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THESIS ABSTRACT

NAME: Raed Ali Mara’Beh

TITLE OF STUDY: Local and Non-local Linearization of Scalar Second Order
ODEs in the Normal Form

MAJOR FIELD: Mathematics and Statistics

DATE OF DEGREE: December 2013

The mathematical modeling of most of the natural and physical processes leads to non-
linear differential equations and no general theory exists for finding exact solutions of
such nonlinear differential equations. Because of the difficulties associated with solv-
ing nonlinear problems, simplifying assumptions are usually made to consider linear
approximations of such problems. However, such assumptions may lead to significant
error in the solution. Therefore, in general it is required to solve nonlinear differential
equations in the form that models the nonlinear real life problem. The linearization
process of transforming nonlinear differential equations to linear form by means of
transformations of the independent and dependent variables provides a powerful tech-
nique of determining exact solutions of the nonlinear problem. The aim of this work

is to investigate questions regarding linearization of second order ODFEs via local or

X



non-local transformations. The first problem considered is concerned with the subject
of linearization of nonlinear second order ODFEs via local transformations. An alterna-
tive proof of Lie’s approach for linearization of second order ODFEs s derived using the
relationship between A-symmetries and the first integrals. This relation further leads to
a new \-symmetry linearization criteria for second order ODEs which provides a new
approach for constructing the linearization transformations with lower complezity. The
effectiveness of the approach is illustrated by obtaining the general local linearization
transformations for the nonlinear ODEs of the form y" + Fy(x,y)y + F(x,y) = 0. Ez-
amples of linearizing nonlinear ODFEs which are quadratic or cubic in the first deriva-
tive are also presented. The second problem investigated is the linearization problem
for nonlinear second order ODFEs to the Laguerre form by means of generalized Sund-
man transformations (S-transformations). A characterization of these S-linearizable
equations in terms of first integral and procedure for construction of linearizing S-
transformations has been given recently by Muriel-Romero [35, 37]. Here we give a
new characterization of S-linearizable equations in terms of the coefficients and one
auxiliary function. This new criterion is used to obtain the general solutions for the
first integral explicitly, providing a direct alternative procedure for constructing the
first integrals and Sundman transformations. The effectiveness of this approach is
demonstrated by applying it to find the general solution for geodesics on surfaces of

revolution of constant curvature in a unified manner.
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CHAPTER 1

LIE SYMMETRY METHOD FOR
ORDINARY DIFFERENTIAL

EQUATIONS

This chapter provides an introduction to Lie symmetries of ODEs and sets up the basic
framework for the research work carried out in this thesis. Sections (1.1) to (1.3) introduce
the concepts of one parameter groups, infinitesimal generators and the relation between
these. The key concept of prolongations is discussed in section (1.4) which is utilized in the
next two sections to present the notion of symmetries of ODEs and the procedure for finding
symmetries of ODEs. One of the main applications of Lie symmetries of ODEs is to reduce
of order of ODEs. Section (1.7) provides details about the reduction of order of ODEs using
symmetries. The set of symmetries of differential equations has a special algebraic structure,
namely the symmetries of differential equations form a Lie algebra. The chapter closes with

a brief introduction to Lie algebras and their fundamental properties.



1.1 One parameter group of transformations

The study of Lie symmetries of ODEs involves one parameter group of transformations

Definition 1.1 A point transformation in the xy— plane is a function

T: R>— R (1.1)
given by
T(z,y) = (z,9) (1.2)
where
T =p(z,y) 13)
y=1v(r,y)

A transformation in the xy-plane transforms a point (x,y) to another point (Z,y) .
Some examples of transformations in xy - plane are given below

e Translations (shifts)

r=z+a
(1.4)
y=y+b
e Rotation
T =wxcosf — ysinb
(1.5)
y = xsinf + ycosf
e Re-scaling
T =er
(1.6)
y= cy



Definition 1.2 A one parameter transformation is a transformation that depends on
one parameter only. If the parameters is e, it is denoted as T. : R? — R? and is of

the form
T = p(z,y,¢) 4
y=1v(,y,¢)

Consider a parameter € belonging to an interval I C ® . The set of transformations

{T.} is a one parameter group of transformations if the following properties hold:
e Ty is the identity transformation , i.e. To(z,y) = (x,y).

e The set {T.} contains the inverse transformation 7.”' = T, , ie. T.T . =

T .T. =Tp.
e Composition law, i.e. T, o T., =T, 4.,.

Example 1.1 Consider the set of vertical transformations T. : R? — R2 given by

Kl
I
8

(1.8)

<
|

<
+
)

Show that this set of transformations is a one parameter group.

Solution
o Clearly Ty(,y) = (2,y).

o The inverse of T. is T-' =T_..
Because
Ta o T—e = Ta(T—a) = Ta(l‘, Yy — 5) = (l',y)

3



and
T .oT.=T (T.) =T (x,y+¢) = (z,y)
b T€1 © T€2 - T€1 (Téz) = T€1 (x,y + 52) = (.I,y +ée1+ 52) = T€1+62‘

So the properties of one parameter group of transformations are holds.

Example 1.2 The set of transformation T, : R* — R? is defined by

(1.9)

1S a one parameter group.

Solution:

e [t is clear that To(z,y) = (z,y). So Tq is the identity transformation.

o I.T (x,y) =T_T.(x,y) = (x,y), which implies that the transformation T_. is
wmverse of the transformation T .
<€k181 6’61821,7 ek‘QEl ek’gezy) —

o T, o T, = (eler(eheag), ekesr(eheezy)) =

(ek1(51+€2)1’, 6k2(€1+€2)y) = Te1+52 (:13, y>



1.2 Infinitesimal generators of one parameter

group of transformations

Given a one parameter group of transformations

T = ¢(r,y,¢)
(1.10)
y=U(z,y,¢)
and let
D o
_ 9 _ W 1.11
7(7,y) 9| n(z,y) 9|, (1.11)
then the vector field
0 0
X—T(%y)%ﬂLU(%y)a—y (1.12)

is known as infinitesimal generator of the one parameter group of transformation.
In fact we can represent the functions ¢ and v via their Taylor series expansion with

respect the parameter € in the neighborhood of ¢ = 0 by

T=x+er(z,y) (1.13)

y=y+en(z,y)

The form (1.13) is called infinitesimal form of transformations (1.10).

Example 1.3 Find the infinitesimal generator of the group of



i) nmon-uniform scaling

T = ey
y = cky
Solution
We have
p(e,y,6) = w, P(x,y,e) = ey
Therefore
dp
j——— pu— k
T(Q],y) 85 o 1T
o
= — = k‘
n(@,y) = 5 Tk
So the infinitesimal generator is
0 0
X =kir— + koy—
1$ax + 2y8y

ii) the transformation

Solution

T(‘T’y) = %}820 =Y

.
n(r,y) = &|._, =¥

(1.14)

(1.15)

(1.16)

(1.17)

(1.18)

(1.19)

(1.20)



Therefore, the associated infinitesimal generator is

0 %)
X =y -+ yQa—y (1.21)

1.3 Determining one parameter group correspond-

ing to infinitesimal generator

Given an infinitesimal generator

0

0
X = — — 1.22
7(2,y) 5+ n(x,y)ay, (1.22)
the associated one parameter group of transformations
'T: (p(x7y7€)7 g:w(m’y7€) (1'23)
with
o(z,y,0) =z, Y(r,y,0) =y (1.24)
can be found by solving the system of ODEs given by
oz
a—: = 7(z,y) (1.25)
9y
ZJ 1.26
ERC) (1.26)



subject to the initial conditions

j‘s:O =

g|5:0 = y

Example 1.4 Find the one parameter group corresponding to the generator:

X = a(% +b—
Solution
we need to solve the system
% =ax
&=
with the initial conditions
z(0) =z
y(0) =y
The solution of the system is given by
T =ce”
y=cyye”

Applying the initial conditions (1.30) implies

ag

&I
Il

8
a

<
I

<
qy

0

(1.27)

(1.28)

(1.29)

(1.30)

(1.31)

(1.32)



1.4 Prolongations of infinitesimal generators

This section presents the notion of prolongation of infinitesimal generator which plays
an important role in symmetry analysis of ODEs. We begin with the definition of

total differentiation operator.

Definition 1.3 The total differentiation operator is defined by

9 | . (i) 0
Do =g+ Xy
=1 (133)

o) o) 0 n 0

For a differentiable function F(z,y,y™V, ... ,y™), its total derivative is given by

OF oF OF
D,F )y = 2 00 Dl (2) e (n) . 1.34
(z,y, 9", ..., y'") 5 T Y s +y 9D +oty ey (1.34)
The operator
0 0
X = — — 1.35
7(2,y) 5 +1(z,y) o (1.35)

provides information on how the variables are transformed. i.e. using Taylor’s series,

the infinitesimal transformation of the corresponding group is given by

Kl

=x+eT(x,y) + o(e?) (1.36)

y=y+en(z,y)+o(e).

However this information is not enough to apply these operators to study symme-

tries of ODEs. We also need to know how the derivatives are transformed via the



transformation group (1.36) or equivalently the operator (1.35).

1.4.1 First prolongation

Consider the operator

0 0
X = — — 1.37
7(2,y) 5 +1(,y) a9 (1.37)
As already mentioned this is equivalently to the infinitesimal transformation
T=x+er(x,y)+ o(e?)
(1.38)

y=y+en(zy)+o(e?).

We want to find the transformation of the first derivative for which we need to extend

the symmetry operator to the operator

0 0 0
XM= — — 4+l — 1.39
7(2,y) 5+ n(x,y)ay +n(z,y) o (1.39)
where 3/ = % is transformed to ' = % Hence we want to obtain the function

nW(z,y,y') such that

7 =y +enlz,y,y) + o). (1.40)

10



To find it we proceed as follows:

d d
) dy _ dytednto(e?) _ giteg!
Yy 1+53—;

= (v +ef) (L+eg)”

T dz ~ dztedrto(e?)

= (v + 53—2) (1 —eZ +0(e?))

=y +e (Z—z —y/9) + o(e?).
This implies

77[1} (xaya y/) = Z_Z - ylz_;
=0 +y (n,— 1) — Y7,

Thus, the first prolongation is given by

9 9 , ,
XW = 7(a, y)o - e, y)a—y + <77:c +y (ny —T2) —y 2@)

1.4.2 Second prolongation

Let

0 0
X = T(:E,y)% + n(w,y)a—y

be infinitesimal transformation and

0 0 0

11

(1.41)

(1.42)

(1.43)

(1.44)

(1.45)



be the its first prolongation. Then, the transformation of x , y and y' are given by

T =ux+er(z,y) + o(e?)
y=y+en(r,y)+o(e?)

g =y +en(z,y)+ o(e?).

We need to obtain the function 5% (x,y, ') such that

7' =y +en?(z,y,y,y") + o(?).

As above we have

1
—n _dy _ dy' +ednM+o(e?) y”—i—sidzz
¥y =3z = dr+edr+o(e2) 1+5%

= (v retr) e

_ (y” 4 gd—;’;) (1 — 53—; + 0(62))

[1] dr
— y” _|_ <6d7d7_1 — y//_> + 0(82)
Wllich. i]IlpheS

'l dr

2] N
=z, y,y) il e

(1.46)

(1.47)

(1.48)

2 3
= Moz + (2Ney — Tax) Y+ (Myy — 2Tay) y© - 7_yyy/ + (ny — 272 — 3y/7y) y".

Therefore, the second prolongation is given by

9 ;a0
8y/ ay//

9 9
X = (2,9) 5 + (e, Vg, + 0"

12

(1.49)



1.4.3 Higher order prolongations
Generalizing to higher order, we have

Definition 1.4 The n'* prolongation of the vector field

X = T(x,y)(% + n(x,y)a% (1.50)
15 given by
Xl = 7(g, y)(% + 1(z, y)(% + in“ﬁ% (1.51)
where
n[i] — n[i}(x7 v, y(1)7 y(2)’ o 7y(i—l)) — Daﬂ?[i_l] _ y(i)DxT (1.52)
and nl® = 7.

indeed We can verify formula (1.52) by induction. Indeed if /=" is known then

relations
g(z) . dg(i—l) _ dy(i71>+€d7](i71>+0(62)

dzx dz+edr+o0(g2)

= (v + e 2) (14 )™

(1.53)
— (y(i) + ed"i;;)> (1—eZ +0(c?))
i G- i) dr
:y(“rﬁ(d"T _yog_x) +o(e?)
Example 1.5 Find the second prolongation of
0 0
X =y— — 1.54
Vg T 3y (1.54)



Solution

we have

T(z,y) =y, nlx,y)=1x (1.55)

SO

12

2
M =ne+y (ny—7) =1y =1—y
2 3
77[2} = Ny + (Qny _ T:cx) y/ _ (nyy _ 27_xy) y/ o 7_yyy/ + (ny — 27, — 3y/7_y) y// _ _3y/y//
Therefore,
0 0 0
X[2]: - 4 _+1_/2__ o Y
Yar T3, (I—-y )(9y’ vy

1.5 Symmetries of ordinary differential equations

Consider an ODE

F(r,y, g, y?, ... y™) =0 (1.56)

A one parameter group of transformations

i‘:gp(a}’y,g)’ g:w(‘rh?%g) (157)

is called a symmetry of ODE (1.56) if the form of the ODE remains unchanged under

the transformation (1.57). i.e

F(@,9,yY,...,y™) =0 (1.58)



whenever

F(x,y,y Y, ... ,y™) =0 (1.59)

Example 1.6 Show that the transformation

T=uz+exy (1.60)
y=y+ey’ (1.61)
s a symmetry of
dy
A 1.62
7 =0 (1.62)
Solution
From (1.60) we have:
dz = (1+ey)dr+cxdy. (1.63)
and equation (1.61) implies
dy = (1+2ey)dy (1.64)

Dividing equation (1.63) over equation (1.64) gives

<

(1+2ey)dy (14 2e) Wy,
(I+ey)de+exdy  (1+ey) +exYy,

= 0. (1.65)

Q.|Q.
K

dy _

Therefore transformation T = x + exy and § = y + €y* is a symmetry of T .

