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NOMENCLATURE

A Helmholtz free energy

AAD average absolute deviation

Bn n™ virial coefficient

d effective hard sphere dimeter

g(d) pair correlation function at contact

Kk Boltzmann’s constant
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m segment number

Nav Avogadro’s number

P pressure

R ideal gas constant

T temperature

TR reduced temperature

u’ temperature independent square-well depth
\ volume

v closed-packed molar volume of a segment
Vo volume in a closed-packed arrangement

Vs molar volume of a hard sphere segment
XA fraction of association sites A that are not bonded
Z compressibility factor
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p* reduced density
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o temperature independent diameter
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CHAPTER 1

INTRODUCTION

1.1. Motivation

The study of the Pressure-Volume-Temperature (PVT) behavior of fluids has
always been a subject of interest due to thermodynamic needs for calculating thermo-
physical properties and phase equilibrium. The accurate PVT behavior is obtained by
experimental measurements, which are expensive and time consuming. This is why the
development of theoretical models has gained significant interest over the past years.
Although many models have been proposed in the literature, an exact model has not been
found. In fact, the theory-based models are still far from being exact. However,
significant effort has been paid to develop successful theories to describe fluid behavior.

The most successful models are those that are based on hard sphere theories.

Since the pioneering work of Verlet (1968), Barker and Henderson (1971) and
Week et al. (1971), it became evident that the harsh repulsive forces dominate the
structure of simple fluids. This is why the subject of hard sphere systems has gained
significant interest in the study of liquid theories. To give accurate representation of the
repulsive forces, various hard sphere models have been proposed and improved over the
years. The development of these models has mainly been attributed to the use of
molecular simulation data and statistical mechanical theories. For instance, Carnahan and
Starling (1969) and Kolafa (Boublik, 1986) were examples of hard sphere models that are
capable to describe the hard sphere system with good accuracy. An excellent review for

hard sphere models was given by Mulero et al. (2008).



The success of hard sphere models made it possible to extend the study to account
for the repulsive forces in large molecules. For this purpose, the concept of hard-sphere
chain was introduced using statistical-mechanical theories based on hard sphere models.
Extensive research has directed to develop hard-sphere chain theories such as those
proposed by Honnell and Hall (1989), Chapman et al. (1988), Chiew (1990), Song et al.
(1994b; 1994a), Chang and Sandler (1994) and Sadus (1995; 1999). The compressibility
factor obtained from these theories compare well with simulation data. They were
utilized as practical theory-based equations of state when a mean field term has been
added. The most commonly utilized hard-sphere chain theories are the first order
Wertheim’s perturbation theory (TPT1) (Wertheim, 1984a; Wertheim, 1986b),
thermodynamic perturbation dimer theory (TPT-D) (Ghonasgi & Chapman, 1994; Chang
& Sandler, 1994), hard sphere chain theory (HSC) (Chiew, 1990; Song, et al., 1994a;
Song, et al., 1994b) and generalized Flory dimer theory (GFD) (Dickman & Hall, 1986;

Honnell & Hall, 1989).

These chain theories contributed to the calculation of phase equilibria and
thermodynamic properties for various types of molecules such as small, large, polar and
associating molecules. They have been utilized in the vapor-liquid-equilibrium (VLE)
calculations for alkanes, alcohols and acids (Huang & Radosz, 1990; Walsh, et al., 1992;
Chen, et al., 1998; Huang & Radosz, 1991a; Gregg, et al., 1993; Hasch, et al., 1994;
Byun, et al., 1996; Pan & Radosz, 1998; Blas & Vega, 1998; McCabe, et al., 1998a). In
addition, these theories have been adapted for VLE calculation for fluorohydrocarbons
and refrigerants (Clements, et al., 1997; Galindo, et al., 1997; Galindo, et al., 1998;

McCabe, et al., 1998b). Moreover, Button and Gubbins (1999) applied the hard-sphere



chain theories for VLE calculations of aqueous alkanolamine solutions. Hard-sphere
chain theories could also be utilized in the liquid-liquid-equilibrium (LLE) calculations
for hydrocarbons, alcohols, solvating mixtures (Gregg, et al., 1993; Yu & Chen, 1994;
Suresh & Beckman, 1994). Furthermore, Pan and Radosz (Pan & Radosz, 1999) utilized
hard-sphere chain theories in solid-liquid-equilibrium (SLE) calculation for naphthalene,

alkane and polyethylene solutions.

In addition to the previous applications, the hard-sphere chain theories have
extensively been utilized in the calculation of fluid phase equilibria of aqueous mixtures
(Economou & Donohue, 1992; Kuespert & Donohue, 1993; Suresh & ElliottJr., 1992;
Kraska & Gubbins, 1996a; Kraska & Gubbins, 1996b; Galindo, et al., 1996), aqueous
ionic fluids (Liu, et al., 1999), critical micellar concentrations of aqueous surfactant
solution (Li , et al., 1998) and aspheltene-oil equilibria (Wu, et al., 1998). Moreover,
these theories have been used in the calculation of phase behavior of reservoir fluids,
bitumen and petroleum pitch (Huang & Radosz, 1991b; Yu, et al., 1994; Bolafios &
Thies, 1996). Likewise, these theories have been utilized in the calculation of phase
behavior and solubility of polymer solutions and blends (Wu & Chen, 1994; Suresh, et
al., 1994; Xiong & Kiran, 1995; Hasch & McHugh, 1995; Sadowski, et al., 1997; Koak,
et al., 1999b). The hard-sphere chain theories have been further utilized in the field of
polymers such as the calculation of cloud points of polymer and copolymer solutions
(Byun, et al., 1996; Lee, et al., 1996; Han, et al., 1997; Garcia-Lisbona, et al., 1998). The
hard-sphere chain theories have also been applied in the calculation of supercritical fluid
extraction (Economou, et al., 1992; Gregg & Radosz, 1993; Pfohl & Brunner, 1998;

Behme, et al., 1999).



Although the previous theories have shown good accuracy in the calculations of
phase behavior and thermodynamic properties, some of these theories experience some
pitfalls. For example, some versions of the statistical association fluid theories (SAFT)
that utilize TPT1 has shown artificial two-phase separation regions (Yelash, et al., 2005;
Privat, et al., 2010), unrealistic thermodynamic properties (Polishuk, 2011; Polishuk &
Mulero, 2011) and multiple non-physical volume roots (Koak, et al., 1999a; Lucia &
Luo, 2002; Privat, et al., 2010). All of these pitfalls could be explored by analyzing the
PVT behavior since all thermodynamic properties are related to the PVT calculation.
These problems could arise from various reasons including the formulation of the
mathematical equations, accuracy of dispersion term and the empirical approximations.
The reasons behind most of the problems associated with these theory-based models were

assumed to be related to the dispersion term.

In this study, the problems of exhibiting artificial two-phase separation regions
and obtaining multiple non-physical volume roots is explored by studying how the PVT
behavior could be affected by other factors other than dispersion terms. Thus, focus is
given to the role of the repulsive term on the PVT behavior. Unlike the previous studies
that utilized Carnahan and Starling (1969) hard sphere term, various hard sphere terms
that have different mathematical forms are utilized in a complete EOS to investigate their
influence on the PVT behavior. Likewise, various chain theories and dispersion terms are
studied to explore their contribution on the PVT behavior. The role of adding the
association term in the EOS is also considered. Figure 1.1 describes the physical
meaning of the various terms in the theory based EOS. The study of the PVT behavior is

accomplished by utilizing an uncommon tool to the thermodynamic community known as



bifurcation diagrams. This tool has been extensively utilized for dynamic systems such as
reaction kinetics (Mie, 2013; Mangold & Gilles , 2012). Numerical techniques called
continuation methods (Allgower & Georg, 1990) are utilized to generate the bifurcation
diagrams. This study utilizes arc-length continuation method (Binous & Shaikh, 2015) to

generate the bifurcation diagrams.
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Figure 1.1: Physical interpretation of the various terms in the theory-based EOS. (a)
Proposed molecule. (b) Initially the fluid is composed of hard spheres (c) Chain sites
are added to form chain molecules. (d) Dispersion forces are added. (e) Association

sites are added to form association complexes.
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1.2.

1.3.

Objectives of the study

To investigate the solution behavior of theory-based equations of state using
bifurcation diagrams

To study the role of the hard sphere term on the PVT behavior by selecting
various hard sphere modes

To study the influence of utilizing various hard-sphere chain theories on the PVT
behavior

To demonstrate how the PVT behavior could be influenced by using different
dispersion terms

To study the role of adding an association term on the PVT behavior

To propose a new model that is applicable for associating and non-associating
components and is free from exhibiting artificial two-phase separation regions and

multiple non-physical volume roots

Approach

Any theory-based equation of state must contain hard sphere, chain, dispersion,

and association terms. The chain and the association terms depend on the form of the

hard sphere term. The association term could be eliminated if non-associating

components are considered. Thus, this study will first consider non-associating

components. First, the effect of utilizing various hard sphere terms while fixing the other

terms in the EOS will be explored. After that, the chain term will be derived according to

the various hard sphere models that were utilized in order to study the integrated effect of



both terms and to explore their influence on the PVT behavior. Then, various chain
theories will be utilized to derive the chain term and then their effect on the PVT
behavior will be explored. After that, different dispersion term will be utilized with the
various hard sphere models and their corresponding chain terms. After getting clear
picture of the role of the hard sphere, chain and dispersion terms on the EOS and their
integrated effect on the PVT behavior, a new model for non-associating fluid that is free
from exhibiting artificial two-phase separation regions and multiple non-physical volume
roots will be proposed. Finally, a proper association term will be added to the proposed

model in order to make it applicable for associating components.

1.4. Scope of the work

The theory-based EOSs are not attractive for practice implementation into process
simulators. This is due to the existence of multiple volume roots at specific pressure and
temperature. This study explored the role of each term on the theory-based EOS and
proposed a model that is simple and free from non-physical behavior including the
existence of non-physical multiple volume roots. Thus, the proposed model could
practically be implemented into process simulators since its PVT behavior is similar to

cubic EOS.

1.5. Thesis organization

In Chapter 2, a description of hard sphere theory and some proposed models with their

accuracy will be given.



Chapter 3 shows some important chain theories that were proposed to describe non-

simple molecules.

Chapter 4 gives the basic theory behind bifurcation diagram which is a powerful tool

that is utilized in this study to explore the solution behavior of any equation of state.

Chapter 5 is devoted to explore the role of the hard sphere term on the solution behavior

of a complete equation of state.

Chapter 6 explores the role of the different chain theories of the solution behavior.

In Chapter 7, the role of the dispersion and the association interaction is studied. The
study presents an approach to resolve the problem of getting multiple roots in solving the

equations of state.



CHAPTER 2

EQUATIONS OF STATE FOR HARD SPHERES

2.1. Introduction

As indicated in Chapter 1, the harsh repulsive forces play a major role in the
determination of the structure and thermodynamic properties of simple fluids. Therefore,
an accurate hard sphere model is a crucial factor in the development of any fluid theory.
The simplicity of the hard sphere (HS) models is also another important factor because it
would allow quick calculations and simple derivations if needed for all thermodynamic
properties. Various hard sphere models have been proposed over last decades. The
developments of these models have mainly been attributed to the adjustment of molecular
simulation data and/or from the knowledge of the virial coefficients. In recent years, the
HS models are extensively utilized in the development of perturbation theories. This
chapter is devoted to present some of the hard sphere models that have been proposed

over the past years.

2.2. Hard sphere models

Before shedding light on the different HS models, it would be beneficial to
introduce the main variables that will be utilized in the mathematical representation of the
hard sphere models. The hard sphere model is given by a compressibility factor (Z) as the
dependent variable while the packing fraction (n) as the independent variable. The

packing fraction is defined as:

TP (2.1)




where p* is the reduced density. The compressibility factor may also be obtained as a

function of the packing fraction ratio () which is defined as:
7
£ (2.2)

where n. is the maximum n value which is corresponding to the closest packing fraction
(n. = mV/2/6). For instance, the repulsive term in the van der Waals equation of state is

given in terms of Z and packing fraction by:

1 (2.3)

7 =
1—4n

Several hard sphere models have been proposed after van der Waals’s repulsive
term. The model of van der Waals has extensively been utilized in the famous cubic
equations of state. However, this model is not accurate when it is compared with
molecular simulation data. Enormous effort has been spent in developing and improving
the accuracy of the hard sphere models. The following subsections will briefly describe

some common hard sphere models. These models will be given in chronological order.

2.2.1 Carnahan and Starling’s hard sphere model

Carnahan and Starling (CS) (1969) obtained their well-known expression by
approximating the first virial coefficients to their nearest integer and then re-summing the
virial series. The resulted expression was:

_1+n+n® -7 (2.4)
(1-mn)?
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This expression is very accurate in the low-density region (Baus & Colot, 1987). It is the
most common HS EOS and it has been widely used in the statistical association fluid
theory (SAFT). However, this expression fails to reproduce the exact virial coefficients

beyond the third.

