (3.18) satisfies,

dE()

= —B(t) /Qutg(ut) <0. (3.19)
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Proof. By multiplying (3.1); by u; and integrating over {2, we obtain

d (1 1
dt (§/Q|Ut’2+EHUH%{E(Q)‘F/QH(U)) +ﬁ(t)/82utg(ut) —o.

From (Aj3), we get that sg(s) > 0 for all s # 0. Thus, by using (A;), we obtain

T — 500 [ () <0. (320)

We note here that the calculations are justified for regular solutions. However,
the result in (3.20) remains true for weak solution by a density argument. I

Define the functional

F(t) =mE(t) + / uy, (3.21)

where m is a positive constant to be specified later.

Lemma 3.4 Assume that (Ay) — (A3) hold. Then, the functional F satisfies,

along the solution of (3.1), the estimates

F@S—E®+CAO@HWWM)

and

where C' is positive constant.
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Proof. By using (3.1),, definition (3.4) and exploiting assumption (A;) and

(Ag), direct differentiation gives

F'(t) = mFE'(t /ut /uutt
B / wgw) + [ 0 = Julfiaey = 60) [ ugtw) ~ [ uhu)

< [t = Gl — [ #0 = 50) [ gt + [ (H00) = ubu)
< —E<t>+§ [+ 80) [ Jugtun)
< —BW+C [ (ut+luglu)). (3.22)

Next, we show that F' ~ E. Using Young’s inequality and Lemma 1.3, we have

IN

1 1
F() < mB)+3 [ i+ glul

IN

1 Ce
mE(t) + 3 /Q ul + 7||u||%13(9) < M E(t). (3.23)

Also,

v

1
F) = mB() =5 [ i = 5l

1 C.
mE(t)—g/QU?—T 20

m—1 m — C,
- ! 5 )/u?+—< 5 )HuH?{g(gﬁm/H(u)
Q Q

v

We choose m > 0 large enough so that (m — 1), (m — C,) > 0 and arrive at

F(t) > ME(). (3.24)
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Thus, we get from (3.23) and (3.24) that

ME(t) < F(t) < ME().

This completes the proof. I

Next, we choose 0 < ¢; < € so that
sg(s) < min{e, M(e)}, V |s| < €. (3.25)

Then, for |s| > €, the function s — % is continuous on compact intervals and

thus attains its extrema. Thus, it follows from assumption (As) that

cils| < lg(s) < chlsl, if [s] = e,
(3.26)

82+ g%(s) < M~V (sg(s)), if |s| < er.

As in [47], let’s partition €2 as follows:
O ={(z,y) € Q:|uy| < e} and Qy={(x,y) € Q: |u| > €1}

Lemma 3.5 The following inequalities holds for any € > 0, along the the solution

of (3.1),

/Q (uf + ug(up)]) < / u? + Coe E(t) +C. | |g(uy)]? (3.27)

Q1 Q
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and

/Q (u? + |ug(u,)|) < CeE(t) — C.E'(t), (3.28)

where Cy 1s the embedding constant defined in Lemma 1.3 and C. is generic positive

constant depending on €.

Proof. For the first inequality, we use Young’s inequality and Lemma 1.3 to get

/ (@ + lug(u)]) < / S e PTON I
951 04 (951 Q4

/ W2+ Coellulpgey + C / lg(ur)?
Ql Q1

/ i+ CoeBt) +C | gl (3.29)
Ql Q1

IN

IN

For the second inequality, we recall Lemma 1.3 and Holder’s inequality to obtain

5 < (/ | |u|2)é ( 5 |g<ut>|2)é

|U9(Ut)|
lullz2o ( |g<ut>|2)
Qo
1
2

< ceuuHHg(m( |g<ut>|2> . (3.30)

N

2

IN

Qo

Now, from (3.26),, we observe that

5| < ¢]sg(s) and |g(s)|* < cisg(s), for some positive constants ¢}, cj.
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Thus, with this in mind and Young’s inequality, we obtain

/92 (uf + Jug(us)]) < C‘/Q2 wg(u) +C (Huuzm))% (/Q2 utg(ut)f

< —CE'(t)+C(E(1)* (—E'(1))?

