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Lie symmetry method is a technique to find exact solutions of differential equations. One of the
significant applications of Lie symmetry theory is to achieve a complete classification of Lie
symmetries and symmetry reductions of differential equations. This project is concerned with

carrying out a complete symmetry analysis of Klein Gordon Equations of the form
Uee = Au+ f(w), *)

on a sphere where A denotes the Laplacian operator on the sphere.

We will separately investigate the following two cases of the equation (*):

Case I: The function f(u) is nonlinear.

Case II: The function f(u) is linear (i.e. f(u) = au).

For the first case, our aim is to:

1. Find the minimal symmetry algebra.

2. Find all functions f (u) which give larger symmetry algebras and determine
these symmetry algebras.

3. Find some symmetry reductions and exact solutions for each case of f(u).

And for the second case, our aim is to:

1. Find the symmetry algebra.

2. Find some symmetry reductions and exact solutions.
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CHAPTER 1
Introduction and problem formulation

The mathematical modeling of most of the natural and physical processes leads to nonlinear
differential equations whose analytic solutions are hard to find. Therefore, investigations related to
simplifications of nonlinear differential equations and construction of their exact solutions become
significant in the analysis of nonlinear differential equations. Lie symmetry method has proven
to be a powerful technique for analyzing non-linear ODEs and PDEs. It provides most widely
applicable technique to find exact solutions of differential equations and contains, as particular case
cf. [33], many efficient methods for solving differential equations like traveling wave solutions, self-
similar solutions and exponential self-similar solutions. The classical Lie symmetry theory to study
differential equations was developed by Sophus Lie more than a century ago. A modern treatment
of the classical Lie symmetry theory was provided by Ovsiannikov [32]. Since the modern treatment
by Ovsiannikov, the theory has substantially grown and found widespread uses. A large amount of
literature about the classical Lie symmetry theory, its applications and its extensions is available,
e.g. [2,6,7,8,11, 15, 17, 18, 19, 20, 21, 30, 31, 32, 36].

The Klein Gordon equation in curved spaces plays a significant role in study of the relativistic
equations of motion. It is the equation of motion of a quantum scalar, a field whose quanta are
spinless particles. The equation was named after the physicists Oskar Klein and Walter Gordon, who
in 1926 proposed that it describes the relativistic quantum mechanical equation of the electrons.

The main aim of this work is to investigate the group classification problem which, in general,
consists of two main steps. The first step is finding the Lie symmetries of a differential equation with
arbitrary f. The second step is determining all possible forms of f for which larger symmetry groups
exist. The first group classification problem was carried out by Ovsiannikov [32] who classified all
forms of the non-linear heat equation

w = (f (W) u,),

Since then a number of articles on symmetry analysis and classification problem for non-linear
PDEs have appeared in literature, cf. [3, 4, 5, 9, 10, 12, 14, 16, 22, 23, 24, 25, 26, 27, 28, 34, 35, 37,
38]. In the present work, we propose to perform the complete group classification of nonlinear Klein
Gordon equations on a sphere.

Section 1.1 contains some basic ideas about differential geometry of surfaces, needed for setting

up the problems of this research. The problem formulation is provided in section 1.2.



1.1 Some basic definitions from differential geometry

To formulate our problem clearly we need some basic background in differential geometry, [13],
specially the definition of Laplacian on surfaces. In this section we define the metric or first funda-

mental form of surfaces.
Definition:

Let X (z,y) be a coordinate patch or parameterization of a surface M. Then,
g = ds? = BEdx? + 2Fdxdy + Gdy?,

is called the first fundamental form or Riemannian metric of the surface, where
E=X,-X.,, F=X,-Xy, G=X,-X,.

Setting
gn=E=X,-Xo, gu=ga1=F=X,-X,, go=G=X, X,

leads to the classical notation of the metric
g = ds? = g11da® + 2g1adaxdy + gaady?,

or in the form of a symmetric matrix

g11 912
gi2  g22
Note that

det (9) = gr1g22 — (912)° = EG — F? = |X,, x Xyl #0,

therefore,
1 911 912 1 922 —gi12

g = = Tot(g) = (97)-
912 922 —%12 g1

The main operator involved in our investigation is Laplacian on surfaces which is defined below.
Definition:

Consider a surface with a metric g. Then the Laplacian on the surface is defined as

Bu= L ((/]det (g)lg"7 2% ) (L.1)

where the summation is taken over repeated indices.



1.2 Problem formulation of Klein Gordon equations

The objective of the study is to carry out complete symmetry group classification and symmetry
analysis of Klein Gordon equations of the form

uy = Au+ f(u), (1.2)
where A denotes the Laplacian operator on a sphere defined in the previous section.
Consider the sphere

?+y?+ 22 =1,
with parameterization

X (z,y) = (cosz,sinx cosy, sinzsiny) ,
which implies that

X, = (—sinzx,cosxzcosy,coszsiny),

X, = (0,—sinzsiny,sinz cosy).
The components of the first fundamental form are given by
E=X, X, =(—sinz,cosxcosy,cosxsiny) - (—sinzx,cosxzcosy,coszsiny) = 1,
F=X, X,=(—sinz,coszcosy,coszsiny) - (0, —sinzsiny,sinz cosy) = 0,
G =X, X,=(0,—sinzsiny,sinzcosy) - (0, —sinx siny, sin z cos y) = sin® .
So, the metric is obviously

g = da? + sin? zdy? = ,

0 sin’z

and

det (g) = sin®
which implies that

1 0
gt =

0 csc’z
So, using equation (1.1), the Laplacian is given by
_ 1 9 ij du
AU = e 05 ( [det (9)lg BW) ’

— 1 0 (1.¢inx@% 10.gin 2% 1 9 (0.sinpd~ 2. gin &
= oo (1 sinzg? + 0 smxay)—i—sinmay (0 sinzg +cscw smmay),

=_1 20 (Sinl’%) + 10 (cscxg—;j),

sinx Ox sinx Jy

= Uy + (cOb ) Uy + (c5C% T) uyy. (1.3)
Hence, the nonlinear Klein Gordon equation becomes of the form
Up = Ugq + (COt ) Uy + (cs¢? ) uyy + f(u), (1.4)
where f (u) is a nonlinear function.

For the linear case, we will consider the linear Klein Gordon equation of the form



Upt = Uy + (cOt T) Uy + ((:sc2 x) Uyy +au,

where a # 0.



CHAPTER 2
Lie Symmetry method for differential equations

This chapter focuses on basic ideas of Lie symmetry method that should serve the bases for
the research results presented in chapters 3 and 4. The main aim is to give a short review of the
standard background in Lie symmetry method for ODEs and PDEs. Since the fundamental results
of Lie symmetry methods are well established and have become a standard now, most of the proofs
in this short review are omitted. However, the necessary details are presented where these were
thought to be essential. This review follows the books [8, 21]. In general, the reader is referred to
the standard books [8, 17, 21, 31, 36] for thorough introduction and complete understanding of the
subject of Lie symmetry analysis and its applications.

Section 2.1 and section 2.2 present the concepts and methods of Lie symmetries needed to deal

with ODEs and PDEs respectively.

2.1 Lie symmetry method for ODEs

Beginning with the ideas of one parameter groups and their infinitesimal generators, this section
presents the notions of prolongations, symmetry of ODEs as well as the method of finding symmetries

of ODEs. The section ends with illustrative examples of reduction of order of ODEs using symmetries.
2.1.1 One parameter group of transformations and infinitesimal generators
The study of Lie symmetries of ODEs involves one parameter groups of transformations in plane.
Definition: (Point transformation in xy—plane)

A point transformation in xy—plane is a function
T:R? — R2,
given by

(z,y) — (,7),

where
zT=f(z,y),
7=g(z,y).

A transformation in the zy—plane which transforms a point (x,y) to another point (Z,7).

Examples of transformations in the xy—plane:



Translation:

T=x+3,

y=y—2
Dilation:

T = 2z,

Y = 5y.
Rotation:

T =xcosf —ysin,

Yy =xsinf + ycosh.

Definition: (one parameter transformation)

A one parameter transformation is a transformation that depends on one parameter only. If

the parameter is €, then it is of the form

T = f (LE, Y, 6) ;
y=g(z y.€)
Examples:

1) The rotation above depends only on the parameter 6.
2) The translation:

T =x+E€,

Y=y +2e
is a one parameter transformation depending on € only.
3) The translation

T=ux+kq,

y=y+ka.

is not one parameter transformation since it is associated with two parameters k; and ks.

Definition: (one parameter group of transformations)

The one parameter transformation
T=f(zy56),
y=9g(xy€).
is a one parameter group of transformations if the following properties hold:

(i) Identity:



The transformation with € = 0 is the identity transformation.
To (z,y) = (z,y).
(ii) Closure:
The composition of two transformations in the group is a member of the set of transformation in
the group
T,T, =T..
(iii) Inverse:
The transformation with —e gives the inverse transformation
TT . =T T.=1Tp.

Remark: the associativity holds always because the composition operation is always associative.

Example: Show that the following transformation is a one parameter group.
T. : R? — R? defined by
T = +c¢,
Y =1y+2e
Solution:
(i) The identity transformation with € = 0,
To (z,y) = (z,y) -
(ii) Let a,b € R,
TyT (w,y) = T (z + a,y +2a) = (x +a+ b,y +2a+2b) = (z+ (a+0),y +2(a+D)),
=Toss (z,y) -
So, the set of these transformations is closed.
(iii) The inverse of T is
T-'=T,
because
TT =T._. =Ty,
and

T T.=T =T
Infinitesimal generators of one parameter group of transformations

Given a one parameter group of transformations

y:g(x7y?€)7 (2'2)



with
f (:I;, y’ 0) = :1:7
(2.4)

g(z,y,0) =y.
(Eﬂy) = (f (x7 y’ 6) 7g (:r’ yﬂe))'

This obviously defines a curve « (¢)
If the tangent vector to the curve through the point (x,y) is denoted by (&, 7), then the operator
(2.5)

)
X =&(zy) & +n(@,y) 5,
is called infinitesimal generator of one parameter group of transformations. This gives directions
in which the point will move along the curve

ale)=(z.9) = (f(z,y.€),9(2,y,€)) .
For practical purpose, it is more convenient to use the infinitesimal generator (or the operator

form) of the group. So it is important to learn how to find the generator from a group, and how to

find the group from a generator.
Infinitesimal generator of groups

Given a one parameter group of transformations

T =f(x,9,€),
g

7=9(x,9€),

with
f(z,y,0) ==z,
(2.9)

g(z,y,0) =y.

The associated infinitesimal generator is given by
(2.10)

X =¢(wy) & +nay) 2,
(2.11)

where
(2.12)

E(z,y) = df(ﬂcfl;y,e)7

dg(z,y,
0 (z,y) = G,

(2.13)

Example: Find the infinitesimal generator of the group of rotations
(2.14)

T =xcosf—ysind,

Yy =xsinf+ycosh.

Solution:

f(x,y) = % = —xsinO—yCOSO = —y,
4y — zcosO —ysin0 = .

n(z,y) = a6
The infinitesimal generator associated with this group then is given by



X = fy% era%'

Some important groups with their associated infinitesimals are given in the table below

Table 1
Commutator table for the Lie algebra
Action Group infinitesimal Generator
Translation in x — axis T=x+e Y=y 8%
Translation in y — axis T=x, Y=y-+e a%
Dilation in x — axis T=cx, =y x%
Dilation in y — axis T=x, y=e€Y ya%
Irregular Dilation T =ex, §=e"y axa% + bya%
Rotation T =uwxcosf —ysinf, y=axsinf + ycosh fya% +x%
T=1t, §= 1 vy + v A

Group corresponding to generator

Given infinitesimal generator
X =&(2,y) g5 +1(2,9) 55
The associated one parameter group of transformations
T=f(zy6),
y=g(z,ye,
with
f(z,y,0) ==,
9(z,y,0) =y,
can be found by solving the system of ODEs given by

T =¢(z,y),
dg .
Y2 =n(T,79)),

with initial conditions
T =,

y=y.

Example: Find the one parameter group corresponding to the generator
_ .0 d
Solution: Need to solve the system

dx

de = T

(2.15)

(2.16)
(2.17)

(2.18)
(2.19)

(2.20)
(2.21)

(2.22)
(2.23)

(2.24)

(2.25)



&

g —
T*ya

with the initial conditions

8|

0) =z,

0) =y.

Solving equation (2.25) gives

<

T = Ce".
Applying the initial condition (2.27) implies
C=x.
Therefore,
T = ze‘.
Similarly, solving equation (2.26) with the initial condition (2.28) gives

€

Yy = ye°.
2.1.2 Definition of symmetries of ODEs

Given an ODE
F (z,y,y/, ....,y(")) =0,
A one parameter group of transformations
T=f(zy56),

v=9g(x,y,€),

transformation (2.34) and (2.35).

i.e. after change of variables (z,y) to (Z,7), we get

F (f,g,?, ....,y(”)) =0.

Example: Show that the transformation
T = ze‘,
Y = yes,

is a symmetry of the ODE
E=r().

Solution:

Equation (2.37) implies
dr = e‘dx.

and equation (2.38) implies

10

(2.26)

(2.27)
(2.28)

(2.29)

(2.30)

(2.31)

(2.32)

(2.33)

(2.34)
(2.35)

is called a symmetry of ODE (2.33) if the form of the ODE (2.33) remains unchanged under the

(2.36)

(2.37)
(2.38)

(2.39)

(2.40)



dy = e“dy. (2.41)

Dividing equation (2.41) over equation (2.40) gives

E=ai= (2.42)
Using ODE (2.39), we get

@:f(g):f ey =f(Z (2.43)

dT T e cx T )" .

which is of the same form as the original ODE.

This implies that the transformation forms a symmetry for the ODE.

2.1.3 Prolongation of infinitesimal generators

Let

X =¢&(,y) g +n(2,9) 55 (2.44)
Then, using Taylor’s series, the infinitesimal transformation of the corresponding group is given by

T=xz+e(z,y)+0 (62) , (2.45)

y=y+en(z,y)+0 (€2). (2.46)

In order to study symmetries of ODEs, we need to know how the derivatives are transformed

via the extension of above transformation.

First prolongation

We look at the transformation of the derivative

V=@ —V =z
Let
v =y +enll (m v, y) +0 (). (2.47)

Let us find 5! (a:,y, y ) ,
— dy dy+ed17+0(62) o %4»6%
Y = @ T datedero(2) — 1ed
1

- () (k)
= (y,—i—eg—Z) (1—6%4—0(62)),
:y/—FG(%—yl%)—FO(EQ).

