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In this thesis, the static and dynamic behaviors of micro-electromechanical system (MEMS)
double clamped-clamped microbeams are investigated. Two numerical methods were used in this
investigation, which are the reduced-order modeling (ROM) and the perturbation method. The
ROM was derived based on the Galerkin expansion method and assuming linear undamped
mode shapes of straight beam as the basis functions. The perturbation method was generated
using the method of multiple scales by direct attack of the equations of motion. The problem was
first carried out by reproducing the results of the single microbeam (both static and dynamic).
The static analysis for the double-microbeams was performed next using the ROM resulting
equations. The results showed that the double-microbeams configuration requires a lower
actuation voltage and a lower switching time as compared to the single one. Then, the effects of
selection the air gap depths were investigated. The eigenvalue problem was investigated to
obtain the fundamental natural frequencies and to study their variation with the applied DC load.
Dynamic analyses, assuming the above two numerical methods, were performed and a
comparison of the results showed good agreement. Finally, a parametric study was performed
using the perturbation on different parameters and the results revealed different interesting

features, which hopefully can be useful for some MEMS-based applications.
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CHAPTER 1: INTRODUCTION

1.1 Motivation

Since the 1980s, when micro-electro-mechanical-systems (MEMS) were invented, the demands
for these tiny devices have increased dramatically. This is due to their excellent properties
(mechanical, electrical etc.) and features (small sizes, easily fabricated etc.). While they were
used first as sensors and actuators, they are nowadays used in many other applications in our
daily life [1]. For example, MEMS are being used as pressure sensors [2, 3], accelerometers [4,
5], microphones in cellphones [6], micro-mirrors in plasma TVs [7], GPS [8] and many other
useful applications. Moreover, they are still being developed by scientists and researchers, and
these developments will hopefully lead to more useful features and become even more important

in life.

A clamped-clamped microbeam forms one of the basic structures for building MEMS devices.
Its desired features in many terms (fabrication, sensitivity, cost etc.) make it attractive in many
MEMS-related applications. For example, the process of fabrication is easy and can be done by
using bulk and surface micromachining techniques [9, 10]. Moreover, the natural frequencies of
the clamped-clamped microbeam are higher relative to other microstructures such as cantilever
microbeams. This feature is desirable since it helps in increasing the sensitivity of the
microstructures to be used as RF filters [11], RF switches [12] and resonant sensors [13].
Applications of the clamped-clamped microbeam are numerous and examples can be found in

projection display arrays [14], optical fibers [15] and thermal actuators [16].



In the MEMS community, there are many different types of structures available and the selection
depends on the type of the application. For example, the configuration of a parallel-plates
actuator made of a single microbeam provides a long range of travel with high power
consumption and switching time. This is needed for many applications but not for others, where
more desirable features and better performing structures can be achieved. One of the suggested
structures is the use of double-microbeams instead of one in the parallel-plates actuators. Using
double-microbeams increases the deflection of the microbeam with the same voltage that is
provided in a single microbeam. As a result, it may help reducing the power consumption and the

switching time for this type of applications.

Investigating the pull-in voltage is very important in electrically actuated micro-structures. In a
static DC field, the microbeam will be actuated by a DC voltage, which will shift its equilibrium
position into new one [17]. It is necessary that the microbeam operates far away from the pull-in
voltage, otherwise the microstructure will fail, adhering to its down electrode. For double-
microbeams there are many previous studies which shed light on this. However, in a dynamic
AC field, in addition to the DC voltage, there will be a vibratory motion which excites the
microbeam around its natural frequency. Accordingly, the pull-in voltage will change [17].
Further studies are needed, since still the area of dynamic double-microbeams configurations is

sparse.

It is clear from the aforementioned few published investigations that studying the static and
dynamic behaviors of clamped-clamped double-microbeams type of actuators is important and
needs a lot of scope. Also, studying its dynamics may reveal very interesting phenomena, which

may be used for inventing new devices or improving existing ones.



1.2 Literature Review

In this section, the main contributions of previously published investigations related to the static
and dynamic analysis of double-microbeams are summarized. We will start by summarizing the
main contributions in obtaining the deflection of microbeams in a theoretical way. Then, we will
discuss more complicated and sophisticated numerical techniques, such as reduced-order
modeling based on Galerkin expansion, as well as perturbation techniques. Finally, the literature

review will discuss the use of double-microbeams as MEMS devices.

1.2.1 Solving the Nonlinear Microbeam’s Equation

One of the main challenges in MEMS is obtaining the deflection of the microbeam until reaching
the pull-in voltage. This will help in designing MEMS devices to obtain the desired features in
less time, as compared to the trial and error method. However, this is not an easy task and many
researchers have tried to find a way in to tackle this problem. The main techniques in solving the
problem involve reducing the order of the partial differential governing equation, which is
difficult to treat, to ordinary differential equation, which is easier in treatment. Three different
approaches are used to obtain the reduction, which are idealization of the microbeam as a rigid

body, discretization and constructing the reduced-order model.

The first approach is by idealization of the microbeam as a rigid body. The comparison of this
method with a distributed parameter system showed that it under-predicts the pull-in voltage for
cantilever [18] and clamped-clamped microbeams [19]. The second method is discretization,
which uses an FEM (Finite Element Method), BEM (Boundary Element Method) or FDM (Finite
Difference Method). Unlike the previous method, this method is adequate for predicting the pull-

in voltage. However, the problem arises when solving for dynamic behavior, since it consumes

3



too much time, which makes the process computationally expensive. The last method is
construction of the reduced-order model, which drew much attention in the previous years. The
reduced-order model (ROM) is excellent in predicting the pull-in voltage, and can solve the

dynamic deflection of the microbeam in a short time.

1.2.2 Reduced Order Modeling (ROM)

Nowadays, ROM plays an important role in obtaining the structural behavior of MEMS
microstructures. There are many available investigations which used the method to solve the
non-linear partial differential equation [20, 21] and many researchers tend to use this method,

which made it among the most common numerical methods used in the MEMS community.

In 2003, Younis et al. [22] presented a new reduced-order model (macromodel) to solve for the
non-linear partial differential equation. The macromodel uses the Galerkin procedure to
discretize the distributed parameter system into finite degree of freedom system in the form of
ordinary differential equations in time. The linear undamped mode shapes in straight positions
are used as basis functions in the Galerkin procedure. The convergence of the method is reached
by using only the first few mode shapes of the beam, hence saving both time and computational
costs. They compared the macromodel results with results available in the literature, based
mainly on finite element softwares and some experimental results, and they found that their

method is more attractive than the finite element method in terms of accuracy and cost.

Nayfeh et al. [23] reviewed the work of ROM in MEMS devices. They classified the ROM into
two main categories: node and domain methods. The idea of the node method is to evaluate the
system equations at each node and then use the obtained lower order approximations, while the
domain method uses modal analysis and the Galerkin method to convert the partial-differential-

4



equations (PDEs) into ordinary differential equations (ODEs) by eliminating the spatial
dependence, which will describe the equations in terms of domain-wide modes (eigenfunctions).
There are two proposed ways to obtain the basis set in the Galerkin procedure. The first way is to
conduct experiments, or by using an FEM or FDM to solve for the PDEs, and then the basis set
will be extracted from the time series. The second way is to use the mode shapes obtained by
solving the linear undamped eigenvalue problem (EVP) of the device. At the end, they presented
a ROM for microbeams and microplates, and presented approaches to deal with two types of
damping as well as analytical expressions for the damping coefficient. They validated the results

after comparing them with available results in the literature.

1.2.3 Perturbation Theory

There have been several attempts using several different approaches to investigate the dynamic
behavior of microbeams [24-26]. For example, ROM was just one of approaches used, Zook et
al. [27] investigated the behavior experimentally, others used Rayleigh’s energy method [28, 29],

and several have made use of the perturbation theory [30-32] in their investigations.

Turner and Andrews [33] used the perturbation method to obtain an approximation for the
nonlinear resonance frequency of a microbeam. They modeled the problem by using a spring
mass model, and they included a cubic restoring force to represent the mid-plane stretching.
They indicated that to achieve high sensitivity it is required to limit the amplitude of vibration at

a fixed and small value.

Younis et al. [34] used the method of multiple scales, as a perturbation method, in a model that
accounted for the electrical loads (both DC and AC) and for the mid-plane stretching for a
clamped-clamped single microbeam resonator. They lumped the parameters into a non-

5



dimensional form and obtained two equations in the form of nonlinear ODEs. They compared

the results with some experimental results, validating their results.

1.2.4 Double-Microbeams Configuration in MEMS

There are a few investigators that discussed the use of double-microbeams as building blocks in
several MEMS devices. Abbaspour-Sani et al. [35] proposed a double beam structure where both
the contact plates are non-stationary to be used in micro-machined switches applications. They
indicated that the proposed structure is able to reduce the actuation voltage by 30% if used with a
single beam. Moreover, the structure will reduce the stress which results from the actuation

voltage and so the switching life time will be increased.

Chaffey et al. [36] developed an analytical model for cantilever structures. Then, the model was
used in a double-cantilever microstructure to investigate the properties. They concluded that the
use of a double-cantilever microbeam structure will reduce the pull-in voltage, as compared to a

single cantilever microbeam structure.

Samaali et al. [37] proposed a new structure by using double-cantilever microbeams for RF
micro-switch applications. They developed the mathematical model for the structure by
considering the microbeams as flexible and the microplates as rigid. After examining the static
and dynamic behaviors, they indicated that the structure will reduce the actuation voltage by

30% and reduce the switching time by 45%, as compared to a single microbeam configuration.

Ouakad et al. [38] used the Galerkin procedure and an ANSY'S software package to calculate the
maximum static deflection that can be obtained from an electrically actuated microbeam and an

electrically actuated double-microbeams actuator. Their comparison showed that larger



deflections can be obtained by using the double-microbeams scheme. They concluded that it is

more desirable to use the double-microbeams whenever large deflections are needed.

So, it is clear from the above-mentioned literature that there is a great need to study the dynamic

characteristics of clamped-clamped double-microbeams MEMS-based actuators.

1.3  Thesis Objectives and Organization

In this thesis, there are three major objectives:

- To reproduce the results of the previous work (the static and dynamic behaviors of one
microbeam and the static behavior of a double-microbeams MEMS actuator).

- To solve the eigenvalue problem of the double-microbeams MEMS actuator to obtain the
natural frequencies and the mode shapes of the system.

- To investigate the dynamic problem of a double-microbeams configuration by using two
different methods (the Galerkin procedure and the perturbation theory) and then make a
comparison between the approaches.

- Finally, carry out a thorough parametric study for different geometrical cases with
concentration more on the dynamic of double-microbeams case.

This paragraph will discuss the organization of the rest of this thesis. The second chapter will
present small background about some phenomena and terminologies that are bases in the MEMS
community and then show the problem formulation for the proposed model. In Chapter 3, the
static analysis of one microbeam will be carried out by using the Galerkin method with a
parametric study at the end. In Chapter 4, the analysis of the eigenvalue problem will be carried
out for both single and double-microbeams and present the variation of the natural frequencies

and mode shapes. Chapter 5 will investigate the dynamic behavior of double-microbeams using



both methods (Galerkin and perturbation) and the comparison between them with a parametric
study for several cases. Finally, Chapter 6 will be for the summary and some recommendations

for future work.



