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In this dissertation, we study the well-posedness as well as the asymptotic be-
havior of some wviscoelastic problems in the presence of infinite history. In this
regard, we prove several general decay results under appropriate assumptions on
the kernels and the structural parameters of the equations. We use the multiplier
method, the well depth method and/or convexity argument to establish the desired
stability results of the problems. Qur results generalize many results existing in

the literature.
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CHAPTER 1

INTRODUCTION

1.1 Viscoelasticity

Elasticity is the material deformation behavior described by Hooke’s law which
states that displacement is linearly proportional to the applied load. An elastic
material returns to the undeformed state once the loads are removed and the ef-
fects of multiple load systems can be computed by simple linear superposition.
Moreover, the work done by the forces is calculated by multiplying the loads by
the displacements. On the other hand, viscosity is an internal property of a fluid
that offers resistance to flow. Viscous liquid has no definite shape and it flows
irreversibly under the action of external forces. However, there are materials with
properties that are intermediate between elasticity and viscosity.

Viscoelasticity, as its name suggests, incorporates aspects of both time dependent
fluid behavior (viscous) and time independent solid behavior (elastic). Viscoelastic

materials share some properties with elastic solids and some others with Newto-



nian viscous fluid. They exhibit an instantaneous elasticity effect and creep char-
acteristics at the same time. In fact they can display all the intermediate range
of properties. For instance, at low temperatures, or high frequencies of measure-
ment, a polymer may be glass-like and it will break or flow at great strains. On
the other hand, at high temperatures, permanent deformation occurs under load,
and polymer behaves like a highly viscous liquid. However, in an intermediate
temperature or frequency range, commonly called the glass transition range, the
polymer is neither glassy nor rubberlike. Hence, polymers are usually described
as viscoelastic materials and may dissipate a considerable amount of energy on
being strained. In the rubber-like state, a polymer may be subjected to large
deformation and still shows a complete recovery. To a good approximation, this
is an elastic behavior at large strain [34], [52].

The importance of the viscoelastic properties of materials has been realized be-
cause of the rapid developments in rubber and plastics industry. Many advances
in the studies of constitutive relations, failure theories and life prediction of vis-
coelastic materials and structures were reported and reviewed in the last two
decades [24]. Time dependence of mechanical behavior of viscoelastic materials
reveals the existence of inner clock or intrinsic time, which can be influenced by
many factors such as temperature [3], physical [15], [83], [84], damage, pressure
and solvent concentration [47], [55], strain and stress level [11], [50], [75].
Depending on the change of strain rate versus stress inside a material the viscosity

can be categorized as having a linear, non-linear, or plastic response. When a ma-



terial exhibits a linear response it is categorized as a Newtonian material. In this
case the stress is linearly proportional to the strain rate. If the material exhibits
a non-linear response to the strain rate, it is categorized as Non-Newtonian fluid.
There is also an interesting case where the viscosity decreases as the shear/strain
rate remains constant. A material which exhibits this type of behavior is known
as thixotropic. In addition, when the stress is independent of this strain rate, the
material exhibits plastic deformation [53].

Boltzmann (1844-1906) first proposed to use superposition to compute the stress-
strain response of a viscoelastic solid subjected to an arbitrary loading history.
He assumed that creep at any time is a function of the entire prior loading history
and that each loading step makes an independent contribution to the deformation.

Hence for an applied stress o(t), the strain is

et) = / J(t — s)do(s),

—0o0

where J is time dependent creep compliance.

Likewise, if a strain €(t) is applied

where G is time dependent stress relaxation modulus [53].
We consider viscoelasticity in the isothermal approximation, which means that

the temperature does not enter the model (state and constitutive relation). So



the state involves the deformation gradient only while the constitutive equation

is in fact a stress-strain relation. We obtain [14], [53]

o (t) = G(1)e(0) + /0 G(t—s)ag(;)ds.

The integrating functions G(t) are mechanical properties of the material and are
called relaxation functions. It can be considered to be the formulation of Boltz-
mann’s superposition principle such that the current stress is determined by the
superposition of the responses to the complete spectrum of increments of strain.
The relaxation function G brings about damping effect of the solutions to the
problem. This viscous damping ensures global existence of smooth solutions de-
caying uniformly under constant density as time goes to infinity. This is true for
sufficiently smooth and/or small data and history. We shall mainly be concerned

with this phenomenon in our study.

1.2 Result Description

The aim of this dissertation is to investigate the well-posedness as well as the
asymptotic behavior of solutions of some viscoelastic problems in the presence of
infinite history. In this regard, we study several problems and establish several
general decay results under some suitable assumptions. This study improves and
generalizes several eariler results mentioned in Section 4 in this chapter. In par-

ticular, we extended results of general decay by the new approach introduced by



Guesmia and Messaoudi [41] to some nonlinear problems and systems. Also, we
extended, using the convexity arguments used in [38] and [51], the results of some
nonlinear viscoelastic problems with finite history to infinite history.

Our contributions start from Chapter two, where we investigate the asymptotic

stability of solutions of the following nonlinear wave equation with infinite history

(

g (2, ) [ g (2, 1) — A — Auge(a,t) + [7°° g(s)Au(a,t — s)ds =0, in Q x R,
u(z,t) =0, onI' x RT,

u(z, —t) = up(z,t), w(x,0) =uy(z), in QxRT,
(1.1)

\

where € is a bounded domain of RY(N > 1) with a smooth boundary T, u is
the transverse displacement of waves, the relaxation function g is positive and
decreasing, the exponent p is a positive real number satisfying some conditions to
be specified later. We consider (1.1) and establish a general decay result for the
associated energy functional.

In Chapter three, we study the asymptotic behavior of the following nonlinear



system of wave equations with infinite memories

(

+oo
ug(x,t) — Au(z, t) + / g(8)Au(z,t — s)ds + Nug(z, )™ uy(z, 1)
0
= fl(u7v)7 in {2 X R+7
“+o0o
(o) = Bolayt) + [ h)Au(at = s)ds + o, o,
0
= fo(u,v), in Q@ x RT,
u(z,t) = v(x,t) =0, in 00 x R,

u(x, —t) = ug(z,t), us(z,0) = uy (), v(x, —t) = vo(, 1), v,(x,0) = v1(z), in Qx RT,
(1.2)

\

Fi(u,v) = alu+ o (u 4 v) + blul ulv]”?,
(1.3)

folu,v) = alu + v (u+ v) + blofvlul

where u and v denote the transverse displacements of waves, () is a bounded
domain of RV (N = 1, 2, 3) with a smooth boundary 99, p, m, r, A, u are positive
constants, the kernels g and h are satisfying some conditions to be specified later
and the nonlinear coupling functions, f; and f,, describe the interaction between
the two waves.

We establish, for a class of initial data, a general decay result using the well depth
and the multiplier methods. This result extends the result obtained by [79].
Furthemore; in contrast to [38], we allow a wider class of relaxation functions and
we do not use the convexity argument

In Chapter four, we study the asymptotic stability of the following viscoelastic



equation with infinite history and boundary feedback

u(x,t) — Au(z, t) + f0+oog(s)Au(x,t —s)ds =0, in Q x R,
Gu(— 7 g(s) 2% (2, t — s)ds + h(u;) = 0, on I x RY,
(1.4)
u(t) =0, on Iy x R,
u(gjv_t) ZUO(t)vut(an) :ul(x)v in () XR+a

where u denotes the transverse displacement of waves, () is a bounded domain of
RY(N > 1) with a smooth boundary 92 = Iy UT such that Iy and T'; are closed
and disjoint, with |Tg| > 0, v is the unit outer normal to 92 and g, h are specific
functions.

We establish, without imposing any growth condition on h and for a wide class of
relaxation functions g, an explicit decay result of the solution of the problem.
Chapter five is devoted to the study of the well-posedness as well as the asymptotic
behavior of a viscoelastic equation with infinite history and nonlinear localized

damping. Namely,

¢

ug(x,t) — Au(z, t) + f0+oo g(s)Au(z,t — s)ds + a(z)|uy(z,t)|" *uy(z,t) = 0, in Q x RF,

u(zx,t) =0, on 00 x R,

u(z, —t) = uo(z, 1), w(x,0) = uy(z), in Q x RT,
(1.5)

\

where u denotes the transverse displacement of waves, {2 is a bounded domain of

RY (N > 1) with a smooth boundary 99, ¢ is positive and decreasing function,



a is nonnegative bounded measurable function defined on €2 and m > 1.
We establish the well-posedness when m > 2 using the standard Faedo-Galerkin
method and obtain an explicit decay result for the associated energy functional

under some suitable assumptions.

1.3 Methodology

We use the multiplier method, the well depth method and/or a convexity ar-
gument to establish the desired stability results of the systems. The multiplier
method relies mostly on the construction of an appropriate Lyapunov functional

L equivalent to the energy of the solution E. By equivalence £ ~ E, we mean

@ E(t) < L(t) < anB(t), Vt € R, (1.6)

for two positive constants a; and as. To prove the exponential stability, we show
that £ satisfies

L'(t) < —cL(t), VteRT, (1.7)

for some ¢; > 0. A simple integration of (1.7) over (0, ) together with (1.6) gives
the desired exponential stability result.
In the case of a general decay result, the obtained decay rate depends on the

relaxation function g, which is assumed to satisfy the following two conditions



(A1) g: R — R is a C! decreasing function satisfying
+o0o
g(0) >0, 1-— / g(s)ds =1>0,
0

(A2) There exists a positive nonincreasing differentiable function £ : Rt — R*
satisfying

g'(t) < =E(t)g(t), teRT

Then, we show that
(E@RL(E) + BLE()) < —c1&(t)E(t) + Por(t), VIRT,

where r(t) = £(t) fjoo g(s)ds.

After that, we exploit (1.6) to prove that
F(t) = E()L(E) + HrE(R) ~ E). (1.8)
Direct integtation on (0,7") gives
T T t
F(T) < e~ o &)ds (F(O) + By / e Jo €<S>dsr(t)dt) . (1.9)
0

Use of integration by parts, properties of ¢ and g and (1.8) lead to the general
decay result. In addition, we use the well depth method, in Chapter three, to

guarantee the non-negativeness of the energy functional. In Chapter four and



five, we use a convexity argument to obtain the desired decay result. For the

well-posedness, we employ the standard Galerkin method.

1.4 Literature Review

1.4.1 Viscoelastic Problems with Finite Memory

We start with the pioneer work of Dafermos [28], [29], where he considered a

one-dimensional viscoelastic problem of the form

t
Py = Cllgy — / g(t — $)uze(s)ds

—00

and established various existence results and then proved, for smooth monotone
decreasing relaxation functions, that the solutions go to zero as t goes to in-
finity. However, no rate of decay has been specified. Hrusa [45] considered a

one-dimensional nonlinear viscoelastic equation of the form

Wt — s + / mlt — ) (0 (ua(s)))ds = [(2.1)

and proved several global existence results for large data. He also proved an expo-
nential decay result for strong solutions when m(s) = e~ and ¢ satisfies certain
conditions. In [31], Dassios and Zafiropoulos considered a viscoelastic problem
in R? and proved a polynomial decay result for exponentially decaying kernels.

In their book, Fabrizio and Morro [33] established a uniform stability of some

10



problems in linear viscoelasticity. After that, Rivera [69] considered equations
for linear isotropic homogeneous viscoelastic solids of integral type which occupy
bounded domains or the whole space R™. In the bounded-domain case and for
exponentially decaying memory kernels and regular solutions, he showed that the
sum of the first and the second energy decays exponentially. For the whole-space
case and for exponentially decaying memory kernels, he showed that the rate of
decay of energy is of algebraic type and depends on the regularity of the solution.
This result was later generalized to a situation, where the kernel is decaying al-
gebraically but not exponentially by Cabanillas and Rivera [16]. In their paper,
the authors considered the case of bounded domains as well as the case when the
material is occupying the entire space and showed that the decay of solutions is
also algebraic, at a rate which can be determined by the rate of the decay of the
relaxation function. This latter result was later improved by Baretto et al. [10],
where equations related to linear viscoelastic plates were treated. Precisely, they
showed that the solution energy decays at the same decay rate of the relaxation
function. For partially viscoelastic materials, Rivera and Salvatierra [80] showed
that the energy decays exponentially, provided the relaxation function decays in
a similar fashion and the dissipation is acting on a part of the domain near to the
boundary. Also, Rivera et al. [73], [74] established the same result as in [80] re-

gardless to the size of the viscoelastic part of the material. Fabrizio and Polidoro

11



[34] studied the following problem

gy — Au + f(fg(t — 7)Au(r)dT +us = 0, in Q x RT,

u =0, on 00 x R+

and showed that the exponential decay of the relaxation function is a necessary
condition for the exponential decay of the solution energy. In [72], a class of

abstract viscoelastic equations of the form
uy + Au+ fu — (g *x A%u)(t) =0, (1.10)

for 0 < a<1andp >0, was investigated. The main focus was on the case when
0 < a < 1 and the main result was that solutions for (1.10) decay polynomially
even if the kernel g decay exponentially. This result has been generalized by Rivera
et al. [71], where the authors studied a more general abstract problem than (1.10)
and established a necessary and sufficient condition to obtain an exponential decay.
For quasilinear problems, Cavalcanti et al. [18] studied, in a bounded domain, the

following equation
t
|ue|Pugy — Au — Aug + / g(t — 7)Au(T)dr — yAuy = 0, (1.11)
0

for p > 0. A global existence result for v > 0, as well as an exponential decay
result for v > 0, have been established. This latter result was then extended to

a situation, where v = 0, by Messaoudi and Tatar [65, 66], and exponential and

12



polynomial decay results have been established in the absence, as well as in the
presence, of a source term. In all the above mentioned works, the rates of decay
in relaxation functions were either of exponential or polynomial type. In [21],

Cavalcanti et al. considered
t
uy — Au+ / g(t — s)Au(s)ds + a(z)u, + [ul’'u =0, in QxR
0

where a : Q — R* is a function which may vanish on a part of the domain Q but

satisfies a(x) > ag on w C €2 and ¢ satisfies, for two positive constants & and &,

—&19(t) < g'(t) < —&g9(t), t e RT

and established an exponential decay result under some restrictions on w. Berrimi
and Messaoudi [12] established the result of [21], under weaker conditions on both
a and g, to a problem where a source term is competing with the damping term.