< —CE'()+C (e(E(t)) — C.E'(t))

= CeE(t) — C.E'(b). (3.31)
|

Lemma 3.6 For € small enough and two positive constants d,C', the functional

defined by

L(t) = Fi(t) + C.E(t), where Fi(t) = F(t)+ C.E(t)

satisfies, along the solution of (3.1), the estimate

L(t) < ~dE() +C [ (i + |g(u)?) (3:32)

Q1

and
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Proof. Using Lemmas 3.4 and 3.5, direct computations give

Fl(t) = F'(t)+C.E(t)

< —BW+C [ (i +luglu)) +C [ (i + fuglwo)])
< _BEM)+C / &+ CCeB®) +C. | g2 + CeB(t) — CLE'(t)
(911 Q1
< —1-COEW+C. [ (i +lglu)l) ~ CE ).
That is,
(Fi(t) +C.E(t) < —(1—Ce)B(t) + CE/Q (uf + [g(u)]?) - (3.33)
This implies
L) < —(1— COE() + C. / (2 + lg(u)]?) - (3.34)
1951

We then choose e small enough so that (1 — Ce) > 0 and obtain the result. It is

easy to see that L ~ F since F' ~ E. This completes the proof. I

3.3.2 Main decay result

Now, we state and prove our main decay result of this chapter.

Theorem 3.2 Assume that (A;)—(As) hold. Then, there exist positive constants
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k1, ko, k3, €9 such that the solution of (3.1) satisfies

E(t) < ksM;! (/ﬁ /tﬁ(s)ds + k2> , VYt >0, (3.35)
0

where

1
1
M(t) = | ——=ds, My(t) =tM'(eot :
0= [ s M) = 00 o) (3.36)
and M is strictly decreasing on (0,1] and lim;_,o My (t) = 400

Proof. We distinguish two cases.
Case I. M is linear on (0,€]: Multipying (3.32) by £(¢) and using (3.26),, we

deduce that

BOL() < ~dBOE®) +C5) [ (aF + lo(u)P)

951

< —dBME®) +CB[H) | M (ug(u))

Q1

= —dB(t)E(t) + CB(t) / urg(ur)

< —dBOB() +CA0) [ wglu)
= —dB(t)E(t) — CE'(t).
By using (A;), we obtain
(B)L(t) + CE(1) < —dB()E(t). (3.37)
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Let J, = L+ CE. Then, J; ~ E since L ~ E and we get from (3.37)
J1(8) < —k A1 (). (3.38)

Simple integration of (3.38) over (0,t) and using the fact that J; ~ E gives
t
—k1 / B(s)ds
E(t) S k?ge 0 .

Case II. G is nonlinear on (0,¢]. In this case, we consider the functional I(t)

defined by

1

I(t) = —
O=101 Ja,

Utg(ut)-

We know that M is convex, so M1 is concave. Thus, Jensen’s inequality yields

M) > —

= m o, M~ (upg(uy)). (3.39)

By using (3.26),, we obatain

5(t) / (2 + lg(u)?) < B) [ M (wglu)) < CHOMI®).  (3.40)

Q1

By multipying (3.32) by 5(¢) and using (3.40), we arrive at

BUOL() < —dB()E®) +CA(R) / (a2 + g(ur)]?)

Q1

IN

—dB(t)E(t) + CBt)MH(I(t)). (3.41)

1)



This implies

BL'(t) + E'(t) < —dB(t) E(t) + CA1H) M (I(1)),

since £’ < 0. Using (A;), we obtain

Ry(t) < —dB()E(t) + CB)M ™ (I(t)),

where

Ry=BL+E~E.

Let ¢y < €, Cy > 0 and define the functional

E(t)
E(0)

Ri(t)=M' (eo ) Ry(t) + CoE(t).

