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THESIS ABSTRACT

Full NAME: Rahmatullah Ibrahim Nuruddeen
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Boundary Conditions
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The heat conduction in solids is one of the important areas in engineering problems.
More often, the boundary of the solids are kept at a prescribed temperature or insulated.
However, in many situations the surface of the solid is part heated/cooled and part
insulated. In this thesis we discuss the heat conduction in circular cylinders subjected to
mixed boundary conditions using the Waiener-Hopf technique. The temperature
distribution and heat flux in the form of closed integrals are obtained. These integrals

have been evaluated in some cases of interest.
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CHAPTER ONE

INTRODUCTION AND LITERATURE REVIEW

1.0 Introduction

Heat conduction problems are encountered in many engineering applications. However,
the most important common term that cuts across all sorts of heat conduction problems
irrespective of their application and nature is the term “Temperature”. In this regard, we
note that even if the process or method of heating is invisible, still the temperature is
observed. Furthermore, one can clearly note that when a metal bar is heated, its
temperature at the other end will eventually begin to rise. This transfer of energy or heat
is due to molecular activity. That is, molecules at the hot region exchange their energies
with neighboring layers through random collisions between the molecules. Heat
conduction process is one of the three ways of heat transfer in addition to radiation and
convection. The heat conduction or heat flow under a variety of boundary conditions of
different conducting bodies has been of great importance in many engineering problems.
Further, one can find an intensive study regarding the heat conduction problem occurring
in rods, cylinders, spheres and plates among others ranging from one-dimensional, two-
dimensional and three-dimensional coordinate systems in literature (see for example [4],
[9] and [10]). Heat conduction problems are broadly categorized as steady-state (time-
independent) and transient (time-dependent). The methods commonly used are separation
of variables, Green’s function, integral transforms and numerical schemes. However, in

case of mixed boundary conditions in which case the boundary of the solid is subjected to
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different boundary conditions in different parts of the an interface. In such problems, the
Wiener-Hopf technique has been extensively used in the literature. This technique
depends on the utilization of the known integral transforms, mainly the Laplace transform

and Fourier transform as used in [2], [3], [5], [6 ], [25] and [28] among others.

The technique “Wiener-Hopf technique”, came into existence in 1931 after the efforts
made by Norbert Wiener (1894-1964) and Eberhard Hopf (1902-1983) in trying to solve
some integral equations of certain form. Furthermore, in 1952, Douglas Samuel Jones
(1922-2013) modified the Wiener-Hopf technique to solve mixed boundary value

problem directly without having to formulate it as an integral equation. [17].

In this work, the modified Wiener-Hopf technique due to Jones would be used due to its
direct application in comparison with the afore mentioned methods which are found to be
inadequate. In the modified approach, Jones gave a method of obtaining the functional
Wiener-Hopf equation and subsequently solving the boundary value problem. We shall
use the method to determine the temperature distribution in hollow or solid infinite
homogeneous circular cylinders with mixed boundary conditions. In the physical sense,
part of the external surface of the cylinder will be subjected to a constant (or given)

temperature while the other part has a known temperature flux or is insulated.



1.1 Literature Review

The problem of heat conduction in homogeneous and isotropic bodies has been
extensively reported in literature. Carslaw and Jaeger [4] have formulated such problems
in space, half-space, cylinders and beams, and other composite media. They have given
temperature distribution and heat flux at the surface of such materials. The steady-state as
well as transient problem have been considered in this classical reference. The heat
conduction problem with mixed boundary conditions on the interface or surface, or
having different conducting bodies is our primary interest in this work. Often such body
is subjected to more than one condition on the boundary. For instance, one part maybe
assumed to be insulated while the other part to be kept at a constant temperature; or one
part assumed to be immersed in a fluid and the other left outside with just surface
temperature.

Chakrabarti [6] gave the explicit solution of the sputtering temperature of a cooling
cylindrical rod with an insulated core when allowed to enter into a cold fluid of large
extent with a uniform speed v in the positive semi-infinite range while the negative semi-
infinite range is kept outside, and a simple integral expression is derived for the value of
the sputtering temperature of the rod at the points of entry (see also Chakrabarti [7]).
Georgiadis et al [11] considered infinite dissimilar materials which are joined and
brought in contact over half of their common boundary and the other half insulated all
along the common boundary (interface). The solution is then obtained for the heat

conduction problem after assuming the two conducting bodies to be kept initially at



different uniform temperatures, which are brought into contact over part of their surfaces
at time t = 0. Chakrabarti and Bera [5] studied a mixed boundary-valued problem
associated with the diffusion equation which involves the physical problem of cooling of
an infinite slab in a two-fluid medium. An analytical solution is derived for the
temperature distribution at the quench fronts being created by two different layers of cold
fluids having different cooling abilities moving on the upper surface of the slab at a
constant speed. Similarly, Zaman [24] studied a heat conduction problem across a semi-
infinite interface in layered plates. The two plates are kept in contact, in which the
contact between the layers takes place in one part of the interface while the outer part is
perfectly insulated. In Bera and Chakrabarti [3], the explicit solutions are obtained for the
temperature distributions on the surface of a cylindrical rod without an insulated core as
well as that inside a cylindrical rod with an insulated inner core when the rod, in either of
the two cases, is allowed to enter, with a uniform speed, into two different layers of fluid
with different cooling abilities. The modification of Wiener-Hopf technique is used.
Zaman and Al-Khairy [26] considered a steady state temperature distribution in a
homogeneous rectangular infinite plate. They assumed that the lower part to be cooled by
a fluid flowing at a constant velocity while the upper part satisfies the general mixed
boundary conditions. In addition, Zaman and Al-khairy [27] again discussed the cooling
problem of a composite layered plate comprising of a dissimilar layers of uniform
thickness having mixed interface thereby finding the closed forms of both the
temperature distribution and the heat flux of the plate using the modified Wiener-Hopf

technique.



Satapathy [20] considered a two-dimensional quasi-steady conduction equation
governing conduction controlling rewetting of an infinite cylinder with heat generation.
The analytical solution obtained by Wiener—Hopf technique yields the quench front
temperature as a function of various model parameters used. It is good to note that the
process of rewetting or quenching is to re-establishment of liquid contact with a solid
surface whose initial temperature exceeds the rewetting temperature thereby creating a
mixed condition on the surface where Wiener-Hopf technique can be applied. Shafei and
Nekoo [21] solved the heat conduction problem of a finite hollow cylinder using
generalized finite Hankel method which is based on the use of the integral
transformations method. The cylinder is assumed to be of finite length, and the finite
element method is used verify the closeness of the solution obtained by the method. To
sum up, Kedar and Deshmukh [16], considered the inverse heat conduction problem in a
semi-infinite hollow circular cylinder using integral transform method and the result is
given in series form in terms of Bessel functions. Further, the hollow circular cylinder is
subjected to a known temperature under transient condition. Initially the cylinder is
assumed to be at zero temperature and temperature at the lower surface is also assumed to
have zero heat flux.

Finally, in this thesis, we intend to consider two problems: the first is the determination
of the analytical solution of the transient heat conduction in a homogenous hollow
infinite circular cylinder that is subjected to different boundary conditions on the outer

surface while the inner surface is kept at zero temperature throughout.
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In the second, we consider an infinite solid circular cylinder in which part of the
boundary is being heated while the other part has a prescribed flux. The resulting mixed
boundary value problem from both problems is solved using the Jones’ modification
method of the Wiener-Hopf technique. The temperature distribution and the heat flux are

determined in both.

1.2 Basic Definitions of Some Terms

1.2.1 Bessel Differential Equation
r2T,. + 1T, + (n> —r?)T = 0.
1.2.2 Solution of the Bessel Differential Equation
T(r) = AJo(r) + BY, ().
Where J,,(r) and Y,,(r) are the Bessel functions of first and second kinds respectively.
1.2.3 Modified Bessel Differential Equation
r2T,. + 1T, — (n?> +r?)T = 0.
1.2.4 Solution of the Modified Bessel Differential Equation
T(r) = AL,(r) + BK, ().
Where I,(r)and K, (r) are the modified Bessel functions of first and second kinds

respectively.



Note:

We take note of the following relations and definitions all related to Bessel differential

equation
L Ja(r) = N, SR
2. Y,(r) = In(r) czisr(lr(l:i)—]_n(r)
3. 1,0) = 5, T2
4. Ky(r) = 5= {ln() = ()}

5. Ja(r) = ZJn () = Jnsa (r)
6. Yu(r) ==Y, (r) = Y1 ()
7. L) = 2L (r) + L (7)
8. Kn(r) ==Ky (r) = K1 (r)

9. L) =i",(ir)

1.3 Heat Conduction Problems

The specification of temperature and heat flux in the region of a solid or metal where
conduction is taking place brings about temperature distribution and heat flows. To do
that, the description of the point or region needs to be known. That is, the condition and
the boundary condition of the specify area. However, in order to describe the temperature
distribution, the special coordinates must be known. In general, heat conduction is
described as one-dimensional, two-dimensional, and three-dimensional depending upon

the variables describing the temperature distribution in the given region.



1.3.1 One-Dimensional Heat Conduction Problem
The one-dimensional heat conduction problem is the simplest form of heat conduction
equation in which the temperature T depends only on one space variable x and on the
time variable t. The equation is given as:

0°T 10T

0x2 kot
Where, x belongs to some finite or infinite interval, t > 0 and k is the thermal diffusivity

of the material.

1.3.2 Three-Dimensional Heat Conduction Problem

In three-dimensional heat conduction problem in rectangular coordinate system; the
temperature distribution T depends on three space variables x, y and z and the on time
variable t. The equation is given below

0°T 0*T 9°T 10T
+ + =——
0x? dy? 0z? kot

Transient (unsteady-state) means that the temperature at any location or region changes

with time; it usually happens due to the sudden change of conditions.