Cavalcanti and Oquendo [23] considered the following problem
t
wy — koAu + / divia(x)g(t — s)Au(s)]ds + b(x)h(us) + f(u) =0 (1.12)
0

and established, for a(z) + b(x) > p > 0, an exponential stability result for
g decaying exponentially and h linear, and a polynomial stability result for g
decaying polynomially and h nonlinear. Li et al. [54] treated (1.12) with b(z) =0
and f(u) = —|u["u, v > 0. They showed the global existence and uniqueness

of global solution of problem (1.12) and established uniform decay rate of the

13



energy under suitable conditions on the initial data and the relaxation function

g. Messaoudi [57] investigated the equation
t
gy — Au + / g(t — s)Au(s)ds + aug|ug]™ = blu|"u, in Q x R*
0

and showed, under suitable conditions on ¢, that solutions with negatve energy
blow up in finite time if v > m, and continue to exist if m > . In the absence
of the viscoelastic term (g = 0), the problem has been extensively studied and
many results concerning global existence and nonexistence have been proved. For

instance, for the problem
gy — Au + auglug]™ = blu|Tu, in Q x RT,

with m, v > 0, it is well known that, for a = 0, the source term blu|"u (v > 0)
causes finite time blow up of solutions with negative initial energy [9], [46] and
for b = 0, the damping term aus|u;|™ assures global existence for arbitrary initial
data [42], [49]. For more general decaying relaxation functions, Messaoudi [59, 60]
considered

¢
u — Au + / g(t — 7)Au(r)dr = blu|’*u, (1.13)
0

for p > 2, b € {0,1} and g satisfying (A1), (A2), and established a more general
decay result, from which the usual exponential and polynomial decay rates are

only special cases. Alabau-Boussouira and Cannarsa [4] considered (1.13) with

14



b = 0 and relaxation functions satisfying

J'(t) < —x(9(t)),

where x is a non-negative function, with x(0) = x/(0) = 0, and x is strictly

increasing and stictly convex on (0, ko], for some kg > 0. They also required that

ko d ko d 1
/ ;£:+m,/ T i i XS
o X(z) o x(z) s—0t X'(s) 2

and claimed a decay result for the energy of (1.13). In addition to these assump-

tions, if

lim sup X(S)/S

sup oy < Land g(8) = —x(g(t),

then, in this case, an explicit rate of decay is given. Very recently, Messaoudi and

Mustafa [62] considered (1.13), with b = 0, and for relaxation functions satisfying

g'(t) < —H(g(1)),

for some positive convex function H. They used the properties of the convex func-
tions together with the generalized Young inequality and established a general
decay result depending on g and H.

For Frictional dissipative boundary condition, Lasiecka and Tataru [51] investi-

15



gated the following problem

uy = Au — fo(u), in Q x RT,

5= —g(wlr,) = fi(ulr,), onTy x RY,

u=0, on 'y x RY,
\u(()) =ug € H}(Q), w(0)=u; € L*(Q)

and proved, without imposing any growth condition on h, that the energy de-
cays as fast as the solution of an associated differential equation whose coeffi-
cients depend on the damping term. A nonlinear wave equation with viscoelastic
boundary condition was studied by Rivera and Andrade [70] and existence and
uniform decay results, under some restriction on the initial data, were established.
Santos [82] considered a one-dimensional wave equation with viscoelastic bound-
ary feedback and showed, under some assumptions on both ¢’ and ¢”, that the
dissipation is strong enough to produce exponential (polynomial) decay of the so-
lution, provided the relaxation function also decays exponentially (polynomially)
respectively. Messaoudi and Soufyane considered a semilinear wave equation of

the form
4

uy — Au+ f(u) =0, in Q x R,

u =0, on [y x R,

“:—f(fg(t—s)g—ﬁ(s)ds, on I'y x R,
\

16



where f € C*(R) is a function satisfying uf(u) > bF(u) > 0, for b > 2,

_ /0 Cf(eye,

with

F(u) < dul’, YVu € R,

for some constant d > 0 and p > 1 such that (n — 2)p < n, and established a

general decay result. Cavalcanti et al. [20] studied the following problem

wy — Au + fotg(t — s)Au(s)ds =0, in Q x R,

U:O, on Fl XR+, (114)

— [ gt — s)2%(s)ds + h(u;) =0, on Ty x R,

where h : R — R is a nondecreasing C! function such that

h(s)s > 0, for alls # 0

and there exist C; > 0, 1 = 1,2, 3,4, such that

Culsl? < |h(s)| < Culs|?, if|s| < 1,

Csls| < [h(s)] < Culs], if |s| > 1,

17



where p > 1. He established a global existence of strong and weak solutions
and some uniform decay rate results under restrictive assumptions on both the
damping function h and the kernel g. After that, Cavalcanti et al. [19] weakened
the conditions on both A and g and established a uniform stability depending
on the behavior of h and g. Messaoudi and Mustafa [61] considered (1.14), for
more general type of the relaxation functions and, without imposing any growth
condition on h, they established a general deacy result depending on g and h.

Cavalcanti and Guesmia [22] studied the following hyperbolic problem

(

uy — Au+ F(x,t,Vu) =0, in Q x Rt

u =0, on I'y, (1.15)

u+ [y g(t—s5)3(s)ds =0, onTy x R
\

and proved, under some conditions, that the dissipation given by the memory term
is strong enough to assure stability of our system. Precisely, they showed that if
the relaxation function decays exponentially (or polynomially), then the solution

also decays exponentially (or polynomially) and with the same decay rate.

1.4.2 Viscolestic Systems with Finite Memory

Andrade and Mognon [6] treated the following problem

uy — Au + f(f g1(t — s)Au(s)ds + fi(u,v) =0, in [0,7T] x Q,
(1.16)

vy — Av + fg ga(t — s)Av(s)ds + fo(u,v) =0, in[0,T] x Q,

18



with

filu, ) = [ufPulol” and fo(u,v) = [o]"Zo(t)]ul",

where p > 1 if N =1,2and 1 < p < % if N = 3. They proved the well

posedness under the following assumptions on the relaxation functions
+0o0o
1 —/ gi(s)ds >0, g/ € L'(0,00) fori=1,2
0
and for some positive constants a and
—agi(t) < gi(t) < —Bai(t).
In [81], Santos considered (1.16) with
fl(u>v) = a(u - 1}) and f2(u7 U) = —a(u - U)a
where a is a positive constant and the relaxation functions satisfy

—a19; (1) < gi(t) < —ax9;(t)

0<g/(t) <vgi(t), i=1,2,

for 1 < p < 2. He proved an exponential decay result for the kernels decaying

exponentially (p = 1) and a polynomial decay result for the kernels decaying
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polynomially (p > 1). Messaoudi and Tatar [67] considered the following problem

uy — Au + fgg(t — $)Au(s)ds + f(u,v) =0, x € Q,teRT,
(1.17)

vy — Av + f(f h(t — s)Av(s)ds + k(u,v) =0, =€ Q,t € R,
where the functions f and k satisfy, for all (u,v) € R?, the following assumptions
[f(w,0)] < d(ful® + |v]™),
[k(u, 0)] < d(Ju|™ +[o|™),

for some constant d > 0 and

They proved an exponential decay result if both g and h are decaying exponentially
and a polynomial decay result otherwise. Recently, Mustafa [68] investagiated the
well-posedness and the asymptotic behavior of the system (1.17) for relaxation

functions satisfy

g(t) < =&(t)g(t), H(t) < —&(H)h(t),
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and for more general forms of f and k£ and established a general decay result

depending on ¢g and h. Han and Wang [44] studied the following problem

gy — Au + fotg(t — 8)Au(s)ds + |ug|™ tuy = f(u,v), € Q,teRT,
Vi — Av+ [ h(t — $)Av(s)ds + [v]" " v, = k(u,v), @€ Q,t € RY,

(1.18)
and established global existence and blow-up results. However, the decay issue
was not discussed. In [64], Messaoudi and Said-Houari studied (1.18) for f and
k given in (3.2), and proved, under specific assumptions on the kernels and the
initial data, a global nonexistence theorem with positive initial energy. Also,
Said-Houari et al. [79] studied (1.18) and proved, for certain class of relaxation
functions and for some restrictions on the initial data, that the rate of decay of

the total energy depends on those of the relaxation functions.

1.4.3 Viscoelastic Problems with Infinite History

Giorgi et al. [36] considered the following semilinear hyperbolic equation, in a

bounded domain © C R3,

+00
ug — K(0)Au — i K'(s)Au(t — s)ds + g(u) = f,

with K(0), K(c0) > 0 and K’ <0 and gave the existence of global attractors for

the problem. Conti and Pata [25] considered the following semilinear hyperbolic
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equation with linear memory in a bounded domain 2 C R"™ ,

+o00o
gy + auy — K(0)Au — K'(s)Au(t — s)ds + g(u) = f, in Q x RT, (1.19)
0

where the memory kernel is a convex decreasing smooth function such that K(0) >
K(o00) > 0 and ¢ : R — R is a nonlinear function of at most cubic growth
satisfying some conditions and proved the existence of a regular global attractor.

In [7], Appleby et al. studied the linear integro-differential equation
t
uy + Au +/ K(t — s)Au(s)ds =0, t € R"

and established results of exponential decay of strong solutions in a Hilbert space.
Pata [76] discussed the decay properties of the semigroup generated by the fol-

lowing equation

+oo
uy + o Au + Buy — / w(s)Au(t — s)ds = 0,
0

where A is a strictly positive self-adjoint linear operator and o > 0, § > 0 and the
memory kernel p is a decreasing function satisfying some specific conditions. He
established the necessary as well as the sufficient conditions for the exponential

stability. In [38], Guesmia considered the following abstract equation

+o0
uy + Au — / g(s)Bu(t — s)ds = 0, (1.20)
0
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where A and B are two positive self-adjoint operator satisfy some conditions, and
introduced a new ingenuous approach based on the properties of convex functions
and the use of the generalized Young inequality which allows a larger class of infi-
nite history kernels than the one considered in the literature thereby established a
more general decay result for a class of hyperbolic problems. Using this approach,

Guesmia and Messaoudi [40] later looked into
t +oo
Uy — Au+ / g1(t — s)div(ay () Vu(s))ds + / g2(s)div(as(z)Vu(t —s))ds = 0,
0 0

in a bounded domain and under suitable conditions on a;, a, and for a wide class
of relaxation functions g; and g, which are not necessarily decaying polynomially
or exponentially, and established a general decay result from which the usual ex-
ponential and polynomial decay rates are only special cases. In [41], Guesmia and
Messaoudi considered (1.20) with B = A. They adopted the method introduced
in [60], for finite history, with some modifications imposed by the nature of their
problem, to establish a general decay result which depends only on the behavior
of the relaxation function. Very recently, Guesmia [39] considered the following
coupled abstract evolution equations

uy + Au — O+O° g(s)Bu(t — s)ds + Bv = 0, Vt € R,

(1.21)
vy + Av + Bu = 0, vVt € RT,

where A, A and B are self-adjoint linear positive definite operators, whereas B is a
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self-adjoint linear bounded operator. Under a boundedness condition on the past
history data, he proved that the stability of (1.21) holds for convolution kernels
having much weaker decay rates than the exponential one. Also, he showed that
the general and precise decay estimate of solution he obtained depends on the
growth of the convolution kernel at infinity, the regularity of the initial data,
and the connection between the operators describing the considered equations.
Conti et al [27] studied the asymptotic properties of the semigroup S(t) arising
from the nonlinear viscoelastic equation with hereditary memory on a bounded

three-dimensional domain

+0oo +o0o
g | ugy — Ay — Ay — (1 —|—/ ,u(s)ds) Au—i—/ p(s)Au(t —s)ds+ f(u) = h,
0 0

written in the past history framework of Dafermos [28]. They established the
existence of the global attractor of optimal regularity for S(¢) when p € [0,4) and
f has polynomial growth of (at most ) critical order 5. Very recently, Conti et al.

[26] considered the following nonlinear viscoelastic equation
+o0
e "ugy — Ay + (=) uy — alu + / p(s)Au(t — s)ds + f(u) = h, (1.22)
0

with hereditary memory on a bounded three-dimensional domain, the parameter
p belongs to the interval [0, 4], while f can reach the critical polynomial order 5.
They established an existence, uniqueness and continuous dependence result for

the weak solutions to (1.22).
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1.5 Notation and some Useful Inequalities

Throughout this dissertation, we use the standard L*(2) and H'(Q) spaces. The

space H'(2) is defined to be

HI(Q) = {u € L2(Q>;3917927 ceegn € L2(Q) :

Op o
Qua$i ——/Qgigo Yo € G (Q)},

where g, = in weak sense.

&m
The space H'(Q) is equipped with the norm

lullir @) = lullz + [ Vull2,

wherel|ullz = [Jul|72(q)-
For H}(Q)

Hy(Q) ={ue H(Q): u=0on 0},

where 0f2 is the boundary of €2, which is equipped with the norm

HUH%(Q) = [|Vull3,

provided that € is a bounded domain. The following notations are used in the

dissertation

e A=02 +0, +..4+02

Tn
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[ ] v - (axla axga"'7aﬂ?n)

ou 0%u

‘Utza7 uttzwa

e C1(2) denotes the space of all continuously differentiable functions on €,

C;(2) denotes the space of all continuously differentiable functions with
compact support in 2. The support of a continuous function f defined on

2 is the closure of the set of point where f(x) is nonzero. That is

supp(f): ={x € Q[ f(z) # 0}.

Furthermore, we sometimes use ¢ to denote a generic positive constant. The

following inequalities are repeatedly used in the dissertation

1 1
1. Holder’s inequality. Let 1 < p, ¢ < oo such that — + — = 1. If u € LP(Q)
P q

and v € L4(Q), then uv € L'(Q) and

/ ol < el o]l
Q

By taking p = ¢ = 2, we have the Cauchy-Schwarz inequality.

1 1
2. Young’s inequality. Let 1 < p, ¢ < oo such that — 4+ — = 1. Then for
P q

any € > 0, we have

ab < ea? + C.b%, Va,b>0,
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. For p = q =2, we have

where C, =

SES

q(ep)

2

b
b<ea®+ —.
ab < ea +4£

3. Green’s formula. Let €2 be a bounded domain of R" with smooth bound-

ary. Then
/ ulAvdr = —/ Vu'Vvd:U—l—/ uVv-vds, Yu € H'(Q) andv € H*(Q).
Q Q G

where v is the outer unit normal to 9Q. If u € Hy, the Green’s formula

becomes
/ uAvdx = —/ Vu - Vudz.
Q Q

4. Poincaré’s inequality. Let 1 < p < oo and €2 be a bounded domain of R".

Then there exists a constant C' (depending on €2 and p only) such that
|ullr) < C||Vullr), Yue Wol’p(Q).

