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ABSTRACT 

 

Full Name : Imil Hamda Imran 

Thesis Title : Cooperative Control of Heterogeneous Systems Based on Immersion 

and Invariance Adaptive Control    

Major Field : Systems Engineering 

Date of Degree : May, 2015 

 

This thesis deals with adaptive cooperative control of heterogeneous systems moving 

together in a given formation. In this study, we consider the formation of nonholonomic 

mobile robots and quadrotor UAV. The controller is designed based on the I&I adaptive 

approach. I&I  adaptive is a framework for adaptive stabilization of nonlinear systems with 

uncertain parameters. 

We investigate the tracking control of heterogeneous system robots with uncertainties in 

the dynamics.  I&I adaptive control regulates the position of both the nonholonomic mobile 

robot and quadrotor UAV. The results demonstrate that the I&I adaptive cooperative 

control to track the desired path in particular formation. We compare performance of I&I 

adaptive with L1 adaptive controller. The simulation results show that the I&I adaptive is 

better to generate the heterogeneous robots to follow the desired formation. 

We also develop cooperative control of nonholonomic mobile robots based on neuro I&I 

adaptive, where Neural Network (NN) generates the nonlinearity of dynamics and I&I 

computes the adaptation weight of NN. We compare the effectiveness of neuro I&I with 

I&I and L1 adaptive controllers. In simulation, all of the control strategies are able to follow 

the desired formation. 
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CHAPTER 1  

INTRODUCTION  

1.1 Motivation  

 

Autonomous mobile robots and quadrotor Unmanned Aerial Vehicle (UAV) have acquired 

the attention of many researchers all around the world. We can find the mobile robots and 

quadrotors being employed in home, industry, military, entertainment, and security 

applications. The mobile robot is integrated with camera, sensor, actuator, and weaponry 

to achieve the desired target. 

The research present here is mainly focused on nonholonomic type of mobile robots. The 

researchers from various research institutions and companies are working on the 

development of nonholonomic mobile robots in order to increase its accuracy, precision, 

repeatability and overcome its limitations. In the field of control of nonholonomic mobile 

robots, many researchers are working on problems related to trajectory tracking control 

pertaining to its position and velocity. They proposed many control strategies in order to 

make these devices more advanced, automatic, and intelligent. Also, there is intensive 

research dedicated to improve the existing control strategies. The initial literature review 

of nonholonomic mobile robot control is discussed in section 1.2.1. 

Quadrotor UAVs are special type of aerial vehicle without any direct contact with human 

operating both autonomously and remotely. These UAVs are used in applications to 
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minimalize the risk of human life such as working in hazardous environment, military 

surveillances and deep sea explorations. Quadrotor UAV is integrated with sensors, 

actuators, cameras and various other equipment depending on the type of applications. For 

example, in military surveillance purpose UAV is integrated with sensors and cameras, 

which help to track the target and make them to take appropriate action. 

Many researchers are investigating different control strategies in order to control quadrotor 

UAV more efficiently. They have worked with regard to overcome the control limitations, 

thus solve the control issue and making the quadrotor UAV operates more autonomously 

and smoothly. A brief literature review on quadrotor UAV control can be seen in section 

1.2.2. 

Formation control techniques, which are used to control multi-robots, have attracted many 

researchers in recent years. The advantage of this control technique is that one can design 

independent controllers for every agent of the multi-agent system. The estimation of robot 

parameters such as position and velocity play an important part in designing any controller. 

In this thesis, the design of adaptive cooperative control for nonholonomic mobile robot 

and quadrotor UAV based on I&I is proposed. The nonholonomic mobile robot and 

quadrotor UAV are commanded to follow a certain path while maintaining a particular 

formation. Thus, the multi-robot will move together and keep the desired formation with 

each other based on potential fields-based control. In potential field control, the center 

potential attracts each agent to the center while the inter-agent potential repulses two 

neighboring agents to avoid collision. We compare the effectiveness of I&I with L1 adaptive 

controllers for formation control of heterogeneous systems. 
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We also propose a neural-network-based I&I  adaptive controller for formation control of 

nonholonomic mobile robots. Neuro-I&I adaptive is a framework for adaptive stabilization 

of nonlinear systems with uncertain parameters. Neural Network (NN) generates the 

nonlinearity of dynamics and I&I computes the adaptation weight of NN. Then we compare 

the effectiveness of neuro I&I with I&I and L1 adaptive controllers. 

 

1.2 Literature Review 

 

1.2.1 Feedback Control of Nonholonomic Mobile Robot 

 

Research on mobile robot has seen a rapid increase in recent times. Researchers previously 

have worked to control the trajectory tracking of mobile robots which is one of the main 

issues in the real applications. Both the kinematic mobile robot and dynamic controller 

have to be considered in designing an appropriate controller. Adaptive control and 

Lyapunov stability theory are techniques used to control the nonholonomic mobile robot 

[3]. 

Two-wheeled mobile robot tracking control having more inputs than outputs was discussed 

in [4]. The inverse of the decoupling matrix in the input-output linearization did not exist 

when the number of inputs is not equal to the outputs. Hence, a modified input-output 

linearization technique is designed, a generalized inverse is used to solve it. 

NN controllers possess a fast learning convergence and simple algorithm for tracking the 

trajectory of mobile robot was developed in [5]. The integration of a kinematic control and 

a torque control using a NN for nonholonomic mobile robot was developed in [9]. They 
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proposed backstepping for kinematic control and Lyapunov theory to guarantee the 

stability. Their algorithm applied for tracking the trajectory, path following and 

stabilization. 

Cascaded controllers proposed in [6] to track the trajectory of nonholonomic mobile robot. 

The tracking controller uses two cascades in this case. The first fuzzy controller produces 

a variable presenting the path curvature and one input of the second fuzzy controller. 

Adaptive Neuro Fuzzy Inference System (ANFIS) is proposed as the second stage 

controller to track the desired path of mobile robots. 

Adaptive control to track the desired trajectory of a wheeled nonholonomic mobile robot 

(WMR) with unknown dynamics and parameters applied in [7]. They design the robust 

backstepping based on NNs without considering the previous knowledge of the dynamics. 

The gains of kinematic controller designed to enhance tracking characteristics and 

minimize the velocity error. 

An adaptive tracking controller approach with output feedback is designed in [8] to 

minimize that the tracking errors of a nonholonomic mobile robot. They proposed a new 

adaptive control scheme to determine the linear and angular velocities respectively to 

overcome system parameters which are not known and also a quadratic term of 

immeasurable states in the mobile robot dynamic system and couplings. Adaptive tracking 

controller was developed in [2] using the adaptive backstepping approach for the 

integration of kinematic and torque controller with unknown parameters exists for a 

nonholonomic mobile robot. A sliding-mode control was proposed in [11] for mobile 

robots in two-dimensional polar coordinates. The integration of kinematic control and 

tracking trajectory is applied in [12] based on adaptive fuzzy for nonholonomic mobile 
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robot. Neuron-based adaptive controller presented in [13] for trajectory tracking of 

nonholonomic mobile robot without velocity measurement. 

A controller using nonlinear PID-based analog NNs was developed in [14] to follow the 

desired path of nonholonomic mobile robot and cover nonlinearity uncertainties and 

disturbance issues. An adaptive robust tracking controller using modified feedback 

linearization proposed in [17] for trajectory tracking for mobile robots with parametric and 

nonparametric uncertainties. 

Backstepping-like feedback linearization applied a cascaded kinematic and dynamic 

linearization of wheeled mobile robots for tracking control in [15]. Two controllers using 

backstepping based on kinematic model was designed in [16] separately for tracking 

control of nonholonomic mobile robot. Lyapunov theory applied to guarantee the stability 

and adaptive robust method proposed in [18] for trajectory tracking control of electrically 

driven wheeled mobile robots with uncertainties parameter. 