1.3.3 Three-Dimensional Heat Conduction Problem in Cylindrical Coordinates

The three-dimensional transient heat conduction problem in cylindrical coordinate system
is defined in such a way that the temperature distribution T depends on three space

variables r, 8 and z and the on time variable t.



The equation is given below

0°T 10T 1 0°T O0°*T 10T
—_——t — — — =
or? ror 1r?2060% 0z? kot

1.3.4 Three-Dimensional (Transient) Heat Conduction Problem with Axial Symmetry

The three-dimensional transient heat conduction problem in cylindrical coordinate
system, axial symmetry is defined in such a way that the temperature distribution T
depends on only the two space variables » and z and the on time variable t{the space
variables are independent of angle}. The equation is given as:

0°T 10T 0°*T 10T
—_—t e — —— = ——
dr?2 ror 0z%? kot

1.4 Initial and Boundary Conditions

In order for us to obtain a temperature distribution it is necessary to solve the governing
heat conduction equation subject to some boundary and initial conditions. Boundary
conditions are mathematical equations describing what takes place physically at/on the
boundary, while an initial condition describes the temperature distribution at timet = 0
or at a fixed time t,. (See, Jiji (2009) [13]).

For instance, figure A below shows four typical boundary conditions for two-dimensional
heat conduction in a rectangular plate, while figure B shows an interface of two materials.

Two boundary conditions are associated with this case.



1- 3
t insulation
LSS,
b
/‘ —
T |W >
o "
.|f —
0 0 > X
Figure A Figure B

Figure 1.1: Boundary and Interfacial Conditions

1.4.1 Specified Temperature
The specified temperature along the boundary is (0, y) in figure A is T,. This temperature
can be uniform or can vary along y as well as with time. Mathematically this condition
IS expressed as

TO,y,t) =T,.
1.4.2 Specified Heat Flux
The specified heat flux along boundary (L,y)in figure A isq(L,y,t). According to
Fourier’s law this condition is expressed as

oT(L,y,t)
Lyt) =—k————-:
q(L,y,t) Tx
In particular, the boundary at (x,W) is thermally insulated in figure A. Thus, the
specified heat flux would now be

oT (x, W, t)
-0
0x

10



1.4.3 Interface Condition
Figure B shows a composite wall of two materials with thermal diffusivities k, and k,, .
For a perfect interface contact, the two temperatures must be the same at the interface.
Thus,

T, (0,y,t) = T, (0,y,1).
Conservation of energy at the interface requires that the two fluxes be identical.
Application of Fourier’s law gives

. aT1(0,y,t) _ . 0T,(0,y,t)
1 0x 2 0x '

1.5 Solution of Heat Conduction Problem

To solve the heat conduction problem, that is, the given heat conduction partial
differential equation irrespective of the coordinate system and the boundary conditions
(or initial condition) means that finding the temperature distribution or temperature field
function that depends on various space parameters (such as x,y,z orr, 8,z ) and on the
time variable that is consistent with the conditions defined on the boundary. In this
regard, several techniques are available with separation of variable method as the most
widely used method and then the integral transform methods. However, the boundary
conditions also play a very important role in choosing which method to be used. For
instance, while using the Fourier transform method, we put our concern on the nature of
the boundary conditions; on doing that, we determine whether to use Fourier Sine or

Fourier cosine method as sub-classes of Fourier transform method.
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CHAPTER TWO
INTEGRAL TRANSFORMS AND WIENER-HOPF
TECHNIQUE

2.0 Introduction

In this chapter, we present the methodology to be followed in order to solve our intended
problems in chapters three and four. To solve our mixed boundary value problem, we use
the technique that is based upon the integral transforms. The transforms to be used are the
Laplace transform in the time variable and the Fourier transform in the space variables.

However, many problems of practical interest with our problem inclusive give rise to
singular integral equations defined in (0, o) range which the above mentioned transforms
and others like Mellin transform do not allow the use of the convolution theorem thereby
rendering these transforms inapplicable. Thus, we present a method due to Wiener and
Hopf called Wiener-Hopf technique or method to solve such integral equations. Besides,
we also present the Modified Wiener-Hopf technique by Jones which simplifies the
difficulties faced in dealing with the integral equations by simply applying the technique
to the governing partial differential equation and its boundary conditions. Some theorems

are also presented.

12



2.1 Laplace Transform

The Laplace transform in the time variable t is defied {whenever it exists} by
LT} = ] T(t)e-stdt = T(s),  and @21)
0

Laplace inverse transform in the Laplace parameter s is defined {whenever it exists} by

ico+h
_ 1
L YT (s)} = 5 ] T(s)estds = T(t). (2.2)
—ico+h

2.2 Fourier Transform

The Fourier transform is taken in one of the space variables. The transform and its

corresponding inverse are defined by

0]

F{T(x)} = ] T(x)e'*dx = T*(a), and (2.3)

— 00

1 [ .
FYHYT*(2)} = > ] T*(a)e ™ ""*da = T(x). (24)

If these integrals exist.

13



2.3 Fourier Transform of One-Sided Functions

We first introduce the one-sided functions due to their usefulness in the context of mixed
boundary value problems. We define {T..(x)} an upper (right) and {T_(x)} a lower (left)

half functions called one-sided functions as

rw={r 120 ad rw={l 72

Having defined the Fourier transform which is defined over (—oo, o) range; we also need
to define the Fourier transform of the so-called one sided functions. That is, a function

defined only on a half-range.

So, the Fourier transform of T, (x) would be:
T, (x)} = ] T, ()@ dx = ] T, (x)e@dx = Ti(a). 25)
— 00 0

where, a = ¢ + it, and T.(x) =0(e™ ™) asx - o, i.e.
IT.(x)] < C{le %] as x — oo.

Then,

] T+ (x)e i(cr+ir)xdx
0

< C1] e~ (@rDx gy,
0

Thus, F{T, (x)} is defined as analytic function if t > —a.

14



T g a-plane

Figure 2.1: Upper Half-Plane

In the same way, we define T*(«) as:
FIT_(x)} = ] T_(x)eidx = ] T (x)e@dx = T(a). 2.6)

where a = o +it, and T_(x) = 0(e*) asx —» —o. i.e.
IT_-(x)| < Cyle*] as x » —oo.

Then,

0 0
] T_(x)ele+D*dx| < C, ] e(@Dxgy

Thus, F{T_(x)} is defined as analytic function if T < a.

15



¢  a-plane

Figure 2.2: Lower Half-Plane

Hence,
T*(a) :] T(x)e'**dx :] T_(x)e‘“xdx+] T, (x)e'“*dx.
— 00 —00 0
So that , T*(a) = T*(a) + T;(a). (2.7)
Where, T*(a) is an analytic function of aif-a<t<a

for T(x) = 0(e=@*!) as |x| - oo. The region given by —a <t < a is called the strip

of analyticity, of T*(a).

16



o-plane

—A<T< a

v

Figure 2.3: Strip of Analvticity

2.4 Theorems

The theorems to be used in this work are listed and stated as follows

2.4.1 Additive Decomposition Theorem

Let f(a) be an analytic function of @ = ¢ + i, regular in the strip - <t < ,, such
that |f (o + it)| < Clo|™P,p > 0, for |o| - oo, the inequality holding uniformly for all t

inthestript_+¢ <t <1, —¢e>0.Then, fort_<c <7 <d <7y
f(a) = f(a) + fi(a)
with

1 oo+ic 1
fila) = %] O seand fla)=——=

—otic§ — @ 271i

]“’”d f(©

—oco+id ( -

dg¢,

17



where f,(a) is regular for all T > 7_and f_(«a) is regular for all 7 < 7, respectively.

[19]
2.4.2 Muultiplicative Factorization Theorem

If K(a) satisfies the conditions of theorem above, which implies in particular that K ()
is regular and non-zero in a strip - <t <7, —0<og<ow and K(a) - +1 as

o — oo in the strip, then we can write
K(a) = K_(a) K+(a)
with

00+lC InK (()
2mi Y —oo+ic (

K. (a) = exp[ d(] and K_(a) = exp [— — OOHd k) d(],

—oco+id {-a

where K («), and K,(«) are regular, bounded, and non-zero in ¢ >t_and 7 <rt,,

respectively. [19]
2.4.3 Extended form of Liouville’s Theorem

If f(z) is an entire function such that |f(z)] < M|z|? as |z| » c where M,p are
constants, then f(z) is a polynomial pf degree less than or equal to [p] where [p] is the

integral part of p. [19]

18



2.4.4 Residue Theorem

Suppose f(z) is analytic inside and on a simple closed contour C except for isolated

singularities at z;, z,, ..., z, inside C. Then

'cff(z) = ZniiRes[f(z);zi],

[29].

2.4.5 Infinite Product Theorem

Consider an entire function K (a) which
a). is an even function of «, that is K(a) = K(—a),
b). has simple zeros at « = *ia,,n=1,2,..,and a,, = an + b, n = oo,

Then K () can be represented by either of the two forms

:
K(0) ]_[a ~)a+ )
K(a) = .
a L la
\K(O) 1:1(1 — E)e an 1:1(1 + E)e an

[23].

19



2.4.6 Jordan’s Lemma

Suppose we have a circular arc C, with centerO; Ifm >0 and f(z) =% such

that degree of p > 1 + degree of q, then
Ilim ff(z)eﬂmzdz =0

With if m > 0: Cy is closed in the upper half plane

And if m < 0: Cg is closed in the lower half plane. [23]
2.5 The Wiener-Hopf Equation

We describe the method by considering a singular integral equation that arises in integral

equation formulation of the mixed boundary value problems.

