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CHAPTER 1 

INTRODUCTION  

Multiphase flow refers to the flow of two or more physically distinct or mixed 

materials in a container or a pipeline. It can be widely found in many engineering 

applications, such as, power generation, chemical engineering and crude oil extraction and 

processing. Oil production and supply involves multiphase flow of liquids composed of 

oil, saline water and gas [1]. Oil retrieval process often involves the injection of water and 

gas into the well to maintain the pressure and viscosity of the extracted liquids. This process 

requires constant monitoring using multiphase flow sensors, to optimize the efficiency of 

the oil production line. And estimation of the volume of the oil flowing in the pipes is a 

very important element in the determination of the size of production with all its associated 

economical issues. This problem is quite difficult since the fluid is normally composed of 

three phases. When multiphase fluids flow in a pipe, the flow is generally turbulent and the 

different constituents may flow at different rates [5]. This is the case when there is a gas 

phase as part of the flowing compound.  

A number of techniques are devised to estimate the relative volumes of each of the 

three components. Those techniques are either mechanical or electrical in nature. In the 

mechanical world different flow meters are designed such as turbometers, sampling tubes, 
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mean density method, vortex meter and vibrating densitometer [1-3]. These have the 

drawback of being dependent on the pressures and temperatures which fluctuate rapidly 

along the pipe. Further, they need penetration inside the pipe which may not be always 

feasible in addition to the fact that it is preferable that the measurement method be non-

intrusive such that the sensors must be at the periphery of the pipe. On the other hand, 

electrical measurements have been used extensively in this field; the conductance 

measurement of the three phase compound in conjunction with correlative flow meter was 

employed [4]. Microwave measurements are attempted by placing crossed dipole antenna 

pairs at different locations inside the pipe, exciting a single element and recording the gain 

of all other elements. By correlating the results, the unknown volume may be estimated 

[5]. Another technique uses measurements of a bank of capacitances where the electrodes 

are placed in the axial direction of the pipe. Using the recorded values in an empirical 

formula, it is possible to relate the targeted oil volume to the recorded set of capacitance 

[6]. Quite recently, a technique involving patch antennas and measurements of different 

resonant frequencies as well as reflection parameters is attempted to estimate the unknown 

oil volume [7].  

In this work we have developed a technique to solve this problem by externally 

measuring the capacitance of liquids in the pipe line and then relating the capacitance to 

the liquid height. So a metering system for oil industry to calculate the amount of each 

component is designed based on static electric field solution for longitudinally partially 

filled circular waveguides. The problem of determination of the capacitance of a partially 

filled circular waveguide with a substance having a dielectric constant Ůr is attempted 

during this work. The problem is solved both theoretically and numerically and the 
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interrelation between the measured capacitance and the volume of the liquid inside the pipe 

is obtained. To solve the problem numerically the ñFinite Difference Method (FDM)ò is 

used and results generated by FDM are compared to the values of capacitance obtained 

from ñinclined plate capacitance methodò. MatLAB is used for simulations and analysis. 

In results and discussion section some results are presented, by using them we can estimate 

the volume of oil in pipeline at a high degree of accuracy. An experimental setup is also 

constructed to verify the validity and accuracy of the developed metering system. 

1.1 Research Problem 

When the oil is pumped from production wells and sent to different destinations 

through pipelines, the pipelines do not contain only the oil. The fluid inside the pipeline 

consists of three different materials namely saline water, oil and gas and is termed as water-

oil-gas three phases of fluid. It is important to calculate the volume of each fluid in order 

to identify the exact production of oil. Different concepts and devices are available for 

measuring the phase fractions of a multiphase flow within petroleum carrying pipelines. 

Some of these devices use microwave signals, and some of them are intrusive. So either 

they are expensive or create serious issues like pipeline leakage.  Some non-intrusive 

techniques are also proposed to calculate the rough amount of oil, but those techniques do 

not give the exact volume of oil flowing inside the pipeline. So a more accurate and reliable 

non-intrusive solution is needed. And a new technique based on the static solution of 

electric field inside a partially filled circular waveguide is presented in this work, which is 

capable of relating capacitance of waveguide to liquid heights with a high degree of 

accuracy. 
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1.2 Research Objectives 

The objectives of current work can be summarized as follows. 

1. Design a novel technique based on theoretical analysis to precisely measure the 

amount of oil flowing in the pipe lines in water-oil-gas three phases fluid. 

2. To develop the equi-capacitance contours for the circular waveguide that is 

longitudinally partially filled with dielectric subtance,  by placing the matellic strips 

in the azimuthal direction and perpendicular to azimuthal direction. 

3. Test the validity of the devised technique through experimental setup and physical 

measurements to verify the developed theory. 

I am glad to say that above listed objectives are successfully achieved with the help of my 

thesis adviser and committee members. 

1.3 Thesis Methodology 

The following steps are followed to solve the problem. The main objective was to 

find the capacitance of a longitudinally partially filled circular waveguide and to relate the 

capacitance with the height of individual substance (water, oil and gas), which is discussed 

in details in chapter 4. Here a very brief summary of whole methodology is discussed. 

¶ Circular pipe is supposed to be filled horizontally with three different substances 

(water, oil and gas). Water is at the bottom, then oil and gas on top of these two. 