 

1.2.2 Feedback Control of Quadrotor UAV 

 

The output feedback controller was designed in [19] via Lyapunov theory analysis for 

tracking control of nonlinear small-scale UAVs quadrotor which only position and angles 

are measurable. Sliding mode control based on feedback linearization compared with 

sliding mode based on backstepping for tracking control presented in [20] which chatting 

phenomenon occurred in sliding mode control and complex Lyapunov function was not 

required according to backstepping method. Feedback linearization controller and adaptive 

sliding mode controller were proposed in [22] for nonlinear quadrotor helicopter. The 
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sliding mode controller is able to control the system under noisy condition and estimate 

uncertainty effectively. In [26] backstepping was implemented for UAVs to track the 

trajectory consisting of translational dynamics and attitude kinematics. The experiment in 

real indoor quadrotor that showed the result verifies the validity proposed theory. 

NN based output feedback controller applied in [21] a quadrotor UAV with uncertain 

nonlinear terms like aerodynamic friction and blade flapping. NNs and output feedback 

were developed in [23] to control the nonlinear quadrotor UAV. They applied NNs to learn 

the complete dynamic of UAV online including uncertain nonlinear part. NN virtual 

control allowed four control inputs to control 6 DOF. The output feedback control scheme 

is applied to control the presence of unknown nonlinear dynamics and disturbances of 

UAV. 

Time varying adaptive controller proposed in [24] for an underactuated quadrotor UAV 

with uncertainties associated with mass, inertia matrix, and aerodynamic damping 

coefficients. They used Lyapunov theory to track the error of position and yaw rotation. 

Direct and indirect Model Reference Adaptive Control (MRAC) was developed in [25] to 

track the desired trajectory of low cost quadrotor UAV. The adaptive controller is able to 

increase the robustness to uncertainties parameter and mitigate the effects of a loss-of-

thrust anomaly effectively. 

 

1.2.3 Cooperative Control 

 

Feedback linearization to control multiple robot moving together was developed in [27] 

around an obstacle in a formation based on the leader - follower approach. The information 
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of local sensor is used to stabilize the distance and orientation of followers. They showed 

that controller is able to control arbitrarily large numbers of robots which move together in 

general type formation. 

A framework was developed [28] for trajectory control of the multiple nonholonomic 

mobile robots moving together with range sensors. Lyapunov theory applied to find the 

stability condition of closed-loop hybrid system. Their framework allowed the system 

switch automatically between continuous-state control laws to achieve a desired trajectory. 

The synthesis of controllers was addressed in [30] for large groups of robots and sensors. 

They proposed controllers allowed robots to centralize curve S as trajectory with consider 

weighted sums of radial basis functions which give a high degree of control. 

A framework was developed in [29] for cooperative control of robots. The controller and 

planner derived based on potential field that give benefit for complex group inter-action. 

They showed the cooperative control based on potential filed successfully in many cases 

without showing the sensitivity to parameters. The framework to control multiple 

nonholonomic mobile robots moving together in leader-follower formation was developed 

in [32]. They applied backstepping to accommodate the dynamics of the robot the 

formation in contrast with kinematic-based formation controllers. Lyapunov theory was 

used to guarantee the stability of nonholonomic mobile robots. 

Decentralized controllers were developed in [31] for a group robot to follow the desired 

two-dimensional (2D) geometric pattern. The information on range sensors was used to 

allow robot to keep the distance from each other. Decentralized controller to control the 

formation mobile robot was developed in [33]. The artificial potential fields were used to 
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obtain the formations. Lyapunov theory applied to find the asymptotic stability of the 

system. Experiment result successfully verified to validate the theory. 

 

1.3 Problem Formulation and Objective  

 

Based on the initial literature review, we consider the objective of this thesis as mentioned 

below 

1. To develop potential field based formation for heterogeneous systems, in this study 

we consider the formation of nonholonomic mobile robot and quadrotor UAV. 

2. To design adaptive cooperative control based on I&I method for the above 

heterogeneous systems and compare it with L1 adaptive cooperative control. 

 

1.4 Thesis Organization 

 

In order to achieve the objective mentioned in the previous section, we design the structure 

of the thesis as following 

¶ Chapter 1, Introduction. Contains motivation, literature review, problem 

formulation and objectives. 

¶ Chapter 2, Preliminary. Contains dynamics of nonholonomic mobile robot, 

dynamics of quadrotor UAV, Nonlinear control approach: L1 adaptive control 

methodology, I&I adaptive control methodology. 
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¶ Chapter 3, Adaptive Control Design. Contains adaptive control of nonholonomic 

mobile robot and quadrotor UAV based on I&I and L1 in case of presence of 

parameter uncertainty on the dynamics, Cooperative control based on neuro I&I for 

nonholonomic mobile robots.  

¶ Chapter 4, Cooperative Control Design. Contains design cooperative control for 

heterogeneous systems based on potential field.  

¶ Chapter 5, Simulation Results. The simulation conducts to validate the I&I and L1 

adaptive control performance for cooperative control of heterogeneous systems. 

¶ Chapter 6, Conclusion. Concludes all the work in the thesis and suggestion for 

possible extension in future work. 
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CHAPTER 2  

PRELIMINARY  

2.1 Introduction  

 

This chapter presents the modeling of nonholonomic mobile robots and quadrotor UAV. 

Firstly, we introduce basic concepts of nonholonomic mobile robots and quadrotor UAV, 

followed by physical parameter used in that dynamical systems. We also study the basic 

idea about I&I and L1 adaptive control methodology. 

 

2.2 Dynamics of nonholonomic mobile robot 

 

In this study, we use nonholonomic mobile robot, which is defined in [1][2][40]. The 

mobile robot which have 2-dimensional coordination space system are subjected to 

constraints which are described in general coordinates as given by 

ὓήή ὠ ήȟήή Ὂή Ὃή † ὄή† ὃ ή‗ (2.1) 

where 

ὓ ήד    : Symmetric PD inertia matrix 

ὠ ήȟήד  : Centripetal and corioles matrix 
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Ὂήד   : Surface friction 

Ὃήד   : Gravitational vector 

ד†   : Unknown disturbance 

ὄήד   : Input transformation matrix 

ד†   : Input vector 

ὃ ήד   : matrix associated with constraints 

ד‗   : Constraint forces vector 

All kinematic equality constraints are considered not to be time-dependent 

ὃήÑ π (2.2) 

ὃή is a full rank matrix of a set of smooth and linearly independent vector fields in null 

space, 

Ὓ ήὃ ή π (2.3) 

Vector time function ὺὸד  can be found by considering (2.2) and (2.3), 

Ñ Ὓήὺὸ (2.4) 

where  

Ὓή
ÃÏÓ— ὨÓÉÎ—
ÓÉÎ— ὨÃÏÓ—
π ρ

 
(2.5) 



12 

 

ὺ
‡


‡
‡  (2.6) 

 

Figure 2.1 A nonholonomic car-like mobile robot. [1] 

 

Figure 2.1 shows the position of nonholonomic mobile robot in an inertial Cartesian frame 

ὕȟὢȟὣ which is presented by the vector ή ὼȟώȟ— . Ὓή is the transformation matrix 

which transforms the velocities of the vehicle coordinates óὺô to Cartesian coordinates 

velocities ή. 