The above symmetry invariance condition can be written in the operator form in the

following manner.

15



Definition 1.5 The infinitesimal transformation

T=x+er(x,y)

y=y+en(z,y)

or the equivalent generator

X=T@ﬂ%-+n@w)y

oz

1s a symmetry of ODEs

F(x,y,yW,...,y™) =0

if an only if

when

F=0.

where XM is the n'* prolongation of X.

Example 1.7 Show that

1s a symmetry of the ODE

Solution

16

(1.66)

(1.67)

(1.68)

(1.69)

(1.70)

(1.71)

(1.72)



The associated function for the ODE is

The second prolongation of X is

Hence,

So

_y .

1 1
F(.fl'f, Y, y,7 y//) = y” - _y/ —
T T
0 0
X[Z] — I/
xax + yay Dy
XEF = a9k +yok -y 35
il
_ y/+y/3 y/+y/3
x x
=0 when F =0.
0 0
X =x— -
Tor Ty

is a symmetry of the equation (1.72).

13

(1.73)

(1.74)

(1.75)

(1.76)

1.6 Procedure for finding symmetries of ODEs

Given an operator

X =71(x,y)

ox

17

+n(z,y)

(1.77)



the criteria X" F' = 0 is called the invariance criteria for symmetries of ODE

F(z,y,y", ... y™) =0 (1.78)

and serves as the main tool for finding symmetries of ODEs. This generates an
over determined system of linear PDEs in 7 and 7 called the determining system for
7 and 7. By solving this system One can obtain the symmetries of ODE (1.78).

In general, the steps of finding symmetries of ODE (1.78) are summarized as follows:

1. Find the n* prolongation X where n is the order of the ODE.
2. Apply the invariance criteria X F|p_y = 0.

3. Obtain the determining system from step (2) by comparing coefficients of deriva-

tives of y.

4. Simplify and solve the system of determining equations.

The symmetries of different equations form a lie algebra. A brief introduction to lie

algebra is provided in the last section of this chapter.

Example 1.8 Find all symmetries of the equation

Y =y (1.79)

Solution
Assume
Fla, gy, y") =y —y~° (1.80)
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and the symmetry generator of the

0

3 (1.81)

0
X = T(ZB,y)% + n<x7y)

e Step 1: Writing the 2" prolongation

=, +y (n, — 1) — 7,

2 3
77[2] (z,9,Y) = Noa + (202y — Taz) Y+ (Myy — 27ay) T 7_yyy, + (ny — 272 — 3y/Ty) Y

So the 2™ prolongation of X is:

0

0 0 0
XPUF) = 7(z,y) 7= + n(z, Vg, + " .

oy " oy

oz

o Step 2: Applying the invariance criteria X[Q](FMF:O = 0 implies

37)9_4 + Moo + (Zmy - Tm)y, — (Myy — ZTry)ylz - Tyyylg + (7721 — 27, — 3?//7'2;)9_3 =0

(1.82)
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e Step 3. Finding the determining equations as follows:

coefficient of(y')* : 7, =0
coefficient of(y')>  :1y,, — 27, =0
coefficient of(y')t =37y + 21y Y = Taay® =0

coefficient of(y')*  : 3n — 2y7, + NyY + Nexy' = 0.

(1.83)
(1.84)
(1.85)

(1.86)

e Step 4: Solving the over determined system of linear PDEs (1.83)-(1.86)

— From equation (1.83), T is a linear in y. So

7= filz)y + f2(x).

— Substituting the expression (1.87) in equation, (1.84),

— Substituting equations (1.87) and (1.88) in equation (1.85) gives

and

n=fi'(x)y’ + f3(z)y + fi().

2fs'(x) = fo"(x) =0

20
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Hence the 7 and n become respectively

T = fo(x) (1.91)

n = f3(x)y + fa(x). (1.92)

— Substituting equations (1.91) and (1.92) in equation (1.86) gives

o) = cra® + 2051 + 3 (1.93)
f3(z) = a1+ (1.94)

and
fa(z) = 0. (1.95)

— Hence, the final formulas are

T =12 + 267 + c3 (1.96)

n=(azr+c)y. (1.97)

Therefore, we obtain 3 independent parameters which provide 3 dimensional Lie

algebra generated by the symmetries found as follows:

1. If ¢y = 1 and the other constants vanish implies then X, = :L'Qa% + :L'ya%.

2. If co = 1 and the other constants vanish implies then X5 = 2:6% + ya%.
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3. If ¢3 = 1 and the other constants vanish implies then X3 = 2

Example 1.9 Find all symmetries of the Blausius equation

"

y" +yy" =0.

Solution

"

Let F(z,y,y,y",y") =y

0 0

Then the invariance criteria

XW(F)\F:O =0

gives

OF or  moF

OF
7(2,y) 5+l y)a—y ARl n?

ay//

or equivalently

+yy” and let the symmetry be of the form

g OF
ay///

7(2,y). (0) + n(z, v)y" + 0™ (0) + Py + 9 = 0.

or*

(1.98)

(1.99)

(1.100)

—0 (1.101)

(1.102)

Substituting the expressions for the second and the third prolongation into (1.102),
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and gathering coefficients of derivatives of y gives the following determining equations

Coefficient of (y")* : 7, =0 (1.103)
Coefficient of (y*y") : 7,y =0 (1.104)
Coefficient of (y'y") : 1y, =0 (1.105)
Coefficient of (y')* : 1y, =0 (1.106)
Coefficient of (') : YNee + Nege = 0 (1.107)
Coefficient of (y') : 2ynuy — YTux + 3Nuay — Toze = 0 (1.108)
Coefficient of (y") : 3nzy — 3Twe + 1+ y7: = 0. (1.109)

Now to derive the corresponding symmetry we solve the over determined system of

linear PDEs (1.103)-(1.109).

o From eq(1.103) we get :

T = fi(z) (1.110)

o From eq(1.105) we get :

n = fa(z)y + f3(x). (1.111)

o Using equation (1.111) in equation (1.107) gives:

£ (@)y? + f" (2)y + R (@) + f"(x) = 0. (1.112)
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This implies

fQ(SC) = C1T + Co

and

fg(iﬂ) = C3T + Cy4.

o Substituting fo(x) and f3(x) in (1.108) gives

T = clmQ + 5T + cg.

e By substituting equations (1.113)-(1.115) in (1.109), we conclude that

cp=c3=c4=0

co+c5 =0.

So we have

T = C5Z + Cg
= —CsY.
Hence the associated symmetry algebra is generated by:

19) 0
Xl—l'%—ya—y

(1.113)

(1.114)

(1.115)

(1.116)

(1.117)

(1.118)

(1.119)

(1.120)

(1.121)



Example 1.10 Consider the equation

12
"

y'=co f(@) "™+ pf(@)y'y (1.122)

where p # 0 is a real constant and f # 0 is an arbitrary function of the indepen-

dent variable x. If we apply the second prolongation for (1.122) we get the following

determining system

YTyy + 7y =0
=27y pf () yPT2 + (nyy — 27ay) Y2 + 1 —ymy =0
—np?f (@) y? — (Tapf () + 70f" (%) YP T 4 200y — Taay — 202 — 37y f (2) yPT2 =0

(=nf" (@) p —nf () y? + (=270 (@,y) f' () + 0y f' () = 7f" () " = nepf (2) YP + Naz = 0
(1.123)

and the solution of this system is 7(x,y) = n(x,y) = 0, This equation does not possess

Lie point symmetries for general f(z).

In the next chapter we introduce the concept of A-symmetries and show that ODE

(1.122) admit A—symmetry that can be used to find its solution
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1.7 Reduction of higher order ODEs using symme-

try method

One of the main applications of Lie symmetry is to reduce the order of differential

equations. The reduction of order of ODE
F(z,y,/,...,y™) =0 (1.124)

using the symmetry

0 0

X = T(.’Ilj‘,y)— +77(x7y)a_y

1.12
e (1.125)

is based on the a standard procedure of change of variables by obtaining the invariants
through

xXPpE=o. (1.126)
This method is illustrated in the example below.
Example 1.11 Find the solution of ODE

2y —ay +y=0 (1.127)

by reducing the order via the symmetry

o 0
X=ag+ys, (1.128)

Solution
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Let

F=2%"—ay+y=0 (1.129)
The 2™ prolongation of X is

g 0 , 0

0
3 V3 055 Y gy (1.130)

X =z
Then the characteristic system of the invariants obtained through X F =0 is

dr  dy dy  dy’
S (1.131)

o Solving % = % jmplies ¥ = constant,
T y T
. dy _ dy/ . . /I
o Solving % = == implies y' = constant.

M 0

So we get two invariants of X2 given by:

u=4 (1.132)
e
v=1. (1.133)
Hence
dy’ d dv d dv 3% — d
I2y// _ $2—y _ ZL’2 v _ pavau 2_0%1—2 = (xy — y)—v (1134)

dx de " dudr  ~ du =«
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By rewriting the equation 1.127 in terms of u and v we get

d
(wv—y)%—xv+y:0.

Dividing equation (1.135) by x gives the reduced first order ODE

d
(v—u)%—v—ku:O.

Hence,
d _
du  v—u
which gives
V=1u-+cCy.
Going back to original variables we have
dy _y
— = = +
dr x|

which gives the solution

y(x) =z (cilnx + c3.)

1.8 Lie algebra of vector fields

(1.135)

(1.136)

(1.137)

(1.138)

(1.139)

(1.140)

This section provides a brief introduction to lie algebras. It is a well known fact that

if X and Y are vector fields and f, g, h are functions, then

28



o (fX +4gY)(h) = fX(h)+gY(h)
o X(af +bg) = aX(f) +bX(g)
o X(fg9)=X(fg+ fX(9)
Let us define a very important operation on the set of vector fields.

Definition 1.6 The commutator Lie bracket or simply Lie bracket [X,Y], of two

vector fields X and'Y 1is the vector field such that

(X, Y](f) = X(Y(f)) = Y(X(S))- (1.141)

The Lie bracket of vector fields [X,Y] = XY — Y X satisfies the following property:
e (X, X]=0
o [X,Y]=—-[Y,X]
o X,V 2|+ [Z,[X, Y] +[V,[Z, X]| =0
e for functions fand g: [f X,gY]=fg[X, Y]+ fX(9)Y —gY (/)X

Example 1.12 Compute [X,Y] for X = ya%, Y = ya%.

Solution

o 91_,9(9N_,9(2\_ 98 % & _ 9 _ .
y@y’ Y ou _yay Y or Y or y(?y ~Yor yayﬁx yaxay_y(?x_ '
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Example 1.13 Find all functions ¢(z,y) such that

o 0
%’a—y] =0

Solution

2 2
o2 2] (=02 (U)-2 () - P, 000 2001 __[060
X X xr

oy /) Oy oxdy ' Oydx Oydxr  Oydr

Hence, [gzﬁa%, a%} =0 if and only if g—f = 0. Therefore ¢ = ¢(x).

Definition 1.7 Let L be a finite dimensional vector space of vectors. The vector space
L 1s called a Lie algebra if it is closed under the Lie bracket.
i.e

X,Y]eL VX, YeL. (1.142)

Definition 1.8 A subspace | of L is a subalgebra of L if it is closed under Lie bracket.

1.€.

X,)Y]el VX)Yel (1.143)
If the vectors Xj,Xs,...,X, are a basis of L ( as a vector space), then L is
called n-dimensional lie algebra generated by X, Xs,..., X, and is denoted as

<X1,X2, ce 7Xn> == Ln

30
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Definition 1.9 A Lie algebra L is called abelian if

[X,Y]=0 VX, Y €L (1.144)

Example 1.14 Find the commutator table for L = (X, Xo, X3, X4) where

— 29 9
X ==z am+wyay

X, = xy% + y26%

(1.145)
ngxa%
X4:ya%.
Solution
X | Xo| X5 X4
Xy 0 0 | —X; | —Xo
Xo| O 0 0 0
X3 X;] 0 0 —X,
X4 | Xo| O X, 0

Table 1.1: Commutator table for the vector fields (1.145).

Example 1.15 The commutator table for the infinitesimal generators of examples

(1.8) and (1.9) are respectively formalized

X1 Xo X3
X, 0 =2X; | —X,
X2 2X1 0 —2X3
X3 | Xo 2X5 0

Table 1.2: Commutator table for the infinitesimal generators of example (1.8).
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X1 | Xo
X110 | =X,
Xo | Xy 0

Table 1.3: Table for the Infinitesimal Generators of Example (1.9).

Definition 1.10 A subalgebra L™ C L", where r < n is called an ideal of L if [X,Y] €

L forall X € L" and Y € L, .

Definition 1.11 The Lie algebra L" is r—dimensional solvable Lie algebra if there

exists a chain of subalgebras

Pcilcr’>. . crlcr (1.146)

such that £F is a k-dimensional Lie algebra and £ is an ideal subalgebra of LF for

k=1,2,...,r. Here L° is the null ideal consisting of only the zero vector.

We close this section with two fundamental results for solvable lie algebra .

Theorem 1.16 FEvery Abelian Lie algebra is solvable.

Theorem 1.17 Every two-dimensional Lie algebra is solvable.

The reader is referred to [19] for the proofs of the results stated in this section as well

as for comprehensive introduction to the subject of lie algebras.
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CHAPTER 2

A-SYMMETRIES AND FIRST

INTEGRALS

The main aim of this chapter is to present the basic ideas of A\-symmetries required
for the investigations carried out in chapter 3. Section (2.1) provides the notions of A-
prolongations and A-symmetries, and outlines an algorithmic procedure for construct-
ing A-symmetries. Examples, demonstrating the implementation of this procedure,
are also presented. section (2.2) consists of a discussion of the relation between A-
symmetries, first integral and integrating factors. The remaining sections show, with
the aid of examples, how to find first integrals of second order ODEs with known

A-symmetry .