This implies that

gl = 41—y 28, (2.48)
or

n=n,—yn,—y (fw + y/fy) :
or

11



gl =n,+(n, — &)y — €&y

Thus, the first prolongation is given by

XU = € (2,9) Z4n(w,y) &+ 0o+ (0, — &) v = 6,97 ] 32,

which gives infinitesimal transformation for z,y, y/.
Second prolongation

Let
X =¢&(x,y) 55 +n(2.y) 3,
be infinitesimal transformation and
XU = € (2,y) & +n(29) & +0l (0,0.0) 2,
be the its first prolongation. Then, the transformation of x,y and y,are given by
i:x+e§(w,y)+0(62),
y=y+en(z,y +0(?),
y =y +enll] (z,y,y/> +0 ().
We want to find the transformation of y”,

4 d2y 77 d?
= —5 — = —
dz? dz *

Let
y =y +en? (x vy y) +0 ().
Let us find 7% (x, v, y/, y”). The transformation of y” is given by

J— !
7 dy dy/+€d7][1]+0(62) . —‘fiyz +e—d2£§]
Y =& T T@mredero@) T T olped

7 (1] -1
= (y +edd"—x) (1+e%) :
7 (1]
= (y +6dd"7) (1—6%4‘0(62)),
" [1] 7
=y +e(dd”—z—y j—j) +0 ().

This implies

dnlt] " q
nl? = &

dx’
or
d[mﬂr(m *ﬁm)ylff ylZ} "
2] _ Yy Y 13
77[ ! dz —Y @

1"

’ 12 ! 1" ’ "
- (§y$+y§yy)y —2yy &, — (5$+y§y)y :
Simplifying gives

77[2] = 779::E+(277$y - ng) y/+(77yy - 2€$y) y/z _gyyy/3+(77y - 2€m) y”_3y/y”€y'

Thus, the second prolongation is given by

12
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(2.50)

(2.51)

(2.52)



_ ) o) "\ 8 ror\ 8
X = ¢ (@) Z+n(@,y) SV (z..y") 240 (e,0.09") 5o (2.53)
The nth prolongation

In general, we can show by induction that

nlrl = % —y(”)% forn=1,2,3,....., (2.54)
where

0 =1,
and from this

X =¢(z,9) & +n(z,y) %UZ;UM%- (2.55)

Example: Find the second prolongation of X = x% + ya%.

Solution:
§(z,y) =z, (2.56)
n(z,y) =y. (2.57)
Then,
W =n,+(n, — &)y —&y" =0, (2.58)
0 = e 2y = €aa) U+ (1 = %) = &0 + (0, = 26) 0" = 3907E,,
=y (2.59)
Thus,
X = ¢ (@) & +nley) & +n (e,0.9) 2 +0? (w.0.00") 5,
oyl 02—y o2 (2.60)

2.1.4 Invariance criteria for finding the symmetries of ODEs

Given an n*"* order ODE

F (zyy ....,y(")) —0, (2.61)

A symmetry of ODE (2.61) is a one parameter group infinitesimal transformations

T=x+¢€(z,y), (2.62)

y=y+en(z,y), (2.63)
that leaves the ODE (2.61) invariant, i. e.

F (fg;j W) —0, (2.64)
where v, ....,y(™ are transformed through prolongations of the group.

Treating equation (2.61) as an algebraic equation in z,y, y/, ety y("), invariance criteria can

be generalized to the following definition.

13



Definition:

The infinitesimal transformation
T =xz+€e(z,y),
y=y+en(z,y),

or equivalently the generator
X =&(xy) g5 +n(x,y) 5

is a symmetry of ODE (2.61) if
XMkE=o,

whenever
F =0,

where X[ is the n* prolongation of X.

Example: Show that X = z% + ya% is a symmetry of the ODE
22y +ay” —yy = 0.

Solution:

The function associated with the ODE is
F‘(m,yyyﬂyu) =%y +ay —yy.

The second prolongation of X as found in the previous example is given by

X[ :x%+ya%+08‘z, -y %.

Hence,

o o57) +4{4) ¥
— 2x2y” + xyIQ _ y'y _ x2y”,
=y +ay” —yy,
=0.
This implies that
X=ad +ys,

is a symmetry of the given ODE.
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2.1.5 Method of finding symmetries of ODEs

The criterion

XME|p_y =0, (2.72)
is called the invariance criteria for the symmetries of ODE (2.61) of order n. It is the basis for
computing the symmetries of ODE (2.61). This will lead us to an over determined system of linear
PDEs in £ (x,y) and 1 (z,y). Solving this system will give us all possible functions & (z,y) and 7 (x, y)

that satisfy the invariance condition.

Steps for finding symmetries of ODE (2.61)

1) Find prolongation X" where 7 is the order of the ODE.

2) Apply the prolongation to the ODE restricted to the validation of ODE.

3) Obtain determining equations from step 2 by comparing coefficients of powers of derivatives.
)

4) Simplify and solve the determining equations.

Example: (Simple example to show the procedure, the same procedure works for any other
ODE)

Find all symmetries of

y" =0.
Solution: Let

F (z,y,y',y") =y (2.73)
Let the symmetry be of the form

X =¢&(,y) & +n(2,9) 35 (2.74)

Step 1: write the 2"¢ prolongation

X =6 g+l 4P 5

(2.75)
Step 2 : Apply the 2" prolongation to the differential equation (2.73)

X0 (y) = Nt (2 — E0a) ¥+ (M — 260, ¥ —Ey” - (2.76)
Step 3 : Finding the determining equations as follows

Coefficient of (y/)3 18y =0,

Coefficient of (y/)2 My — 284y =0,

Coefficient of (yl) ' 121, —80e =0,

Coefficient of (y/)o i Mpe = 0.

We get a system of linear PDEs.

Step 4: Solving the over determined system of linear PDEs (2.77) - (2.80)
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From equation (2.77), £ is linear in y. So,
E=A(x)y+B(x).
From equation (2.80), 7 is linear in y. So,

n=fyr+gy).

Differentiating equation (2.78) with respect to y,

Nyyy = 22y = 0
Using equation (2.77) in equation (2.83), gives

Nyyy = 0,

which implies

" 11

[ Waz+g (y)=0,
or

() =0,
and

g (y) =0

From equation (2.85), we get
I (y) = c1+cay+croy®.

From equation (2.86), we get
9(y) = catesy+eey’.

Substituting the functions f (y) and g (y) in equation (2.82) gives
n=(c1+ oy + c109?) T+ (s + ey + c6y?) .

Substituting equations (2.89) and (2.81) in equation (2.78), we get
2 (c2 +2c10y) — (A” (z)y + B” (x)) =0.

Comparing coefficients of powers of y in equation (2.90) gives

1"

A (z) = 4eqp,
B" (z) = 2¢s.
Integrating equation (2.91), we get
A(x) = c7+cow +2c322.
And integrating equation (2.92), we get
B () = cg +c3z + cox?.
Substituting equations (2.93) and (2.94) in equation (2.81) gives
&= (07 + cox + 203m2) y+ (cs + c3x + 02z2) .
Substituting equations (2.89) and (2.95) in equation (2.78), we get

2c10T 4+ 2c6 = 2¢9 +8cp,
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which implies
co = cg, (2.97)
c10 = 0. (2.98)
Remove ¢g and ¢19 from the formulas
& = (c7 + cox) y+ (s + c3x + c22?) (2.99)
n=(c1+coy) z+ (ca + sy + c6y?) - (2.100)
So, we obtain 8 independent constants (parameters). This provides 8 dimensional Lie algebra
generated by the symmetries found below.
Putting ¢; = 1 and the remaining constants vanish implies
Xi=af. (2.101)

Putting co = 1 and the remaining constants vanish implies

Xo=a?Z +ayd. (2.102)
Putting c¢3 = 1 and the remaining constants vanish implies
Xy=a2. (2.103)

X, =2, (2.104)

Putting c¢5 = 1 and the remaining constants vanish implies

X5 =y (2.105)
Putting c¢ = 1 and the remaining constants vanish implies

Xo = zygs +1y° 5 (2.106)
Putting ¢; = 1 and the remaining constants vanish implies

Xr=yZ. (2.107)
Putting cg = 1 and the remaining constants vanish implies

Xs=2. (2.108)

Note: the set of all symmetries of an ODE forms a Lie Algebra with commutator operation
[X,)Y]=XY -YX,

We obtain the basis of all symmetries
S ={X1,Xo, X3, X4, X5, X¢, X7, Xs, },

with commutation relations
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Table 2

Commutator table for the Lie algebra

X, X X; X, X; X X- Xs

X, 0 0 —-X; 0 X, X X5 — X ~ X,
X 0 0 ~X> -X, 0 0 ~Xo | —2X5; - X;
X | X X 0 0 0 0 — X, — Xy
X, 0 X, 0 0 Xy | Xs4+2Xs5 | X 0

Xs | —-X; 0 0 ~ X, 0 X X, 0

Xo | —Xo 0 0 | —X3—2X5 | —Xe 0 0 ~ X,
X | Xo— X3 X X, — Xs ~ Xy 0 0 0

Xs | Xi | 2X34+Xs5| X 0 0 X, 0 0

2.1.6 Reduction of order of ODEs using symmetries

Given a symmetry

X =¢&(x,y) & +n(2,y) £, (2.109)
of an ODE
F (xyyy(”)) = 0. (2.110)

The invariants obtained through
X =o, (2.111)
can be utilized, cf. [8], to reduce the order of ODE by the standard procedure of change of

variables. This method is illustrated in the examples below.

Example: Reduce

F =22y’ +:Ey/2 —yy =0, (2.112)
using the symmetry

X=ag+ys. (2.113)
Solution:

The 2"? prolongation of X is

X = x% era% Jr()a?/ —y 2 (2.114)

"

We find invariants using X[™/T = 0, whose characteristic system is

! 1"

dr __ dy dy __ dy
0 7y// .
d

Solving df = jy implies

8k

= C.
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Solving df’ = d% implies
y =c.
Thus, we obtain two invariants of X2 given by
u=4%
xr
v=vy.

To write the given ODE in terms of u and v,

2dy _ 2dv _ 2dvdu _ ,2dvTTEY _ dv

2,/ _ _ — — — dv _
Y =0 g =T 0% =T ude =Y qu 4t _du(xv y)

Using equations (2.115) - (2.117) in the ODE (2.112) gives
22y +ay” —yy = (zv —y) &+ 202 —yv = 0.
Dividing equation (2.118) by z implies
(v—u) L4092 —uv =0,
(i) If u # v, we get
dv

du — 7Y

which is a separable 1°* order ODE with solution

which is a homogeneous first order ODE.

Let V = £, then

dy _ zdV4Vdx _ ,.dV
dx — dx =T +V.

Substituting this in ODE (2.122) leads to a separable 15! order ODE

av — eV
s +V=ce ",

or

av’ dx

ce= V-V = z°
(ii) If w = v, then

Y

x?

y =
which implies

d dz

Y x?
which gives the solution

Yy = az.

Example: Reduce the following ODE using symmetry technique

) 2
eyt ()t —mP =0
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Solution:
We can check that
_ .9
X - yaiya
is a symmetry of ODE (2.127).

Next we use the symmetry to reduce the ODE (2.127). The 2"¢ prolongation of X is

_0_
ay// .

X2 = O%er%er 3‘3, +y

Solving the characteristic system of X[ T = 0 gives differential invariants:
u =z,
v=4L,
Y

These variables give

’
" _dy _dlyw) _ o dv . dy o dv | 2
Y =4 = 4o _ydu+vda:_ydu+v Y
or
" d 2
y _ av
m —du—HJ.

Putting this in equation (2.127) reduces it to the first order ODE
xy? (% + v2) +zy?v?+y?v—zy? = 0.

Dividing equation (2.134) by zy? leads to
u (Z—Z —l—v2) +uv?4+v—u=0,

or
Z—Z =202~ %v—i—l.

The reduced 1% order ODE is in the form of Riccati equation.
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2.2 Lie symmetry method for PDEs in three independent variables

This section is devoted to the discussion of symmetries of PDEs, the prolongations of their
generators and the method of finding symmetries of PDEs. For the sake of clarity and without loss
of generality, we restrict the main discussions to 2"¢ order PDEs with one dependent variable u and
three independent variables x,y,t. This does not hamper the research work in the thesis since the
PDEs involved in the research work in chapters 3 and 4 all belong to this class of PDEs. A detailed
account of the subject of Lie symmetry for general PDEs is contained in many standard books on

the topic cf. [2, 6, 7, 8, 11, 15, 17, 18, 19, 20, 30, 31, 32, 36].
2.2.1 Symmetries of PDEs

Consider a PDE
F (:L'7 Yy by Uy Uy Uqyy Uty Ug gy Uyyyyy Uity Uy, Uty Uyt) =0, (2137)

A one parameter group of transformations

T = f(z,y,t,u,e€), (2.138)
7=g(x,y,t,u,e), (2.139)
t=nh(z,ytue), (2.140)
u=j(z,y,t ue), (2.141)

is called a symmetry of PDE (2.137) if the form of PDE (2.137) remains unchanged under the
transformations (2.138) - (2.141), i.e. after change of variables
(z,y,t,u) — (Z,7,t,7),
we get

F(Z,9, 8,0, U, Uy, U, U, Uy, Ut Uz Ut Uyr) = 0. (2.142)
2.2.2 Prolongation of infinitesimal generators

In this section we learn how to prolong infinitesimal generators involved in studying sym-
metries of PDEs. For the sake of simplicity, the derivation of prolongation formulas is restricted to
symmetries of 2"® order PDEs with one dependent variable u and three independent variables z,y,t.
We consider the PDE

F (2,9, 8,0, Us, Uy Uty Uiy Uy Uity Uy, Uget, Uyt) = 0, (2.143)

with symmetry operator

X =¢(z,y,t,u) %+9 (z,y,t,u) %+T (z,y,t,u) %+¢ (z,y,t,u) %, (2.144)

or equivalently the infinitesimal transformation
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¥ =z+e(z,y,t,u)+0 (62) , 2.145
y* = y+60 (fl?,y,t,u)+0 (62) ;
t* :t+eT(x,y,t,u)+O(62),

u* =u+ted(x,y,t,u)+0 (62) . 2.148

First Prolongation of X

In the first prolongation we find the transformation of the partial derivatives of 15 order
Ug,Uy and u;.

i.e. we will find functions 7*! (2,9, t, u, ug, Uy, wg) Y (z,y, t,u, Uy, Uy, ut) and ™ (z,y,t, u, ug, Uy, Ut)

such that
uhe = ugp+en® (2, y,t, u,uqp, uy, up) + 0 (€2), (2.149)
Uy = wy+en (z,y,t,u, up, uy, ug) +O (€2, (2.150)
ufe = w+ent (z,y,t, u,up, uy, u) +O (€2) (2.151)

These functions, in terms of &, 60, 7 and ¢, are given by the following expressions

N = ey —unly —UEEu—ybe — sty by — Ui Te — U T, (2.152)
ﬁ[y] = ¢y +Uy¢u _uzgy _uxuygu _uygy —ui@u TUTy — Uy Ut T, (2153)
nltl = Oy Furd, —ugl, —uzul, — Uyl —uyuiy, —UlT, — Uy Ty (2.154)

So we get the first prolongation of X
XM =¢(,y,t,u) g5 + 0 (x,y,tu) 5 + 7 (2,9, tu) § + 6 (x,y.8,u) 3

+77[1’]% +,7[y]i+n[t]8%t. (2.155)