CHAPTER 2: BACKGROUND

This chapter will present and summarize general concepts about some common terminologies
used in the MEMS field. Also, this chapter will summarize some background about two methods
which will be used in solving the microbeams equations, which are the Galerkin and the
perturbation methods. At the end of the chapter, the problem for single and double-microbeams

configurations will be formulated.

2.1 Parallel-plates Electrostatic Actuation

The parallel-plates electrostatic actuation forms one of the most used actuation methods in many
MEMS devices [39]. This is due to the powerful advantages that it possesses. For example, it can
generate high force with low power consumption and fast actuation [40]. Also, it can be
integrated into a standard integrated circuit [41]. A simple model of this system, which is shown
in Figure 2.1, can be described as one moving electrode, which is made of a conductive material
-usually silicon- and is restrained by a spring, and another fixed electrode made of the same
material, which is placed underneath the moving electrode. The distance between the two
electrodes is called the gap and it is made of a dielectric medium, usually air. When there is no
voltage difference between the two electrodes or no applied voltage, the two electrodes will be
held in their initial parallel positions and the separated distance is called the rest gap distance.
However, if there is an applied source voltage between the two, there will be potential difference
which will make the moving plate travelling toward or away from the fixed plate until the

electrostatic force and the spring force are equal to each other. [42]



L

b / / . Moveable plate

/ oz Fixed plate \

Figure 2.1: A parallel-plates capacitor configuration [43]
2.2  Electrostatic Force

In this section the electrostatic force between two parallel-plates will be derived. A schematic
model of this system is shown in Figure 2.1, where it is assumed that the electric field lines
between the two plates are perpendicular to them, and no fringing field effects are considered,
even close to the edges. Here, we let the electrical charge be (Q) and the source voltage be (V),
which is responsible for deriving the capacitor. The electrical charge and the potential energy

stored in the capacitor can be written according to Hayt [44] as follows, respectively:

Q=C)V (2.1)

2
E = %C(z) (2.2)

where C (z) is the capacitance between the two electrodes, and for rectangular parallel-plates can

be written as [44]:

C(2) = ‘902”’ 2.3)
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and where ¢, is the air permittivity and is equal to 8.85%10™ (C¥N.m?), and L and b are the

length and the width of the plate, respectively.

Since the mathematical expression for the electrostatic force is written as follows [44]:

B V_ZOC(Z)

2.4
€ 2 9z @4

the electrostatic force of the rectangular parallel-plates type of capacitor, Figure 2.1, can then be
written as:

_goLbVZ
F,=———r

L= (2.5)

2.3 Pull-in Instability

Despite the excellent properties and features of electrically-actuated MEMS, they are like any
system, in that there are some drawbacks which need to be avoided. One of the main drawbacks
of these systems is called the pull-in instability. In order to describe this phenomenon we assume
the beam that is shown in Figure 2.2 is subjected to an electrical load. The beam is at rest before
the application of the load. By applying a small electrical load, the restoring force of the beam
will resist this amount of load, and as a result the beam will move to a new equilibrium position.
As the applied load increases the beam will try to resist that and move to another new
equilibrium position. This continues until a critical amount of load is reached, the restoring force
of the beam will be exceeded and the beam can no longer resist the load. There will be a sudden
drop of the beam to the fixed electrode and it will adhere to it, which is known as the pull-in

phenomenon [45].
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Figure 2.2: 3D schematic of a single microbeam actuator under DC and AC electric loads [46].

2.4  Perturbation Theory

The perturbation theory is usually used to approximate the solution of problems that are difficult
to solve computationally. The idea of this technique involves the consideration of a related
problem, which can be solved easily, solving the related problem and then using it as a leading

term in the solution, which needs to be written as a power series as follows [47]:

u(t; €) = uo(t) + e'uy (t) + €2uy(t) + -+ (2.6)

So, according to the previous equation (up) is considered to be the leading term and (uy, Uy, ...,
un) are deviations or perturbation from the leading term (or higher order terms) and can be solved

by using some systematic procedure.

The letter (¢) is a small parameter which is used to represent the significance of each in the
series” term. As a result, the significance of the leading term is always the highest and it
decreases as it moves to the right until reaching (un), which is the term that has the lowest
significance. For most of the problems, it is enough to consider the approximate solution as a

summation of the first two terms. So, the approximate solution can be written as follows [47]:

12



u(t; €) = ug(t) + eluy (t) (2.7)

One of the most common used methods in the perturbation theory is the method of multiple

scales. The idea of the method is to convert time (t) into different time scales, as follows:

T, =t, T,=ct, T,=¢&%, T,=¢&", (2.8)

where the T, represent different time scales.

Thus, the independent variable is changed from time (t) to Ty, To, ... .Then, the uniform

approximate solution can be written as follows:[47]
u(To, Tl' Tz, ey 8) = uo(To, T]J T2, ...) + glul(To, Tll Tz, ...) + .- (29)

2.5 Galerkin Method

The Galerkin method is a helpful method for converting a continuous system into a discrete one.
It was first discovered by Walther Ritz, but it is usually ascribed to the
mathematician scientist Boris Galerkin [48]. There are many examples of the Galerkin method
and one of the most common methods is called “the Galerkin method of weighted residuals”,
which can be used to solve differential equations. The idea of the method is to first consider the
solution of the differential equation according to the finite element method as a polynomial in

this form:

uG) =) ahi) (2.10)
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where, {¢;|i = 1, ..., m} are called basis functions (or trial functions), which should satisfy the
boundary conditions. These functions should be continuously differentiable and chosen carefully,
since the accuracy of the solution is highly dependent on them. The Galerkin method is
concerned with finding the unknown coefficients of the equation i.e. {a;|i = 1, ..., m} , which is
done by making every solution ui(x) {u;|li =1,...,m} orthogonal to L{y(x)}, which is the

differential operator to u(x). [49]

2.6 Euler-Bernoulli Beam Model

The Euler-Bernoulli beam is so named for the contribution of two scientists, Leonhard Euler and
Daniel Bernoulli. The beam can be considered as a special case of the Timoshenko beam theory
after following some assumptions. Though the theory was developed long ago, around 1750, it
was not considered trustworthy until its validation on large scales, which was in the late 19"
century [50]. The equation of the beam relates the deflection of the beam with the applied load in
a 4™ order differential equation. In dealing with static load, the equation will be an ordinary

differential equation and can be written as [51]:

d? d*w

where E is the modulus of elasticity, | is the second moment of area which is calculated with
respect to the axis that is perpendicular to the applied load and passing through the centroid of

the cross section, w is the deflection of the microbeam in the z-axis and it is function of x

(position) and q(x) is the distributed load. The equation can be simplified by considering the
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product El as being independent of the position (x), which is often the case, so equation (2.12)
will simply be:
d*w

El o =q(x) (2.12)

In the dynamic case, the Euler-Bernoulli beam equation will be a partial differential equation

with respect to the position (x) and the time (t) variables, which can be written as:

o'w  o'w

Where, p is the mass per unit length.

2.7 Problem Formulation

This section will discuss the problem formulation and derivation of the equations for the chosen

system of single and double-microbeams MEMS based actuators.

2.7.1 Free Body Diagram (FBD) of a Single Microbeam

X
% ........................ W_ ................. -
Ve JT_ hA A‘l’,
Vae () D v
o/

Figure 2.3: 2D schematic of single microbeam actuator configuration
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It is clear from Figure 2.3 that, the model is a microbeam which is clamped-clamped at both ends
and electrically actuated by a DC bias (Vpc) and a harmonic excitation (Vac). The free body

diagram (FBD) of the microbeam is shown below:

N e— FdT " —> N
'FE+FN1 Fel w(x)

Figure 2.4: Free body diagram for the single microbeam of Figure 2.3

where:

N is the normal forces at the boundaries, F,; is the damping force on the microbeam, R is the
mid-plane stretching term, F) is the force that results from the axial load on the microbeam, and
E, is the electrostatic force that acts on the microbeam from the fixed electrode, where the
separated distance at any point on the lower microbeam to the fixed electrode is the initial gap

between them (D) minus its deflection (w(%)).

2.7.2 Free Body Diagram (FBD) of Double-microbeams

£,
VD(‘_J_ v P
VD('_T._ ------------------------- &/h --------------------
Ve & dy : V(@
1 Fixed electrode
L r—

Figure 2.5: 2D schematic of double-microbeams actuator configuration
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The chosen model for the double-microbeams, which is shown in Figure 2.5, is clamped-

clamped for both ends of both microbeams and it is electrically actuated by a DC bias (Vpc) and

a harmonic excitation (Vac). The free body diagrams (FBD) for the two microbeams are shown

below:

- For the lower microbeam:

v
Ry + ﬁml F‘ell (%)

Figure 2.6: FBD for the lower microbeam of
Figure 2.5

where:

- For the upper microbeam:

0 Faz > i
v
Ry + By l Fezl (@)

Figure 2.7: FBD for the upper microbeam of
Figure 2.5

Fi1,F4, Ry, Ry, Fyy and Fy, are the same definition in one microbeam with the subscripts of (1)

and (2) to indicate the lower and upper microbeams, respectively.

F,, is the electrostatic force that actuates the lower microbeam from the fixed electrode, where

the separation distance at any point on the lower microbeam to the fixed electrode is the initial

gap between them (d,) minus its deflection (w, (X)).