Now the system (2.1) transforms and become appropriate for control consideration with 

differentiating (2.4) and substituting it into (2.1).  The resulting equation is multiplied by 

Ὓ. The final equations of motion of the nonholonomic mobile robot will be given 

ὛὓὛὺ Ὓ ὓὛ ὠὛὺ Ὂ †Ӷ Ὓὄ† (2.7) 

where ὺὸד  is a vector of the velocity. Equation (2.7) can be written as 

ὓήὺ ὠ ήȟήὺ Ὂὺ †Ӷ ὄ† (2.8) 

†Ӷ ὄ† (2.9) 
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where, 

ὓ ήד    : Symmetric PD inertia matrix 

ὠ ήȟήד  : Centripetal and corioles matrix 

Ὂήד   : Surface friction 

†Ӷ   : Unknown disturbance 

†Ӷד    : Input transformation matrix 

The matrices defining the dynamics of nonholonomic mobile robot with mass ά based on 

figure 1 are presented in (2.1) where, 

ὓή
ά π άὨÓÉÎ—
π ά άὨÃÏÓ—

άὨÓÉÎ— άὨÃÏÓ— Ὅ
 

(2.10) 

ὠ ήȟή

ụ
Ụ
Ụ
ợ π

ὶ

ςὙ
άὨ—

ὶ

ςὙ
άὨ— π Ứ

ủ
ủ
Ủ

 

(2.11) 

Ὃή π (2.12) 

ὄή
ρ

ὶ

ÃÏÓ— ÃÏÓ—
ÓÉÎ— ÓÉÎ—
Ὑ Ὑ

 
(2.13) 

†
†
†  (2.14) 

Table 2.1 shows the parameters of nonholonomic mobile robots used in this thesis. 
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Table 2.1. The vehicle parameters 

Parameter Value Unit 

ά ρπ ὯὫ 

Ὅ υ ὯὫά  

Ὑ πȢυ ά 

ὶ πȢπυ ά 

Ὠ πȢψ ά 

 

where  

Ὅ Ὅ ɝὍ (2.15) 

where Ὅ is the initial value of inertia and  ɝὍ changes in the value of inertia when the robot 

moves. 

 

2.3 Dynamics of Quadrotor UAV  

 

In this study, we use Quadrotor UAV, which is defined in [38][39][41]. The motions of 

quadrotor UAV are related to the translational and rotational motions. In translational 

motions, quadrotor UAV is able to move forward/backward, lateral, and vertical. In 

rotational motions quadrotor UAV has roll, pitch, and yaw motions. The quadrotor UAV 
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has four propellers as basic movements. The four possible basic movements of the 

quadrotor UAV includes throttle ό, roll † , pitch † , and yaw † .  

The motion of Quadrotor UAV in 6-DOF consider two coordinate frames. The position 

and orientation are expressed with respect to the inertial frame and both linear and angular 

velocities are described with respect to the body frame. Figure 2.2 shows two coordinate 

frames of quadrotor UAV. 

 

 Figure 2.2 Body-fixed and earth reference frame. [41] 

 

The 6 DOF motion of a quadrotor UAV is expressed as  

– – ȟ–         – ὼȟώȟᾀ        – ‰ȟ—ȟ  

‡ ‡ ȟ‡         ‡ όȟὺȟύ        ‡ ὴȟήȟὶ  

(2.16) 
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where – is composed of the position vector. v is the velocity vector, ‡ is linear velocity 

and ‡ is angular velocity. The inertial frame and the body frame have the dynamic 

coupling which is given by a velocity transformation. 

– ὐ– ‡             – ὐ – – (2.17) 

where the transformation matrix ὐ– , Ὥ ρȟς are functions of the Euler angles. The 

transformation matrix which relate the translational velocity in the body frame to the 

inertial frame is given by  

ὐ–

ὧέίὧέί—ὧέίὧέί‰ὧέίίὭὲ—ίὭὲ‰ίὭὲίὭὲ‰ὧέίὧέί—ίὭὲ‰
ίὭὲὧέί—ὧέίὧέί‰ὧέίίὭὲ—ίὭὲ‰ὧέίίὭὲ‰ίὭὲὧέί‰ίὭὲ—
ίὭὲ— ὧέί—ίὭὲ‰ ὧέί‰ὧέί—

 
(2.18) 

Lagrangian for the generalized coordinate is presented by  

ὒήȟή Ὕ Ὕ Ὗ
ρ

ς
ά– –

ρ

ς
ά– – άὫᾀ 

(2.19) 

where Ὕ  is the kinetic energy for the translational motion, Ὕ  is the kinetic energy of 

the orientation, Ὗ is potential energy and Ὅ is  

Ὅ ὐ Ὅὐ ,            Ὅ

Ὅ π π
π Ὅ π

π π Ὅ
 

(2.20) 

where † is the torque responsible for the rotational motion. The drag terms are represented 

by notations Ὧ for the rotational drag, and Ὧ for the translational drag. 

The translational dynamics of the quadrotor UAV is expressed as 
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– Ὣᾀ ὐ–
ό

ά
ᾀ

Ὧ

ά
– 

(2.21) 

where † is the torque for rotational movements, Ὧ is for the rotational drag, and Ὧ is for 

the translational drag, ᾀ πȟπȟρ and  ό Ὢ Ὢ Ὢ Ὢ. Ὢôs are the upward lifting 

forces computed and are given by Ὢ Ὧɱ . The rotational motion of the quadrotor UAV 

on the body frame is given by 

‡ Ὅ ‡ Ὅ‡ Ὅ‡ ᾀ ɱ Ὧ‡ † (2.22) 

where Ὅ is the total inertia of the quadrotor UAV, Ὅ is the propeller inertia,  represents 

the vector cross product, Ὧ is the rotational drag coefficient, and ɱ ɱ ɱ ɱ

ɱ . The force and torques acting around the body is given by  

†
ό

†
†
†
ό

π
ὰ
Ὠ
ρ

    

ὰ
π
Ὠ
ρ

    

π
ὰ
Ὠ
ρ

    

ὰ
π
Ὠ
ρ

Ὢ
Ὢ
Ὢ
Ὢ

 

(2.23) 

where ὰ is the distance from the motor to the center of mass, and d is the ratio between drag 

and thrust coefficient of the blade. Table  2.2 shows the parameters of quadrotor UAV used 

in this thesis, these parameters are obtained in [10][41]. 
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Table 2.2. The quadrotor UAV parameters 

Mass ά πȢυς ὯὫ 

Gravity Acceleration Ὣ ωȢψ άȾί 

Translational Drag Coofficient Ὧ πȢωυ 

Rotational Drag Coofficient Ὧ πȢρπυ 

Ratio Between Drag and Thrust Coofficient  Ὠ χȢυὩ  ὯὫά  

Inertia Coofficient on ὼ-axis Ὅ πȢππφω ὯὫά  

Inertia Coofficient on ώ-axis Ὅ πȢππφω ὯὫά  

Inertia Coofficient on ᾀ-axis Ὅ πȢπρςω ὯὫά  

Arm Length ὒ πȢςπυ ά 

Propoller Inertia Ὑ σȢσφὩ ὯὫά  

 

2.4 Nonlinear Control Theory 

 

2.4.1 Immersion and Invariance Adaptive Control 

 

Research related to I&I have been developed in recent years, I&I control developed for 

underactuated cart-pendulum system [34], for quadrotor UAV [41], antagonistic joint with 

nonlinear mechanical stiffness [35] and stabilization of a synchronous generator with a 



19 

 

controllable series capacitor [36]. The I&I adaptive control of nonlinear systems introduce 

in [37]. 

Letôs consider the system structure 

ὼ Ὢὼ Ὃό (2.24) 

where ὼɴ ᴙ  is the state of the system and όᶰᴙ  is the control of the system with an 

equilibrium point ὼzᶰᴙ  to be stabilized. We assume find rhe mapping with ὴ ὲ 

ȡᴙ ᴼᴙ         “ȡᴙ ᴼᴙ  

ὧȡᴙ ᴼᴙ         ‰ȡᴙ ᴼᴙ  

ȡᴙ ᴼᴙ  

(2.25) 

such that the following manifold. 