If p = 2, then we set H}(Q) = W, ().
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CHAPTER 2

A GENERAL STABILITY
RESULT FOR A NONLINEAR
WAVE EQUATION WITH

INFINITE HISTORY

In this chapter, we consider the following problem

(

lug(x, t)Pug (2, t) — Au(z, t) — Aug(z,t) + f0+oog(s)Au(x,t —5)ds =0, in Q x RT,
u(z,t) =0, on I' x RT,

u<x7 _t) = U()(I,t), ut(x70) = ul(‘r)7 in Q x R+>

\

(2.1)
where Q is a bounded domain of RY(N > 1) with a smooth boundary T, u is

the transverse displacement of waves, the relaxation function ¢ is positive and
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decreasing, the exponent p is a positive real number satisfying some conditions
to be specified later. This is a nonlinear wave equation with the presence of a
viscoelastic damping with infinite memory supplemented by a history function wug
and initial data ;. In section 2.1, we give some assumptions needed in this chapter.
Some technical lemmas and the statement with proof of the main results are given
in section 2.2 and section 2.3, respectively. Finally, we give some examples to

illustrate our result.

2.1 Assumptions

In this section, we present some material needed in the proof of our result. We
use the standard Lebesgue space L*(€) and the Sobolev space H}(Q2) with their
usual scalar products and norms. For the relaxation function g, we assume the

following

Al) g : Rt — RT is a C! decreasing function satisfyin
(A1) g g ying
+oo
g(0) >0, 1— / g(s)ds =€ > 0. (2.2)
0
(A2) There exists a nonincreasing differentiable function & : Rt — R* such that

g(t) < =&(t)g(t), Vt € R (2.3)
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(A3) For the nonlinearity, we assume that

, N>3 and 0<p, N=1,2. (2.4)

0<p< 2
P>

(A4) There exists a positive constant myg, such that

[[uo(s)]l, < mo, Vs > 0. (2.5)

The energy associated with problem (2.1) is

1 1
p+2/|u "2 dx + = /|Vu| dx—i—Q/|Vut|2dx—|—§(goVu)(t), (2.6)

where

+oo
(goVu)(t // )| Vu(t — s) — Vu(t)|*dsdz.

For completeness we state, without proof, the existence result of [26].

Proposition 2.1 Let (ug(.,0),u;) € Hi(Q) x HLQ) be given. Assume that

(A1) — (A4) are satisfied; then problem (2.1) has a unique global (weak) solution

u e CYRY; HY(Q)).
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2.2 Technical Lemmas

In this section, we establish several lemmas needed for the proof of our main

result.

Lemma 2.1 For u € Hj(Q), we have

2

/Q < /O +Oog(s)(u(t)—u(t—s))ds> dr < (1 —0)C%(goVu)(t),

where C), is the Poincaré constant.

Proof.

/Q (/O+OO g(s)(u(t) — ult — S))ds)

By applying Cauchy-Schwarz’ and Poincaré’s inequalities, we can show that

2

dx:/Q( Om MM(@L@)—u(t—s))ds)de.

2

L ([ oot~ = spas) aa
< /Q ( /0+°0 g(s)ds) ( /0+°°g(5)(u(t)—u(t_$))2d8) o

< (1= 0)C2(goVu)(t).

Lemma 2.2 Suppose that (A1) — (A3) hold. Let u be the solution of the system

(2.1), then the energy functional satisfies

E(t) = %(g'oVu)(t) <0. (2.7)
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Proof. By multiplying equation in (2.1) by u,, integrating over €2, using inte-

gration by parts, and hypotheses (A1) and (A2) we obtain

%{ﬁ/ﬂmﬁpwdxwt%/Q|Vu|2dx+%/Q|Vut|2dx}
- /Q V(). /0 m g(s)(Vu(t — s) — Vu(t))ds (2.8)

—(1-19 / VuVudr = 0,
Q

for any regular solution. This result remains valid for weak solutions by a simple

density argument. For the last term on the left side of (2.8) we have

/QVut(t) /0 h g(s)(Vu(t — s) — Vu(t))dsdz
400
= —% /Q/O g(s)%]Vu(t — 5) — Vu(t)|*dsdz

+o00
_%/Q/O 9(3)%|Vu(t—s)—Vu(t)|2dsdx.

Using integration by parts, we get

/QVut(t)/o N g(s)(Vu(t — s) — Vu(t))dsdx = —%(g’oVu) (t) + %%(goVu) (t).

(2.9)
Inserting (2.9) into (2.8), we obtain

d 1 pt2 g/ ? 1/ 2 1 . 1 /
i {p+2/9|u75| dx + 5 Q|Vu| dx + 5 Q|Vw:| dx + 2(90Vu)(t) = 2(9 oVu)(t).

(2.10)

Which completes the proof. |
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Lemma 2.3 Under the assumptions (Al) — (A3), the functional

Wp(t) : p—|—1/|ut| utuda:—l—/Vu Vudx

satisfies, along the solution of (2.1), the estimate

, ( 1 11
¢(t> < —§/Q’Vu’2daj—|—/Q|Vut|2d£E+m/g|ut‘p+2d$+2—€(govu)()

(2.11)

Proof. Direct differentiation of ¢, using (2.1), yields

+oo
—/ ]Vu]%ix%—/Vu(t)./ g(s)Vu(t — s)dsdx
0 Q 0
1
+/\Vut\2dx+—/\ut]p+2dx.
0 p+1Jg

We then estimate the second term on the right side of (2.12), using Young’s

(2.12)

inequality, as follows

/QVu(t). /0+0<> g(s)Vu(t — s)dsdx
< %/Q \Vu|*dz + %/Q (/0+oog(s)(\Vu(t —s)— Vu(t)| + \Vu(t)])ds)de.

By exploiting (2.2), Lemma 2.1 and

1
(a+b)2§(1+n)a2+(1+5) b?, Vn >0,
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we arrive at

/QVu(t). /0+00 g(s)Vu(t — s)dsdx
< %/Q|Vu|2dx+% (1 + %) /Q (/O+Oog(s)|Vu(t s Vu(t)|ds)2dx

+%(1+n)(1—€)2/ Vuldz

1 [1+ (1+7)(1—20)7] / |Vul dx+; (1+717> (1 —2)(goVu)(t).

(\]

By taking n = ﬁ, we find

oo 2/ 2 1—/
/ﬂVu(t)./O g(s)Vu(t — s)dsdz < T/Q|Vu| dx + 2—£(90Vu)( ). (2.13)

Inserting (2.13) in (2.12), estimate (2.11) is established. |

Lemma 2.4 Under the assumptions (Al) — (A4), the functional

= [ (- [ " o) ut) — ult — 5))dsda

p+1

satisfies, along the solution of (2.1) and for any &1,d5 > 0, the estimate

V() < (14201 — 025, /Q Vuldr — ;T‘f /Q g2
+(1—-10) (251 + %51) (goVu)(t) — 9(0) (1 + i) (goVu)(t) (2.14)

d2
+[52+Cp+1(2E( 1—6}/|Vut| dx,

where ¢ is a positive constant and C,, is the Poincaré constant.
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Proof. Differentiating x with respect to ¢ and making use of (2.1), we find

= /QVu(t)./D Oog(s)(Vu(t —s) — Vu(t))dsdx

([ servute-sas) . ([ stovuti—9) - Vatoyas ) e

—(1—@/ \Vut|2dx—/QVut(t)./0 " (5)(Vult — 5) — Vu(t))dsda

p+1/\ ut] Ut/+oog(5)(u(t—8)—u(t))dsdx
== 0) [ Jul .

p+1
(2.15)

Now we proceed, using repeatedly Cauchy-Schwarz’ inequality, Young’s inequality
and Lemma 2.1 to estimate each term in the right-hand side of (2.15). The first

term may be estimated as follows

/ Vu(t)./ " g(s)(Vu(t — s) — Vu(t))dsdz
@ 0 (2.16)

1
< 51/ VulPde + L (goVu)(#), Vo > 0.

46,

For the second term, we recall (2.2) and the fact that (a +0)? < 2(a® + b*) to get

/Q < /0 - 9(s)Vu(t — S)ds) . ( /0 +°° g(s)(Vu(t — s) — Vu(t))ds) dr

400 2 400 2
< d / / g(s)Vu(t — s)ds
alJo
2

dr + L g(s)(Vu(t —s) — Vu(t))ds | dz
< 51/9 (/0+Oog(s) (’ Vu(t — s) — Vult) ’ +|vu<t)y) ds> d + 14—54(90Vu)(t)

45, ;

(251 + 4%1) (1 —£)(goVu)(t) + 26,(1 —6)2/Q|Vu|2da7.
(2.17)
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For the fourth term, it is easy to see that, Vo, > 0,

/ V. /+Oo (8)(Vu(t — s) — Vau(t))dsdx

“+o0o
< 52/ |V, |*da + 22 / / )| Vu(t — s) — Vu(t)|*dsdz.
0 409

The fifth term may be handled similarly

(2.18)

p+1 / e / g'(s)(ult — 5) — u(t))dsdx

+oo
2(p+1) . 2
+1[52/| o+ 52 C// (5)|Vult — 5) — u(t)|dsdx},
(2.19)

where C), is the Poincaré constant. By exploiting the Sobolev embedding

2
HY(Q) — LXPHD(Q) for 0 < p < N g if N >3andp>0ifn=1,2. (220)

and the fact that E(t) < E(0), Vt € R", we obtain

/ lue|* ™ dz < ¢(2E(0 / |V |*de. (2.21)

Therefore (2.19) takes the form

< ¢8,(2E(0 / V| *dr — (( )Gy )(g oVu)(t).

(2.22)

Combining (2.15)-(2.18) and (2.22), estimate (2.14) is established. |
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2.3 General Decay Result

In this section we state and prove our main result. For this purpose we introduce

the following lemmas

Lemma 2.5 Assume that (Al) — (A4) hold.  Then there exist constants

g, a1, g, M > 0 such that the functional
L=ME+ep+x

satisfies, for all t € RT,

L~E (2.23)

and

L'(t) < —aE(t) + 042/0 N g(s)||Vu(t — s) — Vu(t)|[5ds. (2.24)

Proof. To prove (2.23), we use Young’s inequality and the Sobolev embedding

H(Q) = LPT2(Q) to obtain

L(t) — ME(t <— P2 ; pt2 EV 2
L) = ME()] < Sl + g Tyl + Il

1-7
————[ul 501 + C,(goVu)(t)

_HVUHQ 20+ T 2(p+ 1)

2(p+1)

1 11—/
+ 31Vl + =5~ (govu) ()

<eE(t)+ 5m276_7 (E(0)2E(t) + (14 ¢ 1 E(t)
caeth (1-20)

T Y (BOYEQ) + 505G + B + (1= OF(),

(2.25)

+
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By fixing M large enough, we obtain |L(t) — M E(t)| < C,E(t) which gives the
desired result.

For the proof of (2.24), using (2.7), (2.11) and (2.14), we can show that

o) < [% - i(—g (1 + %)] (g oVu)(t) — 1;—;‘:5 /Q |2

¢
—le= = (1+2(1 = 0®&| [ |Vu*dx
[ ’ }/ﬁ (2.26)
L= £ — £ — 8y — cBr(2E(0))] / IV, da

F(—0) (% + 26, + 2%1) (goVu)(2).

We now choose our constant carefully. First, we pick ¢ < 1 — ¢, and then 4; and

09 small enough that

eg —(142(1-0)%é >0, 1=l —e—0;—ch(2E(0))” > 0.

Then we take M sufficiently large that

M g(0) Cp
_—— >

Therefore, (2.26) reduces to (2.24) for two positive constants a; and as. |

Lemma 2.6 Assume that (A1) — (A4). Then there exist positive constants 1 and

Bo such that for all t € R,

SOL(E) + BLE(t) < —an§(D) E(L) + Ba8(t) /:OO g(s)ds. (2.27)
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Proof. Using (2.3), (2.7) and the fact that £ and g are noninceasing, we get

t

&(t) t ($)IVult — ) = Va(t)|[ds < = [ ¢'(s)[|Vult — s) = Vu(b)[[;
/0 ’ /0 ’ (2.28)

< —2F'(t), VteR".

On the other hand, (2.6) and the fact that E is nonincreasing imply that

[Vu(t = s) = Vu(t)|l; < 2/[Vu(t = s)Il; + 2/ Vu(?)]l;

< dsup || Vu(s)|[; + 2sup |[Vu(r)|l;
s>0 T7<0

< —E(0) 4 2sup ||[Vuo(7)|[5, V¢, s € RY.
7>0

Hence, combination with (2.5) yields, for all ¢ € R™,

+00 8 +oo
€0 [ o@ITute - ) - Vatolfas < (FEO +208) ) [ ot
t t
(2.29)
Finally, multiplying (2.24) by £(¢) and combining with (2.28) and (2.29), we get

(2.27). |

Theorem 2.1 Let (ug(.,0),u;) € HY (Q) x H} () be given. Assume that (A1) —
(A4) hold. Then, there exist constants vy € (0,1) and 6; > 0 such that, for all

t € R and for all 5y € (0, 0],

E(t) < 6 (1 + /Ot(g(s))1_50d3> ey €)ds | 5 /t+oog(s)ds. (2.30)
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Proof. We will use the approach of [41] to prove this theorem. Consider the

functionals
+oo
F(t) =&@t)L(t) + 1 E(t) and h(t) = §(t)/ g(s)ds. (2.31)
t

Using the facts that F' ~ E and ¢ is nonincreasing, (2.27) gives

F/(t) < =o€ (O F () + Boh(t), Vi € R,
for some vy > 0. This last inequality remains true for any dy € (0, 7o]; that is

F'(t) < =0o€()F(t) + Bah(t), Vt€RT.
Therefore, direct integration leads to

T
F(T) < e %o £()ds (F(O) + B2 / % Jo 5<S>d8h(t)dt)

- 0

and the fact that F' ~ E gives

T
E(T) < %e—éofo §s)ds (F(O) + Bs / e lo 5<S>d8h(t)dt) . (2.32)
1 0

Noting that

+00
00 J3 €6)isy () — 5i GLEED] / g(s)ds, Wt € R,
t

0

41



integration by parts then leads to

T
/ €% Jo € (1)t

0

1 . +00 +o00 T .
=— <e6° Jo 5(S)d“”/ g(s)ds —/ g(s)ds +/ e Jo 5(s)‘isg(t)alt> :
do T 0 0

Consequently, combining with (2.32), we have

1 B [ oo ftecera oo fTeis . P2 [T
B < 5 (PO + 2 [ ensisonsggar) ool o [T ()0,
1 0

do B1do Jr
(2.33)
Also, (2.3) implies that
: /
(efo g(S)dsg(t)> <0, VteR".
Consequently, we have efo €6)ds () < g(0) and
T T
/ e2Jo €1t < (9(0))60/ (g(t))' =" dt. (2.34)
0 0
Finally, we obtain (2.30) by combining (2.6), (2.33) and (2.34). |
Remark 2.1 If there exists g9 € (0,1), for which
+o0o
/ (9(s)) "ds < +o0, (2.35)
0
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then we can choose 6y € (0,71],v1 = min {eg, 0} such that

+o0
/0 (g(s))lf‘so ds < 400,

and consequently, (2.30) takes the form

+o00

E(t) < 6y (ﬂofot §)ds /t g(s)ds). (2.36)

Now, we give some examples to illustrate the energy decay rates obtained by

Theorem 2.1.