2.1 A-Symmetries for ODEs

In this section we present the basic concept of A-symmetries, the associated notation
of prolongations of these vector fields as well as a procedure for finding A-symmetries.
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Muriel and Romero in [32] introduced the concept of A-symmetries to justify the
existence of some special cases of reduction for ODE’s. Pucci and Saccomandsi proved
in [44] that the A-symmetries are the largest class of vector fields allowing to reduce
the order of an ODE. In [36] it has been proved that second order differential equations
with first integrals possess an equivalence condition between A\-symmetries depending
on the Lie point symmetry coefficients. Nucci and Levi in [41] used the Jacobi last
multiplier to obtain the function A for A-symmetries. A large amount of literature

about the A\-symmetry theory and its applications a is available, e.g. [3,12,13,23,34,42].

Definition 2.1 [32] Given the ODE

y™ = flz,y, 9,y .y, (2.1)

Let X = T(x,y)a% + n(x, y)a% be a vector field, and let \(z,y,y', ..y V) be an arbi-
trary function. The \-prolongation of order n of X, denoted by X is the vector

field defined by

0 0 < 9
[nA] (k]
X =7(x,y) P +n(x,y) By + kgl o oy (2.2)
where
o = (D, + Ao — (D, + M) (2.3)

for1 <k <n.
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Note that when A = 0, the prolongation X% is the usual Lie symmetry prolongation

Xl

Definition 2.2 [32] We will say that a vector field X is a A-symmetry of the ODE

(2.1) if there exists a function X such that

x Al (y(”) _ f)|y(n>:f —0. (2.4)

An efficient method for constructing is based on following theorem

Theorem 2.1 [33] Let y™ = f(x,y,y/,...,y"V) be a n'™ order differential equation,

then there exist a function Xz, y,y, ...,y*®)), for some k < n such that the vector field

X = a% is a A-symmetry of the equation.

The investigations of this thesis involve second order ODEs of the form

y' = f(z,y,9) (2.5)

Specializing to these second order ODEs, the A prolongation of X = a% for equation

(2.5) can be derived as follows:

ol =1
oM = (D, + 1=\

o = (Dy + A=Ay + YAy + 172y + N2
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where A = A(z,y,y’.) Now applying the invariance condition (2.4) for equation (2.5)

gives

X[2’A](3/H_f($ayay/>>’y”=f = ol _fy’am _fy = _fy_>‘fy’+)‘x+y//\y+f>‘y’+>‘2 = 0.

We can summarize the above discussion in the following corollary

Corollary 2.2 The vector field X = a% is a A\-symmetry of equation y" = f(x,y,y)

if and only if X is a solution of the equation

fu+ My =X YA + Ay + A (2.6)

Hence the A-symmetry X = a% of equation y" = f(z,y,y’) for some function A(zx,y,y’)
can be found by the following algorithmic procedure:

By theorem (2.1), equation y” = f(x,y,y’) admits the vector field X = a% as a \-
symmetry. By corollary (2.2) A is any particular solution to the equation (2.6), and
for simplicity we consider the form A(z,y) = a(x,y)y + B(z,y) to determine A. This

procedure is implemented in the examples below.

Example 2.3 The second order ODE

2 2
n Y Tt

Y

Y +22+1=0 (2.7)

does not admit Lie point symmetries, but we show that it has A\-Symmetry. By Theo-

rem (2.1) equation (2.7) admits the vector field X = 8% as a A-symmetry. Moreover
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by corollary (2.2) X\ is any particular solution to the following equation

(—2zy? — v* + yy” + 22yy + zyy )Ny + VYA + YA 24
2.8

+A2y2 — (2% + 2y + 2y )N+ 2%y +ay +y? =0
For simplicity assume the solution \ of (2.8) of the form A(x,y,y') = a(z,y)y +

B(x,y). This anasatz leads to the following system

Coefficients of y* : a®* + a,y® —ay+1=10 (2.9)
Coefficientsof y'  : 2a8y* + B,y° + azy®> — 28y +2° + 2 =0 (2.10)

Coefficients of (y’)0 o PPy = 2xay® — oy + Byt — 2By — Py =0 (2.11)

It is clear that (2.9) has a particular solution a(x,y) = i, so, by substituting «, the

two remaining equations become:

Byy* + 2’ +x =0 (2.12)

B2y + Boy® — 22y — 2®By — afy —y =0 (2.13)
The general solution of the equation (2.12) is given by

ZEQ i
— T 124y
B(x,y) y+y+ ()
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substituting B in the equation (2.13) gives

(h(z)* 4+ K (z)) y* + (h(z)2* + h(z)z) y = 0

So we can choose h(z) = 0. Therefore X = % is a A\-symmetry for A = y/+a;+z.

Example 2.4 Consider the differential equation

12
Y = % + F (@) + pf(2)y'y? (2.14)

where p # 0 is a real constant and f # 0 is an arbitrary function of the independent
variable x. By Theorem (2.1) equation (2.14) admits the vector field X = 8% as a \-

symmetry. Taking X of the form Xz, y,y') = a(x,y)y’ + 5(x,y), leads to the following

system

)t + Yy —ay+1=0 (2.15)
P f(2)y? +28 — azy — Byy — 2aBy =0 (2.16)
pf' ()" + f'(2)y" + Bpf(x)y” — B + af ()" + 52 =0 (2.17)

A particular solution of the equation (2.15) is given by o = i Substituting o = i the
equation (2.16) becomes:

P’ f(2)y? — Byy =0 (2.18)

which implies
B =pf(x)y” + h(z) (2.19)
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Substituting o and B in the equation (2.17) provides

h(z) + pf (@) h(x)y” + h*(x)

y'+pf(z)yPt!

So we can choose the h(x) = 0. Therefore X = a% 18 a A-symmetry for A = ;

2.2 First Integrals and A-symmetries of second or-

der ODEs

Sometimes it might not be easy to completely integrate an ODE, however it could
be possible to write the solution of differential equations explicitly in terms of ele-
mentary functions that are constant on every solution of differential equation, that is,
first integral. In the other word, we have differential equation of order n, and if by
integrability an equation of order (n — 1) involving an arbitrary constant is obtained,

then the latter is known as the first integral of the given equation.

Definition 2.3 [2] A first integral of an nth-order ODE

y" = flzy gy Y) (2.20)

is a function w(z,y,y, ...,y ") with essential dependence on y™=Y) satisfying

D(w)=0 when y™ = f
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i.e, w(z,y,y,...,y" V) is constant for every solution y of ODE (2.20).
In fact, finding a first integral of a given ODE is equivalent to obtaining a function
called an integrating factor.

Definition 2.4 [2] An integrating factor of an nth-order ODE (2.20) is a non zero

function Az, y,y',...,yD), 0<1<n—1 that satisfies

A,y sy D) (W™ = flay s y™ D) = Dy (wiz,y, sy ™))

for some function w(z,y,y,...,y" V) which has an essential dependence on y™1).
The highest-order 1 of the derivatives of y in Az, y,y',...,yP) is called the order of

the integrating factor.

Next theorem provides a well known relation between first integrals and integrating

factors.

Theorem 2.5 [34] If w(z,y,y’) is a first integral of equation

y' = f(z,y,9) (2.21)

then A = w, is an integrating factor of (2.21). Conversely, if A(x,y,y’) is an inte-
grating factor of (2.21), then there exist a first integral w(z,y,y') of (2.21) such that

A:wy/.

Proof. Assume w(zx,y,7’) is a first integral of equation (2.21), then

Dx(w)|y//:f = Wy, + y/wy + f(l‘7 Y, y/)wy/ =0
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Therefore

Wy + y/wy = _f<x7y7y/)wy’

But

Dy(w) = wy + y'wy + y"wy = —f(z,y, ¥ )wy +y"wy =wy(y" — f(z,y,y"))

So A = w,/ is an integrating factor.
Conversely, assume that A(x,y,y’) is an integrating factor of (2.21), then for some

function w(x,y,y')

AY" = f(z,9,9)) = Ds(w) (2.22)

Hence

A" = f(2,y,9) = we + y'wy +y"wy

then necessarily implies

A = wy/ (223)

and

—Af(z,y,y) = we + y'wy

This proves that

D, (w) = wy + y'wy + f(z,y,y")w, =0 (2.24)

Therefore by (2.23) and (2.24), w(z,y,y’) is a first integral of equation (2.21), such

that A = w,. I
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The following theorem establishes the significant connection between A-symmetries
and integrating factors of second order ODEs. This relation will play an important

role in obtaining results of chapter 3.

Theorem 2.6 [3/] If I(xz,y,y') is a first integral of (2.21), then the vector field

X = 2 s a A\-symmetry of (2.21) for A = —dv 4nd XWUI(T) = 0. Conversely, If

Jy I,

X = a% is a A\-symmetry of (2.21) for some function \(x,y,y’), then there exists a

first integral I(x,y,y') of (2.21) such that XMU(I) = 0.

2.3 Reduction of second-order ODEs using )\ sym-

metries

If we know that aﬁ is a A-symmetry of the ODE
Y

y' = f(z,y,9) (2.25)

for some known function A\(z,y,y’), then a procedure to find a first integral I(x,y,y')

of (2.25), and consequently an integrating factor of that equation is as follows:

1. Find invariant w(z,y,y') of XM i.e a particular solution of the equation

wy + Awy, = 0. (2.26)

2. Evaluate D,(w)|,7—; and express it in terms of (z,w) as D,(w)|y—f = F(x,w).
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3. Find invariant G(z,w) of 2 + F(z,w)-.

4. Evaluate I(x,y,y) = G(z,w(z,y,v')).

Then I(z,y,y’) is a first integral of (2.25)and u(x,y,y’) = I, is an integrating factor

of (2.25).
Example 2.7 For the ODE

2 2
n Y Tt +x

Y

Y +22+1=0 (2.27)

we have shown in the example(2.3) that the equation (2.27) has X = a% as a A-

y'+a’+a

symmetry with A = m

o We want to find a first order invariant w(z,y,y') of XU, Equation(2.26) gives

/ 2
wy,+ LT, =0 (2.28)
Yy
which has a solution
Wiz, y. o) = v + a4+
) b y
e Now
Dy (w)lyr= = we + y'wy + y"wy
T a2t
— 2;—1 _y/(y +y2+ )_|_ %(y//) =0
So F(z,w) = 0.

e Invariant G of & is G(z,w) = G(w).
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e The first integral I is defined as

/ 2
Iy =G (w)
Yy
for simplicity we choose I(z,y,y') = #, hence u(x,y,y') = I, =+ is an

Y

integrating factor of (2.27).

Moreover, from definition of first integral we conclude that I(x,y,y') = c,c € R.

Therefore equation(2.27) is reduced to the equation

y —cy+a+ax=0. (2.29)

We observe that

o [fc=0 then the equation (2.29) has the solution

o For c# 0, the first order linear equation (2.29) can be solved as follows:

Multiplying both sides by the integrating factor e gives

(ye ), = — (2% + 2)e (2.30)
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Integrate both sides of equation (2.30)

/(e_“y)xd:v = —/a:ze_cxda: - /xe_“dm (2.31)

gives the general solution

w o2 2 oz 1
Y = cie +—+—2+—3+—+—2.
C C C C C

Example 2.8 We have verified in example (2.4) that the ODE

12

Y = % + @)y pf ()Y (2.32)

Y +pf(x)yPt!

admits the vector field X = a% as a A\-symmetry for A\ = ;

o We want to find a first order invariant w(z,y,y') of XM, Equation (2.26)

grves

/ p+1
yrpf@y (2.33)

w, +
Y y

It is clear that w(x,y,y’) = % is a solution of (2.33).

e From

Dy(w)lyr=f = wa + y'wy + y"wy
= —f(@)y®) =y (% +pf(x)y) + £ =0

we got F(x,w) = 0.

e Invariant G of £ is G(z,w) = G(w).
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e The first integral I is defined as

I(z,y,9y) =G (%W)

y' —f(x)yPtt
y

’ then u(m,y,y/) = Iy’ = l

For simplicity we consider I(z,y,y') = ;

Since I(x,y,y") = c,c € R, the equation (2.32) is reduced to the Bernoulli equation
y — f@)y" —ey =0 (2.34)
To solve this equation set w =y~ P, so that equation (2.34) can be written as
w' + cpw = —pf(x) (2.35)
The linear equation (2.35) has the solution

W= —e P ( / p f(z)ePdz + d) (2.36)

Therefore the general solution of (2.14) is given by

eCiE

(f —pf(x)ePrdr + d) 1/p’

y(z) =
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2.4 An Application: Modified Emden Type Equa-

tion with additional linear forcing

Let us consider the modified Emden type equation with additional linear forcing [38]:

&+ 3kxd + k22 + Pz = 0. (2.37)

By Theorem (2.1) equation (2.37) admits the vector field X = £ as a A-symmetry.

Also for A\(t,z,2) = a(t,x)x + B(t,z), Corollary (2.2) leads to the following system

a; +a® =0 (2.38)
a;+ By + 208+ 3k =0 (2.39)
Bkaf + B — ak’a® — Pax + 52 + 3k + ¢ = 0 (2.40)

Using the separation of variables equation (2.38) has the general solution

1

at,z) = D

Since hy(x) is an arbitrary function, we can choose hi(t) = 0. So equation (2.39)
becomes

B, + 2§ — 3k (2.41)
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Multiply both sides of equation (2.41) by the integrating factor z* provides

(2°B), = —3ka? (2.42)

integrating both sides with respect to = gives

ha(t
B =—kr+ #
T
Hence equation (2.40) becomes
kaho(t) + hh(t)2? + ha(t) = 0 (2.43)

It is clear that hq(f) = 0 satisfy equation (2.43). Therefore equation (2.37) admits
the vector field X = 2 as a A-symmetry for A(t,z,&) = £ — kz. We can obtain the

corresponding first integral as follows:

e Equation (2.26) gives

Wy + (E — km) w; =0 (2.44)

T

which has a solution

w(t,z, 1) = Ry
x
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e Observe that

Dy(w) = wy + tw, + Fw; provided equation (2.37) =0

= — <(§)2 + 2k% + k2x2> — c?

x

— _u?_ 2

So F(t,w) = —w? — 2.

e To find the invariant G of £ + F(t,w):2% we solve the PDE
G+ FG,=0 (2.45)

which depends on the values of c.