Oty

Second Prolongation of X

Analogous to the previous part, we want to find

X2 = x4 plea] #m+n[yy] ﬁayy-i-n[tt] %4_77[13/] ﬁiy_m[wt] %ﬁ.ﬁ_n[yt] aq?yt . (2.156)
These functions are

plz*) = —uiuyHW — U U Ty — 2Up Uy by — 2UpyOp — 2Ural, + Uzad,,

—UGEyy + UE Py + 2Ua by — Uarg — 2URE 4y — Uylae — UTao — 2Uatlybay

—2Ug Ut Ty —2Ugt T+ — 2Ug Ut Ty — Uy U0y — BUp U &y — Ut U T, (2.157)

nlvyl = —Uz&yy — 2u§9yu —UybOyy + by — usTyy + uiqﬁuu — ui@uu = 2ugy€,

Fyy Py — 2Uyy Oy — 2UytTy — UyyUsToy, — UglyyE,, — 2UgpUy&y,, — 2UyUsTyy

— 22Uy Uy Toy — 3y Uy Oy — 2Uy Uy €, —umuzfuu —uiuﬂuu +2uydy,,, (2.158)

N = ¢y — ugunnl, — usyy — uybse — WiTer — 207 T + U7 by — U T

2 2
=2y — 2UysOp + Uy — 2Ugs T — UyUF Oy — 20z, — UpUTE L,
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73ututt7'u — 2utumt§u — 2uyut0tu fuyutteu — QUthteu +2ut¢tu? (2159)
77[‘”?/] = —2UyUgyly — UtUpy Ty — Ugtly Ty — Uplyyby — Uyt Ty — UzplyE

*umyfm - Umuyfu - 2u$u$y€u + uz“y¢uu - uiuyguu - uzuyﬁyu - uzuiﬂuu

U Ut Ty — UyUt T gy + uxy¢u - U:ryay = UgtTy — uyyem — UytTx + um¢yu + ¢my

— Uy Uy Ut Ty —uiﬁyu — U &y Uy Py — Uy — Uy Oy —ui@m —UtT 3y (2.160)
n[mt] = 7ux£tac - uyeact — UtTxt — ufTa:u + ut(rbzu + ux¢tu - u?c&tu - umcgt

—nyot + uwt¢u — UgtTt — u:ctgm - nyeac — Ut Ty — UgpUgtTu — Uiutfuu

—UgyUtOy — UpUp Ty, — UgUyOpyy + UgUr Py, — UpUST y — Uz ur €y, — 2UpUpi&,

—Ugt Uy Oy —2Ugp Us Ty — Uz WrE yyy — Uy UtO gy — Uz Uy Oy Py — Ug Uy Ut Oy, (2.161)
U[yt] = _ua:uyutguu - uzuteuu - thuyfu + uyut¢uu — UyUt Tty — UyUttTuy

—Ug Uy &gy, — Uz UtEyyy, — UyyUtby — Ugtye§,, — UyUtOyy, — uyufTw — Uy Us Ty,

=2y Uyl — Ugy Uty + Gy — Uy — Uylyr — WTyr — U%Tyu + Uy @y, + ULy,

—ui@tu—umyft—uyyOt—&—uytqﬁu—uytTt—umfy—uytﬁy—utﬂy. (2.162)
2.2.3 Definition of symmetries of PDEs using prolongation

Given the PDE

F(z,y,t,u, Uy, Uy, Uty Upg, Uyy, Uit Ugy, Ugt, Uyt) = 0, (2.163)
A symmetry of PDE (2.163) is a one parameter group infinitesimal transformations:

z* =z+e€ (z,y,t,u)+0 (), 2.164
Yy =y+ed(x,y,t,u)+0 (62) ,
t* =t+er(z,y,t,u)+0 (62) ,
u* =u+ted(x,y,t,u)+0 (62) , 2.167
or equivalently the infinitesimal generator

X =& (z,y,t,u) %—&—9 (z,y,t,u) %-FT (z,y,t,u) %—H;S (z,y,t,u) %, (2.168)
that leaves the PDE (2.163) invariant, i.e.

F (T, 6,70, Uz, Uy, Uty U Uy, Ut Uy, Ut Uz ) = 0. (2.169)

Treating equation (2.163) as an algebraic equation in , y, t, U, Uz, Uy, U, Uz, Uyy, Uit Uzy, Uzt Uyt

invariance criteria can be generalized to the following definition.
Definition:

The infinitesimal transformation
T=f(z,y,tue), (2.170)
g

y=g9(zy,t ue), (2.171)
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t=h(z,y,t, uce), (2.172)
u=7j(z,vy,t uc), (2.173)
or equivalently the generator
X =¢(z,y,t,u) %+9 (z,y,t,u) 8%+T (z,y,t,u) %+¢ (z,y,t,u) %, (2.174)
is a symmetry of PDE (2.163) if
XBIF|p_g =0, (2.175)

where X[ is the 2"¢ prolongation of X.
2.2.4 Method of finding symmetries of PDEs

The equation
XPIF|p_g =0,

is called the invariance criteria for the symmetries of PDE (2.163). It is the basis for computing

the symmetries of PDE (2.163). This will lead us to an over determined system of linear PDEs in

£,0,7 and ¢. Solving this system will give us all possible functions &,0,7 and ¢ that satisfy the

invariants condition.

to

Steps for finding symmetries of (2.163)

1) Consider a symmetry generator of the form (2.168) and find the prolongation X2,

2) Substitute the constraint F =0 in XPIF = 0.

3) Obtain determining equations from step 2 by comparing coefficients of derivatives of w.
)

4) Simplify and solve the determining equations.
2.2.5 Reduction of PDEs using symmetries

Given a PDE

F(z,y,t,u, Uy, Uy, Uty Upg, Uyy, Utt, Ugy, Ugt, Uyt) = 0, (2.176)
with a symmetry

X =¢(z,y,t,u) a%—%—@ (z,y,t,u) B%—FT (z,y,t,u) %—Hﬁ (z,y,t,u) 8%' (2.177)
The standard procedure, cf. [8,21], is to utilize the similarity variables to reduce the PDE (2.176)
an ODE where the similarity variables are the invariants of X obtained by solving X (I) = 0.

The steps are similar to those in section 2.1.6.
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CHAPTER 3
Minimal symmetries, group classification and reductions of nonlinear
Klein Gordon equation on sphere

The aim of this chapter is to study the complete group classification problem and some symmetry

reductions of the nonlinear Klein Gordon equation on the sphere given by
U = Uy +(cOt @) Up + (562 @) uyy + f (u), (3.1)
with f (u) is an arbitrary nonlinear function.

The group classification of equation (3.1) is carried out in section 3.1. It is based on neces-
sary conditions on f(u) which are obtained through a triangulation of determining equations of Lie
symmetries of equation (3.1).

An efficient method to obtain such triangulation is the well-known method of Mansfield [29] of
generating differential Grobner bases of determining equations. A variant of Mansfield’s method will
be used to generate cases of f(u) and hence for carrying out the group classification. Precisely, the

following result will be proved.

Theorem 3.1:
The Lie symmetry algebra of the nonlinear PDE (3.1) for all f (u) is four dimensional and is
generated by
X, = cosy% — sinycotma%,

o 9 le]
Xo =sinyg- + cosy cot x5,

_ 0
X3_77
_ 0
X4_37ya

and there are no nonlinear functions f (u) for which the PDE (3.1) admits symmetries more than
the minimal symmetries .
The proof of theorem 3.1 is contained in section 3.1. Examples of reductions and some exact

solutions, corresponding to the cases obtained in section 3.1, are provided in section 3.2.
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3.1 Minimal symmetry algebra and group classification

We are going to obtain the Lie symmetries of the equation (3.1). To do so, let

X =& (z,y,t,u) B%—H‘) (z,y,t,u) B%—I-T (z,y,t,u) %—l—d) (z,y,t,u) 8%7 (3.2)
be symmetry of the PDE (3.1).
If X2 denotes the second prolongation of X then the invariance condition for finding &, 6, 7 and

¢ is given by

X (utt — cot TUy — Ugy — €SC% TUy, — f (u)) =0, (3.3)
where
X0 = X el g2 gl 0 gt 2 el 20yl 20y el 0
plev) g2 et 2 gl 0 (3.4)

Applying X to equation (3.1), will lead to
—Ofu — Gpp + G — Uyl — WeTer + UT Dy — UPTyu — 2ty — 2uyi0y
—csc® wg,,, — 2056 Tuyd,,, + c5C? TULUTyy + ¢5¢% Tuyly, + 2 csc zulfyy
+ e8¢ T yy — e8¢ BULP,,,, + €€ 2UD Oy + 2 0SC LUy, — €SCP Ty, @,
+2 csc? 2y, 0, + 2 csc? zuy Ty + 2 cse? vugyuy, + 2 cse? TuyuiTyy
+3 csc? Tuy Uy 0y, + cSC% TUyyuTy + 2 €8C2 TUY U Ty + Uze Gy, + €5C% TUyy Dy,
+f by, — 2UpeTs — 2 csC? TUyy Tt — 2T — Ugptyly, — csc? TUyUyy by — fry by,
—3Up U Ty — 3 CSC> TUyy Ut Ty — 3fUsTy — COt TP, + cOt TULT, + cot Tuy bl
+2u2€,,, + U Ty + UEUY Oy — UZ Dy, + 2UpUyy By — 2ugdy, + COtTULD,
—2Up Uy SUgULaE, — cOt TULUYO,, — 3 cOt TULULT,, — 2 cOt TULT,
+ csc? g€ — ugué,, + 2UpUy Oz — Uy + Uy + 2UaWi Tou + 2Ug Ut Ty

2

+ csc? Tuzuy, €, + csc xumuzéuu + csc? TuzEy, + 2 csc? TUZUyE,,, — COL TULD,,

+ cot UL U Ty + cOt TULUYO, + COt TULE, — UpUza§,, — csc? TUUyyE, — [uz€y,

2 2
TUyyE — 2U5 T — 20y UeOpy + UyOps + U T e

FUgp Ui Ty + UzaUyby, + 2 cot T csc

Uz By + Uy + 2y O + 2Ugy T + USE, — 20pugiEy, — UyUZ Oy,

— 22Uty 0y 4 2us by, = 0. (3.5)
Now, we compare the coefficients of different derivatives of u to get the determining equations
Constant Term t = Ofu — Gpy + Gy — c5C? x¢,, + [, — 2fTi —cotxg, =0,

Coefficients of u, : —2¢,,, + cotxp, — 2cot 7 +csc? z€ — &, + &€,
+ csc? z€,, — cotzg, +cotx, — €, =0,
Coeflicients of u, : =0y + 0pp — 2 csc? Ty Py + csc? 20yy — fOy, + cot 26, =0,

Coefficients of u; : —Ty + Tae + CSC2 TTyy — 3fTy + cot 75 + 20, =0,
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Coefficients of u2 :2¢,, — ¢uu =0,
Coefficients of uyuy, : 2csc? z€, =0,
Coeflicients of uzuyzy : 0, =0,
Coefficients of uzuz; : 7, =0,
Coeflicients of uyzuy, : 3¢, — &, =0,
Coefficients of ug, : ¢, — 27 — ¢, +2£, =0,
Coeflicients of uy; : 27, —2£, =0,
Coefficients of uy, :2csc® z, + 20, =0,
Coefficients of uy: : 2csc? xr, — 26, =0,
Coefficients of u,, :cotzf — 71,40, =0.
The above system can be simplified to get the following system of determining equations with
the order
¢>T>0>E&> f,and x>y >t > u,
er:§, =0,
ex: 0, =0,
es : csc? z€, + 0, =0,
eq: Ty =0,
e5: &, — Tt =0,
es: cotxl — 7y + 6, =0,
e7 : csc? xTy — 0y =0,
eg: 7o — & =0,
€9 Puy =0,
€10 1 COL LTy — Tyt + Taa + €SC2 2Ty, + 20, = 0,
e11: cot z0y — Oy + 04y + csc? 20yy — 2 csc? z¢,, =0,
1y 1 —cotxl, — &y + &,y + e5¢® 1€ 4 esc? x€,, — 2¢,, =0,
€15t fOu — Ofu — Guy + by — 2fT1 — c562 36, — cOt 2, = 0.
The system of determining equations will be solved utilizing a triangulation procedure based on
techniques for obtaining differential Groebner basis developed by Mansfield in [29].
The operation (es), — (es), gives
§oz — Tat + Tat — & =0,
== oo — & = 0. (3.6)
csc? z (es),, + (er), = 0,

—> csc® xf,, — csc® w7y + cse® 7y — Oy = 0,
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= csc? Tyt — O = 0.

(65)35 - (eS)t =0= &, Tttt Tox — & =0,

== Tgx — Tt = 0.

csc? (es), + (e7), =0,

= csc? z cot z€,, — csc® a7y, + csc® £y, + csc a7y, — Oy = 0,
= csc? x cot x€, +csc? 26y, — 0y = 0.

(e6), + (es), =0,

= cot €, — csc® TE — Tyt + Ouy + Tar — &y = 0,

= cot x€, —csc? € +0,, — &, = 0.

(e7), —csc*z (es), =0,

2

= —2cotxcsc” xTy + csc? TTpy — Ozt — csc? TT gy + csc? xfyt =0,

— —2cot z csc?

xT, +csc? 2y — 0zt = 0.

(e13), = 0= —fuud—rput i —2futi—csc® vy, —cot xd,, =0,

(3-12)u = 0 = fuudy+ fuuwup+2fuuT = 0,

(3-13)y = 0 = 2fuuu®y + fuuuu®+2fuuuTe = 0,

(3-14)y = 0 = 3funun®u+ funuuu®+2 funun Tt = 0.

Suu (3.14) — 2f100 (3.13) = 0,

= 2 fuufunu®y + fuufuwuu® + 2fuufunuTe = 2funfunubu — 2F G ®
—AfuufuwuTe =0,

= (fuufuwuu = 2f3un) 0= (2 fuufuuu) ¢ = 0,

(3.16), =0 =

(fuFunu = 2F3un) bu + (Fun frowwns = 3Fua funun) & = 2 (Fus + furwfuwua) Te = 0.
Use (3.13) and (3.17) to eliminate ¢,,,

Fuu B17) = (fuu fuwun = 2 o) (3:13) =0,
= (f2ufuwuuu — 3fuufunu Furun — FuuFuwu Furn + 2f i) &

=2 (fuufiuu + fouFuowun + FiuFuwun = 2fuufiun) Te = 0,
= (fiufuwwun = Afuwufuuu fuwan + 2f30) & + (4f20 Fuwie + 2fun fun) e = 0.
Use (3.16) and (3.18) to eliminate ¢,

(forw Frwun = 2F2) (3:18) = (f2, funwuns — 4fuu fuwu Frwns + 2f,) (3:16) = 0.
Then, the coefficient of 7, will be

—Af i Fitwnn T 2080 F i P + 8F i s Fursins = A Frpus + 26 Frss P

—8 farufawu Fuw + Afuu F s

= (fuufuuufuuuuu - quufsuuu + ft%uufuuuu) 7 = 0.
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If 7, = 0, then equation (3.19) is satisfied for any function f (u).