1. Let g(t) = de~ " with 0 < ¢ < 1 and d > 0 small enough that (2.2) and
(2.3), with £(¢) = q(14+¢)?"!, hold. Then, (2.35) is satisfied and consequently,

(2.36) gives, for two positive constants ¢; and ¢y,

E(t) < cre~20" vt ¢ RT,

2. Let g(t) with ¢ > 1 and d > 0 small enough that (2.2) and (2.3),

_ _d
T (149
with £(t) = ¢(1+1¢)"", hold. Then (2.35) is satisfied and consequently,

(2.36) gives, for two positive constants ¢; and ¢y,

Bit) < —L | vteR*
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CHAPTER 3

A GENERAL DECAY RESULT
OF A NONLINEAR SYSTEM
OF WAVE EQUATIONS WITH

INFINITE HISTORIES

In this chapter, we investigate the asymptotic behavior of a system of viscoelastic
wave equations with infinite histories. We use the multiplier method and the well
depth method to establish a general stability result of the system. To this end,

we consider the following viscoelastic problem
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;

g (x, t) — Au(z, t) + f0+°° g(s)Au(x, t — s)ds + Mu|" tuy = fi(u,v), in QxRT,
Utt('rv t) - AU(I’, t) + f0+oo h(S)A’U(SE,t - 8>d5 + M|vt‘r_1vt = f2(u7 U)7 in Q x R+7
u(z,t) = v(x,t) =0, in 00 x RY,

u(z, —t) = uo(z,t), us(x,0) = ui(x), v(x, —t) = vo(x,t), vy(x,0) = vi(x), in Q x R,
(3.1)

\

with

fi(u,v) = alu+ o (u 4 v) + blul ulv]”?,
(3.2)

fo(u,v) = alu+ oY (u + v) + blo|vlul"*?,

where u and v denote the transverse displacements of waves, () is a bounded do-
main of RY(N = 1,2,3) with a smooth boundary 99, p,m,r, A, u are positive
constants, the kernels g and h are satisfying some conditions to be specified later
and the nonlinear coupling functions, fi, fs, describe the interaction between the
two waves.

The rest of the chapter is organized as follows. In section 3.1, we introduce some
assumptions needed in this chapter. Some technical lemmas and the statement
with proof of our main result will be given in section 3.2 and section 3.3, respec-

tively. Finally, we give some examples to illustrate our result.
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3.1 Assumptions

In this section, we present some materials needed in the proof of our result. We

use the standard Lebesgue space L*(€) and the Sobolev space H}(Q2) with their

usual scalar products and norms and we denote by H the following space H =

H} () x Hj () x L*(Q) x L*(Q) . We assume the following

(A1) g,h:RT — R* are C' functions satisfying

g(0)>0, 1— 0+°°g(s)ds =/¢>0.

h(0) >0, 1— [ h(s)ds = k > 0.

(A2) There exist two positive nonincreasing differentiable functions & and &; such

that

g(t) < =&(t)g(t), t € RT.
R (t) < —&(t)h(t),t € RT.
For the nonlinearity, we suppose that
(43)
~1<p if N=1,2 and —1<p< 3 if N =3,

l<rm if N=1,2 and 1 <r,m < {22 if N =3,

(A4) There exists mg > 0 such that

|Vuo(s)|ly <mgy and [[Vue(s)|], < mg, Vs >0.
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Remark 3.1 Concerning the functions fi and fs , we note that

wfy(u,v) + vfa(u,v) = 2(p+ 2)F(u,v), V(u,v) € R?

where

2(p+2) p+2
= alu+v + 2bluv )
33 ekt uo]

3.2 Technical Lemmas

In this section we establish several lemmas needed for the proof of our main result.

First, we introduce the following functionals

50 = 5l Full+ 51 Voll+ 3607 u)(0) + (o) (0] - [ Fluoydz, (37

where

+o0o
(goVu)(t // )| Vu(t — s) — Vu(t)|*dsdzx

and

I(t) = £ Vully + & Vo3 + (90Vu)(t) + (hoVo) (1)
(3.8)

—2(p+2)/QF(u,v)dx.
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The "modified” energy functional E associated to system (3.1) is

1 14 K
() = 5 (llul 3+ nll2) + 51 Vull2 + 51| Vol 0
3.9

#3laoVa)(®) + (oVe) ()] = [ Plu,o)ds

Lemma 3.1 Suppose that (Al) — (A3) hold. Let (u,v) be the solution of the

system (3.1), then the energy functional is a non-increasing function and

dE t m r 1 / 1 /
B0 Il + wlled 22— L govu)(t) — S(Wovo)n)| <0, (3.10)

Proof. By multiplying the first equation in (3.1) by u,, integrating over €, using

integration by parts, and hypotheses (A1) and (A2) we obtain

%B/Qufdx—%/ﬂwuﬁdx}
—/Qvut(t)./o+°°g(s)(vu<t—s)—vu(t))ds (3.11)
—(1—6)/9Vu(t)Vut(t)ds—|—)\/Q| ™ :/Qutfl(u,v)dx,

for any regular solution. This result remains valid for weak solutions by a simple

density argument. For the second term on the left side of (3.11) we have

/QVut(t) /0 h g(s)(Vu(t — s) — Vu(t))dsdx
o0
= %/Q/O g(s)%|Vu(t — 5) — Vu(t)|*dsdz

+0o0
_%/Q/O 9(3)%|Vu(t—s)—Vu(t)|2dsdx.
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Using integration by parts, we get

/QVut(t)/O h g(s)(Vu(t — s) — Vu(t))dsdz = —%(g’oVu) (t) + %%(goVu)(t).

(3.12)
Inserting (3.12) into (3.11), we obtain
ld 1 m~+1
3 Il + AVl + 9070) (0] = 3(0ovu)e) — A [ ful™ o+ [ wufi(u o)
(3.13)

Similarly, if we multiply the second equation by v; and integrate over (), we obtain

1d r

337 [l /19l + (hoVe) (0] = 500V (0 = [ ul o+ [ wefaw,v)ds
(3.14)

Hence, after adding (3.13) to (3.14), (5.7) is established. |

Lemma 3.2 [79] There exist two positive constants co and ¢1 such that

o ( 2(p+2) 2(p+2)> 2! ( 2(p+2) 2(ﬂ+2)>
— | |u + |v < Flu,v) < —— [ |u + |v .

(3.15)

Proof. The right-hand side of inequality (3.15) is trivial. For the left-hand side,
the result is also trivial if u = v = 0.

If, without loss of generality, v # 0, then either |u| < |v| or |u| > |v].
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For |u| < |v] , we get

2(p+2)

1
F(u,v) = —[o[***? |q4 +2b =

142
2(p+2) v

(Y

p+2]

Consider the continuous function

i(s) = all + s[**™ 4 2b[s|™2, over [—1, 1].

So min j(s) > 0. If min j(s) = 0 then, for some sy € [—1, 1], we have

7(s0) = all + so**™ + 2b|s,|7™2 = 0.

This implies that |1 + so| = |so| = 0, which is impossible. Thus min j(s) = 2¢y >

0. Therefore

Flu,v) > =2 [o 0 > S0y 202,

T pt2 T~ p+2
Consequently,
2F (u,v) > %(M%’“) T uf202)
and then
ﬁ(wz(pﬂ)_i_ |u’2(p+2)> < F(u,v).

If |u| > |v|, then
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1 o v 2(p+2) v pt+2
F(u,v) = ——|u)**™ |a| 1+ — +2b| —
2(p+2) u u
> [
p+2
‘o 2(p+2)
— v )
_p+2H
This leads to the desired result and completes the proof of Lemma 3.2. |

Lemma 3.3 [79] There exist two positive constants Ay and Ay such that

/]fi(u,v)|2dx < N (0] Vulf3 + #l| vvug)z”*?’, i=1,2. (3.16)
Q

Proof. we prove inequality (3.16) for f; and the same result holds for fy. It’s

clear that

| f1(w,0)] < C (Ju+ o 4 Jul” o)
(3.17)

< C ([ul*** + o] + Jul o)
From (3.17) and Young’s inequality, with

_2p+3
LR

q,_2p—1—3
) p+27

we get

|u|,0+1|v|p+2 S Cl|u|2p+3 _|_62|,U|2p+3’

o1



hence

[fi(w, o) < O [Juf + o).

Consequently, by using Poincaré’s inequality and (3.5), we obtain

[ 15t ear < 0 (1 a4 1) wejoe)
Q

2p+3
).

< A (0] Vull; + &|| Vo5

This completes the proof of Lemma 3.3

Lemma 3.4 [79] Suppose that (3.5) holds. Then there exists n > 0 such that for

any (u,v) € H}(Q) x H} (), we have

2 2 2 2 2
llu+ 505 + 2llull255 < n(d] Vulls + & Voll;

Proof. It is clear that, by using the Minkowski inequality we get

2 2 2
|Ju+ U||2(p+2) < 2(||u||2(p+2) + ||U||2(p+2))'

Also, Holder’s and Young’s inequalities give us

2 2
lwvl], o < Mullagpa)l[Vllagre) < ctlIVully + &][Vo]).

)p+2

(3.18)

A combination of the two last inequalities and the embedding H}(2) «— L2 ()

yields (3.18).
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Lemma 3.5 [79] Suppose that (Al) — (A4) hold. Then for any

(110(0), v0(0), ur, vn) € H satisfying

5 =n[22p0)]" <1,
p+1
(3.19)
I1(0) = I(up(0),v0(0)) > 0,
we have
I(t) = I(u(t),v(t)) >0, VteR* (3.20)
Proof. Since 1(0) > 0, then by continuity,
I(t) >0, on (0,0), 6 > 0.
Let T}, be such that
{](Tm)zo and I(t) >0, V0§t<Tm}, (3.21)

which implies that, for all ¢ € [0, T,,],

1 p+1
TP ML TPy

p+1
2(p+2)

{fHVuHi + IVl + (goVu)(t) + (hon)(t)},

> {e||W||§ + K|Vl |3 + (goVu)(t) + (hon)(t)}.

(3.22)

By using (3.7) , (3.10) and (3.22), we easily get
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2(p+2)

2 2
UIVally + 5|[Voll; <

J(t)
vy ) (3.23)

By exploiting (3.18), (3.19) and (3.23), we obtain

2p+2) / F(u(T), 0(To))dz < n(E[Va(T) |2 + #l[Vo(To)[2)"F
— (0| Vu(T) |2 + & Vo(T)12)"

X (0 u(T)|2 + K|V o(T)] )

2(p +2)
p+1

p+1
<y [ E(O)] < (VAT + K[ Vo(T) ).
Consequently,

2p+2) / F(ul(Tn), 0(To))de < B (0 u(To) |2 + ][ Vo(T)] 2)

< (LNl + Kl V(T 2)

Therefore, by using (3.8), we conclude that
I(T}) > 0.

This contradicts (3.21). So I(t) > 0, Vte R*.

Remark 3.2 We can easily deduce from Lemma 3.5 that
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2(p+2)
p+1

| Vull2 + k|| Vol|; < E(0), VteR". (3.24)

Remark 3.3 The restriction (3.19) on the initial data will guarantee the nonneg-

ativeness of E(t).

Proposition 3.1 Let N = 1,2,3. Assume that (Al) — (A4) and (3.19) hold.
Then for any initial data ug(.,0),ve(.,0) € HH(Q) and uy,v; € L*(), there exists

a unique global weak solution (u,v) of (3.1).

This proposition can be established by a standard Galerkin method similar to [44]

and [68].

Lemma 3.6 Under the assumptions (Al) — (A4), the functional

W»(t) ::/Qutudx+/ﬂvtvdx

satisfies, along the solution of system (3.1), the estimate

, C. C. 14 K
o0 < (14 G ) Il + (1452 llall - 11 Vull - 71 90l

1-7 1—&
+ ——(goVu)(t) + ——(hoVv)(t
(o) (e) + - (hoV) (1) .

m - +1 r —H r+1
b s izt + s e

+2(p+2) / F(u,v)dz,

for some constants By, B2 and C, is the Poincaré constant.
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Proof. Direct computations, using (3.1), yield

Y'(8) = el 5+ el [5 = || Vull5 = || VUH%+LUf1(u,v)d$+[2vfz(u,v)dx

/Vu </ )Vu(t—s)ds> d:z:+/QVv. (/Om h(s).Vv(t—s)ds> dz

—/)\u|ut|m_1utdx—/,uv|vt|r_lvtdx.
Q Q

Young’s inequality, Poincaré’s inequality and (3.19) imply, for some f;, 52 > 0,

(3.26)

m+l
m— m m —LH m
[ Ml ] < Al A
m+lcm+1 2 2 mTil
m+1 ((p+1)
m m+1 m+1
AT

and

5 r+1cv:+1 2 p+2 %1
2 L2 gy} " vl

/,tw|vt|r_lvtdx
0

< p

r+1 k(p+1) (3.28)
— r—+1

Also, using Cauchy—Schwarz’ and Young’s inequalities as in [60], we obtain for

all pq, pe > 0.
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/Q Vau(t). ( /0 )Vl - s)ds) dz

1 1 (3.29)
= ul|5 — —t)(govVu H1)(L — Ully
< {Ivull+ (14 ) (0= 06090 + (14 (1 - 07119l )
and
/ velt </ et S)ds) “ (3.30)
< {IVelB+ (14 1) (1= 000V0) + (1 -+ )1 = R0
Inserting (3.27), (3.28), (3.29) and (3.30) into (3.26), we arrive at
o0 < (145 ) o+ (145l =l Tull - wall 901
+ % (1 + i) (1 —2)(goVu) + % (1 + i) (1 — &) (hoVv) )
I LR e T ([

+2(p+2)/F(u,v)d:L’,

where

(1= (14 m) (1= ) -

K1

/\ﬂm+10m+1 (2 <p+ 2)

1
T2 m+ 1 C(p+1)
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and

1

“225(1—(1+M2)(1—"3)2)

pBy Ot (2(p+2)
r+1

MO (2(p+2) b NTF
m+ 1 l(p+1) — 4
and
pBy O (2 (p+ Q)E(O) E <k
r+1 k(p+1) !

estimate (3.25) follows.