1. c=0:

In this case equation (2.45) has the characteristic equation

dw
Integrating both sides gives
1
G=t——
w

Therefore the first integral I is defined as

T

Itz o) =t -~ T ka2
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From the definition of first integral I(¢,x,2) = c1,¢1 € R, therefore the

equation (2.37) is reduced to the Bernoulli equation

i+ ka® = (2.46)

t—Cl

To solve this equation let w = %, So the equation (2.46) can be written as

w

[ =k 2.4
w+t_01 (2.47)

Multiply this equation by the integrating factor ¢ — ¢;

((t = e)w), = (t — 1)k (2.48)

integrate both sides

22 2
w — kt Clkt + 2c9 (249>
Q(t — Cl)

rewrite the equation (2.49) in the term of = gives the general solution

Q(t — Cl)
kt?2 — 2c1kt + 2¢

w(t) = (2.50)

ii. c#0:

In this case equation (2.45) has the characteristic equation

dw

w? + c2

dt =
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Integrating both sides gives

1
G=t+=tan "' (2)
C C

So the first integral [ is defined as

1 P+ k?
I(t,z, ) =t + ~ tan~! (:H v )
C

Cx

Since I(t,z,) = ¢1,¢4 € R the equation (2.37) is reduced to the Bernoulli
equation

& — ctan(cic — ct)r = —ka® (2.51)

To solve this equation let w = %, So the equation (2.51) can be written as
w + ctan(ciec — ct)w =k (2.52)
Multiply this equation by the integrating factor cos(c;c — ct)
(c1 cos(c — ct)w), = cos(cic — ct)k (2.53)

integrate both sides

_ coc— ksin(cic — ct)

(2.54)

ccos(cic — ct)
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rewrite the equation (2.54) in the term of x gives the general solution

—ccos(cic — ct)
1) = 2.55
z(t) ksin(cic — ct) — coc (2.55)
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CHAPTER 3

ASYMMETRY AND

LINEARIZATION OF

SECOND-ORDER ODES VIA

LOCAL TRANSFORMATIONS

An alternative proof of Lie’s approach for linearization of scalar second order ODEs is de-
rived using the relationship between A-symmetries and first integrals. This relation further
leads to a new A-symmetry linearization criteria for second order ODEs which provides a
new approach for constructing the linearization transformations with lower complexity. The
effectiveness of the approach is illustrated by obtaining the local linearization transforma-
tions for the linearizable nonlinear ODEs of the form "+ Fy(x, y)y'+ F(x,y) = 0. Examples
of linearizing nonlinear ODEs which are quadratic or cubic in the first derivative are also

presented.
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3.1 Introduction

The initial seminal studies of scalar second-order ordinary differential equations
(ODEs) which are linearizable by means of point transformations are due to Lie [24]
and Tressé [48]. In recent decades there have been a resurgence of interest in this
topic (see the reviews [14,29,45]).

It was shown by Lie [24] that any second-order ODE

y' = f(z,y,9) (3.1)

which is linearizable via point transformations is at most cubic in the first derivative,

i.e. it has the form

y" + F3(x, y)y'3 + Fy(x, y)y'2 + Fi(z,y)y + F(z,y) = 0. (3.2)

It is well known [15] that any second order linear ODE can be transformed via point

transformations to the free particle equation

Ut = 0. (33)

Therefore, all linearizable second-order ODEs (3.1) are obtained from the free particle

equation (3.3) via point transformations. Precisely, the free particle equation (3.3)
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can be transformed by an arbitrary change of variables

t:qﬁ(:)s,y), u:@/)(:x,y), J:%?/Jy—%%#(), (34)

where J is the Jacobian, to the family of ODEs (3.2) with the coefficients
F(z,y), Fi(x,y), Fo(x,y) and F3(x,y) satisfying the following system of partial differ-

ential equations

F3($7y):A7 F2(x,y):B+2w, F1($7y)IP+2Z7 F(I,y):Q, (35)
in which
¢zwy_¢ywac ’ ¢a:wy_¢ywac ’ %%—%% ’ (3 6)
m%—%% ’ ¢mwy_¢ywz ! ¢z'¢}y—¢y'¢1x )

This can be shown as follows:

_du pdz+ydy e+ Y'Yy
At ¢.dx + ¢ydy  Qp + Y@,

Uy

Dl‘(¢) '

similarly

t Dz () Dz (¢)

— Du(¢)Ds (@)= Da () Da?(9)
(Dz(9))”

— ($2+0yy") Da(Ya+yy' ) — (Yo +¥yy") Do (da+dyy’)
($a+dyy’)’

— (P2 +dyy) (Vaa +21/Jwyy/+'¢’yy”+wyyy/2)—(¢x 0y (Paa +2¢wyy/+¢yy”+¢yyy/2)
(b tdyy’)’

wy = dw = Delw) _ 1 <Dz<¢>>
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Then, the free particle equation (3.3) can be transformed under the point transforma-
tion (3.4) to the form (3.2) where F'(z,y), Fi(z,y), Fa(z,y) and Fi(x,y) satisfy the
system of PDEs (3.5).

Lie [24] crucially also found the following over-determined system of four equations

10 | 20F,

wz:zw—FF3—3ay 39z

w, = —wz—l—Fgw—{—ng—i—%i;—Fng,

(3.8)
Zx:ZQ—FIZ—Fw+%—5+FF27
Zy:—zw_l_FFg_%aaf;Q _'_?2)6821

which are called the Lie conditions. The compatibility of Lie’s conditions gives the

following well known Lie-Tressé linearization test for ODEs of the form (3.2), viz.

832yFl _2§yg;+382F3 _38F1F3_3F18F3 —|—68FF3—|—3F8F3 F28F1 +2F28F2 _

Oh —2h 4 308 1308, 4 32 39, — PO 4 F, 92 — o F, 20 =

(3.9)
This can be shown as follows:
Wgy = Wy, implies
2 2
2yW + 2wy — Fg%—i — Fo5 %‘93;;1 + %gyg; + 2ww, — aaFQw Fw, (3.10)
—%Z—ngx— 8F3 —|—6F1F —i—FaF?’ =0

Substituting the values of w,, w,, 2z, and z, given by the system (3.8) into the equation

(3.10) provides the first equation in (3.9).

56



Similarly z,, = z,, leads to

2 2 )
QZzy—g—gw—Fwy—ai;z—Flzy+%T§+%—§Fz+F8i;+wa (3.11)

0P pOR | 10°F 2 0°R _
Wy Oz F3 F oz + 3 0z2 3 Oyoxr 0

Substituting the values of w,, w,, 2z, and z, given by the system (3.8) into the equation
(3.11) provides the second equation in (3.9). It was Tressé [48] who first obtained the
invariant criteria (3.9).

We point out that the conditions (3.9) can also be deduced via the Cartan equiv-
alence approach [11]. More recently in two independent papers [15,28], the authors
present geometrical proofs for the determination of the invariant conditions (3.9). It
should be noted that the projections utilized in [15,28] were different to each other.
In [1] Lie’s linearizability criteria were utilized to determine a linearizable class of a
system of two second order equations that are obtainable from complex scalar second
order ODEs. Furthermore, Mahomed and Qadir [27] found criteria for conditional
linearizability of third order ODEs via point transformation subject to a Lie-Tressé
linearizable second order ODE.

One can mention here as well the results on the algebraic criteria for linearization
by point transformations of scalar second order ODEs (3.1). It is well known from Lie’s
work that such linearizable ODEs possess eight point symmetries. The question arises
if one can conclude linearization of (3.1) in case one has knowledge of fewer than eight
symmetries of the ODE (3.1). The answer is affirmative. In fact Lie was the first to

obtain algebraic criteria for linearization when the ODE (3.1) admits two symmetries
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which are connected. Some further studies [25,46] provided input on the algebraic
criteria for linearization when the ODE (3.1) has two unconnected symmetries.

Lie proved that the ODE (3.1) is linearizable by point transformations if and only
if the over-determined system (3.8) is compatible [24]. In order to prove the sufficiency
of the compatibility of (3.8) for linearization, Lie showed that the system (3.8) can be
linearized and the resulting linear system belongs to a class of special type of linear
systems which can be reduced to a linear third-order ODE. Thus the three solutions
(z,w), (z1,wy) and (zg,ws) of the system (3.8) can be found by solving this linear
third-order ODE. Finally, these solutions can be used as a basis for constructing the

linearizing transformations by solving the quadratures

b—z—n, L=w-uw,
(3.12)
%22_227 %:wg—w.

The aim of this chapter is to investigate the linearization of second order ODEs
using A-symmetries. The outline of this chapter is as follows. The alternative proof
of Lie’s approach for linearization of second order ODEs is provided in Section (3.2).
This section also presents a new A-symmetry linearization criteria which provides an
alternative approach for constructing the linearization transformations. The relation-
ship between A-symmetries and the first integrals of ODEs play the key role in the
proving the results of Section (3.2). A familiarity with standard results about the
theory of A-symmetries is assumed and the reader is referred to chapter two. In Sec-

tion (3.3), we apply the new approach to linearize the ODEs of the form (3.2) with
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Fy = F, = 0. Section (3.5) consists of examples illustrating the application of the new

approach to linearize ODEs of the form (3.2) with F3 # 0 or F; # 0.

3.2 Alternative proof of Lie’s linearization ap-

proach & new A\-symmetry linearization criteria

In this section, an alternative proof of Lie’s approach to linearization of second order
ODEs is presented. It is noticed that the relation between the A-symmetries and
the first integrals provides a direct method to derive both the Lie’s conditions and
the quadratures. In addition, a A-symmetry criteria for linearization via a point
transformation is stated. This criteria provides a new approach for constructing the
linearizing transformations, utilizing A-symmetries.

The two first integrals

Li=u, Lh=u—1tu (3.13)

of the free particle equation (3.3) take the form

_ Yty _ Y Fbyy’ .
[1 - ¢z+¢yy/7 IZ - w - ¢ (¢L+¢yy/> ) (3 14)

when expressed in the new variables x and y(z) defined by equation (3.4). It follows
that all linearizable equations (3.2) should have the two first integrals (3.14). Hence,
the relationship between the first integrals and the A-symmetries [33,34] implies that

all linearizable equations (3.2) should have the two A-symmetries equivalent to the
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canonical pairs (a%, A1) and (a%v A2) given by

M=—12t=-Ay’—(B+uw)y —z

v (3.15)

Agz—%:—Ay’Q—(B+w—‘%‘>y’—z+@,

where A, B, w and z are given by equation (3.6).

The free particle equation (3.3) possesses the functionally dependent quotient first
integral I3 = % = %t“t as well. It is worthwhile to mention here that the three
triplets of Lie algebras of I, I, and I3 which are isomorphic to each other generate
the Lie algebra si(3, R) of the free particle equation [20]. Similar to the above, it can be
seen that all linearizable equations (3.2) should have the third associated A-symmetry
equivalent to the canonical pair (a%, A3), where

)\3:—13—@’:—143/2—(B+w—%>y’—z+%. (3.16)

Igy/

The expressions for Ay, Ay and A3 can be simplified in term of w and z, using the

system (3.5), as

Ao = —F3 y’z—(Fg—w—ﬂ>y'—z+ﬁ (3.17)

Employing the definition of A-symmetry [32], the canonical pair (8%, A1) leads to the
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following system for w and z

wy = —w? + Fow+ Fyz + %5 — F, F;,
wy — 2y = 2wz — 2FgF 4+ 42 — & (3.18)

Zx:Z2—F12—Fw+%_I;+FF2.

Similarly, it follows by applying the definition of A-symmetry for Ay and A3, along with
using the system (3.18), that the transformations ¢ and ¢ can be given by finding two

solutions which non-zero Jacobian of the following over-determined system

Sy + 2w — Fy) 8, + F3 S, =0
Spy+w Sy — 25, =0 (3.19)

Spe+ (F; —22)S, —F 5, =0

Based on the above discussion we have obtained the following two A-symmetry criteria

for linearization via point transformations.

Theorem 3.1 A scalar second-order ODE (3.1) is linearizable via point transforma-
tions (3.4) if and only if it has the cubic in first deriative form (3.2) with the \-
symmetries equivalent to the canonical pair (a%, M) forh = —Fyy*—(Fy,—w)y —z
and the transformations ¢ and v satisfying equation (3.19), where w and z are auxil-

tary functions.

Proof. The proof in one direction is given in the preceding discussion, so we prove
the other way.

Assume that equation (3.2) admits the A-symmetries equivalent to the canonical
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pair (8%, A1) for Ay = —F3 ¢/ — (F, — w) 9y’ — 2. Then, the system (3.18) for w and z is
obtained using the definition of A-symmetry. Since the transformations ¢ and 1 satisfy
equation (3.19), the compatibility of the system (3.19), i.e. Siy = Sy, Suye = Saay

and Sy = Syya, leads to the system

¢y<—zx+z2—F1z—Fw+g—5—|—FF2,> — 4, (—22y—zw—wx+aa—l;1+FF3) — 0

¢p (W, +w? — Fow — Fyz — 2 4 Fg) — ¢, (2w, — 2w + 2, — U2+ FFy) =0.
(3.20)

Substituting the system (3.18) into the system (3.20) and noting that the Jacobian

J = ¢0y — ¢y # 0, one finds

1 (0F, OF
b = (2 ) 3.21
Wy + 2y 3<8x+8y> (3.21)
Finally, system (3.18) and equation (3.21) are equivalent to the Lie’s conditions (3.8)
for linearizable equations and so the compatibility, w,, = wy, and 2z, = 2z, of the

Lie’s conditions (3.8) leads to the invariant equations (3.9). I

Corollary 3.2 A scalar second-order ODE (3.1) is linearizable via point transforma-
tions if and only if it has the cubic in first derivative form (3.2) with the A-symmetries
equivalent to the canonical pair (a%, M) for M = —Fy y* — (Fy —w)y' — z, where w

and z are auziliary functions satisfying the equation wy + z, = % (% + %—?).