(e7), = 0= esC? TTyy = Oy,

(e6); = 0= cotx, — T4 + Oy = 0 = cot a7, — T4y + b4y = 0,

= cot T, — T4 + CSC2 TTyy = 0.
Plug in equation (e1q), get

Tz + 204, =0,

= Tut +2¢, = 0.
From equation (e3) = csc® z€, = —0,,
Equation (3.9) = cot z csc? €, +csc® xy,, — 0y = 0.
Plug in equation (e11), get

—2cot x csc? 2y + 0z —2 csc? ¢y, = 0.
Also

(e3), = 0 => —2cot z csc? x§y+c502 2E4, +020 = 0.
Plug equation (3.25) in equation (3.24), get

csc? x,, — 2csc x¢,, =0,

= Tty — 20, = 0.

Now

(e3), — (e6), =0 =04y + csc® a8, + csc® x€ — cot 2, + Tar — Oay = 0,

= csc? &y, +esc? € —cot w€, +74 = 0.
Plug in equation (e12), get
Tat+2¢,, =0.
Now
Since 7, = 0, from equation (e5) we have
£, =0,
= Tue =0, by equation (3.8)
= ¢, =0, by equation (3.6)
By equation (ea4), and the nonlinearity of f (u) we have
6=0,
¢, =0, and £, = 0 implies that
=&, 1),
&, = 0, implies that ¢ is linear in ¢,
§=A(y)t+B(y).
And
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7 = 0, and 7, = 0 implies that

r=1(2,9), (3.34)

Tz = 0, implies that 7 is linear in z,

T=CWe+D (), (3.35)

T =& = A(y)=C(y). (3.36)
Now, we try to determine A (y), B (y) and D (y),

Since ¢ = 0, equation (e1g) becomes

"

cot 2T, +csc? w7y, = 0 = cot zA (y)+cesc?z |A” (y)xz + D" (y)| =0, (3.37)
This is possible only if

Aly) =0, (3.38)
and

D" (y) =0= D (y) = ay+». (3.39)

And equation (e12) becomes
csc?aé,, +esctaé =0= ¢, +E=0=B" (y) + B(y) =0,
= B(y) = k1 cosy+kasiny. (3.40)

So, we have

¢ =0, (3.41)
& =kycosy+kosiny, (3.42)
T =ay+b. (3.43)

Next, we note that
0,=0=0=0(x,y,t),
(e7), =0 = csc? Tyt — O = 0,
= 0y =0, (3.44)
which implies that 6 is linear in ¢,
=0 =F(x,y)t+F (v,y), (3.45)
(e6); =0=cotawl — 14+ 0y =0=0;y=0—= E,=0—= E = FE(z),
= 0=FE()t+F(x,y), (3.46)
(e3), =0 = csc? 2, + 0, =0= 0y =0=E,=0= E =c.
To determine a and ¢, we note that equation (e7) becomes
acsc’zr—c=0=a=c=0. (3.47)
To determine F (x,y), we note that
(e3) = F, = —csc? x [—ky siny + ko cosy], (3.48)

(e¢) = Fy = —cotx [ky cosy + kg siny], (3.49)
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Integrating equation (3.48), we get
F = cotx[—kysiny + ko cosy]+g (v),
Using equation (3.50) in equation (3.49), we get
—cotx [ky cosy + kasiny] + ¢ (y) = — cotz [ky cosy + kysiny]
=g (¥ =0=g() =¢
= F (z,y) = cot x [—kysiny + ka cosy]+c.
So, we have
¢ =0,
& =kycosy+kosiny,
T = k3,
0 = cot x [~k siny + ko cosy]+ kq.
Now:
Putting k1 = 1 and the remaining constants vanish implies
X1 = cosya% —sinycotxa%.
Putting k2 = 1 and the remaining constants vanish implies
X9 = siny% + cos y cot a:a%.

Putting ks = 1 and the remaining constants vanish implies

So: the minimal algebra is generated by
X, = cosya% — sinycotma%,

o 9 9
Xo =sinyg- + cosy cot x5,

_ 0
X3 = 5
_ 0
X4_37ya

with commutation relations given in the table below
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Table 3

Commutator table for the Lie algebra

X, | Xo | X5 | X4

Xl 0 _X4 0 X2

Xo | Xy 0 0 | -Xy |

X3 0 0 0 0

X4 _X2 X1 0 0

To look for functions f (u) that may give larger symmetry algebra we assume that 7, # 0
and solve the differential equation (3.19).

Let us consider the equation

S fuwa Funin =2 fun Frsn+ Forwa frwun = 0, (3.61)
where f (u) is nonlinear
Let H = fyu, then equation (3.61) becomes

HH,H,—2HH2,+H2H,, =0, (3.62)
which implies that
Either

Hy,=0=— H, =c,
Ifeg=0= H =g,

= f(u) = au®+bu+c, (3.63)
Andife; #0 = H = cqu+ co = f, = c1u® + cou + ¢,

= f(u) = au® +bu?+cu+e. (3.64)
Or

Hyy #0,
So we can divide equation (3.62) by HH, H,.,, to get

Hows _9Huu B — 0, (3.65)
Integrating equation (3.65) we get

ﬁlnHuu—lnHZ—l—lnH:co 2111%5““ =cy = % =c,

= HH,,—cH? =0. (3.66)
Divide equation (3.66) by HH,, we get

Hy.

T — =0, (3.67)

Integrating equation (3.67) we get

H, _
He — kOa

= InH,—clnH =ky=1In

32



— (3.68)
If ¢ = 1, then equation (3.68) becomes

o — k, (3.69)
Integrating equation (3.69) we get

= InH = ku+ k) = H = kpe"" = fuy = ko™ = f,, = kze" + ky,

= f (u) = kg + kyu+ks, (3.70)
And if ¢ # 1, then equation (3.68) becomes

H*C% =k = H °H = kdu = chlfc =ku+k = H'"°¢=kou+ ks,

s (HY0)TF = (kyu+ ky) T = H = kg (u+ k3)"

—> fuu = ks (u+ks)", wheren =1 andc# 1. (3.71)
Equation (3.71) can be viewed into three different cases:
Casel: n # —1,-2,

= fu =B (ut ks)" T kg = f =k (u+ks)" + kgu + ks,

= [ =ky (u+ ks)" +keu+ks, where m # 0, 1. (3.72)
Case2: n = —2,

= fu=—ks(u+ks) ' +ks = f = —kaln(u+ ks)+koutks, (3.73)
Case3: n = —1,

= fuu = ks (u+ks)"" = fu = kaln (u+ ks) + ke,

= f=ks((u+ks)In(u+ks) — (u+ks))+kout+Fkio. (3.74)
In summary, solving equation (3.61) gives six different nonlinear functions:

u) is quadratic, i.e. f(u)=u?+ au+b,

u) is cubic, i.e. f(u) = u® +au® +bu +c,
ae?™ 4 cu+d, where a,b # 0,

u

u

L f(
2. f(u)
3. f(u) =
4. f(u)=(u+b)" +cu+d, wherem#0,1,2,3,
5. f(u) = 1In (u+b) +cu+d,
6. f(u)=

u)=[(u+0)In(u+b) — (u+b)] + cu+d,
To figure out if any function will give extra symmetries, we establish the following equations:
Use equations (3.13) and (3.17) to eliminate ¢,
Suwa (3:17) = (fuu funuwu = 3 fuuu fuuun) (3.13) = 0,
= (fuuSuw S = 2F 3 u = Fow S + 3 Fuu Frwu Funun) ¢4,
~2 (fiuu + fuufuuu fuwin = Fitu v + 3 fuu Funa funun) T¢ = 0,

= (_Qf'guu - fgufuuuuu + 4fuufuuufuuuu) ¢u + (_QfSuu - 2f3ufuuuuu + 4fuufuuufuuuu) Tt =
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212wt 2f o Funuun—4 Fun Funu Funun
= g, = (2l el ) 7, (3.75)
From equation (3.13) we have

6=l (6, +27). (3.76)

The analysis for extra symmetries, if any, for different forms of f(u) are summarized in the

following cases:

Casel:
f(u) is quadratic, i.e. f(u) = u?+ au + b, then
fu=2u+a,
fuu =2,
Juuu =0,
Sunun = 0.
From equation (3.13), we get
20, +47, = 0= ¢, = —27, => T, = — 36, (3.77)

From equation (3.12) we get

—2¢0—22u+a)T: =0= ¢ =—(2u+a) . (3.78)
Also

Gpu = —2Tat = —264s, (3.79)

byu = —2Tyr = =284, (3.80)

O = =271 = —2€,,,. (3.81)
Now
(3.22) = 44+2¢, =0 =147 =0 =171 =0 = ¢,, = 0, (3.82)
(326) = 1yt —2¢,, = 0= T, td1y; =0 =T, = 0= ¢,, =0, (3.83)
328) = 744+2¢,, =0 = T4, =0—= 7, =0=¢,, =0. (3.84)
Also

@uu = 0, implies that ¢ is linear in w i.e.
¢ =A(z,y,t)ut+ B (z,y,1), (3.85)
= ¢, = Az, y,1),
=T = f%A (z,9,t). (3.86)
since 744 = 0= A = A(z,y),
T =0=A=A(x),
Ta=0= A=c¢, (3.87)
— ¢=1A2u+a), (3.88)

34



= ¢, = A. (3.89)
Plug in equation (e3),

= (W +au+b) A—3A2u+a)(2u+a)+ (v +au+b) A =0,

— Au® 4 aAu + bA — LA (4u® + dau + a?) + Au? + aAu+ bA =0,

— 24u? 4 20 Au + 2bA — 2Au? — 20 Au — %aZA =0,

= 2bA—1a’A =0. (3.90)
If A =0, then 7, = 0, which gives the minimal symmetry algebra.
and if A # 0, then

= 2b = $a®> = b= jad’. (3.91)

So, we must have

f(u) =u?+au+ ta?,

= f(w) = (u+30)", (3.92)

— f (u) is a perfect square
So far we have

€o=—346,=0,8, =08 =0=¢=f(yt)r+g(yt) = &= 34z +g(y1),

S=g=gu=0=9g(y,t)=a(yt+b(y),

:>§:—%Ax+a(y)t+b(y). (3.93)
Also

Ti=—3A7,=0,T40 =07y =0,= 7 =h(z,y)t+j(z,y) = 7=—2At+j (z,y),

Toe =Jo = Joo =0=>j (z,y) =c(y)z +d(y),

= 7=—1At+c(y)z+d(y). (3.94)
Since &, = 7, we have

a(y) =c(y), (3.95)

Plug in equation (e1q), we get

cotza (y)+esc?z [a” (y)z+d (y)} =0, (3.96)
This is possible only if

a(y) =0, (3.97)
and

d' (y)=0=d(y) = ay+B, (3.98)
So

E=—-1Az+b(y), (3.99)

T=—1At+ay+p. (3.100)

Plug in equation (e12), we get

35



—LAcotztesc?x (—2Ax +b(y))+cescx (b,
This is possible only if
A=0,
=1 =0,

which gives the minimal symmetry algebra.

Case2:
f (u) is cubic, i.e. f(u) =u®+ au? + bu +c,
fu = 3u® + 2au + b,
fuu = 6u + 2a,
Juuu = 6,
Sfuwuu = 0.
From equation (3.75), we get
b = (25550 ) e = b = —Te.

From equation (3.76) we get

¢="u20 7 — = (u+2) e
Also

Ppu = —Tat = g

¢yu =Tyt = —fxya

o = —Ter = —Ep-
Now

(322) = Ttt+2¢tu =0= Ttt_27—tt =0= Tt = )= ga:t = 0,

(326) — Tyt_2¢yu =0= Tyt+27—yt =0= Tyt = 0= £zy =0,

(328) _— Txt+2¢)zu =0= Tmt_27—zt =0= Tot = 0= gzz = 0.

Also
Guw = 0, implies that ¢ is linear in w i.e.
¢=A(z,y,t)u+B(z,y,1),
= ¢, = A(z,y,1),
= 7= —A(z,y,t).
since 744 = 0= A = A(z,y),
T =0=A=A(x),
T =0=— A=c,

= ¢ =(u+2)A,
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= ¢, = A.

Plug in equation (e3),

= f(A)— (u+2)Afu—04+0+2fA-0-0=0= A(3f — (u+%) f.) =0,

— A3 (u® +av? +bu+c) — (u+ %) (3u? + 2au +b)) =0,

= A (3u3 + 3au® + 3bu + 3¢ — 3u® — 2au® — bu — au® — %az

= A((2b— 2a*)u+ (3c— @) =0,

ab
3

ab

:Oﬁc: 9

== (b—%az) =O:>b=%a2 and 3¢ —

et

So: we must have
f(u):u3+au2+§u+ %7
= f(w)=(ut5)",
= f (u) is a perfect cube

So far we have

gz = _A7€u:ngxz:Oagtt:O:>§:f(y7t)x+g(yvt) ﬁg

§i=9e=9u=0=g(y.t)=a(y)t+b(y),
= {=—Ar+a(y)t+b(y).
Also

Tt = _AaTuzovT:vw :OaTtt :0,:>T:h(l',y)t+j($7y) =T

Te =Jz = oo =0="j (z,9) = c(y)z + d(y),
=7 =—At+c(y)z+d(y).
Since &, = 7, we have
a(y) =c(y),
Plug in equation (e1q), we get
cot wa (y)+csc? x [a” (y)z+d (y)} =0,
This is possible only if
a(y) =0,

and

1"

d (y) =0=d(y) = ay+p,
So
§=—-Az+b(y),
T=—-At+ay+p.
Plug in equation (e13), we get

"

cot zA+csc? x (—Az + b (y))+esc® x <b (y)) =0,
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This is possible only if
A=0,
= 74 =0,

which gives the minimal symmetry algebra.

Case3:
f(u) =ae’™ +cu+d, wherea,b#0
fu = abe®™ + ¢,
fuu = ab®e®®,
Foun = abPeb®,
fuwuu = ab*e™,

_ 5,b
fuuuuu = ab’e’™,

213 0+ 212 Fuwwun — Afun funu funun = 20362304 + 2a2b% 204 qbP et — 4033 = 0.

From equation (3.75), we get
¢y =(0)7¢ = ¢, =0= ¢ = B(z,y,1).

From equation (3.76), we get

_ —ab2eb™ _ 2 _ b
¢ = T 2Tt = 0= —§{Tt = Tt = —50.
Now

(3.22) = T4 +2¢y, =0 =Tty =0 = &, = 0,

(3.26) = Tyt —2¢,, =0= 74 =0=¢,, =0,

(3.28) = 744 +2¢,, =0 =71, =0=¢,, =0.