F,, is the electrostatic force that each microbeams is mutually applying to each other, where the

separated distance between two points at different microbeams is the initial gap between them

(d;) to which is added the deflection of the lower microbeam (w, (X)) and from which is

subtracted (w, (X)).
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2.7.3

The followed method used in deriving the equations is Newton’s second law where:

Zﬁzm&

Deriving the System Equations of Motion

The mathematical expression for each force is shown in the next table:

Table 2.1: Mathematical expression of the forces

Force Expression Force Expression
F e F 0,
C
d 8f dl 6f
F ¢ o, R E\ L( oW o OW
” ot 2L 70 oK xR
R & - % CIAaW1 R, E - aVYZ dAaWz
2L\ R ) & 2L\ & oK
A az A R az ~
Fu N2 Fui N 2
5X ax
A O'W gb(V,_ +V,_ cos(Qf))’
Fno N 2 F. —
' 2(D-W)
£V, +V,, cos())’ g,b(V,, +V,_ cos(Q))’
Fa 2(d - )’ Fez 2(d, +W, —w, )’

(2.14)

where ¢ is the viscous damping coefficient; E is Young’s modulus of elasticity; A is the cross

sectional area and is equal to bh, where b and h are the width and the height of the microbeam,

respectively; L is the length of the beam; N is the axial load; &, is the dielectric constant; V. and

Vac are, respectively, the applied DC and AC voltages and {2 is the frequency.
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Using Newton’s second law with Euler Bernoulli’s beam equation, we obtain:

- For asingle microbeam:

El

—+C—
R ot? df 2L

and the associated boundary conditions:

+

0% ox’ 2(D-W)’

4.A 2.A A A\2 2,a AEV) 2
8W+pbh8W+AdW:[ﬁJOL(8Wj d>2+I\AIj8W &PV +V, cos(Qf))

oW oW

w(0,t) =0 w(L,t)=0 —-(0,t)=0 —(L,t)=0
OX 15) 4
- For double-microbeams:
4 A 2. A A A 2 2 A
— El av:ll+pbhay:1+é%f= %IL(&M) dg+ N 8V\211 +
oX ot ot 2L 70\ ox oX

2(d1 - W1)2
o'W, O*W.
— El 2 + pbh—=2
oxt TP o

, Eob(Vpe +V,ic C0S(€f))”
2(d, + W, — W, )’

and the associated boundary conditions are:

W, (0,t) =0

~ ~ 2 2 A
LGN [ Sa¥ AL SN 1 e
ot 2L 70 oX OX

W, (L,t)=0

L EbVoe +Vie cos(Qf))* &bV, +V,. cos(Qf))’

2(d2 +W1_W2)2

M o=0 My-=0
oX OX
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(2.16)

(2.17)

(2.18)

(2.19)



M 0.)=0 ML ty=0 (2.20)

W, (0,t)=0  W,(L,t)=0 = =

where p is the mass density and I is the moment of inertia, which is equal to 1—12bh3.

2.7.4 Normalization

In order to deal with these types of equations in the micro-scale, it is more convenient to write

these equations in non-dimensional form; this can be done by considering the following non-

dimensional variables:

w—ﬂ W—ﬁ w—& x—z t—£ 2.21
Yd, 7t > d, L T (221)
. . . pbhL*
where T is a time scale parameter and is chosento be T = T
So, substituting equation (2.21) into equations (2.17), (2.18), (2.19) and (2.20) will give:
- For a single microbeam:
4 2 2 2
8—\iV+a—!V+C@:(a1F+ N)8 \/2V+a2(\/DC +Vac C?S(Qt)) (2.22)
oxt ot ot OX (1-w)
wo=0 wit=0 Mon=0 Mwi=o (2.23)
OX OX
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- For double-microbeams:

4 2 2 2
0 Vlll 0 V;/1 +C8W1 = (aL, + N)a Vgl n (Ve +Vac COZS(Qt)) _
OX ot OX (1-w,)
, (2.24)
@, (Voe +Vac COS(€21))
2
(d,/d, +w, —w,)
4 2 2 2
0 V\:z + 0 ng i W, _ (%FZ + N)a V\le + 2, (Voe +Vac COS(QtZ)) (2.25)
OX ot ot X (d,/d, +w, —w,)
(2.26)
w(0,0)=0 w(Lt)=0 %(O,t) -0 %(1,0 -0
aw (2.27)

w0H=0 wa)=0 Mon-0 M=o
OX OX

where the nondimensional parameters are defined as follows:

e D’ 6, L d, 6L
“TTE “s G(Fj % = Epopd %= G(Flj %= Ehgdf
Ao 2 2
N:& F:r% dx Fin% dx
El 0\ OX 0\ oX

So from now on, equations (2.22) and (2.23) will be used to solve for the single microbeam

whereas for double-microbeams equations (2.24), (2.25), (2.26) and (2.27) will be used.
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CHAPTER 3: STATIC ANALYSIS

In this chapter, the static analysis of straight clamped-clamped and double-microbeams actuated
by electrostatic force will be carried out. The results obtained will be compared to the results that
are available in the literature. The method used to evaluate the deflection of the microbeam is

ROM and the procedure is described in the coming chapter’s sections.

3.1 Static Analysis of a Single Microbeam Based MEMS Actuator

Figure 3.1: Schematic of an electrostatically actuated single microbeam actuator [38]

311 Model and ROM
As in the aforementioned, equation (2.22) expresses the equation of a clamped-clamped straight
microbeam actuated by electrical force. In dealing with the static behavior, the equation will be
independent of time. As a result, the inertia, damping and the harmonic force terms will be

dropped. So, the equation of the microbeam will be reduced to:

(3.1)
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The boundary conditions will remain the same. In order to get the (ROM), the previous equation

will be discretized using Galerkin method. This can be done by letting the static deflection be:

w(X,t) = Zki¢i(x) (3.2)

where the coefficients k; are constants independent of the time and ¢ (x) are the symmetric

mode shapes of the linear undamped microbeam.

To solve for the constants k. it is required to substitute equation (3.2) into equation (3.1), then
multiply the outcome by ¢, (x) , and finally integrate the outcome from x=0 to x=1. Following the

previous procedure will give:

I 403k -

(3.3)

2

J.;0¢j (aljol(ikiﬂ’(X)j dx+ NJikiﬁﬂ(x)"'az NVDc _ dx
i=1 i=1 (l—ZKIQ (X)]

It can be seen that the previous equation is an algebraic equation with the constants k. being the

only unknowns. The number of equations here is equal to the number of modes that are
considered in equation (3.2). In order to know the dominant number of modes we need to start

with one mode and then increase the number of modes; for each number of modes we solve for
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the unknowns k; and then evaluate the maximum deflection until the solution is converged. To

N 2
reduce the computational cost it is better to multiply the previous equation by (1—Zki¢,(x)j to

i=1
get rid of the unknownsk; in the denominator when integrating [22]. So, the method in getting

the deflection at any point on the microbeam can be summarized as follows:

[
1

Start with assuming only one mode in the ROM, find thek. by solving equation (3.3).
2- Evaluate and plot the maximum nondimensional deflection by substituting thek; ’s in

equation (3.2) for various DC voltages.
3- Increase the number of modes by one
4- Repeat the previous steps until the maximum deflection is converged
5- The deflection of the microbeam at any point can be obtained by evaluating equation

(3.2) and then multiplying it by the air gap width (D).

3.1.2 Results
Younis [46] investigated a similar problem by considering the parameters summarized in
Table 3.1. To validate our analysis, we would like to reproduce the same results by considering

the same selected parameters.
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Table 3.1: Selected parameters for obtaining the static deflection of the single microbeam
actuator

Parameter Value Parameter Value

Beam Length (L) | 100 um | Effective young‘s modulus (E) 124 GPa

Beam thickness (h) | 0.5 um Density (p) 2,332 kg/m?®
Beam width (b) 10 pm Air gap width (D) 1.0 pm
Axial load (N) 0

The maximum deflection of the microbeam is plotted versus the applied DC voltage, as seen in
Figure 3.2, up to four modes. It can be noticed from the graph that increasing the number of

modes will converge the solution and three modes seems to be sufficient for convergence.

-&-0One Mode

|| ~®-Two Modes
B Three Modes

—Four Modes

0 2 4 6 8 1

0 12 14 16 18
Voe (Volt)

Figure 3.2: Convergence of the maximum deflection for the single microbeam of Table 3.1
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A comparison between the obtained results and the results available in the literature using three

modes is shown in Figure 3.3, which shows excellent agreement.

0.5

B Results of Younis, 2011
—Obtained results (ROM: 3 Modes)
0.4
~~ /
S 0.3
= /
\
<
[
£ 0.2
=

0.1
,___-ﬂ"'/r/./
o
0 2 4 6 8 14 16 18 20

10 12
V. (Volt)

Figure 3.3: Comparison for the obtained maximum static deflection of the single microbeam

with literature results

3.2 Static Analysis of Double Microbeams Actuator

3.21 Model and ROM

_)x "

Figure 3.4: Schematic of electrostatically actuated double-microbeams actuator [38]
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The equations of double clamped-clamped straight microbeams actuated by an electrostatic force
are given in equations (2.24) and (2.25). As in the previous section, the equations will be
independent of time since we are dealing with a static problem. After cancelling the time

dependent terms the equations will be reduced to:

d4W1 ( T, + N)dzwl a,Vpc 054VDCZ (3.4)
2 .
x* dx’ (1-w)" (d,/d,+w, —w,)
d*w, d*w. A
=(al,+N 2 + 1.D¢
x* o )dx"' (dy/d, +w, —w, )’ (3:5)

The reduced-order model can be obtained by discretizing the previous two equations using the
Galerkin expansion. So, the static deflection for the two microbeams will be discretized as

follows:

w0 = 40 (36)
w0 =3 609 @)

where, the f, and the g, are unknown constants that are independent of time.
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To solve for the constants f, andg,, it is required to substitute equations (3.6) and (3.7) into
equations (3.4) and (3.5), then multiply the outcome by ¢, (x), and finally integrate the outcome

from x=0 to x=1 to get the following equations:

J::0¢j (X)i f.g" (X)dx = J.j:o¢j {(“&E(Z fiﬂ'(x)j dx+N JZ fiﬂ”(x)}ix“‘

(3.8)
.[::o ¢J- a, NVDC - - OC4VDC - . dx
(1_2 fid (X)j [dz/dl +Z fid (X)_Zgiﬂ (X)j
J.Xlzo¢j (X)Z gi(ﬁiiv(X)dX = J-xl:o é; u%ﬂ(z giﬁl(x)] dx+N }z g|¢ﬁ”(x)]dx +
(3.9)
Jiﬁél aVoc x

(dz/dl +Z fid (x) _Z 9:4 (X)]

In the previous algebraic equations we have to set the unknowns f. and g;. In this instance, the

number of equations will be double that of the number of modes that we considered. The
procedure in getting the dominant number of modes is similar to that of the single beam, except
that the number of constants will be double. We propose to verify the convergence of the beam
that has maximum deflection, since the other converges by default. We can reduce the

computational cost by multiplying the first equation by
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2

1—i fi¢,(x)j [dz/dl+ZN: fi;/i,(x)—ZN:giqi,(x)j and the second by

N N 2
dz/d1+z fiﬁ(x)—Zgﬂﬁ,(x)j , which will help in getting rid of the unknown constants in the
i=1 i=1

denominator when integrating with space.

3.2.2 Results
This problem was investigated first by Ouakad et al. [38]. Here we considered the same
parameters to reproduce the same results. The chosen parameters are shown in Table 3.2. To
check the convergence, the maximum deflection of the upper microbeam is plotted versus the
applied DC voltage, since it has the maximum deflection, as seen in Figure 3.5. Again, as in the
single microbeam case, it can be noted from the graph that when the number of modes is

increased the solution is converging, until convergence is reached for three modes.