Remark 3.3 The compatibility of the system (3.19) is guaranteed by both the system

(3.18) and equation (3.21), i.e. Sy, = Syu, Seys = Saay and Syyy = Syy.. Hence for
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each w and z given by solving (3.18) and (3.21), one can construct transformations
by solving the over-determined system (3.19). This provides a new approach for
constructing the linearizing transformations whose implementation requires finding
only one solution of the system (3.8). In comparison, the standard implementation of
Lie’s linearization approach involves solving Lie’s quadratures (3.12) which requires

finding three solutions of the system (3.8).

Finally, in order to obtain an alternative proof of Lie’s quadratures (3.12) using A-

symmetries, it is noticed that A;, As and A3 given by (3.17) can be written as

A= —F3 Z/Q - (F2 - w)y’ -z,
Ao = —F3 le - (Fz - wl) y’ — 21,

Ag = —F; y’2 - (FQ - w2) y’ — 22,

where w; = w + %’, 2= Z— %,wz =w+ % and zg = z — % Therefore, using the

definition of A-symmetry shows that (z,w), (21, w;) and (29, wy) are the three solutions

for the system (3.8). This completes the alternative proof of Lie’s approach.

3.3 Linearization of the ODE’s of the form (3.2)
with F3 — F2 =0

The non-linear second order ODEs of the form

y' + Fi(z,y)y + F(z,y) =0 (3.22)
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satisfy the Lie-Tressé linearization criteria (3.9)

0*F,
oy?

=0 (3.23)

2F L —32— +2 —0 (3.24)

if and only if

9 Y 3 ——l—a(:c)b(x)) y? +e(z)y+d(x)

Fi(z,y) = a(x)y+b(z), F(z,y) = alw) 5.1 (dzf)

Here we consider the class of nonlinear equations

d*y dy 1 2 3, 1 (da(z) 2
@4—(@ (x)y +b(x)) pa (a(x))y +3 (W +a(z)b(z) | y*+c(z)y+d(z) =0
(3.25)
where a(z) # 0.
In this case, the system (3.8) becomes
1 0F:
W, — 2w + 5% =0 (3.26)
w, +w® =0 (3.27)
F
zx—22+F1z+Fw—a—:0 (3.28)
y
20F;
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and it can be solved as follows:

The solution of equation (3.27) can be given as

1
W= ——-"F-— 3.30
v (i) 30
Now, using the multiplier y + h;(z), the solution of equation (3.29) is
2 J 9y () dy + o)
2= , (3.31)
Y+ hi(x)
Substituting equations (3.30) and (3.31) in equation (3.26) gives
2 OF 1 OF
o) = =5 [ m@) 52 dit g+ @)’ G -m@ (632

Substituting equations (3.30),(3.31) and (3.32) in equation (3.28) gives

2 2 2
9h1" — 9%h1h1/ +9 (Fl - %y) hi' -3 (Flaa% + gwgglj - (%) y) h1? + (%) hy®

2 2 2 2
(o8 +3(%) v —om Sty o) —or + (%)"v* 0% —on Syt sl =0

Ay oy O0xz0y
(3.33)
Equation (3.33) can be linearized by the ansatz (see [18])
Y'(x)
h = 3.34
(@) = o) 37 (3.34)

Substituting the ansatz (3.34) in equation (3.33) and equate the coefficients of non

linear terms to zero gives the ansatz (3.34) with for o = —3/ %—1;1 transforms equation
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(3.33) into the following linear third-order ODE:

Y"(x) + (b(x) - 2L) Y (z) — (L — 22 4 p(z) 28 — c(x)) Y/(z) + 2@y (z) = 0.

a(@) ( a(z) 3

(3.35)

Therefore solving the system (3.8) gives the three solutions (w, z), (w1, z1) and (wa, 29)

_ a(z)g1(x) _ 1 9a(;v)g1”(ac)—<9a’(ac)+6ya(ac)2>gl’(w)+y2a(ac)3g1(ac)
w(T,Y) = Gn—sa@y A =3 (@) (ya(@)g1 (2)—3 g1/ (2)) ’

9a(2)g2" (2)— (9/ (2)+6 ya(2)? ) g2’ () +y2a(2) g2 (x)
(@) (ya(@)g2() 392 () )

9a(2)ga" (2) (9/ (2)+6 ya(2)?) ga’ () +y*a(z) g3 (x)
a(@)(ya(®)gs(@) B3 g3 (@) )

(3.36)

wn(#,Y) = G e () =

Wl

wa(z,y) = ya@)ﬁl?i(@g/(x)> 2(2,y) =

W=

where g;(z),i = 1,2, 3, are the three linearly independent solutions of the linear third
order ODE (3.35).

Now, in order to construct the linearizing transformation using Lie’s linearization
approach, one should solve the quadratures (3.12) by considering the three solutions
(w, 2), (wq, z1) and (wy, z2). However, our approach requires utilizing any one the three
solutions (w, z), (w1, 21), (ws, 22) in order to determine two non-constant solutions of
the over-determined system (3.19) which yield the linearization transformations.

As an illustration, we consider ODEs (3.25) with d(x) = 0. For this case g;(z) =1
is a constant solution of the ODE (3.35). So equation (3.36) gives the solution (w, z) =

(i, %ya(w)) of the system (3.8). So the system (3.19) becomes

Syy + 28, =0
Say + iSw —3ya(z)S, =0 (3.37)

Spw + (Fl — %a(x) y) Sy —FS,=0
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Solving the first equation in the system (3.37) gives

S(z,y) = ——— + k(x) (3.38)

k(x) = —/h(az) a(z)dz + Cy (3.39)

Substituting equations (3.38) and (3.39) in the third equation of the system (3.37)
gives

h"(x) + b(z) b (x) + c(z) h(z) =0 (3.40)

Thus, the linearizing point transformations are

d(z,y) = 1 [a(@)hi(z)de — 9 y(a,y) = L [ a(x)hy(z)dz — 222, (3.41)

Y Yy

with J = ;—31 W (hy(x), ha(x)) where W (hi(x), ha(x)) denotes to the Wronskian of the
two linearly independent solutions of the linear second order ODE (3.40).
Finally, since u(t) = ¢t+cz is the general solution of the free particle equation u;; = 0,

the nontrivial solution of the ODE (3.25) can be given as

3 e =20~ (5 faoman - D) o @

) )

Example 3.4 We consider the ODE (3.25) with a(x) = 3,b(z) = 0 and ¢(x) = 0 that
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gives the modified Emden equation
y" +3yy +y° =0,

for which the ODE (3.40) reduces to

h"(x) = 0.
This implies two linearly independent solutions

hi(z) =z, ho(zx)=1
Hence the linearizing point transformations can be written using (3.41) as
dlry)=v—, Yy =% -1

with J = ;—31 Finally, the nontrivial solution can be written using (3.42) as

(z) 2x 4+ ¢

r)=——"""—.

Y 22+ cx+ o

Example 3.5 For a(z) = 3k,b(z) = b and c(z) = %, ODE (3.25) gives the Liénard

type equation

b2
y' + (b+ 3ky)y + k*y® + bky* + TV=0
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and the ODE (8.40) reduces to

h(z)=e=2, hy(z)=mxe2

So the linearizing point transformations can be stated, using (3.41), as

2ky+b b 2bk dky+b2x b
d(z,y) = Sp7e 2", W(a,y) = T e,

with J = % which lead to the nontrivial solution via (3.42) as

b*(c; — )
y(z) = b
2bkx + 4k — 2¢1bk + cob?ke2®

(3.43)

3.4 An Application: Closed form solution for non-

linear oscillation of a cantilever beam under

different conditions

Cantilever beams are widely used in mechanical systems [21] and building construc-

tions [22] because of their unique flexural characteristics. The cantilever beam with

non-linear damping and stiffness parameters undergoes a non-linear flexural motion
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when the tension at the free end is released. Since the cantilever beam under consid-
eration has considerably smaller thickness than its length, the beam can be considered
to be a thin plate and the non-linear cantilever flexural motion problem reduces to
one-dimensional form. This situation can also be represented as a mass with supported

by non-linear damper and stiffness as shown in figures 3.1 and 3.2.

Fixed End

Free End

Figure 3.1: Schematic view of the cantilever beam considered in the analysis.

K: stiffness

< M > C: damping coefficient

C K | y()

AN

Figure 3.2: Representation of cantilever beam with a mechanical system.

This situation has been modeled by the nonlinear ODE

my’ +cy +ky=0, (3.44)
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where ¢ = ¢y + 1y and k = ki + kay + ksy?.
In application, involving some metallic materials, the damping coefficient and stiffness

can be simplified through a polynomial form of displacement. equation (3.44) satisfies

the lie linearization test (3.9) if and only if ky =
In this section, we will approximate the values of ky and k3 to make the ODE (3.44)
linearizable. So it can be written as

(co+ay) , kuy c160y° C%Z/3

/!
vt v+ m + 3m?2 9m?2

=0 (3.45)

The Lie condition system (3.8) has a particular solution w(z,y) = i , 2(zyy) =

24 Then the system (3.19) has two solutions that provide the point transformations

3m
ef%f 1/4k1m—cg 4k1m—cg
P(z,y) = 01\/4k1m—c%ycos ——=z | + (cicoy + 6kym)sin | ———«x
6k1my 2m 2m

o™ \/4kim —c3 JAkim — 2
o(z,y) = (coc1y + 6kim)cos | ——— —cly/4k1m—c(2)ysin B

6k1my 2m 2m

with the nonzero Jacobian for our considered parameters

T e~ \/Akym — 2

2my3

that transform the ODE (3.44) to the laguerre form u; = 0.
So, the general solution of ODE (3.44) can be given as

2m

4k \/4kym—c?
6k1m <51 cos( 1 cUac) —sin< 1 COx))

y(z) = —
\/ 4k \/4kym—c? coe
( <s1c001 —c1y/4k1m — co) cos ( ;:: <8 ) — (COCl + s1c14/4k1m — c%) sin ( ;:: i ac) — 6k1s9me 2m >

(3.46)



where s; and s, are arbitrary constants.

One can see that general solution of equation (3.44) in the linear case when ¢; = 0

can be given as follows:

2m

A/ _ 2 / 2
y(x) = e Zm (A cos (%x) + Bsin (MI)) (3.47)
m

Now, we will provide the values of s; and sy for the following cases:

e Case 1: Zero initial displacement and zero velocity for some non-zero instant

For the conditions y(0) =0, y'(xg) =0, z¢ # 0, the values of s; and ss can be
given as

cre” B (2 — 4kym)

6kim <\/4k1m — 3 cos <—V4klm_c(2):v0) — ¢p sin (

S9 —

2m 2m

3.49
\/4k1m—ch )) ( )
I —
Note that in the linear case y = 0.

e Case 2: Zero initial displacement and the non-zero displacement for some non-

zero instant For the conditions y(0) = 0, y(zo) = yo, o # 0,y # 0, the values

of s; and sy can be given as

s1=0 (3.50)
So = feﬁ;ocgii <6mk1 sin [ 4%::_03 mo> + c1yo/4kim — cg cos < ¥ 4k;:_c% x0>>
_%—yoﬂg;;—’z&n coc1yo sin (,/42:% wo) (3.51)
Moreover, in the linear case
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Sg = —

CO $0
T Tom 4k — 2
e H (—vm ) (3.5

Yo 2m

e Case 3: Initial displacement and initial velocity For the conditions y(0) =
yo, ¥'(0) = y1, the values of s; and sy can be given as

3v4kim — cdyo

— 3 (3.54)
6y1m + 3coyo + 21y

S1 =

(Ayd + Byrm + 3coyo) e1 + 9kam) /Akim —
3kim (6y1m + 3coyo + 2¢193)

Sg = — (3.55)

In the linear case:

V4kim — 2
vamm = %Yo (3.56)

s1=—
! 2y1m + coyo
\/4k1m—c(2) (3 57)
Sg=—F——— .
? 2y1m + coYo

A computer code is developed to simulate the non-linear flexural characteristics of
the cantilever beam for three cases considered. The physical properties used in the

simulations are given in table 3.1.

Property | Numerical value
o 0.42 Ns/m
1 368 Ns/m?
ko 416.323 N/m?
k3 1.216 x 10° N/m?
m 0.12375 kg
Yo 0.04 m
U1 10 m/s
Zo 0.5s

Table 3.1: The physical properties used in the simulations.
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The following figures show displacement with time curves for non-linear and linear

behavior of the cantilever beam for the three cases.

Casel

f=]
=
=]

——— Nonlinear Solution

------ Linear Solution

0.05

0.00

DISPLACEMENT (m)

0.0 0.5 1.0 15 2.0 2.5 3.0
DURATION (s)

Figure 3.3: Displacement with duration for case 1; for the condition y(0) = 0, ¥/(zg) =
0, Zo 75 0.

0.25

Lo
by
o

Case2

e
-
o

— HNonlinear Solution
------ Linear Sclution

DISPLACEMENT (m)
o o o o
& 8 & o

S
=

-0.15

-0.20

0.0 0.5 1.0 15 20 25 3.0

DURATION (s)

Figure 3.4: Displacement with duration for case 2; for the condition y(0) = 0, y(x¢) =
Yo, o 7 0,0 # 0.
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0.15

Cased

Nonlinear

««=« Linear Solution

1 r . ‘
\ }‘ 'U‘ ’\f\f'h'\)’\[\f’\j\j\ AP A A

DISPLACEMENT (m)

0.0 0.5 1.0 15 20 25 3.0
DURATION (s)

Figure 3.5: Displacement with duration for case 3; for the condition y(0) = yo, ¥'(0) =
Y.