Also
T =0= ¢, =0= ¢ =DB(z,y),

Tyt:0:>¢y:0$¢:B(x)7

Tet =0= ¢, =0 = ¢ =B, where B is some constant

So
Tt = —%B

Plug in equation (e13),

:>0—B(abeb“+c)—0+0+2(%B) (aeb“+cu+d)—0—0:0,
— —abBe’ — Bc + abBe’™ + cbBu + dbB = 0,

— —Bc+ cbBu + dbB = 0,
= ¢bB = 0,

and
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Bc = dbB,
If B=0, then ¢ =0 = 7, =0, which gives the minimal symmetry algebra
And if B # 0, then
cb=0,
and
c=db,
Since b # 0, then we must have
¢ = 0, which means that d = 0.
So: we must have
f(u) = ae®™.
So far we have
£ = —§B,§u =0,§, =0,y =0=¢ = —%Bx+g(y,t),
SG=g=09t=0=g(y,t)=a(y)t+b(y),
= (= —%Bm—&—a(y)t—l—b(y) )
Also
T = —%B,Tu =0,T3ps =0,74 =0,— 7 = —%Bt—l—j(m,y),
To =Jo = Joo =0="j(z,y) =c()z + d(y),
= 7=—4Bt+c(y)z+d(y).
Since &, = 7, we have
a(y) =c(y).
Plug in equation (e1g), we get
cotza (y) +csc?z |a” (y)z+d (y)| =0,
This is possible only if
a(y) =0,
and
d' (y) =0=d(y) = ay+5.
So
§=—5Bz+b(y),
T = —%Bt+ay+6.
Plug in equation (e12), we get
bBeotz +cesc?a (—2Bx +b(y)) +esc’z (b” (y)) =0,
This is possible only if
B =0,

39

(3.138)

(3.139)

(3.140)

(3.141)

(3.142)

(3.143)

(3.144)

(3.145)

(3.146)

(3.147)
(3.148)

(3.149)



:>7't:0,

which gives the minimal symmetry algebra.

Cased4:

fw=@w+b"+cu+d, wherem #0,1,2,3,

fu=mu+b)""" +e,

fuw =m(m—=1) (u+b)"",

Fuww =m (m=1) (m—=2) (uw+b)""",

Fuwna =m (m = 1) (m = 2) (m = 3) (u+b)""*,

Fuwnan = m (m = 1) (m — 2) (m — 3) (m — 4) (u+b)""".
From equation (3.16), we get

2 uUuJuuUU
¢= (ﬁ) Tt

I G e e o T = e e R
— 9= (<u+b>2m2*(g[<+nll)j::2<m—2)1) i
= ¢ = <m;—21) (u+b) ¢,
= ¢, = (%) Ty
Now
(3.22) = 1 + %ﬂ)ntzOﬁ (%)TttzojTtt:()ﬁfzt:Q

4

3

m—1

—~~

(3.26) = 7y + Tyt =0 =

3 3
(11 Ll

m—1

(328) :}th_|_ (;4) Tt =0= (m:I)Txt :0:>th :Oﬁng :07

Also
¢, = 0 implies that ¢ is linear in u i.e.
¢=A(z,y,t)u+t B(z,y,1),
= ¢, = A(z,y,t) = (m_—fl) e = A(z,y,t),
since 74, = 0= A = A(z,y),
Tp=0=A=A(z),
T =0= A=c,
— o= (5%) w+v)-a(=51),
= ¢p=A(u+b),
= ¢, = A.

Plug in equation (e13),

for m # 5,

for m # 5.

(3.150)
(3.151)

+3)Tyt=0:>7'yt:0:>§o:y:0’ form;é—?),

(3.152)

(3.153)

(3.154)
(3.155)

= f(A)—(u+b)Afu—0+0+2(22L) FA-0-0=0= A(f— (u+b) fu+ (m—1) f) =0,
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= A((u+b)" +cut+d—mu+b" —clu+b)+(m—-1)(u+b"+c(m—-1u+d(m-1))=

= A((u+b)" +cut+d—mu+b" —cu—cb+m@u+b" —(u+b" +cmu—cu+dm—d) =

= A((em —c)u+dm —cb) =0,
= (tm—c)=0=c(m—1)=0=¢=0, sincem # 1,
and dm =0 = d =0, since m # 0,
So: we must have

fuw)=(u+b". (3.156)
So far we have

§o=— (mTfl) A8,=0,6,,=0§,=0= &=~ (mTfl) Az +g(y,t),

S=gt=gn=0=g(yt)=a(yt+d(y),

= {=— (") Azta(y)t+b(y). (3.157)
Also

Te=— () ATy =070 = 0,7 = 0,=> 7 = — (Z71) At + j (z,9),

To = Jo = Joa = 0= j (x,y) =c(y)z+d(y),

= 7=—(21) At+c(y)z+d(y). (3.158)
Since &, = 7, we have

a(y)=c(y). (3.159)
Plug in equation (e1g), we get
cotza(y) +cs?z |a” (y)z+d (y)| =0,

This is possible only if

a(y) =0, (3.160)
and

d' (y) =0 = d(y) = ay+5, (3.161)
So

§=—("7) Az+d(y), (3.162)

7= (751) At+ay+B. (3.163)

Plug in equation (e12), we get

"

() Acotz + csc? o (— (25L1) Az + b (y)) + esc? (b

) =0,
This is possible only if
A=0=T1=ay+p=T1=0,

which gives the minimal symmetry algebra.
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For the case where m = —3 = f (u) = (u+b) ">+ cu+d,
From equation (3.151), we get
b, = %Tt.
From equation (3.150), we get
¢=121(u+b)re.
Now
322) =714 =0=¢,, =0,
B2R8)=T1u=0=¢,, =0.
Also
@uu = 0, implies that ¢ is linear in u i.e.
¢=A(z,y,t)u+t B(z,y,1),
= ¢, = A(z,y,t) = %Tt =A(z,y,t),
= 7 = 2A (z,y,t) .
since T =0 = A = A(x,y),
T =0= A= A(y),
= 7 =2A(y).

Now

(e10) = cot xT, + csc? a7y, + 2¢,, = 0 => cot a7, + csc? a7y, = 0,

(€10); = 0 => cot aT 4 +csc® 2Ty = 0 = Tyye = 0.
From equation (3.170)
= Ty = 24" (y) = Ty = 24" (y) =0,
= A(y) = kiy+ks,
= ¢ = (kiy + k2)u+ B (z,y,1),
= ¢, = k1y + ks = 37, = k1y + ko,
= 7¢ = 2k1y+ 2ko,
= Ty = 2ky.
So, we have
T = (2k1y + 2k2) t+ g (x,y).
Since £, = 7, we have
& = 2k1y + 2ko,
e €= 2yt k) (51 1).
And since §;, =0 = ju =0=j=a(y)t +b(y),

= £ = (2k1y + 2ko) z+a(y)t+b(y).
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And since 7, = 0= g =0 =g =c(y)z +d(y),
= 7= (2k1y + 2k2) t+c(y) x+d (y).
&, = 7, implies that a (y) = ¢(y) .
Plug in equation (e1g), we get
cotza (y) +csc?z |a (y)xz+d (y)| =0,
This is possible only if
a(y) =0,
and
d"(y) =0 = d(y) = ay+5,
So
€ = (2hay +2k) 74D (y)
T = (2k1y + 2k2) t+ay+ 5.
Plug in equation (e12), we get
—cot  (2k1y + 2ka) + csc? x ((2k1y + 2k2)  + b (y)) + csc® x (b
This is possible only if
k1y+ky =0,
— ¢ =B(z,y,t) = ¢, =0,
= 714 =0,

which gives the minimal symmetry algebra.

For the case where m =5 = f (u) = (u+b)°,
From equation (3.151), we get
¢, = —%Tt.
From equation (3.150), we get
o= —%(u—l—b)n.
Now,
equation (3.26) = 7,4 =0 = ¢, = 0.
Also
@uu = 0, implies that ¢ is linear in w i.e.
¢ = A,y t)utB(z,y,1),
= ¢, = A(z,y,t) = —37 = A(z,y,1),
= 7y = —24(z,y,t).

since 7y =0= A, =0= A = A(z,1),
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= 1= —2A(z,t). (3.190)

Now,
(e10) = cot x7, + csc? a7y, + 24, = 0,
(e10); = 0 = cot w1y + 0+ 24, =0,

— —2cotzA, + 244 =0,

— Ay —cotzA, = 0. (3.191)
Also,
(e12) = —cot z&,, + csc? € + csc® x€,,, — 24, =0,
(e12), =0 = esc? €, + csc? x€,,, =0,

I (3.192)
where £ = & (z,y,1).
Now, since {,,, = 0= ¢, =¥ (y,1), (3.193)
So, equation (3.192) becomes

Vyy + ¥ =0= ¢ (y,t) = F1(t)siny + F>(t) cos y,

= ¢, = F1(t)siny+ Fy(t) cos y, (3.194)

= & (2,y,1) = —Fi(t) cosy+Fa(t) siny+g(x, ), (3.195)

= £, = 9. = Az, t) = - %, (3.196)

= pp = Gaa (3.197)

— &, = —F|(t) cosy+ Fy(t) siny+g;, (3.198)

— &, = —F, (t) cosy+F, (t) siny+g. (3.199)
From equation (3.6), we have

= & —€ow =0,

— —F, (t) cosy+Fy (t)siny+gu — gow = 0, (3.200)
This is possible only if

F/(t) = 0= Fy(t) = c1t +ca, (3.201)
and

Fy (t) = 0 = Fy(t) = cst+c4, (3.202)
and

gtt = 9zz =0 = Gatt — Jaaa = 0= =24y + 244, =0,

= Ay — Ayr = 0. (3.203)
So

&(z,y,t) = —(c1t+ca) cosy+ (cat+cq) siny+g(x, t). (3.204)

Putting in equation (e;3) gives

44



Au+b)° =5 (u+b)" (Au+ B) — (Agett + Baw) + (Apu + By)

—2(u+b)° 7y —csc® x (Ayyu + Byy)—cot & (Ayu + By) = 0, (3.205)
Since 7, = —2A (x, ), equation (3.205) becomes

5A (u+b)° = 5Au (u+b)* — 5B (u+b)" — (Apeti + Bua) + (Auu + By)

—csc? z (Ayyu+ Byy) — cotx (Ayu+ By) =0,
5(u+b)" [bA — B] + [Ay — Ay — cot wAy)u + [By — Byy — csc® xBy, — cotaB,] = 0. (3.206)
Differentiating equation (3.206) with respect to w,

— 20 (u+ b)* [Ab — B]+[Ay — Agy — cot zA,] =0, (3.207)
Differentiating equation (3.207) with respect to w,

— 60 (u+ b)* [pA(z,t) — B(z,y,t)] =0, (3.208)
which implies that

bA(z,t) = B(z,y,t), (3.209)

= B, = 0= B = B(a,1). (3.210)
Now, equation (3.206) becomes
= [A4 — Apr — cot A, u+[By — By — cot zB,] = 0, (3.211)
Differentiating equation (3.211) with respect to u,

= Ay —Ayp—cotzA, =0, (3.212)
which implies that

Byt — By, —cotzB, =0, (3.213)
Now, since Ay — Az, = 0, equation (3.212) becomes

cotzA, =0— A, =0,

= A =G(1). (3.214)
Since A, =0=—= A,, =0—= A4y = 0= G”(t) =0,

= G(t) = at + B,

= A(t) = at+ . (3.215)
So, we have

= ¢ = (at + S)u+b(at +5), (3.216)

= ¢, =at+p= —Lir,=at+p,

— 7, = —2(at+8), (3.217)

— &, = —2(at+p). (3.218)
From equation (3.204), we have

&(z,y,t) = —(crt+ca) cosy+ (cst+cq) siny+g(z, t), (3.219)
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= g, = —2(at + ) = g = —2(at + )z + h(t),
= ¢ (z,y,t) = —(crt+c2) cosy+(cst+cq) siny—2(at+B)x+h(t).
From &,, — £, = 0, equation (3.220) implies that
R (t) =0 = h(t) = hyt+hs,
= £ = —(c1t+co) cosy+(cat+cq)siny —2(at+ B)x+hit+ ho,
= £, = —ci1cosy+cssiny —2ax+hy,
= T, = —c1cosy+cgsiny —2ax+h;.
Since 7 = —2(at + (), we have
T= —2(04% +0t)+ K(z,y),
= T, =K, = —ci1cosy +c3siny — 2ax + hy,
= K(z,y) = —c1zcosy + czxsiny — az? + hyz + p(y),
=T = —2(0(% +t) —c1x cos y+czw siny — ax® +hiz +p(y).
Putting in equation (e1p), gives
cot z[—¢p cos y4cs sin y— 20w +h]+csc? zleyz cos y—csz siny+p (y)]+2a =0,
Copmaring the coefficients, we get
c1cosy—cgsiny+hy =0,
which means that
¢yt =0,c3=0and hy =0,
and
20=0= a =0,

and

1"

p (y) =0=p(y) = k1y+ka.
So, we have

— A =3,

= ¢ =[utd),

= ¢, =B =37 =5,

=7 = -20t+kiy+ko,

= & = —cycosy+cysiny — 2Bz + ho.
Next, we note that

0, =0=0=10(x,y,t),

(e7), =0 = csc?xTyy — 0y = 0,

= 0y =0,

which implies that 6 is linear in ¢,
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— 0= FE(z,y)t+H (z,9),

(e6); =0 = cotal, — T4 + 04y =0= 0, =0 = E, =0= E = E(x),

=0 =E(z)t+H (z,y),

(e3), =0=cs® x40,y =0 =0,y =0 = E, =0 = E = ¢s.

To determine c¢5, we note that equation (e7), becomes

k1CSC2$7C5:O:>k1:C5:O.

To determine H (x,y), we note that

(e3) = H, = —csc? x [easiny + ¢4 cosy],

Integrating equation (3.243), we get

— H = cota:[CQSiDy+C4COSZ/]+Q(9)7

= H, =cotz [02 COSY — C4 Sinqu/ (y).

So, (eg) becomes

—cot x [ea cosy — cxsiny + 26z — ho] + 28 = — otz [cacosy — casiny] — ¢ (y),

- ql (y) = cotz 2Bz — ho] — 28,

= q(y) = ycota [20x — ha] — 28y + kq,

= 6 = cotx [casiny + ¢4 cosy|+y cot x 202 — ha] —20y+ky.

So, (e3) becomes
= csc? x[co siny + ¢4 cos y] — csc?
+2Bycotx =0,
= —2fxycsc® x+hoy csc? z+2Py cotx = 0,
which implies that
£ =0and hy =0,
which means that
A=0=7,=0,

which gives the minimal symmetry algebra.

Case5:
fw)=In(u+0d)+cu+d,
fu=(u+b""+e¢
fuu=—(u+0)7%,

Fuww =2 (u+b)"",
Fuwuw = —6(w+b)"",
Fuwuun = 24 (w+0)".

z[easiny + ¢4 cosy] — yesc? x 28z — ho)
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From equation (3.75), we get

b, = 2-8(u4b) "2 +2-(u+b) ~*-24(u+b) "°—4-12(u+b) ~°
u T\ —(u+b) 124 (ut+b) T +4-12(u+b) % —2-8(u+b) 0

— [ _16+48-48
= ¢, = (—24+48—16) Tt

—— ¢u = 27'15.
From equation (3.76) we get

utb) =2
¢ = 2((u<:-bb))73 (47—t) .