Consider the integral equation
| kG- 07©de = pf ) +g0), 0<x < (28)
0

where i, g(x) and f(x) are given and wish to find f(x),0 < x < oo,

The first step is to extend the range of integration to infinite interval —co < x < oo as

follows

| Ke-op@ag {7 glh 9=x = 29)

h(x), —0<x<0

20



with

h(x) = ] k(x — E)F(€)de

where

f(x)=0;, 0<x
gx)=0;0<x.
h(x)=0; x>0

So, we call the above functions f,(x), g,(x) and h_(x) respectively. Thus, functions
fi(x) and g, (x) which varnish for negative x are said to be right-sided functions,

whereas, h_(x) is a left-sided function. Therefore equation (2.9) can be rewritten as

j k(x = ), ()dE = ufo (¥) + g, (x) + h_(x), —w<x<oo. (210)

We give some list the assumptions under which we will attempt to solve equation (2.11):

. k(x) =0(e ) as|x| = o0,c > 0.

. g(x)= O(ed’x) asx - +oo,d’' <c.

The integral on the left-side exists if f(x) is of exponential order at infinity with

exponential smaller than c. Thus we shall look for a solution f(x) satisfying
.  flx) = O(ed”x) asx — +o0,d" < c.

From | and IlI, it then follows that
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IV.  h(x) =0(e ™) asx » —oo,

And on taking the Fourier transform of equation (2.10) we get

k*(a) fi(a) = pfy(a) + gi(a) + hi(a). (2.11)

Hence, equation (2.11) is called the Wiener-Hopf equation, where the transforms are

defined and analytic in the following regions:

k*(a) in the strip —c < Im(a) < c;

fi(a) in the upper half-plane Im(a) > d'’;
gi(a) in the upper half-plane Im(a) > d';
h*(a) in the lower half-plane Im(a) < c.

If we letd = max(d’,d'"), then all the functions are valid in the strip d < Im(a) < c of

analyticity. (see Stakgold [22] for more details).
2.6 Solution of the Wiener-Hopf Equation

We can rewrite equation (2.11) as
fil@) {k*(a) —u} — gila) = hi(a). (212)

From equation (2.12), the function k*(a) — u is neither positive nor negative function,
therefore we need to factorize it into two non-zero functions by the use of factorization

theorem 2.4.2. That is, we factorize it as:
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k*(e) —u = k_(a)k, (@)
Therefore, equation (2.12) becomes

gi(a) _ hi(a)

fi(@k(a) — ()@

(2.13)

gi(a)
k_(a)

In the same way, we notice from equation (2.13) that IS a mixed function;

therefore it needs to be decomposed by the use of additive decomposition theorem 2.4.1,

thus,

gi(a)
k_(a)

=m,(a) + m_(a).

Finally, equation (2.13) becomes

h* (a)

fi(@ki(a) — mi(a) = (@)

+m-(a) =J(a). (2.14)

As the left hand side of the equation (2.14) is analytic in the upper half-plane while the
right hand side is analytic in the lower half-pane, both sides are equal in the common

strip; we conclude that these define an entire function J(a) by analytic continuation.

By an extended form of Liouville’s theorem 2.4.3, this analytic function is constant. In
most practical cases this constant can be evaluated to be zero by the asymptotic behavior

of the left or right hand side.
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Thus, the unknown function in equation (2.14) is

m} (a)

k+(a)l

fia) = (2.15)

Finally, on taking the Fourier inverse transform of equation (2.15), we simply get our
function f(x) as
1 00m* a .
flx) == ]ﬁe-m da. (2.16)

2 ) ki(a)

2.7 Modified Jones Method

In the modification due to D. S. Jones [15], the Wiener-Hopf functional equation is
derived directly from the boundary value problem rather than having to first reduce it to
the integral equation. To illustrate the main steps, we demonstrate the method by
considering an incoming acoustic wave incident on a rigid half-plane. We consider the
wave to be time harmonic but that is not a limitation as for the transient waves, we can

first apply the Laplace transform in time and then proceed. We thus consider
Uy + Uy, +k*u =0, (2.17)

where u is the diffracted wave given by u = u; — u;, where u, is the velocity potential
and u; is the incident wave, and k is the wave number having a positive imaginary part.

The following conditions apply:
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But

() — =0o0ny =0, —00 < x <0, so that

ay

ou . . _
£=Lk5m9 e~tkxcosb y, =0 —oo <x <0,

.- 0 d .
(ii) aiyt and therefore % are continuouson y =0, —oo < x < oo,

(i) u; and therefore u are continuousony = 0,0 < x < co.

(iv) Foranyfixedy,y=>0o0ry<0

(@) Ju| < Czelkzcosf=kalyIsin) for —co < x < —|y]| coté.

1
(b) |u| < C e~ tk2(x*+¥)%} for —|y|cotf < x < oo,

Finally near the edge of the half-plane at the origin we assume

(V) (%) - Csx_% as
u; = Cqg as
u; — C; as
u; = Cg as

x - +0

x - +0

x - +0

x - +0

on

on

on

on

y =0,
y =0,
y = +0,
y=-0

We define from the sided-functions the half-range Fourier transform as

U(a,y) =U_(a,y) + U, (a,y) = f_ooou(ny) el o + f0°° u(x, y) e dx.

Now, from condition (iv), for a given y, |u| < D;e %2* as x - +o0 and
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|u| < D,ek2*¢°s0 gs x — —oo where D,, D, are constants.

Thus, U, is analytic for t > —k,, U_ is analytic for 7 <k, cos@, and U is analytic in the

strip —k, <t < k, cos 8.
Also,
U] < |U_| + U,
If we now take the Fourier transform in x to equation (2.17), we get

dU(a,y)

1
i Y2U(a,y) =0, y=(a?-k?):2 (2.20)

1
More details on y = (a? — k?)z are explained in Nobel [19]. Thus, the solution of

equation (2.20) takes the form:

A(@)e ™" + B;(a)e?*, y=0

Ulay) = {Az(a)e‘y" + B,(a)e?*, y<0’

(2.21)

where A;, B;A,,and B,are functions of a and U is discontinuous at y = 0. Further, from

equation (2.20), the real part of y is always positive in —k, <t < k, and therefore in

equation (2.21) we must take B; = A, = 0. From condition (ii), Z—;is continuous

au . .
acrossy = 0. Hence 5, IS continuous across y = 0 and we can set

Ai(a) = =By(a) = A(a),  say.
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Hence

_(A(@)e™ ™, y=0
Ulay) = {A(a)e”x, y<0.

(2.22)

Now, when a transform is discontinuous across y = 0, we extend the notation by writing
for instance U(a, +0) or U(a, —0) to mean that the limit as y tends to zero approached
from positive value of y or approached from the left respectively. Thus, from condition
(ii), U} (a, +0) = UL (a,—0) = U’ (a,0), and similarly for U” (a,0). Likewise from

condition (iii), U, (a, +0) = U, (a, —0) = U(«, 0).

Thus, applying the definition above to equation (2.22), we get the following

U,(a,0) +U_(a,+0) = A(a), (2.23a)
U,(a,0) +U_(a,—0) = —A(a), (2.23b)
Ui(a,0) + U (a,0) = —yA(a). (2.23¢)

Eliminating A(«) in equation (2.33); adding equations (2.33a) and (2.33b) we get
2U,.(a,0) = —U_(a,+0) — U_(a, —0). (2.24)

On subtracting equation (2.33b) from (2.33a) and eliminating A(a) between the resulting

equation and equation (2.33a), we obtain

Ui(a,0) + U (a,0) = —%y{U_(a, +0) — U_(a,—0)}. (2.25)
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Thus, from equation (2.25), U’ (a, 0) is known from condition (i) after evaluating it as

Ul (a O)Zj0 iksing e‘ikxcoseei“xdlecsi—ng (2.26)
— Cw a — kcos@ '
For simplicity, we let
U_(a,+0) — U_(a,—0) = 2D_(a) and U_(a,+0) + U_(a,—0) = 25_(«a), (2.27)

where D_(a) and S_(a) represent the difference and sum of two functions respectively

that are both analytic for t < k, cosé.

Equations (2.24) and (2.25) become:

U (a,0) = =5_(a), (2.28)
ksiné@
U} (@,0) + ———— = —yD_(a) (2.29)

Thus, equations (2.28) and (2.29) give the Wiener-Hopf functional equation with four
unknowns U, («,0), U’ (a,0),S_(a) and D_(a) that hold in the common strip of

analyticity —k, < t < k, cosé.

Finally, to solve equations (2.28) and (2.29), we apply the same procedure discussed

above in section 2.6.
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CHAPTER THREE

HEAT CONDUCTION IN A CIRCULAR HOLLOW

CYLINDER AMIDST MIXED BOUNDARY

CONDITIONS

3.0 Introduction

The heat conduction in circular cylinders is of interest in many engineering applications.
In case of a reactor, the circular cylinders containing radioactive source are cooled by
water. In such cases, part of the cylinder may be immersed in water giving rise to mixed
boundary conditions on the outer surface of the cylinder. In this chapter, we determine
the analytical solution of the transient heat conduction in a homogenous isotropic hollow
infinite cylinder that is subjected to different boundary conditions on the outer surface
while the inner surface temperature is kept at zero temperature throughout. Thus, the
dimensions of the hollow cylinder are —oo < z < oo in the axial direction and the
cylinder occupies a < r < b where a and b are positive and a # b. We further assume
axial symmetry so that all field variables are independent of angle. The Jones’
modification method of the Wiener-Hopf technique is utilized due to the mixed nature of

the boundary conditions on the outer surface of the hollow cylinder.
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3.1 Formulation of the Problem

We consider the classical three dimensional transient heat conduction equation in
cylindrical coordinate system that is axially symmetric. The temperature distribution of
an arbitrary point r,z,t on the hollow cylinder is given by T(r,z,t). The infinite
hollow cylinder under consideration is assumed to be kept at a constant zero temperature
from within the cylinder atr = a, that is, the inner surface temperature from —oo < z <
co. Furthermore, on the outer surface, the respective temperature and heat flux are
assumed on the different semi-infinite parts respectively as shown in Figure 3.1.