3.5 Examples of linearization of the ODEs of the

form (3.2) with F3#0 or F, # 0

In this section, we illustrate the application of our approach to obtain linearization

transformations for ODEs that are cubic or quadratic in the first derivative.

Example 3.6 As the first example, we consider the nonlinear ODE

2 1
" 2 "= 0 3.58
Y et (3.58)

which satisfies the Lie-Tressé linearization test (3.9). In this case, the system (3.8)
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becomes

! 0 (3.59)
2w —w, = :
(z +y)?
2
wy + W+ —— =0 (3.60)
r+y
242 = (3.61)
Tty
2y + 2w = (3.62)
and it can be solved as follows:
The Bernoulli equation (3.60) has the solution
1
w = (3.63)

hi(z)(z +y)* = (x +y)

Substituting equation (3.63) in equation (3.62) gives

(@t yh()
hi(z)(x +y) —1

(3.64)

Substituting equations (3.63) and (3.64) in equations (3.59) and (3.61) provides re-

spectively

Ry +hi+hy =0 (3.65)

It is clear that hy = hy = 0 satisfy the system (3.65-3.66). Therefore, the Lie’s
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conditions (3.8) have a solution

w(z,y) = = i " z(z,y) =0 (3.67)

Hence the over-determined system (3.19) becomes

Syy =0
Sz __ .
Sy — S = (3.68)
Se
S:vx m -

This system can be solved as follows:

The solution of the first equation of system (3.68) is given by

S(x,y) = filx)y + fa(2) (3.69)

Substitution equation (3.69) in the second equation of system (3.68) gives

fﬂ@=j/xﬁ%@dx+c (3.70)

Substituting equations (3.69) and (3.70) in the third equation of system (3.68) leads
to

filz) = Az + B (3.71)

Therefore

2

A
S(x,y) = Azy + By + Tx +c (3.72)
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Two solutions which results in the point transformations

oz, y) =y, Y(z,y)=x(x+2y).

with J = 2z + 2y that linearize the ODE (3.58) to the free particle equation uy = 0.

So the general solution of the ODE (3.58) is

x(z + 2y) = 1y + co.

Example 3.7 The nonlinear ODE

' — vy —y =0 (3.73)

satisfies the Lie-Tressé linearization test (3.9). In this case, the system (3.8) becomes

W, — zw = (3.74)
o 2

Wy + w —1—520 (3.75)
5 2

L, —22—=2=0 3.76

2y + 2w = (3.77)

It is clear that w(z,y) =0 and z(x,y) = 0 is a solution of the Lie’s conditions. Now,
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the corresponding over-determined system (3.19) is

Sy — 2 =0
5, =0 (3.78)

The system (3.78)can be solved as follows:

The third equation has the solution

S(x,y) = fily)z® + fo(y) (3.79)

Substituting equation (3.79) in the second equation of system (3.78) leads to

fily) =a (3.80)

Also substituting equations (3.79) and (3.80) in the first equation of system (3.78)

provides

faly) = a1y® + cay + 3 (3.81)

Therefore

S(z,y) = c1(z® + y°) + 2y + 3

Hence we have the two non-constant solutions which gives rise to the point transfor-

mation

oz, y) =y, V(r,y)=2>+y°
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with J = —2x that linearize the ODE (3.73) to the free particle equation uy = 0. So

the general solution of the ODE (3.73) is obtained as
z? + y2 = c1 + C2y.

Example 3.8 In this ezample, we find the general solution of the nonlinear ODE

1 3 2y 2 1
//_ - / / _ /:O 382
et v s L (3.82)

via linearization transformations. ODE (3.82) satisfies the Lie-Tressé linearization

test (3.9). In this case, the system (3.8) becomes

wy — 2w =0 (3.83)
wy + w? — =YY +2=0 (3.84)
Y -1 '

. Z
2 F 3.85
2= 2= (3.85)
zy + 2w =0 (3.86)

and a solution (w, z) of the Lie’s conditions (3.8) is

w(r,y) =0, 2(v,y)=
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Hence, the corresponding system (3.19) gives

Syy—%sy_%sﬂf =0
Sy =0

Spw — 15, =0

Now, solving this system gives the two solutions which gives the point transformation

oz, y) = (v* —3y), Y(z,y) =@ —3y+2)Inly— 1]+ (2+3y —y*) Inly + 1| + 32% — o

with J = —18x(y—1)(y+1) that linearize the ODE (3.82) to the free particle equation

uy = 0. Hence the general solution of the ODE (3.82) can be written as

(v =3y +2)Inly — 1|+ (2+3y —v*) In|y + 1| + 32° — y* = c1 + coy(y* — 3).

3.6 Conclusion

The question of linearization of second order ODEs is investigated employing \-
symmetries. The relationship between A-symmetries and the first integrals plays an
important role and provides a direct method to derive both of Lie’s conditions (3.8)
and quadratures (3.12). The relationship further leads to a A-symmetry criteria for
linearization via point transformations. This criteria provides a new approach for con-
structing the linearizing transformations whose implementation requires finding only

one solution of the Lie’s conditions (3.8). In comparison, the standard implementation
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of Lie’s linearization approach involves solving Lie’s quadratures (3.12) which requires

finding three solutions of the Lie’s conditions (3.8).
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CHAPTER 4

ON THE LINEARIZATION OF
SECOND ORDER ORDINARY
DIFFERENTIAL EQUATIONS
TO THE LAGUERRE FORM VIA
GENERALIZED SUNDMAN

TRANSFORMATIONS

The linearization problem for nonlinear second order ODEs to the Laguerre form
by means of generalized Sundman transformations (S-transformations) is considered,
which has been investigated by Duarte et al earlier. A characterization of these S-

linearizable equations in terms of first integral and procedure for construction of lin-
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earizing S-transformations has been given recently by Muriel-Romero. Here we give
a new characterization of S-linearizable equations in terms of the coefficients of ODE
and one auxiliary function. This new criterion is used to obtain the general solutions
for the first integral explicitly, providing a direct alternative procedure for constructing
the first integrals and Sundman transformations. The effectiveness of this approach
is demonstrated by applying it to find the general solution for geodesics on surfaces

of revolution of constant curvature in a unified manner.

4.1 Introduction

The mathematical modeling of many physical phenomena leads to such nonlinear
ordinary differential equations (ODEs) whose analytical solutions are hard to find
directly. Therefore, the approach of investigating nonlinear ODEs via transforming to
simpler ODEs becomes important and has been quite fruitful in analysis of physical
problems. This includes the classical linearization problem of finding transformations
that linearize a given ODE. For the linearization problem of second order ODEs via
point transformations, it is known that these must be at most cubic in the first order
derivative and its coefficients should satisfy the Lie linearization test [15, 16,26, 31].
The implementation of the Lie linearization method requires solving systems of partial
differential equations (PDEs). It is also as mentioned above only second order ODEs
admitting 8 dimensional Lie symmetry algebra pass the Lie linearization test, which
makes it a restricted class of ODEs. In order to consider a larger class of ODEs,

linearization problem via nonlocal transformations has been investigated in [4,7,10].
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Many of these transformations are of the form

u(t) = (x,y), dt = ¢ (,y,9) dz, by #0, (4.1)

and the linearization problem via transformations (4.1), in general, is an open prob-
lem. In case that ¢ = ¢ (z,y), the transformations of type (4.1) are called gener-
alized Sundman transformations [9] and equations that can be linearized by means
of generalized Sundman transformations to the Laguerre form wu,; = 0 are called S-
linearizable [37]. These transformations have also been utilized to define Sundman
symmetries of ODEs [8-10]. It should be mentioned that another special classes
of nonlocal transformations of type (4.1) with polynomials of first degree in 3’ for
¢ (x,y,y") have also been studied in [5,39].

Duarte et al [7] showed that the S-linearizable second-order equations

y' = f(z.y,y) (4.2)

are at most quadratic in the first derivative, i.e. belong to the family of equations of

the form

y" + Fy(a,y)y? + Fi(z,9)y + F(z,y) = 0. (4.3)

Precisely, the free particle equation

Ut = 0 (44)
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can be transformed by an arbitrary generalized Sundman transformation

u(t) =v (z,y), dt = ¢ (z,y)dz, Py¢ #0, (4.5)

to the family of equations of the form (4.3) with the coefficients F'(x,y), Fi(z,y) and

Fy(x,y) satisfying the following system of partial differential equations

AFy= A, AF, =B, +A,, AF =B, (4.6)

where

A= by B = Y= (4.7)
)

X

In fact the derivatives under the Sundman transformations (4.5) are transformed as

follows:
. % _ wxd%—xwydy _ (b +¢y'wy> _ Dz;)w) (48)
and

On the other hand, if we equate the second derivative transformation (4.9) to zero,

ORCIRONOE

and by collecting the coefficients of 32 v/, (y/)° we get the ODE (4.3) where

we get

%//

oV =

y +

F(z,y), Fi(x,y), and Fy(z,y) are given by (4.6).
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Duarte et al [7] also gave a characterization of these S-linearizable equations in
terms of the coefficients. Muriel and Romero [37] further studied S-linearizable equa-
tions and proved that these must admit first integrals that are polynomials of first

degree in the first-order derivative.

Theorem 4.1 [37] The ODE (4.2) is S-linearizable if and only if it admits a first
integral of the form w(x,y,y’) = A(z,y)y + B(x,y). In this case ODE has the
form (4.3). If a linearizing S-transformation (4.5) is known then a first integral
w(z,y,y) = Alz,y)y + B(x,y) of (4.3) is defined by (4.7). Conversely, if a first
integral w(z,y,y') = Alz,y)y + B(x,y) of (4.3) is known then a linearizing S-

transformation can be determined by

Y(x,y) =n(l(z,y)),

(4.10)
Bla,y) = & o Glw,y) = % if B0,
where I(x,y) is the first integral of
B
==, 4.11
V=7 (4.11)

Proof. We suppose that A and B are two functions satisfying system (4.6), and

define w = A(z,y)y' + B(x,y), then

1 Qw 1" ow

D:p(w> - 81: +y 6y +y 83/
= Ay" + Ayy’2 + (By + A:C)?Jl + B,

= Ay + %y + (Bt + &)
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Therefore, w is a first integral of (4.2) and A is an integrating factor of (4.3).
Conversely, w = A(z, y)y' + B(z,y) be a first integral of (4.2), then D, (w)|,,_; =0
le.

ow ow 0w

Dx(w):%era—ery 8y’:0'

Hence,

Ay” + Ayy/2 + (Ax + By)y/ +B, =0

after dividing by A, we get the equation of the form (4.3) where the coefficients
F(z,y), Fi(z,y), and Fy(x,y) satisfying system (4.6), So it is S-linearizable.
To prove that in this case equation (4.3) is linearizable by an S-transformation (4.5),

We first try to find a function ¢ such that

Bip, — Aty =0

and the characteristic equation of this first order linear partial differential equations
is given by

y=—7 (4.12)

For any solution I(z,y) = K, K € R of equation (4.12) we can choose ¥ to be any

non-constant function of the form

Y(z,y) =n(z,y))

88



Then ¢ is uniquely determined by

o) =2 or o(ey) =5 i B0

Moreover, Muriel and Romero in [35,37] revisited Duarte results [7], presented the
following equivalent characterization of S-linearizable ODE of the form (4.3), and also

provided a constructive methods to derive the linearizing S-transformations.

Theorem 4.2 [37] Let us consider an equation of the form (4.3) and let Sy and Sy

be the functions defined by

Sl(%?/) = Fl - 2F2x7
! (4.13)

So(w,y) = (FFy + F))y + (Foy — F1y)e + (Foy — F1,) F1.

The following alternatives hold.
e [fS] =0 then equation (4.3) is S-linearizable if and only if Sy =0

o [fS; #0, let S3 and Sy be the functions defined by

v , (4.14)
Sy(z,y) = <ﬁ)x + (i> +F (%) + FF,+F,.

1
equation (4.3) is S-linearizable if and only if S5 =0 and Sy = 0.

Theorem 4.3 [37] Consider an equation of the form (4.3) and let Sy and Sy be the

functions defined by (3.13). The following alternative hold:
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e [fS; =0 then the equation has a first integral of the form w = A(x,y)y'+B(x,y)
if and only if Sy = 0. In this case A and B can be given as A = q e¥, B = Q,

where P is a solution of the system

1
P, = §F1, P, =F,, (4.15)
q is a nonzero solution of
q"(x) + f(z)q(z) =0 (4.16)

where
1 1,
f(x) = FE+ Fy = 5P = 21 (4.17)
and Q) s a solution of the system
P 1 q P
Qz:qu , Qy: §F1—E qge . (418)

o [f Sy # 0 then the equation has a first integral has a first integral of the form
w = A(x,y)y + B(x,y) if and only if S3 = Sy = 0, where Ss and Sy are the
functions defined by (4.14). In this case A and B can be given as A = ef’, B = Q,

where P is a solution of the system

Px:F1+_, Py:Fg, (419)
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and Q) is a solution of the system
Qm =F ePa Qy = - <_) eP- (420)

The following examples illustratable the algorithms of construction the first integrals

of the form A(z,y)y’ + B(x,y)and the Sundman transformations.