The height of water is supposed to be d1, that of oil is d2 and for gas it is d3. These 

materials are separated by their respective dielectric coefficients Ůrw, Ůro and Ůrg 

respectively. The summation d1+d2+d3 is equal to the diameter of the pipe (D), as 

shown in figure 1.1. 
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Figure 1.1: Schematic Diagram of Water-Oil-Gas three phases flow in pipelines 

¶ Any dielectric when enclosed partially or fully by two separate conducting elements 

form a capacitance C. The value of C depends upon the shape of conducting 

elements, geometry of assembly and dielectric constant of the materials. The aim is 

to find the capacitance. That then can be related to the height of each material. 

¶ The capacitance is calculated by placing two metallic strips of width W, on the 

cylinderôs outer surface, perpendicular to the azimuthal direction and separated by 

an infinitesimal gap as shown figure 1.2. Capacitance is calculated by using three 

different methods namely; finite difference method, parallel plate capacitance 

method and inclined plate capacitance method which are discussed in details in 

chapter 4. By applying the voltage V on these plates, the capacitance is calculated. 

For each value of d1/d and d2/d, there exists a corresponding value of C. The value 

of C is a function of d1, d2 and d. As d3 is a function of d1 and d2, so it will not 

appear in the equation. The value of capacitance can be given as: 

                                                ὅ Ὢ
Ὠ

Ὠ
ȟ
Ὠ

Ὠ
                                                          ρȢρ 
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Figure 1.2: Metallic Strips around the circumference of the oil pipe 

¶ The main part of the project is to calculate the values of Cn. Once the values are 

calculated, their equi-capacitance contours are plotted on the same graph. After 

constructing the graph, every value corresponding to the intersection of Cn is 

denoting a unique point on that graph, which is determining the ratios d1/d and d2/d. 

And the problem of the heights of each substance is solved. 

¶ In addition to above numerical techniques theoretical formulation is made to check 

the special cases of work, which are discussed in chapter 5. 

¶ Finally the values of capacitance were measured experimentally. The experiments 

were carried out by using a tube of plexiglass, closed from both ends, the oil was 

inserted inside the tube and capacitance was measured using capacitance meter. 

Different measurements were taken by varying the heights of water, oil and gas and 

compared to simulated results. The experiments along with their results are 

discussed in detail in chapter 6. 
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1.4 Organization of Thesis 

The thesis is organized is follows. Chapter 2 consists of background needed to 

understand the further thesis. Chapter 3 consists of a literature survey related to thesis topic. 

The metering systems using low frequency and high frequency are described in this 

chapter. Chapter 4 is the heart of thesis, discussing the techniques used for calculating the 

capacitance of structure. Theoretical formulation for some selected cases is given in chapter 

5. Experiments and results are listed in chapter 6. And finally thesis is concluded in chapter 

7 providing main contribution, limitation and future work suggestions. References and 

vitae are also provided after chapter 7. 
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CHAPTER 2 

BACKGROUND  

This chapter provides the necessary background needed to navigate and understand 

the rest of this thesis. It covers four core knowledge areas: multiphase flow in pipe lines, 

finite difference method (FDM) and capacitance calculation between two inclined plates. 

These areas are discussed very briefly here; a reader interested in knowing more about a 

particular topic under these three areas is encouraged to consult the relevant reference used 

in this chapter. 

2.1 Multiphase Flow in Pipelines 

When a mixture of multiple substances (gases, liquids or solids) flows together as 

a mixture (without completely dissolving into each other) then this type of flow is referred 

as multiphase flow. Multiphase flow can be found everywhere, like in the atmosphere, in 

food industry, in cooling systems, in the process industry, in oil and gas reservoirs and in 

oil pipelines. In oil and gas production, multiphase flow often occurs in wells and pipelines 

because the wells produce gas and oil simultaneously. This is called two-phase flow. In 

addition to gas and oil, water is also often produced at the same time. This is called three-

phase flow [8].  
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It is easy to understand that multiphase flow causes more problems as compared to 

single phase flow because; in multiphase flow the phases of different substances are neither 

completely mixed with each other nor separated completely. And the other most 

challenging task about multiphase flow is the fact that it may take one of several forms. 

Some commonly known forms in a gas-liquid flow are: Dispersed bubble flow, annular 

flow, slug flow, elongated bubble flow, stratified flow and stratified wavy flow and are 

shown in figure 2.1. The details about these regimes are discussed in [9] with details. Some 

techniques to deal with the multiphase flow are discussed in [9] but there exists no solid 

theory in open literature, which can determine the percentage of each substance in 

multiphase flow with a high degree of accuracy. 

 
                                  (a)       (b) 

 
                                   (c)       (d) 

 

 
                                  (e)       (f) 

 

Fig 2.1: Flow regimes in gas-liquid flow in horizontal pipelines [9]  

(a) Dispersed bubble flow (b) Annular flow (c) Elongated bubble flow  

(d) Slug flow (e) Stratified flow (e) Stratified wavy flow 
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2.2 Finite Difference Method 

Finite difference method (FDM) is a well-known numerical technique which is used 

to estimate the solution of problems that are defined by these conditions [10]: 

1. The problem is defined by differential equations 

2. A solution region is present for that particular problem 

3. Boundary conditions or initial conditions are known 

In this thesis finite difference method is used to solve the Laplace equation in 

cylindrical coordinates. But before proceeding to cylindrical coordinates, knowledge of 

FDM in Cartesian coordinates is necessary. The Poisson or Laplace equation in Cartesian 

coordinate system can be solved by using FDM by following three steps, which are: 

1. Dividing the solution region into grids of nodes  

2. Approximating the differential equation and boundary conditions by a set of linear 

algebraic equations (called difference equations) on grid points within the solution 

region 

3. Solving this set of algebraic equations 

Above steps are illustrated with the help of an example taken from [10]. Suppose we 

are trying to find the solution of Poisson equation for the region given by figure 2.2 [10]. 