We write the heat conduction equation as follow

Trr+§Tr+TZZ:%Tt a<r<b (3.1)

where, T(r,z,t) is the temperature, z the horizontal length and r is the radius of the

circular hollow cylinder. Moreover, k is the thermal diffusivity constant.
The boundary and initial conditions are as follows

i) The initial condition

T(r,z,0) =0 fora<r<b and —0<z< 0o, (3.2)
il) The inner surface temperature on r = a satisfies
T(a,z,t) =0 for —o <z < o0, t>0. (3.3)

iii) The outer surface temperature on r = b satisfies
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T(b,z,t) = Tye ™ for0 <z < oo, t > 0; Tyand 1 > 0 are constants. (34)
iv) The heat flux on » = b is given by
T.(b,z,t) =0 for—o<z< 0,t>0. (3.5)

In solving the above system, we put T(r, zt) = e~ kty(r, 2), {kis the thermal

diffusivity, and p is constant} in equation (3.1) to get

urr + lur + uzz + .uzu = O (36)
A
T {b.z.)—0, T(b,z,t) = Tye ™,
> ;' z<0 z=0
z ] - - —)
T(a,zt) =0
v

Figure 3.1: Geometry of the problem
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3.2 Wiener-Hopf Equation

We define the Fourier transform in z and its corresponding inverse transform in a {if

exist} as:
Fl{u(z)} = ffooo u(z)e®dz = u*(a), (3.7)
FHu ()} = if_oomﬁ(a)e‘i‘xzda = u(z). (3.8)

We also give the half range Fourier transforms as

fooou(z)ei‘xzdx =u*,(a), (3.9)

f_ooo u(z)e'*dx = u*_(a). (3.10)
We use the Fourier transform and half-range functions of Fourier transform described in

chapter 2, and write

u(a) =u'y(a) + u_(a), (3.11)

u(a) =0(e**) as z » o and u(a) = 0(e*+?) asz - —oo. Thus u*,(a) is an analytic
function of « in the upper half-plane 7 > t_, while u*_(«) is an analytic function of « in
the lower half-plane T < 7, respectively. Thus, u*(a) defines an analytic function in the

common stript_ < 7 < 7, with t = Im(a) where a = o + it.
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Now, taking the Fourier transform in z of equation (3.6), we obtain
W+ Uty (0 = a?ut =0 (3.12)

Similarly taking the Fourier transform of the boundary conditions, we obtain

i) u*(a,a) =0, (3.13)
i) u*, (b, a) = l% (3.14)
i) u*_(b,a) = 0. (3.15)

Solution of equation (14) is given by

u*(r,a) = AJ,(wr) + B Yy(wr), (3.16)
where J,(wr) and Y,(wr) are Bessel functions of first and second kinds respectively.
Further, w(a) denotes the square-root function

w(a) = /u? — a2, (3.17)
which is defined in the complex a —plane, with cuts along &« = u to a = u + ico and
a = —utoa = —u—ioco such as w(0) = u (see [12]).

Thus, from the boundary condition given in equation (3.13) we obtain

AJo(wa) + B Yy(wa) = 0. (3.18)
Similarly from boundary conditions in equations (3.14) and (3.14) we get the following

respective equations

w_(b,a) + iai”m = A J,(wb) + B Yy(wbh), (3.19)
u* (b, a) = —w{A J;(wb) + B Y;(wb)}. (3.20)
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Therefore, solving for B from equation (3.18), as

B — _A ]O(Wa)’
Yo(wa)

and substituting it into equations (3.19) and (3.20) we get the following equations

w_(b,a) + i—= = —2—{Yy(wa)J,(wb) — Jo(wa)Y,(wb)}, (3.21)

a+il Yo(wa)

A
Yo(wa)

u*'+(b, a) = —w {Yo(wa) J;(wb) — Jo(wa)Y;(wh)}. (3.22)

Hence, from equations (3.21) and (3.22), we get the Winer-Hopf equation given in

Ty _ Ti(aba) .,

w_(b,a) + == (@b (b, a), (3.23)
where,

T,(a,b,a) = Yo(wa)/,(wb) — J,(wa)Y,(wb), (3.24a)
T,(a,b, @) = w{Jo(wa)Y;(wb) — Yo(wa) J;(wb)}. (3.24b)
For brevity sake, we write

-3t
that is,
M(a) = Ty(aba) _ Yo(wa)lo(wb)- Jo(wa)Yo(wb) (3.25)

T T(aba)  w{jowa)Y,(wh)—Yy(wa) J,(wh)}

3.3 Solution of the Wiener-Hopf Equation

To solve the Wiener-Hopf equation (3.23), we use the factorization theorem in chapter 2

over M(a) in equation (3.25) and factorize it into the product of M, (a) and M_(a) in
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such a way that M, («) is analytic in the upper half-plane 7 > 7_ and M_(a) analytic in

the lower half-plane T < 7, respectively given theoretically as

_ co+ic In M(Q)

M.(a) = exp {me wiiCZ’Td(}’ (3.26)
_ co+id In M({)

M_(a) = exp{-— "1 - d¢}. (3.27)

From equations (3.26) and (3.27), cand d are chosen within the analytic region
ofIn M({). Thatis,7_<c<t<d<T1,.

Thus, M (a) can be expressed using the infinite product factorization theorem [19] as

17 [a? + a?

where,
ﬁ { } {¥o(ua)o(ub) — Jo(ua)Yy(ub)}
no1 a) u{fo(ua)Y, (ub) — Yo(ﬂa)h(ﬂb)}
That is,
M(@) = Pl (5552) = ML (@M (@), (3:28)

where, +ia,, and *if, are the simple zeros of T;(a,b,a) and T,(a, b, @) respectively
for n = 1,2, ... Furthermore, the explicit functions of M, (a) and M_(«) are and given in

the Appendix I.
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Finally, equation (3.23) becomes

u*_(b,a) . Ty _ ot
M_(a) * l(a+i/1)M_(a) = M (a)u"s (b, a). (3.29)
In the same way, the mixed term i ——2— in equation (3.29) needs to be decomposed

(a+i)M_(a)
either by the observation or through the use of additive decomposition theorem given in
chapter 2, given by

. Ty . Ty . T
Yar DM (@) ‘M_(@) "M_(=ia)

Ty

M_(a)

T
M_(-id)

where, i

Is an analytic function in the lower half-plane, = < 7., while i

Is an analytic function in the upper half-plane, T > 7_, respectively. Thus, equation

(3.29) becomes

iTy _.Tb{l_ 1}+. Tph
@+iDM_(@) @ity \M_(a)  M_(=id) L et iOM_(=ia)

(3.30)

Thus, from equation (29), we obtain

ﬁ_(b,a) + ] Ty { 1 _ 1 } — Ty
M_(a) @i W@ Moy T ariM_(=id)

+ M, ()t} (b, ). (331)
As the left hand side of the equations (3.31) is analytic in the lower half-planer < 7,
while the right hand side is analytic in the upper half-pane, T > 7_, both sides are equal

in the common stript_ < t < 7,; we conclude that these define an entire function by

analytic continuation. Thus, by an extended form of Liouville’s theorem 2.4.3, this
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analytic function is constant taken to be zero by the asymptotic behavior of the left or

right hand side. Thus, we obtain our unknown functions as:

* — TbM_(Of) 1 _ 1
w_(ba) = —i (atid) {M_(a) M_(-m)}’ (3:32)
and

x ! . Tb
w' (b, a) = i (3.33)

(a+i)M_(—iY)M, (@)’

Equations (3.32) and (3.33) give the explicit expressions of the temperature distribution
and heat flux of the hollow cylinder under consideration respectively in the transformed
domain attached with M_(«a) and M, («); half-range analytic functions that are given in
the Appendix I.

Having determined the unknown functions of u*_(b,a) and u*,(b,a), we then

proceed to find the unknown constants of A and B in equation (3.16) as:

_ Yo(wa)u*, (b, ) 4B = Jowa)u*, (b, a)
~ T,(a,b,a) an T T,(a,b,a)

where,

T,(a, b, a) = w{J,(wa)Y;(wb) — Yy(wa) J,(wb)}.
We get the overall temperature distribution in the body from equations (3.16), (3.24) and
(3.33) as follows:

u* (b, a)

T(a b oy oWalo(wr) = Jo(wa)¥o(wr)}

u*(r,a) =
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Where, u*’, (b, @) is already determined in equation (3.33). The Fourier inverse transform
would now be taken to obtain the temperature u(r, z) and the flux u,.(r, z,) in the whole
body in a space variable respectively. Hence, on taking the Fourier inverse transform, we

get the overall temperature distribution in the body from equations follows:
1 .
u(r,z) = — j u*(r,a)e "% da.
21
That is,

iTp o Yo(wa)Jo(wr)— Jo(wa)Yo(wr) _inn da
2 M_(=id) V=  (a+iA)M,(a)T,(ab,a) '

u(r,z) = (3.34)

Substituting the values of M, (a) and T,(a, b, @) in equation (3.34) as expressed in the

Appendix I; we get

— iTp 00 Yowa)Jo(wr)— Jo(wa)Yy(wr) —iaz
u\r,z) = , , - da. 3.35
(r.2) 2mF Ty(abo)M_(—in) ~° @HiD [IRZfat+ian} IR {a—ifn} ¢ @ (335)

Evaluating the integral in equation (3.35) using the residue calculus together with
Jordan’s lemma; in which the integrand is having simple poles at « = —i4, —ia, and

i, forn =123, ..., we thus obtain;
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u(r z) = Ty Yowia)Jo(w;r) — Jowya)Yo(wyr) o1z
’ F% Tz(a, b, O)M_ (—i)l) l_[?10=1{_i/1 + ia'n} H?zo=1{_u - iﬂn}
+ i Yo (Wz a)]o (Wzr) —Jo (Wz a)Yo (Wzr) —ajz
j=1 (_iaj + i/l) H?lo=1,n¢j{_iaj + ian} H?zozl{_iaj - iﬂn}
_ i Yowza)Jo(wsr) — Jo(wsa)Yy(wsr) o Bz
= (iﬂj + i)l) [Tn=.{iB; + ian} H;.:=1,n¢j{i,3j - iﬂn} ’
(3.36)
where from equation(3.36), wy = \/u? + 2%, w, = /,uz +a and wy = /,12 + B2 for
j=123,...