(3.42)

(3.43)

Let us note here that E(0) > 0, otherwise E(t) = 0, V¢t € R* and thus the

Theorem is verified since E'(t) < 0. Now, since Ry ~ E and E' <0, M' >0 (M

is increasing), M” > 0 (M is convex) on (0, €], then R, satisfies the following

a1 Ry (t) < E(t) < agRy(t), for some ay, ag >0
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and it follows from (3.43) that

Ri(t) = e ( %)M(Q f%—M[( >>%U+%E@

a0 ,
< (o(m>[ BOB() +CHOMI)] + CoB'()

)Mlu»+%Em. (3.45)

E(t)
E(0)

+ CR(HM (60

Now, let M* be the convex conjugate of M in the sense of Young (See [11], pp

61-64). Then,

and M* satisfies the generalised Young’s inequality

XY < M*(X) + M(Y), if X € (0,M'(e)), Y € (0,¢). (3.47)
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Next, we set X = M'(eg2®) and Y = M~1(I(t)). By using Lemma 3.3, the fact

(0)
that sg(s) < min{e, G(e)}, if |s| < e and (3.45)-(3.47), we obtain

Ri(t) < —dpt)E@)M' <60%) + CoF'(t)
+ OB {M* (M’ (60%) + M(M~Y(I(t)))
= —dB(E(t)M’ ( 553) + G (1)
- CpMT (M’ (60 ggf))))) ORI
= —dB()E(t)M’ <eo ];E((S))) + CoE'(t)
+ o (55)a (o20) - o (o219 s o
< —E(0)d5(t) %) M { e g((é))) + Ceof(t) (% M ( 058)
= C8(0) [ wolw) + OB
< st (59 (o E) ot (£8) o (029

— CE'(t)+ CoE'(t).

By choosing C} large enough and ¢y small enough such that

C—CO < 0, E(O)d—Ceg > 0,

we arrive at

w0 < -s0 (0) (< E10) - e (o

78

) . (3.48)



where Ms(t) = tM'(egt). We have that

Mé(t) = M/(Eot) + EotM”(Got).

Thus, using the strict convexity of M on (0, €], we get that My, M > 0 on (0, 1].

It follows from (3.44) and (3.48) that the functional

Ry (t)
t) =
Relt) = 01 )
satisfies
Ry~ F
and

Ry(t) < —k1B(t) My(Ro(t)), for some ky > 0.

The inequality (3.50) implies that
(M1 (Ra(1)) = kaB(2),

where

M (7) :/T f(s)ds, 7€ (0,1].
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Thus, integrating (3.50) over (0,%) and noting that M, is strictly decreasing on

(0, 1] gives
t
Ro(t) < M;* <k1/ B(s)ds + k2) , for some ky > 0. (3.51)
0

Combining (3.49) and (3.51) we get the result. This completes the proof. |

3.4 Examples

In this section, we illustrate our result by some examples. As in [61] and [80], let
go € C?([0,4+00)) be a strictly increasing function such that go(0) = 0 and for
some positive constants ¢y, co and €, the function g satisfies

cils| < g(s)] < cafs], V |s| > €,
(3.52)

go([s]) < lg(s)] < g5 (Is]), V¥ [s| <e.

Define the function

M(s):( g) go( g) (3.53)

Then, M is a C*- strictly convex function on (0, €] when gq is nonlinear and thus
satisfies assumption (A3). We give some examples of gq such that g satisfies (3.52)
near 0.

(1) Let go(s) = ks, where k a positive constant, then M(s) = ks satisfies (Aj3)

and we get

—ky d
E(t) < ke ' /0 o) S, vt > 0.
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(2) Let go(s) = %e*s%, then M (s) = e~ satisfies (A3) near 0 and

B(t) < k (ln (k1 /Otms)

—1
d8—|—]€2)) , vt > 0.

2
s

(3) Let go(s) = e, then M(s) = \/ge_\/_ satisfies (A3) near 0 and we obtain

B(t) < k (ln (k1 /Otms)
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CHAPTER 4

EXISTENCE AND DECAY OF
VISCOELASTIC PLATE

EQUATION

This chapter aim at studying the well-posedness and the general decay rate of the