Table 3.2: Selected parameters for obtaining the static deflection of the double-microbeams
actuator

Parameter Value Parameter Value

Beam Length (L) | 150 um | Effective young‘s modulus (E) 124 GPa

Beam thickness (h) | 1.0 um Density (p) 2,332 kg/m?®

Beam width (b) 4.0 um Air gap width (d; and d,) 1.0 pum
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Axial Load (N) 0

-A-0One Mode
0.161-®-Two Modes 4
B Three Modes /
0.14/\ — Four Modes

14

Figure 3.5: Convergence of the maximum static deflection for the upper microbeam of system

of Table 3.2

A comparison between the obtained results and the results available in literature is shown in
Figure 3.6, which shows somehow a dis-agreement. This is mainly due to a non-correct
equations of motion that were used by Ouakad et al. in their recently published work [38] and

that we adjusted in our present investigation.
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Figure 3.6: Comparison for the maximum static deflection of the upper microbeam of system of

Table 3.2

3.2.3 Parametric Study
In this section, a parametric study will be carried out to investigate the effect of changing the air
gaps between the movable microbeams on their static profiles. Three different air gaps were

assumed, which are: 1.0, 1.25 and 1.5 wm and they were restricted by the following condition:

Accordingly, three different cases were considered, which are:

v’ Case 1: d;=d; (where both of the gaps =1.25 um)
v Case 2: d;>d; (where d;=1.5 um and d;=1.0 um)
v Case 3: di<d; (where d;=1.0 um and d,=1.5 um)
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The other assumed geometric properties are summarized in Table 3.3.

Table 3.3: Microbeams geometrical and material properties

Parameter Value Parameter Value

Beam Length (L) | 210 um | Effective young‘s modulus (E) 169 GPa

Beam thickness (h) | 1.5 um Density (p) 2,332 kg/m?®

Beam width (b) 20 pm Axial Load (N) 0

a) Case 1 (di=d,)
The maximum static deflection versus the applied DC voltage for both microbeams is plotted in
Figure 3.7. It is clear from the figure that, the upper microbeam is deflected downward (positive
value in Figure 3.7), which seems to be reasonable since the upper microbeam is affected by the
force from the lower microbeam, which pulls it downward. By contrast, the lower microbeam is
deflected upward (negative value in Figure 3.7), which means that the force which results due to
the potential between the two microbeams is higher than the force from the fixed electrode. Also,
the deflection for the upper microbeam is higher than the lower microbeam and it reaches pull-in
first, which is about 23 Volt. The static profiles for the lower and upper microbeams along the
beams for three different voltages (5, 10 and 14 Volt) are plotted in Figure 3.8 and Figure 3.9

respectively.
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4 To the lower electrode
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Figure 3.7: The maximum static deflection for the lower and upper microbeams for the case:

when d;=d,

Figure 3.8: Static profile of the lower microbeam for three different voltages and for the case:

when d;=d,

33



V=14V

Figure 3.9: Static profile of the upper microbeam for three different voltages and for the case:

when d;=d,

b) Case 2 (d;>d,)
In this particular case, the behavior of the maximum static deflection for both microbeams is
similar to the previous case, as shown in Figure 3.10. Again, the upper microbeam reaches the
pull-in instability first at about 15 Volt. Figure 3.11 and Figure 3.12 show the static profile of the
lower and upper microbeams, respectively, for three different applied DC voltages. As compared
to the previous case, the pull-in voltage is reduced and more deflection will occur if similar

voltages are used.
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1 To the lower electrode
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Figure 3.10: The maximum static deflection for the lower and upper microbeams for the case:

when d;>d,

Figure 3.11: Static profile of the lower microbeam for three different voltages and for the case:

when d;>d,
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Figure 3.12: Static profile of the upper microbeam for three different voltages and for the case:

when d;>d,

c) Case 3 (di<d,)
By plotting the maximum static deflection versus the applied voltage, as shown in Figure 3.13,
we can recognize some interesting results that differ from the previous investigated cases. For
example, the lower microbeam is deflected downward this time, which means the force resulting
from the fixed electrode is higher than the force exerted by the upper microbeam. Furthermore,
the magnitude of the deflection for the lower microbeam is higher than the upper and it reaches
the pull-in instability first at about 23 Volt. The static profiles for the lower and upper
microbeams for the same chosen voltages in the previous cases are shown in Figure 3.14 and

Figure 3.15, respectively.
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Figure 3.13: The maximum static deflection for the lower and upper microbeams for the case:

when d;<d,

0.07 f

Figure 3.14: Static profile of the lower microbeam for three different voltages and for the case:
when d;<d;
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0.05

Figure 3.15: Static profile of the upper microbeam for three different voltages and for the case:

when d;<d,

A comparison between the static deflection for the upper microbeam, when considering all three
investigated cases as well as the case considering only one microbeam is shown in Figure 3.16.
So, in all of the three cases more deflection will be provided at the same voltage if using double-
microbeams rather than a single microbeam. However, the pull-in voltage is reduced by a

significant amount, since for a single microbeam the pull-in voltage is about 236 Volt.

The table below compares the pull-in voltage for the three cases with the single microbeam.

Table 3.4: Comparison of pull-in voltage

Configuration Pull-in Voltage
Case d;=d, 23 Volt
mili?c?t?e!;ns Case d;>d, 15 Volt
Case d1<d; 23 Volt
Single microbeam 236 Volt
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Figure 3.16: Comparison between the maximum static deflection for the upper microbeam for

all three cases with the single microbeam case

Also, a closer look to Figure 3.16 reveals an interesting behavior. While, in all of the
configurations, increasing the voltage makes the upper microbeam approach the pull-in voltage
faster, it can be seen that for the last point (case of d;<d,) there is no such tendency. This strange
behavior may be because the lower microbeam in this case is very close to the pull-in instability
from the applied force from the fixed electrode. As a result, the lower microbeam gets closer to
the fixed electrode and the distance between the two microbeams will be higher. This makes the
force between the two microbeams lower, and so the upper microbeam will be far from the pull-

in instability.
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CHAPTER 4: EIGENVALUE PROBLEM

Determining the natural frequencies and mode shapes of microbeams is important in the MEMS
field, since it will help in investigating their dynamic characteristics. The method used to
determine the natural frequencies will be described in this section and variations of their values

with the applied DC voltages will be carried out.

4.1  Single Microbeam Case

4.1.1 Eigenvalue Problem Equation
In determining the natural frequencies of microbeams, it is necessary to cancel the time-
dependent forces in the equation of motion. As a result, the damping force and the harmonic
force will be dropped from equation (2.22). Hence, the equation of the microbeam will be

reduced to:

o'w  o*w R A AV
o e NG Ty (41)

In order to develop the ROM, the deflection of the microbeam will be assumed as:

w(x,t) = 3" U, ()4 (%) (4.2)

where: ¢; (x) are the undamped linear mode shapes of the system and U; (t) are some unknown

functions depending on the time, and can be written as follows: U; (t)=ki+#; (t) where k; are the
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same constants that were calculated in the static analysis and #; (t) are unknown functions that

are dependent on time.

Substituting equation (4.2) into equation (4.1) will give:

S )6 0+ X" i (0 () =
(aljj_o (Z:\il(kl +7, (t))¢’l ()())2 dx+ N )le_l(kl +7, (t))¢ﬂi (X) "

2
LAY

(-3 o+ (06, 0)

(4.3

Expanding the electrostatic force term using a Taylor series expansion, assuming a small

variation of n; (t) about (0) and dropping the higher order terms of n;(t)), will result in:

OtzVDC2 . aZVDcz - ZCZZVDCZ : i'\‘:lni (t)¢i(x) (4.4)
(-2 G+ g,00) (-2 ke 0) (120 ke, () '

After plugging equation (4.4) into equation (4.3), canceling all the terms that verify the static
equation and writing the resultant equation in state space representation, the equation can be

written in the following matrix form:

Mkn =] (k)7 (4.5)
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where 7 and 7 have the form of [#j; 7, ...]" and [, 1, ...]’, respectively. Also, M (k;) is a matrix
representing the coefficients multiplying 7, and finally, J(k;) is known as the Jacobian matrix.
The natural frequencies of the beam for a given voltage can be obtained by taking the square

roots of the eigenvalues that can be obtained by solving the following algebraic equation:

Determinant(M(k;) ™ YJ(k;) —A) =0 (4.6)

The mode shapes of the system can be obtained by evaluating the eigenvectors of M~1J. So, it is
clear from the previous equation, that the number of natural frequencies obtained will be similar
to the number of modes, and also equal to the number of mode shapes assumed in the Galerkin

expansion.

4.1.2 Results

Table 4.1: Assumed geometrical and material properties [46]

Parameter Value Parameter Value
Beam Length (L) 210 pm Effective Young‘s Modulus (E) | 169 GPa
Beam Thickness (h) 1.5 um Density (p) 2,332 kg/m®
Beam Width (b) 100 pm Air Gap Width (D) 1.18 um

Axial Load (N) 0.0009 Newton
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Figure 4.1: Comparison between the obtained fundamental natural frequencies with literature

[46]

Younis [46] calculated the natural frequencies for a single microbeam configuration. The
selected parameters of this actuator are shown in Table 4.1. Here, the same parameters were
considered to reproduce the same results. A comparison between the two results for the

fundamental natural frequency is shown in Figure 4.1, which shows excellent agreement.

At zero voltage, the fundamental natural frequency will be the same as the fundamental natural
frequency of the microbeam, as no load is applied. However, increasing the voltage slowly
reduces the stiffness of the microbeams a little as well as the fundamental natural frequency,
until it gets very close to the pull-in voltage, where a small increase in the voltage will result in a
dramatic decrease in the fundamental frequency, which will result in a failure in the system at the

pull-in voltage.
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4.2 Double-Microbeams Case

4.2.1 Eigenvalue Problem Equation
Recall equations (2.24) and (2.25), which represent the governing equations of motion for the
model of double-microbeams actuators. In order to find the natural frequencies for the model, all

of the time-dependent forces will be dropped from the two equations, which will lead to:

o'w, o°w, o*w, a2 A
by 21:(a3F1+N) by Gl 4Vbc . @.7)
oot X (1-w)” (dy/d+w—w,)
o'w, o°w O*W. A
42 22 = (0{3F2 + N) 22 Be 2 (4.8)
X ot OX (dZ/dl +W _Wz)

In order to develop the ROM, the deflection of the lower and upper microbeams will be assumed

as, respectively:

w(x,t) =Y R4 (x) (4.9)

w,(x,1) =" Q(t)¢ (¥) (4.10)
where: P; (t) and Q; (t) are some unknown functions that are dependent on time and can be

written as follows: P; (t)=fi+u (t) and Q; (t)=gi+vi (t), where f; and g; are the constants calculated

in the static analysis and ; (t) and v; (t) are unknown functions that are dependent on time.
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Substituting equations (4.9) and (4.10) into equations (4.7) and (4.8) results in:

S RMS 0+ B (0=
a4VDC2

[“Jxl—o (1R, 00 BN JZLR«)%@ 0+ —— -
(1-20, r®,0) (4.12)

2
ALY

(d./d,+ 3, RO, 00- X1, Q04,0

T QW4 0+ 6,04, (0=
(%ﬁ_o (X,Q08, (0) dx+ N]ZLQ ()", () +

2
LAY

(0,0 + 30 PO, 00~ 20, Q06,00)

(4.12)

Expanding the two electrostatic force terms in equations (4.11) and (4.12) using a Taylor series
expansion and assuming u;(t) and (u;(t) — v;(t)) are very small around (0), respectively, and

dropping the higher order terms of u;(t) and v;(t) gives:

0‘4VDc2 _ a4VDC2 ~

(-2 POSM) (12 m®)4,0)
y oy 2 (4.13)
R A D I X ¢

(-2 t0) (-3 fg, )
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aV. 2

(¢./d,+ X, RO, 00- ', 0,00)
A

4" DC

(d/d,+ X0 (F+ @), (00~ X0 (9, +v, ()8, ()
aV,.? 20" D (1, () v, (0)4. (X)

_ 4" DC +

(d,/d,+ 3" 18,00-2 " 06.00)  (d,/d,+ 2" 16,00~ 20 04,(0)

(4.14)

Following the same method for a single microbeam, plugging equations (4.13) and (4.14) into
equations (4.11) and (4.12), then canceling all of the static terms, and then writing the resultant

equation in matrix form gives:

M(fi, g% =] (fi 90 (4.15)

where: 77 and 77 have the form of [ji; V; ji, V, ...]" and [uq vy gy v, ...]", respectively, and
M(f;, g;) is a matrix representing the coefficients multiplying 77. The natural frequencies and the
mode shapes of the system can be obtained by taking the square root of the eigenvalues and
evaluating the eigenvectors of M~1J, respectively. So, this time the number of natural
frequencies and the mode shapes obtained is double that of the number used in the assumed

modes in the Galerkin expansion.