The target system 

‚ ‚ (2.26) 

where ‚ɴ ᴙ  is the state with asymptotically stable equilibrium at ‚zᶰᴙ  and ὼz

“‚z . 

The immersion condition for all ‚ɴ ᴙ  define in (2.27) 

Ὢ“‚ Ὣ“‚ ὧ“‚
“

‚
‚ 

(2.27) 

and the set identity of implicit manifold 

ὼɴ ᴙȿ‰ὼ π ὼɴ ᴙȿὼ “‚  Ὢέὶ ίέάὩ ‚ɴ ᴙ   (2.28) 

holds 

All trajectories of the system can be defined as 
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ᾀ
‰

ὼ
Ὢὼ Ὣὼὼȟᾀ  

(2.29) 

and  

ὼ Ὢὼ Ὣὼὼȟᾀ (2.30) 

are bounded and satisfy ÌÉÍ
ᴼ
ᾀὸ π.  

Then ὼz is an asymptotically equilibrium of the closed loop system 

ὼ Ὢὼ Ὣὼὼȟὼ  (2.31) 

  

2.4.2 L1 Adaptive Control  

 

L1 adaptive control method was developed in [42] with robustness and fast adaptation. 

This control strategy applied in various mechanical systems such as aeroplane needed very 

high accuracy. We describe the L1 adaptive control methodology in this part. 

Consider the control structure of the systems 

όὸ ό ὸ ό ὸ            ό ὸ Ὧ ὼὸ (2.32) 

where ό ὸ is adaptive control input and  Ὧ ᶰᴙ  renders ὃ ḯὃ ὦὯ  Hurwitz. 

The state feedback Ὧ  leads to the partial closed loop system 

ὼὸ ὃ ὼὸ ὦ—ὼὸ ό ὸ  

ὼπ ὼ                ώὸ ὧὼὸ 

(2.33) 
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We consider state predictor as linearly parameterized system 

ὼὸ ὃ ὼὸ ὦ—ὼὸ ό ὸ  

ὼπ ὼ                ώὸ ὧὼὸ 

(2.34) 

where  ὼὸᶰᴙ  is state of the predictor and  —ὸᶰᴙ  is estimation of —. 

Equation (2.35) express projection-type of adaptation law 

—ὸ ɜὖὶέὮ—ὸȟὼ ὸὖὦὼὸ ȟ         —π — ὸᶰɡ (2.35) 

where the state predictor error is equal to ὼὸḯὼὸ ὼὸ,ɜɴ ᴙ  is the gain of 

adaptation law rate, and ὖ ὖ π with ὗ ὗ π is the matrix solved Lyapunov 

equation  ὃ ὖ ὖὃ ὗ. 

The projection is confined to the set ɡ that can be found in [42]. 

The adaptive control input is defined in Laplace transform 

ό ί ὅί –Ƕί Ὧὶί  (2.36) 

where Ὧ ḯ  and ὅί is a BIBO-stable strictly proper transfer function with 

ὅπ ρ. The initial of state-space realization is assumed zero. 
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CHAPTER 3  

ADAPTIVE CONTROL DES IGN 

3.1 Introduction 

 

This chapter deals with adaptive control design for both nonholonomic mobile robot and 

quadrotor UAV. For nonholonomic mobile robot I&I,  L1 and neuro I&I adaptive 

controllers are designed, and for quadrotor UAV I&I and L1 adaptive controllers are 

designed taking into account all the uncertain parameters and unknown dynamics of the 

system.  

 

3.2 Nonholonomic Mobile Robot 

 

Figure 3.1 shows control structure of nonholonomic mobile robot based on I&I and L1 

adaptive. The robot moves to track the desired trajectory about in ὼ as well as ώ direction. 

We apply cascaded controller where PD is the controller of outer loop and I&I and L1 

adaptive is the controller of inner loop system. PD controller generates the linear and 

angular velocity of mobile robot using error position of nonholonomic mobile robot. The 

error position is the gap between the desired position of nonholonomic mobile robot ὼ 

and ώ and the actual position ὼ and ώ. The I&I and L1 adaptive compute the control input 
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ʐ of nonholonomic mobile robot. The actual linear and angular velocity of nonholonomic 

mobile robot are feedback input of inner loop system. 

 

Figure 3.1 Control structure of single nonholonomic mobile robot based on I&I and L1 adaptive. 

 

The robot moves to track the desired trajectory about in ὼ as well as ώ direction. We apply 

tracking error position is to generate required input of NN. The error position is the gap 

between the desired position of nonholonomic mobile robot ὼ and ώ and the actual 

position ὼ and ώ. NN compute the nonlinearity of dynamics, and then I&I adaptive compute 

the weight of NN. The neuro I&I adaptive approach compute the control input ʐ of 

nonholonomic mobile robot. 

 

Figure 3.2  Control structure of single nonholonomic mobile robot based on neuro I&I adaptive. 
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3.2.1 Design of I&I Adaptive Control  

 

The dynamic model of the given nonholonomic system can be written as: 

ὺ ὓ ὠ ήȟήὺ Ὂὺ †Ӷ ὄ† (3.1) 

ὺ ὓ ὠ ήȟήὺ Ὂὺ †Ӷ ὄ† (3.2) 

ὺ ὓ ὠ ήȟήὺ ὓ Ὂὺ ὓ †Ӷ ὓ ὄ† (3.3) 

Equation (3.3) can also be expressed as 

ὺ Ὢὺ— Ὢὺ ὓ Ὂὺ ὓ †Ӷ Ὃό (3.4) 

where 

†ḯό  Ὃ ὓ ὄ  —  

Ὢὺ
π

  Ὢὺ
π

 

Let us assume Ὂὺ π and †Ӷ πȢ The controller design can be given by 

ό Ὃ Ὢ— Ὢ ὑὺ ὑὶ (3.5) 

where ὑ π is the feedforward gain, feedback gain ὑ π and ὶ is the reference system.  

In order to achieve the globally exponentially stable closed loop system we apply 

feedforward and feedback gains as 

ὺ ὑὺ ὑὶ (3.6) 
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To apply I&I adaptive control on the dynamics, define the following implicit manifold as 

ᾀ — —  ὺ (3.7) 

and the dynamic system is expressed by 

ᾀ —


ὺ
ὺ 

ᾀ —


ὺ
Ὢὺ— Ὢὺ Ὃό 

(3.8) 

The adaptation law —ὼȟ —  is selected as 


 ὺ

ὺ
Ὢὺ —  Ὢὺ Ὃό 

(3.10) 

substituting these into (3.9) and (3.10), and utilizing (3.8) one will achieve 

ᾀ
 ὺ

ὺ
Ὢὺ ᾀ 

(3.11) 

Ὢ ὺ , where  π is selected, the following is obtained 

ÌÉÍ
ᴼ
ᾀὸ π         ᵼ      — — ὺ (3.12) 

The I&I adaptive control is expressed by 

ό Ὃ Ὢ—  Ὢ ὑὺ ὑὶ (3.13) 

  



26 

 

3.2.2 Design of L1 Adaptive Control 

 

The linearly parameterized of nonholonomic mobile robot dynamic in equation (3.4) can 

be rewritten as 

ὼὸ ὃ ὼὸ ὦὪὸȟὼὸ ό ὸ  

ὼπ ὼ                ώὸ ὧὼὸ 

(3.14) 

where 

ὼḯ‡, ὃ ᶰᴙ ḯ a known a desired Hurwitz matrix 

ὦ ρ,    —,  ό ḯ†ḯfladaptive control, 

Ὢὸȟὼὸ ḯὪὺ— Ὢὺ ὓ Ὂὺ ὓ †Ӷ,  ὧ Ὅ  

 

 

(3.15) 

Equation (3.4) can be rewritten as 

ὼὸ ὃ ὼὸ ὦό —ᴁὼᴁ „ 

ὼπ ὼ                ώὸ ὧὼὸ 

(3.16) 

Let consider state predictor as linearly parameterized system in (3.16) as 

ὼὸ ὃ ὼὸ ὦό —ᴁὼᴁ „ 

ὼπ ὼ                ώὸ ὧὼὸ 

(3.17) 

where  ὼὸᶰᴙ  is state of the predictor, ώὸᶰᴙ  is predicted output and  — and „ are 

estimation of — and „ respectively. 
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We define the error dynamic of the system as 

ὼὸ ὃ ὼὸ ὦό —ᴁὼᴁ „,           ὼπ ὼ (3.18) 

where the errors are equal to ὼὸḯὼὸ ὼὸ, —ὸḯ—ὸ —ὸ and „ὸḯ„ὸ

„ὸ. 