For this particular example: 

Step 1: The field region is divided into smaller grids called nodes as shown in figure 

2.2. Any node at the boundary of the region where potential is always fixed is called a fixed 

node. Other nodes are free nodes, and we will calculate the voltage at each free node. 
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Step 2: Main objective is to find the approximate solution of Poisson equation. So in 

this step we will form a set of algebraic equations to achieve the objective by finding the 

voltage at all free nodes. As we know that the Poisson equation is given as [10] 

    ɳὠ  
”

‐
                                                         ςȢρ 

And ɳ ὠ for Cartesian coordinate system is given as 

      ɳὠ
ὠ

ὼ

ὠ

ώ

ὠ

ᾀ
                                            ςȢς 

For a 2 dimensional region as described by figure 2.1. ”Will  be replaced by ”and  

will be equal to zero. So equation 2.2 becomes [10] 
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ὼ
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ώ
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‐
                                                    ςȢσ 

 

                                                  (a)                                                         (b) 

Figure 2.2: Solution pattern for finite difference method [10] (a) division of region in 

grids (b) five point molecule 
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By using the definition of partial derivative of V(x, y) at any given point (x0, y0), we can 

write 

    ὠ
ὠ

ὼ

ὠὼ Ўὼȟώ ὠὼ Ўὼȟώ

ςЎὼ

ὠ ȟ ὠ ȟ

ςЎὼ
           ςȢτ 

Here Ўὼ is a very small distance along X axis. Similarly 2nd derivative will be 

calculated by using the same method. And 2nd derivative of V can be written as 

ὠ  
ὠ

ὼ

ὠᴂ

ὼ

ὠᴂὼ
Ўὼ
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Ўὼ
                                                    ςȢυ 

Equations (2.4) and (2.5) are the finite difference approximations for first and 

second order of derivative. The error in approximation given by equation (2.4) is 

proportional to Ўὼ and that of (2.5) is proportional toЎὼ . Similarly we can form the 

approximations along Y direction and those are [10]: 

ὠ  
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Now using equation (2.5) and (2.6) in equation (2.3), and considering that Ўὼ

Ўώ Ὤ we get 

ὠ ȟ ὠ ȟ ὠȟ ὠȟ τὠȟ
Ὤ”

‐
 

Here h is the mesh size, if we consider the charge free region then ” π and 

equation can be rearranged as follows. 

     ὠȟ
ρ

τ
ὠ ȟ ὠ ȟ ὠȟ ὠȟ                                ςȢχ 

The equation (2.7) is the final form of approximation that is formed by using finite 

difference method when x and y grids are equal and region is charge free. 

Step 3: There are two commonly known methods for solving the above 

approximation. One is the iteration method, and other one is band matrix method. In 

iteration method, the voltages are set to 0 initially at all free nodes, and then calculated and 

replaced after each number of iteration. In band matrix technique, a sparse matrix is formed 

based on the set of approximation equations the sparse matrix consists of all the unknown 

voltages [A], another column matrix is formed from fixed nodes [B]. As given in equation 

(2.8). 

     ὃ ὠ ὄ                                                        ςȢψ 

And then the solution matrix [V] is obtained by inversing the sparse matrix and 

multiplying it with the matrix obtained by fixed nodes. It can be written in the form of 

equation (2.9). More details about these methods can be seen in [10]. 
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    ὠ ὃ ὄ                                                    ςȢω 

The thought of FDM can be extended to Poisson's, Laplace's, or wave equations in 

different coordinate systems. The accuracy of the strategy depends on the fineness of the 

grid and also the amount of time spent in purification of the potentials. We can cut back 

simulation time and increase the accuracy and convergence rate by the strategy of serial 

over relaxation, by creating affordable guesses at initial values, by taking advantage of 

symmetry if possible, by creating the mesh size as little as potential, and by victimization 

a lot of advanced finite difference molecules. One limitation of the finite difference method 

is that interpolation of some kind will not confirm solutions at points, those are not on the 

grid. One obvious way to overcome this is often to use a finer grid; however this might 

need a bigger range of computations and a bigger quantity of memory. 

2.3 Capacitance Calculation between Two Inclined Plates 

The electrical capacitor is a very important sort of electrical component used 

extensively in engineering. One common sort could be a parallel-plate electrical capacitor 

consisting of two conducting plates parallel to each other. If the area of plates is ñAò and 

separation between plates is ñdò, then the capacitance of two parallel plates can be given 

by equation (2.10). 

    ὅ
‐‐ὃ

Ὠ
                                                          ςȢρπ 

However due to manufacturing constraints and application requirements, the plates 

are not often parallel to each other, instead one plate is inclined at an angle to other as 

shown in figure 2.3. So it is necessary to determine the capacitance of two inclined plates 
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in general case for precise measurements and calculations. There are several methods 

available in literature to calculate the capacitance of two inclined plates. J.M. Bueno has 

suggested the use of mathematical expressions based on hyperbolic functions to evaluate 

the capacitance [11]. In [12] Y. Xiang has used finite element method to find the 

capacitance of two inclined plates. B. R. Patla has used the small angle approximation to 

approximate the capacitance of inclined plates in [13]. Similarly some other 

approximations can also be found in open literature. 