2.2.2 Kolafa’s hard sphere model
Kolafa (Boublik, 1986) introduced an expression that is almost equivalent in

simplicity to CS equation:

2 2.5
ln+n® =3 +nY) (2:9)

(1-n)3

This expression is better that CS in producing the virial coefficients. In addition, it gives

excellent results compared to Erpenbeck and Wood’s (1984) simulation data.

2.2.3 Goldman and White’s hard sphere model
Goldman and White (1988) obtained their expression by interpolating between
close packed and gas configurations:

7 = 1+ 2.6495267 + 4.598102n? + 4.860055n> + 3.498n* (2.6)
= ¢

This equation has a pole at the closed packed limit as could be noticed from the

denominator. The constants in the nominator resulted from the numerical adjustment.

2.2.4 Solana’s hard sphere model
The expression that was proposed by Solana (Mulero, et al., 2008) has the same

format as CS equation:

11



_1+n+n*-06352n° (2.7)
(1-n)3

This equation was developed to calculate the virial coefficients up to the fourth.
However, this expression predicts compressibility factor values less accurate than those

of CS.

The author proposed another expression that could reproduce seven virial
coefficients. Nevertheless, its prediction of the compressibility factor is similar to the
previous one. The expression is given by:

_ 1-7n—16352n° + 1.40057* + 1.17647° (2.8)

g a—me

2.2.5 Khoshbarchi and Vera’s hard sphere model

Although the packing fraction has a specified maximum limit, most hard sphere
models do not predict the correct packing fraction value. Khoshbarchi and Vera (1997)
developed an expression that is volume dependent and has the correct limit for the

packing fraction. Their proposed expression is given by:

1 2. 5;3,9 5 71, (2.9)
1-558—-5¢" =38 +555 t55¢

£= d-97

This expression is accurate in predicting the first eight virial coefficients and reproducing
the computer simulation data of Alder and Wainwright (1960) and of Erpenbeck and

Wood (1984).

12



2.2.6 Malijevsky and Veverka’s hard sphere model
By approximating the first seven virial coefficients, Malijevsky and Veverka
(1999) proposed the following form:

;- 1+ 1.056 7 + 1.6539 2 + 0.3262 n° (2.10)
~ (1-m)3(1+40.0567+ 0.5979 7% + 0.3076 n3)

The values of the compressibility factor obtained from this equation were compared to

the computer simulation data of Barosova (1996) and found to have a good agreement.

2.2.7 Yelash and Kraska'’s hard sphere model

Yelash and Kraska (2001) proposed an equation of the form:

3+ 8n + 1412 + 1413 + %n‘* (2.11)

7 =
3—4n

This expression can accurately reproduce the first ten virial coefficients. In addition, it is
in good agreement with the computer simulation data generated by Barker and Henderson

(1971).

2.2.8 Ghotbi and Vera’s hard sphere model
Ghotbi and Vera (2001) proposed two expressions that have the correct packing
fraction limit:

8.85¢5 (2.12)
1-¢

Z =1+ 2.9619¢ + 5.4831&2 + 7.4564&° + 8.48568* +

0.62¢7 s 0.04£10
1-$)2 a-57°
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Z =1+ 2.9619¢ + 5.4831£2 + 7.4564&3 + 8.4856&* (2.13)

8.95 — 2.8¢8
1-¢

These two equations include the first five virial coefficients in its mathematical form
(Kratky, 1977). Ghotbi and Vera (2001) concluded that equation 2.13 has a good

agreement with the first eight virial coefficient values.

2.2.9 Wang's hard sphere model

Wang (2002) established the following equation from the first ten virial

coefficients:
8.8854 2.14
Z= 7~ — 7.8854 — 81 — 6.2057n* — 3.521° — 1.3312n* (2.14)
— e

+2.048n°

This equation does not agree well with the simulation data at high densities (Mulero, et
al., 2008). However, Wang emphasized that the most important feature of this equation is

that it can be a valuable guide to treat complex interaction potentials.

2.2.10 Rambaldi et al.’s hard sphere model

Rambaldi et al. (2006) proposed a simple model given by:

4n (2.15)

Z=1
* 1257 1 1.65880877
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This model could be considered as an extension of the work of Hoover an Alder
(1967). The coefficients in the above equation were determined based on new computer

simulation data.

2.2.11 Miandehy et al.’s hard sphere model

Miandehy et al. (2006) developed an expression of the form:

1
Z=d-oe (1 + 0.9619¢ + 0.5593¢% — 0.5499¢3 — 0.9415¢* (2.16)

1-s
—0.6478% — 0.7324&7)
This expression is capable to reproduce the first eight virial coefficients. Moreover, it was
used in the perturbation theory of Leonard—Henderson—Barker (Miandehy, et al., 2006) in

order to obtain excess properties of mixtures.

2.2.12 Liu’s hard sphere model
Liu (Mulero, et al., 2008) developed an expression that is valid for the entire

metastable and stable regions:

3.68584n (2.17)

Z=1
t 125848y + 1.949972 — 0.172287° — 0.160127°

, 0314161
1—1.573357y

+4.1637 x 101%n*° — 2.3452

x 1011942 + 3.6684 x 1011p*
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2.3. Comparison of hard sphere model with molecular simulation

data

The compressibility factors predicted from the previous HS expressions are
compared with molecular simulation data in Table 2.1. The simulation data were obtained
from Erpenbeck & Wood (1984) except the last three values that were taken from
Henderson & Barker (1971). The HS models that are listed in Table 2.1 are in the same
sequence as presented in section 2.2. The data clearly indicate that all expressions
provide accurate predictions compared to the simulation data especially at low packing

fraction values.
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Table 2.1: Comparison of the compressibility factor from various hard-sphere models with simulation data

n 2 Carnahan Kolafa Goldman Solana Solana Khoshbarchi Malijevsky
and Starling and White and Vera and Veverka
0.02962 1.1278 1.1277 1.1278 1.1278 1.1278 1.1278 1.1277 1.1278
0.04114 1.1828 1.1828 1.1828 1.1828 1.1828 1.1828 1.1827 1.1828
0.07405 1.3594 1.3593 1.3594 1.3594 1.3595 1.3594 1.3591 1.3594
0.14809 1.8884 1.8872 1.8884 1.8884 1.8891 1.8885 1.8868 1.8885
0.18512 2.2436 2.2418 2.2442 2.2440 2.2461 2.2443 2.2415 2.2443
0.24682 3.0316 3.0256 3.0315 3.0302 3.0384 3.0320 3.0262 3.0315
0.37024 5.8502 5.8319 5.8495 5.8473 5.9060 5.8682 5.8378 5.8511
0.41138 7.4304 7.4088 7.4290 7.4398 7.5333 7.4828 7.4122 7.4343
0.43558 8.6003 8.5794 8.5991 8.6312 8.7470 8.6963 8.5763 8.6091
0.46280 10.195 10.1779 10.1937 10.2752 10.4111 10.3788 10.1600 10.2125
0.47124 10.79 10.7461 10.7597 10.8655 11.0044 10.9850 10.7221 10.7824
0.48435 11.72 11.7084 11.7170 11.8727 12.0107 12.0221 11.6742 11.7472
Yelash and Ghotbi and Ghotbi and Rambaldiet Miandehy et .
Kraska Vera Vera Wang al. al. Liu
1.1277 1.1278 1.1278 1.1277 1.1278 1.1278 1.1278
1.1828 1.1828 1.1828 1.1828 1.1828 1.1828 1.1829
1.3593 1.3594 1.3594 1.3594 1.3595 1.3594 1.3595
1.8872 1.8884 1.8885 1.8884 1.8893 1.8885 1.8885
2.2417 2.2443 2.2443 2.2443 2.2465 2.2444 2.2443
3.0245 3.0314 3.0317 3.0326 3.0399 3.0325 3.0316
5.8209 5.8482 5.8486 5.8745 5.9074 5.8691 5.8498
7.3952 7.4284 7.4272 7.4922 7.5225 7.4764 7.4295
8.5694 8.6007 8.5980 8.7066 8.7169 8.6776 8.5999
10.1848 10.2014 10.1977 10.3874 10.3357 10.3306 10.1953
10.7632 10.7708 10.7671 10.9921 10.9069 10.9222 10.7620
11.7482 11.7353 11.7330 12.0251 11.8676 11.9290 11.7215
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To quantify the agreement with simulation data, the average absolute deviation
(AAD) was determined for the compressibility factors predicted by the various models.

The average absolute deviation is defined as:

1 (2.18)
i=1

Zsim - Ztheory

Zsim

where N is the number of data points. The AAD (%) are summarized in Table 2.2.

Table 2.2: Percentage average absolute deviation (%AAD) of the calculated compressibility factor
compared with molecular simulation data

Carnahan Goldman Khoshbarchi Malijevsky
. Kolafa . Solana Solana and
and Starling and White and Vera
Veverka
0.157 0.034 0.283 0.918 0.698 0.208 0.057
Yelashand Ghotbiand Ghotbiand Rambaldiet Miandehy .
Wang Liu
Kraska Vera Vera al. et al.
0.193 0.040 0.041 0.743 0.646 0.521 0.030

Table 2.2 evidently shows that all of the HS models that were tested have an
excellent agreement with the simulation data. Liu model, which is the most recent model
among the others, has the least value of AAD. In general, all models tend to overestimate

the compressibility factor especially at high density.

To sum up, all of the listed HS models accurately predict the compressibility
factor. Therefore, one needs additional criteria in addition to the accuracy of

compressibility factor to judge on the most convenient model for perturbation theories.
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CHAPTER 3

EQUATIONS OF STATE FOR HARD SPHERE CHAINS

3.1. Introduction

If a hard sphere model is combined with a mean field term, the combination of the
two terms could satisfactorily describe phase equilibria and thermodynamic properties of
simple fluids such as noble gases and low molecular weight alkanes. However, several
classes of substances such as polymers, proteins, high molecular weight hydrocarbons
and surfactants cannot accurately be described with such combination due to incapability
of the resulted model to account for the molecular size. . Therefore, the molecular size of
these compounds must be taken into consideration. One way to account for the molecular
size is to approximate it with hard-chain models, which consists of hard spherical

segments connected with covalent bonds.

Many theories have been proposed over the years to describe the hard sphere

chain systems. This chapter sheds light on the most popular theories.

3.2. Hard sphere-chain theories

3.2.1. Hard sphere chain theory (HSC)

Chiew (1990) proposed simple hard-sphere chain theory. This theory was utilized
in a complete equation of state by Song et al. (1994a; 1994b). The approach is referred to
as the perturbed hard sphere chain theory since it considers the complete equation of state

with the attractive forces among molecules. The hard-sphere chain term of Chiew (1990)
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and Song et al. (1994a; 1994b) et al. is referred to the hard sphere chain (HSC) and it can

be represented by the following equation:

Z=14+mZys— 1)+ (m—1)(1- gys(@)) (3.1)
where m is the number of spherical segments in the chain, Zys is the hard-sphere
compressibility factor and gus(d) is the pair correlation function at contact of the
monomers which describes how two molecules are different apart where one of the
molecules is in the first shell. The first term on the right hand side is the ideal gas term.
The second term represents the repulsive forces among monomers, which could be given
by any hard sphere model. The third term is the bonding contribution, the chain term. The
pair correlation function at contact gns(d) is obtained from statistical mechanics by:

Zys — 1 (3.2)
4n

gus(d) =

The expression of the pair correlation function at contact must satisfy the ideal gas limit:
7171113 Ius@) =1 (3.3)

3.2.2. First order thermodynamic perturbation theory (TPT1)

Wertheim (1984a; 1984b; 1986a; 1986b) developed a thermodynamic
perturbation theory (TPT) that accounts for the covalent bonding and the intermolecular
association between spherical segments within molecular chains. The theory was

extended by Chapman et al. (1988) and given by:

Z=1+mZys—1)+1-m) (n %I:’s(d)) (3.4)
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This model gives accurate results when compared with molecular simulation data. This
model was utilized as the basis of the statistical associating fluid theory (SAFT)

(Chapman, et al., 1990).

3.2.3. Thermodynamic perturbation dimer theory (TPT-D)

Ghonasgi & Chapman (1994) and Chang & Sandler (1994) improved TPT1
equation to incorporate structural information for the diatomic fluid molecules. They
derived a general expression for the thermodynamic perturbation dimer theory (TPT-D):

Z=mZHS__ an

m d1n gys(d) (3.9)
ot

- (- 1) 1+ )

It is clear from the last term that this equation needs the intermolecular site-site hard-
dimer pair correlation function at contact gyp(d). Several relations were proposed for
gup(d) with the aid of molecular simulation data or theoretical approaches (Ghonasgi &
Chapman, 1994; Chiew, 1991; Chang & Sandler, 1994). Yethiraj and Hall (1990) found
that the dimer site-site pair correlation function could be obtained as a linear function of

the hard-sphere site-site pair correlation function by the following relation:

9up(d) = gus(d) x (an +c) (3.6)
where o and c are adjustable parameters that could be obtained by fitting molecular
simulation data. Substituting this equation into equation (3.5) results in the following
expression for the compressibility factor:

dlngys(d) an(2-—m) (3.7)

Z=1+m(Zys—1)+ 1 —m)y an +2(an+c)
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The first three terms in the right hand side of equation (3.7) are identical to TPT1 theory.
The difference is only in the fourth term which contains two adjustable parameters. This
equation is more accurate than TPT1 when compare to the molecular simulation data as

will be shown in section 3.3.