We apply Lyapunov function to define the stability condition of the system 

ὠὼȟ—ȟ„ ὼὖὼ
ρ

ɜ
—— „„ 

(3.19) 

Equation (3.20) is the derivative of Lyapunov candidate 

ὠὼȟ—ȟ„ ὼὖὼ ὼὖὼ
ς

ɜ
—— „— 

(3.20) 

ὠὼȟ—ȟ„ ὼὖὼ ςὼὖὦ—ᴁὼᴁ „
ς

ɜ
—— „— 

(3.21) 

Consider [42] to apply projection operator 

ὠὼȟ—ȟ„ ὼὗὼ ςὼὖὦ—ᴁὼᴁ „

ς—0ÒÏÊ—ȟᴁὼᴁὦὖὼ „0ÒÏÊ„ȟὦὖὼ  

(3.22) 

ὠὼȟ—ȟ„ ὼὗὼ ς— ᴁὼᴁὦὖὼ 0ÒÏÊ—ȟᴁὼᴁὦὖὼ

ς„ ὦὖὼ 0ÒÏÊ„ȟὦὖὼ  

(3.23) 

The adaptation mechanism is expressed in equations (3.24) 

—ὸ —ὸ ɜ0ÒÏÊ—ȟᴁὼᴁὦὖὼ (3.24) 
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„ὸ „ὸ ɜ0ÒÏÊ„ȟὦὖὼ 

where ɜɴ ᴙ  is the gain of adaptation law rate, and ὖ ὖ π with ὗ ὗ π is the 

matrix solved Lyapunov equation  ὃ ὖ ὖὃ ὗ. 

The adaptive control input is defined in Laplace transform 

ό ί
ὅί


–Ƕί Ὧὶί  

(3.25) 

where Ὧ ḯ  , –Ƕί is the Laplace transform of –Ƕὸḯ—ὸᴁὼᴁ „ὸ and 

ὶί is the Laplace transform reference ὶὸ. 

ὅί in equation (3.26) is the selected filter with ὅπ ╘ where Ὀί
╘
 is strictly proper 

transfer function 

ὅίḯ
ὯὈί

╘ ὯὈί
 

(3.26) 

ὅίḯ
Ὧ

ί╘ Ὧ
 

(3.27) 

We can define adaptive control input of the system by substituting equation (3.26) into 

(3.25) expressed as 

ό ί ὯὈί ό ί –Ƕί Ὧὶί  (3.28) 
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3.2.3 Neuro I&I Adaptive Control  

 

The tracking error is the gap between estimated trajectory ή and desired trajectory ή as 

given as follow 

Ὡὸ ή ὸ ήὸ (3.29) 

where 

ή ὸ
ὼ ὸ

ώ ὸ
 

and 

ήὸ
ὼὸ
ώὸ

 

The filtered tracking error is expressed by 

ὶὸ Ὡ ɜὩ (3.30) 

where ɜ is PD controller and ɜ π. 

By differentiating equation (2.1), we can write the dynamics robot in term of tracking error 

ὓὶ ὠὶ † Ὢ † (3.31) 

where 

Ὢὼ ὓή ή ɜÅ ὠ ήȟή ή ɜÅ Ὂ † (3.32) 

We apply NN to estimate Ὢὼ which Ὡ and ή are accessible. We design the controller for 

the system to achieve the globally exponentially stable closed loop system. 
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† ὼ —  ὑὶ  ɜ (3.33) 

where ὼ— is the estimated Ὢὼ, — is the weight of NN from adaptation law of I&I, 

ὑ is the gain matrix and  function of disturbance and error and ɜ is positive gain. 

The dynamics of nonholonomic mobile robot can be written from equation (3.31) as follow 

ὓὶ ὠὶ † ὼ —   † (3.34) 

ὶ ὓ ὼ —  ὓ ὠὶ ὓ  ὓ † ὓ † (3.35) 

The equation (3.20) can be written linearly parameterized system as 

ὼ ὼ— Ὢ Ὃό (3.36) 

where 

ὶḯὼ   †ḯό  Ὃḯ ὓ  

Ὢ ὓ ὠὶ ὓ  ὓ † (3.37) 

To apply I&I adaptive control on the rotational dynamics, define the following implicit 

manifold 

ᾀ — —  ὼ (3.38) 

and the dynamic system is expressed by 

ᾀ —


ὼ
ὼ 
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ᾀ —


ὼ
ὼ— Ὢ Ὃό 

(3.39) 

The adaptation law is selected as 

—
 ὼ

ὼ
ὼ —  Ὢ Ὃό 

(3.40) 

The dynamics of nonholonomic mobile robot in term of tracking error is equal to 

ὓὶ ὠὶ Ὧὶ ὼ —  ὼ—  † ɜ (3.41) 

where Ὧ and ɜ are positive gain to bring the system to zero manifold. 

ὓὶ Ὧὶὼ— ὼ  † ɜ (3.42) 

where Ὧ ὠ Ὧ 

ὓὶ Ὧὶὼᾀ  † ɜ (3.43) 

We apply Lyapunov stability theorem to define the stability condition of the system 

ὠ
ρ

ς
ᾀᾀ

ρ

ς
— —

ρ

ς
ὼὓ 

(3.44) 

ὠ ὠ ὠ ὠ (3.45) 

ὠ ὠ ὠ ὠ (3.46) 

Assume  π and ɜ π. Let — ὓ Ὧὼ, then 

ὠ ᾀ


ὼ
ὓ Ὧὼ ᾀ ᾀ



ὼ
ὓ  ɜ 

(3.47) 
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ὠ —


ὼ
ὓ Ὧὼ ὼὯὓ



ὼ
— 

(3.48) 

ὠ ὼὯὼ ὼὼ— ὼὼ ὼ (3.49) 

  

3.3 Quadrotor UAV  

 

The control strategies based on I&I and L1 adaptive for trajectory tracking of single 

quadrotor UAV was developed by [41]. They applied cascaded control method with PD as 

outer loop and I&I and L1 adaptive as inner loop that we can see in figure 3.1 

 

Figure 3.3  Control structure of single quadrotor UAV [41] 

 

3.3.1 Design of I&I  Adaptive Control 

 

The linearly parameterized dynamic model of the given nonholonomic system in 

equation (2.31) can be written as: 
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ὼ Ὢὼ— Ὢὼ— Ὢὼ— Ὢὼ— Ὃό (3.50) 

where 

ὼḯ‡, ὋḯὨὭὥὫὍ ȟὍ ȟὍ ,  ό †ȟ†ȟ† , 

—ḯ ὍȟὍȟὍ ,  —ḯὍɱ,  —ḯ Ὅɱ,  —ḯ Ὅ, 

ὪὼḯὨὭὥὫήὶȟὴὶȟὴή,  Ὢὼḯ ήȟπȟπ , 

Ὢὼḯ πȟὴȟπ ,  Ὢὼḯ ὴȟήȟὶ  

Ὅ ,  Ὅ ,  Ὅ , 

Equation (3.51) is the selected controller 

ό Ὃ Ὢ— Ὢ— Ὢ— Ὢ— ὑὼ ὑὶ (3.51) 

where ὑ π is the feedforward gain, feedback gain ὑ π and ὶ is the reference system.  