|
Lemma 3.7 Assume that (Al) — (A4) hold. Then the functional
+o00
xi(t) == — / ut/ g(s)(u(t) — u(t — s))dsdx. (3.32)
o Jo
satisfies, along the solution of system (3.1) and for all § > 0, the estimate
1 1—/ mo1 jmtl (1—10)C?
/ < i o m+1 2 1 — /™ *
Xi(t) < {(25+45> (1 £)+—45 + AC"T N, erl( 0) t
+ (20(1 = 0% + 0 + 60A3)|[Vul[5 + 0ks|[Vol 5 = (1 =€) = 8)uel
_9O) oy Mgt med
(3.33)
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where

8(p+2)
tp+1)

N, = E(0) + 2m?

and
2 2 2(p+1)
Az = A, (ME(O)) ‘
p+1

Proof. Differentiate (3.32) and use the first equation in system (3.1) to get

+oo
0

a0 = [ vuto. ([ o Tut) - Tute - 9)as ) o

- [ ([ servute-sias) ([ stovut - Vuts - pas ) e

—/Qm 0 " () (ult) — ult — 8))dsdz — (1 — O)]u

+ )\/ g™ g (/0+00 g(s)(u(t) —u(t — s))ds) dx

- [ ([ o0 - - 9)as )

Similarly, as in the previous Lemma, we estimate the right-hand side terms of

(3.34)

(3.34) as follows. By using Young’s and Lemma 2.1, we obtain for any § > 0,

/Q Vu(t). ( /0 oo g(gl)(V:(t) ~ Vault — s))ds) dz -
<0l Vully + —5—(90Vu) (8).
Also, the second term can be estimated as follows
/Q ( /0 ()Tt — s)ds) ( /O " () (Vult) — Vult s)ds) da -

< (25 + 4—15) (1= 0)(goVu)(t) + 26(1 — 02| Vul |2
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To estimate the third term, we use Young’s, Poincaré’s and Cauchy—Schwarz’

inequalities to get

400
/Qut/o g (8)(u(t) — u(t — s))dsdzr < 8||u|5 — i—a)Cz(g oVu)(t). (3.37)

By exploiting Young’s, Holder’s and Poincaré’s inequalities, we get

A /Q g™ ( /0 " a8 lt) — ult — s))ds) iz

m—+41 1 (5m+1 Foo mtl
I s [ s -t ] e
_m+1 m
< Aﬁé |l
(5m+1 “+o0o
FA1- e S /O 9(3)|[Vu(t) — Vu(t — s)||7ds.
(3.38)
Now, using (3.24) and (3.6) we obtain
IVu(t) = Va(t = 5)|l; < 2| Vu(t)[l* + 2/|Vu(t — s)|[;
< dsup [ Vu(s)||2* + 25up || Vu(r)]]2”
s> T< (339)
< dsup ||Vu(s)|]2* + 2sup || Vuo(7)]],”
s>0 7>0
8 2
< 8o~ )E(0)+2m§ = Nj.

“lp+1)
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Therefore, we arrive at

A /Q | ( /O " g(s) (u(t) — u(t — s))ds) dx

m m+1 —1 m+1

5 m+1 Al_émcm-i-leT
I [+ A — ey

S )\ m—+1

(goVu)(t).
(3.40)

To estimate the last term, we use Young’s inequality, (3.16), (3.24) and Lemma

2.1 to obtain

[t ([ st - ute - sas ) a
<o [1nwora)+ [ (| ) ut) — i - s>>ds>2dm

1-0)C?
< (el Wl 4+ wl] Ty + B0 (govuy )
2(p+2) N 2 2y, (1=0C2
< —_— .
< nd( 2252 50)) el vl + 1 Vel + S o)
(3.41)

By combining (3.35) - (3.37), (3.40) and (3.41), the asseration of Lemma 3.7 is

established.

By repeating the same steps as in Lemma 3.7, we have the following

Lemma 3.8 Assume that (A1) — (A4) hold, then the functional

Xa(t) = —/Qvt /0+0<> h(s)(v(t) — v(t — s))dsdz

satisfies, along the solution of system (3.1) and for all 6 > 0, the estimate
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1 1—k =1 ¢l (1—k)C?
L(t) < — — - r+1 a7 2 o\ M TR
Xa(t) < {(25—1— 45> (1—k)+ © + pCL TN, — 1(1 k)" + 45 (hoVv)(t)
+ (20(1 = £)? + 0+ KGAL)|[Voll; + 86| [Vul[5 — (1 = &) — 8)[[v]]5
h(O) 2 / r _r+1 r+1
O ooy ey + p L
(3.42)

2(p+1)
where Ny = 222 5(0) 4 2m2 and Ay = Ay (222 E(0 .
’{(p""l) 0 o+1

Lemma 3.9 Assume that (A1) — (A4). Then there exist constants €1, €2, aj,

as > 0 such that the functional

L(t) = E(t) + e19(t) + ea(xa(t) + x2(t))

satisfies, for all t € RT,

L~E (3.43)

and

L'(t) € —an E(t) + as [(goVu)(t) + (hoVv)(t)] . (3.44)
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Proof. To prove (3.43), we follow the same techniques used in [59]. Therefore,

using Young’s inequality, (3.9) and Lemma 2.1, we get

L() < B() %(||ut||2+||vt||> = (lally + 110113) + 5 (el l5 + el 1)
52/( t)—u(t—s))ds) dx
+oo 2
52/ (/ (t)—u(t—s))ds) dz

1
(1+€1+€2)(Hut|\2+Hth) (€+€102)HVUHQ 5 (r+eaC2)[Voll;

(o) I

+ % (1+e2C2(1 — k) (hoVv)(t) + —I—% (1+2C%(1 = 1)) (goVu)(t)

—/QF(u,v)dx.
(3.45)

Consequently, by using (3.8), we conclude that

2B(t) ~ L{t) > 7 [1 — (o1 +22)] [l B+ 5 [1 — (o1 + )] Il 2+ 2(pl+ .

I(t)

2
+ |55 - 2k o) ovan + | £ - Sz v
p+1 €2 2 (p ) €1 2 2
+ [2(p+2) -5 01— n)} (hoVv)(t) + [2(p—|—2) C*] ||W||2.(3 »

By fixing € and ey small enough, we obtain 2E(t) — L(t) > 0. Also, Young’s

inequality implies that

1) - 380) 2 5 (5 -2 <) i+ 1ol + 710

1
2

+ { prl 6—203(1 - 8)} (goVu)(t) + L(lfpt‘l;i - %021 Vull;
|

Pl Seg m)} (hoVv)(t) + [Ef(p:l); - % 3} [1V70]f5-
(3.47)
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By fixing €; and &5 small enough, we get L(t) — $E(t) > 0. This completes the

proof of (3.43).

For the proof of (3.44), we can deduce from (3.10), (3.25), (3.33) and (3.42) we

have

where

— i o m+1 a7~ 2
a1(25+45)(1 €)+—45 + AC]"T N,

1 1 =1
Qo = | 2 — 1 — 7“+1N2
o (5+4J( gy e

2%?03) (g'oVu)(t) + (1 - 52@03) (W oVv)(t)

— &

+
7N
DN | —

|
| — |
™
-
B~

—&0{2(1 = ) + 1+ A3l + AM}} | Vaul|2

€1

|
1

e~ =

—fﬁ@ﬂ—mf+1+Aw+Amﬂvag

=t O529)) o

1—x

PRRRL <52 + %)) (hoVv)(t)

+

7/ N N

™
—_

+

€1

=

LBy (en, e)lludl ™+ Bylen, el L + 200 + 2)e / F(u,v)de,
Q
(3.48)

1—7¢ m—1 §mtl
m—+1

(1 - g)m’

— K —1 5T+1

B m —mtd mo o mt1
Bi(e1,62) = (51>\m+151 o +€2)\m+ 1(5 ca —)\)
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and

— T _r+l T _r+1
By(e1,62) = (81,“ By T+ o o —M)-

r+1 r—+1

At this point, we choose § small enough so that
r .
§ < Emln{l—é,l—/{}

and

20(2(1 =02 + 1+ Asl 4+ Ayl) < (1-10),

1
4(1+5)

%(5 (2(1 — ,‘§;>2 + 1+ Agﬁl + A4H) < 4(1_’}&) (1 — KZ).

Once 0 is fixed, the choice of any two positive constants £; and e, satisfying

1

41+

(1 — 6)82 <éegr < @(1 — 6)82,

[

~—v|

1
4(1-1—%

(1 — H)éz <egr < 2(14}%) (1 — Ii)ég

~—|

will make

ko= ea{(1—€) — 8} — 2, (1+%> >0,

Ry =e{(1—K) =3} — &1 <1+%) > 0,
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14
K3 = 614_1 — 625{2(1 — 6)2 + 1+ A3€+ A4£} >0

and

Ky = 612 —90{2(1 — k) + 14 A3k + Ays} > 0.
We then pick &1 and €5 so small that (3.49) and (3.43) remain valid and further

1 h
C*>0, k== ﬂ03>0, ko — (p + 2)ey,

9(0) 3
2 275

245

1
H5—§—€

where ky = min;<;<4 k;, and

Bl(‘glaEQ) < 07 52(817€2> <0

Therefore, (3.48) reduces to (3.44) for two positive constants oy and as. |

Lemma 3.10 Assume that (A1) — (A4), then there exist two positive constants,

B1, B2, such that, Vt € Rt

+oo

VL (t) + BLE'(t) < —an&(t)E(t) + Bok(t) f(s)ds, (3.50)

t

where () = min {&(¢), & ()} and f(t) = max{g(t), h(t)}, Vit € RT.

Proof. By using the fact that & and & are nonincreasing, we obtain
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&0 [ G Vult) — Vult — s)|f2ds = / E()9() IV u(t) — Vult — ) [2ds
/ &()9(5)|[Vu(t) — Vau(t — )] 2ds
/gl $)||Vu(t) — Vu(t — s)||3ds
s/o o ()][Vult) — Vult - 5)][2ds
< [ =gt - Vutt - s

< —2F'(t)
(3.51)

and similarly,

S(t)/o h(s)||Vo(t) — Vo(t — s)||ods < —2E'(t). (3.52)

A combination of (3.39), (3.51) and (3.52) leads to

+o00 +o00
E(t) [(goVu)(t) + (hoVv)(t)] < —4E'(t) + £(t) (Nl/t g(s)ds + Ng/t h(s)ds)

<y ce) [ fs)ds

(3.53)

Thus, estimate (3.50) is obtained from (3.44) and (3.53). |

3.3 The Main Result

In this section we state and prove our main result.
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Theorem 3.1 Let (ug(.,0),v(.,0),u1,v1) € H be given. Assume that (Al)—(A4)
and (3.19) hold. Then, there exist constants vy € (0,1) and 6; such that, for all

t € RY and for all 6o € (0,70,

t . 400
E(t) <6 (1+ / f(s)150d5> e 00 Jo8()ds 15, / f(s)ds, (3.54)
0 t

where (t) = min {& (), &(6)} and f(t) = max{g(t), h(1)}.

Proof. We will use the approach of [41] to prove this lemma. Let
Li(t) = &(t)L(t) + BLE(t) ~ E(t). (3.55)

By using (3.55), the fact that £'(t) <0 for a.e. t € RT and £(¢) > 0 and letting

we obtain, for some oy > 0,

L (1) < —apf(t)La(t) + Bor(t) a.e. t € RY. (3.56)

This last inequality remains true for any oy € (0, apl; that is

Li(t) < —00&(t) Ly (t) + Bor(t) a.e. t € RY.

Direct integration then leads to
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Li(T) < o= 00 J5 &(s)ds (Ll(O) B, /OT 0 fy £(s)d8r<t)dt>
and the fact that L ~ E gives
1 T T
E(T) < Ee—éo Jo &(s)ds <L1(O) + B /0 %o €<S>d8r(t)dt) . (3.57)
Noting that

e lo f(s)dsr(t) = l = f(s)ds <e‘50 I S(S)d‘g)/.
do \J4

0

Integration by parts then yields

T T 1 T +oo
/ 650 fO ﬂs)dsr(t)dt _ (6(50 fo £(S)d8/ f(S)dS _
0 T

0o

+oo T .
f(s)ds + / e Jo é(5)ds f(t)dt) .
0

0

Consequently, combining with (3.57), we have

+o0

f(s)ds.

(3.58)

T
E(T) < . (Ll(o) + @/ e’ o £(S)dsf(t)dt) e 00 Jo €s)ds 4 B2
el % Jo Bido Jr

Also, using (A2), we have for a.e. t € R

(eHE0 (g(0) + (1)) = (g (0) + BUEY) 8 €7 4 (g(2) + (D) €(t)e €
< (=6(0)g(1) — E(DA(0) B 1 (1) (9l0) + h(0) €O

< [(E(t) — &) g(t) + (£(t) — E(1)h(t)] eo €08 < o,
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Consequently, we have
el SO f(1) < elo SO (g(2) + h(t)) < (9(0) + h(0)) < 2f(0)

and

/ eI f(1)it < (2£(0))° / () (3.59)

Finally, we obtain (3.54) by combining (3.9), (3.58) and (3.59). |

Remark 3.4 For the exponential decay case (&1,& are positive constants), the
general decay result (3.54) remains true without imposing condition (3.6). Pre-

cisely, we have

Theorem 3.2 Let (ug(.,0),v(.,0),us,v1) € H be given. Assume that (A1)—(A3)

and (3.19) hold. Then, there exist strictly positive constants ¢y and co such that
E(t) < cie™ ',
Remark 3.5 If there exists eg € (0, 1), for which
“+o0o
/ (f(s)'ds < +o0, (3.60)
0
then we can choose 0y € (0,71],v1 = min {eo, 0} such that
“+oo
/ (f(s)"%ds < 400
0
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and consequently, (3.54) takes the form

: +o0
E(t) < 09 (6—60 Jo &()ds —I—/ f(s)ds). (3.61)

Examples
(1) Let g(t) = are™®, h(t) = age™® with b; > 0 and a; > 0 small enough so
that (3.3) and (3.4), with &(t) = b;, hold. In this case £(t) = min{by, b2} = by
and f(t) = Ape ®® where Ay = max {a;,as}. Then, (3.60) is satisfied and

consequently, (3.61) gives, for two positive constants ¢q, ca,

E(t) < cie™®, Vte R,

(2) Let g(t) = (p‘r‘ﬁ, h(t) = ufﬁ,wi’ch b, > 1 and a; > 0 small enough so

that (3.3) and (3.4), with &(t) = ﬁt, hold. In this case &(t) = f’—j:t and f(t) =

0

ufw,where Ay = max{ay,as} and by = min {by,bo}. Then, (3.60) is satisfied

and hence, (3.54) yields,

C1

E(t) Sm

, VteRT.