3.2.4. Generalized Flory dimer theory (GFD)

During the 1980s, Hall and coworkers proposed the generalized Flory dimer
theory (GFD) (Dickman & Hall, 1986; Honnell & Hall, 1989). Their theory was
developed by expressing the compressibility factor in terms of the probability of inserting
a single chain of m segments into a bulk fluid consisting of chains of length m. The key
feature in this theory is the choice of insertion probability expression that depends on the
molecular structure. Hall and coworkers (Honnell & Hall, 1989; Gulati & Hall, 1998)
developed a suitable insertion probability expression that could be utilized to yield the

following expression:

where Zpg is hard-dumbbell fluid compressibility factor that could be accurately

expressed by Tildesley-Streett equation (Tildesley & Streett, 1980):

;. _ 14245697 + 4.10386n% — 3.75503n3 (3.9)
be (1-m3
Y™ is given by:
ym {0.95926 +0.95926 (m — 3) 2<m<8 (3.10)
~112.22789 + 0.92715 (m — 15) m> 8

Thus, equation (3.8) could be used with a suitable expression for Zs.
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3.3. Comparison with molecular simulation data

In this analysis, the HS term will be fixed to CS to evaluate the effect of varying

the chain theories on the accuracy. The compressibility factors are calculated from HSC,

TPT1, TPT-D and GFD and then compared with molecular simulation data in Table 3.1.

The comparison is given for segment numbers of 4, 8, 16, 32, 51 and 201.. The

simulation data for m < 16 and m = 32 were taken from Chang and Sandler (1994) and

Denlinger and Hall (1990), respectively. The values for the 51-mer and 201-mer chains

were obtained by Gao and Weiner (1989).

Table 3.1: Comparison of compressibility factor from HSC, TPT1, TPT-D and GFD with molecular
simulation data as a function of reduced density (p*= 6 n/n)

Z
p* simulation HSC TPT1 TPT-D GFD
m=4
0.1 1.49 1.53 1.54 1.48 1.53
0.2 2.22 2.25 2.33 2.20 2.30
0.3 3.28 3.25 3.45 3.27 3.40
0.4 4.84 4.64 5.04 4.82 4.98
0.5 7.09 6.57 7.31 7.05 7.21
0.55 8.56 7.81 8.79 8.51 8.67
0.6 10.26 9.30 10.57 10.27 10.42
0.65 12.49 11.07 12.71 12.40 12.53
0.7 15 13.20 15.31 14.98 15.07
0.75 18.26 15.78 18.46 18.11 18.15
0.8 22.1 18.91 22.31 21.95 21.91
0.85 27.02 22.75 27.04 26.66 26.52
0.9 32.49 27.47 32.89 32.50 32.22
m=8

0.1 1.76 1.91 1.95 1.75 1.91
0.2 2.99 3.18 3.36 2.98 3.28
0.3 491 4.96 5.42 4.89 5.29
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0.6
0.65
0.7
0.75
0.8
0.85
0.9

0.1
0.2
0.3
0.4
0.5
0.55
0.6
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0.191
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0.573

0.2
0.3
0.372
0.464
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0.649
0.7
0.8
0.9

0.2

7.75
11.95
14.83
18.26
22.32
27.14
33.34
40.85
50.64
62.03

2.25

4.47

8.09
13.59
21.96
27.13
34.05
41.9

51.8
65.15
81.28

7.08
23
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57.6

11.46
23.04
34.87
56.56
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130.17
160.56
238.12
346.51

36.8

7.46
10.98
13.25
15.98
19.25
23.19
27.97
33.80
40.95
49.78

2.67
5.04
8.39
13.11
19.79
24.14
29.34
35.60
43.17
52.36
63.57

8.28
22,51
34.15
50.35

13.18
23.37
33.25
50.11
84.36
106.74
130.58
193.81
289.53

48.07
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7.74
11.92
14.70
18.06
22.14
27.11
33.18
40.63
49.83
61.25

2.29
4.55

8.14
13.58
21.67
27.07
33.63
41.62
51.38
63.32
78.00

7.20
23.01
37.11
57.46

11.40
22.33
33.71
54.08
97.32
126.31
157.55
241.51
370.26

40.74

8.21
12.41
15.17
18.49
22.51
27.38
33.30
40.54
49.43
60.44

2.67

5.24

9.07
14.67
22.80
28.16
34.64
42.47
51.99
63.58
77.78

8.63
25.30
39.53
59.72

13.82
25.59
37.39
58.03
100.90
129.28
159.67
240.72
363.88

50.61



0.3
0.4
0.5
0.6
0.7
0.8
0.9

79.44
152.11

256.2
407.16
621.54
927.79
1354.76

87.60
143.72
223.66
338.39
505.19
752.00

1125.88

100.54
170.56
273.08
423.40
645.48
978.19
1486.89

83.15
148.64
247.11
393.78
612.56
942.26

1448.22

96.41
164.08
263.11
407.95
621.15
939.03
1422.38

The comparison in Table 3.1 clearly shows that TPT-D theory is the most

accurate in predicting the compressibility factor for all chain lengths, however it becomes

progressively less accurate for long chains. This conclusion is also found with other chain

theories which are less accurate than TPT-D.

(AAD) for the compressibility factor predicted by the various chain theories

To see the comparison clearly, Table 3.2 gives the average absolute deviation

Table 3.2: Percentage Average Absolute Deviation (%AAD) of the Calculated Compressibility
of m-Hard-Sphere Chains Compared with Molecular Simulation Data

AAD (%)
m HSC TPT1 TPT-D GFD
4 9.00 2.57 0.58 1.71
8 11.65 5.33 0.65 3.60
16 13.32 9.04 1.39 6.71
32 9.85 14.63 0.56 10.60
51 13.42 9.26 3.13 5.45
201 16.32 14.06 4.30 9.49
Overall 12.17 7.87 1.66 5.35

As seen in the table, the AAD for the 32-mer chain is inconsistent with the rest of

the analysis. This is because the comparison for 32-mer chain is limited to moderate

density values. Furthermore, it is obvious that there is a noticeable difference among the

various chain theories for all values of hard sphere segments (m). The accuracy of all
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chain theories deteriorates substantially for long chains with minimum deterioration in

TPT-D theory which provides the best overall agreement with the simulation data.
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CHAPTER 4

BIFURCATION DIAGRAMS

4.1. Introduction

The previous two chapters showed that the accuracy of a hard sphere model as
well as a hard-sphere chain theory varies from one to another when compared to
simulation data. Thus, the construction of a complete equation of state may be sensitive
to the selection of any model or theory. However, the question is not only limited to
accuracy but also to the pitfalls PVT behavior that might arise from different models. For
instance, the mathematical complexity of some of the hard sphere models makes them

expensive for mathematical manipulations.

The mathematical combination of different hard sphere models with a dispersion
term produces various algebraic models. These algebraic models might cause non-
physical multiple volume roots. Previous studies (Koak, et al., 1999; Lucia & Luo, 2002;
Privat, et al., 2010) proved that the problem of multiple volume roots in the various
versions of the statistical association fluid theory (SAFT), which is based on TPTL, is
difficult to handle and resolve. Many techniques that were employed to tackle the
problem of the multiple volume roots relied on a reliable solver in order to determine all
volume roots at specific temperature and pressure and then to test their physical
characteristics and stabilities with an efficient procedure (Koak, et al., 1999; Lucia &
Luo, 2002; Xu, et al., 2002; Aslam & Sunol, 2006a; Privat, et al., 2010; Alsaifi &
Englezos, 2011). These approaches are tedious and not convenient to investigate the PVT

behaviour of many combinations of hard sphere models and hard-chain theories with a
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dispersion term. The reason is that the previous approaches give only a snap shot of the

whole PVT behaviour since it depends on random selection of temperature and pressure.

In this thesis, the complete loci of volume roots with the variation of temperature
and pressure will be studied with an alternative approach. This chapter introduces the
method that will be utilized. The approach is based on diagrams called bifurcation

diagrames.

4.2. Theory of bifurcation diagrams

The bifurcation diagram is a powerful tool to explore the solution behavior as a
bifurcation parameter varies. The bifurcation diagram is usually constructed by utilizing
the axis of ordinate to represent the state variable while the axis of abscissas represents
the bifurcation parameter. For example, a bifurcation diagram could be generated for the
non-liner equation (4.1) by considering x as the state variable while A represents the

bifurcation parameter.

F(x,A) =0 4.2)
The diagram is constructed by plotting x for a wide range of A. If there are more variables
in the equation, one variable is utilized as the bifurcation parameter while the other could
be fixed ( Seydel, 2009). In this study, the bifurcation parameter (1) is the temperature
and x represents the molar volume (V) while the pressure is fixed. Therefore, the
bifurcation diagram could be generated as molar volume versus temperature or

compressibility factor (Z) versus temperature.
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The bifurcation diagram may exhibit multiple curves. Each separate curve is
called branch. The point where the branch changes its direction at specific A value is
called turning point. Figure 4.1 represents the bifurcation diagram for hexane at 15 atm
using Peng-Robinson EOS (Peng & Robinson, 1976). It is clear from the figure that there
is only one branch and two turning points that are represented by the solid dots. Thus,
there are three maximum volume roots located in the temperature range (433, 484) K.
Another example of the bifurcation diagram is given in Figure 4.2 using simplified
SAFT EOS (Fu & Sandler, 1995) for hexane at 15 atm. As shown in the figure, there are
three branches with two turning points on the longest branch leading to four maximum

volume roots located in the temperature range (422, 496) K.

0.8

04

1 1‘)3 7,60 300 400 500 600 700
T(K) 0 100 200 300 400 500 600 700
T(K)

Figure 4.1: Bifurcation diagram for hexane at 15 atm using PR . . . . .
EOS Figure 4.2: Bifurcation diagram for hexane at 15 atm using

simplified SAFT EOS

Constructing a complete bifurcation diagram is not a trivial task. The analytical
solution is not always possible due to the mathematical complexity of some models.
Therefore, it is a common practice to obtain the bifurcation diagrams using numerical

techniques such as the continuation methods (Allgower & Georg, 1990). In this work, the
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arc-length continuation method (Binous & Shaikh, 2015) is utilized to construct the

bifurcation diagrams.

4.3. Arc-length continuation method

The arc-length continuation method is classified as one of the path-following
techniques (Allgower & Georg, 1990) that are commonly used to obtain the variation of
the solution paths for non-linear equations. The method is a powerful tool to determine
available branches in the bifurcation diagram of the non-linear equations. The set of the

non-linear algebraic equations can be represented in the form:

fO) =0 (4.2)
where f and x are vector components given by f=(f.fs ...,fn) and x =
(x1,%5,....,%X,) and A is an independent variable. A solution path of equation (4.2) is
shown by a continuous curve that demonstrates how x varies with A. To trace the curve
that represents the solution path, an initial point on that curve is needed. The initial point

should satisfy equation (4.2) leading to:

f(x0;20) =0 (4.3)
Then, the curve begins from the specified initial point by utilizing a parameter (s) that is
called the arc-length segment that assists to trace the solution curve. Thus, equation (4.2)

could be rewritten as:

f(x(s),2(s)) =0 (4.4)

Using Pythagorean rule, one can obtain the relationship of A and x with s:
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dx dx /d0\? (4.5)
—.—+(—) —1
ds ds ds

Hence, the non-linear equations (4.2) could be converted to a system of n + 1 coupled
differential equations represented by equations (4.4) and (4.5) with equation (4.3) as an

initial guess.
For the PVT calculation, one needs to solve the non-linear equation:

f(T,v,P)=0 (4.6)
In order to convert the above equation into a system of differential equations, one could
fix the pressure and define the molar volume and temperature in terms of the arc-length

segment:

f(T(s),V(s)) =0 (4.7)

Hence, the differential equation will be:
dvy®  7dT\? (4.8)
() + () -
ds ds

To solve the above differential equation, an initial guess is required:

f(To, Vo) =0 (4.9)

This initial guess could be obtained using any reliable solver.

In this work, NDSolve command in Mathematica© was utilized to solve the differential

equations.