In order to achieve the globally exponentially stable closed loop system we apply 

feedforward and feedback gains as 

ὼ ὑὼ ὑὶ (3.52) 

To apply I&I adaptive control on the rotational dynamics, define the following implicit 

manifold 

ᾀ — —  ὼ 

ᾀ — — ὼ,   Ὥ ρȟςȟσ 

(3.53) 
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and the dynamic system is expressed by 

ᾀ —


ὼ
ὼ 

ᾀ —


ὼ
Ὢὼ— Ὢὼ— Ὢὼ— Ὢὼ— Ὃό 

(3.54) 

ᾀ —


ὼ
ὼ 

ᾀ —


ὼ
Ὢὼ— Ὢὼ— Ὢὼ— Ὢὼ— Ὃό 

(3.55) 

The adaptation law —ὼȟ —  is selected as 


 ὼ

ὼ
Ὢὼ —  Ὢὺ —  ᾀ

Ὢὺ —  ᾀ Ὢὺ —  ᾀ Ὃό 

(3.56) 


 ὼ

ὼ
Ὢὼ —  ᾀ Ὢὺ —  ᾀ

Ὢὺ —  ᾀ Ὢὺ —  ᾀ Ὃό 

(3.57) 


 ὼ

ὼ
Ὢὼ —  ᾀ Ὢὺ —  ᾀ

Ὢὺ —  ᾀ Ὢὺ —  ᾀ Ὃό 

(3.58) 


 ὼ

ὼ
Ὢὼ —  ᾀ Ὢὺ —  ᾀ

Ὢὺ —  ᾀ Ὢὺ —  ᾀ Ὃό 

(3.59) 

substituting these into (3.54) and (3.55), and utilizing (3.53) one will achieve 
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ᾀ
 ὼ

ὼ
Ὢὼ ᾀ 

ᾀ
ὼ

ὼ
Ὢὼ ᾀ 

 

 

(3.60) 

Ὢ ὺ , where  π is selected, the following is obtained 

ÌÉÍ
ᴼ
ᾀὸ π         ᵼ      — — ὼ (3.61) 

The I&I adaptive control is expressed by 

ό Ὃ Ὢ—  Ὢ—  Ὢ—  Ὢ—  ὑὺ

ὑὶ 

(3.62) 

  

3.3.2 Design of L1Adaptive Control  

 

The linearly parameterized rotational dynamics of quadrotor UAV in Equation (2.31) can 

be rewritten as, 

ὼὸ ὃ ὼὸ ὦὪὸȟὼὸ ό ὸ  

ὼπ ὼ                ώὸ ὧὼὸ 

(3.63) 

where 

ὼḯ‡, ὃ ᶰᴙ ḯ a known a desired Hurwitz matrix  
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ὦ ρ,    Ὅ ,  ό ḯ†ḯfladaptive control, 

Ὢὸȟὼὸ ḯὍ ‡ Ὅ‡ Ὅ‡ ᾀ ɱ Ὧ‡ ,  ὧ Ὅ  

 

(3.64) 

Equation (2.31) can be rewritten as 

ὼὸ ὃ ὼὸ ὦό —ᴁὼᴁ „ 

ὼπ ὼ                ώὸ ὧὼὸ 

(3.65) 

Let consider state predictor as linearly parameterized system in (3.48) as 

ὼὸ ὃ ὼὸ ὦό —ᴁὼᴁ „ 

ὼπ ὼ                ώὸ ὧὼὸ 

(3.66) 

where  ὼὸᶰᴙ  is state of the predictor, ώὸᶰᴙ  is predicted output and  — and „ are 

estimation of — and „ respectively. 

We define error dynamic of the system as 

ὼὸ ὃ ὼὸ ὦό —ᴁὼᴁ „,           ὼπ ὼ (3.67) 

where the errors are equal to ὼὸḯὼὸ ὼὸ, —ὸḯ—ὸ —ὸ and „ὸḯ„ὸ

„ὸ. 

We apply Lyapunov function to define the stability condition of the system 

ὠὼȟ—ȟ„ ὼὖὼ
ρ

ɜ
—— „„ 

(3.68) 

Equation (3.63) is the derivative of Lyapunov candidate 
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ὠὼȟ—ȟ„ ὼὖὼ ὼὖὼ
ς

ɜ
—— „— 

(3.69) 

ὠὼȟ—ȟ„ ὼὖὼ ςὼὖὦ—ᴁὼᴁ „
ς

ɜ
—— „— 

(3.70) 

Consider [42] to apply projection operator 

ὠὼȟ—ȟ„ ὼὗὼ ςὼὖὦ—ᴁὼᴁ „

ς—0ÒÏÊ—ȟᴁὼᴁὦὖὼ „0ÒÏÊ„ȟὦὖὼ  

(3.71) 

ὠὼȟ—ȟ„ ὼὗὼ ς— ᴁὼᴁὦὖὼ 0ÒÏÊ—ȟᴁὼᴁὦὖὼ

ς„ ὦὖὼ 0ÒÏÊ„ȟὦὖὼ  

(3.72) 

The adaptation mechanism is expressed in equations (3.73) 

—ὸ —ὸ ɜ0ÒÏÊ—ȟᴁὼᴁὦὖὼ 

„ὸ „ὸ ɜ0ÒÏÊ„ȟὦὖὼ 

(3.73) 

where ɜɴ ᴙ  is the gain of adaptation law rate, and ὖ ὖ π with ὗ ὗ π is the 

matrix solved Lyapunov equation  ὃ ὖ ὖὃ ὗ. 

The adaptive control input is defined in Laplace transform 

ό ί
ὅί


–Ƕί Ὧὶί  

(3.74) 

where Ὧ ḯ  , –Ƕί is the Laplace transform of –Ƕὸḯ—ὸᴁὼᴁ „ὸ and 

ὶί is the Laplace transform reference ὶὸ. 
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ὅί in equation (3.58) is the selected filter with ὅπ ╘ where Ὀί
╘
 is strictly proper 

transfer function 

ὅίḯ
ὯὈί

╘ ὯὈί
 

(3.75) 

ὅίḯ
Ὧ

ί╘ Ὧ
 

(3.76) 

We can define adaptive control input of the system by substituting equation (3.75) into 

(3.74) as 

ό ί ὯὈί ό ί –Ƕί Ὧὶί  (3.77) 
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CHAPTER 4  

COOPERATIVE CONTROL DESIGN 

4.1 Introductio n 

 

This chapter deals with cooperative control design for heterogeneous systems based on 

potential field. In this study we consider the cooperative control of nonholonomic mobile 

robot and quadrotor UAV moving together in one formation. We adopt the concept of 

cooperative control based on potential field from [40] and [43]. 

 

4.2 Shape Formation 

 

Let the sensing range of each robot assumed to be Ὓ as shown in ýgure 5.1, and each robot 

can access the position of its neighbors that are present within the sensing range. All robots 

present in the þeet are required to move in a particular polygon. These robots are localized 

around a moving leader. The distance between each two neighboring agents should be 

equal to ὒ Ὓ. The circumcircle of the desired polygon has a radius of ּי.  ὼᶰὙ  is the 

coordinate of the moving leader which is generated by potential ýeld approach on the group 

leader. From the basic geometry, ּי will be [33] 
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יּ
ὒ

ςίὭὲ“Ⱦὲ
 

(4.1) 

where ὲ is number of agents. 