= ¢ =2(u+0b)7y.
Now
(322) = Ty +4r =0= T3 =0=¢,, =0,

(326) — Tyt_47-yt =0= Tyt = 0= gxy = O,

(328) = T+ 4T =0= 71, =0 = é‘L”L =0.

Also
@uu = 0, implies that ¢ is linear in wu, i.e.
¢=A(z,y,t)u+ B(z,y,t),
= ¢, = A(z,y,t),
== 7 = %A(x,y,t).
since T4 =0 = A = A(x,y),
T=0=A=A(2),
T =0=— A=c¢,
= ¢ =(u+Db)A,
== ¢, = A.

Plug in equation (e13),

s F(A) = (ut+b)Afy —0+0—2LfA—0—0=0= Af, (u+b) =0,
— A(u+b) ((u—ib)ﬂ) = 0= A+cA(u+b) =0,
= A(l+c(u+b)=0= A1+ cu+ch) =0,

—c=0—=A=0=171,=0,

which gives the minimal symmetry algebra.

Case6:
fw)=[(u+bd)In(u+d)— (u+b)]+cu+d,
fu=In(u+b)+ec,
Juw = (u+b)"",
fuuu = —(u+b)772,
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Funan =2 (u+ )72,
Fvwww = —6 (u+b) "
From equation (3.16), we get
Fuufuwwn = 220 = 2(w+b) " (u+b)"> —2w+b) " =0,
= (fuufuuu) Tt =0 => mn =0=1,=0,

which gives the minimal symmetry algebra.
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3.2 Symmetry reductions and invariant solutions

One of the main purposes for calculating symmetries of a differential equation is to use
them for obtaining symmetry reductions and finding exact solutions. In this section, we will use
the symmetries calculated in the previous sections to obtain a few exact solutions of equation (3.1).
More exact solutions can be calculated in a similar way.

Our main goal is to derive exact solutions of equation (3.1) by reducing it to ordinary differen-
tial equations. This can be achieved with the use of Lie point symmetries admitted by equation (3.1).
It is well known that the reduction of a partial differential equation with respect to n-dimensional
solvable subalgebra of its Lie symmetry algebra leads to reducing the number of independent variables

by n.
3.2.1 Reduction of The General Case

We are going to reduce the following general equation

Uy = Ugy+ (cOt ) ug + (cs¢? ) uyy + f (u) . (3.259)
3.2.1.1 Reduction Using Subalgebra (X5 + X4, X4) = <% + 8%, 3%>

Starting with the first symmetry which can be written as
_no 1%} 1%} 1e)
X=0Z+E+5+04Z, (3.260)

The characteristic system

de _ dy _ dt _ du
0 1 1 0
From %’” = dTy, we have
T =c,
and from d—ly = %, we get

y=tt+tc—y—t=c,

dt _ d
and from G = 4, we get

u = C.

So, we get three invariants of X (I) = 0, and they are given by

q(z,y,t) =, (3.261)
v(z,y,t) =y—t, (3.262)
P (q,v) = u. (3.263)

Now:
ur = Poqi + Pyvy = =P, (3.264)
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Ut :vaa
Uy = qu+vaz: q
Ugy :quy

Uy = PquJFPva =P,
Uyy = Py,
Substituting in equation (3.259), we get

Py, = qq+(C0tQ)Pq+(CSC2Q) va"’f(P)'

The second symmetry X, is inherited by PDE (3.270), as it commutes with X3 + Xj.

So, using the second symmetry X = X, = a%,

X:Y(q)@—FY(U)%—I-Y(P)B%,

So, the second symmetry can be written as
—_no 9 9
X = Oafq + 5, + 055,
The characteristic system

dv dP

ol&

1~ 0>

From % = %, we have

q=2¢c

dv _ dP
and from G = %, we get

P=c,

So, the invariants are

£(q,v) = ¢,
w (&) =P,
Now:
Py =weg, =0,
Py =0,
Py=weby=w,
Pyg = W',

Substituting in equation (3.270), we get the ODE

W'+ (cot &) w + f (w) = 0.
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So, using the second symmetry X = X, = Jg

3.2.1.2 Reduction Using Subalgebra (X3, X,) = <

Starting with the first symmetry which can be written

— 02 9 . 0 )
X =05; +05,+ 5+ 07,

The characteristic system

de _ dy _ dt _ du

0 0 1 0
dr __ dt

From € = 47, we have

T =c,

dy dt

and from % = 9, we get

y=ea
dt _ du

and from 9 = G, we get

1

U =c,

So, we get three invariants

q(z,y,t) ==,
v(x,y,t) =1y,
P(q,v) =u,

Now:

uy = Pyg + P,v = 0,
uge = 0,

Ug = Pygz + Pyvy = Py,
Ugz = Pyq,

Uy = Pyqy + Pyvy = Py,

Uyy = vaa

Substituting in equation (3.259), we get

Pyq+(cotq) Py+ (csc? q) Pyy+ f (P) = 0.

1o}

X =X(q) &% +X ()& +X(P)55,

X(q)=X(2) =0,
X)) =X =1
X (P) =X (u) =0,

So, the second symmetry can be written as

—no 9 9
X =02 +2 405,
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The second symmetry X, is inherited by PDE (3.289), as it commutes with X3.
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The characteristic system

dg _
o 1 0°
dq:dv

From Gt = 9%, we have

dv _ dP

q==c,

dv __ dP
and from G = -, we get

P =c,

So, the invariants are

(g, v) = ¢,
w () =P,
Now:
P, =weg, =0,
Py, =0,
P, =weg, = W,
Py = w//,

Substituting in equation (3.289), we get the ODE

W'+ (cot&)w + f (w) = 0.
3.2.1.3 Reduction Using Subalgebra (X3, X1) = <%,cos y% - sinycotxa%>

Starting with the first symmetry which can be written as

X =0Z+0L+5+0%,

The characteristic system

dx dy dt du

From 9 — 4t

5 > we have

T =c,

and from % — dt

) T, we get

y=ec

dt _ du
and from 5 = G, we get

U =c,

So, we get three invariants

q(z,y,t) ==,
v(z,y,t) =y,
P(q,v) = u,

Now:

0 1 0
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uy = Pyqi +Pyvy =0,
ugt = 0,
Uy = Pygz + Pyvy = Py,
Ugz = Pyq,
uy = Pyqy+ Pyvy = Py,
Uyy = Pyo,

So, equation (3.259) becomes

P,y = Pyq+(cot q) Py+ (csc? q) Pou+ f (P).

The second symmetry X is inherited by PDE (3.308), as it commutes with X3.

So, using the second symmetry X = X; = cos y% — siny cot xa%,

X=X Z+X0Ww) 2L +X(P)%

X (P)=X (u) =0,

So, the second symmetry can be written as

o)

_ 0 90 0
X = COS U7, sinv cot gz, + 055,

The characteristic system

dg __ dv __ dP
cosv  —sinwcotq ~— 0’
From -9 = —_dv e have
Ccos v —sinvcotgq
—sin v cot gdq = cos vdv = cot qdq = — cot vdv,
= In(sing) = —In(sinv) + ¢ = In(singsinv) = ¢ = singsinv = ¢,
and from -2 = 42 e get
cos v 0
P=c,

So, the invariants are
¢(g,v) =singsinv,
w (&) =P,
Now:
. 7
Py = wef, = cosgsinvw ,
. 1" . . ’
Py = cos? gsin® vw —singsinow
. ’
P, = we€, =singcosvw ,
P 2 2 7 i . ’
v = Sin“ g cos® vw —singsinvw ,

Substituting in equation (3.308), we get

. 1" . . ’ . !
(cos2 gsin? vw” — sin gsin vw ) + cot g (cos g sin vw )
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+csc?q (sin2 geos?vw’ — singsin vw'> +f(w) =

. . "
= (cos? gsin® v + csc? gsin® gcos? v) W' —

+f(w) =

(1 — sin® ¢) sin® v—|—cos2v)w (f—S

sin® v — sin? g sin ’l)-i—COSQU)w ({ I3

—
— (sin
= (1 —sin®¢gsinv) o’
—

—E+HW + fw) =

1-e)w' —260 +f(w)=0

3.2.1.4 Reduction Using Subalgebra (X3, X3) = <

Sl + g )+ £ (@) =0,
)w +f(w) =

(cos q— 1)
T sinZq

1e)

ot

Starting with the first symmetry which can be written as

X_03+03+at+08u,

The characteristic system

dy _dt
and from % = 9§, we get

Yy=c
dt __ du

and from 5 = G, we get

U =c,

So, we get three invariants

q(z,y,t)=x
v(z,y,t) =y,
P(q,v) = u,

Now:
uy = Pyqi +Pyvy = 0,
ugt = 0,
Uy = Pygz + Pyvy = Py,
Uge = Pyq,
uy = Pyqy+Pyvy = Py,
Uyy = P,

So, equation (3.259) becomes

Py, = Pyq+(cotq) P, + (Csc2 q) P,,+f(P).
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The second symmetry X is inherited by PDE (3.327), as it commutes with X3.
So, using the second symmetry X = X, = sin ya% + cos y cot 9:8%,

=X (q) 55 + X (v) 55 + X (P) 35,

X (¢) = X (z) = sinv,

b

X (v) = X (y) = cosvcotq,
X (P)=X (u) =0,

So, the second symmetry can be written as
X = smva +cosvcotq8v +06P,

The characteristic system

dg __ dv __apP
sinv = coswcotq 0
From -4 — —dv__ e have
sin v cos v cot g
cos v cot qdq = sin vdv = cot gdg = tan vdv,
— In(sing) = —In (cosv) + ¢ = In (singcosv) = ¢ = singcosv = ¢,
and from ‘.dq = ¢ , we get
sin v 0
P =c,

So, the invariants are
¢ (q,v) =singcosv,
w(§) =P,
Now:
Py, = we€,, = cosqcos vw/,
P,y = cos? q cos? vw” —singcosvw,
P, = we§, = —singsin vw/,
P,, = sin? gsin? vw” —sin q cos vw/,
Substituting in equation (3.327), we get
(cos2 gcos?vw’ — sinqcos vw/> + cot ¢q (cos q cos vw')

+csc?q (sin2 gsin?vw” — sin g cos fuw'> + f(w)=0

(3.328)

. . 1" . .
= (cos? gcos® v + csc? gsin® gsin® v) W' — (singcosv — cot g cos g cos v + csc? gsin g cosv) w

+f(w) =
(175111 q) cos v+sm2v)w <§f§% +§Sinlzq>wl + f(w) =0,
2

2 q— ’
cos? v — sin” g cos? v + sin )w ( (COE:' qql))w +f(w)=0
)w

sin?

fw) =0,

— (
= (
= (1—sm q cos v) —(€E+¢
— (

1- )w”—2§w/+f(w) =

56
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3.2.2 Solutions of the equation when f (u) = —e* — 2

We are going to reduce the following equation

Upt = Ugg + (COLT) Uy + (csc2 x) Uyy —e" — 2.
3.2.2.1 Reduction Using (X3, X4)

Using section 3.2.1.2, equation (3.336) reduces to
W' +(coté)w —e? —2 =0,

Equation (3.337) has the symmetry
X = sinfa% —2COS£%7

To find the first prolongation of X,

2

U =ne+ (0, —ve)w — Y0
ntl = 2sin € —cos fw/,
So

x ] :sin{(%—?cosga%—i—<2Sinf—c()sgw’) %7

The characteristic system

’

dg — dw _ dw
sin § —2cos§ 2sin £ —cos Ew’’

dg

— w
sinf = —2cos&’

From we have

sinédw = —2cos £dé = dw = —2cot{dé = 21Insiné = —w + ¢,

— sin? € = ce ¥ = e¥sin’ € = ¢,
’

g dw
sin€ — 2sinf—cosfw’’ we get

sin{dw' = (2sin§ — cos{wl> d§é = % =2 cot&w/,

and from

dw’ '
= d‘*g +cotéw =2,

The integrating factor of equation (3.341) is

ef cotéd§ _ lnsing _ sinﬁ,

So, equation (3.341) becomes

sinfdc‘l‘g +coséw = 2sin¢,

= d% (sinfw,) = 2siné,

Integrating equation (3.343) w.r.t &, we get
sin §wl = —2cosé + ¢,
= sinfw/ +2cosé =c,

So, the invariants are

r=eYsin’§,
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Y =sinéw +2cos€, (3.346)

From equation (3.346), we get

si}r:f —w 4+2coté = w = cscfY —2cot €, (3.347)
— w = —cscécot §Y+csc§ +2csc? €, (3.348)

Substituting in equation (3.337), gives
—cscécot &Y + csc§ +2csc? € +cot€esc Y —2cot? € = ev 4 2,
— CbCde +2(csc? € —cot?§) = e +2 = 4 £ = sin &e¥,
= % =rcscé. (3.349)

From equation (3.345), we have

3& = ¥ sin? €w’ + 2e¥ sin € cos & => d£ = e¥sin? £ (csc Y — 2cot €) + 2e¥ sin” € cot &,

= g—g =rcsclY — 2rcot € + 2rcot &,

= g—g =rcsclY, (3.350)
Divide equation (3.349) by equation (3.350)

éé:fcgjgg: L ydY —dr— Y2 =y t¢,

— Y2 =2tk (3.351)

Back to ¢ and w,
, 2
(sin (w 4+ 2cos «5) = 2e¥sin? € + k,
— sinéw +2cosé = +1/2e¥ sin® € + k, (3.352)

Equation (3.352) has the symmetry

X =sinég —2coséL, (3.353)
From sidng,ﬁ = 72d<§2sg’ we have

sinédw = —2cosédé = dw = —2cot{dé = 2Insiné = —w + ¢,

— sin? € = ce ¥ = e¥sin’ € = ¢,

Let

r=eYsin’ ¢, (3.354)
So

g—g = e¥sin fw + 2e¥ sin € cos § = E =e¥siné (sin{wl +2€osf) ,

:>2—2: e;;n& (:l: 2ew sin? € + ) :>Z—2::trcsc§\/m,

—> /b = T eseds, (3.355)

Equation (3.355) can be studied in three different cases:
Case 1: k=0,
So, equation (3.355) becomes

77 = fescdds, (3.356)
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— %% = £ cscédE,

Integrating equation (3.357), get
=2 _ 4]y (csc& 4+ cot &) + ¢,

NG

= r= [m}’

— esin?¢ = |t
ﬁwzln[m}’

Back to ¢,v and P,

_ 2 csc? q :|
P=In |:(1n(csc g+cot q)+c)? |’

Back to z,y.t and wu,

— 2 csc?
w (.’13, Ys t) =In |:(1n(csc m(fzotivm)—i-c)z} ’

= u(z,y,t) = In2—2In|sinz|—21n|ln (cscx + cot z) + ¢ .