The solution of the above equations gives the bifurcation diagram that will be the main

tool in the next chapters. Its unique capability to show physical and non-physical
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behavior in one diagram makes it a powerful tool to compare theory-based models and to
show all PVT pitfalls that might arise from non-physical behavior. This is why it would
be a convenient tool for studying my combinations of hard-sphere modes and theories

with a dispersion term.
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CHAPTER 5

THE ROLE OF VARIOUS HARD SPHERE MODELS ON
PVT BEHAVIOR OF NON-ASSOCIATING FLUID:
BIFURCATION ANALYSIS

5.1. Introduction

Various hard sphere models and their accuracies were investigated in Chapter 2.
All of the investigated hard sphere models showed adequate accuracy. Thus, it is
expected that utilizing other hard sphere models instead of CS, which is the most
commonly used model, will not have a dramatic impact in the accuracy for the PVT
calculation. However, it is not clear how the different hard sphere models could affect the

solution behavior in the PVT calculation.

In this chapter, the role of the hard sphere term in a complete equation of state
that contains chain and dispersion terms will be studied with the aid of the bifurcation
diagrams. In order to accomplish this objective, different hard sphere models with
different mathematical forms will be selected. The TPT1 hard-chain theory will be
adopted in this chapter. To complete the equation of state, simple dispersion term such as
the one that was proposed by Fu and Sandler (1995) will be utilized in this work in order

to minimize the complexity of the equation.

The study of the PVT behavior in this chapter will first start with fixing the chain
term to the one that is derived from CS model using TPT1 theory. Consequently, one
could observe the effect of only changing the hard sphere term in the PVT calculation.
After that, the corresponding chain term derived from TPT1 for each hard sphere model

will be implemented in the equation to explore the effect in the solution behavior.
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5.2. Mathematical formulas and derivations

Before shedding light on the bifurcation diagrams, it would be beneficial to
represent the mathematical form of the complete equation of state. For non-associating
fluid, the compressibility factor (Z) could be constructed by contributions from hard

sphere (hs), chain and dispersion (disp) terms as the following equation:

by agr;s (5.1)
7 =—=1 Zhs Zchain Zdl'sp =1
T + + + +n an

a(Ahs _|_Achain +Adisp)
RT
an

=1+n

Alternatively, the above equation could be rewritten as:

Ares  pAhs 4 Achain 4 adisp n7 —1 (5.2)
RT RT o 1
77Zhs + Zchain + Zdisp
= dn
Y]
0

5.2.1. Hard Sphere Term

Any accurate hard sphere model, such as the models investigated in Chapter 2,
could be utilized in the above equation after subtracting the ideal gas term since it is
explicitly given in equation (5.1). Table 5.1 summarizes the hard sphere models that will

be investigated in this study and their corresponding residual Helmholtz free energy (A™)
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are given in Table 5.2. The residual Helmholtz free energy could be calculated by

equation (5.2).

Table 5.1: Selected hard sphere models from Chapter 2 to be substituted in equation

(5.1)

Carnahan and

1+n+n*-n
Starling, Zh5=m< (nl _737)3 1 —1)

(1969)

147402 — 5@ +1%)

Kolafa, (1986) s =m

(1—mn)3
Khoshbarchi ) ) ] . .
1— 558 —582 =S8 4 2585 25§12
and Vera, zhs — m 25> 5 4 50 50° 4
(1-¢§)3
(1997)
Yelash and 348 + 1472 + 14n° + ?774
Zhs =m 1
Kraska, (2001) 3—4n
Rambaldi et i
ghs — m( )
al., (2006) 1— 2.57 + 1.65880872
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Table 5.2: Residual Helmholtz free energy of the selected hard sphere models

Carnahan and
Starling,

(1969)

AMs (4—3mn

RT (=1 +1n)2

Kolafa, (1986)

Ahs 1/n(34 +n(=33 +4n))
RT "6 (—1 + )2

+101In(1 — n)>

Ahs 1
—=—-m 1914444 — 2903418¢ + 665112&2
Khoshbarchi RT 25200(—1 +¢)? 2 : :
and Vera + 16627883 + 65604* + 3280285 + 18744£6
(1997) + 1171587 + 78108® + 5467¢° + 3976§1°)
+1989036(—1 + &)21In(1 — §))
Yelash and

Kraska, (2001)

hs
R (72 + n(27 + 10n)) — 162 arct h( il )
RT—m9 n n n arctan —3+2T[

Rambaldi et

al., (2006)

Als 3.2223
—— =m| 20.2464 + 12.8892 arctan (4.0279 - ; )

RT
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5.2.2. Chain Term

The chain term could be obtained from one of the chain theories, such as the
theories considered in Chapter 3. In this chapter, TPT1 will be utilized since it is the
most commonly used theory. Table 5.3 displays the chain terms derived using TPT1 for
each investigated hard sphere model and their corresponding residual Helmholtz free

energy (A®™™ are given in table 5.4.

Table 5.3: Chain terms obtained from TPT1

Hard Sphere
Corresponding chain terms obtained from TPT1

Models
Carnahan and
Zchain — (1 _ m) (5 — 27])77
— 2
Starling, (1969) 2=3n+n
. 5n(—6+n(2 +77))
Kolafa, (1986) Zeham = —(1 —m)

(-1 +n) (~12 +n(6 + (=1 + 2m))

. 3
Zcham =(1—-m 8 —
Khoshbarchi and ( ) < -1+¢
Vera, (1997) —3256 + £(3400 + 225¢ — 126&3)
296 + £(—340 — 25¢ + 1883 + 142£19)
Yelash and Kraska, Zehain = (1 _m n(=3 + 2n)(45 + 8n(9 + 10n))
(2001) =54 +n(9+7(21 +87(3 + 107)))
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Rambaldi et al.,

(2006)

(1.50711 - 2n)n

Zchain =(1—
(A =m) 602843 + 7150711 + 1)

Table 5.4: Residual Helmholtz free energy for the chain terms

Carnahan and

chain 24+ n
Starling, —(1— <_________)
arting R VT I E
(1969)
chain —12+n(6 + n(—=1+21n))
Kolafa, (1986 —(1—
olafa, (1986) BT (1 m)ln< FIESEIE >
Achain
Khoshbarchi = (1 — m)In(((3(148V2n!! — 102071 n — 225219 n?
and Vera, +2916v217 n* + 804955968111 )))
(1997)
/ ((200n°(n — 3vVZn) "))
Yelash and chain

Kraska, (2001)

9 1
RT = (1—m)ln<—2+3_4n—gn(9+577)>

Rambaldi et

al., (2006)

chain

1
RT _(1_"0m(1+n@25+15&mmm9
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5.2.3. Dispersion Term

In order to minimize the complexity of equation (5.1) and to explore the effect of
changing the hard sphere term, the dispersion term will be fixed. As indicated previously,
the simple dispersion term of Fu and Sandler (1995) will be used:

v'Y ) (5.3

ZUP = —m 7 (—
M vs + VY

In terms of the Helmholtz free energy, the dispersion term is given by:

Adisp
RT

v (5.4)

=mZyl (—S )
e vs +v*Y

where vs is the molar volume of a segment, Zy, is the maximum coordination number that

was taken to be equal 36 and v is the closed-packed molar volume of a segment which is

defined as:

*

v

_ Npd? (55)
Tz

Nav is Avogadro’s number and d is the effective hard sphere dimeter that is given by:
d = o[1 — cexp(—3u®/kT)] (5.6)
where ¢ is the temperature independent diameter of a segment, ¢ is an adjustable

parameter, u° is the temperature independent square-well depth and k is the Boltzmann’s

constant. The variable Y is defined as:
u (5.7)
Y =exp (—ZkT) -1

where u is the temperature dependence square-well depth that is given by:
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u =u[1+ (e/kT)] (5.8)
e/k is an adjustable parameter based on fitting experimental vapor-liquid equilibrium

data.

To use this dispersion term with any hard sphere model, there are three adjustable
parameters that need to be found: m, u® and . However, it is more convenient to use
molar volume rather than the dimeter of a segment as an adjustable parameter. The

temperature independent molar volume in a closed-packed arrangement (v*°) is given by:

v = (T[NA‘U/677C)O—3 (59)
where n is the maximum packing fraction that was taken to be equal to mv2/6 =

0.74048

In addition to the above three adjustable parameters there are additional two universal
parameters: ¢ and e/k that are based on adjusting the experimental values of the vapor
pressure and the liquid density of a specific component. In this study, ethane was selected

as the main component in the comparison between the models.

5.3. Parameters estimation

In this work, the experimental data for the vapor pressure and the liquid density
were taken from Vargaftik (1975). In thus work, the adjustable parameters were obtained
by simultaneously fitting vapor pressures and liquid densities using the simplex method.
Table 5.5 summarizes the five adjustable parameters for ethane using different HS

models while fixing the chain term to the one obtained from TPT1 based on CS model.
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Alternatively, Table 5.6 represents the five adjustable parameters for ethane using

different HS models with their corresponding chain terms obtained from TPT1.

Table 5.5: Ethane parameters for different HS models with same chain term

Hard Sphere Model m v (mL) | u% (K) c e/k (K)

Carnahan and
2.4056 13.436 82.999 0.32946 -13.184
Starling, (1969)

Kolafa, (1986) 2.4386 13.232 82.574 0.33157 -13.443

Khoshbarchi and
2.4353 13.254 82.469 0.32962 -13.318
Vera, (1997)

Yelash and Kraska,
2.3868 13.574 83.341 0.33044 -13.154
(2001)

Rambaldi et al., (2006) | 2.5165 12.693 81.322 0.32903 -13.599
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Table 5.6: Ethane parameters for different HS models with their corresponding

chain terms obtained from TPT1

Hard Sphere Model m v (mL) | u%k (K) c e/k (K)
Carnahan and
2.4056 13.436 82.999 0.32946 -13.184
Starling, (1969)
Kolafa, (1986) 2.4769 13.009 81.83 0.33089 -13.579
Khoshbarchi and
2.4247 13.302 82.586 0.32811 -13.169
Vera, (1997)
Yelash and Kraska,
2.4143 13.418 82.913 0.3319 -13.389
(2001)
Rambaldi et al., (2006) | 2.5244 12.647 80.908 0.32532 -13.434

5.4. Comparison with molecular simulation data

This study will first investigate the effect of changing the hard sphere term while

fixing the other terms in equation (5.1). Second, the effect of using the corresponding

chain term of the various HS models will be explored. Therefore, it would be beneficial

to test the accuracy of different combinations with the molecular simulation data of the

hard chain. Table 5.7 summarizes the average absolute deviation (AAD) for the

compressibility factor predicted by the various hard sphere models while fixing the chain

term to CS. The simulation data for m < 16 and m = 32 were adopted from Chang and
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Sandler (1994) and Denlinger and Hall (1990), respectively. The values for the 51-mer

and 201-mer chains were obtained by Gao and Weiner (1989).

Table 5.7: Percentage Average Absolute Deviation (AAD) of the calculated compressibility of
m-hard-sphere chains obtained by various HS models while fixing the chain term to CS

AAD (%)
Carnaha.n and Kolafa Khoshbarchi Yelash and Rambaldi et al.
Starling and Vera Kraska
4 2.57 2.88 2.59 2.47 3.86
8 5.33 5.69 5.35 5.21 6.78
16 9.04 9.37 9.08 8.93 10.26
32 14.63 15.06 14.65 14.55 15.68
51 9.26 9.68 9.26 9.15 10.82
201 14.06 14.49 14.04 13.96 15.64
Overall 7.87 8.24 7.89 7.76 9.25

Likewise, the average absolute deviation (AAD) for the compressibility factor predicted
by the various hard sphere models with their corresponding chain terms are illustrated in

Table 5.8.

Table 5.8: Percentage Average Absolute Deviation (AAD) of the calculated compressibility of
m-hard-sphere chains compared with molecular simulation data

AAD (%)
Carnaha'n and Kolafa Khoshbarchi Yelash and Rambaldi et al.
Starling and Vera Kraska
4 2.57 2.84 2.61 2.49 3.51
8 5.33 5.62 5.37 5.19 6.27
16 9.04 9.19 8.99 9.05 9.46
32 14.63 14.71 14.48 14.71 14.51
51 9.26 9.51 9.25 9.13 10.02
201 14.06 14.29 14.03 13.93 14.78
Overall 7.87 8.10 7.86 7.79 8.58
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From the results of both tables, one could conclude that there is a minor variation in the
accuracy when utilizing the corresponding chain terms of the different HS models.

However, it is not clear how the PVT behavior in a complete EOS will be influenced.

5.5. Bifurcation diagrams

Bifurcation diagrams that were discussed in Chapter 4 will be utilized in this
work to demonstrate the role of the hard sphere term in the complete EOS. This study
will focus on the PVT behavior in the first quadrant only. Therefore, the branches on the
other quadrants will not be displayed. In addition, the bifurcation diagram of PR EOS

will be shown for comparison.