Thus, the overall temperature distribution of the hollow cylinder under the assumption

made earlier that T(r, z, t) = e ***tu(r, z) is

T(r,z,t) =

VA

1

F2 T,(a, b, 0)M_(—iX)

Ty Yowia)Jo(wir) — Jo(wia)Yo(w,r) -
l_[;.zozl{_i/1 + ian} l_[?10=1{_i/1 - iﬂn}

—(X]'Z

+ i Yo(wpa)]o(wor) — Jo(wpa)Yo(w,r)
—~ (=i + i) TIZo g e iy + i@} T o {—ic; — B}

_ Z Yowsa)Jo(wsr) = Jo(wza)Yy(wsr) Bz g—teu?t
j=1 (ilBj + i/l) H?lo=1{i18j + ian} H?:l,nij{iﬂj - iﬂn} |

(3.37)
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3.4 Heat Flux on the Surface

In practical problems, we are more concerned about the heat flux rather than the

temperature distribution. Now, we define the heat flux by

ou(r,
q,(r,z,t) = —ke"‘“zfﬁ, (3.38)
ar
given that T(r, z,t) = e *#*ty(r, 2).
Now, on taking the Fourier transform in z of equation (3.38), we get
ou*(r,a
q;(r,a,t) = —ke"‘“zt%- (3.39)

Thus, substituting the heat flux obtained in equation (3.33) at r = b into equation

(3.39), we get

T
(b, a,t) = —ke k¥t > . 3.40
Now, taking the Fourier inverse transform ‘a’, we get
ke kHtiT, r e~laz
b,z t)=— da. 341
b2 =—onr Ty | @rm@ (341)
. . L . . . _ e (atian
Again, since M, () is given in the Appendix | as: M, (a) = F- Hn:l{a+iﬁ’ } where

+ia, and %ip,, are simple zeros of T, (a, b, ) and T,(a, b, a) respectively.
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Thus, equation (3.41) becomes

(oe] .
ke‘k“ztin 15, (a + iB,) et

(by z, t) = - = - - a.
" 2nF%M_ (—=id) ~% [lr=1(a + iay) (a +i2)

(3.42)

Finally, applying the residue theorem by enclosing the contour in the lower half-plane,
the contributions of the poles as « = —id and — ia,, for n = 1,2,3 ... give the overall heat

flux on the surface of the cylinder as

KT} [oo 1521 (iBn—iaj)e” “*

qr(b,z,t) = = J=1 (i) I o (i n—iy)

e Az ] —kﬂz ¢
—|e : 343
FZM_(—iA) M (=id) ( )
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CHAPTER FOUR
HEAT CONDUCTION IN A CIRCULAR CYLINDER

WITH GENERAL BOUNDARY CONDITIONS

4.0 Introduction

In chapter two, we introduced in details the Jones’ modification of the Wiener-Hopf
technique and there after used to solve a wave diffraction problem in two-dimension

subject to known mixed boundary conditions. There again, we determined the solution of
Uyy + Uy, +k*u=0in y >0, —00 < x < oo,

such that u represents the outgoing waves at infinity; also y = 0, the mixed conditions
were givenon u = 0,x > 0 and u,, = ik siné e~tkxcosb Eyrthermore, Nobel [19] stated
that the same problem can have generalized mixed boundary conditions, that is, ony =
0; u=f(x)for x>0 and u, = g(x)forx <0 respectively, where [f(x)|<

Cie™*asx — oo and |g(x)| < C,e™* as x —» —oo with C; and C, are constants.

However, in this chapter, we intend to study and solve the heat conduction problem in an
infinite circular solid cylinder with finite radius when subjected to general mixed
boundary conditions on its outer surface. The generalized mixed boundary conditions
present on both the half-plane surfaces of the cylinder allow the use of the Jones’

modification of the Wiener-Hopf technique based on the application of Fourier
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transforms. In this regard, the solution of the boundary value problem is aimed at
determining the temperature distribution and that of the heat flux of the problem under
consideration. Lastly, we determine an explicit analytical solution of the problem for

some special boundary conditions of interest.

4.1 Formulation of the Problem

We consider an infinite cylindrical rod of uniform cross section and finite radius r. The
cylinder is assumed to have the general mixed boundary conditions on the boundary; that
is, the temperature is given to by f(r,z,t) in —co < z < 0 while g(r, z, t) represents the
heat flux iIn0 <z < oo as shown in Figure 4.1. The temperature T in the cylinder

satisfies the governing equation
1 1 1
Trr +;Tr +T‘_2T99 +Tzz :ETt (4-1)

and further assume that the heat conduction is axially symmetry, so that equation (4.1)

becomes

1 1
Trr + ;Tr + Tzz = ETt (42)

where k is the thermal diffusivity, expressed as k = :—C with v thermal conductivity,

p density and ¢ specific heat constant all depending on the material. The initial and

boundary conditions are as follows
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(i) The initial condition

T(r,z,t) =0; att=0. 4.3)

(i) The temperature on z < 0O,

T(r,z,t)=f(r,z,t); —oo<z<0 0<rc<a. (4.4)

(iii) The heat flux on z > 0,

T,(r,z,t) = g(r,z,t); 0<z< o, 0<r<a (4.5)

(iv) The continuity condition at z = 0,

T*(r,z,t) =T (r,zt); at z = 0. (4.6)

In addition, the functions f(r,z,t ) and g(r,z,t) are assumed to be of exponential order

as |z| turns oo,
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T(a,zt) = f(a,zt) T.(a,zt) = glazt)

\_/ O \J

Figure 4.1: Geometry of the problem

4.2 Wiener-Hopf Equation

The Laplace transform in the time variable t and its inverse transform in s are defined {if

exist} by:
LT(0)} = f T(t)e-stdt = T(s) A7)
and
ico+h
_ 1 _
LT} = 5 f T(s)etds = T(t) (4.8)
—ico+h

In the same way, we define the Fourier transform in z and its corresponding inverse

Fourier transform in « {if exist} by:

0]

FT(2)} = f T(2)e%dz = T*(a) (4.9)

— 00
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and
1 |
FU (@)} = 5 f T*(a)e- % da = T(z) (4.10)

with ¢ = o + it.

Moreover, we also introduce the half range Fourier transforms as

[0¢]

f T(2)e“dz = T:(a) (4.11)
:nd

f T(z)e'**dz = T*(a) (4.12)
é: that,

(@) = Ti(a) + T*(a), (4.13)

T(z) = 0(e™?) as z » o and T(z) = 0(e™+?) as z » —oo. Thus T; () is an analytic function of
a in the upper half-plane 7 > 7_, while T*(a) is an analytic function of « in the lower half-plane
T < 1, respectively. Thus, T*(a) defined an analytic function in the common stript_ <7t <1,
with 7 = Im(a).

We now take the Laplace transform in t and Fourier transform in z of equation (4.2) to

get
Tt + ET; - (az + i) T* = 0. (4.14)
r k

The transformed boundary conditions are given by

(i) T*(r,a,0) =0, (4.15)
(i) T*(a,a,s) = f*(a,a,s), (4.16)
(i) T2 (a, @, s) = gi(a, a,s), (4.17)
(iv) T*(r,0,s) = Ti(r,0,5s). (4.18)
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Where T' is the differentiation of T with respect to z variable and later transformed to

« after taking the Fourier transform of T with respect to z. Hence, the solution of

equation (4.14) is given by

T*(r,a,s) = A(a)I,(qr) + B(a)K,(qr).

(4.19)

Where I,(gr) and K,(qr) are modified Bessel functions of first and second kinds

respectively, and g(a) = /az + % Furthermore, for the boundedness of our solution, we

obtain our solution from (4.19) as

T*(r,a,s) = A(a)I,(gr) forO0 <r < a.
Thus,

A (@)I,(qr), for—0o<z<O0

T(ras) = { Ay(@)I,(gr), for 0<zoo °

From boundary conditions (3.16) and (3.17) we get

Ti(a,a,s) + f*(a,a,s) = A (@)y(qa),
and

T—*,(av a’,S) + ,g_:.(a, a,S) = Az(a) a all(qa)l

Also, from continuity boundary condition in equation (4.18) at z = 0 we get

A (a) I, <\/§a> =A,(a) I, <\/§a> vr € [0, al.
Thus,

Ai(a) = Ay(a) = A(a).
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Thus, equations (4.22) and (4.23) become

Ti(a,a,s) + f(a,a,s) = Ala)ly(qa), (4.25)
and
T*'(a,a,s) + g:(a, a,s) = Ala)a a%. (4.26)

From equations (4.24) and (4.26), we get the Wiener-Hopf equation given by

(@) + gilaas) =2 Tiaas) + flaas) (4.27)
0

4.3 Solution of the Wiener-Hopf Equation

In equation (4.27), the mixed term

aal;(qa) _a J;(iqa)

=T
qlo(qa) i qJo(iqa)
is denoted by K(a). {Note that I,,(z) = i "/, (iz) as stated in chapter 1}.
We then factorize K(a) being a product of two meromorphic functions using

factorization theorem 2.4.2 as

_aa I,(qa)

K@) = T @

= K (a)K_(a) (4.28)

(see Mittra and Lee [18] and Nobel [19]). Where K, («) and K_(a) are analytic in the

upper and lower half planes respectively. The expression for K, (a) and K_(a) are given

in Appendix Il in equations D, and D, respectively. Thus, equation (4.27) becomes

T (a, a,s) . gi(a,a,s)
K_(a) K_(a)

Again, decomposing the mixed terms in equation (4.29) using additive decomposition