(3) Let g(t) = a;e (0™ h(t) = a1e7 0+ with a;, b; > 0 and 0 < p; < 1
(i=1,2). It is clear that (3.3) and (3.4) hold for &(t) = bip;(1 4+ ¢t)P =Y. Conse-
quently, applying (3.61), we obtain for some constant ¢ the following subexponen-
tial decay

B(t) < dee 1+ 1)
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CHAPTER 4

A GENERAL DECAY RESULT
OF A VISCOELASTIC
EQUATION WITH INFINITE
HISTORY AND BOUNDARY

FEEDBACK

In this chapter, we consider the following problem

ug(x,t) — Au(z, t) + f0+oo g(s)Au(z,t — s)ds = 0, in Q x RY

Sz, t) — [o7°° g(s) 2w, t — s)ds + h(ug) =0, on I’y x R,

u(z,t) =0, on 'y x R,

U(Zlﬁ', _t> = Uo(flf,t), Ut(if, O) = Ul(fﬂ), in 2 x RJF:

s (4.1)



where u denotes the transverse displacement of waves, {2 is a bounded domain of
RY(N > 1) with a smooth boundary 92 = Ty UT'; such that 'y and 'y are closed
and disjoint, with |I'g| > 0, v is the unit outer normal to 0€2, and g, h are specific
functions. In section 4.1, we introduce some assumptions needed throughout the
chapter. In section 4.2 we give technical lemmas. The statement with proof of
the main results are given in section 4.3 and 4.4. Finally, we give an example to

illustrate our result.

4.1 Assumptions

In this section, we present some material needed in the proof of our result. We
use the standard Lebesgue space L*(€2) and the Sobolev space H}(Q2) with their

usual scalar products and norms and denote by V' the following space
V={ve H(Q):v=0o0nTg}.

We consider the following hypotheses on g and h

(A1) g:RT — R* is a C'"' nonincreasing function satisfying

g(0) >0, 1— /+Oog(5)ds ={>0, (4.2)

and there exists an increasing strictly convex function G : RT — R* of class
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CHR') N C?%0,00) satisfying
G(0) = G'(0) =0 and tlim G'(t) = +oo (4.3)

such that

[ R ) R,
0 G_l(_gl(s))d +3€R13— G 1(=¢'(s)) < oo (4.4)

(A2) h: R — R is a nondecreasing C° function such that there exist a strictly
increasing function hy € C'(R™), with ho(0) = 0, and positive constants

1, C9, € such that

ho(lsl) < [h(s)| < hg™(Is]) for all |s| <e,

crls] < Jh(s)] < cols] for all |s| > e.

In addition, we assume that the function H, defined by H(s) = v/sho(/s), is

a strictly convex C? function on (0, r?], for some r > 0, when hq is nonlinear.

(A3) There exists a positive constant mg, such that
Vo (s)|], < mo, Vs > 0. (4.6)

Remark 4.1 [t is worth noting that kernels satisfying (4.2)-(4.3) were first in-

troduced in [38]. Whereas, condition (4.5) was first introduced in [51].

Remark 4.2 We can deduce using (A1) that if g'(so) = 0 for some sy > 0, then
g(s) =0 for all s > so.

1)



Remark 4.3 Hypothesis (A2) implies that sh(s) > 0, for all s # 0.

Proposition 4.1 Let (ug(.,0),u;) € VxL*(Q) be given. Assume that (A1)—(A3)

are satisfied, then the problem (4.1) has a unique global weak solution
u € C(RY; V)N CHRT; LA(Q)).

This proposition can be established by a standard Galerkin method, similar to
[19], (see also [17] [51].

Now, we introduce the "modified” energy associated to problem (4.1)

B(t) = gl + 5l V()| + & (00Tu)(), (1.7

where

+oo
(@000 = [ g)IVu(t) = Tu(t = 5) s

Direct differentiation, using (4.1), leads to

E(t) = %(g'oVu)(t) _ / uph(ug)dl < 0. (4.8)

'y

4.2 Technical Lemmas

In this section, we establish several lemmas needed for the proof of our main

result.
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Lemma 4.1 Under the assumptions (Al) and (A2), the functional

P(t) ::/Quutd:t

satisfies, along the solution, the estimate
14
(1) < 5l Vu\|§+|yut||§+c(govu>(t)+c/ h2(uy)dl, VteR*,  (4.9)
1N

where ¢ is a positive generic constant.

Proof. Direct computations, using (4.1), yield

wwyié@m+lyAmx—/u/WQ@Aupwmwx
/ 200 — ¢ / Vul?dz /F wh(uy)dl (4.10)

/ Vu. /+OO Y (Vu(t —s) — Vu(t))dsdz.

Using Young’s inequality and Lemma 2.1, we obtain

/ Vu. /%0 )(Vu(t — s) — Vu(t))dsdx
< 5/ \Vu|*dz + 41(5 (/0+OO g(s)|Vu(t —s) — Vu(t)]ds)de (4.11)

¢ (goVu)(t).

< 5/ |Vul|*dz +
0 5

7



Also, use of Young’s and Poincaré’s inequalities gives

1
—/uh(ut)dfgé/ u2dF—|——/ h?(u,)dl
Q I 40 Jr,

(4.12)
1
< 05/ yvuy2dr+—/ h2(uy)dT.
Q 4(5 I
Combining (4.10)-(4.12) and choosing ¢ small enough give (4.9).
|
Lemma 4.2 Under the assumptions (Al) — (A3), the functional
“+o0o
x(t) == — / ut/ g(s)(u(t) — u(t — s))dsdx
o Jo
satisfies, along the solution, the estimate
, c
X (8) < =6l Vull; = [(1 =€) = ] [|wl[; + 5(90Vu)(t)
(4.13)
- g(g'OVu)(t) +c [ R*(w)dl, VteR" and V6 > 0.
'
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Proof. By exploiting Egs. (4.1) and performing integration by parts, we arrive

at

/QV“ /Omg u(t))dsdz
; (/O g(s)Vu(t — )dS) : (/O+Oog(s)(Vu(t —5) — Vu(t))ds) dr
([ sute—s -

+/r 0 u(t))d5> h(uy)dD

J
-
e

9

g( ))dsdx — (1 — 5)/ut2dx
o Jo )

z/ﬂvu/omg u(t))dsdx
" / / 9(s)(Vu(t — 5) — Vu(t))ds
(

Vu(t
(a0 - u(t))ds) ()T

+oo
/u/ J'( ))dsdz — (1 — f)/u?dz.
o Jo Q

Using Young’s inequality and Lemma 2.1, we obtain

2
dx

/Vu /w u(t))dsds < 5/ [Vul*de + $(goVu)(t)

/Fl (/0+°Og(8)(u(t —s) — u(t))ds) h(u)dl < ¢(goVu)(t) + C/rl h2(ug)dT

and

+oo
/ / ))dsdx < 5/ uldr — g(g'OVu)(t).
0

Combining all the above estimates, (4.13) is established. |
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Lemma 4.3 Assume that (A1) — (A3) hold. Then there exist constants My, Mo,

m, ¢ > 0 such that the functional
L(t) = MyE(t) + Max(t) + (1)

satisfies, for allt € RT,

L'(t) < —mE(t) 4+ c(goVu)(t) + c/ h?(u,)dr. (4.14)

I8

Proof. By using (4.8), (4.9) and (4.13), we easily see that

20 < -4 Vull - (30 - 0= § = 1) o+ (702 + ) (gova)(0

# (330 = T8) (wova () + (b +) [ WG,

At this point, we choose M, large enough so that
a::Mg(l—é)—§—1>O
and then M, large enough so that
1 4c

—M, — —M? .
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So, we arrive at

, 14
L'(t) < _ZH Vqu — 04HutH§ + c(goVu)(t) + c/ h?(u;)dl (4.15)

I

Therefore, (4.15) reduces to (4.14) for two positive constants m and c¢. On the

other hand (see [12]), we can choose M; even larger (if needed) so that

L~E. (4.16)

Lemma 4.4 [38] Assume that (Al) and (A2) are satisfied. Then there exists

B1 > 0 such that for all 5y > 0 and t € RT,

G/ (5o E(1))(goVu)(t) < —BLE (1) + Bido E()G (8, E(1)). (4.17)

Proof. We will use the approach of [38] to prove this lemma. First, using
Remark 4.2, we can assume without loss of generality that ¢’ < 0. Let G* be the
convex conjugate of G in the sense of Young (see [8], p.61-64); then

G*(t) =G () - G ((G") (1))
(4.18)

<tHG)7H1), vt € RY.
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Using the general Young inequality: tits < G(t1) + G*(t2), with

NG (SE(1)g(s)||Vu(t) — Vu(t — s)|[;
Gt (=nag/(5)l|Vult) = Vu(t = s)[[3)

ty = G (=g (8)||Vu(t) — Vu(t — s)|[3) , ta =

where 0o, 71, 72 > 0, we get for all t € RT,

+oo
(00)(0) = [ g(s)IVut) = Tu(t = o)

1 +00 (o IVt — Tult — s)]]2
:m/ {G (—ag () IVult) — Vu(t - 5)]2)

x TG (5 E(1))g(s)||Vu(t) — Vu(t — s)|); }ds
G (g (5)[Vault) = Vult = ) 1)

T2

S GG E®)

1 oo TG (GE®))g(s)||Vult) — Vu(t — s)][; s
" G (6o E(1)) /0 “ ( G (=g ()| |Vu(t) — Vu(t — s)|]5) ) !

(g'oVu)(t)

Combing (4.8) and (4.18), we have for all ¢t € RT,

27'2

G (6,E(1))
oo 9(s)[|Vu(t) — Vu(t — s)||;

" /0 {Gl (=729 (9)[|Vu(t) — Vu(t — s)||5)

x (G)7! (TIG/(%E@))Q(S)HW(Q — Vu(t - s>”§> }ds,
G (=72 (5)|[Vu(t) — Vau(t — s)|[2)

(goVu)(t) < E'(t)

(4.19)
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Exploiting (4.7), (4.8), (4.6), we obtain V¢, s € RY,

IVu(t) = Vu(t = s)ll; < 20| Vu(t)[]2* + 2| Vu(t — )|l

< 4sup ||Vu(5’)|!22 + 2sup HVU(7')||22
s>0 7<0

(4.20)
< dsup||Vu(s)|l; + 2sup |[Vuo(7)||”
>0 7>0
8 2

On the other hand, using the fact that G~! is concave and G~1(0) = 0, the

function K (s) =

G+(S) satisfies, for any 0 < s1 < so,

S1 S1 59

) i ar (1-2)0) " 20 (1 )e) O

Therefore, using (4.20) and the fact that K is nondecreasing, we get

N1 TlG’(5o (t)g($)IVult) — Vu(t = s)ll;
(@)
1 (=mag (8)[[Vu(t) — Vu(t - s)l[3)

TG (S E(1))y( / 2
s K~ (9]1Vu(t) - Vult = o)) )
)
“

o (2
R )
(&

7'1N1G (S() (t g( ))
(=mNig'(s)) )

8) e

Thus, we obtain from (4.19) and (4.20) that, for all t € R*,

(goVu)(t) < —— R IC) R—eI S (“NlG’@oE(t))g(s))ds_

nG'on(t))El(t”Nl/o N () G N1/ (5))
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Condition (4.4) implies that

sup = Ny < 400

sert G1(=g'(s))

and

o g(s)

— 7 ds = N5 < +0c0.
o G (—g(s) BT

Then choosing 7 = ﬁ, Ty = N% and using the fact that (G’)~! is nondecreasing,

we obtain for all t € RT,

+oo s
(@0V0)(0) < ot B )+ NE) T @B [ g
< —#%E’(t) + NiNySoE(t), Vi € R*,
which gives (4.17) with 8 = maz{2N,, NyNs}. |

4.3 The Main Result

In this section we state and prove the main result in this chapter.

Theorem 4.1 Let (ug(.,0),u;) € V x L*(Q) be given. Assume that (A1) — (A3)

hold. Then, there exist positive constants ko , ks, ks, 01, €9 such that

E(t) < kyWit (kot + k3), Vt € RY, (4.21)
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where

Wi(r) = / Wj(s)ds and Wa(t) = tG (5,) H (=)

Proof. Case 1. hg is linear. Then, using (A2) we have
Als| < |h(s)] < dyls|, VseR

and hence

h*(s) < chsh(s), Vs€R. (4.22)

Therefore using (4.22) and (4.8), estimate (4.14) becomes
L'(t) < —mE(t) + c(goVu)(t) — cE'(t), VteR".
Consequently, Fy(t) := L(t) + cE(t) satisfies
Fi(t) < —mE(t) + c(goVu)(t) (4.23)

and, recalling (4.16), we have F ~ E. Now, we multiply (4.23) by G'(0pE(t)) and

use (4.17) to obtain:

G'(SoE(t))FL(t) < —mG' (SoE(t)E(t) — cBE'(t) + chrooE(t)G (5B (1))

= —(m — cB160) E(t)G' (8 B(t)) — cSLE'(1).
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Choosing &g small enough so that 5 :=m — ¢f109 > 0 and putting

Fi(t) .= G (60E(t))Fo(t) + c¢B1E(t),
we deduce (note that G'(dgFE(t)) is nonincerasing) that

Fi~FE and F{(t) < =k F1 ()G (61 F1(1)).
The last inequality implies that (W, (F})) > ki, where
L
Wi(r) = /T mds,

for 0 < 7 < 1. Then, by integrating over [0, t], we get,

Fi(t) < Wikt + ko), VteR'

The equivalence F; ~ E and the definition (4.7) give the desired result. Note that

in this case, H(s) = v/sho(y/s) = cs and Wa(s) = ¢sG'(d1s)

Case 2. hy is nonlinear on [0, £].
First, we assume that max {r, ho(r)} < €; otherwise we take r smaller. Let &y =
min {r, ho(r)}. Using (A2), we have, for &1 < |s| <,

sl bt (D),
(s)] < 0Pl < 2o
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and

So, we deduce that

ho(|s]) < |h(s)| < hg'(]s]) for all |s| < &

(4.24)
cils| < h(s)] < cyls] for all [s| > e.
Then (4.24) yields, for all |s| < ey,
H(h*(s)) = [h(s)|ho(|h(s)]) < sh(s),
which gives
h%(s) < H '(sh(s)) for all |s| < e;. (4.25)

To estimate the last integral in (4.14), we define the following partition which is

based on an idea of Komornik (see [48], p.142)

Fn={recli:|ul>c}, To={reli:|ul <}

Using (4.24) and recalling the definition of €1, we get on I'j5

uh(ug) < erhy(e1) < ho(r)r = H(r?). (4.26)
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Then, with J(t) defined by

1

T2l Jr,

J(t): uph(ug)dl,

Jensen’s inequality, with the fact that H~! is concave, gives

H ' (J@)>c | H '(uh(us))dr. (4.27)

T2
Thus, combining (4.25) and (4.27), we arrive at

/ B2 ()T = / B2 (u)dT” + / B2 () dT
| IBP) 'y

< [ H™'(wh(u))dl +c / ugh(uy)dl (4.28)

NP INT

<cH ' (J(t)) — cE'(t).