5.5.1. Bifurcation diagrams for short-chain compounds using CS model in the

chain term: branches, turning points and number of roots

With the consideration of non-associating components, both PR and equation
(5.1) are similar in terms of the associated interaction regardless of the accuracy. Figures
(5.1 — 5.12) illustrate how the number of compressibility factor (Z) roots varies with
temperature for ethane at 1 atm. Unlike PR EQS, the other equations exhibit more than
one branch with multiple turning points as depicted in Figures 5.2-5.12. The upper
branches in these figures are similar to the single branch resulted by PR EOS. However,
there are two more turning points on this branch located at low temperature region in the
region (13.79 — 13.89) K. This is an indication of liquid-liquid demixing which is an
improper behavior for pure components. By exploring the bifurcation diagrams in Figures

5.2-5.12, one could conclude that CS model produces the least number of roots that is
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four roots located in the temperature range (71.97 - 284.82) K. The additional branches
on the other models may result because of the inconsistency of the chain term with the
HS terms. For this reason, the bifurcation diagrams when the corresponding chain term is

utilized will be investigated.
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Peng & Robinson, (1976)
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Figure 5.1: Bifurcation diagram for ethane at 1 atm using PR
EOS
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Carnahan and Starling, (1969)
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Figure 5.2: Bifurcation diagram for ethane at 1 atm using
CS HS model
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Figure 5.3: Magnified range of the bifurcation diagram for
ethane at 1 atm using CS HS model

47




0.8

0.4}

0.2}

%370 13.75 13.80 13.85 13.90 13.95 14.00
T(K)

Figure 5.4: Magnified range of the bifurcation diagram for

ethane at 1 atm using CS HS model showing the two turning

points at low temperature
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Kolafa, (1986)
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Figure 5.5: Bifurcation diagram for ethane at 1 atm using
Kolafa HS model
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Figure 5.6: Magnified range of the bifurcation diagram for
ethane at 1 atm using Kolafa HS model
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Khoshbarchi and Vera, (1997)
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Figure 5.7: Bifurcation diagram for ethane at 1 atm using

Khoshbarchi and Vera HS model
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Figure 5.8: Magnified range of the bifurcation diagram for
ethane at 1 atm using Khoshbarchi and Vera HS model
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Yelash and Kraska, (2001)
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Figure 5.9: Bifurcation diagram for ethane at 1 atm using
Yelash and Kraska HS model
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Figure 5.10: Magnified range of the bifurcation diagram for
ethane at 1 atm using Yelash and Kraska HS model
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Rambaldi et al., (2006)
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Figure 5.11: Bifurcation diagram for ethane at 1 atm using

Rambaldi et al. HS model
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Figure 5.12: Magnified range of the bifurcation diagram

for ethane at 1 atm using Rambaldi et al. HS model
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5.5.2. Bifurcation diagrams for short-chain compounds using various hard
sphere models in the chain term: branches, turning points and number
of roots
By exploring the Figures 5.13-5.19, it is clear that the number of branches

decreases when the corresponding chain term is used. However, this is not the case for

Kolafa model that has same number of branches with more turning points in the lower

branch leading to maximum of seven roots in temperature range of 273.26-284.85 K. The

models of Khoshbarchi & Vera and Yelash & Kraska have only one branch in the first
quadrant for temperatures above 15 K. Although the model of Khoshbarchi & Vera is
mathematically complex, it has the least number of roots. Hence, it is not necessarily that

the complex models will result in multiple roots.

From the previous diagrams, it is clear that all models suffer from predicting the
two turning points at low temperature region. Furthermore, there is no completely a
model without non-physical behavior like Peng & Robinson. Therefore, it would be

beneficial to explore the role of changing the chain theory and dispersion term.
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Kolafa, (1986)

0.8}

0.6}

0.4}

0.2}

0.0}

0 100 200 300
T(K)

400

Figure 5.13: Bifurcation diagram for ethane at 1 atm using

Kolafa HS model and its corresponding chain term
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Khoshbarchi and Vera, (1997)
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Khoshbarchi and Vera HS model and its corresponding
chain term
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Yelash and Kraska, (2001)
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Figure 5.17: Bifurcation diagram for ethane at 1 atm using
Yelash and Kraska HS model and its corresponding chain
term
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Rambaldi et al., (2006)
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Figure 5.19: Bifurcation diagram for ethane at 1 atm using
Rambaldi et al. HS model and its corresponding chain term
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CHAPTER 6

THE ROLE OF VARIOUS HARD CHAIN THEORIES ON
PVT BEHAVIOR OF NON-ASSOCIATING FLUID:
BIFURCATION ANALYSIS

6.1. Introduction

The hard chain theories along with their accuracies were discussed in Chapter 3.
These theories differ in their mathematical forms and have shown different accuracy in
comparison with the molecular simulation data. The difference in the mathematical form

is expected to affect the PVT behaviour in a complete EOS.

In this chapter, the most common hard chain theories will be adopted in order to
study their influence on the PVT behavior. The bifurcation diagrams will be utilized to
accomplish this objective. The bifurcation analysis for TPT1 was considered in the
previous chapter with various hard sphere models. The same hard sphere models will be
used in this chapter but with different chain theories. The dispersion term will be fixed to

the one that was proposed by Fu and Sandler (1995).

6.2. Mathematical formulas and derivations

As previously given in Chapter 5, the compressibility factor is given by:

P V aATES (5.1)
P — hs chain disp — RT
Z=pm=1+2"+ 72N 47 Ltn| =5
a(Ahs + AChain _l_Adisp)
RT
=1
+7n on
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For more convenience in the GFD theory, the above equation could be rewritten as:

oy a;v;s (6.1)
—=__ = 7GFD 4 7disp — 1
Z RT + +n an

a(AGFD +Adisp)
RT
on

=1+n

where Z° P is the compressibility factor calculated by equation (3.8).

In this chapter, the same five HS models will be used but with different theories for the
chain term. Equations (3.1) to (3.10) in Chapter 3 could be used to derive the chain
terms from various hard sphere models. The results for TPT1 were shown in Chapter 5.

The derivations for the other theories are represented in Tables 6.1-6.6.

Table 6.1: Chain terms obtained from HSC theory

Hard Sphere Models Corresponding chain terms obtained from HSC
Carnahan and
Zehain = (yn 1)77(5 +2(=3+m)n)
. 2(-1+n)3
Starling, (1969)

5(=2+mn(-3+ 2n)
12(—=141n)3

Kolafa, (1986) Zchain = (m — 1)
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Khoshbarchi and

Vera, (1997)

Zchain — (m — 1)(400m(—1 + &)3 + 3v2(296 + §(—340

— 258 + 1883 + 142819)))/(400m(—1 + &)3)

Yelash and Kraska,

(2001)

) 1
Zcham= — 1= ( )
(m )677 9+5n+_3_|_477

Rambaldi et al.,

(2006)

1
" 1+ n(=2.5+ 1.6588087)

Zchain — (m _ 1) (1

)

Table 6.2: Residual Helmholtz free energy for the chain terms obtained from HSC

Carnahan and

Achain 77(_6 + 577)
——=(m-1) <—+ln(1—n)>
Starling, (1969) RT 4(-1+m)?
Achain 5 (n(=8+7n)
Kolafa, (1986) RT = (m — 1) ﬁ <W + 4-11’1(1 - T]))

Khoshbarchi
and Vera,
(1997)

“approximated”

chain

RT

(m — 1)(3V2 (173376 + £(—262626 + £(60144

+ 71E(210 + £(84 + E(42 + £(24 + E(15 + £(10

+78)))))))))

+112(4833v2 + 1007)(—1 + )% In(1

—§))/(112007(=1 + £)?)
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Yelash and Achain

1 2n
=(m-1) (—n(18 + 571) + 6 arctanh ( ))
Kraska, (2001) RT 12 —3+2n

chain

RT

Rambaldi et

= (m — 1)(—5.0938 + 4.0279 arctan(4.0279 — 5.3452n)

al., (2006) +0.51n(0.6028 — 1.5071 17 + n2))

Table 6.3: Chain terms obtained from TPT-D theory

Hard Sphere
Corresponding chain terms obtained from TPT-D

Models
Carnahan and chain _ (—1+ m)n(=5+ 2n) (2 —m)0.985057
Starling, (1969) (=24+n)(=1+n)  2(0.73017 4 0.98505n)
ehain _ (2~ m)0985447

~ 2(0.72854 + 0.985441n)

Kolafa, (1986
o) S5(=1+m)n(=6+n(2+n))

TR (=12 + 16 + (=1 + 2m))

Zchain — (&(—(6(—2 + m)0.9777)/(60.73207

+V2m0.97778) — (6v2(—1 + m)(—548
Khoshbarchi and
+ &(730 4+ (25 + 26(—36 + é(9 + 71&° (—11
Vera, (1997)

+ 8NN/ (@(—1 + £)(296 + §(—340 — 25¢
+ 1883 + 142£19)))))/(6V2)
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(2 —m)0.993037

Zchain —
Yelash and Kraska, 2(0.73671 + 0.99303n)
(2001) 3 (=1 +m)n(—=3+2n)(45+ 8n(9 + 101n))
—54 4+ 1n(9+n(21+8n(3 +107n)))
Zchain _ (2 -m)0.98239n

Rambaldi et al.,

(2006)

2(0.72448 + 0.982397)

2(—1 +m)n(-0.7536 + n)
0.6028 + 1(—1.5071 + 1)

Table 6.4: Residual Helmholtz free energy for the chain terms obtain from TPT-D

Carnahan and Achain 2
BT = (-1+m) (3ln(1 -n) +ln(—_2 +77))
Starling,
1( 2+ ml (1 4 0.9850577)
(1969) 2 m)in 0.73017
AChain 1 0.98544n
rT = 272 +m)ln(1 + 072854 )

Kolafa, (1986)

+(-14+m) (3 In(1—7)

+1n = )
"2+ nC6+1-212
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Achain 1 (—24m)] (1 N w0.9777¢ )
=—z(2+m)ln —
RT 2 3v/2 0.73207
. 1
Khoshbarchi +3 (-1+m) <ln(43808) + 16In(m) + 6In(w — )
and Vera,
257.[11{?2
- 11 _ 115 _
(1997) 2In (148\/§n 170vV2m*¢ 5
+ 9V2m1tEt 4 71\/§n11511>>
Achain (=24 m)1 (1 N 0.9930377)
Yelash and RT 2 mm 0.73671
18 — 24
Kraska, (2001) +(=1+m)n n
18 + n(21 + n(21 + 20n))
. Achain 1 0.98239n
Rambaldi et = _—_ (- ( —)
RT 7 (F2HmIn(1+ 57008
al., (2006)

+ (=1 +m)(0.5061 + In(0.6028 — 1.5071n + n?))
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Table 6.5: Chain terms obtained from GFD theory

Hard
Sphere Corresponding chain terms obtained from GFD
Models
Carnahan | % orp
and _(1.95926 +0.95926(—3 + m))(1 + 2.456967 + 4.1038672 — 3.7550
(1-mn)?
Starling,
(0.95926 +0.95926(—3 + m))(1 + 1 + 1% — n°)
(1969) (1-17)3
ZGFD
_ (1.95926 +0.95926(—3 + m))(1 + 2.456967 + 4.103861* — 3.7550
Kolafa, (1—1)°
(1986) )
(0.95926 + 0.95926(—3 + m)) <1 +n+n? -5 + 774))
- (1-n)3
Khoshbarc | 767D = (1.95926 + 0.95926(—3 + m))(1 + 2.456967 + 4.1038612 —
hi and 32N
3.75503n%)(1 — ) — (0.95926 + 0.95926(—3 + m)) (1 -
Vera,
36n°  135n° | 4374v2n° 12074339521712) (1 _ 3&17)3
(1997) 572 V2?3 2575 25712 T
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ZGFD

Yelashand | (1.95926 +0.95926(—3 + m))(1 + 2.456967 + 4.103867> — 3.755(
Kraska, @ =m?
4
(2001) (0.95926 + 0.95926(—3 + m)) (3 +8n + 14n% + 1403 + %)
B 3—4n
ZGFD
Rambaldi
~(1.95926 +0.95926(—3 + m))(1 + 2.456967 + 4.10386n2 — 3.7550
etal., a (1—n)3
(2006) 47
—(0.95926 + 0.95926(—3 + m)) (1 Sy 1.658808172)

Table 6.6: Residual Helmholtz free energy for the chain terms obtain from GFD

Carnahan
and Starling,

(1969)

AGFD 1
RT  2(—1+n)2

(n(0.16296 — 3.83704(~3 + m)

— 2.45696(1.95926 + 0.95926(—3 + m))(—2 + 1)
+1.103867

+7.10386(0.95926 + 0.95926(—3 + m))n
—3.75503(1.95926 + 0.95926(—3 + m))(—2 + 3n))
+5.51006(1.95926

+0.95926(=3 +m))(~1 +1)2In(1 1))
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Kolafa,

(1986)

AGFD 1
RT _ 6(—1+ )2

(n(-9.10372 - 21.10372(~3 + m)

— 7.37088(1.95926 + 0.95926(—3 + m))(—2 + 1)
+3.31158n
+36.3116(0.95926 + 0.95926(—3 + m))n

—4(0.95926 + 0.95926(—3 + m) )n?
—11.26509(1.95926 + 0.95926(—-3 + m))(—-2 + 3n))
—2(-11.3972

—3.1321(=3 +m)) (=1 + n)?In(1 - 1))
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Khoshbarchi
and Vera,

(1997)

AGFD

RT

1
= ~2187v2 (—189006.6284 1

175m9(— 1+1n2( a5

+ 98300.5606 mn + 761081.5146n? — 393714.2685 m n?