 

Figure 2.3: Inclined plate capacitor 

There are several approximation techniques for inclined plate capacitance, during 

this work we have derived an approximate expression for the capacitance between two 

inclined plates (if plates are formed by arcs of a circular region) which is given below. 

                                                                           ὅ
‐ ὰὲ

ὦ
ὥ

•
                                                            ςȢρρ 

Where a, b and •are denoted in the figure 2.3 above. To apply the same formula for a 

circular waveguide, a, b and •  will be calculated by using some trigonometric relations 

which is discussed in chapter 4. 
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CHAPTER 3 

LITERATURE REVIEW  

Details of the subject of measuring the three phase compound flow in the oil pipe 

is unfortunately a matter of industrial secrecy, where very little details are available in the 

open literature. Most of the available data are through patents of different companies, some 

are well known like Schlumberger and General electric and other less famous like 

Zhonyuan oil field. As mentioned earlier, the techniques used in these measurements are 

based on a variety of principles: some are mainly mechanical by measuring parameters like 

pressure and velocity which are generally either invasive or require sampling the flow 

through an external tube. Other techniques mix between electrical and mechanical. The 

third category is purely electrical and provides the estimate of oil by measuring the 

capacitance, which is a low frequency operation. So if we go through the literature, then 

we can find that radio frequency and microwave measurements are also attempted. So we 

can put radio frequency and microwave measurements in fourth category. In this section 

the focus will be on purely electrical techniques. 
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3.1 Low Frequency Electrical Techniques 

In order to analyze the dielectric properties of the multiphase contents of a 

petroleum carrying pipeline, the pipeline is modeled as a circular waveguide. The equations 

governing the waveguide are then used to calculate the modal behavior of a dielectric 

loaded circular waveguide. In the literature, models exist for perfectly conducting 

waveguides loaded with the dielectric. 

The use of capacitance tomography was suggested by Isaksen [6] in which 8 

electrodes were placed axially on the surface of the pipe. Each electrode is excited one time 

and the capacitance Cij between the excitation electrode i and j is measured. Repeating the 

process eight times, the total number of measured capacitances was 28. With the help of 

these capacitances, a Linear Back Projection (LBP) algorithm is constructed to build an 

image of the level of darkness inside the pipe, from which an approximate volume of oil is 

calculated. 

Another technique using capacitance measurement was reported by X. Chen and L. 

Chen [1]. In this technique the capacitance is measured at two different locations separated 

by a distance called S. These C1 and C2 represent two signals which when cross correlated 

and the time delay Tm corresponding to the correlated signal. Maximum value is obtained 

and consequently the velocity of flow is obtained. The schematic of cross correlation 

analysis is shown in figure 3.1. Further the heights of water and oil are related to signal C1. 

No information is presented about this function. Moreover the technique requires a by-pass 

tube for further data on the pressure drop to complete the measurements. 
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Figure 3.1: Block diagram for cross correlation analysis [1] 

 

In [14] an impedance technique is presented by placing electrodes at the perimeter 

of a pipeline and measuring the impedance across the electrodes, there are many different 

possibilities to arrange a system of electrodes for void fraction measurement purposes. Two 

cases have been considered electrical conductivity and capacitance probes; depending on 

the type of instrumentation used and liquid material to be investigated. Commonly used 

radioactive sources of gamma radiation include isotopes of americium, cesium or cobalt. 

Radiation is generally detected by using a scintillator coupled to a photo detector. The 

scintillator absorbs radiation and emits visible light by fluorescence [15]. 

Another technique for multiphase measurements is multiphase flow imaging 

tomography and commonly called process tomography or industrial process tomography, 

finds many applications in the imaging and measurement of industrial processes. A 

tomographic image is a two-dimensional representation of a slice through an object. The 

use of various tomographic methods is widespread in diagnostic medicine [16] and several 
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imaging modalities originally developed for medical imaging are now being adapted to 

industrial process imaging. The use of tomographic imaging for the investigation of 

multiphase flows has been reported in a few exhaustive review papers [17-20] and books 

[21-23]. 

An application of one of the tomography types called Electric Resistance 

Tomography (ERT) has been done in [24]. The experiments for the ERT were carried out 

in an acrylic test pipe in the horizontal direction with 38 mm in diameter. The phase 

continuity and appearance of phase inversion were investigated using conductivity (wire 

and ring) probes and an Electrical Resistance Tomographic (ERT) system. In this technique 

the phase has been monitored to determine the flow and especially the process of phase 

inversion or continuity affected by interfacial tension of the materials by adding a small 

concentration of glycerol to water. 

3.2 High Frequency Electrical Techniques 

Unlike the techniques mentioned in above section, there are some other techniques 

in the literature for multiphase flow sensing in which the high frequency (Radio Frequency 

or Microwaves) are used for the same purpose. Some examples for such techniques are 

presented below. 

A patent [5] registered at US describes a technique comprised of a series of 

antennas mounted inside the wall of the pipe with radiating faces flush with the inner 

surface. Each antenna is a crossed dipole cavity backed slot antenna is operating at a 

frequency range of 100 to 2000 MHz. Each antenna has one dipole along the pipe axis to 

couple with the TE modes of the cylindrical waveguide and another circumferential to 
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couple with the TM modes. The technique is to excite one dipole at a time and record the 

received signal at all other dipoles. The problem then turns to be inverse problem of 

determining the medium once the excitations and the fields at the boundaries are known. 