Therefore, (4.14) becomes
Ly(t) < —mE(t) + c(goVu)(t) + cHY(J(t)), Vt e R*, (4.29)

where Ly = L 4 cFE, which is clearly equivalent to E.

Now, for gy < r? and ¢y > 0, let

Li(t) == H’ (EO%) Lo(t) + coE(t),
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provided that F(0) > 0; otherwise E(t) = 0, Vt € RT, hence theorem is verified.

By exploiting the properties of £ and H, we conclude that L, satisifies

110 < 08 (220 et o (0 E10)

(4.30)

+ coF'(t) + cH' (50 g(((t)))> (goVu)(t).

Let H* be the convex conjugate of H in the sense of Young(see [8], p.61-64), then

H*(s) = s(H')""(s) = H[(H")"'(s)] if s € (0, H'(r*)]
(4.31)

< s(H")7'(s).

Using the general Young inequality
AB < H*(A)+ H(B), if A€ (0,H'(r*)], B € (0,7?],

with
E(t)
E(0)

A=H (50 ) and B =H"(J(),

we get

L) < —mE(t)H' (60 géé))) ez g((é)) B (50%> —eE(t)

E(t)

+coFE'(t) + cH' (5()%) (goVu)(t)

E@) (. EQX) :
E(O)H (50m> - (C - Co)E (t)

— —(mE(0) — =)
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Consequently, by picking £y small enough so that mFE(0) — cep > 0 and ¢ large

such that ¢ — ¢y < 0, we obtain, for all t € RT,

L) < — %H’ (50 553) +oH (60%) (goVu)(b). (4.32)

Multiplying (4.32) by G’ (0pFE(t)) and taking in account (4.17), we get

G (% B(t)) Li(t) < —k%G’ (S E(t)) H' (50%) — BEOH (50%)

+ Bado E(t)H' (50 g((é%) G (8o E(t))
E®) E(t ,
g (o£5)-on

+ B200 < é ) G'(

Now, using (4.16), (4.33) and the fact that E' < 0 and G” > 0, we find that the

(4.33)

functional Lo defined by

Ly(t) := G (0 E(1)) L1 (t) + CE(2)

satisfies, for some ay, as >0

a1 Lo(t) < E(t) < agls(t) (4.34)
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and

L) <~k i G (GaE(0) H ( OE(O)) T BaboE () ( OE@) & (o (1))
) Bt) (- E®Y . (. B
=~ =500 556 (555 ) 7 (v 5e7)

(4.35)
where §; = E(0)dy. After choosing dy small enough so that k; := k — 207 > 0,

(4.35) becomes

Ly() < —h ggg G (6,E(1)) (50 5;;3)) —— (@) 30

where Wy (7) = 7H'(o7)G(6,7). Thus, (4.34) and (4.36) yield that R(t) = 2Lzl

E(0)
satisfies
R(t) ~ E(t) (4.37)
and, for some ko > 0,
R'(t) < —koWo(R(1)). (4.38)

Inequality (4.38) implies that (W, (R))" > ko, where

1
1

Wyr) = | ——ds for € (0,1].

1(7) /TWQ(S) s for 7 € (0,1]
Thus, by integrating over [0,¢], we get

R(t) < Wit (kot + k3), Vt€RT. (4.39)
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Finally, we obtain (4.21) by combing (4.7), (4.37) and (4.39). |

4.4 Kernels with Exponential Decay

In this section, we discuss the case of exponentially decaying kernels and the

following decay result can be obtained without condition (4.6).

Theorem 4.2 Assume that (A2) holds and the kernel g satisfies (4.2) and, for

some positive constant &,

q'(t) < —&g(t). (4.40)

Then, there exist positive constants cy, ca, c3 and g such that
E(t) < csHy ' (ert 4 ¢3), VE € R, (4.41)

where
L |
H = —d
=] e

and

Hy(t) = tH' (2(1)).

Proof. We multiply (4.14) by & and use (4.40) and (4.8), to get

EL(t) < —EmE(t) — c(g'oVu)(t) +c& | h*(u)dl

I

< —mEE(t) +c€ | R*(u)dl — cE'(t).

'y

92



Using (4.16), the functional F' := L 4 cF satisfies

and

F'(t) < —m&E(t) +c& | h*(ug)dl. (4.42)

I

Case 1. hy is linear. Then recalling (4.22), estimate (4.42) becomes

F'(t) < —mEB(t) — cE'(D),

which gives

(F + cE)(t) < —mEE(?).

Hence, using the fact that F' + cE ~ E, we easily obtain

E(t) S 01€_Ct

and since in this case H(s) = v/sho(y/s) = cs, then

E(t) S ClHl_l(t).

Case 2. hyg is nonlinear on [0, ¢]. Using (4.40) and repeating the same analysis as
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in the proof of Theorem 4.1, we obtain the desired result. I
Now, we give an example to illustrate the energy decay rate obtained by Theorem
4.1.

Let g(t) = ﬁ with 7 > 1, and @ > 0 small enough so that (4.2) holds. Hypoth-

esis (A1) is satisfied with G(t) = tv for any p € (0,5%). Now, if h satisfies

1
cymin{[s|, [s]"} < |h(s)| < cpmax{[s|,[s]"},

for some c¢1,¢y and r > 1. Hypothesis (A2) is satisfied with ho(s) = ¢s” and

H(s) =cs""'. Then (4.21) gives
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CHAPTER 5

A GENERAL DECAY RESULT
OF A VISCOELASTIC
EQUATION WITH INFINITE
HISTORY AND NONLINEAR

DAMPING

In this chapter, we consider the well-posedness and the asymptotic behavior of a

viscoelastic equation with infinite memory and nonlinear damping. That is,

w(, t) — Au(x, t) + f0+oo g(8)Au(z,t — s)ds + a(z)|ug(z, t)|" *u(z,t) = 0, in Q x RY,
u(z,t) =0, on 0f) x R,

U(I,—t) ZUO(Ivt)7 Ut(I,O) :ul(x)7 in () XR+7

\
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where u denotes the transverse displacement of waves and €2 is a bounded domain
of R¥(N > 1) with a smooth boundary 99, g is positive and decreasing function,
a is a bounded measurable nonnegative function defined on 2 and m > 1. In
section 5.1, we introduce some assumptions needed in this chapter. In section 5.2
we use the Galerkin method to prove the well-posedness of the problem. Some
technical lemmas are given in section 5.3. The statement with proof of our main

results will be given in section 5.4 and section 5.5.

5.1 Assumptions

In this section, we present some materials needed in the proof of our results and
establish the well-posedness of the problem. We use the standard Lebesgue space
L*(Q)) and the Sobolev space HJ(€2) with their usual scalar products and norms

and assume the following hypotheses

(A1) g:RT™ — R is a C'! nonincreasing function satisfying

g(0) >0, 1— /+0° g(s)ds =0>0 (5.2)

and there exists an increasing strictly convex function G : R™ — R* of class

CHR"T) N C?%*(0,4+00) satisfying

G(0) = G'(0) =0 and lim G/(t) = +oo (5.3)

—+o00
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such that

+oo
A C RS
0

(—g'(s)) sert G71(—g'(s))

(A2) a:Q — R" is a bounded and measurable function.

(A3) For the nonlinearity in the damping, we assume that

l<m<
n_

(A4) There exists mg € R*, such that

IVuo(s)ll, < ma, Vs > 0.

We introduce the "modified” energy associated to problem (5.1)

1 1—-4 1
B() = S lluall; + =51l Vull} + 5(909u)(®)

where

(9ov)(0) = [ g(s)IFule) = Vate — s)| s

Direct differentiation, using (5.1), leads to

E'(t) = %(g’oVu)(t) - /Qa(x)|ut|mdm <0.
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5.2 The Well-posedness of the Problem

In this section, we give the existence and uniqueness result for problem (5.1), for

m > 2, using the Galerkin method.

Proposition 5.1 Let (ug(.,0),u1) € Hi(Q2) x L*(Q) be given. Under the assump-
tions (A1) — (A4) and m > 2, the problem (5.1) has a unique weak global solution.
Proof. We use the standard Faedo-Galerkin method to prove our result. Let
{wj}jo-’;l be the eigenfunctions of the Laplacian operator subject to Dirichlet bound-
ary conditions. Then {w;}52, is orthogonal basis of Hy(Q2) as well as for L*(Q).
Let Vi, = span{wy, we, ..., wy} and the projection of the history and initial data on

the finite-dimensional subspace Vi, is given by
k
k k
ug(t) = Zaj(t)wj, Uy = ijwj7
=1 j=1

where,
)

uk(t) — ug(t) in HY(Q) for eacht € RT
and (5.9)

uk — uy in L*(Q).

\

We search solutions of the form
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for the approzimate problem in V

( +o00
/uftwdx + / Vu* Vwdr — // g(s)Vu(t — s).Vwdsdx
Q Q 2 Jo

+/ ( )|Ut| Ut wdx =0, Yw € V (510)
Q

This leads to a system of ODE’s for unknown functions h™(t). Based on standard

k on a mazimal

existence theory for ODE, the system (5.10) admits a solution u
time interval [0,t), 0 < tx < T for each k € N. In fact t;, = T = 400 and to

show this, replace w by u¥ in (5.10) and integrate by parts to obtain

d (1 2 1
& (115 + SV + 00wy o))
(5.11)
1, m
= 5(g oVuF)(t) — [la(x)|uf(t)| dr < 0.
Integrate (5.11) over (0,t) to obtain
1 k
5 (115 + 1715 + (gou")( o)|uf ()" dads
(5.12)

= 5 (19013 + 1} + (909 ) 0 >) n ; [ tovityisyas

This means, using (A1) and (A4), that, for some positive constant C' independent

of t and k,
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Thus, we can extend ty, to infinity and, in addition, we have

(u¥) is a bounded sequence in L>°(0,T; H}()).

(u¥) is a bounded sequence in L>(0,T; L*(2)) N L™(Q x (0,T)),

where L"(2 x (0,T)) is the a-weighted L™ space which is defined as follows
T
ve LM x(0,T)) if and only if / / a(x)|u(x,t)|"dxdt < 4o00.
o Ja

Therefore, there exists a subsequence (u¥), still denoted by (u*), such that

.

ubF—*u in L>=(0,T; HL(Q)),

uf—*u; in L>=(0,T; L*(Q)), (5.13)

uf — u; in L™(Q x (0,7T)).

\

Since (uf) is bounded in L™ (2 x (0,T)), then (|uf mquf) s bounded in Lﬁ(@ X

(0,7)). Hence, up to a subsequence,

WM i LT (Q % (0,T)). (5.14)

Now, our task to show that ¢ = |ut]m_2ut. For this purpose, integrate (5.10) over
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(0,t) to obtain

/ uF(Dwdz — / wrwdz + / / Vit (s).Vwdrds
// (/ TV (s — T)dT) Vwdsdx

/ /]u m2k()wdsdac—0 YweV;, Vj=1,2, ..k
(5.15)

Convergences (5.9), (5.13) and (5.14) are sufficient to pass to the limit in (5.15),

as k — 400, and get

/ut( )wdx—/ulwdx+/ /Vu ). Vwdzds
// (/ VU(S_T)CZT> Vwdsdz (5.16)

+ / a(x)/ Y(s)wdsdx =0, Yw € Vi, Vk > 1,
0 0

which implies that (5.16) is valid for any w € Hy (). Using the fact that the left
hand side of (5.16) is an absolutely continuous function, hence it is differentiable

for a.e t € RY, we get

/Qutt(:c,t)w(x)dx—l-/QVu(a:,t).Vw(x)dx

_ /Q (/0+oog(s)Vu(x,t - s)ds> Vuw(z)dz (5.17)

+ /Qa(x)z/;(t)w(x)dx =0, Yw € Hy(Q).
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Now, define

._Aaé<|’”2k o™ )aﬁ—vmwﬁzo,Vveﬂﬂmﬂmﬂﬁﬂﬂ

(5.18)
This is true by the following elementary inequality
(Ja| " a — |6 'b)(a — b) > Cla —b|"™", fora,beR, ¢ > 1. (5.19)
So, by using (5.12), we get
1 1
X* = 2 (9 @11 + [lukll; + (govab)( 2 (fovit)
1 k
— 5 (115 + U173 + (govut)( Juf odadt

/(/ )] 0 (u; — v)dadt.

Taking k — +o00, we obtain

(19w (®I; + ]+ (0¥ 0)(0) = 5 [ (govu)(s)is

DN | —

0 < limsup X* =

(Ilut||2+f||VUI|2 (goVu)(t))

/ | alapttyodsar - / [ ol o = o).

(5.20)

Replacing w by uy in (5.17) and integrating over (0,T), to obtain

1 1 [t
S (Va5 + [Jua |3 + (90Vu)(0)) — (9'oVu)(s)ds
2 2/ (5.21)

1
= 5 (w3 + Va3 + (907u)(¢ / [ ateyudadt ~o.
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Compining (5.20) and (5.21), we arrive at

0 < limsup X" = / : / Yudrdt — / ' / Yudzdt
/ / ) || o (uy — v)dadt
S/o /Qa(:v)(w—\v\m_zv)(ut—v)dxdt.

Hence,

/0 /Qa(x)(w — || ) (uy — v)dxdt > 0,, Yo e L™MQ x (0,T)),

by density of H}(Q2) in L™(Q).

Letv =Xz 4w, z € L"(Q x (0,7)). So, we get, VA # 0,
T
_)\/ / a(@) (¢ — Az + w2 + ) 2dedt > 0, = € L(Q x (0,T)).

o Jo
Let A > 0. So we have

T

/ / a(@) (6 — =+ wl™2(Az + up)) 2dadt < 0, =€ LM(Q x (0,T)).
o Jo

As A — 0, we get

/0 ' /Q a() (6 — ™ 2uy) 2dedt <0, =€ LM(Q x (0,T)) (5.22)
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Similarly, for A <0, we get

T
/ / a(x) (Y — |u|™ *uy) zdwdt <0, z € L™(Q x (0,T)). (5.23)
o Jo
Thus, (5.22) and (5.23) imply that ¥ = |u,|™ *us. Hence (5.16) becomes

/Q (2, ) ()da + /Q Vu(z, t).V(z)de

_ /Q ( /0 m g(s)Vu(x,t—s)ds> Vu(z)dz

+ / a(z)|u| " 2w (x)de = 0, Yw € HE(Q),
Q

which gives
+o0
uy — Au + / g(s)A(t — s)ds + a(x)|u|™ uy = 0, in D'( x (0,T)).
0

For uniqueness, let us assume that problem (5.1) has two solutions u and v. Then,

w = u — v satisfies

(

wy — Aw + f0+°o g(s)Aw(t — s)ds + a(x) (|ut|m72ut - |Ut|m7221t) =0, in Qx(0,7T),
w =0, on 092 x (0,7,

w(z, —t) = wy(x,0) =0, in Qx (0,T),
(5.24)

105



Now, multiply (5.24) by w; and integrate over Q x (0,t) to obtain

[[wel[5 + [Vl + (90Vu)(t) - /0 (g'0Vu)(s)ds

t
- 2/ / a(x) (|ut|m_2ut — ]vt|m_2vt) (uy — vy)dads = 0.
0 Jo

Hence, by using inequality (5.19), we have
2 2
[lwel [z + [[Vwlly <0,

which implies that w = C. In fact, C = 0 since w = 0 on 02. Which completes

the proof. |

5.3 Technical Lemmas

In this section, we establish several lemmas needed for the proof of our main

result.