energy functional for the fourth-order viscoelastic plate problem

uy + A%u — /Otg(t — 7)Au(T)dr =0, in Qx(0,7),

w(0,y,t) = Uz (0,y,t) = 0, for (y,t) € (—¢,0) x (0,7,
w(m, Yy, t) = Uge(m,y,t) =0, for (y,t) e (—¢,0) x (0,7, (1)
Uyy (2, £, 1) + oy, (v, £0,1) = 0, for (z,t) € (0,7) x (0,7),
Uyyy (2, £0,1) + (2 — 0)Uggy(x, £0, 1) =0,  for (z,t) € (0,7) x (0,7),
w(,y,0) = uo(z,y), w(z,y,0)=w(zy), n Q
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where Q = (0,7) x (=(,{) CR* 0 < 0 < 3, u = u(z,y,t) is the displacement
of a suspension bridge under viscoelastic damping and ¢ is a known positive and
nonincreasing function to be specified later. We take advantage of the techniques
used by Messaoudi in [71] to establish a general decay result for problem (4.1).
This chapter is organized as follows: In section 4.1, we present some important
and fundamental assumptions to be used in establishing our main results in this
chapter. In section 4.2, we state and prove a global existence result for problem
(4.1). In section 4.3, we state and prove a general decay result for problem (4.1).

Finally, in section 4.4, we give some examples to illustrate our result.

4.1 Main Assumptions

In this section, we present some fundamental assumptions needed for the proof of
our main results. Precisely, we assume the following conditions on the relaxation
function g.

(A1) g: Ry — R, is a C'— function such that

g(0) >0, 1— / g(s)ds =1y > 0. (4.2)
0
(A2) There exists a differentiable function £ satisfying

g'(t) < =&)y(t), t=>0,
(4.3)

+oo
) >0, &) <0, V>0, / £(s)ds = +oo.
0
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Remarks

1. The condition in (4.2) have been used by many authors in literature and it

is essential to prove the well-posedness of most viscoelastic problems.

2. The conditions in (4.3) was first introduced by Messaoudi in [71], where a
general decay estimate for a second-order viscoelastic equation was estab-

lished.

4.2  Well-posedness

In this section, we show that problem (4.1) has a unique global weak solution.

Definition 4.1 A function
ue C([0,T],HZ(Q) nC* ([0,T], L*()) N C*([0,T], H* () (4.4)

is called a weak solution of (4.1) if

(

d t
i /. ww + (U, W) g2y — /o g(t = 7) (W(T), ) 2y dT =0, Vw € H*(Q),

’LL(O) = Uz, y,0, ut(x7 Y, O) = Uy, (45)

for a.et € (0,T).

for a.et €0,7T)

We have the following existence and uniqueness result.
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Theorem 4.1 Let (ug,u;) € H2(Q) x L*(Q) be given. Assume that (A1) and

(A2) hold. Then, problem (4.1) has a unique global weak solution.

Proof. We use the Galerkin approximation method. Let {wj};il be a basis of
the separable space H2()) and V},, = span {wy, ws, ..., w,,} be a finite subspace of

HZ2(Q2) spanned by the first m vectors. Let

vy) =Y aw;(z,y) and u}'(z,y) waﬂ?y
be sequences in H2(2) and L*(Q2) respectively, such that
ul” — up in H2(Q), ul® — uy in L*(9Q). (4.6)

We seek a solution of the form

m
"™(z,y,t) E c;(tw;(z,y),
J=1

which satisfies the approximate problem

4

¢
/ngwj + (u™, wj)Hg(Q) - /0 gt —7) (um(7)7wj)gg(g) dr =0,

Vw; € Vi, j=1,2,..,m, &7)
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We note that (4.7) leads to system of ODEs with m unknown functions

¢j, 7 =1,2,...,m. Thus, using ODE theory (see [19]), we get functions
¢j0,t,) — R, j=1,2,...,m,

which satisfy (4.7) for almost every t € (0,t,,), 0 < t,, < T. Therefore, we
obtain a local solution u™ € C?*([0,t,,), H2(2)) of (4.7) in a maximal interval
[0,t),tm € (0,7T].

Next, we show that the local solution (u™) of problem (4.7) is uniformly bounded
independent of m and ¢ and that ¢, = T'. For this, we multiply (4.7) by ¢}(t) and

sum over 7 = 1,2,...,m, to get

d 1

G0 =5 [ =l - o) ;

H2ydT — §Q(t)|fum||?qg(g)7

where

B0 = 3l +5 (1= [ 96)ds) 1" B

1 ! m m
+ 5 |t = ) = @y

It follows that

GE0 =5 [ =m0 =)oy = a0 0. (43)
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by assumptions (Al) and (A2). Integrating (4.8) over (0,t), ¢t € (0,t,), and
noting that (uf') and (u]") are bounded in H2?(Q) and L?*(2) respectively (as

convergent sequences (4.6)), we obtain

E™(t) < B™(0) = Sllutl[Z20) + U6 Tz i0) < C, (4.9)

where C' is a positive constant independent of m and t. Therefore,

L. 1 ! m
sl + 5 (1 [ a6)as) 1l
0

1 t
w3 | ott= Dl ® e < C.