The medium is divided into cells and dielectric constants for each cell are supposed and a 

search sub-routine is then applied to find the most appropriate dielectric constant for the 

cells. In this way the flow and volume of each component of fluid is measured. The 

technique is very complicated and uncertain due to extensive numerical work. The inverse 

problems are also characterized by non-stable solutions. 

In another US patent [7], a technique is proposed by using several patch antennas. 

The antennas are distributed around the circumference of the pipe. Single antenna radiates 

at a single time and received power is then measured across all other antennas. Unlike the 

previous technique the input signal is swept over the band of frequencies. The transmitted 

and received signals are measured and the resonance frequency is recorded. The baseline 

resonance frequency is obtained and then the shift from this line is used to estimate the 

composition of fluid. It is worth mentioning that this technique can be only used for two 

phase fluids and becomes inefficient when the proportion of water is high in the pipeline. 

In [25], they apply the method based on dielectric spectroscopy to investigate two 

kinds of flow in the pipeline: the homogeneous flow of oil and water and the annular flow 

oil, water and gas. In this process, two different probes are inserted within the pipeline as 

shown in figure 3.2: one at high frequency (around 40 GHz) to determine the composition 

of the liquid phase, i.e. the oilðliquid ratio and the water-liquid ratio; a second one at low 

frequency (10-800 MHz) to calculate the gas ratio or gas hold-up. The reason for the two 

frequency bands are based on the signal penetration, which is inversely proportional to the 
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frequency. However, this intrusive design needs to insert probes within the pipeline, which 

requires drilling and that will cause leaking or cleaning related problems. 

 

Figure 3.2: Laboratory setup for cavity resonator [25] 

 

In reference [26], the authors introduce a capacitance wire-mesh sensor to measure 

the permittivity of the mixture. This sensor consists of two plates placed at a certain 

distance from each other and connected to two probes. Each plate is made of 16 wires, 

mounted in a rectangular acrylic frame that itself is part of a rectangular flow channel. The 

sensor can be used to measure transient phase fraction distributions in a flow cross-section. 

The drawback of this intrusive sensor was low mechanical rigidness and less protection of 

the probes from sandy component or solid particles of the fluid. 

In [27] a non-intrusive electromagnetic cavity sensor is developed for detecting the 

content of an oil pipeline by transmitting a 10 mW signal in the range of 100 ð 350 MHz, 

This sensor technique is based on measuring the dielectric constant of the combined oil, 

gas and water phases. The drawbacks of this design are the antenna dimension is big and 

the resolution is low and this is because the range of the frequency is in the MHz,  
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In reference [28] the microwave sensor consisted of two coaxial probes, separated 

by a certain distance. This sensor is used to determine the water holdup of the hydrocarbon 

mixture for a near horizontal oil carrying pipeline. It can be noticed from figure 3.3 that 

this design is intrusive and there is possibility for leakage due to high pressure within the 

pipeline. 

 

Figure 3.3: Micro-strip patch, mass flow detector [28] (a) coaxial line to circular 

cylindrical waveguide coupler (b) corresponding electric field distributions (c) Assembly 

of sensor with two integrated patch couplers. 
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Another intrusive technique was described in [29-32], and is based on two 

microstrip couplers connected in a Composite Right Left Handed (CRLH) manner. The 

dominant mode excited within the cylindrical waveguide using the coaxially feed 

microstrip patch and a parasitic patch. Two sets of the patches are connected using 

microwave couplers to measure reflection and transmission parameters in order to 

determine the content ratio. 

In spite of huge contribution in the field of petroleum measurements, only 0.2% of 

current oil wells are instrumented with multiphase flow meters as estimated in [33]. 

Therefore there still exists the need of new research and innovation in this field of study. 

So we are proposing a non-intrusive technique to determine the percentage of oil, water 

and gas in multiphase flow with high degree of accuracy. 
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CHAPTER 4 

NUMERICAL EVALUATION OF CAPACITANCE  

As mentioned in chapter 1 that the heart of this thesis is to find the capacitance of 

a longitudinally partially filled circular waveguide. And we have applied three different 

methods to estimate the capacitance of structure namely, finite difference method, parallel 

plate capacitance method and inclined plate capacitance method. In this chapter all three 

techniques are discussed in details that how these methods are used to find the overall 

capacitance of a partially filled circular waveguide. 

4.1 Calculation of Capacitance by Finite Difference Method 

In this section the capacitance calculation with the finite difference method is 

described. The oil pipeline is considered as a circular waveguide and the finite difference 

approximations for Laplace equation are derived in cylindrical coordinate system and then 

these approximations are used to calculate the capacitance of empty waveguide, a partially 

filled waveguide with one dielectric and finally the approximations are modified to 

calculate the capacitance when waveguide is longitudinally partially filled with two 

dielectrics.
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4.1.1 Finite Difference Method for Cylindrical Coordinates 

In chapter 2 a brief introduction of finite difference method is given and 

approximations for Poissonôs equation are made. As we are considering the pipeline as a 

circular waveguide, so the approximations given by equation (2.5) and (2.6) must be 

transformed to cylindrical coordinates. In the following steps the approximations for 

Laplace equation in cylindrical coordinates are made. 

To apply FDM on circular pipeline we have considered the pipeline as a circular 

waveguide. Then the cross section of this waveguide is divided into several patches as 

shown in the figure 4.1. The voltage at each point is found by solving Laplace equation in 

cylindrical coordinates. 