Lemma 5.1 Under the assumptions (Al) — (A4), the functional

Dt = /Q wind

satisfies, along the solution, the estimate

, ¢ 1—¢
0 < =1 Full3+ 3 + =~ (90u) 1
(5.25)

+ ¢(9) /Q a(z)|ug|"dz, ifm>2
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and

, ¢ 1—¢
Y1) < =11 Vull3+ hll? + (907 u) (1)
2m—2 (526)

m

+ ¢(6, [|al], €2) (/Q a(x)|ut|md$> , ifm < 2.

Proof. Case m > 2.

By using (5.1), we easily see that

0/ 0) = el = 11 Val = [ a(o)lus" veuds
@ (5.27)

+ /Q Vu(t). /;Oog(s)Vu(t — s)dsdz.

We now estimate the third term of the RHS of (5.27), using Young’s inequality

and (5.5),

/a(x)\ut|m_2utuda: §5/a(m)\u|md:c+c(5)/a(x)]ut|mda:
Q Q 0
<c(9) [ a@lu]"de +5CIVull | Vul} (29
Q

< ¢(9) / a(z)|u|"dx + 5C’Em772(0)]|VuH§.
Q

The fourth term in the RHS of (5.27) can be handled as follows

/Q Vau(t). /0 " )Vl — s)dsda

1 1 oo
< —HVqu—l——/ (/ g(s)]Vu(t—s)|ds) dx
2 2 Ja 0
2

%||vu||§+%/ﬂ(/o Oog(s)|Vu(t—s)—Vu(t)|+|Vu(t)|ds> dz.
(5.29)

IN
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We then use Cauchy—Schwarz inequality, Young’s inequality to obtain, for any

n >0,

L[ srwate - - vuco + ,W(mds)zdx

< [([ stwute =) - vut |ds) wot [ ([ sIvaoies) ao
+2/Q</0+°° (5)|Vault — s) — |ds> (/Om §)|Vult \ds)dm
< <1+%)/S2(/0+Oog(s)|Vu(t—s)— ()|ds)2dx

2

rasa [ ([ +°°g<s>|w<t>|ds) i

< (1 i %) (1= O)(goVu)(t) + (1 + n)(1 — 02|V

(5.30)
By combining (5.27)-(5.30), we have
1 m—2
W) < Ml ;- 5 [1 = 1+ m)(1 = 02 = 20CE"T(0)| || Vull
1 1 (5.31)
+3 <1 + 5) (1 =24)(goVu)(t) + c(9) / a(z)|u|"dz.
Q
By choosing n = 15, and § = m, (5.25) is established.
For the case of m < 2, we re-estimate (5.28), as follows
/ a(z)|uy| " Pupuda
Q
< 6||ul]* 4 ¢(0) / a?™2(z)|uy | da (5.32)
Q

2m—2

< 5C|Vul? + 6. |lal .. ) ( / a<x>|ut|mda:) .
Q
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By combining (5.27), (5.29), (5.30), (5.32) and choosing the same values of 7 and

9, (5.26) is obtained. |

Lemma 5.2 Under the assumptions (Al) — (A4), the functional

X(t) == —/Qut/o OQg(s)(u(zﬁ) —u(t — s))dsdz

satisfies, along the solution, the estimate

X'(t) < =01 +2(1 = 0))]] Vull; = (1 = ) = O)lluell; + C(8)(90Vu)(2)

0 (5.33)
+ g4—é(—(g'0Vu))(t) + C(9) /Q a(z)|u|"dz, ifm > 2
and
X () < =6[142(1 — 0)7]|| Vullz — (1 =€) = 0)|Ju| |5 + C(6)(goVu)(t)
i %(—(g'ovu))(t) + (8, ||al]e, Q) (/Q a(x)|ut|mdx) " ifm<2
(5.34)
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Proof. By using (5.1), we easily see that

—+00
0

V() = /Q Vu(t) ( / g(s)(Vu(t)—Vu(t—s))ds) dx

([ srvute—sias) . ([ stoute) — ute - spas )

# [l o [ gts)ate) — u(e - ))dsds
—/Qut/OJroog'(s)(u(t)—u(t—s))dsdx—(l—é)/ufdw.

? (5.35)

Similarly to (5.27), we estimate the RHS terms of (5.35). So for any 6 > 0 we

have (see [60]).

400
/QVu(t). (/0 g(s)(Vu(t) — Vu(t — s))ds) dx < 6|| Vul3 + 14—56(90Vu)(t).

(5.36)
The second term can be estimated as (5.30). Thus, we have
+oo +o0o
/ (/ g(s)Vu(t — s)ds) : (/ g(s)(u(t) — u(t — s))ds) dx
@ A0 0 (5.37)
1
< (25 + E) (1 = 0)(goVu)(t) +26(1 — )| Vulf3.
Exploiting (5.6), (5.7) and (5.8) and we obtain Vt, s € RY,
1Vu(t) = Vu(t = 9)ll; < 2/[Vu(®)ll,” + 2/ Vu(t - s)II;
< dsup |[Vu(s)[[3 + 2sup |[Vu(7)|[3
>0 7<0 (538)

< 4sup ||Vu(s)||2 + 25up||Vuo(7)ll3
T>

s>0
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Using (5.38), the third term of (5.35) can be estimated, for m > 2, as follows

/Q o) g2 / () ult) — ult — $))dsdz

daz+0(6)/a(;1:)]ut|mdx

Q

<l [ \ [ tsptute) —ute - s

S5Ha|loo<1—€>’”_1/9/o oog(s)|u(t)—u(t—s)|mdsdx+0(5)/Qa(x)|ut|mdx
< bllal| (1 — 0" / " () IVult) — Vult — s)|[2ds + C() / () jur| " de

< dllallo (1~ O 'ON,F (goVu) (1) + C(6) / (@) ug|"d.
(5.39)

The forth term

—/Qut/o Oog'(s)(u(t)—u(t—s))dsdx§5\|ut\\§+%0/Q(—g’OVu)(t).
(5.40)

A combination of (5.35)-(5.40) then yields (5.33). To establish (5.34) we re-

estimate (5.39), as follows

2 e
/ a(x)|u™ ut/ g(s)(u(t) — u(t — s))dsdx
“ 0 2m—2 (5'41)

m

< 5C(goVu)(t) + C(5, ||al| . ) < /Q a(x)|ut\dx)

Hence, a combination of (5.35)-(5.37), (5.40) and (5.41) then gives (5.34). |

Lemma 5.3 Assume that (Al)—(A4). Then there exist strictly positive constants

€1, €9, A, ¢ such that the functional

L(t) = E(t) +e19(t) + e2x(t)
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satisfies, for allt € RT,

L~E, (5.42)
L'(t) < =XE(t) 4+ c(goVu)(t), ifm>2 (5.43)

and
L(t) < —AE(t) + e(goVu) () + c( /Q a(ac)\ut|mdx) T ifme<2 (5.44)

Proof. For the proof of (5.42), it is straightforward to see, using Young’s

inequality and Lemma 2.1, that

€1 €1 E9
L(t) < B(t) + Sl + Sl + 2wl
€ oo ?
L2 (/ g(s)(u(t)—u(t—s))ds) da
2 Ja\Jo
€1 &1
< B(t) + Sl + 56l Vull} (5:45)

3 9
+ 23+ 26,01 - 0(9ovu)(t)

< CGE(t)

and

1-7 €9 1 €1+ &2
102 (S5 - 26 I9uli+ (5 - 252 hul

1 (5.46)
+ (5 - %cpu - e)> (goVu)(t).
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By fixing €; and &5 small enough, we obtain L(t) > C1E(t). Now, we prove

inequality (5.43). By using (5.8), (5.25) and (5.33), we obtain

L) < - 1= e +2)C0) [ a@lul"ds

Q
l
o2 (1= ) = 8) — &) [l [z — (14201 - e)?)] | Vul} (5.47)
+ L 52@0 (¢'oVu)(t) + |e1—— + ,C(0) | (goVu)(t).
2 49 20
At this point we choose d so small that
1

(1—6)—6>§(1—€)

and

4 o 1
Z(5(1+2(1—£) ) <Z(1—£).

Whence ¢ is fixed, the choice of any two positive constants €; and e satisfying
1 1
Z__[(l — 6)62 <egr < 5(1 — 6)82 (548)

will make

klzgg((l—g)—é)—51>0

and

(
by = T =28 (1421 0?) > 0.
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We then select €; and €5 so small that (5.42) and (5.48) remain valid and, further,

1-— (51 + 52)0((5) >0

and

1 g(0)
5 — €2EC >0

Therefore (5.43) is established for two positive constants ¢, A > 0. The same

calculations, for m < 2, using (5.8), (5.26) and (5.34), give (5.44). |

5.4 The Main Result

In this section we state and prove our main result. Our main result is

Theorem 5.1 Let (ug(.,0),u;) € HY(Q) x L*(Q) be given. Assume that (A1) —

(A4) hold. Then, there exist positive constants k;, A;, 61, fori,j = 1,2,3, such

that
E(t) < kiG7! (kot +ks), Vt € R, ifm > 2, (5.49)
where
|
Gi(7) = ds and G(t) = tG' (01t
(0= [ gl amd Galt) = 167 611)
and

E@t) < MW\t +A3), VEERT, ifm <2, (5.50)
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where

1
1 P T A
Wi(r) = / Wyt and Walt) = =G (81t).

Proof. We distinguish two cases
Case m > 2.

Multiplying (5.43) by G'(6oE(t)) and using (4.17), we get

G (GEW))L/() < —AE()G (GE(t) — cBiE (1) + cBido E(D)G (5o E(1))

= —(A\ = cBid) E()G' (0 E(t)) — cBLE'(t).

Choosing &y small enough so that 55 := XA — ¢,y > 0 and puting
F(t) := G'(6E(t))L(t) + cf1E(1)
we deduce that F' ~ E and

F'(t) < =k F(1)G' (6, F(1)).

The last inequality implies that (G1(F))" > ko, where G1(7) = le mds for

0 < 7 < 1. Then, by integrating over [0,t], we get
F(t) < GyMkot +k3), VteRT.

The equivalence F' ~ E and the definition (5.7) give (5.49).

Case 1 <m < 2.
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Multiplying (5.44) by G'(dpE(t)) and using (4.17), we find that the functional F}

defined by
Fi(t) = G (G BW)L() + B E(t)
satisfies
Fl(t) < =AG'(6E@))E(t) + cG' (6 E(t)) </Q a(x)\ut|mdx> T. (5.51)

By multiplying (5.51) by E%(t), ¢ > 0, and using (5.8), and using Young’s inequal-

ity, we get

2m—2

EUt)F(t) < —AG (S E(t)ET(t) + cE(1)G' (G E(t)) (—E'(t))

< MG/ (S E(1) BT () + G (6o E(t)) B + C(2)G' (6o E(0)) (—E'(t)).
(5.52)

By choosing ¢ = 2%, (5.52) yields

E9(1)F{(t) < —AG (8B (1) ™ (1) + G/ (B0 E(1)) E** + C(e) (— /(1))
(5.53)

— —(A— )G (B B(1) BT (1) - C()E'(1).

Let Fy(t) := E(t)Fi(t) + C(e)E(t) then using (5.8), (5.53), (5.42) and choosing

¢ small enough, we get

Fi(t) € — MG (0, Fa(1) FSF (1) = —AaWa(E (1)), (5.54)
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where Wy (7) = 7971 G'(6;7). Inequality (5.54) implies that

(Wi(F2)) > A,

where

Wi(r) = /T ng(s)ds for 7 € (0,1].

Then integrating over [0,t], we obtain
Wi (Fa(t)) = Aot + Wi (F2(0))
since W, ! is nonincreasing,
Fy(t) < W (Aot 4 A3).

The equivalence F, ~ E and the definition (5.7) give (5.50). |

5.5 Kernels with Exponential Decay

In this section, we discuss the case of exponentially decaying kernels. Though this
type of kernels is a special case of our general class of kernels we considered above,

the decaying result here can be obtained without condition (5.6).

Theorem 5.2 Assume that (A2) — (A3) hold and the kernel g satisfies (5.2) and,
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for some positive constant &,

g'(t) < —=&g(t).

Then, there exist positive constants ¢y, ca and c3 such that

E(t) < cpe™ @ VteRT, ifm>2

and

E(t) <es(1+1)"n, VteRY, ifm<2.

Proof. Case m > 2.

We multiply (5.43) by & and use (5.55) and (5.8), to get

§L(t) < =ASE(t) + c€(goVu)(t)
< —XE(t) — c(g'oVu)(t)

< —XE(t) — cE'(t).

Let Ly(t) := EL(t) + cE(t), then

LlNE

and, by using (5.58),

Li(t) < —er L (1)
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(5.56)

(5.57)

(5.58)

(5.59)

(5.60)



A simple integration of (5.60) leads to

Li(t) < L(0)e, (5.61)

Thus (5.59), (5.60) give the desired result.
Case 1 <m < 2.

We multiply (5.44) by £ and use (5.55) and (5.8), to find that the functional

defined by
R(t) = £L(t) + cE(1),
satisfies
R~E (5.62)
and
R(t) < —EXE(t) + c€ (B'(t)) ™ . (5.63)

By multiplying (5.63) by E4(t), ¢ > 0, and using Young’s inequality, we get

B R (t) < —EAET(t) + e B2 + C(e)(—E'(t)). (5.64)

By selecting ¢ = 2%, defining Ry(t) = E9(t)R(t) + C(¢)E(t) and choosing ¢

small enough, we easily see that

Ry ~E (5.65)
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and

R\ (t) < = RITH(1). (5.66)

A simple integration of (5.66) and using (5.65) gives (5.57). |
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