Case 2: k£ >0,
Integrating equation (3.355), we get

\’/—% tanh ! ( V%“’“) =+1In(csc€ + coté) + ¢,
—=r==~ (tanh2 [% In (csc & + cot &) +c] - 1) ,

— e¥sin*é =% (tanh2 [% In (csc& + cot &) + c] - 1) ,

)

== w= 1n‘§cch§sech2 {gln(cscf—i—coti) —l—c}

Back to q,v and P,

P= ln‘%cchqsech2 [41n(cscq+cotq) +c}

)

Back to x,y,t and wu,
u(z,y,t) = ln‘gcsczacsech2 {4 In (escx 4 cot x) + c} ‘ )
Remark:
. . 1
To integrate the function veTEE
we let u = 2r + k = du = 2dr,

andr:%(u—k),

So
f dr _ f du
r/2r+k (u—k)u% )
Now, let t = ur = dt = L du,
2u?2
and t2 = u,
So

du _ dt
J (u—k)u? _2ft2—(\/E)2’
Now, let t = sec = dt = sec tan 6d6,

and using sec?§ — 1 = tan? 6, we get
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So

Case 3: k£ <0,

Integrating equation (3.355), we get
\/%7 tan~? (7”\/%") = +1n(cscé + cot &) + c,
—r = (tan2 {@ In (csc€ + cot &) —1—0} + 1) ,
= e¥sin 5— k sec? [@ln(cscf—i—cotf)—i—c],

— w= ln’%csc £ sec? [gln(cscf—f—cot{)—i—c] ,

Back to ¢,v and P,

= ln‘%’“ csc? g sec? [gln (cscq + cotq) + c] ;

Back to x,y,t and wu,

u(z,y,t) = ln‘%’“ csc? r sec? [—V;k In (cscx + cot x) + c] ‘ .

3.2.2.2 Reduction Using (X3, X1)

Using section 3.2.1.3, equation (3.336) reduces to
(1-€)w" -2t —e—2=0.
Equation (3.373) has the symmetry
= (&-1) & -2
The first prolongation of X is
= (@-1)F-2xg+(-2-2) 5

The characteristic system

’

dé _ dw _ dw
£2-1 —2¢ —2—2¢w’?
¢ _ dw
From o7 = Togs WO have

(€ — 1) dw = —2¢d¢ = dw =
:>e“(£2—1):c7

and from {f—fl = 72%2@’7 we get

2 " ’ " —2-2¢ do’ _ —
(€= 1) dw —(—2—2§w)d§:> e = 2w de 2

52 1d§:>ln(£ —1) —w +c,

dw’ /_ —2
= df +§2 Y = e

The integrating factor of equation (3.377) is
o FEdE _ n(g2-1) e

So, equation (3.377) becomes
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(§ — 1) —|— 2w = -2,

:>d%((f —l)w):—Q,
Integrating equation (3.378) w.r.t £, we get

(€ -1)w =-2+c,

— (52 — 1) w,+2§ =c,
So, the invariants are

r=e¥ (52 — 1) ,
= (& —1)w +2¢,

From equation (3.381), we get

(52_1)‘”/:}/_25:“}/: 52717
"o 1 ﬂ 2§ 42
=W T g (52 1) RANEE
Substitute in equation (3.373)
2¢ 26242 w
— t (5 DY - S -5 e =+ 2
— - po=ev 42,
dYy __ -—r
— € T e
From equation (3.380), we have
2= (€ - 1w 2 = &= (-1 +2),
dr w
= g = Y,
dr _ _r
— &=l

Divide equation (3.384) by equation (3.385)

Back to ¢ and w,

2 ’ 2 2
((€-1)w' +2) = -2e (€= 1) +,
= (€ - 1)w +26 = £V/=2r + £,

Equation (3.387) has the symmetry

= (& -1) 3%—25%’

From Ef—gl = _d—g&, we have

(§ —1)dw——2£d§:>dw— 52 1)
= e¥ (5 —l)zc7
Let

= (& -1),

So
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Z—g:e“’(§2—1)w/+256w:>%2:€w((52_1)“’/"'26)’
- e¥ (€21 ' r r
= = T (€ - ) +26) = = 2V

s dr _ dé
r—2r+k :l:Ez—l’

Equation (3.390) can be studied in three different cases:
Case 1: k=0,

So, equation (3.390) becomes

_dr 4 _df
ry/ =27 _i£271’

Integrating equation (3.391), we get

A = Etanh ™! (©) +,

—— r =

—2
(tanh* 1 (£)+c)2 ’

= &€= g

Back to ¢,v and P,
—2
(tanhfl(sin gsin 'u)+c)2 ’

2
(tanh’1 (sin g sin v)+c)2(1fsin2 gsin2v)’

= P =In2-In (1 —sin® gsin®v)—21n [tanh71 (singsinv) + ],

el (sin2 gsin®v — 1) =

:>€P:

Back to x,y,t and wu,

u(z,y,t) =In2—In (1 — sin? z sin? y) —21In [tanh_1 (sinzsiny) + c} .

Remark:

. . 1
To integrate the function e

we let u = —2r = du = —2dr,

Case 2: k>0,

Integrating equation (3.390), we get

\’/—% tanh ™! (7V’2\/%+k) = xtanh " (¢) +c,

—r==F (tanh2 [@ tanh ™" (£) + c] - 1) ,
= e¥ (52 -1) = =k (tanh2 [@ tanh ™' (&) + c} — 1) ,

b N — ln’ﬁSeChQ {@tanhil (5) +C:H7

Back to ¢,v and P,

k.
2(1—sin? gsin? v) ’

P=In ‘ sec h? [% tanh ™! (sin¢sinv) + c}

Back to z,y.t and u
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u(z,y,t) =1In ‘ m sec h? {@ tanh ™! (sinz siny) + c} ‘ . (3.400)
Case 3: k£ <0,

Integrating equation (3.390), we get
\/%7,6 tan~! (7V72T+k) = +tanh™ ' (€) + ¢,

V—k
—=r==~ (tan2 {ﬂ tanh ™" (€) + c] + 1) ) (3.401)
= ¥ (52 —1) = £ sec? {‘/7 tanh ™" (£) + c] ) (3.402)
= w=In ‘m sec? {@ tanh ™' (€) + c} ) (3.403)
Back to ¢,v and P,
P=In ‘ m sec? [‘/Tj“ tanh ™" (sin ¢ sinv) + c} ) , (3.404)
Back to x,y,t and wu,
— k 2 | vV=F —1 .. .
u(z,y,t) =1In ‘ T rsmTy—T) 56C [— tanh™ " (sinxsiny) + c} ‘ . (3.405)
in? x sin? y—1) 2
3.2.2.3 Reduction Using (X3, X5)
Using section 3.2.1.4, equation (3.336) reduces to
(1-&)w —26w —ev—2=0. (3.406)
Equation (3.406) has the symmetry
= (€ —1) 24, (3.407)
The first prolongation of X is
1] _ (2 d d "\ o
X0 = (¢ _1)6?_25%%—2—2&)@, (3.408)
The characteristic system
d¢ _ dw _ _ dw
€217 =267 —2-2¢w?
From gf—fl = jl—;’g, we have
(€ —1) dw = —2¢d§ = dw = G 1)d§ = (& -1)=-w+te
=¥ (€ —1) =, (3.409)
and from % = _2%2&0,, we get
2 ’ ' —2-2¢ dw' 2 2¢d
(-1 d = (—2-26 ) dg = b = e s de _ 22 Ze
— ddvg + W = w5, (3.410)

The integrating factor of equation (3.410) is
o e _ n(62-1) _ e
So, equation (3.410) becomes
(€ —1) % 1og = -2,
= 4 ((52 ~1) w') =2, (3.411)

Integrating equation (3.411) w.r.t £, we get
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(52 71) w =—2+c,
= (& -1)uw +2 =,

So, the invariants are

r=e¥ (52 — 1) ,
= (€ -1)w +2¢,
From equation (3.414), we get
(€ -1)uw =Y -2,
—w = 52%1}/— 53—51,
= = e - @Y e

Substitute in equation (3.406)

2¢ 26242
— @Y - B - Y S =t
:>———|—2:e‘*’—|—27
= % = e

From equation (3.413), we have
%ze“(ﬁ— ) + 2&e” :>d5—e ((52—1)w/+2§),
dr Wy,

— d§ =e
Divide equation (3.417) by equation (3.418)
dy _=r
=t = oYY = —dr = 1Y?=—r+qg

Back to ¢ and w,
(€@-1u + 25)2 = —2¢¥ (€2~ 1) +k,
= (€ - 1w +26 =+£V=2r + K,
Equation (3.420) has the symmetry
= (- 1) 25,

From Ef—gl = f—;%, we have
(& —1)dw = —2¢d¢ = dw = Ef%df = (¢ -1)=-w+c,

= e (¢ -1) =¢,
Let
r=e (& -1),
So
2= o (€ 1) + 200 = & = o ((€ - 1) +2¢),
— g - <) (€ -1)w +2%) = & =25V +F,
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dr —
= = =t (3.423)
Equation (3.423) can be studied in three different cases:
Case 1: k=0,
So, equation (3.423) becomes
T (3.424)
Integrating equation (3.424), we get
\/7 = +tanh™' (€) +¢,
_ -2
== o (3.425)
w (2 1) — -2
= (€= 1) = e (3.426)
Back to ¢,v and P,
P (gin2 2. 1) — —2
¢ (sln geostv 1) - (tanh*l(sinqcosv)-i-c)%
P _ 2
— ¢ = (tanh’l(sinqcos 1))—i—c)2(1—sin2 gcos2v)’
= P =1In2-In (1 —sin® gcos? v)—21In [tanh ' (singcosv) + ] , (3.427)
Back to x,y.t and wu,
u(z,y,t) =In2-In (1 - sin? x cos? y)—2In [tanhf1 (sinzcosy) + ] . (3.428)
Case 2: k>0,
Integrating equation (3.423), we get
\_/—% tanh ™" (7V72\/£+k) =+ tanh™ ' (¢) +¢,
—r=F (tanh2 [4 tanh ™! (&) + c} - 1) , (3.429)
= (¥ 1) = (taunh2 [@ tanh ™' (€) + c} - 1) ) (3.430)
:>w:1n’2(1 e )sech2 [\ftanh (f)—l—c”7 (3.431)
Back to ¢,v and P,
P=In ‘2(1—sm+16082v) sec h? [4 tanh ™" (sin g cos v) + c] ) , (3.432)
Back to x,y,t and wu,
u(z,y,t) =In ‘ m sec h? [f tanh ™" (sinz cos ) + c] ‘ . (3.433)
Case 3: k£ <0,
Integrating equation (3.423), we get
A tan™! (7V\—/2$’f) = +tanh™! (¢) + ¢,
—r=2=% (tan2 {ﬂ tanh ™! (&) + c] + 1) ) (3.434)
— ¥ (€2 - 1) = Lsec? {f tanh ™ (€) + c} , (3.435)
—w=I ’ﬁ sec? {@ tanh ™" (€) + c} , (3.436)
Back to ¢,v and P,
P=In ‘ m sec? {@ tanh ™! (sin g cosv) + c} ‘ , (3.437)
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Back to x,y,t and wu,

u(z,y,t) =In sec? @ tanh ™" (sinz cos ) + c] ‘ . (3.438)

___k
2(sin? z cos2 y—1)
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CHAPTER 4
Symmetry Analysis and reductions of linear Klein Gordon equation on
sphere

In this chapter, we will study the linear Klein Gordon equation of the form
uy = Au+ f (u), (4.1)
where f (u) is a linear function, i.e. f(u) = au, where a # 0.
So, we will study the following equation
Upt = Uy + (cOt T) Uy + (csc2 :r) Uyy +au. (4.2)
We will have the same determining equation as obtained in section 3.1 with f (u) = au.
So, the system of determining equations is
er:&,=0,
ex: 0, =0,
es: csc? x€, + 0, = 0,
eq: Ty =0,
es: &, — 1 =0,
e :cotxl — 71+ 0, =0,
er : csc? xTy — 6 =0,
eg:Te —§ =0,
€9t Pyy =0,
€10 : COt TTy — Tyt + Tow + CSC2 TTyy + 2¢;, =0,
e11 : cot £0y — Oy + 04y + csc? 20yy — 2 csc? z¢,,, =0,
ez 1 —cotxé, — &y + &,y + es¢® 1€ 4 esc? xf,, — 2¢,, =0,

e13 : aup, — ad — ¢, + ¢ — 2auT; — csc? z¢,, — cotxp, = 0.
4.1 Symmetry Algebra

In this section, we will try to simplify the determining equations in order to find the symmetry
algebra of equation (4.2).
From (e9) : ¢, = 0= ¢ (z,y,t,u) = A(z,y,t) u+B (z,y,t), (4.3)
= ¢, = A(z,y,t). (4.4)
Putting in equation (e;3), gives
auA — a (Au+ B) — (Azzu + Byz) + (Agu + Byy) — 2auty — csc? x (Ayyu + Byy)
—cotz (Azu+ B;) =0,
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= [Att — Ay — 2a1; — csc? xAyy — cot xAz] u
+ [Btt — B, — csc? x By, — cotxB, — aB] =0,

Differentiating equation (4.5) with respect to u, gives

= Ay — Ayy —2a7; —CSC? xAyy—cotzAl, =0,
So, equation (4.5) becomes

Bit — By —csc? By, —cot xB, —aB = 0,
which means that B satisfies the original equation.
Next, we look at

(3.22) : 7444+ 2¢, = 0 = T +2A4; = 0,

(3.26) : Tyt —2¢,,, = 0 = 7, —24, =0,

(3.28) : Tt +2d,, =0 = T+ +2A4, =0,
Differentiating equation (4.8) with respect to v,

= Ay = 0= (4,), =0,
Differentiating equation (4.10) with respect to y,

= A,y =0=(4,), =0,

x

From equations (4.11) and (4.12), we get

Ay:f(y)7

Differentiating equation (4.6) with respect to y,

0—0—2ary — csc? TAyyy —0=0= csc? TAyyy +4aA, =0,

— esc?af” (y)+4af (y) =0,
Differentiating equation (4.14) with respect to z,
—2csc?zcotaf (y)=0= f" (y)=0,
Putting equation (4.15) in equation (4.14) gives
fly)=0= 4, =0,
= A= A(z,t),

So, equation (4.9) becomes
Tyt = 0.

Differentiating equation (4.8) with respect to ¢,
Teee = —2 A4,

Using equation (3.8), equation (4.18) becomes
Toat = —2A4,

Differentiating equation (4.10) with respect to x,

Toat = —2A54 ,
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From equations (4.19) and (4.20) we get
Azm = Atta
Using equations (4.16) and (4.21) in equation (4.6) gives

2a1s+cotx A, =0,

Differentiating equation (4.22) with respect to ¢, and using equation (4.8)

2a'Ttt —+ cot SCAxt =0= *4(1At + cot SCAxt = O7
= (—4aA +cotzA,), =0,
= —4aA+cotzA, =g (z).

Now

(€10); = 0 => cot xT41 + cSC? TTyyt + 2y, = 0 => cot a7, + 241 = 0,

= —2cotxA, +2A; =0,
= Ay = cotzA,,
Putting equation (4.23) in equation (4.24)
Ay = g (z)+4aA,
Differentiating equation (4.25) with respect to ¢,
Ay = 4aAy = (Ay — 4aA), =0,
= Ay —4aA =h(z).