 

Fig.4.1: Cross Section of pipeline 
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As discussed in chapter 2 that Finite Difference Method finds the approximate 

solution at any particular point by accumulating the values at neighboring points. So the 

voltage at any particular point is found by deriving a relation between the point itself and 

four neighboring points. The derivation of formula for voltage is based on figure 4.2. 

 

Fig.4.2: Illustration of neighboring points for using FDM in cylindrical coordinates 

For cylindrical coordinates Laplace equation is given as 
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As we are working in row (ɟ) and phi (ű) plane soπ. 

Thus the equation becomes 
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After simplifying we get 
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From figure 4.2 by using the definition of derivative we can say that 
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By using equation (4.2), (4.3) and (4.4) in equation (4.1), and then putting ɳ ὠ π for free 

nodes we can find the value of V (i,j) for a charge free region. After doing above steps and 

simplifying we get the final expression for V (i,j) that is given by equation (4.5). 

ὠȟ
άЎ• ςά ρὠ ȟ άЎ• ςά ρὠ ȟ ὠȟ ὠȟ

τάЎ• ς
     τȢυ 

Where ά ”ȾЎ” 

Equation (4.5) gives the finite difference approximation for Laplace equation in 

cylindrical coordinates when the solution region is charge free. And this equation will be 

used to calculate the voltage at each free node in further scenarios. 
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4.1.2 Finite Difference Method for Air Filled Waveguide and Plates are Put 

inside The Tube 

As it is mentioned earlier that oil carrying pipelines have a three phase water-oil-

gas flow. To calculate the capacitance of pipeline, we have modeled the pipeline as a 

partially filled circular waveguide and water, oil and gas are considered as dielectrics. The 

method of capacitance calculation by using finite difference method is divided into three 

steps. In first step only air filled waveguide is considered, that means pipeline is filled with 

only one substance (water, oil or gas). In 2nd step it is supposed that the waveguide is 

partially filled with one dielectric, that means only oil and gas are present in the pipeline. 

And in third and last step waveguide partially filled with two dielectrics is considered, 

which means that pipeline is carrying water, oil and gas. 

In the first step a circular waveguide is considered that is completely filled with one 

substance (air for example); the radius of waveguide is set to 4.4 and two metal plates are 

placed perpendicular to azimuthal direction and a voltage of +100 V and -100 V is applied 

on these plates to calculate the capacitance as shown in figure 4.3. As the waveguide is 

completely filled with only one substance so there are no discontinuities of Electric filed. 

Thus there is no need to modify the approximation given by equation (4.5). Finite 

difference method is applied with the specifications given in table 4.1; the set of 

approximation equations are solved by iteration method. 
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Radius (ɟ) ȹ ɟ ȹ ű m 
No. of 

iterations 

Fixed node 

voltage 

4.4 cm 
0.01 

cm 

10  

(0.01745 rad) 
440 12000 

+100 and -100 

Volts 

 

Table 4.1: Specifications for applying FDM on air filled circular waveguide 

 

 
Figure 4.3: Illustration of fixed and free nodes for air filled circular waveguide 

 

As radius of waveguide is 4.4 and we have ȹ ɟ and ȹ ű equals to 0.01 and 10 

respectively so there will be 360 points along ű direction and 440 points along ɟ direction 

as denoted in figure 4.3 above. So there will be a total of 36000 nodes. 360 nodes which 

are on the circumference of the waveguide are fixed nodes and all other are free nodes. 

Each node is denoted by an order pair (ȹ ɟ, ȹ ű). The voltage at nodes (1, 1) to (101, 1) 

and (1, 181) to (101, 181) is set to zero to create an infinitesimal gap between two plates. 
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The voltage at nodes (1, 2) to (1, 180) is fixed to +100 volts and that on nodes (1, 182) to 

(1, 360) is -100 volts. Then approximation equations are obtained for all free nodes and 

solved by using iteration method with number of iterations fixed to 12000. The values of 

ȹ ɟ, ȹ ű and number of iterations are chosen by examining the results at different values. 

By decreasing the values of ȹ ɟ and ȹ ű and by increasing the number of iterations the 

percentage of error reduces and finite difference method produce more accurate results. 

But when the values of ȹ ɟ and ȹ ű decreased further then the voltage at free nodes was 

oscillating, so these values are selected because at these particular values the results are 

quite stable. 

Once the voltage at each free node is found by solving the set of approximation 

equations, the electric field in ɟ direction can be found by using following equation. 

                                                         Ὁ  
‐ὠ ‐ὠ

Ў”
”Ў•                                                τȢφ 

Once the electric field is found, the total charge enclosed by that waveguide can be 

found by adding E-filed at all point. From that total charge the capacitance of structure can 

be found by using following relation. 

                                                                    ὅ
‐‐ὗ
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                                                             τȢχ 

The capacitance of structure that is completely filled with gas is calculated by using 

above method and satisfactory results are found. The detailed results are discussed in 

results section of chapter 6. 
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4.1.3 Finite Difference Method When Waveguide is filled with two Dielectrics 

and Plates Are Put Inside 

In second case the pipeline is considered to be having only oil and gas flowing 

through it, so it will be modeled as a longitudinally partially filled circular waveguide with 

two dielectrics. The dimensions of waveguide are kept same as previous case; the structure 

of waveguide is shown in figure 4.4 where two metallic plates are placed perpendicular to 

azimuthal direction and a voltage of +100 V and -100 V is applied on these plates. The 

plates are placed perpendicular to azimuthal direction in order to utilize the symmetry of 

structure. Finite difference method is applied with the same specifications. As it can be 

seen from figure 4.4 that there is a boundary inside the structure and it will cause the 

discontinuity in electric field. Thus the approximation equation must be modified 

according to boundary conditions. 