Example 4.4 Consider the second order nonlinear ODE

12
2
+2 (4.21)

y" — 2y =
Yy i

It can be shown that the coefficients of equation (4.21) satisfy S; = So =0

o For equation (4.21) the corresponding system (4.15) is

a solution of this system is given by P(x,y) = —21n |y|

e Fquation (4.16) for this case is

q"(z) — %q(m) =0. (4.22)

To solve this Cauchy-Fuler differential equation, assume g = x™. Hence equation
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(4.22) gives the characteristic equation
m?2—m—2=0
which leads to the following two linearly independent solutions of equation (4.22)
u(r) =2, qr)= i :

e Consider the solution q,(x) = x*, then the corresponding system (4.18) is

2 —2x
Qx = g ) Qy = y2
Hence a solution of this system is ()1 = 27“
o Therefore we get
2
x
A - E,
B_ 2z
y'
So a first integral of (4.21) is given by
x? 2z
wl _le 4+ =
Y Y



as

o The Sundman transformation is

U(x,y) = n(z?y)

o(z,y) =y’ (z%y)

e Now consider gx(z) = 1, so the system (4.18) becomes

2
Qx - x_3y7
1
Qy = 22y
and a solution of this system is
1
Q2 = _:ETy
e Therefore
1
A - —2,
Ty
1
7y
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Hence a second first integral of (4.21) is given by

as

e Using (4.10), the Sundman transformation is defined as

Wz, y) = n(L)

o(z,y) = y*n' (L)

T

Example 4.5 Consider the ODE

—1 -y
y//+(y )y/2_me y’+e*y:0
Y Y

(4.23)

It can be shown that the coefficients of equation (4.23) satisfy S5 = Sy =0

94



The corresponding system (4.19) is

P,=0, P=1——
! y
and a solution of this system is
P(z,y) =y —In[yl.
e The corresponding system (4.20) is
1 -
Qaz = 5 ) Qy = ?
which has a solution
Q(l',y) - -
o Therefore
it
Y
B="=1
Yy

e Hence, equation (4.23) has a first integral

ey , «x
y Yy
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e The equation corresponding to (4.11) is given by
y = —xe ¥

which implies
22

I(z,y) =’ + —.

e Finally, the Sundman transformations is defined as

Yw,y) =nlev + %),

oz, y) = yn'(e? + ).

Example 4.6 The nonlinear ODE

y' - (tan(y) + i) Y+ (1 - M) y -2

x Ty

has coefficients satisfy S =5, =0

e The corresponding system (4.19) is

which a the solution
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The corresponding system (4.20) is

2y
which has a solution
sin(y
Q(z,y) = v)
xry
Therefore
= cos(y)’
Yy
B sin(y),
Ty
Hence

w:amwy+$mw'
y zy

is a first integral of equation (4.24)

The corresponding equation of (4.11) is given by

which tmplies

I(x,y) = xsin(y).
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e Therefore the Sundman transformations is given as

Y(z,y) = n(xsin(y)),

Pz, y) = zyn'(zsin(y)).

Remark 4.7 The general solution of equation (4.3) which satisfy S; = Ss = 0 can
be found by eliminating y' from w; = Cy and wy = Cy, C1,Cy € R. For instance the

ODFE (4.21) has two functionally independent first integrals, namely:

22, 2
Wy = =Yy + —
Yy Yy
1, 1
Wy = —=y — —
2 xy? 2y
Set wy = C and wy = Cy to get
Ty B e, Ly g (4.25)
y2y y - 1, nyy ny — Y2 .

y =0 —9Y (4.26)
T

substitute the expression of y' (4.26) in the second equation of (4.25) to get the general

solution of the ODE (4.21)
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In this chapter , a new characterization of S-linearizable equations in terms of
the coefficients and one auxiliary function is given, and the equivalence with the old
criteria is proved. This criterion is used to provide explicit general solutions for the
auxiliary functions A and B given in (4.7) which can be directly utilized to obtain
the first integral of (4.3). So, using Theorem 4.1, the linearizing generalized Sundman
transformations can be constructed by solving the first order ODE (4.11). The method
is illustrated in examples where we recover the Sundman transformations of Muriel
and Romero in [37].

As an application, we express the system of geodesic equations for surfaces of
revolution as a single second order ODE and use our method to find the general
solution for geodesics on surfaces of revolution of constant curvature in a unified
manner.

In this chapter, we have focused on S-linearization to the Laguerre form u; = 0.
For an account of S-linearization to any linear second order ODE, the reader is referred

to [40].

4.2 The method for constructing the first integrals

and Sundman transformations

When the ODE (4.3) is S-linearizable, Theorem 4.2 does not give a method to con-
struct the linearizing generalized Sundman transformations. In order to derive a

method to obtain linearizing generalized Sundman transformations (4.5) of a given
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S-linearizable equation (4.3), Muriel and Romero [37] found additional relationships
between the functions ¢ and v in (4.5) and the functions F'(z,y), Fi(z,y) and Fy(z,y),
in (4.3), and used these to provide constructive methods to derive the linearizing S-
transformations for the case S; = S = 0 and the case S; # 0 but S3 = 5, = 0.
This section provides an alternative procedure for constructing the first integrals and
Sundman transformations for S-linearizable equations, which can be applied to both
of the cases.

The key idea in this chapter is that instead of finding additional relationships
between the functions ¢ and v, we find additional relationship between the functions
A and B in (4.7) and the functions F(z,y), Fi(z,y) and Fy(z,y), in (4.3). Equations

(4.6) implies

By—As\ _ ByyA—AwyA—AyBy+Ay A,
), A?

_ AByytAzy)—Ay(By+Az) 2 (AxyA—AxAy>
o A2 A2

By+As, A,
= (25), -2(%)
Y T

- Fly - 2F2x

The formula

B,— A
( - m) R, — 2P, (4.27)
Yy

leads to the following missing relationship

B, — A, = A(Fy — 2h,) (4.28)

100



where

h— / Fy(z, y)dy + g(2), (4.29)

and g(x) can be determined using Theorem 4.8 in case that the ODE is S-linearizable.

This missing equation jointly with (4.6) give a new compact S-linearizability crite-
rion for ODE of the form (4.3), given in Theorem 4.8. The S-linearizability criterion
is used to provide explicit general solutions for the auxiliary functions A and B which
can be directly utilized to obtain the first integral of (4.6), given in Theorem 4.10, and
hence the Sundman transformations can be constructed using Theorem 4.1. Thus an
alternative procedure for constructing the first integral and Sundman transformation

is obtained.

Theorem 4.8 Let us consider an equation of the form (4.3) and let h =

[ Ex(z,y)dy + g(x). Equation (4.8) is S-linearizable if and only if
Fiy+ Fihy — hy® — hyy — Fy — FFy =0, (4.30)

for some auxiliary function g(x).

Proof.  Using the new relationship (4.28) with equations (4.6) one can get the

following equations

Ax = Aha:a
Ay - AF27
(4.31)
B, = AF,
By, = A(F, — hy).



The compatibility of the system (4.31), i.e. A,, = Ay, and B,, = B,,, leads to the
criteria (4.30). In order to show that the new criterion (4.30) is equivalent to the one
given in Theorem 4.2, we note that the system consisting of equation (4.30) and the

second derivatives of h given by (4.29)

Byw = Fiy + Fihy — b, — F, — FF,
hyx = FQxa (432)

hyy — FQy.

is compatible i.e. hyy = hys, hygy = hyee and hyyy = hyey, when the following equation

holds

hx(Fly - QFQI) + FQxFl + ley - szx - Fyy - FyF2 - FFQy - O (433)

Now, using S; and S, defined by (4.13), equation (4.33) can be rewritten as

Slhw - SQ + FlSl. (434)

Then clearly if S; = 0, then Sy = 0 and if S; # 0, then

hy = 22 4+ ). (4.35)
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Finally, substituting (4.35) in (4.32), gives

Remark 4.9 In the case S = Sy = 0, the criteria (4.30) can be transformed by the
change of variable

9(x) = In |q(z)| + k() (4.36)

where K (x) = 3 F1 — [ Faudy to the well-defined ODE, equation (4.16), in Theorem
4.8 and P = h — In|q| verifies the system (4.15) in theorem 4.3.

Moreover, in the case S = Sy = 0, the criteria (4.30) implies equation (4.35)
which shows that P = h verifies the system (4.19) in Theorem 4.3 and hence solving

this system provides a well-defined ODE

g (z) = k(z) (4.37)

where k(z) = g—f + Fy — [ Fydy.

Hence when equation (4.3) is S-linearizable, one can solve the criteria (4.30) for a
function g(x) by considering both of x and y as independent variables. Or equivalently
one can get the function g(x) by equation (4.36) when S; = Sy = 0 whereas when

S3 = Sy =0, the function g(x) can be obtained from equation (4.37).

In the next theorem, the general solution of the first integral is given explicitly
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in terms of the function h(x) where h = [ Fy(x,y)dy + g(x). It can be verified that
this solution coincides with the solution of the systems given in theorem 4.3. Hence,
it provides an alternate direct procedure for constructing the first integrals and the

S-transformations.
Theorem 4.10 Let us assume that equation (4.3) is S-linearizable. Then (4.3) has
the first integral w(x,y,y’) = A(z,y)y + B(x,y) where A and B are given by

Az = el
(®.9) ’ (4.38)

B(z,y) = [Felde + [ (e"(F; — hy) — [e" (F, + FFs)dx) dy.

and h is given by (4.29).

Proof. The functions A and B defined by (4.7) can be given explicitly by finding
the general solution of the system (4.31) where the second and the third equations of
the system (4.31) have general solution

A=viz)e’ (4.39)

B=[FAdz+z(y),

for arbitrary functions v (z) and z (y).
Substituting (4.39) in the first and the fourth equations of the system (4.31) gives

vie) = e (4.40)

2(y) = [(A(Fy = ha) = [(FA, + F,A) dz)dy + k(x),

for arbitrary functions k ().
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Now, differentiating (4.40) with respect to x and using the criterion (4.30) gives

ke = — [ A(Fiy + Fihy — by — hay — F,y — FF)dy = 0. (4.41)

So k(z) = ¢o, and finally, from Theorem 4.1, equation (4.3) has the first integral
w(z,y,y) = Alx,y)y + B(z,y) and without loss of generality, one can choose ¢; = 1

and ¢y = 0 by relabeling of —“’(m’yg/)‘@_ I

Remark 4.11 An algorithmic implementation of our approach can be carried out as
summoarized below:

Given a S-linearizable ODE of the form (4.3). Use Theorem 4.8 to determine an auz-
iliary function g(x). Find the first integrals using g(x) and Theorem 4.10. Construct
the Sundman transformations (4.1) using the first integral and Theorem 4.1. Since
the free particle equation uy = 0 has the general solution u(t) = ¢, + cot, finally using

the Sundman transformations leads to the second integral of the ODE (4.3)

Yz, y) =1+ ¢ p(x), (4.42)
where t = u(x) is a solution of the first order ODE

& = o(x,7(z,1)). (4.43)

and y = y(x,t) can be obtained by solving c¢1 + cot = ¥ (x,y) for y.

But in case that ¢ = ¢(z), p(x) = [ ¢(x)dx and so the Sundman transformation
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is a point transformation and leads to the general solution [40].

In the next two examples, we apply our approach to construct the first integrals and
use these to recover the Sundman transformations of Muriel and Romero in [37]. In

addition, we provide the two parameters family of solution in the first example.

Example 4.12 Consider the ODE for the variable frequency oscillator [30]

y' +yy? =0, (4.44)

Theorem 4.2 shows that the coefficients of the equation satisfy S; = 0,52 = 0. By

Theorem (4.8), ODE (4.44) is S-linearizable if and only if

g// + g/2 — 0 (445)

for some auxiliary function g(x). The solution of ODE (4.45) can be given, by the

change of variable v = ¢’ as

g(x) =Infz + c1| + 2

A particular solution of (4.45) is g(x) = In |x| so by (4.29) we have h = % +In |x| and
hence using Theorem 4.10, we can get the first integral w(x,y,v') = A(z,y)y' + B(z, y)

where

Az, y) = = exp(L),

B(z,y) = — [ exp()dy.

(4.46)
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Finally, the Sundman transformations can be constructed using Theorem 4.1 as fol-

lows:

Y(z,y) =n((z,y)),

o(z,y) = 0 (I(z,y)),

(4.47)

2
[ exp(%5)dy
L2y,

where I(x,y) =
Now choosing 7(I) = I makes ¢(x,y) = ¢(x) and so using Remark 4.11 gives the two

parameters family solution of the ODE (4.44)

67’fZ<\/L§) = C’lx + CQ, (448)
where er fi(y f Yel*dt is the i imaginary error function.

Example 4.13 Consider the equation

1 1t t
T (tany + —) y? + (— - any) y — ar;y =0 (4.49)
y r oy T

Theorem 4.2 shows that the coefficients of this equation satisfy S1 # 0 but S3 = S, = 0.
In addition, it follows from Theorem 4.8 that ODE (4.49) is S-linearizable if and only
of

2 (Lt (4.50)

7
9" +yg oy

for some auxiliary function g(x). The only solution of (4.50) is g(x) = C so by (4.29)

2V and hence using Theorem 4.10, we can get the first integral

we have h = In
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w(z,y,y') = A(z,y)y' + B(x,y) where

Afw,y) = =2
B(a,y) = 22

Finally, the Sundman transformations can be constructed using Theorem 4.1 as fol-

lows:

d(,y) =n((z,y)),
¢, y) = zy ' (I1(z,y)),
where I(x,y) = xsiny.
One can show that there is no n(I) which makes ¢ = ¢(x) and so using Remark 4.11

forn(I) = I gives the two parameters family solution of the ODE (4.49)

rsiny = ¢ + copu(x),

where the function t = p(x) is a solution of the equation

&t — ggin™! (

c1+cat )
dx ’

xT

For example, if co = 0, then one obtains the solution of ODE (4.49) as

rsiny = ;.

As another application, we solve geodesic equations for surfaces of revolution of con-

stant curvature in a unified manner. Consider a surface of revolution with param-
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eterizations (f(y)cosz, f(y)sinz, g(y)) obtained by revolving the unit speed curve

(f(y),g(y)). The geodesic equations are [43].