Now

(e12), = 0 = —cot z&,, + csc? z€, + csc? €yt — 2034, = 0,

—> —cot z&,; + csc? a, + csc? 1, — 244 =0,

yyt
= — cot x4 +csc? xT,+csc? TTayy —2Az: = 0,

Differentiating equation (4.27) with respect to ¢,
— cOt TT4ps +08C% TT 41 +cSC2 TTayyt — 2420 = 0,

Using equations (4.8) and (4.10) in equation (4.28) gives
cot zAy —csc? x Ay — Ay = 0,

Putting equation (4.24) in equation (4.29)
cot?xA, —csc?zA, — Apyy =0 = (cot2 x — csc? :c) A,
= A, + Ay =0= (A+ Ay), =0,
= A+Au=p(),

Using equation (4.26) in equation (4.30)
A+4aA+h(z)=p(t) = (da+1)A=p(t) — h(x),
— A= 2

Putting equation (4.31) in equation (4.24)
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- Am’tt = Oa

(4.21)

(4.22)

(4.23)

(4.24)

(4.25)

(4.26)

(4.27)

(4.28)

(4.29)

(4.30)

(4.31)



ﬁp (t) = ﬁcot zh (z),

—p (t) = cotzh (z),

which means that

"

p (t)=0and ' (z) =0,
= p(t) = c1t + ¢c2 and h (z) = cs.
Putting in equation (4.31), gives

AZﬁ[Cltﬁ-CQ—Cg],

Putting equation (4.33) in equation (4.26), we get

4713:’1 [Clt +c2 — 03] = c3,

Comparing coefficients in equation (4.34)
ﬁcl =0,
Since a # 0, we have
—c; =0,
:>A:ﬁ[02—03],
= A=k, (wherek is a suitable constant)
So, equation (4.6) becomes
7+ = 0.
So, we have
o (z,y,t,u) = ku+ B (z,y,t),
where B (z,y,t) satisfies the original PDE.
Also
If v =0, then £, = 0.
and 7, = 0, implies that ¢,, = 0.
Now
7¢ = 0 and 7, = 0 implies that 7 = 7 (x,y),
and 7., = 0 implies that 7 is linear in z,
—T=f(yz+g(),
= 7. =f(y).
Put in equation (ejp),
cotof (y) +esc?x (f (w)a+g" (1)) =0,
— cotzf (y)+zestaf (y)+cesczg (y) =
This is possible only if

f(y)=0:>7'x=O,
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and g (y) = 0.
So

T=7(y) =g(y) withg (y) =0=>g(y) = ay + 5,

=7 =ay+p. (4.44)
From (es) = &, =0,

(e3), =0 = 0y = 0, (4.45)
So, equation (3.11) becomes

—2cotaxry =0= 1, =0, (4.46)
which implies that

T=c (where ¢ is some constant). (4.47)

&, =& =€, =0 implies that

§=¢&(y). (4.48)
From equation (e12), we get

cse? x€,, +esc?al =0 =&, +£ =0,

= £ = ki cosy+kosiny. (4.49)
Now, from equation (e7), we get

csc? xTy—0; = 0= 0; = 0. (4.50)
So

0, =6, =0, implies that

0=0(zx,y). (4.51)
From equation (es3), we get

= 0, = —csc® x [~k siny + ka cosy] (4.52)
and from equation (eg), we get

= 0, = —cotx [ki cosy + kasiny], (4.53)
Integrating equation (4.52) with respect to x, we get

0 (r,y) = cotx [~k siny + ko cosy|+v (y) , (4.54)
Using equation (4.54) in equation (4.53), we get

—cotx [ky cosy + kasiny] + v (y) = — cota [ky cosy + kysiny]

=0 (y) = 0= v (y) = ku,

= 0 (z,y) = cotx [—k; siny + ko cosy|+ k4. (4.55)
So, we have

& =kycosy+ kosiny,
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T = ks,
0 = cotx [—ky siny + ko cosy] + ka4,
¢ =ksu+ B(z,y,t),

where B (z,y,t) satisfies the original PDE.

Now

Putting k1 = 1 and the remaining constants vanish implies
X1 = cosy%—sinycotxa%.

Putting ko = 1 and the remaining constants vanish implies
X9 = siny% —|—cosycotw8%.

Putting k3 = 1 and the remaining constants vanish implies
X;=2.

Putting k4 = 1 and the remaining constants vanish implies

Putting k5 = 1 and the remaining constants vanish implies
X5 = u%.

So: the equation
Ut = Ugy + (COLT) Uy + (csc2 x) Uyy + au,

admits 5-dimensional Lie algebra generated by
X1 = cosya% — sinycotxa%,

— o 9 1o}
Xo =sinyg- + cosy cot Tz,

_ 0
X3_E7

_ 0
X4_7ya

— o
)(5—'1148*”7

with commutation relations given in the table below

Table 4
Commutator table for the Lie algebra
X1 Xo | Xz | Xu | X5
Xq 0 -X4 ] 0 | Xo 0
Xo | Xy 0 0 |-X11] 0
X3 0 0 0 0 0
Xa | =X | Xy 0 0 0
X5 0 0 0 0 0
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4.2 Symmetry reductions and invariant solutions

We are going to reduce the following equation

Upt = Ugq + (cOt T) Uy + (csc2 x) Uyy +au.
4.2.1 Reduction Using Subalgebra (X3, X4) = <%, 3%>

Starting with the first symmetry which can be written as
—_no 1%} %) 1%}
X = 05z +05, + 5 +0g:;
The characteristic system

@_dy dt _ du
0

0 1 0

dy dt

and from < = T, we get

y=ec

dt _ d
and from G = G, we get

u=c,

So, we get three invariants

q(z,y,t) ==,
v(z,y,t) =y,
P(q,v) = u,

Now:
ur = Poge + Pyvy = 0,
u =0,
Uy = Pyqz + Pyvy = Py,
Uge = Pyq,
uy = Pyqy+ Pyvy, = Py,
Uyy = P,
Substituting in equation (4.61), we get
P,q+ (cot q) P+ (csc? q) Py +aP = 0.
The second symmetry X4 is inherited by PDE (4.61), as it commutes with X3.
So, using the second symmetry X = X, = 8%,

X=X(q) 5 +X(v) 5 +X(P)5p,
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X()=X(y) =1,
X (P) =X (u) =0,

So, the second symmetry can be written as

0o 40 )
X =05;+75, 1055,
The characteristic system

dq dv __ dP

0 1~ 0

From % = 2 we have

q=2¢
dv _ dP

and from G = -, we get
P =c,

So, the invariants are

§(q,v) =g,
w(§) =P,
Now:
P, =we€, =0,
Py, =0,

Pq:wgngw,

1"

Py=w,

Substituting in equation (4.72), we get the ODE

w4 cot fwl +aw =0,

Equation (4.80) has the symmetry

X = cosfa%,

We find the first prolongation of X,

/2
77[1] :775 + (nw _wg)w _www )

77[1] = - Sin'g,
So

X0 = 03% +c0s§a%fsin§

The characteristic system

g _ _dw diwl

0 = cos&  —sing’

d§ _ dw
From 0 = TosE’

£=c¢

dw dwl

we have

and from = we get

cosé ~ —sin&?

oS fdwl = —sinédw,

(4.73)
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Integrating both sides using equation (4.84), we get
cos §w' = —sinéw + ¢,
= COoS {wl +sinéw = ¢,
So, the invariants are
r=¢
Y = cos {wl +sin w,
So, equation (4.80) is reduced to the first order ODE
ay

ar = —COtT')/,

which implies that
X = —cotrdr = InY =In(sinr) +c,
=Y (r) = 55,

Substitute the similarity variables in equation (4.89)

c

oS fw, +sinéw = e

— W +tanfw = TEcosE
The integrating factor of equation (4.90) is
e/ tanédé = et = gecg,
So, equation (4.90) becomes
sec&w +sectanfw = m,
= d—dg (secéw) = mreoe:
= secfw = mdf,
= W= G
Therefore, equation (4.93) has the solution
w(§) =C1+Cycos€ln(csc& — cot§),
Substituting back, we get
P =C14+Cscosqln(cscq — cotq),
which implies that

u(z,y,t) = C1+Cycoszln (cscx — cot ).

is a solution of equation (4.61).
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4.2.2 Reduction Using Subalgebra (X3, X5) = <%,sin y% + cosycotw%>

Starting with the first symmetry which can be written as
— 0o o, 8 o)
X = 05z +05, + 5 + 05,
The characteristic system

de _ dy _ dt _ du

0 0 1 0’
From % = 4t we have
T =c,
and from % = %, we get
y=c
and from % = %“, we get
u=c,

So, we get three invariants

q(z,y,t) ==,
v(x,y,t) =1y,
P(q,v) =u,

Now:

uy = Pygy + Pyvy = 0,

uge = 0,

Ug = Pygz + Pyvy = Py,

Ugz = Pyq,

uy = Pyqy+Pyvy = Py,

Uyy = Pyy,
So, equation (4.61) becomes

P,y = Pyg+(cot q) Py+ (csc2 q) P,,+aP.
The second symmetry X is inherited by PDE (4.61), as it commutes with X3.
So, using the second symmetry X = X, = sin ya% + cos y cot xa%,
=X (q) 55 + X (v) 55 + X (P) 35,
X (¢) = X () = sinv,

b

X (v) = X (y) = cosvcotq,

>

(P) =X (u) =0,
So, the second symmetry can be written as

— oin 0 : 9 1 -0
X _s1nvaq+005vcotqav+Oap,
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The characteristic system

dg dv __ dP

sinv = cosvcotqg = 0

From -2 — —dv__ e have
sinv cos v cot q

cos v cot gdq = sinvdv = cot qdq = tan vdv,
= In(sing) = —In(cosv) + ¢ = In (singcosv) = ¢,

= sinqcosv = ¢,

dg __ dP
sinv — 0 » We get

P=c,

and from

So, the invariants are

¢(q,v) =singcosw, (4.109)
w(€) =P, (4.110)
Now:
Py = weg, = cos gcosvw (4.111)
Py, = cos? q cos? vw —singcosvw (4.112)
P, = w¢§, = —singsin v, (4.113)
P,, = sin? gsin® vw —sin g cosvw (4.114)

Substituting in equation (4.107), we get (cos2 q cos? ww’ — sin q cos vwl) +cot g (COS q cos vw/) +

2

csc? g (sin2 gsin v’ — sin q cos vw/) + f(w) =0,

— (cos2 g cos® v + csc? gsin? g sin? v) w' = (sin gcosv — cot qcos g cosv + csc? gsin g cos v) w +
f(w) =0,
= (1-&)w —26w +aw =0, (4.115)

which for a = n (n + 1), is Legendre’s Equation of order n, leading to solution of equation (4.61)

in terms of Legendre Functions.
4.2.3 Reduction Using Subalgebra (a X3 + X4, cX35 + A X5+ eXy) = <a% + 68%, c% + )\u% + ea%>

Starting with the first symmetry which can be written as
X =0 +85 +af+0L, (4.116)

The characteristic system

<
8

U
<9
B
u
<

and from % =2 we get

o’

ay — Bt =c,

7



and from d d“

, we get
U = c,

So, we get three invariants

q(z,y,t) =,
v (xvyat) = ayf/BL
P(q,v) = u,

Now:
ut = Pyqi + Pyvy = =Py,
Uty = ﬂ2pum
Uy 7Gx+ Povy = Py,
Uge = Pyq,
uy = Pyqy+ Pyvy = aP,,
Uyy = @ Pyy,

So, equation (4.61) becomes

62Pw = Pyq+cotqP,+ o2 csc? Py, +aP.

The second symmetry X» is inherited by PDE (4.61), as it commutes with X3.
So, using the second symmetry X = cX3 + AX5 + eXy = 07 a + eay + Cat + >‘uam
X=X(9) 5 +X () 5 +X(P) 55,

Jq
X(q)=X(z) =0,
X (v) = X (ay — Bt) = ca — cf,

X (P)=X (u) = Au= \P,

So, the second symmetry can be written as

X—O 5 +(ea—cp) 81}—}—)\]331:,7

The characteristic system

dg _ _dv _ dP

0 ea—cB — AP’

dg __ dv
From T = s

we have

q=c,

dv__ _ dP
and from —* 5 = po We get

In(P) — ﬁv =c,

So, the invariants are
§(gv) =q,
w (£) :ln(P)—ﬁ%

Equation (4.129) implies
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:ln(P):erﬁv,

X,
= P = e¢¥eea—<B",
Now
. S ’ ’
P, =eYesa-"w = Pw ,
/2 "
Py =Pw +Puw ,
A
P, = A eWeea—eB? = A

ea—cf ea—cf P’

2
Pov = Geatarr b

Substituting in equation (4.126), we get

2 ” ’

%P =Pw + Pw +cotéPw + (eziiZ)Q csc2 EP + aP,
242 2 " ’

= ﬁ =w +w +cotéw + (e(i)‘:ﬁ)Q csc? £+a,

where o # 0,8 # 0, A # 0,

For a = 1,e = 0, A\ = ¢, equation (4.135) becomes
w' —&—w/Q +cot §wl + g—; csc? € =0,
Let
w =Y,
Equation (4.136) becomes
Y’ +Y2+cot§Y—i—g—§CSCQ§ =0,
which has the solution

Y (§) = 5 tan [Cl +5n (1+cos§)} cscé,

sin &

For C; = 0 and a = 3, equation (4.139) becomes
W = tan [ln (H'Coséﬂ cscé,

sin &
Let
r=In (71;(;025) )
= dr = —cscédg,

So, equation equation (4.140) becomes
w = —tan rdr,
integrating equation (4.143), we get
w(é) =C+lIn(cosr),
= w()=C+n [cos (ln (%))} ,
Substituting back, we get
In(P)=-3+C+1n [cos (ln (Hcos&))} ,

sin &

— P =Ce 7 cos (ln (M)) ,

sin &

which implies that

79

(4.135)
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u(z,y,t) = Ce ¥ cos (ln (M)) . (4.146)

sin x

is a solution of equation (4.61).
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Conclusion

In conclusion, I would like to summarize the main results of this thesis. In the first chapter,
I used basic differential geometry to formulate the Klein Gordon equations on a sphere.

Then in chapter two, I briefly described the Lie symmetry method for ODE’s and PDE’s in three
independent variables.

In chapter three, I considered the nonlinear Klein Gordon equation on a sphere. I found the
minimal symmetry algebra of the equation and proved that the equation admits four symmetries for
any nonlinear function f(u). Then, I determined all forms of f(u) which may give more symmetry
algebra, and proved that all these functions will give only the minimal symmetry algebra. Then, I
used two dimensional subalgebras to reduce the equation into ODE and obtained some exact solutions
using the special function f(u) = — (e* + 2).

Finally in chapter four, I considered the linear Klein Gordon equation on a sphere. I found the
symmetry algebra of the equation and proved that the equation admits five symmetries. Then, I used

two dimensional subalgebras to reduce the equation into ODE and obtained some exact solutions.
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