 

Figure 4.4: Illustration of fixed nodes, free nodes and boundary points when waveguide is 

partially filled with two dielectrics 
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The general rules that apply on neighboring points when applying finite difference 

method on partially filled structures are given as: 

1. To apply boundary conditions the point must be taken on the boundary 

2. Out of four neighboring points, two must be on the boundary, one should be in 

upper region and one should be in lower region, as shown in figure 4.5. 

3. If the node is on the boundary then the value of voltage of that particular node will 

be divided by average of dielectric constants of two regions. 

4. The voltage of each regionôs node will be multiplied by its dielectric constant. 

5. If voltage is calculated at a node existing on a boundary, the true voltage will be 

obtained by dividing it with the average of dielectric constants of two regions. For 

example the voltage V0 from figure 4.5 will be given as (Cartesian coordinates): 
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Figure 4.5: Finite difference approximation for dielectric boundary 
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Keeping above five steps in mind, the finite difference approximations are modified 

for figure 4.4. The points highlighted in figure 4.4 are strictly considered to be on the 

boundary, and for each point the distance ȹ ɟ is monitored precisely and adjusted 

accordingly in equation (4.5) to generate the modified approximations. Then the voltage at 

each free node is found and then electric field, total charge and capacitance are found by 

using equation (4.6) and (4.7) respectively. As the distance ȹ ɟ is very small and each point 

the distance is calculated separately, so due to these extensive calculations the total error 

for this case is much higher as compared to air filled waveguide. The detailed results are 

discussed in chapter 6. 

4.1.4 Finite Difference Method When Waveguide is filled with Three 

Dielectrics and Plates are Put Inside 

In third case the pipeline is considered to be having water, oil and gas flowing 

through it, so it is modeled as a longitudinally partially filled circular waveguide with three 

different dielectrics. The dimensions of waveguide are kept same as previous case; the 

structure of waveguide is shown in figure 4.6 where two metallic plates are placed 

perpendicular to azimuthal direction and a voltage of +100 V and -100 V is applied on 

these plates. The plates are placed perpendicular to azimuthal direction in order to utilize 

the symmetry of structure. Finite difference method is applied with the same number of 

iterations, ȹ ɟ, ȹ ű and fixed node voltage. As it can be seen from figure 4.6 that there are 

two boundaries inside the structure and those will cause the discontinuity in electric field. 

Thus the approximation equation must be modified according to boundary conditions for 

this case. 
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Figure 4.6: Illustration of fixed nodes, free nodes and boundary points when waveguide is 

partially filled with three dielectrics 

The rules for applying boundary conditions in this case are same as previous. So 

highlighted points in figure 4.6 are strictly taken to be on the boundaries and distance for 

each point is calculated separately and approximation equations are solved. As we have 

seen in one dielectric case that the approximations of points introduce errors in the final 

results, here the dielectric constant of water is much higher than that of oil and gas, so in 

this case the error will be much higher, so when the waveguide is partially filled with two 

dielectrics, and one of them is water then finite difference method becomes less efficient. 

Thus a refinement is necessary for this case which is discussed in next paragraph. 
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A refinement technique for finite difference method is discussed in [34]. According 

to refining technique, the regions where high electric field exists as compared to low 

electric field region the grid must have small spacing. In this way the whole structure will 

have variable grid spacing and thus there is a need of remodeling the finite difference 

approximations for Laplace equation in terms of different size values of grid size. The 

remodeled approximation equation will take care of grid size for each point as given in 

equation (4.9). 
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The distance h1, h2, h3 and h4 are shown in figure below. This above expression is 

for Cartesian coordinate system when there is no boundary inside the region. By applying 

the rules discussed previously, this expression can be used for any structure and any 

number of boundaries. 

 

Figure 4.7: Refined grid for finite difference method 
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Using the modified approximation we can model the waveguide in Cartesian 

coordinates system instead of cylindrical as shown in figure 4.8. The nodes which are 

highlighted in figure 4.8 will be solved by equation (4.9) and remaining free nodes will be 

solved by using equation (2.7). The boundary condition rules will remain same discussed 

on page 32. The refined finite difference is applied by using the specifications given in 

table 4.2. And the improved results are obtained which are discussed in chapter 6. 

 

Figure 4.8: Illustration of free nodes, fixed nodes and boundary points for refined finite 

difference method when waveguide is filled with three dielectrics 
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Radius (ɟ) ȹ x ȹ y 
No. of 

iterations 

Fixed node 

voltage 

4.4 cm Ò 0.01 Ò 0.01 12000 
+100 and -100 

Volts 

 

Table 4.2: Specifications for applying refined finite difference method on partially filled 

circular waveguide 

4.1.5 Finite Difference Method When Plates are put outside the Tube 

The second case is to find the capacitance by finite difference method when the 

metal plates are considered outside the tube. A plexiglass tube is considered with an inner 

radius of 4.4 cm and tube thickness of 0.5 cm. The method of applying FDM in this case 

is same as previous one. The only difference is the inclusion of extra boundary points which 

are formed due to plexglass-air interface. Such boundary points are shown in figure below. 