—1070204.3363 ° + 549907.1086 m n° + 574328.2337n*
—292484.7117 mn* — 58205.3875 n° + 29102.6938 m n°

— 11453.7336 n° + 5726.8668 m n® — 3539.7486 n” + 1769.8743 m n’
—1512.3827 n® + 756.19134mn® — 776.4312n° + 388.2156mn°

— 460.51361'° + 230.2568mn'° — 310.6046n"! + 155.3023mn"*

+ 7489.5053n12 — 3744.7526mn'? — 7628.0355n13 + 3814.0178mn'3

6139(0.95926 + 0.95926(—3 +m))n°(—1 + 1)? ( N n)z In (3\/_)
9722

2
+ 4646.7516(1.95926 + 0.95926(—3 + m))(—1 + 17)? (—% + n) In(1

T T
—1n) — 140042.1585In (— - ) + 70021.0793mIn (— - )
n) 3v2 7 32 7

T T
+ 658331.03797In (—— )—329165.51893m In (—— )
1 3v2 1 7 32 7

T
— 1151941.87097%In (— - ) + 575970.9354mn? (— - )
n 32 nl 32 n
+ 889059. 2622n31n( ) 444529.6311mn3In ( )
— 255406. 27071741n( ) +127703. 1354mr)41n( )
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Yelash and
Kraska,

(2001)

AGFD

RT 18(—1+

57 (18(621199(1.95926 +0.95926(=3 +m))

+2(15.2810 + 14.2810(—3 + m)))n + 56(0.95926
+0.95926(—3 + m))n? + 14(0.95926 + 0.95926(—3
+ m))n* + 20(0.95926 + 0.95926(—3 + m))n®
—162(0.95926 + 0.95926(—3 + m))In(3)

— 912(—62.9843 — 1.6469(1.95926 + 0.95926(—3
+m)) + 38.62469m + 18(0.95926 + 0.95926(—3
+m))In(3)) + 162(0.95926 + 0.95926(—3

+m)) (=1 +1)2In(3 — 47) + 49.5905(1.95926

+0.95926(=3 + m))(—1 + n)%In(1 — 7))
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AGFD

RT ~ (—1+7)?

(—16.4128 + 0.95926(51.3296 — 17.1099m)

+ (44.1012 + 2.45696(—0.9185 + 0.9593m)
+0.95926(—119.9242
+4.10386(—1.433697605079942 x 10711 — 7.3719
x 10~4m) + 39.9747m))n + (39.3770
+2.45696(0.4593 — 0.4796m) + 4.10386(—0.4593

Rambaldi et
+ 0.4796m) — 23.2548m)n? + 12.8893(0.9593

al., (2006)
+ 0.95926(—3.0000

+ 1.0000m))(1 — n)?arctan(4.0279 — 5.3452n)
—1.0000(1.9593 —3.75503(—0.9185 4 0.95926m)
+0.95926(—3.0000 + 1.0000m))(1 — n)2In(1 — 1)
—1.5183 x 10712(0.7926 + 0.95926(7.8147

+m))(1 — 1)?In(0.6028 + n(—1.5071 + n)))

6.3. Parameters estimation

The experimental data for the vapor pressure and the liquid density were taken
from Vargaftik (1975). The adjustable parameters were obtained by simultaneously
fitting vapor pressures and liquid densities. Tables 6.7-6.9 summarize the five adjustable
parameters using different HS models with their corresponding chain terms obtained
from various theories. Different components were taken as reference as illustrated in the

tables.
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Table 6.7: Ethane parameters for different HS models with their corresponding

chain terms obtained from HSC theory

Hard Sphere Model m v (mL) | u%k (K) c e/k (K)
Carnahan and
2.201 15.328 83.984 0.31001 -11.543
Starling, (1969)
Kolafa, (1986) 2.2381 15.062 83.279 0.31125 -11.811
Khoshbarchi and
2.2132 15.241 83.705 0.31051 -11.586
Vera, (1997)
Yelash and Kraska,
2.189 15.436 84.244 0.31087 -11.524
(2001)
Rambaldi et al., (2006) | 2.2936 14.588 82.148 0.30775 -11.874

Table 6.8: Propane parameters for different HS models with their corresponding

chain terms obtained from TPT-D

Hard Sphere Model m v (mL) | u% (K) c elk (K)
Carnahan and
2.6888 16.000 91.263 0.2831 -7.82
Starling, (1969)
Kolafa, (1986) 2.6861 16.000 91.316 0.28434 -7.6338
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Khoshbarchi and

2.6847 16.000 91.257 0.28178 -7.6215
Vera, (1997)
Yelash and Kraska,
2.6957 16.000 91.202 0.28556 -8.0323
(2001)
Rambaldi et al., (2006) 2.6646 16.000 91.53 0.27836 -6.881

Table 6.9: Hexane parameters for different HS models with their corresponding

chain terms obtained from GFD theory

Hard Sphere Model m v (mL) | u%k (K) c e/k (K)
Carnahan and
5.5499 16.000 91.012 0.4012 -17.633
Starling, (1969)
Kolafa, (1986) 5.5581 16.000 90.941 0.40115 -17.931
Khoshbarchi and
5.5575 16.000 91.024 0.40195 -17.807
Vera, (1997)
Yelash and Kraska,
5.5402 16.000 91.035 0.40016 -17.394
(2001)
Rambaldi et al., (2006) 5.5985 16.000 90.812 0.4047 -19.022
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6.4. Comparison with molecular simulation data

Before exploring the PVT behavior, it would be valuable to test the accuracy of

the hard chain resulted from the various HS and chain theories using the molecular

simulation data as a reference. Tables 6.10-6.12 summarize the average absolute

deviation (AAD) for the compressibility factor predicted by the various hard sphere

models with different chain theories. The same simulation data that were adopted in

Chapter 5 are used in the comparison.

Table 6.10: Percentage Average Absolute Deviation (AAD) of the Calculated Compressibility of m-
Hard-Sphere Chains Obtained from HSC theory Compared with Molecular Simulation Data

AAD (%)
Carnahan and Khoshbarchi Yelash and .
Starling Kolafa and Vera Kraska Rambaldi et al.
4 9.00 8.87 9.00 9.05 8.39
8 11.65 11.52 11.67 11.69 11.08
16 13.32 13.19 13.35 13.37 12.88
32 9.85 9.79 9.89 9.86 9.72
51 13.42 13.30 13.44 13.44 12.93
201 16.32 16.19 16.36 16.34 15.81
Overall 12.17 12.04 12.19 12.20 11.66

Table 6.11: Percentage Average Absolute Deviation (AAD) of the Calculated Compressibility of m-

Hard-Sphere Chains Obtained from TPT-D Compared with Molecular Simulation Data

AAD (%)
Carnahan and Khoshbarchi Yelash and .
Starling Kolafa and Vera Kraska Rambaldi et al.
4 0.58 0.47 0.53 0.70 0.90
8 0.65 0.46 0.58 0.79 0.80
16 1.39 1.03 1.30 1.48 0.79
32 0.56 0.49 0.53 0.61 0.47
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51 3.13 3.14 3.16 2.99 3.61
201 4.30 4.15 4.33 4.15 4.52
Overall 1.66 1.50 1.62 1.69 1.75

Table 6.12: Percentage Average Absolute Deviation (AAD) of the Calculated Compressibility of m-
Hard-Sphere Chains Obtained from GFD theory Compared with Molecular Simulation Data

AAD (%)
Carnahan and Khoshbarchi Yelash and .
m Starling Kolafa and Vera Kraska Rambaldi et al.
4 1.71 1.66 1.69 1.73 1.86
8 3.60 3.50 3.56 3.65 3.75
16 6.71 6.51 6.69 6.75 6.60
32 10.60 10.21 10.59 10.67 9.66
51 5.45 5.41 5.56 5.39 5.57
201 9.49 9.31 9.55 9.56 9.26
Overall 5.35 5.22 5.36 5.38 5.32

As indicated in Chapter 3, TPT-D produces the best agreement with the simulation data.
Among the same chain theory, there is a minor overall difference between the different

HS models.

6.5. Bifurcation diagrams

6.5.1. Bifurcation diagrams for ethane using various hard sphere models with
HSC theory in the chain term: branches, turning points and number of
roots
Figures 6.1-6.10 demonstrate how the number of compressibility factor (Z) roots

varies with temperature for ethane at 1 atm. All models exhibit more than one branch in

the first quadrant with multiple turning points. Moreover, all models have the two turning

points in the low temperature region. The models of Carnahan & Starling, Khoshbarchi &
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Vera and Yelash & Kraska resulted in behavior without additional branches in the

temperature range corresponding to most practical applications.
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Carnahan and Starling, (1969)

0.8

0.6

0.4

0.2

0.0

0 100 200 300 400
T(K)
Figure 6.1: Bifurcation diagram for ethane at 1 atm using
CS HS model and its corresponding chain term obtained
from HSC
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Figure 6.2: Magnified range of the bifurcation diagram for
ethane at 1 atm using CS HS model and its corresponding
chain term obtained from HSC
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Kolafa, (1986)

0.020
1.0}
0.8}
0.015
0.6}
[ ] ~0.010
0.4}
0.005
0.2} P
0.0 L\_ — o9 k . |
] | 0.000
0 100 200 300 400 0 100 200 300 400
T (K) T(K)
Figure 6.3: Bifurcation diagram for ethane at 1 atm using Figure 6.4: Magnified range of the bifurcation diagram
Kolafa HS model and its corresponding chain term for ethane at 1 atm using Kolafa HS model and its
obtained from HSC corresponding chain term obtained from HSC

76




Khoshbarchi and Vera, (1997)
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Figure 6.5: Bifurcation diagram for ethane at 1 atm using
Khoshbarchi and Vera HS model and its corresponding
chain term obtained from HSC
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Figure 6.6: Magnified range of the bifurcation diagram for

ethane at 1 atm using Khoshbarchi and Vera HS model and

its corresponding chain term obtained from HSC
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Yelash and Kraska, (2001)
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Figure 6.7: Bifurcation diagram for ethane at 1 atm using

Yelash and Kraska HS model and its corresponding chain
term obtained from HSC
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Figure 6.8: Magnified range of the bifurcation diagram for
ethane at 1 atm using Yelash and Kraska HS model and its
corresponding chain term obtained from HSC
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Rambaldi et al., (2006)
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Figure 6.9: Bifurcation diagram for ethane at 1 atm using

Rambaldi et al. HS model and its corresponding chain
term obtained from HSC
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Figure 6.10: Magnified range of the bifurcation diagram
for ethane at 1 atm using Rambaldi et al. HS model EOS
and its corresponding chain term obtained from HSC
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6.5.2. Bifurcation diagrams for propane using various hard sphere models
with TPT-D in the chain term: branches, turning points and number of
roots
When the bifurcation diagrams for propane were generated at 1 atm, the two

turning points in the low temperature region disappeared. For this reason, the pressure

was lowered to 0.6 atm.

By exploring Figures 6.11-6.20, it is clear that the PVT behavior in the first
quadrant is similar to the one predicted by TPT1. Thus, the additional term in the TPT-D

does not affect the solution behavior in the first quadrant.