 

Figure 4.1  The leader sensing range ἐἱ, ἐἲ followers. 

 

We define Ὁὒ as the error of the formation control about desired ὒ ὒ  in percentage (%) 

and ὉὙ as the error of the formation control about desired ּיּ י  in percentage (%) as 

follows 

Ὁὒ
ȿὒ ὒȿ

ὒ
ρππϷ 

(4.2) 

ὉὙ
ȿּי ȿיּ

יּ
ρππϷ 

(4.3) 
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4.3 Control Design 

 

The formation control based on the attractive and repulsive potential of the agent is applied 

in this thesis. Equation (4.4) express the cooperative control of multi-agent systems 

ό ὖ ὖ Ὀὥ (4.4) 

where: 

ὖ :  The center potential 

ὖȡ  The inter-agent potential (agentôs potential) 

Ὀὥ:  Damping action 

 

The adaptive cooperative control scheme of heterogeneous systems based on I&I  and L1 

adaptive control illustrates in figure 4.2. In potential field control, the center potential 

attracts each agent to the center while the inter-agent potential repulses two neighboring 

agents to avoid collision. We consider ὼȟώȟ— as nonholonomic mobile robot and ὼȟώȟᾀȟ— 

as quadrotor UAV orientation with respect to the inertial frame respectively. For each agent, 

we apply cascaded control where PD is the controller of outer loop and I&I and L1 as 

controller of inner loop. 
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Figure 4.2 The scheme of adaptive cooperative control of heterogeneous systems 

 

Figure 4.3 shows the adaptive cooperative control scheme of nonholonomic mobile robot 

based on neuro I&I. In potential field control, the center potential attracts each agent to the 

center while the inter-agent potential repulses two neighboring agents to avoid collision. 

We consider ὼȟώȟ— as nonholonomic mobile as nonholonomic mobile robot orientation with 

respect to the inertial frame. For each agent, we apply tracking error position to generate 

required input of NN. NN compute the nonlinearity of dynamics, and then I&I adaptive 

compute the weight of NN. 

 

  

Figure 4.3 The scheme of adaptive cooperative control of nonholonomic mobile robot based on neuro I&I 
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4.4 Cooperative Control of Nonholonomic Mobile Robot 

 

4.4.1 Center Potential 

 

Let us first start with defining the center potential of nonholonomic mobile robot as 

ὖ ᶯ ὠ ὖ  (4.5) 

where 

ὠ
ρ

ς
ὑ Ὑ יּ  

(4.6) 

ὖ ỗὼ ώ —Ộ 

ὖ ỗὼ ώ —Ộ 

where Ὑ  is the distance between leader and agent Ὥ that can be calculated as 

Ὑ ὼ ὼ ώ ώ — —  (4.7) 

Now calculating the time derivative of  ὠ given in equation (4.6) with respect to ὖ we 

obtain the center potential between the follower Ὥ and the center robot. The steps involved 

in this differentiation is shown as 

ὖ
ὠ

Ὑ

Ὑ

ὖ
 

(4.8) 

Now the time derivative of  ὠ with respect to Ὑ  is given by, 

ὠ

Ὑ
ὑ Ὑ יּ  

(4.9) 

if 
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Ὀ ὼ ὼ ώ ώ — —  (4.10) 

then 

Ὑ Ὀ  
(4.11) 

Let us implement the chain rule and differentiate Ὑ  with respect to ὖ as 

Ὑ

ὖ

Ὑ

Ὀ

Ὀ

ὖ
 

(4.12) 

where from (4.11) we have 

Ὑ

Ὀ

ρ

ς
Ὀ  

(4.13) 

and 

Ὀ

ὖ

Ὀ

ὼ

Ὀ

ώ

Ὀ

—
 

(4.14) 

Ὀ

ὖ
ςὼ ὼ ςώ ώ ς— —  

(4.15) 

Ὀ

ὖ
ςὖ ὖ  

(4.16) 

By substituting (4.13) and (4.16) into (4.12) we will get 

Ὑ

ὖ

ρ

ς
Ὀ ςὖ ὖ

ρ

Ὑ
ὖ ὖ  

(4.17) 

The attractive potential between each agent to the center of robot is calculated by 

substituting (4.17) and (4.9) into (4.8) as 

ὖ
ρ

Ὑ
ὑ Ὑ יּ ὖὸ ὖὸ  

(4.18) 



45 

 

where 

ὑ  : a positive constant 

 the circumcircle radius of the desired polygon :   יּ

 

4.4.2 Inter -agents Potential 

 

The repulsive potential between two neighboring agents Ὥ and Ὦ  is expressed by 

ὖ ᶯ ὠ ὖȟὖ  (4.19) 

where 

ὠ
ρ

ς
ὑ Ὑ ὒ ȟ Ὑ π

πȟ έὸὬὩὶύὭίὩ
 

(4.20) 

and 

ὖ ỗὼ ώ —Ộ 

where Ὑ is the distance between two neighboring agents that can be calculated as 

Ὑ ὼ ὼ ώ ώ — —  (4.21) 

The repulsive potential between two neighboring agent Ὥ and Ὦ is expressed by 

ὖ ὑ Ὑ ὒ
ρ

Ὑ
ὖὸ ὖὸ ὖὸ ὖὸ  

(4.22) 

where 

ὑ   : a positive constant 
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Ὑ  : distance between two neighboring agents 

ὒ  : distance between each two neighboring followers 

 

4.5 Cooperative Control of Quadrotor UAV  

 

4.5.1 Center Potential 

 

Let us first start with defining the center potential of nonholonomic mobile robot as 

ὖ ᶯ ὠ ὖ  (4.23) 

where 

ὠ
ρ

ς
ὑ Ὑ יּ  

(4.24) 

and 

ὖ ỗὼ ώ ᾀ —Ộ 

ὖ ỗὼ ώ ᾀ —Ộ 

where Ὑ  is the distance between leader and agent Ὥ that can be calculated as 

Ὑ ὼ ὼ ώ ώ ᾀ ᾀ — —  (4.25) 

Now calculating the time derivative of  ὠ given in equation (4.24) with respect to ὖ we 

obtain the center potential between the follower Ὥ and the center robot. The steps involved 

in this differentiation is shown as 

ὖ
ὠ

Ὑ

Ὑ

ὖ
 

(4.26) 
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Now the time derivative of  ὠ with respect to Ὑ  is given by, 

ὠ

Ὑ
ὑ Ὑ יּ  

(4.27) 

if 

Ὀ ὼ ὼ ώ ώ ᾀ ᾀ — —  (4.29) 

then 

Ὑ Ὀ  
(4.30) 

Let us implement the chain rule and differentiate Ὑ  with respect to ὖ as 

Ὑ

ὖ

Ὑ

Ὀ

Ὀ

ὖ
 

(4.31) 

where from (4.29) we have 

Ὑ

Ὀ

ρ

ς
Ὀ  

(4.32) 

and 

Ὀ

ὖ

Ὀ

ὼ

Ὀ

ώ

Ὀ

ᾀ

Ὀ

—
 

(4.33) 

Ὀ

ὖ
ςὼ ὼ ςώ ώ ςᾀ ᾀ ς— —  

(4.34) 

Ὀ

ὖ
ςὖ ὖ  

(4.35) 

By substituting (4.32) and (4.35) into (4.30) we will get 

Ὑ

ὖ

ρ

ς
Ὀ ςὖ ὖ

ρ

Ὑ
ὖ ὖ  

(4.36) 

The attractive potential between each agent to the center of robot is calculated by 
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substituting (4.36) and (4.27) into (4.26) as 