 

Figure 4.9: Boundary points formed at plexiglass-air interface 
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All these boundary points are evaluated according to rules mentioned in section 

4.1.3. As the electric flux now is more concentrated inside the plexiglass tube so we need 

more points to evaluate the capacitance accurately. The specifications for applying the 

FDM in such a case are given in the table below. 

Radius (ɟ) ȹ ɟ ȹ ű m 
No. of 

iterations 

Fixed node 

voltage 

4.4 cm 
0.005 

cm 

0.250  

(0.00436 rad) 
880 12000 

+100 and -100 

Volts 

 

Table 4.3: Specifications for applying FDM on air filled circular waveguide when plates 

are placed outside the tube 

The approximation equations are formed by applying the rules discussed in section 

4.1.3. Once the approximation equations are formed, then these equations are solved by 

iteration method. And finally the capacitance is calculated by using the equations (4.6) and 

(4.7). For other cases when tube is partially filled with two or three dielectrics, the same 

method is applied as discussed in sections 4.1.3 and 4.1.4. The only addition is another 

interface which is formed by plexiglass-air interface. So in case when tube is partially filled 

two dielectrics and plates are put outside, then there will be three interfaces. First one is 

the plexiglass-air interface, second is the plexiglass-water interface and third one will be 

water-air interface. Similarly for three dielectrics there will be four interfaces namely 

plexiglass-oil interface, plexiglass-air interface, plexiglass-water interfece, oil-water 

interface and oil-gas interface. Approximation equations in these cases are formed by 

applying rules discussed in section 4.1.3 and values of capacitance is obtained. 
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4.2 Calculation of Capacitance by Parallel Plate Capacitance Method 

The capacitance of a cross section of a waveguide can be found by slicing the 

structure into N strips, and then finding the capacitance between each pair of slices. Finally 

the total capacitance will be addition of all these capacitances because all of these will 

appear in parallel. The slicing of structure is shown in figure below. 

 

Fig.4.10: Slicing of waveguide to form parallel plate capacitors 

Here the plates are of different lengths, so in order to find the capacitance, we need 

to take the average of both lengths and then find the capacitance. We calculated the 

capacitance by using this technique and it is found that the results were inaccurate. The 

reason of this inaccuracy is approximation of length of each slice. So if we are making a 

total of 100 slices, then the amount of error will be huge, and by make less slices the lengths 

of two adjacent slices will be much different and hence error will be large. The only 

positive of this method is that, we got the idea that instead of slicing it along the diameter; 
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we can make the chunks along the circumference of the waveguide and then considering 

the each pair of chunk as inclined plate capacitance. The method of inclined plate 

capacitance is discussed in next section. 

4.3 Calculation of Capacitance by Using Inclined Plate Capacitance 

Method 

In chapter 2 the general relation to find the capacitance between two inclined plates 

is given by equation (2.11). In this section it is discussed in details that how we can use 

inclined plate capacitance method to calculate the capacitance of a circular waveguide. The 

capacitance calculation for air filled waveguide, partially filled waveguide with one 

dielectric and partially filled waveguide with two dielectrics is discussed here. For all these 

cases we are dividing the waveguide along the circumference in small arcs, an arc formed 

by very smaller angle can be considered as a straight line, so by dividing the waveguide in 

smaller arcs each arc will act as a line with an angle. Each inclined section of waveguide 

in the upper half will have a corresponding inclined part at the lower half, as shown in 

figure below which will form an inclined capacitor and can be solved by equation (2.11). 
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Figure 4.11: Inclined plate capacitors along the circumference of waveguide 

A number of inclined plate capacitors will be formed along the circumference of 

the waveguide and the total capacitance can be found by adding all these capacitors, 

because all these inclined capacitors are parallel to each other. It can be noted from figure 

4.10 that smaller the angle of arc, more accurate the results will be. Because when the angle 

decreases arcs become more like a straight line. 

4.3.1 Inclined Plate Capacitance Method for Uniformly Filled Waveguide and 

considering the plates inside the tube 

In this case the waveguide is considered to be completely filled with one dielectric 

(or completely empty). The pipeline is considered as a waveguide and several inclined plate 

capacitors are formed along the circumference of waveguide. To calculate the capacitance 

we need to know the expressions for lengths a, b and angle ű0. These lengths, angle and 

inclined capacitors are shown in figure below. 
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Figure 4.12: Illustration of inclined capacitors parameters for empty waveguide 

The differential capacitance is shown with dotted lines with its two plates being 

X1X2 and X3X4. In figure 4.12, ñdelta (ŭ)ò is the angle subtended by half the chord, ñbeta 

(ɓ)ò is the angle from axis to center of the chord and ñRò is the radius of waveguide as 

shown in figure 4.12. From above information we can estimate the value of ñLò by 

solving the triangles ABC and DBC as shown in figure below. 

By using figure 4.12 and 4.13, we can solve the triangles ABC and DBC by using 

trigonometric relations, and following equations can be formed. 
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Here ŭ is fixed while ɓ will change for each pair of inclined capacitors and can be 

given by expression: 
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Figure 4.13: Triangles formed by inclined capacitors in empty waveguide 

For this case the angle ŭ is taken to be 0.250 and inclined capacitors are formed by 

taking the arc of 0.50. Thus, in equation (4.11) ŭ is equal to 0.250 and n can be any integer 

from 1 to 179. It can be easily seen from figure 4.12 that if length ñLò is known, we can 

easily find the lengths ñaò and ñbò. Lengths a, b and L are denoted in figure 4.12. 




































































































































