Unlike the other hard sphere models, Rambaldi et al. model did not show the two
turning points at 0.6 atm pressure. This is way the pressure was lowered a bit more to
0.58 atm. Hence, this non-physical phenomenon is affected by the hard sphere term in the

complete EOS.
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Carnahan and Starling, (1969)
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Figure 6.11: Bifurcation diagram for propane at 0.6 atm
using CS HS model and its corresponding chain term
obtained from TPT-D
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Figure 6.12: Magnified range of the bifurcation diagram
for propane at 0.6 atm using CS HS model and its
corresponding chain term obtained from TPT-D
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Kolafa, (1986)
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Figure 6.13: Bifurcation diagram for propane at 0.6 atm
using Kolafa HS model and its corresponding chain term
obtained from TPT-D
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Figure 6.14: Magnified range of the bifurcation diagram
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Khoshbarchi and Vera, (1997)
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Figure 6.15: Bifurcation diagram for propane at 0.6 atm

using Khoshbarchi and Vera HS model and its
corresponding chain term obtained from TPT-D
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Figure 6.16: Magnified range of the bifurcation diagram for

propane at 0.6 atm using Khoshbarchi and Vera HS model
and its corresponding chain term obtained from TPT-D
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Yelash and Kraska, (2001)
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Figure 6.17: Bifurcation diagram for propane at 0.6 atm
using Yelash and Kraska HS model and its corresponding
chain term obtained from TPT-D
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Figure 6.18: Magnified range of the bifurcation diagram
for propane at 0.6 atm using Yelash and Kraska HS

model and its corresponding chain term obtained from
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Rambaldi et al., (2006)
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Figure 6.19: Bifurcation diagram for propane at 0.58 atm
using Rambaldi et al. HS model and its corresponding
chain term obtained from TPT-D
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Figure 6.20: Magnified range of the bifurcation diagram for
propane at 0.58 atm using Rambaldi et al. HS model EOS

and its corresponding chain term obtained from TPT-D
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6.5.3. Bifurcation diagrams for hexane using various hard sphere models with
GFD theory in the chain term: branches, turning points and number of
roots
For hexane, the pressure was lowered to 0.5 atm in order to explore the two

turning points at the low temperature region. Figures 6.21-6.30 show that the models of

Carnahan & Starling, Kolafa and Rambaldi et al. illustrated non-physical behavior in the

temperature region of practical applications. It is clear that all models suffer from

predicting the two turning points at the low temperature region.
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Carnahan and Starling, (1969)
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Figure 6.21: Bifurcation diagram for hexane at 0.5 atm
using CS HS model and its corresponding chain term
obtained from GFD
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Figure 6.22: Magnified range of the bifurcation diagram
for hexane at 0.5 atm using CS HS model and its
corresponding chain term obtained from GFD
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Kolafa, (1986)
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Figure 6.23: Bifurcation diagram for hexane at 0.5 atm
using Kolafa HS model and its corresponding chain term
obtained from GFD
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Figure 6.24: Magnified range of the bifurcation diagram
for hexane at 0.5 atm using Kolafa HS model and its
corresponding chain term obtained from GFD
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Khoshbarchi and Vera, (1997)
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Figure 6.25: Bifurcation diagram for hexane at 0.5 atm

using Khoshbarchi and Vera HS model and its
corresponding chain term obtained from GFD
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Figure 6.26: Magnified range of the bifurcation diagram
for hexane at 0.5 atm using Khoshbarchi and Vera HS
model and its corresponding chain term obtained from
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Yelash and Kraska, (2001)
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Figure 6.27: Bifurcation diagram for hexane at 0.5 atm

using Yelash and Kraska HS model and its corresponding
chain term obtained from GFD
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Figure 6.28: Magnified range of the bifurcation diagram
for hexane at 0.5 atm using Yelash and Kraska HS model
and its corresponding chain term obtained from GFD
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Rambaldi et al., (2006)
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Figure 6.29: Bifurcation diagram for hexane at 0.5 atm
using Rambaldi et al. HS model and its corresponding

chain term obtained from GFD
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Figure 6.30: Magnified range of the bifurcation diagram
for hexane at 0.5 atm using Rambaldi et al. HS model EOS
and its corresponding chain term obtained from GFD

91




From the previous analysis, one could notice that there is no completely a single
model without non-physical PVT behavior like cubic EOS. In addition, all investigated
equations predict two more solutions in the low temperature region as if there are two
immiscible liquid. Therefore, it would be useful to study the role of the dispersion term in

the non-physical PVT behavior.

92



CHAPTER 7

THE ROLE OF DISPERSION AND ASSOCIATION TERMS
ON PVT BEHAVIOR: BIFURCATION ANALYSIS

7.1. Introduction

The development of the dispersion term has received significant interest in
constructing equations of state. Several equations have been proposed in order to describe
the dispersion forces. These equations vary in their mathematical forms and accuracy.
Thus, it is expected to have diverse solution behavior according to the dispersion term

that is adopted.

In the previous chapters, the dispersion term was kept to the one proposed by Fu
and Sandler (1995). In this chapter, Cotterman et al. (1986) dispersion term will be
utilized. This dispersion term is more accurate than the previous one since it is based on
Lennard-Jones interaction type. The chain term will be fixed to TPT1 since it has a

satisfactory accuracy with a relatively simple mathematical form.

The previous work focused on the non-associating fluids. The effect of the
association term on the complete equation of state was not studied. In this chapter, the

role of adding the association term on the solution behavior will be explored.

93



7.2. Mathematical forms

7.2.1. Dispersion term

The dispersion term that will be adopted in this chapter was determined as a

correlation of molecular simulation data for Lennard-Jones (LJ) fluids. Cotterman et al.

(1986) proposed a dispersion term of the form:

RT T k\%1 7T,

where

a2t = £[-8.5959 — 4.5424 & — 2.1268 §2 + 10.285 &3]

a®tP = £[-1.9075 + 9.9724 § — 22.216 §2 + 15.904 &3]

Tr is a reduced temperature:
TR =—T
R €
€ is defined as Lennard-Jones intermolecular energy.
The compressibility factor of the dispersion term could be written as:

Z4sP = (mé& €/k(—8.5959T — 1.9075 ¢/k + £(—9.0848T
+ 19.9448 €/k + £(—6.3804T + 41.14T¢
— 66.648 €/k + 63.616¢ €/k))))/T?

The effective diameter (d) is defined as:
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(7.4)

(7.5)



L 1+ 0.2977kT/€ (7.6)
- (1 + 033163 kT/e + f(m) (kT /€)? >

where

m-1 7.7
f(m) = 00010477 + 0.025337 —— (7.7)

7.2.2. Association term

The association term was developed by Wertheim (1984a; 1984b; 1986a; 1986h)
and it has been utilized in the statistical association fluid theory (SAFT) (Chapman, et al.,
1990; Huang & Radosz, 1990; Huang & Radosz, 1991; Fu & Sandler, 1995). The

association term could be written as:

Aassoc XA 1 (7.8)
RT = 2 [<1H(XA) — 7) + EM]

where M is the number of association sites and X” is the fraction of association sites A

that are not bonded. The summation is over association sites and X* is defined as:

- (7.9)
X4 =

1 +NA,,ZpXB AAB
B
where p is the molar density and A4 is the association strength that is given by:

GAB

AB= gys(d) Iexp <ﬁ> — 1] d3kAB (7.10)

€48 and k4B are the association energy and volume of interaction between association

sites A and B, respectively. gus(d) is the pair correlation function at contact that was
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explained in Chapter 3. Hence, the association term depends on the selected hard sphere

model.

The association term could be written as:

1  179X4 (7.11)
7ass0c — pz [_A _ =
-~ X4 2] dp

7.3. Bifurcation diagrams for non-associating components

7.3.1. Parameters estimation
With Cotterman et al. (Cotterman, et al., 1986) dispersion term, there are three
adjustable parameters for non-associating compounds: m, ¢ and €. Ethane parameters are

illustrated in Table 7.1.

Table 7.1: Ethane parameters for different HS models with TPT1 and Cotterman et

al. dispersion term

Hard Sphere Model m ¢ (A) e/k (K)
Carnahan and Starling, (1969) 1.6194 3.5553 177.97
Kolafa, (1986) 1.6216 3.5514 178.02
Khoshbarchi and Vera, (1997) 1.6263 3.5492 177.49
Yelash and Kraska, (2001) 1.6138 3.5604 178.32
Rambaldi et al., (2006) 1.6431 3.5306 176.81
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7.3.2. Bifurcation diagrams using various hard sphere models with TPT1 and
Cotterman et al. dispersion term: branches, turning points and number
of roots
Figures 7.1-7.10 (7.1 — 7.10) illustrate how the compressibility factor of ethane

varies with temperature at 1 atm. Unlike Fu and Sandler (1995) dispersion term, the

dispersion term proposed by Cotterman et al. (Cotterman, et al., 1986) is free from
exhibiting the two turning points at the low temperature region. In general, Cotterman et
al. (1986) dispersion term added more solutions over the displayed temperature region for
several HS models. However, a completely physical behavior was obtained when this
dispersion term was combined with Rambaldi et al. (Rambaldi, et al., 2006) hard sphere
model. Hence, any hard sphere model that has similar mathematical form as Rambaldi et
al. (Rambaldi, et al., 2006) is expected to be free from non-physical behavior for non-

associating components.

97



Carnahan and Starling, (1969)
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Figure 7.1: Bifurcation diagram for ethane at 1 atm using
CS HS model, TPT1 and Cotterman et al. dispersion
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Figure 7.2: Magnified range of the bifurcation diagram for
ethane at 1 atm using CS HS model, TPT1 and Cotterman
et al. dispersion
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Kolafa, (1986)
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Figure 7.3: Bifurcation diagram for ethane at 1 atm using
Kolafa HS model, TPT1 and Cotterman et al. dispersion
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Figure 7.4: Magnified range of the bifurcation diagram
for ethane at 1 atm using Kolafa HS model, TPT1 and
Cotterman et al. dispersion
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Khoshbarchi and Vera, (1997)
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Figure 7.5: Bifurcation diagram for ethane at 1 atm using

Khoshbarchi and Vera HS model, TPT1 and Cotterman et
al. dispersion
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Figure 7.6: Magnified range of the bifurcation diagram for
ethane at 1 atm using Khoshbarchi and Vera HS model,
TPT1 and Cotterman et al. dispersion
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Yelash and Kraska, (2001)
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Figure 7.7: Bifurcation diagram for ethane at 1 atm using
Yelash and Kraska HS model, TPT1 and Cotterman et al.
dispersion
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Figure 7.8: Magnified range of the bifurcation diagram
for ethane at 1 atm using Yelash and Kraska HS model,
TPT1 and Cotterman et al. dispersion
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Rambaldi et al., (2006)
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Figure 7.9: Bifurcation diagram for ethane at 1 atm
using Rambaldi et al. HS model, TPT1 and Cotterman et

al. dispersion
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7.4. Bifurcation diagrams for associating components

7.4.1. Parameters estimation

AB

For associating components, there are two more adjustable parameters: k" and

"B, Table 7.2 shows the five adjustable parameters for propanol.

Table 7.2: Propanol parameters for Rambaldi et al. HS model with TPT1 chain and

Cotterman et al. dispersion term

m o (A) ek (K) 8k (K) K8

2.5602 3.5000 225.26 2484.3 0.014062

7.4.2. Bifurcation diagram using Rambaldi et al. hard sphere model with TPT1
and Cotterman et al. dispersion term: branches, turning points and
number of roots
In order to explore the effect of the association interaction, the association term is

added to TPT1 using Rambaldi et al., which was obtained for the non-associating fluid.

Figures 7.11-7.12 clearly illustrate that adding the association term do not produce more

solution at any temperature.
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Figure 7.11: Bifurcation diagram for propanol at 1 atm
using Rambaldi et al. HS model, TPT1, Cotterman et al.
dispersion term and Wertheim association
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Figure 7.12: Magnified range of the bifurcation diagram for
propanol at 1 atm using Rambaldi et al. HS model, TPT1,
Cotterman et al. dispersion term and Wertheim association
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7.5. PVT behavior without non-physical branches

From the previous analysis, it was found that the problem of volume root multiplicities
could be resolved by utilizing Rambaldi et al. (2006) hard sphere model with TPT1 and
Cotterman et al. (1986) dispersion term. When the association term was added to the EOS, no
additional volume roots were found. The following subsections will explore the proposed terms

that are free from non-physical branches.

7.5.1. Hard sphere term

To obtain a physical solution behavior, the HS term should have the same mathematical
form as Rambaldi et al. (2006). Chapter 2 showed that %AAD for Rambaldi et al. (2006) hard
sphere model was 0.646% while the %AAD for Carnahan and Starling (1969) model was
0.157%. Thus, it would be advantageous to develop a hard sphere model with the same

mathematical form as Rambaldi et al. (2006) but with better accuracy.

7.5.1.1. Developing a new hard sphere model

By reviewing the EOS literature, Rambaldi et al. (2006) model has the form of non-
factorable quadratic (NFQ) equation. In order to develop an accurate NFQ hard sphere model
satisfying the ideal gas limit and the second virial coefficient, the following platform equation
would be suggested:

4n (7.12)

Z=1+
1—c¢n+c,n?

105



where c; and c; are adjustable parameters. If the same simulation data that where represented in
Chapter 2 are utilized in order to find proper values for ¢; and c, the following model could be

obtained:

4n (7.13)
1— 2470941 + 1.60901 12

Z=1+
The residual Helmholtz free energy of the proposed hard sphere model is given by:

Ahs (7.14)

RT = 18.67741 — 13.91553 arctan(4.29805 — 5.59756 1)

7.5.1.2.  Accuracy of the new hard sphere model

Several properties were tested to ensure the reliability of the suggested model. Table 7.3
compares the compressibility of the suggested model with Carnahan and Starling (1969) model.
The simulation data were obtained from Erpenbeck & Wood (1984) except the last three values
that were taken from Henderson & Barker (1971). As illustrated in Table 7.3, the new model

better predicts the compressibility factor especially at high densities.