By using (A1), we arrive

S By + ey + 5 [ ott = Dlla@) = () dr < €. (4.10)
0

This implies

1 m lo m
L sup [ By + 2 sup [0 < C n
te(0,tm) t€(0,tm)

So, the approximate solution is uniformly bounded independent of m and ¢ . Thus,

we can extend t,, to T'. Moreover, we obtain from (4.11) that

(u™) isabounded sequence in L>((0,T), H2()), (412)
4.12

(u™) isabounded sequence in L>((0,T), L*()).
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Thus, there exists a subsequence (u*) of (u™) such that

uf — w weakly star in L>=((0,T), H*(Q)) and weakly in L*((0,T), HE(Q))( )
4.13

uf — u; weakly star in L>((0,7T), L*(Q2)) and weakly in L*((0,T), L*(2))

Using the fact that H2(Q2) is compactly embedded in L?(Q) (remember that € is
bounded and HZ(Q)) C H?*(QQ)), we conclude by Lemma 1.4 that, we can extract

a subsequence (u') of (u*) such that
u' — u strongly in L*((0,T), L*()),

and

' — u aein Q x (0,7).
Now, replacing (u™) by (u') in (4.7) and integrating over (0,t) we get

t t s
/Quiwj—l—/o (ul,wj)Hg(Q)—/O /0 g(s —1) (Ul(T),wj)H%(Q) des:/Qulle,

(4.14)

for all 7 < [. Letting [ — 400, we obtain

t t s
/Qutwj—l—/o (u,wj)Hg(Q)—/O /0 9(s=7) (u(T), w5) 2y deSZ/QUle, (4.15)

for all j > 1. This implies that

t t s
/utw: —/ (u,w)Hg(Q)—i-/ / 9(s = 7) (u(T), W) y2(q) des—i-/ulw, (4.16)
Q 0 0 Jo Q
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Yw € H%(Q).
Now, observe that the terms in the right-hand side of (4.16) are absolutely continu-
ous since they are functions of ¢ defined by integrals over (0, ¢), hence differentiable

almost everywhere. Thus, differentiating (4.16), we get for a.e t € (0,7)

d t
7 Qutw—i-(u, w)Hz(Q)—/ g(t=7) (u(T), ) y2(qy dT =0, Yw € L*((0,T), H2(2)).
0
(4.17)
To handle the initial conditions, we note that
u! = u weakly in L*((0,T), H2(2))
(4.18)
ul — u; weakly in L*((0,T), L*())
Thus, using Lions” Lemma (Lemma 1.5), we get
ut = u in C([0,T), L*(Q)). (4.19)

Therefore, u'(z,y,0) makes sense and

u(z,y,0) = u(z,y,0) in L*(Q).

Also, we have that

u'(z,y,0) = ub(z,y) = uo(z,y) in H2(Q).
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Hence,

As in [30] and [64], let ¢ € C5°(0,T) and replacing (u™) by (u'), we get from (4.7)

and for any j <[ that

- [ o) g s = ~ [ w])m(m(w)dt

// (t—17) )HQ(Q o(t)drdt.

As | — +00, we obtain that

_/0 (ut(t),wj)Lz(Q)¢/<t)dt = / (u(t), wy) o) P(t)dlt
+ / / (t = 7) (u(7), w)) g2y P(t)drdt, Vj=>1.

This implies

—/0 (Ut(t)aw)L2(9)¢/(t)dt - /(u(t) )H2(9)¢()

T // (t = 7) (u(7), 0) 2 ) D),

for all w € HZ(Q). This means uy; € L? ([0,T), H*(2)) . Thus,

u € L*([0,T),L*(Q)) , uy € L*([0,T), H*(Q)) = u, € C([0,T), H*(2)).
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So, ul(x,y,0) makes sense (see [64] p.116). It follows that
uy(2,,0) = uy(w,y,0) in H* ().