4.2.2 Results
The selected parameters are the same we assumed in the static analysis for the double-
microbeams, which is shown in Table 3.3 with the case of di=d,. The natural frequencies were

obtained by using three symmetric modes and were plotted versus the applied voltage as shown
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in Figure 4.2. The obtained results indicate that all of the natural frequencies do not change with
the applied voltage, with the exception of the fundamental. The fundamental natural frequency
starts at its maximum position (when no electrical load is applied) and then decreases gradually
with an increase in the applied voltage until it gets close to the pull-in voltage, at which point it
drops sharply to zero. Also, it can be noted that each odd natural frequency, when paired with the

consecutive one are the same, except for the fundamental frequency, especially at high voltages.

300k A A A A A A A A A A A A A A A A A A A A s
\ \

"o, [ ) o, X 0y o ©, oy A g

250

200

3 150
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OT.I.I.I.I.F.I.l.l.l.F.l.l.l.l.!.........

r i r r =
0 5 10

15 20 25
V. (Volt)

Figure 4.2: Natural frequencies versus the applied voltage for double-microbeams

A comparison between the fundamental natural frequencies among the three cases considered in
the static section is shown in Figure 4.3. The results here seem to follow the static analysis
outcomes, since in the case with the lowest pull-in voltage the fundamental frequency reaches
zero first (when: d;>d,). Moreover, the other two cases reach the pull-in voltage at about the
same value (23 Volt) and accordingly their fundamental natural frequency drops to zero or close

to it.
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Figure 4.3: The fundamental natural frequencies for three different cases

The first and second coupled mode shapes for the case of di=d; at Vpc = 2 Volt are presented in
Figure 4.4 and Figure 4.5, respectively. The results show that for the first mode shape ®; the
coupled modes (@;; and @;,) are opposite to each other, sharing an out-of-phase motion.
Conversely, for the second mode shape (@;) the two coupled modes (@,; and @,,) have almost

the same magnitude as the first in an absolute value and both of them share an in-phase-motion.
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Figure 4.4: The first coupled mode shape assuming Vpc= 2 Volt
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CHAPTER 5: DYNAMIC ANALYSIS

This chapter will discuss the dynamic analysis of single and double-microbeams based actuators
by using two different approaches: Reduced-Order Modeling (ROM) and perturbation analysis.
A comparison will be carried out for each method to validate both approaches. Finally, a
parametric study will be done for the double-microbeams configuration to investigate some

dynamical features for the micro-actuator.

5.1 Single Microbeam Case

5.1.1 Reduced-Order Modeling (ROM)
Equation (2.22) represents the equation of motion of electrically actuated single microbeam
based-actuator. In order to get the reduced-order model (ROM), the equation will be discretized
using the Galerkin expansion. Therefore, the deflection for the microbeam will have the

following form:

w(x,t) =3 U ()4, () (5.1)

where u;(t) are the modal amplitudes which are functions of time that need to be evaluated. As
in the static analysis, it is desirable to multiply equation (2.22) by (1 — w)?2 . In fact, this will
reduce the computational cost. Therefore, the resultant equation will be multiplied by ¢;(x) and

then integrated from x=0 to x=1 to give:
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jxlzoqﬁj N@-Y ums ), (t)¢:“(x) + 3 GO +CY U () (x))dx = 2

szo ¢j (X)((l_ Zi’ilui (t)¢i (X))2 (alr +N )Z:ilui (t)¢"i (X) +a,(Vpe +Vac COS(Qt))Z)dX

5.1.2 Perturbation Analysis
Younis et al. [34] discussed this technique in solving the deflection for a single microbeam
based-actuator. The following method, which is the method of multiple scales by direct attack of
the equation of motion, will be discussed in this section. The variable for the time scale and its

derivatives are defined as follows:

Next, the damping coefficient ¢ and the forcing amplitude V,. are scaled so that their

nonlinearity effect will be balanced in the modulation equations [34, 47]. Hence,
C=¢&C, V=&V, (5.4)

where ¢ is a bookkeeping parameter.

We then seek a solution of the microbeam dynamic deflection in the following form:
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(5.5)

w(x,t,e)=w, (x)+u(xt)
W, (X)+eu, (X, Ty, T, )+ &%, (X, To, T, ) + %y (X, Ty, T ) + ey

where W, is the static component of the microbeam deflection, and u is its dynamic component.

Substituting equation (5.5) into equation (2.22) gives:

ox>  ox’

o'w, ou (azwS . o'u J 4 %Mo Vi cos(Qt))’ (5.6)

o'u o
St —+—+C— = (e, (W, +u,w, +Uu)+N) :
ox"  ox' ot ot (1-w,-u)

To deal with the nonlinearity of the electrical force, it is required to expand it around the

microbeam deflection dynamic component (u). Also, the expression of (V. +V, COs(Qt))* can
be approximated toVz +2V, .V, cos(Qt), since, generally, in the resonant sensors

V,.” cos(Qt)? << V2. . Assuming the aforementioned relations and canceling the static equation

and small terms, while equating the coefficients of like powers of ¢, the following equations can

be obtained:

e Order &':

L(u)=0 (5.7)

e Order &%:

2 .12
3a,Vi5cUy

L0,) = WD)+ 204 (1) + 208G

(5.8)
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e Order &%:

Z(u;) =—2D,D,u; — DU, + 205w, T'(u;, U, ) + 205U, T (W, u,) +

Ba,Viuu, 4daViul (5.9)

200U, (W, u,) + 0T (uy, u Juy+ (:I.—Ws)4 (1—Ws)5

4 2F cos(Q2T,)

where £ is a linear differential operator defined for any function (f ) by:

20‘2\/ch f _

L(F)=Dg + 1 =gl (w, w) £ = NFY —20,wT(w, £) == P55 =0
and where F = LCVAS-
(1_Ws)

Assuming no possibility of internal resonances, the solutions of equation (5.7) is assumed to

consist of only the directly excited fundamental modes, ®(x), since the indirectly excited modes

will die out in the presence of damping. As a result, the solution of the dynamic component u;

will be:
U (%, T, T,) = A(T,)e"™ + AT, )e ™™ |@(x), (5.10)

where A(T,) is a complex-valued function that is determined by imposing the solvability

condition at the third order, equation (5.9). The over-bar denotes the complex conjugate, and @

and @(x) are the natural frequency and corresponding eigenfunction of the directly excited

modes, respectively. By substituting equation (5.10) into equation (5.7) we obtain:
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2042V§C<b 0

— WD+ — T (W, W,) " — ND” — 20, W/T(W,, &) — T
J— WS

(5.11)

In order to solve for the mode shape function ®(x), we propose to use the Galerkin-based

discretization technique to solve the nonlinear eigenvalue problem (EVP), equation (5.11).

Hence, we assume the following:
N
D(x) =D ah(X) (5.12)
i=1

Substituting equation (5.12) into equation (5.11), the resulting equation is then multiplied by ¢, ,

and the outcome equations are integrated from x=0 to x=1, which will give an eigenvalue
problem. The mode shapes can be obtained by evaluating the eigenvectors of the resulting EVP,

the number of modes is equal to the number of chosen modes in the ROM expansion.

Next, the solution u, will be substituted in the second order equation (&?), which will give:
L(u,) = (A%?T0 + 2 AA+ A% ?To)h(X) (5.13)

where;

CIOAVERGE

h(x) = uW/T'(®,®) +20,P"T'(w,, ®) + W)’

(5.14)
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Assuming the particular solution of uj:

u, = A%” 0, + 2AAT, + A%e 20 (5.15)

where @, are the solutions of the following boundary value problems:

M (¥;, 2wé;) = h(X) (5.16)

U =0 ¥ =0 At x=0 and x=1 for j=1to 2 (5.17)

where ¢ is the Kronecker delta and M is a linear differential operator defined as:

2a2V§c Y

M (¥, w) = 0" — T — o T (w,, W) ¥" — NO” — 20w/ (w,, ¥) — w)
_Ws

(5.18)

Introducing the detuning parameter o to describe the nearness of the excitation frequency Q to

the fundamental excited natural frequency w as:

N=w+e%0 (5.19)

The solutions of the first and second order equations (5.10) and (5.15), respectively, are then

substituted into equation (5.9), which will lead to:
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L(Uy) = (—2iwA'D(X) —icwd(X) A+ x(X) A’A+ Fe)e"™ +cc + NST (5.20)
where NST stands for the non-secular terms and the function y is defined as:

() = 20" (D@, 0,) + 21'(®, W,)) + 20,8 (T(w,, W) + 21w, T,)) +

6oV, baNo? (5.21)
U.d+20.0)+—2_
(:I-_Ws)4 ( ' ? ) (1_Ws)5

20,T(w,, )(T," +2W,") +3a,T(D,3)d" +

Since we seek a solution for the second order approximation, there is no need to solve for us.