= K, (0)Ti(a, a,s) + K, (a)f>(a,a,s). (4.29)

theorem 2.4.1 we get as follows
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M) = EE 5D

where M, () and M_(a) are given to be

— K, (o)f(a,a,s) = M (a) + M_(a), (4.30)

1 et (gi(ad,s) . 1
M+((X) - ﬁj_m-ﬂc {T(()_ K+(€)f— (avzvs)}z__adzv (431)
and

1 =t (gia,d,s) _, 1
M—(a) — _ﬁj_m-ﬂd {T(() - K+(€)f— (avzvs)}z__adzv (432)

respectively, where ¢ and d are in the analytic region.
Thatis, 7_ < ¢ < Im(a) < d < 7,. Finally, equation (4.30) becomes

T'(a,a,s)
K ()

Equation (4.33) defines an entire function in the whole « — plane by analytic

+M_(a) = K, (a)T{(a,a,s) — M, (). (4.33)

continuation. In which the left hand side is analytic in the lower half-plane 7 < 7., while
the right hand side is analytic in the upper half plane = > z_ respectively. In addition,
both sides can be shown to be zero by the extended form of Liouville’s theorem 2.4.3
as a —» *oo,

Thus, our unknown functions are found to be:

= . M+(a’)
T+ (a, a,s) — m, (4-34)
and
T (a,a,s) = —M_(a)K_(a). (4.35)
We note that K_(a) and K, (a) are given by
. \/EL+(0-’)
K+(a) - WP+(0-’)’
_Va L(a)
K_ (a) = W a my

and their explicit details are given in Appendix Il in equations D, and D,, while M_(«)

and M, (a) are given by equations (4.31) and (4.32) in terms of known functions
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respectively. Equations (4.34) and (4.35) can be then used together with (4.25) and (4.26)

to determine the overall temperature distribution in the transformed domain as

Ti(a,a,s)+ f(a,a,s)
Iy(qa)

The inverse Laplace transform and the inversion Fourier transform can then be taken to

T*(r,a,s) =

Iy(qr).

obtain the temperature distribution T'(r, z, t) and the heat flux T,(r, z, t) respectively.
Hence, on taking these inversions we got the overall temperature distribution of the body

under consideration as follows:

o jco+h —
1 T (a,a,s)+ f*(a,a,s)
4m?i ] ] { I,(qa)

—o0 —jco+h

T(r,z,t) =

Io(qr)} eSte™ @ dsda.  (4.36)

4.4 Evaluation of the Temperature Distribution & Heat Flux

In Some Special Cases

Here, we intend to consider some boundary conditions specified on the outer surface of
the cylinder under consideration. That is, we consider a special case of transient heat
conduction, that is, the steady periodic heat conduction of the type
T(r,z,t) = T(r,z) e i@t

where w is the angular frequency. However, to determine the explicit analytical solutions
of the temperature distribution and the heat flux, we use the method of transforming a
transient heat conduction problem to a steady state problem suggested by Nobel [19].
That is, we transform the Laplace transform parameter s to iw in the above equations
(4.31), (4.32), (4.34) and (4.35) respectively and also in K_(a) and K,(a) functions
given in the Appendix Il respectively.
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4.4.1 Case |

In case I, we assume the boundary conditions of the type
T(r,z,t) =T, z<0 and T,(r,z,t)=0,z>0atr=a (4.37)

Transforming the boundary conditions after taking Laplace transform in t and Fourier

transform in z we get,

T*(a,a,s) = % and T*', (a, @,s) = 0, (4.38)
where T_ and T,' are the temperature distribution for z < 0 and is the heat flux for
z > 0 at r = a respectively, and the prime stands for the derivative with respect to z.
Here, we use the method by Nobel [19] of transforming s to iw in the equation (4.38),
that is, s & iw, we get

T*(a, @) = —Of—; and T;'(a,a) =0 (4.39)
So, on substituting the above transformed boundary conditions into equations (4.31) and
(4.32), we get

T, va (2 L)

R AN IR (4P X (o Rl (4.40)
and

oco+id
Mo(@) = — T, Va Ly (O (4.41)

2 Vi )10 TG — P

where, P,(3) = [Jo(i J%a) Mioa(1+25) and 1,() = h(iJ%a) M (1+ 5
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Thus, to evaluate the integrals in equations (4.40) and (4.41); we examine the simple
poles there present and make use of the complex residue calculus considering the
contours of integration closed in the upper half-plane by a semi-circle for both M_(«)
and M, () as evaluated below:

For M, (a); we have simple polesat { =0, = a and { = —ia,, = f8,, for P.({), where

Jom

2 ,
Ay = 1 (T) +% form=12,.. and j,,, are the zeros of Bessel function of first

kind of order zero (see Appendix Il11).
Hence, equation (4.40) is evaluated below after closing the contour in the upper half-

plane such that all the poles lie inside, {t_ < ¢ < d} as:

TValw— 4 L.(a) L.

M, (a) = =2 Z m_, L@ +(), (4.42)
Vi m=1a_'8m aP,(a) aP.(0)
—_ _L+(Bm)

where, 4,, = —ﬁ'mPi T

Similarly, for M_(a), we have simple poles at By, Bx+1,... kK < m. Where B,'s are
above the line —oo +id to oo + id as such those c < d < t,. Thus, equation (4.41) is

evaluated as:

TVax~ B
M_(a) = =2 k_ (4.43)
w\/f a— P
k=1
L+ (Br)
where B, = ————
ere Bi BiP+i(Bk)
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4.4.1.1 Evaluation of the Temperature Distribution

To determine the temperature distribution on the surface of the cylinder at r = a for
z > 0 having determined the explicit function of M, («) in equation (4.42); we get the

following formula from equation (4.34):

. _ M, (a)
Ty () = m,
where
. \/EL+(0-’)
K+(0-’) - WP+(0-’)

Thus, our transformed temperature for z > 0 from equations (4.34) and (4.42) and after

using the expression of K, (a) we obtain:

To

T (a,a) =—
w

i P, (a) 1 L,(0)P(a)
A (

Bl @ @ aP (O, (@) (4.44)

m=1

Now, to evaluate the temperature distribution for z > 0, in z-variable; we take the Fourier

inverse transform of equation (4.44) with respect to z as

_ L1 P.(a) 1 LOP) ]| .
riles) ‘Zﬁf_m[m;“m @Bl @ @ ah@L@|¢ o (49

Here, evaluation of equation (4.45) follows the same procedure applied to equations

(4.40) and (4.41), that is, via residue calculus.
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Equation (4.45) has simple polesat « =0, a = f,, for m=12,... and

a = —ia, = B, for L,(a), where a,, = i (h") +— forn=1,2,.. and

a

P = (]Om) + for m =12,... with j, ., and j; ,, are the zeros of Bessel function of

a
first kind of order zero and order one respectively.

So, from equation (4.45), we apply Jordan’s lemma 2.4.6 as follows:

For z > 0; we close the contour in the lower half-plane and since there is no pole in the
closed contour, then

T,(a,z) =0 forz>0. (4.46)
For z < 0; we close the contour in the upper half-plane, but in such a way that « =0

would lie in the upper half-plane (i.e. would be inside the semi-circle). Thus, we get

T.(a,z) =
T, . [xvoo P(B)) -ip;z Py (Bn) iz w _L(OP:(Bn) _ip Z}
= ' + _— n —_ — n
0" { j=1 [AJL N Lui=1n%) A (o)) € =15 b ()L} (Bn) !
for, z<O (4.47)
—L+(ﬁj)
where, A; = ———.
S BiPL(B))

Thus the overall temperature distribution is obtained by adding equations (4.46) and

(4.47) as
T,(a,z) =
P+(B}) —lﬁ' + Py (Bn) o~ iPnz Ly (0)P,(Br) _iﬁnz}
{ [ ’L+(ﬁ') P Lnzane 4 (Bn- B,)L+(ﬁn) ~ Zn- LB P (O, (B) ©

(4.48)
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Hence, to regain the time parameter in the temperature distribution, we get from our
earlier assumption that

T,(a,zt) =

P ey N BB
A; iz A; iBnz
J L+(ﬁ] Z ! (ﬁn - ﬁ])LI-I-(ﬁn) ¢

e —— |

R

j=1

i +(O)P (ﬁn —iﬁnz g lwt
P NNOTACS '

(4.49)
4.4.1.2 Evaluation of the Heat Flux

The heat flux of the cylinder on r = a for z < 0 is to be determined from equation (4.35)
given that the heat flux on z > 0 is zero from equation (4.37); as

T* (a,a) = —M_(a)K_(a),
where

_Va L (a)
k(@)= 7% @

Thus, we get the heat flux function in the transformed domain for z < 0 from equations

(4.37) and (4. 43) and also by the use of K_(a) function as:

T,ax~ B L
T (a,a) = —— Z k_ q2@ (4.50)
wl =1a - ,Bk P(a)

And on taking the Fourier inversion transform in z, we obtain:

, Toa 1 O.’L(a,) .
T"_(a,z) = - Z e '%da. 451
(a Z) wi 27'[1] k (a — Bk)P(a) * ( )
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So, we apply Jordan’s lemma 2.4.6 as follow to evaluate equation (4.51) as follows:

For z > 0, we close the contour in the lower half-plane with simple poles at a =

_IBmv

m =12, ... we obtain

0]

T* (a,z) =

BinL_(—Bm) Bz
{Z T (B + B)P (- ,Bm) fm2(,2>0 (4.52)

j=

Similarly, for z < 0, we close the contour in the upper half-plane with the simple poles at

a =P k=12,..weobtain

T* (a,z) = — L ZB B]L (ﬂ]) e iz 7 <0

453
w L) “°9

Thus, the overall heat flux for z < 0 is the summation of equations (4.52) and (4.53) as

! _ _M - B]L (,8]) —lﬁ’z S IBm L—(_,Bm) lﬁ'mZ
e Z{B EOMP I e e n i e

L+(Bj)
where B; = )
J o BiPL(B))

Also to regain the time variable from our assumption, equation (4.54) for heat flux is:

{B IBJL (18]) —lﬁ iz Z B. 'Bm L—(_'Bm) eiﬁ’mz]e—iwtl

T* (a,zt) =
(a Z t) & J P,(B]) ) ](ﬂm+B])P—,(_Bm)

(4.55)
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4.4.2 Case |l

We consider the boundary conditions of the type:
T(r,z,t) =T,e?” >0, z<0 and T,(r,z,t)=0,z>0atr =a. (4.56)
So, transforming the boundary conditions after taking Laplace transform in t and Fourier

transform in z we get,

To
is(a—ik)

T*(a,a,s) = and T*, (a, a,s) = 0, (4.57)

where T_and T, are the temperature distribution for z < 0 and the heat flux for z > 0
at r = a respectively, whereas the prime {'} stands for the derivative of T with respect
to z.