But

ut(z,y,0) = v (z,y) = ui(x,y) in L*(Q).

Hence,

u(z,y,0) = uy(x,y), in Q. (4.21)

Similarly, as in (2.39) — (2.44) of chapter 2, we obtain
u € C([0, 7], H; () N C([0,T], L*(2)) (4.22)

For the uniqueness, suppose v and @ satisfy (4.17), (4.20) and (4.21).

Then v = © — @ satisfies

d t
i + (v, W) 20y — / g(t = 7) (v(7), W) g2 (q) dT = 0,
) 0

Y w e L2((0,T), H2()), (4.23)

The system (4.23) remains true for w € C§° (€ x (0,77)), hence true for

w € L*(2 x (0,7)) be density. Thus replacing w by v; in (4.23),, we obtain

df1 [, 1. ., !
|3 [+ 3ol = [ ot =0 @ 0@ dr =0, @20
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We have that

Jo= —/O g(t = 7) ((7), v(t)) 2y A7

¢ d1 ) ¢ d1 )
= ; g(t—T)EiHv(t) — 0(7) |72y d7 — ; Q(S)dsaiﬂv(t)ﬂfrg(m
d1l [* ) 1/t )
= =5 | 9t =7l@E) —v(lgedr — 5 | 9= 7)llv(E) = o(7)[zedr
0 0

d1 1
?{3(9) + _g(t)”v(t)Hl%If(Q)

g ROL LI

_ %(%/O g(t_T)HU(t)—v(T)H%,E(Q)dT—%/0 g(S)dSIIU(t)!%(Q))

1

- 5 | 9=l — o + 3901 oy (4.25)

Inserting (4.25) into (4.24), we get
dE(t)

1 [t 1
—— =5 / gt = )t = o) [Fa@dr = Z9O IO e <O, (4.26)

by virtue of (A1) and (A2), where

- 1 1 ! I
B =g [t +g (1= [ o600 ) ol + 3 [ ate= o)~ o) B

Integrating (4.26) over (0,t), we get

E(t) < E(0) =0. (4.27)
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This implies

HUtH%Q(Q) + [|v] %13(9) = 0.

Therefore, u = @. This end the proof. |

4.3 Decay of solutions

In this section, we discuss the decay rates of solution of problem (4.1). The energy

functional associated to problem (4.1) is given by

B0 =5 [ut+d (1= [ o(6)ts) b+ [ ott=ru(t)—utr)

(4.28)

We first state and prove several Lemmas needed for proof our main decay result.

4.3.1 Technical Lemmas

Let’s begin by defining the following Lyapunov functional

where €; and €5 are positive constants to be specified later and

U(t) :/Quut
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and
¢
x(t) = — / Ut/ g(t — 7)(u(t) — u(r))drdzdy.
o Jo
Lemma 4.1 Assume the conditions (Al) and (A2) hold. Then the energy func-

tional, defined in (4.28), satisfies

dE(t)

1 /[t 1
—2=5 / g/ (t = 7)ut) = w(r)Fz@ydr = S9@Olullipze) < 0. (430)

Proof. By using (4.17) and repeating exactly the same arguments and compu-

tations as in (4.23)-(4.26), we obtain the result. |

Lemma 4.2 For every u € H2(Q2), we have

/Q ( /0 gl — ) (ult) — u(T))dT)2 ddy -

t
<ClL=1o) [ gt =) ~ u()frzr
0
where C, > 0 is the embedding constant introduce in Lemma 1.2.
Proof. Since g is positive, we have

/Q (/Ot g(t —7)(u(t) — U(T))dT)

- [ ([ vatT=rivaiE=mn - um)dT)Q.