However, we need to impose the solvability condition to get A(T,). The solvability condition can
be obtained by multiplying equation (5.20) by ®(x)e ™ and then integrating the result from

x=0 to x=1, which will result in the following:

2iw(D,A+ 1A) +8SA’A—Fe2 =0 (5.22)

1 1, o
where S_—gfx:oXCDdx u_zfxzoc@dx F—fX:OF@dx

A(T>) can be expressed in a polar form, such as: A=(1/2)a e” , where a and /8 are the amplitude
and phase of the microbeam deflection amplitude, respectively and they are real-valued
functions. Equation (5.22) will lead to two equations after separating the real and imaginary

parts. Letting (y=cT>-f) the two equations are given as:

a’:—uAJrEsiny (5.23)
w
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3

ay’:aa—SiJrEcosv (5.24)
w w

Since a and y refer to fixed points they will be replaced by ag and yo, respectively; therefore their
derivatives are equal to zero (i.e. a’= y‘=0). The nonlinear equation governing the amplitude can
be then obtained by squaring both sides of equations (5.23) and (5.24), adding them together,

which will result in:

- (5.25)

5.1.3 Results
We start by solving the nonlinear equation of motion assuming the ROM technique. For that, we
solve for the coefficients u;j(t) in equation (5.2) then substitute them back into equation (5.1). For

the perturbation technique, starting by the first order, we solve equation (5.11) for function @(x).
Then, we substitute it in the second order equation (5.16) then solve for both functions W, (x)
and W,(x), respectively. After that, we solve for the amplitude from equation (5.25) and the

phase from either equation (5.23) or (5.24). Finally, the deflection of the lower and upper

microbeams can be numerically calculated using equation (5.5).

Figure 5.1 shows a comparison between the obtained results for the normalized nonlinear
resonance frequency with the literature [34]. The selected parameters are summarized in
Table 5.1 for an applied DC voltage of Vpc= 2 Volt, except for the first two points where Vpc=1

Volt. As it can be seen, the obtained curves show excellent agreement with the literature.
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Figure 5.1: Comparison of the obtained normalized nonlinear natural frequency with literature

[34] for Vpc= 2 Volt except for the first two points where Vpc= 1 Volt

Figure 5.2 shows a comparison between the ROM and the perturbation method. The selected
parameters are shown in Table 5.1 with the difference in the quality factor, where it is assumed
to be 1000. The applied DC and AC voltages were assumed as Vpc=8 Volt and Vac=0.03 Volt,
respectively. The obtained results are in good agreement among the two assumed methods. It can
be noticed from the figure that in the presence of nonlinearity, the ROM is not capable in
obtaining all of the branches. In the other hand, the perturbation method can perform this task

and hence it is better to use it in the case of non-zero nonlinearity.
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Figure 5.2: Comparison of the obtained deflection of the microbeam among the ROM and the

perturbation method for Vpc= 8 Volt and Vac=0.03 Volt

Table 5.1: Assumed geometrical and material properties [34]

Parameter Value Parameter Value
Beam Length (L) 210 pm Effective Young‘s Modulus (E) | 151 GPa
Beam Thickness (h) 1.5 um Density (p) 2,332 kg/m®
Beam Width (b) 100 pm Air Gap Width (D) 1.0 ym
Axial Load (N) 0.00011 Newton Quality factor (Q) 816.6
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5.2 Double-Microbeams Case

5.2.1 Reduced-Order Modeling (ROM)

As with the single microbeam analysis, the ROM can be obtained by discretizing equations
(2.24) and (2.25) using the Galerkin expansion. Therefore, the deflection for the lower and upper

microbeams will have the following forms, respectively:

N

w68 = ) i) (5.26)
i=1

wa(6,8) = ) qi(Opi () 527)

where ¢;(x) are the linear undamped mode shapes of a clamped-clamped micro-beam, which

are orthogonal. As in the previous case of a single microbeam, equation (2.24) will be multiplied
by (- wy? (%/,, ~w,~w,) and equation (2.25) will be multiplied by (%/, —w, -w.)" After that, the
outcome will be multiplied by ¢;(x) and then integrated from x=0 to x=1 to give the following

equations:
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Ji i [1 S nAx ][dz/dﬁZ.N pi(t)qﬁ(X)—Zi’\ilqi(t)qﬁ(x)jz*
(Z,N  Pit )4 () +Z B () (x +cz i (0)dh () )l =

1

I 0030, p a0 (620 X 04T 000+ (528
(@l +N) Y pi<t)¢z"(x)+[dz/d1+2i”_l pi(tm(x)—zi“_lqi(th(x)] A

Vacess (@) ~{ -3} pOA(x ]a4(ch Vi Cos(Q0)2)dx

2 _
" 5,00 dy/a+ 3 p@d0-3" a0 ) (X a@d 00+
x=0 i=1l i=1 i=1
S G0+ 614(x))dx= _[Xlzo¢j(x)((dz/d1+z:i P00 - (5.29)

2
" G OA09) (a5 +N)D T G OATX)+a,Voc +Vac cos(Q1)? )ox

5.2.2 Perturbation Analysis
Numerical solutions of the ROM dynamical equations provide good results for low nonlinearity
values. However, when tuning the system’s geometrical parameters as well as the forcing
amplitudes, one can increase the source of the nonlinearity, leading to nonlinear frequency
responses which cannot be fully captured by ROM. As a result, perturbation theory was
investigated to find the resonance of the double-microbeams especially for any high nonlinearity
factors. The method of multiple scales was used by direct attack of the equations of motion [34,

47]. So, the variable for the time scales and its derivatives were defined as follows:
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Next, the damping coefficient ¢ and the forcing amplitude V.. were scaled so that their

nonlinearity effect will be balanced in the modulation equations [34, 47]. Hence,

C=£, V. =cV,, (531)

where ¢ is a bookkeeping parameter.

We seek a solution for the lower and upper electrodes in the following form, respectively:

W, (X, t, ) =Wy (X)+u, (1)
: . (5.32)
=W (X)+ U, (X T, T,) + Uy, (X, T, T, )+ Uy (X, Ty, T, )+
w, (X,t,e)=w., (x)+u, (Xt
Ot w0 () | s
=W,, (X)+&Uy (X, To, T, )+ Uy, (X, Ty, T, )+ €Uy (X, Ty, T, ) + oy

where W, and W,, are the static components of the microbeams’ deflection and u; and u, are

their dynamic components for the lower and upper microbeams, respectively. Substituting

equations (5.32) and (5.33) into equations (2.24) and (2.25) gives:
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o'w, o'u du.  ou o°w,,  o%u
8X4sl n ax“l n atzl +CE1=(0(3F(W31+U1,W51+U1)+ N) 8—;1+_1 +

ox’
a, (Voo +V,c cos(Q1))* @, (Vo +V,, cOS(Q1))? (5.34)
(1_ W, — ul)Z

d 2
(d—2+ws1 +U, —W, —U,)
1

o'w, o'u, d’u, au o'w, d%u
8x42 + 8x42 + atzz +c§=(a3l“(wsz+u2,wsz+u2)+ N) aT;ZJr 8x22 +

o, (Voo +V,. COS(QA))?

d 2
(d—2+wsl+ul—wSZ -u,)
1

a,(Vpe +Vac C()S(Qt))2
L-w, —u,)?

S|

As in the single microbeam configuration, the electrical forces and

2, (Vo +Vc €OS(Q))*

are expanded around (u;) and (u;-u,) using a Taylor-series expansion,

d
(d72+wsl +U; — W, —U2)2
1

respectively. Further, the expression of  (Vo. +V,c cos(Qt))® will be approximated as

VZ& +2V,V, cos(Qat) . Using the aforementioned expressions and canceling the static equations

and neglecting all small terms while equating the coefficients of like powers of ¢, the following

equations are obtained:

For equation (5.34):

e Order &':

£ (U, Upy) =0 (5.36)
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e Order &°:

3 Viu:  3aV2 (u:—2u,u, +u)
(U,,, U ):aWs//F(U u )—|—2au”F(W U, ) ——seeu ZTpe i 11721 21 5.37
‘4 120722 3" s1 110 ¥11 3711 s1v¥11 (1_W51)4 (dz/d1+Ws1_Wsz)4 ( )
o Order &°:
£, (Uy3,Uy;) = —2D,D,u,, —cD,uy, + 2043WS/1F(U11, U,) + 2a3ul/iF(Wsl’ Uj,) +

6a,Vouu, daViul
20,0 T(W. U )+ a.(u.,u. )u/ 4 ——4ocue 4Ypctu
U, (W, Uy oL (U, Uy )y (1_W51)4 (1—W51)5

60‘4\/020 (_ullulz + Uy, +UU, — u21u22) + 4a4V|32c (ufl —3U121U21 —|—3U11U221 — u;l) + (5'38)

d d
(d72+wsl _W52)4 (d72+wsl _Wsz)5
1 1

2F, cos(T,) — 2F, cos(QT,)

where Z is a linear differential operator defined for any two functions (f and g) by:

i 20, V2 f 20 V2 f
L(1,9) =D, f + " —a (W, wy) £/ = NF = 20,0/ (w, ) - Sobe - e
(1_ WSl) (72 + Wsl - Wsz)3
dl

d 20Ve8

(72 + Wsl - Wsz)3

dl
and where: E, = 2a/ocVac F — VeV

F = =
(1—w,)* ((d,/d,) +w,, —w,,)>
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For equation (5.35):

e Order &':

£, (Uy,Uy) =0 (5.39)

e Order &%:

3, V2. (U5 —2u,.u,, +UZ)
-[Q(ulzvuzz):asws”zr(uzl’um)+2a3u£/1F(W52'u21)+ A ben i L2 2

d .
G (5.40)
d sl s2
1
e Order &*:
-Zz(uls' u23) = _2D0 D2u21 —CD0U21 + Zaaws//zr(uzu u22) + ZaSUZIQF(Wsz,UZZ) +
6a,V2 (U U, —u U —u.u, +Uu, U
20,0 T (W, Uy, ) + o, (U, U, ! + —— oc S — ntlaly) |
(72+W51_W52)4
d, (5.41)

da Vo (—ul +3uiu,, —3u,ul +ud)

4" DC 11721 11721

+2F, cos(T,)
d, 5
(di + Wsl - Wsz)

1

where £, is a linear differential operator defined for any two functions (f and g) by:

2
‘é(f’g):Dozg"‘giv_asr(wszlwsz)g”_Ng//_ZO‘sWs//ZP(Wszlg)+ d e N

(dfz + Wy, — Wsz)3
1

2a4VDZC g

d
(diz + Wo — Wsz)3
1
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Assuming no internal resonances scenarios, the solutions of equations (5.36) and (5.39) are
assumed to consist of only the directly excited modes, ®(x), since the indirectly excited modes

will die out in the presence of damping. As a result, the solution of the dynamic components uj1

and u; of the lower and upper microbeams, respectively, are:

Uy (X, T, T,) = AT, )e"™ + AT, )e ™™ |, (x), (5.42)

Upy (X Ty, T,) = A(T,)e"™ + AT, )e ™™ |, (x), (5.43)

where A(T,) is a complex-valued function that is determined by imposing the solvability
condition at the third order, the over bar denotes the complex conjugate, and @ and @(x) are

the natural frequency and corresponding eigenfunction of the directly excited modes,
respectively. Here, the complex-valued function is considered to be the same for both
microbeams, while the mode shapes will compensate for the resulting difference. This will help
in obtaining the eigenvalue problem. Substituting equations (5.42) and (5.43) into equations

(5.36) and (5.39) we obtain the following nonlinear coupled eigenvalue problem (EVP):