Here, we use the method by Nobel [19] of transforming s to iw in the equation (4.56),

that is, s & iw, we get

To
w(a—il)

T*(a,a) = — and T} (a, @) = 0. (4.58)

So, on substituting the above transformed boundary conditions into equations (4.31) and
(4.32), we get

T, Na [t L@

M) = et )i G D - DR (4:59)
and

co+id
P L) w50

20 Vi )i € —IDC - P 2
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Where P, (¢) = /Joaf D) [+ ) and 1,(0) = /h@f DI+ 5).

Thus, to evaluate the integrals in equations (4.59) and (4.60); we examine the simple
poles there present and make use of the complex residue calculus considering the
contours of integration.

For M, (a); we have simple poles at{ =iAd, { =a and { = —ia,, = B,, for P.({),

where a,, =i ("’a’”) + for m=12,..and j,,, are the zeros of Bessel function of

first kind of order zero.

Hence, equation (4.59) is evaluated using the method as in above as

TVa|w A L,(a L,(iA
M,(a) == Z =+ f( ) — f( ) — | (4.61)
wVi e a— Bm (a—i)P(a) (a—iA)P,(id)
_L+(ﬁm)
Where A (Bm_l/'l)P+(ﬁm)
Similarly for M_(a); we have simple poles at By, Bxi1,..» k < m. Where B,'s are
above the line —oo + id to oo + id as given in the above. Thus,
TNax~ B
M_(a) = ko (4.62)
wVi a — Py
k=1
where B, = —+F)

(Bk—i2)PL(Bk)
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4.4.2.1 Evaluation of the Temperature Distribution

To determine the temperature distribution on the surface of the cylinder at r = a for
z > 0 having determined the explicit function of M, () in equation (4.61); we got the

following formula from equation (4.34):

. . M+(a’)
Ty () = m,
where
. \/EL+(0-’)
=T @

Thus, our temperature equation in the transformed domain for z > 0 is derived from

equations (4.34) and (4.61) and indeed after using the expression of K, («) as follows

To

T;(a,a) =—
w

a — Bm)Li(a) T (a — )P, GA)L, (a) (4.63)

i P, (a) 1 L. AP, (a) ]
A ( .

m=1

Now, to evaluate the temperature distribution for z > 0, in z-variable; we take the Fourier

inverse transform of equation (4.63) with respect to z as

—_ &i © (oe) P+(Of) 1 _ L+(l'/1)P+(Of) —iaz
T.(a,z) = w 2m f—oo [Zm:lAm (a—Bm)L+ (@) Yo (a—iA)Py (iA) L () € da.

(4.64)
Here, evaluation of equation (4.64) follows the same procedure applied to equations
(4.59) and (4.60), that is, via residue calculus.

Equation (4.64) has simple polesat « = id, a = B,, for m=12,.. and
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a = —ia, = By, for L,(a), where a,, = i (h") +— forn=1,2,.. and

a

P = (]Om) +— form =12,.. with j,,, andj;,, the zeros of Bessel function of

a
first kind of order zero and order one respectively.

So, from equation (4.64), we apply Jordan’s lemma as follow: for z > O; we close the
contour in the lower half-plane and since there is no pole in the closed contour, then
T,(a,z) =0 forz > 0. (4.65)
For z < 0; we close the contour in the upper half-plane, but in such a way @ = i4 would

lie in the upper half-plane (i.e. would be inside the semi-circle). Thus, we get

T.(a,z) =
T, . [xvoo P(B)) ~ip;z Py (Bn) iz . Ly (iA)P4 (Bn) —ip Z}
ul 2] ; + — +vn/ nZ| — - n
! { j=1 [AJL N Lui=1n%) A (Gt ) © =1 i2)Py (DL (B) ©
for, z<O (4.66)
where 4; = +()

Thus, the overall temperature distribution is obtained by adding equations (4.65) and
(4. 66) as
T.(a,z) =

Ty . (so0 P(B)) ~ip;z Py (Bn) —ipnz| _ oo Ly (iA)Py (Bn) _iﬁnz}
wl{ Ay e + Y= A G ) © =118, Zi) Py )Ly (Br) ©
]

(4.67)
Hence, to regain the time parameter in the temperature distribution, we get from our

earlier assumption that
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[oe]

P.(B) > X |
N e R o
J

j=1 n=1n#j

i LDP(B) ol i
- - e n” e
8, — inP, ()L, (8,)

n=1

(4.68)

4.4.2.2 Evaluation of the Heat Flux

The heat flux for z < 0 at r = a as it is given to be zero on the other side by equation
(4.56) is to be determined from equation (4.35) given by

T* (a,a) = —M_(a)K_(a),
where,

_Va L (a)
k(@)= 7% @

Thus, we get the heat flux function in the transformed domain for z < 0 from equations

(4.57) and (4.62) and also by the use of K_(«) function as:

Toai B, L. (a)

- a .
Wi L@ — B P (a)

T* (a, @) = —

(4.69)

And on taking the Fourier inversion transform in z, we obtain:

Tal (v al_(«a .
T* (a,z) = — od ] ZB (a) e "*“da (4.70)
T®%k=1

wi 2mi “(a — B)P-(a)

So, we apply Jordan’s lemma to evaluate equation (4.70) as follows: for z > 0, we close

the contour in the lower half-plane with simple poles at « = —f,,,, m = 1,2, ... we obtain
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T* (a,z) =

Bul B
{Z TG+ BpP (B 270 &7

j=

Similarly, for z < 0, we close the contour in the upper half-plane with the simple poles at

a=pP k= . We obtain
T* (a,z) = — TZ)QZ B; ﬂ;aLr([(fﬂ)]) “hi7 2 <0 (4.72)
j=1 J

Thus, the overall heat flux for z < 0 is the summation of equations (4.71) and (4.72) as

T a~ B = B.L(—B.) .
! - _ 0 Bz _ _ m m i,z
T*_(a,z) ” ]El B,———*= ] ,- m;B] G+ ﬁ,-)P’_(—ﬁm)e 4.73)
L+(Bj)

where B; = ————,
I (Bj-iMPL(B))

Thus, to regain the time variable from our assumption, equation (4.73) for heat flux is:

T,a _ - _( B.) , ;
T*' (a,z,t) = — B, ————*= e 7 B, ehm? § g ~IOL,
‘“; -(8, mzl (B, +8) P (=B,

]

(4.74)

4.4.3 Case Il

In case 111, we consider the boundary conditions of the form:

T(r,z,t)=T,e " u>0, z<0and T,(r,z,t) =0, z>0 atr =a (4.75)

So, transforming the boundary conditions after taking Laplace transform in t and Fourier

transform in z we get,
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T*(a,a,s) = and T* (a, a, s) = (4.76)

( +u)
where T and T,' are the temperature distribution for z < 0 and is the heat flux for
z > 0 at r = a respectively, and the prime stands for the derivative with respect to z.

Here, we s to iw in the equation (4.76), so that:

T*(a,a) = — and T;}'(a, a) = 0. (4.77)

TO
a(w—ip)
So, on substituting the above transformed boundary conditions into equations (4.31) and

(4.32), we get

_ eHe L)
M@) = om (w—m)ff iR (4.78)
and
TO oco+id L (()
M_(a) = (4.79)

Zm(w—m)\/' lC =P

where P,() = /Joaf @) [oa(@+ 25) and L, (0) = /h@f DI+ 5).

Thus, to evaluate the integrals in equations (4.78) and (4.79); we examine the simple
poles as in above to evaluate M_(«a) and M, () as follows:

For M, (a); we have simple polesat { =0, = a and { = —ia,, = f8,, for P.({), where
Ay = 1 (]"a’”) +— form=12,.. and j,,, are the zeros of Bessel function of first

kind of order zero.

Hence, equation (4.78) is evaluated as:

63



TVa [ A L(x) L,
M+(a):0— Z m_ +(a) _ +(0) (4.80)
(0 —ipVi| L@ —Bn aP(@)  aP,(0)
—Ly(Bm)_
where, Ap, BmP+(Bm)
Similarly for M_(a); we have simple poles at By, Bx+1...» k < m. Where B,'s are
above the line —oo + id to oo + id as described above. Thus,
M_(a) = Z (4.81)
(w — l,u)\/— a— B
— LB
where B, = BePL B

4.4.3.1 Evaluation of the Temperature Distribution

To determine the temperature distribution on the surface of the cylinder at r = a for
z > 0 having determined the explicit function of M, () in equation (4.80); we got the

following formula from equation (4.34):

. . M+(a’)
Ty () = m,
where
Val,(a)
K. (a) = Vi P.(a)

Thus, our temperature equation the transformed domain for z > 0 is derived from

equations (4.34) and (4.80) and indeed after using the expression of K, («) as follows

Z A P+(a') 1 L+(O)P+(a’)

Ti(a,a) = m(a’—ﬂm)L+(a)+E_m I

(4.82)
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Now, to evaluate the temperature distribution for z > 0, in z-variable; we take the Fourier

inverse transform of equation (4.82) with respect to z as

T,(a,z) =

Py (a) 1 Ly (0)P, () —iaz
O lu)mf- 2714 ™ @ T a e oL@l € O (4.83)

Here, evaluation of equation (4.83) follows the same procedure applied to equations
(4.78) and (4.79), that is, via residue calculus.