ὖ
ρ

Ὑ
ὑ Ὑ יּ ὖὸ ὖὸ  

(4.37) 

where 

ὑ  : a positive constant 

 the circumcircle radius of the desired polygon :   יּ

 

4.5.2 Inter-agents Potential 

 

The repulsive potential between two neighboring agents Ὥ and Ὦ  is expressed by 

ὖ ᶯ ὠ ὖȟὖ  (4.38) 

where 

 

ὠ
ρ

ς
ὑ Ὑ ὒ ȟ Ὑ π

πȟ έὸὬὩὶύὭίὩ
 

(4.39) 

and 

ὖ ὼ ώ ᾀ —  

where Ὑ is the distance between two neighboring agents that can be calculated as 

Ὑ ὼ ὼ ώ ώ ᾀ ᾀ — —  (4.40) 

The repulsive potential between two neighboring agent Ὥ and Ὦ is expressed by 
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ὖ ὑ Ὑ ὒ
ρ

Ὑ
ὖὸ ὖὸ ὖὸ ὖὸ  

(4.41) 

where 

ὑ   : a positive constant 

Ὑ  : distance between two neighboring agents 

ὒ : distance between each two neighboring followers 
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CHAPTER 5  

SIMULATION RESULTS  

5.1 Introduction 

 

In this chapter the effectiveness of the proposed adaptive cooperative control schemes are 

investigated based on I&I and L1 control techniques. Later, the results of both the control 

techniques are compared for heterogeneous systems. This chapter also presents the I&I, L1 

and neuro I&I approaches for adaptive cooperative control of nonholonomic mobile robots 

to follow the desired formation. 

 

5.2 Adaptive Cooperative Control of Heterogeneous Systems 

 

In this section we will discuss two cases; case 1 when the leader of the heterogeneous 

systems move in ὼ direction, and in case 2 the leader of the heterogeneous systems move 

in ὼ as well as ώ direction. The heterogenous systems here consists of 3 agents, where first 

agent is quadrotor UAV, followed by agent 2 and 3 which are nonholonomic mobile robots 

surrounded by the leader in the center. The desired distance for each agent is 1.5 for both 

case 1 and case 1  

Figure (5.1-5.8) show the comparison of I&I and L1 performance for adaptive cooperative 

control of heterogeneous systems. In this first case, both controllers, I&I and L1 adaptive 
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are able to navigate the heterogeneous robots and follow the leader in group formation on 

unknown maps. 

 

 

Figure 5.1 The group formation when the leader is at position ȟ . 

 

Figure 5.1 shows the first agent move from (1.02, 1), second agent from (1, 1.08) and third 

agent from (1, 0.99) respectively to follow the leader at (1, 1). We can see the ability of 

I&I and L1 adaptive controllers to navigate each agent to track the desired formation. 
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Figure 5.2 The group formation when the leader is at position ȟ . 

 

Figure 5.2 shows the each agent move from position 1 to follow the leader at (2, 1). We 

can see the ability of I&I and L1 adaptive controllers to navigate each agent to track the 

desired formation. 
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Figure 5.3  The group formation when the leader is at position Ȣȟ . 

 

Figure 5.3 shows the each agent move from position 2 to follow the leader at (3.5, 1). We 

can see the ability of I&I and L1 adaptive controllers to navigate each agent to track the 

desired formation. 
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 Figure 5.4 The group formation when the leader is at position ȟ . 

 

Figure 5.4 shows the each agent move from position 3 to follow the leader at (5, 1). We 

can see the ability of I&I and L1 adaptive controllers to navigate each agent to track the 

desired formation. 

0 1 2 3 4 5 6 7 8 9 10 11

0

1

2

3

4

5

6

7

8

9

10

11
I&I adaptive control performance at leader position:4 in 2D

x

y

 

 

agent 1

agent 2

agent 3

leader

0 1 2 3 4 5 6 7 8 9 10 11

0

1

2

3

4

5

6

7

8

9

10

11
L1 adaptive control performance at leader position:4 in 2D

x

y

 

 

agent 1

agent 2

agent 3

leader

4
4.5

5
5.5 0

1

2

0

0.02

0.04

0.06

0.08

0.1

0.12

 

 
I&I adaptive control performance at leader position:4 in 3D

x

y

agent1

agent2

agent3

leader

4
4.5

5
5.5 0

0.5

1

1.5

0

0.02

0.04

0.06

0.08

0.1

 

 
L1 adaptive control performance at leader position:4 in 3D

x

y

agent1

agent2

agent3

leader



55 

 

 

 

 Figure 5.5 The group formation when the leader is at position Ȣȟ . 

 

Figure 5.5 shows the each agent move from position 4 to follow the leader at (6.5, 1). We 

can see the ability of I&I and L1 adaptive controllers to navigate each agent to track the 

desired formation. 
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 Figure 5.6 The group formation when the leader is at position ȟ . 

 

Figure 5.6 shows the each agent move from position 5 to follow the leader at (8, 1). We 

can see the ability of I&I and L1 adaptive controllers to navigate each agent to track the 

desired formation. 
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 Figure 5.7 The group formation based I&I adaptive control on unknown maps. 
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 Figure 5.8 The group formation based L1 adaptive control on unknown maps. 
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Figure 5.7 and 5.8 show the comparison between I&I and L1 adaptive controllers 

performance along the whole navigation trajectory. Both controllers are able to navigate 

each agent to follow the particular position. We can see, the performance of I&I is better 

than L1 for adaptive cooperative control of heterogeneous systems in case 1. Table 5.1 

shows the error position of formation control for case 1 in percentage (%). 

Table 5.1. Error position of formation control for case 1 

No 
Leader 

Position 

I&I  L1 

EL (%)  ER (%)  EL (%)  ER (%)  

1 (1, 1) 0.1592 0.1422 7.83 7.7431 

2 (2, 1) 0.1973 0.0379 8.7804 8.7367 

3 (3.5, 1) 0.2776 0.1735 9.5448 9.3812 

4 (5, 1) 0.3514 0.3649 9.9102 9.6238 

5 (6.5, 1) 0.4203 0.5437 10.1833 9.7934 

6 (8, 1) 0.48 0.6994 10.3575 9.8835 
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Figure (5.9-5.18) show the comparison of I&I and L1 performance for adaptive cooperative 

control of heterogeneous systems in case 2. In this case, the leader moves about in ὼ as 

well as ώ direction on unknown maps. 

 

 

 Figure 5.9 The group formation when the leader is at position ȟ . 

 

Figure 5.9 shows the first agent move from (1.02, 1), second agent from (1, 1.08) and third 

agent from (1, 0.99) respectively to follow the leader at (1, 1). We can see the ability of 

I&I and L1 adaptive controllers to navigate each agent to track the desired formation. 
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 Figure 5.10 The group formation when the leader is at position ȟ . 

 

Figure 5.10 shows the each agent move from position 1 to follow the leader at (2, 2). We 

can see the ability of I&I and L1 adaptive controllers to navigate each agent to track the 

desired formation. 
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 Figure 5.11 The group formation when the leader is at position ȟ . 

 

Figure 5.11 shows the each agent move from position 2 to follow the leader at (3, 3). We 

can see the I&I  approach is able to navigate each agent to follow the desired formation and 

L1 failed to track the desired formation. 
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 Figure 5.12 The group formation when the leader is at position ȟ . 

 

Figure 5.12 shows the each agent move from position 3 to follow the leader at (4, 4). We 

can see the I&I approach is able to navigate each agent to follow the desired formation and 

L1 failed to track the desired formation. 
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 Figure 5.13 The group formation when the leader is at position ȟ  

 

Figure 5.13 shows the each agent move from position 4 to follow the leader at (5, 5). We 

can see the I&I approach is able to navigate each agent to follow the desired formation and 

L1 failed to track the desired formation. 
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