2
i (f)y'a) =0,
where y = % and = = ‘é—f.
Using the formulas g—fc = % and 32712/ = xym;syz gives
y' =258y — f'(y) fy) =0, (4.51)

which as special case for f(y) = siny includes the equation for geodesics on unit sphere

given in [2,47].

Example 4.14 We consider the nonlinear second order ODE (4.51) for f(y) =
y, fly) = b+y, f(y) = siny and f(y) = sinhy describing the geodesics on cone,
plane, sphere and surface of conic type respectively.

For the surfaces under consideration we have f?(y) — f(y)f”(y) = 1. It can be
checked from Theorem 4.2 that the coefficients of the equation satisfy S; = 0,55 = 0.
In addition, it follows from Theorem 4.8 that ODE (4.51) for each of f(y) =y, f(y) =

b+y, f(y) =siny and f(y) = sinhy is S-linearizable if and only if

J" +¢*+1=0, (4.52)
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The solution of ODE (4.52) can be given, by the change of variable v = ¢’ as

g(x) =In|cos(c; — x)| = In|cos(cy) cos(z) + sin(cy) sin(z)| + ¢z

therefore particular solution of (4.52) is g(z) = In|sinz|, so by (4.29) we have h =

sin x

o) and hence using Theorem 4.10, we can get the first integral w(z,y,y) =

In

A(z,y)y' + B(z,y) where
A(ZL’, y> — sinx

f2(y)’

(4.53)

B(z,y) = %3)) COS .

Finally, the Sundman transformations can be constructed using Theorem 4.1 as fol-

lows:

) (4.54)
— (W) "I
¢(z,y) 7y n'(I(z,y)),
where I(x,y) = ]{C,(é)) sin .
Now choosing (1) = + makes ¢(z,y) = ¢(z). Hence (4.54) becomes
— '
V(#:Y) = Fopiney
Qb(l', y) = CSC2(93)7
therefore pu(x) = cot(r). So using Remark 4.11 gives the two parameters family
solution of the ODE (4.51)
caf(y)sine + cof (y) cosz = f'(y). (4.55)
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Example 4.15 We consider the nonlinear second order ODE

y" — 2tanhy y? — coshysinhy = 0, (4.56)

that describes the geodesics on hyperboloid of one sheet.
Theorem 4.2 shows that the coefficients of the equation satisfy S; = 0,5 = 0. It

follows from Theorem 4.8 that ODE (4.56) is S-linearizable if and only if

g// + 912 — 1= 0’ (457)

for some auxiliary function g(x). The solution of ODE (4.57) can be given, by the

change of variable v = ¢ as
g(x) = /tanh(x + ¢1) dx = In|cg cosh(z+¢p)| = In|eg sinh(z) sinh(¢; )+ cosh(z) cosh(ey )|

A particular solution of (4.57) is g(z) = In|sinhz|, so by (4.29) we have h =

sinh z

e and hence using Theorem 4.10, we can get the first integral w(zx,y,y’) =

A(z,y)y' + B(z,y) where

A(Ivy) = Csoi;l}}llfya

(4.58)

_ sinh y
B(z,y) = — o, cosh .

Finally, the Sundman transformations can be constructed using Theorem 4.1 as fol-
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lows:

Y(x,y) =n(l(z,y)),

¢(x,y) = csch?z /' (I(x,y)),

(4.59)

tanhy
sinhz °

where I(z,y) =
Now choosing 7(I) = I makes ¢(x,y) = ¢(x) and so using Remark 4.11 gives the two

parameters family solution of the ODE (4.56)

c1 coshysinh x — co coshy cosh x = sinhy. (4.60)

Example 4.16 We consider the nonlinear second order ODE

y// _ 2y/2 _ eZy — 07 (461)

that describes the geodesics on pseudosphere.
Theorem 4.2 shows that the coefficients of the equation satisfy S; = 0,5 = 0. It

follows from Theorem 4.8 that ODE (4.61) is S-linearizable if and only if

g// + g/2 _ 0’ (462)

for some auxiliary function g(z). The solution of ODE (4.62) can be given, by the

change of variable v = ¢’ as

T n|r-+c| +c
T C1 ! 2
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For simplicity, choose a particular solution of (4.62) to be g(z) = In|z|, so by (4.29)
we have h = Inx — 2y and hence using Theorem 4.10, we can get the first integral

w(z,y,y') = A(z,y)y + B(z,y) where

Alz,y) =z e,

B(z,y) = (e — 2?).

Finally, the Sundman transformations can be constructed using Theorem 4.1 as fol-

lows:

Y(z,y) =n(z,y)),
(4.63)

e” %

where I(z,y) = + .

T

Now choosing n(I) = I makes ¢(z,y) = ¢(x) and so using Remark 4.11 gives the two

parameters family solution of the ODE (4.61)

e 4+ 22 = 1z + 20s. (4.64)

4.3 Conclusion

The recent Muriel-Romero characterization, Theorem 4.1, of the class of S-linearizable
equations identifies these as the class of equations that admit first integrals of the form
A(z,y)y' + B(z,y). In this chapter, a new characterization of S-linearizable equations
in terms of the coefficients and one auxiliary function is given in Theorem 4.8. This

criterion is used to directly provide explicit general solutions for the auxiliary functions
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A and B Theorem 4.10. So, using Theorem 4.1, the linearizing generalized Sundman
transformations can be constructed by solving the first order ODE (4.11). Finally, it is
shown in [37] that an equation of the form (4.3) is S-linearizable and linearizable via a
point transformation if and only if S; = Sy = 0. It is also known that the generalized
Sundman transformation is a point transformation if and only if ¢ = ¢(z). So, by
Remark 4.11, the generalized Sundman transformation leads to the general solution
Y(z,y) =1+ ¢ [ ¢(x)dx if and only if S; = S = 0.

Our method is illustrated in examples where we recover the Sundman transforma-
tions of Muriel and Romero in [37]. Furthermore, the system of geodesic equations for
surfaces of revolution is expressed as a single second order ODE. It is noticed that this
ODE is S-linearizable for surfaces of revolution with constant curvature. The method

is applied to find the general solution of these geodesics in a unified manner.
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CHAPTER 5

RELATIONSHIPS BETWEEN

FIRST INTEGRAL AND

A-SYMMETRIES

5.1 First Integral of the Form A(z,y)y' + B(z,y) and

A-Symmetries

In this section several relationships between first integral and A-Symmetries will be

derived. Let us review the main theorem

Theorem 5.1 [39] Consider an equation of the form

y" + Fy(a,y)y? + Fi(z,9)y + F(z,y) = 0. (5.1)
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and the coefficients F(x,y), F1(x,y), and Fy(z,y) satisfy the system

AF, = A, AF, =B, +A,, AF=B,. (5.2)

and let Sy, 52, S3 and Sy be the functions defined by (4.13) and (4.14). The equation
is such that either Sy = Sy =0 or S3 = Sy = 0 if and only if a% is a A-Symmetry of

(5.1) for some A = —Fy(x,y)y + B(z,y).

Proof. The vector field aﬁ is a A-symmetry of (5.1) if and only if A is a solution of
y

the equation

My, + AMy =X, +y' Ay + My + N2 (5.3)
Assume that the coefficients F'(x,y), Fi(z,y) and Fy(x,y) of (5.1) are such that either
e 51 =95 =0,o0r
e Si#0and S3=95,=0

equation (5.3) has solution of the form A = a(z,y)y + G(z,y). In this case the

following system must be compatible

ay +a* + Fya+ Fy, =0, (5.4)
By+2(F2+a)B+ Fiy+a, =0, (5.5)
Be+ B3+ i+ F,— Fa=0. (5.6)
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It is clear that a(x,y) = —Fy(z,y) is a particular solution of equation(5.4). For this
« , equations (5.5)-(5.6) are

6y+F1y_F2x:07 (57)
Bo+ B2+ P+ F,+ FF,=0. (5.8)

e Case I. If S; = S5 = 0 then from (4.13) we have

1
F2x:§ 1y

Hence rewriting (5.7) gives

1
6y+§F1y:0

and the solution of this equation is given by

§=—5Fi+hx) (59)

substituting formula (5.9) in equation (5.8) gives

1 1
W (x) + h*(z) + FFy + F, — §F1x — ZFR =0

we conclude that 3 = h(x) — 3 Fy satisfies (5.7) where h(z) is any solution of the
Riccati equation

W (z) + h*(x) + f(z) =0
where f defined by (4.17) is such that f = f(z), since S; = Sy = 0. Therefore
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A= —Fy(z,y)y + B(z,y), in this case, such that a% is a A-Symmetry of (5.1).

Case II. If S} # 0 and S3 = Sy = 0, from (4.14) we get

S
FQx:F1y+(§j>y

Hence, equation (5.7) becomes

8, — (g_j)y _o (5.10)

substituting this formula in equation (5.8) gives

J(@) +2 (ﬁ—) 9(2) + ¢*(2) + g(2) Fu() = 0 (5.11)

note that g(z) = 0 is a particular solution of equation (5.11). So

S
= (s)
is a solution of (5.7)-(5.8). Therefore a% is a A-Symmetry of (5.1) for

Sa
A= —Fy/ + =
2?J+Sl
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Conversely, Suppose that a% is a A-Symmetry of (5.1) for some functions A of the form

A= —Fy(z,y)y' + B(x,y). Then § satisfies equations (5.7)-(5.8). If we define
1
v(z.y) = Ble,y) + 5F(y) (5.12)
then v satisfies the following system
1
Tt 55 =0, (5.13)

YotV +f=0 (5.14)

where f defined by (4.17) and S; is defined by (4.13). Now since

Vey = Vyz

Then

1
27 =35t Jy (5.15)

119



Starting from formula (5.12) the left hand side of equation (5.15) can be written as

9y = -2 (6 + %Fl) (@, + %Fy)
— (-F, - 28,) (ﬁ n %Fl)
= (Fly — 208, — 2F1y) (ﬁ + %F1>
— (R, - 2Fy,) (/3 i %Fl)

= S1v

So we have the

1
As before this equation leads to consider two cases,

e Case I. If S; =0 Then (5.13) implies
Yy =0

differentiating (5.14) with respect to y implies that f, = 0. Therefore f = f(z)

and Sy = f, = 0.

e Case II. If Sy # 0 then by (5.16)

1 1
V= S, (—55135 + fy)
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.Therefore

ﬁ(:ﬁ,y) - V(xay) - %Fl(x>y)
= L [~18u + £, — Ll )]

-2 [(F0F2 + Foy), + (Fow — Fyy), + (Foe — Fy) Fl]
— 52

=3

and since B(z,y) = g—f satisfies (5.7) and (5.8), it is necessary that §(x, y) satisfies

(4.14); ie.

We can Sum up our former results in the following theorem

Theorem 5.2 [39] The following conditions on an ODE of the form (5.1) are equiv-

alent:
1. Equation y" = f(z,y,y) admit a first integral of the form A(z,y)y’ + B(z,y).

2. Equation y" = f(x,y,y') is of the form (5.1) and there exist two functions

A(x,y) and B(x,y) that satisfy the system (5.2).

3. Equation y" = f(x,y,y') is of the form (5.1) and its coefficients are such that

either Sy =S =0 o0or S3=5,=0

4. Equation y" = f(x,y,y') is of the form (5.1) and a% is a A-Symmetry for some

function X of the form A = —Fy(x,y)y + B(x,y).
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5.2 Complete integrability in Case I (5; = 5, =0)

We note that ODEs in case I admit two independent first integrals of the form
A(z,y)y + B(z,y). The following theorem provide the relation between ODEs in

this class and the complete integrability.

Theorem 5.3 [39] The following conditions on an equation of the form (5.1) are

equivalent:

1. The equation admits two functionally independent first integrals of the form

Az, y)y' + B(w,y) .

2. The wvector field a% 1S a Ap-symmetry and a Ao-symmetry for some functions

A= —Fyy' + B and Ay = —Fyy' + B with By # Pa.

Proof.

e (1 — 2) Assume that the equation (5.1) has two functionally independent first

integrals of the form A(x,y)y + B(z,y), namely

wl(%% yl) = Al(xvy)y/ + Bl('x7 y) and 'U)Q(LE,y, Z/) = AQ(xvy)yl + Bg(l’,y)

Then, the functions A;, B;,i = 1,2, must satisfy system (5.2)

F2 —_ Aly _ Agy

A As

Fl — B1y+Alz _ BQy+A21

Aq Ao




The vector field % is \j-symmetry for

w; B,
)\i — 1Y — —F o Y
Wiy 2Y A,

Since w; and wq are functionally independent, then

Bi,
Wiy Wiy | Ay + By A4 B Foy' + A—ll” 1 40 (5.17)

pu— —_— 1 2 .
Way Wy Asy' + By Ay Fyy' + % 1

which definitely implies 8 = — 52 # — 52 = 2,

(2 — 3) If By # B2 then the system (5.7)-(5.8) has two different solutions. This
cannot happen in case S3 = Sy = 0 since in this case the function § such that
0

3y 18 a A-symmetry for A = —Fy(z,y)y + B(x,y) is uniquely determined by

B(x,y) = 2+ Therefore Sy = S = 0.

(3 = 1) In case S; = Sy = 0, equation (4.16) has two linearly independent
solutions ¢; and ¢o which provides two functions )7 and @)y satisfy the system

(4.18)

1 ;!
Qiz = qu epa Qiy = <§F1 - %) qi 6p7 (Z - ]-a 2)

Therefore the two first integrals of equation (5.1) are given by

w=q e’y +Q1, wr=qge’y +Q
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and since

Wiy Wiy

= e W(q,q) #0

Woy Wy
where W (qy,q2) denotes to the Wronskian of the functions ¢; and ¢o. This

proves that w; and ws are two functionally independent first integrals of equation

y' = f(z,y,9).

The relation between local and nonlocal linearizable was shown as follow.

Remark 5.4 [38] An equation of the form

y" + Fy(a,y)y? + Fi(z,9)y + F(z,y) = 0.

can be linearized by means of local and sundman transformations if and only if S1 =

SQZO.
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