Equation (4.83) has simple polesat « =0, a = f,, for m=12,... and

a = —ia, = By, for L,(a), where a,, = i (h") +— forn=1,2,.. and

a

P = (]Oam) +— form =12, .. with j,,, andj;,, the zeros of Bessel function of

first kind of order zero and order one respectively.
So, from equation (4.83), we apply Jordan’s lemma as follow: for z > O; we close the
contour in the lower half-plane and since there is no pole in the closed contour, then

T,(a,z) =0 forz > 0. (4.84)

For z < 0; we close the contour in the upper half-plane, but in such a way @ = 0 would

lie in the upper half-plane (i.e. would be inside the semi-circle). Thus, we get

T.(a,z) =

To  fxeo P(B)) -ip;z Py (Bn) iz w _L+(OP+Bn) __ip Z}
—_— —|— _— n J— g — n
(w—ip) { [A]L (B}) Zn Ln#j ] (Bn B})L+(Bn)e n=1 BnP+(O)L{|-(Bn)e ,
z <0, (4.85)

—L+(ﬁj)
where, A; = ———.
S BiPL(B))

65



Thus the overall temperature distribution is obtained by adding equations (4.84) and
(4.85) as

T+(a, z) =

To . [y Pr(B)) -ip;z P+(Bn) iz w0 _L+(OP+(Bn) _ _ip Z}
0 + — s nZ| — > s rng nzt
(w—is) { [AJL )¢ Ln=1n=j 45 (g BB & n=1g p (O (Bn)

(4.86)
Hence, to regain the time parameter in the temperature distribution, we get from our
earlier assumption that

T,(a,zt) =

(- w)‘ {2

j=1

P.(8;) o-1Bjz N ' P.(B,) gz
lA] Lo (5) —;# K (Bn = B)L B

i +(O)P+ (Bn e~ iPnz | p-iwt
VAYNXQOUATN

(4.87)

4.4.3.2 Evaluation of the Heat Flux

To determine the heat flux for z < 0 and r = a, as it is given to be zero on z > 0 by
equation (4.75); is to be determined from equation (4.35) given by

T* (a,a) = —M_(a)K_(a),
where

_Va L (a)
k(@)= 7% @

Thus, we get the heat flux equation in the transformed domain for z < O from equations

(4.77) and (4.81) and also by the use of K_(«) function as:
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, T, < B L(a)
T*_(a,a) = — . iy)i; a (4.88)

And on taking the Fourier inversion transform in z, we obtain:

T (a,2) = — ] Z § _ Y@ ierg, (4.89)
- lﬂ)lZT[l (a—,Bk)P(a)

So, we apply Jordan’s lemma as follow to evaluate equation (4.89) as follows: for z > 0O,
we close the contour in the lower half-plane with simple poles at « = —f,,, m = 1,2, ...

we obtain

0]

! _ Tra C _ IBmL_(_,Bm) iBmz
TN T, {mz i B+ BP0 (450

Similarly, for z < 0, we close the contour in the upper half-plane with the simple poles at

a =P k=12,..weobtain

Toa B. Bil-(B;) (8) e=ibiz

T =-0 P

<0 (4.91)

Thus, the overall heat flux for z < 0 is the summation of equations (4.90) and (4.91) as

vy T N[ BL-(B) g N g BmlCB)
ren= (‘”—i“),-:l{B’ P (5) D e
where, B; = Bj;gl(};ia)

Thus, to regain the time variable from our assumption, equation (4.92) for heat flux is:

, Toa BjL_ (ﬁ') _ BmL_(=B,)  ; _
T* t) = — 2 © )p. Pi=\Pj) ,—ifjz m lﬁ'mz} iwt
ez t)=-280 { i) € T Im=a By mas Es ety e

(4.93)
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CHAPTER FIVE

CONCLUSION AND RECOMMENDATIONS

5.1 CONCLUSION

In conclusion, we have first considered a mixed boundary value problem arising from
heat conduction of an infinite hollow circular cylinder and solved it using the Jone’s
modification of the Wiener-Hopf technique. The closed form solution of the temperature
distribution and that of heat flux on the surface of the cylinder are later used to evaluate
the overall temperature distribution of the body.

Further, in the later part, a mixed boundary value problem arising from heat conduction
in an infinite homogeneous solid cylinder has been considered and solved using the same
method. The boundary of the cylinder has been subjected to two different boundary
conditions (general mixed boundary conditions), that is, one part of the boundary is held
at a prescribed temperature while the heat flux is prescribed on the other part. The
solutions of the respective temperature distribution and that of heat flux in the half-ranges

of the cylinder have finally been obtained under some special cases of interest.
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5.2 RECOMMENDATIONS

This work can be extended by:

+ Including the angle dependence in the problem thereby dropping the assumption made

for axial symmetry.

s Considering the heat conduction in concentric/coaxial cylinders consisting of two

different materials. The interface conditions can be those of perfect contact with

mixed boundary conditions on the surface or imperfect contact resulting in mixed

conditions at the interface.
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APPENDICES

APPENDIX |
ey < B0 Yowa)jowb) — Jowatowh)
7@ b,a) ~ wllowa)Vs(wh) — Yo(wa) ,(wh)}
Where
Ty(@,b,@) = Yowa)Jo(wh) = Jo(wa)Y(wb), (A1)
Ty(a,b,@) = wijo(wa)Y; (wh) — Y,(wa) J;(wh)} (4,)

The infinite product representation [] of the above expressions are given below:

[In=a{a + io} [Inza{a — ian}

[0/0)
n=1%n

H?zozl{a + iﬂn} H?f:l{a - iﬂn}
H?lo=1 IBn I

T,(a,b,a) = T,(a, b,0)

T,(a,b,a) = T,(a,b,0)

Where *ia, and %ip,, are simple zeros of T, (a, b, @) and T,(a, b, ) respectively.

Thus,

(o) (=

with

74



0]

1 a+ia .
M,(a) = F2 ]_[{ } ¢ inmib=aHx(@) (B,)

n=1 a+ify
and
_ 1 ® ar—ia’n —i%{ —a}-x(@)
M= H{a g fe (B2)
where,
F= ﬁ {,8_,%} {Yo(ua)Jo(ub) — Jo(ua)Yy(ub)}
1 a? ) u{Jo(ua)Y, (ub) — Yy (ua) j;(ub)}
and

y(a) = i%[l —C+ In(bz_ﬂa> + lg]

where C is the Euler’s Constant given by 0.57721 ...
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APPENDIX 11

Recall that from equation (4.28),

K(a) = M _ ga{ll(iqa)}{ 1 } _a L) _a L) L_(a)’
iqloiqa) i q Joliga)) i P(a) i Py(a) P-(a)
thus,
K(a) = K, () K_().
with

L(a) = % and P(a) = J,(iqa).

For L(a) = ]—1(;%):

J,(iqa)
q

is an even function of a that has no branch points or poles, but does have zeros

when J;(iqa) = 0,q # 0. The small zeros j; , of J;(z) are tabulated in Abramowitz

and Stegun [1]. Now,

L(a) = Ly(a)L_(a), (A1)

where L(a) is given below using infinite product theorem [];

ixa

. Jol 't “a i
] ( (‘/; ) o == 0o Py
IOEETEE e TR | e e T (42)

s iay,
L
. 2 ]
Where and a,, = =i /(th) + i%, for n = 1,2,3, ...are the simple zeros of @ given
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L(a) = [Tl + 5 F e X (45)
L(a) = R L (42)
where

()_,aa[l C+l (2n>+,n]
&=t "ka) " 12)

with C is the Euler’s Constant given by 0.57721 ...

For P(a) = J,(iqa):

Jo(iga) is an even function of « that has no branch points or poles, but does have zeros
when J,(iga) = 0. The small zeros j,,, of Jo(z) are tabulated in Abramowitz and
Stegun [1] too.

P(a) = P.(a)P_(a), (B1)

ixa

P(@) = Jo(iqa) = Jo (i [2a) TEesfl = 2} e Tnr [Tn{l + S enr (B2)

N2
where a,, = i [(22%) +i2 form = 1,2,3, ...are the simple zeros of J,(iga).
a k

&
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Thus,

P.(a) = / Io (i \/% a) Menfl + ) emr.

Py = 1|lo (i\/%a) H?Z=1{1 —é}e_ﬁ.

Thus, from appendices (A4) and (B) above; we obtain

_aaji(iga) _a Li(a) L_(a) _
K@) = Tt~ 1% p@ o (@ K- (@),

where,
a]1<i\/§a> e a )
n= {1+‘_} laafl 1
K+(a) = = ! laan en (n m) X(a),
S s Hm=1{1+?}

aj (i ia) o _a. e
K_(a) _ 1 \/; a[lp=.{1 i“n}e_T(%_%)_X(“).

s s H‘??L: {1_%}
i[5 ]0<i \/;a> 1
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The n-th roots of Jo(z) =0

APPENDIX I

Roots of Bessel functions

The n-th roots of J,(z)

n Root J,(2) n Root J,(2)
1 2.40482555769577 1 3.8317059702075
2 5.52007811028631 2 7.0155866698156
3 8.65372791291101 3 10.1734681350627
4 11.7915344390142 4 13.3236919363142
5} 14.9309177084877 5 16.4706300508776
The n-th roots of Y4(z) =0 The n-th roots of ¥,(z)
n Root Y, (z) n Root Y,(z)
1 0.8935769662791 1 2.1971413260310
2 3.9576784193148 2 5.4296810407941
3 | 7.0860510603017 3 8.5960058683311
4 10.2223450434964 | 4 11.7491548308398
5 13.3610974738727 |5 14.8974421283367
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