2
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By appying Cauchy-Schwarz, assumption (A1) and Lemma 1.2, we get

Lemma 4.3

2

[ ([ st = —uoyar)
) /Q </Otg(8)d8> (/otg(t —7)(u(t) - U(T))2d7>

scul—mylga—fmww—uvw@mwr

For e, and e3 small enough, there exists two positive constants o

and oy such that

i F(t) < B(t) < asF(t) (4.32)

Proof. Using Lemma 4.2 and Young’s inequality, we have

F(t)

- E(t)+61/9uut—EQ/QUt/Otg(t—T)(u(t)—u(T))dT

B+ 2 a e
)+ 2/9|u| " 2/9|ut| i 2/9|ut|
t 2

w2 [ ([ ot =ttt - atmpar )

IN

C.e; €1+ €
< E(t)+ T||U| H2(e) T 9 /Q s
Cee !
N QQ_ﬁqu@—rmmw—uvwamﬂf
B (4.33)
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In a similar way, we have

F(t)

vV
%
=

|

o |2
—
T

|

o |2
S~
g
T

|

o |9
—
g
T

> ) - “ e — S5 [

- C;€2<1—zo> / gt — ) u(t) — () oy

> 61*”/!# = C

v <§— (1= 10) [ glt = llatt) — ur)

We choose €; and €5 small enough such that

1 e+e

(_ ) l(] 0661 1 0662
2 2

>0.G -7

and obtain

F(t) > anE(t).
Thus, the result follows from (4.33) and (4.34).

Lemma 4.4 Under the assumptions (Al) and (A2), the functional

U(t) :/Quut
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satisfies, along the solution of (4.1),

1— 1

l t
V(O < [ - Dl + 5 [ 9= D) - D) padn. (1439)
Q 0 0

Proof. By using (4.17) and replacing w by w, direct differentiation yields

vw=:4@—w@@+4mwﬂwwwmﬂ@w (4.36)

By using Cauchy-Schwarz and Young’s inequalities, we estimate the third term

B [ glt =) (), u()) 0

for any n > 0, as follows

t
Bo< [ gt =l e
0
1 1( [ ?
< Il + 5 ([ ot = 7)) = )l + 0o

2

= 31Ol + 5 ([ ot~ Dl - ur)zartr)
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By using Lemma 4.2, we obtain

1
Jy < 3 (T+ (1 =10)?) llullzq) + 1 —1ly) /0 g(t = )lJu(t) — u(r)||F2@dr
n( [ C o1 i
+ 2 [ ot = o ) b o ([ ottt = a0z
0 n \Jo
1
< 5 (T+ (1 =10 +n) lJullFz
1 1. [ )
+ =)+ | gt = Dllu(t) = u(nllizedr (4.37)

Now, substituting (4.37) into (4.36), we get

. 1
V) < Lﬁ+§«LJWﬂ+W—UHW%@

3=+ ) [ gt = Dlt) = u(r) oydr Vo> 0.(439)

We choose n =

Lemma 4.5 Assume the conditions (Al) and (A2) hold. Then, the functional

[ [ gt =ttty — u()drdray (4.39)

satisfies, along the solution of (4.1),

(g _ /Otg(s)ds) /Q”t + g (14201 = 10)*) lullzz o)

= SO [ e ) ) e

b —zo)(5+%)/o g(t — 7)[ut) — u(r) Py, ¥ 8> 0. (4.40)

IN

X' ()
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Proof. By differentiating (4.39) and using (4.17), with u instead of w, we get

By using Cauchy-Schwarz inequality, Young’s inequality and Lemma 4.2 for —g

X' (t)

- —(/ tg(s)ds) = [ [ 6= 7)0t0) - e trdads

- /Q iy /0 (= 1) (u(t) — u(r))drdady

_ (/Otg(s)ds> /Quf—/gut/otg'(t—r)(u(t) — u(7))drdady

+ (u(t), /O tg(t — ) (u(t) — u(T)dT)

HZ(Q)

- /0 o —1) (u(T), /O gt — 7)(ult) - u(T))dT) o 4D

/

instead of g, we estimate the terms in the right-hand side of (4.41). Thus, for the

term

Jy = — /Q ” /0 "t - ) ult) — u(r))drdudy,

we have for any § > 0,

IN

IN

IN

g/ﬂug+2_15/g (/Ot —g'(t—T)(u(t)—u(7’))d7’)2d:vdy
g/ﬂuf+2—15/g (/Ot —g'(s)ds) (/Ot gt — ) (ult) —u(T))QdT) dady
[t = SO [ = mlutt) - )l (1.2)