_wchl + cbilv - aaF(Wsll Wsl)cb:{/_ N (I)l//_ 2()43W£1F(W51, q>l) -
2050, 2059, . 20,V 5P,
(1_ Wsl)3 (&

dl

—0 (5.44)

d
+Wsl _Wsz)3 (diz—i_wsl _W52)3
1
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_wijz + (I)izv - 043F(W32 1 Wsz)q)g - N(I)g_ 2(143W;/2F(W32 1 @2) -
2a4VDZCCI>2 2a4VDZCCI)1

_I._
d, d,
d; d;

—0 (5.45)
+Wsl _W52)3 (

(

3
+Wsl _WSZ)

In order to solve for the coupled mode shapes ®,and &, the eigenfunctions of the coupled EVP

of equations (5.44) and (5.45), both functions are expanded assuming the Galerkin discretization

method, as follows:

q>l(x)=iaﬁ¢.(x) (546)
cbz(x):_Nzlamqﬁ.(x) (547)

Substituting equations (5.46) and (5.47) into equations (5.44) and (5.45), the resulting equations

are then multiplied by ¢, , and the resulting equations are then integrated from x=0 to x=1. The

coupled mode shapes can be then obtained by evaluating the eigenvectors of the resulting

equations, where their number will be double that of the chosen number of modes. Next, the

solutions u,,and u,, will be substituted in the second order equations (&”), which will give:

£,(Ugy,Uy,) = (A%?T 12 AA 4 A% ?“To)h (X) (5.48)
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£,(u,,,U,,) = (A%?T 4 2AA+ A%e ?“To)h,(x) (5.49)

where:

3,V 2. D,2
h, (X) = a ;Wi T(®,, ®,) + 20, P (w,,, @) + M _
(1_ Wsl)
BaVpe®y® | BaVoc®i®,  3aVpe®,” (5.50)
d d q
(d72+W51_W52)4 (d72+W51—W52)4 (d72_|_WSl_W32)4
1 1 .

h, (X) = auW,IN(®,,®,) + 20, P (w,,, ®,) +

2 F 2 2 & 2
3a,V5e P, _ 6a, V5 20, 3,V P, (5.51)
d, .4 . . |
(d7+W51_W32) (CT_FWsl_WsZ) CT—{_WSI_WSZ)
1 1 1
Assuming the particular solution of u;, and uy, as:
u, = (A%* W, +2AAT,, + A’e *oWr ) (5.52)
Uy, = (A'e™ 00, +2AAT, + A%e *T0, ) (5.53)

where W, are the solutions of the boundary value problems:
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M, (W5, 2wby;) = hy(X) (5.54)

M, (W5, 2wy ) = h, (X) (5.55)

U, =0  W,=0 W, =0 W, =0

(5.56)

At x=0 and x=1 for j=1to 2

where ¢ is the Kronecker delta operator and the two linear differential operators M; and M are

defined as:

M, (¥, w) = \Iﬂl\.’ - wz\ljli —agl'(wy, Wsl)‘I]{i/ —N ‘;[I]/.I/ - 2a3WS/iF(W51, U,)—

2044VDZC\IJ31i —— 20,V U, n - 2a,V5c Wy, (5.57)
1—
( WSl) (d72+wsl _W52)3 (d72+wsl _W52)3
1 1
M,(Wy,w) = \Illzvu _WZ\IIZi —Ozgf(Wsz,Wsz)\IJ;/i - N\IJ;/I - ZO‘SWS{IZF(WSZ’ W)+
20‘4V§c\1/1i _ 20‘4\/E§C\I]2i (5.58)

d d
(GTZ—HNﬂ _W52)3 (d72_|_wsl _Wsz)3
1

1

Introducing the detuning parameter o1 and o, to describe the nearness of the excitation frequency

©; and ©, , respectively, to the fundamental natural frequency of the excited mode w as:
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0 =w+¢e%oy (5.59)

0, = w + €0, (5.60)

The solutions of the first and second order are then substituted in equations (5.38) and (5.41),

leading to:

4(u13’ uzs) = D02u13 + ui‘; - oz3F(Wsl, Wsl)ullig - Nul/é - 2a3WS/iF(Wsl, u13)
_ 2a4VDZcu133 _ 2a4vt>zcu13 2a4V[)2cu23 - = (—2iwA/(I)1(X) -
(-w,)" (d, d, (5.61)
di—}_wsl_wsz 7+W51_W52
1 1

icwd, (X)A+ x, (X) A’A+ Fe"™ — F,e"2)e"™ 4 cc + NST

4(u13' uzs) = D02u23 + ulzvs _Ofar(wsz’Wsz)uz,g - Nu2”3 - 2043WS”2F(W52,UZ3) +

2 2
20,V Uy . 20,,VcUyg

_ = (—2iwA'D,(X) — icwAD, (X) +

3

5.62
[(:IZ+W51_W52] [(:IZ+W51_W32] ( )
dl dl

A?Ax, (X) + F,e2")e"™ 4-cc 4 NST

where NST stands for the non-secular terms and the functions y; are defined as:
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() = 20w, (0@, T,)) + 2T(D,, U,,)) + 20,8, (T(w,,, U,,) + 2T (W, U,,)) +

6oV,
20T (Wyy, ) (W, +2W,") + 30,1 (,, 8,) 0, +(1“—W) (T, +20,0,) +
— s
2 2 (5.63)
12a4VDC P ’ 6a4VDC 2 (—@1\1111 - 2CI)1\1112 + (DI\DZl + 2(1)1\1122 +

L=wy)® * ((dy/d) +wy —w,)
12a,V,.
((dz/dl) + W, — W52)5

O,0, +20,0, —D,0, —20,1,)+ (©7 30D, + 30,0, )

Xo (X) = 20,W,," (D(®,, W,,) + 2T(®,, ,,)) + 2., (T(W,,, ¥,,) + 20 (W,,, ¥,,)) +
6O‘4VD(:2
((dz/dl) W, — Wsz)

zq)lqjlz _®1\P21 - 2'1)1\1122 _q)zlpn - 2@2\1112 + CI)2\1121 + 2'1)2\1122) +
12a,Vp.
((dZ/dl) Wy — WsZ)

20T (W, ®,) (W, +20,,") +3a,1(D,, ,)P," +

4 (®l\I]ll +
(5.64)

5 (_Cbl3 + 3®12@2 —3@1@22 +<D23)

Hence, we need to eliminate the secular terms in equations (5.61) and (5.62) by seeking a

particular solution free of secular terms in the form:

U (X, To, T,) = Yl(X’Tz)eino (5.65)

U23(X,T0,T2) =1, (X’Tz)em0 (5.66)

Then, equations (5.65) and (5.66) are substituted into equations (5.61) and (5.62), which will

give:
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LUz, Uyg) = €570 (=Y, + TV — a, D(W,, W, )Ty — N — 20, W/ T (W, Y,) —

37781
2 2 2
VoY, | 20V, 20VeeYs (i AP (x) —icwd, (X)A+
1-w,) [dz ] d, ] (5.67)
7+W51_W52 7+W51_W52
1 dl
Xu () A2A -+ Fe"™ — F,e)el 4 cc 4 NST
Z,(Ups,Uyg) = e (_szg + Tizv —op'(w,, Wsz)Tg —N T;/_ 2041WS”2F(W52 o)+
5 2
20, V2T, _ 20,V T, ) = (—2iwA'D, (X) — icwAD, (X) +

. q, (5.68)
d*‘i‘wsl_wsz d7+W51_W52

| 1

A2 Ay, (X)+ F,e”2)e™™ +cc+ NST

Next, the coefficients of e!“To in equations (5.67) and (5.68) will be equated. The resulting two
equations will be then multiplied by two adjoints functions P(x) and Q(x), respectively, and then

integrated by parts to transfer the derivatives from Y"to the adjoints, leading to:

1 1 .
— [ wPrPdx+ [PYI-PYI 4 PIY] P | S
X= X=

x=0

sl W) (P [P+ [ P (NPT NPT+ [ NP -

20 ([w/ 2pY Hl —|w P”l Ly wdx —[w, Y Hl T'(P,w )+f1 T,W/T(P,w,, )dx) —
3 sl 1 0 sl 0 Jx=0 1%%1 s1—1 0 1 sl =0 1%%1 1 sl (5 69)
fl 203 TP fl 205 TP fl 20,5 TP
x=0 (]_—Wsl)3 x=0 dz 3 x=0 ) 3
CT1 + Wy — W, [dl +Wsl — W,

1 _ ~ ~ .
f P(—2iwA'D, (X) —icwd, (X) A+ v, (X) AP A+ E,e"™ — F,e72")dx
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1
[ PTQUH Q- QTI QT QT+ [ QM-

(W )(QUL] QT+ [ QT dX)—([NQT’ - NQ’Tz]

[ - tiian e[ Tota o

' 1
fXZOTZWszP(Q W, dX))+f 20,Vgc T, 3de_j;zo 2“4VDCT2 _Qux =

[d2 + Wsl - W52

1

[d2 —l_Wsl_WsZ

1

1 _ [N
fx (2w, (X) —iewAD, () + A°Ax,(x) + Fg ") Qx
which then can be simplified as:

l .
f T, (~w’P+P" —a,0(W, W, )P" —NP” —2a,W/T(P, W, ) —
x=0

37 sl
2a4VDC P 2O‘4VDc P

(1 Wsl) d2
di -I_ WSl - Wsz

1

S)dX-I-[PT{//— P/T{/-I- P”T{— P///Tl .

a D (W, W )(PY] = P'T,) — NPTY + NPT, + 20w,

3 Wy
20 VZP
2043WS/12PT —|—2043W51TF (P,wy)l,_ 0-|_f Y, Ve : dx —
—I—W - W,
1

' - ~ ~
[ P2AD, () —icab () A+ y, (AR -+ Fe™ — Fe)ix

73

1
SRS

(5.70)

(5.71)



j;lzo’r2 (—w'Q+Q" —a,T(W,,, W, )Q" — NQ" — 20,W/,T(Q, W,,) — _ 20VQ
df + W, — W,
f::oTl de +[QY;~ QT3 +Q T, —Q"T, —a,l (W, W, )(QY; —Q'T,) -
(f + W, — W,

NQY’ +NQ'Y, +20,W,Q f WX — 20,W,2QT, + 20w, T,0Q, W, )], =

37752

j;l:OQ(—ZiwA/CI)z(X) — ijA(IDZ (X) + AZAXZ (X) + Ifzeiasz)dX

By adding equations (5.71) and (5.72) and re-arranging the terms, we obtain:

! 2 iv n " " ZQAVDZCP
[ rwP P —arw,w,)P" NP~ 20 wT(P,w,) - -
(-w)

20V’ P 2aV2Q "
d 4" DC ; 4" DC )d +f T(wQ+Q 701“ sz’ )Q”,
7Z+Wsl 7Wsz 72+Wsl _WSZ
d1 dl
2aV? 20V P

NQ" —2aw'T(Q,wW,,) — o ~+ i -)dx +

d

72+Ws1 _Wsz [2+W51 —-W,
d
1 1

[PY/~ P+ P "1 —P"Y, —al(w,,w,)(PY,—P,)—NPY, + NPT, +

s1?