Table 7.3: Comparison of the new model with CS model

Carnahan and

n Zsim Starling New Model
0.02962 1.1278 1.1277 1.1276
0.04114 1.1828 1.1828 1.1826
0.07405 1.3594 1.3593 1.3586
0.14809 1.8884 1.8872 1.8850
0.18512 2.2436 2.2418 2.2388
0.24682 3.0316 3.0256 3.0226
0.37024 5.8502 5.8319 5.8443
0.41138 7.4304 7.4088 7.4326
0.43558 8.6003 8.5794 8.6087
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0.46280 10.195 10.1779 10.2065

0.47124 10.79 10.7461 10.7715
0.48435 11.72 11.7084 11.7237
%AAD 0.157% 0.110%

Another measure of hard sphere model performance is the virial coefficient series. The

n™ virial coefficient for pure hard-spheres is defined as:

L1 (02 (7.15)
" (n— 1!\ apnt 70

Molecular simulation data for the virial coefficients is available from Clisby and McCoy (MC)
(2006). Simulation data and comparison with CS are shown in Table 7.4. The results in the table
show that the new model has a satisfactory agreement with the simulation data of the virial
coefficients. Carnahan and Starling model has better agreement than the new model since it was

developed by approximating the virial coefficients.
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Table 7.4: Hard sphere virial coefficients for suggested new HS model compared to
molecular simulation values and values calculated from Carnahan and Starling model

Bn

n MC Carnahan and Starling New Model
2 4 4 4.00
3 10 10 9.88
4 18.36 18 17.99
5 28.22 28 28.54
6 39.82 40 41.58
7 53.34 54 56.82
8 68.53 70 73.50
9 85.81 88 90.18
10 105.78 108 104.58

%AAD 1.25 3.19

7.5.2. Chain term

The chain term in the proposed model that is free from non-physical branches was
obtained from TPT1. The same behavior in the first quadrant for non-associating components
was found when utilizing TPT-D. However, there is additional branch in the fourth quadrant i.e.
negative volume root, which is clearly non-physical and beyond the application of all

thermodynamic models.
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The HSC theory showed the same behavior as TPT1. However, the low accuracy of the

HSC theory makes it non-attractive to use.

The GFD theory, on the other hand, added one more branch, which influences the clarity

of the solution behavior.

7.5.2.1. Mathematical form
From the previous discussion, it is recommended to utilize TPT1 in the chain term. The

chain term of the proposed hard sphere term would have the following form:

7chain _ (1- m)( (1.53569 — 2 77)77 > (7.16)

0.62150 + n(—1.53569 + 1)

Its corresponding Helmholtz free energy is given by:

chain

RT

1 ) (7.17)

A
A =m) I\ 247092 + 1.60901 1)

7.5.2.2. Accuracy of the hard chain

The resulted equation for the hard chain will be compared with molecular simulation data
for hard chains containing 4, 8, 16, 32, 51 and 201 hard sphere segments. The simulation data for
m < 16 and m = 32 were taken from Chang and Sandler (1994) and Denlinger and Hall (1990),

respectively. The values for the 51-mer and 201-mer chains were compared with the
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molecular dynamics data developed by Gao and Weiner (1989). The calculated values of
Carnahan and Starling model will be given for comparison. Table 7.5 represents the
compressibility factors of the proposed hard sphere chain model obtained based on molecular
simulation and Carnahan and Starling. From the data in the table, it is evident that both models

tend to overpredict the compressibility at all densities with almost similar deviation.

Table 7.5: Comparison of molecular simulation data with TPT1 hard chain obtained
from CS and the new model as a function of reduced density (p*= 6 n/n)

yA
p* simulation Carnaha'n and New Model
Starling

m=4
0.1 1.49 1.54 1.54
0.2 2.22 2.33 2.32
0.3 3.28 3.45 3.44
0.4 4.84 5.04 5.02
0.5 7.09 7.31 7.28
0.55 8.56 8.79 8.76
0.6 10.26 10.57 10.54
0.65 12.49 12.71 12.70
0.7 15 15.31 15.31
0.75 18.26 18.46 18.50
0.8 22.1 22.31 22.40
0.85 27.02 27.04 27.18
0.9 32.49 32.89 33.09

m=8
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0.1
0.2
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0.4
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0.7
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0.8
0.85
0.9

0.1
0.2
0.3
0.4
0.5
0.55
0.6
0.65
0.7
0.75
0.8

0.191
0.382
0.478
0.573

0.2
0.3
0.372
0.464
0.59
0.649

1.76
2.99
491
7.75
11.95
14.83
18.26
22.32
27.14
33.34
40.85
50.64
62.03

2.25
4.47
8.09
13.59
21.96
27.13
34.05
41.9
51.8
65.15
81.28

7.08
23
37

57.6

11.46
23.04
34.87
56.56
101.04
130.17

111

1.95
3.36
5.42
8.40
12.71
15.54
18.95
23.08
28.10
34.22
41.71
50.95
62.41

m=16
2.75
5.42
9.36
15.12
23.50
29.03
35.72
43.83
53.69
65.74
80.53

m=32
8.98
26.20
40.90
61.78

m=51
14.43
26.61
38.81
60.13
104.53
134.01

1.95
3.35
5.40
8.35
12.64
15.47
18.89
23.04
28.10
34.29
41.89
51.26
62.85

2.76
5.41

9.32
15.03
23.36
28.88
35.58
43.73
53.68
65.87
80.87

8.98
26.03
40.62
61.47

14.43
26.49
38.56
59.71
104.04
133.66



0.7 160.56 165.65 165.58

0.8 238.12 250.36 251.44
0.9 346.51 379.78 382.76
m =201

0.2 36.8 53.06 53.05

0.3 79.44 100.54 100.06
0.4 152.11 170.56 169.37
0.5 256.2 273.08 271.23
0.6 407.16 423.40 421.49
0.7 621.54 645.48 645.15
0.8 927.79 978.19 982.43
0.9 1354.76 1486.89 1498.73

In order to quantify the agreement with simulation data, Table 7.6 represents the
percentage average absolute deviation (%AAD) for the compressibility factor predicted by
Carnahan and Starling and the new model. The results in Table 7.6 indicate that the new model

is slightly better than Carnahan and Starling in predicting the compressibility factor for all chain
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lengths. The discrepancy with the simulation data increases with the chain length. The results of

32-mer chain are inconsistent with the others because the comparison for 32-mer chain is limited

to moderate density values.

Table 7.6: Percentage average absolute deviation (AAD) of the calculated
compressibility of m-hard-sphere chains compared with molecular simulation data

AAD (%)

m Carnahan and Starling New Model
4 2.57 2.57

8 5.33 5.30

16 9.04 8.78

32 14.63 14.14
51 9.26 9.09
201 14.06 13.90

Overall 7.87 7.73

7.5.3. Dispersion and association terms

The dispersion and the association terms in the new model were utilized as in section 7.2
where the dispersion term was taken according to Cotterman et al. (1986) and the association
term according to Wertheim (1984a; 1984b; 1986a; 1986b). The pair correlation function at
contact gps(d) is given by:

. (7.18)
9us(d) = 7527004 1 + 1.609010
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7.5.4. Parameters estimation for some compounds

Once the previous terms have been established, the total equation of state could be
adopted to optimize the adjustable parameters. Table 7.7 represents the adjustable parameters for
some components. Using these parameters, the bifurcation diagrams for ethane and propanol are

generated and shown in Figures 7.13 and 7.14.

Table 7.7: Parameters for some compounds

compound m o (A) ek (K) ®lk (K) K°
Ethane 1.6379 3.5408 176.57
Propane 2.2000 3.5555 180.88
Butane 2.8026 3.5532 184.22
Pentane 3.0638 3.6633 196.57
Hexane 3.8538 3.5827 190.31
Heptane 4.2256 3.6452 195.74
Octane 4.5097 3.6919 202.32
Nonane 5.1846 3.6739 199.29
Decane 5.8568 3.6594 197.13
Benzene 2.8475 3.5470 242.16
Propanol 2.5746 3.5000 224.78 0.014285 2466.5
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Figure 7.13: Bifurcation diagram for ethane at 1 atm

using the new HS model, TPT1 and Cotterman et al.
dispersion term
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Figure 7.14: Bifurcation diagram for propanol at 1 atm
using the new HS model, TPT1, Cotterman et al.
dispersion term and Wertheim association
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CHAPTER 8

CONCLUSIONS AND RECOMMENDATIONS

8.1. Conclusions

The hard-sphere chain theories play a major role in the development of theoretical
models, which are not cubic in volume. Although most hard-sphere chain theories
compare well with molecule simulation data, the accuracy is not the only factor that
matter in the final proposed models. The mathematical formulations of the proposed
models might indeed cause some unexpected pitfalls in the prediction of pressure-
volume-temperature behavior. Some theory-based models like PC-SAFT EOS
accommodate non-physical behavior such as artificial two-phase separation regions and
multiple non-physical volume roots because of the constructed mathematical

formulations.

In this thesis, the final constructed mathematical forms of hard sphere chain
theory (HSC), the first order thermodynamic perturbation theory (TPT1), the
thermodynamic perturbation dimer theory (TPT-D) and the generalized Flory dimer
theory (GFD) were critically studied to explore their role on the generation of non-
physical behavior. To do so, two dispersion terms were adopted to complete the
equations of state; namely, Fu & Sandler (1995) and Cotterman et al. (1986) dispersion
terms. Extensive evaluation to hard sphere models were made since the hard sphere
model is the main component in all hard-sphere chain theories. Various hard sphere
models were investigated including Carnahan and Starling (CS) (1969) , Kolafa (Boublik,

1986), Khoshbarchi and Vera (1997), Yelash and Kraska (2001) and Rambaldi et al.
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(2006) hard-sphere models. The ultimate target was to select a complete model with a
potential hard sphere model and hard-sphere chain theory that is free from non-physical
behavior including the multiplicity of volume roots that exist in all current theory-based
models. The association term was added into the final selected model. Due to the need of
an accurate hard sphere model with a simple mathematical form, a new hard sphere

model was introduced by adjusting molecular simulation data.

The arc-length continuation method was utilized in order to generate the
bifurcation diagrams, which illustrate how the number of compressibility factor (Z) roots
varies with temperature at a specified pressure. Thus, the bifurcation diagrams were
employed as powerful tools to explore how the PVT behavior could be affected by the
various terms of the theory-based EOS including hard sphere, chain, dispersion, and

association terms.

This study was approached through utilizing various hard sphere terms that have
different mathematical forms. TPT1 was adopted to derive the chain term that was fixed
based on Carnahan & Starling. It was found that using inconsistent terms in the EOS
introduces more non-physical roots although the accuracies of the physical roots are
similar. After that, the corresponding chain terms of the various hard sphere models were
derived and utilized in the EOS. This approach caused a reduction in the number of the
non-physical volume roots but it did not entirely resolve the problem. In addition, the
resulted PVT behavior exhibited an artificial two-phase separation region at low

temperature.
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In order to explore the role of the chain term, various chain theories were used to
derive the chain term, namely HSC, TPT1, TPT-D and GFD. The dispersion term was
fixed to Fu & Sandler’s (1995) dispersion term. It was found that TPT1 and TPT-D
produce the same PVT behavior at the first quadrant while HSC could produce less non-
physical roots for some hard sphere models. The GFD theory may produce more or less
non-physical roots depending on the form of the hard sphere model. The problem of
getting non-physical roots was not resolved by utilizing different chain theories. In
addition, the resulted bifurcation diagrams illustrated the existence of artificial two-phase
separation region at low temperature. Since TPT1 theory has a relatively simple
mathematical form and good accuracy, it was reasonable to utilize TPT1 theory to derive

the chain terms and then study the role of the dispersion term.

Another dispersion term, which was proposed by Cotterman et al. (1986), was
utilized in order to explore the influence on the PVT behavior. It was found that the hard
sphere models that have the form of non-factorable quadratic (NFQ) equation resulted in
PVT behavior similar to cubic EOSs. In other words, the model is free from exhibiting
multiple volume roots and artificial two-phase separation region. Thus, one could
develop theory-based EOS for non-associating components and having PVT behavior

similar to cubic EOSs by adopting the following conditions:

e The hard sphere term has the form of NFQ
e The chain term is derived from TPT1

e The dispersion term is taken from Cotterman et al. (1986)
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Although TPT-D chain theory produces the same PVT behavior in the first quadrant,
it predicted negative volume root, which is clearly non-physical and beyond the
application of all thermodynamic models. The HSC theory showed the same behavior as
TPT1, but its low accuracy makes it non-attractive to use. Moreover, the PVT behavior
was not affected when the proper association term, which is derived from the NFQ hard
sphere model, was added to the equation. Therefore, the proposed model could be utilized

for both associating and non-associating components.

8.2. Recommendations

This thesis employed five different hard sphere models while there are many
models available in the literature. Thus, it would be recommended to expand the study to
investigate more models with different mathematical forms. In addition, only two
different dispersion terms were studied. Hence, the work could be extended to account

for various dispersion terms.

Because it is more important to calculate the properties of mixtures, it is
recommended to extend this study to account for mixtures and to study the influence of

various mixing rules on the PVT behavior.

The theory-based EOSs have been utilized in the polymer field. Thus, it is
recommended to explore the performance of the proposed model with large molecules
such as polymers. Moreover, this study was limited to associating components with only
two association sites, the role of considering more association sites could also be

investigated.
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