For the term
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we have

t
T < u® e / gt — Tlut) — u(r) | 2y dr

2

) 1 !
< SOl + o5 (] ot = Dllute) = utr)zanie
2 25 \ s
) 1—1 t
< Sl + g5 [ o= Iu®) - u(r) B (4.43)

Similarly, for the term

Js = — /Otg(t —7) (U(T), /Otg(t —7)(u(t) — U(T))dT) e dr,

we get

IN

IN

+ %/0 g(t = Dllu(t) — u(7)||720dr

IA
—~
(o9}
+
3
—~
—_
|
o~
(=]
S~—
O\H‘
Ne)
—~
~
|
3
-
I~
—~
~
SN—
|
I~
—~
9
-
=
=
)
QU
)
+
(=%
—~
—_
|
~
(=]
S~—
>
=
oo
A
—~
LS
B
e~
~—

By substituting (4.42) — (4.44) into (4.41), we obtain (4.40), for any 6 > 0.
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4.3.2 Main decay result

Now, we are ready to state and prove our main decay result.

Theorem 4.2 Let (up,u1) € H2(Q) x L*(Q) be given. Assume g and & satisfy
(A1) and (A2). Then, for any ty > 0, there exist positive constants K and X such

that the solution of (4.1) satisfies

t
—,\/ &(s)ds
E(t) < Ke “Jt .Vt >t (4.45)
Proof. Since g is positive, continuous, and g(0) > 0, then for any ¢t > ¢, we have

t to
/ g(s)ds > / g(s)ds = go > 0.
0 0

Combination of (4.30), (4.35) and (4.40), gives for any t > t,

Fo) < - (alo-g-a) [ - (5 -ag0+20-02) e
v (3-8 [ -t - ur o dn
b (A s D)) [ ot - D) - ulr) pdria.s)

Now, we choose ¢ small enough such that

) go 49

go— = >

5> 2 §(1+2(1_l°)2)<2' (4.47)
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By using (4.47), we can easily check that any €; and e, satisfying

€290 €290
e%h . 2P

o (4.48)

will make

b= (62(90 - g) - 61) >0, fr= (% - 62%(1 +2(1- l0)2)) > 0.

Next, we pick €; and e, small enough such that (4.32) and (4.48) remain valid and

further we have

(% B 62(16295(0)) > 0, (% + (6 + %)(1 _ 10)> S0

Thus, (4.46) becomes

F(t)

IN

t
1 [t = llulie+ € [ ol = 7)lutt) = ur) oy

< —BE(t)+C /O g(t =) [ult) = u(m)Zzidr, V>t (4.49)

Multiplying (4.49) by &(t) and using the fact that £ is decreasing and the relations

/() < =600, E0) <5 [ 0= )u(®) ) o

103



we arrive at

t

EWF() < —BEWER) +CE(t) [ gt —7)llult) — ulr)|lF20)dr

0

IN

—BE(t) +C/ E(t —7)g(t — ) llu(t) — w(r)|F20)dT

IN

BE(E() + C / ¢t = Dllult) — u(r) 2y

< —BEME() — CE'(t), Vit > to.
This gives
(E@F () + CE) = (1) F(t) < —BEM)E(), Yt > to.
Consequently,
(E@F(t) + CE®R) < —pER)E(t), V>t (4.50)

Let

L=¢F+CE~E, (4.51)

since F'~ E and 0 < £(t) < £(0). Then, (4.50) and (4.51) lead to

L'(t) < —X()L(E), Yt > to. (4.52)
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Simple integration in (to,t) yields

This completes the proof.

4.4 Examples

We give some examples of functions satisfying (A1) — (A2)

1. Let g1(t) = (“f;tt),a > 0.

In this case, we have

(0 = a0 (2.

t+1

So, £(t) = 22 and g1 (t) = 2 satisfy (A1) — (A2).

o+l )

Thus, using Theorem 4.2 we obtain

ef)\t

1+

E(t) <K

2. Let go(t) = p>10>0.

b _
(1+t)r?
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(4.53)

(4.54)

(4.55)



Here, we have

gh(t) = —gut) 7.

So, £(t) = & and ¢o(t) = ﬁ satisfy (A1) — (A2).

t+1 1+

Thus, using Theorem 4.2, we obtain

B <
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(4.56)
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