17 7sl 175171

2a1W81Pf T/ dx], +[-20W 2PY, + 20w T,T(P, w,) +QT/— Q'Y+
Q" —Q"T, —a (W, w,)(QY) —Q,)._, +[-NQY, +NQ'Y, +
1
20,Q [ 00wk~ 20,0, QY + 20,0, X,TQ W, )], =
1 —
_(F2wA' (P, +QP,) —icwA(PD, +QD,) + A'A(PX, +Qu,) +

FPe”" 4 Fe""(Q—P))dx
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Finally, the two adjoints equations governing both functions P(x) and Q(x) can be written as:

20Ve.P 2aV5.P

~w?P +PY —a,T(Wy, W, )P” — NP” — 20, W/ T'(P, W) — Cwy (g -+
B [2+W51_W52]
d,
5.74
2a4V|320 -0 ( )
——4DCx _—
d
[di— + W, — Wsz]
2044VDZCQ

—w?Q+ Q" — (W, W,,)Q" — NQ” — 20,W/,T'(Q, W,, ) —

3

diz Wy — Wsz]
! (5.75)
20, V3P

7=0
[(:IZ+W51_W52]

d,

which are the same as the first order equations ((5.44) and (5.45)) so we call them self-adjoints

equations. The solvability condition can be then obtained as:

1 —
| (F20A (PD,+Q,) —icwACPD; +QP,) + A*A(Py; +Qx;) +

L _ (5.76)
F,Pe'"2 + F,e'2'2(Q—P))dx =0

Using Euler’s formula for 12 gng eiUZTZ, then separating the real and imaginary parts of the

solvability condition will give the following two coupled equations:
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1 F 1
p'a(z, +2,) +—a*(S, +S,) = ——Lcosy, ——(F,, — F,) cos v, (5.77)
8w w w

c F . 1 )
a'(z,+1z,) +§a(zl +2,)= jsm o +;(F22 —F,,)sin~, (5.78)

where:
1 1 1 1
2, = j;:o P®,dx Z, = fX:0Q<I>2dx S :fx:o Px,dx S, :fx:oQXZdX

1 1. 1
F= f _FPdx F, = f CRPd R, = f CRQdx oy =0T, 8

N

v, = 0,1, =

By setting (o1= 02=0), which will give (Y1= Y>=Y), squaring both sides of equations (5.77) and

(5.78), then adding the results, while remembering that (8’= o- ¥), we get:

1 2 F+F,—F,)
(00 + 1)+ (6, + S+ (1 + 2 = B P Fa) 5:79)

Since the quality factor is related to the damping coefficient (c) by:

w

= m (5.80)

it can be replaced in the solvability equation (5.79) to examine the effect of the quality factor on

the system dynamics.
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5.2.3 Results
To solve for the coupled equations of motion of both the lower and upper microbeams using the
ROM, it is necessary to solve for the unknown functions p;i(t) and g;i(t) in equations (5.28) and
(5.29) then substituting them back into equations (5.26) and (5.27), which will give the
deflection of both microbeams. For the perturbation technique, we start first by scaling the first
order coupled equations, equations (5.44) and (5.45) for both functions @; and @&,. Then, we
substitute them into the second order equations, equations (5.54) and (5.55), to solve for the

functionsv,,, ¥,,, ¥, and W¥,,. Then, we solve for the unknown dynamic amplitude from

equation (5.79) and the phase from either equation (5.77) or (5.78). Finally, the deflection of the
lower and upper microbeams can be calculated using equations (5.32) and (5.33), respectively.
Since each two consecutive natural frequencies of this system are very close to each other, the
equations of the perturbation will be solved twice for each one of those two, and then the
deflections around the two natural frequencies for each microbeam will be added to give the

resultant deflections of both microbeams.

A comparison of the obtained results for the two above described methods for the case of double-
microbeams is shown in Figures 5.3-5.5. The selected parameters were the same as assumed in
the static analysis (i.e. Table 3.3) with the only difference being the applied voltages, Vpc=10
Volt and Vac=0.5 Volt. In this present case, it can be seen from all figures that overall both
assumed numerical methods are in good agreement for all different cases. While the perturbation
analysis technique is less accurate than the ROM, it showed better global results in the presence
of gross nonlinearity. It can predict all of the stable and unstable branches which the ROM is not

capable of capturing. Also, it gives a better global and local dynamical picture about the
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microsystem’s behavior. Hence, the perturbation technique will be used in the following

parametric study.
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Figure 5.3: Frequency response curve of the (a) upper microbeam and (b) lower microbeam and

assuming both ROM and perturbation method for the case of d;=d,
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5.2.4 Parametric Study
In order to investigate the effect of different physical and geometrical parameters on the
dynamical amplitude of the double-microbeams based actuator, three different values were
selected (low, medium and high) for each chosen parameter then the frequency response curve
was generated for each microbeam to investigate the effects of each tuned parameter. The
selected parameters are the length, the quality factor, and the DC and AC voltages. For all those
cases, the depth of both air gaps are kept equal (d;=d,=1.25 um) and the width (b) and height (h)
for both microbeams are initially assumed to be 20 um and 1.5 um, respectively. The length (L)
and the quality factor (Q) were equal to 210 wm and 50, respectively, for all the cases except

when they are intentionally varied.

a) Effect of the Microbeam Length (L)

Figure 5.6 shows the amplitude versus the excitation frequency for three different lengths (210
um, 410 um and 610 um). From both figures, the significance of changing the length on the
dynamical amplitude, even when small voltages were applied (i.e. Vpc=2 Volt and Vac=0.1
Volt), is clear. When the length is of a small value (L=210 um), the two resonance peaks are very
close to each other, which means that the applied voltages have a slight effect on the
microstructure and so do not change its fundamental frequencies. However, when the value of
the microbeam length is increased (L=410 and 610 um), the distance between the two peaks
becomes larger, meaning the fundamental frequency becomes lowered and the system is prone to
experience a pull-in instability. Also, with a high value of the microbeam length, the nonlinearity
becomes more dominant, producing a softening-type of behavior at the fundamental frequency

for both microbeams.
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b) Effect of the Quality Factor (Q)

Figure 5.7 shows the amplitude versus the excitation frequency for three different quality factors
(50, 150 and 500) at high DC and AC voltages (i.e. Vpc=10 Volt and Vac=0.5 Volt). It can be
noticed that there is no effect for the quality factor on the resonance locations, which is
reasonable since increasing the quality factor will decrease the damping which has no effect on
the natural frequencies. However, the quality factor is shown to maximize the amplitude and
with a high quality factor the nonlinearity becomes prominent (see hardening behavior in both

figures).

c) Effect of the DC Load (Vpc)

The effects of the applied DC voltage on the amplitude are shown in Figure 5.8. Three different
voltages were selected, which are 5, 10 and 15 Volt. At a low DC voltage, the fundamental
frequency is not affected by the applied voltage, so it is very close to its consecutive one.
However, an increase in the value of the DC voltage causes the fundamental frequency to shift
from its initial position, and hence the system gets closer and closer to the pull-in instability.
Since the term of the applied AC voltage is small there is no presence for the nonlinearity. So,
we would like to investigate the nonlinearity effect for the applied DC voltage at a high AC
voltage. As it can be shown from Figure 5.9, by increasing the value of the applied AC voltage to
5 Volt, the hardening-type nonlinearity appears at high values of the DC voltage. This indicates

that the mid-plane stretching term is significant, since it is responsible for this nonlinearity.
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d) Effect of the AC Load (Vac)
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Figure 5.10 shows the effect of the applied AC voltage on the amplitude. For this investigation,
three different AC voltages were selected which are 5, 10 and 15 Volt. Unlike the DC voltage,
the applied AC voltage has no effect on the natural frequencies, which is predictable since the
dynamic loading has no effect on the natural frequencies. As shown in the figures, increasing the

AC voltage increases the amplitude as well as produces a hardening type of nonlinearity.
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CHAPTER 6: SUMMARY, CONCLUSIONS AND FUTURE

WORK

6.1 Summary

This work concentrates on an investigation of the features of static and dynamic double clamped-
clamped microbeams. At the beginning of the work, the results of the related problems in single
microbeam were produced. In a single microbeam, the obtained deflection at low voltage was

low, so hitting the pull-in instability requires the consumption of much power and time.

Then, the results of the static double-microbeams were obtained using ROM. In comparing the
results with the single microbeam, it was shown that the double-microbeams configuration may
provide high deflection in low voltages and reach the pull-in instability much faster in
comparison with the single microbeam case. As a result, it requires a low actuation voltage,

which will both save power, and reduce the switching time.

The analysis of the eigenvalue problem was conducted for both single and double-microbeams.
The results showed that for a single microbeam the natural frequencies are far from each other
and only the fundamental frequency is affected by the load, which decreases with the applied
load until reaching zero at the pull-in. For double-microbeams, when a similar geometry is used
for both microbeams, each two natural frequencies are close to each other. However, only the

fundamental frequency is affected by the applied DC load.

For the analysis of the dynamics of double-microbeams, two methods were used which are ROM
and the perturbation method. The comparison between the two methods showed that they are in
good agreement. While the ROM is more accurate, it cannot capture all of the branches which
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the perturbation is capable of, and so the perturbation method was used in generating the

parametric study.

6.2 Conclusions

In conclusion, the use of double-microbeams configuration was shown to be useful for
applications that require low actuation voltage and pull-in voltage, and large deflections. Two
numerical methods were used to perform the dynamic analysis, which are perturbation analysis
and ROM. The results showed that the outcomes of the two methods are in good agreement.
Although, the ROM is more accurate in obtaining the behavior, it cannot capture all of the
solution’s branches, which the perturbation can perform, so the perturbation method is better in

the nonlinearity zone.

The effects of changing the air gap depths on the double-microbeams configuration revealed
about interesting profiles. For example, both microbeams could be directed down to the fixed
electrode or the upper microbeam could be directed down while the lower is up. Also, the pull-in
voltage will differ between the cases, and it can be reached whether from the lower microbeam
as it hits the fixed electrode, the lower microbeam as it sticks with the upper microbeam or the

upper microbeam as it pulls toward the lower microbeam.

Based on the dynamical parametric study, the effects of the parameters selection are significant
on the resonance profiles. For example, increasing the length (L) is significant and will produce a
softening nonlinearity; the quality factor (Q) will maximize the resonance profile; increasing the
DC voltage (Vpc) will shift the two resonance peaks away from each other, while producing a

hardening-type nonlinearity at high AC voltage, and the AC voltage (Vac) will produce the
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hardening nonlinearity. So, interesting features can be obtained by manipulating these

parameters, which may have useful applications.

6.3 Future Work

The following are recommended as an extension for this work:

» Use the concept of localization to explore the potential of using the double-microbeams
configuration with an electrostatic force in designing a very sensitive mass sensor.

» Solve for a multi-microbeams configuration and investigate its features and feasibility.

» Use the arch-microbeams instead of the straight-microbeams and perform its static and

dynamic analysis.
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